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We perform a perturbative QCD analysis of the gluonic gravitational form factors (GFFs) of the proton
and pion at large momentum transfer. We derive the explicit factorization formula of the GFFs in terms
of the distribution amplitudes of hadrons. At the leading power, we find that the gluon GFFs A; and
Cg scale as A7 (t) = CZ (t) ~ 1/(—t) for pion, A§(t) ~1/(—t)* and CE(t) ~ In?(—t/A%)/(—t)3 for proton,
respectively, where t is the momentum transfer and A a non-perturbative scale to regulate the endpoint

singularity in C g calculation. Our results provide a unique perspective of the momentum dependence of
the GFFs and will help to improve our understanding of the internal pressure distributions of hadrons.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The gravitational form factors (GFFs) are the fundamental ingre-
dients to probe the internal structure of hadrons. As the matrix el-
ements of the energy-momentum tensor (EMT) [1-6], they provide
information on the hadron’s mass and spin [2-15]. The total spin
contributions from the quarks and gluons are related to their GFFs
at zero momentum transfer [5]. They have also been interpreted
as a measure of the mechanical property of hadrons, such as the
pressure and shear force distributions [16-22]. In experiments,
the GFFs can be constrained from the generalized parton distribu-
tions (GPD) [5,6,23-25] which are measured in the hard exclusive
processes like deeply virtual Compton scattering [5,6,26-28] and
deeply virtual meson production [29-31]. Meanwhile, they can also
be studied through the timelike GPDs, see, e.g., Ref. [32] for a
recent analysis from the experimental measurement by the Belle
Collaboration at KEK [33].

Recently, a glimpse of the quark GFFs and its interpretation
as a pressure distribution inside the proton has been reported in
Ref. [18]. The lattice QCD has also been applied to compute the
GFFs for the quarks and gluons [34-43] and insight on the gluonic
pressure distribution and its difference from the quark counter
part has been derived from these studies [19]. All these develop-
ments have attracted great attention in the hadron physics com-
munity and it is expected that future measurements at both JLab
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12 GeV [44] and the Electron-lon collider (EIC) [45,46] will pro-
vide more important constraints on the quark/gluon GFFs of the
hadrons.

In this paper, we investigate the gluon GFFs at large momen-
tum transfer, where a perturbative QCD factorization can be ap-
plied [47-53]. Previously, a power behavior has been commonly
assumed for the GFFs in this region [18,43,54]. The power count-
ing method [55-57] has also been applied for the quark GFFs in
Ref. [58]. Our derivations in the following will provide a solid
ground for this practice. The factorization formalism for the GFFs
follows that developed in the literature for the hard exclusive pro-
cesses at large momentum transfer and the final results depend on
the gauge invariant distribution amplitudes of hadrons [59-64].

Meanwhile, the gluon GFFs of nucleon play important roles in
the near threshold heavy quarkonium photo-productions. These
processes have gained quite an interest in recent years, because
they promise to measure the proton mass decomposition [65-81].
In the near threshold region, the momentum transfer from the nu-
cleon target is relatively large, (—t ~ 2GeV? and 10GeV? for J/y
and 7Y, respectively). Therefore, our results for the gluon GFFs at
large momentum transfer shall make a valuable contribution to
understanding the t-dependence in these processes, see, a recent
paper on this subject [81].

The gravitational form factors of the hadrons are the transition
matrix elements of the energy momentum tensor. The gluon sector
reads,

1
Ty =G GY + Zlgl”c;g”gc;“‘ﬂ, (1)
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where G%,, = 9, A — 9, A% — gs f®CAb A is the strength tensor
of the gluon field AZ. For the proton, the GFFs are parametrized
as [5,6],

(P SITE" 1P, 5) = O (P [ Ag(©)y P

AFAY

_ ;wAZ
+C4 (D) g

W +} Us(P), (2)

where P and P’ are the initial and final state hadron momentum,
respectively, A = P’ — P is the momentum transfer and t = A2,
P = (P + P’)/2 the average momentum, agbyy = (auby +ayby)/2.
Us(P) is the spinor of the nucleon with the spin s and mass M,
which is normalized as Us(P)Ug(P) = 2M. Here, we follow the no-
tations in Refs. [5,6], where C form factor has also been referred
as D or dy form factor in Refs. [16-20] with different normaliza-
tion: D(t) =4/5d;(t) = 4C(t). In addition, we only keep the A and
C form factors in the above equation for simplicity. Generally, the
A-form factors describe the distributions of the quark or gluon
momentum inside the hadron, whereas the C-form factors char-
acterize the mechanical properties.

With the EIC on the horizon, there is a unique opportunity
to explore the gluon GFFs through the exclusive processes. The
derivations in our paper shall motivate a measurement of them
at large momentum transfer. This will provide a complementary
information of the nucleon structure as compared to that from the
electromagnetic form factor measurements at JLab. Especially, the
large momentum transfer behaviors of both form factors depend
on the same set of distribution amplitudes of the nucleon. The
comparison between them will help to establish a unified frame-
work.

In the following, we first show the derivations of the gluon
GFFs of pion, where we compute both A and C form factors.
Different from previous analysis, we find that both form factors
scale as 1/(—t) at large momentum transfer. Then, we derive the
gluon GFFs of nucleon. Different from the pion case, the nucleon’s
C form factor is power suppressed respect to the A form factor.
The method developed in these calculations can be extended to all
other form factors.

2. Gravitational form factor for pion
We start our analysis with the pion GFFs [16,17,19],
(P'|Tg"|P) =2P"P" A (1)
+ %(A“A” — g A?CE (1) +2m? gV T (1) 3)

where again A =P — P and P = (P + P’)/2, and m represents
the pion mass. As shown in Fig. 1, there is one diagram that
contributes at the leading order of perturbation theory. The cir-
cle cross in the diagram denotes the local operator of the gluon
EMT in Eq. (3).

Considering the leading asymptotic behaviour of large —t, the
light-cone Fock state expansion of the pion has been performed
with only minimal numbers of parton. The gluon EMT operator
transport the two hard gluon exchanges between the quark line
and generate the hard part of the GFFs. Compared to the hard scale
t, one can neglect the transverse momenta of partons in the hard
part, since they are expected to be on the order of Aqcp. Integrat-
ing out the k, in the pion wave function, we obtain the distribu-

tion amplitude ¢ (x) = [ f;’;)g Y(x, k1) [59]. This finally leads to a

factorization formula for the GFFs of the pion at large t:

Ag (¢, M)=/dxldyw*(}’l,M)¢(X1,M)A§(X1,J/Lf, IO
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Fig. 1. Leading order diagram contribution to the gluonic gravitational form factor of
pion at large momentum transfer, where the incoming and out going hadron states
have momenta P and P’. The cross symbol in the middle of the diagram represents
the operator of the gluonic component in the energy-momentum tensor of Eq. (1).

C e = [ dndyis” 1 Weta G L), (@)

where Ag or Cg is the perturbative calculable hard part of the
GFFs. Before we present a detailed result for the hard part, a power
counting analysis can be derived [55,56]. The diagram of Fig. 1 is
very similar to that for the electromagnetic form factor calcula-
tion at large momentum [48]. Therefore, we can apply the same
power counting and deduce that they should scale as 1/(—t) at
large —t. Of course, we have to make sure that they do contribute
to nonzero Ag and Cg.

Carrying out the calculations of Fig. 1, it is interesting to find
out that the Ay and Cg form factors have the same hard coeffi-
cient,

4o C 1 1
AZ (X1, y1.0) =CF (1, y1.1) = 75F<

— + —_> B (5)
—t X1X1 Y1)

where Cr =4/3 and the notation x =1 — x is used. A number
of interesting features can be found from the above result. First,
Ag and C§ GFFs of the pion have the same power counting of t.
This is different from the nucleon case below, where Cg is power
suppressed compared to Ag. Second, they share exactly the same
large-t behavior. This is a surprising result. It will be interested
to check higher order corrections. In general, we expect this will
change.

The hadron GFFs can be derived from the sum rules of the
GPDs [5]. The quark GPDs at large momentum transfer have been
calculated in Ref. [62]. We can follow the same procedure to com-
pute the gluon GPD of pion at large momentum, and we find that
it leads to the same result for the gluon GFFs as above. This pro-
vides an important cross check for our derivations.

In addition, we can derive the quark GFFs for pion from the
quark GPD results from Ref. [62]. In terms of the same factorization
formula, we obtain the hard coefficients for Aq and Cy as,

ArasCrx1+y1+1

A7 (x1,1,8) =

—t X1¥1
4 osCr X1 4+y1—3
CF (. y1. )= —— . (6)
—t X1Y1

It is interesting to note that, different from the gluon case, A and
C form factors are not the same for the quark.

From the above results of the quark/gluon gravitational form
factors at large momentum transfer, we find that they all have the
same power behavior for the pion. This is different from Ref. [58],
where a naive power counting method was applied and they found
that C form factor is power suppressed as compared to A form
factor. In our derivations, we carry out an explicit perturbative QCD
calculation, which is also consistent with the results from the GPDs
calculations at large momentum transfer [62].

We can also apply the traceless feature of Eq. (3) at this order
to derive C form factors: Cy = —Cp,g = 7=CF. The cancellation
between the quarks and gluons is expected because of the EMT
conservation. Similarly, we find that the (P’|F?|P) form factor of
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pion does not have power behavior, i.e., it becomes a constant
modulo logarithmic dependence from «; at large (—t).

Physically, the C7(t) characterizes the mechanical properties
such as pressure distribution and shear forces inside the pion
system [17]. It also determines the mechanical radius of the
hadron [17,22,32]. The above results provide important perspec-
tives on these interpretations.

Another important point from our results is that Cg (t) is pos-
itive at large (—t), whereas there is a strong argument that Cg is
negative at low (—t) [17] and a recent lattice calculation also con-
firms that [43]. That means that Cg(t) will change sign at higher
(—t). We hope future lattice simulation can extend to higher mo-
mentum transfer to test this prediction.

3. Gravitational form factor for nucleon

Now we turn to investigate the proton cases. Due to its spin,
the calculations are more involved. To extract the GFFs, one needs
to evaluate the EMT matrix elements for different nucleon he-
licity configurations. The Ag(t) form factor can be obtained with
the helicity-conserved matrix element, whereas Cg(t) requires the
helicity-flipped matrix element. Again, we can follow a power
counting analysis [55,56,61] to determine the power behaviors at
large (—t). For example, similar to F; form factor, the Az form fac-
tor scales as 1/(—t)2. On the other hand, because of helicity-flip,
Cg form factor will scale as 1/(—t)3. The detailed calculations be-
low will confirm these power counting analysis.

First, we deal with the Ag(t) GFF for the proton. Since it is as-
sociated with the proton helicity-conserved matrix, the procedure
toward the factorization will be the same as that for the pion case,

Ag(t) = / [AXI[dY D5 (V1. Y2, y3) D3 (X1 X2, X3)
X Ag({x). (V) . 7)

where {x} = (x1, X2, X3), [dX] = dx1dx>dx38(1 — X1 — X2 — Xx3), and
®3(x;) is the twist-three light-cone amplitude of the proton [63].
The distribution amplitudes are non-perturbative inputs in the
form factor calculations and there are quite a few parameteriza-
tions in the literature, see [82] and references therein. Additional
uncertainty comes from the normalization of the leading Fock
state taking into account the pion cloud and chiral symmetry ef-
fects [83].

In the calculations, we need to contract the gluonic EMT oper-
ator to the three quark light-cone wave function configurations for
the initial and final state nucleons. Because of three-gluon vertex
in QCD, we have two different classes of diagrams that contribute
to the hard part, which are shown in Fig. 2. However, at this order,
because of anti-symmetric color structure associated with leading-
twist distribution amplitudes in the nucleon states, the diagram in
the left panel vanishes. Therefore, we only need to consider the
right panel diagram in the perturbative calculations. In this class
of diagrams, the local EMT operator is attached to a quark lines
by two gluons and another gluon is exchanged separately between
two quarks lines. In total, we have 12 diagrams, which are shown
in Fig. 3.

For the Ag form factor, it follows that for the F; form factor
and the contributions from Fig. 3 can be written as,

Ag(fx}, {yh =2A+ A.. (8)

where A’ is obtained from A by interchanging y; and ys. The ex-
pression of A can be summarized in the following compact form,

4mla?Cy
A=T<113+112+131+132), 9)
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Fig. 2. Representative diagrams of two classes that contribute to the gluon GFFs
of the proton at the large —t limit. The cross symbol in the middle of diagrams
represents the gluonic energy-momentum tensor operator. The three quark lines
denote the leading light-cone wave function configuration for the proton state.

where Cp =2/3 is the color factor. The functions I;; are defined by
Ij= Y (10)
XiYiXiXjYiy j

It has been suggested that the power behavior of the electromag-
netic form factors at large (—t) can be related to the power behav-
ior of parton distributions at large x [84,85]. However, this relation
seems break down for the gluonic GFF of nucleon. We know that
gluon distribution is (1 — x) suppressed respect to the quark dis-
tribution [86]. However, their GFFs have the same power behavior
at large (—t), where the quark GFF can be obtained from the GPD
calculations in Ref. [62] (see also the power counting analysis in
Ref. [58]).

Calculation of Cg is much more complicated. This is because
it can only be extracted from the helicity flipped matrix element
of gluon EMT (P4|T5"|P,) and the final result depends on the
higher-twist distribution amplitudes of nucleon. As we mentioned
before, it is the quark orbital angular momentum (OAM) that gen-
erate the proton helicity flip and determine the large momentum
transfer behavior of these GFFs. To include the content of the OAM
in the analysis, we follow the strategy and technology in Ref. [53].
First, we need the three-quark light-cone Fock expansion of the
proton state [60], where the components are denoted with orbital
angular momentum I, e.g. [Py )1 ~ [ (K} +ik})yr3 + (k5 +ik3) v,
where the factors (k;‘ + ik?’ ) beside the light-cone wave func-
tion are the manifestations of the quark OAM. Since the helici-
ties of the up and down quarks are approximately conserved in
the high energy scattering, the quark OAM in the initial and fi-
nal states must differ by one unit. Therefore, the leading con-
tributions will come from the following two matrix elements,
L=0(P+[(TE")IP ) =1. ,=—1(P1(T§ )P )1,—0. To evaluate this two
amplitude, we work in the Breit frame where the initial and finial
proton are anti-collinear. In this frame, the partonic quarks have
the longitudinal momenta x; P and the transverse momentum k;.
They emit from the proton and participate in the hard interac-
tion with the gluon EMT operator. Endured with the hard gluon
exchanges, these quarks recoil and thus produce the large mo-
mentum transfer. Finally, they obtain the momenta y;P’ + k; and
recombine into the proton. The collinearity ensures the transverse
momenta of the partons is order Aqcp. However, we can not
naively ignore the transverse momentum for the leading power.
Since the quark OAM acts like (k} iikf' ) inside the phase space in-
tegral, this content of transverse momentum in the hard part will
be picked up by these factors. For that, we should perform the in-
ternal transverse momentum expansion on the hard part in the
limit of large —t. Then only linear terms of quark transverse mo-
mentum in the hard part contribute. Therefore, the leading hard
part must have a structure like k;C(x1, X2, X3, Y1, Y2, ¥3,t). Ulti-
mately, the dependence of k; will be absorbed in the twist-four
amplitude of the proton, e.g. W4 ~ fdzk ky - {k1y3 + kaya).

With the above analysis, we carry out a detailed derivation for
all the diagrams of Fig. 3 and Cg(t) can be factorized into,

Celt) = / [dx1[dy] {xsPa(x1. 2. X3)Cog (). (1)
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Fig. 3. Perturbative diagrams that contributes the hard parts of gluon GFFs. Mirrored graphs are implied.

+x1W4(x2, X1, X3)Cug ({x}, {¥D} P3(¥1.¥2.¥3) . (11)

where W4 and &4 are the twist-four distribution amplitude of the
proton [64]. Cg can be written as,

Cg=2C+C, (12)

where C’ is obtained from C by interchanging y; and ys. From the
detailed calculations of the diagrams in Fig. 3, we obtain

Co(ix}, {yD) =H{x}L {¥), Co=Cu(1<3), (13)
where
H({x} (yh) = ﬂ«masf

24(—t)3

X [X3K1 (x1X1 + Y12 — 2y3%1) + X3K1 (X3%3 + y393)
+x3(K2 — K2) (X2%2 + y2¥2) — K3(2%1 + y1)
+x3(Ka + Ks) (%1 — 291) + (K4 + Ks5) (x3%3 + }’3373)]- (14)

The functions K; are defined as

1 1
Kl T S e w—— KZ = T 5 5~ - »
X1X3y1y3x3y1 X1X2X3Y2Y3X2 V2
1 1
K3 = 7_2_» K4 = ﬁv
X1X2Y1Y2X1 Y1 X1X3Y1Y3X1Y7
1 .
Ks=————, Ki=K;i(1<+3). (15)
X1X2X3Y1Y2X1Y7

Comparing the above to the Ag results, we find two important
features. First, we confirm the power counting analysis, Cg form
factor is suppressed by 1/(—t) at large momentum transfer. Sec-
ond, because of the hard coefficients contain additional factor in
the denominator depending on x; and y;, there will be an end-
point singularity in the Cg form factor. We can follow the argu-
ments presented in Ref. [53] for the Pauli form factor F, and derive
that these end-point singularities will lead to a logarithmic en-
hancement at large momentum transfer. In the sense, the large t
behavior for Cg(t) will be In*(—t/A?)/(—t)> where A represents a
low momentum scale to regulate the end-point singularity in the
above integral. The phenomenological importance of these loga-
rithms has been shown for the F, form factor [53] and we expect
the same for the C g form factor.

It is straightforward to extend the above procedure to all other
GFFs and we find that the B, scales as In®(—t/A%)/(—t)°, the
same as C, above, whereas Cq scales as In?(—t/A%)/(—t)%. Sim-
ilarly, (P’|F?|P) for the proton scales the same as fg. We empha-

size that all these form factors, Bg, Cg and (P'|F2|P) come from
the helicity-flip amplitude. The power behavior difference between
Bg and the latter two is purely due to their parameterization in
the form factor definition [5,6].

In the QCD factorization formalism, the GFFs and the electro-
magnetic form factors depend on the same set of the distribution
amplitudes of nucleon. From the numeric calculations based on the
typical distribution amplitude in the literature (see, e.g., [82]), we
find that the Ag form factor is of same order as that of the electro-
magnetic Dirac form factor F1 as expected, whereas Bg and Cy are
of same order as the Pauli form factor F». We also find that B; and
Cg approach the same asymptotic behavior up to a normalization
factor at very large momentum transfer due to the same end-point
singularity. We will present detailed results of them, together with
the quark GFFs, in a future publication.

4. Conclusion

In summary, we have carried out a perturbative analysis of the
gluon gravitation form factors for pion and nucleon. The leading
order contributions predict that the Cg form factor is the same as
that of Ag and they both scale as 1/(—t) at large momentum. For

the nucleon, the Cfg’ is power suppressed as compared to the Ag.

Because of the end point singularity, the Cfg’ form factor has an
additional logarithmic contribution. These results will impact the
phenomenological studies of these form factors and their interpre-
tations as pressure distributions inside hadrons.

Meanwhile, as we mentioned in Introduction, the helicity-
conserved quark GPD Hj at large momentum transfer has been
calculated in Ref. [62]. Applying our method in this paper, it will
be straightforward to compute all other quark GPDs and the gluon
GPDs at large t. We expect that these results will be tested in
future experiments at the EIC [45,46] and the Super-KEK [87,88],
where GPDs and GFFs are among the most important topics to re-
veal the proton tomography and mass decomposition.

Theoretically, it will be important to investigate further the
end-point singularity associated with Cg form factor when the
quark lines become soft. A rigorous framework needs to be de-
veloped where one can factorize and resum these soft parton
contributions in the exclusive processes, following, e.g., recent pro-
gresses in dealing with the end-point singularity in H — yy pro-
cess [89,90]. We will come back to this issue in a future publica-
tion.
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