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Abstract

On Conformal Field Theory and Number Theory

by

An Huang

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Richard Borcherds, Chair

This thesis is a combination of three pieces of work: 1, We explore some axioms of divergent
series and their relations with conformal �eld theory. As a consequence we obtain another
way of calculating L(0, χ) and L(−1, χ) for χ being a Dirichlet character. We hope this
discussion is also of interest to physicists doing renormalization theory for a reason indicated
in the Introduction section. We consider a twist of the oscillator representation of the
Virasoro algebra by a group of Dirichlet characters �rst introduced by Bloch in [16], and use
this to give a 'physical interpretation' of why the values of certain divergent series should be
given by special L values. Furthermore, we use this to show that some fractional powers which
are crucial for some in�nite products to have peculiar modular transformation properties are
expressed explicitly by certain linear combinations of L(−1, χ)'s for appropriately chosen
χ's, and can be understood physically as a kind of 'vacuum Casimir energy' in our settings.
2, We give an attempt to reinterpret Tate's thesis by a sort of conformal �eld theory on a
number �eld. Based on this and the existence of a hypothetical 3-dimensional gauge theory,
we give a physical interpretation of the Gauss quadratic reciprocity law by a sort of S-duality.

3, We �nd a complete list of positive de�nite symmetric matrices with integer entries

[
a b
b d

]
such that all complex solutions to the system of equations

1− x1 = xa1x
b
2

1− x2 = xb1x
d
2

are real. This result is related to Nahm's conjecture in rank 2 case. (In each chapter, except
for equations, chapter number is omitted from quotation. For example, theorem 1.1.1 will
be quoted as theorem 1.1.)



i

To my parents.



ii

Acknowledgments

It is an honor for me to thank my advisor Richard Borcherds for his advise. I would also
like to thank Chul-hee Lee, Werner Nahm, John Baez, Nicolai Reshetikhin, Kenneth Ribet,
Shenghao Sun for discussions.



1

Chapter 1

On twisted Virasoro operators

Introduction

Some of the results of divergent series are summarized in Hardy's book Divergent Series

[10]. Hardy proposed 3 axioms on manipulating divergent series, however, his 3rd axiom is
not applicable in many cases, i.e. we can't obtain answers to the series 1 + 1 + 1 + ... or
1 + 2 + 3 + .... In section 1, we �rst show how to use two other axioms (We call them axiom
(1) and axiom (2) in this chapter) mentioned to me by Borcherds to sum up these two series
which give 'correct' answers given by zeta values. By using some analytic arguments, we
prove axiom (2) alone gives values to some divergent series which agree with corresponding
special Dirichlet L values. This is summarized in Theorem 1.1. Then we discuss the question
of consistency of these two axioms. We also reformulate some of the results by nonstandard
analysis and make a conjecture on the analytic continuation of some general Dirichlet L
series to s = 0 (conjecture 1.7). After that, we give a physical reasoning of why axiom (1)
combined with axiom (2) possibly gives the 'correct' answer for 0 + 1 + 2 + 3 + .... To a
physicist, our discussions on divergent series is possibly interesting because from a physical
point of view, we are attempting to argue that 'no matter what regularization scheme one
uses', if one agrees certain innocently looking axioms at work, one will always get the same
answer for some divergent series including the famous 0 + 1 + 2 + 3 + ... that shows up a lot
in physics. (for some reason, the explict discussion of this point is given at the end of section
2.) Included in our discussion also we show how amusingly axiom (2) for divergent series is
related with the well known explicit Dirichlet class number formula for imaginary quadratic
�elds Q(

√
−q), where q is an odd prime congruent to 3 mod 4. These are done in section 1.

The oscillator representation of the Virasoro algebra appears in bosonic string theory as
components (or modes) of the string world sheet energy momentum tensor. In this context,
it is well known that there is a physical reasoning of why 1 + 2 + 3 + ... = −1/12, by
considering the vacuum Casimir energy of the world sheet conformal �eld theory. In order
to get a similar physical interpretation of

∑∞
i=1 χ(i)i = L(−1, χ) for Dirichlet characters χ,
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we introduce a twist of the oscillator representation by a group of Dirichlet characters. It
will turn out that in this way, we get a representation of a direct sum of several copies of
Virasoro algebras sharing a same central element, on the same Fock space. Consequently, we
may indeed interpret

∑∞
i=1 χ(i)i = L(−1, χ) by considering a sort of vacuum Casimir energy

just as in the well known case of 1 + 2 + 3 + ... = −1/12. These will be done in section 2.
Furthermore, the 'q-trace' (or character) of the oscillator representation of the Virasoro

algebra gives the essential constituent of the 1-loop vacuum partition function of the corre-
sponding conformal �eld theory, which possesses certain modular transformation properties
predicted by the SL(2,Z) symmetry of the de�ning lattice of an elliptic curve over C. [11]
is a fundamental paper devoted to giving a mathematical formulation and proof of such
phenomenon by the theory of vertex operator algebras, which, in particular, implies that
the characters of minimal model representations with negative central charges c2,2k+1 have
certain modular transformation properties. See for example [12]. Now, in our setting of the
oscillator representation twisted by a group of Dirichlet characters (or slightly more gener-
ally, a group of certain periodic functions from natural numbers to complex numbers), we
show a similar story: certain classes of 'q-trace' can be expressed by certain theta functions
with characteristics. Consequently, they have certain modular transformation properties by
the theory of theta functions. Along the way we also recover exactly the characters of c2,2k+1

as 'q-traces' in this di�erent setting. The highlight is (1.45) and the discussions around it:
we see those strange fractional powers which are crucial for certain in�nite series to have
peculiar modular transformation properties are expressed explicitly in terms of linear com-
binations of (−1, χ)'s for certain χ's. They can be interpreted physically as vacuum Casimir
energies in our settings, and mathematically they come from special L values. We think this
advances our understanding of those fractional powers. These will be done in section 3. Our
notations for theta functions will be in accordance with [13].

By using �eld theory, we canonically associate a twisted oscillator representation with a
totally real �nite abelian extension of Q. From an algebraic number theoretic point of view,
all the above construction is only for the rational numbers, since only Dirichlet L functions
show up. A natural question is whether one can generalize some of these to more general
number �elds. We don't have an answer to this question, but we will try to give some hints
of the di�culties involved of trying to do this in a more or less direct way. These will be
done in section 4.

Remark 1.0.1. I should thank Antun Milas for mentioning to him that most of our con-
structions for twisted Virasoro operators in section 2 have been obtained independently in
[16] or [17]. I received Antun's email about this immediately after the original version of
this paper was posted on arxiv. Also, in [12] Milas de�ned certain q-series Ai(q) which
are supposed to be linear combinations of Eisenstein series of weight 2 twisted by Dirichlet
characters. This should be related with (1.45) as he pointed out. Also, some developments
concerning our lemma 4.3 already exist in the literature.
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1.1 Some Axioms for Divergent Series

Hardy's axioms for summing up divergent series (of course, they are only applicable to
certain spaces of series which we will not mention) are linearity together with
Axiom 3 of Hardy:

a0 + a1 + a2 + ... = a0 + (a1 + a2 + ...) (1.1)

However, with these axioms, it's very easy to see that we can't assign a �nite complex number
to the series 1 + 1 + 1 + ... or 1 + 2 + 3 + .... For convenience, let's take bi to be the partial
sum series of ai, namely,

bi = a1 + a2 + ...+ ai (1.2)

Then lim b1, b2, b3, ... is another way to denote a0 + a1 + a2 + ....
Richard Borcherds mentioned to me the following two axioms to substitute for axiom 3

of Hardy:
Axiom (1)

lim b1, b2, b3, ... = lim b1, b1, b2, b2, b3, b3, ...

Axiom (2)
lim b1, b2, b3, ... = lim c1, c2, c3, ...

where ci = b1+b2+...+bi
i

is the arithmetic average series of bi. We should keep in mind that
whenever a series has a �nite limit in the usual sense, we take that value as the answer.
It should be noted that axiom (2) has been used long time ago. One may consult Cesaro
summation for some details. We hope our following discussion brings some new perspective
on these axioms for divergent series. But before doing anything serious, let's begin with
some practice calculations with these axioms.

First, let's calculate 0 + 1 + 1 + 1 + ... and 0 + 1 + 2 + 3 + ... with these axioms:

s = 0 + 1 + 1 + 1 + ...

= lim 0, 1, 2, 3, ...

= lim 0, 0, 1, 1, ..., by axiom (1)

Now apply the linearity axiom, and use lim 0, 1, 2, 3, ... to subtract 2 times lim 0, 0, 1, 1, ...,
we get

s = − lim 0, 1, 0, 1, 0, 1, ...

Apply axiom(2), we get s = −1
2
.

Next, we calculate 1− 2 + 3− 4 + ... using only axiom (2) and linearity:

1− 2 + 3− 4 + ... = lim 1,−1, 2,−2, ...

= lim 1, 0, 2/3, 0, 3/5, 0, ...

=
1

4
, by applying axiom (2) twice
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The same calculation yields s1=0 + 1 − 2 + 3 − 4 + ...=1
4
. Now we put axiom (1) back

into play and calculate s2=0 + 1 + 2 + 3 + ... (This is just a heuristic calculation. Later
we will discuss the problem of consistency of axioms (1) and (2) which implies a correct
understanding of this calculation.):

s2 − s1 = 0 + 0 + 4 + 0 + 8 + 0 + ... (**)

= lim 0, 0, 4, 4, 12, 12, ...

= lim 0, 4, 12, ...by axiom (1)

= 0 + 4 + 8 + ...

= 4s2

so s2=− 1
12
.

We see from these examples that these axioms give values to certain divergent series agree
with those given by special zeta values. However, with a little calculation, one �nds:

axiom (2) also gives 1 − 4 + 9 − 16 + ... = 1
8
, But zeta values would give the answer as

0. The explanation of this phenomenon is given in remark 1.3. Before this let's calculate
by axiom (2) the value of a class of divergent series given by (special values of) Dirichlet
L-series:

Theorem 1.1.1. Let χ be a nontrivial Dirichlet character with conductor N . Then axiom
(2) together with linearity give values of

∑∞
i=1 χ(i) and

∑∞
i=1 χ(i)i agree with L(0, χ) and

L(−1, χ) respectively.

Remark 1.1.2. In fact, we can see from the following proof by direct calculation that this is
true for more general function χ: N→ C having a period N , and satisfying

∑N
k=1 χ(k) = 0.

Also note that we can add a �nite number of zeros in front of these divergent series without
a�ecting the result.

Proof. Let us �rst copy the well known formula expressing L(1− n, χ) by Bernoulli polyno-
mials as in [14]. Also, it is easily seen that this formula is also true for the more general χ
described as in the remark above.

L(1− n, χ) = −
N∑
a=1

χ(a)Nn−1Bn( a
N

)

n
(1.3)

where Bn is the nth Bernoulli polynomial. The relevant Bn's for us are:
B0 = 1
B1 = x− 1

2

B2 = x2 − x+ 1
6

So in particular, we have very explicit formulas for L(0, χ) and L(1, χ):

L(0, χ) =
N∑
k=1

− k

N
χ(k) +

1

2

N∑
k=1

χ(k) (1.4)
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L(−1, χ) =
N∑
k=1

− k2

2N
χ(k) +

1

2

N∑
k=1

kχ(k)− N

12

N∑
k=1

χ(k) (1.5)

Next we calculate the values of these divergent series by our axioms and compare the
results with the above.

∞∑
i=1

χ(i) = limχ(1), χ(1) + χ(2), χ(1) + χ(2) + χ(3), ...

= lim
k→∞

kχ(1) + (k − 1)χ(2) + ...+ χ(k)

k
(We will see this limit exists in the usual sense)

Write k = aN + b, where 0 ≤ b < N . Then it's easy to see that the above limit equals the
limit of the subseries consisting only of values of k which are integer multiples of N . Use the
periodicity of χ, a little calculation yields:

The above limit= lima→∞
[
(a+1)aN

2
+a]

∑N
k=1 χ(k)−a

∑N
k=1 kχ(k)

aN
.

Since
∑N

k=1 χ(k) = 0, this equals −
∑N
k=1 kχ(k)

N
, which equals L(0, χ) by (1.4).

Now we calculate
∑∞

i=1 χ(i)i by these axioms:

∞∑
i=1

χ(i)i = lim
k→∞

k∑
i=1

χ(i)i

= lim
l→∞

1

l

l∑
k=1

k∑
i=1

χ(i)i

= lim
l→∞

1

l

l∑
i=1

l∑
k=i

χ(i)i

= lim
l→∞

1

l

l∑
i=1

(l + 1− i)χ(i)i

Write l = aN+b, where 0 < b ≤ N . We will show that as a→∞, the limit lima→∞
1
N

∑N
b=1

1
l

∑l
i=1(l+

1 − i)χ(i)i exists in the usual sense, and equals L(−1, χ). Then by our axioms we have∑∞
i=1 χ(i)i=L(−1, χ).
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To this end, we calculate this limit by brute force:

1

l

l∑
i=1

(l + 1− i)χ(i)i = −1

l

N∑
i=b+1

a−1∑
k=0

(kN + i)2χ(i)− 1

l

b∑
i=1

a∑
k=0

(kN + i)2χ(i)

+
l + 1

l

N∑
i=b+1

a−1∑
k=0

(kN + i)χ(i) +
l + 1

l

b∑
i=1

a∑
k=0

(kN + i)χ(i)

= −1

l

N∑
i=b+1

[
1

6
(a− 1)a(2a− 1)N2 + a(a− 1)iN + ai2]χ(i)

− 1

l

b∑
i=1

[
1

6
a(a+ 1)(2a+ 1)N2 + (a+ 1)aiN + (a+ 1)i2]χ(i)

+
l + 1

l

N∑
i=b+1

[
1

2
a(a− 1)N + ai]χ(i)

+
l + 1

l

b∑
i=1

[
1

2
(a+ 1)aN + (a+ 1)i]χ(i)

Keeping in mind to take the limit a→∞, and the assumption that
∑N

k=1 χ(k) = 0, we have

lim
a→∞

1

N

N∑
b=1

1

l

l∑
i=1

(l + 1− i)χ(i)i =
1

N

N∑
b=1

(b+ 1)
b∑
i=1

χ(i) +
1

N

N∑
b=1

1 + b+N

N

N∑
i=1

iχ(i)− 1

N

N∑
i=1

i2χ(i)

− 1

N

N∑
b=1

b∑
i=1

iχ(i)

=
1

N

N∑
i=1

N∑
b=i

(b+ 1)χ(i) +
1

N
(1 +N +

1 +N

2
)

N∑
i=1

iχ(i)− 1

N

N∑
i=1

i2χ(i)

− 1

N

N∑
i=1

N∑
b=i

iχ(i)

=
1

N

N∑
i=1

(N + i+ 2)(N − i+ 1)

2
χ(i) +

1

N
(1 +N +

1 +N

2
)

N∑
i=1

iχ(i)

− 1

N

N∑
i=1

i2χ(i)− 1

N

N∑
i=1

(N + 1− i)iχ(i)

= − 1

2N

N∑
i=1

i2χ(i) +
1

2

N∑
i=1

iχ(i)
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Again, the right hand side of the last equality equals L(−1, χ) by (1.5).

The above proof doesn't give any implication why this theorem is true, and it relies on
the well known formulas for special L values. Next, we will give a completely di�erent sketch
proof of theorem 1.1 which tells us the reason why those axioms work, and also indicates
why in some sense, L(−1, χ) is the best we can do with these axioms.

Sketch of Second Proof. The Dirichlet series for χ is convergent when <s > 0. The crucial
trick is to 'enlarge' it's domain of convergence a bit further to the left by taking arithmetic
average.
When <(s) > 0, we have:

L(s, χ) = χ(1)1−s + χ(2)2−s + χ(3)3−s + ...

= limχ(1)1−s, χ(1)1−s + χ(2)2−s, χ(1)1−s + χ(2)2−s + χ(3)3−s, ...

= lim
l→∞

1

l

l∑
k=1

(l + 1− k)χ(k)

ks

We will prove that the limit on the right hand side exists for <s > −1.
It's more or less obvious that we can take the subseries for l = aN without a�ecting this

limit. Then the limit becomes:

lim
a→∞

1

aN

N∑
i=1

a−1∑
k=0

(aN + 1− kN − i)χ(i)

(kN + i)s

Using the Euler-Maclaurin formula, we may expand
∑N

i=1

∑a−1
k=0

(aN+1−kN−i)χ(i)
(kN+i)s

as an asymp-
totic series as powers of a, and observe that it's enough to show that terms of power higher
than a−s in this expansion vanishes. Namely, it's enough to check that the coe�cients of
a2−s and a1−s both vanish. The former is quite easy provided that we keep in mind the
equality

∑N
k=1 χ(k) = 0. For the later, we write

N∑
i=1

a−1∑
k=0

(aN + 1− kN − i)χ(i)

(kN + i)s
=

N∑
i=1

a−1∑
k=0

[
(aN + 1)χ(i)

(kN + i)s
− χ(i)

(kN + i)s−1
]

Expanding these two terms using the Euler-Maclaurin formula, the relevant terms which
have possibly nontrivial contributions to the coe�cient of a1−s are:

N∑
i=1

[
aN + 1

N s

1

1− s
(a+

i

N
− 1)1−sχ(i)− 1

N s−1

1

2− s
(a+

i

N
− 1)2−sχ(i)]

which gives a total contribution to the coe�cient of a1−s as:

N∑
i=1

[
N

N s

1

1− s
(1− s)( i

N
− 1)χ(i)− 1

N s−1

1

2− s
(2− s)( i

N
− 1)χ(i)] = 0.
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Note that the above argument already proved the �rst part, i.e. L(0, χ) part of theorem
1.1, since 0 is in the domain <(s) > −1. To prove the part for L(−1, χ), one needs to show

in addition that the arithmetic average of the series
{

1
l

∑l
k=1

(l+1−k)χ(k)
ks

}
, regarded as a real

function of s, is right continuous at s = −1. (Since we have already shown it's well de�ned
at s = −1 in the �rst proof.) We believe this can be done routinely, and by using some
elementary properties of the Riemann zeta function. However, we will not honestly include
this calculation here, since it's not illuminating for the rest of our discussion.

Remark 1.1.3. If one wishes, one may calculate the coe�cient of a−s, and see that it's
nonzero in general. That's why L(−1, χ) is the best we can do in some sense.

As a digression, let's see how amusingly these axioms for divergent series are related with
the explicit Dirichlet class number formula for quadratic imaginary �elds Q(

√
−q), where q

is an odd prime congruent to 3 mod 4.
Let K denote the quadratic imaginary �eld Q(

√
−q), ζK(s) the Dedekind zeta function

for K, and ζ(s) the Riemann zeta function. Let χ now be the unique Dirichlet character
given by the quadratic residue symbol of q. Then the quadratic reciprocity law implies the
relation ζ(s)L(s, χ)=ζK(s). From this relation and the analytic class number formula, we
have the well known (for the case q being an odd prime congruent to 3 mod 4):

L(1, χ) =
2πh(K)

w
√
q

where h(K) denotes the class number of K, and w the number of roots of unity in K, which
is 2 if q > 3, and 6 if q = 3. For simplicity of illustration, we consider the case q > 3 in the
following. (and the case of q = 3 is surely no more di�cult, and the reader can do it himself
or herself.)
Furthermore, the functional equation for Dirichlet L functions gives the following:

L(0, χ) = −iτ(χ)π−1L(1, χ)

where τ(χ) is the Gauss sum attached to χ, and in our case equals i
√
q.

Combining these two formulas and (1.4), we get:

h(K) = L(0, χ) = −1

q

q−1∑
k=1

k(
k

q
)

the explicit Dirichlet class number formula.
In other words, h(K) equals L(0, χ), which can be calculated by either (1.4), or our

axioms of divergent series. The �rst part of our second proof of theorem 1.1 can also be
regarded as an independent proof of this explicit class number formula.
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If we forget everything about Dirichlet L functions, it seems rather surprising that axiom
(2) for divergent series is related with class number. For example, pick q = 7, then axiom
(2) for divergent series gives the following 'formula':

class number of Q(
√
−7) = 1− 1− 1 + 1− 1− 1 + 0 + 1− 1− 1 + 1− 1− 1 + 0 + ... = 1

If χ is a trivial character of conductor N , we may use an extended version of axiom (1)
combined with axiom (2) to calculate the values of

∑∞
i=1 χ(i) and

∑∞
i=1 χ(i)i.

Axiom (1)
′
: For any natural number k,

lim b1, b2, b3, ... = lim b1, b1, ..., b1, b2, b2, ..., b2, b3, b3, ..., b3, ...

where each bi appears in the second series k times.
Before we do any serious calculations with axioms (2) and (1)

′
(such as applying them

together to calculate 0 + 1 + 2 + 3 + ..., as we have shown heuristically), we �rst discuss the
question of the consistency of these two axioms. They are not always consistent with each
other: it's not hard to see that if one applies these two axioms in some di�erent orders to
the divergent series 0 + 1 + 1 + 1 + ..., one can get di�erent values:
Apply axiom (2) and linearity, one gets

0 + 1 + 1 + 1 + ... = lim 0, 1, 2, ...

= lim 0,
1

2
, 1, ...

So 0 + 1 + 1 + 1 + ... equals half itself, and so it has to be equal to 0. But as we calculated
before by applying axioms (1) and (2) and linearity with another order, it equals −1

2
.

However, if we restrict the applicability of these axioms in the following way, they are
indeed consistent with each other (we must point out that the following restriction is not
natural. On the other hand, we will see indeed that there is a natural way based on these
two axioms, to obtain results like 0 + 1 + 2 + 3 + ... = − 1

12
. The explanation of this will be

given at the end of section 2.):
(I) axiom (2) applies to 0 +

∑∞
i=1 χ(i) or 0 +

∑∞
i=1 χ(i)i if and only if χ satis�es the

conditions in Remark 1.2. i.e. χ: N→ C having a period N , and satisfying
∑N

k=1 χ(k) = 0.
Furthermore, once axiom (2) is applied to any particular series, one has to apply only axiom
(2) to whatever resulting series in consecutive steps until one gets the answer to this series.

(II) axiom (1)
′
applies to the series 0 + 1 ·a1 + 2 ·a2 + 3 ·a3 + ... if and only if the Dirichlet

L series a1

1s
+ a2

2s
+ a3

3s
+ ... is convergent when <(s) is large enough, and it has a meromorphic

analytic continuation to the whole complex plane L(s, χ), and L(s, χ) is analytic at s = −1.

Lemma 1.1.4. Axiom (1)
′
, axiom (2), and the axioms of linearity are consistent with each

other provided that we put the above restrictions (I) and (II) on the applicability of them.
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Proof. We denote by V the complex vector space of divergent series 0+1·a1 +2·a2 +3·a3 +...
satisfying conditions for axiom (1)

′
. Obviously the domain on which axiom (2) applies is a

subspace of V . For any element in V of the above form, We de�ne the value of this series to
be the corresponding special L value at s = −1. So this gives us a single valued function on
V . Let's denote this function by f . (Note that this de�nition is the same as saying that we
de�ne the value of the divergent series 0 +a1 +a2 +a3 + ... to be the corresponding special L
value at s = 0. ) Obviously f satis�es the linearity axiom. Furthermore it is straightforward
to show that this de�nition satis�es axiom (1)

′
. Moreover, the �rst proof of theorem 1.1 and

remark 1.2 show that this de�nition also satis�es axiom (2) for the case when we can apply
axiom (2).

So for any divergent series 0+1 ·a1 +2 ·a2 +3 ·a3 + ..., if one gets a value to it by applying
a �nite sequence of these axioms and linearity, then this divergent series is an element in V ,
and one gets a �nite subset X of V , and a �nite system of linear equations satis�ed by a
single valued function f1 on X, and a unique solution. By what we have said above, we may
switch f1 with f , and get exactly the same system of linear equations. So f and f1 has to
agree on X, and so on this chosen divergent series. So we can only possibly get one value to
our chosen divergent series by using our axioms, and this value agrees with the one given by
f . This implies that axioms (2) and (1)

′
and linearity are consistent with each other.

On the other hand, there is a way to use axiom (1)
′
combined with axiom (2) and linearity

to give values to
∑∞

i=1 χ(i) and
∑∞

i=1 χ(i)i for χ a function satisfying conditions in remark
1.2, or a trivial Dirichlet character, or some other similar functions we don't discuss here
(agree with L(0, χ) and L(1, χ), of course): the former case is covered by theorem 1.1, and for
the later, one �rst check for the case when N is prime, and then the proof for the general case
requires just a little more e�ort. So, our axioms can be regarded as an algebraic way to get
some results of analytic continuations for Dirichlet L function. (However, these axioms are
not really purely algebraic, since the domain of applicability of axiom (1)

′
is not described

algebraically. ) It is interesting to think of the question of �nding algebraic axioms for
divergent series corresponding to some other special L values, such as L(−2, χ), L(−3, χ),
etc. Note that axiom (1)

′
still applies to these cases, but axiom (2) doesn't.

Inspired by Borcherds, we try to formulate some of the above results in terms of non-
standard analysis, and make a technical conjecture about analytic continuation of Dirichlet
L series afterwards. One can consult any textbook on nonstandard analysis for basic termi-
nologies.

Again, let {bn} be a sequence of complex numbers, and {cn} be the arithmetic average
sequence of {bn}. We choose a hyperreal number system and make the following de�nitions
for the limit of {bn}:

De�nition 1.1.5. If {bn} is bounded, then we say lim bn exists if and only if [cN ] is the
same real number for all in�nite integers N which are divisible by any �nite integer, where
[cN ] denotes the standard part of the �nite hyperreal number cN . If lim bn exists, we de�ne
its value to be [cN ].
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Obviously if the sequence {bn} has a �nite limit in the usual sense, our de�nition for lim bn
agrees with the usual one. Moreover we have the following:

Lemma 1.1.6. the above de�nition satis�es axiom (1)
′
for bounded sequences.

Proof. Choose any natural number k, obviously the map N → N/k from the set of in�nite
integers divisible by any �nite integer to itself is one-to-one and onto. cN for the sequence
b1, b1, ..., b1, b2, b2, ..., b2, b3, b3, ..., b3, ... (where each bi appears k times) is the same as cN/k for
the sequence {bn}, for all in�nite integers N which are divisible by any �nite integer. So the
set of cN for the former in�ated sequence is the same as the set of cN for the sequence {bn}
(where N runs through all in�nite integers divisible by any �nite integer), and so one has a
limit if and only if the other has one, and the values of limits are the same if they exist.

Furthermore, theorem 1.1 tells us that for functions χ satisfying conditions in remark 1.2, def-
inition 1.5 gives a unique value to the divergent series

∑∞
i=1 χ(i) which agrees with L(−1, χ).

This inspires us to make the following conjecture on the analytic continuation of Dirichlet L
series: let a1, a2, a3, ... be a series of complex numbers such that its partial sum series {bn}
is bounded.

Conjecture 1.1.7. If lim bn exists as de�ned in de�nition 1.5, and its existence and value are
independent of our choice of hyperreal number system, then the Dirichlet L series

∑∞
n=1

an
ns

can be analytically continuated to s = 0 with the single value given by lim bn.

Remark 1.1.8. Lemma 1.6 is a support to the above conjecture, since as we discussed in
the proof of lemma 1.4: the function f in that proof, which roughly speaking is to de�ne the
value of certain divergent series by analytic continuation of Dirichlet L series, also satis�es
axiom (1)

′
. However, we don't have strong support for this conjecture, and we think it's

quite possible that some variation of the conjecture is correct, if this conjecture is to make
sense after all.

From theorem 1.1, we have understood why axiom (2) alone give values agree with special
L values associated to some divergent series. Our next aim is to consider the divergent series
0+1+2+3+ ... in terms of the conformal �eld theory of free scalar �elds, and from there we
give a physical interpretation of axiom (1)

′
and why this axiom possibly leads to the answer

−1/12. (This also gives us a reason to replace axiom (1) by the more powerful axiom (1)
′
.)

In bosonic string theory, we use scalar �elds Xµ to describe the embedding of the string
world sheet into background spacetime. For introductory reference, see [4]. These �elds are
described by a conformal �eld theory on the world sheet. Consider the 'holomorphic part'
of the theory, we have the world sheet energy momentum tensor whose components give rise
to the oscillator representation of the Virasoro algebra with central charge c = 1:

Ln :=
1

2

∑
j∈Z

: a−jaj+n : (1.6)
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where aj's are operators representing the oscillator algebra. i.e.

[am, an] = mδm,−n

Where

: aiaj :=

{
aiaj if i ≤ j,

ajai otherwise

is the creation-annihilation normal ordering.
Note that in particular,

L0 =
1

2

∑
j∈Z

: a−jaj :

=
1

2
a2

0 +
1

2

∞∑
j=1

a−jaj +
1

2

∞∑
j=1

: aja−j :

If we calculate the classical energy momentum tensor by variation of the world sheet action
against the world sheet metric, we will get the zero mode of the classical energy momentum
tensor before quantization as:

Lc0 =
1

2

∞∑
j=−∞

a−jaj (1.7)

Formally, if we use the commutation relations of the oscillator algebra to pass from the
classical Lc0 to quantum L0, we get

Lc0 =
1

2
a2

0 +
∞∑
j=1

a−jaj +
1

2
(0 + 1 + 2 + 3 + ...)

= L0 +
1

2
(0 + 1 + 2 + 3 + ...)

Classically, we have Lcm = 0 as the equation of motion of the world sheet metric. In particular,
Lc0 = 0. So formally, this leads us to the requirement:

(L0 +
1

2
(0 + 1 + 2 + 3 + ...))v = 0 (1.8)

for all physical states v.
This gives rise to a contribution of this oscillator representation of the Virasoro algebra

to the vacuum energy formally as 1
2
(0 + 1 + 2 + 3 + ...). On the other hand, self-consistency

of the conformal �eld theory gives other ways to calculate the value of this vacuum energy,
and giving the value to be − 1

24
. For reference, see for example[4], Page 54, and page 73.

Mathematically, the outcome of this physics is that this is the value by which a shift of L0
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eliminates the linear term in the Virasoro algebra commutation relations among the Lm's.
So this piece of physics requires us to assign value − 1

12
to the divergent series 0 + 1 + 2 +

3 + .... In the next section, we will see this generalizes to giving physical interpretations to∑∞
i=0 χ(i)i=L(−1, χ) for χ as in theorem 1.1.
Now, we are in position to give a physical interpretation of our axiom (1)

′
for the divergent

series 0 + 1 + 2 + 3 + ....
Being a free scalar �eld, the Xµ conformal �eld theory happens to have a scaling sym-

metry. This can be seen from the spacetime propagator of the �eld Xµ or, for example, the
equation 2.7.11 on page 60 of [4]. For convenience, we'll copy this equation here:

Xµ(z, z)Xν(z′, z′) =: Xµ(z, z)Xν(z′, z′) : −α
′

2
ηµν ln |z − z′|2 (1.9)

This equation appears slightly di�erent than the one in the book, but they are actually the
same. From which we can see, if we make the change (z− z′)→ (z− z′)n, and divide by 2n,
the expression −α′

2
ηµν ln |z − z′|2 remains unchanged. This is the scaling symmetry we will

talk about.
Now, for L0 = 1

2

∑
j∈Z : a−jaj :, we have de�ned the value of the divergent series 1

2
(0 +

1 + 2 + 3 + ...) to be the vacuum Casimir energy. Under this scaling symmetry, we have the
corresponding self-embedding of the oscillator algebra τl: ak → alk, 1 → l, for any positive
integer l. This self-embedding extends to an endomorphism of the universal eveloping algebra
of the oscillator algebra. So consequently the operators 1

l
τl(Lm) satisfy the same Virasoro

commutation relations as before, which is also predicted by the scaling symmetry of the
physics. As the physics should remain unchanged, we should have the same vacuum Casimir
energy as before. But this time, it is given by the divergent series:

1

2
(0 + 0 + ...+ 0 + 1 + 0 + ...+ 0 + 2 + 0 + ...+ 0 + 3 + 0 + ...+ 0 + ...)

where we have l− 1 many copies of zero between every consecutive pairs of numbers. So the
value of this divergent series should be the same as 1

2
(0 + 1 + 2 + 3 + ...), and this is exactly

what axiom (1)
′
says about the series 1

2
(0 + 1 + 2 + 3 + ...).

This completes the physical interpretation of axiom (1)
′
for the series 0+1+2+3+..., and

why it possibly leads to the answer given by special zeta value when combined with axiom
(2). (because this should agree with the value given by the consistency of the physics.) Our
next step here is to contemplate on some further implications of this. From the discussion
before, we know that axiom (1)

′
combined with axiom (2) give values to

∑∞
i=1 χ(i)i coincide

with L(−1, χ), for any Dirichlet character. This lets us think of the possibility of trying to
introduce Dirichlet characters in a modi�ed version of the free scalar conformal �eld theory,
so we can possibly get a physical interpretation of axiom (1)

′
also for the series

∑∞
i=0 χ(i)i,

for any Dirichlet character χ. So next, we will do this to achieve our goal here, and to go
deeper later.
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1.2 Twisted Virasoro Operators

Let N be an odd positive integer, and G be a �nite abelian group of functions Z/NZ→ C
satisfying:
For any χ ∈ G,

χ(j) = χ(−j) (1.10)

for any j, and for any χ ∈ G which is not the unit,

N∑
k=1

χ(k) = 0 (1.11)

Then we de�ne operators

Lχn :=
1

2N

∑
j∈Z

χ(j) : a−jaj+nN : (1.12)

for χ ∈ G, and n ∈ Z.
First we will show that these operators are closed under the Lie bracket. For this purpose,

we need two little lemmas:

Lemma 1.2.1. For m = Nk,

−m∑
j=−1

χ(j)j = m(L(0, χ)− 1

2

N∑
k=1

χ(k))−
∑N

k=1 χ(k)

2
m(

m

N
− 1)

Proof.

−m∑
j=−1

χ(j)j = −
m∑
j=1

χ(j)j

= (−1)
k−1∑
s=0

(s+1)N∑
j=sN+1

χ(j)j

= kN(L(0, χ)− 1

2

N∑
k=1

χ(k))− aN(
1

2
)k(k − 1)

= m(L(0, χ)− 1

2

N∑
k=1

χ(k))−
∑N

k=1 χ(k)

2
m(

m

N
− 1)
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Lemma 1.2.2. For m = Nk,

−m∑
j=−1

χ(j)j2 =
1

6
(m−N)m(

2m

N
− 1)

N∑
k=1

χ(k)− (m−N)m(L(0, χ)− 1

2

N∑
k=1

χ(k))

− 2m(L(−1, χ) +
N

2
L(0, χ)− N

6

N∑
k=1

χ(k))

Proof.

−m∑
j=−1

χ(j)j2 =
k−1∑
r=0

N∑
j=1

χ(j)(rN + j)2

=
k−1∑
r=0

N∑
j=1

[r2N2χ(j) + 2rNjχ(j) + j2χ(j)]

=
1

6
(k − 1)k(2k − 1)N2a+ (k − 1)kN

N∑
j=1

χ(j)j + k
N∑
j=1

χ(j)j2

=
1

6
(k − 1)k(2k − 1)N2a+ (k − 1)kN [−N(L(0, χ)− 1

2

N∑
k=1

χ(k))]+

k(−2N)[L(−1, χ) +
N

2
L(0, χ)− N

6

N∑
k=1

χ(k)]

=
1

6
(m−N)m(

2m

N
− 1)

N∑
k=1

χ(k)− (m−N)m(L(0, χ)− 1

2

N∑
k=1

χ(k))

− 2m(L(−1, χ) +
N

2
L(0, χ)− N

6

N∑
k=1

χ(k))

Having these two computational lemmas, let's calculate
∑−m

j=−1 χ(j)j(m+ j):

−m∑
j=−1

χ(j)j(m+ j) = m2(L(0, χ)− 1

2

N∑
k=1

χ(k))−
∑N

k=1 χ(k)

2
m2(

m

N
− 1) +

1

6
(m−N)m(

2m

N
− 1)

N∑
k=1

χ(k)

− (m−N)m(L(0, χ)− 1

2

N∑
k=1

χ(k))− 2m(L(−1, χ) +
N

2
L(0, χ)− N

6

N∑
k=1

χ(k))

= −2mL(−1, χ) + (−m
3

6N
)

N∑
k=1

χ(k)
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So we have

−1

2

−m∑
j=−1

χ(j)j(m+ j) = mL(−1, χ) +
m3

12N

N∑
k=1

χ(k) (1.13)

Next, we calculate the commutators of the Lχn's routinely, and we proceed as in [15].

Lemma 1.2.3.

[ak, L
χ
n] =

1

N
χ(k)kak+nN (1.14)

Proof. De�ne the function ψ on R by:

ψ(x) =

{
1 if |x| ≤ 1,

0 if |x| > 1

Put

Lχn(ε) =
1

2N

∑
j∈Z

χ(j) : a−jaj+nN : ψ(εj) (1.15)

Note that Lχn(ε) contains only a �nite number of terms if ε 6= 0 and that Lχn(ε) → Lχn as
ε → 0. More precisely, the latter statement means that, given any v in the Fock space,
Lχn(ε)(v) = Lχn(v) for ε su�ciently small.

Lχn(ε) di�ers from the same expression without normal ordering by a �nite sum of scalars.
This drops out of the commutator [ak, L

χ
n(ε)] and so

[ak, L
χ
n(ε)] =

1

2N

∑
j∈Z

[ak, χ(j)a−jaj+nN ]ψ(εj)

=
1

2N

∑
j∈Z

[ak, χ(j)a−j]aj+nNψ(εj) +
1

2N

∑
j∈Z

a−j[ak, χ(j)aj+nN ]ψ(εj)

=
1

2N
χ(k)kak+nNψ(εk) +

1

2N
χ(−nN − k)kak+nNψ(ε(k + nN))

Since χ(−nN − k) = χ(k), the ε→ 0 limit gives the result of the lemma.

Next we calculate the commutator [Lχ1
m , L

χ2
n ], and the result is the following theorem:

Theorem 1.2.4.

[Lχ1
m , L

χ2
n ] = (m− n)Lχ1χ2

m+n + δm,−n[
m

N
L(−1, χ1χ2) +

m3

12

N∑
k=1

(χ1χ2)(k)] (1.16)
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Proof. For notational simplicity, we denote χ1χ2 by ω. We have

[Lχ1
m (ε), Lχ2

n ] =
1

2N

∑
j∈Z

[χ1(j)a−jaj+mN , L
χ2
n ]ψ(εj)

=
1

2N

∑
j∈Z

χ1(j)[
1

N
χ2(−j)(−j)a−j+nNaj+mN +

1

N
χ2(j +mN)(j +mN)a−jaj+mN+nN ]ψ(εj)

=
1

2N2

∑
j∈Z

ω(j)[(−j)a−j+nNaj+mNψ(εj) + (j +mN)a−jaj+(m+n)Nψ(εj)]

We split the �rst sum into terms satisfying j ≥ (n−m)N
2

which are in normal order and reverse

the order of terms for which j < (n−m)N
2

using the commutation relations. In the same way

we split the second sum into terms satisfying j ≥ − (n+m)N
2

and j < − (n+m)N
2

. Then

[Lχ1
m (ε), Lχ2

n ] =
1

2N2

∑
j∈Z

ω(j)[(−j) : a−j+nNaj+mN : ψ(εj) + (j +mN) : a−jaj+(m+n)N : ψ(εj)]

− 1

2N2

−mN∑
j=−1

(j +mN)jω(j)

Making the transformation j → j + nN in the �rst sum and taking the limit ε → 0, and
using (1.13), we get the desired result.

So in particular, we get a Lie algebra from 'twisting' the operators Lm by a �nite abelian
group of functions G. Now we are in position to give the promised physical interpretation
of
∑∞

i=0 χ(i)i = L(−1, χ): just as before, we can formally commute the ak's in the modes
of 'classical energy momentum tensor' to put them into normal order to get the operators
Lχm. As a result, the 'vacuum Casimir energy' will come out naively as the divergent series

1
2N

∑∞
i=0 χ(i)i. On the other hand, as was mentioned before, physical reasoning restricts the

value of this vacuum energy to be the amount by which a shift of the zero mode of the energy
momentum tensor has the e�ect of canceling the linear term in the commutation relations.
From the above lemma, we see that the shift (and only this one) Lχ0 → Lχ0 + 1

2N
L(−1, χ)

does this job. We denote Lχ0 + 1
2N
L(−1, χ) by L(′)χ0 . Then what we have said is

[Lχ1
m , L

χ2
−m] = 2mL(′)χ1χ2

0 +
m3

12

N∑
k=1

(χ1χ2)(k) (1.17)

Upon canceling the common factor 1
2N

, we see that
∑∞

i=0 χ(i)i = L(−1, χ) comes out by
comparing the values of this same vacuum energy.

As we promised in the end of section 1, let's also see how one gets a similar physical
interpretation of axiom (1)

′
for the series

∑∞
i=0 χ(i)i, where χ is a function satisfying all the
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requirements stated at the beginning of this section: (Note that this essentially includes the
case when χ is any Dirichlet character, since then

∑∞
i=0 χ(i)i is possibly nonzero only when

χ satis�es all the requirements stated at the beginning of this section.)
Having the twisted Virasoro operators set up, the interpretation is exactly the same as for
the series 0+1+2+3+ .... Namely, the self-embedding τl of the oscillator algebra: ak → alk,
1 → l again tells us that the operators 1

l
τl(L

χ
m) satisfy the same Virasoro commutation

relations as for the operators Lχm. In other words, the scaling symmetry of the Xµ conformal
�eld theory we talked about generalizes to our twisted Virasoro operators, and this symmetry
is again the physical reason for us to impose axiom (1)

′
to the divergent series

∑∞
i=0 χ(i)i,

just as before.
So we have achieved the desired goal as discussed in the end of section 1 by contemplating

possible mathematics and physics implications of theorem 1.1. Next we'll talk a bit more
about divergent series, namely, how to get 0+1+2+3+ ... = − 1

12
naturally from our axioms,

as we mentioned in section 1. Again, let χ denote a function satisfying all the requirements
stated at the beginning of this section.

Axiom (2) gives us a linear functional g on a subspace U of the space of series as: we de�ne
U to be the space consisting of series for which a �nite consecutive sequence of applications
of axiom (2) gives a convergent sequence and hence the value of the original series, and the
value of g on any series in U is just this value. Obviously U contains all convergent series, for
which g gives the usual limit. Furthermore, theorem 1.1 and previous discussions show that
when χ is nontrivial,

∑∞
i=0 χ(i)i is also in U , and the value of such series given by g satis�es

axiom (1)
′
: in other words, any in�ation of

∑∞
i=0 χ(i)i according to the description of axiom

(1)
′
is also in U , and g maps it to the same complex number as for

∑∞
i=0 χ(i)i itself. This fact

matches nicely with the above physical interpretation of axiom (1)
′
for such series. Now, it's

easy to see that the series 0+1+2+3+... is not in U . We claim that there exists an extension
of the linear functional g to a larger subspace U ′ containing the series 0 + 1 + 2 + 3 + ..., such
that the value of g on 0 + 1 + 2 + 3 + ... satis�es axiom (1)

′
in the above sense. Furthermore,

for any such extension, we necessarily have 0+1+2+3+ ... = − 1
12
. The reason is simple: as

we have seen in (**), for any such extension we must have 0 + 1 + 2 + 3 + ... = − 1
12
. On the

other hand, since we know 0 + 1 + 2 + 3 + ... and all its in�ations in the sense of axiom (1)
′

is not in U , and furthermore it's obvious that all its in�ations are linearly independent, then
we may just de�ne a U ′ by hand to be the smallest subspace of the space of series containing
U and all these in�ations, and de�ne g on all these in�ations to be − 1

12
.

Let's state the above concisely: axiom (2) gives rise to g and U , and there exist extensions
of g such that it can give value to 0 + 1 + 2 + 3 + ... satisfying axiom (1)

′
, furthermore any

such extension necessarily gives the value to be − 1
12
. Note that we have a physical reason for

imposing axiom (1)
′
to 0+1+2+3+..., so in this sense one gets 0+1+2+3+... = − 1

12
naturally

from axiom (2) alone! In other words, if we agree that axiom (2) should hold for divergent
series in one's regularization scheme, then we necessarily have 0 + 1 + 2 + 3 + ... = − 1

12
in the

Xµ conformal �eld theory. Moreoever, the reader can now see that it's a very straightforward
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generalization to get for general χ,
∑∞

i=0 χ(i)i = L(−1, χ) and
∑∞

i=0 χ(i) = L(0, χ) naturally
from axioms (2) and (1)

′
, just as the above.

1.3 Fractional Powers

Let's denote the Fock space representation of the in�nite dimensional Lie algebra gener-
ated by the operators Lχ0 (together with the central element) as V irG. By abuse of notation,
the same notation V irG sometimes also mean the Lie algebra itself when there shouldn't be
any confusion. We assume G satis�es all conditions mentioned at the beginning of section 2.
In this section, we will �rst analyze the structure of V irG, and it turns out it is as simple as
one may possibly expect: it's just a direct sum of several copies of Virasoro algebras sharing
the same central element. However, we will show that this Lie algebra interestingly relates
some peculiar in�nite products with linear combinations of special L values. This Lie algebra
relates also to minimal model representations of the Virasoro algebra with negative central
charges.

Theorem 1.3.1. V irG is isomorphic to a direct sum of |G| copies of Virasoro algebras
sharing the same central element.

Proof. We denote |G|=k. First we do the case when G is cyclic, and then come to the general
case.

For the case when G is cyclic, for notational simplicity, let's denote by 1 as a generator
of G. Let ω be a primitive kth root of unity. We de�ne operators

T in =
1

k

k∑
s=1

ωisLsn (1.18)

if n 6= 0. Together with

T i0 =
1

k

k∑
s=1

ωisL(′)s0 (1.19)

Denote

b =
N∑
s=1

idG(s) (1.20)

We will see that for each i, the operators T in satisfy

[T im, T
i
n] = (m− n)T im+n + δm,−n

m3

12k
b (1.21)

and
[T im, T

j
n] = 0 (1.22)
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for any m,n, if i 6= j. So for the Fock space representation of each copy of the Virasoro
algebra, the central charge equals b

k
.

This is because if we look at the coe�cient of any Lhm+n in [T im, T
j
n], it equals (m − n)

times 1
k2

∑
s+t≡h( mod k) ω

si+tj, which equals 1
k
ωh if i = j, and 0 if i 6= 0, by elementary

property of primitive roots of unity. The coe�cient for the central element comes out in the
same way if we also keep in mind (1.17).

So the theorem is proved when G is cyclic. Now for the general case, since G is �nite
abelian, we have G ∼=

∏d
i=1 Z/miZ. Let χi be a generator of Z/miZ, and ωi be a primitive

mi'th root of unity. Then it's easy to see that the direct generalization of the operators T in:

1

k

∑
L
χ
s1
1 χ

s2
2 ...χ

sd
d

n ωi1s11 ωi2s22 ...ωibsbb

together with the obvious shift concerning the zero'th mode, give the desired decomposition
of V irG as a direct sum of k copies of Virasoro algebras sharing the same central element.

Remark 1.3.2. It is easy to see that the choice of the operators T in is unique if one wants
(1.21) and (1.22) both to be satis�ed.

Now we digress to discuss modular transformation properties of some in�nite products.
Perhaps one of the most well known examples of this type is the Dedekind η function

η(τ) = x
1
24

∞∏
n=1

(1− xn) (1.23)

where
x = e2πiτ

η(τ) has famous modular transformation properties which is important in many areas of
mathematics, and probably one should be curious about the appearance of the special frac-
tional power 1

24
: why this and only this special power makes the function have the desired

modular transformation properties? There are explanations of this, for example, this power
can be calculated using the theory of theta functions. However, there is a physical interpre-
tation of this in terms of conformal �eld theory which is conceptually straightforward:

If we calculate the 'one loop partition function' of the free scalar conformal �eld theory,
the Dedekind η function shows up as the main building block, mainly because it is the char-
acter (or, some call 'q-trace') of the oscillator representation of the Virasoro algebra. the
power 1

24
shows up exactly because this is the amount of vacuum Casimir energy. For details,

one can see [4], chapter 7. The one loop partition function is automatically invariant under
the modular action of SL(2,Z) because it should automatically inherit whatever symmetry
of the lattice of the relevant elliptic curve. So the Dedekind η function should have the
desired modular transformation properties derived from the modular invariance property of
the one loop partition function. So in this way, one gets a more or less straightforward
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physical understanding of why the Dedekind η function has the desired modular transforma-
tion properties. Indeed, only the fractional power 1

24
can make this miracle happen because

1
24

= −1
2
ζ(−1) is minus the amount of the vacuum Casimir energy, which is �xed to exactly

this value as we said before at the end of section 1. In other words, the fractional power 1
24

in the Dedekind η function can be understood as coming from the vacuum Casimir energy
of some conformal �eld theory, which in turn is given by a special zeta value. For readers
interested in mathematical formulation and proof of the above physical intuition, one can
see the fundamental paper by Zhu: [11]. Our purpose here is, on the other hand, to explore
some implications of this physical intuition to our setting, namely, V irG. We already see in
section 2 that more general divergent series like

∑∞
k=1 χ(k)k can be associated with vacuum

Casimir energies of V irG, which are given by special L values. So a natural question is if
some more general fractional powers which appear in some other in�nite products having
some peculiar modular transformation properties can physically be explained by some sort
of vacuum energy, and mathematically given by (linear combinations of ) special L values?
The purpose of the rest of section 3 is to answer this question a�rmatively in an exact
sense. For us, we think this answer does provide a valuable understanding of these fractional
powers. (Indeed, a similar physical interpretation is already available if one considers some
negative central charge minimal model representations of the Virasoro algebra. However,
we don't have explicit constructions of these representations. Furthermore the new relation
with special L values is much easier to see in our settings. Lastly our discussions include
more general cases. )

In Rogers-Ramanujan identities one considers the curious in�nite products

∞∏
n=0

(1− x5n+1)(1− x5n+4)

and
∞∏
n=0

(1− x5n+2)(1− x5n+3)

Furthermore, these two in�nite products give the essential part of the characters of minimal
model representations of the Virasoro algebra with central charge c = c2,5 = −22

5
. For further

details, see equations (3.1),(3.2) of [14]. In particular, Zhu's fundamental theorem applied
to this case gives us corollary 1 of theorem 5.2 in [14]. For convenience we copy it here:

The complex vector space spanned by the (modi�ed) characters

ch− 22
5
,0(q) = q

11
60

∏
n≥0

1

(1− q5n+2)(1− q5n+3)

and

ch− 22
5
,− 1

5
(q) = q−

1
60

∏
n≥0

1

(1− q5n+1)(1− q5n+4)
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is modular invariant.
More generally, for every integer k ≥ 2, there are exactly k inequivalent minimal model

representations of the Virasoro algebra, with central charge

c2,2k+1 = 1− 6(2k − 1)2

4k + 2
(1.24)

, and highest weight

h1,i
2,2k+1 =

(2(k − i) + 1)2 − (2k − 1)2

8(2k + 1)
(1.25)

, where i = 1, 2, ..., k.
The (modi�ed) characters are

chc2,2k+1,h
1,i
2,2k+1

(q) = qh
1,i
2,2k+1−

c2,2k+1
24

∏
n 6=±i,0 mod 2k+1

1

(1− qn)
(1.26)

Furthermore the vector space spanned by these characters is modular invariant.
Next, we will show how to express these in�nite products in terms of theta functions and

prove the above modular invariance property by the theory of theta functions( this is more
or less a routine exercise of the theory of theta functions, but we include it here for later
convenience).Our notations for theta functions are according to [13].
First we have the de�nition of theta function with characteristic [ ε

ε′
] ∈ R2

θ[
ε

ε′
](z, τ) =

∑
n∈Z

exp 2πi

{
1

2
(n+

ε

2
)2τ + (n+

ε

2
)(z +

ε′

2
)

}
(1.27)

which converges uniformly and absolutely on compact subsets of C×H2.
Next we have Euler's identity

∞∏
n=1

(1− xn) =
∞∑

n=−∞

(−1)nx
n(3n+1)

2 (1.28)

As is well known, from the above two equations we can easily express the Dedekind η function
in terms of theta function

η(τ) = e−
πi
6 θ[

1
3

1
](0, 3τ) (1.29)

Moreover, we have the Jacobi triple product identity

∞∏
n=1

(1− x2n)(1 + x2n−1z)(1 +
x2n−1

z
) =

∞∑
n=−∞

xn
2

zn (1.30)

for all z and x in C with z 6= 0 and |x| < 1.
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In the above equation, substitute x by x
2k+1

2 , and z by −x 2k+1−2j
2 , we get

∞∏
n=1

(1− x(2k+1)n)(1− x(2k+1)n−j)(1− x(2k+1)n−(n−j)) =
∞∑

n=−∞

x
2k+1

2
n2+ 2k+1−2j

2
n(−1)n (1.31)

In (1.27), take ε = 2(k−j)+1
2k+1

, and ε′ = 1, we get

θ[

2(k−j)+1
2k+1

1
](0, (2k + 1)τ) =

∑
n∈Z

x
2k+1

2
n2+

2(k−j)+1
2

nx
(2(k−j)+1)2

8(2k+1) (−1)ne
2(k−j)+1
2(2k+1)

πi (1.32)

We combine (1.31) and (1.32) to express the left hand side of equation (1.31) in terms of
theta functions, and then divide the result by (1.29) and use (1.23), we get

∏
s 6=±j,0 mod 2k+1,n≥1

1

(1− x(2k+1)n−s)
= x

1
24
− (2(k−j)+1)2

8(2k+1) e
πi
6
−πi(2(k−j)+1)

2(2k+1)
θ[

2(k−j)+1
2k+1

1
](0, (2k + 1)τ)

θ[
1
3

1
](0, 3τ)

(1.33)
Note that the power of x that shows up in the above equation exactly equals to −(h1,j

2,2k+1−
c2,2k+1

24
). So combining (1.33) and (1.26), we see that the complex vector space spanned by the

(modi�ed) characters chc2,2k+1,h
1,j
2,2k+1

is the complex vector space spanned by the functions

θ[
2(k−j)+1

2k+1

1
](0, (2k + 1)τ)

θ[
1
3

1
](0, 3τ)

where j runs from 1 to k. A direct application of Lemma 4.2 on page 216 of [13] gives the
theta function theory proof that this vector space is modular invariant.

Now we come back to our V irG. For simplicity, Let's �rst assume that N = 2k + 1 is an
odd prime, and let G be the group of Dirichlet characters of conductor N which maps −1 to
1. So G is cyclic of order k. Let χ be a generator of G. We �rst calculate the vacuum Casimir
energies associated with the T i0's. Let's denote this quantity by ci. Namely, we express T i0
as a linear combination of the unshifted operators Li0's and a constant. The amount of the
vacuum Casimir energy associated with T i0 is just this constant term. Recall (1.19) and (1.5),
we have

ci =
1

2k

k∑
s=1

ωisL(−1, χs) (1.34)

since G satis�es the assumptions at the beginning of section 2, and for the trivial character
χk, we have

N∑
k=1

χ(k) = N − 1 (1.35)
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then an easy calculation shows

ci =
1

2k
(−N

12
(N − 1)) +

1

2k
(k
−j2 − (N − j)2

2N
+ k

j +N − j
2

) (1.36)

Where j,N − j is the unique pair such that

χ(j) = ωk−i (1.37)

In other words,

ci = −2k + 1

12
+
j(N − j)

2N
(1.38)

Since V irG contains k copies of the Virasoro algebra, we have k concepts of vacuums de�ned
by
T i0 vacuum:

T i0 = 0 (1.39)

i = 1, 2, ..., k. These vacuums are 'orthogonal' in the sense of (1.22), and each vacuum
contains an in�nite number of degenerate states in the Fock space. Suppose now we pick
any i and consider the T i0 vacuum. This is a subspace of the Fock space on which the
operators Lkm − T im act, since from (1.17) and (1.21) we can easily verify

[Lkm − T im, T i0] = 0 (1.40)

for any m ∈ Z.
Now we calculate the 'q-trace' of Lk0 − T i0 on the T i0 vacuum. More precisely, we should

calculate this quantity for the operator corresponding to Lk0 − T i0 before we do any shift by
vacuum energies, just as what one does for the usual free scalar conformal �eld theory. In
other words, we need to include the e�ect of the vacuum energy associated to the operator
Lk0 − T i0. Here we explain some intuitive reasons for doing this:

It is easy to see that T i0 contains only oscillator modes that are congruent to j or N − j
mod N , where j satis�es (1.37), and the T i0 vacuum consists exactly of states in the Fock
space without these oscillator modes. From the physical point of view, the vacuum energy
is the sum of zero point energies of all relevant oscillator modes. So whenever we want to
calculate some sort of vacuum energy in the T i0 vacuum, we should erase the e�ect of these
oscillator modes.

The vacuum energy associated to Lk0 − T i0 is

di =
1

2
L(−1, χk)− ci (1.41)

From (1.5) one can easily obtain

L(−1, χk) =
N − 1

12
(1.42)
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So from the above equation and (1.38), we obtain

di =
(2(k − j) + 1)2

8(2k + 1)
− 1

24
(1.43)

which is easily checked to be equal to h1,j
2,2k+1 −

c2,2k+1

24
.

Furthermore, recall that T i0 contains only oscillator modes that are congruent to j or N−j
mod N , and Lk0 misses only oscillator modes that are divisible by N , an easy calculation
shows that

the (shifted) 'q-trace' of Lk0 − T i0 on the T i0 vacuum = chc2,2k+1,h
1,j
2,2k+1

(1.44)

So as we said before, the powers of x given by (1.43) or h1,j
2,2k+1 −

c2,2k+1

24
which are crucial

for the in�nite products in (1.26) to have special modular transformation properties, are
explained by this vacuum Casimir energy, and consequently are expressed explicitly as linear
combinations of special L values as

(2(k − j) + 1)2

8(2k + 1)
− 1

24
= h1,j

2,2k+1 −
c2,2k+1

24
=

1

2
L(−1, χk)− 1

2k

k∑
s=1

ωisL(−1, χs) (1.45)

Remember that the above calculation is based on the assumption that N is an odd prime. In
general, for N not necessarily prime, instead of Dirichlet characters, we may use the group
G of functions N→ C of period N de�ned by

fs(u) = θsu (1.46)

for u = 1, 2, ..., k, s = 1, 2, ..., k, and

fs(N − u) = fs(u) (1.47)

and
fs(N) = 0 (1.48)

where θ is a primitive kth root of unity.
It's straightforward to see that G satis�es all the assumptions made at the beginning of

section 2, and all the above calculations work out without change. (At this stage it is crucial
that formulas such as (1.5) work for this kind of more general functions just the same as for
Dirichlet characters.)

Note that for the usual oscillator representation of the Virasoro algebra, the corresponding
'q-trace' gives the Dedekind η function which gives rise to modular forms for the full modular
group SL(2,Z), which is what to be expected from a physical point of view since the one loop
partition function should inherit all the symmetry of the lattice de�ning an elliptic curve
(over C). If our construction of V irG is to be an analogue of a usual conformal �eld theory
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in a deeper sense, then the 'q-traces' should have similar modular properties, which is what
we have shown to be true by using the theory of theta functions. However, it is obvious
that a single 'q-trace' like the 'q-trace' of Lk0 − T i0 on the T i0 vacuum, which is equal to
chc2,2k+1,h

1,j
2,2k+1

, possesses nice modular transformation properties only for a certain subgroup

of �nite index of the modular group. Only a collection of these, namely, the complex vector
space spanned by all these similar 'q-traces', are invariant under the full modular group. To
be more precise, it's not hard to see (yet not very straightforward) that up to a constant, the
'q-trace' of Lk0 − T i0 is invariant under the action of any element of the principal congruence
subgroup Γ(2k + 1). (To see this, we may apply equation (2.16) on page 81 of [13]. There

are two crucial facts needed to verify this: the equivalent class of the characteristic [
2l+1
2k+1

1
] is

invariant under the action of Γ(2k + 1), and Γ(2k + 1) is contained in the Hecke subgroup
Γ0(2k + 1).) On the other hand, it is well known that the modular curve X(2k + 1) given
by Γ(2k+ 1) is the moduli space for elliptic curves with a given basis for the 2k+ 1 torsion.
So it seems reasonable for one to suspect that at one loop level, twisting by our cyclic group
G re�ects on the geometric side as the additional information of a given basis for the 2k+ 1
torsion. This is interesting but we don't yet know how to make this precise.

At the end of this section, we elaborate a bit on our calculations relating V irG with those
fractional powers, and we ask a question. From (1.28) through (1.32), it is straightforward to
express (1− x(2k+1)n−j)(1− x(2k+1)n−(n−j)) as a constant times a power of x times a quotient
of theta functions. The power that shows up is equal to

−(N − 2j)2

8N
+
N

24
(1.49)

which equals −ci by (1.38).
On the other hand, similar to (1.40), we have also

[Lk0 − T i0, T in] = 0 (1.50)

for all n ∈ Z. So we can calculate the character of the representation of the Virasoro algebra
given by the operators T in on the subspace Lk0 − T i0 = 0. Taking into account the vacuum
energy associated with T i0, it's easy to see that this character (or 'q-trace') is given by

x
(N−2j)2

8N
−N

24 (1− x(2k+1)n−j)(1− x(2k+1)n−(n−j)) (1.51)

Comparing (1.49) and (1.51), we see the relation between V irG an these fractional powers
also works in this other direction where we consider also the 'q-trace' of T i0's on the subspace
Lk0 − T i0 = 0, which now is indeed a character of a representation of the Virasoro algebra.

Although the theory of theta functions can be used to prove some of the 'q-traces' of our
V irG having peculiar modular transformation properties, we don't think this kind of proof is
satisfactory. Here we want to pose the question of whether one can extend Zhu's fundamental
result in this direction [11] to give a uniform 'conceptual' proof of the modular properties
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of these 'q-traces'. Despite the simplicity of V irG, one already sees that it connects several
things. We hope that investigation of this question will have implications for what V irG

really means, and is it indeed an interesting tool connecting conformal �eld theory with
number theory.

1.4 Discussion

In this section, we discuss some possibilities and problems trying to generalize our story
of V irG. Also we try to indicate some connections between class �eld theory and our V irG.

First of all, note that there is good reason to impose on χ the condition given by (1.10):
since for the case when χ is a Dirichlet character, we have either (1.10), or χ(−1) = −1. For
the latter case, it's easy to see that if we still make the same de�nition for Lχn as in (1.12),
then Lχn = 0 for all n 6= 0. It's well known that in this case, L(−1, χ) = 0 (this can easily be
seen from the functional equation of L(s, χ), and that L(s, χ) is always analytic at s = 2).
So the theory in this case is trivial.

Next we make an observation connecting �eld theory with our V irG:
Let K be a totally real �nite abelian extension of Q. Then we have

Theorem 1.4.1. K gives rise to a unique V irG in a canonical way.

Proof. It's well known that there is a one to one correspondence between sub�elds of cy-
clotomic �elds and groups of Dirichlet characters, and regarding K as sub�elds of di�erent
cyclotomic �elds give rise to the same group of Dirichlet characters. Furthermore, K be-
ing totally real implies that the corresponding group of Dirichlet characters is even, i.e., it
satis�es (1.10), so the theorem follows.

Next let us point out some obstacles stopping us from straightforwardly generalizing our
construction of V irG to some other settings.

First of all, the Sugawara construction and the GKO construction are more or less direct
generalizations of the oscillator representation of the Virasoro algebra, so it may be very
natural to try to generalize the construction of V irG to those representations. However, as
we tried, direct generalization does not work. What stops us is exactly the nonzero Dual
Coxeter number g of nonabelian (�nite dimensional) Lie algebras. However, there is good
physical reason explaining why this doesn't work: the GKO construction corresponds to the
conformal �eld theory of some currents associated with a (nonabelian) Lie group (or Lie
algebra) symmetry, which have conformal dimensions 1. So we no longer have the scaling
symmetry as that for the Xµ �elds. If the direct generalization of V irG were to work as
before, then we ought to have values of certain divergent series given by certain special L
values as before. So conversely our axiom (1)

′
would better be put into work again. But

axiom (1)
′
is a mathematical re�ection of the scaling symmetry of the physics, which is lost.

Secondly, let's consider the seemingly more delicate possibility of generalizing the con-
struction of V irG to some number �elds other than just Q.
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There is an obvious reason in trying to do this: we have successfully constructed V irG

for Dirichlet characters and consequently obtained some relations between special L values
of Dirichlet characters and vacuum energies, and those fractional powers. Since Dirichlet
characters are equivalent to Hecke characters of �nite order for the �eld Q, so it seems
natural to think if it is possible to generalize the same construction to some more general
number �elds, replacing Dirichlet characters by Hecke characters on the ideles, and Dirichlet
L functions by Hecke L functions, hoping to have similar stories going on. However, we are
not succeeded in doing this at least in a direct way. From a very practical point of view,
we think one of the major problems is that for number �elds other than Q, the rings of
integers are too big for us to do any meaningful normal ordering. From a more 'conceptual'
point of view, our story being worked for Q crucially relies on the fact that we know what
a conformal �eld theory is for the genus zero case: it's described by vertex operator algebra
theory. In particular, the conformal vector gives us a copy of the Virasoro algebra, which
is where we put our hands on. So it seems reasonable to suspect that our di�culty here is
probably tied to the di�culty of de�ning conformal �eld theory on higher genus Riemann
surfaces. Last but not least, as we tried, not surprisingly, technical di�culties include the
problem of dealing with global units and nonzero class number of the number �eld (and
possibly archimedean places). We end our discussion for this type of questions here with a
sort of 'no-go' lemma concerning the Virasoro algebra.

Again let K be a number �eld, and OK be its ring of integers. We �x an arbitrary
embedding of K into C, and regard K as a sub�eld of C. (We will see later that this choice
is inessential) Suppose for each n ∈ OK we have an operator denoted by Ln. In the complex
linear span of these operators together with a central element c, we suppose we have the
following commutation relations:

[Lm, Ln] = (m− n)Lm+n + α(m,n)c (1.52)

for any m,n ∈ OK . Where α(m,n) is a function from OK ×OK to C. Then we have

Lemma 1.4.2. The above de�nes a Lie algebra if and only if α(m,n) satis�es

α(m,n) = δm,−nα(m) (1.53)

α(−m) = −α(m) (1.54)

α(m) = am+ bm3 (1.55)

for some a, b ∈ C.

Remark 1.4.3. Obviously (1.54) is a special case of (1.55), but we include it here for
convenience. Another issue to point out is that to de�ne a complex Lie algebra like the
above (with or without central extension) requires a choice of the embedding of OK into
C, however, both the Lie bracket and the relevant second Lie algebra cohomology here are
natural, with respect to di�erent choices of embeddings into C. Also note that one may
consider the question of the above lemma in a more general situation if one wants to.
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Proof. The 'if' part is obvious. So we only prove for the 'only if' part. For the �rst part of
the proof, we proceed as on page 8 of [15]. In particular, we can get the �rst two properties
of α(m,n),i.e., (1.53) and (1.54) in the same way, and also

(m− n)α(m+ n)− (2n+m)α(m) + (n+ 2m)α(n) = 0 (1.56)

Now we pick any integral basis b1, b2, ..., bs of OK . We �rst show that α(b1) and α(b2) alone
determine the value of α on the Z linear span of b1 and b2: from (1.56) we see that from
α(b1) and α(b2) we can get the values of α also on b1 + b2 and b1 − b2. So by (1.56) again,
these determine the values of α on (b1 + b2) + (b1− b2) = 2b1 and (b1 + b2)− (b1− b2) = 2b2.
Now we put m to be mb1, and n to be b1 in (1.56), we have

(m− 1)α((m+ 1)b1) = (m+ 2)α(mb1)− (2m+ 1)α(b1) (1.57)

upon canceling the common factor b1.
From the above equation and (1.54) we see that α(b1) and α(2b1) determine α(mb1) for

any m ∈ Z, and the same for b2. Again, for any mb1 + nb2, the value of α on which is
determined by α(mb1) and α(nb2), which in turn are determined by α(b1) and α(b2), as we
have shown.

On the other hand, we observe that α(m) = m and α(m) = m3 are two linearly inde-
pendent solutions to (1.56). So on Z linear span of b1 and b2, (1.55) has to be hold for some
complex numbers a and b.

Next we consider b1 and b3, the same argument deduces that on Z linear span of b1 and
b3, (1.55) has to be hold for some complex numbers a′ and b′. So in particular, on the Z
linear span of b1, (1.55) has to be hold for a and b, and also a′ and b′. So a = a′, b = b′.
So (1.55) holds for b3 for the same complex numbers a and b. Extending this argument, we
see (1.55) holds for any element in our chosen integral basis. Then by (1.56) again, we see
it holds for any element in OK .

Remark 1.4.4. By choosing an appropriate additive semigroup inside OK , one may de�ne
highest weight representations and Verma modules of this Lie algebra. However, after ax-
iomatizing some of the essential ingredients of the Oscillator representation, one can show
that oscillator-like representations do not exist if the �eld K is not Q. The details of these
will not be treated in this paper.
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Chapter 2

On S duality and Gauss reciprocity law

Introduction

The Gauss quadratic reciprocity law is arguably one of the most famous theorems in
mathematics. Trying to generalize it from di�erent directions has been a central topic in
number theory for centuries. In the form of Artin reciprocity law, or class �eld theory, abelian
reciprocity laws are well-understood and has been a beautiful part of algebraic number theory
for a long time. However, the sought for general reciprocity laws is still in a very unclear
stage, for example the Langlands program, regarded as a nonabelian generalization of class
�eld theory, is far from settled.

On the other hand, S-duality (or strong-weak duality) is a common name for many
amazing stories in physics, which can be traced back at least to the theoretical work on
electric-magnetic duality and magnetic monopoles. S-duality for classical or quantum U(1)
gauge theory is more or less well-understood theoretically. However, S-duality for nonabelian
gauge theories remains mysterious, or at least largely conjectural. In recent years, people
are making huge progress in interpreting the geometric Langlands program by nonabelian
S-dualities. One may consult [8] for such an example.

However, as far as we know, there is little work on trying to interpret number theory
reciprocity laws by S-duality of some physical theory. One of the reasons is, of course,
gauge theories are geometrical in nature, so it seems not natural to try to directly relate
S-dualities with reciprocity laws. However, as we mentioned above, the geometric Langlands
program, which is the geometric counterpart of the number theory Langlands program, now
has good physical interpretations. So we hope, at least, that one can �nd some sort of
physical interpretations of abelian reciprocity laws in number theory. What we will try to
do in this chapter, is to show that a sort of hypothetical abelian S-duality gives rise to the
quadratic reciprocity law with possible generalizations to some higher power reciprocity laws.
Of course, because number theory has a di�erent nature, in order to do this in a somewhat
direct way, probably one has to leave aside most existing geometric stories, but only to keep
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in mind basic principles of quantum �eld theory, and to make use of the geometric picture
of number theory to take analogues. Then, one can try to get some sort of physics models
to describe some number theory. This is the philosophy of discussion in this chapter.

In section 1, we give an interpretation of Tate's thesis by a sort of conformal �eld theory
on a number �eld. This 2-dimensional conformal �eld theory on a number �eld, will be used
as the central tool for us to get a physical interpretation of the quadratic reciprocity law.

In [2], Witten proposed to study some reciprocity laws for function �elds by studying
quantum �eld theories on algebraic curves. (One can see remarks at the end of section IV in
[2]) This is one of the sources of our ideas. Moreover, we will use ideas from [5], and assume
that our 2-dimensional theory is originated from a GL(1) 'gauge theory' living on SpecOK , or
the number �eld K, regarded as 3-dimensional in the point of view of the etale cohomology,
which is expected to be the arithmetic counterpart of 3-dimensional Chern-Simons theory
with G = U(1) with some sort of S-duality. Then this S-duality should re�ect itself in some
natural way in the path integral of our 2-dimensional theory living on the same number �eld
regarded as 2-dimensional, as we will see. (In physics terminology, probably we should name
the above description as a form of AdS/CFT correspondence. But we will not try to discuss
the exact nature of this 3-dimensional theory in this chapter, especially we won't discuss
anything about gravity, so we avoid such words to prevent possible misunderstandings.)
Discussions of such kind of dualities of 3-dimensional Chern-Simons theory already exist in
physics literature. Although we don't know how to de�ne such a 3-dimensional arithmetic
gauge theory, we will provide several pieces of evidence to show that this is something
plausible: we will see that its relation with our 'current group' on number �elds, closely
mimics the relation between 3-dimensional Chern-Simons theory and 2-dimensional current
algebra, as discussed in [5]. Also, we will see that one can get natural physical interpretations
of several important but somewhat mysterious ingredients of the 2-dimensional theory from
the point of view of this 3-dimensional theory, which is hard to see from the 2-dimensional
theory itself.

In section 2, we start from describing in certain detail some background and references
of our ideas. We will take analogues of things we already know in order to get hints, and we
make things precise whenever we touches number theory. Then we show that the S-duality of
this 3-dimensional theory re�ected in the path integral of our two dimensional theory, gives
us the Gauss quadratic reciprocity law. Things will become rather concrete when we actually
get to the quadratic reciprocity law, despite that the physics picture is quite conjectural.
We will indicate possible generalizations of this idea aiming to give the same sort of physical
interpretations of some higher power reciprocity laws, but we also point out some technical
di�culties. Our discussion on this topic is hypothetical, and of course preliminary at best.
However, along the way, we will see how some basic but intricate algebraic number theory
come up from physical considerations, and furthermore a lot subtle ingredients of quantum
�eld theory and number theory mingle together. The best hope is that our attempt may
lead to a framework of providing physical interpretations of number theory reciprocity laws
from which physicists will �nd it easier to understand algebraic number theory, and we may
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be able to make new conjectures in number theory from the framework.

2.1 A physical Interpretation of Tate's Thesis

For introductory material on Tate's thesis, one can see for example [1].
In [2], Witten formulated several quantum �eld theories on an (smooth, complete) al-

gebraic curve over an algebraically closed �eld. Here we will try to formulate a simplest
possible conformal �eld theory on an algebraic number �eld from a somewhat di�erent point
of view. We will use some ideas of [2], of course, especially we will take some analogues of
these ideas to apply to the case of number �elds for guidance. We have no intention to make
our discussion here rigorous or complete, however. Our goal here is to tentatively explore
this possible connection between number theory and physics. We will see that much of Tate's
thesis come out from physical considerations.

Let K be a number �eld, and OK its ring of integers. Let AK be the ring of adeles, and
IK the idele group, CK the idele class group, and IK the ideal class group. We denote by τ
the diagonal embedding of K× into IK . We �x a global additive character ψ of AK , trivial
on K. For any local embedding F of K, let d×x denote the multiplicatively invariant Haar
measure on F normalized so that the (local) units have volume 1. Also we denote by dx
the self-dual additively invariant Haar measure with respect to the local component of ψ.
By abuse of notation, we also denote by d×x (and dx) the multiplicatively (and additively)
invariant Haar measure on IK given by multiplying the local Haar measures. Now we will
attempt to describe what one may call the GL(1) 'current group' on a number �eld.

First of all, for a commutative ring, we have at our hand the geometric object given by
the prime spectrum of the ring, to be used to take analogue with the geometric case. For any
place v of K, local operators are in Hom(SpecKv,GL(1)) = GL(1, Kv). By taking analogue
of the discussion on multiplicative Ward identities in [2], if the local operator fv has negative
valuation, then physically it corresponds to a positive energy excitation at v. So globally,
quantum �elds live in

∏
v GL(1, Kv), with the restriction that just like ordinary conformal

�eld theory, for all but �nitely many places v, fv lives in GL(1, Ov). So, in other words,
quantum �elds are elements of the idele group IK .

Next, any two quantum �elds di�ering by an element of τ(K×) should be regarded as
the same. We have reasons for imposing this requirement: one may consult section V of [2].
Multiplying by elements of τ(K×) is the analogue of conformal symmetry transformation.

So the path integral should be on the idele class group CK . To integrate, we need
a measure which should be an analogue of what physicists call the Feynman measure on
the space of �elds. In ordinary quantum �eld theory on �at spacetime, this (unde�ned)
concept of Feynman measure should be translational invariant, which can be regarded as a
consequence of the symmetries of �at spacetime. In our multiplicative case, the analogue of
this is the requirement that the measure should be multiplicatively translational invariant.
So this measure has to be the Haar measure on CK with an ambiguity of a scalar, which
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makes perfect sense.
Next, in path integral formulation of ordinary quantum mechanics and quantum �eld

theory, expressions like eiHt, ei
∫
Ldt, or e

∫
Ldx show up essentially because of the Schrodinger

equation, which itself can be regarded more or less as a consequence of the basic principles of
quantum mechanics and the �at spacetime Lorentz symmetry. (There are many discussions
on this issue, and we won't discuss it here. Note that the Schrodinger equation itself is not
Lorentz invariant.) Here on the ideles, we have the multiplicative translational symmetry for
the Haar measure, so what substitutes e

∫
Ldx in the path integral should be a multiplicative

function on CK (Note that formally, eiHt is a quasicharacter on the additive group of t,
which is a consequence of the Schrodinger equation.), which is nothing but ωωs in general
(on physics grounds, we assume that this function should be continuous. Furthermore we
will provide physical interpretations of ω and ωs in the next section), where ω is a Hecke
character on IK , and ωs is the quasicharacter given by

ωs(x) = |x|s (2.1)

for any x ∈ IK . Where s is a complex number.
Note that ω and ωs can be factorized as products of local characters, and this is consistent

with integrating the Lagrangian density over spacetime in ordinary quantum �eld theory (or
over the worldsheet in two dimensional conformal �eld theory).

Before we go any further, let us stop and make an observation which gives us a hint of
why our construction possibly can come from a gauge theory. For an ordinary U(1) gauge
theory, the path integral should sum over all possible U(1) principal bundles over the base
manifold. Here, we have the canonical isomorphism

Pic(SpecOK) ∼= IK (2.2)

Where the Picard group Pic(SpecOK) classi�es the isomorphism classes of invertible sheaves
on SpecOK . In fact, our path integral on CK somehow sums over IK :
In number theory, there is a canonically de�ned surjective group homomorphism from the
idele class group to the ideal class group:

π : CK → IK

with
Kerπ = I(S∞)/τ(R×)

where
I(S∞) =

∏
archimedean places

K×v ×
∐

nonarchimedean places

R×v

where R×v is the group of (local) units in Ov, and R× is the group of global units of OK .
So integration over CK already includes a summation over IK . π re�nes the information in
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the ideal class group, whose usefulness is illustrated by global class �eld theory. For us, its
usefulness is revealed by the path integral.

Before we can write down the path integral, we still have to consider the insertion of local
operators. In ordinary quantum �eld theory, we have expressions like∫

φ(x)e
∫
L(φ(x))dDxDφ (2.3)

However, it is hard to make sense of it unless one makes the inserted operators have good
decaying properties, and thinks of the measure as a linear map from some space of functions
to R. See [3] for discussions on this issue.

To integrate over CK , the integrand should be functions on CK . Of course, the insertion
of local operators should carry appropriate physical meaning. To think about what is the
form our insertion should look like, here we consult the form of Polyakov path integral. See
for example, [4], equation (3.5.5): for the inclusion of a particle, one inserts in the path
integral a local vertex operator given by the state-operator correspondence. Furthermore, to
make the vertex operator insertions di�-invariant, one integrates them over the worldsheet.

To mimic this process of insertion of vertex operators, we start from an unkown function
f(x) on IK which is a product of local functions with suitable decaying properties, and
carrying appropriate physical meaning. Then we sum over K× to make it K× invariant (so
we insist that f(x) should make the following sum convergent):∑

α∈K×
f(αx)

Remark 2.1.1. From the above, it is not correct to say that K× should be the analogue
of the string worldsheet, since the Polyakov path integral is intended to calculate string
S-matrices, whereas our path integral is to be regarded as a path integral in conformal �eld
theory. Rather, it makes some sense to regard SpecOK as the analogue of the worldsheet.
But as we will see, archimedean places will also matter, so one should really say that the
theory is to live on number �elds.

Finally we can write down our path integral:∫
IK/τ(K×)

∑
α∈K×

f(αx)(ωωs)(x)d×x (2.4)

Furthermore, note that (ωωs)(αx) = (ωωs)(x), for any α ∈ K×. So the above equals∫
IK

f(x)(ωωs)(x)d×x (2.5)

which is exactly the global zeta integral z(s, ω; f) for the test function f . So we propose that
the allowed functions should be in S(AK), the space of Schwartz-Bruhat functions on AK .
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Note that in the above integral, we have only one parameter s which can be continuously
varied. So it's tempting to regard s as coming from the 'coupling constant'. We will see
what this means as a coupling constant in the next section.

If we allow f to vary, the global zeta integral z(s, ω) becomes a distribution, which is well
known to be convergent for <(s) > 1, and has a meromorphic analytic continuation to the
whole s plane and satis�es the functional equation

̂z(1− s, ω−1) = z(s, ω) (2.6)

Where the global Fourier transform̂is de�ned after we �x the additive character ψ of AK .
We also have the functional equation for the complete global L function

Λ(s, ω) = ε(s, ω)Λ(1− s, ω−1) (2.7)

which is independent of the choice of ψ.
(2.6) tells us that we can use analytic continuation to de�ne our quantum theory for any

value of the coupling constant s. We will make use of this fact in the next section discussing
reciprocity laws.

Remark 2.1.2. If we switch from number �elds to global function �elds (namely, function
�elds over a �nite �eld), since Tate's thesis works for both cases, all the above discussion is
essentially valid, except that we don't need to worry any more about archimedean places,
and also we don't need to take analogues between number �elds and function �elds. (For the
global function �eld case, we also have a canonical group homomorphism from the idele class
group to the divisor class group, which should replace our discussion above around (2.2). ) It
is interesting to note that [2] discusses quantum �eld theories on curves over an algebraically
closed �eld, where Witten uses algebraic constructions relying on the algebraically closedness
of the ground �eld, and he also remarks: " While one would wish to have an analogue of
Lagrangians and quantization of Lagrangians in this more general setting, such notions
appear rather distant at present." On the other hand, if we apply our discussion to global
function �eld case, we are actually discussing conformal �eld theory on curves over a �nite
�eld. What we were trying to do, was just to write down a path integral which mimics a
path integral in ordinary quantum �eld theory. But our discussion is not valid for curves
over algebraically closed �elds.

2.2 Toward Gauss reciprocity law and beyond

First of all, let us brie�y recall the relation between 3 dimensional Chern-Simons theory
and 2 dimensional current algebra as discussed in [5]:

For the simplest case without Wilson loops, in order to solve the quantum Yang-Mills
theory with Chern-Simons action on an arbitrary three manifold M , we �rst chop M into
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pieces, then solve the problem on the pieces, and then glue things back together. On a piece
Σ × R, where Σ is a closed surface, quantization of the theory is tractable by canonical
quantization. With a certain gauge choice, solutions of the classical equation of motion gives
us a �nite dimensional phase space M, the moduli space of �at connections on Σ modulo
gauge transformations. One knows that M has �nite volume with respect to its natural
symplectic structure, and in particular this implies that the quantum Hilbert space is �nite
dimensional. On the other hand, to actually get the quantum Hilbert space, one may �rst
pick a complex structure J on Σ, together with a linear representation of the gauge group G.
For G = SU(N) together with its fundamental representation, the moduli space M, written
as MJ , can be reinterpreted as the moduli space of all stable rank N holomorphic vector
bundles of vanishing �rst chern class. MJ is a complex Kahler projective variety, and the
quantum Hilbert space is the space of global holomorphic sections of certain line bundle on
MJ . Furthermore, one has a prescription to get rid of the choice of J by a canonical �at
connection on certain vector bundles on moduli space of J .

On the other hand, if one considers current algebra on a Riemann surface, with a sym-
metry group G at some level, then the Ward identities uniquely determine the correlation
functions for descendants of the identity operator in genus zero case. However, if the genus
of the Riemann surface is greater than zero, then in general the space of solutions of the
Ward identities for descendants of the identity is a �nite dimensional vector space called the
'space of conformal blocks', which is the same as the quantum Hilbert space obtained by
quantizing the 3 dimensional theory as recalled above, as is shown by works of Segal and
Witten. Witten remarked that this is the secret of the relation between these two theories!

To make analogies of these for number �elds, we �rst recall some work on formal analogies
between number �elds and three manifolds started with the work of B. Mazur and others.
SpecOK should be regarded as at least 3-dimensional from the point of view of etale coho-
mology. In [6], it is shown that the etale cohomology groups Hn

et(SpecOK ,Gm) vanish for
n > 3, and they are equal to Q/Z for n = 3. Furthermore these cohomology groups satisfy
Artin-Verdier duality which is reminiscent of 3-dimensional Poincare duality. From these
and other evidences people are suggesting analogies between SpecOK and three manifolds.
Points in SpecOK (prime ideals) can be viewed as 1-dimensional objects and are compared
to knots in a 3-manifold. In particular the absolute Galois group of a �nite �eld is isomorphic
to the pro�nite completion of Z, the Fundamental group of a circle.

Having said all these, our postulate is that our 2-dimensional theory originates from a
3-dimensional gauge theory on SpecOK from the point of view of etale topology, which is
the arithmetic counterpart of the 3-dimensional Chern-Simons theory with G = U(1) with
some sort of S-duality, as we have said. In the following, we will provide evidences for our
postulation, and provide explanations of some mysteriously looking ingredients (for example
the unexplained origin of the quasicharacter in section 1) in the 2-dimensional path integral
from considerations of the 3-dimensional theory.

Let's �rst look at what the 'classical phase space' should be of such a 3-dimensional gauge
theory. The moduli space of gauge equivalence classes of �at connections on Σ corresponds
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to equivalence classes of homomorphisms

φ : π1(Σ)→ G (2.8)

, up to conjugation. Obviously, the arithmetic counterpart of π1(Σ) is the Galois group of
the maximal unrami�ed extension of K. With G = U(1), abelian characters of this Galois
group factors through the quotient by its commutator, which is the Galois group of the
maximal abelian unrami�ed extension of K, and is isomorphic to the ideal class group of K
by Hilbert class �eld theory. So, the classical phase space of our 3-dimensional gauge theory
as a group should be isomorphic to the dual group of the ideal class group IK of K. So
heuristically, the �niteness of the class number of an algebraic number �eld, seems to be the
arithmetic counterpart of the �nite volume property of M, or the �nite dimensional property
of the quantum Hilbert space of 3d Chern-Simons on Σ×R. The �niteness of the dimension
of the latter space in presence of certain Wilson operator insertions is closely related with
the skein relations in knot theory as revealed by section 4 of [5].

Let's look at the same phase space from another point of view. As we recalled above, upon
picking a complex structure on Σ, for G = U(1), the phase space has another interpretation
as the moduli space of stable holomorphic line bundles on Σ with vanishing �rst chern
class. The analogue for this in our setting is the �nite Picard group Pic(SpecOK), which is
isomorphic to the ideal class group IK for K. So either way, by taking formal analogues, we
see that the classical phase space can be identi�ed as a group with the ideal class group.

Quantization of 3-dimensional Chern-Simons theory on Σ×R, as we recalled, is by taking
the space of global holomorphic sections of some line bundle on MJ . Here MJ is substituted
by the �nite group IK , so the quantum Hilbert space is just a �nite dimensional complex
vector space with dimension equal to the class number of K.

Next, let us consider what should be the 'space of conformal blocks' for our theory of
current group on K. Since we have a path integral, we can easily get the quantum equation
of motion, and Ward identities for symmetries by certain change of variables in the path
integral (for introductory material on this topic, the reader can refer to chapter 9 of [7]):
For any idele α ∈ IK , we make a change of variables x → αx in the path integral, the
translational invariance of the Haar measure tells us that∫

IK

f(x)(ωωs)(x)d×x =

∫
IK

f(αx)(ωωs)(αx)d×αx = (ωωs)(α)

∫
IK

f(αx)(ωωs)(x)d×x (2.9)

This should be regarded as the quantum equation of motion, and the (multiplicative) Ward
identity in our setting is the same equation with the restriction that α ∈ τ(K×).

To get the description of the space of conformal blocks, we need to look at the class
number from the point of view of the canonical homomorphism φ from the idele group to
the ideal group as follows: We consider an equivalence relation on the ideles IK de�ned as:
two elements v1 and v2 are said to be equivalent if and only if valuations of them at every
nonarchimedean place are equal. In other words, if they are mapped to the same element
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in the ideal group by φ. The group τ(K×) acts on the quotient IK/Ker(φ) by 'pointwise'
multiplications. The number of orbits in IK/Ker(φ) with respect to this action is equal
to the class number of K. In ordinary conformal �eld theory, we need to study to what
extent the Ward identities determine correlation functions for all descendants of the unit,
inserted at any allowed combinations of points on the Riemann surface. Now if our Hecke
character ω is trivial, then the counterpart of all descendants of the unit inserted at any
allowed combinations of points should be the set of all possible f(x), which are (restricted)
products of local characteristic functions for some πspOv, where s is the prescribed valuation
at p. (Since it's reasonable to say that local excitations of our quantum �eld are measured by
local evaluations, as we have said in the previous section. Moreover this point will become
clearer when we discuss insertions of Wilson loop operators.) By examining the Ward identity
in our setting, it is clear that the dimension of the complex vector space of conformal blocks
should be the number of orbits for the action of τ(K×) on this set, where the action is given
by

α ∈ τ(K)× → (f(x)→ f(αx)) (2.10)

This action is the same as the action of τ(K×) on the quotient IK/Ker(φ) as we just
discussed, so the number of orbits equals the class number of K. In other words, the complex
vector space of conformal blocks for our theory of current group on K for a trivial Hecke
character, has dimension equal to the class number ofK, which, as we have seen above, is also
equal to the dimension of the quantum Hilbert space of our hypothetical 3-dimensional gauge
theory. This mimics nicely the 'secret' of the relation between 3-dimensional Chern-Simons
theory and 2-dimensional current algebra as we recalled! Furthermore, the condition that ω
being trivial has the counterpart that there being no insertion of Wilson loops in 3d Chern-
Simons theory (recall that all the above discussion of formal similarities is in the absence
of Wilson loops). Being succeeded at this stage, let us next consider possible insertions of
Wilson or t'Hooft operators in our theory to get something more interesting.

In [8], Kapustin and Witten considered certain topological Wilson-t'Hooft operators in
some 4 dimensional supersymmetric topological Yang-Mills theories reduced to two dimen-
sions, and interpreted geometric Langlands as coming from the S-duality of the underlying
4 dimensional gauge theory switching Wilson and t'Hooft operators. Note that although we
described our current group on a number �eld by the global zeta integral in section 1, we
know very little about how to choose the test function f(x), and know nothing about how
to choose the quasicharacter. In the following, we will argue that to talk about charges, we
need to make a choice of s, and insertion of certain t'Hooft operators in the hypothetical
3-dimensional theory should re�ect itself in the 2-dimensional theory as insertion of certain
Hecke characters in the path integral (to be more precise, our following arguments on this
point for number �elds other than Q are incomplete for some reasons, as we will see. But
we expect some re�nements will work.), and insertion of certain Wilson operators in the
hypothetical 3-dimensional theory should re�ect itself in the 2-dimensional theory as certain
changes of f(x). Then, the quadratic reciprocity law comes to surface if we switch the Wilson
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and t'Hooft operators by the hypothetical S-duality of the 3-dimensional theory!
In the following we �rst restrict ourselves to quadratic reciprocity, and the discussions will

be carried out on K = Q. We will �rst see how the simplest case of quadratic reciprocity
comes out as quickly as we can, then we re�ne our discussion to get the full quadratic
reciprocity law. After that, we will say a bit about our ideas for algebraic number �elds
other than Q.

In ordinary quantum �eld theory, the e�ect of including a Wilson loop operator in the
path integral is to add an external charge in a certain representation of the gauge group,
whose trajectory in spacetime is the loop; and the e�ect of including a t'Hooft operator is to
instruct a certain singularity of the �elds localized along the support of the t'Hooft operator.
From the point of view of etale topology, we are interested in Wilson and t'Hooft operators
supported along 'circles' SpecFq, where q is a prime. So in the 2-dimensional theory, the
e�ect of these operators are just insertions of some local operators.

We �rst consider about t'Hooft operators supported on SpecFq. To detect the nature
of a singularity of a connection �eld like the Dirac magnetic monopole, one can trace the
�eld along loops in space where there is no singularity, and look at the resulting holonomy.
From this point of view, we know how to describe the e�ect of a t'Hooft operator supported
at SpecFq in our settings: we need to take a covering of SpecZ, or more precisely, a �eld
extension of Q, which is only rami�ed at q, and look at the 'monodromy' of other circles
SpecFp for primes p 6= q. Since here we are only interested in the quadratic reciprocity,
we restrict ourselves to the case of a double covering, thus a quadratic extension. Note
that when q ≡ 1(mod4), there is such a �eld extension Q → Q(

√
q). We notice that very

similar mathematical question has been considered in the very interesting article [9], where
it is shown that the monodromy should correspond to the Frobenius element of the Galois
group at p. (Also the authors interpret the Legendre symbols as linking numbers, and the
Gauss reciprocity law as the interchanging symmetry of linking numbers.) For the case of a
quadratic extension, this monodromy only depend on whether p splits or not. Elementary
number theory then tells us that the monodromy of an odd prime p is given by ( q

p
), Where

( ) denotes the Legendre symbol. While for p = 2 (so q 6= 2), it's given by q2−1
8
, which

equals the Kronecker symbol (D
2

). (Kronecker symbol at the place 2 is not multiplicative,
however it is multiplicative on 1 + 4Z2. Moreover it's the same as the Legendre symbol at
any other places. Roughly speaking, the specialness of 2 comes from the fact that we are
considering quadratic symbols, so 2 is the only special prime where the e�ect of Hensel's
lemma for quadratic polynomials is di�erent from the case of other primes. But the physics
picture of the monodromy is the same anyway.) Then, how do we incorporate this into our
2-dimensional path integral? To simply get the correct monodromy, we propose that the
e�ect of the inclusion of such a t'Hooft operator in the 2-dimensional path integral, is to add
a function ωq de�ned on ideles with component at q equaling to 1 as

ωq(x) =
∏

nonarchimedean places p 6=q

(
q

p
)−Vp(x) (2.11)
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Where we need the power −Vp(x) because we need ωq to be multiplicative in our multiplica-
tive theory. Moreover, because of conformal symmetry, we need to require the function ωq
to come from a function on the idele class group. In other words, we require the τ(K×)
invariance of ωq. Once this restriction is put, ωq is now a multiplicative function de�ned on
all the ideles, trivial on τ(K×), and thus is a Hecke character for which the conductor we do
not know a priori without assuming quadratic reciprocity law. (There is a slight cheating to
directly say that ωq is a Hecke character, since we haven't shown that ωq is continuous with
respect to the topology of ideles. Of course if we are allowed to use the quadratic reciprocity
law, there is no problem of showing this. But the point here is that we want to interpret
quadratic reciprocity law by physics without �rst assuming it. On physics grounds, we say
that ωq is a Hecke character by pretending that it is continuous.)

Next let's decide how to include a Wilson loop operator at p. First of all, to talk about
charges, we need to choose a (one dimensional) continuous representation of GL(1, AK)
which is a product of local representations, and restricts to the trivial representation on
τ(K×)(because of conformal symmetry of the 2-dimensional theory). In other words, we need
to choose a quasicharacter of the idele group whose restriction to τ(K×) is 1. Furthermore,
it's unnatural for this quasicharacter to have any nontrivial conductor a priori (and in fact,
as we have seen in the above, the insertion of t'Hooft operators secretly takes care of such
a choice). So, what we need to choose is exactly an ωs, which is uniquely determined
by the complex number s. It is also for this reason, that we may regard s as the GL(1)
coupling constant. (In fact, we will see that the choice of s has zero total e�ect for the
insertion of Wilson loop operators, once they are correctly done. But it does have crucial
role in the realization of S-duality in our 2-dimensional path integral, because of (2.6).)
Once the representation is chosen, we can decide how to insert a Wilson loop operator at
p: it instructs us to evaluate the monodromy at the 'loop' p in the 2-dimensional path
integral, in our chosen representation. In the 2-dimensional path integral, to include such
an e�ect of a Wilson loop operator at p, the procedure then is to change f(x) to f(αpx),
where αp = (p, 1, 1, ..., p, 1, 1, ...) is an idele with norm one such that the nonarchimedean
valuation of αp is equal to 1 at p, and 0 at any other primes. Also, we should require positive
valuation at the real place, since −1 at the real place may have nontrivial monodromy.
Furthermore, We need to require the components of αp to be 1 at any other nonarchimedean
place, and to be just p at p, to avoid complications coming from unknown Hecke characters,
or t'Hooft operator insertions. Then, it is clear that αp is the unique idele satisfying all these
restrictions. (Let's explain the norm one requirement: the reason of this is the same as it is
explained in [5]: the total charge of a closed universe should be zero, since the electric �ux
has nowhere to go. So we need to require αp to have norm 1 in order that the representation
ωs takes it to 1. Later we will discuss insertions of multiple Wilson loop operators. For that
case, it su�ces that the norm of the product of corresponding idele equals one, since only
the total charge should be zero.)

Let's denote the Wilson operator at p as wp, and use a subscript q to indicate the inclusion
of a t'Hooft operator at q, or in other words, we insert a ωq in the path integral. Let's evaluate
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the 'amplitude' < wp >q for the Wilson loop at p in the presence of a t'Hooft operator at q.
According to the usual formula of quantum �eld theory, we have

< wp >q=

∫
IK
f(αpx)(ωqωs)(x)d×x∫

IK
f(x)(ωqωs)(x)d×x

(2.12)

Where f(x) is a function to be inserted for the vacuum in the presence of t'Hooft operator
insertions given by ωq. But we will see that we can get quadratic reciprocity without any
knowledge of f(x) other than that the denominator of the right hand side of the above
equality is not zero.

By using the quantum equation of motion (2.9), (2.12) gives us

< wp >q= ωq(p)
−1 = (

q

p
) (2.13)

We see that this expression is independent of s. From this one sees an e�ect of the norm
one requirement.

To get to special cases of quadratic reciprocity as quickly as possible, we �rst require that
p ≡ 1(mod 4), in addition to the requirement q ≡ 1(mod 4). Then, apply the hypothetical S-
duality of the 3-dimensional theory, the Wilson and t'Hooft operators get switched, in other
words ωq and αp are transformed into ωp and αq. After S-duality, we are able to describe
the 2-dimensional physics in the same way, as we have seen in (2.6), but we need to replace
ωp by ω

−1
p . Furthermore, the Fourier transform has the e�ect of transforming the idele αq

into its inverse: to be more explicit, let f1(x) = f(αqx), we have

f̂1(x) =

∫
AK

f1(y)ψ(xy)dy (*)

=

∫
AK

f(αqy)ψ(xy)dy

=

∫
AK

f(y1)ψ(xα−1
q y1)dy1

= f̂(α−1
q x)

One notices that the fact that αq has norm 1 is crucial in the derivation of the above. So
from the 2-dimensional point of view, S-duality tells us that

< wq−1 >p−1=< wp >q (2.14)

By (2.13), the above equality is

(
p

q
) = (

q

p
) (2.15)

which is nothing but the Gauss quadratic reciprocity law for p and q for the special case
when both p and q are congruent to 1 mod 4 !
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Next, we re�ne the above discussion, and consider the insertion of t'Hooft and Wilson
operators in more detail in order to get the full quadratic reciprocity law. If we intend to
insert a t'Hooft operator at q for an odd prime q ≡ 3(mod 4), then we are in trouble since
there is no quadratic extension of Q that only rami�es at q. (We need also to take into account
the rami�cations of the �eld extension at archimedean places.) So in fact, if q is congruent to
3 mod 4, to insert a t'Hooft operator at q, we have to secretly include some other insertions
of the t'Hooft operator at some other places. As an example let's consider the �eld extension

Q→ Q(

√
(−1)

q−1
2 q) = L, for the case when q is an odd prime. When q ≡ 1(mod 4), this is

the old good extension which only rami�es at q. But when q ≡ 3(mod 4), it also rami�es at
in�nity. So in the latter case, we should regard this �eld extension as giving us two t'Hooft
operators inserted at q and in�nity, respectively. As another example we consider the �eld
extension Q → Q(

√
q) = L1 for the case when q ≡ 3(mod 4). This extension rami�es at q

and 2, with rami�cation indexes both equal to 2. However, there is something di�erent at
places q and 2: the discriminant D = 4q, and so the exponents of q and 2 in the discriminant
are 1 and 2, respectively. (For latter purpose, this can be equivalently stated as: considering
the di�erent of the �eld extension L1/Q, the di�erential exponent of the prime above q is 1,
and of the prime above 2 is 2.) We need to include the information of these exponents as
the multiplicities of the local insertion of t'Hooft operators. (This should be clear when we
think of the algebraic-geometric picture of the e�ective di�erent divisor, where di�erential
exponent is interpreted as multiplicity in a de�nite way. From a di�erential-geometric point
of view, this multiplicity corresponds to the �rst Chern class of a U(1) bundle representing
the �eld singularity.) So for the �eld extension L1/Q, we have inserted a t'Hooft operator
at q with multiplicity 1, and a t'Hooft operator at 2 with multiplicity 2. If q = 2, we can
take the extension Q → Q(

√
2) = L2. Then we get a single t'Hooft operator insertion at

2 with multiplicity 3. In any of these cases, elementary number theory again tells us that
the combined monodromy of a prime p which is unrami�ed for a quadratic �eld extension
is given by (D

p
), Where ( ) denotes the Kronecker symbol, and D is the discriminant of the

�eld extension. Again, to simply get the correct monodromy, the e�ect of the inclusion of a
set of such t'Hooft operators (We don't need to specify the order of the insertions of t'Hooft
operators, since we are considering an abelian theory.) given by a quadratic �eld extension
M/Q in the 2-dimensional path integral, is to add to the path integral a multiplicative
function ωM/Q de�ned on ideles as: For ideles whose components equal 1 at all rami�ed
places

ωM/Q =
∏

nonarchimedean places p prime to D

(
D

p
)−Vp(x) (2.16)

One may wonder why we don't include the possible monodromy coming from the real place,
as for the place p = ∞, the monodromy is −1 if the local �eld extension is rami�ed at
∞, and otherwise it is equal to 1. The reason we can ignore this issue is that we forbid the
coexistence of Wilson and t'Hooft operators at the same place, which excludes the possibility
for a nontrivial monodromy coming from the real place. Next we should require that ωM/Q
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becomes trivial when restricted to τ(K×), as before. Again, on physics grounds, we say that
ωq is a Hecke character by pretending that it is continuous. (Actually one can show that it
is continuous if one is allowed to use the quadratic reciprocity law.)

Next we consider the insertion of Wilson operators in more details. First note that since
we have to include in the theory insertion of t'Hooft operators at in�nite primes, by S-duality
we also have to think of the problem of insertion of Wilson loop operators at these primes
(even though they won't have observable e�ects in the 2-dimensional path integral for the
reason stated above, we still have to include them as they are required by S-duality). We can
straightforwardly extend our discussion for the nonarchimedean cases, and see that Wilson
loop operators inserted at the real place has the e�ect of changing f(x) to f(α∞x), where the
idele α∞ = (−1, 1, 1, 1, ...), with the −1 at the real place. Again, this idele is the unique idele
satisfying all our previous requirements. Next, we need to take into account the multiplicity
of a local insertion of Wilson operator at p, again as required by S-duality. This is easy: since
we are working with a multiplicative theory, we just need to raise the idele αp to the power
given by the multiplicity m, and make change to f(x) using this new idele: f(x)→ f(αmp x).
This has the e�ect of raising the monodromy to the power given by the multiplicity. Also, as
we mentioned before, to satisfy the total charge zero requirement, one has to make sure that
the norm of the products of all ideles αmp is equal to 1. Then, one has obvious generalization
of equation (*), which tells us how to operate with S-duality transformation. In practice, it
makes no di�erence if we further require that the norm of each αp is equal to 1 (Sometimes it
makes things easier to state). Lastly, the insertion of Wilson operators should always come
in a set with appropriate multiplicities in order that after S-duality transformation, they
give a legal set of insertions of t'Hooft operators.

Now we apply S-duality to several di�erent cases to get the quadratic reciprocity law for
primes p and q that are di�erent from each other:

First of all, it's obvious that (−1
q

) = −1 if q ≡ 3(mod 4). This is the most trivial case

for which we don't actually need a physical interpretation. (and we will see that this is the
only case of quadratic reciprocity, for which we don't have a physical interpretation from
S-duality discussed above!)

Next we determine (−1
p

) for p ≡ 1(mod 4). We consider t'Hooft operator insertions

given by the �eld extension Q → Q(
√
−1), and an insertion of Wilson operator at p with

multiplicity 1. Then as before, after applying S-duality, we get Wilson operators at ∞
and 2 with multiplicities 1 and 2, respectively. Also we have a t'Hooft operator at p with
multiplicity 1. So the path integral gives

(
−4

p
) = (

p

2
)2 (2.17)

This equality tells us that (−1
p

) = 1.
For the case when both p and q are odd, and at least one of them is congruent to 1 mod

4, say p ≡ 1(mod 4), we consider the insertion of a Wilson operator at p with multiplicity 1,



44

and t'Hooft operator insertions given by L/Q. Then after applying S-duality, we get Wilson
operators at q and∞ both with multiplicity 1, and a t'Hooft operator at p with multiplicity
1. S-duality transformation of the path integral gives

(
D

p
) = (

p

q
) (2.18)

This is exactly the quadratic reciprocity law for p and q in this case.
Next, consider the case when q is an odd prime, and p = 2. We consider t'Hooft operator

insertions given by L/Q, and a single Wilson operator insertion at 2 with multiplicity 3.
Then as before, S-duality gives

(
D

2
)3 = (

8

q
) (2.19)

which obviously reduces to the quadratic reciprocity law for 2 and q.
Finally, we consider the case when both p and q are odd primes congruent to 3 mod 4.

This time, t'Hooft operator insertions are given by L/Q, and there are Wilson operators at
p and 2 with multiplicities 1 and 2, respectively. So S-duality gives

(
D

p
)(
D

2
)2 = (

4p

q
) (2.20)

again this equality reduces to the quadratic reciprocity law for p and q in this case.

Remark 2.2.1. Note that the speci�c choice of f(x) doesn't matter in this story.

Next, we want to try to generalize our discussion to an arbitrary algebraic number �eld
K, with the hope of getting more reciprocity laws. However, we will see that although
Wilson and t'Hooft operator insertions seem to generalize without di�culty, there are other
di�culties one should overcome before one can get any higher power reciprocity laws.

For a number �eld K, we �x a uniformizer πp at each place p. An insertion of a set of
t'Hooft operators is given by a �nite abelian extension L/K of a prime degree (for simplicity).
As usual, we denote by δL/K the di�erent of the �eld extension, and by DL/K the relative
discriminant. Let RL/K denote the �nite set of places ofK that are rami�ed in this extension.
Then we have t'Hooft operator insertions at places q in RL/K with multiplicities given by
the di�erential exponent of any prime above q (this is equal to the exponent of q in DL/K).
Furthermore, the monodromy of an unrami�ed loop (place) p should be given by the local

Frobenious element, or the local norm residue symbol (πp,L/K
p

). (This is a well de�ned element

in the Galois group since L/K is abelian.) A Wilson operator with multiplicity m at a place
p is to change f(x) to f(αmp x), where αp is any idele given by: if p is nonarchimedean, then
the component at any nonarchimedean place other than p is 1, and the component at p is
πp, the component at any real place is positive, and the norm equals 1; if p is a real place,
then the component at p equals −1, and at any nonarchimedean place equals 1, and has
positive valuation at any other archimedean place, and the norm equals 1. If p is a complex
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place, αp has component 1 at any nonarchimedean place, and has positive valuation at any
archimedean place, and has norm 1. Note that αp is not uniquely determined at archimedean
places, but it's obvious that any two choices of αp will have exactly the same e�ect in the
path integral. Furthermore, from the above description it is easy to see that Wilson operators
at complex places have no e�ect at all in the path integral, so we can just instead put the
restriction that there are no insertion of Wilson operators at complex places. In fact this is
required by S-duality: since no complex place can possibly be rami�ed, no t'Hooft operators
can be inserted at complex places, so S-duality tells us no Wilson operators can be inserted
at complex places. Also, we require that no Wilson and t'Hooft operators can be inserted
simultaneously at a single place.

Note that the monodromy lives in the Galois group. In order to discuss higher power
reciprocity laws, we need to �rst decide how to take the values of monodromies living in
di�erent Galois groups in the 2-dimensional path integral. For quadratic extensions, there is
only one way to identify the Galois group with the group Z/2Z, so we don't need to worry
about di�erent identi�cations. This is one of the reasons why quadratic reciprocity law is
much easier to get. However, for higher order extensions, such naive unique identi�cations
no longer exist. In the following, we will explain that an alternative idea also fails:

Kummer theory is one central ingredient for the de�nition of Hilbert symbols and higher
reciprocity laws. One may try to use Hilbert symbols to de�ne the values of monodromies,
and hope to get some higher reciprocity laws. So next, we let K to be the cyclotomic �eld
K = Q(ζp0), where p0 is any �xed odd prime. For any Kummer extension L/K, Kummer
theory and local class �eld theory combined gives us the local Hilbert symbol (πp, L/K)p of
order p0, taking values in the group of p0th roots of unity. Let's try to take this as the value
of the monodromy detected by p in the presence of the set of t'Hooft operator insertions
given by L/K, and see if it works. Then as before, the t'Hooft operator insertions given by
L/K, should have the e�ect in the 2-dimensional path integral of inserting a multiplicative
function ωL/K on the idele group given by

ωL/K(α) =
∏

p/∈RL/K

(πp, L/K)−vp(α)
p (2.21)

For ideles α whose component at any place in RL/K is equal to 1. The product in the above
equation is well de�ned since for all but �nitely many places, the local Hilbert symbol equals
1. Again, we require that the restriction of ωL/K to τ(K×) is trivial, and it is straightforward
to check that ωL/K is uniquely de�ned. On physics grounds we pretend it is continuous, and
so ωL/K de�nes a Hecke character.

Now we pick two di�erent prime elements p and q in the ring of integers Z[ζp0 ] of K,
both being coprime to p0. We consider two Kummer extensions L = K( p0

√
p)/K, and M =

K( p0
√
q)/K. For the cyclic extension K/Q, only p0 rami�es, and we have (p0) = (1−ζP0)p0−1

as ideals in K. Let's denote the ideal (1− ζp0) by v. Kummer theory tells us that the only
possible rami�cations of L/K are at p and v, and the only possible rami�cations of M/K



46

are at q and v. We need to make the requirement that v is unrami�ed for at least one of
L/K or M/K, and under this requirement, we hope to see that the p0th power reciprocity
law for p and q follows from S-duality.

Note that p is tamely rami�ed for L/K with exponent p0−1 in the relative discriminant,
and q is tamely rami�ed forM/K with exponent q0−1 in the relative discriminant. Without
loss of generality, we assume that v is unrami�ed for L/K. Then we consider t'Hooft operator
insertions given byM/K, and an insertion of Wilson operator at p with multiplicity p0−1 at
p. So there is a t'Hooft operator at q with multiplicity q0−1, and a possible t'Hooft operator
at v with multiplicity given by the exponent expDM/K

v of v in the relative discriminant DM/K .
Therefore, the S-duality transformation of the 2-dimensional path integral should give us

(πp,M/K)p0−1
p = (πq, L/K)p0−1

q (1− ζp0 , L/K)
expDM/K

v
(2.22)

By the skew symmetry of the local Hilbert symbol, we know that the above is equivalent to

(p, q)p(p, q)q = (1− ζp0 , L/K)
− expDM/K

v
(2.23)

Since v is unrami�ed for L/K, and q is coprime to p0, we have (p, q)v = (q, p)−1
v = 1, Hilbert

reciprocity law then tells us that if (2.23) is true, we should have

(1− ζp0 , L/K)
expDM/K

v
= 1 (2.24)

However, obviously it's possible choose certain p such that (1 − ζp0 , L/K) is nontrivial.
Furthermore we may choose q such that expDM/K

v is not divisible by p0. (An explicit
example is: q0 = 3, q = 5, then expDM/K

v = 4, not divisible by 3. One can demonstrate
this by calculating the relative discriminant explicitly by using local and global conductors,
and solving some explicit congruence equations. But we will skip the details since it seems
irrelevant with our main discussion.) This means that our naive attempt to get the value of
monodromy by using Hilbert symbols is failed.

Remark 2.2.2. Despite the di�culties, it seems reasonable to expect that, possibly with
some more e�ort, one may get more reciprocity laws from this S-duality. Moreover explo-
ration in this direction may also help clarify the unknown physics picture of the hypothetical
3-dimensional gauge theory if it does exist as expected. Although our discussion is hypothet-
ical, one can see that a lot interesting and subtle ingredients in both quantum �eld theory
and number theory show up and mingle together. At least, as we have seen, one does get
the full quadratic reciprocity law from S-duality. So we hope that at least some of the ideas
presented here will be of interest for further explorations.
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Chapter 3

A Note on Nahm's Conjecture in Rank 2

Case

Introduction

The investigation of torus partition functions of certain conformal �eld theories is one
of the central topics relating physics and number theory. From physical considerations,
in general, one expects those functions to have nice modular transformation properties. In
[18], Nahm considered certain rational conformal �eld theories with integrable perturbations,
and argued that their partition functions have a canonical sum representation in terms of
q-hypergeometric series. Consequently, he conjectured a partial answer to the question of
when a particular q-hypergeometric series is modular. This is called Nahm's conjecture, and
is discussed in [19]. (In particular, one may consult pages 40 and 41 of this paper for a
precise statement of the conjecture.)

To state Nahm's conjecture, we consider the q-hypergeometric series

fA,B,C(z) =
∑

n=(n1,...,nr)∈(Z≥0)r

q
1
2
ntAn+Btn+C

(q)n1 ...(q)nr
,

where (q)n denotes the product (1− q)(1− q2)...(1− qn), A is a positive de�nite symmetric
r× r matrix, B is a vector of length r, and C is a scalar, all three with rational coe�cients.
We will call r the rank throughout the paper. Associated with A = (aij) we consider the
system of r equations of r variables x1, ..., xr

1− xi =
r∏
j=1

x
aij
j (i = 1, ..., r). (3.1)

The de�nition of (3.1) needs to be made more precise when there are nonintegral entries in
A. However, in this paper we only consider the case when all entries are integral, so there
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is no problem. There are only �nitely many solutions to (3.1), so all solutions lie in Q. For
any solution x = (x1, ..., xr), we consider the element ξx = [x1] + ...+ [xr] ∈ Z[F ], where F is
the number �eld Q(x1, ..., xr). ξx de�nes an element in the Bloch group B(F ) by a standard
construction [19]. Then Nahm's conjecture asserts that the following are equivalent:

(i) The element ξx is a torsion element of B(F ) for every solution x of (3.1)

(ii) There exist B and C such that fA,B,C(z) is a modular function.

It is not hard to show that Nahm's conjecture holds in rank 1 case (i.e., r = 1): one may
see [19] for example. In particular, A = 1, 2 are the only integral values of A that satisfy
(i). However, from rank 2 and above, both directions are open. Obviously, it will be very
useful if one can get a complete list of matrices A such that condition (i) above holds (Let
us denote this list by L). Presumably, however, this is a hard task. Instead, one may ask
an easier question: to determine the set of matrices A such that all solutions to (3.1) are
real. For any number �eld F , it is well known that the free part of B(F ) is isomorphic to
Zr2 , where 2r2 is the number of complex embeddings of F . So if all solutions to (3.1) are
real, then F is totally real, r2 = 0, and any element of B(F ) is torsion. Therefore for each
rank r, the set of these matrices is a subset of L. We wish to investigate this subset for two
reasons: �rst, it is reasonable to expect that this subset constitutes a substantial part of L
(From [19] and [18], one may look at the available examples of Nahm's conjecture to get an
idea of this. Except some trivial in�nite families, most examples are in this subset.); second,
we hope this subset is much more tractable.

In this paper we focus our attention to rank 2 case, and consider only the case when
all entries of A are integers. With these restrictions, we will identify this subset exactly by
using Bezout's theorem. The idea is very simple: when r = 2, we introduce a new variable
z and consider homogeneous equations corresponding to (3.1). Then Bezout's theorem tells
us the exact number of complex solutions to the system of homogeneous equations, counting
multiplicity. There are solutions to the homogeneous system of equations, corresponding to
z = 0, which are not solutions to (3.1). We can estimate the multiplicities of these solutions,
and this gives us a lower bound for the number of solutions to (3.1), counting multiplicity.
The technique we will employ to estimate the multiplicities is the method of local analytic
parametrization. For reference, one can see [21], chapter IV, sections 1-5. On the other
hand, we prove an absolute upper bound for the number of real solutions to (3.1), counting
multiplicity. Combining these, together with the condition that all solutions to (3.1) are
real, we obtain inequalities for a, b, d, which are sharp enough to enable us to determine all
possibilities.

Our aim is to prove

Theorem 3.0.3. If

[
a b
b d

]
is a positive de�nite symmetric matrix with integer entries such
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that all complex solutions to the system of equations

1− x1 = xa1x
b
2

1− x2 = xb1x
d
2

(3.2)

are real, then

[
a b
b d

]
equals one of

[
2 1
1 1

]
,

[
1 1
1 2

]
,

[
4 2
2 2

]
,

[
2 2
2 4

]
,

[
1 −1
−1 2

]
,

[
2 −1
−1 1

]
,[

2 −1
−1 2

]
,

[
2 0
0 2

]
,

[
1 0
0 2

]
,

[
2 0
0 1

]
, or

[
1 0
0 1

]
.

In section 1, we will assume b > 0 and prove theorem 0.3 in this case. After we �nish the
proof of b > 0 case, it should be very clear how to generalize the proof to the case when b
is negative (b = 0 case is trivial as it reduces to the rank 1 case). We will include the proof
for the latter case in section 2. At the end of this paper, we will also indicate a possible
generalization of the above method to higher rank cases.

Remark 3.0.4. Concerning the list of rank 2 examples in [19], except the trivial in�nite
family corresponding to central charge one representations of the Virasoro algebra, there is
essentially only one known example from integral rank 2 case, where all solutions give rise

to torsion, but not all solutions are real. Namely, the matrix

[
4 1
1 1

]
(or

[
1 1
1 4

]
).

3.1 The case when b is positive

Without loss of generality, we assume a ≥ d in this section. Thus a > b ≥ 1. We consider
the following homogeneous system of equations in CP2:

za+b − x1z
a+b−1 − xa1xb2 = 0

zb+d − x2z
b+d−1 − xb1xd2 = 0

(3.3)

By Bezout's theorem, the number of solutions to (3.3), counting multiplicity, is equal to (b+
a)(b+d). Obviously, complex solutions to (3.3) with z 6= 0 are in one-to-one correspondence
with complex solutions to (3.2). Moreover, (3.3) has two solutions with z = 0: [x1 : x2 :
z] = [1 : 0 : 0], and [x1 : x2 : z] = [0 : 1 : 0]. Let us denote their multiplicities by i1 and i2,
respectively. And we denote the determinant of the matrix A by ∆. We have the following
lemmas for (b+ a)(b+ d)− i1 − i2.

Lemma 3.1.1. Let g denote the greatest common divisor of 2b and d. If ∆ = d and b > d,
we have i1 ≤ b(b+ d) + g.
Otherwise, i1 = min {b(b+ d), d(a+ b− 1)}.
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Proof. Take x1 = 1, then (3.3) are reduced to

za+b − za+b−1 − xb2 = 0 (3.4a)

zb+d − x2z
b+d−1 − xd2 = 0 (3.4b)

We would like to take a local analytic parametrization of (3.4a) at z = x2 = 0, and
compute i1 with that. Let e denote the greatest common divisor of a+ b−1 and b, and write
a+ b− 1 = eu1, b = eu2. Take

z = tu2 , (3.5)

then we have ( x2

tu1
)eu2 = tu2 − 1. We use (1− tu2)

1
eu2 to denote its Taylor series, then

x2 =
tu1(1− tu2)

1
eu2 ω

ω′
, (3.6)

where ω is a bth root of unity, and ω′ is any chosen primitive 2bth root of unity.
It is straightforward to check that equations (3.5) and (3.6) give a local analytic parametriza-

tion of (3.4a) at z = x2 = 0, provided that ω varies among ωk1 , where ω1 is a primitive bth
root of unity, and k = 1, 2, ..., e. The point is that for each point on the a�ne curve (3.4a),
there exists a unique pair of k and t, such that (3.5) and (3.6) give rise to the coordinates
of that point. For de�niteness, let us choose ω1 = (ω′)2.(Note that these choices are not
unique. However, any choice will give rise to the same answer for i1, of course.)

Substituting (3.5) and (3.6) into (3.4b), then (3.4b) becomes

t(b+d)u2 − tu1+(b+d−1)u2(1− tu2)
1
eu2 ω

ω′
− tdu1(

(1− tu2)
1
eu2 ω

ω′
)d. (3.7)

By the theory of local analytic parametrization, i1 equals the sum over k of the degrees of
the lowest degree terms in t in (3.7).

Since a > 1, u1 > u2, (b+ d)u2 < u1 + (b+ d− 1)u2.
If ∆ 6= d, then (b+d)u2 6= du1. Therefore, for each choice of ω, the degree of the lowest de-

gree term in (3.7) equals min {(b+ d)u2, du1}. So we have i1 = min {b(b+ d), d(a+ b− 1)}.
If ∆ = d, then (b+ d)u2 = du1. Since d = ∆ = ad− b2, b2 = d(a− 1). So a− 1 ≥ b ≥ d.

There are two possibilities:
(i) b = d, then a − 1 = b. We have i1 = I(z2b+1 − z2b − xb2, z

2b − x2z
2b−1 − xb2) =

I(z2b+1 − z2b − xb2, z
2b − x2z

2b−1 − (z2b+1 − z2b)) = b(2b) = b(b + d), as the intersection
multiplicity equals the product of multiplicities of the point on each curve, if the two curves
share no common tangent lines at the point.

(ii) b > d. Then a− 1 > b. Therefore u1 + (b+ d− 1)u2 is greater than du1 +u2, which is

the degree of the second lowest degree term of tdu1( (1−tu2 )
1
eu2 ω

ω′
)d. Consequently, the degree of

the lowest degree term in (3.7) equals (b+ d)u2 if ( ω
ω′

)d 6= 1, and equals du1 +u2 if ( ω
ω′

)d = 1.
We write d = gd′, 2b = gb′. Since g is the greatest common divisor of 2b and d, d′ and b′ are
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coprime. Therefore, for ω = ωk1 and ω1 = (ω′)2, ( ω
ω′

)d = 1 only if b′ divides 2k− 1, which can
happen for at most 2e

b′
many k. We then get an estimate for i1:

i1 ≤ (b+ d)u2(e− 2e

b′
) + (du1 + u2)(

2e

b′
) = b(b+ d) + g. (3.8)

Lemma 3.1.2. If ∆ = a, then i2 ≤ b(a+ b) + d− 1.
Otherwise, i2 = min {b(b+ a), a(d+ b− 1)}.

Proof. The proof is very similar to the proof of the above lemma. Everywhere one replaces
a,e,u1,u2 by d,f ,v1,v2, respectively. If ∆ 6= a and d > 1, then v1 > v2, and the same estimate
gives i2 = min {b(b+ a), a(d+ b− 1)}. If ∆ = a, then d > 1, and the di�erence with
the previous case is that now we have v1 + v2(a + b− 1) < av1 + v2, so the terms of degree
v1+v2(a+b−1) survives, and a rude estimate gives i2 ≤ f(v1+v2(a+b−1)) = b(a+b)+d−1.
If d = 1, then a > ∆, (a+ b)v2 = v1 + (a+ b− 1)v2 > av1, and i2 = afv1 = a(b+ d− 1).

Having both lemmas, now let us estimate (a+ b)(d+ b)− i1 − i2. Obviously ∆ = a and
∆ = d cannot both happen. We have the following result.

Lemma 3.1.3. If ∆ = a or ∆ = d < b, (a+ b)(d+ b)− i1 − i2 ≥ a− d.
Otherwise, (a+ b)(d+ b)− i1 − i2 ≥ a.

Proof. If ∆ 6= a and one of ∆ 6= d, ∆ = d = b holds, then

(a+ b)(d+ b)− i1 − i2
= (a+ b)(d+ b)−min {b(b+ d), d(a+ b− 1)} −min {b(b+ a), a(d+ b− 1)} .

(3.9)

Therefore,

(a+ b)(d+ b)− i1 − i2 = ∆ + max {0, d−∆}+ max {0, a−∆} ≥ a. (3.10)

If ∆ = a, then (a+b)(d+b)−i1−i2 ≥ (a+b)(d+b)−b(b+d)−(b(b+a)+(d−1)) = a−d+1.
If ∆ = d < b, then (a+ b)(d+ b)− i1 − i2 ≥ (a+ b)(d+ b)− (b(b+ d) + g)− a(d+ b− 1) =
a− g ≥ a− d.

Next we prove an absolute upper bound for the number of real solutions to (3.2) (counting
multiplicity).

Lemma 3.1.4. The number of real solutions to (3.2), counting multiplicity, is at most 9.
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Proof. First of all, there is exactly one solution in (0, 1)2 with multiplicity one. (In [19],
Zagier already mentioned that there is exactly one solution in this domain, and moreover
this holds in much more general case.) By eliminating x2, we get

(
1− x1

xa1
)

1
b + (

1− x1

x
∆
d
1

)
d
b − 1 = 0. (3.11)

In the domain (0, 1)2, there is no ambiguity on the de�nition of (3.11), and obviously
solutions to (3.2) in the domain are in one-to-one correspondence with solutions to (3.11)
in (0, 1). Moreover, for any solution to (3.11) given by x1 = τ , we have the well-de�ned
multiplicity as the valuation of the left hand side of (3.11) at the point < x1 − τ > on the
a�ne A1

C. In other words, expand the left hand side of (3.11) as a formal power series in
(x1−τ), the multiplicity of the solution x1 = τ equals the degree of the nonzero lowest degree
term. Furthermore, this multiplicity is the same as the multiplicity of the corresponding
solution to (3.2).

However, since the left hand side of (3.11) is strictly decreasing in (0, 1), one easily
sees that there is exactly one solution in (0, 1). Since the derivative must be negative, the
multiplicity is one.

Next, we consider solutions outside (0, 1)2.
If b is odd, then (3.11) is de�ned unambiguously if we concern only real solutions, since

there is only one branch of the function x→ x
1
b which maps real numbers to real numbers.

If we have at least one solution with x1 > 1 , then d must be even, and x2 < 0. This is
case (I). We will show that there are at most 2 solutions in this case, counting multiplicity.

If there exists at least one solution with x1 < 0, then there are two possibilities:
x2 > 0. In this case we have x2 > 1, and a must be even. Exchanging indices 1 and 2,

we see that from case (I) there can be at most two solutions for x2, so at most two solutions
for x1 as well.

x2 < 0. In this case we must have both a and d to be odd. This is case (II). We will
show that there are at most 6 solutions in this case, counting multiplicity.

Note that any solution to (3.2) with x1 ∈ (0, 1) has to be the unique solution in (0, 1)2,
so the above exhausted all possibilities of real solutions.

If b is even, then we have three possibilities:
x1 < 0, and x2 < 0. We call this case (III). In this case both a and d must be even, and we
will show that there are at most 6 solutions, counting multiplicity.
x1 < 0, and 0 < x2 < 1. So a has to be even. We call this case (IV), and we will show that
there is at most 1 solution, counting multiplicity.
x2 < 0, and 0 < x1 < 1. So d has to be even. This is the same as case (IV) with x1 and x2

switched, so there is at most 1 solution, counting multiplicity.
For case (I), (3.11) can be rewritten as

f(x1) = −(
x1 − 1

xa1
)

1
b + (

x1 − 1

x
∆
d
1

)
d
b − 1 = 0. (3.12)
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It is easy to see that we need to have ∆ < d, in order that this equation has a solution for
x1 > 1. We have the following identity for the derivative function:

b(x1 − 1)x1f
′(x1) = xb1s

d[(d−∆)x1 + ∆]− s[a− (a− 1)x1], (3.13)

where

s = (
x1 − 1

xa1
)

1
b . (3.14)

(Note that multiplying by invertible elements such as x1 − 1, or x1 in local rings do not
a�ect the multiplicities of solutions. And we are making use of the fact that if a polynomial
equation has N real solutions in an open interval, counting multiplicity, then its derivative
has N − 1 real solutions in the same interval, counting multiplicity.)

So f ′(x1) can possibly have a solution only when x1 <
a
a−1

. In this case, when 0 < x1 <
a
a−1

, f ′(x1) = 0 i�

sd−1xb1[(d−∆)x1 + ∆] = a− (a− 1)x1. (3.15)

But it is easy to see that the left hand side of (3.15) is strictly increasing, and the right
hand side is strictly decreasing. So f ′(x1) = 0 has at most 1 solution counting multiplicity.
Consequently, f(x) = 0 has at most 2 solutions, counting multiplicity.

For case (IV), by eliminating x2 we have

(
1 + x

xa
)

1
b + (

1 + x

x
∆
d

)
d
b − 1 = 0, (3.16)

where x1 = −x, x > 1.
If ∆ ≤ d, then the left hand side of (3.16) is always greater than 0, so we don't have

solutions. If ∆ > d, then the left hand side of (3.16) is strictly decreasing, so we have at
most one real solution counting multiplicity.

For case (II) and (III), denote x1 = −x, with x > 0, by eliminating x2 we have

g(x) = −(
1 + x

xa
)

1
b + (

1 + x

x
∆
d

)
d
b − 1 = 0. (3.17)

For the derivative function, we have

b(1 + x)tg′(x) = −xbsd1[(∆− d)x+ ∆] + s1[a+ (a− 1)x], (3.18)

where

s1 = (
1 + x

xa
)

1
b . (3.19)

So real solutions to g′(x) = 0 are equivalent to real solutions to (counting multiplicity)

(∆− d)
(1 + x)u+1

xv
+ d

(1 + x)u

xv
− (a+ (a− 1)x) = 0, (3.20)
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Table 3.1: upper bound for the number of real solutions # (for a, b, d, 1 denotes odd, and 0 denotes

even)

b 1 1 1 1 0 0 0 0
a 1 0 0 1 1 1 0 0
d 0 0 1 1 1 0 1 0

# ≤ 1+2 1+2+2 1+2 1+6 1 1+1 1+1 1+1+1+6

where u = d−1
b
, v = ∆−a

b
. But we have

(
(1 + x)u

xv
)′′ =

(1 + x)u−2

xv+2
× (quadratic polynomial of x).

So the second order derivative of the left hand side of (3.20) equals 0 i�

(1 + x)u−2

xv+2
× (a polynomial of x of degree at most 3) = 0.

So the second order derivative of the left hand side of (3.20) equals 0 has at most 3
solutions, g′(x) = 0 has at most 5 solutions, and g(x) = 0 has at most 6 solutions, all
counting multiplicity. Combining all the above, and enumerate all 8 cases of a, b, d being
even or odd as in table 1, the lemma is proved.

Now let us prove theorem 0.3 for the case b > 0.

Proof. In [19], they �rst searched for matrices A with integral entries (actually they did it for
matrices with rational entries with certain bounds on numerator and denominator) whose
absolute values are less than or equal to 100 such that L(ξ) ∈ π2Q, where ξ = [x1] + [x2] is
the Bloch group element corresponding to the unique solution x1, x2 to (3.2) in (0, 1)2, and
L(ξ) = L(x1) + L(x2), where L(x) is the Rogers dilogarithm function. Among these they
then identi�ed all matrices such that condition (i) of Nahm's conjecture holds. On the other
hand, as we have explained in the introduction, for any matrix A satisfying the condition of
theorem 0.3, A satis�es condition (i) of Nahm's conjecture, and in particular L(ξ) ∈ π2Q,
which follows from the well-de�nedness of the regulator map (for details one may see [19]).
Meanwhile, combining lemmas 1.3 and 1.4, we have a ≤ 9, or ∆ = a, a−b ≤ 9, or ∆ = d < b,
a− b ≤ 9. From each of these conditions one easily derives that a, b, d < 100, so A has to be

in the Zagier's list. Therefore, only the matrices

[
2 1
1 1

]
and

[
4 2
2 2

]
survive.

3.2 The case when b is negative

We will prove the following
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Proposition 3.2.1. if

[
a b
b d

]
is a positive de�nite symmetric matrix with integer entries

such that all complex solutions to the system of equations

1− x1 = xa1x
b
2

1− x2 = xb1x
d
2

are real, and b is negative, then a,−b, d ≤ 20.

This proposition will be a consequence of the following two lemmas 2.2 and 2.3, and it
immediately implies the full theorem 0.3, again as there are only �nitely many remaining
cases to check to identify all matrices among these such that all solutions to (3.2) are real,
and all these cases are already checked in [19]. The proof will be brief since it is similar to
the proof of the case b > 0 above.

Let us write b = −c, with c > 0. Without loss of generality, we assume a ≥ d. Then
a ≥ c+ 1. We consider the system of equations

xc2(1− x1) = xa1

xc1(1− x2) = xd2
(3.21)

Except for x1 = x2 = 0, solutions to (3.21) are in one-to-one correspondence with solutions to
(3.2). Using the method of local analytic parametrization, one easily sees that the multiplicity
of this solution is c2: write a = h1a1, c = h1c1, where h1 is the greatest common divisor of a
and c. Then x1 = tc1 , x2 = ta1θk

(1−tc1 )
1

h1c1

, where θ is a primitive cth root of unity, and k varies

among 1, 2, ..., h1 de�nes a local analytic parametrization of xa1 − xc2(1− x1) at x1 = x2 = 0.
Substituting this parametrization into xc1(1− x2) = xd2 while keeping in mind that ad > c2,
one sees easily that for every k, the degree of the lowest degree term is c1c. So the multiplicity
of this solution is c2.

Lemma 3.2.2. The number of solutions to (3.21) other than x1 = x2 = 0, counting multi-
plicity, is at least a− 1.

Proof. Let us denote the quantity in the above lemma by n. We introduce a new variable z,
and consider homogeneous equations corresponding to (3.21). Since a ≥ c + 1, we need to
discuss two cases:
Case (i): d ≥ c+ 1

In this case, the homogeneous equations are

xc2(za−c − x1z
a−c−1) = xa1

xc1(zd−c − x2z
d−c−1) = xd2

(3.22)

If a > c + 1, then z = 0 implies x1 = x2 = 0. So we don't have solutions to (3.22) with
z = 0. Thus, Bezout's theorem implies that n ≥ ad− c2 = ∆ > a− 1.
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If a = c+ 1, then d = c+ 1, (3.22) becomes

xc2(z − x1) = xc+1
1

xc1(z − x2) = xc+1
2

There are c distinct solutions with z = 0: [x1 : x2 : z] = [1 : wk : 0], where wk = e
πi+2kπi

c ,
k = 0, 1, ..., c− 1. We calculate the local valuation of the function xc2z − xc2 − 1 on the curve
z−x2−xc+1

2 = 0. In fact we have xc2z−xc2−1 = −(x2 +1)(xc2 +1). So V (xc2z−xc2−1) equals
2 if wk = −1, and 1 otherwise. There is at most one k such that wk = −1, so the sum of
multiplicities of these solutions is at most c+1. Therefore n ≥ (c+1)2−(c+1)−c2 = c = a−1.
Case (ii): d ≤ c

In this case, the homogeneous equations are

xc2(za−c − x1z
a−c−1) = xa1

xc1(z − x2) = xd2z
c+1−d (3.23)

We have only one solution with z = 0, namely [x1 : x2 : z] = [0 : 1 : 0]. Let us denote the
multiplicity of this solution by i.

Again we use the method of local analytic parametrization. Let x2 = 1, (3.23) are reduced
to

za−c − x1z
a−c−1 − xa1 = 0 (3.24a)

xc1(z − 1)− zc+1−d = 0 (3.24b)

Write c = h2c2, c+ 1− d = h2d2, where h2 is the greatest common divisor of c and c+ 1− d.
Then z = tc2 , x1 = td2θk

(tc2−1)
1

h2c2

, where k varies among 1, 2, ..., h2 de�nes a local analytic

parametrization of (3.24b) at x1 = x2 = 0. Substituting this parametrization into (3.24a),
we get

tc2(a−c) − td2+c2(a−c−1)θk

(tc2 − 1)
1

h2c2

− tad2θak

(tc2 − 1)
a

h2c2

. (3.25)

If d > 1, then c2(a− c) > d2 + c2(a− c− 1), and we have two possibilities:
(i) a+ d 6= ∆ + 1, then d2 + c2(a− c− 1) 6= ad2, and therefore i ≤ c+ 1− d+ c(a− c− 1) =
ac− c2 − d+ 1 < c(a− c),
(ii) a+d = ∆ + 1, then d2 + c2(a− c−1) = ad2 > c2(a− c)− c2, so the term tc2(a−c) survives,
and i ≤ c(a− c).

Either case, we have n ≥ a(c+ 1)− c2 − c(a− c) = a.

If d = 1, the second lowest degree term in td2+c2(a−c−1)θk

(tc2−1)
1

h2c2

survives, and we have i ≤

a− c+ 1 ≤ a, and n ≥ a(c+ 1)− c2 − a = c(a− c) ≥ a− 1.

Lemma 3.2.3. The number of real solutions to (3.21) other than x1 = x2 = 0, counting
multiplicity, is at most 19.
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Table 3.2: upper bound for the number of real solutions # (for a, c, d, 1 denotes odd, and 0 denotes

even)

c 1 1 1 1 0 0 0 0
a 1 0 0 1 1 1 0 0
d 0 0 1 1 1 0 1 0

# ≤ 1+6 1+6+6 1+6 1+6 1 1+6 1+6 1+6+6+6

Proof. Except for the solution in (0, 1)2, again we have four possible cases, identical to the
case when b > 0. In each of these cases, the same argument as in the cases (II) and (III) for
b being positive works, which produces an upper bound 6 for the number of real solutions in
each case. Again by enumerating all 8 cases of a, c, d being even or odd as in table 2, we get
an upper bound for the number of solutions counting multiplicity to be 1 + 6 + 6 + 6 = 19:

Combining lemmas 2.2 and 2.3, lemma 2.1 is thus proved, and our proof for theorem 0.3
is complete.

Remark 3.2.4. It looks likely that this method can also be generalized to deal with the
case when A is a nonintegral matrix. In this case one has to formulate the problem a
bit more carefully and do all the above analysis with more patience. In other words, we
expect the above method to provide a complete list of rational matrices A such that all
solutions to (3.2) are real. Lastly, it is conceivable to speculate that the method may also
be generalized to higher rank cases: Again, our goal is to get some inequalities on matrix
entries from Bezout's theorem, which hopefully are sharp enough to give an upper bound
for matrix entries depending only on the rank, thus giving a �nite set of possibilities for the
matrix A for each rank, such that all solutions to (3.1) are real. Thanks to the work of A.G.
Khovanskii, we already have an almost satisfactory substitute for lemma 1.4 in higher rank
cases: corollary 7 on page 80 of the book [20]. It provides an upper bound for the number
of nondegenerate real solutions to (3.1) depending only on the rank. (Although in rank 2
case, this upper bound is too large compared to ours in lemma 1.4. But the most important
thing is the existence of such an upper bound in general.) Consequently, if we can �nd a
good way to estimate the sum of multiplicities of solutions to certain homogeneous equations
corresponding to (3.1), which are not solutions to (3.1), thus getting a substitute for lemma
1.3, we may achieve our goal. (provided that we also know how to deal with the exceptional
cases when some of the real solutions to (3.1) are degenerate)
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