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Abstract

Three essays on monetary policy: hand-to-mouth households, effective lower

bound and policy design

by

Alan Ledesma Arista

This dissertation studies monetary policy design under different economic frame-

works. The investigated frameworks include household heterogeneity, limitations

to the policy response, and misalignments between the central bank and society’s

preferences concerning economic outcomes.

In the first chapter of this dissertation, a tractable two-agent, sticky-price,

sticky-wage model is built to investigate the gains of wage flexibility. The model

extends the traditional two-agent new Keynesian model by allowing for consump-

tion heterogeneity among those households with restricted access to mechanisms

for sharing idiosyncratic income risk. It is shown how consumption and wage

inequality across the two household types, as well as the dispersion of consump-

tion within those with limited ability to share risk, contribute new terms to the

standard quadratic approximation to welfare, as well as increase the relative im-

portance of stabilizing wage inflation. The effects of wage flexibility under a Taylor

rule, as well as under optimal discretion and commitment policies, are studied us-

ing a calibrated version of the model with empirically plausible shock processes.

Sources of welfare loss are affected by the type of shock and, more importantly,

by how monetary policy is conducted. Under the Taylor rule, welfare loss is min-

imized if wages are very rigid while loss is minimized under the Ramsey policy if

wages are more flexible. However, under the optimal discretionary policy, loss is

lowest with either very flexible or very rigid wages. These findings challenge the

ix



common view that wage flexibility is particularly desirable, as the welfare impli-

cations of wage flexibility are strongly tied to the policy regime.

As a consequence of the Great Recession, the Federal Reserve Bank interest

rate management was limited by the zero lower bound of the interest rate for

at least seven years. This has been the longest duration of a zero lower bound

regime ever registered in US history. Given the trend of having low levels of equi-

librium interest rates in developed economies, it is believed that regimes of zero

lower bound–or effective lower bounds if the bound is different from zero–will be

more frequent than they were previously. In this vein, the second chapter of this

dissertation evaluates the welfare implications of wage flexibility in a two-agent

new Keynesian model in which monetary policy is occasionally limited by the

effective lower bound on nominal interest rates. The model incorporates sticky

wages and prices, yet it is tractable enough that finding a global solution to the

non-linear equilibrium conditions is feasible. Thus, accurate calculations of the

model dynamics and welfare, as well as different measures associated with the

effective lower bound’s frequency, are provided. Wage flexibility amplifies welfare

cost when monetary policy responses are restricted by the effective lower bound.

In fact, gains from higher wage flexibility, such as output gap stability, are far

outweighed by the welfare cost induced by the rise in the volatility of prices and

wages. Moreover, welfare loss does not disappear when the effective lower bound

regime ends. Instead, it stays and creates long-run inefficiencies. The latter find-

ing has been ignored in the literature, yielding systematic understatements of the

welfare cost if the effective lower bound is a policy restriction.

The third chapter of this dissertation examines whether macroeconomic per-

formance can be improved in goal- or rule-based systems, focusing on alternative

goals and rules discussed in the literature as effects of the Great Recession. It

x



evaluates whether these alternatives would have yielded welfare improvements in

systems like the post-war pre-crisis US economy. Therefore, unlike most investiga-

tions, an empirically relevant model is used to assess the misalignments between

the central bank and society’s preferences. Goals outperform rules; however, the

performance of rules that include the price level does not differ much from the

performance of goals. Inflation targeting outperforms other goals regarding wel-

fare; however, its optimal implementation could be tedious. Relative to inflation

targeting, average inflation and price level targeting, as well as a persistent rate

rule with price level, deliver comparable welfare gains and align better the central

bank and society’s preferences.
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Chapter 1

Idiosyncratic Labor Income Risk

and Optimal Monetary Policy in

an extended TANK model

- with Carl Walsh -

1.1 Introduction

In this paper, we investigate the implications of nominal wage rigidity in a

model in which some households are limited in their ability to insure against id-

iosyncratic income risk. We extend a basic two-agent new Keynesian (TANK)

model to allow for heterogeneity across the two types of agents and for hetero-

geneity within those households without access to financial markets. In this ex-

tended TANK, or EXTANK, model, we are able to capture heterogeneity across

households in a tractable manner that also allows us to compare our results di-

rectly to standard representative agent new Keynesian (RANK) and two-agent
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new Keynesian (TANK) models. We show that the model-consistent second-order

approximation to welfare implies that a larger weight is placed on stabilizing wage

inflation than in a RANK model with sticky prices and wages, and that both con-

sumption inequality and wage inequality across the two household types appear

in the loss function. Working with a linearized version of the model, we then show

how, under both optimal discretion and commitment policies, welfare costs are

affected by the degree of nominal wage rigidity.

In standard TANK models, such as Galí, López-Salido, and Vallés (2004), Galí,

López-Salido, and Vallés (2007), Amato and Laubach (2003), Colciago (2011), and

Furlanetto (2011), hand-to-mouth households whose access to financial markets is

restricted are still assumed able to pool income so that all such households enjoy

the same level of consumption. For example, in Galí, López-Salido, and Vallés

(2007), all households face the same (flexible) wage and supply the same amount

of labor. Colciago (2011) assumes sticky wages and differentiated labor types, but

each household supplies all labor types. In this case, labor income is identical

across households, and all rule-of-thumb households have the same consumption.

Thus, despite lacking access to financial markets, rule-of-thumb households are

able to pool labor income and insure against any idiosyncratic consumption risk.1

Importantly, labor income is also independent of whether the household is a rule-

of-thumb household or an optimizing household.2

In contrast, we allow the consumption of such restricted households to be
1Related TANK models include Walsh (2014) and Broer, Krusell, Hansen, and Oberg (2016)

who distinguish between workers and capitalists based on their income source. Walsh assumes
workers consume their labor income while capitalists consume profits and can smooth consump-
tion through financial markets. Broer, et al. assume workers can smooth consumption while
capitalists simply consume current profits. They also emphasize the importance of wage rigidity
for the ability of heterogeneous-agent models to generate an effect of monetary policy on output.
Ravn and Sterk (2016) develop a more tractable version of their model which reduces to a TANK
type structure similar to the worker-capitalists structure in Walsh (2014).

2An important exception is Ravn and Sterk (2016) in which workers face idiosyncratic sepa-
ration shocks in a search and matching labor market.
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directly affected by household-specific labor income. Rather than assume every

household, regardless of type, receives the same labor income as in the TANK

models of Galí, López-Salido, and Vallés (2007), Bilbiie (2017) or Debortoli and

Galí (2017), we assume each restricted household is the monopoly supplier of a

single labor type. Thus, heterogeneity with respect to hours and labor income will

arise if staggered wage adjustment leads to a dispersion of relative wages, and,

consequently, restricted households will face idiosyncratic labor income risk. We

do allow restricted households to insure partially against this risk through non-

financial market mechanisms such as intra-family transfers as in Ortigueira and

Siassi (2013). Building on the model of Edmond and Weill (2012), we are able

to vary the extent to which restricted households are able to share income risk,

from complete risk sharing (as in a typical TANK model) to complete autarky so

that the consumption of each restricted household is equal to the household’s own

labor income. Thus, our EXTANK model nests both the Erceg, Henderson, and

Levin (2000) RANK model with sticky wages and prices and the TANK model of

Colciago (2011) with sticky wages and prices as special cases.

When insurance is complete, the model reduces to a two-agent new Keyne-

sian (TANK) model; in this case, consumption heterogeneity only arises between

restricted households and unrestricted households as in standard TANK models

such as Debortoli and Galí (2017). When insurance is incomplete, the model

generates a cross-sectional distribution of labor income and consumption among

restricted households, as well as consumption differences between restricted house-

holds and unrestricted households; both forms of consumption heterogeneity have

implications for welfare. Differences in labor income (and hours) across restricted

household is generated by the staggered adjustment of wages. Unrestricted house-

holds have access to financial markets that allow them to insure completely against

3



idiosyncratic income risk. Thus, consumption will differ across household types

(restricted and unrestricted) and within the set of restricted households.

The paper makes four contributions to the literature. First, we provide a new

“extended” TANK model that preserves the tractability of two-agent new Key-

nesian models while still allowing one to incorporate the welfare implications of

a cross-sectional dispersion of consumption across a subset of individual house-

holds. The model offers a much simpler environment than heterogeneous-agent

new Keynesian (HANK) models such as Kaplan, Moll, and Violante (2018) or

Ravn and Sterk (2016) while still allowing some aspects of heterogeneity to be

studied.

Second, we investigate the effects of wage flexibility in a model in which wage

adjustment directly affects aggregate consumption. While a number of papers,

including Galí (2013), Galí and Monacelli (2016), and Billi and Galí (2018) have

explored the implications of wage flexibility in new Keynesian frameworks, this

earlier literature employed representative agent models in which the only channel

for wage flexibility to affect macroeconomic dynamics is through the slope of

the wage inflation Phillips curve. In our model, the degree of wage flexibility also

affects the labor income (and therefore consumption) of households without access

to financial markets as well as the cross-sectional dispersion of consumption across

such households.

Third, by providing the second-order approximation to aggregate welfare, we

can study optimal policy in a linear-quadratic framework that is directly compa-

rable to policy analysis in representative agent new Keynesian (RANK) models.

Welfare depends on price inflation, wage inflation, and output gap volatility, as

in standard sticky price, sticky wage models. However, welfare also depends on

consumption and wage inequality between restricted households and unrestricted

4



households, as well as the cross-sectional dispersion of consumption among re-

stricted households.3 Thus, inequality directly affects optimal policy. The welfare

costs of this consumption dispersion is related directly to the dispersion of wages

across restricted households. This means that the inclusion of a cross-sectional

dispersion of consumption due to sticky wages itself does not alter the basic form

of the welfare approximation relative to RANK models; instead, only the weight

placed on wage inflation volatility is affected. However, two new terms do appear

in the welfare approximation, as consumption inequality between restricted house-

holds and unrestricted households reduces aggregate welfare and fluctuations in

the relative average wage of restricted and unrestricted households leads to inef-

ficiencies in the allocation of labor hours.4 Thus, our framework highlights the

potential welfare and policy implications of consumption and wage inequality.

Fourth, we evaluate the effects of wage flexibility under a Taylor rule, optimal

discretion and optimal commitment (Ramsey) policies. The previous literature

has assumed monetary policy can be represented by a Taylor rule (i.e., Galí (2013),

Galí and Monacelli (2016)) or by optimal commitment (Galí (2013), Billi and Galí

(2018)5) and has not studied the case of optimal discretion. We show how the

welfare costs of increased wage rigidity depend importantly on both the nature

of the underlying shock and the assumption about policy. We also investigate

the impact of wage rigidity on welfare in a model with a richer set of shocks than
3Coibion, Gorodnichenko, Kueng, and Silvia (2017) focus on the distributional consequences

of macroeconomic fluctuations and monetary policy. See also Gornemann, Kuester, and Naka-
jima (2016).

4When if wages are assumed to be flexible and resticted households are able to pool income,
our welfare approximation reduces to a form similar to that obtained by Debortoli and Galí
(2017).

5Within the RANK framework, Billi and Galí (2018) also evaluate the effects of wage flexibil-
ity. They compare the economic outcome when policy is conducted with either a Taylor rule or
with optimal commitment, allowing policy to be occasionally limited by the zero lower bound.
They find that, because of the zero lower bound, high wage flexibility reduces welfare regardless
of the policy regime.

5



considered in the previous literature on wage flexibility and with shocks calibrated

to be consistent with the estimates of Smets and Wouters (2007).

The rest of the paper is organized as follows. Model details are described

in section 1.2. Section 1.3 discusses the calibration of the model and compares

the impulse responses to various aggregate shocks in the EXTANK model and

the benchmark sticky wages and prices model of Erceg, Henderson, and Levin

(2000). The implications of wage flexibility for welfare under optimal discretion

and commitment policies when shocks are calibrated to be consistent with the

estimates of Smets and Wouters (2007) are studied in section 1.4. Conclusions

are summarized in a final section.

1.2 An extended TANK model

Households are differentiated by their access to financial markets and their

ability to insure against idiosyncratic labor income risk. Unrestricted households

own firms, supply labor, engage in financial markets, and receive labor and profit

income. Restricted households do not have access to financial markets but supply

labor and receive wage income. Assume there is a measure 1 of households indexed

by s; household s ∈ [0, n] is a restricted household and s ∈ (n, 1] is an unrestricted

household. Households of each type supply a differentiated labor type. In this

case, labor income can potentially differ if wages and/or hours differ across labor

types. There is also a zero-profit employment agency that hires the differentiated

labor services of households and rents a labor aggregate to firms who use it to

produce output. For simplicity, the aggregate capital stock is treated as fixed.

Because the specification of firms, the employment agency, and restricted

households is identical to that of a standard sticky price, sticky wage new Key-

nesian model, we discuss them first before turning to the model of restricted

6



households.

1.2.1 Firms

There is a continuum of retail firms, indexed by j ∈ [0, 1], who hire a homo-

geneous labor aggregate to produce differentiated final consumption goods. Each

firm maximizes the present discounted value of profits taking the real wage as

given subject to three constraints: a production function given by

cj,t = Zth
1−a
j,t , 0 < a ≤ 1

where cj,t is the output of firm j, Zt is an aggregate productivity factor, and hj,t

is labor hours employed by firm j;6 a demand function given by

cj,t =
(
Pj,t
Pt

)−θpt
Ct,

where Pj,t is the price of cj,t, Pt is the aggregate price index, defined by

Pt ≡
[∫ 1

0
P

1−θpt
j,t dj

] 1
1−θp

t ,

and Ct is aggregate per capita consumption of both unrestricted and restricted

households7; and a Calvo (1983) process that governs the probability at which

firm j can reset its price. A fraction 1 − φp of the firms are randomly chosen

to adjust each period. In addition, firms receive a payroll subsidy rate τp so the

gross-of-subsidy real labor cost of firm j is (1− τp)ωthj,t.
6For simplicity we assumed that the stock of capital is fixed at K. As a result, the aggregate

productivity shock Zt contains the fixed level of capital as follows Zt = AtK
a, where At is the

total factor productivity.
7This demand curve is consistent with the definition of Cut and the assumption (below) that

restricted households’ utility also depends on a consumption aggregate defined similarly to Crt .
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When linearized around a zero steady-state inflation rate, the Calvo model

leads to the standard new Keynesian Phillips curve, given by

πt = βEtπt+1 + κp (m̂ct + µ̂pt ) , (1.1)

where µ̂pt is the log-deviation of the average markup around its steady-state value

given by µp ≡ θp/ (θp − 1), and

m̂ct = ω̂t + aĥt − ẑt (1.2)

is real marginal cost, ĥt is aggregate hours, and the reduced-form parameter κp is

defined as

κp ≡
(1− φp) (1− βφp)

φp

( 1− a
1− a+ aθp

)
.

When prices are flexible, profit maximization leads to the standard condition that

µptmct = 1, where µpt = θpt /(θpt − 1) is the markup and mct = 1−τp
1−a

ωthj,t
cj,t

is real

marginal cost.

1.2.2 The employment agency

In addition to retail firms, there is a zero-profit employment agency that takes

the wage ωt(s) of each labor type s as given and builds a composite unit of labor

that is then rented to firms. Differentiated labor types are aggregated using a

Dixit and Stiglitz (1977) CES aggregator given by

ht =
[∫ 1

0
ht(s)

θwt −1
θw
t ds

] θwt
θw
t

−1

,
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where ht(s) denotes labor-type s.

Households reset wages according to their marginal rate of substitution, which

may differ across restricted and unrestricted households. As a result, wages and

hours for household types can systematically differ in the aggregate. We denote

h` and ω` for ` ∈ {r, u} as aggregated hours and wages for restricted ` = r and

unrestricted households ` = u. Define hours per household type as

hrt =
[

1
n

∫ n

0
ht(s)

θwt −1
θw
t ds

] θwt
θw
t

−1

and hut =
[

1
1− n

∫ 1

n
ht(s)

θwt −1
θw
t ds

] θwt
θw
t

−1

.

As a result, aggregated hours can be written as

ht =
[
n(hrt )

θwt −1
θw
t + (1− n)(hut )

θwt −1
θw
t

] θwt
θw
t

−1

,

The aggregated cost of this unit of hours is ωtht = nωrth
r
t + (1− n)ωut hut . Cost

minimization by the employment agency implies the following demand for labor

of restricted and unrestricted households:

hrt =
(
ωrt
ωt

)−θwt
ht and hut =

(
ωut
ωt

)−θwt
ht

where the aggregate real wage is

ωt =
[
n(ωrt )1−θwt + (1− n)(ωut )1−θwt

] 1
1−θw

t .

9



The aggregate wages for each household type are

ωrt =
[ 1
n

∫ n

0
ωt(s)1−θwt ds

] 1
1−θw

t and ωut =
[ 1
1− n

∫ 1

n
ωt(s)1−θwt ds

] 1
1−θw

t .

Demand for labor type s is given by

ht(s) =
(
ωt(s)
ωt

)−θwt
ht or ht(s) =

(
ωt(s)
ω`t

)−θwt
h`t,

where ` = r if s ∈ [0, n] and ` = u if s ∈ (n, 1]. When linearized, the demand for

labor from household s can be written as

ĥt(s) = ĥt − θw (ω̂t(s)− ω̂t) = ĥ`t − θw
(
ω̂t(s)− ω̂`t

)
, (1.3)

where ` = r if s ∈ [0, n] and ` = u if s ∈ (n, 1], while linearized hours demand per

household type is

ĥrt =ĥt − θw (ω̂rt − ω̂t) , (1.4)

ĥut =ĥt − θw (ω̂ut − ω̂t) (1.5)

The linearized aggregated wage is

ω̂t = nω̂rt + (1− n)ω̂ut . (1.6)

Aggregate wage inflation will depend on the average growth rate of wages for the

two households types, weighted by their relative population weights. With the

10



evolution of average wages for each type given by

πrw,t =πt + ωrt − ωrt−1 and (1.7)

πuw,t =πt + ωut − ωut−1, (1.8)

where (1.6) implies aggregated wage inflation is

πw,t = nπrw,t + (1− n)πuw,t = πt + ωt − ωt−1. (1.9)

1.2.3 Unrestricted households

Unrestricted households act as members of a representative family that maxi-

mizes

Et

∞∑
i=0

βiνt+i

∫ 1

n


(
Cu
t+i

)1−σ

1− σ − γht+i(s)
1+η

1 + η

 ds,

where νt is a stochastic preference shock and

Cu
t =

∫ 1

0

(
cuj,t
) θpt −1

θ
p
t dj


θ
p
t

θ
p
t

−1

; θpt > 1.

is a Dixit-Stiglitz aggregate of unrestricted households’ consumption of individual

final goods cuj,t.8 Unrestricted households fully insure members against idiosyn-

cratic income risk so that Cu
t (s) = Cu

t . for all s ∈ (n 1]. The maximization of

utility is subject to a budget constraint given by

(1 + τw)
∫ 1

n
ωt(s)ht(s)ds+ Πt +

(1 + it−1

1 + πt

)
bt−1 − T ut − Cu

t − bt ≥ 0,

8These preferences over final goods will also be shared by restricted households.
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where Πt is the per capita real profit income accruing from the ownership of the

fixed stock of capital, bt are real bond holdings that pay a nominal interest rate it,

πt = (Pt/Pt−1)−1 is the inflation rate, τw is a wage subsidy, and T ut is a per-capita

lump-sum fiscal tax.

The first order condition for the optimal intertemporal allocation of consump-

tion by unrestricted households is

(Cu
t )−σ = βEt

(
1 + it

1 + πt+1

)(
νt+1

νt

) (
Cu
t+1

)−σ
.

Letting x̂ denote the log deviation of a variable Xt around a zero-inflation steady

state, and defining ρt ≡ β−1−1−(Etν̂t+1 − ν̂t), the Euler condition for unrestricted

households can be expressed as9

ĉut = Etĉ
u
t+1 −

( 1
σ

)
(it − Etπt+1 − ρt) . (1.10)

The nominal wage for household s ∈ (n 1] adjusts following a Calvo process

in which the probably ωt(s) is adjusted each period is 1 − φw. This leads to

the standard expression for the inflation rate of the average nominal wage of

unrestricted households of the form

πuw,t = βEtπ
u
w,t+1 + κuw (m̂rsut + µ̂w,t − ω̂ut ) , (1.11)

9 Bonds are in zero net supply and are held only by unrestricted households, so in equilibrium
the per capita budget constraint for unrestricted households is given by

Cut ≡ (1 + τw)ωut hut + Πt − Tut ,

In equilibrium, unrestricted households consume their current income, but this is an equilibrium
outcome and not a constraint on individual choices.
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where

m̂rsut = ηĥut + σĉut , (1.12)

with

κuw ≡
(1− φw) (1− βφw)

φw

(
1

1 + ξu

)
and ξu ≡ ηθw.

1.2.4 Restricted households

Restricted households are modelled as members of a family, but unlike unre-

stricted households, there are limits on the ability of unrestricted household to

insure against idiosyncratic consumption risk. The preferences of the restricted

household-family are given by

Et

∞∑
i=0

βiνt+i

∫ n

0


(
Cr
t+i(s)

)1−σ

1− σ −
γhrt+i(s)1+η

1 + η

 ds.

where Cr
t (s) and hrt (s) denote consumption and hours of restricted household

member s. As with unrestricted households, the consumption aggregate that

enters restricted households’ utility function is defined as

Cr
t (s) =

∫ 1

0
cj,t(s)

θ
p
t

−1
θ
p
t dj


θ
p
t

θ
p
t

−1

.

Each restricted household is the monopoly supplier of a differentiated labor ser-

vice, and real labor income can differ across restricted households. Restricted

households cannot completely insure against idiosyncratic labor income risk, but

we assume they are able to partially insure through non-financial market means.
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For example, intra-family transfers might allow an individual restricted house-

hold’s consumption to differ from the household’s own wage income as in Or-

tigueira and Siassi (2013). Transfer are limited, however, and a fraction χ (0 ≤

χ ≤ 1) of each individual restricted household’s idiosyncratic income risk is borne

directly by the household. The remaining 1 − χ fraction can be shared among

other restricted households. As in Edmond and Weill (2012), we treat χ as ex-

ogenous. When χ = 0, the model reduces to a standard TANK model in which

all restricted households have the same consumption; when χ = 1, the individual

restricted household bears all idiosyncratic labor income risk.

Restricted household-family utility is maximized subject to a budget constraint

for each household s ∈ [0, s] of the form

Cr
t (s) = (1 + τw)

[
χωt(s)hrt (s) + (1− χ)

( 1
n

) ∫ n

0
ωt(j)ht(j)dj

]
− T rt ,

where ωt(s) is the wage of household s, τw is a wage subsidy, and T rt is a per-capita

lump-sum tax.10 With no risk sharing (χ = 1), consumption is simply equal to the

restricted household’s after-subsidy wage income plus any transfer. If restricted

households are able to completely insure against idiosyncratic wage risks, χ = 0

and Cr
t (s) is independent of s. Log linearizing the budget constraint of household

s around the steady state, one obtains

ĉrt (s) =χ (1 + τw)ψ
[
ω̂t(s) + ĥt(s)

]
+ (1− χ) (1 + τw)ψ

(
ω̂rt + ĥrt

)
− (T r/Cr) t̂rt ,

(1.13)

where ψ ≡ ωsshss/Css.11 Aggregating (1.13) over all s ∈ [0 s], the aggregate
10For simplicity, we assume the wage subsidy and the tax are common to all workers and not

a function of the worker’s individual type.
11From the CES structure of the labor market we have that ωss = ωuss = ωrss, and from the

design of fiscal policy (to be explained in Subsection (1.2.5)) we get Yss = Cuss = Crss. As a
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budget constraint for the restricted household-family expressed in terms of log-

deviations around the steady state is

ĉrt = (1 + τw)ψ
(
ω̂rt + ĥrt

)
− (T r/Cr) t̂rt . (1.14)

Thus,

ĉrt (s)− ĉrt = χ (1 + τw)ψ
[
(ω̂t(s)− ω̂rt ) +

(
ĥt(s)− ĥrt

)]
, (1.15)

and, unless χ = 0, consumption differences across restricted households reflect

any cross-sectional variations in wages and/or hours. Because cross-sectional dif-

ferences in labor hours can be expressed as a function of wage differences using

(1.3), (1.15) can be written as

ĉrt (s)− ĉrt = χ (1 + τw)ψ (1− θw) (ω̂t(s)− ω̂rt ) . (1.16)

Before considering the case of sticky wages, consider first the case of flexible

wages. The restricted household family’s problem of choosing consumption, hours,

and wage for each member s then becomes a sequence of static problems:

L = max
∀s,Crt (s),ht(s),ωt(s)

∫ n

0
U (Cr

t (s), ht(s)) ds

+ (1 + τw)
∫ n

0
λt(s)

[
χωt(s)ht(s) + (1− χ)

( 1
n

) ∫ n

0
ωt(j)ht(j)dj

]
ds

−
∫ n

0
λt(s) [Cr

t (s) + T rt ] ds+
∫ n

0
ζt(s)

 1
n

(
ωt(s)
ωrt

)−θwt
hrt − ht(s)

 ds,

where λt(s) and ζt(s) are the Lagrangian multipliers on the budget and labor

result, ψ ≡ ωsshss/Css = ωrssh
r
ss/C

r
ss = ωussh

u
ss/C

u
ss.
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demand constraints facing restricted household s. The term

(1 + τw) (1− χ)
∫ n

0
λt(s)

[( 1
n

) ∫ n

0
ωt(j)ht(j)dj

]
ds

can be written as

(1 + τw) (1− χ) Λt

∫ n

0
ωt(s)ht(s)ds,

where

Λt ≡
( 1
n

) ∫ n

0
λt(j)dj

is the average Lagrangian multiplier across all family members.12

The family’s decision problem can now be expressed as

L = max
∀s,Crt (s),ht(s),ωt(s)

∫ n

0
Uw (Cr

t (s), ht(s)) ds−
∫ n

0
λt(s) [Cr

t (s) + T rt ] ds

+
∫ n

0
λ̄t(s) (1 + τw)ωt(s)ht(s)ds

+
∫ n

0
ζt(s)

 1
n

(
ωt(s)
ωrt

)−θwt
hrt − ht(s)

 ds,

where

λ̄t(s) ≡ χλt(s) + (1− χ) Λt (1.17)

is a weighted average of the marginal value of income to restricted household s

(λt(s)) and to the entire family (Λt) with weights given by the degree to which the

family provides consumption risk insurance to the individual member household.
12See Edmond and Weill (2012).
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The first-order conditions for the choice of consumption, hours and wages are

νt [Cr
t (s)]

−σ = λt(s),

−νtγht(s)η + λ̄t(s) (1 + τw)ωt(s)− ζt(s) = 0,

λ̄t(s) (1 + τw)ωt(s)− θwt ζt(s) = 0.

Combining these last two conditions yields

γνtht(s)η

λ̄t(s)
=
(
θwt − 1
θwt

)
(1 + τw)ωt(s) = (1 + τw)ωt(s)

µwt
, (1.18)

where µwt ≡ θwt / (θwt − 1) is the wage markup. In a standard representative agent

model, the first-order condition for hours equates the marginal disutility of hours

to the marginal utility of the addition wage earned, with the latter adjusted for

taxes and markups. Rewriting (1.18) as

γνtht(s)η =
[

(1 + τw)ωt(s)
µwt

]
λ̄t(s)

highlights that the appropriate utility value of the additional wage income is ob-

tained by using not the individual household’s marginal utility of income but

a weighted average of the individual’s marginal utility of income and the av-

erage marginal utility of income across restricted households, with the weights

reflecting the ability of the individual household to share idiosyncratic labor in-

come risk. If χ = 1 and the individual restricted household bears all the id-

iosyncratic labor income risk, λ̄t(s) = λt(s) and the standard expression is ob-

tained. If χ = 0, and risk is shared across all restricted households, λ̄t(s) = Λt;

the average marginal utility of consumption across all restricted households is

used to value the wage income from additional hours of work by family mem-
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ber s. Because λt(s) is decreasing in the consumption of restricted household

s and λ̄t(s) = λt(s) + (1− χ) [Λt − λt(s)], λ̄t(s) > λt(s) for restricted house-

holds with above average consumption. The optimal allocation of hours for the

family calls for such restricted households to supply more hours, ceteris paribus

(γvtht(s)η = (1 + τw)ω(s)λ̄(s)/µwt ≥ (1 + τw)ω(s)λ(s)/µwt ).13

If wages are flexible, the underlying symmetry of the model implies wages will

be equal across restricted household types, as will consumption. In this case,

λ̄t(s) = λt(s) for all s and t.

Now consider the case of sticky wages. If wages adjust asynchronously, relative

wage dispersion will result. As a consequence, hours worked, labor income, and,

when χ > 0, consumption will differ across restricted households. Assume wage

adjustment follows the standard Calvo process in which each period, a randomly

chosen fraction φw of all restricted households adjust their wage. All nominal

wages adjusted at time t will be reset to the same value w∗t . Let Cr
t+i/t and hrt+i/t

denote the consumption and hours at t + i of restricted household s whose wage

was last set at time t. All such restricted households will choose the same wage

and have the same consumption, so we suppress the s index. The value of w∗t will

be chosen to maximize

Et

∞∑
i=0

(βφw)i


νt+i

[
Cr
t+i/t

1−σ

1−σ − γ
hr
t+i/t

1+η

1+η

]
+λ̄t+i/t(s) (1 + τw)

(
w∗
t

Pt+i

)
hrt+i/t − λt+i/t(s)

(
Cr
t+i/t − T rt+i

)
 ,

subject to the demand for labor type s. The first order condition for the optimal

choice of w∗t , together the definition of the aggregate wage yields the standard
13The use of family labor supply adjusting to provide partial consumption insurance is con-

sistent with the evidence of Blundell, Pistaferri, and Saporta-Eksten (2012).
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linearized new Keynesian wage inflation equation given by14

πrw,t = βEtπ
r
w,t+1 + κrw (m̂rsrt + µ̂wt − ω̂rt ) , (1.19)

where,

m̂rsrt = ηĥrt + σĉrt , (1.20)

κrw ≡
(1− φw) (1− βφw)

φw

(
1

1 + ξr

)
,

and ξr ≡ ηθw + χψσ (θw − 1) > ξu ≡ ηθw.

When the individual restricted household bears aggregate labor income risk

but not idiosyncratic risk, χ = 0 and ξr = ηθw = ξu, which is the result obtained

in standard sticky-wage new Keynesian models and the result obtained for un-

restricted households. The term χσψ (θw − 1) ≥ 0 arises because the individual

restricted household internalizes the direct impact of her own labor income on her

own consumption (and therefore on her marginal utility of consumption) to the

extent (measured by χ) that the restricted household bears idiosyncratic labor

income risk. When χ = 1, ξr ≡ ηθw + ψσ (θw − 1) > ηθw. It is only through the

parameter ξr that χ affects the dynamic behavior of the economy, and ξr only

appears in κrw in the wage inflation equation.15

Heterogeneity in standard TANK models affects aggregate demand (e.g., Bil-

biie (2017) or Debortoli and Galí (2017)); but the assumption of flexible wages

insures any effects of heterogeneity on the supply side are absent or, if wages are

sticky, households without access to financial markets are still assumed able to

pool labor income risk. In the present model, both aggregate demand and supply
14Details of the derivation are provided in the online Appendix.
15Lee (2014) also shows how financial frictions affect the slope of the new Keynesian Phillips

curve.
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are affected when restricted households face idiosyncratic labor income risk as

measured by χ. In particular, idiosyncratic labor income risk affects restricted

households’ wage setting behavior and therefore the dynamics of wage inflation

through ξr. The parameter ξr is increasing in χ. With less risk sharing (a larger

χ and therefore a larger ξr), κrw declines and wage inflation becomes less sensitive

to the labor wedge m̂rsrt + µ̂wt − ω̂rt .

1.2.5 Monetary and fiscal policy

To assess the basic dynamic properties of the model, monetary policy is ini-

tially represented by a log linearized simple instrument rule of the form

it = ρiit−1 + (1− ρi) [ρ+ ϕππt + ϕπwπ
w
t + ϕyx̂t] , (1.21)

where x̂ is the output gap, defined relative to efficient output (ŷet ).16 Efficient

output in turn is defined as equilibrium output with flexible prices and wages, no

markups, and consumption equalized across all households:

x̂t ≡ ŷt − ŷet , (1.22)

and

ŷet = 1 + η

a+ η + σ (1− a) ẑt. (1.23)

On the fiscal side, we assume policy eliminates the steady-state inefficiencies

from households heterogeneity and imperfect competition. In this vein, two fiscal

instruments are implemented, a fixed lump-sum transfer that maximizes welfare
16Optimal policy is considered in section 1.4.
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at the steady-state and competitive subsidy rates.

Motivated by the outcome of a hypothetical central planner, the fiscal au-

thority will maximize the aggregated welfare by transferring resources among un-

restricted and restricted households such that at the steady-state the marginal

utility of consumption is equalized across households (similar to Debortoli and

Galí (2017)).

With additively separable utility, this is achieved by choosing the transfers to

the restricted and unrestricted households (T r and T u) such that both have the

same level of consumption at the steady-state. The transfers that yield Cr
ss =

Cu
ss = Yss are given by

T r = (1− ψ)Y and T u = −n(1− ψ)
1− n Y . (1.24)

The government also implements subsidy rates to achieve a Pareto efficient

steady-state as in Woodford (2003).17 These subsidies rates are used to close

the steady-state gap between the marginal rate of substitution and the marginal

product of labor. To minimize the effect on aggregated demand per type of house-

hold, these subsidies are funded by charging homogeneous lump-sum taxes to the

specific group of agents that benefited from the subsidy.

Define the subsidy rate to workers by τw and the rate to firms by τp. Also

define the lump-sum taxes to restricted households as T rt and to unrestricted

households as T ut . Then the lump-sum taxes charged to restricted and unrestricted

households, after the welfare maximizing transfers, are

T rt = τwω
r
th

r
t − T r and T ut = τwω

u
t h

u
t + τp

1− nωtht − T
u.

17For textbook discussions, see Galí (2015) and Walsh (2017a).
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Restricted households are taxed only by the average amount of the subsidy re-

ceived when signing a labor contract. Unrestricted households, however, experi-

ence an extra charge that comes from the average subsidies to goods producing

firms.

After linearizing the expression above around the zero inflation steady-state,

one obtains

T r

ωrhr
t̂rt =τw(ω̂rt + ĥrt ), (1.25)

T u

ωuhu
t̂ut =τw(ω̂ut + hut ) + τp

1− n
ωh

ωuhu
(ω̂t + ĥt). (1.26)

Equations (1.25) and (1.26) make fiscal policy neutral regarding its impact on

aggregate demand per household type. At the individual level; however, fiscal

policy may not be neutral, as some workers receive larger subsidies than others in

their group, while the lump-sum tax paid is common to all members of a group.

However, this differentiation nets out after aggregating.

1.2.6 Market clearing

Goods market clearing for each firm implies

cj,t =
(
Pj,t
Pt

)−θpt
[nCw

t + (1− n)Cu
t ] .

Defining aggregate output as

Yt ≡

∫ 1

0
c

θ
p
t

−1
θ
p
t

j,t dj


θ
p
t

θ
p
t

−1

,
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goods market clearing implies

Yt = [nCw
t + (1− n)Cu

t ] ≡ Ct.

When linearized around the steady state, the goods clearing condition takes the

form

ŷt = ĉt = n
(
Cw

Y

)
ĉwt + (1− n)

(
Cu

Y

)
ĉut . (1.27)

Denote aggregated labor demand by hdt . From the production function of firm

j and the demand curve it faces, its individual labor demand is

hj,t =
(
cj,t
Zt

) 1
1−a

=
(
Yt
Zt

) 1
1−a

(
Pj,t
Pt

)− θ
p
t

1−a
;

therefore, aggregated labor demand is

hdt =
∫ 1

0
hj,tdj =

(
Yt
Zt

) 1
1−a

∆p,t (1.28)

where

∆p,t ≡
∫ 1

0

(
Pj,t
Pt

)− θp
1−a

dj ≥ 1

reflects relative price dispersion across firms. Rearranging (1.28) to solve for Yt

highlights the distortion generated by relative price dispersion:

Yt = ∆a−1
p,t Zt

(
hdt
)1−a
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Define h∗t as aggregate hours supplied, given by aggregating individual labor

supply across all households:

h∗t =
∫ 1

0
ht(s)ds =

∫ n

0
ht(s)ds+

∫ 1

n
ht(s)ds.

Using the demand function of labor types,

h∗t =
∫ n

0

(
ωt(s)
ωrt

)−θwt
hrtds+

∫ 1

n

(
ωt(s)
ωut

)−θwt
hut ds.

However, effective hours supplied by households of type j is related to aggregate

effective hours supplied by

hjt =
(
ωjt
ωt

)−θwt
hst , j = r, u,

which depends on the relative wage of the household type. Thus,

h∗t =
∫ n

0

(
ωt(s)
ωrt

)−θwt (ωrt
ωt

)−θwt
ds+

∫ 1

n

(
ωt(s)
ωut

)−θwt (ωut
ωt

)−θwt
ds
hst .

One can now write

h∗t = ∆w,th
s
t ,

where

∆w,t = n
(
ωrt
ωt

)−θwt
∆r
w,t + (1− n)

(
ωut
ωt

)−θwt
∆u
w,t ≥ 1,
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with

∆r
w,t = 1

n

∫ n

0

(
ωt(s)
ωrt

)−θwt
ds ≥ 1 and ∆u

w,t = 1
1− n

∫ 1

n

(
ωt(s)
ωut

)−θwt
ds ≥ 1.

∆r
w,t and ∆u

w,t reflect the wage dispersion within households type (restricted and

unrestricted), while ∆w,t is the aggregated dispersion of wages.

Market clearing condition in the labor market requires that the effective supply

equates labor demand (i.e., hst = hdt ); as a result, total hours supplied h∗t becomes

h∗t = ∆w,t∆p,t

(
Yt
Zt

) 1
1−a

(1.29)

Aggregate output can then be written as,

Yt = ∆a−1
p,t Zth

1−a
t = (∆p,t∆w,t)a−1 Zt (h∗t )

1−a ,

illustrating how both wage and price dispersion drive wedges between average

labor hours supplied per restricted household and final output produced per re-

stricted household. However, the measures of relative price and wage dispersion

are both of second order, given the assumption of a zero-inflation steady state, so

to first order,

ŷt = ẑt + (1− a) ĥt. (1.30)

1.2.7 Equilibrium

The log-linearized model consists of the following 21 equations: (1.1), (1.2),

(1.4)–(1.12), (1.14), (1.19)–(1.23), (1.25)-(1.27) and (1.30). These equations jointly
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solve for the following 21 endogenous variables: ŷ, ĉr, ĉu, ŷe, x̂, π, πw, πrw, πuw, ω̂,

ω̂r, ω̂u, ĥ, ĥr, ĥu, m̂c, m̂rsr, m̂rsu, t̂r, t̂u and i. There are 8 state variables, 4 of

them are predetermined endogenous (lags of ω̂, ω̂r, ω̂r and i) while the other 4

are exogenous states: ẑ, ν̂, µ̂w and µ̂p. The model equations are summarized in

Appendix (A.1).

Under the Taylor rule (1.21), the model described above can be reduced to a

small system of 6 equations that determines the dynamics of ŷ, π, πw, i, ω̂ and ω̂r;

we will refer to this small version of the model as its ‘compacted representation’,

and it is described in Appendix (A.2). The compacted representation is directly

comparable to Erceg, Henderson, and Levin (2000). In fact, at the extreme cal-

ibration of n = 0, it is evident how the compacted representation of the model

reduces to Erceg, Henderson, and Levin (2000).

The Euler equation (1.10) in the compacted representation is

ŷt =Etŷt+1 −
1
σ

(it − Etπt+1 − ρt)

+ n

1− n

[
(1− a)

(
θw (ω̂t − Etω̂t+1) + (1− θw)

(
wrt − Etw

r
t+1

))
(1.31)

− (1− ρz)zt
]
,

which converges to Equation (T1.1) in Erceg, Henderson, and Levin (2000) as n

approaches zero. It is evident in Equation (1.31) that restricted households open a

direct channel from labor income to aggregated demand. When n > 0, variations

in wages and productivity affect changes in output, which is due to the inability

of restricted households to smooth variations in labor income.

The Phillip curve for wage inflation in the compacted representation of the
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model, collapses Equation (1.11) and (1.19) in the following:

πw,t =βEtπw,t+1 + [κuw − n(κuw − κrw)] [m̂rst − ω̂t + µw,t]

+ nκuwω̂
r
t (1.32)

+ n(κuw − κrw) [(1 + θwη̃)(ω̂rt − ω̂t)− (1 + (1− a)σ)ω̂rt + σẑt] ,

where m̂rst = η̃
1−a ŷt −

η
1−a ẑt is the aggregated marginal rate of substitution with

η̃ = η+σ(1−a). This equation converges to Equation (T1.5) in Erceg, Henderson,

and Levin (2000) if n approaches zero.

Notice that with perfect consumption risk sharing χ = 0, κrw = κuw. In this

case, the only difference between this model and a standard TANK model (as in

Colciago (2011)) is the presence of ω̂rt which account for the explicit heterogeneity

of restricted and unrestricted households in the labor market.

Incomplete risk sharing (χ > 0) makes wage inflation less sensible to gaps

between the marginal rate of substitution and wages (i.e., flatter Phillip curve) as

κrw < κuw. In the model introduced here, there is an additional distortion derived

from wage inequality as in general ω̂t 6= ω̂rt 6= ω̂ut .

1.3 Quantitative exercises

1.3.1 Calibration

For our calibration exercises, we select standard values from the new Keynesian

literature. With respect to household preferences, the impatience factor is set at

β = 0.99 to match a real interest rate at the steady-state of 4% on an annual

basis, η = 5 to set the Frisch elasticity at 0.20, and σ = 1 (i.e., log-utility). The

Cobb-Douglas coefficient is set at a = 0.25 consistent with Colciago (2011). The
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Calvo coefficients are set at φcalp = 0.75 and φcalw = 0.75 as in Erceg, Henderson,

and Levin (2000) and Colciago (2011). The elasticity of substitution among good

and labor varieties is set to θp = 9 and θw = 4.52, which implies steady-state

markups of 12.5% in the goods market and of 28.41% in the labor market as in

Galí (2011).

Coefficients in the Taylor rule are conventional, ϕπ = 1.5 and ϕx = 0.125. We

set Zss and γ such that the steady-state values of output and hours are Yss = 1

and Hss = 1/3. The fiscal policy set-up ensures steady-state consumption satisfies

Cr
ss = Cu

ss = 1; hence, ψ = WssHss/Css = 1− a = 0.75. The stochastic processes

persistence and volatilities are based on the estimations of Smets and Wouters

(2007). Persistence is set at ρν = 0.90, ρz = 0.95, ρµ,w = 0.96 and ρµ,p = 0.96,

while standard errors are σν = 0.002, σz = 0.0072, σµ,w = 0.0024 and σµ,p =

0.0014.

The proportion of restricted households is n = 0.5 as in Galí, López-Salido,

and Vallés (2007). This may be on the low side; based on the 2004 Survey of

Consumer Finances, Gornemann, Kuester, and Nakajima (2016) notes (p. 1) that

“...among working-age households in the U.S. the bottom 60 percent of the wealth

distribution, “Main Street”, received virtually none of their income from financial

assets, whereas “Wall Street,” the 5 percent wealthiest households, receive 41

percent of their income from financial assets.” A final parameter unique to our

EXTANK model is χ, the share of labor income risk borne by an individual

restricted household. We report results for χ = 0, the case in which restricted

households are able to insure completely against idiosyncratic income risk, and

χ = 1, the no insurance case.
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Figure 1.1: Responses to a demand shock

1.3.2 RANK and extended-TANK dynamics

To cast light on some of the basic similarities and differences between a stan-

dard RANK model with sticky prices and wages and the extended-TANK (EX-

TANK) model, we discuss the responses in the two models to demand, productiv-

ity, and markup shocks. The basic qualitative effects of the shocks are similar in

the two models, but differences in the quantitative responses highlight the direct

impact of labor income on aggregate demand in the EXTANK.

The model converges to Erceg, Henderson, and Levin (2000) when n = 0

(RANK model). To understand how the EXTANK model alters the dynamics,

Figures (1.1)-(1.4) display the impulse responses to one standard deviations in-

novations to each of the model shocks. In each figure, the dashed blue line cor-

responds to the RANK model, while the continuous red one corresponds to the

EXTANK version of the model.

Figure (1.1) displays the response to a negative demand shock. This is equiv-
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Figure 1.2: Responses to a productivity shock

alent to a positive monetary policy shock to the nominal interest rate, and the

basic transmission mechanism is the same in both models, with the output gap,

price inflation, and wage inflation all declining. Lower hours demand also re-

duces real wages, causing a contraction in wage inflation. EXTANK and RANK

responses are qualitatively equivalent. However, the EXTANK model displays

a slightly more pronounced response in price/wage inflation, as seen subfigures

(1.1b)-(1.1c). The degree of risk sharing among restricted households has negligi-

ble effects on aggregate dynamics.18

Responses to a positive productivity shock display more pronounce differences

in the two models, as shown in Figure (1.2). Under the Taylor rule, the real interest

rate does not decline sufficiently to boost aggregate demand in line with the rise

in the efficient level of output, leading to a negative output gap. The associate
18Recall that χ affects aggregate dynamics only through the parameter ξr in the slope of

the wage inflation equation for restricted households. While heterogeneity does not appreciably
affect the dynamic responses of the output gap and inflation to demand shocks, the following
section shows that consumption inequality and wage inequality is affected, and this will have
implications for welfare.
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Figure 1.3: Responses to a price markup shock

decrease in labor demand reduces hours and real wages. This directly impacts

spending by restricted households, whose demand is driven by labor income, and

accounts for the large decrease in the output in the EXTANK model as compared

to the RANK model. The large decline in the output gap, combined with the

inertial adjustment of the average real wage when both wages and prices are

sticky, accounts for the greater output gap inertia displayed by the EXTANK

model, leading in turn to larger declines in both wage inflation and price inflation.

Figure (1.3) illustrates the responses to a positive price-markup shock. This

shock increases firms’ real marginal costs, pushing up inflation. Under the Taylor

rule, the central bank increases the interest rate to offset the rise in inflation,

leading to a fall in output gap. Because the interest rate affects all households in

the RANK model while only unrestricted households in the EXTANK model, the

immediate decline in the output gap is larger in the RANK model.

Finally, Figure (1.4) shows the responses to a wage markup shock. Responses

are qualitatively similar in the two models. The wage markup shock directly con-
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Figure 1.4: Responses to a wage markup shock

tributes to a rise in wage inflation and, by increasing marginal costs faced by firm,

causes a rise in price inflation. The decline in the output gap as monetary policy

reacts to the rise in inflation reduces labor hours, and this reduces consumption

of restricted households, contributing to a large decline in the output gap in the

EXTANK model relative to the RANK model.

1.3.3 Dynamics under different degrees of wage flexibility

We will focus now on the effects of wage flexibility in the EXTANK model

dynamics. Figures (1.5)-(1.8) displays the impulse responses to the shocks in the

model with difference values of the Calvo parameter for wage adjustments φw.

Dashed lines in the figures represent the responses when restricted households

cannot share consumption risk (χ = 1) while the continuous line correspond to

the case of perfect risk sharing (χ = 0). In the latter case, the EXTANK model

reduces to a standard TANK model. In each figure, the blue lines corresponds to

32



5 10 15 20

-1

-0.5

0

(a) Output gap
5 10 15 20

-0.1

-0.05

0

(b) Price inflation
5 10 15 20

-0.3

-0.2

-0.1

0

φw = 0.75

φw = 0.55

φw = 0.95

(c) Wage inflation

5 10 15 20

0

0.2

0.4

(d) Cons. inequality
5 10 15 20

0

5

10

15

20
×10

-3

(e) Wage inequality
5 10 15 20

-0.15

-0.1

-0.05

0

(f) Interest rate

Figure 1.5: Responses to a demand shock

the benchmark case of wage stickiness (φw = 0.75), while red lines correspond to a

more flexible wages (φw = 0.55) and yellow lines to more rigid wages (φw = 0.95).

Monetary policy continues to be described by the simply rule given by (1.21).

Thus, the blue lines in the figures correspond to the responses shown in Figures

(1.1)-(1.4).

For the case of demand shocks, Figure (1.5) shows that greater wage flexibility

is stabilizing, leading to a smaller drop in the output gap, though the impact

effects are similar across all three values of φw (see Subfigures 1.5a-1.5c). The

primary differences show up in the responses of wage and price inflation, where

greater wage flexibility produces very large increases in the volatility of both wage

inflation and price inflation. More interesting are the results in Figures 1.5d and

1.5e, showing, respectively, consumption inequality as measured by ĉut − ĉrt and

wage inequality, measured by ω̂ut − ω̂rt . The impulse responses relative consump-

tion for the benchmark degree of wage rigidity (φw = 0.75) are consistent with

the effects of contractionary monetary policy on low-net worth and high-net worth
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households reported by Coibion, Gorodnichenko, Kueng, and Silvia (2017). Their

results imply that a monetary contraction eventually leads to a sustained rise a

sustained rise in the relative consumption of high-net worth households.19 Con-

versely, a monetary expansion raises consumption of all households, but restricted

households whose consumption is linked directly to their labor income see the

largest gain in consumption. The impact on relative consumption is even larger

when wages are more flexible (the red line). When wages are very rigid, however,

the effect on consumption inequality is reverse. Conditional on output, aggre-

gate hours are independent of wages, so greater wage rigidity leads to a smaller

decline in wage inflation (with φw = 0.95, wage inflation is essentially zero) and

labor income. As a consequence, the fall in output is associated primarily with a

fall in profit income relative to wage income and the consumption of unrestricted

households falls relative to that of restricted households.

The response of relative wages, ω̂ut − ω̂rt , is affected by the degree of wage

flexibility and by the extent to which restricted households are able to pool id-

iosyncratic labor income risk. Consider first the impact of wage rigidity on wage

inequality when restricted households are able to completely pool labor income

risk (χ = 0, shown by the solid lines) so that the EXTANK model reduces to a

standard TANK model. A contraction in aggregate demand leads to a fall in the

wages of restricted households relative to unrestricted households (ω̂ut − ω̂rt rises)

reflecting the fact that the greater fall in consumption of restricted households

leads them to decrease their wages to increase hours worked. This effect increases

with greater wage flexibility, reflecting the greater fall in labor income and con-

sumption of restricted households on their desired labor supply. When wages are

more rigidity, as shown by the yellow line, the relative rise in restricted house-

holds’ consumption is reversed, muting the response of labor supply on the part
19See their figure 8, p. 86.
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Figure 1.6: Responses to a productivity shock

of these households. As a result, their wages rise relative to those of unrestricted

households.

As Figure 1.5e shows, the movement of relative wages is the only set of impulse

response that is affected by the degree of risk sharing along restricted households.

When χ = 1 and each restricted household bears completely any idiosyncratic

labor income risk, IRFs are shown by the dashed lines. For the three values of φw,

the dashed lines lie above the solid lines, indicating that the lack of risk sharing

lowers the wages of restricted households relative to unrestricted households, that

is, the lack of risk sharing tends to move wage inequality in favor of unrestricted

households. The effects again operate through differences in the labor supply

responses of the different household types.

Figure (1.6) displays the responses to a positive productivity shock. These

responses follow a similar pattern with respect to wage flexibility as those to

a demand shock. As output cannot match the increase in flexible price/wage

output, the output gap, together with price and wage inflation, will fall (see
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Subfigures 1.6a-1.6c, 1.6f). Similar to the responses to a demand shock, when

wages are more flexible, the output gap is less responsive while price and wage

inflation respond more. In contrast to the case of a demand shock, however,

variations in wage flexibility have little impact on the degree of consumption

inequality. This is despite the fact the relative average wage across household

types is much more volatile with great wage flexibility. Given the log specification

for the utility of consumption, hours are constant when wages and prices are

flexible. Consequently, the decline in the output gap in response to a positive

productivity shock implies a decline in total hours. Because the consumption of

restricted households is tied directly to their labor income, the optimal reset wage

for adjusting restricted households falls more than is the case for unrestricted

households as restricted households attempt to smooth consumption by increasing

hours. However, the movement of relative consumption across household types is

little affected by the degree of wage flexibility; in all cases a positive productivity

shock increases the consumption of unrestricted households relative to restricted

households. The response of restricted households’ wages dominate the dynamics

of aggregated wages, yielding a more negative wage inflation when wages are more

flexible.

The effects of a positive price markup shock are shown in Figure (1.7). Vari-

ations in the degree of wage flexibility primarily affect IRFs for wage inflation,

consumption inequality and wage inequality. Not surprisingly, wage inflation falls

much more when wages are more flexible. So does consumption inequality, with

price markup shocks leading to a sustained rise in the wages and consumption

of unrestricted households relative to restricted households, as seen in subfigures

1.7d and 1.7e. The fall in the output gap exacerbates the fall in the consumption

of restricted households relative to unrestricted households when wages are more
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Figure 1.7: Responses to a price markup shock

flexible. Wages of restricted households fall more than those of unrestricted house-

holds, shifting labor demand towards restricted households. This relative increase

in hours for restricted households helps reduce the decline in their consumption,

leading to a smaller decline in the output gap when wages are flexible.

Figure (1.8) shows the effects of a positive wage markup shock. The shock

increases wages for both household types, raising firm’s marginal costs and price

inflation. These effects are increasing in the degree of wage flexibility. The mone-

tary policy response to the rise in inflation produces a fall in the output gap. The

positive impact on inflation and the negative effect on the output gap are large

when wages are relatively flexible (φw = 0.55) and close to zero when wages are

very sticky (φw = 0.95).

Notice that as inflation shows a higher increment under more flexible wages,

the rise in nominal interest rate will be larger under more flexible prices. The

central bank reaction leads to a fall in the output gap, which is larger when

wages are more flexible. As the nominal interest rate affects demand through
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Figure 1.8: Responses to a wage markup shock

unrestricted households, consumption inequality will be more negative if wages are

more flexible (in Figure (1.8d), cut < crt ). Notice that in terms of wage inequality,

if the degree of wages stickiness is high enough, the average wage of restricted

households rises relative to the average wage of unrestricted households (1.8e).

The effects of shocks in new Keynesian models are often evaluated using an

ad hoc loss function that depends on inflation and output gap volatility. From

the perspective of such a loss function, the effects of wage flexibility clearly de-

pend on the source of economic fluctuations. Increases in wage flexibility reduce

inflation volatility in the face of price markup shocks but increase it in response

to demand, productivity, and wage markup shocks. Increases in wage flexibility

dampen output gap fluctuations in the face of demand, productivity, and price

markup shocks but increase them in reaction to wage markup shocks. Even if

attention is restricted to a standard ad hoc loss function, no general conclusions

on the costs and benefits of greater wage flexibility can be drawn, absent further

information on the trade-off between output gap volatility and inflation volatility.
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And the results will be dependent on the particular specification of the policy

instrument rule given by (1.21) that we employ.

In addition, as the previous section showed, the aggregate dynamics of the

EXTANK model are qualitatively similar to those in a RANK model if the focus

is limited to the behavior of the output gap and inflation. However, as Figures

(1.5)-(1.8) illustrate, the EXTANK highlight the distributional impact of these

aggregate shocks in generating movements of consumption and wage inequality

across household types. Fluctuations in ĉut − ĉrt and ω̂ut − ω̂rt will generate welfare

effects that most also be evaluated in assessing the full implications of nominal

wage flexibility.

To address these issues, in the next section we derive the model-consistent

quadratic approximation to social welfare and expand the policies we consider to

include optimal discretion and optimal commitment policies.

1.4 Welfare and optimal policy

The model contains several types of distortions that generate inefficiencies.

These arise from imperfect competition in both goods and labor markets, nom-

inal rigidities affecting both prices and wages, incomplete risk sharing between

restricted and unrestricted households, and incomplete risk sharing among re-

stricted households. We derive the second-order approximation to social welfare

in the model, where social welfare is defined as the expected present discounted

value of the sum across all households of individual household utility. Debortoli

and Galí (2017) also derive an approximation to welfare in a TANK model under

the assumption of flexible wages and complete consumption risk sharing within

each household type. In our extended TANK model, the incorporation of sticky

wages and the cross-sectional dispersion of consumption among restricted house-
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holds will affect the appropriate objectives to be pursued by monetary policy.

Define social welfare V as the expected present discounted sum of welfare:

Vt = Et

∞∑
i=0

βi
∫ n

0

νt+i
(
Cr
t+i(s)

)1−σ

1− σ + νt+i

(
Cu
t+i(s)

)1−σ

1− σ + νt+i
γHt+i(s)1+η

1 + η

 ds.

(1.33)

Appendix (A.3) shows that the second order approximation to welfare around an

efficient steady state is given by

Vt ≈ V̄− 1
2C

1−σ
ss

θp
κp

∞∑
i=0

βiLt+i + tip., (1.34)

where V̄ is steady-state welfare, tip represents terms independent of policy, and

the period loss function is

Lt =π2
t + λx(xet )2 + λuπ,w(πu,wt )2 +

(
λ1,r
π,w + λ2,r

π,w

)
(πr,wt )2

+ λc(ĉut − ĉrt )2 + λw(ŵut − ŵrt )2.
(1.35)

The weights in (1.35) are given by

λx ≡
a+ η + σ(1− a)

1− a
κp
θp

λuπ,w ≡(1− n)(1− a)θw
θp

κp
κuw

λ1,r
π,w ≡

n

1− nλ
u
π,w

λ2,r
π,w ≡nχ2 σ(ψθw)2

(1 + ξr)θp
κp
κrw

λc ≡n(1− n)σκp
θp

λw ≡n(1− n)(1− a)θw(1 + ξu)κp
θp

(1.36)
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(a) φw : 0→ 1, n = 0 (b) φw : 0→ 1, n = 0.5 (c) χ : 0→ 1

Figure 1.9: Normalized weight in the loss function

Notice that when n = 0 (i.e., a RANK model), only λx and λuπ,w are different from

zero and they are identical to the weights derived in Erceg, Henderson, and Levin

(2000). The weight on the variability of wage inflation for restricted households

λ1,r
π,w + λ2,r

π,w, on wage inequality λω and consumption inequality λc are specific to

the EXTANK version of the model and they are positive if n > 0. Notice that the

weights on inequalities become zero in the two limit cases n = 1 or n = 0. The

coefficient χ ∈ [0, 1] measures the degree of consumption risk sharing of among

restricted households. If χ = 0 (i.e., perfect risk sharing), λ2,r
π,w = 0; hence, λ2,r

π,w

accounts for the extra welfare loss arising from imperfect risk sharing within the

family of restricted households. Since imperfect risk sharing creates consumption

dispersion among restricted households only because of the rigidity of wages, the

welfare loss it generates increases the weight that should be placed on stabilizing

wage inflation.

Figure (1.9) provides a visualization of the relative importance of the weights

in (1.36) as the degree of wage stickiness and the degree of consumption risk

sharing among restricted households varies. In each panel, the welfare weights are

normalizing to sum to one. Subfigure (1.9a) displays the relative weights for a

RANK model (i.e., n = 0) at different degrees of wage stickiness (φw from 0 to 1

in the horizontal axis). It is noticeable that the relative weights on the variation of

price and wage inflation are the most important weights (as in Erceg, Henderson,
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and Levin (2000)). It also worth noticing that the relative weight on variation of

wage inflation becomes more relevant as the degree of wage stickiness increases.

Consistent with well-known results in RANK models, the weight on output gap

fluctuations is very small, such that it is difficult to even see it in the figure.

Subfigure (1.9b) is the EXTANK version of Subfigure (1.9a), i.e., with n = 0.5.

Similar to the RANK model, variations of price/wage inflation account for most

of the relative weight when calculating welfare loss. The relative weight on wage

inflation can be decomposed into the weight corresponding to wage inflation for

unrestricted households (green) and for restricted households (orange and yellow);

for the latter, the yellow area is the weight arising from cross-sectional consump-

tion dispersion due to imperfect risk sharing. These weights rise as the degree

of wage stickiness increases. It worth noting that the weights on wage inequality

(cyan) and on imperfect risk sharing (yellow) are small but larger that the weight

on output-gap.

In Subfigure (1.9c) the relative weight are displayed for the benchmark cal-

ibration (i.e., n = 0.5 and φw = 0.75) but for different degrees of risk sharing

among restricted households (i.e., from perfect risk sharing χ = 0 to imperfect

risk sharing χ = 1 in the horizontal axis). The weight on the component linked

to imperfect risk sharing (yellow) increases in size as χ increases. For χ = 1, this

relative weight is larger than the weights on output gap and consumption/wage

inequality, but it remains small in comparison to the weights on either price or

wage inflation.

1.4.1 Contribution to welfare loss

To understand the welfare consequences of variations in wage stickiness, we

first report how the contributions of the difference components of the loss function
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Figure 1.10: Decomposition of welfare loss under a demand shock.

vary with the Calvo wage parameter for each of the individual shocks treated in

isolation. We then show results in the presence all four shocks.

Figures (1.10–1.14) display the composition of welfare loss under different de-

grees of wage stickiness and different assumptions regarding monetary policy (Tay-

lor rule, optimal discretion and optimal commitment). Welfare loss is calculated

as percentage of steady-state consumption. All figures are obtained with the

benchmark calibration, specifically with n = 0.5 and χ = 1, while wage stickiness

(φw) ranges between 0.15 and 0.99.

The sources of welfare loss due to demand shocks are shown in Figure (1.10).

Only results under the Taylor rule (1.21) are shown, because optimal policy can

completely offset fluctuations due to demand shocks. Overall welfare is strictly

decreasing as wages become more rigid, and as the figure illustrates, components of

loss fall as wage stickiness increases. It is also noticeable that the loss associated

with price inflation is the most important component for most of the range of

values for φw. The gains from higher wage stickiness are explained by the greater

stability obtained by both inflation rates when responding to demand shocks (see

Figure (1.5)).

Figure (1.11) shows the welfare loss under a productivity shock. Under a Tay-

lor rule (Subfigure (1.11a)), welfare loss falls as wage rigidity increases because

stickier wages stabilize both inflation rates, and this more than compensates for
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Figure 1.11: Decomposition of welfare loss under a productivity shock.

the increase in the variability of the output gap (see Figure (1.6)). Because prices

and wages are both sticky, the central bank will be unable to neutralize the wel-

fare effects generated by productivity shocks. However, under optimal policies,

whether discretion or commitment, welfare loss is remarkably small when com-

pared to the loss under a Taylor rule (compare units in Subfigures (1.11b) and

(1.11c) against units in Subfigures (1.11b)). Under both optimal discretion and

commitment policies, the main welfare losses are due to price inflation variabil-

ity and consumption inequality. In stark contrast to outcomes under a Taylor

rule, losses under both optimal policies increase with greater wage rigidity. It is

also worth noting that the optimal commitment regime does improve welfare, but

the outcome is only slightly better than the one under optimal discretion (see

Subfigure (1.11d).

Welfare loss due to price markup shocks can be seen in Figure (1.12). Consis-

tent with the literature, losses because of price inflation are the most important

component of the welfare loss generated by price markup shocks. It is remarkable
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Figure 1.12: Decomposition of welfare loss under a price markup shock.

that units of welfare loss under optimal policy (Subfigures (1.12b) and (1.12c))

are comparable to the units under a Taylor rule (Subfigure (1.12a)). In fact, for

some degrees of wage stickiness, the sub-optimal Taylor rule outperforms optimal

discretion (see Subfigure (1.12d)).

The losses associated with wage markup shocks are shown in Figure (1.13).

Welfare loss under a Taylor rule is generally decreasing with wage rigidity; how-

ever, there is a spike around the benchmark calibration (i.e., φw = 0.75). This

spike is more noticeable under optimal discretion (Subfigure (1.13b)). The spike

is not present under optimal commitment (Subfigure (1.13c)). It is worth noting

that the outcome under the sub-optimal Taylor rule is slightly better than the

outcome under optimal discretion for values of φw larger than 0.8 (See Subfig-

ure (1.13d)). Under commitment, two outcomes are remarkable. First, extreme

wage stickiness returns higher welfare (a lower loss). That is, greater wage flex-

ibility increases the welfare loss associated with wage markup shocks, a result

that is not surprising, given the effect of wage stickiness on the IRFs shown in
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Figure 1.13: Decomposition of welfare loss under a wage markup shock.

figure (1.8). Second, under optimal commitment, the welfare loss caused by wage

markup shocks is almost entirely due to the volatility of consumption inequality

between unrestricted and restricted households.

Finally, we assess the welfare losses that occur when all shocks are present.

Results for this case are shown in Figure (1.14). Under a Taylor rule, Subfigure

(1.14a) reflects the pattern seen in Figure (1.10) for demand shocks, or shocks that

do not generate any welfare loss under either optimal discretion or commitment.

Welfare is generally increasing as wage stickiness increases under the Taylor rule,

while the opposite is the case under optimal commitment.20 In the face of all

shocks, the results under optimal discretion are driven largely by the two markup

shocks, and loss is increasing as wage stickiness increases from low levels, reaches a

peak, and then declines for high degrees of wage stickiness. Under both discretion

and commitment, losses due to price inflation volatility are the largest source of
20Loss does decline slightly under optimal commitment at very high degrees of wage stickiness.
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Figure 1.14: Decomposition of welfare loss under all shocks.

loss for most values of φw. Under discretion, loss arising from the volatility of

wage inflation are large at the benchmark calibration of φw = 0.75, while under

commitment, it is consumption inequality, and not wage inflation, that makes a

large contribution to total loss. It is also noticeable that for high level of wage

stickiness, the outcome under optimal discretion is just slightly better than the

outcome under the Taylor rule (see Subfigure (1.14d)); this is primarily explained

by the two markup shocks.

1.5 Summary and conclusions

We have extended a basic two-agent new Keynesian model to allow for a

cross-section dispersion of consumption among restricted (i.e., hand-to-mouth)

households and differences in average consumption and wage levels between unre-

stricted and restricted households. By varying the share of restricted households
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in the population and the ability of restricted households to share idiosyncractic

labor income risk, our model nests the standard representative new Keynesian

(RANK) model with sticky prices and wages, as well as the standard two-agent

new Keynesian (TANK) model in which all restricted households have the same

consumption and labor income.

In comparing the aggregate effects of demand, productivity, and markup shocks

under a Taylor rule with a RANK model, the chief differences appear in the im-

plied responses to productivity shocks. Because interest rates directly affect the

spending of unrestricted households, the response of the nominal interest rate is

not sufficient to prevent a negative output gap from arising in the face of a positive

productivity shock. The accompanying decline in labor income among restricted

households exacerbates the decline in demand, leading to a sharper fall the output

gap than predicted by the RANK model.

We find that increases in nominal flexibility lead to somewhat smaller output

gap responses and larger inflation responses to all shocks, with the exception of

wage markup shocks, in which case greater wage flexibility increases both output

gap volatility and inflation volatility. Perhaps more interesting, variations in wage

rigidity can have large effects on consumption and wage inequality. For example,

the model implies a negative demand shock (equivalent to contractionary mone-

tary policy shock), leads to a large increase in the consumption and average wage

of unrestricted households relative to restricted households, while a positive pro-

ductivity shock causes the average wage of unrestricted households to rise relative

to the average wage of restrictive households, and this effect is larger when wages

are more flexible. These results are robust to the assumption of incomplete risk

sharing among restricted households. In terms of the model dynamics and relative

to the case of complete risk sharing, the inability to pool income only amplifies
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the responses of the measures of consumption and wage inequality, while the dy-

namics of other aggregated variables remain unchanged. Incomplete risk sharing;

however, is becomes more important when evaluating welfare.

To assess the welfare consequences of wage flexibility, we derive a quadratic ap-

proximation to social welfare, defined as the expected present discounted value of

the sum of individual household utility. If restricted and unrestricted households

have identical preferences over consumption and hours, a quadratic approximation

to welfare can be obtained and it is comparable to loss functions in traditional

new Keynesian models. We show that, relative to a standard RANK model, the

EXTANK model implies (1) more weight should be placed on stabilizing wage

inflation if restricted households are unable to fully insure against idiosyncratic

labor income risk; (2) the volatility of the difference between the consumption

of unrestricted and restricted households appears in the loss function; and (3)

the volatility of the difference in average real wages of unrestricted and restricted

households appears in the loss function. By calibrating model shocks to the es-

timates in Smets and Wouters (2007), we show how welfare loss and its sources

varies with wage flexibility in the face of demand, productivity, and price and wage

markup shocks under the Taylor rule, optimal discretion and Ramsey policies. The

sources of welfare loss are affected by the way monetary policy is conducted. In

gerenal, our results are consistent with those of Galí (2013) and Debortoli and

Galí (2017): the implications of wage flexibility depend on assumptions about

monetary policy and the within group consumption dispersion contributes little

to aggregate welfare losses. Under the Taylor rule, welfare loss is minimized if

wages are very rigid, while loss is minimized under the Ramsey policy is wages

are very flexible. Under the optimal discretionary policy, loss is lowest with ei-

ther very flexible or very rigid wages, while loss is maximized for a degree of wage
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rigidity that is commonly used in calibrated versions of stocky prices, sticky wages

new Keynesian model.

The sources of welfare loss varies importantly with the assumption about mon-

etary policy. While variability in price inflation is typically a major source of loss

under either optimal discretion or commitment polices, volatility in the output

gap and in consumption inequality become large when wages become more flexi-

ble, highlighting the role heterogeneity can play in evaluating the overall welfare

cots of economic fluctuations in the presence of nominal rigidities.
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Chapter 2

TANK meets ELB: Gains From

Wage Flexibility

- with Carl Walsh -

2.1 Introduction

There is a widespread belief that wage flexibility is a desirable feature for an

economy. As Hall (2005) and Shimer (2005, 2012) discuss, wage flexibility acts as

a macroeconomic stabilizer because it potentially offsets to some degree, the un-

desirable effects of adverse shocks. Conversely, wage rigidity tends to amplify the

negative effects of these shocks and, as Blanchard and Galí (2007, 2010) explain,

it also magnifies policy trade-offs leading to higher welfare costs.

However, in models where demand plays a more relevant role, macroeconomic

stability depends more on the management of aggregated demand than wage flex-

ibility. This idea was discussed in Keynes (1936) General Theory. More recently,

Galí (2013) and Galí and Monacelli (2016), in a New Keynesian (NK) frame-

51



work, argued that gains from wage flexibility are strongly tied to the behavior of

monetary policy. Precisely, if the Central Bank (CB) follows a rule that calls for

aggressive responses to inflation (or if optimal policy with commitment can be

implemented), increased wage flexibility tends to improve welfare. In contrast, if

the response to inflation is weak or limited, the benefits from increased wage flex-

ibility (such as a more stable output gap) will be small compared to the welfare

losses from increased volatility of price and wage inflation.

Another related branch in the NK literature introduces ‘rule-of-thumb’ house-

holds. Such households were introduced with the spirit of matching empirical

estimates of fiscal multipliers. For instance, Amato and Laubach (2003) and Gali,

Gertler, and Lopez-Salido (2007) show that one method of improving the size

of fiscal multipliers embedded into the NK model is to introduce agents whose

consumption is directly determined by their income (hand-to-mouth households).

In a later work, Kaplan, Moll, and Violante (2015) explain that the benefits of

adding this type of restricted household to a model goes beyond gaining accuracy

regarding fiscal policy–it also improves the model’s ability to explain monetary

phenomena. Specifically, Kaplan, Moll, and Violante (2015) show evidence sug-

gesting that traditional NK models understate the relevancy of the indirect de-

mand channel for the monetary transmission mechanism; this problem is overcome

if hand-to-mouth households are added the model.

In this paper, we investigate the extent to which high wage flexibility affects

economic stability and welfare if monetary policy is occasionally restricted by the

effective lower bound (ELB). To do this, we extend the representative agent new

Keynesian (RANK) model in Erceg, Henderson, and Levin (2000) to a two-agent

new Keynesian (TANK) model and approximate the nonlinear solution when the

policy rule is truncated at the ELB. In our model, unrestricted families (the rep-
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resentative agent in Erceg, Henderson, and Levin (2000)) coexist with restricted

households (hand-to-mouth as in Gali, Gertler, and Lopez-Salido (2007)). Both

families supply labor, but only unrestricted households can access financial mar-

kets and benefit from firms’ profits. As a result, restricted households consume

only their labor income, thus, providing a more central role to the dynamics of

aggregated demand. Besides, the ELB acts as a natural limitation in the CB’s

ability to manage the cycle, yielding a model that is particularly susceptible to

the volatility of price and wage inflation.

The paper makes three contributions to the literature. First, we build a

tractable, yet relevant, model. Its relevance derives from the introduction of

some degree of heterogeneity among agents, yielding a more precise description

of the effects and limitations of monetary policy. In this line, Ravn and Sterk

(2016) shows that a TANK model, like the one in this paper, can capture some

of the main highlights of a full HANK model, as in Kaplan, Violante, and Wei-

dner (2014) and Kaplan, Moll, and Violante (2015), but in a more parsimonious

set-up. The model was built to maintain tractability while remaining consistent

with traditional linearized TANK models.1

Second, we approximate the model’s full non-linear solution, which is uncom-

mon in the ELB literature. Specifically, we follow Fernández-Villaverde, Gordon,

and Guerrón-Quintana (2012) and implement the Smolyak algorithm to approx-

imate the global solution. One advantage of having the non-linear solution is its

superior accuracy relative to any local lineal solution method.2 But, perhaps the
1For instance, price and wage rigidity is modeled with adjustment cost à la Rotemberg (1982),

yielding a nonlinear system with only two endogenous state variables. If, instead, we followed the
more conventional sticky-price, sticky-wage setting à la Calvo (1983), the equivalent non-linear
system would have at least three more endogenous state variables.

2Levintal (2018) evaluates accuracy in the NK framework, although not for the ELB. He
shows that in models with long-run risk and recursive preferences, the Smolyak algorithm pro-
vides more accurate solutions when compared against perturbation solution of orders one to
five.
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most important benefit of the non-linear solution is that it allows us to keep the

entry to, duration of, and exit from the ELB as endogenous events. Hence, we can

numerically approximate the likelihood of such events and the effects of having

restricted households or highly flexible wages.

Third, we use an explicit approximation of the solution for welfare loss, which is

useful for evaluating the effects of having either more flexible wages or restricted

households in the economy. There are two common approaches to measuring

welfare loss in a DSGE model. The first is a second-order approximation to

welfare, examples within the TANK framework are Colciago (2011), Walsh (2014),

Debortoli, Kim, Linde, and Nunes (2017), and chapter one of this dissertation.3

The second is, when the second-order approximation is not feasible, by calculating

the additional units of consumption required to equate the unconditional expected

welfare to its value at the steady-state, as in Galí and Monacelli (2016). The

approach taken here represents a novel, easy-to-implement alternative that has

the advantage of inheriting the accurate properties of the global solution.

When linearized, our model is similar to Colciago (2011), which is a TANK

sticky-price, sticky-wage model with perfect risk-sharing of consumption and where

all agents supply labor.4 The two types of households in our model behave as two

big families in Ortigueira and Siassi (2013) with intra-family transfers to hedge

fully against idiosyncratic labor income risk.5 Consequently, our model lacks the

cross sectional dispersion of labor income that is the focus in the first chapter of

this dissertation. Our model embeds standard TANK features, such as having a
3For more traditional presentations of second-order approximation in RANK models, see

Woodford (2003), Galí (2015), and Walsh (2017a)
4Examples with a sharper differentiation between restricted and unrestricted households are

Walsh (2017c) and Broer, Krusell, Hansen, and Oberg (2016). In those papers, only restricted
households (or workers) supply labor while unrestricted households (or capitalist) consume only
firms’ profits.

5Similar assumptions are implicitly taken in Christiano, Eichenbaum, and Evans (1999) and
Smets and Wouters (2007).
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response to income distribution in the aggregated Euler equation, as in Amato

and Laubach (2003), Galí, López-Salido, and Vallés (2007), Colciago (2011) and

Debortoli and Galí (2017). Unlike these traditional models, the aggregated wage

Phillip curve responds to the distribution of labor income as in the first chapter of

this dissertation. This effect is absent in Colciago (2011) who assumed all agents

provide all types of labor, receiving the same labor income regardless of the group

to which they belong. However, in this and in the first chapter of this disser-

tation, individuals set wages based in their marginal rate of substitution; hence,

the aggregate will display systematic differences between wages of restricted and

unrestricted households.

Given our interest in understanding the dynamics under ELB, our model is

closely related to Billi and Galí (2018).6 Employing a RANK framework, Billi

and Galí (2018) assume a linear approximation in either regime (ELB or normal

times) provides an adequate approximation of the model’s dynamics.7 This as-

sumption yields tractability to the extent that they can easily evaluate optimal

policy under commitment. However, this approach has limitations when inferring

the likelihood and duration of ELB instances. As shown in Fernández-Villaverde,

Gordon, and Guerrón-Quintana (2012), accounting for a full non-linear solution

allow us to calculate relatively accurate measures related to the frequency of the

ELB. Unlike Billi and Galí (2018), we focus on a TANK model where monetary

policy is conducted through a Taylor rule, thus we provide a more central role to

direct demand channels and do not investigate optimal policy. However, we calcu-
6Our paper is also related to recent contributions to ELB literature along different dimen-

sions, including: optimal monetary policy (e.g., Jung, Teranishi, and Watanabe (2005), Adam
and Billi (2007), Nakata (2016)), forward guidance (e.g., Eggertsson and Woodford (2003)),
multiple steady states (e.g. Benhabib, Schmitt-Grohé, and Uribe (2001, 2002), Mertens and
Ravn (2014), Nakata (2017)), fiscal policy effectiveness (Christiano, Eichenbaum, and Rebelo
(2011),Eggertsson (2011)), among others.

7Specifically, their solution method is equivalent to a two-regime first-order perturbation,
where one of the regimes corresponds to the ELB.
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late the non-linear solution of the model and get relatively accurate calculations

for the effects of wage flexibility in all likelihoods related to the ELB’s frequency.

From this exercise, we find that higher wage flexibility increases the likelihood

and duration of the ELB, yielding larger welfare costs. This suggests that welfare

loss could be understated in Billi and Galí (2018).

The rest of the paper is organized as follows. Details of the model are displayed

in section (2.2). The solution method is presented and discussed in Section (2.3).

In Section (2.4), we present the calibration of the model. In Section (2.5), we

perform the quantitative analysis related to: (i) dynamic properties, (ii) steady-

state, and (iii) likelihoods related to the ELB’s frequency. Finally, we summarize

and present our conclusions in Section (2.6).

2.2 A non-linear TANK

The economy is composed of two household types (restricted and unrestricted),

final goods-producing firms, a labor packer, a central bank (CB), and a fiscal

authority. Restricted households are equivalent to non-Ricardian households in

Galí, López-Salido, and Vallés (2007) or hand-to-mouth households in Colciago

(2011)—that is, they do not benefit from firms profits nor have access to financial

markets; hence, they fund their consumption through labor income.

Unrestricted households own all firms and smooth consumption by purchasing

bonds in financial markets. Both household types face costs of adjusting wages

à la Rotemberg (1982), which induces inefficient variations of wage inflation. A

natural by-product of the Rotemberg wage setting is that, within type, households

completely share idiosyncratic consumption risk. This is equivalent to assuming

there are two families (restricted and unrestricted) that pool labor income and,

hence, achieve the same level of consumption within family.
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Final goods-producing firms are standard in the NK literature. They face a

price adjustment cost à la Rotemberg (1982) and a common productivity shock.

Firms hire homogeneous units of labor from a centralized labor market where

labor is supplied to them by labor packers. Labor packers build composite units

of labor by aggregating individual units of labor provided by restricted and un-

restricted households. Among the economy’s three markets, only the financial

market is competitive while the labor and final goods market are characterized by

monopolistic competition.

As in Fernández-Villaverde, Gordon, and Guerrón-Quintana (2012), the CB

implements policy through a Taylor rule truncated by the ELB. Finally, the gov-

ernment implements fiscal policy aimed at maximizing aggregated welfare at the

deterministic steady-state and to eliminating the inefficiencies caused by imperfect

competition (as in Debortoli and Galí (2017)).

We are interested in studying the model’s dynamics when the ELB is occasion-

ally binding. Therefore, we implement only two exogenous shocks: productivity

and households’ impatience shocks. We abstract from markup shocks (wages or

prices), as it is generally believed that they cannot trigger an ELB regime.

2.2.1 Households

There is a one-unit measure of households indexed by s ∈ [0, 1], where house-

hold s is restricted (i.e., of type `(s) = r) if s ∈ [0, n], or unrestricted (i.e., of type

`(s) = u) if s ∈ (n, 1]. We also assume that households have identical preferences

and face the same aggregated shocks. Household s welfare is given by

Et
∞∑
i=0

 t+i∏
j=t+1

βj

C`(s)
t+i (s)1−σ

1− σ + γ
H
`(s)
t+i (s)1+η

1 + η

 , (2.1)
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where C`(s)(s) and H`(s)(s) are consumption and hours of household s of type

`(s). Following Fernández-Villaverde, Gordon, and Guerrón-Quintana (2012), we

assume the discount factor is exogenous and time-varying. The stochastic process

followed by the impatience factor is

βt = β1−ρbβρbt−1 exp (σbεb,t) . (2.2)

As in Rotemberg (1982), it is assumed that households will expend resources in

updating wages if necessary. It is standard to assume the adjustment cost (in units

of aggregated labor) is quadratic; hence, the total and marginal wage adjustment

costs are

Aw,t(s) = φrotw
2

Πt

Π̄
W

`(s)
t (s)

W
`(s)
t−1 (s)

− 1
2

and A′w,t(s) = φrotw

Πt

Π̄
W

`(s)
t (s)

W
`(s)
t−1 (s)

− 1
 ,

respectively. Variables, Π and W `(s)(s) are the inflation rate and the wage set

by household s of type `(s). Notice it is assumed there is complete indexation

to the inflation target Π̄. To have an equivalence to the relatively more standard

price setting à la Calvo (1983), the Rotemberg coefficient φrotw should be defined

as follows:

φrotw ≡
φcalw (1 + ηθw)θwWss

(1− φcalw )(1− φcalw β) , (2.3)

where φcalw is the Calvo coefficient that represents the likelihood of not being able

to update prices at any period, θw is the labor demand elasticity as in Dixit and

Stiglitz (1977), and Wss is the non-stochastic steady-state value of aggregated

wages.
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The budget constraint of restricted household s is

Cr
t (s) + T rt = (1 + τw)W r

t (s)Hr
t (s)−Aw,t(s)Ht +M r

t (s).

That is, restricted household s finances consumption and lump-sum taxes with la-

bor incomeW r(s)Hr(s) after the payroll subsidy τw and after discounting the cost

of updating wagesAw(s)H. Restricted households trade contingent assets between

members of the restricted groupM r(s), allowing them to share risk regarding con-

sumption. This asset-holding nets out when aggregating:
∫ n
0 M

r
t (s) = 0.

As such, restricted household optimal wage schedule is given by

MRSrt =(θw − 1)(1 + τw)
θw

W r
t

+ 1
θw

(
W r
t

Wt

)θw [
A′wr,t

Πw,r
t

Π̄
− EtSDF r

t,t+1A′wr,t+1
Πw,r
t+1

Π̄
Ht+1

Ht

] (2.4)

where MRSr, SDF r, Πw,r and A′wr are the restricted household values of the

marginal rate of substitution between leisure and consumption, the stochastic

discount factor, wage inflation, and marginal wage adjustment cost, respectively.

In addition, W r and W are wages set by restricted households and aggregated

wages, respectively. These variables are defined as follows

Πw,r
t ≡ Πt

W r
t

W r
t−1

, MRSrt ≡ γ(Hr
t )η(Cr

t )−σ, SDF r
t,t+1 ≡ βt+1

[
Cr
t+1
Cr
t

]−σ

Awr,t ≡
φrotw
2 (Πw,r

t − 1)2 and A′wr,t ≡ φrotw (Πw,r
t − 1) .

Equation (2.4) is the Phillips curve for restricted households’ wages. It yields the

same implicit dynamics as in the Calvo setting: if restricted households expect

future increments of wage inflation, they prefer raising current wages. However,

the mechanism is different. In the Rotemberg setting, the incentive to raise current
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wages is driven by the potential resource saving brought by avoiding a sharp

increase in wages in the future. In the Calvo setting, however, the incentive to

increase current wages is motivated by the chance that the agent will not be able

to adjust wages when required in the future.

On the other hand, the unrestricted households’ budget constraint is given by

Cu
t (s) +Bt+1(s) + T ut =(1 + τw)W u

t (s)Hu
t (s) + Rnom

t−1
Πt

Bt(s)

−Aw,t(s)Ht + Pt −Mu
t (s)

that is, unrestricted household s finance consumption, savings, and lump-sum

taxes with labor income after the payroll subsidy (1+ τw)W u(s)Hu(s), savings re-

turns and firms profits P, discounted by the cost of updating wages Aw(s)H.

Similar to restricted households, unrestricted households trade contingent as-

sets between members of the unrestricted group Mu
t (s), which allows them to

share risk regarding consumption. This asset-holding nets out when aggregating:∫ 1
n M

u
t (s) = 0.

Optimality conditions regarding bond holdings and wage settings are

1 =Rnom
t Et

SDF u
t,t+1

Πt+1
(2.5)

MRSut =(θw − 1)(1 + τw)
θw

W u
t

+ 1
θw

(
W u
t

Wt

)θw [
A′wu,t

Πw,u
t

Π̄
− EtSDF u

t,t+1A′wu,t+1
Πw,u
t+1

Π̄
Ht+1

Ht

] (2.6)

where MRSu, SDF u, Πw,u and A′wu are the unrestricted household values of

marginal rate of substitution between leisure and consumption, stochastic discount

factor, wage inflation and wage adjustment cost, respectively. These variables are
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calculated as set out below

Πw,u
t ≡ Πt

W u
t

W u
t−1

, MRSut ≡ γ(Hu
t )η(Cu

t )−σ, SDF u
t,t+1 ≡ βt+1

[
Cu
t+1
Cu
t

]−σ

Awu,t ≡
φrotw
2

(
Πw,u
t

Π̄
− 1

)2

and A′wu,t ≡ φrotw

(
Πw,u
t

Π̄
− 1

)

Equation (2.5) is a standard Euler equation, which, given the model’s TANK struc-

ture, only models the consumption behavior of unrestricted households. Equation

(2.6) is the Phillips curve for the wage inflation of unrestricted households, which

parallels Equation (2.4) for restricted households.

2.2.2 Aggregation in the labor market

Labor packers build a composite unit of labor from each household labor sup-

ply. The aggregation is made through a CES technology as in Dixit and Stiglitz

(1977)

Ht =
[∫ 1

0
H
`(s)
t (s)

θw−1
θw ds

] θw
θw−1

, (2.7)

where H`(s)(s) is hours supplied by household s ∈ [0, 1] of type `(s) ∈ {r, u}. Let’s

define average hours supplied by restricted (Hr) and unrestricted (Hu) as

Hr
t =

[
1
n

∫ n

0
Hr
t (s)

θw,t−1
θw,t ds

] θw,t
θw,t−1

and Hu
t =

[
1

1− n

∫ n

1
Hu
t (s)

θw,t−1
θw,t ds

] θw,t
θw,t−1

;

hence, (2.7) can be written as follows:

Ht =
[
n(Hr

t )
θw,t−1
θw,t + (1− n)(Hu

t )
θw,t−1
θw,t

] θw,t
θw,t−1

. (2.8)

Consequently, the bundle (Hr
t , H

u
t ) that minimizes expenditure in nW r

t H
r
t +
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(1− n)W u
t H

u
t subject to (2.8) (i.e., optimal allocation) is given by

Hr
t =

(
W r
t

Wt

)−θw,t
Ht and Hu

t =
(
W u
t

Wt

)−θw,t
Ht, (2.9)

with aggregated wage determined by

Wt = [n(W r
t )−(θw,t−1) + (1− n)(W u

t )−(θw,t−1)]−
1

θw,t−1 . (2.10)

2.2.3 Firms

There is a one-unit mass of retail firms that maximize the discounted present

value of profits. Firms hire labor at a given wage and face a Rotemberg type of

price adjustment cost. All firms face two restrictions: technology and oriented

demand. Technology is given by the following production function

Yt(j) = ZtHt(j)1−a, (2.11)

where Y (j) and H(j) are firm j supply of output and demand for labor. The

variable Z is composed by productivity and the fixed amount of capital. The

stochastic process of productivity is

Zt = Z1−ρz
ss Zρz

t−1 exp (σzεz,t) ; (2.12)

The second restriction is given by the demand oriented to variety j

Yt(j) =
(
Pt(j)
Pt

)−θp
Yt. (2.13)

All firms face a price-adjusting cost à la Rotemberg (1982), which is specified
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by the following functions

Ap,t(j) =
φrotp
2

(
Pt(j)

Π̄Pt−1(j)
− 1

)2

and A′p,t(j) = φrotp

(
Pt(j)

Π̄Pt−1(j)
− 1

)

where, P (j) is the price set by firm j. To keep consistency with the Calvo setting,

the Rotemberg coefficient φrotp should be defined as follows:

φrotp =
φcalp (1 + ξp)(θp − 1)
(1− φcalp )(1− βφcalp ) with ξp = aθp

1− a. (2.14)

Therefore, firms’ optimal price setting is given by

RMCt = θp − 1
θp

− 1
θp

[
EtSDF u

t,t+1A′p,t+1
Πt+1

Π̄
Yt+1

Yt
−A′p,t

Πt

Π̄

]
, (2.15)

where RMC is the real marginal cost of production and

RMCt ≡
1− τp
1− a

Wt

Z
1

1−a
t Y

− a
1−a

t

, Ht ≡ Z
− 1

1−a
t Y

1
1−a
t ,

Ap,t ≡
φrotp
2

(
Πt

Π̄
− 1

)2

and A′p,t ≡ φrotp

(
Πt

Π̄
− 1

)

Equation (2.15) is the Phillips curve for the inflation rate. Notice that, similar

to the case of both Phillips curves for wages, the Phillips curve for prices yields

a similar dynamic as that of a Calvo set-up. That is, if future marginal costs are

expected to increase (indirectly determined by future production), then current

inflation should rise. In our set-up, the incentive to raise current inflation responds

to the potential saving in adjustment cost of avoiding a future large rise in infla-

tion. However, in the Calvo set-up, the incentive to increment current inflation

responds to the potential firms’ inability to adjust prices when necessary.
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2.2.4 Fiscal and monetary policy

The aim of fiscal policy is to eliminate the inefficiencies induced by imperfect

competition and households’ heterogeneity. Two different fiscal instruments are

assumed: aggregate transfers and subsidies.

Motivated by the outcome of a hypothetical central planner, the fiscal au-

thority will attempt to achieve the maximum aggregated welfare by equating

the steady-state level of the marginal utility of consumption of both household

types (as in Debortoli and Galí (2017)). With additively separable utility, this

is achieved by choosing transfers T r and T u, such that consumption of either

household type are equal at the steady-state.

From the steady-state consumption of restricted households, we know that

Cr
ss = ψYss + T r, where ψ ≡ W r

ssH
r
ss

Crss
. Likewise, from the steady-state of the

market-clearing condition (to be explained in Section (2.2.5), see Equation (2.22)),

steady-state of unrestricted households is given by Cu
ss = 1−nψ

1−n Yss−
n

1−nT
r. Hence,

after setting Cr
ss = Cu

ss = Yss and nT r + (1− n)T u = 0, we obtain

T r = (1− ψ)Yss and T u = −n(1− ψ)
1− n Yss. (2.16)

To tackle the inefficiencies of imperfect competition, the government subsidizes

production to eliminate all markups (as in Woodford (1999), Erceg, Henderson,

and Levin (2000), Debortoli and Galí (2017) and Walsh (2017a)). To minimize

the government’s influence on aggregated demand, these subsidies are funded by

charging lump-sum taxes to specific groups of agents that benefit from the subsidy

(as in Debortoli and Galí (2017)).

These subsidy rates are τw and τp. We define lump-sum taxes as trt and tut ,

which are expressed as a proportion of steady-state output. Then, the lump-
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sum taxes charged to restricted households (Ysstrt ) and to unrestricted households

(Ysstut ) are

Ysst
r
t = τwW

r
t H

r
t and Ysstut = τwW

u
t H

u
t + τp

1− nWtHt.

Restricted households are taxed only by the average amount of the subsidy re-

ceived when signing a labor contract. Unrestricted households, however, expe-

rience an extra charge deriving from the average subsidies to goods-producing

firms.

Define T r and T u as the taxes charged every period to restricted and unre-

stricted households, respectively. These are determined by summing all taxes and

subsidies described above

T rt =τwW r
t H

r
t − (1− ψ)Yss

T ut =τwW u
t H

u
t + τp

1− nWtHt + n(1− ψ)
1− n Yss

(2.17)

We assume the CB implements policy through a truncated Taylor rule as

follows

Rmp
t =Π̄

β

(
Πt

Π̄

)ϕπ ( Yt
Yf,t

)ϕx
, (2.18)

Rnom
t = max{Rmp

t , R} (2.19)

where Rmp is the interest rate suggested by the Taylor rule while Rnom is the

nominal interest rate in the market. The Taylor rule commands deviations from

the steady-state interest rate (given by Π̄/β) in response to deviations of the

inflation rate and output relative to the inflation target and flexible output (Yf ),

respectively. Flexible output is the output level that would prevail with flexible
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prices and wages (i.e., if φrotp = φrotw = 0). The interest rate that affects the bonds

market is Rnom, which is restricted by the ELB denoted by R.

2.2.5 Aggregation and market clearing conditions

The aggregation of the budget constraints of unrestricted households (with∫ 1
n Bt(s)ds =

∫ 1
n Bt−1(s)ds =

∫ 1
n M

u
t (s)ds = 0) yields

Cu
t + T ut = (1 + τw)W u

t H
u
t −Awu,tHt + 1

1− nPt.

Given that firms’ aggregated profits are Pt = (1 − Ap,t)Yt − (1 − τp)WtHt, the

above expression becomes

Cu
t = (1 + τw)W u

t H
u
t −AutHt + 1

1− n((1−Ap,t)Yt − (1− τ pt )WtHt)− T ut .

(2.20)

Similarly, aggregated restricted households’ budget constraints, with
∫ n

0 M
r
t (s)ds =

0, is

Cr
t = (1 + τw)W r

t H
r
t −Awr,tHt − T rt (2.21)

As a result, replacing (2.17) in (2.20) and (2.21), and calculating aggregated con-

sumption as Ct ≡ nCr
t + (1− n)Cu

t yields the market-clearing condition

(1−Ap,t)Yt = Ct + (nAwr,t + (1− n)Awu,t)Ht. (2.22)

That is, aggregated supply Yt matches aggregated demand for consumption Ct

after spending resources in price and wage adjustment costs. Finally, by replac-

ing (2.17) in (2.21), we obtain an explicit expression for restricted households’
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consumption after the fiscal intervention:

Cr
t = (1− ψ)Y +W r

t H
r
t −Awr,tHt, (2.23)

i.e., the average restricted household finances expenditure in consumption and

wage adjustment with labor income and with the fiscal maximizing transfer.

2.2.6 Welfare loss

Society’s welfare (W) can be calculated by aggregating Equation (2.1) over

both type of households

Wt = Et
∞∑
i=0

 t+i∏
j=t+1

βj

 ∫ 1

0

C`(s)
t+i (s)1−σ

1− σ + γ
H
`(s)
t+i (s)1+η

1 + η

 di.

Given perfect income risk sharing, consumption and labor income are common

across households within group; hence, (C`(s)(s), H`(s)(s)) = (Cr, Hr) if s ∈ [0, n]

and (C`(s)(s), H`(s)(s)) = (Cu, Hu) if s ∈ (n, 1]. Consequently, distributing the

integral in the equation above and writing it recursively yields

Wt =n(Cr
t )1−σ + (1− n)(Cu

t )1−σ

1− σ − γn(Hr
t )1+η + (1− n)(Hu

t )1+η

1 + η

+ Etβt+1Wt+1.

Fiscal policy is set up to eliminate inefficiencies derived from household het-

erogeneity and imperfect competition. Therefore, nominal stickiness is the only

reason for the economy to not be Pareto optimal. Define efficient welfare (We)

as the level of welfare that would prevail under jointly flexible prices and wages.

Given that We corresponds to a Pareto optimal version of our economy, the sec-

ond fundamental theorem of welfare applies to it. Consequently, We ≥ W and
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society’s welfare loss can be calculated with

Lt =We,t −Wt ≥ 0. (2.24)

In the first chapter of this dissertation an explicit second-order approximation

of an expression equivalent to (2.24) is calculated. In this approximation, it is

shown that, in addition to the regular determinants of welfare loss (i.e., deviations

of output gap and inflation rates), variations of consumption and wage inequality

also contribute to welfare loss. It is also shown that this result remains even

if perfect income risk sharing is assumed. Consequently, it will be instrumental

to define consumption and wage inequality (of unrestricted relative to restricted

households) as

cut − crt = log C
u
t

Cr
t

and wut − wrt = log W
u
t

W r
t

, (2.25)

respectively.

2.3 Solution method

For this section, we adopt the notation introduced by Judd (1996), where

variables are categorized as follows: innovations (u), jumping endogenous (y),

and state (x) variables, and the latter can be further decomposed in endogenous

(x1) and exogenous (x2) states. For the model to be as parsimonious as possible,

we group all other variables not categorized in Judd (1996) as definitions (z) that

can be calculated with z = k(y,x) where k(·) is known. In Appendix (B.1), we

display the system of equations that determines the equilibrium for the jumping

variables y := {log Yf,t, logW r
f,t, log Yt, log Πt, logW r

t , logW u
t }, endogenous states
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x1 := {logW r
t−1, logW u

t−1}, and exogenous states x2 := {log βt, logZt}.

Using this notation the model can be written as

Euf(y′,x′,y,x,u′) = 0 where x′2 = h2(x2,u′) with f(·) and h2(·) known.

(2.26)

where u′ is a vector of stochastic i.i.d. innovations. In Equation (2.26), we use

apostrophes as shortcut notation for the lead operator (i.e., if x = zt then x′ =

zt+1). The function f(·) is given by equations (B.4-B.11) displayed in Appendix

(B.1) while h2(·) is given by equations (B.12) and (B.13) in the same appendix.

The solution to (2.26) is given by functions g(·) and h1(·) such that

y = g(x) and x′1 = h1(x) (2.27)

We follow Fernández-Villaverde, Gordon, and Guerrón-Quintana (2012) and

implement the Smolyak algorithm to find an approximation to the functions g(·)

and h1(·). To accomplish this, we stack variables y and x′1 in a single vector Y =

[yT , (x′1)T ]T . As a result, the function to approximate is G(·) = [g(·)T , h1(·)T ]T .

As in Judd, Maliar, Maliar, and Valero (2014), we approximate G(·) as a basis

of orthogonal Chebychev polynomial Ĝ(·|Φ̂) = [ĝ(·|Φ̂g)T ĥ1(·|Φ̂h)T ]T , where the

coefficients to weight the basis Φ̂ = [Φ̂T
g Φ̂T

h ]T are such that

Euf

ĝ

 ĥ1(x|Φ̂h)

h2(x2,u′)


∣∣∣∣∣∣Φ̂g

 ,
 ĥ1(x|Φ̂h)

h2(x2,u′)

 , ĝ(x|Φ̂g),x,u′
→ 0 (2.28)

at all nodes of an isotropic Smolyak grid of x as described in Judd, Maliar, Maliar,

and Valero (2014). Where expectations are calculated with a nine-weighted-nodes

quadrature approximation, as suggested by Judd, Maliar, and Maliar (2011).
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We have four state variables (#x = 4) and we implement a third-order Smolyak

grid; therefore, there are 137 nodes in the hypercube of state variables. We approx-

imate eight functions contained in Ĝ(·|Φ̂), i.e., one function per variable within

y and x1. As a result, Φ̂ ∈ R8×137 and Equation (2.28) require the calculation of

1096 coefficients.

2.4 Calibration

We calibrate the model with standard values in the literature. We set β =

0.995 to match a real interest rate at the steady-state of 2% on an annual basis,

η = 4 to set the Frisch elasticity at 25%, and σ = 1 (i.e., log-utility), which

is standard in the literature. As in Gali, Gertler, and Lopez-Salido (2007), the

proportion of restricted households is set at n = 0.5. The Cobb-Douglas coefficient

is calibrated at a = 0.25, consistent with Colciago (2011).

We set Π̄ = 1.005, which is equivalent to a 2% inflation rate target on an

annual basis. Rotemberg coefficients are set at φrotp = 372.82 and φrotw = 3990.29

for the baseline calibration, which is consistent with Calvo coefficients of φcalp =

φcalw = 0.75 as in Erceg, Henderson, and Levin (2000). This equivalence is given by

Equations (2.14) and (2.3). The elasticity of substitution among good and labor

varieties is set at θp = θw = 6, which implies steady-state markups of 12.5% in

the goods and labor market.

Coefficients in the Taylor rule are conventional, ϕπ = 1.5 and ϕx = 0.25. The

ELB is set at R = 1, which is a zero lower bound of the interest rate. We set

Zss = 2.28 and γ = 546.75, such that the steady-state values of output and hours

are Yss = 1 and Hss = 1/3. In this set-up, fiscal policy is set to get a steady-

state of Cr
ss = Cu

ss = 1, Hr
ss = Hu

ss = 1/3 and W r
ss = W u

ss = Wss = 2.25; hence,

ψ = W r
ssH

r
ss

Crss
= 1− a = 0.75.
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The stochastic processes’ persistence are set at ρb = ρz = 0.88 and the in-

novations standard deviations at σb = σz = 0.0025. The TFP shock calibrated

variance is smaller than typical values in the literature; however, this reflects a

lower volatility that is consistent with the Great Moderation. A similar calibration

of the TFP shock is used in Fernández-Villaverde, Gordon, and Guerrón-Quintana

(2012).

More Flex. Baseline Stickier
φcalw 0.65 0.75 0.85
φrotw 1774.38 3990.29 12399.56

Table 2.1: Different calibrations of φrotw

As part of the quantitative analysis, we evaluate the change in the dynamics

and ergodic steady-state under different levels of nominal wage rigidity. The

different alternative calibrations of the Rotemberg coefficient considered correlates

with the easier-to-interpret Calvo coefficient as depicted in Table (2.1).
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2.5 Quantitative evaluation

In this section, we discuss the model’s dynamic properties and the instances

in which the ELB is binding. We also investigate numerically how wage flexibility

and the inclusion of restricted households affect the likelihood of reaching and

leaving the ELB, as well as the properties of the long-run equilibrium.

2.5.1 Ergodic steady-state

The non-linearity introduced by the ELB creates a significant difference be-

tween the deterministic steady-state (DSS) and the ergodic steady-state (ESS).8

We calculate the ESS as a fixed-point problem once the solution in Equation

(2.27) is approximated. Algorithm (1) in Appendix (B.2) describes the process

for computing the ESS.

Table (2.2) displays a summary of the ESS under different degrees of wage

stickiness in the TANK (n = 0.5) and RANK (n = 0) model. The likelihood of

reaching the ELB is also reported in the last two rows. The calculation of this is

explained in Algorithm (2), Appendix (B.2). From Table (2.2) we claim our first

result:

Result 1 (ESS and the likelihood of reaching the ELB). Greater wage flexibility

or a larger proportion of restricted households increases the likelihood of reaching

the ELB, the distance between the ESS and the DSS, and welfare loss at the

long-run equilibrium.

Table (2.2) shows that when the ELB is occasionally binding the CB will

experience difficulties in achieving its inflation and output gap targets, even in
8The DSS, also known as the non-stochastic steady-state, is the resting point of the economy

when all shocks in the model lack their stochastic components. On the other hand, the ESS, also
referred to as the risky steady-state (see Coeurdacier, Rey, and Winant (2011)), is the resting
point of the economy when the distribution of the shocks are considered.
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n DSS ESS
0.65 0.75 0.85

400rnom TANK 4 3.1835 3.4408 3.8809
RANK 3.5365 3.7586 3.8899

100(y − ye)
TANK 0 -0.0220 -0.0095 -0.0432
RANK -0.0501 -0.0530 -0.0345

400π & 400πw TANK 2 1.4703 1.6335 1.9494
RANK 1.7244 1.8744 1.9496

100(cu − cr) TANK 0 -0.0089 -0.0105 -0.0051
100(wu − wr) 0.0062 0.0010 -0.0031

L TANK 0 1.3825 1.0519 0.3216
RANK 0.8580 0.5564 0.3118

100p(ELB) TANK – 11.49 5.07 0.56
RANK 5.93 1.75 0.40

Table 2.2: Ergodic steady-state under different degrees of wage stickiness in the
RANK and TANK model

the long-run. It is worth noting that as the likelihood of reaching the ELB falls

with greater wage rigidity, both the long-run equilibrium of the output gap and

inflation approach their targets. Similarly, long-run values of consumption and

wage inequality also approach zero as wage flexibility reduces. Long-run welfare

loss is significantly larger than zero at the ESS. It is larger in the TANK model

and increases with wage flexibility.

2.5.2 Economic dynamics

To understand the model’s specific features, we first show its dynamic prop-

erties under different calibrations. Figures (2.1) and (2.2) display the economy’s

dynamic responses to demand and productivity shocks, respectively. These shocks

have a magnitude of one standard deviation. In both figures, continuous lines rep-

resent responses in the TANK model (i.e., n = 0.5) while dashed lines correspond

to responses in the model’s RANK version (i.e., n = 0). Responses under the

baseline calibration of wage rigidity are printed in red (φw = 0.75). We also
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Figure 2.1: Responses to a negative demand shock

display responses under more flexible wages, which are in blue (φw = 0.65), and

under more rigid wages, which are shown in yellow lines (φw = 0.85).

A sudden increment in the households’ impatience factor (or a decrease of the

impatience rate) is equivalent to a negative demand shock. That is, if households

are suddenly more patient, they will postpone consumption, which will reduce

demand. As expected, this shock is contractive with the same mechanism applying

in both the RANK and the TANK model. The responses to the impatience factor

shock are shown in Figure (2.1).

In this economy, firms’ production is driven by aggregated demand; hence,

reduced demand results in a fall in output (Subfigure (2.1b)) and labor demand.

The latter reduces wages in equilibrium, which causes wage inflation to fall (Sub-

figure (2.1d)). As firms’ production falls below its potential and wages are low,

marginal costs of production are diminished, yielding a fall in the inflation rate

(Subfigure (2.1c)). The CB reacts by reducing the interest rate (Subfigure (2.1a))
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to boost the economy. Monetary policy is not yet binded by the ELB, as the fall

in interest rate is only of eight basic points. However, the policy response (given

by Equation (2.18)) is not enough to offset the effects of the shock, despite not

being binded by the ELB.

Generally, the TANK model is slightly more sensitive to the demand shock,

which is explained by the additional demand channel introduced by restricted

households. Concerning wage rigidity, it can be seen that more wage flexibility

brings some stability to the output gap (Subfigure (2.1b)); however, inflation rates

become more responsive to the demand shock if wages are more flexible.

Consumption and wage inequality are features specific to the TANK model and

they are calculated according to (2.25). It is noticeable in Subfigures (2.1e) and

(2.1f) that under the benchmark calibration (red) and in the case of more flexible

wages (blue), the negative demand shock plays in favor of unrestricted households

as both measures of inequality are positive; however, the sign is reverted in the

case of more rigid wages (yellow).

Responses to positive productivity shock are displayed in Figure (2.2). In this

case, flexible output is immediately increased by the shock.9 However, as price

and wage stickiness introduce inertia into the model, output cannot match the rise

of its flexible counterpart, yielding a negative output gap (Subfigure (2.2b)). As

firms are more productive, but production is limited by demand, marginal costs

diminish leading to a drop in the inflation rate (Subfigure (2.2c)). This fall in

price inflation dominates the dynamics of wage inflation, which is composed by

the inflation rate and the variation in wages (Subfigure (2.2d)). Given a negative

output gap and inflation rate, the CB intervenes by cutting the interest rate

(Subfigure (2.2a)). The fall in the interest rate is of 12 basic points; hence, the
9Flexible output is defined as the level of production that would prevail under flexible prices

and wages. Given the fiscal policy set-up, flexible output coincides with efficient output or the
level of output that would prevail under flexible prices and wages and perfect competition.
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Figure 2.2: Responses to a productivity shock

CB is not yet restricted by the ELB.

Responses to a productivity shock show substantial differences between the

TANK and RANK model. As wages do not adjust quickly enough, neither will

labor income, limiting the consumption of restricted households. As a result,

aggregated demand falls noticeably more in the TANK model. Because of the

reduced demand, firms have to lessen production by reducing labor demand even

more, which leads to a further fall in wages.

A similar pattern as the one displayed in the responses to a demand shock can

be observed regarding the influence of wage flexibility. If wages are more flexible,

the output gap becomes more stable; however both inflation rates become more

unstable (see the blue line in Subfigures (2.2b), (2.2c) and (2.2d)). A sudden

increase in productivity raise firms’ dividends, which are distributed among un-

restricted households. Consequently, consumption inequality increases (Subfigure

(2.2e)) for all calibrations of wage flexibility. Given the increment of unrestricted
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households’ consumption, their associated marginal rate of substitution also rises

more than the increment in the rate of substitution of restricted households. As

a result, an increase in wage inequality is also a consequence of the productivity

shock (Subfigure (2.2f)). It is noticeable that wage flexibility mostly affects wage

inequality and affects consumption inequality slightly. Given that wages adjust

faster when more flexible, wage inequality is more pronounced in that case.

The responses discussed above are standard in the literature. Similar responses

can be seen in the linear model in the first chapter of this dissertation. As we have

calculated the non-linear solution of the model, responses are not proportional

when the magnitudes of the shocks are larger than one standard deviation. In

what follows, we will investigate the responses when the shocks are large enough

to push the benchmark economy to the ELB for one year. It is worth emphasizing

that such shocks are unlikely to happen. In fact, this constitutes our second result.

Result 2 (ELB reached under certain states of nature). It is unlikely that the

ELB will be reached by the realization of a single large shock. Instead, the ELB

will be reached when regular shocks happen under specific states of nature.

Taking the ergodic steady-state as a starting point, it is unlikely to observe

shocks that are large enough to move the economy to the ELB. Figures (2.3) and

(2.4) display the responses when the shocks are large enough to trap the economy

at the ELB for one year. However, the size of those shocks are 5.45 and 19.63

standard deviations of the impatience factor and productivity shock, respectively.

As both shocks are normally distributed, the likelihood of such events occurring is

effectively zero. However, despite such extreme events, the impulse responses are

relatively accurate. In fact, the worst Euler error associated with these responses

is in the order of 10−2.3. All subfigures shown in Figures (2.3) and (2.4) display

deviations relative to the ESS; however, for presentation convenience, each line in
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Subfigures (2.3b), (2.3f), (2.4b) and (2.4f) converge to their own ESS.10

(a) Demand shock (b) Nominal interest rate (c) Output gap

(d) Inflation rate (e) Wage inflation (f) Welfare loss

(g) Cons. inequality (h) Wage inequality

Figure 2.3: Responses to a ‘large enough’ negative demand shock

Figure (2.3) displays the economy’s response to a demand shock large enough

to trap it at the ELB for one year at the benchmark calibration (red line). The

first remarkable observation is that wage flexibility influences the ELB’s duration.

Compared to the duration under the benchmark, the ELB under more flexible

wages (blue line) lasts three more quarters while, under stickier wages (yellow
10This exercise contrasts with Billi and Galí (2018) in two aspects. First, the responses

displayed in their paper are in deviations from the DSS. Second, their economy is at the ELB as
long as the shock that triggers it is active. There are no internal drivers in their model solution
that determines the entry to and duration of the ELB.
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line), it lasted one quarter less (Subfigure (2.3b)).

Such an extreme event, depicted by Subfigure (2.3a), is heavily contractive.

Noticeably, wage flexibility stabilizes the output gap (Subfigure (2.3c)); however,

it strongly destabilizes both inflation rates (blue lines in Subfigure (2.3d) and

(2.3e) are further away from zero). Despite the output gap stabilization, welfare

loss is larger under more flexible wages, as shown in Subfigure (2.3f). It can

be seen in Subfigures (2.3g) and (2.3h) that both measures of inequality deviate

significantly from zero and the deviations are more pronounced if wages are more

flexible, adding to a higher welfare cost.

(a) Productivity shock (b) Nominal interest rate (c) Output gap

(d) Inflation rate (e) Wage inflation (f) Welfare loss

(g) Cons. inequality (h) Wage inequality

Figure 2.4: Responses to a ‘large enough’ positive productivity shock
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Responses to a productivity shock large enough to trap the economy at the

ELB for one year at the benchmark calibration is depicted in Figure (2.4). Unlike

the responses to a demand shock, duration is not affected significantly by wage

flexibility Subfigure (2.4b); however, it is noteworthy that the nominal rate under

more flexible wages is still close to zero in the fifth quarter. The shock causes a

large contraction of the economy, and a similar pattern regarding wage flexibility

can be observed. That is, while the output gap stabilizes with wage flexibility,

inflation rates (prices and wages) and wage inequality destabilize significantly

(Subfigures (2.3d), (2.3e) and (2.3g)). All this adds up to a large welfare loss,

which is larger when wages are more flexible.

2.5.3 Duration of the ELB

We calculate duration and all likelihoods related to the ELB frequency through

simulations of the model. Algorithm (2) summarizes these calculations. From

Algorithm (2) we build Tables (2.3) and (2.4), based on which we claim our third

result.11

Result 3 (Duration of the ELB). The expected ELB duration increases with the

proportion of restricted households and with wage flexibility.

In Table (2.3) we display the likelihood of staying at the ELB for a number of

consecutive periods according to Equation (B.16) in Appendix (B.2). The number

of periods are displayed in the first column of the table. Relative to the TANK

model, the RANK model accumulates most of the likelihood in the first three

quarters and with a larger likelihood. Hence, it is more likely to observe shorter

durations in RANK models. Concerning wage rigidity, under more flexible wages
11We have few simulations with spells at the ELB of duration 8 or longer. Hence, the last

rows of tables (2.3) and (2.4) are subject to a non-negligible numerical noise.
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TANK RANK
φw 0.650 0.750 0.850 0.650 0.750 0.850

1 37.982 46.791 64.185 44.339 51.965 65.106
2 17.316 18.555 19.517 18.966 21.279 18.014
3 11.243 12.101 7.948 11.803 10.870 7.801
4 7.754 7.081 4.024 7.419 6.229 4.681
5 5.180 4.034 1.911 4.561 3.679 1.986
6 4.103 3.066 1.207 3.340 2.174 1.702
7 3.123 2.277 0.503 2.634 0.836 0.142
8 2.423 1.560 0.402 1.847 0.920 0.426
> 8 10.877 4.536 0.302 5.091 2.048 0.142
Exp. Dur. 3.714 2.725 1.696 2.858 2.195 1.692

Table 2.3: Likelihood of staying at the ELB a number of consecutive periods
and expected duration of the ELB

(either the RANK or TANK model) the likelihood of a duration of a small number

of quarters is always reduced. As a result, wage flexibility tends to increase the

duration of the shock. This claim is confirmed by our calculated expected duration

of the ELB in the last row in the table.

Table (2.4) reports the likelihood of exiting the ELB at the next period ac-

cording to Equation (B.17) in Appendix (B.2). This likelihood remains around

25% and 18% from the benchmark calibration in the RANK and TANK model,

respectively. The same pattern as in Table (2.3) can be observe in both versions

TANK RANK
φw 0.650 0.750 0.850 0.650 0.750 0.850

1 10.228 17.169 37.841 15.515 23.676 38.474
2 10.389 16.439 37.023 15.710 25.406 34.605
3 11.290 19.245 35.909 17.399 26.096 34.375
4 11.703 18.595 37.825 17.654 26.981 41.905
5 11.068 16.264 36.122 16.473 27.278 38.251
6 11.830 17.714 42.857 17.333 26.598 63.717
7 11.915 18.653 36.458 19.288 16.260 17.073
8 11.994 17.952 52.459 19.151 24.411 70.588

Table 2.4: Likelihood of leaving the ELB at the next period.
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of the model: the likelihood of exiting the ELB increases with wage rigidity and

decreases with wage flexibility. As a result, it is more difficult to leave the ELB if

there are restricted households in the economy and it is even harder if wages are

more flexible.

2.5.4 A six-year spell at the ELB

The last occurrence of an ELB spell in the USA lasted seven years.12 To

compare a similar instance in our model, we simulate an ELB occurrence of long

duration (6.5 years) which we display in figures (2.5) and (2.6).

(a) Exogenous states (b) Wages (c) Nominal interest rate

Figure 2.5: A six-year spell at the effective lower bound

The ELB is triggered by a sequence of positive innovations to the two shocks.

As shown by equations (2.2) and (2.12), these shocks follow persistent stochastic

processes; therefore, they tend to accumulate consecutive innovation of the same

sign. In the example in Subfigure (2.5a), despite experiencing a sequence of regular

innovations, the demand shock reaches a deviation of 7.2 standard errors, and of

6 standard errors in the case of the productivity shock. For the endogenous state

variables, these shocks cause a fall in wages, which is more pronounced when

wages are more flexible (Subfigure (2.5b)). In Subfigure (2.5c), we can observe

the dynamic of the interest rate during such an event. The dashed line is the
12From Dec. 07 of 2008 to Dec. 16 2015.
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(a) Output gap (b) Price inflation (c) Wage inflation

(d) Welfare loss (e) Cons. inequality (f) Wage inequality

Figure 2.6: A six-year spell at the effective lower bound

interest rate suggested by the policy rule (2.18) while the continuous line is the

nominal interest rate given by the truncated policy rule (2.19). It is remarkable

that the same sequence of shocks leads to different lengths of the ELB regime

depending on the degree of wage flexibility. Relative to the benchmark (red line),

the ELB lasts almost five more years when wages are more flexible (blue line),

while it lasts four fewer quarters under stickier wages (yellow line).

Greater wage flexibility yields a more stable output gap as can be seen in

Subfigure (2.6a). The output gap exhibits a large drop during the ELB episode,

which is more than 6% under the the stickier wages case (yellow line). Despite

the output gap being more stable under more flexible wages, both inflation rates

(subfigures (2.6b) and (2.6c)) show a large drop for this case, reaching levels of

negative 2% for the inflation rate (blue line). Wage stickiness, on the other hand,

prevents such large drops in either measure of inflation (yellow lines).

The degree of wage flexibility also affects our measures of inequality (Subfigures
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(2.6e) and (2.6f)). The pattern is similar to the inflation rates, as more flexibility

tends to be associated with larger deviations from zero. Noticeably, during the

ELB episode both measures of inequality are large and mostly positive which

means that the recession affects more severely to restricted households. Worse

yet, the outcome for restricted households worsens with wage flexibility. The gain

in welfare associated with a more stable output gap under more flexible wages

is more than offset by the instability induced to both inflation rates and both

measures of inequality. It can be seen in Subfigure (2.6f) that the welfare cost is

significantly higher under the model calibrated with more wage flexibility (blue

line).

2.6 Conclusions

We constructed a tractable two-agent, sticky-price, sticky-wage model and ob-

tained its full non-linear solution. In the model, Ricardian families coexist with

restricted (or hand-to-mouth) families. The latter group activates a demand chan-

nel that ties labor income to aggregated demand, thus, providing more relevancy

to the model. The system discussed in this paper is consistent with standard NK

models in the literature. In fact, when log-linearized, it is equivalent to Colciago

(2011) and under the extreme calibration of no restricted households, it converges

to Erceg, Henderson, and Levin (2000). Price and wage rigidity is modeled with

adjustment cost à la Rotemberg (1982), yielding a parsimonious non-linear spec-

ification of the model dynamics and welfare. This model allows for studying the

effects of wage flexibility in a context where monetary policy is occasionally re-

stricted by the ELB.

We evaluate the effects of different degrees of wage flexibility in two versions

of the model: the RANK and TANK model. In the RANK model, the econ-
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omy is populated with only unrestricted (or Ricardian) households. On the other

hand, in the TANK model, we assume that half the population is restricted (or

hand-to-mouth) households. Regarding the model’s dynamics, there are no ma-

jor differences between the RANK and TANK model when responding to a one

standard deviation of the demand shock. However, responses to a productivity

shock yields some important differences as the output gap and wage inflation are

more responsive in the TANK version. In all cases, a similar pattern is recognized

regarding the degree of wage flexibility—if wages are more flexible, the output

gap becomes more stable while price and wage inflation become more responsive

to either shock.

We computed a nonlinear approximation of the solution to our model; hence,

the estimated responses to the shocks are not proportional to the size of the shock.

As a result, without losing model accuracy, we can infer the effect of shocks large

enough to push the economy to the ELB. In general, wage flexibility helps stabilize

the output gap but the responsiveness of both inflation rates increases with wage

flexibility when the ELB is binding. However, shocks large enough to push the

economy to the ELB are unlikely if the starting point is the ESS. Our simulations

suggest the ELB is reached when a sequence of shocks happen under very specific

states of nature.

The chief benefit of having the approximated nonlinear solution is that we

can calculate the likelihood of entry and exit to the ELB, as well as its duration,

which are endogenous events in our model. Noticeably, wage flexibility tends to

increase the likelihood of reaching the ELB and its duration. It also reduces the

likelihood of exiting the ELB in a small number of periods. This has important

long-run implications, as it causes non negligible deviations between the ergodic

and deterministic steady-state. Specifically, the resting point for inflation and
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output gap fall below their long-run targets. As a result, a systematic welfare loss

is created, which is exacerbated if wages are more flexible or if there are restricted

families in the economy.

Our findings suggest that wage flexibility is undesirable in an economy with

strong, yet plausible, demand channel and with an occasionally limited monetary

policy. Not only for the well known negative consequences of an ELB episode but

also because wage flexibility increases the likelihood of such episodes occurring. If

welfare cost is taken as a metric, we can infer the benefits from wage flexibility (as

output-gap stabilization) are far outweighed by the stability loss in both inflation

rates and in both measures of inequality. Worse yet, the welfare cost does not

dissipate as ELB regime ends. In fact, it prevails in the long-run equilibrium.

There are many directions in which this study could be extended. For instance,

a more relevant role of precautionary saving could be added if we introduce capital

into the model. A financial friction could be introduced to add more insight into

ELB entry, or optimal policy could be considered. However, we consider this

paper as one step forward to a better understanding of the economic dynamics

and welfare when the ELB is a relevant policy constraint.
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Chapter 3

An evaluation of optimal

monetary policy design in

goal-based and rule-based

systems

3.1 Introduction

The most important modern monetary policy reform consists of holding the

central bank (CB) accountable for short-run macroeconomic performance. Such

reform is designed to deal with strategic interactions between the CB and the

government by enhancing the CB’s autonomy. This reform was legislated for the

first time with the approval of the Reserve Bank of New Zealand Act in 1989,

in which New Zealand’s CB was given complete instrument flexibility to aim

at an explicit inflation target. Since then, New Zealand’s CB is held publicly

accountable for deviations between the inflation rate and its target. Starting
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from the act’s approval in 1989, about 33 countries had implemented equivalent

legislations, enlightening the relevance of such reform.1

Economies that formally implement monetary policy goals are denominated

as goal-based systems. Despite this reform’s spread, goal-based systems are not

globally accepted. In fact, some important economies, such as the USA, have not

set explicit targets for monetary policy.2 Alternatively, CBs can be assigned an

instrument rule rather than a target; such economies are denominated as rule-

based systems. An example of such a rule is described in Taylor (1993), which is

known as the Taylor rule. No economy worldwide is a formal rule-based system;

however, economies could be held accountable ex-post if the interest rate devi-

ates from a well-known instrument rule.3 Despite the lack of explicit rule-based

systems, the implementation of instrument rules has drawn the attention of aca-

demics and practitioners. For instance, Walsh (2017b) investigates the challenges

of implementing policy rules and Bernanke, Kiley, and Roberts (2019) evaluate

similar rules where the zero lower bound represents a potential policy limitation.

It is important to evaluate the proper assignment of goals or rules because,

when well designed, there are two major benefits. First, it enhances the CB’s

autonomy by limiting the government’s ability to influence monetary policy. Of

note is that autonomy works differently in either system. For instance, if the

government requires the CB to cut interest rates without any fundamental eco-

nomic reason (perhaps because of political pressure), the CB will be reluctant

to do so regardless of the system. In a goal-based system, cutting interest rates
1Reported in Rose (2014) and Roger (2010).
2Instead, the Federal Reserve Bank implements policy guided by the “dual mandate”, which

is to achieve price stability and maximum sustainable employment. The dual mandate was
legislated by the congress with the approval of the Federal Reserve Reform Act of 1977. However,
despite not having an explicit policy target, starting in 2012, the FED regularly announces a
desired range for inflation.

3For instance, the Federal Reserve Bank in February of 2015, see Walsh (2015).
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might increase inflation above the target and, in a rule-based system, the estab-

lished rule would not support a reduction. Second, a well-designed goal (or rule)

can reduce the intrinsic misalignment between the CB and society’s preferences,

yielding improvements in the economic outcome.

The Great Recession has recast the economic landscape in many fields and

monetary policy is no exception. Blanchard, Ariccia, Mauro, and Ariccia (2010)

explain why most of the macroeconomic policy consensus needs to be reassessed

as a consequence of the crisis. For instance, Woodford (2005, 2013) explains that

while inflation targeting seems to perform well, it can yield to difficulties in im-

plementing forward guidance as alternative policy at the zero lower bound (which

was caused by the last crisis). This is because a promise of high inflation conflicts

with the idea of an explicit inflation target; hence, the effectiveness of forward

guidance could be largely diminished. Similarly, Bernanke, Kiley, and Roberts

(2019) reassess the design of instrument rules when the equilibrium interest rate

is low enough to risk a recurrent zero lower bound, limiting the implementation

of any rate rule.

Thus, different goals and rules have been proposed, which have the potential of

generating better performance than the goals and rules traditionally discussed in

the literature. From this rethinking of macroeconomic policy, the implementation

of non-traditional goals and rules have gained relevancy. Alternative goals, such

as average inflation targeting and price-level targeting, have been largely discussed

in the literature, such as by Svensson (1999), Vestin (2006),Walsh (2003b) and

Billi (2013). Likewise, Bernanke, Kiley, and Roberts (2019) have investigated

modifications to the Taylor (1993) rule to include the price level.

In this paper, I investigate how the US economy would have performed if these

non-traditional goals and rules had been assigned to the CB in the post-war, pre-
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crisis period. I focus on these periods because, although the alternative goals and

rules proposed gain relevancy after the Great Recession, instances of high inflation

as in the post-war, pre-crisis period are still likely to occur. Hence, knowing how

these alternative goals and rules perform in such scenarios is instrumental. To

do this, I extend the estimated model in Smets and Wouters (2007) to consider a

discretionary CB that implements policies optimally. Then, as in Walsh (2015),

I modify the CB loss function to embed the assignment of each of these goals

and rules. Accordingly, in an empirically relevant model, I evaluate the extent to

which the CB should follow a goal or a rule to maximize society’s welfare. I also

investigate how feasible implementing these alternative systems is.

From this exercise, I conclude that goal-based systems outperform rule-based

systems as they provide larger welfare gains. However, the performance of a rule-

based system in which the instrument rule includes the price level is remarkably

close to that of goal-based systems. All evaluated goals deliver similar welfare

gains, with inflation targeting being the one that yields the largest gain. Con-

cerning implementation feasibility, average inflation and price level targeting, as

well as the instrument rule, which includes the price level, align better the CB

and the society’s preference, thus making their implementation less challenging.

The closest study related to this research is one by Walsh (2015).4 Walsh stud-

ies the assignment of traditional goals and rules in the canonical New Keynesian

model and in an estimated version of Erceg, Henderson, and Levin (2000).5 Using

the canonical model, Walsh shows that either system (goal- or rule-based) can

improve welfare by reducing the monetary policy trade-off. Within the estimated

Erceg, Henderson, and Levin (2000), Walsh finds that rule-based systems fail to
4Tillmann (2012) performs a similar evaluation; however, Tillmann does not report perfor-

mance measure robust to misalignments between the CB and society’s preferences.
5The canonical New Keynesian model is described in Woodford (2003), Clarida, Galí, and

Gertler (1999), Galí (2015), and Walsh (2017a).
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improve welfare. This suggests that a more empirically relevant model tends to

favor goal-based systems. Nevertheless, Erceg, Henderson, and Levin (2000) is not

ideal for replicating the dynamics of US aggregated data. In fact, it lacks most

of the mechanisms embedded in Smets and Wouters (2007) with that purpose.

More precisely, unlike Smets and Wouters (2007), Erceg, Henderson, and Levin

(2000) does not include any measure related to capital,6 consumption habits, and

indexation to lagged aggregated inflation.

A similar, simpler, empirically relevant model is Christiano, Eichenbaum, and

Evans (2005). In fact, Christiano, Eichenbaum, and Evans (2005) and Smets and

Wouters (2007) are among the pioneering estimations of a DSGE model for the

USA. Both successfully replicate the main known macroeconomic features, as in-

ertial inflation and persistent macroeconomic aggregates. Despite sharing similar

features, estimation approaches differ. In Christiano, Eichenbaum, and Evans

(2005), the estimation is made through an impulse-response matching approach

while in Smets and Wouters (2007) a likelihood-based Bayesian technique is used.

I chose to use Smets and Wouters (2007) over Christiano, Eichenbaum, and Evans

(2005) for three reasons. First, Bayesian estimation techniques have become more

standard in the literature. Second, there is consensus that the estimated dynamics

in Smets and Wouters (2007) represent a fair description of the USA’s post-war

pre-crisis economy. Third, Smets and Wouters (2007) has become a modern refer-

ence for macroeconomic policy analysis with adaptation to other economies such

as the Euro area; for instance, Smets and Wouters (2003) and Warne, Coenen,

and Christoffel (2008).

In Smets and Wouters (2007), there is no explicit description, nor estimation,

of the CB’s preferences. A common approach to inferring these preferences is by
6That is, besides not including the stock of capital, it also lacks capital utilization, capital

adjustment costs, and investment.
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explicitly estimating the CB loss function under the assumption that policy is

conducted with optimal discretion, as in Dennis (2006). However, a limitation to

Dennis’s approach is that the model’s dynamic properties estimated under optimal

discretion differ noticeably from the originally estimated in Smets and Wouters

(2007), despite using the same data set. I overcome this difficulty by searching

the underlying CB preferences that closely replicate the estimated dynamics in

Smets and Wouters (2007).

Given the complexity of Smets and Wouters (2007), a second-order approx-

imation of society’s welfare as in Woodford (2003) or in Walsh (2017a) is not

feasible. Hence, inferring the socially optimal assignment of a goal or rule poses a

challenge. Moreover, given the misalignment between the CB and society’s pref-

erences, the CB loss function cannot act as a proxy for society’s welfare loss. To

overcome this difficulty, I follow Galí and Monacelli (2016) and numerically infer

society’s welfare cost. From this, I calculate how the CB loss function should be

modified to embed the assigned goal or rule so society’s welfare is maximized.

In Rogoff (1985) the suggested solution for misalignments between the CB

and society’s preferences led to defining the Rogoff conservative central banker. A

CB is Rogoff-conservative if it worries more about inflation volatility than society

does. Rogoff (1985) showed that this type of CB can noticeably improve economic

outcomes.7 This idea is at the heart of inflation targeting, and in assigning a goal,

because it refocuses the CB’s attention to the variability of inflation. However,

there are compelling arguments that challenge assigning goals to CBs. For in-

stance, Ball and Sheridan (2004) report there is no gain in economic performance

after adopting an explicit inflation target. Worse, as reported by Rudebusch and

Walsh (1998) and Walsh (2015), a CB in a goal-based system could limit its focus
7Later, within a New Keynesian framework, Clarida, Galí, and Gertler (1999) and Walsh

(2003a) obtain a similar result.
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on the goal while ignoring other relevant dangers.

Taylor (1993) found that a simple interest rate rule can replicate the Federal

Reserve Bank’s post-war pre-crisis behavior. Starting from Taylor’s work, and

perhaps motivated by the Taylor rule’s simplicity, a huge amount of literature

emerged to study different variations of this rule.8 Studies conducted by McCal-

lum (1993), Svensson (2003), Levin and Williams (2003), Taylor and Williams

(2010), Taylor (2012), and Orphanides (2015, 2017) are a few examples. Perhaps,

the most compelling argument in favor of rule-based systems is provided by Ilbas,

Roisland, and Sveen (2012). They demonstrate that if there is model uncertainty,

the assignment of simple policy rules can improve economic outcomes significantly.

However, there are also important arguments against it. For instance, McCallum

(1993) and Nikolsko-Rzhevskyy, Papell, and Prodan (2014) suggest that within

a rule-based system, the CB loses discretionally in the policy administration.

Moreover, this type of system limits the CB’s ability to identify risks that are not

embedded in the instrument rule.

The rest of the paper is organized as follows. A brief discussion of the main

mechanisms of Smets andWouters (2007) is displayed in Section (3.2). Calculation

and modification of the CB’s preferences are presented in Section (3.3). In Section

(3.4), I show the calculation of society’s welfare loss. In Section (3.5), I discuss

the main results and the implied economic dynamics. Finally, I summarize and

present the conclusions in Section (3.6).

3.2 Model description

Given that I use the model in Smets and Wouters (2007), in this section I

briefly describe it. I focus on the main mechanisms that introduce persistence
8Most of these variations consist of adding lagged interest rate in the rule specification.
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and inertia, as these are the distinctive devices that allow the model to reproduce

the observed post-war pre-crisis US aggregated data. The only difference between

the model used in this paper and Smets and Wouters (2007) is the assumption

concerning monetary policy administration. Unlike Smets and Wouters (2007), I

assume the CB implements policies under optimal discretion rather than following

a policy rule. I will denote this modification to Smets and Wouters (2007) as the

benchmark model.

Households

There is a continuum of infinitely-lived rational households. They maximize

the discounted expected value of their utility function, which depends on con-

sumption (C) and the aggregation of all types of labor (L̄), which is possessed by

all households. The utility function of the representative household is

Ut = C1−σc
t

1− σc
exp

(
−(1− σc)

L̄1+σ`
t

1 + σ`

)
, (3.1)

where σc and σ` are the relative risk aversion and the inverse of the Frisch elasticity

of labor, respectively.

Notice that C and L̄ are common across all households. This happens because

of two simplifying assumptions. First, as in Christiano, Eichenbaum, and Evans

(2005), there is perfect risk-sharing regarding consumption (i.e., Cj = C for every

household j). Second, there are various labor types indexed by s ∈ [0, 1], and each

household supplies all types of labor (i.e., L̄j = L̄ =
∫ 1

0 Lsds for every household

j).

Households select consumption, investment, holdings of bonds and capital,

capital utilization and labor supply of each type to maximize welfare subject to

their balanced budget constraints. From this optimality problem, the linearized

94



Euler condition, concerning bonds demand, is drawn in Equation (3.2). Unlike

most traditional Euler conditions, this equation depends on lagged consumption

and on labor because of consumption habits and the non-separability between

consumption and labor in the utility function in Equation (3.1).

ĉt = λ/γ

1 + λ/γ
ĉt−1 + 1

1 + λ/γ
Etĉt+1 +

[
(σc − 1)Ψ
σc(1 + λ/γ)

]
(ˆ̀
t − Et ˆ̀t+1)

− 1− λ/γ
(σc(1 + λ/γ)) (r̂t − Etπ̂t+1) + ε̂b,t,

(3.2)

where ĉ, ˆ̀, r̂, and π̂ are the log deviation with respect to the steady-state of

consumption, labor, interest rate, and price inflation, respectively. The variable

ε̂b is a shock to the returns of bonds. The coefficients λ, γ, and Ψ are the degree

of consumption habits, deterministic long-run growth rate, and the steady-state

ratio of labor income to consumption, respectively.

In Equation (3.2), endogenous persistence is induced by consumption habits.

This persistence is calibrated with the λ coefficient. At the extreme, if λ = 0, this

persistence mechanism is removed from the model.

Concerning investment decisions, households face quadratic capital adjustment

costs, which yield to the equation for investment decision (3.3), Q-Tobin (3.4), and

capital accumulation (3.5).

ît = 1
1 + βγ1−σc

ît−1 + βγ1−σc

1 + βγ1−σc
Etît+1 + 1

(1 + βγ1−σc)γ2ϕ
q̂t + ε̂i,t, (3.3)

q̂t = 1− δk
R∗ + (1− δk)

Etq̂t+1 + R∗
R∗ + (1− δk)

Etr̂k,t+1 − (r̂t − Etπ̂t+1) + ε̂b,t,

(3.4)

k̂t =1− δk
γ

k̂t−1 + γ + δk − 1
γ

ît + (γ + δk − 1)(1 + βγ1−σc)γϕε̂i,t. (3.5)
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Variables î, q̂, r̂k, and k̂ are the log deviation regarding the steady state of

investment, capital price, rent of capital, and capital, respectively. The variable ε̂i

is the investment adjustment cost. Coefficients β, δk, ϕ, and R∗ = γσc

β
−(1−δk) are

the impatience factor, capital depreciation rate, degree of investment adjustment

cost, and the steady-state rent of capital, respectively.

Equations (3.3-3.5) account for additional mechanisms of persistence and iner-

tia in the economy. Persistence is added because one complete period is required

to build new units of capital. This feature is regulated by the δk coefficient.

Similarly, additional inertia comes from the capital adjustment cost, which is con-

trolled by the ϕ coefficient. Notice that the extreme calibration of δk = 0 and

ϕ = 0 drops these features from the model.

Production

Two agents are involved in production: final and intermediate goods producers.

Final goods producers, or retailers, buy intermediate units of output from inter-

mediate goods producers and pack them into units of final goods to be sold in a

competitive market. These firms are profits maximizers; therefore, they optimally

determine their demand from each of the varieties of intermediate goods.

On the other hand, intermediate producers face an intra- and inter-temporal

optimization problem. In the intra-temporal problem, they determine the demand

for production inputs that minimize their production costs. At the inter-temporal

problem, within a competitive monopolistic market, they decide the price of the

intermediate goods produced so the discounted present value of profits is max-

imized. These prices adjust according to the Calvo (1983) setting, completely

indexed to a measure of aggregated inflation, which is the average between lagged

inflation and the CB’s inflation target. The solution of the inter-temporal opti-
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mization problem yields the Philips curve in Equation (3.6).

π̂t = ιp
1 + βγ1−σcιp

π̂t−1 + βγ1−σc

1 + βγ1−σcιp
Etπ̂t+1

+ (1− ξp)(1− βγ1−σcξp)
ξp((φp − 1)εp + 1)(1 + βγ1−σcιp)

m̂ct + ε̂p,t,

(3.6)

where m̂c is the log deviation regarding the steady state of the marginal cost of

production while ε̂p is the price markup shock. Coefficients ιp, ξp, εp, and φp

are the degree of price indexation, the Calvo coefficient, the steady-state price

markup, and the Kimball curvature in the intermediate goods market.

The Calvo setting induces price inertia, which is controlled by the coefficient

ξp (i.e., at ξp = 0, there is no inertia). The indexation to aggregated inflation

adds another device of endogenous persistence, controlled by the coefficient ιp,

i.e., ιp = 0 drops this type of persistence from this economy.

Labor packers

Labor packers buy the differentiated units of labor from households, from

which they build composite units of labor to be sold to intermediate producers.

These agents decide their demand for each variety of labor given its price (wage),

by solving the relevant intra-temporal minimization cost problem. Once the indi-

vidual labor demand is determined, an inter-temporal maximization problem is set

to decide the price of each labor variety. Wages adjust according to a Calvo (1983)

schedule and are completely indexed to the average between lagged inflation and

the CB’s inflation target.

As a result, the wage Phillip curve is given by
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ŵt = 1
1 + βγ1−σc

ŵt−1 + βγ1−σc

1 + βγ1−σc
Etŵt+1+

ιw
1 + βγ1−σc

π̂t−1 −
1 + βγ1−σcιw
1 + βγ1−σc

π̂t + βγ1−σc

1 + βγ1−σc
Etπ̂t+1+

(1− ξw)(1− βγ1−σcξw)
(1 + βγ1−σc)((φw − 1)εw + 1)ξw

(m̂rst−1 − ŵt) + εw,t,

(3.7)

where ŵ and m̂rs are the log deviation regarding the steady-state of wage and

the marginal rate of substitution, respectively. The coefficients ιw, ξw, εw, and

φw are the degree of wage indexation, the Calvo coefficient, the steady-state wage

markup, and the Kimball curvature in the labor market.

Similar to Equation (3.6), the Calvo setting induces wage inertia controlled by

the ξw coefficient (i.e., at ξw = 0, there is no inertia). Indexation introduces more

endogenous persistence to the system, which is controlled by the ιw coefficient

(i.e., ιw = 0 drops this persistence from the economy).

Other sources of persistence

All sources of persistence introduced above are a natural part of the model

(i.e., endogenous). However, Smets and Wouters (2007) amplifies the persistence

by allowing shocks to follow AR(1) processes, as can be seen in Equations (C.1-

C.8) in Appendix (C.1). These are considered exogenous sources of persistence in

the model. The shocks introduced in the model include shocks to price and wage

markup, productivity, investment adjustment cost, government expenditure, and

to bonds’ returns. The value used for all coefficients in the model correspond to

the posterior-mean estimates in Smets and Wouters (2007) which are reported in

Table (C.1) of Appendix (C.2).
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3.3 Central Bank preferences

The CB preferences are calculated to make the benchmark model as similar to

Smets and Wouters (2007) as possible. To do this, I search for the CB loss func-

tion that under optimal discretionary policy closely replicates Smets and Wouters

(2007) dynamics. This approach contrasts with Dennis (2006), as he proposes

estimating the CB loss function assuming optimal discretion. However, this ap-

proach yields a model that substantially differs from Smets and Wouters (2007),

despite using the same data set. One effect of this approach is that the benchmark

model loses some ability to fit the data; nonetheless, this is not detrimental to the

purpose of this paper.

3.3.1 Dynamically equivalent

A searching routine is implemented to find the CB loss function that under dis-

cretion, displays the smallest deviation from the impulse responses of the original

Smets and Wouters (2007). The CB loss function assumed is

Lcbt =
∞∑
i=0

βi
[
π̂2
t+i + λxx̂

2
t+i + +λ∆r∆r2

t+i + Y ′t+iΛYt+i
]

(3.8)

where Y is a vector that contains all endogenous variables in the model including

their first differences. The coefficients λx and λ∆r are weights to deviations of the

output gap and changes in the interest rate while the diagonal matrix Λ contains

the weights associated with all variables in Y .

The coefficients in Equation (3.8) are unknown. They are determined such that

the impulse-response function (IRF) of the benchmark deviates the least from the

IRF in the original Smets and Wouters (2007).9 If IRF sw and IRF disc(λx, λ∆r,Λ)
9It has been considered responses of a subset of variables to all shocks. This subset is

composed by the most relevant macroeconomic aggregates, i.e., output gap, consumption, labor,
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are denoted as the original IRF in Smets andWouters (2007) and in the benchmark

model, respectively, then the function to minimize is

min
λx,λ∆r,Λ

max ||IRF sw − IRF disc(λx, λ∆r,Λ)|| (3.9)

where max || · || returns the maximum absolute value of the elementwise difference

between IRF sw and IRF disc(λx, λ∆r,Λ). Notice that this approach resembles the

IRF-matching algorithm to estimated coefficients (as in Christiano, Eichenbaum,

and Evans (2005)).

The calculated non-zero coefficients are displayed in Table (3.1). Consistent

with most of the literature in which a second-order approximation of welfare is

feasible,10 the weight on variations of the output gap is small 0.00013. An even

smaller value is calculated for the weight of variations in the change of the output

gap 0.00001. The weight on variations in the change of interest rate 3.3497 is

relatively high. Finally, and this is a novel finding in this paper, the approach

determines sizable relative weights for the variation of consumption gap and its

change (0.01103 and 0.16701, respectively). The consumption gap is defined as

the log-difference between consumption and its flexible price counterpart.

Weight λx λ∆r λπw λcgap λ∆x λ∆cgap
Value 0.00013 3.34970 0.00007 0.01103 0.00001 0.16701

Table 3.1: Weights in the CB loss function for the benchmark model

In Appendix (C.3), figures (C.1 - C.6) compare the IRFs from Smets and

Wouters (2007) against the benchmark model. It can be seen that the benchmark

model can replicate, reasonably well, the dynamic properties of Smets andWouters

(2007) regarding the responses to shocks in productivity, bond returns, and wage

price inflation, wage inflation, capital price, rent of capital, and nominal interest rate.
10For instance, Woodford (2003), Erceg, Henderson, and Levin (2000) and Walsh (2017a).
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markup (see figures (C.1), (C.2) and (C.6)). Conversely, the dynamic responses

among the two models show some sizable differences when focusing on shocks to

government expenditure, investment productivity, and price markup (see figures

(C.3), (C.4) and (C.5)). Despite these differences, the responses are qualitatively

and reasonably similar.

3.3.2 Modified Central Bank loss function

As in Walsh (2015), it is assumed that assigning a goal or a rule to the CB

alters its preference structure because the CB is held accountable for deviations

from the assigned goal or rule.

In this paper, the goals to evaluate are the following:

• As it is the mainstream in monetary policy implementation, the first goal

implemented is inflation targeting. The CB is held accountable for devi-

ations of current inflation from the inflation target. The τπ coefficient is

regarded as the weight assigned to this goal.

• As suggested by Blanchard, Ariccia, Mauro, and Ariccia (2010), the CB can

be held accountable for deviations of the current 12-quarter average inflation

from the inflation target. This goal is denoted as average inflation targeting.

In this paper, the τπ̄ coefficient denotes the weight assigned to this goal.

• Finally, motivated by Svensson’s (1999) work, it is also assumed that the

CB can be held accountable for deviations of the current price level from the

corresponding price consistent with long-run inflation. This goal is named

price-level targeting, where τp is the weight assigned to it.

As a result, the modification to the CB loss function in light of a goal assign-
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ment is

Lgt =
∞∑
i=0

βi

τππ̂2
t+i + τπ̄

(
p̂t+i − p̂t+i−12

12

)2

+ τpp̂
2
t+i

 , (3.10)

where p̂ is the price level deviating from its trend.

Concerning assigning rules, Bernanke, Kiley, and Roberts (2019) evaluates

different interest rate rules in a context in which the economy is close to the

effective lower bound. Most of those rules are evaluated in this paper:

• A natural first rule to evaluate is the one in Smets and Wouters (2007),

which is

rswt = 0.81rt−1 + 0.19 [2.04π̂t + 0.09x̂t] + 0.23∆x̂t (3.11)

• Based on econometric evaluations, Taylor (1993) proposes an interest rate

rule that closely approximates the Federal Reserve post-war pre-crisis be-

havior. The rate rule is

rt93
t = 1.5π̂t + ŷt (3.12)

• As empirically motivated models tend to add persistence mechanisms,

Bernanke, Kiley, and Roberts (2019) extends the rule in Equation (3.12) to

account for this persistence

rpt93
t = 0.85rt−1 + 0.15 [1.5π̂t + ŷt] (3.13)

• Consistent with Svensson (1999), Bernanke, Kiley, and Roberts (2019) pro-

poses modifying the rule in Equation (3.12) to account for price-level devi-
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ations and model inertia as follows

rpt93p
t = 0.85rt−1 + 0.15 [1.5π̂t + ŷt + p̂t] (3.14)

Assigning any of these rules to a CB adds the following expression to its loss

function

Lrt =
∞∑
i=0

βi

∑
j∈Z

δj(rt+i − rjt+i)2

 ∀j ∈ Z ≡ {sw, t93, pt93, pt93p}, (3.15)

where δsw, δt93, δpt93 and δpt93p are the weights assigned to deviations of the interest

rate from each of the rules described in equations (3.11-3.14).

Consequently, the CB loss function modified by assigning a goal or a rule comes

from adding (3.10) and (3.15) to (3.9), which is

Lt = Lcbt + Lgt + Lrt . (3.16)

It is assumed in this paper that only one goal or one rule is assigned to the CB.

Hence, I avoid complications derived from interactions in assigning simultaneously

multiple goals or rules. To determine the τs and δs coefficients, criteria must be

set, which is explained in the next section.

3.4 Welfare evaluation

In Walsh (2015), two performance measures are defined to propose the weight

of the modified CB loss function: an ad-hoc quadratic loss function for society,

and a welfare-based loss function. In this paper, I take a welfare-based measure.

However, unlike Walsh (2015) a second-order approximation of welfare is not

feasible. Instead, an approach similar to Galí and Monacelli (2016) is taken to
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infer welfare loss. Specifically, welfare loss is obtained by calculating the fraction

of consumption c̄ required as compensation to equate the unconditional expected

utility along the equilibrium path to its value in the steady-state. That is,

c̄ such that E
{
U
(
Ct(1 + c̄), L̄t;St

)}
= U

(
Css, L̄ss;Sss

)
, (3.17)

where S contains all state variables of the model, including the stochastic exoge-

nous processes. Sub-indexes t and ss represent period-t and the steady-state,

respectively. The unconditional expectation operator E(·) is calculated over the

space of the state-variables numerically through a Monte Carlo simulation.

As in Galí and Monacelli (2016), the values of consumption and labor supply

inputted in the utility function (Equation (3.1)) are their second-order approxi-

mations. The second-order approximation of consumption is

Ct = Css

(
1 + ĉt + 1

2 ĉ
2
t

)
(3.18)

where Css is steady-state consumption.

Concerning labor supply, unlike Galí and Monacelli (2016), labor supply is

common across all households as they supply all types of labor to labor packers.

However, given the structure of the model (monopolistic competition in the labor

market and wage setting a la Calvo (1983)) the units of labor supplied by all

households do not equate to the units of labor effectively used in production.

Denote s and i as households and firms indexes, where s ∈ [0, 1] and i ∈ [0, 1]. As

a result, total labor supplied is determined by

L̄t =
∫ 1

0
Ls,tds = Lt

∫ 1

0
Gw

(
Ws,t

Wt

)
ds = ∆w,tL

s
t (3.19)
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where Gw(·) is the Kimball (1995) aggregator for wages,11 ∆w =
∫ 1

0 Gw

(
Ws

W

)
ds is

a measure of wage dispersion, and Ls is the units of labor effectively supplied for

production.

From the technological restriction, firm i individual labor demand (Li) is

Li = A−1
[
Ks
i

Li

]−α
Yi, where α, A, Ks

i , and Yi are the share of labor in produc-

tion, aggregated productivity shock, demand of capital services and production,

respectively. From firms’ optimality conditions, it is known that Ks
i

Li
= α

1−α
W
rk

where W and rk are aggregated wage and rent of capital, respectively. Conse-

quently, total labor demand is given by

Ldt =A−1
t

[1− α
α

rk,t
Wt

]α ∫ 1

0
Yi,tds = A−1

t

[1− α
α

rk,t
Wt

]α
Yt

∫ 1

0
Gp

(
Pi,t
Pt

)
di

=A−1
t

[1− α
α

rk,t
Wt

]α
Yt∆p,t (3.20)

where Gp(·) is the Kimball (1995) aggregator for prices and ∆p =
∫ 1

0 Gp

(
Pi
P

)
di is

a measure of price dispersion. The market clearing condition in the labor market

is Ls = Ld; hence, total labor supply L̄, which is the amount of labor imputed in

the utility function in Equation (3.1), is

L̄t = ∆w,t∆p,tA
−1
t

[1− α
α

rk,t
wt

]α
Yt. (3.21)

Following Woodford (2003), it can be shown that second-order approximation

of price and wage dispersion are functions of squared price and wage inflation
11In Smets and Wouters (2007), the specific functional form of Gw(·) is not displayed as only

the first and second derivatives’ properties are required to obtain the model up to a first-order
approximation. For this paper, I followed Lindé and Trabandt (2018), as they provide an explicit
functional form of Gw(·).
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rates, respectively. Thus, the second-order approximation of Equation (3.21) is

L̄t =Lss (1 + α [r̂k,t − ŵt] + ŷt − ât)

+ Lss

(
Ψwπ

2
w,t + Ψpπ

2
t + α

2
[
r̂2
k,t − ŵ2

t

]
+ 1

2
[
ŷ2
t − â2

t

]) (3.22)

where Lss is steady-state labor and

Ψw = (φw − (φw − 1)εw)ξw
(φw − 1)(1− ξw)(1− ξwβγ1−σ)

Ψp = (φp − (φp − 1)εp)ξp
(φp − 1)(1− ξp)(1− ξpβγ1−σ)(1 + ιpβγ

1−σc)

3.5 Quantitative evaluation

In this section, I evaluate the performance of each rule introduced above, using

different criteria: welfare gain, CB loss, and the size of the required weight. In

all cases, the model is solved assuming the CB implements optimal discretionary

policy, taking as the loss function the modified CB loss in Equation (3.16). As

each assigned goal or rule implies different economic dynamics, I briefly describe

the main dynamic features of each of the models under the different loss functions.

3.5.1 Results

Determining a goal or a rule can align the CB and society’s preferences. As

a result, the τs and δs coefficients in the modified CB loss function (3.16) are

set such that the required compensation c̄ (in Equation (3.17)) is minimized. To

infer how difficult it could be to modify the CB loss function, I also report the

weights needed to achieve such gains in welfare, as well as the CB loss achieved

with the benchmark loss function (Equation (3.8)) in tables (3.2) and (3.3). If

any of these two measures are relatively high, the optimal implementation of
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the goal or rule will be more challenging. A high required weight implies the

CB auditing institution has to design stronger penalties for the CB each time

it misses the assigned goal or rule. Similarly, a high CB loss creates a conflict

between the CB and society’s desired outcome. Finally, to complement Tables

(3.2) and (3.3), Figure (3.1) displays the required consumption compensation

under different weights per goal or rule.

Benchmark Inflation Av. Inflation Price
τ ∗ – 6.3498 0.0426 0.0393
100c̄ 10.8719 7.1154 7.2994 7.3649
Lcb 1.1135 0.7419 0.6722 0.6141

Table 3.2: Best performance of goal-based systems

Table (3.2) reports the weights assigned to each evaluated goal such that wel-

fare loss is minimized. According to (3.16), at the benchmark, the required

consumption compensation (i.e., welfare loss) is of 10.87% of steady-state con-

sumption. The largest improvement over the benchmark comes from assigning an

inflation target, where required consumption compensation reduces in 3.75 basis

points. The second and third best improvements come from assigning average

inflation (improvement of 3.57 basic points) and price level (improvement of 3.51

basis points) targets. In Subfigure (3.1a), it can be seen that the minimum welfare

loss is quickly achieved under average inflation targeting and price level targeting.

Although assigning inflation target as a goal yields the lowest welfare loss, this

goal is also the most difficult to implement. This is not only because the CB loss

function is remarkably modified as the weight required over the goal is noticeably

high 6.35, but also because it leads to the second largest CB loss value among the

goals evaluated. In this vein, price-level targeting is the least problematic as the

required weight and the CB loss are the smallest (0.039 and 0.61, respectively). It

is worth mentioning that implementing average inflation targeting as a goal does
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not differ noticeably from price-level targeting in terms of CB loss, and it yields

the second largest improvement of welfare after inflation targeting.

Benchmark SW T93 Pers. T93 Pers. T93&P
δ∗ – ∞ 0 0 0.5574
100c̄ 10.8719 9.2487 10.8719 10.8719 7.6317
Lcb 1.1135 0.8807 1.1135 1.1135 0.6127

Table 3.3: Performance of designated rules

Table (3.3) displays that no weight improves the economic outcome when either

a Taylor rule or a persistent Taylor rule is assigned. In fact, Subfigure (3.1b)

shows how the required consumption compensation increases if a positive weight

is assigned to any of these two rules (red and yellow lines). The best improvement

in welfare is achievable under assigning a persistent Taylor with price level as

in Equation (3.14), with an improvement of 3.24 basis points compared to the

benchmark. Assigning a rule as in Smets and Wouters (2007) (Equation (3.11))

also yields some welfare improvements (1.64 basis points).

Assigning a rule as in Smets and Wouters (2007) yields a moderate welfare

gain; however, its implementation is problematic. Not only is the weight required

to achieve the maximum welfare infinitely large (see Table (3.3) and blue line

in Subfigure (3.1b)) but it does not yield to the lowest CB loss value. On the

other hand, assigning a Taylor rule modified to include price level (Equation

(3.14)) yields the lowest value for CB loss (0.62) and the lowest required weight

(0.73). Hence, among the rules evaluated, this is clearly the best implementable

assignment to a CB.

Comparing the performance of all goal and rules evaluated, this result suggests

that goals outperform rules, which is consistent with Walsh (2015). However, if

we consider feasibility, the best goal to implement is not evident. A goal such

as inflation targeting can potentially yield a large gain in welfare. However, its
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Figure 3.1: Welfare loss or c̄

optimal implementation could be difficult. On the other hand, the other two

goals yield sizable welfare gains but are not as high as the gain from inflation

targeting. However, these alternatives are easier to implement, as they align

the CB and society’s incentives more favorably and the CB loss function is not

substantially modified. A novel result in this paper is that there is room to design

an interest rate rule that yields important welfare gains. Among the rules, the

persistent Taylor rule with price level outperform all rules evaluated. The CB

loss function is not substantially modified under this rule and it aligns CB’s and

society’s incentives relatively well.

3.5.2 Economic dynamics

Figures (3.4) to (3.3) display the impulse response function to each of the six

shocks in this economy under the optimal goal or rule assignation. The bench-

mark response is depicted by the continuous line while dashed lines correspond

to the rule-based systems, and the continuous line with a plus sign as a marker

corresponds to goal-based systems. Qualitatively, all impulse responses are similar

to the same underlying mechanisms. The chief differences under different assign-
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ments of goal or rule are in the magnitude of the responses to the shock. As the

Taylor and persistent Taylor rule worsen the economic outcome, the responses of

these rule-based systems are not displayed in the following figures.
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Figure 3.2: Responses to a price markup shock

Figure (3.2) displays the responses to a price markup shock. It is standard in

the literature to focus on this type of shock when implementing optimal policy,

as it naturally creates a policy trade-off when stabilizing output gap and infla-

tion. A positive price markup shock raises inflation (see Subfigure (3.2b)), and

regardless of the relevant loss function, the CB reacts by raising the interest rate.

As interest rates increase, households prefer to postpone consumption and invest-

ment (see Subfigure (3.2d) and (3.2e)), yielding a fall in output gap (see Subfigure

(3.2a)). The fall in consumption generates an increase in labor supply, yielding an

initial slight fall in wages and wage inflation. Wage inflation, however, is quickly

dominated by the spike of inflation yielding to its increment soon after the fall

(see Subfigure (3.2c)).
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The difference between the CB’s responses to this shock under a goal- or rule-

based system is remarkable. Assigning an inflation target leads to the largest

CB reaction, which causes the largest contraction of the output gap (green line);

however, there is no sizable difference regarding inflation stabilization. Assigning

the SW rule (dashed yellow line) yields a moderately good performance, as it

fairly stabilizes most of the variables in Figure (3.2). If an average inflation target

(cyan) is assigned, the CB reaction is not as strong as the reaction under inflation

targeting (it is closer to the benchmark, red line); however, the response of other

variables is similar (green and cyan lines). The smallest CB reaction is obtained

when either price level targeting or persistent Taylor rule with prices are assigned.

Despite the week response to the shock, these systems stabilize price and wage

inflation better than the benchmark; however, output gap, consumption, and

investment remain more responsive to the shock relative to the benchmark but

less responsive relative to inflation targeting.
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Figure 3.3: Responses to a wage markup shock
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The responses to a wage markup shock are displayed in Figure (3.3). As

with a price markup shock, a wage markup shock is also seen as the type of

shock that creates a policy trade-off in stabilizing macro variables. A rise in

wage markup increases the marginal rate of substitution between leisure and con-

sumption; hence, wage inflation increments (see Subfigure (3.3c)). Higher wages

increase the marginal cost of production yielding high price inflation (see Subfig-

ure (3.3b)). Regardless of the relevant loss function, the CB reacts by increasing

the interest rate to regulate the spike in price and wage inflation (see Subfigure

(3.3f)). Consequently, the increase of the interest rate yields a fall in output gap,

consumption, and investment (see Subfigures (3.3a), (3.3d) and (3.3e)).

There are noticeable differences in the dynamic responses to this shock un-

der different goal or rule assignations. At the benchmark, the CB’s reaction is

the strongest and most persistent; however, it is limited when stabilizing either

inflation rate and output gap (red line). The CB response is the second largest

if the SW rule is assigned (dashed yellow line) with all responses been similar to

the benchmark. The output gap is more responsive to the shock under assign-

ing the inflation (green line) and average inflation (cyan line) target; however,

inflation rates are noticeably stable. It is remarkable that assigning a price level

target (continuous purple line) or persistent Taylor rule with price level (dashed

purple line) outperforms the other goal or rule assigned for most of the displayed

variables, despite the small reaction of the CB.

Figure (3.4) displays the responses to a positive productivity shock. As there

are two rigid prices (price and wages), the productivity shock cannot be offset

from the economy even under optimal policy. With a sudden increment in pro-

ductivity, flexible output increases; however, the model’s inertia (owing to price

and wage rigidity) causes the output gap to fall (see Subfigure (3.4a)). Given the
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Figure 3.4: Responses to a productivity shock

negative output gap, firms’ production marginal cost decreases, causing a negative

inflation rate (see Subfigure (3.4b)). A rise in productivity increases the marginal

product of labor, yielding increments of wage inflation (see Subfigure (3.4c)). De-

spite the negative output gap (the same as the consumption and investment gap),

the consumption and investment levels are increased by the rise in productivity

(Subfigures (3.4d) and (3.4e)). As the output gap and inflation deviate from their

long-term targets, optimal policy commands cutting interest rates (see Subfigure

(3.4f)) to close the gap between demand and the economy’s production capability.

Only the CB loss functions modified to consider the inflation targeting goal

(green line) and SW rule (yellow line) imply a stronger CB reaction to this shock

relative to the benchmark. Among these two, responses with the SW rule do not

deviate significantly from the benchmark; however, the responses under inflation

targeting are remarkably more stable (closer to zero). Noticeably, responses under

price-level targeting (purple line) and the persistent Taylor with price level (dashed
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purple line) display a closely similar dynamics–both stabilize output gap and

inflation but destabilize wage inflation.
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Figure 3.5: Responses to bond’s return shock

Responses to a positive shock to bonds returns are displayed in (3.5). In well-

known but more basic models, such as Woodford (2003), Erceg, Henderson, and

Levin (2000), and Walsh (2017a), the shock’s effects are offset when the CB imple-

ments optimal policy. However, in this paper, bond returns also affect investment

(not only savings), yielding a monetary policy trade-off. Therefore, even under

optimal policy, the CB cannot isolate the economy from this shock. A sudden

increment in bonds returns increases the rent of capital through the equilibrium

in financial markets. Hence, the marginal product of capital increases, yielding an

increment in production, consumption (Subfigure (3.5d)), and investment (Sub-

figure (3.5e)). Given the increment of the rent of capital, wages also increase

(Subfigure (3.5c)) as labor complements capital in production. Increases of rent

of capital and wage raise household disposable income, yielding an increment in
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aggregated demand; hence, the output gap (Subfigure (3.5a)) and inflation (Sub-

figure (3.5b)) also rise. In this context, the CB reacts by increasing the interest

rate where the magnitude of the increment is conditional on the relevant CB loss

function.

If the rule assigned is the same as the rule in Smets and Wouters (2007)

(dashed yellow line), the dynamic replicates the original SW model as the weight

assigned to the rule is infinitely large. It can be seen that this rule is limited

when stabilizing the inflation rate, similar behavior is observed regarding the

benchmark model (red line). It can be seen that the goals of inflation (green

line) and average inflation (cyan line) targeting are the ones better stabilize both

inflation rates. Noticeably, the dynamics are almost identical concerning output

gap and consumption for all goals and rules.
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Figure 3.6: Responses to a government expenditure shock

Figure (3.6) displays the responses to a sudden rise in government expenditure.

Traditional Ricardian equivalence causes a crowding-out of consumption and in-
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vestment. Hence, both fall in response to the shock (Subfigures (3.6d) and (3.6e))

while production increases. As supply increases and demand decreases, output

gap and inflation rate rise (Subfigures (3.6a) and Subfigures (3.6b)). Lower con-

sumption increases labor supply while higher production requirements increase

labor demand; however, the increment in labor demand dominates, yielding a rise

in wages and wage inflation (Subfigures (3.6c)). The shock starts to overheat the

economy; hence, the CB has to increase the interest rate to regulate it (Subfigure

(3.6f)).

The intensity of the CB response is conditional to the relevant loss function.

The benchmark and the SW rule assigned models show the most limited perfor-

mance when stabilizing price, wage inflation, and the interest rate. Once again,

assigning inflation targeting and average inflation targeting as goals yield the most

stable responses of the output gap and both inflation rates. Noticeably, all assign-

ments yield closely similar responses concerning consumption and investment.
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Figure 3.7: Responses to investment adjustment cost shock
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The dynamic responses to a positive investment productivity shock are re-

ported in Figure (3.7). If a unit of investment can suddenly produce more phys-

ical capital, the stock of capital increases, which raises production, investment

(see Subfigure (3.7e)), and the marginal productivity of labor (complementary

production input). Higher productivity of labor yields higher wages and dispos-

able income; hence, the output gap increases with price and wage inflation (see

Subfigures (3.7a), (3.7b) and (3.7c)). Given that investment becomes more pro-

ductive, households prefer to postpone consumption, yielding an initial negative

response to consumption which is reverted once investment returns start to in-

crease (see Subfigure (3.7d)). Despite the initial fall in consumption, the CB sees

the economy as overheated, given the spike in the output gap and inflation rates.

Consequently, the CB reacts by increasing the interest rate (see Subfigure (3.7f)).

The intensity of the CB response is conditional on the assigned goal or rule.

If the SW rule is assigned (dashed yellow line), all responses destabilize, which is

more noticeable for the output gap, price, and wage inflation. Assigning inflation

(green line) and average inflation (cyan line) targets performs slightly better than

the benchmark. A similar pattern as all previous figures, price level targeting and

the persistent Taylor rule with prices display similar dynamics.

From evaluating the dynamic responses in Figures (3.2 to 3.7), it can be seen

that the stabilization properties of either rule- and goal-based systems are strongly

tied to a specific shock. For instance, some goals (or rules) provide a relatively

good performance under one specific shock but a poor one under others. Hence,

the relative volatility of these shocks is a fundamental determinant of the results

displayed in tables (3.2) and (3.3). Because these tables are calculated by simu-

lating the model when all shocks are active, it is worth noticing that these results

are particularly sensitive to the model’s calibration. However, as coefficients were
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estimated to reproduce the USA post-war pre-crisis data, the discussion of alter-

native calibration becomes irrelevant.

3.6 Conclusions

The mainstream in monetary policy administration establishes the importance

of instruments’ independence to attain clearly defined goals for the CB. These

goals are generally formulated concerning inflation targets. In this vein, a goal-

based system is defined as the economic regime in which the CB is held account-

able by its success in implementing an assigned goal. Regardless that goal-based

systems are widespread, they have not won universal acceptance. An alternative

approach centers on regulating the CB by setting instrument rules. Consequently,

a system is rule-based if the CB is held accountable by deviations between the

policy instrument and the rule established.

I evaluate the economic performance of such systems in the model described

in Smets and Wouters (2007). This model was selected because besides being

empirically relevant, it has become a modern workhorse for analyzing fiscal and

monetary policy. I extended the model to consider optimal discretionary policy.

In this line, I implemented an impulse-response matching technique to infer the

underlying CB preferences, such that under optimal discretion, it delivers closely

the estimated dynamics in Smets and Wouters (2007). Given this identified pref-

erence, I follow Walsh (2015) to modify the CB loss function to embed different

goal and rule assignments.

I evaluate three different goal-based systems. Inflation targeting is the first

natural candidate, as it is the current mainstream in monetary policy adminis-

tration. However, after the onset of the recent crises, other goals have drawn the

attention of well-known academics and practitioners. Blanchard, Ariccia, Mauro,
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and Ariccia (2010) suggest focusing on average inflation targeting while Svensson

(1999) reports price-level targeting as being more desirable under optimal dis-

cretion. Concerning rule-based systems, I evaluate the rule used in Smets and

Wouters (2007), the Taylor (1993) rule, and two extensions of the Taylor rule–as

suggested by Bernanke, Kiley, and Roberts (2019), a persistent Taylor rule and a

persistent Taylor rule with the price level. Given these goals and rules, I calculate

the optimal weight to assign them, such that the welfare of the representative

household is maximized.

The goals and rules studied in this paper have the advantage of being based

on observable measures. This is a natural feature in designing a goal; however, it

is not the case for a rule. In fact, the performance of a rule could be noticeably

improved, if it considers non-observable variables, such as output gap, or the

interest rate under flexible prices and wages. However, such rules pose serious

implementation challenges for a CB under model uncertainty. This is because

the CB will have to estimate all the non-observable variables involved (which are

conditional to the underlying model) before deciding on a policy change.

By comparing the performance of the different goal-based and rule-based sys-

tems, it is evident that goals outperform rules in terms of welfare, which is con-

sistent with Walsh (2015). Among goals, inflation targeting delivers the largest

welfare gains. However, after considering the feasibility of implementation, it is

not evident which the best goal is. Despite yielding the highest welfare gain, in-

flation targeting implies a significant misalignment between the CB and society’s

incentives. Welfare gains from the other two alternatives are not as high as the

one from inflation targeting; however, gains are still important. Concerning im-

plementation feasibility, these alternatives are potentially easier to implement, as

they align the CB and society’s incentives better. A novel result in this paper is

119



that there is room to design an interest rate rule that yields important welfare

gains.12 Among rules, the persistent Taylor rule with price level outperforms all

rules evaluated not only because the CB loss function is not substantially modified,

but because it aligns the CB and society’s preferences relatively well. Despite the

relatively good performance of this rule, it cannot yield a better economic outcome

than any of the goals.

This paper could be extended in many directions. For instance, I have ignored

the effective lower bound (ELB) of interest rates. If the ELB is a likely restriction

for monetary policy administration, it is not evident how the CB incentives should

be modified. Potentially, the performance of rule-based systems could be severely

affected by the ELB, as it limits the implementation of policy instruments. On

the other hand, it is more likely that goal-based systems are better equipped to

deal with the ELB as long as the target is well designed. Inflation targeting might

limit forward guidance policy; however, price-level targeting or average inflation

targeting could automatically activate a forward guidance-like policy.

Modifications to CB incentives studied here come from the assumption that

price and wage rigidity are the only imperfections that yield welfare cost. Thus,

financial friction has been ignored. After the recent crises, there have been efforts

to account for financial stability or macro-prudential policies as part of the CB’s

responsibilities. Hence, another relevant extension to this paper is to investigate

if the CB should be held accountable for macro-prudential outcomes or financial

stability within a goal- or rule-based system. Despite the lack of consensus on this

matter, the topic will be an important part of the discussion when considering the

future path for monetary policy administration.

12In Walsh (2015), the optimal weight for the rules evaluated was zero for the estimated
model.
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Appendix for Chapter 1

A.1 The complete linearized model

The complete linearized system of equation is:

ĉut =Etĉ
u
t+1 −

1
σ

(it − Etπt+1 − ρt) , (A.1)

πt =βEtπt+1 + κp (m̂ct + µ̂pt ) , (A.2)

πuw,t =βEtπ
u
w,t+1 + κuw

(
m̂rsut + µ̂w,t − ω̂ut

)
, (A.3)

πrw,t =βEtπ
r
w,t+1 + κrw (m̂rsrt + µ̂wt − ω̂rt ) (A.4)

it =ρiit−1 + (1− ρi) [ρ+ ϕππt + ϕπwπ
w
t + ϕyx̂t] , (A.5)

ŷt =ẑt + (1− a) ĥt, (A.6)

ω̂t =nω̂rt + (1− n)ω̂ut , (A.7)

ĥrt =ĥt − θw (ω̂rt − ω̂t) , (A.8)

ĥut =ĥt − θw (ω̂ut − ω̂t) , (A.9)

ĉrt = (1 + τw)ψ
(
ω̂rt + ĥrt

)
− (T r/Cr) t̂rt , (A.10)

ŷt =ĉt = n
(
Cw

Y

)
ĉwt + (1− n)

(
Cu

Y

)
ĉut , (A.11)

m̂ct =ω̂t + aĥt − ẑt (A.12)

m̂rsut =ηĥut + σĉut , (A.13)

m̂rsrt =ηĥrt + σĉrt , (A.14)

πrw,t =πt + ωrt − ωrt−1, (A.15)

πuw,t =πt + ωut − ωut−1, (A.16)

(A.17)
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πw,t =nπrw,t + (1− n)πuw,t (A.18)
T r

ωrhr
t̂rt =τw(ω̂rt + ĥrt ), (A.19)

T u

ωuhu
t̂ut =τw(ω̂ut + hut ) + τp

1− n
ωh

ωuhu
(ω̂t + ĥt). (A.20)

x̂t =ŷt − ŷet and (A.21)

ŷet = 1 + η

a+ η + σ(1− a) ẑt.. (A.22)

A.2 Efficient model representation

The model discussed in this paper under the Taylor rule (1.21) can be reduced

to an equivalent efficient system of 6 variables (ŷ, π, πw, it, ω̂ and ω̂r) and 6

equations. This efficient representation of the model is directly comparable to

more standard New Keynesian models.

Combining (1.10) with (1.4), (1.14), (1.26) and (1.27) to solve for y, yields the

following ‘extended’ Euler equation

ŷt =Etŷt+1 −
1
σ

(it − Etπt+1 − ρt)

+ n

1− n

[
(1− a)

(
θw (ω̂t − Etω̂t+1) + (1− θw)

(
wrt − Etw

r
t+1

))
(A.23)

− (1− ρz)zt
]
.

Using (1.30) to eliminate ĥ in (1.2) and replacing it in (1.1) leads to the Phillips

curve for prices

πt =βEtπt+1 + κp
(
ω̂t − m̂plt + µp,t

)
. (A.24)

Combining (1.11) and (1.19) in (1.9) and taking into account (1.6) yields the
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‘extended’ aggregated Phillip Curve for wage inflation

πw,t =βEtπw,t+1 + [κuw − n(κuw − κrw)] [m̂rst − ω̂t + µw,t]

+ nκuwω̂
r
t (A.25)

+ n(κuw − κrw) [(1 + θwη̃)(ω̂rt − ω̂t)− (1 + (1− a)σ)ω̂rt + σẑt] ,

where m̂rst = η̃
1−a ŷt −

η
1−a ẑt is the aggregated marginal rate of substitution with

η̃ = η + σ(1− a).

Wage dynamics for restricted households comes from replacing (1.7) and (1.6)

in (1.11):

ω̂rt = β

1 + β̃
Etω̂

r
t+1 −

1
1 + β̃

ω̂rt−1 + κp

1 + β̃
(πt − βEtπt+1)

+ κrw
1 + β̃

[πw,t − βEtπw,t+1 + (1 + θwη̃)ω̂t − σẑt] , (A.26)

where β̃ = β + κrw[θwη + σ(1− a)(θw − 1)].

To close the efficient model representation, equations (1.9) and (1.21) are also

required.

A.3 Derivation of welfare approximation

As the model is efficient at the steady-state, it happens thatMRSss = MPLss;

therefore

γh1+η
ss = (1− a)Y 1−σ

ss (A.27)
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Welfare and period utility

Define aggregated period utility of consumption as

Uc
t = bt

∫ n

0

Cr
t (s)1−σ

1− σ ds+ (1− n)bt
(Cu

t )1−σ

1− σ ds (A.28)

and aggregated period dis-utility of hours consumption as

Uh
t = βbt

∫ 1

0

h∗t (s)1+η

1 + η
ds (A.29)

then total welfare becomes

Vt =
∞∑
i=0

βi
[
Uc
t+i + Uh

t+i

]
(A.30)

• h∗t (s) is hours supplied by household s ∈ [0, 1], it is linked to hours effectively

supplied (denoted by hst) in the labor marked by the following equation:

h∗t (s) =
(
ω`t(s)
ω`t

)−θw,t (ω`t
ωt

)−θw,t
hst

where ` = r if s ∈ [0, n] and ` = u if s ∈ (n, 1].

• hdj,t is hours demanded by firm j ∈ [0, 1]:

hdj,t =
(
Yj,t
Zt

) 1
1−a

=
(
Pj,t
Pt

)− θp,t1−a
(
Yt
Zt

) 1
1−a

Hence, hours demanded by all firms are

hdt =
∫ 1

0
hdj,tdj =

(
Yt
Zt

) 1
1−a

∆p,t
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where ∆p,t > 1 is a measure of price dispersion and is given by

∆p,t =
∫ 1

0

(
Pj,t
Pt

)− θp,t1−a
dj with

∫ 1

0

(
Pj,t
P `
t

)1−θp,t

dj = 1 (A.31)

• Market clearing conditions require hdt = hst ; hence, hours supplied by house-

hold s can be written as

h∗t (s) =
(
ω`t(s)
ω`t

)−θw,t (ω`t
ωt

)−θw,t
∆p,t

(
Yt
Zt

) 1
1−a

(A.32)

• Notice that h∗t (s) is the measure of hours that is inputted in the utility

function of household s.

• Some useful second order approximations

ĥt − αnĥrt − (1− αn)ĥut = −1
2
θw − 1
θw

(
ĥ2
t − αn(ĥrt )2 − (1− αn)(ĥut )2

)
ŵt − αnŵrt − (1− αn)ŵut = 1

2(θw − 1)
(
ŵ2
t − αn(ŵrt )2 − (1− αn)(ŵut )2

)
ŷt − nĉrt − (1− n)ĉut = −1

2
(
ŷ2
t − n(ĉrt )2 − (1− n)(ĉut )2

)
(A.33)

Period utility of consumption

Notice that a second order approximation of the expression F (b, x) = bx
1−σ

1−σ

around (b, x) = (1, Yss) is

F (b, x) ≈ Y 1−σ
ss

1− σ + Y 1−σ
ss

[
(1 + b)x+ 1

2(1− σ)x2
]

+ Y 1−σ
ss

1− σ

[
b+ 1

2b
2
]
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As a result, the second order approximation of (A.28) is

Ûc
t ≈n

[
(1 + b̂t)Esĉrt (s) + 1

2(1− σ)Es(ĉrt (s))2
]

+ (1− n)
[
(1 + b̂t)ĉut + 1

2(1− σ)(ĉut )2
]

+ t.i.p. (A.34)

where Ûc
t = Uc

t − Uc
ss, Uc

ss = 1
1−σ and Esg(x(s)) = 1

n

∫ n
0 g(x(s))ds.

Remember that

Esĉrt (s) =ĉrt −
1
2varsĉrt (s) and

Es(ĉrt (s))2 =varsĉrt (s) + E2
s ĉ
r
t (s) ≈ varsĉrt (s) + (ĉrt )2. (A.35)

Given that from (1.16) , after taking into account that τw = 1
θw−1 , we have

ĉrt (s)− ĉrt = −χθwψ (ω̂t(s)− ω̂rt ) .

then

varsĉrt (s) = (χθwψ)2varswrt (s) (A.36)

Replacing (A.35) and (A.36) in (A.34) and simplifying

Ûc
t ≈(1 + b̂t)(nĉrt + (1− n)ĉut ) + 1

2(1− σ)
[
n(ĉrt )2 + (1− n)(ĉut )2

]
− nσ

2 (χψθw)2varswrt (s) + t.i.p.
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Notice that ŷt+ 1
2 ŷ

2
t = nĉrt +(1−n)ĉut + 1

2 [n(ĉrt )2 +(1−n)(ĉut )2] as Yss = Cr
ss = Cu

ss.

Therefore

Ûc
t ≈(1 + b̂t)ŷt + 1

2(1− σ)ŷ2
t −

1
2σ

[
n(ĉrt )2 + (1− n)(ĉut )2 − ŷ2

t

]
− nσ

2 (χψθw)2varswrt (s) + t.i.p.

Also notice that n(ĉrt )2+(1−n)(ĉut )2−ŷ2
t = n(1−n)(ĉut −ĉrt )2; hence, the expression

above becomes

Ûc
t ≈(1 + b̂t)ŷt + 1

2(1− σ)ŷ2
t −

1
2σn(1− n)(ĉut − ĉrt )2

− nσ

2 (χψθw)2varswrt (s) + t.i.p. (A.37)

Period dis-utility of labor

Replacing (A.32) in (A.29) yields

Uht = γ

1 + η
bt

[
n∆r

w,t

(
ωrt
ωt

)−(1+η)θw,t
+ (1− n)∆u

w,t

(
ωut
ωt

)−(1+η)θw,t
](

Yt
Zt

) 1+η
1−a

∆1+η
p,t (A.38)

where

∆r
w,t = 1

n

∫ n

0

(
ωrt (s)
ωrt

)−(1+η)θw,t

ds and ∆u
w,t = 1

1− n

∫ 1

n

(
ωut (s)
ωut

)−(1+η)θw,t

ds

(A.39)

Notice that relative wages also satisfy

1
n

∫ n

0

(
ωrt (s)
ωrt

)1−θw,t

ds = 1
1− n

∫ 1

n

(
ωut (s)
ωut

)1−θw,t

ds = 1 (A.40)
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Because of (A.31), (A.39) and (A.40), it is known that

∆`
w,t = 1 + δ

`,(1)
w,t + 1

2δ
`,(2)
w,t and ∆p,t = 1 + δ

(1)
p,t + 1

2δ
(2)
p,t (A.41)

where the superscripts (1) and (2) stand for the first and second order term,

respectively. These terms are

δ
`,(1)
w,t =δ(1)

p,t = 0,

δ
(2)
p,t = (1 + ξp)θp

1− a varjpj,t and (A.42)

δ
`,(2)
w,t =(1 + η)(1 + ξu)θwvarsw`t(s),

where ξp = θaa
1−a and ξu = ηθw.

Hence, the second order approximation of (A.38), taking into account (A.41) and

(A.42) is

Ûh
t ≈(1 + bt)(ŷt − ẑt) + (1 + η)

2(1− a)(ŷt − ẑt)2

− θw[(1− a)(1 + b̂t) + (1 + η)(ŷt − ẑt) + (1− a)(1 + η)θwŵt]

× [nŵrt + (1− n)ŵt − ŵt]

+ 1
2(1− a)(1 + η)θ2

w

[
n(ŵrt )2 + (1− n)(ŵut )2 − ŵ2

t

]
+ 1

2
(1 + ξp)θp

1 + η
varjpj,t

+ 1
2(1− a)(1 + ξu)θw [nvarswrt (s) + (1− n)varswut (s)] + t.i.p.

where Ûh
t = Uh

t −Uh
ss with Uh

ss = 1−a
1+η . From (A.33) we have that nŵrt +(1−n)ŵut −

ŵt = 1
2(θw − 1) (n(ŵrt )2 + (1− n)(ŵut )2 − ŵ2

t ). This expression, can be further

reduced if ŵt is replaced with its linear approximation ŵt = nŵrt + (1 − n)ŵut
which leads to n(ŵrt )2 + (1− n)(ŵut )2 − ŵ2

t = n(1− n)(ŵrt − ŵut )2. Plugging these
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two results in the last expression above and eliminating terms of order higher than

two yields

Ûh
t ≈(1 + bt)(ŷt − ẑt) + (1 + η)

2(1− a)(ŷt − ẑt)2

+ 1
2n(1− n)(1− a)(1 + ξu)θw(ŵrt − ŵut )2

+ 1
2

(1 + ξp)θp
1 + η

varjpj,t (A.43)

+ 1
2(1− a)(1 + ξu)θw [nvarswrt (s) + (1− n)varswut (s)] + t.i.p.

Total period utility and welfare

Total period utility comes from adding together (A.37) with (A.43)

Ût ≈
1
2(1− σ)ŷ2

t −
1 + η

2(1− a)(ŷt − ẑt)2

− 1
2σn(1− n)(ĉut − ĉrt )2 − 1

2n(1− n)(1− a)(1 + ξu)θw(ŵut − ŵrt )2

− 1
2(1 + ξp)θpvarjpj,t (A.44)

− 1
2n

[
(1− a)(1 + ξu)θw + σ(χψθw)2

]
varswrt (s)

− 1
2(1− n)(1− a)(1 + ξu)θwvarswut (s) + t.i.p.

Reducing the expression on output

(1− σ)ŷ2
t −

1 + η

1− a(ŷt − ẑt)2 =−
[
a+ η + σ(1− a)

1− a

] [
ŷ2
t − 2 1 + η

a+ η + σ(1− a) ŷtẑt
]

+ t.i.p.
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notice that ŷet = 1+η
a+η+σ(1−a) ẑt; hence

(1− σ)ŷ2
t −

1 + η

1− a(ŷt − ẑt)2 =−
[
a+ η + σ(1− a)

1− a

] [
ŷ2
t − 2ŷtŷet + (ŷet )2

]
+ t.i.p.

=−
[
a+ η + σ(1− a)

1− a

]
(xet )2 + t.i.p.

Therefore, (A.44) can be reduced to

Ût ≈−
1
2

[
a+ η + σ(1− a)

1− a

]
(xet )2

− 1
2σn(1− n)(ĉut − ĉrt )2 − 1

2n(1− n)(1− a)θw(1 + ξu)(ŵut − ŵrt )2

− 1
2(1 + ξp)θpvarjpj,t (A.45)

− 1
2n

[
(1− a)(1 + ξu)θw + σ(χψθw)2

]
varswrt (s)

− 1
2(1− n)(1− a)(1 + ξu)θwvarswut (s) + t.i.p.

Total welfare (Eq. (A.30)) becomes

V̂t ≈−
1
2

∞∑
i=0

βi


[
a+ η + σ(1− a)

1− a

]
(xet+i)2

+ σn(1− n)(ĉut+i − ĉrt+i)2 + n(1− n)(1− a)θw(1 + ξu)(ŵut+i − ŵrt+i)2

+ (1 + ξp)θpvarjpj,t+i (A.46)

+ n
[
(1− a)(1 + ξu)θw + σ(χψθw)2

]
varswrt+i(s)

+ (1− n)(1− a)(1 + ξu)θwvarswut+i(s)

+ t.i.p.
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PDV of price/wage dispersion

From Woodford (2003)

∞∑
i=0

βivarjpj,t+i = φp
(1− φp)(1− βφp)

∞∑
i=0

βiπ2
t+i

∞∑
i=0

βivarswrt+i(s) = φw
(1− φw)(1− βφw)

∞∑
i=0

βi(πr,wt+i)2

∞∑
i=0

βivarswut+i(s) = φw
(1− φw)(1− βφw)

∞∑
i=0

βi(πu,wt+i )2

As a result, welfare can be written as

V̂t ≈−
1
2UcC

θp
κp

∞∑
i=0

βi

π2
t+i +

[
a+ η + σ(1− a)

1− a

]
κp
θp

(xet+i)2

+ (1− n)(1− a)θw
θp

κp
κuw

(πu,wt+i )2

+
(
n(1− a)θw

θp

κp
κuw

+ nχ2 σ(ψθw)2

(1 + ξr)θp
κp
κrw

)
(πr,wt+i)2

+ σn(1− n)κp
θp

(ĉut+i − ĉrt+i)2

+ n(1− n)(1− a)θw(1 + ξu)κp
θp

(ŵut+i − ŵrt+i)2

+ t.i.p.

Or equivalently

Vt ≈V̄−
1
2Uc,ssCss

θp
κp

∞∑
i=0

βiLt+i + t.i.p. (A.47)

where Lt represents welfare loss in units of steady state consumption, and it is

calculated as follows

Lt =π2
t + λx(xet )2 + λuπ,w(πu,wt )2 +

(
λ1,r
π,w + λ2,r

π,w

)
(πr,wt )2

+ λc(ĉut − ĉrt )2 + λw(ŵut − ŵrt )2. (A.48)
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Weights in (A.48) are given by

λx ≡
a+ η + σ(1− a)

1− a
κp
θp

λuπ,w ≡(1− n)(1− a)θw
θp

κp
κuw

λ1,r
π,w ≡

n

1− nλ
u
π,w (A.49)

λ2,r
π,w ≡nχ2 σ(ψθw)2

(1 + ξr)θp
κp
κrw

λc ≡nσ(1− n)κp
θp

λw ≡n(1− n)(1− a)θw(1 + ξu)κp
θp

where (A.47), (A.48) and (A.49) are equations (1.34), (1.35) and (1.36) in the

main text.
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Appendix B

Appendix for Chapter 2

B.1 The complete non-linear system

What follows replicates the system in Ledesma&Walsh after linearizing

Core variables

y :={yf,t, wrf,t, yt, πt, wrt , wut } #y = 6 (B.1)

x1 :={w̆rt−1, w̆
u
t−1} #x1 = 2 (B.2)

x2 :={εb,t, εz,t} #x2 = 2 (B.3)

Core system:

Optimality conditions from the unrestricted households provide the Euler equation

and one of the Phillip curve for wages, equations (2.5) and (2.6) in the main text,
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where τw = 1
θw−1 has been replaced in the Phillips curve:

1 =Rnom
t Et

SDF u
t,t+1

Πt+1
and (B.4)

MRSut =W u
t + 1

θw

(
W u
t

Wt

)θw [
A′wu,t

Πw,u
t

Π̄
− EtSDF u

t,t+1A′wu,t+1
Πw,u
t+1

Π̄
Ht+1

Ht

]
.

(B.5)

Restricted households’ optimal wage setting gives the second Phillips curve re-

garding wage inflation, equation (2.4) in the text:

MRSrt =W r
t + 1

θw

(
W r
t

Wt

)θw [
A′wr,t

Πw,r
t

Π̄
− EtSDF r

t,t+1A′wr,t+1
Πw,r
t+1

Π̄
Ht+1

Ht

]
.

(B.6)

From the production side, firms reset prices by following the Phillip curve given

by equation (2.15) in the text:

RMCt =θp − 1
θp

+ 1
θp

[
A′p,t

Πt

Π̄
− EtSDF u

t,t+1A′p,t+1
Πt+1

Π̄
Yt+1

Yt

]
. (B.7)

The flexible price economy comes from setting both marginal rate of substitutions

(for restricted and unrestricted households) equal to the marginal product of labor

(determined by the condition RMCf,t = 1):

W u
f,t =γ(Hu

f,t)η(Cu
f,t)σ (B.8)

W r
f,t =γ(Hr

f,t)η(Cr
f,t)σ (B.9)
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A technicality in Judd (1996) notation, require us to close the economy by setting

the lead of the endogenous states equal to their mirroring jumping variables

w̆rt =wrt (B.10)

w̆ut =wut (B.11)

Exogenous processes

All exogenous variables follow AR(1) processes as described in equations (2.2) and

(2.12), which are displayed here in logs:

εz,t+1 =(1− ρz) logZss + ρzεz,t + σzεz,t+1 (B.12)

εb,t+1 =(1− ρb) log β + ρbεb,t + σbεb,t+1 (B.13)

Transformations

In order to have a closed model, the system (B.4-B.11) should depend exclusively

on jumping and state variables as depicted in equations (B.1-B.3). As a result,

all variables involved in the core system, different from those declared as jumping

or states, should be defined as function of them.
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Consider z as the vector of all required definitions, then it is composed by

z :=



Yf,t W r
f,t Yt Πt W r

t W u
t

W̆ r
t W̆ u

t βt Zt Hf,t Wf,t

W u
f,t Hr

t Hu
t Cr

t Cu
t Wt

Πw,r
t Πw,u

t Πw
t Awr,t A′wr,t Awu,t

A′wu,t Ap,t A′p,t Ht Hr
t Hu

t

Ct Cr
t Cu

t MRSrt MRSut SDF r
t,t+1

SDF u
t,t+1 RMCt Rmp

t Rnom
t Ut Uf,t

Lt



, (B.14)

where, variables in z are built as function of {y,x,u′} as follows:

1. From log to levels:

Yf,t = exp(yf,t), W r
f,t = exp(wrf,t), Yt = exp(yt), Πt = exp(πt),

W r
t = exp(wrt ),W u

t = exp(wut ), W̆ r
t = exp(w̆rt ), W̆ u

t = exp(w̆ut ),

βt = exp(εb,t), Zt = exp(εz,t)
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2. Required definitions for the flexible economy

Hf,t =
[
Yf,t
Zt

] 1
1−a

,

Wf,t =(1− a)Z
1

1−a
t Y

− a
1−a

f,t

W u
f,t =

[ 1
1− nW

−(θw−1)
f,t − n

1− n(W r
f,t)−(θw−1)

]− 1
θw−1

Hr
f,t =

(
W r
f,t

Wf,t

)−θw
Hf,t,

Hu
f,t =

(
W u
f,t

Wf,t

)−θw
Hf,t

Cr
f,t =(1− ψ)Y +W r

f,tH
r
f,t

Cu
f,t = 1

1− nYf,t −
n

1− nC
r
f,t
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2. Required definitions for the sticky price economy

Wt =[n(W r
t )−(θw−1) + (1− n)(W u

t )−(θw−1)]−
1

θw−1

Πw,r
t =Πt

W r
t

W̆ r
t−1

, Πw,u
t = Πt

W u
t

W̆ u
t−1

, Πw
t = Πt

Wt

W̆t−1
,

Awr,t =φ
rot
w

2

(
Πw,r
t

Π̄
− 1

)2

, A′wr,t = φrotw

(
Πw,r
t

Π̄
− 1

)

Awu,t =φ
rot
w

2

(
Πw,u
t

Π̄
− 1

)2

, A′wu,t = φrotw

(
Πw,u
t

Π̄
− 1

)

Ap,t =
φrotp
2

(
Πt

Π̄
− 1

)2

, A′p,t = φrotp

(
Πt

Π̄
− 1

)

Ht =
[
Yt
Zt

] 1
1−a

, Hr
t =

(
W r
t

Wt

)−θw,t
Ht, H

u
t =

(
W u
t

Wt

)−θw,t
Ht

Ct =(1−Ap,t)Yt − (nAwr,t + (1− n)Awu,t)Ht

Cr
t =(1− ψ)Y +W r

t H
r
t −Awr,tHt

Cu
t = 1

1− nCt −
n

1− nC
r
t

MRSrt =γ(Hr
t )η(Cr

t )σ, MRSut = γ(Hu
t )η(Cu

t )σ,

SDF r
t,t+1 =βt+1

(
Cr
t+1
Cr
t

)−σ
, SDF u

t,t+1 = βt+1

(
Cu
t+1
Cu
t

)−σ
,

RMCt =θp − 1
θp

Wt

(1− a)Z
1

1−a
t Y

− a
1−a

t

2. Monetary policy is introduced in the system as a definition

Rmp
t =Π̄

β

(
Πt

Π̄

)ϕπ ( Yt
Yf,t

)ϕx
,

Rnom
t = max{Rmp

t , R}
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3. Required to calculate welfare loss

Ut =n(Cr
t )1−σ + (1− n)(Cr

t )1−σ

1− σ − γn(Hr
t )1+η + (1− n)(Hu

t )1+η

1 + η

Uf,t =
n(Cr

f,t)1−σ + (1− n)(Cr
f,t)1−σ

1− σ − γ
n(Hr

f,t)1+η + (1− n)(Hu
f,t)1+η

1 + η

Lt = 1
Y 1−σ
ss

[Uf,t − Ut].

B.2 Algorithms

Algorithm 1 (Pseudo code to calculate the ESS). Given that all exogenous state

variables x2 follow linear stochastic processes, their DSS and ESS coincide. Denote

the fixed point for exogenous state variables as x2,ss, then the recursion to obtain

the ESS of the model follows:

1. Initialize the vector of endogenous state variables x(0)
1,ess and build the vector

of state variables x(0)
ess = [(x(0)

1,ess)T xT2,ss]T .

2. Update the vector of state variables x(i)
ess with the approximated solution

ĥ1(·): calculate x(i)
1,ess = ĥ1(x(i−1)

ess |Φ̂h) and build x(i)
ess = [(x(i)

1,ess)T xT2,ss]T .

3. If ||x(i)
ess−x(i−1)

ess || < ε, go to the next step. Otherwise repeat step 2 until this

condition is met.

4. Calculate the ESS of all jumping endogenous variables yess and definitions

zess according to yess = ĝ(xess|Φ̂g) and zess = k(yess,xess).

Algorithm 2 (ELB events). We simulate T = 300000 draws of the model under

all alternative calibrations and calculate the following:
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• The likelihood of reaching the ELB

p({rnomt = 0}) =
∫
I{0}[rnomt ]µ(x)dx ≈ 1

T

T∑
i=1
I{0}[rnom(x(i))] (B.15)

where x(i) is the i-th draw of the state vector and I{C}[m(x)] is a function

that equals 1 if m(x) ∈ C and 0 otherwise.

• The likelihood of staying at the ELB for exactly s consecutive periods once

the ELB is reached.

Define the event of s consecutive periods at the ELB as Rt−1,s = {rnomt−1 =

0, ..., rnomt−s = 0, rnomt−s−1 > 0}. Hence, staying exactly s consecutive periods

has a likelihood of

p({rnomt > 0,Rt−1,s}) ≈
#({rnomt > 0,Rt−1,s})∑
i #({rnomt > 0,Rt−1,i})

. (B.16)

• Expected duration

Dur =
k∑
i=1

i× p({rnomt > 0,Rt−1,i})

• The likelihood of staying at the ELB for at least one additional period after

s consecutive periods.

p({rnomt = 0}|Rt−1,s) =
∫

x
I{0}[rnomt ]µ(x|Rt−1,s)dx

≈ 1
Ts

Ts∑
i=1
I{0}[rnom(x(i)|Rt−1,s)]

(B.17)

where x(i)|Rt−1,s collect all states realized after the economy was trapped at

the ELB for s periods and Ts = #(x(i)|Rt−1,s).
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• The likelihood of leaving the ELB at the next period.

p({rnomt > 0}|Rt−1,s) = 1− p({rnomt = 0}|Rt−1,s)
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Appendix C

Appendix for Chapter 3

C.1 Exogenous process

The exogenous processes in Smets and Wouters (2007) are specified as follows

εa,t =ρaεa,t−1 + εa,t, (C.1)

εb,t =ρbεb,t−1 + εb,t, (C.2)

εg,t =ρgεg,t−1 + εg,t + ρgaεa,t, (C.3)

εi,t =ρiεi,t−1 + εi,t, (C.4)

εp,t =ρpεp,t−1 + ηp,t − µpηp,t−1, (C.5)

εw,t =ρwεw,t−1 + ηw,t − µwηw,t−1, (C.6)

ηp,t =εp,t, (C.7)

ηw,t =εw,t. (C.8)
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C.2 Estimated coefficients

Table (C.1) summarizes the outcome from Smets and Wouters’s 2007 estima-

tion, it reports the assumed prior distribution and the estimated posterior. The

values of the coefficients used in this paper are the posterior mean

144



Prior distribution Posterior distribution
Dist. Mean S.D. Mode Mean S.D. C.I 90%

Structural parameters
ϕ N 4.00 1.50 5.42 5.61 1.02 [4.34, 6.98]
σc N 1.50 0.38 1.43 1.39 0.13 [1.23, 1.55]
λ B 0.70 0.10 0.70 0.71 0.04 [0.66, 0.76]
ξw B 0.50 0.10 0.74 0.70 0.07 [0.62, 0.79]
σl N 2.00 0.75 1.88 1.82 0.61 [1.12, 2.57]
ξp B 0.50 0.10 0.65 0.65 0.06 [0.58, 0.73]
ιw B 0.50 0.15 0.60 0.58 0.13 [0.42, 0.74]
ιp B 0.50 0.15 0.22 0.24 0.09 [0.13, 0.35]
ψ B 0.50 0.15 0.53 0.53 0.11 [0.39, 0.67]
φ N 1.25 0.13 1.60 1.60 0.08 [1.50, 1.70]
π Γ 0.63 0.10 0.76 0.79 0.11 [0.65, 0.92]

100(1− β−1) Γ 0.25 0.10 0.14 0.17 0.06 [0.10, 0.24]
` N 0.00 2.00 0.86 0.62 1.08 [−0.76, 2.01]
γ N 0.40 0.10 0.43 0.43 0.01 [0.41, 0.45]
α N 0.30 0.05 0.19 0.19 0.02 [0.16, 0.21]

Monetary Policy
ρ B 0.75 0.10 0.82 0.81 0.02 [0.78, 0.84]
rπ N 1.50 0.25 2.03 2.04 0.18 [1.82, 2.27]
ry N 0.13 0.05 0.09 0.09 0.02 [0.06, 0.12]
r∆y N 0.13 0.05 0.22 0.23 0.03 [0.19, 0.26]

Disturbances
ρa B 0.50 0.20 0.96 0.96 0.01 [0.95, 0.97]
ρb B 0.50 0.20 0.17 0.21 0.08 [0.10, 0.33]
ρg B 0.50 0.20 0.98 0.98 0.01 [0.97, 0.99]
ρi B 0.50 0.20 0.72 0.74 0.06 [0.66, 0.81]
ρr B 0.50 0.20 0.12 0.15 0.06 [0.07, 0.23]
ρp B 0.50 0.20 0.91 0.89 0.05 [0.83, 0.95]
ρw B 0.50 0.20 0.98 0.97 0.01 [0.95, 0.99]
µp B 0.50 0.20 0.75 0.70 0.09 [0.57, 0.82]
µw B 0.50 0.20 0.90 0.85 0.05 [0.77, 0.92]
ρga N 0.50 0.25 0.51 0.51 0.09 [0.39, 0.63]
σε,a Γ−1 0.10 2.00 0.46 0.46 0.03 [0.43, 0.50]
σε,b Γ−1 0.10 2.00 0.24 0.24 0.02 [0.21, 0.27]
σε,g Γ−1 0.10 2.00 0.52 0.53 0.03 [0.49, 0.57]
σε,i Γ−1 0.10 2.00 0.45 0.44 0.05 [0.39, 0.51]
σε,r Γ−1 0.10 2.00 0.24 0.24 0.01 [0.23, 0.26]
σε,p Γ−1 0.10 2.00 0.14 0.14 0.02 [0.12, 0.16]
σε,w Γ−1 0.10 2.00 0.25 0.24 0.02 [0.22, 0.27]

Table C.1: Details in Smets and Wouters’s 2007 estimation
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C.3 Impulse response matching

The outcome from matching the IRF between the benchmark model and the

original estimates in Smets and Wouters (2007) are displayed in the following

figures
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Figure C.1: Responses to a productivity shock
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Figure C.2: Responses to a bond’s return shock
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Figure C.3: Responses to a government expenditure shock
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Figure C.4: Responses to a investment adjustment cost shock
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Figure C.5: Responses to a price markup shock
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Figure C.6: Responses to a wage markup shock
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