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Abstract
Toward Trustworthy Causal Inference
by
Yaxuan Huang
Doctor of Philosophy in Statistics
University of California, Berkeley
Distinguished Professor Bin Yu, Chair

Associate Professor Sam Pimentel, Co-chair

This dissertation studies methodological challenges in modern causal inference with a par-
ticular focus on the trustworthiness and robustness of estimation methods. While recent
advances in machine learning and statistical methodology have vastly expanded the scope
and toolkit of causal analysis, many questions remain unresolved. In practice, researchers
often make causal conclusions despite unobserved counterfactuals, possible unmeasured con-
founding, as well as covariate imbalance in observational studies. First, unlike supervised
prediction problems, since causal estimands such as treatment effects are never directly ob-
served, model choice and uncertainty quantification become substantially more difficult in
the absence of ground truth against which competing methods can be compared. Second, the
assumption of no unobserved confounding is implausible in practice and existing sensitivity
analysis methods seek to quantify how violations of this assumption could affect causal con-
clusions. However, these methods are typically designed for specific estimation strategies,
motivating the need for a more general framework. Third, existing randomization inference
methods create a mismatch between the design stage and the inference stage of matched
observational studies, and sensitivity analyses for such studies are often inadequate. In the
face of these problems, the three chapters of this dissertation develop methodological tools
addressing these difficulties, with the common goal of improving the stability, robustness,
and trustworthiness of causal inference in modern data settings.

Chapter 1 develops a framework for stable model screening and uncertainty quantification for
conditional average treatment effect (CATE) estimation - PCS-CATE. This is a joint work
with Sizhu Lu and Bin Yu. The chapter adapts the Predictability-Computability-Stability
(PCS) framework for veridical data science of Yu and Kumbier [99] to causal inference
settings. Because standard prediction-based validation is unavailable in causal problems,
we adopt subgroup calibration metrics and a multi-metric screening procedure for evaluat-
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ing CATE estimators. We further introduce a bootstrap-based uncertainty quantification
framework that propagates both algorithmic and data uncertainty while calibrating interval
estimates through subgroup coverage criteria. The framework is extended from randomized
experiments to observational studies through additional propensity-score model diagnos-
tics and screening procedures. Extensive simulations on synthetic and semi-synthetic data
demonstrate that the proposed PCS procedure achieves more stable model screening and
reliable interval coverage with mild width inflation relative to existing approaches.

Chapter 2 studies the connection between sensitivity analyses of regression and weighting
estimators, and formulates a unified framework of examining the sensitivity to unobserved
confounding based on the perturbation of implied weights. This chapter is a joint work with
Sam Pimentel and Melody Huang. Existing sensitivity analysis methods are often tailored
to specific estimation strategies, such as partial R? for linear regressions, or variance-based
sensitivity model for IPW estimators. With the implied weight form for regression estima-
tors, we constrain the Ly distance between implied weights based on observable covariates
and oracle weight vector and characterize the resulting worst-case bias. We introduce two
complementary formulations, the restricted model, which leads to interpretable sensitivity
parameters and sharp bias bounds within this structured class, and the unrestricted model,
which provides bounds that are robust to model misspecification. The framework naturally
extends to interacted regressions and other estimators that admit implied weights. Our
results provide a unified perspective on sensitivity analysis across regression and weighting
estimators and offer a tractable approach to sensitivity analysis in settings with heteroge-
neous treatment effects or more flexible estimators.

Chapter 3 studies robust design and inference through covariate-adaptive randomization
in matched observational studies. This is a published work with Sam Pimentel [65]. This
chapter develops randomization-based inference procedures that account for covariate imbal-
ance and propensity score estimation uncertainty in matched designs. The chapter proposes
covariate-adaptive randomization inference methods that adjust for residual covariate dis-
crepancies after matching, while also incorporating sensitivity analysis for unobserved con-
founding. The resulting procedures improve finite-sample validity and robustness relative to
standard randomization inference approaches. Through theoretical results, simulations, and
empirical case studies, the chapter demonstrates how principled design-based adjustments
can strengthen causal conclusions in observational studies.

Taken together, the three chapters contribute to trustworthy causal inference in modern data
settings. Across model screening, sensitivity analysis, and inference design, this dissertation
emphasizes reality check, stability, and transparent uncertainty quantification as fundamen-
tal principles for trustworthy causal conclusions in the presence of unobserved variables,
model uncertainty and residual covariate imbalance.
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Chapter 1

Model Screening and Uncertainty
Quantification for Causal Inference

1.1 Introduction

As causal machine learning develops rapidly, a growing number of estimation strategies
have been proposed for causal estimands such as the average treatment effect (ATE) and
conditional average treatment effect (CATE). Consequently, trustworthy model screening
and uncertainty quantification have become increasingly important for ensuring the safety
and reliability of causal conclusions, especially in high-stakes domains such as healthcare,
public policy and economics. Unlike traditional supervised machine learning problems where
outcomes are observed directly and out-of-sample predictive performance provides a natural
evaluation criterion, causal estimands are intrinsically unobserved. This makes reliable model
assessment more challenging since standard prediction-based validation procedures are not
readily applicable.

Existing approaches to causal model screening and uncertainty quantification typically
rely on surrogate metrics, nuisance function estimation, or additional structural assump-
tions. However, these approaches come with their respective limitations. For instance, many
asymptotic results rely on consistency or convergence-rate assumptions for nuisance estima-
tors such as propensity scores or outcome regressions, and these assumptions are difficult
to verify in practice. On the other hand, assumption-free approaches based on conformal
prediction often produce intervals that are too conservative to be practically useful in causal
applications.

In this paper, we propose a new framework, PCS-CATE, for treatment effect estima-
tion and uncertainty quantification (UQ) based on the Predictability-Computability-Stability
(PCS) framework for veridical data science of Yu and Kumbier [99], Yu and Barter [98], and
Rewolinski and Yu [71]. The PCS framework recognizes that data-driven conclusions are
the results of a multi-step process of modeling considerations and human judgment calls.
It provides a principled way to combine multiple metrics and model screening criteria to



CHAPTER 1. MODEL SCREENING AND UNCERTAINTY QUANTIFICATION FOR
CAUSAL INFERENCE 2

achieve stable and robust predictions. We seek to carry over the PCS framework and the
veridical data science principles to the causal inference setting by developing a stable and
reliable procedure for causal model screening and uncertainty quantification. This chapter
builds on both StaDISC (Dwivedi et al. [24]) and PCS-UQ (Agarwal et al. [3]), which is an
extension of Chapter 13 of Yu and Barter [98].

Our contributions are several-fold. First, we extend the PCS-UQ [3] from supervised
learning to CATE estimation (PCS-CATE). We replace the standard predictability check
used in supervised learning, which is unavailable without the counterfactual ground truth
in causal inference, with an aggregation of multiple evaluation metrics, and replace the
original calibration step with a subgroup calibration procedure tailored to treatment effect
estimation. Second, we re-introduce CAL and WCAL as oracle-free subgroup calibration
metrics, which compare predicted CATEs against within-bin difference-in-means (or Héjek-
IPW) contrasts and provide a finite-sample stand-in for predictive accuracy. CAL was first
introduced by Dwivedi et al. [24] as a reality check step; we adopt it as a formal screening
metric, and also propose a weighted version WCAL for efficiency and stability.

Third, for uncertainty quantification, we propagate data and algorithmic uncertainty via
block-bootstrap of the selected estimators and rescale the pooled out-of-bag (OOB) quantile
band by a multiplier 4 chosen to satisfy a weighted subgroup-coverage criterion. This is an
interval-level calibration step that, to our knowledge, has not previously been used for CATE.
Fourth, for working with observational data, we introduce an additional propensity-model
screening step combining balance diagnostics, expected calibration error, and a proper score,
and propagate propensity-model uncertainty through bootstrap. Finally, through extensive
experiments on synthetic and semi-synthetic datasets, we demonstrate that the proposed
PCS procedure delivers more stable model screening and near-nominal coverage with modest
width inflation in comparison to existing single-metric and per-method baselines. All in all,
we provide practical implementation guidelines for both randomized controlled trials and
observational studies.

Related work This paper builds on three related strands of literature: model screening
and evaluation in causal inference, propensity-score model diagnostics, and the Predictabil-
ity—Computability—Stability (PCS) framework which includes uncertainty quantification.
Kiinzel et al. [45] introduce a general framework for estimating CATE with metalearners
and baselearners, and propose X-learner which can exploit structural properties of the CATE
function and is provably efficient. Nie and Wager [63] propose minimizing the R-loss which
depends on residualized outcome and residualized treatment, and prove that the resulting
estimator achieves quasi-oracle rates despite estimating nuisance functions. Schuler et al. [85]
conduct a horserace of several model screening approaches for treatment effect estimation and
find that the R-loss validation metric is the most consistent in selecting a high-performing
model, adding support to the claims of Nie and Wager [63] and highlighting the usefulness
of the metric in model screening settings where treatment effect model may be fitted by any
algorithm. However, two recent empirical studies map the landscape and come to a similar
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conclusion that no single screening criterion uniformly outperforms across all settings. Curth
and Van Der Schaar [20] argue against any global winner in model screening criteria and
characterize the success and failure modes of screening criteria as functions of the data
and screening strategies. Mahajan et al. [58] benchmark 34 surrogate metrics against 415
estimators on 78 datasets and find that simple residualized scores perform competitively on
average but that no single metric uniformly dominates. We contribute to this literature by
developing a stable framework for model screening in treatment effect estimation.

Another related line of work studies calibration for treatment effect estimation. [24] pro-
pose StaDISC, a PCS-inspired framework for identifying stable and interpretable subgroups
with heterogeneous treatment effects, by evaluating whether predicted subgroup effects are
empirically calibrated and stable across perturbations. [50] show that ML CATE estima-
tors can exhibit substantial bias and propose a model-agnostic calibration procedure that
aligns predicted treatment effect with subgroup difference-in-means estimates. Our work
contributes to this literature by introducing subgroup calibration metrics.

For observational studies, Rubin [83] highlights how propensity scores can be used to help
design observational studies and argues that propensity score models should be evaluated
based on their ability to balance covariate distributions. Models with large residual imbalance
should be rejected. Austin [6] discuss the methods for evaluating whether a propensity score
model is correctly specified and propose the use of sampling distribution of standardized
difference to assess post-adjustment covariate balance. Our approach extends this by jointly
screening propensity-score models using weighted standardized mean difference and several
other relevant metrics.

Finally, our work builds on the Predictability-Computability—Stability (PCS) framework
for veridical data science first introduced by Yu and Kumbier [99] and further developed in
book form by Yu and Barter [98]. Rather than relying solely on a fitted model or asymp-
totic approximation, PCS focuses on reality checks in model screening and stability across
perturbations of the data-analysis pipeline. Regarding uncertainty quantification, PCS per-
turbation intervals are formalized for regression problems in Yu and Barter [98] and extended
to multi-class classification by Agarwal et al. [3]. Our work brings the PCS framework to
causal treatment-effect estimation, and replaces the standard prediction-based checks with
criteria tailored to treatment effect estimation in both randomized and observational settings.

Outline The remainder of the paper is organized as follows. In Section 1.2, we set up the
notations, discuss the steps of our model screening procedure, and elucidate the validation
check metrics and details on estimating the confidence interval. Next, in Section 1.3, we ex-
tend the framework to observational studies by incorporating an additional propensity score
model screening stage and discuss the associated diagnostics for evaluating the propensity
score model. Then, we present the complete step-by-step implementation pipeline for the
observational setting and highlight the key differences relative to the RCT procedure. To
demonstrate the efficacy of our method, in Section 1.4, we evaluate the proposed frame-
work through extensive empirical experiments and present results. Finally, we discuss the
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strengths and limitations of the framework, along with directions for future research.

1.2 PCS-CATE Model Screening and UQ in RCT

We first introduce the setup and notation. We consider a randomly sampled dataset D =
{(Xi, Z;,Y;) }1,, where X; is the covariate vector, Z; € {0, 1} is the binary treatment indica-
tor (randomly assigned with known probability e in RCTs), and Y; is the observed outcome.
Let o € (0,1) denote the desired significance level for uncertainty quantification. Given S
candidate CATE algorithms, we write 7 (x; D’) for the estimated CATE from the k-th esti-
mator fitted on a dataset D’ (e.g., a bootstrap replicate of D). Given M evaluation metrics,
we write L,,(7x; D”) for the value of the m-th metric for the k-th estimator on a dataset D”.

The procedure exposes three user-specified hyperparameters that together determine its
behaviour: (i) the candidate library {7 }7_, of CATE estimators screened in Step 1, which
controls the inductive-bias diversity available to the screening and ensembling stages; (ii)
the metrics for screening and retention threshold K in the top-K rank-aggregation step
(Section 1.2.1), which trades off ensemble stability against the risk of admitting poorly-fitting
methods; and (iii) the number of subgroups L used in the 4-calibration step (Section 1.2.2),
which controls the granularity of the calibration check.

We first outline the high-level steps of the procedure; details of the evaluation metrics
and the calibration factor are deferred to subsequent sections.

1. Model Screening (“P” in PCS).

a) Data splitting. Randomly split D into a training set Dy, and a validation set
Dy, block-stratified on Z; (and on any other blocking variables specified by the
RCT design) to keep treatment and control balanced across the split.!

b) Model fitting. Train all S candidate CATE estimators on Dy,,;, and evaluate each
one on Dy, using all M evaluation metrics (see Section 1.2.1 for details; we use
multiple screening metrics rather than relying on a single one).

c) Validation check and screening. For each of the M metrics, rank the S estimators
from 1 (best) to S (worst). Aggregate the M ranks for each estimator (e.g.,
by averaging) to obtain a final rank, and retain the top-K estimators, where
K is chosen by the practitioner. This step follows the PCS rank-aggregation
procedure, which has been shown to increase both stability and accuracy in real-
world applications [94].

2. Bootstrap and Calibration.

a) Block bootstrap. Block-bootstrap the full dataset B times, with treated and con-
trol units resampled separately. For each replicate b = 1,..., B, refit all K re-

! Cross-validation may be used when the sample size is small.
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tained estimators on D®) and record their CATE estimates on the out-of-bag
(OOB) indices Z®) = {i : i ¢ D®}.

b) OOB aggregation. For each individual i, pool the OOB estimates across the K
retained methods and B replicates,

= {7 ieI® k=1,....K,b=1,...,B},
and define the OOB median and empirical quantiles

G12(Xi) = median(P;),  Gay2(Xi) = Qa2(Pi),  Giaj2(Xi) = Q1-a/2(Pi).

c) Subgroup calibration. Select 4 > 1 as described in Section 1.2.2.

This step extends the bootstrap-and-calibration step of PCS-UQ [3] to the causal
setting. The extension is non-trivial: the CATE is unobserved, so in place of a held-out
target we use the subgroup difference-in-means (DiM) as a noisy but unbiased estimator
of the subgroup ATE. As a consequence, we cannot deliver the finite-sample coverage
guarantees that conformal prediction or PCS-UQ enjoy. Instead, the calibration step
serves as a necessity check, triggering interval inflation whenever the OOB intervals
are demonstrably miscalibrated against the subgroup contrasts (see Section 1.2.2 for
the formal argument).

3. Point and Interval Estimation.

a) Point estimate. Refit each of the K retained estimators once on the full dataset
D. The point estimate at = is the mean of their predictions,

LK
= }Z%k(f”? D).

k=1

b) Calibrated interval. For each individual i, the calibrated interval is constructed
by inflating the OOB quantile band around the median by 4:

I; = [41/2()(1') — A(q12(Xs) = Gap2(X3)), Gr2(Xs) + F(G1—ay2(Xi) — 41/2(Xi))]

1.2.1 Validation Check Metrics

We use four metrics to rank candidate estimators on the validation set D,,;: two variants of
a subgroup calibration score (Cal, WCal) and two variants of the R-risk (Rrisk, Rrisk_raw).
All four return non-negative scores, with smaller values indicating better fit. For each metric
we rank the candidate estimators from 1 (best) to S (worst); the four ranks are then averaged
to obtain a single screening score, and the K = 3 estimators with the smallest average rank
are retained. This rank-aggregation step follows the PCS rank-aggregation procedure of
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Tang et al. [94], which has been shown to improve both stability and accuracy over single-
metric selection in real-world applications. Of the four metrics, WCal and Rrisk raw are
introduced in this paper; Cal follows Dwivedi et al. [24] but is repurposed here as a formal
screening criterion (in the original work it served only as a reality check), and Rrisk is taken
directly from Nie and Wager [63], where it is shown to be quasi-oracle efficient under standard
regularity conditions.

Calibration score (Cal). For each candidate estimator 7, form @ = 5 quantile bins
{G; }] , from the training-set predictions 7(X;), i € Diain, and apply the cutpoints to Dy,
Within bin j, let M = |Gj|7! Xicq, T(Xi) denote the mean predicted CATE and 7™ =
G Yicq, 221 Yi— IG5 Xicq, 2,0 Yi the within-bin difference-in-means estimate of the

subgroup ATE. The calibration score follows Dwivedi et al. [24],

Y

‘G | ~DiM
Cal val Z ‘ Dwﬂ’ — 7'

and rewards estimators whose predicted heterogeneity aligns with observed subgroup con-
trasts. In its original form, Cal (and the normalised R% variant of Dwivedi et al. [24]) was
used as a reality check rather than a screening criterion: on the VIGOR data they study,
none of the 18 candidate estimators passed the check, and estimator screening was carried
out separately through a t-statistic-based procedure on the most extreme quantile bin. We
instead repurpose Cal as a formal screening metric, treating a low value as direct evidence
of good subgroup-level fit.

Variance-weighted calibration score (WCal). Cal weights all bins by size, but the
precision of TDlM varies considerably across bins. To stabilise the score against this source
of noise, we 1ntroduce a variance-weighted variant that scales each bin’s contribution by the
inverse Neyman variance of the DiM estimator,

M‘ 7A_D1M)

WCal val Z ||G ‘ /

Dyall Var( DiM)

where \//a\r(f'jDiM) = 51,/|G}|+ 55 ;/1GY|. WCal penalises miscalibration more heavily in bins
where the empirical signal is reliable, and discounts bins where DiM noise would otherwise

dominate the unweighted score.

R-risk variants. The R-risk is the empirical plug-in of the R-learner loss [63], which
residualises the outcome against an estimated main-effect surface and the treatment against
its known propensity:

Rrisk(#; Dya) = DL STV = i(X0) = (Zi - e)7(X0)],
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where m(X) ~ E[Y | X] is a cross-fitted estimate of the main-effect surface obtained on
Dirain- Although Rrisk inherits the rate properties of double-residualisation, its empirical
reliability as a screening criterion depends on the quality of m, and recent benchmarking
work has flagged this dependence as a practical concern [58, 20]. We therefore also include
a nuisance-free reference,

Rrisk_raw(7; Dya) = |D Y Z )?(Xi)}%

1€D. val

obtained by setting m = 0. Rrisk_raw is noisier than the nuisance-adjusted variant when the
baseline signal is strong but is immune to the failure modes induced by a poorly estimated
m; including both allows the rank-aggregation step to balance the two failure modes rather
than committing to one variant a priori.

1.2.2 Choosing %

This section explains the method for choosing 4 which determines the width of the confidence
interval. Let ¢i/2(X;) be the OOB median estimates. We first partition the data into L
subgroups {G¢}{_; based on quantiles of §i/»(X;). Within each subgroup, compute the
empirical treatment effect

A= — > V- ¥ W

n
1. 1€Gy, 2= ZGG@,ZZ—O

with estimated variance 2

2
S
S1e 0,0
Var(Ag) +—,
Nie No.e

where s7, and s, are the sample variances in the treated and control groups within G.
Next, we define the aggregated interval

IGA Z |Ger 2wl

1€Gy

and let w, = (@(AZ) + 8)_1 for a small constant € > 0. We select 4 as the smallest value
such that
i we {A € L()}
Zé;:l We
for a tolerance level n € (0,1). In practice we choose L so that each subgroup contains at

least nyi, treated and np,;, control units, with n,;, = 50 as a default; this caps L at roughly
Nirain/ (2Mmin). A smaller n,;, produces more subgroups and a finer calibration check at

21_777
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the cost of noisier within-subgroup DiM contrasts. Because the weighted subgroup-coverage
criterion is discrete when L is small, we define

L. (Ze%:l wy)®

= T—L 9
> w%

and use n = max{«, 1/L.g}. Thus, when many effective subgroups are available, the cali-
bration tolerance is aligned with the nominal interval level. When the number of effective
subgroups is small, the rule allows approximately one effective subgroup miss rather than
requiring all subgroups to be covered.

The subgroup calibration step should be interpreted as calibration for subgroup-average
effects rather than as distribution-free individual-level coverage. Under randomization, Ay
is an unbiased estimator of the subgroup-average treatment effect A, = |Gy|~" 37, T(Xi),

with variance estimated by the Neyman variance estimator. Hence, if Ay lies in the aggre-
gated interval I,(vy) with slack larger than its estimation noise, then A, is covered with high
probability. Conversely, persistent subgroup-level bias or under-dispersion in the individual
intervals will cause A, to fall outside I;(y) with high probability as subgroup size grows.
Thus, the calibration step provides an empirical finite-sample correction for subgroup-level
miscoverage, although it does not imply distribution-free individual-level coverage in the
conformal sense.

1.3 Extending PCS-CATE to Observational Studies

When working with observational data, the model screening and uncertainty quantification
steps are similar to the CATE under RCT case in section 1.2, but observational studies
require an additional nuisance-estimation layer for propensity score. Most CATE estimators
for observational data rely on an estimated propensity score or balancing score. Since this
nuisance component directly affects both CATE model screening and final estimation, we
screen propensity score models before fitting the final CATE estimators and propagate the
resulting propensity-model uncertainty in the final interval construction.

1.3.1 Propensity score model screening

Existing propensity-score diagnostics emphasize either covariate balance, corresponding to
the design-based view, or nuisance convergence rates, corresponding to the asymptotic semi-
parametric view. Both are useful but incomplete in finite samples. On one hand, balance
diagnostics are often restricted to low-order moments, especially mean balance, and can miss
nonlinear or distributional imbalance. On the other hand, convergence-rate conditions are
not directly observable in real data. We therefore combine balancing diagnostics with prob-
abilistic diagnostics as finite-sample proxies for propensity-model quality. The goal is not
to certify that é(z) is the true propensity score, but to select models that jointly provide
reasonable balance and probabilistic fit.
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Let é,(X;) denote the out-of-fold propensity score prediction from candidate model k.
We truncate the propensity score estimates to lie in [0.01,0.99] and then compute weighting-
based diagnostics. We first define

Zi . 1—-2
en(Xy)  1—én(Xy)

Wik =
For each candidate model, we compute the following diagnostics.

Mean balance For each covariate X;, compute the weighted standardized mean difference

w,k vw,k
SMD.. — 15~ Ko
jk — )

S

where X Ek and Xég-’k are the weighted treated and control means under model k, and s; is the
pooled pre-weighting standard deviation. We summarize mean imbalance by max; [SMD y|.

Distributional balance To check balance beyond means, we compute a weighted Kolmogorov—
Smirnov discrepancy for each covariate:

KSji = sup Ff‘;k(x) — Fé}’k(x) ,

where

Y iz Wi H{ X < x}

Zi:Zi:I Wik 7

We summarize distributional imbalance by the average KS statistic.

> iz Wi L{ Xy < x}

Zz’:Zi:O Wik,

Fyi(a) = ot (a) =

Calibration We partition observations into bins { B, },¢, according to quantiles of & (X;).
Let
Cok = |Bb|_12ék(Xi), Zy = |Bb|_12Zi-
1€By 1€By
The binning-based expected calibration error (ECE) is
B
e Bb‘ _
ECE; = — | Zy — e
k Z n | Zp — eu]

b=1
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Proper scoring rule We evaluate the out-of-fold log loss
1 ¢ . .
LogLoss), = —— E {Z;log ér(X;) + (1 — Z;) log[1l — éx(Xi)]} -
n
i=1

We aggregate these diagnostics using constrained average ranking. Since the propensity
score plays a crucial role, we suggest an initial screening step based on visual inspection
of balance and calibration diagnostics before applying the aggregated ranking. Among the
remaining candidates, we rank models separately by each metric, with rank 1 corresponding
to the best value, and use the average rank as the final screening score. We retain the top
K. propensity score models and aggregate the retained models into a single propensity score
estimate by taking the mean. To reflect propensity-model uncertainty, downstream CATE
estimation is repeated across the retained propensity models.

1.3.2 Step-by-step implementation

We use the same notation as in Section 1.2.1, with the following additions. We let é,(X;)
denote the out-of-fold propensity score from candidate model k. K. denotes the number of
retained propensity models. é(X;) = K ! ZkK:el ér(X;) is the propensity ensemble used in
downstream estimation.

1. Propensity score model screening

a) Cross-fitting: For each candidate propensity model k, obtain out-of-fold predic-
tions éx(X;) via V-fold cross-fitting on the full data. Truncate all estimates to
[0.01,0.99] before computing any weighting-based diagnostic.

b) Diagnostics: Compute the four diagnostics defined above—max; |SMD,|, mean
KSyi, ECEy, LogLoss,—for each candidate model k.

c¢) Visual screening and ranking: Inspect covariate-balance and calibration plots;
eliminate models with extreme imbalance (e.g., max; |[SMD,| > 0.1) before rank-
ing. Among the remaining candidates, rank each model by each diagnostic (rank
1 = best) and average the ranks. Retain the top K, propensity models.

d) Propensity ensemble: Aggregate into a single score:
é(X;) = — Z ér(Xi), truncated to [0.01,0.99].

2. CATE model screening

a) Data splitting: Randomly split the data into Dy and Dy, block-stratified on
Z;.
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b) Nuisance pre-computation: On Dyin: (i) cross-fit the outcome nuisance m(X)
for use in Rrisk; (ii) re-fit the propensity ensemble é(-) and apply it to Dya.

c) CATE fitting: Train all candidate CATE estimators on Dy, using é(+).

d) Metric computation: For each estimator 7, compute the following oracle-free
metrics on Dy,. First, we form bins {Gj}]K:1 from quantiles of the training-set

predictions 74(X;), i € Diyain, applied to Dy, Let M; = |G;|* >ieq, T(Xi) be
the mean predicted CATE in bin 7, and let
o _ D, ZYJAX) T, (1= Z)Vi/l1 = (X))
! Diea; Zile(Xi)  Yieq,(1 = Zi)/[1 — é(X5)]
be the Hajek IPW contrast in bin j.
e Cal'™VW: replace the DiM contrast in Cal by A§Pw:

K
IPW (~. _ |Gj| T AIPW
Cal™W(#; Dya) _§ j |M; — APV

e WCal'™W: weight each bin by the precision of A?DW:

G, (M — APW)?
Dy | Var (A?W)

Y

WCal™ (7 D Z,

where \//a\r(AEPW) is the estimated variance of the Héjek IPW contrast in bin
J.
e R-risk®®: replace the known propensity e by the individual estimate é(X;):
1

Rrisk®™(7; Dya
(7 P = 5]

(35 = (X)) = (23 = X))

E,Z)val

e R-risk®™: same without outcome nuisance (m(X) = 0).

e) Aggregated screening: Rank estimators by each metric and average the ranks.
Retain the top-K CATE estimators.

3. Bootstrap and calibration

a) Block-bootstrap with propensity propagation: Block-bootstrap the full data B
times. In each replicate b:

(i) Re-fit the K, retained propensity models on D®); form the OOB propensity
ensemble é°(X;) for the OOB indices Z®.

(ii) Fit the K retained CATE estimators on D® using é*(-); record OOB predic-
tions 72(X;) for i € ZO®).
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b) OOB aggregation: For each unit 4, collect
P={h(X,):i€I® k=1,...,K, b=1,...,B},

and form the OOB median and empirical quantiles §1/2(X5), Ga/2(Xi), G1—a/2(Xi)
as in the RCT procedure.

c) Subgroup calibration: Partition units into L subgroups by quantiles of ¢y /2(X;),
using a larger minimum subgroup size than in the RCT case to keep IPW vari-
ance under control. For each subgroup G,, compute Af)w using the full-data
propensity ensemble é(-). Select 4 via the weighted subgroup-coverage criterion
of Section 1.2.2, with A, replaced by APW and weights w, = (\//EE(A?)W) +e) L.

4. Point and interval estimation

a) Point estimate: Re-fit the K, propensity models and the X' CATE estimators on
the full data D. The point estimate at x is:

#e) = 2o >l D).

k=1

b) Calibrated interval: For each observed unit ¢, construct the interval from the OOB
quantiles exactly as in the RCT procedure:

I = le/2(Xi) -4 (@1/2(Xi) - Cfa/Q(Xi)), 41/2(Xi) +7 (lefa/Q(Xi) - @1/2(Xi))]-

Key differences from the RCT procedure. The observational procedure differs from
its RC'T counterpart in three ways, each motivated by the introduction of confounding and
the resulting need to estimate nuisance components from the data.

First, an explicit propensity-screening step (Step 1) precedes CATE screening, producing
a propensity ensemble é(-) that replaces the known e throughout. The propensity score is
the foundation on which most modern CATE estimators rest, as DR-learners, R-learners,
and IPW-based estimators all consume it as a nuisance input, so a misspecified propensity
contaminates everything downstream. Rather than committing to a single specification, we
apply the same PCS logic used in the CATE step: rank candidate propensity models by
complementary diagnostics (balance diagnostics for the design-based view, calibration and
log-loss for the distributional view), retain the top K, by average rank, and aggregate them
into an ensemble. The result is a nuisance estimator that is itself robust to model choice.

Second, all subgroup calibration targets use the Hajek IPW contrast Agpw in place of the
unconfounded DiM. Under randomization the within-subgroup DiM is unbiased for the sub-
group ATE; under confounding it is not, and calibrating to a biased target would simply lock
in the confounding. The Héjek IPW contrast restores consistency for A, under strong overlap
and consistent propensity estimation; we use the Héjek (self-normalized) form rather than the
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augmented IPW alternative to avoid introducing an additional outcome-regression nuisance
into the calibration target, and prefer it over Horvitz-Thompson because self-normalization
stabilizes the contrast in finite samples where extreme weights are common.

Third, propensity-model uncertainty is explicitly propagated through the bootstrap by re-
fitting the propensity ensemble in each replicate (Step 3.a(i)), so that the final OOB intervals
reflect both data and propensity-model variation. Treating é(-) as fixed after the initial fit
would understate uncertainty, because the propensity ensemble is itself a function of the
data and its error feeds into every downstream CATE estimate. Re-fitting in each replicate
captures this error in the natural place, alongside the data and CATE-method variability
already being propagated, consistent with the PCS principle that all consequential modelling
choices should be perturbed when assessing stability, and yields intervals that honestly reflect
all three sources of uncertainty.

1.4 Empirical results and discussion

We evaluate the PCS procedure in three experimental settings. The first uses the four
synthetic setups (A-D) from the R-learner paper of Nie and Wager [63], modified to use
balanced treatment assignment e = 0.5; these vary the complexity of the CATE function and
the baseline outcome surface across ny.im, € {500, 1,000, 2,000,5,000}. The second uses three
semi-synthetic data-generating processes from the RealCause benchmark of Neal, Huang,
and Raghupathi [60] (LaLonde/CPS, LaLonde/PSID, Twins), in which generative models
fitted to real datasets supply both potential outcomes so that the true CATE is known;
we re-randomise treatment assignment in each replicate to obtain a balanced RCT. The
third reuses the four R-learner setups but retains their original observational propensity
scores, evaluating the procedure under confounding. The candidate library is fixed across
all settings and consists of 14 estimators: 12 meta-learner variants (S/T/X/R-learner x
lasso/ridge/forest) together with causal forest and bart.

Comparisons are made on three axes. For model screening, we report the Spearman
rank correlation between each screening criterion and the oracle MSE ranking, comparing
the average-rank aggregator against each of the four metrics used in isolation. For point
estimation, we compare the refit ensemble (mean of the K = 3 retained estimators refitted on
the full training data) against the bootstrap ensemble (median of all B x K OOB predictions)
and against the individual rank-1, rank-2, and rank-3 refits, evaluated by test-set MSE
against the true 7(X). For uncertainty quantification, we compare the calibrated PCS pooled
interval against the per-rank bootstrap intervals at nominal level o = 0.05, reporting test-set
coverage and mean width. Simulation details are provided in the appendix.

Simulation pipeline. Each replication proceeds as follows: (i) draw fresh training and
test samples from the DGP (re-randomising treatment for the semi-synthetic case); (ii) split
the training data 75/25, block-stratified on Z, into screening-train and validation sets; (iii)
fit all 14 candidate CATE estimators on the screening-train and rank them on the validation
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set using the four oracle-free metrics, retaining the top K = 3 by average rank; (iv) draw
B = 500 block-bootstrap replicates of the full training set, refit the K retained methods
on each replicate, and record OOB predictions; (v) calibrate 4 via the weighted subgroup-
coverage criterion on the bootstrap medians; (vi) refit the K retained methods on the full
training set to form the refit-ensemble point estimate, and form the calibrated PCS pooled
interval from the OOB quantile distribution. We report (a) screening quality via Spearman
rank correlation against the oracle MSE ranking; (b) test-set MSE of point estimators against
the true 7(X;); (c) test-set coverage and width of the calibrated PCS pooled interval and
the per-rank bootstrap intervals at nominal level @ = 0.05. The synthetic setups vary the
training sample size ny.m € {500, 1000, 2000, 5000} with 100 replications per configuration;
the semi-synthetic setting uses npai, = 1000 with 100 replications.

For observational data, we re-use the four DGP setups (A-D) of Nie and Wager [63] but,
unlike the RCT case, retain the original observational propensity scores so that treatment
assignment is confounded by X. Each replication follows the same pipeline as the RCT
simulation, with two additions: before CATE screening, six candidate propensity models
are cross-fitted, ranked by the four diagnostics in Section 1.2.1, and the top K. = 2 are
aggregated into the propensity ensemble é(+); and every subgroup contrast used for screening
and calibration is replaced by its Hajek IPW counterpart. We use nypain = 2000 with 100
replications, and test-set MSE is computed against the true 7(X;).

Synthetic data (RCT). Figure 1.1 reports the Spearman rank correlation between each
screening metric and the oracle MSE ranking. Rrisk and Rrisk_raw track the oracle ranking
well in Setups A and D, but their performance degrades as sample size increases in Setup B
(nonlinear CATE) and Setup C (constant CATE), pointing to sensitivity to the quality of
nuisance estimation. WCal slightly outperforms Cal in all setups except Setup C; both
metrics use a fixed five-subgroup partition, and a more adaptive choice would likely improve
them further. The average-rank aggregator is rarely the single best metric on any given
configuration, but it is consistently among the strongest, delivering stable performance across
both sample sizes and setups.

Test-set MSE for the point estimators is shown in Figure 1.2. The refit ensemble (mean
of the K retained methods refitted on the full training data) outperforms both the bootstrap
ensemble (median of all B x K OOB predictions) and the individual rank-1/2/3 refits in
most configurations. Pooling across the four setups and sample sizes (1,600 replications),
averaging the three refits reduces test-set MSE by a mean of 30.4% relative to the mean MSE
of the individual refits. The gain is largest in Setup C (47.4%), where the constant-CATE
oracle is recoverable by averaging, and in Setup B (29.7%); it remains substantial in Setup A
(23.9%) and Setup D (20.8%).

Figures 1.3-1.5 report the test-set coverage and width of the calibrated PCS pooled inter-
val and the per-rank bootstrap intervals, together with the calibration factor 4. Coverage of
the pooled interval stays close to the nominal 95% level across sample sizes and setups, with
the exception of Setup D at small ny..i,; the per-rank bootstrap intervals are substantially
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less reliable. Only 4.5% of replications produce a pooled coverage below 80%, almost all from
Setup D (16.5%), with Setups A, B, and C each at or below 1.3%. The per-rank intervals, by
contrast, fall below 80% coverage in 24.7%, 33.2%, and 33.5% of replications for ranks 1-3
respectively, with under-coverage particularly severe in Setup D (43.5%, 84.3%, 90.0%). The
pooled interval is on average 33.9% wider than the mean per-rank interval (Setup A: 28.2%;
B: 29.5%; C: 42.0%; D: 35.9%), a modest premium that buys the substantially improved
coverage. The largest width inflation occurs in Setup C, where 4 is itself elevated: although
the constant CATE is easy to estimate, the within-bin DiM contrasts are noisy, and the
calibration step responds by inflating the interval. Outside Setup C, 4 remains close to one.

Semi-synthetic data (RCT). Screening behaviour on the three RealCause DGPs is
shown in Figure 1.6. Rrisk performs particularly well here, likely because the semi-synthetic
structure permits accurate nuisance estimation. Cal and WCal again use the default five-
subgroup partition and would likely benefit from a finer choice on these larger DGPs. As in
the synthetic case, the average-rank aggregator is consistently strong across DGPs without
ever being the single best metric on any one of them.

Test-set MSE varies little across estimators, with the refit ensemble performing consis-
tently well (Figure 1.7). Averaging the three refits reduces test-set MSE by a mean of 34.9%
relative to the mean of the individual refits, with the largest gain on lalonde cps (43.9%)
and the smallest on twins (29.2%).

Figures 1.8-1.10 summarise the uncertainty quantification. The pooled interval delivers
good coverage without being excessively wide: only 2% of replications produce a pooled
coverage below 80% (0% on CPS and Twins, 6% on PSID), compared with 20.7%, 26.0%,
and 24.7% of replications for the rank-1, rank-2, and rank-3 bootstrap intervals respectively,
with under-coverage concentrated on lalonde cps (37-42%). The pooled interval is on
average 33.4% wider than the mean per-rank interval, but the premium varies considerably
by DGP: it is largest on lalonde_cps (55.2%), where bias from a single method is most
pronounced, falls to 36.5% on PSID, and is almost negligible on twins (8.6%), where the
candidate methods agree closely.

Synthetic data (observational). Point estimation results on the observational simula-
tions are shown in Figure 1.11. Averaging the three refits reduces test-set MSE by a mean
of 29.3% relative to the mean MSE of the individual refits (Setup A: 24.3%; B: 31.1%; C:
43.9%; D: 17.8%). The pattern across setups mirrors the RCT case: the constant-CATE
Setup C benefits most from averaging, while Setup D, with its sign-changing CATE that
shares structure with the baseline, benefits least.

Uncertainty quantification results are shown in Figures 1.12 and 1.13. Coverage of the
PCS pooled interval is generally close to nominal (mean ~ 92%) but degrades on Setup D
(87.1%), where IPW noise compounds with the signal-separation challenge of the DGP.
Across the four setups, 4-20% of replications produce a pooled coverage below 80% (A: 4%;
B: 3%; C: 6%; D: 20%), whereas the per-rank intervals fall below 80% much more frequently:



CHAPTER 1. MODEL SCREENING AND UNCERTAINTY QUANTIFICATION FOR
CAUSAL INFERENCE 16

33-50% for rank-1, 33-59% for rank-2, and 34-81% for rank-3, with the worst rates again
on Setup D. The pooled interval is on average 41.7% wider than the mean per-rank interval
(A: 41.8%; B: 30.5%; C: 67.5%; D: 26.6%). The larger width premium relative to the RCT
case reflects the additional propensity-model variability propagated through the bootstrap,
together with the wider IPW subgroup contrasts that drive 4 upward.

Result Summary The proposed procedure outperforms its single-metric and single-method
baselines on each of the three evaluation axes and across all three experimental settings. For
model screening, the average-rank aggregator is consistently among the strongest criteria
across DGPs and sample sizes, even though no single underlying metric dominates uniformly:.
For point estimation, the refit ensemble of the K = 3 retained estimators reduces test-set
MSE by roughly 30% relative to the mean of the individual refits (30.4% on the synthetic
RCT setups, 34.9% on the RealCause DGPs, and 29.3% on the observational simulations),
with the largest gains in configurations where the candidate methods disagree most. For
uncertainty quantification, the calibrated PCS pooled interval achieves coverage close to the
nominal 95% level in nearly all configurations, falling below 80% in only 4.5%, 2%, and
roughly 8% of replications across the three settings, while the corresponding per-rank boot-
strap intervals fall below 80% in 24-33%, 20-26%, and 33-81% of replications respectively.
The pooled interval is on average 33—42% wider than the mean per-rank interval, a modest
premium for the substantially improved coverage.

Discussion Estimating heterogeneous treatment effects is a hard problem: counterfactual
outcomes are unobserved, so no single oracle-free metric can be trusted for model screening,
and with the proliferation of CATE estimators carrying different inductive biases, no sin-
gle method is uniformly best across DGPs. The PCS procedure addresses both sources of
fragility by aggregating across metrics during screening and across methods and bootstrap
replicates during estimation and uncertainty quantification. The intuition is simple: differ-
ent metrics catch different failure modes, and different estimators perform well in different
regions of covariate space and extrapolate differently outside the training support; pooling
them yields a more stable and reliable picture of the CATE than any single choice. Across
the synthetic, semi-synthetic, and observational simulations reported above, this aggregation
pays off, delivering stable model screening, roughly 30% lower point-estimation error than
the average individual refit, and pooled intervals close to nominal 95% coverage at a modest
width premium.

We are currently extending the empirical evaluation to a broader range of synthetic and
real-world benchmarks, and adapting the PCS philosophy to additional causal estimands.
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Model selection: rank correlation with oracle (higher = better)
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Figure 1.1: Spearman rank correlation between each screening metric (avg.rank, Cal,
WCal, Rrisk, Rrisk_raw) and the oracle MSE ranking, across training sample sizes namn €
{500, 1000, 2000, 5000} and DGP setups A-D (100 replications each). Higher is better.
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Figure 1.2: Test-set MSE of point estimators across sample sizes and setups A-D: bootstrap
ensemble (median of all B x K OOB predictions), refit ensemble (mean of K methods re-
fitted on full training data), and individual rank-1/2/3 refits. Lower is better.
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PCS pooled vs per-rank calibrated test coverage (dashed = 0.95 target)
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Figure 1.3: Test-set coverage of the PCS pooled interval and per-rank calibrated intervals

(rank-1, rank-2, rank-3) across sample sizes and setups A-D. Dashed line at the nominal
95% level.

UQ: interval width — PCS pooled vs per-rank (free y—scale per Setup)
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Figure 1.4: Mean interval width of the PCS pooled and per-rank calibrated intervals across
sample sizes and setups A-D.
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Calibration factor gamma_hat (dashed = 1, uncalibrated)
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Figure 1.5: Calibration factor 4 across training sample sizes and setups A-D. Dashed line
t 4 =1 (uncalibrated baseline).
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Model selection: rank correlation with oracle (higher = better)
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Figure 1.6: Spearman rank correlation between each screening metric and the oracle MSE
ranking on the three RealCause semi-synthetic DGPs (7 = 1000, 100 replications).
Higher is better.
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Figure 1.7: Test-set MSE of point estimators on the three RealCause DGPs.
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PCS pooled vs per-rank calibrated test coverage (dashed = 0.95 target)
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Figure 1.8: Test-set coverage of the PCS pooled and per-rank calibrated intervals on the
three RealCause DGPs. Dashed line at the nominal 95% level.

UQ: interval width — PCS pooled vs per-rank (free y—scale per DGP)
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Figure 1.9: Mean interval width of the PCS pooled and per-rank calibrated intervals.
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Figure 1.11: Test-set MSE of point estimators on observational-study DGPs.
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Figure 1.12: Test-set coverage of the PCS pooled and per-rank calibrated intervals on
observational-study DGPs. Dashed line at the nominal 95% level.
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Chapter 2

Unifying Lo sensitivity analyses for
regression and weighting estimators

2.1 Introduction

Observational studies are widely used to estimate causal effects, but their validity relies on
assumptions that are inherently untestable. In particular, the assumption of no unobserved
confounding is often implausible in practice. Sensitivity analysis addresses this concern by
quantifying how violations of this assumption could affect causal conclusions. A large body of
work has developed sensitivity analysis methods tailored to specific estimation strategies. In
regression settings, omitted-variable approaches parameterize the strength of an unobserved
confounder through partial R? measures [e.g., Cinelli and Hazlett [16]]. In weighting-based
approaches, sensitivity is often characterized through perturbations of propensity scores or
weights, including worst-case ratio bounds [23] or variance-based measures [39]. While these
methods are well developed within their respective frameworks, they are typically designed
for specific estimation strategies.

Recent work has highlighted a close connection between regression and weighting estima-
tors: many regression estimators can be expressed as weighted averages with data-dependent
implied weights [12]. This perspective suggests that sensitivity to unobserved confounding
can be studied through perturbations of these weights, providing a common language across
estimation strategies.

In this paper, we develop an L, sensitivity framework based on perturbations of implied
weights. We consider an estimator of the form 7 = w'Y, where w depends on observed
covariates, and study deviations from an oracle weight vector w* that would arise if unob-
served confounders were observed. Our framework constrains the discrepancy ||w* —wl|, and
characterizes the resulting worst-case bias. We introduce two complementary formulations of
this framework. The restricted model assumes that the oracle weights arise from augmenting
the estimator with an omitted confounder, leading to interpretable sensitivity parameters
and sharp bias bounds within this structured class. The unrestricted model instead treats w*
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as an arbitrary target weight vector in an Lo neighborhood of w, providing valid worst-case
bounds that are robust to model misspecification but less structurally interpretable.

Within this framework, we establish several connections to existing sensitivity analyses.
For linear regression, the proposed sensitivity parameter coincides with the partial R? used
in omitted-variable analyses, providing a geometric interpretation of classical results. More
broadly, omitted-variable sensitivity analyses including Cinelli and Hazlett [16] for linear
regression and Chernozhukov et al. [14] for more general causal machine learning settings,
fall within the restricted formulation: the oracle quantity is defined by augmenting the
observed specification with an omitted confounder U. For weighting estimators, it is in one-
to-one correspondence with variance-based sensitivity parameters. The framework extends
naturally to interacted linear regression, where standard sensitivity tools are less directly
applicable, and to other estimators that admit implied weights. Our results provide a unified
perspective on sensitivity analysis across regression and weighting estimators, clarify the role
of structural assumptions in determining sharpness and interpretability, and offer a tractable
approach to sensitivity analysis in settings with heterogeneous treatment effects or more
flexible estimators.

2.2 Sensitivity analysis with L, sensitivity model

2.2.1 Setup and Notation

We consider n units randomly sampled from a population, indexed by ¢ = 1,...,n. For
each unit, let X; denote the observed covariates, Z; € {0, 1} the treatment indicator, U; an
unobserved confounder, and Y;(1) and Y;(0) the potential outcomes under treatment and
control, respectively. The observed data are therefore {(X;, Z;,Y;(Z;))}",, while U; and the
missing potential outcome remain unobserved. We study two commonly considered causal
estimands: the average treatment effect 747 = E{Y (1) — Y (0)} and the average treatment
effect on the treated 747 = E{Y (1) — Y (0) | Z = 1}. In observational studies, where treat-
ment is not randomly assigned, additional assumptions are required for identification. Three
commonly used assumptions are the Stable Unit Treatment Value Assumption (SUTVA),
overlap, and conditional ignorability.

Assumption 1 (Stable Unit Treatment Value Assumption (SUTVA)). For each unit i, the
observed outcome satisfies Y; = Y;(Z;), and there is no interference between units.

Assumption 2 (Overlap). For all covariate values x in the support of X;,

Assumption 3 (Conditional ignorability). The potential outcomes are independent of the
treatment assignment conditional on observed covariates:

{Yi(1),Y:(0)} I Z; | X;.
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Under the above assumptions, researchers have developed various estimation strategies
to estimate the causal estimands. Regression-based estimators are among the most widely
used tools for causal inference. Common examples include linear regression, interacted lin-
ear regression, as well as regularized regression adjustments such as lasso and ridge-type
methods [5, 46]. For example, one simply fits a linear regression model Y; ~ X; + Z; and
uses the coefficient of Z; as an estimator of ATE. However, simple linear regression is often
insufficient because it imposes a constant treatment effect and, even in randomized experi-
ments, can exhibit finite-sample bias when treatment effects are heterogeneous. Interacted
linear regression relaxes this restriction by allowing treatment effects to vary with observed
covariates, whereas more complex regression procedures may be preferable in settings that
require regularization, weighting, or other forms of modeling flexibility.

Another commonly used estimating strategy is weighting. The idea is to weight the units
by the inverse of the propensity score (or other sorts of balancing weights), and then use
the weighted average as an estimator of the causal estimand, i.e., 7 = ). w;Y;. Recent work
by Chattopadhyay and Zubizarreta [12] has connected the two strategies by showing that
regression estimators can be viewed as weighting estimators, and the implied weights for
regression estimators can be expressed as a linear function of the observed covariates and
the treatment indicator. For example, in the simple linear regression of Y on (1, Z, X), the
OLS coefficient on Z can be written as 7 = w'Y’, where the signed implied weights are

1 _ _ _
L - XS ST - X), Zi=1,
w; = t C
7 ]_ _ _ _
= X - X)T(S + S) (X~ K)., Zi=0,
Ne un

with S; = Zi:Zizl(Xi —X)(X; — X,)" and S, = Zi:Zi:O(Xi — X.)(X; — X,)T. They also
showed that the linear regression weights satisfy basic balance properties, and that examining
individual weights can serve as a regression diagnostic tool.

However, without randomization, the conditional ignorability assumption (Assumption
3) is often too strong if we believe there are unmeasured confounders, which is almost always
the case in observational studies. To address this, sensitivity analysis relaxes the conditional
ignorability assumption by allowing the potential outcomes to be dependent on the treatment
assignment conditional on both observed covariates and an unobserved confounder.

Assumption 4 (Conditional ignorability with U). The potential outcomes are indepen-
dent of the treatment assignment conditional on observed covariates and an unobserved con-

founder:
{Yi(1),Y:(0)} 1L Z; | X3, Us.

Assumption 4 is more realistic and allows for the presence of unmeasured confounders,
but because U; is unobserved, the estimands of interest remains unidentifiable, and only using
X, will lead to biased estimates. Sensitivity analysis addresses this problem through partial
identification: rather than assuming away the effect of U;, one posits a sensitivity model



CHAPTER 2. UNIFYING L, SENSITIVITY ANALYSES FOR REGRESSION AND
WEIGHTING ESTIMATORS 25

that constrains the magnitude of the distortion induced by omitting U;, and then derives the
resulting worst-case bias or identified set under a prespecified sensitivity parameter.

For linear regression, Cinelli and Hazlett [16] proposed a sensitivity analysis framework
based on a partial R? parameterization of the omitted confounder. However, comparable
sensitivity tools are not directly applicable to interacted linear regression, and existing ap-
proaches do not naturally extend to the broader class of regression estimators characterized
through implied weights. Chernozhukov et al. [14] extends the omitted variable style and
the partial R? parameterization to the context of causal machine learning. For weighting
estimators, Dorn, Guo, and Kallus [23] proposed a sensitivity framework that bounds the
worst-case ratio between oracle and estimated weights, w*/w, corresponding to an L, sen-
sitivity model. In contrast, Huang and Pimentel [39] proposed a variance-based sensitivity
model that can be interpreted as imposing an L constraint on the deviation between oracle
and estimated weights.

We propose a general Ly sensitivity framework that applies to both regression and weight-
ing estimators. The framework yields a simple and interpretable sensitivity analysis for in-
teracted linear regression with sharp bias bounds, and naturally extends to more general
regression estimators. It also bridges the regression and weighting sensitivity literatures,
enabling a unified perspective and facilitating comparisons across estimation strategies

Throughout the main text, we condition on the realized sample and study sensitivity
through perturbations of the realized implied weights. A population analogue is obtained
by replacing sample implied-weight vectors with their corresponding population representers
and Euclidean norms with Ly(P) norms. Under this formulation, the sensitivity parameter
will measure the distributional discrepancy between the oracle and observed representers,
which aligns with the variance-based sensitivity model in Huang and Pimentel [39], and the
finite-sample results are plug-in counterparts of the corresponding population bias bounds.

2.2.2 L, sensitivity model

We study sensitivity to unobserved confounding through perturbations of the weights, where
weights are defined as w in the estimator 7 = w 'Y . Let w denote the weights from an estima-
tor that conditions only on the observed covariates X, and let w* denote the oracle weights
that would arise if treatment ignorability held conditional on both X and an unobserved
confounder U. The discrepancy induced by omitting U can therefore be represented as a
perturbation of the weight vector. Our L, sensitivity framework constrains the magnitude
of this perturbation through the Ls; norm and studies the resulting worst-case bias of the
estimator.

Definition 1 (L, sensitivity model). For a given sensitivity parameter T', define
o(l) = {w": " —w|3 < f(D)},

where f(-) is a known monotonically increasing function that maps the sensitivity parameter
to the Lo norm of the admissible perturbation.
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This formulation allows the sensitivity parameter to be expressed through different pa-
rameterizations depending on the structure of the estimator. In the most general case, the
model can be parameterized directly by a scalar c,

o(c) == {w": Ju* —w|3 <c},

which imposes an Ly bound on the deviation between the oracle and observed weights without
requiring additional structural assumptions.

When additional structure on the weights is available, more interpretable parameteriza-
tions of f(-) can be introduced. In particular, for regression estimators the perturbation in
the weights is induced by omitting a covariate U from the regression model. This additional
structure allows the sensitivity parameter to be linked to interpretable quantities derived
from the regression specification, as we illustrate in the following sections.

L, sensitivity model for linear regressions

For linear regression estimators, the general Lo sensitivity model can be refined by exploit-
ing the structure of regression implied weights. We consider two versions of the model: a
restricted model and an unrestricted model.

The restricted model assumes that the oracle weights arise from augmenting the regres-
sion specification with an omitted covariate U. Under this structure, the deviation between
the observed weights w and the oracle weights w* is induced by omitting U from the regres-
sion. This structure allows the sensitivity parameter to be expressed through a weight-based
quantity

R —1_ w3
‘ [l (|3’
which measures the fraction of variation in the oracle implied weights attributable to the
omitted confounder. This parameterization is closely related to the partial R? sensitivity
parameter introduced by Cinelli and Hazlett [16] and the variance-based sensitivity param-
eter introduced by Huang and Pimentel [39]. Formally, the restricted sensitivity model is
defined as

Ores(T) := {w* : Jw* — w3 < f(T), and 3U such that w(X,U) = w*}.
Under this restricted model, the parameterization in terms of R? implies

RQ
1— R

lw* —wll; = f(R},) =

lwl3,

which is a monotone transformation of the sensitivity parameter. Equivalently, for a given
R? | the restricted sensitivity model can be written as

]l

<R,

Ores(R2) 1= {w* 1= and 3U such that w(X,U) = w*} :

[lw 13
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The restricted model therefore links the Lo perturbation in weights to a regression-based
interpretation of omitted-variable bias. In this case, the oracle weights have a concrete
meaning: they are the implied weights from the same regression estimator, but computed
under a richer conditioning set (X, U) that would satisfy conditional ignorability. Thus w* is
“oracle” relative to the estimator class under consideration: it is the weight vector that would
be obtained if the analyst observed the confounder and fit the same regression specification
with U included.

This interpretation becomes more delicate once we move beyond the restricted model.
If the regression specification is misspecified, or if unobserved confounding cannot be rep-
resented as simply augmenting the regression with an additional covariate U, then there
may be no unique regression-implied oracle weight vector. In that case, it is more natural
to interpret w* as a latent target weight vector that would deliver the estimand under a
benchmark “truth”—for example, a fully adjusted weighting rule or an idealized regression
adjustment that is unavailable to the analyst. The unrestricted model deliberately leaves
this mechanism unspecified and only requires that the discrepancy between w* and w be
small in L, norm.

Accordingly, the distinction between the two models is not only whether the perturbation
is structured, but also what object is being treated as the target. Under the restricted model,
w* is a regression-implied oracle weight vector generated by adding an omitted confounder
to the same estimator. Under the unrestricted model, w* should be viewed more abstractly
as any target weight vector that is consistent with the estimand of interest and lies within an
Ly neighborhood of the observed weights. The unrestricted model therefore accommodates
both omitted-variable bias and departures from the assumed regression class, at the cost of
giving up the tighter structural interpretation that underlies the R? parameterization and
the sharp bounds below.

This distinction also helps locate existing sensitivity analyses within our framework.
Omitted-variable analyses based on short and long regressions, including Cinelli and Ha-
zlett [16] and the more general causal machine learning framework of Chernozhukov et al.
[14], belong to the restricted class because the oracle quantity is obtained by augmenting
the observed specification with an omitted confounder U. By contrast, marginal sensitivity
models [93, 23], originating from inverse probability weighting formulations of causal effects,
restrict the admissible oracle weights through bounds on treatment assignment probabilities.
These constraints can be derived from a class of data-generating processes with unobserved
confounding, but they do not require that the oracle weights arise from augmenting the
same estimator with an omitted covariate U. In this sense, MSM-based sensitivity analyses
constrain the feasible set of weights directly, rather than specifying a regression-based mech-
anism for generating w*, and are therefore closer in spirit to our unrestricted formulation.

The distinction matters because it reflects two different notions of sensitivity: sensitivity
to omitted-variable bias within a specified model (restricted), versus sensitivity to arbi-
trary deviations from that model (unrestricted). The restricted model yields interpretable
sensitivity parameters and sharp bounds but relies on structural assumptions, whereas the
unrestricted model relaxes these assumptions and provides valid worst-case guarantees at
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the cost of less interpretability and more conservative conclusions.

For practitioners, this distinction clarifies how sensitivity conclusions depend on model-
ing assumptions: if the linear specification is viewed as credible, the restricted analysis offers
interpretable benchmarks and sharper conclusions; if there are concerns about misspecifica-
tion or broader forms of confounding, the unrestricted analysis provides a more conservative
assessment of sensitivity. In practice, reporting both analyses can be informative, as their
comparison helps understand whether sensitivity is primarily driven by omitted-variable bias
within the assumed model or by broader model dependence.

Simple linear regression (LR) We begin with the simplest regression specification, the
linear regression of Y on (Z, X). In this setting the coefficient of Z is a widely used estimator
of the average treatment effect (ATE). Using the implied-weight representation of linear
regression, this estimator can be written as 7 = w'Y’, where w denotes the signed regression
weights determined by (Z,X). When an unobserved confounder U is omitted from the
regression, the implied weights change from w to the oracle weights w* that would arise if
the regression were augmented with U. The bias of the estimator can therefore be expressed
as
-t =(w—w)"Y = (Aw)'Y,

The next theorem characterizes the resulting bias under both the restricted and unrestricted
Ly sensitivity models. The restricted bound is sharp within the class of oracle weights gen-
erated by augmenting the regression with an omitted confounder, whereas the unrestricted
bound is a general worst-case bound over an Ly neighborhood of admissible target weights.

Theorem 1. Under the restricted Lo sensitivity model ares(RQw) for LR, the bias satisfies

R,
1-R2

w

|7 = 7 < Y HES2H ) w2

Moreover, the bound is sharp within the restricted oracle class. If we allow model misspeci-
fication and consider the general Ly sensitivity model o(c), the bias satisfies

|7 = 7| < Vel Yo

The parameter R provides an interpretable measure of sensitivity: it quantifies the frac-
tion of variation in the oracle weights w* that is attributable to the omitted confounder.
Larger values of R? correspond to greater deviations between the oracle and observed
weights, and therefore larger potential bias. Besides the magnitude of the discrepancy of the
weights, the bias also depends on the residual variation in the outcome after removing the
linear effects of (1, X, 7). Intuitively, only the component of Y that cannot be explained by
the observed regression model can be exploited by an omitted confounder to induce bias.

Here sharpness is defined following Dorn, Guo, and Kallus [23]. A bound is sharp if, for
every admissible value of the sensitivity parameter, there exists a data-generating process
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consistent with the sensitivity model under which the bound is attained. Under the restricted
model, sharpness is meaningful because the admissible perturbations are those generated by
augmenting the regression with an omitted confounder U. Under the unrestricted model, by
contrast, the class of admissible perturbations is defined only through an L, neighborhood
around w. If w* is interpreted as an arbitrary target weight vector, the Cauchy-Schwarz
bound is worst-case over that enlarged class and is valid by construction, but its sharpness
depends on whether every perturbation in that neighborhood corresponds to a meaningful
target weighting scheme for the estimand. For example, if w* represents exact balancing
weights, then not all perturbations within the neighborhood satisfy the balancing conditions,
and the bound is therefore not always sharp. For this reason, we emphasize sharpness for
the restricted model, whereas for the unrestricted model the main guarantee is validity and
robustness to misspecification rather than attainability within a structured oracle class.

The next proposition shows that, in the LR setting, this weight-based sensitivity parame-
ter coincides with the partial R? parameter used in the omitted-variable sensitivity analysis.
This establishes a direct connection between the classical regression-based sensitivity frame-
work and the weight-based Ly formulation developed here.

Proposition 1. (Connection with Cinelli and Hazlett [16]) In the simple linear regression
(LR), the partial R* sensitivity parameter R2Z~U| « 18 equivalent to the restricted Ly sensitivity

2.
parameter Ry :

w

2 _ P2
RZ~U|X =R

This equivalence provides a useful interpretation of the proposed framework. The L, for-
mulation therefore offers an alternative geometric perspective on omitted-variable bias, while
also extending naturally to regression estimators—such as interacted linear regression—for
which the classical partial R? framework is less directly applicable.

Interacted linear regression (ILR) We next consider interacted linear regression, where
the regression specification includes treatment-covariate interactions and allows heteroge-
neous treatment effects. In this setting, the implied weights depend on the target group, and
the resulting estimator can target either the average treatment effect (ATE) or the average
treatment effect on the treated (ATT). As in the LR case, the estimator admits a signed
implied-weight representation 7 = w'Y’, where the weights w are determined by (Z, X) un-
der the chosen regression specification. When an unobserved confounder U is omitted from
the regression, the implied weights change from w to the oracle weights w* that would arise
if the regression were augmented with U.

Compared with the LR case, the structure of the weight perturbation is more complex
because the balancing conditions are imposed separately within treatment groups. Conse-
quently, the bias depends on the residual variation of the outcome within the treated and
control samples after removing the linear effects of the covariates. We therefore derive sep-
arate bias bounds for the ATE and ATT estimands under the restricted and unrestricted
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Ly sensitivity models. The next theorem characterizes the resulting bias under both the
restricted and unrestricted Lo sensitivity models.

Theorem 2 (L, sensitivity bounds for ILR-ATE). Under the restricted Lo sensitivity model
Ores(R2) for ILR-ATE, the bias satisfies

SR RZ 1{1.X L{1.X,
7 = 4] < ol [t IS o e

Moreover, the bound is sharp within the restricted oracle class. If we allow model misspeci-
fication and consider the general Lo sensitivity model o(c), the bias satisfies

|7 = 7] < Ve[V

Theorem 3 (L, sensitivity bounds for ILR-ATT). Under the restricted Ly sensitivity model
Ores(R2) for ILR-ATT, the bias satisfies

RS,
1-R2

7" = 7] < [Jwll [y o,

Moreover, the bound is sharp within the restricted oracle class. If we allow model misspeci-
fication and consider the general Ly sensitivity model o(c), the bias satisfies

|7 = 7| < Vel[Yela-

The bias bounds in Theorems 2 and 3 highlight both similarities and differences with the
LR case. Under the restricted sensitivity model, the structure of the bound differs because
interacted linear regression imposes balancing conditions separately within treatment groups.
As a result, the worst-case bias depends on residual outcome variation within groups after
removing the linear effects of the covariates. For the ATE estimand, both treated and control

residual variation contribute through the term \/ [y, 5212 4 v Y2 whereas for the

ATT estimand only the control residual variation appears because treated weights are fixed
by construction.

Under the unrestricted Lo sensitivity model, the bounds are analogous to those in LR.
Since the model only constrains the L, magnitude of the weight perturbation, the worst-
case bias reduces to a Cauchy-Schwarz bound involving ||Y||2 (or ||Y]|2 for ATT). Thus,
the differences between LR and ILR arise primarily from the structural restrictions of the
regression model rather than from the L, sensitivity framework itself.

Although Cinelli and Hazlett [16] focuses on LR, the sensemakr documentation [15] notes
that sensitivity analysis for interacted linear regression can be implemented using the Hirano-
Imbens reparameterization, which centers covariates and expresses treatment interactions as
additional regressors. In this representation, partial R? parameters again characterize the
strength of an omitted confounder. The next result shows that the weight-based sensitivity
parameter in our framework coincides with this grouped partial R? characterization.
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Proposition 2. (Connection with Cinelli and Hazlett [16] and Cinelli, Ferwerda, and Hazlett
[15]) For ILR(ATE) setting, with the Hirano-Imbens reparameterization, we have

RQZU = RZZNG’\W
where W = [17 Xcentered’ 7. Xcentered] and G = [Ucentered’ 7. Ucentered]'

This result links the weight-based sensitivity parameter to the partial R? formulation
used in regression-based sensitivity analysis. While Cinelli and Hazlett [16] and sensemakr
focus on the ATE, the implied-weight representation clarifies the target estimand under
heterogeneous treatment effects and we show that the same Lo sensitivity model applies
across ATE and ATT, as well as LR and ILR, with differences determined by the implied
weights.

In the ILR-ATT setting, conditioning on the observed data, the variance-based sensitivity
parameter in Huang and Pimentel [39] and the restricted L, sensitivity parameter R? are in
one-to-one correspondence. Specifically, we have the following proposition.

Proposition 3. (Connection with Huang and Pimentel [39]) Let w. and w’ denote the
vectors of control weights under the observed and oracle models, respectively, written in the
unsigned form used by Huang and Pimentel [39]. Then

e Var(we) o lwells —1/ne
VBM o " )
Var(wy) [will3 = 1/ne
whereas our parameter satisfies
o g Yt
w o *[|2°
1y + [lwell3
FEquivalently,
R, [well3 — 1/n, Ripu

1—R2 1/ny + |lwlf3 1 — Ripm

Thus, for fized observed data, R gy and R2 differ only by a known monotone transformation
induced by the different definitions of ATT weights.

The connection follows because, under ATT, the treated weights are fixed at 1/n, and only
the control weights are perturbed by omitting U. In the notation of Huang and Pimentel [39],
the control weights sum to one, so their sample variance satisfies Var(w.) = n,(|jw.||3 —
1/n.), and likewise for w*. Our signed implied weights differ only by attaching the fixed
treated component and a negative sign to the control component, so the two sensitivity
parameters encode the same strength of perturbation up to the deterministic rescaling above.
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2.3 Illustration with data examples and discussion

2.3.1 Data Descriptions

We illustrate the proposed Ls sensitivity framework using two widely studied observational
datasets: an analysis of fish consumption and blood mercury levels using the National Health
and Nutrition Examination Survey and an analysis of exposure to violence and attitudes to-
ward peace using a 2009 survey of Darfurian refugees in eastern Chad. In each application,
we estimate treatment effects using linear regression (LR) without treatment-covariate in-
teractions and interacted linear regression (ILR), which allows for heterogeneous treatment
effects across covariate strata. For ILR, we consider both the average treatment effect (ATE)
and the average treatment effect on the treated (ATT). This design evaluates the different
estimands and specifications within a common sensitivity framework defined by the global
parameter R2.

NHANES: Fish consumption and blood mercury

We re-analyze data from the 2013-2014 National Health and Nutrition Examination Survey
(NHANES) [57]. Following previous studies [102, 90, 39], we define high fish consumption
as more than 12 servings of fish or shellfish in the preceding month and low consumption as
0 or 1 servings, restricting the analysis to these two groups. The treatment is an indicator
for high consumption, and the outcome is log blood mercury levels. Covariates include
demographic and socioeconomic characteristics (age, gender, race, education, income, and
smoking history).

Under LR-ATE, the estimated effect is 1.98 (95% CI: [1.80, 2.19]). Allowing for hetero-
geneous treatment effects yields an ILR-ATE estimate of 1.79 (95% CI: [1.58, 2.03]) and an
ILR-ATT estimate of 2.07 (95% CI: [1.86, 2.28]). All specifications produce positive and
statistically significant effects.

Darfur: Exposure to violence and peace attitudes

Our second application uses survey data from Darfurian refugees residing in eastern Chad to
estimate the effect of direct exposure to violence on pro-peace attitudes (see [35]; also used as
an empirical illustration in [16]). The treatment indicator equals one if a respondent reports
having been physically injured during attacks on their village in Darfur during the 2003-2004
conflict, and the primary outcome is a continuous index constructed via factor analysis of
multiple survey items measuring willingness to support peace and reconciliation. Covari-
ates include demographic characteristics, livelihood status prior to displacement, household
characteristics, and measures of prior political participation.

Under LR-ATE, the estimated effect of direct harm on pro-peace attitudes is 0.049 (95%
CI: [0.014, 0.087]). The ILR-ATE estimate is 0.048 (95% CI: [0.013, 0.086]), and the ILR-
ATT estimate is 0.054 (95% CI: [0.018, 0.094]). Across specifications, the estimated effect
of exposure to violence on pro-peace attitudes is positive and statistically significant.
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2.3.2 Sensitivity analysis

For each dataset, estimator, and estimand, we conduct Lo sensitivity analysis by varying the
global parameter R (restricted model), computing the sharp worst-case bias bounds derived
in Section 2, and constructing bootstrap confidence intervals for bias-adjusted estimates.
We report two robustness thresholds: the threshold (point), defined as the smallest value
of R? for which the worst-case bias-adjusted point estimate reaches zero, and the threshold
(CI), defined as the smallest value of R? for which the lower bound of the bias-adjusted
bootstrap confidence interval crosses zero. Because the confidence interval accounts for
sampling uncertainty in addition to worst-case bias, the threshold (CI) is weakly smaller
than the threshold (point).

To aid interpretation, we benchmark R? by omitting each observed covariate in turn
and calculating the induced change in implied weights. This provides a scale for assessing
the strength of a hypothetical unobserved confounder relative to measured predictors of the
treatment assignment.

We also conduct unrestricted sensitivity analysis with the NHANES data (Figure 2.7).
In this case, the parameter ¢ = |[|[Awl||3 does not admit the same structural interpretation
as arising from an omitted confounder added to the regression. Instead, it measures the
magnitude of perturbations in the implied weights directly. To provide a scale for ¢, we
consider a benchmark obtained by omitting each observed covariate in turn and computing
the resulting change in weights, ||[w(~) —w||2. This is different from the formal benchmarking
strategy [16] in the restricted model, but may still provide useful insight.

Relative to the restricted model, the unrestricted sensitivity analysis delivers a worst-case
bound over all perturbations of a given magnitude. For a fixed value of ||Aw||2, the resulting
interval is therefore always weakly wider, reflecting the absence of the structural restrictions
that tie w* to an augmented regression in the restricted model. In the NHANES application,
this yields visibly more conservative intervals under the unrestricted analysis.

NHANES

For LR-ATE (Figure 2.1), the threshold (point) is 0.318 and the threshold (CI) is 0.28. This
implies that 31.8% of the variance in the oracle implied weights would need to be attributable
to an omitted confounder for the positive estimate to be reversed, and 28% of the variance
in the oracle implied weights would need to be attributable to an omitted confounder for the
confidence interval to include zero. In contrast, the largest benchmarked covariate is educa-
tion, which induces R? = 0.043. Thus, even the more conservative threshold (CI) is more
than six times the largest observed benchmark, indicating substantial robustness of the LR
estimate. For ILR-ATE (Figure 2.2), the threshold (point) is 0.205 and the threshold (CI)
is 0.15. The largest benchmarked covariate is race, with R? = 0.151. Here the two thresh-
olds lead to a more nuanced conclusion: the threshold (point) remains above the strongest
observed benchmark, but the threshold (CI) is essentially at benchmark level. Thus, rel-
ative to LR-ATE, inference under ILR-ATE is materially more sensitive to confounding of
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roughly observed strength. For ILR-ATT (Figure 2.3), the threshold (point) is 0.402 and
the threshold (CI) is 0.34, while the largest benchmarked covariate education induces only
R? = 0.053. This again suggests substantial robustness.

We also report unrestricted sensitivity results for NHANES LR-ATE. Using ¢ = ||Aw||3 as
the sensitivity parameter, the unrestricted threshold (point) is 0.001321 and the unrestricted
threshold (CI) is 0.001150. The largest informal benchmark, again obtained by omitting
education, is ¢ = 0.000287, so both unrestricted thresholds are roughly four times the largest
observed perturbation. Figure 2.8 compares the restricted and unrestricted analyses on a
common c scale. As predicted by the theory, for a fixed magnitude of weight perturbation
the unrestricted bound is uniformly wider than the restricted bound, reflecting the loss of
the structural restrictions imposed by the restricted model.

Overall, the NHANES application shows meaningful heterogeneity across specifications.
LR-ATE appears robust under both the restricted and unrestricted analyses. ILR-ATE is
notably more sensitive, with its threshold (CI) approximately equal to the strongest ob-
served benchmark. ILR-ATT remains comparatively robust, with both thresholds far above
observed benchmark magnitudes.

Darfur

In contrast, the Darfur estimates exhibit much greater sensitivity. For LR-ATE (Figure 2.4),
the threshold (point) is 0.006 and the threshold (CI) is 0.001. The largest benchmarked
covariate is herder status, which induces R? = 0.011. Thus, the threshold (point) is already
below the strongest observed benchmark, and the threshold (CI) is an order of magnitude
smaller still. The same pattern holds under ILR-ATE (Figure 2.5), where the threshold
(point) is 0.005, the threshold (CI) is 0.001, and the largest benchmark is 0.011, again
generated by herder status. For ILR-ATT (Figure 2.6), the threshold (point) is 0.012 and
the threshold (CI) is 0.002, while the largest benchmark is 0.021. Across all three estimands,
even the point-based threshold lies below the strongest observed benchmark, and the CI-
based threshold is substantially smaller still. This reflects the fact that the baseline Darfur
estimates are positive but only modestly separated from zero, so relatively small amounts of
confounding are sufficient to eliminate either the point estimate or statistical significance.

2.3.3 Discussion

In both applications, LR and ILR deliver positive and statistically significant baseline esti-
mates, but their robustness differs once thresholds are compared with observed benchmarks.
In NHANES, LR-ATE remains robust under both the restricted and unrestricted analyses,
and ILR-ATT is also robust: for both estimands, the point and CI thresholds remain com-
fortably above the strongest observed benchmark. ILR-ATE is more sensitive. Its point
threshold still exceeds the largest benchmark, but its CI threshold is essentially equal to it,
indicating that statistical significance could be overturned by confounding of similar strength
to the most influential observed covariate. In Darfur, by contrast, all three estimands are
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substantially more sensitive. For LR-ATE, ILR-ATE, and ILR-ATT, even the point thresh-
old lies below the strongest observed benchmark, and the CI threshold is smaller still. Thus,
in the Darfur application, confounding weaker than the most influential observed covariate
would already suffice to eliminate statistical significance.

These two applications highlight that sensitivity is driven by both the strength of the
signal and the geometry of the estimator, as reflected in the implied weights. The contrast
between LR-ATE and ILR-ATE in NHANES is explained by their different balancing targets,
which are visible in Figure 2.9. LR-ATE achieves pairwise balance: the weighted treated
and control means are equal, but that common balance point need not coincide with the
overall population mean. ILR-ATE instead reweights each treatment group separately to
the population mean, which aligns with the target for the ATE under heterogeneous treat-
ment effects. In NHANES, the sample is highly imbalanced in size (234 treated versus 873
controls), so the population mean is much closer to the control group than to the treated
group for several covariates, especially race. As a result, ILR must move the treated group
substantially farther than LR, leading to more dispersed implied weights. This is reflected
in both the lower ILR-ATE robustness threshold and the larger race benchmark. In con-
trast, the Darfur application shows far more comparable raw covariate distributions between
treatment groups (Figure 2.10), with LR’s balance point is close to the population mean for
most covariates. Consequently, LR-ATE and ILR-ATE in Darfur have similar implied-weight
variances and sensitivity thresholds.

The same mechanism also clarifies how benchmark rankings relate to raw imbalance.
In general, the rankings reflect the magnitude of raw imbalance: covariates with larger
imbalance tend to generate larger benchmarks. However, this relationship is not exact, as
correlations among covariates can redistribute their contribution once others are held fixed.
In NHANES, income, education, and race are correlated, so omitting one of them may
have a limited effect if the others already absorb part of its contribution to the treatment
assignment. This helps explain why income has the largest raw imbalance but not the largest
LR benchmark, while race is the dominant benchmark for ILR-ATE because it is especially
important for moving the treated group toward the population target. By contrast, in
Darfur the covariate distributions are more comparable across treatment groups and the
observed covariates appear less collinear, so LR-ATE and ILR-ATE have similar implied-
weight dispersion, similar thresholds, and similar benchmark rankings.

Overall, these examples illustrate two distinct sources of sensitivity. The first is the
magnitude of the baseline estimate relative to its sampling uncertainty, as in Darfur. The
second is the geometry of the estimator, encoded by the dispersion of the implied weights,
as in NHANES where ILR-ATE requires more aggressive reweighting than LR-ATE.

For the comparison between the restricted and unrestricted models, we refer to Figure
2.8. The figure plots both analyses on a common ¢ = ||Aw||3 scale, making the two analy-
ses directly comparable. For any fixed magnitude of weight perturbation, the unrestricted
bound is uniformly wider than the restricted bound, reflecting that it considers all admissi-
ble perturbations rather than those generated by augmenting the regression with an omitted
confounder. Consequently, the unrestricted thresholds are larger when expressed on the same
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scale, indicating that conclusions are more sensitive under the worst-case formulation. In
the NHANES application, both analyses agree that the LR-ATE is robust to confounding.
This comparison illustrates the practical tradeoff discussed in Section 2: the restricted model
delivers sharper, more interpretable bounds under a structured omission mechanism, while
the unrestricted model provides a more conservative assessment that is robust to broader
forms of misspecification. In practice, reporting both can be informative and transparent,
and practitioners can make their own judgment call incorporating domain knowledge.
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Figure 2.1: NHANES (LR ATE) sensitivity analysis: bias-adjusted estimate and 95% boot-
strap CI as R? varies. Yellow dashed line: threshold (point) = 0.318; gray dashed line:
threshold (CI) = 0.28. Vertical markers indicate benchmarked covariates.
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Figure 2.2: NHANES (ILR ATE) sensitivity analysis: bias-adjusted estimate and 95% boot-
strap CI as R? varies. Yellow dashed line: threshold (point) = 0.205; gray dashed line:
threshold (CI) = 0.15. Vertical markers indicate benchmarked covariates.
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Figure 2.3: NHANES (ILR ATT) sensitivity analysis: bias-adjusted estimate and 95% boot-
strap CI as R? varies. Yellow dashed line: threshold (point) = 0.402; gray dashed line:
threshold (CI) = 0.34. Vertical markers indicate benchmarked covariates.
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Figure 2.4: Darfur (LR ATE) sensitivity analysis: bias-adjusted estimate and 95% bootstrap
CI as R? varies. Yellow dashed line: threshold (point) = 0.006; gray dashed line: threshold
(CI) = 0.001. Vertical markers indicate benchmarked covariates.
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Figure 2.5: Darfur (ILR ATE) sensitivity analysis: bias-adjusted estimate and 95% bootstrap
CI as R? varies. Yellow dashed line: threshold (point) = 0.005; gray dashed line: threshold
(CI) = 0.001. Vertical markers indicate benchmarked covariates.
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Figure 2.6: Darfur (ILR ATT) sensitivity analysis: bias-adjusted estimate and 95% bootstrap
CI as R? varies. Yellow dashed line: threshold (point) = 0.012; gray dashed line: threshold
(CI) = 0.002. Vertical markers indicate benchmarked covariates.
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Figure 2.7: NHANES (LR ATE) sensitivity under the unrestricted Ly model: bias-adjusted
estimate and 95% bootstrap CI as the perturbation magnitude ¢ = ||w* —w||3 varies. Yellow
dashed line: threshold (point) = 0.001321; gray dashed line: threshold (CI) = 0.001150.
Vertical markers indicate benchmarked covariates.
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Figure 2.8: Restricted vs. unrestricted Ly sensitivity for NHANES (LR ATE), plotted on a
common ¢ = ||Aw||3 scale; the unrestricted bound is uniformly wider at any fixed perturba-
tion magnitude.
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Figure 2.9: Covariate balance for NHANES: weighted treated, weighted control, and popu-
lation means of each covariate under LR ATE, ILR ATE, and ILR ATT.
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Figure 2.10: Covariate balance for Darfur: weighted treated, weighted control, and popula-
tion means of each covariate under LR ATE, ILR ATE, and ILR ATT.
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Chapter 3

Covariate-adaptive randomization
inference in matched designs

3.1 Introduction

3.1.1 Re-evaluating a common model for inference

Randomized trials provide an effective means for measuring the effect of a treatment of
interest relative to a control condition for at least two reasons. First, random allocation
of treatment to units ensures that large differences in pre-treatment characteristics between
the group of units selected for treatment and the group of units selected for control arise in
large samples only with very small probability. Second, the known distribution of indicators
of treatment across units in the study provides a basis for inference. By considering each
unit’s potential outcome values under treatment and under control as fixed latent values
and repeatedly permuting treatment labels across study units (or using tests that rely on
the large-sample behavior of such permutations) one may obtain inferences without making
strong assumptions about the sampling procedure used to select the study units or the model
for the outcome variable. This conceptual approach, dating back at least to Fisher [25], is
often known as randomization inference.

In contrast, in observational studies of a binary effect concerns arise about whether
units receiving treatment and units receiving control are otherwise comparable. If there is
confounding, or systematic differences in variables (either observed or unobserved) that are
predictive of the outcome of interest, the effect estimate from a simple group comparison
will generally differ systematically from the effect that would have been measured in a
randomized trial. To adjust for observed confounding variables, researchers may estimate
an outcome model in the absence of treatment and compare units with similar expected
outcomes under control, estimate a treatment model or propensity score and compare units
with similar propensities to receive treatment, or some combination of the two. Matched
observational studies adjust for observed confounding by grouping each treated unit with one
or more similar control units and excluding controls not sufficiently similar to any treated
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unit [92]. When matching is conducted without replacement of controls so that matched
sets are disjoint, and with exact agreement on a propensity score so that units grouped
together shared identical propensities for treatment, then each matched set is like a miniature
randomized trial; conditional on one unit within the group receiving treatment, each is
uniformly likely to have been the one selected. As such, methods of randomization inference
are frequently applied to matched observational studies as though in a stratified randomized
trial [88, 40, 87, 95]. In the language of Zhang and Zhao [100], the resulting procedures may
be denoted “quasi-randomization tests.”

Randomization inference in randomized trials depends on exact knowledge of the true
randomization probabilities, and use of these methods in matched studies is motivated by an
ideal setting in which the true propensity scores are known and matched exactly. In reality,
however, propensity scores must be estimated, and except in cases where the measured
variables are few and discrete they are never matched exactly. Optimal matching procedures
such as those described in Rosenbaum [78], Zubizarreta [103], Austin and Stuart [7], and
Pimentel et al. [68] use estimated propensity score differences as important inputs, so that
when a match is created the researcher has information easily available about which matched
sets are relatively closer or further from achieving the ideal uniform distribution for treatment
assignment. Yet this information is not used when it comes time to do inference. By
using uniform randomization inference, researchers implicitly assume a much simpler model
and hope that these differences are all small enough not to create substantial lack of fit.
While sensitivity analyses for unobserved confounding that are often conducted post hoc
can in principle subsume discrepancies in observed variables too, these analyses are not
typically presented in these terms, nor are observed differences typically used to calibrate
the parameters for these sensitivity analyses.

We propose a new method for inference in matched observational studies, covariate-
adaptive randomization inference, that explicitly uses estimated propensity score discrepan-
cies to update permutation probabilities. This approach retains most of the advantages of
uniform randomization inference — clear conceptual connections to a hypothetical random-
ized trial, ease of implementation, compatibility with interpretable methods of sensitivity
analysis — while addressing potential for lack of fit even in settings where propensity score
differences need not disappear in large samples. Furthermore, the lack of fit adjustment
generally does not require users to alter the match itself in ways that reduce overall sample
size. Although covariate-adaptive randomization inference can in theory fully resolve the
confounding problem that matching itself seeks to address, we also demonstrate that match-
ing followed by covariate-adaptive randomization offers precision and robustness benefits not
enjoyed by covariate-adaptive randomization in an unmatched study.

3.1.2 Related work

Covariate-adaptive randomization inference builds on a quickly-growing literature that ex-
plores using estimated propensity scores to structure permutation tests. Rosenbaum [73]
recommended permuting treatment assignment conditional on the sufficient statistic for a
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propensity score fit, a closely related idea which works very well for settings with only one
or two discrete covariates with a limited number of categories. In a graduate dissertation
Baiocchi [8] briefly proposed permuting treatment assignments within matched pairs in a
manner similar to that described above, although with a slightly different distribution based
on a ratio of propensities on the probability scale rather than the odds scale. More recently,
Branson and Bind [10] describe randomization tests with non-uniform treatment assignment
probabilities for unmatched Bernoulli trials; although they focus on randomized trials they
also suggest the use of the method for observational studies. The conditional permutation
test of Berrett et al. [9] proposes using permutations of observed variables based on an esti-
mated conditional distribution for the purposes of testing conditional independence. Shaikh
and Toulis [86] also use permutations of observations based on estimated propensity scores
to conduct causal inference in an observational study and obtain even stronger guarantees
about large-sample performance by leveraging specific focus on a setting in which only one
unit receives treatment. Resampling observations with non-uniform probabilities is also an
important component of modern conformal inference for settings where data are not ex-
changeable [97], including observational studies of treatment effects [49]. Our contribution
to this literature is to articulate the particular advantages of combining non-uniform per-
mutation with matched designs. The structure of matched sets helps resolve many of the
practical challenges that arise in conducting non-uniform permutation tests, such as the ques-
tion of how to sample from the permutation distribution discussed at length by Berrett et al.
[9]. In addition, covariate-adaptive randomization inference in concert with matching has
important precision benefits relative to covariate-adaptive randomization in an unmatched
study, as we will document in Section 3.6. In contrast to previous authors, we also inte-
grate covariate-adaptive randomization inference into the sensitivity analysis framework of
Rosenbaum [77], allowing us to conduct inference in the presence of unobserved confounding
variables.

At a high level, covariate-adaptive randomization inference may also be compared to
inverse probability weighting approaches to causal inference. Both methods rely on estimated
propensity scores to adjust for observed confounding variables, but the two approaches use
the estimated scores differently. In inverse weighting, estimators for a treatment effect are
constructed by dividing each observed outcome by the estimated probability of its observed
treatment (or some function thereof) before comparing average outcomes across groups.
This corrects potential outcomes in expectation and produces unbiased estimates of average
treatment effects [59], but can also lead to high-variance estimators since inverse weights can
be large when propensity scores are near zero or one [72, 43]. In contrast, covariate-adaptive
randomization inference uses estimated propensity scores to correct the null distribution of
an arbitrary test statistic rather than to construct a specific test statistic Of course, inverse
weighting estimators may also be used within the covariate-adaptive randomization inference
framework, an idea we explore in Section A.1 of the online appendix.

Another difference between the inverse weighting framework and covariate-adaptive ran-
domization inference is the type of null hypothesis typically tested. Weighting approaches
usually test weak null hypotheses that only place restrictions on average potential outcomes,
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remaining mostly agnostic to how treatment effects vary across individuals, while covariate-
adaptive randomization inference as introduced here focuses on sharp null hypotheses that
define a specific treatment effect for each individual [22]. While weak-null approaches ac-
count naturally for treatment effect heterogeneity, they also rely on asymptotic distributions
of test statistics while a covariate-adaptive test of a sharp null does not (only requiring
asymptotic convergence of the propensity score estimate to the true propensity score, a po-
tentially weaker assumption when the propensity score is estimated in a separate dataset
as discussed in Section 3.4 below). Weak null approaches generally require more restric-
tive conditions on test statistics than permutation tests of the sharp null, which are valid
for arbitrary functions of treatment and outcome. Finally, an extensive sensitivity analysis
framework has been developed for tests of the sharp null [77], which we adapt below in
Section 3.5. Note also that tests designed for sharp null hypotheses can also be adapted to
test weak nulls instead [11, 28], a point we discuss further in Section 3.8.

3.1.3 Outline

In what follows we develop and evaluate covariate-adaptive randomization inference. In
Section 3.2 we introduce a formal framework and describe the shortcomings of uniform ran-
domization inference in detail. In Section 3.3 we introduce covariate-adaptive randomization
inference, giving procedures for hypothesis testing and for estimation, and confidence interval
construction under a constant additive effect model. In Section 3.4 we bound the error intro-
duced into the procedure by estimation of the propensity score. In Section 3.5, we generalize
sensitivity analysis procedures grounded in uniform randomization inference to covariate-
adaptive randomization inference to allow valid inference in the presence of unobserved con-
founding variables. In Section 3.6, we demonstrate finite sample performance of covariate-
adaptive hypothesis tests and confidence intervals and compare to alternative strategies,
including both matching approaches that permute subjects uniformly and unmatched ap-
proaches that use a form of covariate-adapative randomization inference. In Section 3.7 we
demonstrate implications for practice by reanalysis of two observational datasets: one mea-
suring genetic damage experienced by welders and one assessing the impact of right-heart
catheterization on patient mortality. Finally, Section 3.8 highlights important questions and
connections raised by this work and outlines opportunities for further research.

3.2 Formal framework and problem setup

3.2.1 Uniform randomization inference in matched designs

Consider a population of individuals each represented by a vector (Y (1),Y(0),Z, X,U). Z
is a binary indicator for membership in the treatment group, X is a vector of observed
covariates, and U is an unobserved covariate. The values Y (z) are potential outcomes under
different treatment conditions as defined under the Neyman-Rubin causal model and the
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stable unit treatment value assumption [82, 38|, which specifies that an individual’s outcome
depends only on its own treatment status, rather than on the treatment status of other
individuals, and that the only versions of treatment are 0 and 1. Only the information
(Y, Z, X) is observed by the analyst, where Y represents the observed outcome Y (Z). Let
A(x) = P(Z]|X = x) be the conditional probability of treatment given observed covariates,
or the propensity score, and let 7(z,u) = P(Z|X = x,U = u) be the true probability of
treatment (which also depends on the unobserved U).

We assume individuals are first sampled independently from the population, and then
formed into a matched design M, consisting of K matched sets, on the basis of their treat-
ment variables Z and covariates X alone. Each matched set, numbered k& = 1 through K,
contains exactly one treated individual and one or more control individuals. Individuals in
set k are numbered k1 through kn,, where n; is the number of units in set k, in arbitrary
order, so that we may refer to the treatment indicator of the ith unit in the kth matched
set as Zy;. We also define n = S ny. Let vectors Y(1),Y(0),Y,Z,U € R” contain
the observed univariate data ordered so that units in the same matched set are contiguous.
Let matrix X contain all n vectors Xy; in its rows with an identical ordering; in addition,
we abuse notation slightly to let \(X) represent the n-vector of true propensity scores. A
matched design is said to be exact on a particular variable or quantity v € R"™ if for any
matched set k, vy, = vy for all 4,5 € {1,...,ng}. Let Zx4 be the set of all treatment vectors
Z' such that Y % Z;. =1 for all matched sets k.

We now consider the the distribution of treatment assignments conditional on the match
selected and the potential outcomes, i.e P(Z | F) where F = {2, X,Y(1),Y(0)}. Rosen-
baum [77, §3] argues that this distribution is discrete uniform on Z,, under two key assump-
tions: first, the absence of unobserved confounding, under which \(z) = 7 (x,u) for all u,
and exact matching on covariates X (or more generally exact matching on true propensity
scores A(X)). The null distribution for a test statistic 7' can then be derived under the
following sharp null hypothesis of no treatment effects for any individual in the sample:

Y(1) = Y(0). (3.1)

In particular, the sharp null hypothesis of no effect guarantees that the actual observed
outcome Y}, for individual 7 in matched set k& would still have been observed had Z; taken
on a different value. Thus under the sharp null the test statistic 7'(Z,Y") varies conditional
on Zy,X,Y(1),Y(0) only through the vector Z, which is uniformly distributed over all
permutations Zpe.n, of the observed element of Z within matched sets. The exact p-value
for the test of the sharp null, where we reject for larger values of T'(Z,Y), can be computed
as the proportion of values of Z,¢,, for which T'(Zyem,Y) exceeds T'(Z,Y). In practice this
quantity can be computed via repeated Monte Carlo draws from the permutation distribution
or via a normal approximation to the permutation distribution. For example, Rosenbaum
[77][82] gives asymptotic distributions for a variety of rank statistics.

Estimates of causal effects and confidence intervals can also be developed from the null
distribution associated with a sharp null hypothesis. Under a treatment effect model such
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as the constant additive model, the randomization test can be inverted to produce Hodges-
Lehmann point estimates and corresponding confidence intervals. Alternatively, when the
test statistic itself is an estimator for an effect of interest (as in the case of the difference-
in-means estimator), confidence intervals can be obtained under a normal approximation in
large samples by using a variance estimate obtained from the null distribution and quantiles
of the normal probability density function.

3.2.2 Propensity score discrepancies imperil the uniform
treatment distribution

While the assumption of exact matching on a true propensity score yields convenient math-
ematical symmetry matching is never exact on all measured covariates in datasets of any
substantial scale, nor is it practical to match exactly even on a univariate true propensity
score, both because propensity scores must be estimated in practice and because they are
often modeled as smooth functions of continuous variables that do not agree exactly for any
two subjects. As such it is important to consider the potential for resulting lack of fit between
the nominal uniform distribution of treatment used for inference and the true distribution
for a given matched design. Hansen [34] addressed this question for the difference-in-means
estimator of an additive treatment effect and found potential for slow-shrinking finite sample
bias when the true propensity score is not matched exactly. Other authors have shown that
bias in treatment effect estimation [84] and failure of Type I error control for the uniform
randomization test [31] persist even in infinite samples in settings where all treated units
are matched in pairs without replacement except in unusual situations such as populations
where the probability of propensity scores exceeding 0.5 is zero or the true outcome model is
known. Of course, even bigger problems may arise if unobserved confounding is also present,
but methods of sensitivity analysis have been constructed with specific attention to this
issue, as will be explored in greater detail in Section 3.5.1.

It has been argued that certain kinds of balance tests may be understood as tests for
lack of fit between the actual distribution of treatment and the uniform model of inference
used [34], so that if balance tests do not reveal problems then this problem can be ignored.
This approach falls short of resolving the problem optimally for two reasons. First and
most importantly, the theory underlying these balance tests relies on an asymptotic regime
in which propensity score differences within matched sets approach zero as sample size in-
creases, which in turn comes from a pattern of ever-larger concentrations of control units
in a region arbitrarily close to any given treated unit. In many settings, this assumption
is not reasonable. For example, Pimentel et al. [67] consider the common setting under
which matches are conducted within natural blocks or groups of units, such as matching
patients within hospitals or students within schools. When, as in these examples, the size
of an individual block may reasonably be viewed as bounded and the most natural way to
think about increasing sample size is by adding more blocks, there is no reason to expect
propensity score differences within matched sets to shrink to zero, since the concentration of
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matchable controls near a given treated unit is limited by the upper bound on the size of a
block. More generally, Sévje [84] demonstrated that when propensity scores larger than 0.5
are present in the population with probability exceeding 0 and matching is conducted with-
out replacement, then some matched sets will necessarily have propensity score discrepancies
bounded away from zero. A second problem with the balance testing solution is that it does
not fully articulate how to resolve problems with a matched design when the balance test
fails. Common solutions such as using a tighter propensity score caliper lead to tradeoffs by
reducing other aspects of match quality such as the proportion of treated units retained.

Another proposed strategy is the use of regression adjustment to remove slow-shrinking
bias not addressed by close matching on a propensity score or on covariates [1, 31]. Under
assumptions on the outcome model, this method removes the bias, and under sufficiently
strong assumptions on the outcome model and the convergence of matched discrepancies
to zero, a fast rate is achieved. However, the assumptions may not always be plausible,
particularly the condition that the propensity score discrepancies shrink to zero as discussed
by Sévje [84]. In addition, estimating an outcome model may be inconvenient if the outcome
is multivariate, is related to observed covariates in a complex or poorly-understood manner,
or is not yet measured at the time the match is conducted.

3.2.3 Lack of fit due to dependence between the true treatment
vector and the match itself

All of the above discussion focuses on discrepancies between the uniform distribution of
treatment given F = {Z,, X,Y(1),Y(0)} and the actual distribution of treatment given
these quantities, thinking of the match M as fixed over all possible Z-values. However, if a
model of independently-sampled subjects is assumed on the original data prior to matching
then one might view the matched design, which is constructed with reference both to X
and Z, as a random function of treatment. In the special case of exact matching this issue
need not arise, as the specific match chosen may remain conditionally independent of Z
given event Z,.. However, when matching is not exact this guarantee no longer holds, and
for some Z € Z,, it may be the case that match M never would have been selected. For
example, a treated unit with a high propensity score may be difficult to match and be paired
with a control having an appreciably lower propensity score; however, if the treated unit had
been a control instead, it would have been possible to form a better match with a treated
unit having a similarly high propensity score value. Values of Z that would have produced
a different match do not belong in the support of the distribution of treatment conditional
on M, but they appear with positive support in the other two distributions mentioned.
The phenomenon of reduced support will be denoted Z-dependence (with reference to the
dependence of the match chosen on the original treatment status vector).

This issue is also discussed by Pashley, Basse, and Miratrix [64], who note, “proper
conditional analysis would need to take into account the matching algorithm.” However,
no such analysis has yet been proposed in the matching literature, and Pashley, Basse,
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and Miratrix suggest that matching may perform well empirically even in the presence of Z-
dependence. Z-dependence is not a central focus in what follows, and unless otherwise noted
we will take the perspective that the matched sets M are fixed. However,in Section 3.6.4,
we explore a “proper conditional analysis” that does account for the matching algorithm in
a very small simulated dataset using brute-force methods, and find potential for empirically
meaningful type I error violations. Z-dependence will also be helpful in explaining the
empirical performance of uniform and covariate-adaptive randomization inference in certain
larger simulation settings considered in Sections 3.6.2-3.6.3. We advocate and outline ideas
for further progress in understanding Z-dependence in Section 3.8.

3.3 Adapting randomization inference to covariate
discrepancies

3.3.1 True and estimated conditional distributions of treatment
status

To adapt randomization inference to discrepancies in observed covariates, we begin by consid-
ering the case where no unobserved confounding is present and represent the true conditional
distribution in terms of propensity scores. Since treatment indicator Z; is Bernoulli(A(Xy;)),
we have:

P{Zi=1|Zu,X,Y(1),Y(0)}
P{Z=1,Zks=0,..., Zkn, = 0| M(Xy)}
Sy P {2 =0, Zig) = 0. 2y = L Zagyon = 0. o, = 0| A(Xi))
B M Xki) Hj;éi[l — M X)) C odds{A(Xp)}
TS AE) [T 1 — A Xe)] S, oddsA(X)F 7

Because individuals are sampled independently, the joint conditional probability for a treat-
ment vector Z is given by multiplying the appropriate py; terms together:

kize Zy

P{Zm=12|Zu, X, Y(1),Y(0)} :{ [li= lg?ilpki ey (3.2)

If the true propensity score A(-) were known, the py;s could be calculated exactly. To conduct
inference under the sharp null, the Monte Carlo strategy described in Section 3.2.1 could be
used, except that instead of permuting treatment assignments within matched sets uniformly
at random one would draw the identity of the treated unit in each set from an independent
multinomial random variable with 1 trial and probabilities p1, .. ., Prn,. Exact finite-sample
confidence intervals could also be obtained by inverting the test, and the large majority of
the benefits of the uniform randomization inference procedure could be retained despite the
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reality of inexact matching on the propensity score. Note that when propensity scores are
matched exactly, this procedure reduces to the uniform test.

Unfortunately, the propensity score is typically unknown, so the true conditional distri-
bution of treatment is also unknown. However, it is straightforward to construct a plugin
estimator for this distribution by substituting an estimate of the propensity score A(-) for
A(+) in the formula for py;. We denote the process of conducting hypothesis tests and cre-
ating confidence intervals using this plugin distribution as covariate-adaptive randomization
inference. In concrete terms, an investigator may conduct covariate-adaptive randomization
inference via the Monte Carlo approach of Section 3.2.1 by calculating the estimated propen-
sity odds for each subject in a matched set, by dividing each estimated odds by the sum
of the odds in the matched set, by determining treatment via a single draw from a multi-
nomial distribution with probabilities for each subject given by these normalized odds, and
by conducting this process independently within all matched sets, repeating as necessary to
generate a close approximation to the null distribution.

3.3.2 The difference-in-means estimator: large-sample
distribution

While taking repeated Monte Carlo draws from the covariate-adaptive permutation distribu-
tion is straightforward, it is also instructive to construct a normal approximation using the
mean and variance of the test statistic. Here we demonstrate this approach for the standard
difference-in-means estimator, defined below (for brief discussion of an alternative estimator
based on inverse propensity weighting, see Section A.1 of the online appendix).

ng
T(ZM7YM Z {Z Z]mY}“ 1_ 1 Z(l - Zm Yk‘l} = Z Z kznkaZ

i=1 klzl

Under the sharp null hypothesis, the Y is fixed across all values for Z so the expectation
and the variance are calculated only over the random variables Z.

NPk
E(T(Zpm, Y M) | Zm5 X, Y (1), Y (0 ZZYM KDk (3.3)

ne — 1
klzl k

Var(T(Za, Y m) | Z2m, Xt Ym(1), Y aq(0))

K ng 2
1 n
— ﬁ Z Z (nk i 1) YiiDki {Ykz pkz Z ijpkj} (3,4)
k=1 i=1 i

Note that these formulas get considerably simpler in the case of a matched pair design,
in which n; = 2 for all k. Here the inner sum Zf:kl Y ”’“ni’“_il_l may be rewritten as (Zx; —
Zia)(Ye1 — Yi2), so that the mean of the test statistic is the sample average (across matched
pairs k) of Vi Dy where Vi = pr1 — pre and Dy = Yy — Yo, and the variance is the sample

average of K1(1—V;2)D3.
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While this mean and variance of the test statistic depend on the unknown true propensity
score through the py; terms, they can be estimated by substituting the Dri Obtained by
substituting the estimated propensity score A for the true propensity score \. Large-sample
inference may be conducted by computing a normalized deviate of the difference-in-mean
statistic using estimates of the mean and variance above, and comparing to the standard
normal distribution. This relies on a finite-sample central limit theorem based on a sequence
of infinitely-expanding finite samples [52] for which the mean and variance of the test statistic
converge to stable limits. The most natural asymptotic regime places some upper bound
on the size of a matched set ny across all these samples while K grows towards infinity,
since returns to matching large numbers of controls to a single treated unit are quickly
diminishing [33]. The simplest available central limit theorem is thus in the inner sums
ok Vi %, which are independent random variables with non-identical distributions;
when ny is umformly bounded and a Lindeberg condition holds on the potential outcomes
Y (0), they follow from results in Liu and Yang [55]. For more discussion of asymptotic
regimes in matching with restricted or fixed matching ratios, and of central limit theorems
for settings with many small strata, see Abadie and Imbens [2] and Liu, Ren, and Yang [54].

The large-sample approximation just described does not explicitly account for random
variation due to the estimation of the propensity score; in particular, the mean term, which
is a function of py; random variables, is instead treated as fixed. To probe the possible role
of such variation, we used the M-estimation framework [91] to represent both the propensity
score estimates and the test statistic of interest as part of a single multivariate estimation
problem and to construct a new variance estimate for the difference between the test statistic
and its estimated mean that attempts to incorporate variation in the estimated propensity
scores. However, the new variance estimates were frequently near-identical or slightly smaller
than those ignoring the propensity score estimation (presumably due to positive correlation
between the estimated mean and the test statistic across propensity score fits); in our simula-
tions the associated tests performed almost identically. Given the simpler form and intuitive
permutation analogue for the test ignoring propensity score estimation, we focus on this test
going forward. More details are provided on the M-estimation approach in Section A.4 of
the online appendix.

3.3.3 Estimates and confidence intervals for an additive effect

So far we have discussed covariate-adaptive randomization inference primarily through the
lens of testing the sharp null hypothesis of zero effect. It is also possible to use covariate-
adaptive randomization inference to construct confidence intervals in settings where the
primary goal is estimating a specific causal effect. The exact details of this process depend
on the estimand; for purposes of exposition, we focus on estimating a constant additive
treatment effect. More formally, we assume that there exists 7 such that

Yii(1) = Y (0) + 7 for all 4. (3.5)

and we seek to estimate 7 and obtain a confidence interval for our estimate.



CHAPTER 3. COVARIATE-ADAPTIVE RANDOMIZATION INFERENCE IN
MATCHED DESIGNS 53

First, note that for 7 # 0, the sharp null hypothesis of no effect no longer holds and
observed outcomes Y; are no longer invariant to treatment status, but the transformed
outcomes Yy; — Zi;7 will be invariant, and a randomization test can be constructed by using
Yii — Zi;7 as input to the test statistic rather than Yj;. This adjustment allows us to test
Hy : 7 = 71y for any value 1y € R. The set of mp-values for which the corresponding test does
not reject Hy at level o is a 1 — « confidence set for 7 [62, 48, §3.5].

To obtain an estimate of 7 in model (3.5), we may simply select the value of 7y with the
largest two-sided p-value (or the median of such values if many share the same p-value). This
estimator was previously suggested for use in treatment-control studies by Branson and Bind
[10], who noted its connection to the Hodges-Lehmann estimator [37]; for a helpful review
of Hodges-Lehmann estimation in the context of randomization inference in observational
studies, see Rosenbaum [77, §2.7.2]. Coudin and Dufour [19] also show that in a slightly
different context, an estimator based on maximizing the p-value of a permutation tests
retains many of the attractive theoretical properties of the traditional Hodges-Lehmann
estimator, including median unbiasedness and asymptotic normality, under mild regularity
assumptions. Numerical simulations show that this estimator generally performs well and
consistently improves substantially on the naive difference-in-means estimator (see Table 7
in Section A.5 of the online supplement).

Because covariate-adaptive randomization inference induces a discrete distribution for
the test statistic, some care is required in inverting the tests to obtain confidence intervals,
especially in small samples. In particular, when the distribution’s discreteness makes it
impossible to construct an interval with coverage exactly 1 — «, it is important to ensure
that intervals are made conservative rather than anticonservative. Luo et al. [56] provide a
very helpful practical discussion; while they focus on a uniform design without stratification,
the key ideas translate almost without modification to covariate-adaptive randomization
inference at least when the difference-in-means statistic of Section 3.3.2 is used. Inverting
the test requires repeated tests for a variety of candidate T-values and can be computationally
demanding. However, several shortcuts are possible. In matched pair designs, Monte Carlo
draws of the difference-in-means statistic from the null distribution under Hy : 7 = 79
are simple algebraic modifications of Monte Carlo draws from the null distribution under
Hy : 7 = 0. In particular, letting ZJ'* represent the original value of treatment in the
observed data for subject ¢ in pair k (as opposed to the value Zj; in the draw from the null
distribution), we have the following:

K
ort 1 ort ori
T(Zpm, Y — Z3m0) = % Z(Zm — Zio)[Yir — Yo — 10( 21" — Z3"))]
k=1
1 & :
=T(Zpm, Y ) — Z Zia — Zia)(Z3" — Z5)

K

1 X |
:T(ZM,YM)—TO? Zl{zkzzzmg}_Zl{zk#zzrzg}
k=1

k=1
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In summary, as long as we keep track of the number of pairs in each null draw that have
been switched relative to the original treatment assignment, we need only take Monte Carlo
draws once from the null distribution for Hy : 7 = 0 and can simply transform them as
necessary to test any Hyp : 7 = 79. Another option not limited to paired designs is to use
the large-sample normal approximation to the null distribution of the difference-in-means
estimator instead of Monte Carlo draws from the permutation distribution. To invert this
large-sample test, one need only evaluate a normal tail probability for each 7y considered.

3.4 Assessing the impact of propensity score
estimation error

A primary concern in determining the empirical value of covariate-adaptive randomization
inference is understanding the impact of errors in estimating the propensity score. To trust
the method, we need some guarantee that small deviations between A(z) and true A(z)
values result in only small deviations in nominal and actual test size and confidence inter-
val coverage. The following results provide partial reassurance in this regard. To lay the
groundwork, let Ay (:) be an estimated propensity score fit on an external sample of size
N from the infinite population, and let the quantities Z, X, Y (1), Y(0) refer to a separate
sample organized into K matched pairs containing ), ny = n total units. Let F) rep-
resent the true conditional distribution of Z as a function of the true propensity score A(-)
and let F5 represent the distribution of Z used to conduct covariate-adaptive inference

in practice, based on XN() Furthermore, let Piym be the p-value produced by a nominal
level-av covariate-adaptive randomization test of the sharp null hypothesis using F5 . The
following result, adapted from Berrett et al. [9] (who consider the slightly different case in
which permutations are across the entire dataset and not within matched sets), relates these
quantities using the total variation distance of F) and F5 .-

Theorem 4. If no unobserved confounding is present and the sharp null hypothesis of no
effect is true, then

P(pXN,n <a) < a+dry (F,\,Fx)
where dry (P, Q) gives the total variation distance between two probability distributions P
and Q).

In words, this theorem says that the true type I error of a covariate-adaptive random-
ization test performed with nominal level « is no larger than a plus the total-variation
discrepancy of the distributions implied by the true and estimated propensity score. Intu-
itively, when the estimated propensity score is close to the true propensity score, this means
that the nominal type I error rate is close to the true type I error rate. We formalize this
intuition for the case in which the true propensity score obeys a logistic regression model.

Theorem 5. Suppose that P(Z =1 | X) = \X) = m and that Ay is obtained by
estimating this model using maximum likelihood. Suppose furthermore that N increases with
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the primary sample size n such that lim,__,..n/N = 0, and suppose the covariates X have
compact support. Then under the conditions of Theorem 4,

limsup P(p5, , <) < a.

n,N— o0

The proof, which uses Pinsker’s inequality to bound the total variation distance by a sum
of Kullback-Leibler divergences and a Taylor expansion to show that this sum converges to
zero, is deferred to Section A.2 of the online appendix.

A natural question is whether similar results can be obtained when the propensity model
is not necessarily logistic. Berrett et al. [9] sketch a proof for a result similar to Theorem 5
when the propensity score is estimated nonparametrically using a kernel method; this requires
only mild smoothness conditions rather than a correctly-specified model, although the bound
on the rate of convergence of the size of the Type I error violation towards zero is much
weaker. More generally, one may turn to Theorem 4 directly to explore misspecification: this
result provides a bound on Type I error violation whenever the degree of misspecification
can be quantified by the total variation distance between estimated and true conditional
distributions of treatment. Such metrics for probing robustness appear elsewhere in the
literature; for example, Guo et al. [32] assess robustness of inferences to covariate noise
by considering a regime in which the conditional distribution of the true covariates given
treatment has bounded total variation distance from the conditional distribution of the
noise-contaminated covariates.

Another limitation of Theorem 5, which extends also to the nonparametric kernel ap-
proach just mentioned, is the asymptotic regime. The issues extend beyond the usual ques-
tion of whether a particular sample size is large enough to ensure that error is small; here
the requirement that the pilot sample used to estimate the propensity score grow at a larger
rate than the analysis sample raises similar concerns even for very large samples, since the
key question is whether the pilot sample’s size sufficiently exceeds that of the analysis sam-
ple. Fitting the propensity score in a large independent sample consisting of most of the
observed data while reserving a relatively smaller portion for the analysis is uncommon in
applied matching studies. However, we note that this approach is natural in settings where
treatment and covariate values are readily available but outcomes are expensive or difficult
to measure, as when researchers must collect outcomes by administering a test to study sub-
jects [69] or by abstracting medical charts [89]. In Section 3.6, we evaluate the performance
of the method by simulation in multiple settings, including some that plausibly adhere to
the assumed asymptotic regime and others that likely do not. In general we find only minor
difference in performance for tests based on estimated propensity scores fit out-of-sample
in samples much larger than the analysis samples versus tests based on propensity scores
estimated in-sample on the analysis data, suggesting that the test may be fairly robust to
violations of the asymptotic regime given in Theorem 5 in many finite sample settings.
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3.5 Covariate-adaptive randomization inference under
unobserved confounding

3.5.1 Review of sensitivity analysis framework under exact
matching

Results in Sections 3.2 -3.4 have all depended on the absence of unobserved confounding, but
in practice it is not plausible that all confounders are observed. To address this issue with
the matched randomization inference framework, Rosenbaum [77, §4] presents a method of
sensitivity analysis to relax the no unobserved confounding assumption. Specifically, the
true probabilities of treatment are restricted as follows:

1T < m(z,u)(1 — w(z,u)

<T f 11 ! 3.6
S o)1 —n(@uy) =1 foraleuu (3.6)

This is equivalent to the following model for treatment assignment, with arbitrary x(-):

log (M) = k(X)+U where vy =log(l') and 0 < U < 1. (3.7)
1 —7(X,U)

To complete the sensitivity analysis, some method is needed to compute worst-case p-
values over all possible values of of U allowed by the model. The method depends on the
structure of matched sets formed and the test statistic used; we focus on the approach of
Rosenbaum [79] which allows for arbitrary numbers of controls matched to each treated unit
and applies to any sum statistic, i.e. any statistic T'(Z,Y) = Zle Sk Zii i (Y) for chosen
functions fy; of Y, which we denote as the pseudo-responses. As shown in Rosenbaum [79,
§5], the difference-in-means statistic, the regression-adjusted test statistics of Rosenbaum
[74], and other M-statistics are all members of the family of sum statistics.

Without loss of generality, suppose the nj units in each matched set k are arranged in
increasing order of their pseudo-responses fi; so fr1 < fra < ..., fin, for all k, and suppose
that we are interested in a one-sided test where larger values of the test statistic will lead
to rejection. Let U™ be the set of all stratified N-tuples u such that ug; € {0,1} and
Upr < Upe < ... < Upy,, for all £, and let U™ be the set of all stratified N-tuples u such that
uk; € {0,1} and wpy > upe > ... > upy, for all k. Let aunir(Y,u) represent the p-value
for the uniform randomization test performed with test statistic 7(Z,Y) and the uniform
randomization distribution when model (3.7) holds with unobserved confounder U = u.
When matching on the propensity score is exact, Rosenbaum and Krieger [80] showed the
following;:

Min Qi (Y, 1) < Qupif(Y, U) < max agyip(Y, u).
uelU- ueU+

Although U is still unknown, this statement allows us to bound its impact on the result of
the hypothesis test by searching over a highly structured finite set of candidate u-values.
We now show that this approach still works to identify the worst-case p-value when matches
are not exact on the propensity score and permutation probabilities are covariate-adaptive.
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3.5.2 Sensitivity analysis model under covariate-adaptive
randomization inference.

As in the previous section, let T'(Zq, Y o) be a sum statistic and focus on the case of a
one-sided test where large values lead to rejection. We now define aigqp: (Y, 1) as the p-value
obtained by conducting a covariate-adaptive randomization test (using the true propensity
score) when model (3.7) holds with unobserved confounder U = u.

Theorem 6. For any u € [0, 1]",

min Aaapt (Y, 1) < Qudapt (Y, 1) < max ggap (Y, u”).
weU- u’eU+

Intuitively, this result says that we can find the maximum (minimum) p-value by placing
the maximum (minimum) possible treatment probability on the subjects with the largest
pseudo-responses, and the minimum (maximum) treatment probability on those with the
smallest pseudo-responses. The full proof, which is partially adapted from results for the
exact-matching case in Rosenbaum [77] and from results for weighting estimators in Zhao,
Small, and Bhattacharya [101], is deferred to Section A.3 of the online appendix.

While Theorem 6 provides a foundation for sensitivity analysis, two additional issues must
be addressed. First, while in the exact-matching case the function x(X) has no bearing on
sensitivity analysis (since the x(X) terms cancel within matched pairs), under covariate-
adaptive randomization inference some bound or estimate of x(X) is needed to compute

sensitivity bounds. In general, the known propensity score A\(X) provides information about
k(X)) as follows:

1
[+ exp[—r(X) — 7

1 1
AMX)=ErX,U) ]| X) = / (X, u)dP(u) = / dP(u).

0 0
When « = 0 this gives us a one-to-one mapping between x(X) and A\(X) but otherwise such
a mapping requires knowledge about the population distribution of U. Fortunately, since
7(x,u) is increasing in u for all z, for any fixed z we have 7(z,0) < A(z) < m(x,1). This in

turn implies:
K(X) € {log (1i(—§2()> — 1 log (1i(—j?X))}

Note that this bound is tight, since we can make x(X) arbitrarily close to either bound by
letting P(U = 0) or P(U = 1) be arbitrarily close to 1. Therefore we can rewrite model
(3.7) in terms of A(X) as:

log (%) = log (1i(—i)X)) —V 4+, U,V elo,1].
AX)
X

o (200

)> —y+20U, U €0,1]. (3.8)

Al
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The second issue is computational. The bound in Theorem 6 gives us a finite set of possible
distributions over which to search to identify the worst-case p-value for a covariate-adaptive
randomization test. However, under certain configurations of strata size and number, this
set may grow large and complicated so that it is difficult to compute the exact maximum
efficiently. Gastwirth, Krieger, and Rosenbaum [29] simplified the problem by showing that
asymptotically the overall maximum and minimum p-values for any given I' are achieved
by solving simpler optimization problems separately for each stratum and aggregating the
results. Specifically, if Ty = >, Zi; fri(Y r) fige is the additive contribution of stratum k
to the test statistic and uy, is the subvector of u for stratum k, the expectation of T}, must
be maximized (minimized) over all binary uy, and when multiple values u; are maximizers
(minimizers) the variance of Ty must also be maximized over these. By an argument essen-
tially identical to the one we use to prove Theorem 6, one may show that T}’s expectation
is maximized only for u; such that uy; = ... = up = 0 and ugeq1) = ..., Ugy, = 1 for some
¢ =0,1,...,ng, so that it suffices to consider the n; expectations g, and n; variances vy
associated with these vectors (for the lower bound similar quantities are used but with a dif-
ferent choice of binary wuy; values). Aggregating worst-case expectations and variances across
many strata and letting the number of strata go to infinity results in worst-case bounds on
the overall p-value. While this result is asymptotic, Rosenbaum [79] later derived a one-step
adjustment that renders the bounds conservative in finite samples. Under covariate-adaptive
randomization inference and representation (3.8) for the treatment model, the key quantities
e and vy take on the following values:

4 n l n
e = D ict Prifri + 17 D it g4 Prifi Vg = D i Prifi + 17 Dt Pui fie 12
- ¢ n - L ng IRt
D i Pri T T2 0 Dri Doicy Pei + T2 0%, Dri

The method for combining these quantities to provide an overall conservative bound on the
p-value is identical to that described in Rosenbaum [79].

3.6 Finite-sample performance via simulation

3.6.1 Motivation

The results of Section 3.4 provide some assurance that in extremely large samples, covariate-
adaptive randomization inference will closely approximate the true conditional distribution
of treatment and outperform uniform randomization inference. However, many matched
studies work with relatively small sample sizes, and researchers do not always have strong
guarantees that fitted models are well-specified. In what follows we assess the empirical
performance of covariate-adaptive randomization inference in small to moderate samples via
a simulation, considering cases where models are correctly and incorrectly specified. First,
in Section 3.6.2, we consider the performance of covariate-adaptive randomization inference
in matched designs compared to more traditional inference procedures for matched studies,
with a focus on Type I error control.
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A second important question is whether modifying a permutation procedure to account
for observed propensity scores obviates the need for matching at all. Indeed, the test pro-
posed by Branson and Bind [10], which considers a similar data setting and relies on the
same idea as our test but does not incorporate matching, is also finite-sample valid when
conducted with true propensity scores. In Section 3.6.3, we conduct additional simulations to
demonstrate that the combination of matching and covariate-adaptive randomization infer-
ence offers important benefits in terms of both precision and robustness to misspecification
of the propensity model relative to non-uniform permutation in an unmatched study.

3.6.2 Matching with and without covariate-adaptive
randomization inference

We create a matrix of covariates X by drawing p vectors of independent standard normal
random variables, each vector of length n. pis 2, 5, or 10, and n is either 100 or 1000. The
true propensity score is then given by one of the following two functions, one that specifies
the logit of treatment as a linear function of the columns of X and another specifying it as
a nonlinear function of those columns:

logit [P(Z =1]| X)] = log (%) +A- X, (3.9)
logit [P(Z = 1| X)] = log (%) + \/% (X1 +4X7) (3.10)

The functional forms of these models are adapted from those used by Resa and Zubizarreta
[70]. The parameter A controls the strength of the propensity score signal; we examine
two signals, “weak signal” with A = 0.2 and “strong signal” with A = 0.6. The intercept
is chosen to ensure a treated:control ratio in the general neighborhood of 3:7 (since all X
variables have mean zero over repeated samples), providing a relatively large control pool
for pair matching. The scaling factor 1/4/265 is chosen to render the overall signal-to-noise
ratio comparable across models for a given value of A. For a more detailed look at the
distribution of the propensity scores in the treated and control groups under this setup, see
Figure 4 in Section A.5 of the online appendix.

Matching is conducted on the joint (X, Z) datasets created by this process. The matching
is done using a robust Mahalanobis distance on the columns of X, either with or without a
propensity score caliper. When the caliper is used, a propensity score must first be estimated.
This is done by fitting a logistic model with linear additive terms using maximum likelihood.
Then matches are restricted to occur only between individuals separated by no more than
0.2 sample standard deviations of the fitted propensity scores (computed for the original
dataset); if treated units must be excluded from the match to meet this condition the minimal
possible number of such exclusions is made.

Finally, outcomes are drawn using a linear model with the same right-hand side as the
model used to generate the true propensity score, albeit with no intercept, with A = 1,
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and with additive independent mean-zero normal errors with variance 4. We conduct ran-
domization inference by reshuffling treatment indicators within pairs uniformly at random,
based on propensity scores estimated as described above, or based on true propensity scores.
The observed test statistic is compared to the null distribution obtained by 5000 Monte
Carlo draws to see whether one-sided tests for a difference greater than zero reject at the
0.05 level. Results are evaluated for both raw outcomes and outcomes adjusted by ordinary
least-squares linear regression using the approach of Rosenbaum [74].

In addition, for each combination of simulation parameters we also test the results of
inference when the observed test statistic is not generated by the original Z-vector but
by a within-match permutation of treatment indicators using distribution (3.2) with the
true propensity scores. This is designed to approximate a model in which matched pairs
have independent treatment assignments, and eliminates the potential for Z-dependence as
discussed in Section 3.2.3.

For datasets of size n = 100, p = 2 and n = 100, p = 5 we ran each unique combination of
the remaining simulation parameters (propensity model, signal strength, caliper indicator,
inference method, regression adjustment indicator, and indicator for reshuffled Z-vector in
observed test statistic) 8000 times. Type I error rates are calculated as the sample average of
rejection indicators over the 8000 draws for each parameter combination. We also ran each
combination of parameters 8000 times for datasets of size n = 1000, p = 10. We opted not to
examine the n = 100, p = 10 case because we wanted to focus on cases in which completed
matches met standard balance criteria and sample runs suggested that most matches were
not successful in balancing all ten covariates, and we studied only p = 10 for the much
more computationally expensive n = 1000 case in order to produce simulation results in a
reasonable timeframe.

Figure 3.1 shows the primary results on Type I error rate from the simulations. The
most apparent pattern is the high type I error rates for uniform inference on uncalipered
matches with the difference-in-means statistic, much higher than the rates for any method
that accounts in any additional way for in-pair covariate discrepancies. This is true across
every simulation setting shown but especially so at n = 1000.

More nuanced are the distinctions among settings using covariate-adaptive inference,
calipers, regression-adjusted test statistics, and combinations thereof. In the first three
columns of each table, corresponding to settings in which Z-dependence is present, settings
with calipers or regression adjusted test statistics tend to perform best, either with or with-
out covariate-adaptive inference; in contrast, settings relying entirely on covariate-adaptive
inference tend to do slightly worse or even substantially worse when n = 1000. However,
when treatment assignments within matched pairs are made independent, eliminating Z-
dependence, covariate-adaptive inference alone is generally just as effective as regression
adjustment and does better than calipers.

Across the four horizontal groupings in each table, we see different combinations of cor-
rectly /incorrectly specified treatment and outcome models. Covariate-adaptive inference
with estimated propensity scores tends to fare more poorly when the treatment model is
misspecified, even when Z-dependence is not present. Regression adjustment is somewhat
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robust to the degree of nonlinearity introduced in this simulation’s outcome model. However,
when both outcome and treatment models are nonlinear type I error control often fails for
p > 2. At n = 1000 the case with both models misspecified leads to gross violation of type I
control under any form of adjustment except oracle covariate-adaptive inference (which uses
true, nonlinear treatment probabilities that are unavailable in practice).

All the results shown above focus on the strong propensity signal case (A = 0.6), in which
matching tends to be substantially more difficult than in the weak signal case. Density plots
and type I error rates for the weak-signal case are given in Figures 5 and 6 in Section A.5
of the online appendix. While the overall ordering among approaches remains similar, the
size of type I error violations is greatly reduced such that the simple uniform approach often
controls Type I error when p = 2.

We also conducted two robustness checks to confirm that our results are not sensitive to
secondary aspects of our simulation setting. Firstly, we reproduced the Type I error results
excluding all simulation runs in which a matched sample failed to achieve absolute standard-
ized differences less than 0.2 on all measured covariates (in case the initial simulations were
contaminated by poor matches in some iterations). Secondly, we repeated our simulations
with propensity scores fit on independent pilot samples of size 10,000, simulated from the
same data-generating process as the analysis sample (a setting more like the one assumed in
Theorem 5). These robustness checks all substantiated the patterns observed in the primary
simulations (see Figures 7-8 in Section A.5 of the online appendix).

Figure 3.2 describes confidence interval width for simulation settings that achieved ap-
proximate Type I control. Whenever a Bonferroni-corrected test against the null hypothesis
of a true Type I error rate no more than 0.05 failed to reject, we used the central limit
theorem approximation of Section 3.3.2 to create large-sample confidence intervals for an
additive effect. For cases with regression-adjusted test statistics, the procedures of Section
3.3.2 were used with residuals from the regression model in place of raw outcomes Yj;. The
two main takeaways are the value of regression adjustment for improving precision, a pat-
tern that appears in other parts of the causal inference literature [74, 26, 4], and a cost in
precision associated with imposing calipers. This cost comes from reduced sample size, since
treated units may be excluded by the caliper leading to fewer matched sets formed. Notably,
introducing covariate-adaptive inference never hurt precision among cases with controlled
Type I error.

In summary, the simulations emphasize the importance of taking measures of some kind
beyond optimal matching itself to control covariate discrepancies within matched pairs and
guarantee Type I error control for post-match inference. Moreover, the importance of such
measures appears to increase with the size and complexity of the dataset. With respect to
Type I error control, the type of correction or adjustment employed seems to matter less
than the fact of employing it. Secondly, while covariate-adaptive inference in isolation is
slightly less successful than calipers or regression adjustment in many settings, this appears
to be largely a product of Z-dependence, since drawing treatment assignments independently
across matched pairs tends to erase this gap in most cases. This finding suggests the im-
portance of the specific stochastic model used to justify matched randomization inference,
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and the value of further work on understanding Z-dependence and finding effective ways to
remove it. Finally, the simulations show that among adjustment strategies that do not rely
on fitting some form of outcome model, covariate-adaptive inference holds a small edge over
caliper approaches because it does not require a reduction in sample size to fix problems
with in-pair covariate discrepancies.

3.6.3 Covariate-adaptive randomization inference with and
without matching

We next conduct simulations to articulate the possible benefits of conducting matching
followed by covariate-adaptive randomization relative to applying randomization inference
directly to unmatched data as in Branson and Bind [10]. First we consider gains to precision
in inference. The results of Section 3.3.2 show that the null variance of the difference-in-
means statistic under covariate-adaptive randomization inference in a pair-matched study
is a function of terms Di where Dy, is the difference between the potential outcomes under
control in pair k. While the variance of the difference-in-means statistic is much harder to
compute under covariate-adaptive randomization inference under the Bernoulli assignment
mechanism of Branson and Bind [10], it tends to depend on the overall dispersion of all
outcomes in the study (rather than on the dispersion within matched pairs). As a result,
when heterogeneity in the study outcomes is increased but the quality of the pairings re-
mains good, we expect to see bigger gaps in performance between matched and unmatched
settings. Accordingly, for this comparison we adopt the “strong signal” version of the sim-
ulation setting in Section 3.6.2 but further strengthen the outcome model by multiplying
the true signal by a factor of ten before adding noise. We then compare covariate-adaptive
randomization inference (with and without z-dependence) to unmatched covariate-adaptive
randomization inference as detailed by Branson and Bind [10], assuming a Bernoulli design
with independent treatment probabilities equal to the propensity scores. For each design,
we examine both the difference-in-means and regression-adjusted test statistic.

Table 3.1 gives Type I errors and confidence interval lengths for the matched and un-
matched versions across several parameter combinations (focusing on the case with n = 100,
p = 2, strong propensity signal, and propensity scores estimated in-sample). When well-
specified regression models are fit, the matched and unmatched studies show similar per-
formance in the absence of Z-dependence, with slightly more precise confidence intervals
coming from the unmatched study; this makes sense because the unmatched study has more
data available with which to estimate the outcome model. However, when regression ad-
justment is absent or based on an incorrect model, the matched design has substantially
increased precision relative to the unmatched designs, with confidence intervals less than
half as large in some cases. We note also that the Type I errors for the unmatched cases
without correctly-specified regression adjustment tend to lie orders of magnitude below 0.05,
suggesting that the inference achieved in these cases is punishingly conservative. Evidently,
matching offers potential for important precision gains relative to unmatched studies (at the
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cost of introducing z-dependence) even when both employ covariate-adaptive inference.
Finally, we probe the possibility that matching confers robustness to incorrect model

assumptions using a new simulation setting with a badly misspecified propensity score. The

covariate matrix X is generated identically to previous simulations, by drawing p vectors of

independent standard normal random variables, but the true propensity score here is given
by

logit [P(Z = 1| X)] = log (%) +1{X, X, > 0}, (3.11)

Because of the indicator function on the sign of an interaction term X; X5, two very distinct
values of the propensity score are present, associated with subjects in different quadrants of
(X1, X5) space, but each covariate is marginally uncorrelated with treatment. The outcomes
are drawn from a linear model with a zero intercept, additive noise, and the same function of
covariates on the right-hand side. Table 3.2 presents the Type 1 errors for both the matched
and unmatched version under the misspecified model (with n = 100, p = 2, and propensity
scores estimated in-sample). The unmatched study exhibits uncontrolled Type I errors due
to poor propensity score estimation. However, in the matched setting, Type I errors remain
close to 0.05 because matched pairs with small covariate distances tend also to group subjects
in the same quadrant of the (X, Xs) space, leading to closely-matched propensity scores.
Clearly for at least some settings matching confers robustness benefits on covariate-adaptive
randomization inference not enjoyed by unmatched studies.

3.6.4 Removing Z-dependence: a small example

The simulations of Sections 3.6.2-3.6.3 showed that Z-dependence poses a problem for set-
tings where the original observations are sampled independently from a population prior to
matching. One may argue that matching itself is best understood as a preprocessing or data
cleaning step and that the model of independent assignments in matched pairs is as plausible
as the model of independently sampling of observations [36], and under such a setting the
results presented above without Z-dependence are most relevant for guiding practice. How-
ever, a method that can address Z-dependence under independent sampling of observations
seems desirable.

With unlimited computing power, it would be trivial to construct such a method. For
each draw from the null distribution, one could take the newly-generated vector of treatment
assignments Z* and repeat the original matching algorithm using it. If the same set of
matched pairs is obtained, then Z* is a valid draw from the conditional distribution of
treatment given Z,; on the other hand, if a different set of matched pairs is obtained then
Z* is outside the support of the true conditional distribution.

We apply this procedure in an example generated from the same data-generating process
described for the unmatched vs. matched comparisons in Section 3.6.3 but with n = 30,
p = 2, and true propensity scores. In the particular random instance we study, there
are 10 treated subjects, and 2'° = 1024 unique permutations of treatment assignment in
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the resulting ten matched pairs. Rerunning the matching algorithm with each of these
permutations in turn, we find that only 300 lead to the same match. Those rejected looked
systematically different than those included, with an average difference-in-means values of
-0.40 vs. 1.22 respectively. The original covariate-adaptive test produces a p-value of 0.044
while the reduced-support test gives a p-value of 0.133 which is no longer significant at
the 0.05 level. Repeating this analysis a total of 2000 times, we find the estimated Type
I error of the original covariate-adaptive procedure to be 0.311 compared to 0.0421 in the
reduced-support case. Unfortunately, this strategy does not scale easily to more realistically-
sized datasets due to the explosion of the number of possible permutations and the need to
compute a match for each. For more discussion, see Section 3.8.

3.7 Performance in case studies

3.7.1 Welders and genetic damage

We now apply the tools developed for covariate-adaptive randomization inference to a real
dataset due originally to Costa, Zhitkovich, and Toniolo [18]. This dataset compares the rate
of DNA-protein cross-links, a risk factor for gene expression problems, among welders and
controls in other occupations. In addition to DNA-protein linkage, age, race, and smoking
behavior are measured for all subjects (each of whom is male). Rosenbaum [75] analyzed
this data by matching each of the 21 welders to one of the 26 controls. Here we replicate this
matching approach and consider the impact of covariate-adaptive randomization inference
in place of the uniform randomization inference typically used for pair-matched designs.

Following Rosenbaum, we estimate the propensity score using logistic regression against
the three covariates discussed above and match each welder to a control using a robust
Mahalanobis distance with a propensity score caliper equal to half the standard deviation
of the fitted propensity score values across the dataset. Since it is not possible to match
all 21 welders within the caliper, a soft caliper is used in which violations of the caliper are
penalized linearly.

As noted by Rosenbaum, pair matching cannot remove all confounding in this data,
particularly because only five of the 26 controls are removed by the matching process. Table
3.3 shows the pair differences on each of the three matching variables and the estimated
propensity score, with average discrepancies at the bottom. Note that although the average
discrepancies are small on all variables (the average difference in age is only 1.5 years), in
the large majority of pairs the treated unit has a slightly higher propensity score, several
with differences larger than 0.1. In contrast to standard uniform randomization inference,
covariate-adaptive randomization inference will pay attention to these differences.

Using the difference in mean DNA-protein linkage between welders and matched controls
as a test statistic, we contrast uniform randomization inference structured by the matched
pairs with covariate-adaptive inference based on the estimated propensity score. The density
plot in Figure 3.3 illustrates the difference between the two null distributions. As the consis-
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tent positive sign on the propensity score discrepancies would suggest, the covariate-adaptive
randomization distribution is shifted to the right of the uniform randomization distribution,
showing how accounting for residual propensity score differences leads us to expect larger
values even under the null.

The data was collected based on a hypothesis that welders experience elevated levels of
genetic damage compared to controls, so we conduct a one-sided test of the Fisher sharp
null hypothesis of no difference in DNA-protein linkage due to welder status. Using the null
distributions shown above, this corresponds to calculating the proportion of null draws that
exceed the observed value of 0.64. For the uniform distribution this is 0.015, and for the
covariate-adaptive distribution it is 0.029. The covariate-adaptive distribution adjusts for
the residual propensity score differences in the pairs, which are biased towards treatment
for the welders who actually experienced treatment; as such, it recognizes that part of the
apparent treatment effect in the uniform test is likely a result of bias and concludes that
the weight of evidence in favor of a treatment is weaker. While both tests are significant at
the 0.05 level in this case, if researchers had been interested in effects of both signs and had
conducted a two-sided test, the covariate-adaptive test does not reject in this case. As such,
failure to account properly for propensity score discrepancies in the two-sided case leads to
an anticonservative result in which the null hypothesis is rejected when most properly it
should not be. When a sensitivity analysis is run, the uniform analysis is similarly more
optimistic about evidence for a treatment effect, reporting similar qualitative results for '
up to 1.09, while the covariate-adaptive analysis allows a maximum value of only 1.05.

3.7.2 Right-heart catheterization and death after surgery

We next conduct covariate-adaptive randomization inference in the right-heart catheteriza-
tion data of Connors et al. [17]. In this study the effectiveness of the right-heart catheter-
ization (RHC) procedure for improving outcomes of critically ill patients was assessed by
matching patients receiving the procedure to those not receiving it and comparing mortality
rates. We follow the original authors by fitting a propensity score on 31 variables measured
at intake and forming matches only between patients with propensity scores that differ by
no more than 0.03. Unlike the authors, who use a greedy matching procedure, we use an
optimal matching procedure that minimizes a robust Mahalanobis distance formed from the
31 variables in the propensity score model within propensity score calipers, and also matches
exactly on primary disease category. Not all of the 2,184 RHC patients can be matched to
distinct controls within the caliper, and in this case we exclude the minimal number of RHC
patients necessary for the caliper to be respected. This leaves us with 1,538 matched pairs,
which is still a substantial improvement on the match conducted by the authors, which had
only 1,008 pairs. Table 3.4 summarizes the effectiveness of the match in removing bias on the
observed pre-treatment variables. The numbers shown are standardized treatment-control
differences in means for each variable, both before (first column) and after (second column)
matching. Only the variables with the 25 largest pre-matching absolute standardized dif-
ferences are shown (but post-matching standardized differences remain below 0.04 for all
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variables not shown). Clearly, although large differences between groups are present in the
raw data for numerous variables, notably APACHE risk score (apsl), mean blood pressure
(meanbpl), and P/F oxygen ratio (pafil), matching transforms these into small differences.
Of special note is the row showing balance on the estimated propensity score, which shows
a reduction from a standardized difference exceeding 1 to a value of only 0.04.

To assess the role of the caliper in influencing the study’s results, we construct an al-
ternative matched design using a generalized version of optimal subset matching [81], as
implemented in the R package rcbsubset. Instead of using a propensity score caliper, this
match enforces exact balance on ventiles of the propensity score, ensuring close balance on
the propensity score without imposing hard restrictions on the propensity score discrepancy
within a matched pair. Treated units are excluded from the match if their inclusion induces
the average Mahalanobis distance across matched pairs to cross a specific threshold given
by a tuning parameter; we chose a value of the tuning parameter that induces a similar
overall sample size as in the calipered match (1,507 matched pairs). Balance on important
pre-treatment variables is similar to that in the caliper match, as shown in the third col-
umn of Table 3.4. However, there are important differences between the two matches at the
level of the pairs, as shown in Table 3.5; the caliper match achieves much greater similarity
of propensity scores within pairs, at the cost of achieving slightly reduced similarity on a
range of other variables. In practice the caliper match is likely to be more attractive, since
it achieves a major improvement in propensity score control at the cost of relatively minor
changes in other variables, but both matches are Pareto optimal in the sense of Pimentel
and Kelz [66].

The outcome of interest in this study is patient death within thirty days. For each match
we conduct four outcome analyses: uniform and covariate-adaptive randomization inference
for the difference in means, and uniform and covariate-adaptive randomization inference for
a regression-adjusted difference-in-means statistic [74]. Although the outcome is binary, the
mortality rate is sufficiently high that an ordinary least-squares fit is reasonable. Table 3.6
summarizes the results of the analysis, providing point estimates, p-values, and estimated
confidence intervals from all four approaches, with the point estimates for the covariate-
adaptive procedures shifted by the mean of the covariate-adaptive null distribution given in
formula (3.3). In addition, results from a sensitivity analysis are reported, giving the largest
values of I" consistent with a rejection of the null hypothesis (the “threshold” T').

Results are generally consistent with an increased risk of mortality associated with right-
heart catheterization, with all confidence intervals contained in the range 3%-11%. As in
the welders data, the covariate-adaptive procedure reports a treatment effect slightly smaller
than the uniform procedure; however, in this case the magnitude of the difference is small
compared to the overall size of the effect so the methods all agree qualitatively. Notice
also that the regression-adjusted test statistics have narrower confidence intervals than the
raw risk differences, in line with principles described in Rosenbaum [74]. The regression-
adjusted analyses lead to smaller estimates of the treatment effect which explains their
greater sensitivity to unmeasured bias. The caliper matching has more stable threshold I’
values across analyses, consistent with the tighter control of the propensity score it achieves.
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For the subset match, the covariate-adaptive procedure tends to increase the threshold I’
despite having smaller treatment effects; this is because it also lowers the variance of the
estimator and leads to tighter confidence intervals.

3.8 Discussion

Uniform randomization inference for matched studies relies, often at least in part implic-
itly, on a model in which unobserved confounders are absent, in which propensity scores
are matched exactly, and (depending on the sampling model) in which the matched sets
selected are conditionally independent of the original treatment vector. Substantial failures
of these assumptions lead to substantial problems with Type I error control and require
some form of correction. Covariate-adaptive randomization provides such correction by al-
tering permutation probabilities in the randomization test based on estimated propensity
scores. Relative to the naive analysis for the difference-in-means statistic, covariate-adaptive
randomization tends to restore approximate control of Type I error in many settings and con-
stitutes an attractive option alongside approaches based on regression-adjusted test statistics
and matching calipers. Furthermore, the combination of matching and covariate-adaptive
randomization inference offers value not provided by incorporating estimated propensity
scores into permutation procedures for unmatched studies. Specifically, matched designs
can enjoy greatly improved precision relative to unmatched studies with similar non-uniform
permutation procedures, and are also more robust to misspecification of the propensity score,
although they are subject to an additional source of Type I error violations (z-dependence)
to which unmatched studies are not. We note also that the sensitivity analysis guarantees
we develop in Section 3.5 for matched designs do not appear to extend easily to unmatched
studies, due to the greater complexity of the conditional distribution of the treatment vari-
able.

The applied examples show that covariate-adaptive randomization inference need not
change the qualitative results of an observational study, especially when the study designer
has given careful attention to propensity score discrepancies. In these settings the covariate-
adaptive procedure can still be a productive robustness check to help build confidence that
lingering propensity score discrepancies are not corrupting the study’s key findings.

Covariate-adaptive inference raises several interesting future directions for theory and
methods development. First, the theoretical guarantee given in this work is limited both by
a strong restriction on the relative sample sizes of the analysis sample and of a hypothetical
pilot sample used to fit the propensity score. Clarifying whether this assumption can be
relaxed and whether same-sample estimation of some kind, such as cross-fitting, could be
applied instead would be a valuable contribution. For the difference-in-means estimator,
one likely challenge is that the bias of the covariate-adaptive randomization distribution
based on the estimated propensity score may not shrink to zero at a strictly faster rate
than the variance when propensity-fitting and analysis samples are of a similar order, so
that preserving valid inference may require widening confidence intervals or reducing the
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significance threshold a to account for the bias.

Secondly, covariate-adaptive randomization inference offers opportunities to develop stronger
model-based guidance about the relative importance of the propensity score and the prognos-
tic score in the construction of matched designs. Currently many design objectives proposed
as bases for constructing matched sets, including mean balance, caliper matching, and mul-
tivariate distance matching have a heuristic element in the sense that it is not clear for
which class of overall models for treatment and outcome they provide optimal results. While
Kallus [41] lays out a helpful overarching framework under sampling-based inference, unify-
ing descriptions are not present for randomization-based inferences in matching. Covariate-
adaptive inference provides important progress towards this goal by clarifying the impact of
inexact propensity score matching on the operating characteristics of the ultimate estimate
and associated test. Power analysis and design sensitivity calculations [76] based on the
covariate-adaptive model, if developed, would provide valuable design-stage insight about
how to properly use the propensity score in constructing the matches, and could provide
more definitive guidance to users selecting among many Pareto optimal matches [66].

Thirdly, the evidence provided by our simulation study suggests that Z-dependence may
play a limited but non-trivial role in failures of type I error control for matched randomiza-
tion tests. While from a technical standpoint it may be sufficient to assume the matched
pairs are generated independently by some model (as opposed to assuming a model on the
original observations), this makes it difficult to develop formal understanding of how choices
about matching influence inference. In particular, some statistical model on the original
subjects of the study is needed to obtain the strong model-based guidance about the proper
construction of matched sets discussed in the previous paragraph. Z-dependence differs
fundamentally from propensity score discrepancies in the sense that it alters the support
of the randomization distribution, not just the values of nonzero permutation probabilities,
and new methods. The procedure outlined in Section 3.6.4, in which each permutation is
checked to see if it produces the same match, works well for very small study sizes. Improv-
ing its computational performance seems possible; in particular, it should not be necessary
to create an optimal match for each separate permutation, merely to check whether the
current match is optimal or not, and this task may be easier to accomplish efficiently. We
view developing such checks for commonly-used matching procedures as a promising future
research direction.

Finally, while our development has focused exclusively on sharp null hypotheses under
which both potential outcomes are known for all individuals, there is substantial practical
interest in testing weak null hypotheses which allow for unknown heterogenous treatment
effects and merely restrict the averages of such effects. Several threads of recent work have
demonstrated that under mild conditions inference strategies developed to test sharp null
hypotheses may also be valid tests for appropriately-chosen weak null hypotheses. An im-
portant task is to determine whether these ideas work for covariate-adaptive randomization
inference. Notably, Caughey et al. [11] showed that permutation tests of a sharp null may be
reinterpreted as tests of a weak null describing maxima of treatment effects rather than aver-
ages. Since Caughey et al. place almost no restrictions on the permutation distribution and
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only mild conditions on the test statistic (all satisfied by the difference-in-means estimator we
consider above), we anticipate that this approach should apply almost without modification
to covariate-adaptive randomization tests. Fogarty (2020, 2022) describes sharp-null-style
permutation tests and sensitivity analyses that are valid for the more traditional weak null
hypothesis of zero average effect. These tests generally require studentized test statistics,
and are much harder to construct for designs with matched sets containing more than two
individuals. As such, more substantial extensions of our existing work are needed to see if
the same ideas work under covariate-adaptive randomization inference.
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Specification Type I Error Confidence interval length
Z-model  Y-model | Regression? | Unmatched Matched. Z-dependence? | Unmatched Matched. Z-dependence?
With Without With Without
Linear Linear No 0.000 0.284 0.045 8.68 3.41 3.43
Linear Linear Yes 0.053 0.166 0.047 1.81 5.73 2.01
Linear Nonlinear No 0.001 0.037 0.051 7.70  2.11 3.22
Linear Nonlinear Yes 0.041 0.014 0.052 4.76  3.57 2.03
Nonlinear Linear No 0.000 0.258 0.056 8.85  3.39 5.22
Nonlinear Linear Yes 0.048 0.265 0.055 1.78  5.89 1.90
Nonlinear Nonlinear No 0.008 0.044 0.064 7.96  2.09 5.16
Nonlinear Nonlinear Yes 0.217 0.040 0.056 4.85  3.50 1.89

Table 3.1: Simulation results comparing matched and unmatched studies employing
covariate-adaptive randomization inference. The first three columns describe distinct sim-
ulation settings (for n = 100 and p = 2 with other parameters given as described in Sec-
tion 3.6.3). The middle three columns show Type I error computed as the proportion of
rejections in a nominal level-0.05 test against a larger alternative across 5000 iterations;
the first column gives the value for covariate-adaptive randomization inference in the full
dataset without matching following Branson and Bind [10], and the second two give values
for covariate-adaptive randomization after matching (with and without Z-dependence) as
detailed in Section 3.6.2. The final three columns show the average of two-sided confidence
interval length (computed by inverting the two-sided version of the corresponding test) com-
puted over the same set of iterations.
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Figure 3.1: Type I error results for uniform and covariate-adaptive inference across multiple sim-
ulation settings. Each of the three tables corresponds to a separate dataset size. Within each
table the first three columns contrast three inferential approaches when the subjects are subject
to Z-dependence; the last three columns do the same comparison when treatment assignments
within matched sets are permuted after matching to eliminate Z-dependence. The rows of the table
demonstrate different combinations of calipers and regression adjustment and correct or incorrect
specification of treatment and outcome models. Numbers give type I error rates with colors asso-
ciated to their magnitude; triangles indicate that a one-sample z-test rejected the null hypothesis
that the error rate was 0.05 (under a Bonferroni correction scaled to the number of results across
the entire figure), with a large upper triangle indicating a positive z-statistic and a small lower
triangle indicating a negative z-statistic.
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Figure 3.2: Average confidence interval length for uniform and covariate-adaptive inference across
multiple simulation settings for cases with approximate control of type I error at 0.05 or less.
Within each table the first three columns contrast three inferential approaches when the subjects
are subject to Z-dependence; the last three columns do the same comparison when treatment
assignments within matched sets are permuted after matching to eliminate Z-dependence. The
rows of the table demonstrate different combinations of calipers and regression adjustment and

correct or incorrect specification of treatment and outcome models.
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Type I Error
Regression? | Unmatched Matched, with Z-dependence Matched, no Z-dependence

No 0.135 0.072 0.064
Yes 0.139 0.059 0.058

Table 3.2: Simulation results comparing the robustness of matched and unmatched studies
employing covariate-adaptive randomization inference to misspecification of the propensity
score. Data are generated from a process with misspecification in both the propensity score
and the outcome model as described in Section 3.6.4. Type I errors are computed as the
proportion of rejections in a nominal level-0.05 test against a larger alternative across 5000
iterations.

Comparison of randomization distributions

12

— uniform
—— adaptive
observed

1.0

0.6 0.8
1

Density

0.4

0.2

\_

T T T T T
-1.0 -0.5 0.0 0.5 1.0

0.0

N =5000 Bandwidth = 0.07

Figure 3.3: Smoothed densities for the uniform randomization distribution of the difference in
means statistic and the covariate-adaptive randomization distribution in the welders dataset, with
the value of the observed statistic.
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African-American  Age Smoker PS

Pair 1 0.00 -6.00 0.00 0.12
Pair 2 0.00 -3.00 0.00 0.05
Pair 3 0.00  4.00 0.00 0.05
Pair 4 0.00 -8.00 0.00 0.16
Pair 5 0.00  0.00 0.00 0.00
Pair 6 0.00  3.00 0.00 -0.06
Pair 7 0.00 -3.00 0.00 0.06
Pair 8 0.00 -2.00 0.00 0.17
Pair 9 0.00  3.00 0.00 -0.06
Pair 10 0.00 -5.00 0.00 0.06
Pair 11 0.00 -3.00 0.00 0.06
Pair 12 0.00 -5.00 0.00 0.10
Pair 13 0.00 -5.00 0.00 0.11
Pair 14 0.00 -5.00 0.00 0.10
Pair 15 0.00 0.00 0.00 0.00
Pair 16 0.00 -4.00 0.00 0.08
Pair 17 0.00 1.00 0.00 -0.02
Pair 18 0.00 1.00 0.00 -0.01
Pair 19 -1.00  7.00 0.00 0.04
Pair 20 0.00 -5.00 0.00 0.10
Pair 21 0.00 4.00 0.00 0.05
Average -0.05 -1.48 0.00 0.06

Table 3.3: Treated- control differences in matched pairs in the welders dataset.
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Before Matching Caliper Match Subset Match

Est. Propensity Score
Acute Physiology Score
Mean Blood Pressure
Pa02/(.01*FiO2)

Serum Creatinine
Hematocrit

Weight (kg)

PaCO2

MOSF w/Sepsis (secondary)
Albumin

Predicted Survival

MOSF w/Sepsis (primary)
Respiration Rate

Heart Rate

Bilirubin

Heart disease

MOSF w/Malignancy (secondary)
Respiratory Disease
Serum pH

Missing ADL Score
SUPPORT Coma Score
Neurological disease
Serum Sodium

Years of Education

Sepsis

1.254
0.501
-0.455
-0.433
0.270
-0.269
0.256
-0.249
0.230
-0.230
-0.198
0.172
-0.165
0.147
0.145
0.139
-0.135
-0.128
-0.120
0.117
-0.110
-0.108
-0.092
0.091
0.091

0.002 0.033
0.016 0.068
-0.026 -0.058
0.001 0.030
0.021 0.044
0.001 -0.008
0.002 -0.017
0.004 -0.013
-0.036 -0.014
-0.018 -0.021
-0.031 -0.049
0.000 0.000
-0.002 -0.011
0.027 0.000
-0.013 0.010
0.011 0.014
0.009 -0.017
-0.007 -0.020
-0.002 -0.044
-0.001 0.005
0.045 0.022
0.006 0.001
-0.011 -0.001
0.022 0.024
0.012 0.017
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Table 3.4: Standardized differences in means before matching and under two different matches for
the 25 variables with largest initial imbalance in the right-heart catheterization dataset.

Avg. Propensity Score Discrepancy
Max Propensity Score Discrepancy
Prop. Matched Exactly, Male Sex

Avg. Discrepancy, Age

Avg. Discrepancy, Mean Blood Pressure
Avg. Discrepancy, Heart Rate

Avg. Discrepancy, Respiration Rate
Avg. Discrepancy, PaO2/(.01*FiO2)

Caliper Match
0.016

0.030

0.351

13.469

27.809

32.677

11.614

76.651

Subset Match
0.166

0.672

0.297

10.892

25.506

28.858

10.426

75.882

Table 3.5: Matched pair quality under two different matches for selected variables the right-heart

catheterization dataset.
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Caliper match Subset match

Uniform Covariate-Adaptive | Uniform Covariate-Adaptive
Risk difference 0.074 0.073 0.068 0.062
Lower conf. limit 0.043 0.041 0.038 0.034
Upper conf. limit 0.106 0.104 0.098 0.089
Threshold T’ 1.12 1.12 1.11 1.12
Risk difference, OLS-adjusted 0.051 0.051 0.055 0.054
Lower conf. limit, OLS-adjusted 0.022 0.022 0.027 0.028
Upper conf. limit, OLS-adjusted 0.081 0.081 0.083 0.079
Threshold T, OLS-adjusted 1.06 1.06 1.08 1.09

Table 3.6: Outcome analysis for 30-day mortality in the right-heart catheterization data. Results
are shown for both the caliper match and the subset match, with and without regression adjustment,
and using both uniform and covariate-adaptive inference.



CHAPTER 3. COVARIATE-ADAPTIVE RANDOMIZATION INFERENCE IN
MATCHED DESIGNS 76

List of figure captions

1. Type I error results for uniform and covariate-adaptive inference across multiple simu-
lation settings. Each of the three tables corresponds to a separate dataset size. Within
each table the first three columns contrast three inferential approaches when the sub-
jects are subject to Z-dependence; the last three columns do the same comparison when
treatment assignments within matched sets are permuted after matching to eliminate
Z-dependence. The rows of the table demonstrate different combinations of calipers and
regression adjustment and correct or incorrect specification of treatment and outcome
models. Numbers give type I error rates with colors associated to their magnitude;
triangles indicate that a one-sample z-test rejected the null hypothesis that the error
rate was 0.05 (under a Bonferroni correction scaled to the number of results across the
entire figure), with a large upper triangle indicating a positive z-statistic and a small
lower triangle indicating a negative z-statistic.

2. Average confidence interval length for uniform and covariate-adaptive inference across
multiple simulation settings for cases with approximate control of type I error at 0.05
or less. Within each table the first three columns contrast three inferential approaches
when the subjects are subject to Z-dependence; the last three columns do the same com-
parison when treatment assignments within matched sets are permuted after matching
to eliminate Z-dependence. The rows of the table demonstrate different combinations
of calipers and regression adjustment and correct or incorrect specification of treatment
and outcome models.

3. Smoothed densities for the uniform randomization distribution of the difference in
means statistic and the covariate-adaptive randomization distribution in the welders
dataset, with the value of the observed statistic.
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Appendix A

Supplementary Material for Chapter 1

A.1 Simulation Setups and Data Examples

A.1.1 Synthetic Data

We use the four simulation setups (A-D) from Nie and Wager [63], which are designed to
vary the complexity of the CATE function, the baseline outcome surface, and (in the original
paper) the propensity score.

Data-generating process. In all setups, the observed outcome is generated as

Y;' = b(Xz) + (Zl — l) T(XZ) + o¢&q, E; Z'Z\(Ji./\/’(o, 1), (Al)

2

where b(+) is the baseline (prognostic) function, 7(-) is the CATE, and ¢ = 0.5 throughout.

The number of covariates is p = 6. Treatment assignment follows Z; “ Bernoulli(0.5), i.e.,
a balanced RCT. The true individual-level CATE under this parameterization is 7(X;) by
construction.

Modification from the original paper. Nie and Wager [63] designed setups B, C, and
D with non-uniform propensity scores to study observational-data performance. We replace
these with e = 0.5 (balanced treatment) throughout, reflecting the RCT focus of the present
paper. The baseline functions b(-) and CATE functions 7(-) are kept exactly as specified in
the original.

The four setups.
e Setup A. Covariates X; . Uniform|0, 1]°.

b(x) = H(W.Tlxg) + 2(1’3 — %)2 + Ty + %.fg,,

T(z) = (21 + 22).
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The CATE is a smooth, bounded function of two covariates. The baseline surface is
moderately complex.

e Setup B. Covariates X; ~ N(0, I).

b(‘r) = maX((]? T + X2, x3) + maX(07 Tyq + x5)7
7(z) = 21 + log(1 + €"2).

The CATE is unbounded and varies nonlinearly; the baseline is piecewise-linear. De-
signed to favour flexible learners such as the T-learner or X-learner.

e Setup C. Covariates X; ° N(0, I;).

b(z) = 2log(1 + ™ F2+3),
T(z) = 1.

The treatment effect is constant (no heterogeneity); a correctly specified constant
model is oracle-optimal. The complex baseline surface tests whether estimators are
misled by prognostic variation.

e Setup D. Covariates X; z‘ri\el/\/'((),lﬁ).

b(z) = [max(z1 + z2 + 23, 0) + max(z4 + x5, 0)],

7(x) = max(z; + x2 + x3, 0) — max(z4 + x5, 0).

The CATE can be positive, negative, or zero depending on which linear combination
dominates; the function shares structure with the baseline, posing a signal-separation
challenge.

Simulation parameters. We vary the training sample size across ny..m € {500, 1,000, 2,000, 5,000},
with 100 independent replications per configuration. Each replication also generates a sepa-
rate held-out test set: nye.ss = H00 for the two smaller sizes and nyes; = 1,000 for the two larger
sizes. Screening uses a 75%/25% block-stratified train/validation split. We retain K = 3
methods after screening and run B = 500 bootstrap replicates for uncertainty quantification.
The number of calibration subgroups is L = max(10, |na.m/100]), targeting approximately
100 observations per subgroup (giving L € {10, 10,20,50} for the four sample sizes), at
nominal level « = 0.05. The candidate library consists of 14 estimators: the 12 meta-learner
variants (S/T/X/R-learner x lasso/ridge/forest) plus causal forest and bart (each in a
computationally lighter configuration suitable for bootstrap reuse). Because the true 7(X;) is
available, oracle MSE is computed on the test set for evaluation; it is not used for screening.
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A.1.2 Real-world RCT Data

We evaluate the PCS procedure on four benchmark RCT datasets. Because the true individ-
ual CATE is unknown in real data, evaluation relies on the oracle-free metrics (Cal, WCal,
R-risk). Dataset sizes and variable definitions are as follows.

e LalLonde / NSW Job Training. The National Supported Work (NSW) demon-
stration randomly assigned economically disadvantaged workers to a job-training pro-
gramme [47]. We use the experimental subsample from Dehejia and Wahba [21], ex-
cluding the PSID/CPS observational comparison groups.

— Treatment Z: received job training (binary).

— Outcome Y: 1978 earnings (USD).

— Covariates X (p = 8): age, years of education, Black, Hispanic, married, no
high-school degree, 1974 earnings, 1975 earnings.

— Sample: n = 445 (185 treated, 260 control); empirical propensity é ~ 0.416.
— Source: R package Matching (data(lalonde)).

e Tennessee STAR / Kindergarten Class Size. Project STAR randomly assigned
students and teachers to small (< 17) or regular-size (22-25) classes within schools
[44]. We use kindergarten students with complete math and reading scores, restricting
to the small-vs-regular-class comparison.

— Treatment Z: assigned to small class (binary).

— Outcome Y: sum of kindergarten math and reading scaled scores.

— Covariates X (p = 3): female, African-American, free lunch eligible.

— Sample: n = 3,733 (1,733 small, 2,000 regular); empirical propensity é ~ 0.464.
— Source: R package AER (data(STAR)); also used in Kallus, Puli, and Shalit [42].

e Get-out-the-Vote (GOTYV) / Social Pressure Experiment. Gerber, Green, and
Larimer [30] randomly mailed registered voters in Michigan before the 2006 primary
election. We compare the “Neighbors” arm (showing the household’s own past voting
record alongside neighbours’) against the pure control group.

— Treatment Z: received the social-pressure mailing (binary).
— Outcome Y: voted in the 2006 primary (binary).

— Covariates X (p = 4): female, age (2006 minus birth year), voted in 2004 primary,
household size.

— Sample: n = 229,444 (38,201 treated, 191,243 control); empirical propensity é ~
0.166.
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— Source: social.csv from Imai’s qss GitHub repository.

e Thornton HIV Incentives / Malawi Field RCT. Thornton [96] randomly offered
small financial incentives to individuals in Malawi who had previously been tested for
HIV, encouraging them to collect their test results.

— Treatment Z: received any financial incentive (binary).

— Outcome Y: collected HIV test result at a voluntary counselling and testing centre
(binary).

— Covariates X (p = 4): distance to VCT centre, age, HIV-positive status in 2004,
village ID.

— Sample: n = 2,825 after removing incomplete records (2,211 treated, 614 control);
empirical propensity é ~ 0.780.

— Source: R package causaldata (data(thornton hiv)).

A.1.3 Semi-synthetic Data

The RealCause framework. Neal, Huang, and Raghupathi [60] introduced the Real-
Cause benchmarking library for causal inference. The key idea is to fit a generative model
to a real observational dataset and then draw new samples from it. Each sample consists of
covariate vectors X, along with both potential outcomes (Y (0), Y (1)), so the true individual
CATE 7(X) =Y (1) — Y(0) is known by construction. This combines the realistic covariate
distribution and outcome complexity of a real dataset with the benefit of a known ground
truth, which purely observational benchmarks cannot provide.

e For each dataset, Neal, Huang, and Raghupathi [60] provide 100 pre-computed CSV
samples (indices 0-99), each drawn from the fitted generative model.

e The generative models are fitted to match the marginal distributions and dependence
structure of the underlying real data.

e The resulting samples are therefore not RCTs: treatment assignment in the pre-
computed CSVs reflects the observational propensity.

Our adaptation: re-randomized RCT. To evaluate PCS in the RCT setting, we re-
randomize treatment assignment in every sample:

e For each pre-computed sample, we draw 7iain + Ntest TOWS without replacement, then

independently assign Z; “ Bernoulli(0.5) to each split.

e The observed outcome is constructed as Y; = Z; - Yi(1) + (1 — Z;) - Y;(0), using the
potential outcomes from the generative model.
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e This yields a balanced RCT with known CATE, while preserving the realistic covariate
structure and treatment-effect heterogeneity of the underlying data.

e We use Nyrain = 1,000 and niey = 500, with B = 500 bootstrap replicates.

Datasets. We use the three RealCause DGPs currently available in the library:

e LaLonde/CPS (lalonde_cps). Based on the LaLonde NSW job-training experiment
merged with the Current Population Survey (CPS) comparison group. Covariates
include age, education, race, and pre-intervention earnings. Outcome is 1978 earnings.
The treatment-effect distribution in the original observational data is highly skewed.

e LaLonde/PSID (lalonde psid). The same NSW experiment merged with the Panel
Study of Income Dynamics (PSID) comparison group, yielding a larger and more het-
erogeneous control pool. Covariate and outcome definitions are identical to the CPS
variant. Known to have substantial selection bias in the observational assignment
mechanism.

e Twins (twins). Based on a twins birth dataset, which records outcomes for twin
pairs born in the United States between 1989 and 1991. Treatment is low birth weight
(an indicator for the lighter twin), outcome is one-year infant mortality. Covariates
capture birth characteristics and maternal factors. The CATE is heterogeneous and
varies with birth risk profile.
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Appendix B

Supplementary Material for Chapter 2

B.1 Individual weight error

Theorem 7 (Error in implied regression weights from omitting U). Let w; denote the weights
from regression with the unobserved covariate U;. The error in the implied weights from
omitting U; can be expressed as:

1 _ _
w — w; = — (Ui = Uz) — (Xi — Xz) Tvz) Ay, (B.1)
Zi

where m and v are functions of the covariance between X and U :

e for LR (ATE),

U1 =V =V = BU~X\27 A=Ay = (Uc - Ut) - (Xc - Xt)TU

n

my=my =Y [(Ui—Uz) — (X; — Xz,) 0]’

i=1

e for ILR (ATE),

v, = Buexiz—s A= (U —0U) — (X = X) o1, Ag= (U —-T.) — (X — X.) vy
m, = Z [(Uz - Uz) - (Xz - XZ)TUZ]Q

e for ILR (ATT),
Vg = BUwX\Z:Ua Ay =0, A= (U, —U,) — (X — Xe) "o
mo = Z [(Uz - Uo) — (X — XO)T'UO}Q

:2;=0

Notes:
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1. This expression reveals that the error is driven by the residual imbalance in U that
cannot be explained by the observed covariates X. However, the process of residualizing
U slightly differs between LR and ILR.

2. In addition, the imbalance that is considered is the mean imbalance, which means if
(U, — Uy), (X, —X;)"v =0 (i.e., no residual mean imbalance), even if other moments
of U are imbalanced across treatment and control, w* = w.

3. Potential diagnosis: visualizing how individual weights could be affected by a potential
confounder U, or visualizing how an observed covariate affects the weights (like which
covariate leads to large/negative weights)

B.2 Population Perspective on L, Sensitivity Model

In the main text, all sensitivity analyses are conducted conditional on the realized sample,
with perturbations defined over the implied weight vector w. In this appendix, we provide
a population-level formulation of the framework using Riesz representers ([61], [13]). This
perspective clarifies the underlying estimand and shows that the finite-sample results arise
as plug-in analogues of population quantities.

Let P denote the joint distribution of (X, Z,U,Y"), and suppose observations are drawn
i.i.d. from P. For regression estimators, the population analogue of the implied weights is
given by a Riesz representer. In the simple linear regression (LR) setting, by the Frisch—
Waugh—Lovell theorem, the population coefficient on Z in the linear projection of Y on
(1, X, Z) can be written as

TLR<P) = Ep[Oép(X, Z)Y],

where

Z —1plZ|1,X]
0] X,Z = )
R o (e A E gy
and IIp[Z | 1, X] denotes the Ly(P) projection of Z onto the linear span of (1,X). If

the regression is augmented with an unobserved confounder U, the corresponding oracle
representer becomes

r(P) = Eplap(X, Z,U)Y],  ab(X,Z,U) = Ep[(Zz__Hrff; ’11X);Ug])2].

Under this formulation, the natural population analogue of the L, perturbation is the
Lo(P) distance between representers:

los = aplLyp) = Ep[(ap(X, Z,U) — ap(X, Z))] .

Thus, the sensitivity restriction can be interpreted as constraining the population-level dis-
crepancy between the oracle and observed representers. This perspective is closely related
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to the variance-based sensitivity model of [39], which bounds the distributional difference
between the weights computed with and without an omitted confounder. The key difference
is that their framework is formulated for weighting estimators, where the weights are inverse-
propensity or balancing weights, whereas our framework leaves the representer unspecified.
It can therefore be applied to the implied weights generated by other procedures, including
simple and interacted linear regression.

In the restricted model, this discrepancy admits a natural parameterization via a popu-
lation analogue of R :

R 1 Belap(X, 2)]
weor = T Bplap(X, 2,007

which measures the fraction of variation in the oracle representer attributable to the omitted
confounder. The corresponding population bias bound is

R,
[7(P) = 7(P)| < Y *|lLar) - VErlap(X, Z)7 \/;
w,pop

where Y+ =Y —IIp(Y | 1, X, Z) denotes the residual from projecting Y onto the model
space.

This formulation highlights that our finite-sample sensitivity analysis corresponds to a
plug-in approximation of a population problem defined in the space Lo(P), where both the
estimand and the sensitivity parameter are expressed in terms of the geometry of the Riesz
representer.

B.3 Generalization to more general regression
estimators

B.3.1 Weighted Least Squares (WLS)

Many estimators beyond OLS also admit an implied-weight representation. In particular,
the weighted least squares analogs studied by Chattopadhyay and Zubizarreta [12], including
simple weighted linear regression and interacted weighted linear regression, and the bias-
corrected doubly robust estimator (WLS with IPW as the base weights), can all be written
in the form
F=w'Y,

where w is the vector of signed implied weights determined by the observed covariates and
the chosen base weights. Moreover, these implied weights solve a quadratic program that
balances covariate means toward an estimator-specific target profile while remaining close
to the base weights. Thus the Ly sensitivity framework developed in the main text ex-
tends directly once the corresponding implied weight vector is identified. Accordingly, the
unrestricted Lo sensitivity model for WLS is

o(c) == {w* : |lw* —w|3 < c}.
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The resulting bias bound is immediate.

Proposition 4 (Unrestricted L sensitivity bound for WLS). Let 7 = w'Y be any estimator
that admaits an implied-weight representation, including simple weighted linear regression and
interacted weighted linear regression, and the bias-corrected doubly robust estimator. If the
oracle target weights satisfy w* € o(c), then

7 =7 = |(w" —w) Y] < Ve |V

If some coordinates of the weight vector are fixed by construction, the same argument applies
after restricting both w and w* to the coordinates that may vary.

In practice, ¢ can be informally benchmarked by omitting observed covariates from the
WLS procedure and recomputing the implied weights, yielding perturbation magnitudes of
the form ||w(=7) —w||2. This parallels the unrestricted benchmarking discussion in Section 3
for OLS.

The restricted model for WLS, in the omitted-variable-bias style, is more subtle because
the base weights may themselves depend on the observed covariates and therefore may also
change when an unobserved confounder U is omitted. Without imposing further structure
on how those base weights are generated, it is therefore unclear how to define the restricted
oracle class.

B.4 Proofs

B.4.1 Proof of Theorem 1

Proof. By definition,
Fot=(w—w)Y =(Aw)Y.

Under the restricted sensitivity model
{w*: |Jw* —w||3 < f(I), and U s.t. w(X,U) = w*}
both w and w* are implied weight vectors. Hence they satisfy the same balancing equations:
1MTw=1"w"=0, X'w=X"w"=0, Z'w=Z"w"=1.

Subtracting gives
1"Aw =0, X"Aw=0, Z"Aw=0.

Therefore Aw is orthogonal to the column space of [1,X,Z], so by the Cauchy-Schwarz
inequality, we have

P —7=(Aw)'Y = (Aw) My x 7Y = (Aw) Ty HLXZE <y HBXZH | Aw),.
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By the definition of R?, we have

R2

Aw|3 = [lwl]3 .
| Al = llwlz—5

Therefore, substituting the above equation into the bias expression, we get

I
1- Ry

|75 = 7| < Y HES2 ) w2

For sharpness, let r := Y H1X2} If + = 0, then the bound is zero and there is nothing to
prove. Suppose r # 0, and define
U:==r+aZ

for some scalar @ € R. Since r 1. X and r L Z, we have r L Z+X and
U+* =r+aZ™".

Therefore, by FWL,

ot — ZHXU}  Myix 71X
[ZHXUHE ([ Myex 23
where
Moy 71X — 71X _ (U)TzHx ULixX — I7]13 11X al| Z+|3
Y IU+X]13 7113 + a?(| 213 713 + a2 253

using UX = r + aZ*+% and r L Z+X. Therefore,

ZJ_X

w* = ¢ T
1Z+X15 lrlls
which gives
W= w—
)5
SO
Aw = v o JAwl=
w=w"—w=——=r wls5 = )
[l 2 rl3
Now choose
R2
a=x|rfzlwlzy /5 —

w
with sign chosen so that Aw is positively collinear with r. Then
R,

1wl = [lwll5 TR
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so the sensitivity constraint is attained with equality. Since Aw o r, equality also holds in
Cauchy-Schwarz, and hence

R
1-R2

w

7% = 7| = Iy 52y w2

Thus the bound is sharp.
For the unrestricted model, if ||Aw||2 < ¢, then a direct application of Cauchy—Schwarz
gives

7 =7 = [(Aw) Y] < [Aw]2 [[Y]l2 < Ve Y]]

This proves the unrestricted bound.

B.4.2 Proof of Theorems 2 and 3
Proof. We treat ILR-ATE and ILR-ATT in turn.

ILR (ATE). Let Aw := w* —w. Under the restricted sensitivity model, both w and w*
are implied-weight vectors from ILR for the ATE. Therefore, within each treatment group
z € {0, 1}, they satisfy the same balancing equations:

=z =z li=z 2=z
Subtracting gives
Z sz = 0, Z AUJZ)(Z = 0, S {0, 1}
2=z ©wli=z

Hence Awy; is orthogonal to the column space of [1, X;] and Aw, is orthogonal to the column
space of [1, X.].
Using the signed implied-weight representation,

F—t=(w-w)Y = Aw Y + Aw] Y.
Projecting within each group gives
Aw/Y; = Aw:YtL{l’Xt}, Aw]Y, = AwCTYCL{l’XC}.
Therefore
[ = 7] < 1A Y 4 A YYD

< l1Aw 3+ w3y Y 3 + v g

1{1,X 1{1,X.
= Awloy/ VS 4 v
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By the definition of R? under the restricted model,

R2

HAMBIHwﬁl_R%

Substituting yields the restricted-model bound in Theorem 2. Under the unrestricted model,
7 =7l = [Aw'Y] < [|Aw]z [Y]l2 < VellY ]2,
For sharpness of the restricted ATE bound, let
1{1,X .
re =Y, a t}, re = Y HbXe}
If both residual vectors are zero, the bound is zero and there is nothing to prove. Otherwise,
by Theorem 7, the perturbation within each treatment group is proportional to the residu-
alized omitted confounder within that group. Hence we may choose an omitted confounder

U whose residualized values within the treated and control groups are proportional to r; and
r., respectively, with the proportionality constants chosen so that

R2
1-R2

1Aw]5 = [lwll3

With this choice, Aw; and Aw,. are positively collinear with r; and r., respectively, so equality
holds in the groupwise Cauchy—Schwarz step above. Therefore the restricted ATE bound is
sharp within the oracle class.

ILR (ATT). Under ILR-ATT, treated implied weights are fixed so

For controls, both w and w* satisfy

:2;=0 i:Z;=0 i:2;=0 :Z;=0
SO
1:7;=0 i:2;=0

Hence Aw, is orthogonal to the column space of [1, X,] and
P 7= Aw] Y, = Aw] Yy HEXS
Applying Cauchy-Schwarz,

|7 = 7] < [JAwe s VX |y < [[Aw]y [V X,
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Substituting
RQ
1—-R?
yields the restricted-model bound in Theorem 3. Under the unrestricted model,

|7 — 7| = ]chTYJ < Aw|[2 [|Yell2 < \/E||Yc||2

1Aw|3 = Jlwll3

For sharpness of the restricted ATT bound, let r. := YCL{I’XC}. If r. = 0, the bound
is zero and there is nothing to prove. Otherwise, Theorem 7 shows that the control-group
perturbation Aw, is proportional to the residualized omitted confounder in the control group,
while treated weights are fixed. We may therefore choose U so that its residualized values
among controls are proportional to r., with the scale chosen to satisfy

RQ
1—R2
Then Aw, is positively collinear with r., so equality holds in Cauchy—Schwarz and the
restricted ATT bound is sharp within the oracle class.

1Aw]5 = [lwll3

]

B.4.3 Proof of Proposition 1

Proof. For LR, by the Frisch—Waugh—Lovell theorem, the coefficient on Z can be written as

(ZJ_X)TY 1 ZJ_X

T = =W W= s
124113 ’ 1213

Likewise, if the regression is augmented with an omitted confounder U, the oracle coefficient
is

o (Y Ty e 20
| Z 5033 ’ | ZHX5033
Therefore,
ol = ot o'l = o
2 ) 2 :
125113 | ZHXUH]3
By definition,
O R il
‘ w13 12113
On the other hand, the partial R? from regressing Z on U conditional on X is
2 1ZH0 3
RZ~U|X =1- W’

which is exactly the same quantity. Hence

2 _ P2
Ry uix = Ry
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B.4.4 Proof of Theorem 7
Linear Regression (ATE)

Proof. The regression estimator of ATE from LR can be expressed as

;=1 1:2;=0
where - - -
o — Ung+n/n.(X; — X)) T (S + So) (X - Xy), i€{i:Z;, =1}
' 1/ne+n/n(X; — X)) (S, +S.) M (X — X,), i€ {i: Z —0}

Si= Y (Xi—-X)(X; =X, Se= ) (Xi— X)X —X)'

:Z;=1 1:2Z;=0

To calculate the oracle weights, we need to include U in the regression. For treated units,

wi= e (X - X U= T) (57450 (?é g)
where
Si= 2. ()5; iff) (X=X U= 0)
_ (Zi:Zizl(Xl —X)(Xi = X)" (X = X)(U, Ut))
i:Zizl(UZ - Ut)(Xi - Xt)T Zz :Z; 1(U Ut)
o _ (Zi:Zi:O(Xi = X)(Xi = Xo) " 30X = X)(U; - U))
‘ izmoUi = U (X — X)) S izi—o(Ui = U.)?

To simplify the notation, let

A=) (X - X)(X; - X)) + (X — X)(Xi — X)) = (X% Tx+7

;=1 1:2;=0

b= > (Xi—X)(Ui - U) + Z (X; — X)(U; = U,) = (X9 TUut?
©:Z;=1 =0

di= Y (Ui-TU)*+ > (Ui-T)=U?) v
:Z;=1 1:2;=0

Invert the block matrix,

N B A
(St+Sc)1:(bT d)

A 4 A7Ip(d — bT A7) BT AL —A(d — bT A1)
—(d—bT A1) 1pT A (d—bTA~lb)~
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Then
e Ly g ey (A LA A T ()
= nit + nﬁ [(X? — XA NX = X) + (Ui = O)(d—bT A7) (U = Ty)
— (Ui = U)(d=b" A7) "D ATHX — X)) — (X = X,)Ab(d =0T A o) (U - Uh)
(X = XY A B(d — bT AT D) BT AT (X — Xt)}
= nit (T = XNATX = X) 4 (d = pTAT) (U = O)(0 = T) = (U; =TT A™H(X = X))

— (X[ = XA (O - T) + (X — X)A 0 TA (X — Xt)}
—w; + nﬁc(d AN
(U= U) — (X;" = X)) A [(U-0) —b" AN (X — Xy)]
Notice that
A1y = [(XLZ)TXLZ]—I(XLZ)TULZ _ 5ULZ~XLZ _ BU~X|Z
d—b" A7 = (U?)T (I — Pxiz) U

Therefore, we get

w; —w; =m [Ui — U — (X; — Xt)TU} [Uc — U — (Xe - Xt)TU]
where

1
(ULZ)T (I — Pyiz) ULZ

= 1/(nVar(U — X "v|2))

v = Bu~x|z and m =

And the proof for controlled units follow exactly the same logic.

Interacted Linear Regression (ATT)
Proof. The regression estimator of ATT from ILR can be expressed as
T = Z w;Y; — Z w;Y;
i:Z;=1 :2;=0

where

1/ny iefi:Z; =1}
w; = _ _ _
1ne+ (X — Xo)TS7Y (X, — X.), i€e{i:Z =0}
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We only need to consider the control units here. Including the unobserved confounder U
and following the same matrix calculation as in the LR case, we have

wi =w;+(d—b0"AT) " [(U = U) — (X — XA [(U, = U,) —bT AN (X, — X.)]

2 K3

where

:2;=0

b= > (Xi— X)(U; - U.) = XU,
i:Z;=0

di= Y (U;=U.)=U/U.
:2;=0

Then we can write

wf —w; = —m [U; — U, — (X; — Xo) "] [U. — U; — (Xe — X3) "]
where

v=A"=(XX,)"'XU, = fu.-x.
1
Ur—r (I - PXC) Uc

C

m=(d—-b"A"0) = UJU. - U X (X] X)X U) =

Interacted Linear Regression (ATE)

Proof. The regression estimator of ATE from ILR can be expressed as

P= ) wYi— Y wY

©wZ;=1 1:2;=0

where

P =

Ung+ (X — X)TS; X - Xy), iefi:Z, =1}
1ne+ (X, — X)TS;U(X - X,), ie{i:Z =0}

Including the unobserved confounder U here, the proof is almost the same as the ATT case,
and we just need to follow the same logic for the treated group as well. m
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Appendix C

Supplementary Material for Chapter 3

This supplement contains discussion of an alternate effect estimator based on inverse weight-
ing, and proofs of two results from the main manuscript: an asymptotic guarantee of type
I error control for covariate-adaptive randomization inference with estimated propensity
scores when treatment follows a logistic model and a guarantee that the sensitivity analysis
method described in the main manuscript controls Type I error under limited unobserved
confounding (given true propensity scores). In addition, an alternative large-sample variance
estimator for the null distribution of the mean-corrected difference-in-means estimator under
the covariate-adaptive randomization distribution is constructed, and supporting results for
the simulation study in the main manuscript are provided.

C.1 Inverse propensity weighting estimator

One frustrating aspect of the difference-in-means statistic discussed in Section 3.2 in the
context of covariate-adaptive randomization inference is that it is no longer unbiased for the
constant additive effect of treatment 7 in model (4) (as it would be in a randomized trial or
a study with exact matching). While the maximum p-value estimator described in Section
3.3 enjoys many good properties, its expectation in finite samples is difficult to character-
ize. Instead, consider the following estimator, based on inverse probability weighting [59].
For mathematical convenience, we focus on the case of matched pairs and assume n; = 2
throughout this section:

2 2

K
Tipw(Zam, Ym) = }25 (Z _Z 1— ps

k=1 =1 Phki i=1
K
1 Zk1 — Pk
S N A VAN VA - S <2
2K ;( " k2)Pk1(1 — Pk1)

where py; is defined in Section 3.1 in the main manuscript. When true propensity scores
are used to calculate the pg; terms in the denominator, this estimator is unbiased for 7
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under the constant additive model (equation (4) in the main manuscript) under treatment
distributed as in equation (2) in the main manuscript. Covariate-adaptive randomization
tests and associated confidence intervals could be conducted using this test statistic instead
of the difference-in-means. Some aspects of the process such as inverting the confidence
interval might become more difficult—for example, the shortcut formula for quickly inverting
test statistics in Section 3.3 would become more complicated—while some aspects would be
easier; in particular, the test statistic itself could be used as a point estimate. The sensitivity
analysis results of Section 5 apply to any sum statistic T'(Z,Y) = Z?Zl Sk Zki fri where f;
is some function of Y; the inverse weighting estimator qualifies (with fr; = (Yei—Yk—1))/Pki),
so sensitivity analysis works for this estimator as well.

To get more insight into the pros and cons of the two estimators we compare their
expectations and variances when a constant additive effect 7 is present:

B(T(Zat, Ya)= 7+ 22 S (b = pia) (Via (0) — Yia(0))
E(Tipw(Zp, Y )=
Var(T(Zp, YY) = 12 242%1 (1 = pr1) (Va1 (0) — Y32(0))?

k=1

1
VGT(T[pw(ZM,YM —

Ykl YkQ(O)) + (1 — 2pk1)7']2
T K? '

Apr1 (1 — pra)

Mw

k=1

While T7pyw is clearly superior to the difference in means in terms of bias, it may also exhibit
a much larger variance. Notice that for any p € (0,1), 4p(1 —p) < 1 < 1/(4p(1 —p)),
indicating that when 7 = 0, Var(T(Zym, Y m)) is always smaller than Var(Trpw (Zp, Y m))
unless pg; = 1/2 or Yy = Yjo for any k. In addition, when 7 is sufficiently large in magnitude
relative to the quantities Yj;(0) — Yi2(0) the inverse weighted estimator will also exhibit a
larger variance.

As in Section 6.3 of the main manuscript (n = 100, p = 2, strong propensity signal,
propensity scores estimated in-sample!), we set the true treatment effect 7 to each of four
values: 0, 1, 10, and 100. Table C.1 compares the performance of the maximum p-value
estimator and the IPW estimator under these conditions. In scenarios without Z-dependence,
estimates calculated using the maximum p-value and IPW strategies appear approximately
unbiased while DiM estimates are biased. The maximum p-value estimates tend to be less
variable than the IPW estimates, and in cases where IPW performs better, the differences are
small. In addition, as shown in the above variance calculation and simulation with 7 = 100,
the variance of IPW estimator explodes with very large 7 while the variance of the maximum
p-value and DiM estimator do not change with 7. When Z-dependence is present, all three

'Section 6.3’s simulation setup turned out to be a more interesting case than Section 6.2’s, which is
similar but with a weaker outcome signal. Initial experiments with the latter setup revealed almost identical
performance between the estimators.
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estimators will have bigger biases but the maximum p-value still performs better than IPW
in general, and both are much better than DiM.

C.2 Proof of Theorem 2

Proof. We use Pinsker’s inequality to bound the quantity drv (P, P;) by the square root of
the sum of the Kullback-Leibler divergences between true and estimated conditional distri-
butions of treatment for each unit in the study, then use a Taylor expansion to show that
this quantity converges in probability to zero. In combination with Theorem 1,this suffices

for the result.
We let § represent the maximum likelihood estimate of § obtained from the size- N pilot
sample.

n

1
By (P P5) < 5 Y dice (Po. Py

i=1

1 1+ exp[—B\Txi] 1 1+ exp[BTa:i]
Z E { 1+ exp[—8Tz] fog (1 + eXp[—ﬂTﬂfi]> 1+ exp[87 ] o (1 + eXP[ﬁT%’J }
cy

where

Cu =1/(1 4 exp[-pTz]) € (0,1)

Coi = 1/(1 4 exp[Tz;]) € (0,1)

Cs; = —COy;log(1 + exp|—BT2;]) — Oy log(1 + exp[pTzy])
f(b) =log(1 + exp(b))

We use a first-order multivariate Taylor expansion to understand the behavior of the
vector-valued nonlinear function ¢ around the vector 7 X. First note that

oy exp(b) 1

PO = @) ~ T exp(=D)

pon o exp(=b) 1 1
(o) = (1+exp(=b))?  exp(b) + 2 + exp(—b) =3
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SO:

Vy(BTX) = Z {=Cuf' (=B ;) + Coif' (BT w) 2 = % ; {=C1iCo + CoiCi } 2, = 0.

Hy (B X) = Z{Cuf” (—B7a) + Cosf"(87a)} T

Taylor’s theorem gives us the following:

9(B) = g(B) + Vg(8TX)T(B — B) + Ry
=04+0+ Ry

Furthermore, using the Lagrange bound we can bound the second-order remainder Ry (letting
|A| represent a matrix with each of its elements replaced by its absolute value). Specifically,
for some [ near 3, we have the following:

g</§>s<A— B)T|H,(B)|(B - B)
g—z\c i (=B8"w) + Cosf"(8"i) | (B = B)"|wia] |(B = B)
S—Z( )/3 BY |27 (B - B)

N(B- B) el

! [
Since 3 is a maximum likelihood estimate fitted on a sample of size N, for any x; the quantity
VN (B — B)Tz; converges in distribution to a normal random variable with mean zero and
variance x7 Yx; for some variance-covariance matrix ¥, and by the continuous mapping
theorem, each term in summation (C.1) converges in distribution to

WISz,
N
where W ~ 3. Since x; is chosen from compact support, there is a uniform upper bound
o on these variances x Yx; for all i = 1,...,n. Then for any € > 0 and any § > 0, we may

choose N ; sufficiently large to ensure that for all N > N,

N
P <W > < 2) 5) <e€
o
Thus each term in summation (C.1) is O, ( ) and in turn the entire summation is O, <—2> ,

N

and it square root is O, "%2) Since lim, oo n/N = 0, this is sufficient for 1/g(B) to

converge in probability to zero.
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To complete the proof, fix any € > 0. We now establish that there exists N, such that
for all N > N,
Plpsyn<a)—a<e

which suffices for the desired result. To do this, note that the convergence of dpy (P, P5) to
zero in probability implies that there exists N’ such that for all N > N’,

P(dTv(P)\,PX) > 6/2) < 6/2
Then when N > N’ by Theorem 1:

P(ps,n S @) —a <drv(Py, Py)
= 1{dTV(PA7P/>:) < 6/2}dTV(P)\7 PX) =+ 1{dTV(PX7PX) > 6/2}dTV(P)\a PX)
SO
EX P(pXN,n <a)- a] < EX [1{dTv(P)\,Px) < E/Q}dTv(PA,Px)} + EX [1{dTV(P)\7PX) > 6/2}dTV(P/\aPX)]
P(ps, . S a) —a<e/24 Pi(drv(Pa, Py) > €/2)
<€/2+¢/2=c¢
as desired. As indicated, expections are taken with respect to the sampling distribution
of the estimated propensity scores, which does not affect the left-hand side because it is a

constant. The second-to-last line follows from the law of total probability and the upper
bound of 1 on the total variation distance. O]

C.3 Proof of Theorem 3

Proof. Assuming model (6) from the main manuscript for treatment assignment and test
statistic Sor | S Ziifri(Y) = Z7F, define:

olf.0) = Bglh(Z 6} = S ha DP(Z = 2) = 3 hia ) [ [ e o0 L2 (70 )

2€Q 2eQ k=1 > bea, exp {b” (ki + yuk)}

where h(z,f) = ¥ {sz > C}. By choosing C' equal to the critical value for our one-sided
test, we obtain w(f, u) = uap (Y, 1), so it will be sufficient to show that

min w(f,u’) < w(f,u) < maxw(f,u). (C.2)
uwelU~ ueU+
To establish (C.2), we make two separate sub-arguments. First, we prove the following
lemma analogous to Proposition 18 of Rosenbaum [77], which suffices to show that extrema
are achieved only when the vector u is binary. Secondly, we argue that at the maximizing
(minimizing) value of u, in any matched set k, fi; < fi; implies ug; < wp; (upi > ugj).

Lemma 1. Let ey be a vector in R™ containing a one in index v of matched set £ and zeroes
in all other indices. For each fized f,u, and i, w(f,u+ dey;) is monotone in §.
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Proof. Let €21 be the set of vectors b € 2 for which by = 1, and let 25 = Q — €.

> seq (z,£) exp {ZT(H +yu+ 756&)}
Y beq eXp {bT(k +yu + vdey)}
D seq, Mz, £) exp {z"(k +~yu)} + > neq, Mz, f) exp {z"(k +yu) + 76}
N D beq, XP {bT (K 1)} + ) g, exp {bT(k +yu) + 70}
Ap + exp(dv) Ay
B Dy + exp(67) D,
where A;, D; do not depend on ¢ and the D; are all strictly positive. From this point on the

proof is identical to that of Proposition 18 in Rosenbaum [77]: the partial derivative with
respect to § (computed below) has constant sign, which is sufficient for monotonicity.

&,u(f, u+ (segi) (D()Al — AODI)’W exp(’y5)

w(f, u+ dey) =

00 [Do + Dy eXp(’y(S)]2
Il

Lemma 1 tells us that if there exists some u-element uy; € (0,1), then either increasing
uy; to one or decreasing it to zero will increase (or at least not decrease) the associated
value of w(f,u); similarly, shifting ug; to the opposite extreme will decrease (or at least not
increase) w(f,u) . As such we can restrict attention to binary u.

Now consider the ordering of the elements of u at the extrema. We present the proof
for the maximum only, since the case of the minimum proceeds by near-identical arguments.
It suffices to show that when h(z,f) = g(z,f), the solution u to maxyecpj» w(f, u) satisfies
ug; < up; whenever fi; < fi;.

Suppose not. Then there exists at least one stratum £ with indices j, 7/ such that uy; >
ugjr but fr; < fij. We expand w(f,u) as follows. We index by k (—k) to select subvectors
of vectors in R" containing only elements in (not in) stratum k&, and we let € and Q_
represent the set of all possible values for z, and z_,.

w(f,u) = h(z,f)P(Z = z)

zeQ

= > P(Zp=2) Y, hzf)P(Zy=24)
7, EQp zZ_ k€N

= Y P(Zp=n)E [W{z"\f ,+ 2 fi > C}| Zy = 2]
z1, €EQ,

Let h*(zy,fx) = E [H‘ {szf_k +z f), > C’}| 7, = zk]. Holding u_,, fixed, we can rewrite
the problem of maximizing w(f,u) over u, as follows (abusing notation slightly to let ey;
indicate the vector in R™ with zeroes at all indices except for a one at index 7):

o bt (e, £ i i
max 2iz (0, i) exp {roni + yuwa} s.t. ug € [0, 1]

it exp {Kpi + Yupi}
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Following a similar argument of Zhao, Small, and Bhattacharya [101], we now use the
exp(Yugi)

Charnes-Cooper transform to write it as a linear program by defining wy; = A p—

1 . . . . .
and t = A p—" which gives the following equivalent form:

nk

max Z h* (egi, fi) exp(Kg; ) Wi
i=1

s.t.

t < wy < exp(y)t

n

ZGXP(%‘)wm =1

i=1

t>0.

Let (wy,t) be the optimal solution derived from wug. The ordering of the wy;s is identical
to the ordering of the wuys, so that wy; > wy,; in addition, note that fi; < fi;» implies
h*(exj, f) < h*(en;,fx) by construction of h*. For sufficiently small € > 0, the solution
(w*,t*) is also feasible where t* = ¢ and

wyj — eexp(—ky;)  ifi=j

* . . ./

wi; = Wiy +eexp(—rgy) ifi=j
Wi otherwise

The objective value under (wj,t*) is equal to the objective value under (wy,t) plus the
quantity e[h*(ex;:, fi,) — h*(ex;, fi)] which is positive under our assumptions, but this means
(W, t) cannot be optimal. Therefore in any optimal solution, fi; < fi; implies ug; < ugj
(or wg; < wy;7) and the proof of the theorem is complete. O

C.4 Alternative large-sample null distribution
accounting for propensity score estimation

In this section we construct and give intuition for an alternative variance estimator for the
difference between the difference-in-means statistic and its estimated mean under covariate-
adaptive randomization inference that accounts for estimation of the propensity score. Specif-
ically, we are motivated by the large-sample distribution derived for the difference-in-means
statistic in Section 3.2 of the main manuscript, which gives the following form for the mean
of the difference-in-means estimator:

Nk Pki
E S

Section 3.2 suggests a large-sample version of the covariate-adaptive randomization test that
compares the difference-in-means statistic 1" to a normal distribution centered at pg, or
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equivalently compares T" — po to a normal distribution centered at zero. However, since pyg
depends on the unknown propensity score it must be estimated, typically using the equation
above but plugging in propensity score estimates for py; to give 1. This leads the variance
of T — i to differ from the variance of T or T — 1. To construct an estimate of the variance
of T'=T — i we represent both propensity score estimation and calculation of T as tasks
within a common M-estimation framework.

While M-estimators are typically used in settings where independent samples from an
infinite superpopulation are available and the goal is to estimate a parameter of that infinite
population [91], we focus instead on a setting with an infinite sequence of ever-larger finite
populations, in each of which only the treatment random variable Z is random. In addition,
some subjects within each finite population are grouped into matched sets, and treatment
indicators for subjects within the same matched set are highly dependent; on the other hand,
propensity score estimation typically leverages all unmatched individuals as well as those in
matched sets, and it is more reasonable to think of unmatched individuals’ treatments as
mutually independent. As such, we adopt new notation as follows.

First, for a given finite population, we let Oy = { Yy, Zy, X} } represent the set of observed
data associated with all the units in matched sets £ =1, ... K. We also introduce quantities
Oxki1,--.,0k where each O, with £ > K gives the Y, Z, X information associated with a
single unmatched unit, so ny = 1 for these units. Letting m = Zﬁl ny, we define Y, Z,
and Y(z) as M-tuples collecting values from all K’ sets, with X defined as the analogous
m X p matrix. We let Z,, be independent of Z,, for all 1 < k, k' < K', k # k’, conditional on
Y (1),Y(0),X.

We assume that the propensity score is fit using M-estimation (such as a logistic regres-
sion). Let # € RP be the parameter vector for the propensity score model, and let

’(/)<Ok7 ‘9) = (wl(olw 9)? s 71/11)(0’67 0))T

be the set of associated functions that define the M-estimator via the estimating equations:

»
> $(0,0) = 0.
k=1

Note that for convenience we assume matched sets are given here and will not be influenced
by the estimated propensity score (see Section 2.3 of the main manuscript for more discussion
of such assumptions and their implications). We augment these equations with three more
components. The first, 7, represents the inverse of the proportion of sets from 1 to K’ that
are included in the match. This is helpful since the propensity-score fitting parts of the
common framework normalize over all observations, while most of the added components
normalize only over matched sets; 1 rescales the latter estimating equations so they have
the appropriate denominator. The other two added components are p, the mean of the
difference-in-means statistic, and our statistic of interest 7' =T — fi. u is added as its own
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entry in the parameter vector to make it easy to represent T in the M-estimation framework.

"p(ok? 9)
K’ 1/n—1{nk>1}
. n ) ng-oddsg; () 1 =0
kz:; nl{nk > ]_} { Zf Ykz ((nk 1)k2"k1koddsk](9) nk—1>}
> 1) {T - S, visaiet 1)

anl

We let ¢/ represent this expanded set of estimating equations. We may obtain parameter
estimates (5, 1L, T ) by solving this equation. Note that our two definitions of i agree by
construction, and that T is simply the actual mean-corrected difference-in-means statistic
rather than an estimate of it).

Assume that 6y, ug, 179 and TO exist as unique solutions to the following equation:

lim ZE[WOMnm)WMX@K-

K'— o0 K/

In short, 6y, pg, and ny are the large-sample limits of the propensity score parameter, the
mean of the difference-in-means statistic under the covariate-adaptive randomization distri-
bution, the ratio K’'/K, and our chosen test statistic itself across our sequence of growing
finite populations under the sharp null hypothesis. Note that under these conditions we
know that our new and earlier definitions of g agree, and that Ty = 0.

We now wish to estimate the asymptotic variance of 7" under the sharp null hypothesis
of no effect of treatment, accounting for the estimation of the propensity score. We con-
struct an estimator using the sandwich variance approach described for traditional infinite-
superpopulation M-estimators in Stefanski and Boos [91]. Specifically, we construct an esti-
mator for one scalar entry of the following matrix, analogous to the (stabilized) asymptotic
variance-covariance matrix of the parameter vector in the traditional infinite superpopulation
version of M-estimation:

V (80,10, t0) = A(6o, M0, 110, 0) " B(6o, 1m0, 110, 0)[A (8o, 10, 0, 0) 11"

where A(-) and B(-) are defined as follows:

A(e()) Mo, Ho, O) hm Z E ,17’#”1:’ ¢fUZl(Ok7 HOa Mo, Ko, 0)]

K00 K/

B(QOaMOa()) hmoo K’ Zwau”(OlmeOanO?an )qvbf (Ok79077707ﬂ’0a0) ]

Note that the formulas differ from the traditional ones in Stefanski and Boos [91], which
take expectation over a sampling distribution for all observed elements O;, by taking the
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limit of a sample average over the non-random elements (Y%;); we assume here that those
limits exist and that the limit A(6y, no, io) is invertible. We acknowledge that our use of
this formula in the finite population is heuristic in the sense that we do not provide formal
regularity conditions or a result guaranteeing that the asymptotic variance of T is equal to
V(6) within our finite population framework, since this exceeds the scope of what we can
accomplish in the supplement.

We now give more explicit forms for A(-) and B(-) to provide motivation for our specific
estimator of V (6, o, jto) , using the fact that Ev;(6g, no, po, 0) = 0 to simplify.

A(0o,mot0,0) =

— 75 iy E[Votp(Oy, 60)] 0 0 0
0 nn? 0 0
lim ,
; _mo K ng Nk _8 ___oddsy; (o) ... 0 _ oddsgi(60) _
A K7 2em 2t Vi 21 | 001 STE, odd, (90) 80y 1F, oddsy; (00) 0 o
J=1 J j=1 J
01><p 0 —1 —1

Boo  Boy Bou Byr

K’ T
1 Ben B,y By B7TV
B(6 = 1 — E !
(60,10, 10, 0) ohm o kZ_l BY, BlL, Bu. B,
- BL. BT. BT. B--

0T nT uT T
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where

K/
b 56 w0 mwionn)

o
Boy = %ZE{w(ok,ao) (" = 1{nx > 1})} = ZE{¢ Oy, o)}

=1

. ng - Oddski(eo) . 1
Bon =40 ZE{ (O, foJmlins > 1} {#O ZYM ((nk — 1) 327, oddsk;(60) 1k — 1)] }

=1

=55 L 00 80) o - S v [t odsl00) 1
= K/ — k, V0 Ho vt ki (nk: — 1) Zni OddSk]'(eo) ng — 1
1 & nkaz
Bor = 7 Z % (Ok, 00)nol{ng > 1} |T ZYM - L
o Lvon S
= K £ k>, Y0 Ho ki nk -1
1 & K
B,,,,:FZE{ Pk > 1)) =00+ 15 (1= 200)
k=1
B _iiE np > 1} (1— —iy_ nu - 0ddsi(6o) _
= g 2 k o) | 1 i ki (ne —1) 327k oddsk; (o)  nk—1

K 23
_ - ng -+ Oddski(ao) - 1
= |:/«LU ZY]CZ ( n — 1) E"Lkl Oddbkj(oo) Ng — 1>:|

}

_1-mn _ ‘ ny - oddsg; (6o) 1
T K Z [“0 ;Y’“ ((nk — 1) 7% oddsk; (00)  nk — 1

ng

nkai—l
T- ZYM gt/

K’ ny 2
1 2 ng - odds;m (00) 1
B =— > E{nil 3 p—S Y -
L K,Z {no {nK > }[u Z k < (e — 1) 0%, oddsi; (60)  ne — 1
2
70 ny - oddsgi(6o)
— - v
; He Z . ( )E 1Oddbk,7 (6o) k—l
K/
__ L 2 ny - oddsg; (6o) 1
Bur = K ; {noan > 1 [ ZYM < —1)3>°7% oddsk;(6o)  mk — 1
2
_m _ 1y - oddsg: (6o) o1
- ; Ho Z Ykl ( Nk — 1) Z;Lil OddSkj (90) ng — 1
2
/j/ }
’r] ok Nk Oddsk'(eo) 1 L N ki — 1 :
== 5—2 Vi ' - - +E|D Vi
K’ { Ho Ho ; k (nk — 1) Z;Lil Oddskj(eo) ne — 1 ; k ne — 1

1w ~
Bj‘:f =0 Z {ngl{nk > 1} T—
For ease of presentation we let A(6y) and B(fy) be analogous to A(6y, o, t0,0) and
B(6o, 1o, 110, 0) for the smaller M-estimation problem of fitting the propensity score alone,

N

g \

N
=

A

N
ngi — +
—1 nk—l
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and we define A(6y,n0), B(6o,m0), A(Oo, 0, o) and B(y, o, 11o) analogously. We now invert
A(6y, mo, po, 0). We proceed by representing it as a block matrix:

_ ABo,m0,10) 0\ A(0o, 0, 0)™ 0
1 0, 7/05 MO — ’ ’
A(6o,mo, 10, 0) —( 0,-1) -1 — \ (0, -1)A(b0, 10, o)t —1

We use a similar strategy to compute A(6y, o, po) '

A(QOa 770) 0 B
-1 _
A(907 Mo, MO) - ( (th’—>oo 77?0 Zle Z? Ykzn dk(eo) 0) -1

A(‘goﬂlo) 0
( (th,_m oS Y Vi di(6)), >A(90,770)*1 1 )

o f3) oddsy; (0o) 9 oddsy; (¢ .
where d(6y) = (%m SO m) for each k = 1,..., K. Finally,

we compute A(6y,n9) "

Aoyt = (A0 0, )7 (A o)

We now evaluate our quantity of interest, entry ((p+3), (p+3)) of the matrix V (6, 70, t0),
which we will denote vz(6g, o, ft0)-

v7(00, M0, 110) = a(fo) B(6o, Mo, 1o 0)3(90)T

where

a(0) = ( —limir oo 35 YAL S0 Veisydi(Bo)A(B) ™ 0 1 —1 ).
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Expanding this, we obtain the following:

Uf(ao»noyuo) =

K ng K ng T
. 1 Nk 1
{K,@WK,;;Y%_1dk<eo>}A<eo> B(00)[A(60)~" {K}gm KZZY d, )}

K ng
. 70 Nk -1
_Q{K)EOOK/ZZ Ykink—ld’“(e‘))}A(%) {
K
. 7o ng - Oddski(ao) 1
1 E O 70 Yis n -
LN DY {”’ b { Z ‘ ( (ni — D)%, 0ddse () e — 1
. 0 Nk -1 . o kLK —
_Q{KIIEOOI(IE E Ymnk_ldk(eo)}A(eo) {K/IEOO K,;E{w(Ok,Ho |: ZY — :|}}

02 K k npZyi — 1 ? na K[ ng - oddsg; (o) 1 ?
li a0 E Yii—= = — 1 o Yii d d —
+ K/in)oo K’ kz |:Z k ng — 1 ] K/EOO K’ |:Z k ((nk —-1) Z?ﬁl oddsg;(60) nk — 1>:|

=1 i=1 k=1 Li=1
n K ng n K ng T
_ . 0 Z Z ) k -1 71 Z Z
= {K’linn)o F 2oL Ykz e — 1dk (90)} A(go) B(@o)[A(Qo) {K’lﬂoo K L2 Ykl dk 90)}

K ng
-2 {K’li—goo % Z Z Ykinknildk(eo)} A(ao)_l{
n

K/linoo %G ZE{ (O, 60) {M iZYki ( (nn _nlk)gj?i:?k;((lfios)kj(%) - nkl_ 1>] }}

_Q{K/hm ?iiyk S 60)}A(00)1{ lim /ZE{ (Ox. o) [ ZYklnkzki ]}}
oo K'—oo K ng — 1
K ng

e EEE (o S

k=1 i=1 VE]

Notice that the last term is identical to the variance of the original difference-in-means
estimator 7" when the true propensity scores are known, derived above (after normalizing
both sides by K). While vz(6y, 10, tto) cannot be calculated in practice without knowledge
of the true parameters, the moments of the derivatives of the ¥ functions, and the limits in
K, we can estimate it by substituting estimated parameters and sample moments/estimates
as follows. For convenience, we let O = {Y}, Z¢, X} where Z¢ be the length-n;, vector
containing a 1 at element ¢ and zeroes othervvlse Note also that to estimate the variance of
T, rather than the variance of \/_ K'T, we must also divide our estimate for vz(6y, 10, o) by
K.
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P 1 . o~
Var(D) = 070,7,7) =
K ng ~N -1 K ng T
1 Tk ~ An(ao) Bn(eo)[ n(gO
{KZZYkinkldkwo)} i KZZYM Tk ( (6o)
k=1 i=1 k=1 i=1
K ng K ng
2 1 Nk -~ ~. -1 1 Oddskg 90) VA
-\ Yii———di(6o) p An(00) " 4 — —A"/J(OIwGO)
K {K ; i=1 ne — 1 K ; 1= 2%, odds;(6o)
K Ny ng ~
1 /- oddsy; (0 1 - oddsy; (6 1
}Z Yk,-( Ny onklsk (0) B 1>ZYM< g OnkSk(O) _ 1>:|}
1 i1 (nr — 1) 3755, oddsy;(0)  nar — gt (ni —1) 3°7%, oddsk; (o) ™k —

K nyg

k
2 1 Kok Y Nk d é\ 1 Oddskg 90 Og é\
50 & 22 Yy @)  An@) T e DD ¥(Or:60)

Py "" oddsk](Ho)

K Ny ] . g L
K 4= = (ng — 1) SO E oddsgr; () muw — 1 — ng — 1

k'=11i=1 =1
K ng 2 —~ R
- ddsi (8 ddsri(00) ddsy,; (8
s> () v <f)<t> Vi [1_ <k>} S v (W)
k=1 i=1 \k T > ok oddsge(6o) 2Ly oddske(fo) i > ok oddsge(6o)

9 oddsy;(6o)

90y 37k oddsy; (6o)
case of the logistic regression model defined by log(P(Z = 1|X)/P(Z = 0|X)) = X6 where
the first column of X consists entirely of 1s (and where we index the ¢th column of Xj; as

Xoki)-

We now give a closed form for the ¢th element of d(f), i.e. in the special

oddsy; (0)  exp(Xwf) 1
STty oddsig(6)  ST7E exp(Xyf) ST expl(Xiy — X))
0 oddsy;(0) 1
=- Xij — Xi)0l(Xons — Xowa
3942 * oddsy; () 2 ZGXPK kj ki ) 0] (X ek, )

{30, expl(Xiy = Xia)o] | 5=

This quantity will be zero for £ = 1 since Xy; = Xy = 1 for all 4,j. The estimating

equations (O, 50) are discussed in many standard textbooks and have the following form
in our notation:

K’ 1
(Oy, B) - K
1;(Op, 6) K’ZZ( ki 1+exp(—Xm‘9)> 7

k=1 i=1

where X ;; = 1 for all £,4. In turn, the gradient of ¢; has the following form:

Nk

) Dy E exp(—Xpi0) X1 ki Xy ki exp(—Xpi0) X7, exp(—Xpi0) Xp ki Xy ki
ij(olm 90) - < [1+exp(—Xi:i)]2 ) [1+exp(—Xyi0)]2° ) [1+exp(—Xx:0)]2
i=1

Sample averages of these gradients (multiplied by —1 and evaluated at estimated values of
0p) form the rows of the matrix A,(fy) in the variance estimate given above. Note also
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that the term An(é\o)*an(éo)[An((%)*l]T is simply an estimate of the variance-covariance
matrix for propensity score estimation; in our framework, in which finite populations exhibit
internal matched-set structure and in which individual Oy terms may correspond to clusters
of units rather than distinct subjects, this is a clustered covariance estimate such as that of
Liang and Zeger [53] with clustering over matched sets (and unmatched individuals treated
as their own clusters).

The above all assumes that the propensity score is estimated in the same sample in
which the match is conducted. Note that Theorems 1-2 instead assume the propensity score
estimation is done in a different sample. In this case the variance estimation problem becomes
simpler and does not actually require an M-estimation framework, since the propensity score
estimates and the Z;s are independent. Instead, the delta method can be used to calculate
the variance of ;1 and this variance can be added to the estimated variance of T' to obtain
an overall variance. More specifically, we can write:

ng
ng - oddsg;(0) 1
(6) ZZI g <(nk—1)zj"10ddskj(9) ng — 1

Let ¥ be the asymptotic variance of 0. Then by the delta method,

Var(h(0)) = Vh(0)'SVh(6).

where
K ng
1 ng 0 oddsg(0) 0 oddsg(0)
Vh(0) = — Yii | —— | | 5= =
(6) K;; g <nk — 1) (ael > oddsy; (0) 00, >0 oddsy; (0)

This quantity may be estimated by substituting f for 6. Note that the resulting variance
estimate is almost identical to Var(7') as given above for the case of in-sample estimation,
except with no cross-terms and with matrix 3, which must be estimated in the pilot sample,
in place of the in-sample covariance matrix for 6.

C.5 Additional simulation results

We provide further detail on the simulation settings explored in Section 6.2 of the main
manuscript and give results for several alternate settings. First, for the primary setting
considered in the main manuscript, Figure C.1 shows smoothed density plots comparing the
true propensity score distribution across treatment and control groups for sample draws from
each of six different simulation settings affecting the treatment model. The density plots are
scaled by the relative size of the two groups; in large samples, regions of the plots where the
control density exceeds the treated density indicate propensity score values at which near-
exact matching on the propensity score is possible, while regions with larger treated density
suggest regions in which either poorer matches must be accepted or treated units must be
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trimmed [51]; the number given in the title of the plot is an estimate of the proportion of the
probability mass in the treated group that overlaps with the scaled control density, indicating
easy matchability. In all the settings shown here, most treated units can be matched closely
but in most cases there is some region in which matching is more difficult, ensuring that
inexact matches occur systematically. Of course these plots are smoothed depictions that
mask the underlying discreteness of the data, particularly in the n = 100 case, but they
suggest the general difficulty of the matching problem.

The next set of figures repeat the analyses given in Figure 1 from the main manuscript
for several other simulation settings as discussed in Section 6.2 . In particular, Figures C.2
- C.3 give results for a weak propensity score setting where the treated and control groups
are more similar than in the primary simulations; Figure C.4 gives results averaging only
over simulations in which good covariate balance was achieved in the sense that absolute
standardized differences in means for all measured covariates were under 0.2 after matching;
and Figure C.5 gives results for a setting in which propensity scores were estimated in a large
external sample. The weak-signal results show similar patterns to the primary simulations
but the size of type I error violations is substantially reduced and uniform randomization
inference sometimes achieves Type I error control. The density plots reveal that the weak-
signal settings correspond to a setting in which the distribution of true propensity scores is
very similar between groups; when propensity score distributions show such similarity in real
datasets this suggests that uniform randomization inference may be warranted. The other
two simulation settings produce patterns of Type I error rates almost identical to those in
Figure 1 in the main manuscript.

Finally, we examine the quality of point estimates constructed using the maximum p-
value procedure of Section 3.3 in the main manuscript. We repeat the simulations described
in Section 6.2 with a strong propensity score signal and without introducing regression
adjustment, calipers, uniform inference, or nonlinearity in the outcome model; we also add
a treatment effect of magnitude 1 and compute both the maximum p-value point estimate
and the traditional difference-in-means. Table C.2 reports results. The maximum p-value
estimates are uniformly preferable to the difference-in-means estimates, and except in a few
cases with Z-dependence they are very close to the true effect.
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Figure C.1: Smoothed and scaled density plots of one random draw each from six different sim-
ulation settings for the treatment model. The first and second columns contrast weak and strong
propensity score signals (7 = 0.2 vs. 7 = 0.6), and the three rows contrast three different sizes for
the initial dataset: (n,p) = (100,2), (100,5), and (1000,10) respectively.
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Figure C.2: Relative density of treated and control groups by propensity score value under a weak
propensity score signal. For more detail, see caption to Figure C.1.
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n=100, p=2
With Z-dependence Without Z-dependence
: T 0.050 0.053 0.053 0.051 0.053 0.054
o 1 0048 0.050 0.050 0.048 0.051 0.051
Nonlinear : Nonlinear : 049 0.056 0.057 0.052 0.059 0.059
............................. 0.056 0.063 0.072 0.047 0.055 0.062
: 0.050 0.051 0.051 0.050 0.050 0.049
) ' 0.050 0.052 0.050 0.052 0.051 0.051
Linear Nonlinear 0.049 0.052 0.052 0.049 0.051 0.051
.............................. 0.056 0.057 0.061 0.052 0.054 0.057
0.053 0.053 0.052 0.047 0.049 0.047
' ) 0.043 0.043 0.042 0.053 0.053 0.054
Nonlinear :  Linear 0.051 0.053 0.053 0.049 0.052 0.052
............................... 0.052 0.049 0.055 0.051 0.052 0.054
0.049 0.048 0.049 0.052 0.051 0.052
) ) 0.046 0.046 0.046 0.050 0.050 0.050
Linear Linear 0.046 0.048 0.049 0.052 0.055 0.056
: 0.053 0.050 0.054 0.053 0.052 0.056
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
n=100, p=5
With Z-dependenc Without Z-dependence
; TN0760 07066 0.052 0.059 0.058
o D 0042 0.049 0.046 0.048 0.058 0.054
Nonlinear : Nonlinear : 44 0.056 0.055 0.053 0.070 0.070
.............................. 0.053 0.059 0.078 0.046 0.065 0.067
0.056 0.055 0.054 0.051 0.05L 0.051
) ' 0.046 0.048 0.046 0.052 0.054 0.051
Linear : Nonlinear : ¢ 049 0.048 0.049 0.053 0.063 0.062
.............................. 0.057 0.053 0.066 0.053 0.062 0.065
0.055 0.054 0.055 0.049 0.048 0.048
! ) 0.042 0.046 0.041 0.053 0.056 0.053
Nonlinear ;  Linear 0.040 0.048 0.048 0.049 0.059 0.058
.............................. 0.05L 0.046 0.064 0.051 0.056 0.061
0.060 0.059 0.050 0.052 0.052 0.052
) ) 0.048 0.051 0.048 0.054 0.058 0.055
Linear Linear 0.040 0.049 0.050 0.050 0.060 0.061
: 0.056 0.051 0.068 0.052 0.056 0061
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
n=1000, p=10
With Z-dependence Without Z-dependence
: T 0.058 0.087 0,087 0.048 0.072 0.072
. 1 0043 0.069 0.068 0.050 0087 0.082
Nonlinear : Nonlinear ;7 5in37 0091 0097 0.047 0117 0117
.............................. 0.059 0.109 0172 0.050 0104 0.160
0.055 0.055 0.055 0.048 0.049 0.048
) ' 0.053 0.051 0.052 0.049 0.049 0.048
Linear : Nonlinear : o35 0.058 0.058 0.050 0.084 0.085
.............................. 0.066 0.078 0119 0.048 0.063 0.094
0.049 0.049 0.049 0.047 0.047 0.047
U 0.042 0.043 0.042 0.051 0.052 0.050
Nonlinear :  Linear 0.032 0.050 0.050 0.050 0.072 0.072
0.065 0.064 0.119 0.049 0.051 0.09
0.050 0.051 0.051 0.050 0.048 0.048
) ) 0.052 0.053 0.052 0.047 0.049 0.048
Linear Linear 0.035 0.050 0.051 0.049 0076 0077
: 0.075 0.073 0.123 0.050 0.050 0087
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
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Figure C.3: Type I error results under weak propensity score signal for uniform and covariate-
adaptive inference across multiple simulation settings. Each of the three tables corresponds to a
separate dataset size. Within each table the first three columns contrast three inferential approaches
when the subjects are subject to Z-dependence; the last three columns do the same comparison
when treatment assignments within matched sets are permuted after matching to eliminate Z-
dependence. The rows of the table demonstrate different combinations of calipers and regression
adjustment and correct or incorrect specification of treatment and outcome models. Numbers give
type I error rates with colors associated to their magnitude; triangles indicate that a one-sample
z-test rejected the null hypothesis that the error rate was 0.05 (under a Bonferroni correction scaled
to the number of results across the entire figure), with a large upper triangle indicating a positive
z-statistic and a small lower triangle indicating a negative z-statistic.
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n=100, p=2
With Z-dependence Without Z-dependence
0.055 0.058 0.057 0.055 0.056 0.056
. : ) ©0.047 0.051 0.050 0.056 0.059 0.059
Nonlinear : Nonlinear :  'o5q 0.057 0.057 0.052 0.060 0.061
_____________________ [=o06T 0078 0.097 0.054 0.072 0.087
0.048 0.048 0.049 0.052 0.051 0.051
Linear . Nonfinear . 0043 0.042 0.040 0.054 0.052 0.051
: © . 0.044 0.048 0.049 0.053 0.056 0.056
0.051 0.057 0.067 0.054 0.058 0.064
0.052 0.051 0.052 0.050 0.050 0.049
_ o 0.034 0.035 0.033 0.046 0.046 0.045
Nonlinear : Linear : o571 0.052 0.052 0.049 0.051 0.050
_____________________ [ 0.053 0.053 0.070 0.049 0.050 0.062
0.050 0.049 0.050 0.053 0.053 0.052
) S 0.048 0.046 0.047 0.051 0.053 0.052
Linear : Linear : 5549 0.050 0.052 0.053 0.056 0.056
: [T0.06T 0.060 0072 0.054 0.053 0.063 A
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
n=100, p=5
With Z-dependence Without Z-dependence
07068 0.080 0070 0.048 0.054 0.055
: : : © 0.059 0071 0067 0.057 0.068 0.064
Nonlinear : Nonlinear : g 4 0.068 0.071 0.050 0:080 0°080
0.048 0.067 0.087 0.051 0.056 0.106
0.061 0.059 0.061 0.051 0.051 0.050
) ; . D 0.057 0.054 0.051 0.045 0.048 0.047
Linear . Nonlinear : 543 0.054 0.055 0.048 0.070 0071
_____________________ [ 0.047 0.046 0.061 0.043 0.055 0.064
0.061 0.056 0.057 0.050 0.051 0.049
. o 0.048 0.046 0.045 0.052 0.053 0.051
Nonlinear :  Linear : 41 0.049 0.050 0.049 0.063 0.063
......... [ 0.049 0.049 0.066 0.051 0.059 0.088
0.063 0.061 0.059 0.051 0.050 0.048
. . 0.064 0.065 0.060 0.034 0.036 0.034
Linear & Linear : 549 0.046 0.050 0.049 0.072 0.077
A [ 0.051 0.050 0.074 0.046 0.058 0072 A
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
n=1000, p=10
With Z-dependence Without Z-dependence
0.052 0.080 0080 0.048 0074 0.074
. : . ©0.037 0087 0080 0.047 0.115 0107
Nonlinear : Nonlinear :  'o4q 0.098 0.100 0.052 0.116 0118
0.053 0199 |OWIZEN|  0.047 0190 :
0.048 0.049 0.050 0.051 0.051 0.051
_ : : © 0045 0.046 0.045 0.061 0.059 0.056
Linear : Nonlinear : 5537 0.059 0.063 0.051 0.08T 0084
0.065 0.106 0275 0.060 0.095 0215
0.044 0.044 0.043 0.051 0.050 0.050
. . 0.027 0.027 0.024 0.054 0.054 0.051
Nonlinear :  Linear : q45 0.054 0.059 0.051 0.067 0:070
_____________________ [ 0.053 0.069 0211 0.062 0.068 0.230
0.050 0.050 0.050 0.052 0.051 0.051
. . 0.050 0.049 0.044 0.059 0.056 0.052
Linear : Linear : 548 0061 0.065 0.050 0.067 0.070
A [To082 0.099 0.750 0.061 0.070 0210 A
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?

Figure C.4: Type I error results conditional on good covariate balance for uniform and covariate-
adaptive inference across multiple simulation settings. For a more thorough description of how the
tables are organized see the caption to Figure C.3.
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n=100, p=2
With Z-dependence Without Z-dependence
0.050 0.048 0.049 0.047 0.047 0.047 Yes : Yes
Nonlinear . Nonlinear . 0038 0.040 0.040 0.051 0.055 0.054
: : 0.050 0.051 0.052 0.048 0.050 0.051
| 0.056 0:078 0104 0.053 0071 0:089
:0.044 0.044 0.044 0.051 0.050 0.050
Linear . Nonlinear . 0-0%4 0.042 0.041 0.052 0.051 0.049
: :0.049 0.048 0.048 0.051 0.050 0.051
...................... [ 0059 0.067 0.080 0.051 0.057 0.065
: ¢ 0.047 0.047 0.048 0.054 0.053 0.053
Nonlinear 0.034 0.034 0.033 0.049 0.050 0.048
:0.049 0.048 0.051 0.056 0.054 0.055
......... o6t 0.062 0.088 0.050 0.050 0.06%
¢ 0.047 0.047 0.047 0.051 0.050 0.051
Linear Linear 0.041 0.041 0.041 0.051 0.051 0.049
©0.052 0.051 0.052 0.052 0.052 0.053
| 0:069 0:068 0°090 0.051 0.051 0:060 No : No
Z-model Y-model Oracle Estimate Uniform Oracle Estimate Uniform Caliper? Regression?
n=100, p=5
With Z-dependence Without Z-dependence
0.046 0.047 0.047 0.049 0.048 0.048 Yes : Yes
inear | Noninear . 0-040 0.049 0.048 0.053 0063 0060 | No i Yes
Nonlinear : Nonlinear - 5,9 0.050 0.050 0.050 0.050 0.051
| 0:060 0:086 0°130 0.052 0:073 0112
i 0.047 0.048 0.047 0.058 0.057 0.057 | Yes i Yes
Linear + Nonlinear | 0042 0.039 0.037 0.047 0.046 0.045 No Yes
: :0.050 0.051 0.051 0.052 0.053 0.054
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Figure C.5: Type I error results for uniform and covariate-adaptive inference across multiple
simulation settings, using out-of-sample propensity scores. For a more thorough description of how
the tables are organized see the caption to Figure C.3.
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Z-model Y-model Z-dependence? T Maxp.est IPW.est DiM.est
Linear Linear No 0 -0.076(0.906) -0.110(1.119) 0.468(0.970)
Linear Linear Yes 0 0.825(1.070) 0.842(1.044) 1.284(1.255)
Linear Nonlinear ~ No 0 -0.250(1.620) -0.221(2.548) 0.792(1.693)
Linear Nonlinear ~ Yes 0 0.598(1.530) 0.829(1.741) 1.582(1.859)
Nonlinear Linear No 0 0.328(0.852) 0.364(0.878) 0.679(0.898)
Nonlinear  Linear Yes 0 0.806(0.883) 0.841(0.881) 1.124(1.038)
Nonlinear Nonlinear  No 0 0.882(1.344) 1.125(1.489) 1.696(1.743)
Nonlinear Nonlinear  Yes 0 1.357(1.380) 1.602(1.507) 2.134(1.870)
Linear Linear No 1 0.924 (0.906) 0.899 (1.086) 1.468 (0.907)
Linear Linear Yes 1 1.825 (1.07) 1.806 (1.01) 2.284 (1.255)
Linear Nonlinear ~ No 1 0.75 (1.62) 0.788 (2.518) 1.792 (1.693)
Linear Nonlinear ~ Yes 1 1.598 (1.53) 1.793 (1.718) 2.582 (1.859)
Nonlinear  Linear No 1 1.328 (0.852) 1.36 (0.865) 1.679 (0.898)
Nonlinear  Linear Yes 1 1.806 (0.883) 1.817 (0.864) 2.124 (1.038)
Nonlinear Nonlinear  No 1 1.882 (1.344) 2.121 (1.476) 2.696 (1.743)
Nonlinear Nonlinear  Yes 1 2.357 (1.38) 2.579 (1.494) 3.134 (1.87)
Linear Linear No 10 9.924 (0.906)  9.981 (0.819) 10.468 (0.907)
Linear Linear Yes 10 10.825 (1.07) 10.482 (0.754) 11.284 (1.255)
Linear Nonlinear ~ No 10 9.75 (1.62) 9.87 (2.263) 10.792 (1.693)
Linear Nonlinear ~ Yes 10 10.598 (1.53)  10.47 (1.553) 11.582 (1.859)
Nonlinear ~ Linear No 10 10.328 (0.852)  10.322 (0.762)  10.679 (0.898)
Nonlinear ~Linear Yes 10 10.806 (0.883)  10.603 (0.734)  11.124 (1.038)
Nonlinear Nonlinear ~ No 10 10.882 (1.344) 11.084 (1.374) 11.696 (1.743)
Nonlinear Nonlinear  Yes 10 11.357 (1.38) 11.365 (1.389)  12.134 (1.87)
Linear Linear No 100 99.924 (0.906)  100.798 (3.224)  100.468 (0.907)
Linear Linear Yes 100 100.825 (1.07)  97.246 (3.535)  101.284 (1.255)
Linear Nonlinear No 100 99.75 (1.62) 100.687 (2.786)  100.792 (1.693)
Linear Nonlinear  Yes 100 100.598 (1.53)  97.233 (3.668)  101.582 (1.859)
Nonlinear ~ Linear No 100 100.328 (0.852)  99.946 (1.805) 100.679 (0.898)
Nonlinear ~Linear Yes 100 100.806 (0.883)  98.467 (2.15) 101.124 (1.038)
Nonlinear =~ Nonlinear No 100  100.882 (1. 344) 100.708 (1.822)  101.696 (1.743)
Nonlinear ~ Nonlinear ~ Yes 100 101.357 (1.38)  99.229 (2.249) 102.134 (1.87)
Table C.1: Point estimates from three estimation approaches under a true constant addi-

tive effect model: the maximum p-value strategy, inverse propensity weighting, and naive
difference-in-means. Numbers are averaged over 1000 simulation replicates with n = 100,
p = 2, strong propensity signal, and propensity scores estimated in-sample (as in Section
6.3 of the main manuscript). Standard deviations across the 1000 replicates are shown in
brackets. The column 7 gives the true value of the constant additive effect.
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Point Estimates
n p  Z-model  Z-dependence? Propensity Score | Max P-value Diff. in Means
100 2 Linear Yes Estimated 1.09 1.14
100 2  Linear Yes Oracle 1.09 1.14
100 2  Linear No Estimated 0.99 1.04
100 2  Linear No Oracle 1.00 1.04
100 2  Nonlinear Yes Estimated 1.09 1.12
100 2  Nonlinear Yes Oracle 1.06 1.12
100 2  Nonlinear No Estimated 1.03 1.07
100 2  Nonlinear No Oracle 1.00 1.07
100 5 Linear Yes Estimated 1.11 1.25
100 5  Linear Yes Oracle 1.12 1.25
100 5 Linear No Estimated 0.97 1.13
100 5 Linear No Oracle 0.99 1.13
100 5 Nonlinear Yes Estimated 1.11 1.21
100 5 Nonlinear Yes Oracle 1.07 1.21
100 5 Nonlinear No Estimated 1.03 1.14
100 5 Nonlinear No Oracle 1.01 1.14
1000 10 Linear Yes Estimated 1.10 1.25
1000 10 Linear Yes Oracle 1.11 1.25
1000 10 Linear No Estimated 1.00 1.15
1000 10 Linear No Oracle 1.00 1.15
1000 10 Nonlinear Yes Estimated 1.10 1.20
1000 10 Nonlinear Yes Oracle 1.06 1.20
1000 10 Nonlinear No Estimated 1.04 1.15
1000 10 Nonlinear No Oracle 1.00 1.15

Table C.2: Point estimates from the maximum p-value strategy described in Section 3.3 in
the main manuscript vs. difference-in-means estimates. The true value of the parameter is
1.





