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ABSTRACT OF THE DISSERTATION

Scattering by Closely-Situated Sound-Hard Spheres: Application to
Acoustic Binding

by Cory Storm McCullough
Doctor of Philosophy in Applied Mathematics

University of California Merced, 2025

Committee Chair: Arnold Kim

This dissertation investigates the acoustic radiation forces arising from wave scatter-
ing between closely-situated sound-hard spheres, with direct implications for the phe-
nomenon of acoustic binding. Motivated by experimental findings in the Kleckner Lab at
UC Merced, we develop a numerical and analytical framework to compute surface fields
and resulting forces with high precision, even in the challenging near-field regime. Using
boundary integral equations (BIEs) and spherical harmonic expansions, we resolve the
scattering problem for two spheres in regimes where multiple scattering and coupling
effects are non-negligible. We begin by establishing a boundary integral formulation
that allows direct computation of surface fields, circumventing the need for full domain
discretization. We then expand the field using a spherical harmonic basis and derive
a Galerkin discretization scheme capable of capturing both independent and coupled
scattering behaviors. A key contribution is the decomposition of the acoustic field and
radiation force into individual components, revealing the dominant role of cross-terms
in determining equilibrium configurations. Specifically, when the incident and scattered
fields are decomposed into their even and odd components with respect to symmetry,
the acoustic radiation force integral contains terms representing all pairwise products of
these components (such as the interaction between the even part of the incident field
and the odd part of the scattered field). Among these terms, it is the mixed even-odd
interactions that contribute significantly to the net force, while other terms cancel due
to symmetry. This insight provides a framework for approximating the force using only
the most relevant interactions. Numerical simulations give results that show the complex
behavior of these acoustic radiation forces as a function of the distance between the two
spheres. To interpret these results, we analytically determine individual components of
the acoustic radiation force and consider how different orders of multiple scattering (in-
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cluding independent, first-order, and higher-order effects) influence them. Building on
this, we propose a first-order correction using the Block-Jacobi method, which captures
essential multiple scattering effects with improved accuracy and stability. Numerical
results highlight the emergence of oscillatory force patterns and equilibrium saturation
phenomena as the inter-sphere distance tends to zero. These findings offer theoretical
insight into the mechanisms driving acoustic binding and provide a robust computational
toolset for the study of particle assembly in structured materials.
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Chapter 1
Introduction

We consider acoustic binding of particles resulting from radiation forces cre-
ated through multiple scattering. These radiation forces arise from pressure perturba-
tions generated when an acoustic wave interacts with material boundaries, leading to
momentum exchange and resulting in a net force on the particles. This phenomenon has
potential for developing methods for assembling novel structured materials with extraor-
dinary effective properties, the so-called metamaterials (Surjadi et al., 2019; Bingham
et al., 2008; Long, Fu, & Hu, 2021). In short, metamaterials are manufactured assembled
structures (at micro or nano-scale) of materials (particles or layers) resulting in tunable
(optical/mechanical) properties. Acoustic binding refers to the situation when an acous-
tic wave is used to create forces between individual particles. These interparticle forces
are highly tunable depending on the frequency as well as the density and radius of the
particles.

Usually, the radiation forces generated by acoustic scattering are negligible
in weak scattering regimes. However, when two or more particles are closely situated
and form a cluster, the field scattered by one particle can strongly interact with nearby
particles, especially close to their surfaces and in the space between them. This is referred
to as the near-field regime. In such a configuration, these radiation forces can become
significant, and a detailed understanding of the elementary mechanisms that contribute
to them is needed. One such mechanism is the multiple scattering of waves between
particles, where each successive interaction modifies the field and, in turn, the resulting
force. This work aims to investigate these mechanisms and quantify their contributions.

A key parameter in this study is the dimensionless wavenumber-size product

1
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ka, which characterizes the strength of scattering. When ka ≥ 1, we expect significant
scattering to occur, and this is the regime in which our work is focused. We will also
consider cases when ka ≫ 1. In these regimes, multiple scattering is no longer a small
perturbation and may lead to novel equilibrium behaviors that are not predicted by sim-
pler approximations. Understanding where and how multiple scattering plays a dominant
role in shaping these interactions is one of the guiding questions of this dissertation.

From a numerical point of view, the scattering by multiple spheres has been
investigated in a variety of different ways. For instance, finite element and finite difference
approximations are well studied and relatively easily implemented. However, they usually
require a large discretization in the domain of interest (Acosta & Villamizar, 2010; Grote
& Kirsch, 2004). There are also iterative methods which may not scale well or be easily
implemented for three-dimensional domains (Antoine, Chniti, & Ramdani, 2008). Then
there are methods like the method of fundamental solutions (Bogomolny, 1985), and
Foldy-Lax theory (Huang, Solna, & Zhao, 2010) that work well for a large array of
small scatterers (as long as they are not too close). Since acoustic binding relies on
knowing the surface fields accurately, we consider here boundary integral equation (BIE)
methods. BIEs are advantageous for the numerical solution of many different boundary
value problems, such as fluid dynamics, acoustics, electromagnetics, and others (Schwab
& Wendland, 1999; Beale, Ying, & Wilson, 2016; Barnett, 2014; Wala & Klöckner,
2019; Pérez-Arancibia, Turc, & Faria, 2019; Khatri et al., 2020; Carvalho, 2021; Stein &
Barnett, 2022). BIE methods are particularly useful in this case because we can directly
solve for the surface fields with high accuracy (Carvalho, 2021; Khatri et al., 2020; Colton
& Kress, 2014; Kress, 1991; Rutily, 2004; Bendali & Fares, 2008). Furthermore, there is
a reduction in dimensionality because the field is given as a surface integral, and there is
no need to discretize any part of the three-dimensional domain. However, as we discuss
in Chapter 2.1, we will run into integral operators with sharply peaked kernels. These
kernels can be difficult to compute numerically near the boundary, which leads us to the
so-called close evaluation problem (Khatri et al., 2020).

In light of the above challenge, the goal of this doctoral thesis is to gain insight
into how to address the close evaluation problem to accurately compute the surface fields,
and to efficiently compute the acoustic radiation forces in order to provide numerical
support to current experiments done by the Kleckner Lab at UC Merced. To that aim,
we will concentrate our efforts on the scattering by two sound-hard spheres.



3

This dissertation is organized into four chapters, each building toward a compre-
hensive understanding of acoustic scattering and binding in the regime of closely-situated
sound-hard spheres. Chapter 2: Scattering by Two Sound-Hard Spheres, introduces the
governing equations for acoustic wave scattering by two sound-hard spheres and formu-
lates the problem using boundary integral equations (BIEs). The Helmholtz equation
with Neumann boundary conditions is considered in the exterior of the two spheres, and
the acoustic radiation force is defined in terms of the total field and its surface gradient.
The boundary integral formulation simplifies the computation by reducing the dimen-
sionality of the problem and allows for a surface-based representation of the scattered
field. The double-layer potential operators are introduced and expanded in a spherical
harmonic basis to accommodate the geometry of the spheres. This chapter sets the
mathematical and computational foundation for the remainder of the dissertation.

Chapter 3: Numerical Method and Results, develops the numerical method
used to solve the BIE system and compute the acoustic radiation force, with a focus
on spherical harmonic expansions and their truncation. The chapter presents numerical
experiments that examine the behavior of the surface fields and scattering coefficients
across a range of separation distances and size parameters ka. It highlights the saturation
of the near-field interaction as the distance between the spheres, ε tends to zero, and the
importance of truncation order in resolving the multipole expansion. The axi-symmetric
case is introduced to simplify computation, and the radiation force is computed for
varying ε and ka, revealing equilibrium points, oscillatory force behavior, and saturation
phenomena that become more complex in the regime 1 ≤ ka ≤ 3.

Focusing on the independent scattering approximation, Chapter 4: Independent
Scattering, explores its ability to predict equilibrium points of the acoustic radiation
force. The chapter shows that, in symmetric configurations, the force arises solely from
the nonlinear cross-term due to symmetry-induced cancellations. An analytic expression
for the force zeros is derived and validated numerically, establishing a clear connection
between geometry, wavenumber, and force behavior. The chapter extends this framework
to symmetry-breaking configurations, including unequal spacing and unequal radii, and
demonstrates how these deviations impact the force while preserving the qualitative
predictions of the independent approximation.

And finally, Chapter 5: First-Order Interactions, introduces a first-order correc-
tion to the independent scattering approximation using a Block-Jacobi iterative method.
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The correction is shown to significantly improve the approximation of the acoustic ra-
diation force in the small-ε regime by incorporating leading-order multiple scattering
effects. A detailed decomposition of the first-order field into even and odd components
reveals how specific field interactions contribute to the force. The chapter also explores
higher-order corrections and shows that while second-order terms may further refine the
force in some cases, higher-order approximations can become numerically unstable due
to the structure of the spherical multipole expansion. The chapter concludes that the
first-order correction offers an optimal balance between accuracy and stability.



Chapter 2
Scattering by Two Sound-Hard Spheres

As explained in the introduction, scattering by multiple sound-hard spheres is
fundamentally important for studying acoustic binding. In what follows we concentrate
on the two-spheres case to identify the behavior of the wave fields, especially when they
are closely situated to one another. We compute the total field, u := uinc + usca, which
is the sum of the incident field uinc and the scattered field usca, in the domain exterior
to two sound-hard spheres: B1 = {|x − x1| < a} and B2 = {|x − x2| < a}. Here, x1

and x2 denote the centers of each of the spheres each with radius a. Furthermore, let
∂Bi = {|x − xi| = a} and B̄i = Bi ∪ ∂Bi for i = 1, 2. We require that u satisfies the
Helmholtz equation in E := R3 \ B̄1 ∪ B̄2, as well as the sound-hard condition, which
states the normal derivative of the total field vanishes on ∂B1 and ∂B2 (see Figure
2.1 for a sketch of the problem). The incident field is initially taken to be the plane
wave uinc = eikz, where k > 0 is the wavenumber. This choice allows for analytical
simplifications in the early analysis. However, in later chapters, we consider the real-
valued standing wave uinc = cos(kz), which better models the physical setup of interest.
The key non-dimensional size parameter for this problem is ka, which compares the
radius of the spheres a to the wavelength λ, since k = 2π/λ. We are particularly
interested in the regime 1 ≤ ka ≤ 3 where scattering by each sphere is strong, highly
anisotropic and acoustic binding is significant. Multiple scattering of spheres in this
regime cannot be simplified so the full problem must be solved.

Mathematically, our goal is to solve the following problem:

∆u + k2u = 0, in E := R3 \ (B1 ∪ B2)

∂nu = 0, on ∂E := ∂B1 ∪ ∂B2,
(2.1)

5
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where usca satisfies the Sommerfeld radiation condition

lim
|x|→∞

|x|
(

∂

∂|x|
− ik

)
usca(x) = 0,

to ensure all waves propagate strictly outward. Upon solution of (2.1), we compute the
acoustic radiation forces,

F⃗i = −
∫

∂Bi

([1
2κ0|pi|2 − 1

2ρ0|vi|2
]

n̂i + ρ0(n̂i · v⃗i)v⃗i

)
dS, i = 1, 2, (2.2)

where v⃗i = ∇ui is the velocity, pi = iρ0ωui is the pressure, ρ0 is the density of the spheres,
ω is the angular frequency, c0 is the wave speed, κ0 = 1/ρ0c2

0 is the compressibility, n̂i is
the unit outward normal of sphere Bi, and ui is the total field restricted to the surface
on each sphere: ui = u|∂Bi

, i = 1, 2. Because of the sound-hard boundary condition, we
have n̂i · v⃗i = 0 so (2.2) simplifies to

F⃗i = −1
2ρ0

∫
∂Bi

([
k2 |ui|2 − |∇ui|2

]
n̂i

)
dS, i = 1, 2, (2.3)

where k = ω/c0. It has been shown recently that these acoustic radiation forces can
be significant when the size of the spheres are comparable to the wavelength, and lead
to so-called acoustic binding of particles (St. Clair et al., 2023). To our knowledge, the
Kleckner Lab at the University of California Merced is the first to show that these forces
are significant in the regime we propose to study.

An important case in acoustic binding is when the spheres are situated closely
to one another. For this case, there is a strong near-field interaction taking place in
the region between the spheres which, in turn, strongly affects the acoustic radiation
forces. To fully understand the behavior of the field for this problem, we consider that
the distance between the two spheres is given by 0 < ε ≪ a, so that |x1 − x2| = 2a + ε,
and we investigate the asymptotic limit: ε → 0+. This scattering problem is challenging
due to strong near-field interactions resulting in strong coupling of fields scattered by the
two spheres. This strong coupling makes the problem harder to solve. As the spheres
move closer together corresponding to ε → 0+, we anticipate an elementary asymptotic
behavior to emerge which we aim to identify here.

2.1 Boundary Integral Equations

The computation of the acoustic radiation forces defined in (2.3) only requires
ui = u|∂Bi

for i = 1, 2. For this reason, BIEs are natural for studying this problem
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Figure 2.1: Sketch of the problem and notations.

because they are formulated in terms of ui for i = 1, 2. The advantage here being the
reduction of dimensionality by only requiring computations on the surface of the spheres
instead of a finite subsection of E and thus simplification of computation. However,
moving the bulk of the computation from E to ∂E generates a dense block linear system.
We discuss the BIE operators that govern this problem below.

The total field u in E can be computed using the representation formula

u(x) = uinc(x) + D1[u1](x) + D2[u2](x), x ∈ E, (2.4)

with
Di[ui](x) =

∫
∂Bi

∂G

∂ny
(x, y)ui(y)dσy, i = 1, 2 (2.5)

denoting the double-layer potential (Kress, Maz’ya, & Kozlov, 1989). Here, ny is the
unit outward normal and dσy is a differential boundary element on the surface of sphere
i. Finally,

G(x, y) = 1
4π

eik|x−y|

|x − y|
(2.6)

is the fundamental solution to the Helmholtz equation in R3. Taking the limit in (2.4) as
the evaluation point, x, approaches the boundary, denoted xb

i , i = 1, 2, and taking into



8

account the jump condition (2.5) is subject to on ∂E (Kress, Maz’ya, & Kozlov, 1989;
Vico, Greengard, & Gimbutas, 2014), we obtain the following system of BIEs,

u1(xb
1) − D11[u1](xb

1) − D12[u2](xb
1) = uinc(xb

1), xb
1 ∈ ∂B1

u2(xb
2) − D21[u1](xb

2) − D22[u2](xb
2) = uinc(xb

2), xb
2 ∈ ∂B2

(2.7)

with

Dij [uj ](xb
i) :=

∫
∂Bj

∂G

∂ny
(xb

i , y)uj(y)dσy, i, j = 1, 2, xb
i ∈ ∂Bi i = 1, 2. (2.8)

Dij [uj ](xb
i) is the double-layer potential operator applied to the field scattered by sphere

j, evaluated on the surface of sphere i. If i = j, the operator represents the sphere’s
interaction with itself, but if i ̸= j, the operator represents the coupling between the
spheres. Alternatively, we can use a different representation to solve for the scattered field
directly but (2.3) requires the gradient of the total field so we chose this representation.
Furthermore, we could also write a system with hypersingular layer potentials (Pérez-
Arancibia, Turc, & Faria, 2019), but we intentionally chose not to deal with more singular
kernels.

We rewrite (2.7) in a more compact operator form given byI − D11 −D12

−D21 I − D22

u1

u2

 =

uinc
1

uinc
2

 . (2.9)

It is important to note that the classical double-layer potential jump condition is taken
into account later when we expand the double-layer potential operator and the scattered
field local to each sphere in spherical harmonic functions (see section 3.2). Upon solution
of (2.9), we obtain u1 and u2 which we then substitute into (2.3) to obtain F⃗1 and F⃗2.
Since the scatterers are spheres, it is natural to consider a spherical coordinate system
local to each of the spheres. In that coordinate system, we expand the unknown fields
in an expansion of spherical harmonics which is done in the next chapter.



Chapter 3
Numerical Method and Results

3.1 Introduction

We now describe a method to solve the system of BIEs we derived in Chapter
2 by expanding the unknown surface fields in a basis of spherical harmonic functions.
This spectral approach allows us to reformulate the BIE system as a linear algebraic
system for the spherical harmonic coefficients. The chapter begins with a derivation
of the expansions for the fundamental solution and its normal derivative, followed by
a detailed construction of the diagonal and off-diagonal operator matrices. We then
present a numerical scheme for solving the truncated system, and use it to investigate
the behavior of the surface fields and the resulting acoustic radiation forces across various
regimes. Special attention is given to the near-field interactions as the separation distance
ε becomes small and to the parameter ka which governs the scattering regime.

3.2 Spherical Harmonic Expansions

We now consider the spherical coordinates system centered at (0, 0, 0). Then
for any x = (r, θ, φ) with θ ∈ [0, π], φ ∈ [0, 2π], and y = (r′, θ′, φ′) ∈ R3, the fundamental
solution and its normal derivative admit the following spherical harmonic expansions:

G(r, θ, φ, r′, θ′, φ′) = ik
∞∑

ℓ=0

ℓ∑
m=−ℓ

jℓ(kr′)h(1)
ℓ (kr)Y m

ℓ (θ, φ)Y m
ℓ (θ′, φ′), ∀ r > r′ (3.1)

9
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∂G

∂ny
(r, θ, φ, r′, θ′, φ′) = ik

∞∑
ℓ=0

ℓ∑
m=−ℓ

[
∂r′jℓ(kr′)

]
h

(1)
ℓ (kr)Y m

ℓ (θ, φ)Y m
ℓ (θ′, φ′), ∀ r > r′

(3.2)
where jℓ(·) is the spherical Bessel function of order ℓ, h

(1)
ℓ (·) is the spherical Hankel

function of the first kind of order ℓ, Y m
ℓ (θ, φ) are spherical harmonic functions of order

ℓ and degree m, with 0 ≤ θ ≤ π, and 0 ≤ φ ≤ 2π (Vico, Greengard, & Gimbutas, 2014).
Since we are concerned only with evaluating the fields on the surfaces of the spheres and
later the near-fields in the exterior, we need only consider the r > r′ expansions of the
fundamental solution and its normal derivative. On the surface of a sphere, the normal
derivative becomes the radial derivative, and we will write ∂rjℓ (kr) = kj′

ℓ(kr). Note
that we will be expanding (2.6) in a spherical coordinate system centered at each sphere,
we then define xi = (ri, θi, φi), yi = (r′

i, θ′
i, φ′

i), i = 1, 2 associated to sphere i. We choose
to expand the total field on the surface of each sphere (r = a) as

ui(a, θi, φi) :=
∞∑

ℓ=0

ℓ∑
m=−ℓ

C
(i)
ℓmh

(1)
ℓ (ka)Y m

ℓ (θi, φi), i = 1, 2. (3.3)

Using the orthogonality of spherical harmonics (Vico, Greengard, & Gimbutas, 2014),
we derive a linear system for the expansion coefficients C

(i)
ℓm, i = 1, 2. We now substitute

(3.1), (3.2) and (3.3) into the BIE system (2.9). Due to orthogonality of spherical
harmonics defined on the same sphere, some simplification can be done. Additionally,
the expansions above contain infinite (but converging) series. In practice, for numerical
purposes, the series will be truncated to some order L. In what follows, we first expand
the diagonal terms in (2.9) (section 3.2.1), then express the non-diagonal coupling terms
(section 3.2.2).

3.2.1 Expansions of the Non-Coupling Terms

The diagonal terms, of (2.9), (I − Dii) [ui](xb
i), i = 1, 2, capture the interaction

of each sphere with itself. We mentioned before that the double-layer evaluated on the
boundary admits a jump that we include within the operator Dii. We follow explicitly
the procedure given by Vico et. al (Vico, Greengard, & Gimbutas, 2014), which provides
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the following result:

Dii [Y m
ℓ ] (a, θi, φi) =

∫
∂Bi

∂G

∂ny

(
a, θi, φi, a, θ′

i, φ′
i

)
Y m

ℓ

(
θ′

i, φ′
i

)
dσy, i = 1, 2

=
[
i (ka)2 j′

ℓ(ka)h(1)
ℓ (ka)

]
Y m

ℓ (θi, φi), i = 1, 2.

(3.4)

Remark 1. The provided expression for the fundamental solution in (3.1) is only valid
for r > r′, and it admits a different expression when r < r′. Then by taking the normal
derivative, the jump of the double-layer potential is automatically included. It is the
reason why there is no "1

2" as commonly written in two dimensional cases. This is one
of the advantages of using spherical harmonics expansions.

Projecting onto spherical harmonic functions leads to the following:

〈
Y m′

ℓ′ , (I − Dii) [ui]
〉

=
∞∑

ℓ=0

ℓ∑
m=−ℓ

C
(i)
ℓmh

(1)
ℓ (ka)

〈
Y m′

ℓ′ , (I − Dii) [Y m
ℓ ]
〉

= C
(i)
ℓ′m′

[
1 − i (ka)2 j′

ℓ′(ka)h(1)
ℓ′ (ka)

]
, ∀ℓ′ ∈ N, m′ ∈ Z

(3.5)

The operator (I − Dii) [ui], i = 1, 2, diagonalizes with the projection onto spherical
harmonics. It is then appealing to project (2.9) onto spherical harmonics (Y m′

ℓ′ )ℓ′∈N,m′∈Z

to reduce computations: this corresponds to a Galerkin approach to solving the system.
For numerical purposes we only consider (Y m′

ℓ′ )ℓ′∈J0,LK,m′∈J−ℓ′,ℓ′K. Then we define〈
Y m′

ℓ′ , (I − Dii) [ui]
〉

ℓ′∈J0,LK,m′∈J−ℓ′,ℓ′K
= ΛiiC

(i), i = 1, 2,

where Λii is a 2L2 × 2L2 diagonal matrix with coefficient (1 − i (ka)2 j′
ℓ(ka)h(1)

ℓ (ka)) on
the ℓth diagonal term, and C(i) = (C(i)

ℓm)ℓ∈J0,LK,m∈J−ℓ,ℓK represents the truncated sequence
of the expansion series to order L.

3.2.2 Expansions of the Coupling Terms

We proceed in a similar fashion to compute the off-diagonal terms of (2.9).
Using spherical harmonic expansions we have,

Dij [Y m
ℓ ]
(
xb

i

)
=
∫

∂Bj

∂G

∂ny

(
xb

i , yj

)
Y m

ℓ (ŷj)dσy, (3.6)

where Dij [Y m
ℓ ](xb

i), i = 1, 2, i ̸= j are the double-layer potential operators applied to
the field on sphere j (here we chose a spherical harmonic Y m

ℓ ) and evaluated on the
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surface of sphere i: xb
i ∈ ∂Bi and yj ∈ ∂Bj . Note that we slightly change the spherical

harmonic expression: Y m
ℓ (θj , φj) := Y m

ℓ (ŷj) where ŷj is the corresponding unit vector
centered at Bj in the spherical coordinate system (rj , θj , φj). We make this choice to
highlight the direction rather than the angles, which would be useful when discussing
coupled interactions. Indeed, (3.6) captures the interaction of each sphere with the other.
Again, proceeding as in (Vico, Greengard, & Gimbutas, 2014), (3.6) becomes

Dij [Y m
ℓ ]
(
xb

i

)
=
[
i(ka)2j′

ℓ(ka)
]

h
(1)
ℓ

(
k|xb

i − xj |
)

Y m
ℓ

(
xb

i − xj

|xb
i − xj |

)
, (3.7)

where
∣∣∣xb

i − xj

∣∣∣ is the distance from the center of sphere j to a point on the surface of

Figure 3.1: Sphere surface evaluations.

sphere i (See Figure 3.1). Again, projecting onto the spherical harmonic functions, leads
to the following:

〈
Y m′

ℓ′ , Dij [uj ]
〉

=
∞∑

ℓ=0

ℓ∑
m=−ℓ

C
(j)
ℓm

[
i(ka)2j′

ℓ(ka)
]〈

Y m′
ℓ′ , h

(1)
ℓ

(
k|xb

i − xj |
)

Y m
ℓ

(
xb

i − xj

|xb
i − xj |

)〉

=
∞∑

ℓ=0

ℓ∑
m=−ℓ

C
(j)
ℓm

[
i(ka)2j′

ℓ(ka)
] ∫

S2
i

Y m′
ℓ′ (ŷi)h(1)

ℓ

(
k|xb

i − xj |
)

Y m
ℓ

(
xb

i − xj

|xb
i − xj |

)
dσy

(3.8)
where S2

i represents the unit sphere centered at xi. Note that we can integrate directly
on ∂Bi if one rescales by a−2 in the end. In section 3.2.1 we were able to leverage the
orthogonality of the spherical harmonic functions to simplify those expressions. How-
ever, in (3.8), we lose orthogonality and the reasons are twofold: (i) instead of classic
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inner product, we obtain an inner product of the spherical harmonics weighted by a
spherical Hankel function, (ii) not all quantities are evaluated on S2

i (or boundary ∂Bi)
and therefore cannot simplify. Since we do not have an analytic expression for (3.8) we
use numerical quadrature to compute (3.8). Working on a sphere, we take advantage of
the product Gauss quadrature (PGQ) (K. E. Atkinson, 1997) to approximate the inner
product. The PGQ rule consists of using a L-points Gauss-Legendre rule for the polar
angle, and 2L-points trapezoid rule in the azimuthal angle. More precisely, the method
is defined on a domain, (z, t) ∈ [−1, 1] × [−π, π], and uses the common substitution for
the polar angle for integrals in spherical coordinates, z = cos(θ) where θ ∈ [0, π] (K.
Atkinson, 1982). Let zp ∈ (−1, 1) for p = 1, · · · , L denote the L-point quadrature rule
abscissas with corresponding weights, wp and then θp = cos−1(zp) for the abscissas in the
polar angle. Let tq = −π +π(q −1)/L ∈ [−π, π] for q = 1, · · · , 2L denote the equi-spaced
grid points for the periodic trapezoid rule. This results in the numerical method∫

S2
i

F (θi, φi) dσy ≈ 1
4L

L∑
p=1

2L∑
q=1

wpF (θp, tq). (3.9)

Let ŷpq = (sin θp cos tq, sin θq sin tq, cos θq) for p = 1, . . . , L and q = 1, . . . , 2L, denote the
set of unit direction vectors on S2 corresponding to the quadrature points in (3.9). Using
xb

i = aŷi, we replace the integral in (3.8) with the PGQ given in (3.9) and obtain the
following approximation,

[
i(ka)2j′

ℓ(ka)
] ∫

S2
i

h
(1)
ℓ

(
k|xb

i − xj |
)

Y m
ℓ

(
xb

i − xj

|xb
i − xj |

)
Y m′

ℓ′ (ŷi) dσy

≈ i(ka)2j′
ℓ(ka)

4L

L∑
p=1

2L∑
q=1

wpY m′
ℓ′ (ŷpq)h(1)

ℓ (k|aŷpq − xj |) Y m
ℓ

(
aŷpq − xj

|aŷpq − xj |

)
. (3.10)

Through evaluation of (3.10) for each set of pairs: (ℓ′, m′) and (ℓ, m), we fill the off-
diagonal block matrix. Going back to (3.8), we simply consider (Y m′

ℓ′ )ℓ′∈J0,LK,m′∈J−ℓ′,ℓ′K,
then we define〈

Y m′
ℓ′ , Dij [uj ]

〉
ℓ′∈J0,LK,m′∈J−ℓ′,ℓ′K

= ΛijC(j), i, j = 1, 2, i ̸= j.

3.3 Numerical Results

Using the results from the previous section, we solve the linear system,Λ11 Λ12

Λ21 Λ22

C(1)

C(2)

 =

F1

F2

 . (3.11)
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Note that the right hand side of equation (2.9) consists of the incident field centered at
each sphere. Here, since we are utilizing a Galerkin method, F1 and F2 are the inner
product of the incident field with spherical harmonic functions. Again, we utilize the
PGQ and integrate over the unit sphere, which allows us to effectively perform

(Fi)ℓ′m′ =
〈
Y m′

ℓ′ , uinc
i

〉
=
∫
S2

i

uinc(ŷi)Y m′
ℓ′ (ŷi)dσy ≈ 1

4L

L∑
p=1

2L∑
q=1

wpY m
ℓ (ŷpq) uinc (ŷpq) , i = 1, 2.

(3.12)
The entries of (3.12) are ordered in a manner that is consistent with those for Λij above.

In this section we will consider several geometric configurations with spheres dis-
placed along the z-axis separated with a distance of ε such that x1 =

(
0, 0, −a − 1

2ε
)

, x2 =(
0, 0, a + 1

2ε
)

and varying ε such that 10−3 ≤ ε ≤ 102. The goal is to investigate the
relationship between the surface fields on each of the two spheres and ε. For simplicity,
we normalize ka = 1, with k = 1 and a = 1 (note that ka = 1 is part of the regime we
have proposed to study). We will also allow the spherical harmonic function degree trun-
cation to vary, taking on values L = 16 and 32. Later, we will see there is no significant
change in the behavior of the surface fields with respect to L = 16 or L = 32.

We begin the numerical experiments by fixing L = 32 and varying ε and study
the behavior of the coefficients. For comparison purposes, we also compute the solution
of the scattering by a single sound-hard sphere, for which the coefficients in the spherical
harmonic expansion are explicitly known. In the case of uinc = eikz, we have invariance
in the azimuthal angle and we can write u(a, θ, φ) :=

∑∞
ℓ=0 Dℓh

(1)
ℓ (ka)Y 0

ℓ (θ, φ), with

Dℓ = ika2j′
ℓ(ka)jℓ(ka)

1 − ika2j′
ℓ(ka)h(1)

ℓ (ka)

√
4π

2ℓ + 1Bℓ, (3.13)

where Bℓ are the coefficients given by the Jacobi-Anger expansion, see (Jackson, 2021,
Eq. 10.45). Figure 3.2 compares |Dℓ| and |c(1)| where, c(1) = (C(1)

ℓ0 )ℓ∈J0,LK,m=0 associated
with the field on sphere B1 on a semi-log scale with ε = 100, 1, 0.5, 0.25, 0.125, 10−3.

Since we are leveraging the geometry of the problem and using a spectral de-
composition in spherical harmonic functions, we expect a fast decay of coefficients. In
figure 3.2, the plot on the left verifies the fast decay of |Dℓ|. The coefficients drop below
machine precision before ℓ = 10. In the two-spheres case, when ε is large, there is decou-
pling of the spheres so we expect similar behavior as the single-scattering coefficients.
For ε = 100, the multiple-scattering coefficients (Figure 3.2 right) align with |Dℓ|. How-
ever, as ε → 0+, the magnitude of the coefficients decays more slowly than expected.
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Figure 3.2: (Left) Analytic expansion coefficients (truncation with L = 32) associated
with a single sphere with ka = 1 centered at the origin. (Right) This plot gives the
truncated expansion coefficients c(1) associated with the field on sphere B1 for various
values of ε.

This slow decay implies the need for a higher resolution if we seek the same amount of
accuracy for smaller values of ε.

We wish to investigate the impact of the slow decay of scattering coefficients
on the fields’ expansions (3.3). Since the slow decay of coefficients is strong when the
spheres are close, we set the distance between the spheres to be ε = 10−3. Then we
expect a low resolution of the coefficients C(j), j = 1, 2 found by solving (3.11), that
should impact the computed surface fields given by (3.3). To investigate this impact, we
compute the solution for L = 16 and L = 32. We represent in Figure 3.3 the real part
of the surface fields for L = 32, and the trace along the polar angle (more precisely the
cosine of the polar angle) for both L.

As expected, in Figure 3.3, there is no dependence on the azimuthal angle φ

and we can see a strong field excitation in the regions where the spheres are closest
together. Surprisingly, from this perspective, increasing L does not change the surface
fields much at all, they seem to be very smooth with no singularities or even a sharp
gradient. Figures 3.2 and 3.3 seem to suggest that, while a large L is needed to resolve
the fields’ coefficients accurately, the surface fields are smooth and may not need that
many coefficients suggesting that a reasonable L suffices. This is the surprising result
we wish to investigate further.

Now we will use the parameters L = 16 and vary ε to investigate the near-field
between the spheres. We use the solution of (3.11) as well as the representation formula
(2.4) to propagate the solution off the surface of the spheres and into E. Figure 3.4
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Figure 3.3: Real part of the fields plotted on the surface of their respective spheres with
ka = 1, where k = 1, a = 1, ε = 10−3, and L = 32 (left). Surface field approximations
(U1 and U2) plotted with respect to cos θ, with ka = 1 where k = 1, a = 1, ε = 10−3,
L = 16 and L = 32 (right).

represents the modulus, real part and imaginary part of the field between the spheres
in the kx kz-plane with ε = 10−3, k = 1, x ∈ [−10, 10], and z ∈ [−5 × 10−3, 5 × 10−3].
There is a clear field excitation in the region where the spheres are closest together. The
zoomed in region shows a close up view of the field excitation closest to the spheres.
Figure 3.5 reveals a saturation between the spheres as ε → 0+, which agrees with the
results shown in Figure 3.3.

There appears to be a threshold beyond which the field becomes fully saturated,
raising the question of whether a large L is truly necessary to resolve the near-field
between the spheres when the surface field is smooth. This result might suggest that
removing the localized field from the computation might help to relieve the resolution
requirements.

3.3.1 Axisymmetric Special Case

We now focus on the axi-symmetric special case, which significantly reduces the
numerical complexity of the problem. In this configuration, the lack of dependence on
the azimuthal angle allows us to simplify the spherical harmonic expansion. Specifically,
the surface fields are expressed using Legendre polynomials, Pℓ(cos θ), instead of the
full spherical harmonics. This reduction decreases the number of terms required in the
expansion, enhancing computational efficiency while maintaining accuracy.
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Figure 3.4: Modulus, real part, and imaginaty part of the near-field between two spheres
plotted on a slice of the xz-plane for ε = 10−3. A zoom is provided below. Note that
axis are commonly rescaled by k (k = 1 here). The figure is constructed by evaluating
(2.4) on a 128 × 128 grid and the field saturates where the spheres are closest.

Figure 3.5: Modulus, real, and imaginary parts of the near-field between two spheres
plotted on a slice of the xz-plane for ε = 4, 1, 10−1, 10−2, 10−3. These figures are con-
structed by evaluating (2.4) on a 128 × 128 grid.

The total field on the surface of each sphere in the axi-symmetric case is sim-
plified to:

ui(a, θi) :=
∞∑

ℓ=0
C

(i)
ℓ h

(1)
ℓ (ka)Pℓ(cos θi), i = 1, 2. (3.14)
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This simplification aligns with the symmetry of the system, drastically reducing
the computational demands by limiting the series expansion to the polar angle alone.
While the problem retains its physical complexity particularly in the near-field inter-
actions between closely-situated spheres. Because of this, the numerical framework
becomes far more tractable, allowing for efficient calculation of the surface fields and
acoustic radiation forces.

3.3.2 Acoustic Radiation Force

In the axi-symmetric special case, the problem simplifies considerably due to
the absence of dependence on the azimuthal angle. This symmetry allows the surface
fields to be expressed solely in terms of Legendre polynomials, reducing the spherical
harmonic expansion to a series over the polar angle only. In addition to simplifying the
representation of the fields, this symmetry also leads to a substantial simplification of
the acoustic radiation force integral (2.3). In particular, the z-component is the only
non-zero component of the force vector and reduces to a one-dimensional integral over
µ = cos(θ):

F = −1
2ρ0

∫ 1

−1

(
(ka)2|u(µ)|2 − |∂µu(µ)|2

)
µ dµ. (3.15)

This expression is used in our numerical computations to efficiently evaluate the force for
varying values of ε, enabling the exploration of equilibrium points, force saturation, and
other phenomena that arise from near-field interactions between closely spaced spheres.
The integral (3.15) is evaluated numerically using Gauss–Legendre quadrature. Details
of the quadrature rule and the evaluation of the surface fields and their derivatives are
provided in Appendix A.

We begin by examining the behavior of acoustic radiation forces when ka = 1,
where the radius of the spheres is comparable to the wavelength of the incident wave.
The plot in Figure 3.6 shows how the forces in the z-direction change as ε varies. For
larger values of ε, we observe nodes where the forces reach equilibrium, indicating stable
configurations with zero net force as well as a saturation of the force as ε → 0+. We
extend this analysis by examining acoustic radiation forces as a function of ε for both
ka < 1 and 1 ≤ ka ≤ 3. Figure 3.7 shows the forces in these two regimes, revealing
consistent trends with some important differences. In the ka < 1 regime, the forces tend
to be less and thus have fewer stable nodes. This reflects weaker interactions between the
spheres when the wavelength is larger than their radius. In contrast, in the 1 ≤ ka ≤ 3
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Figure 3.6: Acoustic radiation forces in the z-direction as a function of ε, plotted on
a logarithmic scale for ka = 1, where k = 1 and the radii of both spheres are a = 1.
The blue curve corresponds to the force on sphere 1 (lower sphere), and the yellow curve
corresponds to the force on sphere 2 (upper sphere).

regime, the forces exhibit more significant oscillations as ε decreases. These oscillations
reflect stronger near-field interactions and scattering effects. The saturation occurs after
multiple oscillations as ε approaches zero. This behavior highlights the intense coupling
between spheres in this regime, where their size is comparable to the wavelength.

Figure 3.7: Acoustic radiation forces for varying ka. The top row: forces for ka < 1 with
ka = 0.1 (left), ka = 0.5 (middle), and ka = 0.8 (right). The bottom row: forces for
1 ≤ ka ≤ 3 with ka = 1.2 (left), ka = 1.5 (middle), and ka = 2.8 (right).
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Further analysis reveals another interesting phenomenon at ε = 10−5: the
appearance of zero crossings where the acoustic radiation forces on both spheres alternate
between attraction and repulsion. Figure 3.8 illustrates the forces, F1 and F2, plotted
against ka at ε = 10−5. The blue curve corresponds to the force on sphere 1, and the
yellow curve corresponds to the force on sphere 2. The alternating zero crossings indicate
regions where the spheres are attracted to or repelled from one another as ka varies.

Figure 3.8: Plot of F1 and F2 as a function of ka for ε = 10−5. The alternating zero
crossings reveal intervals of attraction and repulsion between the spheres. The high-
lighted region corresponds to 1 ≤ ka ≤ 3, where the most complex scattering dynamics
are observed.

This alternating behavior of the forces provides critical insights into the behav-
ior of closely-situated spheres under acoustic radiation forces. Attraction occurs when
F1 > 0, and F2 < 0, while repulsion occurs when F1 < 0, and F2 > 0. These tran-
sitions between attraction and repulsion highlight important equilibrium points that
can stabilize or destabilize the system, depending on the separation distance ε and the
size parameter ka. As shown in the plot, the region 1 ≤ ka ≤ 3 contains particularly
rich behavior, with tightly spaced zero crossings and significant force variation. Beyond
ka = 3, the magnitude of these oscillations diminishes and the frequency becomes more
predictable, reinforcing the idea that this central interval is where the most interesting
and non-trivial interactions occur.

Overall, the comparison between the two regimes shows that, while both exhibit
equilibrium nodes for larger separations and force saturation for smaller ε, the oscillations
in the 1 ≤ ka ≤ 3 regime indicate much more complex scattering dynamics. This regime,
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therefore, is of primary interest for understanding acoustic binding phenomena.

3.3.3 Summary of Key Observations

In this chapter, we have explored several configurations of closely-situated
sound-hard spheres to analyze the behavior of surface fields and acoustic radiation forces,
particularly focusing on the separation distance ε between the spheres and varying the
parameter ka.

For the surface fields, the results demonstrate that when ε is large, the interac-
tion between the spheres is minimal, and the fields behave similarly to the single-sphere
case. However, as ε decreases, the coefficients of the spherical harmonic expansions decay
more slowly, particularly for smaller separations. This slow decay suggests that higher
resolution is required to accurately capture the near-field effects between the spheres,
which becomes more pronounced as the spheres move closer together. Despite this, the
surface fields themselves remain relatively smooth, with little dependence on the trun-
cation degree L, even for very small ε. This result is somewhat surprising, as it implies
that while a large L may be needed for accurate resolution of the coefficients, the surface
fields are not as sensitive to L.

When investigating the acoustic radiation forces, we observed that for larger
ε, the forces exhibit equilibrium points, where the net force on each sphere is zero.
As ε decreases, the forces increase in magnitude and eventually saturate as the spheres
approach each other. This saturation indicates a limit in the system’s behavior where the
spheres cannot be brought closer without additional external forces. In comparing the
two regimes of ka, we found that for ka < 1, the forces are relatively smooth and exhibit
gradual changes without significant oscillations. In contrast, for 1 ≤ ka ≤ 3, the forces
are much stronger, with significant oscillations as ε decreases, highlighting stronger near-
field interactions. The oscillatory behavior and increased force magnitudes in this regime
suggest more complex scattering dynamics, making it the primary regime of interest for
understanding acoustic binding phenomena.

In general, the analysis reveals a clear relationship between surface fields, acous-
tic radiation forces, and the separation distance ε. The trends observed in equilibrium
points, force saturation, and the increased complexity of interactions in the 1 ≤ ka ≤ 3
regime provide key insights into the behavior of closely situated sound-hard spheres,
offering valuable contributions to the study of acoustic scattering and binding. In the
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next chapter, we focus on the far-field regime, where the separation between spheres is
large, and the interactions are weak. This allows us to introduce and validate a field
and force decomposition that isolates the independent scattering contributions from the
coupling effects, laying the groundwork for more detailed asymptotic analyses in the final
chapter.



Chapter 4
Independent Scattering

4.1 Introduction

In this chapter, we restrict our attention to the axisymmetric case introduced
in Chapter 3, where the surface field has no dependence on the azimuthal angle. This
simplification allows us to reduce the complexity of the spherical harmonic expansions,
making the analysis more tractable and enhancing our physical intuition for how the
acoustic radiation force behaves. Within this framework, we investigate the independent
scattering approximation, which models the force on a sound-hard sphere as if it were
scattered independently of its neighbors. Our goal is to evaluate the accuracy of this
approximation and understand the extent to which it captures the qualitative and quan-
titative features of the acoustic radiation force. We expect this independent scattering
approximation to be valid when the separation between the two spheres is large. Here,
we seek to understand qualitatively the range of separation distances for which it is valid.

Our main result is Theorem 4.1 which gives an explicit expression for the acous-
tic radiation force using the independent scattering assumption. Using this result, we
identify explicit equilibrium points where this acoustic radiation force is identically zero.
We give numerical results that confirm and validate our theory. We then apply this
theory first to a highly symmetric setting in which two identical sound-hard spheres
are situated symmetrically in a standing wave field. Then we systematically extend
our understanding to situations where these symmetries are broken while maintaining
axisymmetry.

23
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4.2 Numerical Evaluation of Independent Scattering

We begin our study of the acoustic radiation force by considering a natural
and intuitive starting point: the independent scattering approximation. This approach
assumes that each sphere scatters the incoming wave as if the other sphere were not
present. That is, we ignore the mutual interactions and instead compute the surface
field on each sphere by solving the single-sphere scattering problem independently.

In the BIE formulation developed in Chapter 2, the fields are computed by
solving a coupled system involving all spheres. The independent scattering approxima-
tion simplifies this by neglecting the off-diagonal blocks in the system, which represent
the coupling between spheres. What remains is a decoupled system of equations, one
for each sphere, where the surface field is computed using only the incident field. The
expansion coefficients satisfy the following system:Λ11 0

0 Λ22

C
(1)
0

C
(2)
0

 =

F1

F2

 ,

where C
(1)
0 , and C

(2)
0 and the independent scattering coefficients for the first and second

sphere respectively. This approximation is motivated by the physical observation that, at
sufficiently large separation distances, the scattered field from one sphere has a minimal
effect on the surface of the other. This naturally raises the question of how far apart the
spheres must be for the decoupling assumption to remain valid.

Figure 4.1 presents a comparison of the acoustic radiation force computed using
this approximation with the full numerical solution for the case ka = 1. The dashed
curves represent the approximate force values (denoted f

(1)
0 and f

(2)
0 ) obtained from the

independent approximation, and the solid curves show the results of the full numerical
solution. We observe excellent agreement when the separation distance satisfies ε ≳ 1,
with the curves nearly overlapping in this range. As the spheres move closer together,
the approximation breaks down. The discrepancies become more noticeable, indicating
that coupling effects can no longer be ignored.
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Figure 4.1: Comparison between the full acoustic radiation force and the independent
scattering approximation for ka = 1. The dashed lines correspond to the independent
scattering approximation to the acoustic radiation force.

Figure 4.2: Radiation force comparisons for ka = 1.5, 2.0, 2.4, and 3.0. The shaded
regions indicate where the independent scattering approximation aligns well with the
full solution.

To further explore how this approximation performs across different scattering
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regimes, we repeat the comparison for several values of ka, ranging from 1.5 to 3.0. These
results are shown in Figure 4.2. In each subplot, we again compare the numerical and
independent approximation force curves, and we highlight the region where the inde-
pendent approximation provides an accurate match. The trend persists across all tested
values of ka, when the spheres are moderately or widely separated, the independent
approximation captures the behavior of the full model quite well. This analysis leads
to an important intermediate conclusion: the independent scattering approximation is
valid when the spheres are sufficiently far apart, typically for ε ≳ 1. In this regime, the
interaction between the scattered fields is weak enough that the behavior of each sphere
can be treated independently. This gives us a practical and computationally efficient
way to approximate the force without solving the full coupled system.

4.3 Independent Scattering of a Sphere in a Standing Wave

In this section, we analyze the acoustic radiation force on a single sound-hard
sphere illuminated by a standing wave. This configuration provides a simplified but
informative setting in which the independent scattering approximation is nearly exact
for large separation distances. When the spheres are far apart, the scattered field from
one has little influence on the other, so it is natural to ask whether we can model this
interaction by simply removing the second sphere altogether and shifting the incident
field to account for its displacement. In this sense, the setup becomes a proxy for two non-
interacting spheres, where we model the effect of spatial separation through a phase shift
in the wave rather than explicit geometry. This approach provides a way to analytically
identify equilibrium points which are key features that govern the formation of bound
configurations in acoustic systems. These equilibrium points are of particular interest,
as they represent configurations where the radiation force vanishes, allowing particles to
assemble into ordered lattice-like structures. Our goal is to understand the conditions
under which these configurations emerge, beginning with the simplified case where the
second sphere is ignored entirely. This not only aligns with the independent scattering
approximation introduced earlier but also provides theoretical support for the observed
acoustic binding behavior.

We consider the incident field to be a standing wave of the form uinc(z) = eikz +
e−ikz, which can be written as a real-valued cosine wave uinc(z) = 2 cos(kz). Without
loss of generality, we normalize the incident field as uinc(z) = cos(kz) and place the
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sound-hard sphere of radius a at the origin. Letting z = aµ, where µ = cos(θ) ∈ [−1, 1],
the incident field evaluated on the surface of the sphere becomes uinc(µ) = cos(kaµ). To
mimic the presence of a second sphere displaced along the z-axis by a separation distance
ε, we shift the incident field by a phase offset δ, yielding the form uinc(µ) = cos(kaµ+δ).
This is equivalent to fixing the wave and translating the sphere, a simplification that
enables precise analysis. The connection between this phase shift and the physical offset
plays a key role in the derivation of equilibrium conditions, as will be made explicit in
the corollary that follows. This setup mirrors the symmetric two-sphere configuration
discussed in Chapter 3 and provides a clear theoretical foundation for the numerical
observations explored there. We begin by proving two key lemmas that will support the
main result of this chapter. We first establish a lemma concerning the preservation of
parity when solving the boundary integral equation for a single sound-hard sphere.

Lemma 4.1. Let uinc(µ) be either an even or odd function on the interval [−1, 1]. Then
the solution u(µ) to the boundary integral equation

u(µ) − D[u](µ) = uinc(µ)

preserves the parity of the incident field. That is,

uinc even =⇒ u even, uinc odd =⇒ u odd.

Proof. Let uinc(µ) be an even (or odd) function on [−1, 1]. Since Legendre polynomials
{Pℓ(µ)}∞

ℓ=0 form a complete orthogonal basis on [−1, 1], we can expand uinc(µ) as

uinc(µ) =
∞∑

ℓ=0
FℓPℓ(µ).

If uinc is even, then Fℓ ≡ 0 for all odd ℓ, and if uinc is odd, then Fℓ ≡ 0 for all even ℓ.
That is, the expansion contains only even- or odd-degree Legendre terms depending on
the parity of uinc.

The boundary integral equation

u(µ) − D[u](µ) = uinc(µ)

diagonalizes when projected onto the Legendre basis. That is, the operator (I − D) is
diagonal on the Legendre polynomials. If we let

u(µ) =
∞∑

ℓ=0
CℓPℓ(µ),
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then each coefficient satisfies

(1 − λℓ)Cℓ = Fℓ, λℓ ̸= 1 ∀ ℓ

where λℓ is the eigenvalue of D associated with Pℓ. Since Fℓ ≡ 0 for all even (or odd) ℓ

where uinc is even (or odd), it follows that Cℓ ≡ 0 for those indices as well. Therefore,
u(µ) contains only even-degree Legendre polynomials if uinc is even, and only odd-degree
polynomials if uinc is odd. Thus, the solution u(µ) preserves the parity of the incident
field.

In this next lemma, we establish a result relating the parity of the scattered
field to the acoustic radiation force.

Lemma 4.2. If u(µ) is either purely even or purely odd on the interval [−1, 1], then the
z-component of the acoustic radiation force is identically zero.

Proof. Let u(µ) be the total field on the surface of a sphere of radius a. The z-component
of the acoustic radiation force is given by

F = −1
2ρ0

∫ 1

−1
C(µ)µ dµ,

where
C(µ) = (ka)2|u(µ)|2 − |∂µu(µ)|2.

We analyze the parity of C(µ) by considering two cases:
Case 1: u(µ) is even. Then u(−µ) = u(µ) and ∂µu(−µ) = −∂µu(µ). Substi-

tuting into C, we get

C(−µ) = (ka)2|u(µ)|2 − |−∂µu(µ)|2

= (ka)2|u(µ)|2 − |∂µu(µ)|2 = C(µ).

So C(µ) is even.
Case 2: u(µ) is odd. Then u(−µ) = −u(µ) and ∂µu(−µ) = ∂µu(µ). Thus,

C(−µ) = (ka)2| − u(µ)|2 − |∂µu(µ)|2

= (ka)2|u(µ)|2 − |∂µu(µ)|2 = C(µ).

So again, C(µ) is even. In both cases, the product C(µ)µ is an odd function, and hence∫ 1

−1
C(µ)µ dµ = 0.
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With Lemmas 4.1 and 4.2 established, we are now positioned to state the main
result for this chapter.

Theorem 4.1. Let the incident field be given by uinc(µ) = cos(kaµ) cos(δ)−sin(kaµ) sin(δ),
and let the total field be expressed as

u(µ) = α1uc(µ) + α2us(µ),

where α1 = cos(δ) and α2 = − sin(δ), and uc, us solve the boundary integral equations

uc(µ) − D[uc](µ) = cos(kaµ),

us(µ) − D[us](µ) = sin(kaµ).
(4.1)

Then the z-component of the acoustic radiation force on the sphere is given by

F = 2α1α2fsc,

where

fsc = −1
2ρ0

∫ 1

−1

(
(ka)2Re(uc(µ)us(µ)) − Re(∂µuc(µ) ∂µus(µ))

)
µ dµ. (4.2)

Proof. We begin by decomposing the incident field as

uinc(µ) = α1 cos(kaµ) + α2 sin(kaµ),

with α1 = cos(δ) and α2 = − sin(δ). By the linearity of the boundary integral equation,
the total field takes the form

u(µ) = α1uc(µ) + α2us(µ),

where uc and us are the solutions to (4.1). Because cos(kaµ) is even and sin(kaµ) is
odd, by Lemma 4.1 we find that uc is even and us is odd.

Substituting u(µ) = α1uc(µ) + α2us(µ) into (3.15) yields

F = α2
1fc + α2

2fs + 2α1α2fsc,

where

fc = −1
2ρ0

∫ 1

−1

(
(ka)2|uc(µ)|2 − |∂µuc(µ)|2

)
µ dµ,

fs = −1
2ρ0

∫ 1

−1

(
(ka)2|us(µ)|2 − |∂µus(µ)|2

)
µ dµ,

fsc = −1
2ρ0

∫ 1

−1

(
(ka)2Re(uc(µ)us(µ)) − Re(∂µuc(µ) ∂µus(µ))

)
µ dµ.
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By Lemma 4.2, the force is zero when the total field is purely even or purely odd. Since
uc is even and us is odd, it follows that

fc = fs = 0.

Thus, the acoustic radiation force reduces to

F = 2α1α2fsc. (4.3)

Now that Theorem 4.1 is established, the corollary below immediately follows.

Corollary 4.1. The z-component of the acoustic radiation force for a single sphere with
incident field uinc(µ) = cos(kaµ + δ) vanishes when

δ = nπ

2 , n ∈ Z.

In particular, if the phase shift δ arises from shifting a standing wave by a physical offset
ε, then the force is zero when

ε = nπ

k
− 2a, n ∈ Z. (4.4)

Proof. From Theorem 4.1, the z-component of the acoustic radiation force is given by

F = 2α1α2fsc,

where α1 = cos(δ) and α2 = − sin(δ). Therefore,

F = −2 cos(δ) sin(δ)fsc = − sin(2δ)fsc.

Since fsc is independent of δ, the force vanishes precisely when

sin(2δ) = 0,

which occurs when
2δ = nπ ⇒ δ = nπ

2 , n ∈ Z.
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Consider Corollary 4.1 in the following example. Suppose a second sphere is
located at position z0 = a + ε/2, symmetrically above the lower sphere. To approximate
the two-sphere configuration using the independent scattering model, we fix the lower
sphere at the origin and simulate the upper sphere by shifting the incident field. This
translation introduces a phase offset, so the incident field on the lower sphere becomes

uinc(µ) = cos(kaµ + δ), where δ = −k

(
a + ε

2

)
.

By Corollary 4.1, the radiation force vanishes when the surface field is either
purely even or purely odd, which occurs when δ = nπ

2 for some n ∈ Z. Substituting this
equilibrium value of δ into the phase expression yields

nπ

2 = −k

(
a + ε

2

)
.

Solving for ε gives
ε = −nπ

k
− 2a.

Since ε represents a physical distance between spheres, we redefine n → −n to obtain
the positive form:

ε = nπ

k
− 2a, n ∈ Z.

Thus, equilibrium occurs precisely when the upper sphere is placed so that the
induced phase shift aligns with a symmetry point of the standing wave, satisfying the
conditions of Corollary 4.1.

4.4 Numerical Results

We now turn to numerical experiments to validate the theoretical results for the
independent scattering approximation. In particular, we examine how well the parity-
based decomposition described in Theorem 4.1 captures the structure of the acoustic
radiation force for a single sound-hard sphere in a standing wave field. These simulations
compare the full numerical computation of the force, obtained via the boundary integral
formulation, with the analytic expression based on the cross-term fsc.

4.4.1 Acoustic Radiation Force on a Single Sphere

Figure 4.3 displays the acoustic radiation force on a sound-hard sphere under
a shifted standing wave for ka = 1, with truncation parameter L = 32. Three differ-
ent methods of computing the force are shown. The solid blue curve represents the
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full numerical solution for the force on the lower sphere in a two-sphere configuration,
computed using the boundary integral system with both spheres present. The dashed
yellow curve, labeled F shift

1 , corresponds to the radiation force obtained by solving the
boundary integral equation for a single sphere centered at the origin, illuminated by an
incident field uinc(µ) = cos(kaµ + δ), where the phase offset δ = −k(a + ε/2) mimics the
effect of a second sphere located at a distance ε along the z-axis (as described in Theo-
rem 4.1). The gray dash-dot curve shows the force reconstructed from the decomposition
α2

1fc +α2
2fs +2α1α2fsc, where fc, fs, and fsc are the individual force components derived

in Section 4.3 using cosine and sine incident fields.
All three curves agree remarkably well across the entire range of ε, demon-

strating that the shifted-wave model and the field decomposition accurately capture the
behavior of the full two-sphere system in the regime where independent scattering is
valid. A slight discrepancy appears for ε ≈ 8, where the force from the full system
begins to deviate from the others. This is expected, as the proximity of the spheres
enhances inter-sphere coupling, violating the assumption of independence that underlies
both the shifted-field approximation and the analytic decomposition. Nonetheless, the
consistency between the three curves confirms that the force can be understood primarily
through the independent response of each sphere to a locally shifted standing wave, at
least when the separation is moderate or large.

Now that we have shown that the independent scattering approximation agrees
with the full numerical solution, we evaluate the terms in the decomposition. Figure 4.4
decomposes the total force into its three components: fc, fs, and fsc. According to
the theory, the purely even and odd terms, fc and fs, vanish because the correspond-
ing fields uc and us are purely even and purely odd, respectively. This is confirmed
numerically, as both fc and fs remain zero throughout the domain. The only nonzero
contribution comes from the cross-term fsc, which reflects the interaction between the
even and odd components of the field. This numerical result provides a direct validation
of the structure derived in Theorem 4.1, confirming that fsc alone determines the force.

Figure 4.5 highlights the equilibrium points where Corollary 4.1 predicts the
force will vanish. These nodes are computed numerically and match precisely with the
analytic predictions given in Corollary 4.1, which states that the force vanishes when
the phase offset satisfies δ = nπ/2, or equivalently, when the physical shift satisfies
ε = nπ/k − 2a. The clear agreement between the numerically observed zeros and the
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Figure 4.3: Numerical validation of the shifted acoustic radiation force decomposition
for ε > a. For this experiment, ka = 1 (both k and a = 1), and L = 32.

Figure 4.4: Individual components of the acoustic radiation force decomposition. The
linear terms fc and fs are numerically zero, confirming their theoretical vanishing due
to symmetry. Only the cross-term fsc contributes to the force.
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predicted equilibrium points further confirms the validity of the independent scattering
approximation in this regime.

Figure 4.5: Numerical validation of the nodes of the acoustic radiation force. The plot
confirms the predicted zeros of the force as derived from Equation (4.4).

4.4.2 Effect of Wavenumber on Force Structure

To investigate how the wavenumber k affects the acoustic radiation force, we
now vary the parameter ka while computing the force under the independent scattering
model. Figure 4.6 presents the force curves for several values of ka, organized by increas-
ing magnitude. The top row corresponds to ka < 1, with ka = 0.1, 0.5, and 0.8, while
the bottom row includes ka = 1.2, 1.5, and 2.8, covering a more oscillatory regime.

These results illustrate several important trends. First, the location of the
force nodes continues to follow the prediction of Corollary 4.1, confirming that Theorem
4.1 holds for all values of ka. Second, we observe that the spacing between equilibrium
points is inversely proportional to the wavenumber: as ka increases, the number of nodes
increases and their spacing decreases. This behavior is consistent with the underlying
wave structure, as higher frequencies produce more rapid oscillations in the standing
wave field. Finally, we observe that the overall amplitude of the force increases with
ka, particularly for large values of ε. This suggests that the magnitude of the integral
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Figure 4.6: Acoustic radiation force nodes for varying ka. The top row: forces for ka < 1
with ka = 0.1 (left), ka = 0.5 (middle), and ka = 0.8 (right). The bottom row: forces
for 1 ≤ ka ≤ 3 with ka = 1.2 (left), ka = 1.5 (middle), and ka = 2.8 (right). The
results illustrate the relationship between the wavenumber and the periodicity of the
force nodes.

fsc grows with ka, and that manipulating the wavenumber may offer a mechanism to
enhance the acoustic radiation force in practical applications.

4.5 Symmetry-Breaking Analysis

Thus far, our analysis has focused on a highly symmetric configuration: two
identical sound-hard spheres of equal radius, placed symmetrically along the vertical
axis and subjected to a standing wave that is symmetric about the z-axis. In this
setup, the acoustic radiation forces on the spheres are equal in magnitude and opposite
in direction, and the independent scattering approximation captures the force behavior
with remarkable accuracy.

We now systematically move away from this idealized configuration. Our goal
is to investigate how breaking symmetry affects the acoustic radiation force and numer-
ically validate the results from this chapter. Throughout this analysis, we retain ax-
isymmetry; that is, all configurations remain rotationally symmetric about the vertical
z-axis. However, we break the reflection symmetry between the spheres by introducing
controlled asymmetries in position or radius. In all cases, we fix the lower sphere at



36

one of the analytically determined equilibrium points from Corollary 4.1 and vertically
displace the upper sphere along the z-axis. This setup allows us to isolate the effects
of symmetry-breaking while maintaining a clear reference for equilibrium. Figure 4.7
provides a conceptual preview of the cases to follow. On the left, both spheres have
equal radii but are vertically offset (Case 1). On the right, the spheres differ in size,
introducing a geometric asymmetry in addition to the vertical displacement (Case 2).

Figure 4.7: Schematic of symmetry-breaking configurations. Left: equal radii (a1 = a2)
with vertical displacement of the upper sphere. Right: unequal radii (a1 ̸= a2) with both
spatial and geometric asymmetry. The dashed curve represents the incident field used
in the experiments, uinc(z) = cos(z).

4.5.1 Case 1: Equal Radii, Variable Separation

In the first scenario, both spheres have equal radii (a1 = a2 = 1). The lower
sphere is held fixed at a known equilibrium point derived from Corollary 4.1, and the
upper sphere is displaced vertically along the z-axis. This controlled asymmetry allows
us to investigate how the acoustic radiation force behaves when the mirror symmetry
of the configuration is broken, while preserving axisymmetry. Figure 4.8 presents four
representative configurations, each annotated with the full numerical force F and the
independent scattering approximation 2α1α2fsc. The incident field uinc(z) = cos(kz),
where k = 1 is also shown to provide context for interpreting the force direction.

In the top-left panel, the upper sphere is placed exactly at one of nodes where
the incident field vanishes (labeled trivial zeros). Since the cross-term vanishes at this
location, the independent approximation 2α1α2fsc is zero. However, the full numerical
force F is slightly negative, indicating a weak attractive interaction. This discrepancy
can be attributed to residual inter-sphere coupling: the spheres are still relatively close,



37

and the approximation ignores their interaction. This observation echoes the behavior
seen in earlier numerical experiments (e.g. Figure 4.3), where the independent scattering
approximation performs less accurately at smaller ε due to neglected coupling effects.

In the top-right panel, the upper sphere has moved into a region where the
incident field is negative, and the force vector on the yellow sphere points downward,
indicating attraction to the fixed lower sphere. Both the full numerical force and the
analytic cross-term agree well in sign and magnitude, suggesting that the phase of the
incident field dominates the force direction and that the independent approximation
remains valid at this increased separation.

The bottom-left panel illustrates the opposite situation: the upper sphere is
now located in a region where the incident field is strongly positive. The corresponding
force is repulsive, as shown by the upward-pointing arrow on the yellow sphere, indicating
motion away from the lower sphere. The numerical and independent forces closely match,
further confirming that the standing wave structure drives a predictable alternation in
force direction.

In the bottom-right panel, the upper sphere has reached a position where the
incident field is again negative. As expected, the force on the upper sphere is attractive,
directed downward. The independent and numerical results are in excellent agreement,
both in magnitude and in direction, reflecting the reduced interaction at this larger sepa-
ration. Overall, we observe that the agreement between the independent approximation
and the full solution improves as the spheres become more widely separated.

Taken together, these cases demonstrate that the analytic cross-term force ex-
pression successfully predicts both the direction and magnitude of the force, even in
asymmetrical settings. Despite breaking positional symmetry, the derived equilibrium
structure remains meaningful. Moreover, the alternating force direction aligns with the
phase of the local field, and deviations between theory and simulation diminish as the
spheres are spaced further apart.

4.5.2 Case 2: Unequal Radii, Variable Separation

In the second scenario, we extend our symmetry-breaking analysis by varying
not only the relative positions of the spheres, but also their sizes. We take the radii to be
unequal, with a1 = 1 and a2 = 1.5, while continuing to fix the smaller (lower) sphere at
a known equilibrium point derived from the symmetric configuration. As before, we dis-
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Figure 4.8: Acoustic radiation force symmetry breaking: equal radii (a1 = a2), varying
relative positions. The force is calculated using the independent scattering approximation
and validated against full-force calculations. The direction and magnitude of the force
are shown relative to the analytic equilibrium points.

place the larger (upper) sphere along the vertical axis and evaluate the resulting acoustic
radiation force. This setup introduces geometric asymmetry in addition to spatial asym-
metry, allowing us to examine how size mismatch influences both the accuracy of the
independent scattering approximation and the robustness of the predicted equilibrium
points.

In the top-left panel of Figure 4.9, the larger sphere is placed again at a location
where the incident field vanishes, corresponding to a node of the standing wave. Although
this is not one of the equilibrium points predicted by the analytic model, we would expect
the force to vanish if the spheres were sufficiently separated. However, the full numerical
solution yields a small attractive force (F ≈ −0.02), while the independent approxima-
tion prediction is zero. This discrepancy is likely due to residual near-field interactions
between the spheres, which are still in relatively close proximity. The size asymmetry
may also contribute to the imbalance in the field distribution, slightly perturbing the
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equilibrium. Nonetheless, the independent model remains reasonably accurate in this
regime, capturing the essential structure of the force response.

In the top-right panel, the larger sphere is moved upward into a region where the
incident field is negative. The full force is attractive with magnitude F ≈ −0.23, while
the independent prediction overestimates it with a value of −0.4. Both forces correctly
indicate attraction, and the direction of motion is consistent, but the independent model
overshoots the magnitude by nearly a factor of two. This discrepancy likely suggests
that the independent scattering approximation fails to account for asymmetry-induced
field distortions that weaken the effective force.

In the bottom-left panel, the larger sphere is located in a region where the
incident field is negative, yet the full numerical solution yields a repulsive force (F ≈
0.23). This is in contrast to the behavior observed in the equal-radius case, where
the force direction consistently aligned with the local phase of the incident field. The
independent scattering approximation predicts a similar upward force with magnitude
0.4, confirming the sign but continuing to overestimate the interaction strength. The
reversal in force-phase alignment suggests that the size asymmetry alters the local field
structure in a non-trivial way, disrupting the simple correlation between field sign and
force direction seen in symmetric configurations.

The bottom-right panel continues this trend: the larger sphere is now positioned
in a region where the incident field is positive, but the resulting force is attractive
(F ≈ −0.14), pulling the sphere downward toward the lower one. The independent
scattering approximation predicts a force of −0.24, again capturing the direction but
overestimating the magnitude. As with the previous panel, this result breaks from the
pattern seen in the equal-radius case, where the force direction followed the sign of the
incident field. This reversal suggests that the simple correspondence between the sign of
the field and the direction of the force no longer holds in the presence of strong geometric
asymmetry, reinforcing the need for more refined models to account for such deviations.

These results reveal that the independent scattering approximation remains
qualitatively accurate even when both spatial and geometric symmetry are broken. The
alternating pattern of attraction and repulsion persists, and the locations of force zeros
remain largely consistent with those derived in the symmetric case. However, across
all panels, the independent model systematically overestimates the magnitude of the
force by a factor of approximately two, underscoring the limitations of ignoring cross-
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Figure 4.9: Acoustic radiation force symmetry breaking: unequal radii (a1 = 1, a2 = 1.5),
varying relative positions. The force magnitude and direction are shown, illustrating the
effects of size asymmetry. Independent scattering approximation results are validated
against full-force calculations.

sphere interactions when significant size asymmetry is present. Additionally, we observe
a consistent tendency for the spheres to move away from regions of strong field intensity,
an effect that holds across both symmetric and asymmetric settings. This behavior hints
at an underlying structure in the force landscape that will be explored further in the
following section.

4.5.3 Global Implications of Symmetry Breaking

These results highlight the critical role symmetry plays in shaping the acoustic
radiation force. When symmetry is preserved, the force profile is strong, periodic, and
highly predictable. As symmetry is broken, either by altering the relative positions or
sizes of the spheres, the structure of the force becomes less regular and its magnitude
diminishes. Nevertheless, the qualitative features predicted by the independent approxi-
mation remain visible: attraction and repulsion alternate with the phase of the standing
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wave, and equilibrium points retain their interpretive value even under geometric per-
turbations.

Throughout both symmetric and asymmetric scenarios, we also observe a con-
sistent trend: spheres tend to move away from regions of high field intensity. This
behavior emerges even in configurations where the analytic force prediction under or
overestimates the magnitude, suggesting an underlying mechanism. These observations
raise natural questions about the stability of the equilibrium points identified in the static
theory. If the system were allowed to evolve dynamically, would a sphere placed at an
equilibrium location remain there, or would it drift away in response to perturbations?

Although the present study focuses on static configurations, the trends revealed
here provide a natural foundation for future investigations into the stability and dy-
namics of acoustically bound particles. Understanding how geometric asymmetries and
interparticle interactions affect long-term behavior could yield important insights into
time-dependent trapping, transport, and self-organization. These extensions represent
promising directions for future work.

4.6 Summary and Conclusions for This Chapter

In this chapter, we analyzed the acoustic radiation force acting on sound-hard
spheres using the independent scattering approximation. We began by establishing a
theoretical foundation for the force on a single sphere in a standing wave. Through
a parity-based decomposition, we proved that the acoustic radiation force is governed
entirely by a cross-parity interaction term between the even and odd components of the
total field. The main result, Theorem 4.1, expresses the force in terms of this cross-
term, which vanishes when the field is purely even or purely odd. Using this framework,
we derived an explicit formula for the equilibrium positions of a second sphere in a
two-sphere configuration, given in Equation (4.4).

We validated this theory numerically by comparing the computed acoustic ra-
diation force to its decomposed components. Our results confirmed that the linear terms
vanish, as predicted, and that the cross-term fsc alone accounts for the full force. We
also showed that the equilibrium locations predicted by the analytic theory align exactly
with the numerically computed zeros of the force, across a range of ka values. This
analysis confirms that Theorem 4.1 holds for all ka, and that the periodicity of the force
nodes is directly related to the wavenumber.
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To better understand the role of symmetry in shaping the acoustic radiation
force, we examined configurations in which reflection symmetry was broken by vertically
displacing one sphere and by introducing a size mismatch between the two spheres. In
both cases, we held the lower sphere fixed at an analytically derived equilibrium point
and varied the position of the upper sphere. The independent scattering approximation
continued to capture the qualitative structure of the force, including the alternating pat-
tern of attraction and repulsion and the approximate locations of force zeros. However,
we observed that this model consistently overestimated the force magnitude in asym-
metric configurations, particularly when the upper sphere was significantly larger. We
also identified a consistent directional trend across all scenarios; spheres tend to move
away from regions of high incident field intensity, regardless of whether the local field
is positive or negative. This emergent pattern motivates a natural question about the
stability of the equilibrium points in dynamic settings.

Together, this chapter demonstrates the effectiveness of the independent scat-
tering model in predicting the force of acoustic radiation in both symmetric and asym-
metric configurations. While the approximation neglects interactions between spheres,
it preserves the essential structure of the force and identifies equilibrium locations with
high accuracy. The parity-based decomposition provides a clear physical interpretation
of the force, and the analytic theory developed here offers a foundation for understanding
more complex configurations.



Chapter 5
First Order and Multiple Scattering

5.1 Introduction

In the previous chapter, we demonstrated that the independent scattering ap-
proximation provides a useful estimate of the acoustic radiation force when the separation
distance ε between two sound-hard spheres is sufficiently large. However, as ε decreases,
the approximation fails to capture the correct asymptotic behavior, particularly in the
near-field regime where multiple scattering becomes non-negligible.

In this chapter, we explore the role of both first-order and higher-order scatter-
ing in improving the force approximation. Our goal is to determine whether a first-order
scattering correction is sufficient to recover the limiting behavior as ε → 0, or if addi-
tional iterations corresponding to higher-order multiple scattering are required. We begin
by introducing the block-Jacobi iterative method as a strategy for solving the coupled
boundary integral system. Each iteration of this method corresponds to an additional
order of scattering, allowing us to interpret the process as a matrix-based version of the
Born series (Carminati & Schotland, 2021). In particular, the first-order update modifies
the independent solution by incorporating backscattering effects from the neighboring
sphere. We then examine the contribution of these corrections to the acoustic radiation
force, both analytically and numerically.

43
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5.2 Multiple Scattering and the Block-Jacobi Method

To approximate the solution to the coupled boundary integral equation system,
we represent the spherical harmonic coefficients of the total surface fields on each sphere
as a sum of successive scattering contributions:

C(j) ≈
N∑

n=0
C(j)

n ,

where C
(j)
n denotes the nth-order approximation expansion coefficients for the field on

sphere j. Each term corresponds to an additional scattering exchange between the two
spheres. These coefficients satisfy the full BIE equation system for two spheres (Equation
3.11): Λ11 Λ12

Λ21 Λ22

C(1)

C(2)

 =

F1

F2

 ,

where the diagonal blocks Λjj represent the self-interaction on each sphere, and the
off-diagonal blocks Λij represent the coupling between the spheres.

We compute the sequence {C
(j)
n } using the block-Jacobi iterative method. The

system is initialized with the independent scattering approximation, in which each sphere
responds to the incident field as if the other were absent:

C
(1)
0 = Λ−1

11 F1, C
(2)
0 = Λ−1

22 F2.

The first-order corrections C
(1)
1 and C

(2)
1 account for a single scattering exchange and

are obtained by solving the decoupled systemΛ11 0
0 Λ22

C
(1)
1

C
(2)
1

 =

−Λ12C
(2)
0

−Λ21C
(1)
0

 .

Substituting the expressions for C
(j)
0 , we can write the right-hand side entirely in terms

of the incident field: Λ11 0
0 Λ22

C
(1)
1

C
(2)
1

 =

−Λ12Λ−1
22 F2

− Λ21Λ−1
11 F1

 . (5.1)

By construction, the sum C
(1)
0 + C

(1)
1 and C

(2)
0 + C

(2)
1 satisfies the full coupled system

exactly up to first-order interactions:Λ11 Λ12

Λ21 Λ22

C
(1)
0 + C

(1)
1

C
(2)
0 + C

(2)
1

 =

F1

F2

 .
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This provides a natural interpretation of the first-order correction: it captures a single
round-trip scattering interaction between the two spheres, starting from their indepen-
dent response to the incident wave. Continuing to second order, we computeΛ11 0

0 Λ22

C
(1)
2

C
(2)
2

 =

−Λ12C
(2)
1

−Λ21C
(1)
1

 =

Λ12Λ−1
22 Λ21Λ−1

11 F1

Λ21Λ−1
11 Λ12Λ−1

22 F2

 . (5.2)

This process continues recursively, generating a sequence of approximations C
(j)
n at each

order of scattering. We can derive by induction a closed-form expression for the nth-order
coefficient of sphere 1 and 2:

C(1)
n =


(
Λ−1

11 Λ12Λ−1
22 Λ21

)n/2
Λ−1

11 F1, if n is even,

−Λ−1
11

(
Λ12Λ−1

22 Λ21Λ−1
11

)(n−1)/2
Λ12Λ−1

22 F2, if n is odd.
(5.3)

C(2)
n =


(
Λ−1

22 Λ21Λ−1
11 Λ12

)n/2
Λ−1

22 F2 if n is even,

−Λ−1
22

(
Λ21Λ−1

11 Λ12Λ−1
22

)(n−1)/2
Λ21Λ−1

11 F1, if n is odd.
(5.4)

The closed-form expressions for C
(1)
n and C

(2)
n represent recursive applications

of scattering interactions between the two spheres, alternating between self-interaction
and mutual interaction terms. Here the even- and odd-order terms are generated by
distinct operator compositions.

For even n, the coefficient C
(1)
n corresponds to a scattering process that begins

and ends on sphere 1, consisting of n/2 complete round-trip interactions. Each round-trip
is represented by the operator

Λ−1
11 Λ12Λ−1

22 Λ21,

which maps a field from sphere 1 to sphere 2 and back. Similarly, C
(2)
n for even n

represents repeated round-trip interactions starting and ending on sphere 2:

Λ−1
22 Λ21Λ−1

11 Λ12.

In contrast, the odd-order terms describe paths that begin on one sphere and terminate
on the other, involving an asymmetric sequence of operators. For instance, C

(1)
1 captures

the response on sphere 1 due to scattering first induced on sphere 2. The general odd-
order term for C

(1)
n includes the composition

−Λ−1
11

(
Λ12Λ−1

22 Λ21Λ−1
11

)(n−1)/2
Λ12Λ−1

22 ,
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which begins with the influence of the incident field on sphere 2 and ends with its
contribution to the surface field on sphere 1. A mirrored structure appears in the odd-
order terms for C

(2)
n .

This alternating pattern highlights the directionality and sequencing of scat-
tering events in the system. Each term encodes a distinct path of field propagation and
interaction between the spheres. As such, the series cannot be expressed as powers of
a single compact operator. When these operators are contractive, the series converges.
When their norms are sufficiently small, low-order truncations provide accurate approx-
imations.

5.3 First-Order Scattering Correction to the Radiation Force

In Chapter 4, Theorem 4.1 showed that the acoustic radiation force on a single
sound-hard sphere in a standing wave can be expressed entirely in terms of a cross-term
interaction between even and odd components of the surface field. This formulation
emerged from a cosine/sine decomposition of the incident wave and the observation that
purely even or purely odd fields yield zero net force due to symmetry (Lemma 4.2). In
this section, we extend that framework to include the first-order scattering correction
obtained through the block-Jacobi method. Our goal is to understand how this correction
modifies the independent scattering result and whether it captures the correct near-field
behavior in the small inter-sphere separation distance (ε) regime, particularly in the
region of force saturation.

We consider the total surface field on sphere 1 to be approximated as the sum
of the independent and first-order scattering fields:

u(µ) ≈ u0(µ) + u1(µ),

where u0 denotes the independent (zeroth-order) solution and u1 is the first-order cor-
rection obtained from the block-Jacobi method (5.1). Although the independent field u0

inherits the parity of the incident field, the first-order correction u1 does not preserve
even/odd symmetry due to the structure of the coupled scattering system. However, we
can always decompose any surface field into a sum of even and odd functions. In practice,
we perform this decomposition by separating the Legendre coefficients of the field into
two disjoint sets: those corresponding to even-degree modes and those corresponding to
odd-degree modes. Specifically, if u(µ) =

∑
ℓ CℓPℓ(µ), we define the even part ueven by
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zeroing out all Cℓ with odd ℓ, and define uodd by zeroing out all Cℓ with even ℓ. This
decomposition is justified by the following lemma.

Lemma 5.1. Let u(µ) be a function represented by a finite Legendre expansion:

u(µ) =
L∑

ℓ=0
CℓPℓ(µ).

Then u(µ) can be uniquely decomposed as

u(µ) = ueven(µ) + uodd(µ),

where

ueven(µ) =
L∑

ℓ=0
Ceven

ℓ Pℓ(µ), uodd(µ) =
L∑

ℓ=0
Codd

ℓ Pℓ(µ),

where the coefficients Ceven
ℓ and Codd

ℓ are defined by:

Ceven
ℓ =


Cℓ ℓ even

0 ℓ odd
and Codd

ℓ =


Cℓ ℓ odd

0 ℓ even

The functions ueven and uodd satisfy

ueven(−µ) = ueven(µ), uodd(−µ) = −uodd(µ).

Proof. The Legendre polynomials satisfy the parity condition Pℓ(−µ) = (−1)ℓPℓ(µ) for
all ℓ. Therefore, for any function u(µ) expanded in Legendre series, we may write:

u(µ) =
∑

ℓ even
CℓPℓ(µ) +

∑
ℓ odd

CℓPℓ(µ),

which we define as ueven(µ) + uodd(µ). Then,

ueven(−µ) =
∑

ℓ even
CℓPℓ(−µ) =

∑
ℓ even

CℓPℓ(µ) = ueven(µ),

uodd(−µ) =
∑

ℓ odd
CℓPℓ(−µ) =

∑
ℓ odd

Cℓ(−Pℓ(µ)) = −uodd(µ).

This establishes that ueven and uodd are even and odd functions, respectively, and their
sum reconstructs u(µ) exactly.

Theorem 5.1. Let u0 and u1 denote the independent and first-order approximations
to the surface field on the lower sphere, and each are decomposed into its even and odd
parts:

ui = ueven
i + uodd

i , for i = 0, 1.
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Then the acoustic radiation force F1 including independent and first-order scattering is:

F1 ≈ feven,odd
0,0 + feven,odd

0,1 + feven,odd
1,0 + feven,odd

1,1 ,

where

feven,odd
0,0 = −ρ0

∫ 1

−1

(
(ka)2 Re(ueven

0 uodd
0 ) − Re(∂µueven

0 ∂µuodd
0 )

)
µ dµ,

feven,odd
0,1 = −ρ0

∫ 1

−1

(
(ka)2 Re(ueven

0 uodd
1 ) − Re(∂µueven

0 ∂µuodd
1 )

)
µ dµ,

feven,odd
1,0 = −ρ0

∫ 1

−1

(
(ka)2 Re(ueven

1 uodd
0 ) − Re(∂µueven

1 ∂µuodd
0 )

)
µ dµ,

feven,odd
1,1 = −ρ0

∫ 1

−1

(
(ka)2 Re(ueven

1 uodd
1 ) − Re(∂µueven

1 ∂µuodd
1 )

)
µ dµ.

The term feven,odd
0,0 corresponds to the independent scattering approximation to the acous-

tic radiation force. The remaining three terms represent corrections to this force due to
the first-order scattering field.

Proof. We begin by noting that both u0 and u1 are computed numerically as truncated
Legendre series:

ui(µ) =
L∑

ℓ=0
C

(i)
ℓ Pℓ(µ), for i = 0, 1,

where C
(0)
ℓ and C

(1)
ℓ are the coefficients for the independent and first-order surface fields,

respectively.
By Lemma 5.1, each surface field can be decomposed into an even and odd part

by isolating the even- and odd-indexed Legendre coefficients:

ui = ueven
i + uodd

i , for i = 0, 1,

Substituting the total surface field

u = u0 + u1 = ueven
0 + uodd

0 + ueven
1 + uodd

1

into the acoustic radiation force integral from Theorem 4.1, and applying Lemma 4.2,
we find that only cross-terms between even and odd functions contribute to the force.
This leads to the decomposition

F1 ≈ f even,odd
0,0 + f even,odd

0,1 + f even,odd
1,0 + f even,odd

1,1 ,

where each interaction term is defined as

f even,odd
i,j = −ρ0

∫ 1

−1

(
(ka)2Re

(
ueven

i uodd
j

)
− Re

(
∂µueven

i ∂µuodd
j

))
µ dµ.
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Remark 2. While Theorem 5.1 establishes the result for the acoustic radiation force on
sphere 1, a parallel argument holds for the force on sphere 2.

Figure 5.1: Decomposition of the acoustic radiation force for ka = 1, including indepen-
dent and first-order corrections.

We now evaluate the acoustic radiation force as a function of the inter-sphere
distance ε for ka = 1, focusing on the role of the first-order correction. Figure 5.1 displays
the full numerical force F1 acting on sphere 1 (dark blue solid line) and the corresponding
force F2 on sphere 2 (gold solid line). These forces are computed using the fully coupled
surface fields obtained from the complete BIE system (3.11). To better understand the
structure of the total force, the figure also includes intermediate approximations. The
curves f

(1)
0 (dark blue dash-dotted) and f

(2)
0 (gold dash-dotted) represent the indepen-

dent scattering approximation, computed using only the zeroth-order surface fields u
(j)
0

for each sphere. These terms correspond to f even,odd
0,0 in the notation of Theorem 5.1. The

dashed curves f
(1)
1 and f

(2)
1 (blue and gold dashed, respectively) incorporate the first-

order correction to the surface fields. Specifically, each f
(j)
1 denotes the force computed

using the sum of the zeroth-order and first-order surface fields: u
(j)
0 +u

(j)
1 . In terms of the

decomposition provided in the theorem, this includes the cross terms f even,odd
0,1 , f even,odd

1,0 ,
and f even,odd

1,1 . Comparing these approximations to the full numerical force highlights the
accuracy of the first-order model in capturing near-field interactions.

The plot reveals that the independent approximations f
(1)
0 and f

(2)
0 significantly
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underestimate the magnitude of the acoustic radiation force in the near-field regime. In
contrast, the first-order terms f

(1)
1 and f

(1)
2 contribute to the total force toward the full

result F1 and F2, respectively, providing an improved match to the fully computed values.
The correction is particularly effective in the saturation region (ε ≲ 0.1), where the
independent model fails to account for the strong coupling effects between the spheres.
These results demonstrate that the first-order correction plays a central role in recovering
the correct asymptotic behavior and should be included when modeling interactions at
small separation distances.

Figure 5.2: Decomposition of the first-order acoustic radiation force F1 into four inter-
action terms for ka = 1. Each panel compares the full first-order force F1 (solid navy
line) to one of the components f even,odd

i,j (yellow dash-dot), where i, j ∈ {0, 1}. These
terms represent the interaction between the even and odd parts of the independent and
first-order fields.

We now analyze the structure of the first-order correction in more detail by
decomposing the first order force f

(1)
1 into its constituent interaction terms. Figure 5.2

compares the full numerical force F1 (solid blue line) with each of the four contributions
f even,odd

i,j computed from the even/odd field decomposition. Each subplot isolates one of
the interactions: the top left shows the (0, 0) term, which corresponds to the independent
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scattering approximation and dominates the force profile across the domain. The top
right and bottom left plots display the (0, 1) and (1, 0) interactions, which capture the
coupling between the independent and first-order corrections. As we move from right
to left, toward the near-field regime, the (0, 1) and (1, 0) cross-interaction terms become
increasingly negative. These components are responsible for lowering the total force
in the saturation region, effectively correcting the underestimation of force magnitude
introduced by the independent approximation. In contrast, the (1, 1) term remains small
in magnitude but becomes slightly positive (feven,odd

1,1 ≈ 0.0019) as ε decreases. This
contribution opposes the downward correction provided by the cross terms and slightly
offsets their effect.

These comparisons demonstrate that the first-order decomposition captures the
essential structure of the acoustic radiation force for ka = 1. The dominant (0, 0) term
sets the baseline behavior, while the (0, 1) and (1, 0) interactions refine the force in the
near-field region by correcting the underestimation from the independent model. Al-
though the (1, 1) term has minimal effect, its slight opposition to the correction suggests
a nuanced interplay among higher-order terms. The overall agreement between the de-
composed and total forces confirms the validity of the analytic framework and highlights
the effectiveness of the first-order model in this regime. This success provides a natural
motivation to investigate whether higher-order scattering corrections can further improve
accuracy across a broader range of ka values.

5.4 Higher-Order Scattering Corrections to the Radiation

Force

While the first-order correction significantly improves the approximation of the
acoustic radiation force, particularly for moderate values of ka such as ka = 1, it remains
an open question whether additional iterations of the block-Jacobi method can further
enhance accuracy across a broader parameter range. In this section, we explore the role
of higher-order scattering corrections by building on the iterative framework introduced
earlier, and we assess the stability, convergence, and physical fidelity of these corrections
across various values of ka.

Each additional iteration of the block-Jacobi method introduces new coefficients
C

(j)
n that refine the total field on each sphere. For instance, the second-order correction
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is defined through the following update:Λ11 0
0 Λ22

C
(1)
2

C
(2)
2

 =

Λ12Λ−1
22 Λ21Λ−1

11 F1

Λ21Λ−1
11 Λ12Λ−1

22 F2

 .

As in previous iterations, the updated coefficients are used to construct the scattered
fields u

(j)
2 , which are then added to the total field:

u(j) ≈ u
(j)
0 + u

(j)
1 + u

(j)
2 ,

for j = 1, 2. This process generalizes to arbitrary order using the closed-form expression
for the nth-order scattering coefficients in (5.3). These formulas express each coefficient
in terms of repeated back-and-forth scattering interactions between the spheres and
provide a structured path for computing u

(j)
n for any desired order.

To evaluate the effectiveness of higher-order corrections, we compare the force
predictions for first-, second-, and tenth-order approximations across several values of ka.
Figure 5.3 illustrates how first- and second-order approximations to the acoustic radiation
force behave as the separation distance ε decreases. Each subplot corresponds to a
different value of ka, and each force curve is shown on a logarithmic ε axis, so the analysis
proceeds from right to left. Starting in the far-field regime on the right (ε ≫ 1), all
approximations agree closely with the full force F1, verifying that independent scattering
is sufficient when the spheres are well-separated.

As we enter the shaded transition region, corresponding roughly to 0.1 ≲ ε ≲ 2,
the force begins to rise sharply indicating a region of strong attraction. Here, the in-
dependent approximation f0 (gold) underestimates the true force, while the first-order
correction f1 (black) provides a substantial improvement. The second-order approxima-
tion f2 (cyan) tracks the full force even more closely for ka = 1.5 and ka = 2.0, capturing
finer features of the transition region. However, for larger values such as ka = 2.4 and
ka = 3.0, the improvement from second order is modest, and the benefits diminish as
the curves begin to overshoot or oscillate slightly.

In the near-field regime on the far left (ε ≪ 0.1), all approximations eventually
saturate. For moderate ka, the second-order correction helps recover the correct satu-
ration level, but for higher ka, the force becomes sensitive to overcorrections, signaling
the onset of instability in deeper iterations of the method. However, these improve-
ments are not uniformly observed. Figure 5.4 extends the comparison to include the
tenth-order correction f10 (red), providing insight into the limitations of the iterative ex-
pansion as ε → 0. In the far-field regime, all approximations converge toward the same
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Figure 5.3: Comparison of first-order and second-order approximations to the acoustic
radiation force across four values of ka. Each subplot shows the full radiation force F1

(solid blue), the independent scattering approximation f0 (gold dash-dotted), the first-
order approximation f1 (black dashed), and the second-order approximation f2 (cyan
dash-dotted). The shaded region highlights the transition region, where the force begins
to deviate and approach the near-field saturation as ε → 0

solution, and higher-order corrections offer no meaningful benefit. As we move leftward
into the transition region (highlighted in blue), differences become more pronounced.
For ka = 1.5 and ka = 2.0, the tenth-order force nearly overlays the full solution F1,
indicating that the iterative expansion continues to improve the accuracy without insta-
bility. For ka = 1.5 and ka = 2.0, the tenth-order approximation f10 closely tracks the
full solution F1, suggesting that the iterative expansion continues to improve the accu-
racy without introducing significant artifacts. However, as ka increases to ka = 2.4 and
ka = 3.0, the behavior of the higher-order approximation becomes less predictable. In
some cases, f10 improves the approximation; in others, it deviates from F1, particularly
in the transition region. This stands in contrast to the behavior observed in Chapter 4.
In Figures 4.8 and 4.9 we observed that the independent approximation consistently and
slightly overestimated the force in a stable and uniform manner across configurations.
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The discrepancy appears to arise from two key factors. First, the independent approx-
imation performs well for large separation distances, where coupling is weak and the
force varies smoothly. Second, as we move into the transition region and approach the
near-field saturation regime, the total force undergoes a rapid and nonlinear change. The
iterative corrections, while systematically constructed, seem to struggle with resolving
this jump. As a result, the saturation behavior of the force is no longer uniformly cap-
tured by the higher-order terms, and the accuracy of f10 varies irregularly with respect
to both ka and ε.

Figure 5.4: Comparison of acoustic radiation force approximations up to tenth order for
various values of ka. The full force F1 (solid blue) is shown alongside the zeroth-order
approximation f0 (gold), the first-order correction f1 (black), the second-order correction
f2 (cyan), and the tenth-order approximation f10 (red).

To better understand the irregular behavior of the higher-order approxima-
tions, particularly the deviations observed near the transition region for larger ka, we
examine the surface fields and their gradients, which directly enter the acoustic radiation
force integral. Figure 5.5 shows the total surface field and its derivative on the lower
sphere for selected values of ka. At higher orders, the fields become sharply peaked
near cos θ = 1, exhibiting steep gradients and unnatural curvature. These features are
especially pronounced in the tenth-order solution and are tied to the growth behavior of
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the spherical Hankel functions used in the field expansion. Since these functions scale
approximately quadratically with the multipole index ℓ (Appendix B), and the decay
of the corresponding coefficients is slow, high-order terms amplify numerical error and
lead to poorly conditioned integrals. These artifacts highlight a central limitation of the

Figure 5.5: Surface fields (top row) and their gradients (bottom row) on the lower sphere
for ka = 1.5 (left), ka = 2.4 (middle), and ka = 3.0 (right), showing independent, first-
order, second-order, and tenth-order approximations.

block-Jacobi method when pushed beyond the first or second iteration. While each iter-
ation formally refines the field, the accumulation of scattering terms increases sensitivity
to floating-point error and leads to spurious features in the numerical solution. These
effects are especially severe in regimes of large ka, where higher-order spherical modes
are more energetic and prone to divergence.

Although the second-order correction modestly enhances the predictive power
of the first-order approximation in select cases, further iterations offer diminishing re-
turns and introduce significant numerical instability. The closed-form structure of the
coefficients in (5.3) provides a clear path for constructing these corrections, but their util-
ity is constrained by the inherent instability of the underlying series expansion. Based on
both theoretical insight and numerical evidence, we conclude that the first-order approx-
imation offers the best compromise between accuracy, stability, and interpretability. It
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captures the essential near-field scattering interactions, improves force predictions across
a range of parameters, and avoids the amplification errors that dominate at higher or-
ders. As such, we adopt the first-order scattering correction as the preferred model for
computing acoustic radiation forces in closely spaced configurations.

5.5 Summary and Conclusions for this Chapter

In summary, this chapter demonstrates that while the independent scattering
approximation provides a reasonable estimate of the acoustic radiation force in many
regimes, it fails to capture the correct asymptotic behavior for small separation distances.
Incorporating a first-order correction through the block-Jacobi method significantly im-
proves the approximation and offers valuable physical insight into the nature of the force
via field decomposition and symmetry-based simplifications. However, extending this
approach to higher-order corrections yields diminishing returns and, in some cases, in-
troduces instability that undermines the reliability of the computation. The analysis of
both the force and the surface fields confirms that the steep gradients and slow coefficient
decay in the multipole expansion, particularly near regions of strong excitation, render
high-order approximations impractical. Altogether, the results reinforce the utility of the
first-order approximation as a computationally efficient and physically accurate model,
and they underscore the importance of careful analytical structure and numerical design
in modeling acoustic interactions at close range.



Chapter 6
Conclusion

This dissertation has investigated the problem of acoustic scattering and ra-
diation forces in the simplest nontrivial configuration: two closely-situated sound-hard
spheres. By focusing on this minimal setting, we were able to isolate and understand
the fundamental mechanisms underlying acoustic binding while maintaining analytical
and numerical tractability. The work concentrates on the axi-symmetric configuration,
in which the scattered field has no azimuthal dependence. This symmetry assumption
enables a substantial simplification of the boundary integral equations and facilitates a
more detailed analysis of the resulting surface fields and radiation forces.

In Chapter 2, we establish the mathematical framework for acoustic scattering
by two sound-hard spheres by formulating the problem as a system of boundary inte-
gral equations derived from the Helmholtz equation with Neumann boundary conditions.
The total field is expressed as the sum of the incident field and double-layer potential
operators applied to the scattered fields of each sphere. Exploiting the spherical geom-
etry, we expand the surface fields in spherical harmonics, which leads to a clean matrix
formulation of the integral equations. The chapter also examines the structure of the
operator kernels governing self- and cross-interactions, which is critical for understanding
field coupling and sets the stage for the numerical methods developed in later chapters.

Chapter 3 introduces a spectral Galerkin method for solving the boundary
integral equations derived in Chapter 2 for two closely-situated sound-hard spheres.
The surface fields are expanded in spherical harmonics, and the resulting linear system
is assembled using Gauss-Legendre quadrature for numerical integration. The system
matrix naturally exhibits a block structure capturing both self-interaction and coupling
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terms between the spheres. To solve this efficiently, we truncate the expansion and solve
for the spherical harmonic coefficients. Numerical results demonstrate convergence and
validate the method against the known single-sphere solution in the decoupled limit. We
also analyze how the near-field interaction saturates as the separation distance ε → 0, and
how the acoustic radiation force depends on both ε and the dimensionless parameter ka.
The axi-symmetric case is introduced to simplify computation and reveals equilibrium
points and oscillatory force behavior, especially in the regime 1 ≤ ka ≤ 3.

Chapter 4 analyzes the independent scattering approximation, in which each
sphere is assumed to scatter as if the other were absent. This approach neglects mul-
tiple scattering and is expected to be accurate when the separation distance is large.
Lemma 4.1 establishes that in symmetric configurations, all linear terms in the acoustic
radiation force cancel due to symmetry, and Lemma 4.2 simplifies the remaining non-
linear cross-term by leveraging the orthogonality of spherical harmonics. Theorem 4.1
then shows that the acoustic radiation force reduces to a single surviving cross-term
between the incident and scattered fields. From this, Corollary 4.1 provides an explicit
analytic expression for the equilibrium separation distances, locations where the radia-
tion force vanishes. These predictions are validated numerically and serve as a reference
for assessing the role of multiple scattering. The chapter concludes by extending the
analysis to symmetry-breaking configurations, such as unequal radii and asymmetric
placements, and demonstrates how these perturbations shift the force structure and
equilibrium points. While the independent approximation overestimates the magnitude
of the radiation force in the near-field regime, it successfully captures the qualitative
behavior of acoustic binding across a wide range of configurations.

In Chapter 5, we start by developing a first-order correction to the independent
scattering approximation by applying a single iteration of the block-Jacobi scheme to the
system of boundary integral equations. This yields an approximation for the scattered
field that accounts for leading-order interactions between the two spheres. The total fields
are then decomposed into even and odd parts (Lemma 4.1), allowing us to systemati-
cally track the contributions of different components of the acoustic radiation force. We
derive a decomposition of the force into four terms involving the zeroth- and first-order
fields, and Theorem 5.1 gives an explicit formulation of this first-order approximation.
Numerical evaluation shows that the dominant behavior of the force is captured by the
independent interaction term, while the mixed and first-order interaction terms con-
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tribute smaller corrections. Although higher-order iterations of the block-Jacobi scheme
can in principle refine the approximation, we observe that the method becomes increas-
ingly unstable, and additional iterations do not necessarily improve the accuracy of the
force prediction due to ill-conditioning in the spherical harmonic system.

Throughout this study, we used the separation distance ε to denote the gap be-
tween the nearest points on the surfaces of the two spheres. In the near-field regime where
ε → 0+, multiple scattering and field interactions become increasingly strong, demand-
ing refined models to capture the correct force behavior. Our numerical and theoretical
analyses demonstrated that, while the independent scattering approximation provides a
reasonable far-field estimate, it fails to capture the oscillatory and saturating nature of
the radiation force at small separations. We addressed these limitations by introducing
a first-order correction based on a block-Jacobi iterative method. This approach sig-
nificantly improves the accuracy of the radiation force predictions for certain values of
ka, especially in the transition and near-field regimes. However, we also observed that
higher-order corrections suffer from numerical instability due to ill-conditioning and slow
decay in the spherical harmonic expansions. Although our study is limited to two iden-
tical spheres in an axi-symmetric configuration, the results provide foundational insight
into the nature of acoustic forces in clustered geometries. Extending these methods
to more general arrangements, such as asymmetric configurations, arrays of scatterers,
or fully three-dimensional fields, poses both analytical and computational challenges.
Nevertheless, the tools developed here lay a solid groundwork for future research into
acoustic binding and its applications in microscale assembly and metamaterial design.

Looking ahead, the insights gained from this two-sphere analysis may help guide
the study of more complex and realistic systems. In particular, the decomposition of the
radiation force into symmetric and asymmetric components, and the identification of
saturation and equilibrium behaviors, suggest organizing principles that may persist in
larger arrays or irregular geometries. While the simplicity of the axi-symmetric setup
is essential for detailed analysis, it also limits the diversity of interaction patterns that
can be observed. Extending these methods to fully three-dimensional systems, time-
dependent forcing, or hydrodynamic coupling could reveal new physical phenomena and
require further mathematical innovation. Nonetheless, this work offers a rigorous and in-
terpretable framework that may serve as a stepping stone toward understanding acoustic
forces in broader contexts.
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Appendix A
Numerical Integration of the Acoustic
Radiation Force

In the axisymmetric case, the acoustic radiation force simplifies to a one-
dimensional integral over µ = cos θ on the surface of a sphere. Specifically, the z−component
of the force on a sphere of radius a is given by:

F = −1
2ρ0

∫ 1

−1

(
(ka)2|u(µ)|2 − |∂µu(µ)|2

)
µ dµ,

where u(µ) is the surface acoustic field and ∂µu(µ) is its derivative with respect to
µ = cos θ. This integral is evaluated numerically using Gauss–Legendre quadrature with
L points:

F ≈ −1
2ρ0

L∑
i=1

(
(ka)2 |u(µi)|2 − |∂µu(µi)|2

)
µiwi,

where {µi}L
i=1 and {wi}L

i=1 are the Gauss–Legendre nodes and weights, respectively. The
field values u(µi) and ∂µu(µi) are computed from the Legendre expansions described
above, using the same quadrature nodes.

Surface Field Expansion

The surface field u(j)(µ) on the boundary of the j-th sphere is approximated
via a truncated Legendre expansion as

u(j)(µ) ≈
L∑

ℓ=1
γℓC

(j)
ℓ Pℓ(µ),
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where Pℓ(µ) denotes the Legendre polynomial of degree ℓ, C
(j)
ℓ are the expansion coeffi-

cients for the j-th sphere, and γℓ =
√

2ℓ+1
4π are normalization constants used throughout

this work. These coefficients are obtained by solving the linear system derived from the
boundary integral formulation.

For numerical evaluation, we use Gauss–Legendre quadrature with L nodes
{µi}L

i=1 and corresponding weights {wi}L
i=1. The surface field is evaluated at the quadra-

ture points as

u(j)(µi) =
L∑

ℓ=1
γℓC

(j)
ℓ Pℓ(µi).

Field Derivative Computation

The µ-derivative of the surface field is computed analytically using the identity

d

dµ
Pℓ(µ) = ℓPℓ−1(µ) − ℓµPℓ(µ)

1 − µ2 .

Letting ∂µPℓ(µ) denote this derivative, we obtain the expansion

∂µu(j)(µ) ≈
L∑

ℓ=1
γℓC

(j)
ℓ ∂µPℓ(µ),

which we evaluate at each quadrature point µi to obtain

∂µu(j)(µi) ≈
L∑

ℓ=1
γℓC

(j)
ℓ ∂µPℓ(µi).

Numerical Procedure

To evaluate the acoustic radiation force in the axisymmetric setting, we begin
by generating the Gauss-Legendre quadrature nodes {µi}L

i=1 and corresponding weights
{wi}L

i=1 using an L-point rule. For each Legendre index ℓ = 1, . . . , L, we evaluate both the
Legendre polynomials Pℓ(µi) and their derivatives ∂µPℓ(µi) at these quadrature nodes.
Solving the boundary integral system yields the expansion coefficients C

(j)
ℓ for the jth

sphere, from which the surface field u(j)(µi) and its derivative ∂µu(j)(µi) are constructed
through the expansions described above. These field values are then inserted into the
simplified axisymmetric integral, which is evaluated using Gauss–Legendre quadrature
as given in equation (3.15). This approach provides high accuracy in computing the
surface fields and their gradients while ensuring numerical stability and efficiency in the
evaluation of the acoustic radiation force.



Appendix B
Asymptotic Expansion of the Spherical
Hankel Function

Figure B.1: Growth of the spherical Hankel function for ε = 5, 1, 10−10.

At close evaluation distance r = a(1 + ε), by expanding about ε = 0 one can
show that

h
(1)
ℓ (ka(1 + ε)) =

[(
1 − ε2 (ka)2

2

)
+ε(1 − ε)ℓ + ε2 ℓ(ℓ + 1)

2

]
h

(1)
ℓ (ka)

− ε(1 + ε)(ka)h(1)
ℓ+1(ka) + O(ε3).

This asymptotic expansion shows that as ℓ increases, h
(1)
ℓ (ka) grows quadratically in ℓ

(Figure B.1). When used in a multipole expansion of the scattered field, this quadratic
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growth can counteract the decay of the scattering coefficients. Although the coefficients
themselves typically decay with ℓ due to physical regularity, the growing amplitude of the
spherical Hankel functions can numerically dominate in high-order terms. As a result,
large values of ℓ can introduce growth in the computed field, leading to numerical insta-
bility, especially in regimes requiring high truncation. This behavior places a practical
limit on the number of modes that can be included in stable and accurate multipole-based
computations.


	Signature Page
	List of Figures
	Acknowledgements
	Curriculum Vitae
	Abstract
	Introduction
	Scattering by Two Sound-Hard Spheres
	Boundary Integral Equations

	Numerical Method and Results
	Introduction
	Spherical Harmonic Expansions
	Expansions of the Non-Coupling Terms
	Expansions of the Coupling Terms

	Numerical Results
	Axisymmetric Special Case
	Acoustic Radiation Force
	Summary of Key Observations


	Independent Scattering
	Introduction
	Numerical Evaluation of Independent Scattering
	Independent Scattering of a Sphere in a Standing Wave
	Numerical Results
	Acoustic Radiation Force on a Single Sphere
	Effect of Wavenumber on Force Structure

	Symmetry-Breaking Analysis
	Case 1: Equal Radii, Variable Separation
	Case 2: Unequal Radii, Variable Separation
	Global Implications of Symmetry Breaking

	Summary and Conclusions for This Chapter

	First Order and Multiple Scattering
	Introduction
	Multiple Scattering and the Block-Jacobi Method
	First-Order Scattering Correction to the Radiation Force
	Higher-Order Scattering Corrections to the Radiation Force
	Summary and Conclusions for this Chapter

	Conclusion
	Bibliography
	Numerical Integration of the Acoustic Radiation Force
	Asymptotic Expansion of the Spherical Hankel Function



