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Abstract
Geometric insights into speed, efficiency, and optimal control of nonequilibrium systems
by
Adam Frim
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Michael DeWeese, Chair

The last several decades have seen revolutionary advances in our understanding of nonequi-
librium thermodynamics. Designed originally to study macroscopic systems manipulated
slowly, these new approaches to thermodynamics have extended the applicability of the the-
ory to the small, fluctuating systems most relevant to biology and nanoscale engineering.
With this powerful framework in place, a significant effort has been made to not only un-
derstand but control and manipulate such systems to achieve desired goals, and to do so
optimally. In this thesis, after summarizing relevant history and background, we explore two
major facets of this thermodynamic control problem. First, we investigate shortcut engineer-
ing, a control problem aimed at addressing rapid system transformation from an initial state
to a target state. Second, utilizing a geometric approach, we study the control of slowly-
driven systems, with particular focus on the optimal, i.e. maximally efficient, control of
mesoscale thermal machines. Finally, we demonstrate a novel connection between these two
disparate topics: although seemingly disconnected, the optimal control problem for certain
shortcutting settings is identical to that of slowly-driven systems. We conclude by comment-
ing on both the scientific merit and pragmatic calculational utility of this connection and on
potential implications for future work.
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Chapter 1

An invitation to the nonequilibrium
world

Across numerous timescales and spatial resolutions, the observable physical universe is
in flux. Systems organize, move, disassemble, and transform. At the smallest scales, nuclear
forces drive motion, charged particles attract and repel, atoms bond, and molecules associate;
at the largest scales, celestial bodies, galaxies, and even the cosmos as a whole evolve. A
unifying theme is change: Nature is decidedly not static.

When viewing macroscopic systems composed of many constituent parts, the most rel-
evant and successful physical theories have to date been thermodynamics and statistical
mechanics. These theories were designed explicitly to describe and explain the macroscopic
observable properties of such complex systems without full access to their unimaginably in-
tricate microscopic details. However, a key weakness of the classical “textbook” versions of
these theories is their frequent reliance on an equilibrium assumption. That is, for the sake
of theoretical development and pragmatism, one often assumes a system is, and remains,
in equilibrium at all times. Although this assumption can explain the properties of certain
physical systems, especially those at or near equilibrium, with outstanding accuracy, it fails
to faithfully describe systems significantly away from equilibrium. And, as we have just
emphasized, nearly all processes in the natural world are not in equilibrium.

These issues particularly come to a head when undertaking a quantitative, physically-
consistent study of biological systems. Living systems by definition explicitly maintain their
existence out of equilibrium. In a particularly prescient 1944 manuscript [1], in addition to
postulating an early precursor of genetics, Erwin Schrodinger discussed the constant battle
biological systems face in their struggle for survival. In his own words, “Living matter
evades the decay to equilibrium”; in a popular paraphrase: “equilibrium means death.”
Nonequilibrium physics provides an important lens to study living organisms in their ever-
changing environment.

Inspired by these issues, the last several decades have seen an explosion of literature
focused on tackling a consistent understanding of thermodynamics, statistical mechanics, and
more broadly, stochastic dynamics for systems not necessarily in, or near, equilibrium. These
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studies have led to numerous advances, discovering novel results that apply to all systems
regardless of their specific dynamics or the degree to which they are out of equilibrium, and
have fundamentally revolutionized the state of the art in the study of such systems.

In this dissertation, we approach these problems with particular focus on external control
and optimization. The manuscript is organized as follows:

e In Part I, we introduce the topics of this thesis and briefly review relevant background
information. In Chapter 2, we discuss classical thermodynamics and statistical mechan-
ics including a brief history before delving into the main weaknesses of this classical
theory. In Chapter 3, we introduce stochastic thermodynamics, a revolutionary new
approach to the nonequilibrium thermodynamics of the fluctuating systems, as fre-
quently encountered in nanoscale thermodynamics or when studying externally driven
systems. Finally, in Chapter 4, we introduce and contextualize our main focus by
discussing prior work on optimal control of nonequilibrium thermodynamic systems.

e In Part II, we consider shortcut engineering, a series of techniques for rapid control and
manipulation of complex physical systems. In Chapter 5, we introduce shortcut engi-
neering in greater detail and overview its history. In Chapters 6 and 7 we demonstrate
examples of important novel advances to these techniques. In Chapter 6, we consider
a specific type of shortcut engineering, engineered swift equilibration, that allows for
rapid equilibration of a classical physical system. We derive a method to carry out
this technique for an overdamped classical system with a generic configuration space.
In Chapter 7, we consider a specific instance of shortcut engineering applied to ac-
tive matter, arriving at a method to steer this intrinsically nonequilibrium matter to a
desired state in finite-time.

e In Part III, we consider thermodynamic geometry, an approach to studying thermody-
namics through the lens of differential geometry. In particular, in a modern formulation
of thermodynamic geometry, one can draw a direct link between a notion of geometric
length and dissipation, thus allowing for shortest-length, geometric optimization to be
utilized in optimal control of thermodynamic systems. In Chapter 8, we introduce
this approach and these concepts in more rigorous detail and discuss their history. In
Chapter 9, we demonstrate the successful application of these methods to an important
model engine, demonstrating the strengths of these methods in practical, experimen-
tally relevant systems. In Chapter 10, we use this theory to derive a novel and universal
geometric bound on efficiency for irreversible thermodynamic cycles acting as heat en-
gines. We also construct optimal cycles that demonstrate the tightness of this bound
and prove its utility in engine design at the nanoscale.

e Finally, in Part IV, we connect the major focuses of this dissertation. In particular, in
Chapter 11 we will demonstrate that, although historically developed independently
and seemingly disparate topics, shortcut engineering and thermodynamic geometry are
intimately connected.



Chapter 2

Review of classical thermodynamics
and statistical mechanics

2.1 Classical thermodynamics

(Classical thermodynamics, and arguably modern physics, was born in the early 19th
century when, inspired by the then recent advent of the steam engine, leading polymaths
and engineers first delved into questions of heat and work. At the time, kinetic energy, vis
viva, or motive power were all understood to be various forms of some motional conserved
quantity [2, 3, 4], precursors to what would later be understood as mechanical work. Heat,
in contrast, was far less well understood: the flow of heat was associated with changes in
temperature, but there was no deeper understanding at the time of what exactly heat, or
temperature for that matter, was [5]. These issues came to a head with the development of
the engine, a system capable of utilizing a transfer of heat to enact work.

The theory grew over the next century to explain these and related issues. By the early
20th century, due to significant contributions by, among many others, Sadi Carnot [4], Emile
Clapeyron [6], Hermann von Helmholtz [7], and Rudolf Clausius [8], the theory at the level
of physical understanding was largely established through two major empirical laws. The
first law of thermodynamics posited that heat and work were both forms of by which the
internal energy in a system, U, could be exchanged with some environment:

AU = 5Q + 5W, (2.1)

where Q) is the amount of heat injected into the system by its environment and dW is the
amount of work done on the system by the environment. Fundamentally, this law mandates
that for an isolated system, the sum total internal energy must be conserved. The second
law of thermodynamics is slightly more opaque. At the level of classical thermodynamics, it
essentially mandates the empirically-informed observation that heat does not flow from colder
to hotter substances [9, 10]. In its more modern formulation due primarily to Clausius, one
considers the quantity entropy S. In classical thermodynamics, entropy is a state function
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defined as the sum of all incremental heat flow into a system divided by the system’s current
temperature, assuming that all processes are carried out reversibly [10]

0Q
dSSys — ? (22)
It bears mentioning, this definition holds even if an actual physical process is not reversible:
the entropy is a function of the state defined via a “virtual” reversible process. However,
if the system is in contact with its surroundings at some temperature Ty, and some not-

necessarily reversible cyclic process is carried out, Clausius proved [11]:

0Q
= — > .
%dssurr fTsurr a 07 (2 3)

where equality is only achieved for a reversible process. Altogether then,

fdstot = %(dssys + dSsurr) > 07 (24)

which follows as ¢ dSss = 0 as entropy is a function of state. Recognizing this is true
for all cycles, one can conclude total entropy production is positive even for non-cyclic
paths. This is the development of the modern formulation of the classical second law of
thermodynamics: for an isolated system the total entropy must increase. Following the
establishment and acceptance of these two laws of nature, the next several decades saw the
addition of two empirical laws that mainly served to make the theory of thermodynamics
well-defined, though we will not focus on their history here.

2.2 Statistical mechanics

In the later 19th century, initially growing out of the nascent kinetic theory of gases,
James Clerk Maxwell and Ludwig Boltzmann made a first attempt at a microscopic expla-
nation for thermodynamics. First, following prior work by Clausius [12], Maxwell considered
a collection of N small particles interacting by perfectly elastic collisions. Applying this
form of a kinetic theory and symmetry arguments, he arrived at a formula for the fraction
of particles that existed in a given infinitesimal range of velocities when the system was sta-
tionary, effectively deriving the equilibrium distribution of velocities for a system [13], now
universally known as the Maxwell distribution. Boltzmann, inspired by Maxwell’s work, first
generalized the distribution to a number of more complicated cases and began considering
its temporal evolution [14, 15]. Next, both to answer these questions and as an early at-
tempt for a microscopic understanding of entropy, Boltzmann defined a quantity H!, with

!To connect with entropy, Boltzmann initially used the symbol E. The usage of H derives from a critical
review of Boltzmann’s work by Samuel Burbury [16]. The origin of the H is debated, though it is likely
derived from a Hellenized E: the capital Greek Eta is indistiguishable from a capital Latin “H.”
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the following form [15]:

H— / £(B) (m L\/]i; _ 1) dE, (2.5)

where E is the energy of the system and f(F) is the energy distribution. By then considering
collisions between idealized particles and, critically, assuming all particles and collisions were
uncorrelated, an assumption he called “molecular chaos,” Boltzmann was able to show that
H should always decrease for any collision. Boltzmann further showed that H would attain
a minimum value when the system is in the equilibrium Maxwell-Boltzmann distribution,
thus providing further confirmation of the previous mechanical derivations. This result,
now universally known as Boltzmann’s H-Theorem, was an early and critical success of the
nascent statistical theory: at least at the level of suggestion, it gave a microscopic explanation
for the second law for nearly-ideal gases.

Boltzmann’s work was the subject of notable criticisms at the time of its publication
for a variety of reasons. Philosophically, Boltzmann adopted a particle theory in describing
gases, which, although popularly accepted among chemists at the time, was still unpopu-
lar and highly controversial among physicists [17]. Further, Johann Lochschmidt pointed
out that the underlying mechanical dynamics were time symmetric, though Botlzmann was
deriving a time-irreversible result at the macroscopic level, a seeming paradox [18]. Boltz-
mann’s attempt to resolve this paradox led to his next most significant result: a fundamental
connection between microscopic dynamics and macroscopic phenomena. We highlight here
only the ultimate result and refer the interested reader to the more comprehensive history
[19]: Botlzmann derived that entropy of a macroscopic state was related logarithmically to
the microscopic combinatorial multiplicity of a macroscopic state. In more modern language
[10], a given observed macroscopic state is referred to as a macrostate. This, for example,
could correspond to an ideal gas with a given, fixed energy E, number of particles N, and
volume V. At the same time, that gas is made up of N particles each with a momentum,
such that one could specify the state of the gas microscopically with all such positions and
momenta: this detailed microscopic configuration is referred to as a microstate. Importantly,
for any given macrostate, there are typically a large number of such microstates that the
system could assume: we refer to this number as the multiplicity, W, of the macrostate.
Boltzmann considered a system at a fixed energy and made a key assumption that, for a
given macrostate at this energy, all such possible microstates were equally likely, and derived
the critical equation

S = kglogW, (2.6)

where kp = 1.380649 x 107%* J/K is a constant with dimension?. This is one of the earliest
major tenets of statistical mechanics: a relation linking macroscopic thermodynamic entropy
to the microscopic details of the system.

The next several decades of development carried on this legacy, extending bridges be-
tween empirical, macroscopic thermodynamic laws, and theoretically derived, microscopic

2Boltzmann actually only derived the logarithmic dependence on W. Planck was the first to study the
constant in detail, coming up with the first estimate in 1900 while studying black-body radiation [20].
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statistical mechanical results, though to ever more complicated systems. Here, we will high-
light some of the major contributions of J. Willard Gibbs, particularly as his perspective
informs modern statistical mechanics even today [21, 22, 10]

Rather than focussing only on an ideal gas, Gibbs considered a general ensemble of system
states. In particular, rather than the actual system that was observed, Gibbs envisioned
carrying out an experiment a large (technically infinite) number of times [21, 22|. In each
run of this experiment, the system would assume a specific microstate, and Gibbs defined
an ensemble as the complete set of all possible microstates when a given experiment is
repeated infinite times. Of particular interest are experiments repeated with a certain set
of macroscopic observables held fixed: that is an experiment in which the system assumes a
fixed macrostate. With these definitions, Gibbs defined unique ensembles corresponding to
a given set of fixed observables, and a number of historically significant such ensembles are
named. For the macrostate given by a fixed number of particles N, fixed volume V and a
total measurable macroscopic energy E, the corresponding ensemble of microstates as the
Microcanonical ensemble or N,V, E ensemble. This is the ensemble for which Boltzmann’s
entropy equation, Eq. 2.6, is valid. In contrast, for fixed N, V, and temperature 7', the
ensemble is referred to as the Canonical ensemble or NV'T ensemble. Gibbs studied this

ensemble extensively, arriving at the general distribution of energies for such a system given
by:
1
E) = —e PF, 2.7
p(E) = e (27)

where 7 labels a given energy level, E; is the corresponding energy, and 7, called the partition
function is a normalization constant:

Z=> e (2.8)

Boltzmann’s initial derivation for the energy distribution of a gas assumed this form, however
Gibbs’s result holds for any system in equilibrium at a fixed temperature, volume, and
particle number.

Gibbs also, importantly, derived the form of entropy for an arbitrary ensemble [22]:

Scinbs = —kp Y _ pilog pi, (2.9)

where p; is the probability to be in the ¢th (micro)state. This formula, to which we will refer
as Gibbs entropy, is general for any distribution over microstates. In the special case where
the distribution is uniform over microstates, as occurs in the fixed-energy microcanonical
ensemble, Eq. (2.9) degenerates to Eq. (2.6) as it must. Further, one should observe this
formula is quite similar to Botlzmann’s H, Eq. (2.5).

With these and subsequent major developments from Boltzmann, Gibbs, and others,
one is able to recapitulate the major results of classical thermodynamics as well as give a
microscopically-informed, statistical interpretation of these laws.
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2.3 Limitations of the classical theory

Thermodynamics and statistical mechanics have proven hugely influential over the last
century, providing fundamental physical constraints on all systems and disciplines with par-
ticular influence on the development of quantitative approaches to chemistry and biology.
From a physicist’s standpoint, studies in statistical mechanics led to the so-called ultravio-
let catastrophe in the early 20th century [23], whose resolution spurred the early quantum
theory. Even today, the laws of thermodynamics, as a whole, remain entirely applicable and
correct as far as we know.

Nevertheless, throughout the entirety of the development of both thermodynamics and
statistical mechanics, the focus generally assumed two major requirements: 1) systems were
very large and 2) systems were to be manipulated slowly. In particular, these conditions
are often necessary for the unambiguous definition of macroscopic observables in the first
place. For example, as now understood through statistical mechanics, the pressure of a gas,
the force felt on a given wall per unit area, is an emergent quantity, due ultimately to the
many rapid and minute collisions of the microscopic particles making up the gas. If the gas
were to instead consist only of a small number of particles, the pressure of the gas would
vary significantly spatially and temporally and cease to be a well-defined quantity. Further,
from a pragmatic standpoint, to make calculations accessible and experimentally relevant, a
quasistatic, equilibrium assumption proved to be sufficient.

Under these assumptions, one is able to describe very accurately large assemblies of
particles, such as an ideal gas with Avogadro’s number of particles, as exists in one mole
of gas. Further, due to the law of the large numbers, the fluctuations of such a system
are so small as to be negligible for most practical purposes. This makes these theories
both accurate and predictive for such equilibrium systems. However, as we clarified in
Chapter 1, many interesting phenomena in the natural world are not in equilibrium and many
systems, especially those most relevant to biophysics, biochemistry, and engineering at the
nanoscale, consist of far smaller numbers of constituent and occur over rapid timescales. For
such systems, fluctuations are hugely important to the fundamental physics of the problem
and the paradigm of classical, equilibrium thermodynamics and statistical mechanics is no
longer strictly applicable. Over the last several decades, attempts to extend the approach
of thermodynamics and statistical mechanics to such fluctuating, small systems led to the
development of new approaches to thermodynamics of nonequilibrium systems, as we detail
in the next chapter.



Chapter 3

Stochastic thermodynamics

3.1 Precursors

Even from the young days of thermodynamics, its limited focus on equilibrium sys-
tems was recognized and numerous scholars made attempts at extensions. Some of the first
successes in nonequilibrium thermodynamics came in the early 20th century by studying
systems perturbed from equilibrium, though generally weakly. First, utilizing this approach,
Lars Onsager was able to prove a remarkably general statement relating generalized ther-
modynamic flows and forces for systems out of equilibrium [24]. In particular, equilibrium
systems are stationary and therefore do not exhibit flows of thermodynamic variables: this
does not apply for systems driven from equilibrium.

Onsager considered a thermodynamic variable B;. We can define the conjugate force to
B; as

05
X; = —0, 3.1
OB, (3.1)
where S is the entropy. We also define the conjugate flux,
dB;

Note that we are assuming the system is in steady state such that J; is well-defined. Com-
bining these two equations, we may write

ds
o= > JiX. (3.3)

The flows, Eq. (3.2) are due ultimately to the conjugate forces, such that if there are no
forces, the system is in equilibrium. In contrast, if the forces exist but are sufficiently small,
we can accurately account for the flows by means of a linear approximation:

dB;

d
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where L;; is known as the phenomenological matriz or the Onsager matriz. Combining
Egs. (3.3) and (3.4), we have

ds
= Y JXi=> LiyXiX;. (3.5)
% i

By the Second Law, this quantity must be positive and therefore thermodynamics immedi-
ately asserts that L;; is a positive-definite matrix. Onsager’s key contribution was to show
that not only was this matrix positive-definite, but further, it was symmetric. That is:
L;; = Lj;. Given that L;; ultimately linked the flow of a thermodynamic quantity to conju-
gate thermodynamic forces, Onsager demonstrated a form of reciprocity between flows and
forces.

As an example, let us consider the thermoelectric effect. For our starting point consider
a fluid in contact with hot plates at different temperatures. If the two temperatures deviate
by an amount AT that is sufficiently small relative to other temperature scales, the fluid will
develop a temperature gradient and heat will flow from the hot plate to the cold plate. More
generally, in the presence of a temperature gradient, heat will low according to Fourier’s
law of heating, a phenomenological constitutive relation,

q= —krVT, (3.6)

where q is the heat flux density, VT is the local temperature gradient, and ky is the thermal
conductivity. Similarly, if the fluid were to be electrically conductive and we placed an
electric current across it, we would find the production of a current. Locally, due to Ohm’s
law, which is again a phenomenological constitutive relation, we may write

J=—0Vo, (3.7)

where J is the current density, ¢ is the electrostatic potential, and o is the conductivity
of the fluid. Both Fourier’s Law and Ohm’s Law are frequently introduced in introductory
physics. Slightly less well known are their corresponding reciprocal constitutive relations:
due to experiments by Seebeck [25] and Peltier [26], respectively, there are likewise linear
relations between temperature gradients and resultant current flow and voltage gradients
and resultant heat flow. We may write

J=—-0V¢p—-0SVT, (3.8a)

q=—0llV¢ — krVT, (3.8b)

where S is the Seebeck coefficient and 11 is the Peltier coefficient. It may be tempting to
immediately apply reciprocity to yield a relation between the Seebeck and Peltier coefficients,
though reviewing Eqs. (3.1) and (3.3), to apply the reciprocity, we require the relevant
thermodynamic forces be conjugate with respect to the entropy. A more detailed derivation
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is beyond the scope of this work, though one can ultimately show these two reciprocal
constitutive coefficients are indeed intimately connected [27]

I=TS. (3.9)

This relation is known as the second Thomson relation and was first derived in 1854 by Lord
Kelvin, utilizing a convoluted argument based on Carnot’s work that was specific only to this
system [27]. Onsager was aware of this, as well as many similar relations, but his reciprocity
theorem therefore not only demonstrated this known relation but generalized it to a host of
reciprocal transport problems. Onsager was awarded a Nobel prize in Chemistry in 1968 for
this discovery [28].

Ilya Prigogine, working in Brussels, utilized Onsager’s reciprocity to demonstrate an im-
portant principle for systems well-described by the linear relations. In particular, considering
a certain set of thermodynamic forces {X7} as free and a certain set as fixed {X?}, one can
minimize the total entropy production with respect to the free forces [29, 30, 31]:

oS 0
0= oxT = axT ZJ: LijX; X, = Xj:(Laj L)X, =2 Zj: LojX; = 2., (3.10)

where the penultimate equality invokes Onsager reciprocity. Eq. (3.10) states that, for mini-
mal entropy production, the free forces arrange themselves such that there are no flows in the
free variables. This is synonymous with the steady state [31]. In essence, Prigogine demon-
strated that steady state nonequilibrium systems act to minimize their entropy production.
This was one of the first major extremal principles in nonequilibrium thermodynamics, fol-
lowing in the long legacy of such extremal principles in classical thermodynamics due to
Maxwell, Boltzmann, Gibbs, etc.

There were other notable early successes in nonequilibrium thermodyanmics which are
somewhat beyond the scope. As brief highlights, we mention the Onsager-Machlup formalism
and the principle of least energy dissipation [32, 33], the general fluctuation-dissipation
theorem [34], Green-Kubo relations [35, 36, 37, 38|, and more broadly static and dynamic
linear response [39]. All of these results were novel and inspired great interest both in their
time and for decades following their discovery [31]. However, generically, they required the
systems to remain sufficiently close to equilibrium such that the linear approximations of,
for example, Eq. (3.3) hold. Further, the inherently thermodynamic formalism in which
most were derived requires that the forces and flows, which are in turn defined in terms of
macroscopic thermodynamic variables, be well-defined. In Onsager’s own words, this is a
“local equilibrium” assumption [31], which, as stated previously, is not inherently accurate for
highly fluctuating systems. In fact, various attempts to generalize Onsager’s and Prigogine’s
results beyond the linear regime actually proved that the opposite of their implications can be
realized [40]. Prigogine spent much of his later career studying chemical thermodynamics far
from equilibrium, and, with increasingly complexity, Prigogine observed increasing richness
[40]. In essence, attempts at nonequilibrium thermodynamics of the early and mid 20th
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century showed general, powerful results for systems near equilibrium, but were not able to
handle systems far from equilibrium broadly. It was not until the late 20th century that fresh
perspectives on nonequilibrium thermodynamics led to very general conclusions for arbitrary
systems far from equilibrium, as we will detail below.

3.2 Fluctuation theorems

A more modern approach was spurred largely by the development of a series of Fluctuation
theorems in the late 20th century. Arising initially out of studies of constantly sheared
fluids [41], one of the early major results in what was to become stochastic thermodynamics
was a series of results pertaining to the probability distribution of entropy production in a
nonequilibrium steady state. First proposed and studied numerically by Evans, Cohen and
Morris [41], and later proven in a variety of contexts by Gallavotti and Cohen [42], Kurchan
[43], and Lebowitz and Spohn [44], this first fluctuation theorem considered the time averaged
entropy produced over some duration in a nonequilibrium steady state: ;. For such a
nonequilibrium steady state, entropy is constantly produced, however, the specific amount
of entropy produced will vary in each run of an experiment due to underlying fluctuations.
This earliest modern fluctuation theorem, now typically called the Steady-state fluctuation
theorem, showed that distribution of measured entropy production must follow a specific
symmetry [45]:

P et (3.11)
P(=%4)

where P(X) is the probability of finding X and ¢ is the duration of the experiment. Im-
portantly, if ¢ is large or the system size is macroscopic then typically ¥; will be large, and
this equation effectively mandates that >, is exponentially more likely to be positive than
negative, highly suggestive of the second law. In fact, we can make this more rigorous:
P(x
—( t) = ezt — P(Zt)eiztt = P(—Et)

P(=%) (3.12)

— /P(Zt)ezftdEt:/P(—Et)dEt — (e77) =1,

where () represents an ensemble average, i.e. the average upon carrying out the same
experiment repeatedly. Recognizing the convexity of the negative exponential and appealing
to Jensen’s inequality, Eq. (3.12) implies

(e =1 = (Tt >0 = (Zy) >0, (3.13)

which mandates that the ensemble average of the time-averaged entropy production of a
nonequilibrium steady state must be positive. This result, of course, is also mandated by
the second law but the form of Eq. (3.12) places a stricter constraint on the entirety of
the entropy production probability distribution. Importantly, for sufficiently small systems,
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fluctuations might occasionally lead to an experiment in which the entropy production is
measured to be negative, a so-called “violation” of the second law. However, the second law
strictly applies only at the level of an average: classical thermodynamics does not explicitly
clarify this distinction as its focus is systems for which the law of large numbers guaran-
tees all experimental outcomes are precisely the averages, though the fluctuation theorem
demonstrates the possibility and likelihood of such rare outcomes.

Simultaneous to the development of the steady state fluctuation theorem, Christopher
Jarzynski arrived at a very general fluctuation theorem for general nonequilibrium trans-
formations [46]. Following a relatively simple argument, Jarzynski was able to prove that,
for any system starting in canonical equilibrium at temperature 7" and that undergoes an
arbitrary transformation, the transformation must satisfy

(e PW=ARY =1, (3.14)

where 8 = (kgT)~! is the inverse temperature, W is the work performed on the system and
measured in the experiment, and AF' is the change in Helmholtz free energy associated with
the transformation. Recognizing the convexity of the negative exponential and appealing to
Jensen’s inequality, Eq. (3.14) implies

(e PW=AIY =1 = (B(W — AF)) >0 = (W) > AF, (3.15)

where we recognize that g and AF are features of the experimental setup and therefore will
not vary across a given run. The final inequality in Eq. (3.15) is itself a form of the second
law of thermodynamics for systems at fixed temperature. It bears emphasizing Jarzynski’s
accomplishment: whereas the second law amounted to an inequality guaranteeing that the
work, on average, must be greater than the change in free energy, Jarzynski found a strict
equality constraining the entirety of the nonequilibrium work distribution. Further, Jarzynski
made no assumption about the protocol duration and no requirement that the system end
in equilibrium. Therefore, beyond its fundamental importance as a further, very general
fluctuation theorem, Jarzynski’s equality allowed for a measurement of the equilibrium free
energy change associated with a transformation simply by recording sufficient number of
nonequilibrium work measurements [46, 47].

Jarzynski’s result was a huge advance but was not met without controversy [48, 49].
Further credence was lent through the work of Gavin Crooks in the later 1990’s and early
2000s. Following arguments pertaining to reversibility of dynamics at the microscopic level,
Crooks was able to derive the relation [50]:

Pr(W) SW-AF)

BTV , (3.16)

where Pr(W) is the probability to measure a given nonequilibrium work value W in some
experiment starting at equilibrium and Pg(—W) is the probability to measure a nonequilib-
rium work value of —WW when carrying out the same experiment in reverse (i.e., beginning
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in the final equilibrium distribution and running the protocol backwards). Importantly, one
can transform Eq. (3.16) as follows,

Pr(W) BW—AF)
SR, — Pp(W)e BV=AF) _ po
PR(—W) F ) R( )
= / Pp(W)e P8P gy = / Pr(=W)dW (3.17)
B(W— AF)> o 1

which is precisely Eq. (3.14). Crooks therefore derived a yet stricter requirement on the
nonequilibrium work distribution of a completely general system starting in thermal equi-
librium.

These fluctuation theorems have now been verified experimentally [51] and generalized ex-
tensively [45]. From a phenomenological standpoint, these two fluctuation theorems demon-
strate the general form one typically observes: the Jarzynski Equality, Eq. (3.14), is an
integral fluctuation theorem (IFT), which generically takes the form (ef!) = 1 for some quan-
tity R, whereas the Crooks Fluctuation Theorem, Eq. (3.16), is a detailed fluctuation theorem
(DFT), which takes the form P(R)/P(R) = e’ for some alternative ensemble P and some
transformation of R given by R. Following Esposito and Van den Broeck [52], corresponding
to every IFT is a DFT and vice versa. Following Seifert [45], a large number of fluctuation
theorems can be derived from one master fluctuation theorem encoding different dynamics,
initial conditions, and protocols. In all cases, fluctuation theorems place strict constraints
on the measured distribution of some fluctuating thermodynamic quantity of interest.

It bears highlighting a final time the significance of these earliest fluctuation theorems.
For a century, thermodynamics had largely been focused on equilibrium systems with certain
extensions to general phenomena near equilibrium or occasional bespoke theories for indi-
vidual systems out of equilibrium. The fluctuation theorems upended this paradigm: these
results were completely general for any system arbitrarily far from equilibrium, ushering in
a new era of nonequilibrium physics.

3.3 Stochastic energetics

Although preceded by the earliest work on fluctuation theorems, stochastic thermody-
namics as a coherent field essentially began with the work of Ken Sekimoto in 1998 [53].
Sekimoto constructed consistent definitions for a large number of thermodynamic variables
even for small, nonequilibrium systems subject to inherent stochasticity. As a model system,
Sekimoto considered a one-dimensional overdamped Brownian particle, therefore subject to
the following stochastic Langevin equation:

t=-V(z)+n, (3.18)

where V) (z) is a potential energy function parametrized by some externally controlled A
and 7 encodes thermal noise due to the surrounding medium at temperature 7. For such
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an overdamped particle, the total energy is simply the potential. Considering the time
derivative of the energy, then

dV)\ 8V,\ @ aV)\ dx

T ona T ar @ (3.19)

where o represents the Stratonovich product between random variables. The first term on the
RHS of Eq. (3.19) is the rate of change of the energy due to the externally varied parameter
A(t) and can therefore be identified with work rate. By drawing an analogy to classical
thermodynamics, the residual term must therefore be identified with the heat rate:

. oV d\
_ OVadA 2
W EINPTL (3.20a)
N aV)\ dx
. OVadh AV, dx
E=W =———+4+ —"0—. 3.20
H ) W TR (3-20c)

Note that we follow the convention that work done on and heat added to the system are
both positive. Importantly, under these identifications, one recapitulates a form of the first
law of thermodynamics, even at the level of an individual fluctuating trajectory.

Following this work, Udo Seifert [54, 45] likewise arrived at a means of expressing the
second law for such fluctuating trajectories. First, following standard statistical methods [55],
the Langevin stochastic differential equation can be instead transformed into an equivalent
Fokker-Planck deterministic partial differential equation for the time-varying probability
position distribution of the particle p(z,t). Under an information theoretic reinterpretation,
one can now define the fluctuating system entropy as

Ssys(z,t) = —kplog p(x, 1), (3.21)

which measures the information theoretic entropy of the particle at a given time. Impor-
tantly, upon ensemble averaging, we recover the Gibbs formula, Eq. (2.9):

Seys = (Ssys(t)) = —kB/d:rp(x,t) log p(x,t), (3.22)

though we emphasize the form of Eq. (3.21) allows for the evaluation of the particle’s entropy
even along an individual fluctuating trajectory. Further, given that the particle is in contact
with a heat bath at temperature 7" and the stochastic definition of heat from Eq. (3.20b), the
entropy of the surroundings can also be consistently defined in the traditional thermodynamic
sense

Q

ASqur = ——. 3.23
I (323)
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With these definitions, we can now define the total entropy production rate, Asi; =
ASgys + Asgyr. Upon careful evaluation of the stochastic products, one can derive an integral
fluctuation theorem of the form [45]

(e B%er) =1, (3.24)
which, following the discussion in Sec. 3.2 immediately implies
Stot = (ASior) > 0, (3.25)

a form of the second law of thermodynamics, though again for stochastic thermodynamic
variables.

With the first two laws now derived for stochastic thermodynamic variables, one can
follow the same development, and importantly, significant results, as classical thermody-
namics, though now applied to systems far beyond the scope of the traditional treatment.
We emphasize, although originally derived only for one-dimensional overdamped Langevin
systems, the identification of stochastic thermodynamic variables has been extended widely,
allowing for a thermodynamic treatment of a large number of stochastic, fluctuating systems
at a variety of time and length scales.

3.4 A modern outlook

We presented an overview of the earliest developments in stochastic thermodynamics as
a brief introduction to the field. Over the last few decades, however, the field has made
major strides in a variety of related areas whose full treatment is well beyond the scope of
this review. Nevertheless, we highlight some of the more notable directions in this section.

First, over the last several decades, our understanding of the relationships between ther-
modynamics, information, measurement, and feedback has grown dramatically. Since the
early days of thermodynamics, paradoxes involving information-transducing demons [56]
and, more generally, measurement-informed engines [57, 58] have served as a perplexing
complication on the theory with no immediate contemporary resolutions. Recent studies
on the thermodynamics of information, however, have clarified resolutions to these seeming
paradoxes [59] while providing new ties between information theory and thermodynamics
(60, 61]. These relations have given an inherent physical meaning to information and yield
fundamental thermodynamic constraints on general logical operations relevant to computa-
tion [62] which may prove to inform the design of future generations of nanoscopic machines
(63, 64, 60].

Second, following in the legacy of de Donder and the Brussels school [65] stochastic ther-
modynamics has contributed significantly to physical and thermodynamical understanding of
discrete nanoscopic systems, which is particularly relevant to chemical and biomolecular sys-
tems [45]. Following Jarzynski and others, stochastic thermodynamics informed approaches
now provide important numerical techniques for important but difficult problems, such as
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estimating the free energy differences needed for drug discover [47] . Further, recently re-
finements of the second law for chemical reaction networks and potential implications in
biophysical systems have been studied [66, 67].

Third, a major innovation in stochastic thermodynamics has been the study of nonequi-
librium steady states from a thermodynamic standpoint. Advances have included consistent
definitions of stochastic thermodynamic variables such as work, heat, and entropy [68, 69],
generalizations of the fluctuation dissipation theorem [70], and, recently, relations constrain-
ing the fluctuations of currents in steady state [71, 72]. In particular, for a nonequilibrium
steady state, although the distribution does not change, there remain nonzero, irreversible
currents keeping the system out of equilibrium. Thermodynamic uncertainty relations (TUR)
are thermodynamic bounds that place constraints on the ratio of variance to mean for the
these fluctuating currents related to the entropy produced, generally assuming a heuristic

form [73]
Var(J;) S 2kp

<JT>2 B ET’

where J; is the net current under consideration over duration 7, Var(-) is the variance and X,
is the thermodynamic entropy dissipated over the duration 7. Importantly, if one desires for a
high degree of precision, i.e. low variance to mean, the average dissipation necessarily must be
large. This has implications for a wide range of settings, from molecular clocks to biological
precision. The TUR has been generalized extensively to a variety of system dynamics and
provides a fundamental physical trade-off between accuracy and thermodynamic cost.
Fourth, as we detailed in Sec. 3.3, stochastic thermodynamics takes a dynamical, time-
dependent approach to the theory. Therefore, significant progress has been made over the
last several decades on finite-time thermodynamics, for which thermodynamic systems are
studied undergoing non-quasistatic manipulation [74, 75]. From an engineering standpoint,
this allows for the rate of work extraction, the power, to be nonzero and therefore can
yield bounds that are more relevant to existing thermal machines [74, 76]. Further, major
advances have been made in the design of protocols that rapidly transform a system to
some desired target [77, 78|. In this vein, the development of optimal manipulation schemes
for nonequilibrium physical systems, which simultaneously accomplish some intended goal
while minimizing some intrinsic cost, has also received substantial interest [79, 80, 81]. Such
protocols are a main focus of this thesis and will be detailed further in the following chapter.
Finally, though the focus of this thesis will be primarily on classical dynamics, substantial
headway has been made in the study of quantum thermodynamics using techniques simi-
lar to classical stochastic thermodynamics [82, 83]. Quantum generalizations now exist of
many major results in stochastic thermodynamics, such as fluctuation theorems [84], steady-
state thermodynamics [85], thermodynamic uncertainty relations [86] and optimal control
(87, 88, 89]. Further, with the modern revolution in quantum information theory [90], the
thermodynamics of quantum information has received considerable attention [91].

(3.26)
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Chapter 4

Thermodynamic control of
nonequilibrium systems

4.1 Preliminaries

Following the formalism of stochastic thermodynamics, we consider a physical system
described by some dynamical variable z in contact with a heat bath at temperature T'. For
notional simplicity, we will consider only a singular dynamical variable and a singular heat
bath, though one can extend to multiple of either.

The state of the system is described by the potentially time-varying probability distribu-
tion of dynamical variable p(x,t). Generally, the dynamics are given by

atp(l‘7t) = ,CTp(:L‘7t), (41)

where LT is the time-evolution Fokker-Planck operator [92], a, typically linear, differential
operator.

As the paradigmatic example, let us consider the dynamics of an overdamped particle
subject to a (controlled) potential V' (x,t). The dynamics follow the Smoluchowski equation
[92]

Oip = 0x[~ DO, (BV + log p)pl, (4.2)

where D is the diffusion constant. Following Eq. (4.1), we can, therefore identify the over-

damped dynamics as
Ll = —(0,v+v0,), (4.3)

over

where we define the local mean velocity [45]
v(z,t) = —D0,(BV + log p). (4.4)

With access to the probability distribution, we can define the average value, or more gen-
erally any moment, of an arbitrary quantity of interest. In particular, averaging Eq. (3.20),
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the rates of work and heat at the level of ensemble averages are given by [45]

W) = /dx%p(x,t), (4.5a)
@ = [avien 2ol (4.5b)

where again the work is identified as the energy exchange due to external manipulation of
the potential whereas heat is identified as energy exchange due to internal rearrangement
of the system at a fixed potential. Further, observe (W) + (Q) = (V) = ‘z—lf where
E(t) = (V(x,t)) = [daV(z,t)p(z,t), a manifestation of the first law at the level of an
ensemble average. For a given process of duration 7, we can then calculate (W) = [ (W) dt

and (Q) = [/ (Q) dt. We can do the same for entropy:

R / dp(z, 1) log p(x, ) (4.6a)
AQ
A = —-—— 4-
Ssurr T ( 6b)
0Shor = dSsss + dSuuee > 0, (4.6¢)

which is the second law.

4.2 The general thermodynamic control problem

The general thermodynamic control problem typically involves the extremization of some
objective function subject to a specific set of externally controlled dynamics with a given
initial condition. For the model overdamped case, formally, we seek to find the optimal
external control, encoded by the potential V,

Oip(x,t) = L p(z,t) = ax(v(%”f’(”f’t))’} (4.7)

Vi(z,t) = argmin/ L(z,t)dzdt
0 p(l‘v 0) = Po

V(z,t)

where L is a desired objective function density whose integral we seek to minimize and pg(x)
is some given initial condition. Note, one can modify this in a variety of ways, for example,
by adding some intended terminal condition on p(z, 7).

The form of Eq. (4.7) is modular, allowing for a variety of objective functions. In the
typical thermodynamic context, one is interested in one of two major classes of problems.
In the first major class, the objective is to end in some specified target state. This can be
encoded in an objective function that is time local, for example

Ltarget(m,t) ~ 5(t - T)DKL(p(xv T)“ﬁtarget (37))7 (48)
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where Dgp,(P||@) is the positive-definitie Kullback-Leibler (KL) divergence:

Dia(PIIQ) = [ doP(a)log gﬁxi (1.9)

Note, one can use other measures of difference between the two distributions, though the
KL divergence is common, historically significant, and physically relevant [93].

In the second major class, one seeks to minimize a measure of thermodynamic cost
for a finite-time thermodynamic operation. Most often, the minimized cost is dissipated
entropy, ASi., dissipated energy, or for isothermal processes, excess work, W, =W — AF.
Importantly, all of these quantities are positive definite and can be interpreted as wasted
energy or effort such that their minimization is practically relevant.

Although we have focused on these two major classes, we note again the wide flexibility
of the form of Eq. (4.7) and a variety of other optimization problems do arise. Most relevant
to this thesis are the optimization of engines, which, following in the legacy of the earliest
days of thermodynamics, typically involve maximizing various forms of efficiency or output
power. This is decidedly related to both of these broader classes of optimization problems,
though poses its own difficulties, as we will study.

4.3 Full and parametric control

In the thermodynamic control problem, we further distinguish between full and paramet-
ric control.

Full control

In the full control problem, the experimenter has control over the full potential function
V(z,t). For such a problem, the exact solution, Vi(z,t), is known in one-dimension for
the work-minimizing potential protocol connecting an initial distribution py(z) and a target
distribution p¢(z) [94]. The solution is likewise known more generally for protocols beginning
and ending in Gaussian distributions [95]. Beyond, these two cases, however, the exact
solution is not known analytically and typically one must resort to numerical methods to
make progress on exact optimal protocols [94, 96].

Recently, the full control problem has been shown to be equivalent to the problem of
Optimal Transport [97, 98]. This realization has spurred significant progress on further finite-
time refinements of thermodynamic bounds and allows for numerical methods for developing
full-control optimal protocols [63, 64]. We will detail these connections further in Chapter
11.

Parametric control

The problem of parametric control instead assumes the experimenter only has control over
a certain subset of control parameters, i.e. the experimenter has control over a finite set of
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experimental “knobs.” In particular, the potential V(x,t) = V(z, A(t)) is now parametrized
by a time-dependent externally manipulated control parameter A(¢). For simplicity, we
have focused on the case of a singular control parameter, but the extension to multiple
is straightforward. One can further restrict to the case where the experimenter only has
parametric control over a finite region of parameter space. The parametric control problem
is therefore much more representative of an actual experimental apparatus and physical
manipulation. However, its mathematical treatment does not neatly lend itself to exact
results: the control may now not be sufficiently expressive to ensure the dynamics reach a
target distribution at a given time and therefore possesses far fewer guarantees on optimal
performance as compared to full control [99]. Nevertheless, due to its scientific importance,
parametric control has been a major focus of study, both theoretically and experimentally
[45, 89, 94], yielding the successful design of novel exact optimal protocols for a variety of
physical systems [100].

4.4 Approximation schemes and regimes of
applicability

As noted, it is typically analytically intractable to solve for the exact optimal protocols be-
yond overdamped systems in one-dimensions or transitions between Gaussian initial and final
states. For this reason, approximation schemes have been developed that accurately charac-
terize the system and control dynamics under certain limits. These approximation schemes
can then be used to construct parametric optimal protocols analytically when considering
experimental manipulation relevant to these regimes of applicability. From a theoretical
standpoint, the use of approximation schemes serves to inform our understanding of the
exact, numerically-constructed protocols, and can be used as an efficient ansatz for solving
exact protocols variationally [96, 101]. From an experimental perspective, most present-day
experimentally-tractable manipulation tasks are well-described by these approximate treat-
ments, such that the optimal protocols designed in this manner are experimentally relevant
[102]. Further, from a pragmatic standpoint, although only approximate in nature, many of
the optimal protocols designed for use in limited experimental scope have proven to be highly
effective even outside their strict regions of applicability [103]. Here, we detail a number of
notable schemes.

Fast control

Optimal protocols in the limit of fast control were first studied by Blaber et al. [104].
In particular, they considered the control parameter changing from A\; to As over a rapid
timescale 7. By assumption 7. << 7, where 7 represents any other timescale relevant to
the system, most notably the intrinsic relaxation timescale for the system to respond to the
transition and re-equilibrate. Under these assumptions, [104] showed the optimal protocol
consists of a Short Time Efficient Protocol (STEP), for which A(t) is always a stepwise
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function of the form

Ai, t<0
Astep(t) =< A, O0<t<T, (4.10)
)\f, t>T

where A, is found by minimizing the work for such a protocol.

It bears mentioning, for sufficiently fast protocols, the system does not observe any in-
termediate control dynamics, i.e. the system does not have time to react to any control for
times 0 < t < 7. As a result, in practice, although derived explicitly with fast control dy-
namics in mind, the STEP protocol performs only marginally better than generic protocols,
such as a linear ramp [100].

Weak control

The weak control regime focuses on the case when all control variables are modulated
only slightly: [0A(t)/Ao] < 1 for all times 0 < ¢t < 7 where dA(t) = A(t) — Ao is change
in a control parameter, )\ is its initial value, and 7 is the duration of the external control.
Following standard linear response theory [39], the excess work may be written as

1 T T . .
Wy =W — AF = 5/ dt/ AWy (t — t)SAE)SA(E), (4.11)
0 0

from which one may then derive optimal protocols [105]. It bears highlighting that the weak
control regime makes no assumption about the duration of the protocol, such that it can
be highly predictive even for systems driven very rapidly [103], so long as all perturbations
are small. The weak control regime has been studied for a number of different systems,
both classical and quantum [89]. Further, recently, the weak control regime was shown to
relatively predictive even beyond its regime of strict applicability [103].

Slow control

The slow control regime instead focuses on the case when control variables are modulated
slowly: |A\/A| < 1/7 where 7 again is used to represent all time scales relevant to the
problem. That is, the timescale over which a control variable changes must be slower than
all natural timescales for the system under study. However, unlike weak control, this regime
does mot limit the absolute scope of the allowed change over sufficiently long durations.
Using dynamical linear response, [106] demonstrated a connection between slow control
and geometric control, which has since paved the way for major efforts advancing optimal
protocols in the slow regime [107, 87, 108, 109, 76, 110, 111]. The study of optimal protocols
in this regime will form the main focus of Part III of this dissertation. We give a more
in-depth overview of the slow control regime in Chapter 8.
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Chapter 5

Shortcut engineering

Shortcut engineering is a broad series of techniques meant to enforce a desired set of
dynamics on a system by means of external control. Typically, the aim of such control is to
rapidly manipulate a system from an initial state py to a final state p; in a given duration.
Such a transformation typically has some given relaxation timescale 7, whereas shortcuts
attempt to enact this state-to-state transformation in time 7 < 7, such that these techniques
shortcut the intrinsic timescale of the transformation. Here, we give a brief overview, though
the interested reader is referred to the far more extensive reviews: [112, 78, 113].

5.1 Shortcuts to adiabaticity

The phrase “shortcut to adiabaticity” (STA) was coined initially in 2010 in [114], though
conceptually similar methods had been developed over the previous decade [115, 116, 117,
118, 119, 120, 121]. The earliest works focused exclusively on quantum dynamics with
a relatively simple question. The adiabatic theorem of quantum mechanics [122], ensures
that if a Hamiltonian H is modulated adiabitically, i.e. very slowly, from H(0) = Hj to
H(t;) = Hy then all initial eigenstates of that system |n(0)) will likewise be modulated into
the corresponding final eigenstates, [n(t;)). This, for example, guarantees that if a system is
initially in the ground state of the Hamiltonian H(0), during an adiabatic transition it will
remain in the ground state at all times, and same for the first excited state, second excited
state, etc. In contrast, if a Hamiltonian is quenched from Hy to Hj then the initial state of
the system will remain unchanged during the quench and therefore, if initially an eigenstate,
may not be eigenstates of Hy. The earliest shortcuts attempted to essentially replicate the
results of the adiabatic theorem while manipulating the system non-adiabatically.

Mathematically, we consider a time-dependent Hamiltonian H (¢) and some corresponding
eigenspectrum {|n(t))}, where |n(t)) is the nth excited eigenstate of the Hamiltonian at time
t. We mandate the Hamiltonian begin at ¢ = 0 in Hy and end at ¢ =ty in H; and now seek
some control scheme for intermediate times H(¢) such that if we start with an eigenstate
|ng) we will arrive at the corresponding eigenstate |ns) at time ¢ = ¢;. Unlike the adiabatic
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theorem, we generically make no demand on the state in the intermediate times, and it will
typically not be an eigenstate of the instantaneous Hamiltonian H(¢), but if the state ends
as an eigenstate, it will remain an eigenstate at later times. Therefore, we can shortcut the
adiabatic theorem.

The earliest shortcut techniques focused on simple, two- and three-level quantum systems
[114], for which authors were able to successfully derive methods to shortcut the adiabatic
timescale. Since then, shortcuts to adiabatiicity have been extended broadly, first to more
complicated quantum systems [112, 123, 124, 125, 126, 127] and then to classical discrete and
continuous systems [128, 129] as well as stochastic systems [130, 77, 131, 132, 133, 134, 135]
These extensions have included a large number of different, though connected techniques,
such as inverse engineering, counterdiabatic driving, invariant-based design, and numerous
other approaches [78, 113, 135]. We highlight inverse engineering and counterdiabiatic driv-
ing as they are most relevant to our later development.

Inverse engineering

Inverse engineering is essentially the broadest class of shortcut schemes, for which we
impose a specific desired state trajectory, |¢(¢)), and simply invert the dynamics to find the
necessary external control. So long as we mandate that the correct boundary conditions
on the Hamiltonian, this technique ensures the initial and final desired states are imposed,
though can further strongly enforce the dynamics at intermediate times. The major drawback
of this technique, however, is that the necessary control to impose such a specific state
trajectory may not always be realizable [131, 135]

Counterdiabatic driving

Counterdiabatic driving (CD) accomplishes a shortcut in a slightly more specific way
by modifying the Hamiltonian with some auxiliary term. In particular, we write the total
Hamiltonian as

H(t) = Hpase(t) + Haux (1), (5.1)

where Hpase(0) = Ho and Hyase(ty) = Hyp whereas Houx(0) = Hau(ty) = 0. In particular,
if we desire the state to begin in an initial eigenstate |ng) and arrive in the corresponding
eigenstate at the end of protocol |ns), we then design H,. such that the state |¢)(0)) = |no)
is transformed into an eigenstate of Hpas(t) at all times: [¢(t)) = |npase(t)). By the con-
struction of Eq. (5.1), this immediately guarantees that the Hamiltonian enacts the desired
shortcut. It is worthwhile to clarify that the state |1)(t)) is not an eigenstate of the full
Hamiltonian at intermediate times, H(t) = Hypase(t) + Haux(t), only of the base Hamiltonian.
Further, there are numerous choices of the base and auxiliary Hamiltonians, so long as they
satisfy the necessary boundary conditions. The choice allows for flexibility in experimental
design [124] and can lead to solutions of optimization problems for shortcut accuracy or time
[125]
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5.2 Broader escorted dynamics

Beyond their application in quantum systems, shortcutting techniques have now been
extended quite widely. Here, we highlight extensions to both quantum and classical systems
with either deterministic or stochastic dynamics.

Closed classical systems

The earliest extensions of shortcut engineering were for closed classical systems — iso-
lated systems described by classical dynamics. Such systems are energy-conserving and the
evolution of their distribution can be described by Liouville’s equation. Classical shortcuts
were developed later than their quantum counterparts but have now matured [128, 129, 136,
113].

Open classical systems

For classical open systems, engineered swift equilibration (ESE) and shortcuts to isother-
mality (STI) were first introduced in [130] and [77], respectively. and have since been ex-
tended widely [130, 77, 131, 132, 133, 134, 80, 137, 138]. Both strategies follow a similar
philosophy to classical shortcuts to adiabaticity, though for the stochastic dynamics of a
system in contact with a heat bath at temperature 7. In particular ESE is an inverse-
engineering based strategy to enact rapid distributional changes whereas STI is a CD-based
strategy. Utilizing and extending the applicability of these strategies will be the focus of Ch.
6.

Open quantum systems

More recently, techniques have been developed for shortcutting open quantum systems.
In particular, Shortcuts to Equilibration [127] rapidly transition between equilibrium states
of quantum systems whose dynamics can be described by a nonadiabaitic master equation.
With these methods, shortcuts have been designed to rapidly manipulate thermal quantum
harmonic oscillators and can be used for studying thermalization properties more generally
(127, 139]. Finally, quantum shortcuts have recently been implemented in designing finite-
time quantum engines [140].

Complex and nonequilibrium dynamics

Initially, shortcuts were designed exclusively for single isolated particle or thermal systems
that were being driven externally from their stationary distributions. Recently, shortcuts
have been extended to a far wider range of systems. First, through creative mathematical
transformations, novel shortcuts have been designed for complex many-body systems, both
classical and quantum [129, 141]. In a similar vein, shortcut engineering can be interpreted
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differently to suggest fundamental speed limits to physical phenomena, which has seen broad
application including in the study of critical phenomena [142; 143]

Beyond these more complex systems, shortcut engineering approaches have been imple-
mented for a far more general class of dynamical systems. First, shortcut designs were
extended to evolutionary dynamics [144, 145]. These extensions allow both for the study of
finite-time population genetics, but also introduce a physics-based approach toward control-
ling and manipulating evolving populations. These ideas could also have future implications
for directed evolutionary design and even yield biomedical applications [145]. In addition,
shortcut methods have very recently been extended to physical systems with explicitly non-
equilibrium dynamics, such as nonequilibrium steady states [146] and active matter [147,

135]. An example of one such extension to a notable active system will be the focus of
Chapter 7.

5.3 Outlook

Shortcut engineering is a relatively young field with the earliest direct references on the
subject appearing only after the turn of the millennium. Arguably, shortcut design grew
initially out of pure physical interest and curiosity: the ability to rapidly and faithfully ma-
nipulate quantum systems seems to contradict the “spirit” of the adiabatic theorem if not its
literal implications. Nevertheless, with recent advances in experimental techniques, shortcut
engineering has been successfully realized in laboratory settings and has been suggested for
future technological design [78]. Especially in the current era of noisy intermediate-scale
quantum technology [148], the ability to rapidly prepare quantum states by use of shortcuts
before carrying out a quantum computation is worthwhile in and of itself [149, 150]. Further,
various implications of shortcut techniques have now been recognized for optimal control of
physical and dynamical systems [151] and will likely play a significant role in the field going
forward. Finally, with the numerous extensions listed above, such as those to active matter
or even evolutionary dynamics, shortcutting techniques are likely to influence the future of
applied control theory in scientific settings.
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Chapter 6

Engineered swift equilibration for
arbitrary geometries

In this chapter, we extend shortcut engineering techniques to systems described by over-
damped classical dynamics with arbitrary configuration spaces. It is adapted from [134] with
the permission of all authors.

6.1 Introduction

As detailed in Chapter 5, in any transformation process, there exists some intrinsic
relaxation time for the final distribution to be reached. Recently, a number of studies have
attempted to manipulate or eliminate altogether this relaxation time by means of alternative
driving protocols. These strategies are generally known as shortcuts to adiabaticity, in which
one attempts to rapidly transform from a specified initial distribution to a target distribution
in finite time, in either classical [128, 129, 136, 78] or quantum [152, 118, 112, 123, 128, 129,
124, 136, 153, 126, 78, 154] settings. In the context of open classical systems, protocols
that shortcut the natural relaxation timescale of the system go by the name of Engineered
Swift Equilibration (ESE) and focus on enforcing internal thermal equilibrium at specified
initial and final times [130, 155]. This constraint is clearly satisfied when an instantaneous
equilibrium distribution is maintained at all times during the protocol, rather than only at
the beginning and the end, a strategy called shortcuts to isothermality introduced in [77].
This is achieved by adding external driving forces: by following a specified driving protocol,
a rapidly-transforming system assumes the trajectory of a quasistatic transformation.

To be more concrete, consider a physical system described by some time-dependent
Hamiltonian Hy(A;(t)), where t is time, and all time dependence is prescribed by parameters
Ai(t). Following standard Boltzmann statistics [55], the equilibrium probability distribution
corresponding to the control parameters at a given time is

praloi (1)) = SRR, (6.1)
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where 8 = (kgT)~! is the inverse temperature, kg is Boltzmann constant, and Z(\;(t)) is
the partition function, explicitly dependent on parameters \;(t). If the {\;(¢)} are changed
quasistatically, the system will be well-described by Boltzmann statistics at all times. How-
ever, if \;(t) changes too rapidly, the system deviates from its equilibrium distribution
specified by Eq. (6.1). The ESE protocols we consider introduce a modified Hamiltonian
H(x,t) = Ho(x, \i(t)) + Hi(x,t) such that under the full dynamics of H, the system as-
sumes the internal equilibrium distribution of Hy alone [Eq. (6.1)], at all times.

To date, ESE protocols have been successfully derived for a Brownian particle trapped
in a variety of simple one-dimensional (1D) potentials [77, 131] and realized experimentally
for a Brownian particle in a 1D harmonic trap [130]. This approach was also recently
applied to the Brownian gyrator [133], a two-dimensional (Euclidean) system in contact with
two heat baths that admits non-equilibrium steady states. In this chapter, we extend the
ESE framework to generic overdamped Brownian systems, including those with arbitrarily
high dimensional, non-Euclidean configuration spaces. We demonstrate the utility of our
framework by numerically finding the ESE forcing for previously unsolved systems. Due to
the wide applicability of overdamped Brownian dynamics, we expect our results to prove
useful to the many physical contexts where swift, controlled transitions are desirable, such
as nanoscale engineering [156, 157], thermodynamic computing [158, 79], and manipulating
colloidal systems [159, 160], to name just a few.

6.2 Theory

We consider a particle undergoing Brownian motion in the overdamped limit whose dy-
namics are governed by the Langevin equation,

dx(t)

7 = —VV(X(t)7 Az(t)) + ’I’](t) + Fext(t)a (62)

7
where x is the position of the particle, «y is the viscosity, V' (x; A;(t)) is the potential acting on
the particle parameterized by control parameters \;(t), n is Gaussian noise with delta func-
tion autocorrelation (n;(t)n;(t')) = (2v/8)d:;0(t —t'), where 7, j index Euclidean coordinates
and F.(¢) is an external force on the particle.

Following standard procedures [55], this leads to a Fokker-Planck equation:

oup(x. ) = ¥ - | (A= ) ), (63)

where p(x,t) is the configuration space probability distribution at a given time. In the
absence of an external force, the steady state solution is found by setting the LHS of Eq. (6.3)
to zero, yielding the usual Boltzmann distribution, peq.

Now suppose that the control parameters \;(¢) are time-dependent and varied too quickly
to assume a quasistatic transition. We seek Fex(t) such that p(x(t),t; Ai(t)) = peq(x; Xi(t))
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for all times ¢. This can only be satisfied if all explicitly time-dependent terms in Eq. (6.3)
independently cancel. Defining P = peqFex, this constraint can be written

V- -P= —’y@tpeq. (64)

We now generalize to systems whose configuration space is an arbitrary compact Riemannian
manifold M with metric g, and write the vector P as a differential 1-form P = Pda’.
Equation (6.4) then generalizes to

d'P = ~10pea; (6.5)

where d is the exterior derivative and d' is its Hodge dual, whose action on a k-form is given:
df = (—=1)"*=D+! x dx, where x is the Hodge star operator and n is the dimension of the
manifold. We now invoke the Hodge Decomposition, which states that, for any k-form P
on M, there exists a unique decomposition [161]:

P, = dA;_, + d' By + Cy, (6.6)

where Ay and By are (K — 1)- and (k + 1)-forms, respectively, and C}, is a harmonic
k-form; i.e. AC), =0, and A = dd"+d'd is the generalized Laplace operator. On a compact
Riemannian manifold, harmonic k-forms also satisfy dCj = d'C), = 0 [162]. Therefore, we
may write Eq. (6.4) as

d'P=d(dA+d'B+C)=d'dA+d'd'B +d'C = AA, (6.7)

where A is a 0-form, B is a 2-form, and C'is a harmonic 1-form. Eq. (6.5) thus becomes a
generalized Poisson’s equation:

AA = =70, peq- (6.8)
Coupling this with Eq. (6.6) and taking B = C' = 0 for simplicity yields our main result:

dA

Peq

Fext -

(6.9)

We now demonstrate the utility of our result by applying it to multiple physically realizable
examples.

6.3 Practical examples

Euclidean Configuraton Space

In d-dimensional Euclidean space, the Hodge decomposition trivializes to the Helmholtz
decomposition [161]. Our results still hold, though for certain cases the decomposition may
no longer be unique. For this space, the generalized Laplace operator is simply the standard
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Laplace operator. Note that our choice B = ' = 0 amounts to a no-curl gauge: V x P = 0.
We may thus define a scalar potential A that satisfies VA = P. This is analogous to
standard electrostatics, where A and P play the roles of the electric potential and field,
respectively [163].
Given the general solution to the Laplace operator for Euclidean space, we have, for
d# 2,
F(%) d,/ 12—d !
A = =2 [t = x a0 () (6.10)

42

and Fex (x) = pg VA. Note that this solution reproduces Eq. (12) of [77] for 1D systems.
For the special case of d = 2, the potential is given by

A(x) = Qi/dQXI log |x — X'|(—=70¢peq(X)). (6.11)

™

Spherical Configuration Space

We now consider topologically nontrivial configuration spaces. Our first example is an
electric dipole with dipole moment p = pp placed in a time-varying electric field pointed in
the z-direction, E = E(t)z, as shown in Fig. 1(a). The potential energy for this system is

V(8,¢,t) = —pE(t) cos(6), (6.12)

where cosf = p -z and ¢ measures the azimuthal angle about the z-axis. The configuration
space of this system is the 2-sphere, M = S?, for which the Laplace operator is

1 0 9, 02
Age = 050 (sm@ ) 9 (6.13)

To calculate the required ESE force, we find peq(t), the instantaneous Boltzmann distribution
for this system:
4 sinh(BpE(t))

plt) = |

such that the governing equation is given by Ag:A = —7y0;peq. In the high temperature
limit, one may find an explicit expression for A (see Appendix 6.A); however, finding a
closed-form expression is, in general, intractable. Instead, we employ a series expansion in
the spherical harmonics, Y;"(6, ¢). The spherical harmonics are the eigenfunctions of the
spherical Laplace operator, i.e. Ag2Y;"(0,¢) = —L(¢ + 1)Y;"(6, ¢), such that if we write
Peq = D pm Cem(t)Y/"(0,¢), then by the orthogonality and completeness of the spherical

harmonics, we have
o) l
(9 Cgm
{=0 m=

] exp BpE(t) cos b, (6.14)
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(b) (c)

™

Max

Figure 6.1: Demonstration of Engineered Swift Equilibration for non-Euclidean
configuration space. (a) Schematic diagram of the ensemble considered in subplots (b)
and (c). An ensemble of electric dipoles are placed in a uniform, time-varying electric field.
Due to these constraints, the state of a dipole is specified by a polar coordinate # and an
azimuthal angle ¢ such that the system’s configuration space is a (2D) sphere. (b) The
electric field is varied sigmoidally in time, as shown in the inset. In the top panel, we show
the average values of 6 over the entire ensemble for a system undergoing Langevin dynamics
(dashed blue), ESE dynamics (solid orange), and for a Boltzmann distibution for the given
electric field E(t), denoted peq (dotted green). The three lower panels are the corresponding
full distributions for  at all times. (c) Same as panel b for the sinusoidally varying electric
field shown in the inset. (d) Schematic diagram of the ensemble considered in subplot (e).
An ensemble of two coupled pendula with time-varying coupling constant. The state of a
coupled pendulum is specified by the two angular coordinates of the pendula, 6, 6, € [—7, ),
such that the full system’s configuration space is a torus. (e) The probability distributions
of an ensemble of coupled pairs of pendula undergoing Langevin dynamics (top) and ESE
dynamics (middle) plotted against the instantaneous Boltzmann distribution (bottom) for a
coupling constant that changes from zero at small times to a negative value.
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Note that ¢, may likewise be computed:

ctnlt) = | pral0,6,00Y7 (0,0}, (6.16)

Due to the azimuthal symmetry of peq(6, ¢, 1), only m = 0 terms will be nonzero, simplifying
our analysis. Finally, F. is found by taking P = dA = F¢y = pe_ql(Vsz)A.

We now simulate the system for specified functions E(t). The dynamics of this system
are governed by a set of Langevin equations:

m(f — sin 6 cos 0¢?) = —y0 — pE cos 0 + 1y + Fxe, (6.17)
m(sin ¢ + 2cos 00p) = —ysin 0 + 0y + Fuxt.o- (6.18)

Note that, though we do not explicitly enforce the overdamped limit in Eqs. (6.17) and
(6.18), we will effectively do so by means of parameter choices in our simulations. For a
specified E(t), we numerically solve Egs. (6.15) and (6.16) to find the ESE force (truncating
above ¢ = 5) and then simulate the Langevin dynamics in both the presence and absence of
this force for an “ensemble” of 10* dipoles. In units of 3 = m = p = 1, we simulate with
v = 20. Due to the noise terms in Eqs. (6.17) and (6.18), these are stochastic differential
equations, which we simulate by means of a first-order Euler-Maruyama algorithm [164]
with step size of dt = 0.01 time units. Given the promotion of configuration space to a
non-Euclidean manifold, the relation for the noise term is modified [165, 166]: (n;(t)n,(t')) =
(2v/8)g"6(t — t'), where g is the inverse metric of the manifold. For the (unit) sphere,
the inverse metric is ¢% = 1, ¢g** = 1/sinf, and all other entries are zero. Therefore,
following the standard Euler-Maruyama treatment, we take ngdt = +/2vdt/BN(0,1) and
nedt = \/2ydt csc§/BN (0, 1), where N (0, 1) is the Normal distribution with zero mean and
unit variance. To deal with the spherical-polar coordinate singularities at 6 = 0 and 0 = 7,
we temporarily rotate to a different local coordinate system and numerically integrate a
single time-step whenever 0 < § < w/10 or 97/10 < § < 7 (see Appendix 9.B).

In Fig. 1 we plot both the mean value and the full probability distribution of §(¢) for both
the standard Langevin and ESE dynamics for two representative, temporally-varying electric
fields, as described below. Due to the azimuthal symmetry of the problem, the distribution
over the azimuthal angle ¢ is not affected by any temporal change in E(t).

In Fig. 1(b), we consider a sigmoidally varying electric field, E(t) ~ Ey+ (AE)S(t —t.),
where

St)=(1+e")! (6.19)

is the logistic function, AE = 10 is the amplitude of the change of the electric field, and ¢, is
the transition time. For Ejy small, 6 is primarily distributed about 7/2, which corresponds to
the equator. We note that for pEy < kgT', the dipoles have no preferred direction, so they
should be uniformly distributed throughout configuration space. However, the distribution
appears non-uniform as a function of §. This is an artifact of our coordinate system: there
is more phase space area at § = 7/2 (the equator) than elsewhere, such that the probability
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as a function of # should be non-uniform. For ¢ > t., we find that, on average, 6 < /2.
This is physically sensible: the electric field is strong and directed along the z-axis such that
the dipoles will tend to align with it. However, another artifact of our coordinate system is
the absence of probability density at the pole at # = 0. For ¢ ~ ¢, in the absence of the
ESE force, the system remains out of equilibrium for a finite period of time before eventually
relaxing to the new equilibrium. However, when the ESE force is introduced, the system
remains close to the equilibrium distribution at all times.

In Fig 1(c), we consider a sinusoidal electric field, E(t) ~ E'sin(t). In this case, we see that
the constantly changing field never allows the standard Langevin system to fully equilibrate;
instead, the system oscillates with an approximate /2 phase-shift at a significantly smaller
amplitude. Conversely, the ESE dynamics converge close to the equilibrium distribution at
all points in time. For this case, we point out one subtlety: due to the periodicity of the
drive, there exists a non-equilibrium periodic steady-state distribution over # in the absence
of ESE forcing, to which the Langevin dynamics converge [167, 168]. However, reaching this
steady-state is not the goal of our ESE protocol. Rather, we seek to track the instantaneous
Boltzmann distribution for the temporally varying external control parameters at all times,
even in this periodic case.

Toroidal configuration space

Next, we consider toroidal configuration space, as exemplified by a system of two pendula,
each of mass m and unit length suspended vertically, and coupled to each other with a time-
varying coupling constant k(t), as illustrated in Fig. 1(d). The potential may be modeled
as

V(0y,602,t) ~ —(mgcos by +mg cos by — k(t) cos(6y — b)), (6.20)
where 6; and 6, are angles of the respective pendula with respect to the z-axis. Given
the periodicity in 6;, the configuration space of this system is the 2-torus, M = T? =
[0, 27] x [0, 27]. The Laplace operator for this manifold is

o? 0?
= — 4+ —,

06? 063
where one must recall the periodicity of the coordinates: 6; ~ 6; + 2mn for n € Z. We again
employ a series expansion to solve Eq. (6.4). In this case, we carry out a 2D Fourier series.
Considering that Apz expi(mi6; + maby) = —(m? + m3) expi(mi6; + mab), we may write
Pea = D my my Cma.ms (t) €xpi(miby + mab) and deduce that

Are (6.21)

atcm ;1M (t) i(m m
mi,m2

We again simulate this dynamical system for a given x(t). The governing Langevin equations
are Now

mél/g = —791/2 —mg sin Ql/g + Ii(t) sin(@l/g - 92/1) + 7]91/2 + Fext,€1/2- (623)
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As with the last example, the dynamics are not confined to the overdamped limit. For a
specified k(t), we numerically solve the ESE force Fi(t) by means of the Fourier series
expansion (truncating above m; = ms = 10) and then simulate the Langevin dynamics
in both the presence and absence of this force. In units of 5 = m = g = 1, we again
simulate for v = 20 and employ an Euler-Maruyama algorithm with time step dt = 0.01.
Conveniently, the noise terms for this system do not have any geometric corrections, such
that ng, dt = n,dt = /2vdt/BN(0,1). For our simulations, we choose k(t) ~ —roS(t), where
S(t) is defined by (6.19) so that the pendula are initially uncoupled but after some critical
time . they are anti-coupled. In Fig. 1(e), we display the resulting probability distribution
for the coordinates (61,6,) at several times near t.. In the absence of the ESE force (top
row), equilibration happens over a finite amount of time as the system relaxes to its new
anti-coupled distribution. However, when the ESE force is added (second row), the resulting
distribution agrees well with the calculated equilibrium distribution peq(t) corresponding to
the control parameter values at each moment in time (bottom row).

6.4 Discussion

In previous studies, the notions of optimality and control often refer to specific protocols
designed to minimize excess work or some other performance index when changing between
two equilibria or non-equilibrium steady states in finite time [156, 157, 106, 107, 169, 108,
170]. The ESE framework may also be considered a control strategy, though ESE seeks
only to minimize time to equilibration throughout the protocol without any constraints or
penalties on the work required to do so. Prior work has analyzed the relation between
the duration 7 of a protocol and the energy dissipated in carrying out a drive, concluding
that for a variety of model systems, the energy dissipated is proportional to 1/7 [171, 172,
158, 77, 125]. We may conjecture that the type of ESE protocols we have derived here will
behave similarly, with dissipated energy scaling as Tyejax /7, Where Tyepax is the intrinsic viscous
relaxation timescale for the overdamped system in consideration.

In principle, provided a smooth trajectory of control parameters, ESE should allow for
arbitrarily rapid equilibrium switching of ensemble distributions. However, the difficulty
of realizing the required forces in a laboratory setting would presumably preclude such a
situation. In addition, the theory itself breaks down in such a limit due to higher order
effects ignored in a basic Langevin treatment, such as a finite characteristic timescale of the
noise correlations. Nonetheless, for the range of timescales for which Eq. (9.8) applies, ESE
yields a method to achieve controlled, swift equilibration.

Our ESE protocol ensures a high degree of control throughout the drive. Not only do
we enforce the mean, or the mean and variance (or any finite combination of moments) of
the probability distribution, we dictate the entire probability distribution at all times during
the protocol. In fact, following [161], if a scalar field integrates to zero over a full compact
manifold, it may be written as the divergence of a vector field. Importantly, by integrating
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the LHS of Eq. (6.4) over any phase space manifold M, we see that

d d
/M (~10pea)dV = 15 /M eV = 7 2(1) = 0 (6.24)

following conservation of probability. We conclude that for any arbitrary time-dependent
potential described by some smooth set of coordinates, there will always be a corresponding
ESE force that can enforce swift equilibration.

Finally, we note further degrees of freedom in the ESE condition defined by Eq. (6.7):
The differential form dfP = AA allows for an alternative, arbitrary choice of a harmonic
1-form C' and a 2-form B by using Eq. (6.6). For a given trajectory specified by peq(t), these
choices lead to a class of inequivalent, though perhaps non-conservative [79], driving forces—
where now we must use the full form of Eq. (6.6) peF' = dA + d'B + C—each of which
enforces swift equilibration. These additional degrees of freedom, which are inaccessible in
low-dimensional Euclidean spaces and therefore have not been observed in past studies, afford
greater flexibility in constructing appropriate forces for practical laboratory applications.

6.5 Conclusion

In this chapter, we have successfully extended the ESE protocol to systems with nontriv-
ial configuration space topology. We hope our results will be useful for designing optimal
strategies for manipulating a thermalized system of multiple canonical position variables
swiftly through controlled parameter changes. Our methods can be used to calculate the
necessary auxiliary forces to impose internal equilibrium dynamics in experimental settings,
though the derivation we present here is only valid for the overdamped limit. In future work,
it will be interesting to generalize our framework to include underdamped systems.

6.A High temperature limit of dipole model

Suppose that we are in the high-temperature regime for the dipole model such that
IpE(t)] < kgT. In this case we can expand exp fpE(t)) ~ 1+ fpE(t) cos § and the partition
function as Z(t) = 47 + O(BpE(t))%.. We then have, to the lowest order, the probability
density as

1
p(0,0,t) = E(l + BpE(t) cos ) (6.25)
Taking the partial time derivative of the above gives us an equation of the form Ag:A =
—(47)"'yBpE P (cos @), where Py(x) = xz is the first Legendre polynomial. Using the identity
Ag2Py(cosh) = —L(0 + 1) Py(cos), we immediately have the result

1 .
A= S—Wv,é’pE cos 0 (6.26)
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’ Original Coordinates ‘ Transformed Coordinates ‘
o0
(x,y, 2) («',2",y")
cos?2 0’ 4sin? @’ sin2 ¢/
6 arctan v — . ¢
sin 0’ cos ¢
v/ cos? O+sin? 0 cos?
arctan — ¢ o'
sin 0 sin ¢
N cos 0 sin ¢’ N’ cos ¢’ "]
4 sqrtcos? 0/ +sin” 6’ cos? 4/ ' + sqritcos? 0/ +sin” 6 cos? 4/ (b

Table 6.1: Coordinate transformation used when 0 < 6 < /10, 97/10 < 6 < 7 and is
therefore close to coordinate singularities in spherical coordinates.

Note that if the source term yJ;p contained a constant a Py(cosf) = 1, Poisson’s equation
would be un-invertible; however, as the source term must integrate to zero, such terms are
disallowed.

An interesting note: to first order the requisite force can be applied via a potential that
can be practically produced just as a modulation in the original electric field. In particular
we have

F= A s —lfyﬁpE sin 6§ (6.27)
Peq 2
This is enforceable by modulating the applied electric field by AEgsg(t) = —%fyﬂEo where
Ey distinguishes the electric field without the additional ESE contribution. If the original
electric field were, for example, a sinusoid, this modulation would manifest as an out-of-phase
contribution to the original field, resulting at first order in a small phase shift of the total
signal.

6.B Simulation details

When numerically integrating (6.17) and (6.18), the ODE becomes stiff and the numerics
break down near the coordinate singularities at # = 0, 7. Note that this is purely a feature
of our local coordinate chart and not of the physics. Therefore, to simulate the system
accurately, we must find ways of dealing with these poles. There are a number of schemes,
though the conceptually simplest is simply to define a new coordinate chart and transform
to this alternative whenever the system is close to a pole in the original coordinates. In
this context, we define a primed set of coordinates (', ¢') which are entirely analogous, i.e.
a right-handed spherical coordinate system, though whose zenith is now oriented with the
original z-axis (the coordinate singularity at # = 0 now lies on the primed g-axis). For
completeness, we include the transformation in Table 6.1.
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Chapter 7

Shortcut engineering active matter:
run-and-tumble particles

In this chapter, we demonstrate the successful application of shortcutting techniques to
controlling active matter. In particular, we focus on the paradigmatic model of run-and-
tumble particles in one dimension. This chapter is adapted from [135] with the permission
of all authors.

7.1 Introduction

Over the past several decades, active matter has become a major focus of study in
nonequilibrium statistical mechanics. Inspired by interesting features of biological systems,
such as self-propulsion [173, 174, 175] and flocking [176, 177], active matter consists of sys-
tems in which individual particles are able to dissipate energy from internal or other nonther-
mal energy reservoirs. Allowing for such internal energy dissipation and entropy production
makes such systems inherently out of equilibrium. Active matter displays numerous unique,
and at times universal, phenomena, such as pattern formation [178], motility induced phase
separation [179, 180, 181], velocity alignment [182], and accumulation at confining walls
[183, 184, 185, 186, 187]. Recently, the problem of controlling and manipulating biological
as well as synthetic active matter systems has gained significant interest as a means for novel
engineering at the nanoscale [188, 189], with numerous potential applications, such active
matter engines [190, 191, 192, 193, 194], designed self-assembled structures [195, 196, 197,
198, 199], and programmable active matter devices [200, 201, 202].

As detailed in Ch. b5, significant progress has also been made in the field of shortcut
engineering [118, 152, 114, 123, 203, 129, 130, 204, 78, 113]. In particular, for a system whose
steady state py is specified by a set of external control parameters A, shortcut engineering
is a set of approaches to modulate these external controls such that a system in an initial
steady state py = pss(Ag) arrives at a target final steady state py = pss(Ay) in a finite time
7. The protocol duration 7 is typically chosen to be shorter than the natural relaxation
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timescale of the system 7., such that such a protocol shortcuts the system’s relaxation.
These finite-time approaches first gained attention in closed quantum systems, in which such
approaches are known as shortcuts to adiabaticity as they shortcut the adiabatic theorem of
quantum mechanics [118, 152, 114]. More recently, shortcut engineering has been applied to
significantly more complicated systems in both quantum and classical systems, both in the
case of deterministic [205, 136] and stochastic dynamics [130, 77, 131, 127, 132, 144, 134],
and even to driving rapidly between two nonequilibrium steady states for out-of-equilibrium
systems [133, 147] We emphasize that such shortcut protocols typically require the system
to be out-of-steady-state with respect to current external controls at intermediate times, but
the system arrives at a final steady state corresponding to A(7) at the end of the protocol,
such that after control modulation is concluded, the system remains in this new steady state.

In this chapter, we apply shortcut engineering to the paradigmatic active matter system
of run-and-tumble particles (RTPs). An RTP is an overdamped colloidal particle with a
given self-propulsion velocity that stochastically and instantaneously redirects to a random
direction at a fixed rate, similar to the chemotactic behavior of bacteria [173, 175, 206] Specif-
ically, inspired by recent work on another popular active matter system, active Brownian
particles (ABPs) [147], we find a class of shortcut solutions that allow for rapid transitions
between two steady-state distributions at different self-propulsion velocities for a system of
non-interacting RTPs in a one-dimensional harmonic trap. Our results are experimentally
testable with existing techniques [187, 207, 208]. In addition, we derive the optimal protocols
that minimize the average external work for such a modulation. Our findings could influence
the design of near-term experiments and provide insights needed to faithfully and rapidly
control, manipulate, and engineer active systems.

7.2 Run-and-tumble dynamics in 1D

RTP particles undergo dynamics given by

&= —pd,U 4+ voo(t) + n(t), (7.1)

where p is the particle’s mobility coefficient, U(x) is a given confining potential profile, vy is

the RTP self-propulsion velocity, o is telegraph noise which assumes the values o € {+1,—1}

and transitions in a Poisson process with given average rate /2. Its autocorrelation function

is (o(t)o(t)) = e =¥l 1 is Gaussian white noise due to a thermal heat bath with mean

zero and (n(t)n(t')) = 2Do(t — t') for diffusion constant D. We specialize to the case of a
1

harmonic trap where U(z) = $kx? such that Eq. (7.1) becomes

& = —pkx + voo(t) +n(t), (7.2)

Following standard methods, we may write an equivalent master equation for the distribution
of the particles P(x,t):
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Figure 7.1: Steady-state distribution of run-and-tumble particles for a variety
of parameter values. (A) The second derivative of the steady-state distribution at the
trap center as calculated from the first 100 terms of Eq (7.5): a local maximum at the trap
center denotes a passive-like state whereas a local minimum denotes an active-like state. The
transition between these two regimes is denoted by the dotted line. (B)-(I) The steady-state
distribution from the first 100 terms in Eq (7.5) for the parameter values denoted in (A).
All axes for (B)-(I) are the same as denoted in (I). Note that behavior progresses from
left to right along both rows, i.e. (B) and (I) are both passive-like, (C) and (H) are both
marginal, and (D)-(G) are all active-like.

8,P. = —0,[(—pka + vo) Py + DO2P, — %(P+ —-P) (7.3a)
8,P_ = —0,[(—pka — vo)P_] + DOP_ — %(P_ ~P,), (7.3b)

where P, (P_) refers to the probability distribution of the of the right- (left-) moving particles.
The final term in each equation refers to the gain and loss between the different particle
species whereas the first terms characterize intraspecies time evolution for each particle

type.
In steady-state, the distribution must satisfy

0 = —8,[(—pkz £ v0)Py] + DO?P, + %(P_ —P,). (7.4)

Recent endeavors in finding exact solutions to active matter steady-state distributions [209,
210, 211, 212, 213, 214] have led to the run-and-tumble and distribution in both thermal
[215] and athermal (D = 0) cases [216]
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. 0o Vo ”1 ,u,k _;L;cimz n l ,LL_]C
Py (z) ‘,Z(m) N\ opt D Cn(uk)Hen( Da:), (7.5)

1
Co(z) =]] T G n>0. (7.6)

Ia??

He, is the nth Hermite polynomial under the “probabilist’s” convention:

" -
n = :E2/2_ - /2
He,(z) = e e

Y

and P, (x) = Py(x) + P_(x). Note that this set of dynamics is characterized by two
dimensionless quantities: the dimensionless stiffness k = puk/v and the dimensionless veloc-
ity A = vo/v/ukD. K encodes the competition of the characteristic timescales of particle
transmutation 1/ and Brownian particle relaxation 1/(uk). A, in contrast, represents the
competition between thermally driven diffusion and the directed motion due to the active
propulsion.

The steady-state behavior of the system is entirely set by these two parameters and
one observes both passive-like states, encoded by the particles’ tendency to accumulate
at the bottom of the potential, and active-like states, encoded by the particles’ tendency to
accumulate at turning points in the potential. See Fig. 10.1 for a steady-state phase diagram,
as measured by the sign of 9%P,|,—o calculated from the first 100 terms of Eq. (7.5). One
can observe that, for A — oo (as D — 0), the active-passive transition occurs exactly at
k = 1/2 whereas higher values of k are required for smaller A as the diffusive forces begin to
“wash out” the accumulation of particles at the boundaries.

7.3 Shortcut solution

We now wish to implement a shortcut strategy for RTP dynamics. Namely, we assume
the distribution is initialized in the steady-state corresponding to the control parameters at
time ¢ = 0. We wish to carry out some manipulation of the control parameters over some
finite time horizon 0 < ¢t < 7 so as to arrive at a final state corresponding to the steady
state for the given control parameters at finite time 7. For certain parameter regimes,
such a manipulation can result in rapid transitions from one steady state to another over
timescales orders of magnitudes shorter than natural relaxation following a control parameter
quench. Inspired by a recent work on ABPs [147], we will focus on the case of shortcutting
between two different self-propulsion velocities, vy(0) = vgg, vo(7) = vos. We will attempt an
inverse engineering approach, choosing an ansatz for the exact evolution of the distribution
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and arriving at necessary conditions on controllable external parameters to realize such a
distribution. We consider the same ansatz as [147]:

P:t(l‘, t) = P:t(fE|U0(t), kl(), D/Oz(t))*, (77)

where ko = k(t = 0). In particular, if we choose boundary conditions such that

and
k(t=0)=k(t=1) = ko,

this ansatz allows for a rapid transition between steady states corresponding to different
velocities. We highlight that this ansatz is not in steady-state for intermediate times, i.e.
for 0 < t < 7, however, it is at t = 0 and t = 7 with the boundary conditions specified. We
now evaluate Eq. (7.3) for this ansatz. The algebra is somewhat lengthy and we relegate the
full calculation to the supplementary material, however, the final necessary constraints on
the control parameters are relatively simple:

& = 2au(k — koav), (7.8a)
Vo = —vou(k — ko). (7.8b)

Remarkably, this set of control is identical to that found in [147] for 2D ABPs. ABPs and
RTPs are known to exhibit equivalent hydrodynamics and share many physical properties
at a large scales [217, 218], though we emphasize that this shortcut is identical at the single-
particle, noninteracting level for different dynamics, equilibrium distributions, and perhaps
most surprisingly, dimensionality. This suggests that Eq. (7.8) may prove to be a universal
shortcut for both of these systems, or an even broader class of active systems, irrespective
of specific model details.

7.4 Explicit protocols

With Eq. (7.8) in hand, we are now able to solve for explicit shortcut protocols for
this system. Moreover, given the identical solution to the ABP case, we may map to the
solutions already presented [147] We first consider a polynomial solution for o to Eq. (7.8).
Considering the four boundary conditions that must be satisfied in addition to the first
order differential equation, we require five degrees of freedom and therefore minimally a four
degree polynomial (though higher degree inequivalent solutions will likewise produce viable
shortcuts). Evaluating Eq. (7.8) for this polymonial ansatz yields

30t3(t — 7)%log %

t)=1
a(t) + pkoTd

(7.9)
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Figure 7.2: Shortcut protocols can outperform quenched protocols in Langevin
dynamics simulations. (Left) Particle distribution as a function of time from transition
onset (t = 0) shown for an active-to-passive transition with pko = 1/2, v = 1/5, d = 1,
voo = 5 and voy = 1/2 in simulation units. Rapid parameter quench and resulting relaxation
(top), polynomial shortcut with 7,0y = 1.71/(pko) (second from top), and minimal-time
shortcut with the same minimum and maximum stiffness as the polynomial protocol with
Tamin & 1.311/ (ko) (third from top). The polynomial protocol was chosen such that k(¢) > 0
at all times. Bottom subplot shows the position variance for each of the simulated proto-
cols, quench in solid blue, polynomial in dashed-dotted orange, and minimal-time in dashed
green, as well as the theoretical initial, dotted orange, and final, dotted purple, variances (see
Appendix 7.A for derivation). Note that both polynomial and minimal-time shortcut pro-
tocols converge to the final target distribution significantly faster than quenched relaxation.
(Right) Same as left plots but for a passive-to-active transition with vgy = 1/2 and vor = 2,
and we find 701, = 3.851/(uko) and Tiin = 3.041/(pko), again chosen so kyoy () > 0. Note
that for this transition, the minimal-time shortcut protocol marginally outperforms a naive
parameter quench, as shown by the slightly more rapid convergence of the dashed green curve
relative to the solid blue curve to the final target value in the bottom subplot. Moreover,
the polynomial shortcut underperforms the naive quench for this transition. Therefore, the
active-to-passive shortcut significantly outperforms the natural quenched relaxation, but the
passive-to-active shortcut presents a more complicated picture.
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where vgo(vos) is the initial (final) velocity of the protocol, and 7 is the protocol duration.
Given «, one can immediately find k(¢) and vg(¢) by manipulating Eq. (7.8). However, we
note one potential issue with this solution: for voy > vgo, that is when the final velocity
is greater than the initial, «(¢) can, in principle, become zero or even go negative, which,
in turn, leads to singularities in k(t) and vy(t). Evaluating Eq. (7.9), the extrema occur at
t =0,7/2, and 7. For vgy > vgo, the minimum of this function occurs at 7/2 which yields a
constraint on the minimum protocol duration for such a solution:

15log 322
alt) >0 = 7> 5 ,ukOOf' (7.10)

We remark that the typical timescale for relaxation to equilibrium is given by 7, ~ 1/(ukq)
such that a polynomial shortcut may not significantly outperform, or may even be slower
than, a simple quenched protocol.

In contrast, when wvoy < wvgo, there is no such constraint on the minimal time, and,
in principle, arbitrarily fast transitions are possible. Such transitions, however, may require
physically inaccessible protocols for k(t), such as very strong or even negative stiffness values,
but there are no singularities that prevent their mathematical construction.

Given a constrained minimum and maximum value for stiffness, denoted k., and kpax,
respectively, a “bang-bang” optimal minimal time protocol was previously constructed in
[147]. In particular, in the case of vgs > voo (vof < vgo) the protocol consists of spending a
certain amount of time t; at ki, (kmax) before instantaneously transitioning to kmax (Kmin)
for the remainder 7, — ¢; of the protocol. Again one finds 7, is larger for voy > v than for
Vo < Voo, even for the same values of Kpax and Epiy.

In Fig. 10.2, we have plotted simulations of Langevin dynamics for both active-to-passive
(left), vor < vgo, and passive-to-active (right), vos > wo transitions for a quenched transi-
tion (top), polynomial shortcut transition (middle), and minimal-time shortcut transition
(bottom) for identical maximum and minimum stiffness values as the polynomial protocol.
Observe that for passive-to-active transitions, the shortcut protocols are not significantly
faster than simple quenched relaxation, though there is a significant speedup for active-to-
passive transitions, in principle only limited by the external control.

7.5 Minimal work protocol

We now consider the energetic cost of such shortcuts. The external work of a given
shortcut protocol is given by (see Appendix 7.C for a full derivation),

(W) :/OT /Z dx(@tU(x)P(x,t)):/ng {afko + (Mko)fi | (7.11)

where vy(t), k(t) and «(t) still must satisfy Eq. (7.8). Defining

A(t) = /0 ()t (7.12)
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we can write (W) as a local functional:

(W) = / A A? + koA { D - Vi L aukot =21 dt,  (7.13)
o \2uA  2uA2 2k (ko) + pkoy) A

from which one may derive Euler-Lagrange equations to minimize the external work. We
relegate the full expression to the supplemental material, but it consists of a nonlinear fourth-
order ordinary differential equation in A(t). Specifying the boundary conditions A(0) =
0,A(0) = A(1) = 1, and A() = 7 — 1/(uko) log(vos/voo) ensures the system begins in the
steady state P(z|vgo, ko, D) and ends in P(z|vgf, ko, D) in total duration 7 with minimal
external work. We show the required protocols for k(t) and vy(t) for such a minimal-work
protocol in Fig. 10.3 and compare to a minimal-time protocol with identical values of k.,
and kna.c. Observe the discontinuities in k at the start and end of protocol, which have
previously been observed in finite-time optimal control problems [156, 104, 100]. Further,
this protocol contrasts significantly with the minimal-time protocol, indicating a trade-off

between protocol duration and work, a ubiquitous feature of finite-time thermodynamics
219, 220, 221].

7.6 Discussion

By applying the ansantz P(z,t) = P(z|vo(t), ko, D/a(t)), where a(0) = a(7) = 1 and
k(0) = k(1) = ko, we have derived a class of shortcut solutions, Eq. (7.8), that allow for
rapid transitions between 1D RTP steady states at the same trap stiffness and temperature
and different self-propulsion velocities. Although the limit to D — 0 (athermal limit) is
nontrivial, we emphasize that the same shortcut solution works in this case with a — 0
(see Appendix 7.B for derivation). In future work, it will be interesting to consider similar
questions for changing trap stiffness or temperature. As a start, although we focused on
protocols with D held fixed, one could instead quench D at the end of the protocol to some
D" = D/a(r), which allows for transitions between different-temperature steady states. We
leave the study of shortcut protocols with smoothly-varying temperature for future work.

It is striking that Ref. [147] derived the identical shortcut solution as Eq. (7.8) for
2D ABPs in harmonic confinement. RTPs and ABPs are known to share hydrodynamic
properties at large length scales, though we emphasize that our work and Ref. [147] focused
on distinct single-particle distributions in different dimensions: it is surprising to us that
the shortcut protocols turn out to be identical for these distinct systems. This may point
to a universal shortcut protocol applicable to numerous active systems, which could prove
useful in engineering active matter. We emphasize that there are very few fully calculated
steady-state distributions for active particle systems, such that the typical inverse engineering
techniques in shortcut methods will need to be augmented to study general active matter
shortcuts.
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Figure 7.3: Minimal work (solid blue) and Minimal time (dashed orange) protocols
for k(t) and vo(t). Maximum and minimum allowed values of stiffness are chosen to be
identical and time is measured with respect to duration of minimal-work protocol. We find
Tmin-time ~ 0-864Tmin-work while Wmin-time ~ 1-571Wmin-w0rk-
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Another observation worthy of comment is the tendency of passive-to-active shortcuts
to take more time than active-to-passive shortcuts. In fact, if we allow any value for har-
monic trap stiffness for intermediate times, including unphysical negative values which have
been previously studied in the literature [131], we find that there is no lower time bound
whatsoever on active-to-passive transitions. We suggest a simple physical intuition for this
asymmetry: in passive-like steady states, both right- and left-moving particles are concen-
trated at the center of the trap. In contrast, in active-like steady states, right- (left-) moving
particles accumulate at the right (left) wall of the trap. Therefore, when trying to transition
from an active state to a passive state, one can simply increase the stiffness dramatically to
accumulate all particles at the center of the trap before decreasing slightly and allowing the
particles to reach their proper steady states. Indeed, we obtained this qualitative strategy
quite generally for all explicit protocols we calculated, as shown in Fig 10.3. In contrast,
when transitioning from a passive state to an active state, one can only decrease the stiffness
to k =0 (at a minimum) and allow the two particle species to reach their final positions by
means of their self-propulsion before again raising the stiffness to maintain the trap. This
is qualitatively the general protocol we found for optimal passive to active transitions. We
emphasize that even if we were to allow k to attain negative values, this may prove detri-
mental to rapid passive-to-active transitions as a left-moving particles could become initially
trapped at the right wall, and vice versa. Conversely, negative values of stiffness allow for
arbitrarily rapid active-to-passive transitions.

In this chapter, we calculated the minimal-time and minimal-work protocols when con-
strained to our shortcut solution Eq. (7.7). More specifically, we focused on the minimal
external work protocol: we did not take into account the energy dissipated from the ac-
tive particles themselves or from other external sources, such as external controls needed to
modulate self-propulsion velocities. Including such energetic costs may lead to different op-
timal protocols. We emphasize that this shortcut, Eq. (7.8), offers a great deal of flexibility
given the arbitrary possible choice of a. That said, although this family of solutions does
yield full, rapid control of the distribution, it may not contain the absolutely optimal set of
controls for a given state-to-state transition. In particular, we calculated the minimal-time
and minimal-work protocols connecting two different RTP steady states for a given duration
7 when constrained to this specific control strategy. We were able to observe presumably
general features, such as work and time trade-offs, but it is a worthwhile question to discover
and engineer absolutely optimal protocols for controlling active matter, perhaps through
approaches from optimal transport theory [97, 100]. For example, the observed asymmetry
in passive-to-active and active-to-passive transitions may be a feature of this specific control
protocol, but may not prove to be truly universal. Furthermore, there exists a large literature
on optimal control of passive matter in the slowly-varying regime where systems deviate only
slightly from reference equilibrium states [106, 107, 169, 222, 76, 223, 110, 111]. Extending
these results to active systems could mark a significant advance in engineering active systems.
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7.A Derivation

We start with the master equation coupling the right- and left-moving particles due to
particle transmutation, Eq. (7.3),

0Py = —0,[(—pkz + vo)Py] + DOP, — ’%(a —P) (7.14)
0,P- = —0,|(—pkz — vo)P_] + DO2P_ — g(P_ —P,). (7.15)

This has the stationary state solution given by [216]

Py (z)* = Pt (z|v, k, D) Z)\”P(”)

= Vo "1 | pk _pka? 7y wk
= —_— | = e 20 (£1)"C,(—)He, —z |,
‘ (\/uk0D> 2V 27D (1) (,u/{;) ( D )

n=

(7.16)
where Cyp(z) = 1 and
- 1
Co(®) =] = , n>0. 7.17
@ =1l T
He,(x) is the nth Hermite polynomial under the “probabilist’s convention,”
= (— z -5
en(z) = (—1)"e el
We define A = vg/+v/pkoD and
1 k ka? k
(n) _ HE n v H
=\ —= +1 —)H —x|.
Pe =5\ 50 7 EV G e”( DI>
Observe that the coefficients C), satisfy the recurrence relation
1
Cn() = ~1(z), (7.18)

Cy
n+ i1+ (=1))z
for n > 0. We may further define C), = 0 for n < 0.

To verify our solution, we evaluate this differential equation for our ansatz:

Py(a,t) = Pr(xluo(t), ko, D/a(t))

N (Valn®\ " L fabuky eome? koot
= 0< JiD ) 5 5D (:I:l) Ch (Hk‘o)He ( i) x)
(7.19)

n—
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To aid in our derivation, let us calculate several derivatives that will be helpful later. For
clarity, we suppress the arguments of He, as they will all be of the same form, \/ukoc/Dx:

> & nvy  pkox? ok Hen 1 Q (n)
0Py = A" )— 4+ — = —— 1/ n 7.20
v ;} (n+ )204jL Vo 2D @t ne D He, 2a P (7.20)

- H
E)wPi:Z)\” O‘“kom ,/O‘“ko 6" Ll P, (7.21)
2
H
azPi = Z)\"{ auko (&'ngko) % — Qn.r( ) Cn-1

o (7.22)

ko Hen o | (n)

+n(n—1) D e 17% )

Using the recursion identity

yHe,_1(y) — Hen(y)

Heni1(y) = yHe,(y) — nHe,1(y) = Hey2(y) = n—1

we may simplify further

2 3/2
N " oz,uko ok N otk He,_4 apko Hep o | (n)
(‘9Pi§ Al ( i3 )az—2nm( i3 ) e, +n(n—1) D . Pl

n aﬂko apko\? ko \*? He,
= Z A ¢ — 2nx
D D He,,

3/2
ok He, 1 naukg n)
+m( D ) He, D }Pi
) 2 3/2
ok apko 2 ovpiko Hen1 | 5
_ A" 1 — .
o [ () e () e

(7.23)
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Finally, we calculate

> koD
wPe =Y (4/ “02 A) AP

n=0

- Z A/ ko DPY
_Z)\nﬂ /:ukOD 7?i ),P(nJrl
,P:thrl
IukO Cn 1H€n 1
= A (E£1)4/
; (+1) C, He, P
- pkoD Cy—y Hepy (n)
= "(E£1)y/
Z)\ (+1) o C, He, Pa

prko D v Hen 1 n)
= N'(£1) 1+ (—=1)"Hh)) ==
Z WSt g (L () =Pl

(7.24)

such that

= koD

£0,(00P) = SN (04 (0 (1))

—ayikor He,y 1y, | Qo Hena | )
D He, +n-1) D  He, P
- pko D 8 1 aupiko (n)

; Vo (n+2uk0( +(=1) ))( o | Px

2+ (1P,

= — Z A (npko +

n=0

(7.25)

where we have made use of the recurrence relation.

Combining Eqgs. (7.19), (7.20), (7.21), (7.23), and (7.25), the master equation, Egs. (7.14)
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and (7.15), becomes

> & nvy  pkox? apky He, 1 &
0= 1)—+ — — = ) — ok
ZK(”* 20t 2 TN D He, 20 ) T

2 3/2
a kg ok 9 kg He,
—D|-(m+1 -
( (D5 +( D )" m< D He, (7.26)

= N g _ _ aukon Oéﬂko Henfl
_Z{<2a+auk¢0 uk)( 5 +na/ D He. +1

+n (g T ko +aukzo) })\”Pi

20 g

We may satisfy this equation for

10’

2% + apky — pk =0, (7.27)
a0

— + =2 — ko + apke = 0. (7.28)
200 vy

Note that by solving the first, we can further simplify the second:

& = 2pa(k — koa), (7.29)
0o = —vop(k — ko). (7.30)

Remarkably, this is precisely the same set of conditions needed for the active Brownian
particle shortcut [147].

7.B Athermal Shortcut

For the athermal case, to avoid nuances in taking the limit of D — 0, we can instead
work directly with the athermal distribution [215]:

1 kD [3(1+ )] pkx z: pkx s
P * = P¥ k)= — H 14+ — 1+ — . 7.31
-(0)" = Pileleo ) = 5 ( - ) ( 7 L8 ) (7.31)
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We simply use as an ansatz

ET[L(1+ 2 €T 5%0 0x #277071
Pi(x,t) = P (x|uo(t), ko) = %M\/%[iﬁr[l:]f)] (1 + %) (1 ¥ %) . (7.32)

Evaluating these ansétze in Eqs. (7.14) and (7.15), for D — 0 we have, after simplification,

22,2\ Zrg 1
kol [% (l,%o + 1)] (0o + vou(k — ko)) (1 - %) O (ypkor® — pkoVor — v2))

3 =9

vpl’ [ka]

(7.33)

1 v . u2k3x2 ﬁ_l 2 2
pkol’ [5 (,u_ko + 1)] (0o + vopu(k — ko)) (1 - =3 ) (ypkox® + pkoVox — vg) .

Lk

(7.34)

Both equations may be naturally satisfied by taking
1)(] = —'Uou(k? — k(]), (735)

which is precisely Eq. (7.30), or the shortcut upon taking o — 0.

7.C Average external work

We now calculate the average work done externally in this protocol. We emphasize that
we focus only on the work due to manipulating the potential: there may also be some energy
cost in changing vy (not to mention the housekeeping heat to maintain the system’s activity),
but herein we focus only on the potential work. Therefore,

:/tf dt /d:p Pla, )0,U (2, )
/tf E/dxx Z( ,uk’o )2” %

a(t)uk 22 k (e t
X e C2n(uko)H6 ( a OD( )9:)

(7.36)
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Let us focus on the spatial integral

a(t) ko> k‘ t D 3/2 2
/dx xle” e Hes, ( a Og( )x> = (E) /dy er_y /QHegn(y)
D

Accordingly, the work performed during the protocol is

o at)uko D 3/2
/dt ZO( uko ) ;72/; Cz”<u7fo)m(a(t)uko) (On.0 + 20n,1)

= / ! k{ A i }dt
o 2 lapky  (phko)* + pkoy]

(7.37)
From Egs. (7.29) and (7.30), we have
Uo(t) = Uooe_ufg(k_ko)dt,
where vy is the initial velocity. We can also rearrange:
k o + koo = k= a o + koa
= — a = —— Q
2pac 2pa 2ua?
such that A
vo(t) = vgoe™ Jo g tuko(a(t)—Dlde’ _ Y00 ukot ,—pko [§ o(t')dt’
&
Finally, defining
t
At) = / a(tdt', (7.38)
0
we can rewrite (W) as a local functional in A,
. ‘s )
(W = / A A LR { Do o Lok g (7.30)
o \2uA  2uA? 2k (pko)? + pkoy) A

such that we may derive the Euler-Lagrange equation for A(t):
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2,02 e2,uk:0(sz) . . .
e (8ako)*A® — 20(y2ko)*A® + 16 suko)*A*)
2 2 2uko(s—A) . . - . .
% (—4,ukoA3 ((,uko)2 + 3pkol + A) — 3AA (3ukoA + 2A) + 6A3)
) 2 2uko(s—A) . . .
%31 ik <A2 (8(#ko)2A + dpko A + GukoA® + A )) '
0
(7.40)

Solving this Euler-Lagrange equation will lead to extremal work protocols, such as the min-
imal protocol constructed.
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Chapter 8

Thermodynamic geometry

8.1 Early geometric approaches

Geometry and statistical mechanics have long been connected fields. Both symplectic ge-
ometry and contact geometry as distinct mathematical fields derive from Gibbsian statistical
mechanics [224, 225, 226]. However, the term Thermodynamic geometry refers specifically
to a class of interconnected approaches using differential geometry to describe thermody-
namic systems. The field was first introduced by Frank Weinhold [227, 228, 229, 230, 231]
and significantly advanced by George Ruppeiner [232, 233, 234, 235, 236]. Weinhold con-
sidered classical thermodynamic systems described by their internal energy as a function
of extensive thermodynamic variables, U(S,V, N,---). For systems in equilibrium, this is
a well-defined smooth function. Weinhold was then able to demonstrate that the laws of
thermodynamics were compatible with the construction of a Riemannian metric of the form
9 = 0:0;U(S,{N}) where 0; denotes a derivative with respect to the ith indexed extensive
parameter and {/N} is the set of all extensive parameters excluding S and U itself. That is,
Weinhold established a geometric approach to thermodynamics.

A few years later, by following a similar construction with a slightly modified metric
gf} = 0,0;5(U, {N}), Ruppeiner not only demonstrated the existence of an a priori distinct
geometric description of thermodynamics, he developed a novel interpretative and predictive
aspect to the theory. Ruppeiner studied the curvature induced by this metric and demon-
strated connections to thermodynamic fluctuation theory [234]. He has also argued that,
quite generally for thermodynamic systems, the sign of the scalar curvature of this thermo-
dynamic manifold corresponds to the interactions present in the system: negative curvature
corresponds to primarily attractive interactions, positive curvature to primarily repulsive
[235]. Ruppeiner’s approach spurred significant independent development, with particular
application to black hole thermodynamics [237, 238].

Finally, Schogl introduced a different form of thermodynamic geometry for intensive
control parameters, such as temperature and chemical potential, in 1985 [239]. Although
all of these approaches may seem distinct, the early thermodynamic geometries were all
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based on equilibrium macroscopic thermodynamics and essentially demonstrate calculations
carried out in different ensembles, thereby effectively yielding identical results [240].

8.2 Thermodynamic length and dissipation

In [241], Peter Salamon and Michael Berry gave a new interpretation to the meaning of
this thermodynamic geometric space. In particular, working in endoreversible thermodynam-
ics, Salamon and Berry recognized that the thermodynamic geometric length, £, between
two states in this space was a measure of the minimum dissipation required to transform
between them in finite time [242]. Endoreversible thermodynamics is a near-equilibrium for-
malism in which the system and surroundings are considered weakly coupled, such that they
are both independently in equilibrium, though they may not be in mutual equilibrium with
each other. This approach is accurate when systems are driven slowly and weakly from some
reference equilibrium state, as was relevant to Salamon and Berry’s calculation. Assuming
the transformation is carried out adiabatically, i.e. slowly, they showed that to leading order
in the driving rates,

2
D > E?, (8.1)

where D is the dissipation and 7 is the protocol duration. This therefore immediately
connected the thermodynamic length, a quantity calculable purely from equilibrium ther-
modynamics, to the dissipation, a feature explicitly of the nonequilibrium theory.

Crooks extended this result to the case of small, fluctuating stochastic systems in [240].
Importantly, all the thermodynamic geometries discussed above deal with systems in terms of
macroscopic parameters which may not be well-defined for the noisy dynamics of mesoscale
systems. Following the formalism of stochastic thermodynamics, Crooks arrived at a proper
definition for thermodynamic length for such mesoscale systems that maintained the con-
nection to dissipation [240].

8.3 (Geometric optimal control

In a foundational work, Sivak and Crooks utilized the known connections between ther-
modynamic length and minimal dissipation [106] to arrive at an approach for finding optimal
protocols to manipulate thermodynamic systems, whether at the macro- or meso-scale. In
particular, Sivak and Crooks considered the problem of parametric optimal control in the
slow driving limit. For a Hamiltonian H(x;A) indexed by control parameters {A}, Sivak

and Crooks demonstrated that, to leading order in the driving rates, the dissipation is given
by [106]

D= [ a3 A (0gu (A1), (82
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where g, is the thermodynamic metric relevant to the problem, and A* is a vector of all
control variables. Focusing on classical stochastic systems, they derived the expression for
g, through dynamic linear response theory:

o0

g“”(A):kB_T i dt (X, (1)0X,(0))4 (8.3)

where (-), denotes an equilibrium average carried out at fixed A. Importantly, this makes
the expression for the dissipation, Eq. (8.2) time-local and based solely on equilibrium time-
correlations, making the calculation of the thermodynamic metric analytically tractable in
certain simple cases [107, 158, 108, 87, 109] and amenable to sampling in more complex cases
222, 243].

Importantly, Sivak and Crooks also demonstrated, much like Weinhold, Ruppeiner, Sala-
mon, and Berry, that the laws of thermodynamics mandate that the matrix g, satisfy the
requirements to be a (pseudo)metric. Therefore, upon deriving the metric, the problem can
be divorced from thermodynamical details and reframed entirely as a problem in geometry:
deriving minimally dissipative finite-time thermodynamical protocols now corresponds to
constructing shortest-length smooth curves in a Riemannian manifold. This problem has
been studied extensively in the literature of Geometric Optimal Control [244]. At a base
level, given some set of paths in the space of control parameters one must follow, the Sivak-
Crooks formalism yields the proper time-parametrization to minimize dissipation. If one has
even more control, i..e the ability to choose the shape of the path in the first place, one could
derive the control geodesics, that is the shortest-distance paths between two points in the
thermodynamic manifold, such that the protocol minimizes dissipation for any smooth path
connecting the two endpoints of the control curve. Other problems can also be of interest
for different optimization functions: for example, in studying engines, geometric approaches
using this formalism instead looked at optimal cycles for maximum efficiency or maximum
power. A fuller presentation of maximally efficiency engines will be given in Chapter 10.

Thermodynamic geometry as applied for optimal control has been extended broadly
beyond its original focus in open classical systems. Initially, extensions were made to include
temperature-varying protocols [107] and simple quantum protocols [87], though recently a
wide array of successful applications in quantum systems have been derived [88, 245], with
particular focus on engines [223, 246]. Very recently, thermodynamic geometry and geometric
optimal control have led to novel methods of studying chemical reaction networks [247],
complex many-body systems [248], and even intrinsically nonequilibrium systems, such as
active matter [101]. In the rest of this Part, we will detail applications of thermodynamic
geometry to engines, with particular focus on applications to classical harmonic oscillators,
though many of our results are more general.



59

Chapter 9

Optimal finite-time Brownian Carnot
Engine

In this chapter, we apply thermodynamic geometry to optimize the Brownian Carnot
cycle, an experimentally tractable heat engine at the nanoscale [249]. This exercise is both
pedagogical in recognizing the application of thermodynamic geometry to heat engine opti-
mization, but we also gain key insights through this study that may be applied more broadly.
This chapter is adapted from [110] with the permission of all authors.

9.1 Introduction

Since the turn of the millennium, our understanding of nonequilibrium processes has
improved dramatically [46, 53, 50, 54, 250, 251, 45]. Over the past decade in particular,
powerful techniques for controlling colloidal mesoscopic systems have facilitated experimen-
tal realizations of finite-time thermodynamic cycles [252, 160, 249, 253, 254, 159]. A major
step forward was achieved by the construction of a mesoscopic Stirling cycle with a har-
monically trapped particle suspended in a temperature-controlled, laser heated fluid [160].
Another significant advance was achieved by placing an electrically charged colloidal par-
ticle in an electrostatic field with tunable noise in order to mimic a thermal bath with a
continuously varying temperature [249]. By following alternating adiabatic (constant Shan-
non entropy) and isothermal strokes, these authors produced a mesoscopic colloidal Carnot
cycle.

However, although a large class of control protocols, including those used in this exper-
iment, reproduce the standard Carnot cycle when performed quasistatically, the choice of
a specific temporal parametrization significantly impacts the thermodynamic performance
of the engine when operated in finite time. In this chapter, we connect the versatile ther-
modynamic geometry approach with the colloidal harmonic oscillator used previously [160,
249] and calculate explicit optimal protocols for this important model system. We find im-
provements in the efficiency, output power, and dissipated energy in steady-state operation
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for a wide variety of cycle durations. Our results may find use in practical development of
mesoscale engines.

9.2 Thermodynamic geometry

Thermodynamic length was originally introduced as a notion of metric distance between
equilibrium states of a physical system [227, 232, 241, 255, 239, 240]. Since their intro-
duction, thermodynamic length and similar geometric approaches have found wide-ranging
applications in various contexts [234], with recent success in optimal control of nonequilib-
rium systems [106, 107, 256, 169, 108, 87, 222, 257, 243, 223, 245, 258]. We will follow the
treatment introduced in a recent pioneering study [76] that successfully applied a geomet-
ric approach to closed thermodynamic cycles. In particular, we consider a thermodynamic
system with two control parameters, A = (T, \), operated cyclically, where T is the time-
varying temperature of an external bath and A represents a mechanically varied parameter.
The work, W, and effective energy intake from the heat source [76], U, are given

o\ . .
W:—%dt<%AA>At, U:j{dtaogpt)Tt, (9.1)
t

where H) is the system Hamiltonian for a given value of A, p is the phase space density, ¢
subscripts denote values at a given time ¢, and brackets denote ensemble averages, i.e. phase
space integrals against p for a given .

This expression for the work is fairly standard, but the quantity U above may be less
familiar (U does not represent the internal energy of the system). For any quasistatic,
reversible process, a change in the entropy of a system must coincide with an exchange of
heat with an external bath by the amount given by the expression for U. For systems driven
out of equilibrium, the entropy can increase even in the absence of heat exchange, as is the
case during a free expansion, for example. This quantity, which upon performing integration
by parts converts to ¢ T'dS in steady-state driving, where S is the system entropy, then
includes contributions at each moment from both the actual amount of heat exchanged with
the environment plus the amount of heat that would result in the extra increase in S during
a corresponding reversible process at temperature 7.

Thus, the energy irreversibly dissipated over the course of a full cycle, A, (alternatively
known as the dissipated availability or work) can be written

A=U-W >0, (9.2)

where the inequality arises from the second law. The equality is saturated only for quasistatic
driving in which case the phase space density assumes a Boltzmann form at all times:

pa = e PUIDTED), (9:3)

where F is the free energy for a given A and T and 8 = (kgT) .
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Following [106, 107, 76], we consider the system to be operating in the slow-driving regime
wherein temporal variations of control parameters are assumed slow relative to the relaxation
timescale of the system. Standard dynamic linear response then gives the dissipated energy
to lowest order in A

A%%dt/&-gJ&, (9.4)

where g is defined as the inverse diffusion tensor, given by equilibrium time-correlation
functions

gui(t) = B / " X (0)5X () - (9.5)

Here X;(t) is the time-dependent thermodynamic force conjugate to control variable i: X, =
—log pa and X, = —0H),/0\; and §X = X —(X). The tensor g is symmetric by construction
and can be shown to be positive-semidefinite [107, 76] as a consequence of the second law.
Because it satisfies these conditions, one can interpret g as a metric tensor, introducing a well-
defined notion of geometric distance on cycles in control parameter space. Non-cyclical paths
can yield a negative dissipated energy, suggesting that entropy production may be a more
appropriate quantity to study when considering such processes [107, 259]. For an arbitrary
closed path ¢ through control space, we may define the corresponding thermodynamic length

Ly as
Lo= [ Vg5 i 9.6)

which is independent of parametrization. Beyond the thermodynamic length, a different ge-
ometric quantity, the thermodynamic divergence, may be understood as the thermodynamic
cost in dissipated energy of a physical operation. The divergence is defined as

D¢=T/0 it ¢-g- ¢, (9.7)

where now ¢ is explicitly parametrized by a time-varying protocol with ¢ € [0, 7] and the
divergence depends on this parametrization. By comparing Egs. (9.4) and (9.7), we see
that the thermodynamic divergence precisely matches the dissipated energy of a protocol
scaled by the protocol duration. Paths and parametrizations that minimize the thermody-
namic divergence are therefore minimally dissipative and thermodynamically optimal in that
sense. Between any two points, such paths are known as geodesics. Moreover, for any given
path in control space that is not a geodesic, there still exists an optimal parametrization
that minimizes the divergence, and therefore the dissipated energy, for a fixed protocol du-
ration. Explicitly, comparing Eqgs. (9.6) and (9.7), the Cauchy-Schwarz inequality implies
A =D/t > L£?/7. This bound is saturated only for optimal driving protocols where control
parameters are changed in such a way that the quantity ¢ - g - ¢, which we identity as the
instantaneous dissipated power, Py, is constant over the full protocol duration [106].
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9.3 Brownian working substance

The parametric harmonic oscillator is often used as the paradigmatic model of colloidal
thermodynamic systems and has been successfully applied as the working substance in phys-
ical realizations of mesoscopic heat engines [160, 249]. This model system consists of a
particle of mass m in a harmonic trap with time dependent stiffness k() in contact with a
heat bath at temperature T'(¢), evolving under Langevin dynamics

mz = —Cz—k(t)z+n(t), (9.8)

where z is the position of the particle, € is the friction coefficient, and 7(t) is Gaussian white
noise satisfying

(n(t)n(t')) = 2CkpTo(t — 1), (9.9)
ensuring that the dynamics satisfy detailed balance. With these two control variables, the
thermodynamic forces can be expressed as

X = (%(pQ/m+kz2) + %log (27T mgQ) , —1/2z2> , (9.10)

where p is the momentum of the particle. Following methods similar to [107], we arrive at
our first major result, the full metric tensor for this thermodynamic space (see Appendix
9.A for a detailed derivation):

e by (F(145) —H(2+ )
9ij —B/O dt (6X;(t)0X;(0)) = sz _T% (2 :%) k%k<1+£_;> ij- (9.11)

9.4 Optimal Brownian Carnot engine

The Carnot engine is a four-stroke engine consisting of alternating isothermal steps in
contact with a heat bath of either a hot temperature T}, or a cold temperature T, < T} and
adiabatic steps during which no heat is exchanged with a bath. Consistent with the second
law, all engines acting reversibly between two heat baths at these temperatures cannot have
a lower thermodynamic efficiency than the Carnot engine, with Carnot thermodynamic effi-
ciency given by ne = 1—1T./T},. However, the classical Carnot engine operates quasistatically
and therefore performs only a finite amount of work over an arbitrarily long cycle period,
thus delivering no power. Accordingly, finite-time, nonzero-power thermodynamics of this
engine have been a topic of significant interest [260, 261, 157, 262, 52, 263, 264, 265, 219,
266, 220, 267, 268, 223, 269, 270].

Recently, a laser trapped colloidal particle in contact with a time-varying (effective) heat
bath was used to experimentally produce a Carnot engine with the Brownian working sub-
stance described in the previous section. Isothermal expansion and compression arise from
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Figure 9.1: Shape and temporal parametrization of a previously tested Brownian
Carnot cycle, the optimized Brownian Carnot cycle, and an optimal geodesic
cycle matched to the Carnot cycle. (a) The stiffness (top) and temperature (bottom)
for three heat engines as a function of time: an experimentally tested Brownian Carnot cy-
cle [249] (solid black), the optimally parametrized Brownian Carnot cycle (dashed orange),
and the optimal cycle employing geodesics between adjacent pairs of corners of the previous
Carnot cycles (dotted blue). Horizontal axes are shared between subplots. (b) The func-
tional form in control parameter space of the Carnot cycle (solid black) and the optimal
geodesic cycle (dotted blue). Orange circles (blue triangles) denote points along the optimal
Carnot (geodesic) cycle parametrization at 25 equal duration intervals in time. (c) Same as
in (b) for the Clausius diagram of stiffness k against its conjugate thermodynamic force in
the quasistatic limit — X, = 22/2 = kgT'/2k.

changes in k() for a fixed temperature T. Adiabatic paths were achieved by holding fixed
T?/k, an adiabatic invariant for this system, which maintains a constant value of Shannon
entropy [271]. A portrait of the Carnot cycle in (T, k) space is plotted in Fig. 9.1(b).

Considering the metric given in Eq. (9.11), we now construct the optimal parametrization
for the Carnot engine. For isothermal steps, the dissipated power can be obtained by setting
T = 0 in the integrand of Eq. (9.4), which gives

mkpT k> ¢2
iss,iso — — |1 T |- 9.12
Pasiso = =4 12 ( " km (5-12)

The optimal trajectory in k is then found through the corresponding Euler-Lagrange equation

2mk\ - 3¢ 2mY\ .,
(o 28 (36 2o 019

which can be solved numerically for given initial and final values of k. The total thermody-
namic cost of such an isothermal step is given by the integral of Eq. (9.12) for the solution
k%, of Eq. (9.13) over the duration of the protocol.

180

For adiabatic steps, the key constraint is that o = T?/k be held fixed. Under this
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constraint, the dissipated power is given by

kpCaT?

Pdiss - 4T3 (914)
leading to the Euler-Lagrange equation,
. 37
T=— 9.15
o (9.15)

which is analytically solvable. For a generic adiabatic protocol of duration 7 that transitions
from initial stiffness k; and temperature T; = v/ak; at time ¢t = 0 to a final stiffness k; and
temperature Ty = \/aky at time ¢t = 7, the protocol is

) = T (9.16)
adiab ( TfT + (\/CZ—jZ _ Tf)t)Q’ :
adiab(t) = Togian (t)?/ @, (9.17)
leading to a (constant) energetic cost of
k VT —/T;)?
zla( VI (9.18)

P} =
diss,adiab — 9
TTy7

The total Carnot cycle consists of alternating isothermal and adiabatic processes con-
necting four points in (7', k) space. Following [249], we order the four strokes as: 1)
isothermal compression at 7., 2) adiabatic compression between T, and T}, 3) isother-
mal expansion at T}, and 4) adiabatic expansion between T}, and T,. In order to allocate
the optimal amount of time to each stroke of the cycle, we note that for any optimally-
parametrized process ¢*, the dissipated energy is given Ay« = Dy« /7 = ij)*/T, such that
Piss. o = E?ﬁ* /7% This must be true of both the full cycle and each optimized stroke, such
that £L2/7? = L2, /77 = Li/7i = Li/T = T, = TL;/Lior where 7; and L; are the
duration and thermodynamic length, respectively, of the ith stroke (> . 7, = 7).

Optimal geodesic engine. The Carnot engine is significant in reversible thermodynamics
as the paradigmatic model of a heat engine with maximal efficiency under various condi-
tions, such as for specified hot and cold heat baths and considering only inward heat flows
when assessing the thermodynamic cost. As discussed previously, its path in control space
follows a prescribed shape set by the well-known quasistatic cycle. However, in this geo-
metric framework, there is (at least) one well-defined minimal dissipation path connecting
any two points in control space: a geodesic. Given the existence of geodesic protocols that
are less dissipative than the corresponding strokes of the Carnot cycle, we next construct
an engine consisting only of geodesics that connect adjacent pairs of the four corners of the
Carnot cycle. The shape of such an engine is depicted in Fig. 9.1(b). The two adiabatic
strokes are in fact exactly geodesic and are unchanged for this cycle, though the geodesic
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Figure 9.2: Performance of various engines considered in the main text as a func-
tion of protocol duration 7. We numerically simulate the system under cyclic operation
of the control parameters for protocol duration 7 and plot the performance of each engine
after reaching steady state. In all plots, results of simulations of an engine following the
experimental protocol used in [249] are shown with black squares and a straight black linear
interpolation, the optimal Carnot cycle with orange circles and dashed orange linear inter-
polation, the optimal geodesic cycle with blue triangles and blue dotted linear interpolation,
and a hybrid cycle consisting of the optimized Carnot cycle with the cold isothermal com-
pression step replaced by the corresponding geodesic path with green diamonds and dashed
linear interpolation. (a) Average power. (b) Average efficiency. (c) Average dissipated
energy. (d) Dissipated energy scaled relative to that of experimental protocol. Material
parameters, i.e. m,(,T., T, and k, are chosen based on those used in the experiment of
[249]. Observe the dissipation is minimized for the geodesic engine, though this engine is
less efficient and less powerful than the optimized Carnot and hybrid engines; the hybrid en-
gine is both most efficient and powerful for all protocol durations considered. (e)-(h) Same
as (a)-(d) for different material parameters for which the contrasting performance between
different cycles is clearer (see Appendix 9.B for details of material parameter values). Hori-
zontal axes of (a),(c),(e), and (g) are the same as each subfigure below them, (b),(d),(f),
and (h), respectively.
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paths corresponding to the isothermal strokes now involve variations in temperature. Indi-
vidual strokes again may be pieced together according each stroke a duration proportional to
its thermodynamic length as required for optimally-parametrized processes, leading to the
parametrization of the cycle depicted in Fig. 9.1(a).

9.5 Engine performance

We now calculate the performance of the various engines described in the previous section
and compare them against a previously studied experimental cycle [249], which we use as
a benchmark. To mimic the experiment, we pin the four corners of the Carnot cycle at
(To, ko) = (300 K, 2 pN pum™'), (T1,k1) = (300 K,6.5 pN um™), (T, k2) = (6004/10/13
K, 20 pN pm™1), (Ts, k3) = (6004/10/13 K,80/13 pN pm~1), and (T(7), k(7)) = (Tv, ko)-
Following standard methods starting from Eq. (9.8), we can derive an equivalent Fokker-
Planck equation for the evolution of the probability density over phase space. Integrating
across various covariances (see Appendix 9.B), we arrive at the coupled differential equations
governing the evolution of (2%), (pz), and (p?):

d, 5 2
p (%) = m <2PZ>> (9.19)
D ipr) = ey - S ey, (9:20)
d ¢

(p*) = =2k (pz) — 2= (p*) + 2CkpT. (9.21)

dt m
Given that our model system only encounters a harmonic potential, if we assume the system
starts in a Gaussian form, it will remain Gaussian for the duration of the protocol, such
that these covariances encode the entire phase space distribution of the Brownian oscillator.
Therefore, numerically solving these equations for given control parameters k(t) and T'(t) and
allowing the system to come to its steady state, we are able to fully simulate the system and
evaluate various performance metrics of the engine. We use simulations of the experimental
protocol of [249] as a benchmark. We do this rather than use the actual experimental results
to allow for the evaluation of a greater range of protocol durations and for more detailed
(simulated) data than was experimentally measured. We validate our numerical simulations
by direct comparison to the experiment in Appendix 9.D.

In Fig. 9.2(a), we plot the power output P = W/t as a function of cycle duration 7.
As expected, for small times W is negative such that no work is extracted from the cycle
and the power is large in magnitude and negative for each of the engines, resulting in a
maximum positive value for the power at a finite value of cycle duration. We observe a
noticeable benefit to the use of the optimized Carnot engine, though the optimal geodesic
engine actually leads to a reduction in power.

To better understand this, we plot the dissipated energy A for these protocols in Fig. 9.2(c)-
(d). We note a >20% decrease in the dissipated work per cycle for both the optimal Carnot



CHAPTER 9. OPTIMAL FINITE-TIME BROWNIAN CARNOT ENGINE 67

engine as well as the geodesic engine compared to the previously tested experimental pro-
tocol. For these experimental parameters, the thermodynamic length of the optimal Carnot
cycle is only 0.0003% greater than that of the geodesic cycle, such that its benefit is difficult
to observe in these figures. We therefore also simulate for a different set of material values
where the benefits are clearer, now demonstrating a ~50% decrease in dissipated work for
the optimal geodesic engine; these results are plotted in Fig. 9.2(e)-(h). This second set of
material parameters corresponds to using a ball of millimeter radius and density comparable
to gold, which may not be achievable with current experimental technology but serves to
illustrate the differences between the various cycles in a significantly more underdamped
regime. see Appendix 9.B for further simulation details. We can compute the efficiency of
all of these engines, displayed in Fig. 9.2(b) and (f) as a function of cycle duration. Here
we define efficiency not as the ratio of work output to heat input, but as the ratio of work
output to total effective thermal energy uptake [76]:

w A

n=1 ~ 1 W (9.22)
where W is the net work extracted from a quasistatic cycle with p, = pa at all time; Eq. (10.1)
holds to lowest nontrivial order in driving rates. As stated previously, this definition is more
appropriate for engines of time-variable heat baths and has a universal maximum value of
one for any reversible engine. As expected, we observe that both optimized protocols yield a
superior efficiency relative to the experimental protocol in the long time limit, as well as for
earlier times in most cases. Interestingly, the optimal Carnot cycle is more efficient than the
optimal geodesic cycle. This surprising result, along with the comparable result found for the
powers, may be understood by recognizing that the cost function for this optimization scheme
is only the availability A, and indeed we see the geodesic cycle produces the smallest total
availability. In fact, for slowly driven cycles, the optimal geodesic cycle yields the minimum
possible value of A for any cycle passing through the four corners of the Carnot cycle in a
given time. However, the efficiency and power depend not only on the dissipated energy but
also on the total possible energy accessible to the engine in the most ideal conditions, namely
W. This therefore introduces a further figure of merit of an engine: for slowly driven systems,
the most efficient engine will minimize the ratio A/W. Thus, although the (optimal) Carnot
engine produces a larger dissipated energy, it is more efficient.

In fact, given that V¥ is a monotonic function of the area enclosed by the cycle plotted
in Fig. 9.1(b), the geodesic corresponding to the hot isothermal expansion acts to decrease
the value of W as it bows downward into the the cycle, whereas the equivalent for cold
isothermal compression acts to increase V. This intuition suggests that we form a more
efficient cycle than any considered above by starting with the optimized Carnot cycle and
replacing only the cold isothermal compression with the corresponding geodesic path. We
plot the shape of this cycle in comparison to others we consider in Fig. 9.3. Indeed, of all the
cycles we considered, this hybrid cycle produces the most efficient engine in terms of both
A/W and power (Fig. 9.2). see Appendix 9.D for further comparisons of all simulated cycles
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Figure 9.3: The thermodynamic cycles and parametrizations considered. Closed
curves represent the bath temperature (7) vs. trap stiffness (k) for each engine. Markers are
placed at 20 points along each cycle separated by equal time intervals. Colors and marker
shapes correspond to the conventions in previous figures.

to the experimental results of [249]. All of the optimized cycles statistically significantly
outperform the experimentally measured Carnot cycle.

9.6 Discussion

Here we have considered the optimal temporal parametrization for the Brownian Carnot
cycle, and we have also derived two new finite-time thermodynamic cycles that incorporate
geodesics connecting consecutive pairs of corners of the Carnot cycle. We have demonstrated
that each of these three new engines is less-dissipative than the experimentally tested tem-
poral parametrization of the Brownian Carnot cycle [249], with our hybrid engine being the
most efficient among those studied. A clear next step would be to carry out a similar proce-
dure for other thermodynamic engines and refrigerators, such as those corresponding to the
Stirling and Otto cycles.

Although the treatment of thermodynamic length is highly accurate for slowly driven
cycles (see Appendix 9.C), contributions from higher order corrections have been reported
in the literature [272] and have been used, for example, to give stronger bounds on free
energy estimates of thermodynamic processes [273]. Likewise, lessons from studies of finite-
time processes that shortcut relaxation timescales could further facilitate the development
of optimal cyclic engines [156, 130, 205, 77, 136, 131, 78, 132, 133, 144, 134]; such questions
have been studied for overdamped dynamics [274, 275]

Finally, although we were able to construct a novel and minimally-dissipative cycle con-
necting each of the four pairs of adjacent corners of the Carnot cycle with geodesics, it was
less efficient than the corresponding Carnot cycle. Recognizing that we could simultaneously
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reduce the availability A and increase the work W by incorporating a geodesic path in place
of the cold isothermal compression while retaining the other three strokes of the optimized
Carnot cycle, we obtained our hybrid cycle, which is the most efficient of the engines we
considered. We found this more efficient cycle by assembling strokes that were obtained by
minimizing only dissipation, but it may be possible to derive maximally efficient cycles more
directly. Importantly, for slow driving, the form of efficiency we considered here (Eq. 10.1)
is a purely geometric quantity, such that its optimization suggests a new design principle
for the shape of a cycle, beyond just its optimal temporal parametrization or introducing
geodesics between pairs of points. We will pursue this further in future work.

9.7 Conclusion

In this Chapter, we have characterized the thermodynamic geometry of the colloidal
harmonic oscillator system and used these results to derive explicit protocols for optimal
Carnot-like cycles. Using similar methods, one could construct optimal parametrizations
and introduce geodesics to minimize dissipation for any chosen cycle of the model working
system studied. Future work may be directed towards higher order corrections to our results,
application of our results to the study of further cycles, and the development of fundamentally
new and more efficient nonequilibrium thermodynamic cycles. We hope our results will
facilitate the design and construction of optimal thermal machines at the mesoscale.

9.A Thermodynamic metric for the parametric
harmonic oscillator

Here, we will derive the thermodynamic metric given in Eq. (9.11). Significant methods in
our treatment were previously developed in [106, 107], and we will follow a similar derivation.
First, we recapitulate the definition

g = B /0  X(0)5X,(0)) (9.23)

where 6 X; = X;—(X;), 8 = (kgT)~! is inverse temperature, and brackets denote an ensemble
average over an initial equilibrium distribution and thermal noise. Following Eq. (9.10), these
thermodynamic forces take the form

X = (%(pg/m +kz?) + L log (%@) : —1/2%) . (9.24)

where z is the particle’s position, m is mass, k is the stiffness constant, and 7' is the tem-
perature of the heat bath. In order to calculate the metric, therefore, we need to calculate
various two-point correlation functions, which are dynamical quantities for fixed external
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parameters. In particular, we will be interested in z and p = mz(t) for a particle whose
dynamics are given by Eq. (9.8) at fixed values of k and 7', reproduced here

mi + kz + C; = F(t). (9.25)

Given that this is a second order linear differential equation, we may write its solution
as the sum of homogeneous, ™, and particular, z®, solutions, z = 2" 4+ 2 where
all dependence on initial conditions is carried in 2z and all dependence on the random
thermal forcing F(t) is carried in z®. Following this reasoning and assuming F(t) is a
zero-mean Gaussian white noise process, it is a simple exercise to show that in general
(0X;(t)0X;(0)) = (5Xi(h)(t)5Xj(0)> for any thermodynamic force X. Therefore, we need
only calculate the homogeneous solution to the differential equation, and thus set F' = 0.
First, let us consider the case 2 # 4km, such that Eq. (9.25) with F' = 0 is easily solved

to give

p(0) + mA,z(O)e_Mt N p(0) + mA+z(0)€_A_t
m(A_ —Ay) m(Ay —A_)

for given initial conditions z(0) and p(0) and

¢ 1 e\ 4k

p(t) is then given by mz. Assuming the system is initially Boltzmann distributed with
PBoltzmann (2, p) o< exp[—B(p?/2m + kz?/2)], equilibrium correlation functions can then be
written as follows:

zn(t) = (9.26)

(=(0)%) = 2% (9.250)
(p(0)%) = mkpT (9.28b)
((0)") = (‘“BTT) (9,280
(2(0)%p(0)?) = (2(0)%) (p(0)?) = (ks T)* (9.284)
(p(0)*) = 3 (mkpT)?, (9.28¢)

and we find the following averages

(02n(1)%02(0)%) = ((2n(t)* — ((0)*))(2(0)* — (2(0)*)))
B 2 Ny At 9.29a
- (k(AiC —TA)) e e o
(0pn()?02(0)%) = ((pa(t)* — ((0)*))(2(0)* — (2(0)*)))

. <kaTA+A

2 o At (9.29b)
i) e
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(021, (1)*0p(0)%) = ((an(t)* <Z(0 — (p(0)*)))

mk:BT A+t —A t)
Ay — A

(P (t)*0p(0)%) = <(ph(t) — (p(0)*))(p(0)* — (p(0)*)))

2
=2 (%) (A_e™t = Aoty

which, upon integration yield

/0 "t (5o (1)262(0)%) = BT (1 + C—Q)

k2¢ km
[ aomp0r) = [ gapmon = 0
[ demteranoy) = "2

71

(9.29¢)

(9.29d)

(9.30a)
(9.30Db)

(9.30¢)
(9.30d)

which we can now use to calculate the thermodynamic metric. Before doing so, we must
also consider the unique case of critical damping for which (* = 4mk = A, = A_ and

the dynamics yield an entirely different homogeneous solution:

y(0) + (Z(O)\/g + %) t] .

(Fonen07507) = 2 (ML) 2ot + ket 2V

m k
(e (1)202(0)2) = (G2 ean(1)0p(0)%) = 2k T2V !
(Pt (£)20p(0)2) = 2m(kpT)2(m — 2Vt + ki2)e 2V i,

Kk
Zh,crit(t) =e 't

Carrying out the same procedure yields

and

[e.9]

(k?BT) \/k’_ . (kaT)2

0t (51 (£)%52(0)%) = / "t (5=n(1)26p(0)?) =

"t tspn(esp(0y7) — e L Pot),

2k2 Kk

S— S— S—

(9.31)

(9.32a)

(9.32b)
(9.32¢)

(9.33a)
(9.33D)

(9.33¢)
(9.33d)
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such that, ultimately, regardless of the value of k, we arrive at the same time correlation
functions. We must calculate correlations between various pairs of the conjugate forces

0X = (55(0p%/m + k62%) —3622).
Combining Eqgs (9.23),(9.30), and (9.33), we finally have
Lla+&) —L(24 &
gij = (QTT QT,\> _ mkp [ T ( km) k < km)) ’ (9.34)
ij
ij

[/VANN'OV a¢ |\ -1 <2+ %) z (1 + %

reproducing Eq. (9.11).

9.B Fokker-Planck dynamics of the harmonic
oscillator and simulations

Here we present a derivation of the system of equations used to simulate the harmonic
oscillator and we provide some details of those simulations. Following standard methods [55],
we may translate the Langevin equation given in Eq. (9.25) into a Fokker-Planck equation
over the particle’s distribution in phase space:

dp  pdp dp (Olpp) (Pp

o tmo: "oy moap Bop 1)

Integrating across various dynamical variables leads to evoluation equations for the covari-
ances. Explicitly, let us first integrate against z?. All terms that do not involve derivatives
with respect to z trivially die as p is normalized and therefore must be zero at the (infinite)
boundaries. This then leaves

dp . pOp\ d, o 1 20p _ 2 _ 2
(E+E&>Z :E<Z>_ E/ddepZ&_E/ddepr_EQ?Z)?

where we have integrated by parts in the intermediate steps. Similar arguments lead to the
rest of the coupled system in Egs. (9.19)-(9.21).

We reiterate here that, for the dynamics considered, if the system is initially Gaussian
distributed, it will remain so for all times, such that knowledge of these covariances specifies
the entire phase space distribution:

2\ .2 2\ 2
1 exp 7 27+ () p? — 2 (pz) pz |

2 [02) () — (o) 207 () — ()

PGaussian —

from which one may derive the free energy, entropy, and all other thermodynamic quantities
of interest. As a result, with these three covariances alone, we can faithfully study the system
well outside of the linear response regime.



CHAPTER 9. OPTIMAL FINITE-TIME BROWNIAN CARNOT ENGINE 73

Simulations are then done by numerically integrating Eqs. (9.19)-(9.21) for a given set
of parameter values. In particular, we first fix m and ( and then repeatedly integrate Egs.
(9.19)-(9.21), where k(t) and T'(t) are cyclically varied with a set time period 7 according
to the protocol in question (e.g., according to the optimal Carnot engine or the geodesic
engine) until the engine arrives at a steady state. For protocols with very small values of T,
reaching the steady state may take a significant number of cycles, whereas for large values
where the cycle is near-equilibrium, steady state cyclic operation can be accomplished after
only a handful of cycles. All thermodynamic quantities are then calculated under steady
state operation, again by means of numerical integration. All integrations are carried by the
NIntegrate function of Wolfram Mathematica 12. See Table 9.1 for details of the parameter
values used to generate Fig. 9.2.

| Parameter || Fig. 2(a)-(d) | Fig. 2(e)-(h) |

m 0.545 pg 80.9 mg
¢ 7.51 ug st | 15.0 mg s~!
To 300 K 300 K
Ty 300 K 300 K
15 526.235 K 526.235 K
T3 526.235 K 526.235 K
ko 2.00 mg s~2 | 6.40 mg s~
k1 6.50 mg s~2 | 20.8 mg s~
ko 20.0 mg s™2 | 64.0 mg s~
ks 6.15 mg s~2 | 19.6 mg s~2

Table 9.1: Parameter values used to generate Fig. 9.2.

For Fig. 9.2(a)-(d), we use parameter values consistent with a spherical polystyrene bead
of 1 micron diameter. The value of ( is chosen to be consistent with the bead suspended in
water at 300K and undergoing Stokes flow. We note that viscosity itself is a temperature
dependent quantity, though we leave the consideration of these small corrections to future
work. For Fig. 9.2(e)-(h) in contrast, we consider a denser and larger bead, such that the
thermodynamic costs of the resulting protocols are more easily distinguished.

9.C Numerical validation of slow-driving
approximation

In this section, we expand on the definition of the slow-driving approximation and com-
pare the results of this approximation to the numerical results from simulation. In essence,
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the crux of this regime is that all driving timescales, given by 7p,; ~ |A;/ A,|7 occur slower
than all relaxation timescales for the system in question. Under this assumption and following
standard linear response theory [106] or alternatively a derivative truncation approximation
[107] leads to the definition of the thermodynamic metric tensor given by Eq. (9.5).

For the model system in question, there are two relaxation timescales relevant to driving:
the inertial, underdamped timescale 7, = m/( and the overdamped timescale 7, = (/k. For
driving that occurs significantly slower than this timescale, the assumptions underpinning
thermodynamic geometry become more accurate and so too should its predictions. However,
T, itself depends on the current value of the control parameter k, as does the characteristic
maximum driving timescale 7p, set by the maximum value of {|A;/A;|}. Therefore, for pro-
tocols that occur over a variety of values of k and 7', thermodynamic geometric increasingly
becomes accurate for 7, /7p, 7,/Tp < 1 at all times over the full protocol. This is especially
true of steady-state engines for which accumulated distances from equilibrium compile over
time. To this end, we define the dimensionless quantities

1T 1
A= _7{ T gt B= —]{ 7o(t) 4y (9.36)
0 0

T Tp(t) T 7p(t)

where 7 again represents the protocol duration of a full cycle, and A and B serve as time
averages of the ratios of the time scales. As before, thermodynamic geometry will prove
more accurate for A, B < 1. Finally, defining the fractional time s = ¢/7 and the non-
dimensionalized driving timescale 7p(s) = 7p(s7)/7, we have

T §1 Tu T 1 7—0(57—)
A:lj{ Tu_ g S0 76 _ TA B:l]{ To(t) gt — 20 e _ 7B
7 Jo (1) T T’ 7 Jo (1) T T’

where we define

4= fgl #‘S) 5 = 751 :[EZ)) (9.37)

both of which are timescales independent of 7 such that for 74, 75 < 7, thermodynamic ge-
ometry is a good approximation. We can now calculate 74 and 75 for all protocols considered,
which we show in Table 9.2:

With these results in hand, we now plot the numerical simulation results of dissipated
energy and power as a function of protocol duration on the same axes as the linear response
result (in red upside down triangles). Each subplot contains the simulation results for a
single quantity for a single protocol (e.g. the Hybrid protocol is in green diamonds on
the third row) and is plotted against the linear response prediction for the corresponding
protocol: importantly, although all linear response predictions are shown with identical red
triangles, the linear response prediction in each subplot is the one specifically matched to the
numerical protocol shown in the same subplot (i.e. they are not all the same). The two left
columns correspond to similar material parameters as [249] and Fig. 9.2(a)-(d) and the two
right columns correspond to the same as Fig. 9.2(e)-(h). The vertical dotted lines are the
maximum of 74, 75 for each plot. For 7 > 74, 75 indeed we see excellent agreement with the
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Figure 9.4: Comparison of full numerical results to linear response. Power and dis-
sipated availibility A as a function of protocol duration for optimal Carnot (orange circles),
geodesic (blue triangles), hybrid (green diamonds), and simulations of the experimental pro-
tocol used in [249] (black squares), compared against the calculated linear response result for
each (red down triangles). The linear response result is calculated for each protocol specifi-
cally. Dashed lines represent the larger of 74,5 and therefore the timescale at which linear
response is expected to start to be predictive. The left two columns are for overdamped
parameters, same as Fig. 9.2(a)-(d), and the right two columns are for underdamped param-
eters, same as Fig. 9.2(e)-(h), see Table 9.1 for specific material values. All subplots in the
same column share horizontal axes.
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Protocol Parameters of Fig. 2(a)-(d) | Parameters of Fig. 2(e)-(h)
al(s) | 75 (s) Tals) | 78()

Optimal Carnot || 3.33755 x 107 | 0.00676226 24.8006 4.22641
Optimal geodesic || 3.33755 x 1077 | 0.00676226 33.6818 6.52093
Hybrid 3.33755 x 10~" | 0.00676226 26.6871 5.12534
Protocol of [249] || 3.33755 x 1077 | 0.00676226 24.8006 4.22641

Table 9.2: Timescales 74 and 7 at which slow-driving and thermodynamic geometry be-
comes a valid approximation. The larger of 74,5 is shown in dotted lines in Fig. 9.4

linear response predictions and often even relatively good agreement for 7 2 74, 75, showing
the significant predictive power for this theory over a wide range of protocol durations and
further justifying its popularity as one perturbative approach to finite-time thermodynamics.

9.D Comparison of simulated results to experiment

We previously showed the results of simulations for cycles operating in steady state
for the colloidal parametric harmonic oscillator system studied previously in experiment
249, 252], and used simulations of the Carnot cycle protocol studied in [249] as a bench-
mark. To validate these simulations, here we compare directly with the experiment itself.
In Fig. 9.5(a)-(b), we display the stochastic efficiency and power as a function of protocol
duration for experimental data provided by the authors of [249] plotted against the numer-
ical simulation meant to replicate this experiment. We find good agreement throughout
the experimental regime tested but now with further quantitative predictions beyond this
regime. In addition, in Fig. 9.5(c)-(d), we plot the same thermodynamic quantities but now
for the experimental results plotted against all the all numerically simulated cycles again
using similar material parameters to those used experimentally. We now see that the op-
timized Carnot and hybrid engines outperform not only the averages of the experimental
results but also the uncertainties for a large range of protocol durations, further bolstering
our results.

It bears mentioning that the stochastic efficiency is a further different definition of ef-
ficiency, introduced in [249]. To reiterate, the efficiency we consider, which we will term
“irreversible efficiency” to avoid confusion, is defined as n = W/U < 1 where W is output
work and U is input thermal energy, which has an upper bound of unity saturated for any
reversible cycle. The standard “textbook” definition of efficiency, which we term “thermo-
dynamic efficiency” 7y, is given by the ratio of W/Q, where Q) is the rectified heat flow into
the system over the full cycle (i.e. only heat flow in is counted). For the quasistatic Carnot
cycle, the thermodynamic efficiency is by definition W/Qpy where Qg is the heat flow into
the system from the hot reservoir as all other strokes are either adiabatic, () = 0, or have a
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Figure 9.5: Comparison of simulated results to experiment. (a) Stochastic efficiency
and (b) power as a function of protocol duration for simulations of the experiment in [249]
(black squares) compared against experimental data provided from the authors of [249]
(purple down triangles). Error bars are the standard error of this data and the purple line
is a best-fit (cf. Fig. 2b of [249]). (c) and (d) same as (a) and (b), respectively, but now
with optimal Carnot (orange circles), geodesic (blue triangles), hybrid (green diamonds) for
same material parameters also shown. Horizontal axes of (a) and (b) are the same as (c)
and (d), respectively.
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heat flow purely out of the system. However, for finite-time Carnot engines, this is not neces-
sarily true, such that [249] defines the “stochastic efficiency” as 7, = W/(Q39% + Qy + Q3%%),
where Q?%a are total (non-rectified) heat flow during the adiabatic strokes. They show that
this definition of efficiency converges faster to the quasistatic value of ny, as a function of
protocol duration and so study it in their experiment. This quantity is what is plotted in
Fig. 9.5(a),(c).
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Chapter 10

A geometric bound on the efficiency
of irreversible thermodynamic cycles

In this chapter, we use the lens of thermodynamic geometry and the insights gained from
Chapter 7 to explore the full space of thermodynamic cycles with continuously-varying bath
temperature in search of optimally shaped cycles acting in the slow-driving regime. We apply
classical isoperimetric inequalities to derive a universal geometric bound on the efficiency of
any irreversible thermodynamic cycle and explicitly construct efficient heat engines operating
in finite time that nearly saturate this bound for a specific model system. This chapter is
adapted from [111] with the permission of all authors.

10.1 Introduction

Over the past several decades, stochastic thermodynamics has dramatically improved our
understanding of nonequilibrium statistical physics [46, 53, 50, 54, 250, 251, 45]. A major
focus of study in this area has been the performance of engines operating in finite time,
where both power and dissipation are finite, often with an emphasis on engines operating
at maximal power [260, 261, 157, 262, 52, 265, 219, 266, 267, 268, 223, 269, 270, 276, 110,
277, 246]. A recurring theme has been the interplay, and often incompatibility, among high
efficiency, high output power, and low dissipation [265, 266, 223, 110]. To that end, we
recently characterized optimal protocols for the finite-time operation of a Brownian Carnot
engine [110], a colloidal system introduced in [249], finding minimally dissipative cycles often
came at the expense of reduced power and efficiency.

In this work, we study the implications of this interplay from a geometric perspective and
arrive at a universal bound on the efficiency of heat engines operating in finite time. We also
numerically construct optimal cycles that nearly saturate the bound, and we characterize its
tightness for a specific model system and compare them to a variety of non-optimal cycles.
We find that even natural extensions of well-known quasi-static cycles (e.g. Carnot engines)
to finite-time cycles perform far less efficiently than the optimal cycles, demonstrating the
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utility of our result.

10.2 Efficiency of irreversible engines

Following [76], we use a definition of efficiency that directly captures the irreversibility
of a thermodynamic cycle. Specifically, for a generic thermodynamic engine operated by
cyclically varying the temperature 7" of a heat bath in contact with the system and some
volume-like mechanical control variable A, the (average) efficiency is defined as

%% ¢ Xnd\
= — =" 10.1
where X, is the thermodynamic force conjugate to the control variable v € {T', A}, defined
as
OHp
Xy=—(—— 10.2
== (%), (102)
Xr=5=—(logp), (10.3)

where Hp is the Hamiltonian of the (working) system for a fixed set A = (T, \), S is the
system entropy, p; is the phase space distribution of the system at time ¢, and brackets
denote ensemble averages. Note that U here does not represent the internal energy, but can
be thought of as the uptake of thermal energy from the heat source, or the amount of energy
that is available for work production under a given temperature profile [76]. This efficiency
is well-defined for any engine with positive work output, W > 0. Following the first law of
thermodynamics and appealing to the cyclic operation of the engine, the efficiency may be
rewritten as
B $ X dA B $ XdA <1
T=¢Sdar T §Xadh+ §Tds =

where d¥ = dS — dQ/T is the total infinitesimal entropy production in the universe. Here,
(@ is the heat exchange into the system from the reservoir at a temperature 7. Following
the second law, d> > 0 such that the inequality follows directly and the unity bound can
only be saturated for quasistatic, reversible engines. This definition of efficiency has gained
traction in the study of finite-time heat engines [276, 278, 110], and a comparable definition
is standard for monothermal cycles, e.g. in active matter or chemical transduction contexts
[279, 192, 191, 280].

Now, let us consider a finite-time operation such that ¥ > 0 and the system is driven
with finite driving rates A. The thermodynamic forces may be expanded as

(10.4)

X,u, - X,u - g,u,qux; (105)

where summation over repeated indices is implied. Here, &), is the quasistatic value of X
for a given set A and, following the standard linear response framework, g,, is given by a
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correlation function -
G = ,6/ dt (0X,(t)0X,(0)), - (10.6)
0
Using this expansion, the efficiency can be written
o $Xadh (X —guh)dN L $dth, g, A (107
T T FXrdT T T §(Xp — gooAy)dT § Xy W’ '

where A is the dissipated work (or alternatively called the dissipated availibility) through
one cycle and W is the work output for quasistatic driving. Following [227, 232, 241, 255,
239, 234, 240, 106], we see that the thermodynamic control space is imbued with a geometric
structure by reinterpreting g,, as a metric tensor. Geometric approaches such as this have
greatly facilitated the development of optimal protocols for nonequilibrium systems [240,
106, 107, 158, 169, 87, 108, 222, 245, 273]. With these definitions, the dissipated work

satisfies 2
TA = T}l{dt/\uguyl\u > (7{ dt\/AMgMVAV) = [?, (10.8)

where 7 is the cycle duration and L is the thermodynamic length of the protocol as defined
by the metric. Optimal driving then yields [76]

n<n*=1 W (10.9)
which gives the optimal geometric efficiency n* for any closed curve in thermodynamic control
space.

The bound, Eq. (10.9), applies to any generic closed curve, yielding the best possible
efficiency for an optimal temporal parametrization for a given path. We now seek to go
further and find cycles that are maximally efficient over the space of all possible closed paths
in thermodynamic control space. Fixing the protocol duration and given Eq. (10.9), to
leading order in 1/7, we must therefore find the curve that minimizes the quantity £2/W.

10.3 Isoperimetric bound on efficiency

We now note an important feature of W. It is well known from standard thermodynamics
that the quasistatic work is simply given by the area contained within the curve of the (qua-
sistatic) cycle in A — &)\ space, which we will henceforth refer to as Clausius space in reference
to the Clausius curve. We will refer to the inner region of this curve as C and the boundary
(the Clausius curve) as dC. By means of an appropriate change of coordinates, the metric
g, may be transformed for this space, yielding a metric ggy such that the thermodynamic
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and the quasistatic work is

We define one final quantity of interest: the thermodynamic area, defined as the integral
over of the region with the proper thermodynamic geometric measure:

A://C VCdrdx,, (10.12)

where ¢¢ = det ggy. The physical interpretation of this quantity may not be as clear as
that of thermodynamic length, though we will use it as a key ingredient. Notably, dating to
antiquity [281, 282], bounds exist relating the perimeter £’ (D) and area o/ (D) of a region
D, known as isoperimetric inequalities. In general, for a simply-connected two-dimensional
region, one has two inequalities [282]

L? > dred — 2 U/D K*} s (10.13)

L? > el — [supDK] . (10.14)

where K is the Gaussian curvature of the underlying space and K (p) = max(K(p),0) for
a point p € D. As a simple example, we remind the reader of the case of Euclidean space
where K = K+ = 0 and both inequalities yield .£? > 4./, which is saturated only for the
optimal shape of a circle. Similar isoperimetrically optimal shapes exist for other manifolds
[282]. Importantly, whenever the curvature is everywhere nonpositive, Eq. (10.13) yields the
familiar Euclidean bound, though it is only tight for special spaces, such as when K = 0.
In the context of thermodynamic geometry, the bound readily applies, where now we
consider the thermodynamic length of a closed curve and the thermodynamic area of the

enclosed region. That is
L2 > 47 A -2 U/ K*} A, (10.15)
c

L2 > 4n A — {supcK] A% (10.16)
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Henceforth, we will focus on the case when K < 0 and will relegate the more general case
to Appendix 10.A. In this case, we may assume £? > 4w A. Therefore,
L2 LPA L2 A A s
Z _Z L _ 2 st —y c 10.17
W WAT AW TTw T TV (10-17)

where the overline indicates an area average value. Given this bound, we may now write for
the efficiency a universal bound

L2 47Tﬁ
<]l-—<1- —r= 10.18
= Wr — T ( )

This bound, which we will refer to as an isoperimentric bound on efficiency, is our first major
result and presents a fundamentally new and purely geometric bound on the efficiency of
nonequilibrium engines. Also, whereas the previous bound, Eq. 10.9 was directly applica-
ble to the optimized parametrization of a specific predetermined cycle, this bound places
constraints on the optimal shape of a cycle and can only be approached for geometrically
optimized cycle shapes. This therefore introduces a new optimization principle wherein opti-
mally efficient cycles must minimize the average value of \/F over the region they enclose in
Clausius space. In a pioneering study, a similar bound was recently recovered for the specific
case of the Brownian gyrator [278], though we highlight that Eq. (10.18) applies generically.

10.4 Construction of optimal cycles.

Given this isoperimetric bound, we now seek to construct optimal cycles that (nearly)
saturate it. This is done by finding shapes that minimize the ratio £?/A. Inspired by
previous literature [282], we will use a variational principle. Namely, we seek to maximize .4
while holding £? fixed; we do so by means of a Lagrange multiplier. The relevant functional

takes the form
F = fdt (\/gCX)\)‘\ —f <)§\)\) Q,Cw ()i)\) ) ) (1019)
o v

where £ serves as a Lagrange multiplier enforcing a fixed dissipation for shapes that maximize
the corresponding area !. Optimization is found through solving the resulting Euler-Lagrange
equations for X, (¢) and A(¢) under a cyclic constraint.

10.5 Parametric harmonic oscillator

We will now illustrate the utility of this result by studying the parametric harmonic
oscillator. This important model system consists of a particle of mass m trapped in a

'The dissipation §(dXy,d)\) - g - (dXy,d)) is geometrically denoted the energy of the curve and opti-
mization with respect to its value held fixed still optimizes the ratio £2/.4 while simultaneously outputting
an optimal, arclength parametrization of the resultant curve.
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harmonic potential with variable stiffness V(z) = 1/2k(f)z* in contact with a heat bath
of variable temperature 7'(¢) and subject to viscous damping (. This system has been
studied extensively [156, 160, 107, 271, 249, 159, 283, 110], and its geometry has been well
characterized — the metric is

G = 7 :
T\ ) B(e)
nv

In this case, the mechanical control variable is £ and the corresponding force is X =
—1/2(2?). In the quasistatic limit, we have Ay = —kpT'/2k by the equipartition theorem.
Therefore, under the change of variables (T, k) — (P, V) = (X, k), we find

¢ 2mV m

c 213+ P ¢
G = m mpP |7

¢ 2V

where we use P and V to suggestively map to pseudo-pressure and pseudo-volume in Clausius
space and recapture the usual identity dW = PdV. We find ¢ = m / (4V) and the Gaussian
curvature K = 1/(CP) < 0 as P < 0 such that Eq. (10.18) applies. As a result, we have

n<1- =
-
for any possible thermodynamic cycle.
We now seek to characterize the optimal cycles for this model system. Following Eq. (10.19),

we consider the functional
. 5 <y 2mV m 5
4 < 2V 14

F=f

The Euler-Lagrange equations are then found by varying with respect to P and V (see
Appendix 10.B). To our knowledge, the resulting Euler-Lagrange equations are analytically
intractable, so we turn to numerics. For simplicity, we generate cycles from a given set of

(10.20)

initial conditions, P(0),V(0), P(0), and V(0), and a given value of the Lagrange multiplier
§. If we concern ourselves only with the shape of the curve rather than its particular pa-
rameterization, we could instead parameterize P as a function of V, such that one of these
initial condition degrees of freedom is redundant. Thus, optimal shapes are specified by a
four-parameter family determined by P(t = 0),V (t = 0),dP/dV (t = 0) and &.

Generically, it is unclear whether these conditions will be sufficient to specify a smooth
closed curve [281, 282, 284]. In general, the isoperimetrically optimal curves will consist
of stable smooth curves that have constant geodesic curvature at (nearly) all points [281,
282, 284]. In our case, the numerical solutions yield curves of constant geodesic curvature
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Figure 10.1: Comparison of Brownian Carnot cycle and optimal isoperimetric
cycle. (a) A Brownian Carnot cycle (dashed purple) and three isoperimetrically optimal

cycles (blue) with identical values of W and 1/¢¢ using mass and damping values from [249].
The optimal cycles have a 55x increase in performance relative to the Carnot cycle. (b)
Same as (a), but in a more underdamped regime.

that are typically non-closed but instead consist of “near-miss” cycloids (Appendix 10.B),
which has been observed previously while seeking optimal cycles [283]. However, as we are
interested only in cyclic engines, we will construct cycles that traverse a single optimal period
by truncating the curve when it is at the nearest point on the curve whose tangent curve
is parallel to the original tangent curve. We then connect these two points by a straight
line, thus closing the cycle. For small cycles, the resulting kink is imperceptible whereas it
becomes more noticeable for larger cycles, as can be seen in Figs. 10.1 and 10.2. Similarly, the
efficiencies are impacted more significantly for larger deviations from smooth curves. Truly
optimal curves would consist of fully smooth closed curves of constant geodesic curvature,
which may only be realizable in specific regions of the Clausius space. By choosing to work
with specific initial conditions, we allow for the construction of near optimal cycles at all
points of Clausius space at the cost of having to introduce small, finite sections of non-
optimality. As we will see, these “optimal” cycles still prove remarkably close to saturating
the bound and strongly outperform all other cycles we consider.

For example, consider the Brownian Carnot cycle, whose shape is given in Fig. 10.1.
Setting ¢ = 7.51 ug s~! and m = 0.545 pg (based on experimental parameters used in [249]),
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and choosing the extremal values of P and V shown, Eq. (10.17) implies that its greatest
possible efficiency is
L? 47 A
l—-)7r=—=958%x10%s>1.76x10°s = ——,
L =n)r =5 W
demonstrating that the performance of the Carnot cycle is a factor of 55 times larger than the
optimal value for these parameter settings. In contrast, by constructing a series of (nearly)

optimally-shaped cycles with identical values of W and \/g?, we instead find the bound
is approached to within three-hundredths of one percent. The shapes of these cycles are
displayed in Fig. 10.1(a).

We next consider a slightly underdamped parameter regime, setting m = 80.9 mg and
¢ =15.0mg s~'. In this regime, various Carnot engine cycles (for given limits on hot and cold
bath temperature) perform somewhat better, but they still do not come close to saturating
it. Intriguingly, in contrast to the previous regime, optimally constructed shapes now appear
much closer to Carnot-like cycles than those previously constructed, as in Fig 10.1(b). Now,
we find that optimal engines seemingly remain close to adiabats for a significant duration
of the cycle, albeit with a rapid (and smooth) turnaround at corners. This is replicated for
other choices of maximal temperature and stiffness as shown in Fig. 10.1(b). We also show
optimal cycles for a variety of values of m/( in Appendix 10.B.

We can further evaluate our bound by comparing it to generic cycles in Clausius space.

In particular, in Fig. 10.3, we plot the value of \/g_c against £2/W for 15000 randomly
constructed cycles, as well as 1000 randomly selected Carnot, Stirling, Otto, and hybrid
Carnot/geodesic (introduced in [110]) cycles (see Appendix 10.C for a review of these various
cycles and Appendix 10.D for details of how Fig. 3 is constructed). We also plot 500 optimally
constructed cycles. As is easily observed, the optimal cycles nearly saturate the bound for

a large parameter regime of /g€ whereas other cycles are far less efficient. The data are

surprisingly structured: for a fixed shape, we find £2/W ~ (\/ 96)2, an interesting empirical
finding. Cycles that saturate the bound must therefore not maintain the same cyclical shape
for different average values of /g€, but instead change so as to remain optimal, as was shown
in Fig. 10.2.

10.6 Discussion

In this work, we have applied the classical isoperimetric inequalities to thermodynamic
spaces, yielding a novel universal bound on the efficiency of any closed thermodynamic cycle
for a generic system. We have then constructed optimal cycles that nearly saturate this
bound for the specific model system of the parametric harmonic oscillator. Importantly, this
bound, although not always tight, nevertheless strongly constrains the efficiency of thermo-
dynamic cycles and introduces new design principles for the design of efficient finite-time
heat engines. We emphasize that all results are independent of temporal parametrization
and depend only on the shape of cycles.
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Figure 10.2: Examples of numerically constructed optimal isoperimetric cycles (a)
Optimally constructed cycles with quasistatic output work of 6 pN pm (blue) and 120 pN
pum (orange) for experimental parameters used in [249]. (b) Same as (a) for underdamped
parameters; adiabats shown in dotted lines.

This derivation ultimately arises from thermodynamic geometry, which is a perturbative
solution to first order in response theory. Our bound is therefore only approximate in
nature and does not technically constrain the efficiency of engines acting beyond slow-driving.
However, it is unlikely such engines would prove less dissipative and more efficient than their
slower-driven counterparts, such that one would expect the bound to still apply, but not be as
tight. A more interesting question is whether there are higher order or even nonperturbative
bounds that constrain the efficiency of all finite time cycles. Such bounds have been found
for the fluctuations of the more traditional definition of efficiency about its mean [285, 258,
286]. Similarly, one should ask if the efficiency of optimal engines in our framework would
still outperform others, such as the Carnot or Stirling engine, even when far away from linear
response where our results are not guaranteed to apply. We leave the detailed study of the
question to future work, but there does exist anecdotal evidence that engines designed in
linear response prove more efficient, even when operating far-from-equilibrium [76, 110].

Also, although the main focus of this work was in optimizing the average efficiency of
thermodynamic cycles, given that our optimal cycles were designed to be minimally dissi-
pative for a fixed thermodynamic area, they should also have a high output power, though
they may not be optimally powerful cycles. A recurring theme in the literature is the set of
tradeoffs between high output power, high efficiency, low dissipation, and minimal fluctua-
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Figure 10.3: Optimally constructed cycles strongly outperform Carnot and all
other cycles tested. Optimal (blue circles), Hybrid (orange squares), Stirling (green di-
amonds), Otto (red upwards triangle), Carnot (purple downwards triangle), and randomly
constructed (gray X’s) plotted against the bound Eq. (10.17) (black dotted line).

tions about the means of stochastic thermodynamic quantities [268, 220, 245, 76, 270, 246,
277, 286]. Studying this interplay further and designing optimal cycles achieving different
objectives is of interest for future work. Similarly, we focused on the problem of finding
optimal, unconstrained cycles in thermodynamic space, such that control parameters, the
temperature of the heat bath and mechanical controls, are allowed to vary continuously in
time. Although this regime has been studied extensively [265, 76, 276, 110, 277] and is ex-
perimentally accessible [249], it is a distinct and worthwhile question to address the problem
of constructing optimal, finite-time engines under other more constrained control settings
where such smooth variations may not be possible.

In addition and more generally, isoperimetric inequalities have been a significant di-
rection of study in mathematics, and we expect them to have important implications in
thermodynamic geometry. We are encouraged by their recent application to the Brownian
gyrator [278] and adiabatic thermal engines operating between two heat baths [246], but we
anticipate there remains a great deal to be learned by their application in various thermo-
dynamic settings. In particular, whereas ultimately our bound relied on the introduction
of thermodynamic area, isoperimetric inequalities for manifolds with density [287, 288, 289
(see Appendix 10.E) could lead to further strict bounds on dissipation directly given a work
output.
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Finally, although our main focus here was on classical thermal systems, thermodynamic
geometry is equally applicable to quantum settings and this bound likewise should constrain
the efficiency of quantum heat engines, a major focus of current research [290, 291, 292, 245,
223, 270).

10.7 Conclusion

Here, we have used classical geometric results in concert with geometric approaches to
thermodynamics to place a bound on the efficiency of any irreversible heat engine and study
it in the specific case of the parametric harmonic oscillator. This bound applies irrespective
of the system details or dynamics and it suggests new design principles for construction of
efficient engines at microscopic scales.

10.A Isoperimetric bound on efficiency for arbitrary
thermodynamic manifolds

In the case when the curvature K of the thermodynamic manifold M is of arbitrary and
not necessarily constant sign, we must start with Eqgs. (10.15) and (10.16):

L£2> 41 A -2 V/ K+] A, (10.21)
C
L2 >4 A — [supcK] A% (10.22)

We no longer assume K < 0 such that we work with these equations directly. Following
directly the same method as above, we have

oo [ s [

2 S
£ > (47T - [supcK] A) A = (47T - [supcK} A> V. (10.24)
w w

In both cases, we see that there is an effective correction to the bound in the chapter. For
K > 0, Egs. (10.23) and (10.24) must be used in place of the bound given in the text.
Importantly, for sufficiently large (positive) K and/or A, these bounds actually may yield
L?/W > 0, such that they provide no useful information. For K < 0, as before we still have

2w > 47r\/g_c , though Eq. (10.24) gives further refinements and places stricter bounds
(Eq. (10.23) degenerates to the simpler bound for K < 0). For the interested reader, we
recommend the extensive review given by [282] and references therein, specifically in §4, for a
review of these forms of the classical isoperimetric inequalities, their geometric interpretation
and implications, and their limitations.
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Figure 10.4: Characteristic example of optimal cycle construction. Left panel: A
candidate non-closed curve that solves Eqgs. (10.26) and (10.27) for given initial conditions
integrated over a set time domain. Middle panel: The candidate curve is truncated at the
closest point tangent to the initial condition after a single “period.” A magnified section of
the curve at this truncation point is shown in the inset demonstrating the non-closed nature
of the curve. Left Panel: A cycle is formed by closing the curve with a straight line path
(shown in orange).

10.B Isoperimetrically optimal Brownian protocols

We previously stated an isoperimetric bound and then found protocols that (nearly)
saturated it for the specific case of the parametric harmonic oscillator in a variable heat
bath. Here, we give a fuller account of our methods and demonstrate additional optimal
protocols. In particular, starting with Eq. (10.20), we consider the following functional:

~ ¢ 2mV m <
s Loqp2mVom
]—":jl{dt VPV +¢ <Jf> (2P _oF mfp) (J;,D)
Vv T PR% Vv

Standard arguments tell us setting the first variation of this functional to zero yields a
constant geodesic curvature [281, 282]. Explicitly, this constraint yields the Euler-Lagrange
equations (in P and V variables):

(10.25)

§P [mP (V2= aVV) =20 P (¢ + 4mV7 )| + €V P (¢ + 4mV ) + CPVmVV = 8emPV PV,
(10.26)

P [15 (2gmf/f/ + o/m) + 4§m‘~/2P} —tm [4172152 + p? (fﬂ — 2??)] . (10.27)

Solving these equations therefore yields curves that have constant geodesic curvature
and are therefore candidates to be isoperimetrically optimal. Over a given domain, the
isoperimetric profile gives the (perhaps degenerate set of) minimizer(s) of perimeter for a
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fixed area, and can be shown to be closed and smooth; furthermore, given certain demands on
connectedness and compactness of a domain [282], it can be shown to exist. Nevertheless, its
existence is not equivalent to its construction, and finding exactly isoperimetrically optimal
shapes is a significant undertaking in the mathematics literature, especially for surfaces of
non-constant, non-symmetric curvature.

To avoid this significant difficulty, we bypass the problem of finding exactly closed curves
of constant geodesic curvature and instead simply look for closed, not-necessarily-smooth
curves that maintain constant curvature everywhere excluding small regions. Finding such
cycles is a far simpler task and they still perform optimally relative to the bound, Eq. (10.17).
In particular, Starting with Eqgs. (10.26) and (10.27), we numerically integrate for the given

set of initial conditions of P(0),V(0), P(0), and V(0), and a given value of £&. As noted
previously, if we are only interested in the resultant curve rather than its particular parame-
terization, we could instead parameterize P as a function of V, such that one of these initial
condition degrees of freedom is redundant so optimal shapes under this construction are spec-
ified by a four-parameter family. Like the variational optimal isoperimentric construction

of a circle, the Lagrange multiplier ¢ enforcing constant curve energy ¢ dt(P,V)-g- (P, V)
correlates to a diameter-like quantity that specifies the size of the resultant cycle.

Generically, and typically, the cycles we find are not closed and instead result in cycloids
in space. However, seeing as we are interested only in closed cycles for engine operation, we
find the first point on the curve whose tangent vector is tangent to that initial condition,
empirically these tend to be quite close, and connect them by a straight line. A characteristic
example of this process is demonstrated in Fig. 10.4 for a specific choice of initial conditions.
Generally speaking, this small correction to close the cycle amounts to an added value of
thermodynamic length that is significantly shorter than that of the rest of the cycle (and
therefore energetically cheap relative to the total cycle), but we still do recognize the lack
of true optimality of these cycles. Nevertheless, compared to the bound, they perform quite
well, as can be seen in Fig. 10.3. Empirically, we find these cycles can approach the bound
to within tens of thousandths of a percent and are never more than a handful of percentages
above it for the parameter values we explore.

In Fig. 10.5, we plot such isoperimetrically optimized curves for a variety of values of m
and ¢, which impact the metric and curvature of the underlying manifold, K = 1/(¢ P). The
curves themselves can further be understood by studying the metric

¢ 2mV. m
c __ [T r T
gNV - m mP |

< 2V

where the ratio of various terms, including the fixed ratio m/( set by material parameters,
show the competition between various directions of minimal length. Considering these ratios
(which do have dimensions) can give intuition into why a cycle might favor being heavily
horizontal, as in Fig. 10.1 and Figs 10.5(a)-(d) of this supplement. In all plots, blue cycles
enclose an quasistatic work (given by their enclosed Euclidean area in these units) of 6 pN
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Figure 10.5: Plots of optimally constructed cycles for a variety of material param-
eters and in a variety of regions of Clausius space. The specific values of m and ¢
relevant to each plot are displayed above them. All smaller blue plots contain the same Eu-
clidean area (and therefore quasistatic work) of 6 pN pm and the larger orange plots contain
120 pN pm. Note, (a) and (f) are reproduced from Fig. 10.2(a) and (b), respectively, to
be compared with cycles for other choices of m and (.
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pm and orange cycles enclose 120 pN pm, such that we can observe the resultant cycles over
multiple scales.

We observe that for smaller values of m/(, the cycles are overwhelmingly horizontal (in
the plotted units). As noted previously, evaluating sample values of the metric for this case,
this makes sense as the cost to change horizontally is far cheaper than to change vertically.
As m/( increases, however, the optimal curves become more curved and seemingly follow
more or less along adiabats. In a previous work, we showed adiabats of this model are exactly
geodesic [110], so this empirical finding makes intuitive sense as these are the least costly
means of connecting any given points in Clausius space. More generally, characterizing the
full set of optimal curves of this model as a function of m and ( is a difficult but worthwhile
analytical and numerical task which we will leave to future work.

10.C Classical Brownian protocols

In Fig. 10.3, we compared the optimally constructed curves detailed previously to a
variety of cycles. Here, we review notable classical thermodynamic processes and cycles and
how they are manifested in Brownian colloidal systems, following [160, 271, 249, 159].

Thermodynamic Processes
Isothermal Processes

For Brownian systems, isothermal processes retain their usual meaning in that tempera-
ture is maintained throughout the process. However, given the stochastic and nonequilibrium
nature of the working system, a notion of temperature may be ill-defined for the system itself
and so the bath temperature 7" is maintained while other control variables are allowed to
vary, specifically the trap stiffness & for the working substance considered.

In Clausius space, we have V = k and P = —kgT/(2k) such that PV = —kpT/2 and
the equation of state of this system mirrors a (virtual) ideal gas with N = —1/2, and an
isothermal process thus corresponds to

T = const. <= (PV)isothermal = const. (10.28)

as in the case of an ideal gas.

Adiabatic Processes

In classical thermodynamics, an adiabatic process is one that occurs with no heat ex-
change, and is therefore exactly isentropic for reversible processes. Although these use in-
terchangeably, there can be irreversible adiabatic processes that are therefore not isentropic.
In the Brownian context, adiabatic processes are defined as those that maintain the system
entropy were the process occurring quasistatically.
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In the case of the parametric harmonic oscillator, the Boltzmann distribution of states is
given

1 2
PBoltzmann = 26_5(%”4_%]“22)7 (1029)

where 8 = (kgT) ™! is the inverse temperature, p is the particle momentum, x is the particle
position, and the partition function is given

7 = 2nkpT | % (10.30)
The Helmholtz free energy is thus

F=—kpTlog Z = —kpTlog (%k;BT, /%) , (10.31)

such that, finally, the equilibrium system entropy for fixed £ and T is

oF Im

Therefore, a Brownian adiabatic process is defined:

2
S = const. < (T—> = const. <= (ﬁVI/Q> = const. (10.33)

k adiabite adiabatic
Note for overdamped Brownian systems, although the definition of adiabatic processes
remains the same, the system’s inertial degrees of freedom are ignored such that S becomes
a function of T'/k directly and adiabatic processes are those that maintain this ratio. To

avoid confusion, these processes are instead typically denoted as pseudo-adiabatic [271].

Isochoric Processes

Like isothermal processes, isochoric processes retain their standard definition in that the
main control variable is maintained. In control space, this manifests as k = const. such that

(k)isochoric = const. <= (f/)isochoric = const. (10.34)

Geodesic Processes

Geodesics are the shortest paths connecting two given points on a manifold and generalize
straight-line paths to non-Euclidean spaces (e.g. great circles are the geodesics on the surface
of a sphere). Recently, geodesics have been suggested as a means to construct thermodynamic
processes [107, 110]. Specifically, the geodesics of the thermodynamic manifold connecting
two given points in control space are calculated and the resulting path in control space is
followed as the process. Given their definition, these processes correspond to those of shortest
thermodynamic length between any two points in control space and are therefore the least
dissipative between those two points. Generically, such paths must be found numerically, as
is the case for this model system [110].
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Figure 10.6: Quasistatic profiles of classical thermodynamic cycles in various
spaces. Carnot cycle (far left, purple), Hybrid cycle (middle left, yellow), Otto cycle (middle
right, red), and Stirling cycle (far right, green) shown in control (T — V) space, Clausius
(15 — ‘7) space and T'— .S space. Arrows in Carnot cycle profiles denote orientation for positive
work output: the same orientations produce positive work output for all other cycles.

Thermodynamic Cycles

Brownian Carnot cycle

Following the usual definition of the Carnot cycle, a Brownian Carnot cycle consists of
alternating isothermal and adiabatic strokes. A schematic quasistatic profile in control space,
Clausius space and T'— S space are shown on the far left of Fig. 10.6 in purple.
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Brownian Hybrid cycle

Hybrid cycles were introduced in [110] and consist of a Carnot cycle with slight modifi-
cation. Namely, heat is extracted from a high temperature bath by means of an isothermal
stroke and connected to a low temperature bath by means of adiabatic strokes. However,
in lieu of an exhaust isothermal stroke at a low temperature bath, these two corners of the
usual Carnot cycle are connected by means of a geodesic stroke, such that the cycle is a hy-
brid between a Carnot cycle and a geodesic cycle lending the cycle its name. This geodesic
stroke is, by definition, less dissipative than the corresponding isothermal stroke connecting
these two corners, though proves to provide more output work. As a result, the Hybrid
cycle is less dissipative, more efficient, and more powerful for a given cycle duration than its
corresponding Carnot cycle. A schematic quasistatic profile in control space, Clausius space
and T'— S space are shown on the middle left of Fig. 10.6 in yellow.

Brownian Otto cycle

Following the usual definition of the Otto cycle, a Brownian Otto cycle consists of al-
ternating isochoric and adiabatic strokes. A schematic quasistatic profile in control space,
Clausius space and T'— S space are shown on the middle right of Fig. 10.6 in red.

Brownian Stirling cycle

Following the usual definition of a Stirling cycle, a Brownian Stirling cycle consists of
alternating isothermal and isochoric strokes. A schematic quasistatic profile in control space,
Clausius space and T'— S space are shown on the far right of Fig. 10.6 in green.

10.D Construction of Fig. 10.3

In this section, we give further details on how Fig. 10.3 is constructed. First, we detail the
construction of the “named” cycles. For each named cycle, we randomly selected the corners
of the cycle in Clausius space to construct the sufficient number of cycles. In the case of the
Carnot cycle, this amounted to randomly selecting the maximum and minimum temperature
and entropy; for the Stirling, temperature and volume; for the Otto, volume and entropy;
and for the Hybrid, the same corners were considered as a randomly constructed Carnot.
To plot over a sufficient region of space, these cycles were sampled such that a significant

number would appear for a wide range of 1/¢€, amounting to a wide range of average values

for 1/ V.

For the randomly constructed cycles, denoted by the gray X’s in the figure, cycles are
specified by —P(t) = fi(sin(z)) 4 fa(cos(z)) and V(t) = fs(sin(z)) 4+ f(cos(z)) where the
functions are of the form fi(z) = cio + ¢z + ¢i32® + ¢;52° with random coefficients ¢;;, and
where z is evaluated over the full period [0, 27]. Given that thermodynamic space for this
model system is only well-defined for V > 0 and P < 0, there are nevertheless constraints on
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c;j such that f; are all positive. First, we choose cio + ¢ a randomly selected positive num-
ber over a uniform distribution whereas c3g + ¢4 is selected from a Pareto distribution with
minimum value 0.02 and shape parameter 0.5 such that again cycles are sampled from a large
range of of average values for 1/ VvV (roughly uniform over the range [0,100]). From there
Cit ~ Ucig/2,ci0/20 €3~ Ui—(cio/2—learl) (eio/2—lean)]s A0 Cis ~ Ul (cgo 2—[enr |~ eial)s(eio/2—leia—leia)]
where U, is the continuous uniform distribution over the range [a,b]. By these selections,
all f; are guaranteed positive functions such that the cycles are well-defined, randomly con-
structed, smooth and closed thermodynamic cycles that sample a large region of Clausius
space. Altogether, 30000 such cycles were constructed, though a significant number have
values of £2/W that are outside the plotted range of Fig. 10.3.

Finally, the optimally constructed cycles were selected by choosing 500 sets of values for

P(0),V(0), P(0),V(0), and ¢ and solving Eqs. (10.26) and (10.27) numerically. Values were

sampled over a large range of average values of 1/ ﬁ to demonstrate their performance
against the bound over a wide region of Clausius space.

For all such constructed cycles, the thermodynamic lengths, areas, and quasistatic work
values (i.e. Euclidean areas) are calculated (these are all purely geometric quantities), and
used to construct the figure.

10.E Isoperimetric inequalities with density

Manifolds with density have become of interest recently in the mathematics literature
[287]. These mathematical structures, which we will denote as M, consist of a base manifold
M, with usual definitions of volume ¥ and area .o/ (or area and length in the case of two
dimensions) but further equipped with a defined set of densities {1} such that the volume
Yy and area 27, become

dV = Py d¥,
Aot = .y dt.

Generalizing various results, notably isoperimetric inequalities, for standard manifolds to
manifolds with density has been on ongoing endeavor with success for certain specific cases,
most notably the Gauss space: Euclidean space with a normalized Gaussian density centered
at the origin for both area and volume.

Of interest to us is the recognition that, in Clausius space, dWW = dX\d\ whereas dA =
\/FdX,\d)\. Previously, we leveraged the ratio of these two quantities to place on bound on
L£?/W. However, recognizing

1
AW = —=dA, (10.35)

Ve

suggests that if we consider the manifold with density consisting of

1. A base manifold of Clausius space
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2. A trivial (i.e. unit) length density
3. An area density consisting of 1/4/¢°¢

Then finding isoperimetric inequalities and isoperimetric curves on this manifold with den-
sity would yield general bounds on £2/W and, in turn, efficiency. Solving such a problem
generally, or even in a specific case, is a highly nontrivial task; nevertheless, the significant
impact such results would have merits their investigation.
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Part 1V

Bringing the slow up to speed:
connecting thermodynamic geometry
and shortcut engineering
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Chapter 11

The equilibrium manifold: bridging
thermodynamic and shortcut
geometries

In this chapter, after introducing some necessary mathematical preliminaries, we demon-
strate a geometric approach to optimal thermal shortcutted protocols, thereby allowing sim-
ilar methods as used in Part III but now for shortcut engineering. We then demonstrate
that, although derived independently, the shortcut and thermodynamic geometries are in
fact identical, thereby linking optimal shortcut engineering with thermodynamic geometry
and tying together the two main themes of this thesis. The development is heavily inspired
by the works [77, 80], and especially by the very recent work of Zhong and DeWeese [99].
In this chapter, we review the results of these foundational works before applying them and
demonstrating a deep unification of thermodynamic geometry and shortcut engineering.

11.1 Kolmogorov operators

Before delving into the main focus of this chapter, we review the Kolmogorov operators.
We follow the treatment given in [92]. We start by considering a generic diffusion process,
written as a stochastic differential equation,

dXt = b(Xt,t)dt + O'(Xt, t) . th, (].11)

for a random variable X;, where b(X,t) is the drift, o(X,t) is the diffusion, and W, is a
Wiener process. Let us consider an arbitrary function of the X, f(X), where we assume that
f(X) and all of its first and second derivatives are continuous and bounded. Let us define

u(y, s) = E[f (X)X, = 9], (11.2)
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where E[-] denotes an expectation, such that u(y, s) specifies the expected value of X; con-
ditioned on its value at a time s. One can show the dynamics of u(y, s) are given by

asu(yv S) = —£U(y, S)a (113)
where s < t and the operator L is given

Lf=bX¢, 1) VI(Xe)+ > 0i(Xe, )0 (Xe, ) ViV, (Xe). (11.4)

]

We omit the proof as it is beyond the scope of this work, though it is readily found in
standard texts [92]. The operator, L, is the Backward Kolmogorov operator as it indicates
the change in expected value of the function as one propagates the dynamics backward in
time. For a stationary process Eq. (11.3) may be simplified even further [92]. Defining,

vz, t) = E[f (X)) X, = =], (11.5)

Eq. (11.3) yields
Owu(x,t) = Lu(x,t), (11.6)

which is to say, for stationary diffusion processes, the Kolmogorov backward operator in-
dicates the time evolution of expectation values of functions conditioned on some initial
value.

Let us now consider the quantity

/ dyuly, s)p(y. s), (11.7)

where u(y,s) = E[f(X;)|Xs = y] as before for 0 < s < ¢ and p(x,t) is the distribution
function of X;. We may expand this expression:

/dyu(y, s)p(y, s) Z/dy [/dxf(x)p(x’ﬂy’ S)] [/de(y’s|Z’0)p<Z70) (11.8)
_/dxdzf(x)p(x,t|Z,0)P<Z70)7 |

which is, critically, independent of s. We may therefore differentiate:
= —/dyu y,8)p(y, s /dy s)0suly, s) + u(y, s)0sp(y, s))
— [y ) -Dpuly.9) + uly. )ply.5)  (11.9)

dyu 'CT ( ) + agﬂ(}’; 8))7
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where LT is the L? adjoint operator to £ given
LTF(X 1) ==V (b(Xe, ) f(Xe)) + Y ViV;0i(Xe, t)o; (X, 1) f(Xe). (11.10)
(]
This construction holds for an arbitrary function f, such that we may conclude
Dsp(y,t) = L1p(y,1). (11.11)

The operator L is the Kolmogorov forward operator, commonly referred to as the Fokker-
Planck operator in the physics literature. It is the same operator L' as first introduced
in Ch. 4 which determines forward time evolution of a probability distribution under a
set of dynamics. With these mathematical preliminaries, we proceed to studying shortcut
geometries and their connections to thermodynamic geometries.

11.2 Shortcuts to Isothermality

As first introduced in Chapter 5, we recall Shortcuts to Isothermality (STI), a coun-
terdiabatic method of shortcutting relaxation dynamics in open classical systems. This is

carried out through an auxiliary Hamiltonian, similar to how it was carried out in Chapter
6:
H(t) = Hyase(t) + Haux(t), (11.12)

where H,ux(t) is chosen so that p(t) = peqbase(t) X €xp[—BHpase(t)]. These methods were
first introduced in [77]. We here derive the necessary conditions for the shortcut auxiliary
Hamiltonian for both overdamped and underdamped dynamics.

Overdamped dynamics

We consider the classical overdamped dynamics of a system subject to some potential
V(x,t). The probability distribution evolves as [77]

op=Lp=-V-(pv) (11.13)
where we recall the local mean velocity (see Eq. (4.4)),
v =—V(V +kgTlogp). (11.14)
We now specify the form of V' as
V' = Vhase (X5 A(1)) 4+ Vaux (X%, 1), (11.15)

where {A} is a set of parametric control variables and we desire the system to assume the
equilibrium distribution given by Viase(x; A(t)) at all times:

p<X7 t) — peq(X) A) — 6_[-}(‘/base(X;A)_F‘base(A))7 (1116)
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where, as always, Fyase(A) = —kpT10g Zpase = —kpT log f dxe PVoase ig the equilibrium free
energy associated with Viase(x;A) and 5 = 1/(kgT'). Plugging this ansatz into Eq. (11.13),
we have

_v}\(vbase - Fbase) : >\ = Dp;qlv : (,OquVaux). (1117)

Focusing first on the left hand side of Eq. (11.17), we recognize 0V/0\; = —X; as the
thermodynamic force conjugate to \;, whereas

oF 9 ) e
= (—kpTlogZ) = ~—(—kpTlog [ dve )= 22 — (X, 11.1
a)\z aAZ( B 0g ) 8AZ( B Og/ xre ) 7 < Z>eq,base7 ( 8)
where (-)e%base denotes an equilibrium average for the base dynamics. The left hand side of

Eq. (11.17) is therefore simply

_vka/b:me - Fbase) A= (Xbase - <Xbase>eq,base) A= 5Xbase A

Following Eq. (11.4), a relatively straightforward manipulation demonstrates that the right
hand side, in contrast, can be written succinctly in terms of the Backward Kolmogorov

operator:
Peq V + (eqV Vaux) = LVaus, (11.19)

such that, altogether, Eq. (11.17) may finally be written as

L‘/aux = 5Xbase - (1120)

Underdamped dynamics

For systems in which we cannot ignore the inertial degrees of freedom, we instead adopt
underrdamped dynamics. This set of dynamics is given [77]

Op=Llp=—V,-(pva), (11.21)
where we identify
Vx
V.= (Vp> (11.22)
and
0 —1 Vx
vV, = — <1 y ) : (Vp) (H + kgT log p). (11.23)
Note, further, if we identify
0 —1
= <1 y ) (11.24)

and
Vbare = _vu<H + kBTlOg p) (1125)
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we may write
Vy = I'. Vbare; (1126)

which may be interpreted as the underdamped analogy of Eqs. (4.4) and (11.14)'. Note that
the matrix I' serves to encode both the Liouvillian dynamics and the Langevin damping.

Under this identification, we may carry out a similar procedure as was done for over-
damped dynamics. We write the Hamiltonian as

H = Hyase(x, P; A1) + Haux(x, P, t) (11.27)
We now seek to enact a shortcut, such that, at all times
(X Do) = Peq(X, P A(t)) = ¢ P ToaseBPR = base (), (11.28)
Evaluating Eq. (11.21) with this ansatz, we need to satisfy
—~Va(Hbase = Foase) * A = peg Vo (PeqT * Vi Haue)- (11.29)

The left hand side of this equation follows an identical argument as in the overdamped case
and is therefore 0 X. However, much as the analogy seems promising, the right hand side
does not represent the action of the backward Kolmogorov operator. Seeing as the backward
Kolmogorov operator is an adjoint of £, it is described for underdamped dynamics as

EuHaux = pilvu : (,OeqFT . VuHaux), (1130)

eq

where MT is the conjugate transpose of the matrix M. The left hand side of Eq. (11.29)
is quite similar to Eq. (11.30) but critically lacks the necessary conjugate transpose of I'.
Rather, the operator on the RHS of Eq. (11.29) denotes the action of £, under a transfor-
mation p — p = —p:

EuHauX = pe_qlvu ’ (peqr ’ quaux)a (11'31)

where we adopt the notation f to denote the operator f under the transformation p — —p.
With these identifications, we may write Eq. (11.29) as

LH,y = 06X - X, (11.32)

Looking back at the overdamped dynamics, we recognize that there is no dependence
on momenta and that the Hamiltonian is simply given by the potential. Importantly, for
overdamped dynamics £ = £ and Vo = Hauw. Therefore, Eq. (11.32) applies to both
overdamped and underdamped dynamics. Additionally, if we further choose H,,, = f - A
and given that Eq. (11.32) holds for arbitrary driving, we arrive at the following condition
for f:

LHyy =0X - A = Lf =0X. (11.33)

!For technical reasons beyond the scope of this work, v,, is not the exact underdamped local mean velocity,
but it differs from the actual local mean velocity by to a correction that does not alter the dynamics.
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11.3 Optimal shortcut geometry
A key insight from [77] was further expanded in [80]: for both overdamped and under-

damped dynamics, the dissipation during a shortcutted protocol may be written as a simple
quadratic in the auxiliary Hamiltonians

1 T
Wex over = > /0 (VHZ,) cqbase (11.34a)
Wex,under = P)// <VPH32,ux>eq,base ’ (1134b)
0

where 7 is the damping coefficient and (-), .., indicates an instantaneous equilibrium av-
erage, i.e. carrying out the average at each time for p(t) = peqbase(t). If, as is often the
case, we are interested particularly in parametric control such that Hyase(t) = Hpage(A(2)),
then the governing dynamics ensure H,,(t) may be written as Hu(t) = £(¢) - A as noted
previously (see above Eq. (11.33)). Under this construction,

1 /7 . .
Wexover = — / > AV E Ve base M (11.35a)
Y Jo )
Wex under = ’7/ Z j‘u (Vpfu- vpfu>eq7base }\u- (11.35b)
0o
Importantly, much like in thermdoynamic geometry [106], the matrices (Vf, - V) pose IR

the overdamped case and (V f,, - Vp fl,>ieq in the underdamped case both satisfy the requisite
axioms to be a metric tensor in the space of parametric control parameters, again lending a
geometric interpretation to the space of control [80]. We define them as the shortcut tensor,
gzkl‘,or““t. One can then carry out geometric optimization following precisely the same line of
reasoning as for thermodynamic geometry. We would like to clarify, however, that a prior:
these are distinct geometries solving distinct problems. Thermodynamic geometry stems
from dynamic linear response and accurately describes parametric control for slowly driven
systems. Shortcut geometry, in contrast, places no constraint on the protocol duration, so
long as an auxiliary Hamiltonian is added ensuring the system stays in an instantaneous

(base) equilibrium state at all times. Nevertheless, these two problems are intimately linked.

11.4 Unifying thermodynamic geometries

To proceed, let us consider the thermodynamic metric introduced in Part III:

G = / dt (6X,(0)6X, (1)) . (11.36)
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We may write this equation in a more universal manner by utilizing the Backward Kol-
mogorov operator. In particular, we may write the (formal) expression

6X,(t) = e 56X, (11.37)

Combining Eqs. 11.36 and 11.37, we may write
= /dt (6X,e56X,) (11.38)

Now, let us restrict our attention to the case where the Hamiltonian and the thermodynamic
forces are both even in momenta. Although seemingly restrictive, this is the typical case,
especially for Hamiltonians of the form H = p%/2m + V(x,A). We should further note,
this places no restriction whatsoever on overdamped systems that, by definition, have no
dependence on p. Under this assumption, we define the overbar operation as

f(p) = f(—p). (11.39)

for an arbitrary function f. By symmetry, we must have

G = /dt/dxd%(SXﬂeuéXy = /dt/dxdﬁpeq5X“eu5Xy = /dt <5Xuezt5Xl,).
(11.40)
Finally, let us carry out a formal integration in t:

G = / 0t (5X,e516X,) = — (5X,L715X,) (11.41)

where the inverse is defined in terms of the appropriate Green’s function of the momentum-
reversed Backward Kolmogorov operator [272]. Critically, following Eq. (11.33), this expec-
tation may be rewritten in terms of the shortcut auxiliary Hamiltonian:

G = — (60X, L76X,) = — (f.L1,), (11.42)

where we have implicitly invoked the symmetry of g,,. The forms of the time-reversed
Backward Kolmogorov operator are given in Egs. (11.19) and (11.31):

gz\z//er = - <fu£_fu> = <fu:0«;11v : (peqvfu»
= <Vf,u . ny> — gz\l//er, shortcut

g = = (fulfo) = = (fubeg V- (peal - Vufo))
— <vufu . Fvufy> — <fou . vpfy) — gltilljder, shortcut’
which is to say the thermodynamic and shortcut geometries are identical. This unifies the
two main topics of this thesis: optimization of engineered dynamics for shortcutted open

classical systems is an identical problem to the optimal control problem of thermodynamic
geometry.

(11.43a)

(11.43Db)
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11.5 Thermodynamic geometry and the equilibrium
Wasserstein manifold

Over the last few years, a major advance in optimal control of nonequilibriium thermody-
namics has revealed a connection to the mathematical field of Optimal Transport (OT) [293,
97, 63, 98, 94]. OT deals with the question of how to transform between two probability
distributions while minimizing some objective function. For example, for a distribution over
one variable, we may consider the cost to transport between po(x) and ps(y). A standard
cost function could be the LP norm to move a unit of probability mass:

(/ |z — y!de(x,y)>1/p, (11.44)

where J(z,y) is a joint distribution with marginals given [ J(z,y)dy = po(z), and [ J(z,y)dx
pr(y). This notion of cost therefore measures the horizontal distance transported by each
unit of probability mass during the transformation. OT, growing initially out of questions
in optimal engineering design, seeks to minimize this quantity and has yielded a number
of profound results over the recent few decades [293]. For our case, we highlight that the
infinum of the cost in Eq. (11.44) over all joint distributions defines a metric,

1/p
Wilop) = _int ([ yrasy) (11.45)

JeT (po,py

where J(po,ps) denotes the set of all possible joint distributions. This is the p- Wasserstein
distance, inducing a metric structure on the space of joint probability distributions.

Following a reformulation due to Benamou and Brenier [294], the Wasserstein distance
can be brought into a form that is directly connected with stochastic thermodynamics. In
particular, for continuous overdamped systems, the minimum entropy production is given
by the 2-Wasserstein distance between initial and final distributions [295, 296]:

2
5 > Wa(po, py) ’ (11.46)
D

where Y, denotes total entropy production over duration 7, and D is the diffusion constant.
Similar notions have since been extended to discrete classical and quantum systems [98] and
there have been some suggestive results for underdamped dynamics [295]. It bears mention-
ing that, although Eq. (11.46) is a strict bound, it is not always accessible given possible
limitations of experimental control. For full control of the potential in 1D, one can always
construct the sufficient protocol to meet the bound, though generically, and especially for
parametric control, the control may not be sufficiently expressive to saturate Eq. (11.46).
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In a recent work [99], focusing exclusively on continuous overdamped systems, Zhong
and DeWeese showed a far broader unification beyond simply the thermodynamic and short-
cut geometries. In particular, they demonstrated that both thermodynamic geometry and
shortcut geometry are manifestations of Wasserstein geometry for paths in probability space
restricted to follow equilibrium manifolds: the equilibrium Wasserstein manifold. This cap-
tures not only the simple unification of thermodynamic and shortcut geometries as shown
previously, but also demonstrates how they fit into the broader picture of absolute optimal
control. Here, we have demonstrated not only that thermodynamic and shortcut gemeotries
are identical for overdamped systems but also for underdamped systems so long as these
systems satisfy the symmetry p — —p. This is a highly suggestive result, leading us to con-
jecture that there may likewise be an equilibrium Wasserstein-like manifold for underdamped
dynamics, and more broadly for the increasing class of systems observed to be well-described
by Optimal Transport.

11.6 Outlook

In this chapter, we have demonstrated a connection between shortcut protocols, which
formed the major focus of Part II, and thermodynamic geometry, which was the major focus
of Part III. In particular, we derived a unification of geometric descriptions for optimal
control of classical thermodynamic systems when driven out of equilibrium, either via a
finite-time engineered shortcut or through slow manipulation.

Beyond the inherent value of this result, the unification also has pragmatic implications.
Calculations of the thermodynamic metric generally involves the evaluation of correlation
functions by analytical techniques or simulation. Evaluation of the shortcut metric involves
the solution of a partial differential equation Eq. (11.33). Given the equivalence of these
metrics, either method can now be used to derive either metric, making the derivation
significantly more flexible and feasible for a wider class of physical systems. In particular,
shortcut geometries have been analytically derived for Hamiltonians of the form H = p? +
1/nx™ for even integers n [77], whereas analytical results for underdamped thermodynamic
geometries are typically restricted to quadratic potentials. This unification immediately
allows us to identify the thermodynamic metric for these more complicated potentials as the
same as the previously derived ones for shortcut geometry [77].

This unification was previously known for overdamped systems, though we extended it
here for the first time to underdamped systems. That said, we restricted our attention to
systems that are even in momenta. This immediately begs the question of whether there
is a broader class for which this equivalence may hold, particularly for systems satisfying
time-reversal symmetry. Although not technically the same constraint, reversal of momenta
is a major component of the time-reversal operation. Extending this result would allow for
wider application of these methods and deeper understanding of the fundamental connection
between these two geometric approaches. Further, the connection to Optimal Transport
theory and Wasserstein geometry that this unification entails in the overdamped limit is
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highly suggestive of similar results for the underdamped regime.

It bears mentioning that we only focused here on classical open systems, though, as
detailed in Ch. 5, shortcut engineering techniques have been applied widely, such as for
quantum dynamics and even active matter, as we demonstrated in Ch. 7. To date, there
already exist thermodynamic geometric techniques for quantum and, recently, active sys-
tems, but to our knowledge there are no major geometric techniques for quantum or active
shortcuts. This unification suggests both the potential for the existence of such a geometric
construction and its identification with the thermodynamic geometric methods that have
already been developed.

Finally, as described in Sec. 4.3, there are a wide range of approximation schemes used
for various parameter regimes in optimal control. Ultimately, as given in Eq. (11.46), the
Wasserstein metric sets a fundamental bound on overdamped thermodynamic systems. The
previous unification [99] of thermodynamic geometry with Wasserstein geometry demon-
strated that thermodynamic geometry is precisely Wasserstein geometry when restricted to
paths on an equilibrium manifold for the parametric control p(t) = peq(A). Following this
case, we conjecture that there may be further unifications to be established reinterpreting
various approximation regimes as restricted forms of the absolute optimal control problem,
Wasserstein geometry.
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