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ABSTRACT OF THE THESIS 
 
 

A Study of the Men Pressure Loss of Turbulent Power Law Fluid Flow Between 
Two Parallel Rough Plates 

 
 

by 
 
 

Abdullah Sahal Shukri 
 

Master of Science, Graduate Program in Mechanical Engineering 
University of California, Riverside, June 2016 

Dr. Guanshu Xu, Chairperson 
 
 
 

 
The pressure loss of turbulent power law fluid flow between parallel plates has 

been theoretically analyzed. Using Prandtl mixing length theory and Van Karman 

similarity hypotheses for turbulent flow, we have derived a new friction factor 

formula that resembles previous formula for turbulent power law fluid flow in 

rough pipes. The new formula is also valid for the transition region between 

smooth and wholly rough wall turbulence.  
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1. Introduction 

 

On 1959 Dodge and Metzner [16] carried out an investigation by 

applying dimensional analysis techniques  for power law f luid. In 

the same year, Shaver and Merri l  worked on extending Blasius 

formula to power law f luid [17].  After 14 years, Clapp came up with 

dimensionless velocity distr ibution of turbulent power law f luid 

f low for smooth pipe [18]. The pressure drop for non-Newtonian 

turbulent f low through rough pipes has been studied by A. P. 

Szilas, E. Bobok, and L. Navrat i l on 1981 [1] . In this thesis, the 

same will be done for the f low between the paral lel plates. 

 

The f irst two chapters wil l summarize a basic f luid mechanic's 

theories and governing equations. Followed by the required 

principles and equations for a turbulent f low that are required to 

better understand the main work of this thesis . Finally, the last 

chapter wil l explain theoretical calculations for f inding the f riction 

factor for a turbulent non-Newtonian f low between two parallel 

plates.  
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2. Governing Equation 

 

The basic of computational f luid dynamics is the fundamental 

governing equations which are continuity, momentum and energy. 

These equations explain the physics, and they are based on the 

mathematical statements of following fundamental:  

a) conservation of mass 

b) 𝐹 = 𝑚𝑎 Newton’s second law  

c) conservation energy 

 

2.1 Materials Derivative 

To be able to drive the governing equation for f luid dynamics, we 

need to understand an important physical theory called Materials 

derivative of substantial derivative [3].  

Let’s consider a f luid parcel is moving with the f low in a Cartesian 

coordinates as per f igure 2.1. The unit  vector for velocity is given 

as following:  

𝑉⃗ = 𝑢 𝑖 + 𝑣 𝑗 + 𝑤 𝑘⃗          (2.1) 

Where the velocity component for  𝑥,  𝑦 and   𝑧, are given as 

following: 
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𝑢 = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) , = 𝑣(𝑥, 𝑦, 𝑧, 𝑡) , 𝑤 = 𝑤(𝑥, 𝑦, 𝑧, 𝑡)     (2.2) 

Also, the density is given by:  

𝑓 = 𝑓(𝑥, 𝑦, 𝑧, 𝑡)          (2.3) 

𝑓: is a physical quantity such as heat, density, t emperature,e tc.  

Since we are considering unsteady f low, where 𝑢, 𝑣, 𝑤 & 𝜌  are 

function of space and time.  

 

Figure 2.1 : f luid parcel is moving with the f low from point 1 to 2  

[3]. 
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At point 1 the physical quantity   𝑓 of the f luid parcel is:  

𝑓1 = 𝑓(𝑥1, 𝑦1, 𝑧1, 𝑡1)           (2.4) 

And at point 2 the physical quantity   𝑓 of the f luid parcel is:  

𝑓 = 𝑓(𝑥2, 𝑦2, 𝑧2, 𝑡2)         (2.5) 

Now we can expand this function by using Tyler’s series as 

following: 

𝑓2 − 𝑓1 =  (𝜕𝑓1
𝜕𝑥

) (𝑥2 − 𝑥1) + (𝜕𝑓1
𝜕𝑦

) (𝑦2 − 𝑦1) + (𝜕𝑓1
𝜕𝑧

) (𝑧2 − 𝑧) + (𝜕𝑓1
𝜕𝑡

) (𝑡2 − 𝑡1)  

           (2.6) 

Divide both sides by (𝑡2 − 𝑡1):  

𝑓2−𝑓1
(𝑡2−𝑡1) 

=  (𝜕𝑓1
𝜕𝑥

) (𝑥2−𝑥1)
(𝑡2−𝑡1) 

+ (𝜕𝑓1
𝜕𝑦

) (𝑦2−𝑦1)
(𝑡2−𝑡1) 

+ (𝜕𝑓1
𝜕𝑧

) (𝑧2−𝑧)
(𝑡2−𝑡1) 

+ (𝜕𝑓1
𝜕𝑡

) (𝑡2−𝑡1)
(𝑡2−𝑡1) 

  (2.7) 

Apply the limit for the LHS on equation (2.7): 

lim
𝑡2→𝑡1

(𝑓2−𝑓1
𝑡2−𝑡1 

) = 𝐷𝑓
𝐷𝑡

         (2.8) 

 

Here, 𝐷𝑓 
𝐷𝑡⁄  stand for instantaneous time rate of change of 𝑓 for a 

f luid parcel as it moving through point 1. In otherworld, we can 

say the time rate of change of 𝑓 for a fluid parcel as it ’s moving 

through space. On other hand side, 𝜕𝑓 
𝜕𝑡⁄  which is the time rate of 
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change of 𝑓 at point 1 only. So,   𝐷𝑓 
𝐷𝑡⁄  and 𝜕𝑓 

𝜕𝑡⁄   have dif ferent 

physical meaning and numerical quantity.  By taking the limit for 

the RHS of equation (2.1):  

 

lim
𝑡2→𝑡1

(𝑥2−𝑥1
𝑡2−𝑡1 

) = 𝑢 , lim
𝑡2→𝑡1

(𝑦2−𝑦1
𝑡2−𝑡1 

) = 𝑣 , lim
𝑡2→𝑡1

(𝑧2−𝑧1
𝑡2−𝑡1 

) = 𝑤   (2.9) 

 

After applying the l imit for both hand sides of equation (2.7): 

 

𝐷𝑓
𝐷𝑡

= 𝜕𝑓
𝜕𝑡

+ 𝑢 𝜕𝑓
𝜕𝑥

+ 𝑣 𝜕𝑓
𝜕𝑦

+ 𝑤 𝜕𝑓
𝜕𝑧

                 (2.10) 

The general form for material derivative is:  

 

𝐷
𝐷𝑡

= 𝜕
𝜕𝑡

+ 𝑢 𝜕
𝜕𝑥

+ 𝑣 𝜕
𝜕𝑦

+ 𝑤 𝜕
𝜕𝑧

                      (2.11) 

 

Since for Cartesian coordinate∇= 𝑖  𝜕
𝜕𝑥

+ 𝑗  𝜕
𝜕𝑦

+ 𝑘⃗  𝜕
𝜕𝑧

.  

𝐷
𝐷𝑡

= 𝜕
𝜕𝑡

+ (𝑉⃗ . ∇f)                  (2.12) 
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Equation (2.3) known as material derivat ive and it describe a rate 

of change of physical quantity in t ime and space. The first term 

on RHS is known as local rate of change and the second term is 

convective derivat ive which is the change rate of the physical 

quantity.  

 

Another way of driving the material derivative. If   𝑓 = 𝑓(𝑥, 𝑦, 𝑧, 𝑡), 

then by applying chain rule:  

𝑑𝑓 = 𝜕𝑓
𝜕𝑡

 𝑑𝑡 + 𝜕𝑓
𝜕𝑥

 𝑑𝑥 + 𝜕𝑓
𝜕𝑦

 𝑑𝑦 + 𝜕𝑓
𝜕𝑧

 𝑑𝑧              (2.13) 

Divide both sides by   𝑑𝑡: 

𝑑𝑓
𝑑𝑡

= 𝜕𝑓
𝜕𝑡

 𝑑𝑡
𝑑𝑡

+ 𝜕𝑓
𝜕𝑥

 𝑑𝑥
𝑑𝑡

+ 𝜕𝑓
𝜕𝑦

 𝑑𝑦
𝑑𝑡

+ 𝜕𝑓
𝜕𝑧

 𝑑𝑧
𝑑𝑡

             (2.14) 

Substitute the fol lowing:  

𝑑𝑥
𝑑𝑡

= 𝑢 ,  𝑑𝑦
𝑑𝑡

= 𝑣 , 𝑑𝑧
𝑑𝑡

= 𝑤                      (2.15) 

We get: 

𝑑𝑓
𝑑𝑡

= 𝜕𝑓
𝜕𝑡

 +  𝜕𝑓
𝜕𝑥

 𝑢 + 𝜕𝑓
𝜕𝑦

 𝑣 + 𝜕𝑓
𝜕𝑧

 𝑤              (2.16) 

Which is exactly same as (2.10). 
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2.2 Reynolds Transport Theorem 

Reynolds transport method allows using both system and control 

volume concepts to describe f luid motion.  

Control volume:  known as a Eulerian  approach which focuses on 

a f ixed region of interest. Control volume can change the size and 

shape, and mass might cross the boundary of the control volume. 

System:  known as Lagrangian,  which focuses on f ixed packet of 

mass. The system can change size and shape, but have f ixed 

mass packet which means no mass can cross the boundary.  

Let’s consider a control f luid volume in a f ixed place and the 

system is a certain amount of f luid. At some time  (𝑡) both the 

system and the control volume take up the same space see f igure 

2.2. However at some time later  (𝑡 + 𝑑𝑡) we noticed that control 

volume stays the same, but the system which is that amount of 

f luid we're looking for have moved and they are no longer 

identical. So, Reynolds transport theorem used to l ink both system 

and control volume.  
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Figure 2.2 : control volume and system. a. Control volume and 

system are identical. b. at a certain period of the system have 

moved 

The challenge we face with the control volume is that the physics 

laws and expression applied to system only. For example newton’s 

second law: 

∑𝐹𝑠𝑦𝑠 = 𝑚𝑠𝑦𝑠 𝑎𝑠𝑦𝑠               (2.17) 

∑𝐹𝐶𝑉 ≠ 𝑚𝐶𝑉 𝑎𝐶𝑉               (2.18) 

 

Let’s start by defining  𝐵 as any extensive property such as mass, 

momentum, volume, energy. In addition,   𝑏 is the intensive 

property which is defined as following:  

𝑏 = 𝐵
𝑚

                 (2.19) 
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We can start by integral over a volume for intensive property as 

following: 

𝐵𝑠𝑦𝑠 =  ∫ 𝜌𝑏 𝑑∀                (2.20) 

 

At init ial t ime  𝑡: 

𝐵𝑠𝑦𝑠(𝑡) = 𝐵𝐶𝑉(𝑡)               (2.21) 

 

By looking at f igure 2.3 at t ime  𝑡 + 𝑑𝑡: 

I –  mass that enters the CV to f i l l  the space of the left system.  

II- a portion of the system that is no longer in CV.  
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Figure 2.3 : I - mass that enters the CV to f i l l  the space of the left 

system. II - a portion of the system that is no longer in CV.  

 

Which lead to the following:  

𝐵𝑠𝑦𝑠(𝑡 + 𝑑𝑡) = 𝐵𝐶𝑉(𝑡 + 𝑑𝑡) − 𝐵𝐼(𝑡 + 𝑑𝑡) + 𝐵𝐼𝐼(𝑡 + 𝑑𝑡)           (2.22) 

The change of  𝐵𝑠𝑦𝑠 with respect to t ime can be expressed as 

following: 

𝑑𝐵𝑠𝑦𝑠

𝑑𝑡
=   𝐵𝑠𝑦𝑠(𝑡+𝑑𝑡)−  𝐵𝑠𝑦𝑠(𝑡)

𝑑𝑡
= 𝐵𝐶𝑉(𝑡+𝑑𝑡)−𝐵𝐶𝑉(𝑡)−𝐵𝐼(𝑡+𝑑𝑡)+𝐵𝐼𝐼(𝑡+𝑑𝑡)

𝑑𝑡
           (2.23) 

 

By taking the l imit of the system and control volume when   𝑑𝑡 → 0: 
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lim
 𝑑𝑡→0

 𝐵𝑠𝑦𝑠(𝑡+𝑑𝑡)−  𝐵𝑠𝑦𝑠(𝑡)

𝑑𝑡
=  𝐷𝐵𝑠𝑦𝑠

𝐷𝑡
                 (2.24) 

lim
 𝑑𝑡→0

 𝐵𝐶𝑉(𝑡+𝑑𝑡)−  𝐵𝐶𝑉(𝑡)
𝑑𝑡

=  𝜕𝐵𝐶𝑉
𝜕𝑡

              (2.25) 

  

Now taking the limit for quantit ies that crossed the boundary:  

lim
 𝑑𝑡→0

−𝐵𝐼(𝑡+𝑑𝑡)
𝑑𝑡

=  − 𝜌𝐴1𝑉1𝑏1 = 𝐵𝑖𝑛̇              (2.26) 

lim
 𝑑𝑡→0

𝐵𝐼𝐼(𝑡+𝑑𝑡)
𝑑𝑡

=   𝜌𝐴2𝑉2𝑏2 = 𝐵𝑜𝑢𝑡̇              (2.27) 

 

Substitute back to (2.23): 

𝐷𝐵𝑠𝑦𝑠

𝐷𝑡
=  𝜕𝐵𝐶𝑉

𝜕𝑡
+ 𝐵̇𝑜𝑢𝑡 − 𝐵𝑖𝑛̇               (2.28) 

{𝑐ℎ𝑎𝑛𝑔𝑒 𝑤𝑖𝑡ℎ𝑖𝑛 𝑠𝑦𝑠𝑡𝑒𝑚} = {𝑐ℎ𝑎𝑛𝑔𝑒 𝑤𝑖𝑡ℎ 𝐶𝑉} + {𝑠𝑡𝑢𝑓𝑓 𝑐𝑟𝑜𝑠𝑠𝑒𝑑 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦}  

 

Since this works only with uniform surfaces, areas, and velocity, 

we need to generalize (2.5). Let’s consider an arbitrary control 

surface which is a boundary for a control volume as per Figure 

2.4.  
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Figure 2.4 : arbitrary control surface with unit vector ( 𝑛̂) normal 

to the surface. 

 

𝑛̂: is unit vector and its normal to the surface.  

Based on that we can have:  

𝐵̇ =  ∫ 𝜌 𝑏 𝑉.𝐶𝑆 𝑛̂ 𝑑𝐴               (2.29) 

𝑉. 𝑛̂: can cover the inlet and outlet,  since the dot product will  be 

negative if  the velocity opposite to   𝑛̂  direct ion.  

Also, we may write 𝜕𝐵𝐶𝑉
𝜕𝑡

 as following:  

𝜕𝐵𝐶𝑉
𝜕𝑡

= 𝜕
𝜕𝑡

  ∫ 𝜌 𝑏 𝑑∀𝐶𝑉                (2.30) 
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So by substitut ing back to (2.5):  

𝐷𝐵𝑠𝑦𝑠

𝐷𝑡
=  𝜕

𝜕𝑡
  ∫ 𝜌 𝑏 𝑑∀𝐶𝑉  + ∫ 𝜌 𝑏 𝑉.𝐶𝑆 𝑛̂ 𝑑𝐴               (2.31) 

{𝑐ℎ𝑎𝑛𝑔𝑒 𝑤𝑖𝑡ℎ𝑖𝑛 𝑠𝑦𝑠𝑡𝑒𝑚} = {𝑐ℎ𝑎𝑛𝑔𝑒 𝑤𝑖𝑡ℎ 𝐶𝑉} + {𝑠𝑡𝑢𝑓𝑓 𝑐𝑟𝑜𝑠𝑠𝑒𝑑 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦}  

            

                (2.32) 

{Lagrangian } = {Eulerian } + {difference  between Lagrangian &Eulerian}  

            

                 (2.33) 

 

So (2.31) called Reynolds Transport theorem which describes the 

transport and conservation of   𝑏 and relate Lagrangian and 

Eulerian perspective.  

 

  

2.3 Conservation of Mass 

Conservation of mass can be approached by both  the f inite control 

volume (Eulerian ) model and f luid parcel models (Lagrangian) of 

the f low. This wil l  help in understanding both models physical 

nature [3].  
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Eulerian model :  

Let’s start with Eulerian model and the f ixed control volume is 

i l lustrated in f igure 2.5. The f low velocity vector is   𝑉⃗ , the vector 

element for the control volume is   𝑑∀. In addition, the vector 

element for the surface area is   𝑑𝑆. The physical principle for 

conservation of mass is applied to this control volume which mean 

the following: t ime rate of decrease of mass inside control volume  

 

{Net mass flow 𝑜𝑢𝑡 of control 
volume through surface 𝑆 } = {time rate of decrease of mass

 inside control volume }         (2.34) 

 

We can express the LHS of (2.34) as mass f low rate = (density) X 

(corss section area or   𝑑𝑆) X (perpendicular velocity vector to  𝑑𝑆) 

as shown below: 

𝑚̇ = 𝜌 𝑉⃗  .  𝑑 𝑆                (2.35) 
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Figure 2.5 : Eulerian model and the f ixed control volume [3]. 

 

Since 𝑑 𝑆 is always pointing outward of the control surface:  

𝑉⃗  𝑝𝑜𝑖𝑛𝑡𝑖𝑛𝑔 𝑜𝑢𝑡𝑤𝑎𝑟𝑑 →   𝑉⃗  .  𝑑 𝑆 > 0 → (
𝑓𝑙𝑜𝑤 𝑖𝑠 𝑙𝑒𝑎𝑣𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 

𝑣𝑜𝑙𝑢𝑚𝑒 (𝑜𝑢𝑡𝑓𝑙𝑜𝑤) )   

𝑉⃗  𝑝𝑜𝑖𝑛𝑡𝑖𝑛𝑔 𝑖𝑛𝑤𝑎𝑟𝑑   →   𝑉⃗  .  𝑑 𝑆 < 0  → (
𝑓𝑙𝑜𝑤 𝑖𝑠 𝑒𝑛𝑡𝑒𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 

𝑣𝑜𝑙𝑢𝑚𝑒 (𝑖𝑛𝑓𝑙𝑜𝑤) )   

 

Based on that the net mass f low rate outside a control volume 

which is the LHS of (2.7) can be expressed as integral over a 

control surface: 

 ∯𝜌 𝑉⃗  .  𝑑 𝑆                         (2.36) 

 



16 
 

Now let’s consider the RHS of (2.7), the mass within  𝑑∀  is   𝜌 𝑑∀. 

Therefore, the total mass inside  control volume is:  

∰𝜌 𝑑∀                 (2.37) 

 

By considering the time rate of mass decrease:  

− 𝜕
𝜕𝑡 ∰𝜌 𝑑∀               (2.38) 

 

Which is representing the RHS of (2.34). Substitute (2.36) and 

(2.38) back in (2.34): 

∯𝜌 𝑉⃗  .  𝑑 𝑆 = − 𝜕
𝜕𝑡 ∰𝜌 𝑑∀              (2.39) 

Or 

𝜕
𝜕𝑡 ∰𝜌 𝑑∀ + ∯𝜌 𝑉⃗  .  𝑑 𝑆 = 0              (2.40) 

 

Since we have f ixed control volume, we can move  𝜕 𝜕𝑡⁄  inside the 

integrat ion:  

∰ 𝜕𝜌
𝜕𝑡

 𝑑∀ + ∯𝜌 𝑉⃗  .  𝑑 𝑆 = 0              (2.41) 

 



17 
 

Apply Gauss divergence theorem to the second term:  

∯(𝜌 𝑉⃗ ).  𝑑 𝑆 = ∰∇. (𝜌 𝑉⃗ ) 𝑑∀              (2.42) 

Substitute (2.42) into (2.41): 

∰ 𝜕𝜌
𝜕𝑡

 𝑑∀ + ∰∇. (𝜌 𝑉⃗ ) 𝑑∀ = 0             (2.43) 

Which can be simplif ied as following:  

∰[𝜕𝜌
𝜕𝑡

+ ∇. (𝜌 𝑉⃗ ) ] 𝑑∀  = 0              (2.44) 

 

Since we have arbitrary control volume as shown in f igure 2.5, the 

only way of (2.44) to be zero is by having everything inside the 

brackets equal zero. This leads to the continuity equation which 

is:  

𝜕𝜌
𝜕𝑡

+ ∇. (𝜌 𝑉⃗ ) = 0              (2.45) 

The second term can be expanded as following:  

∇. (𝜌 𝑉⃗ ) = 𝜌∇. ( 𝑉⃗ ) + 𝑉⃗  ∇. (𝜌)              (2.46) 

Substitute back in (2.45) 

𝜕𝜌
𝜕𝑡

+ 𝜌∇. ( 𝑉⃗ ) + 𝑉⃗  ∇. (𝜌) = 0              (2.47) 
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We noticed that the f irst and second terms were the material 

derivative for the density. So (2.47 ) can be written as fol lowing:  

𝐷𝜌
𝐷𝑡

+ 𝜌∇. 𝑉⃗ = 0                         (2.48) 

 

Lagrangian model:  

Now we’l l consider moving f luid parcel approach which il lustrated 

by Figure 2.6. Since the mass is f ixed for the f luid parcel 𝛿𝑚 and 

the parcel volume is 𝛿∀, we can have the following:  

𝛿𝑚 =  𝜌 𝛿∀                (2.49) 

 

Figure 2.6 :  Lagrangian model with moving f luid parcel approach  

[3].  
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By considering a conserved mass for the f luid parcel, we can say 

the time rate of change of mass is equal to zero. Taking into 

account the material derivat ive we end up with the following:  

𝐷(𝛿𝑚)
𝐷𝑡

= 0                (2.50) 

Substitute (2.49) into (2.50): 

𝐷(𝜌 𝛿∀ )
𝐷𝑡

= 0                (2.51) 

By applying the chain rule:  

𝐷(𝜌 𝛿∀ )
𝐷𝑡

=  𝛿∀ 𝐷𝜌
𝐷𝑡

+ 𝜌 𝐷(𝛿∀ )
𝐷𝑡

= 0             (2.52) 

Divide both terms by   𝛿∀: 

𝐷𝜌
𝐷𝑡

+ 𝜌 [ 1
𝛿∀ 

𝐷(𝛿∀ )
𝐷𝑡

] = 0                (2.53) 

 

Replace 1
𝛿∀ 

𝐷(𝛿∀ )
𝐷𝑡

 with∇. 𝑉⃗ , since they are equal. This leads us to the 

continuity equation:  

𝐷𝜌
𝐷𝑡

+ 𝜌∇. 𝑉⃗ = 0                 (2.54) 
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Once again we were able to drive the continuity equation (2.1 48) 

and (2.54) by using f ixed control volume (Eulerian) and moving 

f luid parcel (Lagrangian) models, and we end ups with the same 

conclusion.  

 

2.4 Conservation of Momentum 

The conservation of  momentum based on a basic physical 

principle which is:  

𝐹 = 𝑚𝑎  Newton’s second law  

Based on that moving f luid parcel model will  be used which is 

shown in f igure 2.7 with all  the forces in x -direct ion [3].  
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Figure 2.7 :  Moving f luid parcel showing al l the forces in x-

direction [3].  

 

Newton’s second law can be expressed for the moving f luid parcel 

as the net forces acting on the f luid parcel equal to f luid parcel 

mass multipl ied by acceleration act ing on the f luid parcel. The 

forces are act ing on x,y and z d irect ions, but we are considering 

x-component only as following:  

𝐹𝑥 = 𝑚𝑎𝑥                (2.55) 
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Let’s start by the LHS of (2.55 ) which the net force acting on x-

direction. There are two types of forces. The f irst type is Body 

force; these forces are acting on the volumetric mass such as 

gravitational, magnetic and electrical forces. The second type is 

surface force; these forces are acting on the surface of the f luid 

parcel, and they can be caused by:  

a)  Pressure acting the surrounding area o f the f luid parcel and 

acting like a force on the f luid parcel surface.  

b)  Normal and shear stress forces are act ing on the f luid parcel 

surface. This mainly caused by f luid motion which leads to 

friction force on the f luid parcel.  

For the body force, let’s consider the force per unit mass   𝑓𝑥⃗⃗  ⃗ = 𝐹 𝑥 𝑚⁄ . 

The f luid parcel volume is   (𝑑𝑥 𝑑𝑦 𝑑𝑧). So we can get the following:  

Net body forces act ing on f luid parcel on x -direction 

 

{
𝑛𝑒𝑡 𝑏𝑜𝑑𝑦 𝑓𝑜𝑟𝑐𝑒𝑠 𝑎𝑐𝑡𝑖𝑛𝑔 

𝑜𝑛 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙 
𝑓𝑜𝑟 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = 𝜌 𝑓𝑥 (𝑑𝑥 𝑑𝑦 𝑑𝑧)           (2.56) 

 

For the surface force, let’s start by the force caused by pressure 

distribut ion around the f luid parcel in x -direct ion only. As shown in 
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f igure 2.7, the pressure acting on the surface (adhe) and (bcgf) of 

the f luid parcel.  Since force equal pressure times cross-section 

area perpendicular to that force which is 𝑑𝑦 𝑑𝑧 in this case, we end 

up with the fol lowing:  

{
𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 𝑐𝑎𝑢𝑠𝑒𝑑 
𝑏𝑦 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = [𝑝 − (𝑝 + 𝜕𝑝
𝜕𝑥

𝑑𝑥)] 𝑑𝑦 𝑑𝑧          (2.57) 

 

For the normal and shear stress as surface force, wil l start by 

normal stress   𝜏𝑥𝑥 which act ing perpendicular on surface (adhe) 

and (bcgf) as shown in f igure 2.7. For the force caused by normal 

stress equal normal stress t imes cross section area perpendicular 

to that force which is 𝑑𝑦 𝑑𝑧 in this case. We end up with the 

following: 

{
𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 𝑐𝑎𝑢𝑠𝑒𝑑 

𝑏𝑦 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠 
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = [(𝜏𝑥𝑥 + 𝜕𝜏𝑥𝑥
𝜕𝑥

𝑑𝑥) − 𝜏𝑥𝑥] 𝑑𝑦 𝑑𝑧         (2.58) 

 

Now for the shear stress, which acting paral lel to surface ( abfe), 

(cghd), (efgh) and  (abcd) as shown in f igure 2.7.  For the force 

caused by shear stress, equal shear  stress t imes cross section 
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area paral lel to that force which is 𝑑𝑥 𝑑𝑦 for (abfe) and (cghd) and 

𝑑𝑥 𝑑𝑧 for (efgh) and  (abcd).  We end up with the following:  

 

{
𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 𝑐𝑎𝑢𝑠𝑒𝑑 

𝑏𝑦 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = [(𝜏𝑦𝑥 + 𝜕𝜏𝑦𝑥

𝜕𝑦
𝑑𝑦) − 𝜏𝑦𝑥]  𝑑𝑥 𝑑𝑧 −

                                                             + [(𝜏𝑧𝑥 + 𝜕𝜏𝑧𝑥
𝜕𝑧

𝑑𝑧) − 𝜏𝑧𝑥]  𝑑𝑥 𝑑𝑦         (2.59) 

 

Now we can combine all the surface force under one equation from 

(2.57), (2.58) and (2.59): 

 

{
 

𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = [𝑝 − (𝑝 + 𝜕𝑝
𝜕𝑥

𝑑𝑥)] 𝑑𝑦 𝑑𝑧                  +

                                                       + [(𝜏𝑥𝑥 + 𝜕𝜏𝑥𝑥
𝜕𝑥

𝑑𝑥) − 𝜏𝑥𝑥] 𝑑𝑦 𝑑𝑧           +

                                                       + [(𝜏𝑦𝑥 + 𝜕𝜏𝑦𝑥

𝜕𝑦
𝑑𝑦) − 𝜏𝑦𝑥]  𝑑𝑥 𝑑𝑧 −

                                                       + [(𝜏𝑧𝑥 + 𝜕𝜏𝑧𝑥
𝜕𝑧

𝑑𝑧) − 𝜏𝑧𝑥]  𝑑𝑥 𝑑𝑦         (2.60) 

 

 

Which can be simplif ied as following:  
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{
 

𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = [− 𝜕𝑝
𝜕𝑥

𝑑𝑥] 𝑑𝑦 𝑑𝑧   + [𝜕𝜏𝑥𝑥
𝜕𝑥

𝑑𝑥] 𝑑𝑦 𝑑𝑧 +

                                                       + [𝜕𝜏𝑦𝑥

𝜕𝑦
𝑑𝑦]  𝑑𝑥 𝑑𝑧 + [𝜕𝜏𝑧𝑥

𝜕𝑧
𝑑𝑧]  𝑑𝑥 𝑑𝑦         (2.61) 

{
 

𝑛𝑒𝑡 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠
𝑎𝑐𝑡𝑖𝑛𝑔 𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛  

} = (− 𝜕𝑝
𝜕𝑥

+ 𝜕𝜏𝑥𝑥
𝜕𝑥

+ 𝜕𝜏𝑦𝑥

𝜕𝑦
+ 𝜕𝜏𝑧𝑥

𝜕𝑧
) 𝑑𝑥 𝑑𝑦 𝑑𝑧        (2.62) 

  

The total force in x-direction is the summation of (2.22) and (2.26), 

which leads to the following:  

𝐹𝑥 = (− 𝜕𝑝
𝜕𝑥

+ 𝜕𝜏𝑥𝑥
𝜕𝑥

+ 𝜕𝜏𝑦𝑥

𝜕𝑦
+ 𝜕𝜏𝑧𝑥

𝜕𝑧
) 𝑑𝑥 𝑑𝑦 𝑑𝑧 + 𝜌 𝑓𝑥 (𝑑𝑥 𝑑𝑦 𝑑𝑧)         (2.63) 

 

Now we have the LHS of (2.55) as shown in (2.63 ),  let ’s look for 

the RHS of (2.55). Since we are consider ing a moving f luid parcel 

with f ixed mass, we can calculate the mass as following:  

𝑚 = 𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧               (2.64) 

For the accelerat ion part, since the acceleration is t ime rate of 

change of its velocity which is   𝑢 in x- direction. By taking into 

consideration the material derivat ive the accelerat ion can be 

found as following:  

𝑎𝑥 = 𝐷𝑢
𝐷𝑡

                 (2.65) 
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Now let’s substitute (2.63 ),  (2.28) and (2.65) back into (2.55): 

(− 𝜕𝑝
𝜕𝑥

+ 𝜕𝜏𝑥𝑥
𝜕𝑥

+ 𝜕𝜏𝑦𝑥

𝜕𝑦
+ 𝜕𝜏𝑧𝑥

𝜕𝑧
) 𝑑𝑥 𝑑𝑦 𝑑𝑧 + 𝜌 𝑓𝑥 𝑑𝑥 𝑑𝑦 𝑑𝑧 = (𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧) 𝐷𝑢

𝐷𝑡
   (2.66)  

Divide both sides by 𝑑𝑥 𝑑𝑦 𝑑𝑧: 

(− 𝜕𝑝
𝜕𝑥

+ 𝜕𝜏𝑥𝑥
𝜕𝑥

+ 𝜕𝜏𝑦𝑥

𝜕𝑦
+ 𝜕𝜏𝑧𝑥

𝜕𝑧
) + 𝜌 𝑓𝑥  = 𝜌 𝐷𝑢

𝐷𝑡
              (2.67) 

So the conservation of momentum equation for x - direct ion is:  

𝜌 𝐷𝑢
𝐷𝑡

= − 𝜕𝑝
𝜕𝑥

+ 𝜕𝜏𝑥𝑥
𝜕𝑥

+ 𝜕𝜏𝑦𝑥

𝜕𝑦
+ 𝜕𝜏𝑧𝑥

𝜕𝑧
+ 𝜌 𝑓𝑥                   (2.68a) 

 

For y- direction: 

𝜌 𝐷𝑣
𝐷𝑡

= − 𝜕𝑝
𝜕𝑦

+ 𝜕𝜏𝑥𝑦

𝜕𝑥
+ 𝜕𝜏𝑦𝑦

𝜕𝑦
+ 𝜕𝜏𝑧𝑦

𝜕𝑧
+ 𝜌 𝑓𝑦             (2.68b) 

For z- direction: 

 𝜌 𝐷𝑤
𝐷𝑡

= − 𝜕𝑝
𝜕𝑧

+ 𝜕𝜏𝑥𝑧
𝜕𝑥

+ 𝜕𝜏𝑦𝑧

𝜕𝑦
+ 𝜕𝜏𝑧𝑧

𝜕𝑧
+ 𝜌 𝑓𝑧                 (2.68c) 

 

Equation (2.68a, b and c) are the x, y and z component of the 

conservation of momentum equation. These equation were driven 

directly from a basic physical principle which is newton’s second 
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law.  They can be summarized in one equation by using tensor 

notation, as following:  

𝜌 𝐷 𝑢𝑗

𝐷𝑡
= −𝑃,𝑗  +   𝜏𝑖𝑗,𝑖 + 𝜌𝑓𝑗             (2.69) 

Some books consider the pressure  gradient as part of normal and 

shear stress term, so (2.69) can be expressed as following:  

𝜌 𝐷 𝑢𝑗

𝐷𝑡
= 𝜎𝑖𝑗,𝑖 + 𝜌𝑓𝑗               (2.70) 

 

Newtonian Fluid:  

The stress tensor for Newtonian f luid can be determent based on 

the following condit ions:  

a) When f luid at rest, the stress is hydrostatic pressure 

(thermodynamic pressure).  

𝜎𝑖𝑗 = thermodynamic pressure + stress due to fluid motion  

𝜎𝑖𝑗 =  −𝑃 𝛿𝑖𝑗 +  𝜏𝑖𝑗             (2.71) 

b) Stress is l inearly related to strain  

𝜏𝑖𝑗 =  𝛾𝑖𝑗𝑘𝑙 𝑒𝑘𝑙              (2.72) 

𝑒𝑘𝑙 =  𝑢𝑘,𝑙 = (𝜀𝑘𝑙 + 𝜉𝑘𝑙)                     (2.73) 

c) No shear stress act during motion  
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𝜏𝑖𝑗 = 𝜖𝑖𝑗𝑘𝑙𝜀𝑘𝑙 =  1 2⁄ 𝜖𝑖𝑗𝑘𝑙 (𝑢𝑘,𝑙 + 𝑢𝑙,𝑘)              (2.74) 

d) Isotropy: independent on the orientation of coordinate system  

𝜖𝑖𝑗𝑘𝑙 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑖𝑠𝑜𝑡𝑟𝑜𝑝𝑖𝑐 

𝜏𝑖𝑗 =  𝜆𝛿𝑖𝑗𝑢𝑘,𝑘 +  𝜇(𝑢𝑖,𝑗+𝑢𝑗,𝑖)            (2.75) 

So, the stress tensor for Newtonian will be:  

𝜎𝑖𝑗 =  −𝑃 𝛿𝑖𝑗 +  𝜆𝛿𝑖𝑗𝑢𝑘,𝑘 +  𝜇(𝑢𝑖,𝑗+𝑢𝑗,𝑖)              (2.76) 

Based on (2.54), for incompressible f luid     𝐷𝜌
𝐷𝑡⁄ = 0 since the 

density is constant. Thus, 𝑢𝑘,𝑘 = 0 for incompressible f luid.  𝜆 is the 

second coeff icient of viscosity (related to  bulk viscosity). So 

(2.76) wil l be as fol lowing for incompressible Newtonian f luid:  

𝜎𝑖𝑗 =  −𝑃 𝛿𝑖𝑗 +  𝜇(𝑢𝑖,𝑗+𝑢𝑗,𝑖)                (2.77) 

 

Substitute back in (2.70): 

𝜌 𝐷 𝑢𝑗

𝐷𝑡
= [−𝑃 𝛿𝑖𝑗 +  𝜇(𝑢𝑖,𝑗+𝑢𝑗,𝑖) ],𝑖 + 𝜌𝑓𝑗             (2.78) 

  

Let’s simplify the f irst term on RHS, [−𝑃 𝛿𝑖𝑗 +  𝜇(𝑢𝑘,𝑙+𝑢𝑙,𝑘) ],𝑖: 

[−𝑃 𝛿𝑖𝑗 +  𝜇(𝑢𝑘,𝑙+𝑢𝑙,𝑘) ],𝑖 = −𝑃,𝑖 𝛿𝑖𝑗 +  𝜇(𝑢𝑖,𝑗𝑖+𝑢𝑗,𝑖𝑖)    (2.79) 
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𝑢𝑖,𝑗𝑖 = 𝑢𝑖,𝑖𝑗 = 𝑧𝑒𝑟𝑜 𝑓𝑜𝑟 𝑖𝑛𝑐𝑜𝑚𝑟𝑒𝑠𝑎𝑏𝑙𝑒 𝑓𝑙𝑢𝑖𝑑  

 

𝜌 𝐷 𝑢𝑗

𝐷𝑡
= −𝑃,𝑗  +  𝜇 𝑢𝑗,𝑖𝑖 + 𝜌𝑓𝑗       (2.80) 

 

This conservation of momentum for incompressible Newtonian f luid 

which is also called Navier stoke equation, and below are the 

expanded equation for x, y, and z-direction: 

𝜌 (𝜕𝑢
𝜕𝑡

+ 𝑢 𝜕𝑢
𝜕𝑥

+ 𝑣 𝜕𝑢
𝜕𝑦

+ 𝑤 𝜕𝑢
𝜕𝑧

) = − 𝜕𝑃
𝜕𝑥

+  𝜇 (𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 + 𝜕2𝑢
𝜕𝑧2) + 𝜌𝑓𝑥           (2.81a) 

𝜌 (𝜕𝑣
𝜕𝑡

+ 𝑢 𝜕𝑣
𝜕𝑥

+ 𝑣 𝜕𝑣
𝜕𝑦

+ 𝑤 𝜕𝑣
𝜕𝑧

) = − 𝜕𝑃
𝜕𝑦

+  𝜇 (𝜕2𝑣
𝜕𝑥2 + 𝜕2𝑣

𝜕𝑦2 + 𝜕2𝑣
𝜕𝑧2) + 𝜌𝑓𝑦          (2.81b) 

𝜌 (𝜕𝑤
𝜕𝑡

+ 𝑢 𝜕𝑤
𝜕𝑥

+ 𝑣 𝜕𝑤
𝜕𝑦

+ 𝑤 𝜕𝑤
𝜕𝑧

) = − 𝜕𝑃
𝜕𝑧

+  𝜇 (𝜕2𝑤
𝜕𝑥2 + 𝜕2𝑤

𝜕𝑦2 + 𝜕2𝑤
𝜕𝑧2) + 𝜌𝑓𝑧       (2.81c) 

 

 

 

Non-Newtonian Fluid:  

In a Newtonian f luid, the relat ion is l inear between the  shear 

stress and the shear rate , passing through the origin, the 
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coeff icient of viscosity  is the constant of proportionali ty. In a non-

Newtonian f luid, the relation between the shear stress and the 

shear rate is dif ferent, and can even be time -dependent. The 

shear stress for non-Newtonian f luid:  

𝜏 = 𝜏0 + 𝐾𝛾̇𝑛                           (2.82) 

𝛾̇  : Share rate 𝛾̇ = 𝑑𝑢
𝑑𝑦

= 𝑢𝑗,𝑖 

𝐾: Consistency index 

𝑛: Flow behavior index, 𝑛 = 1 for Newtonian f luid 

𝜏0: yield stress  

 

For power law f luid  𝜏0 = 𝑧𝑒𝑟𝑜, and the shear stress can be 

expressed as following:  

𝜏 = 𝐾𝛾̇𝑛                (2.83) 

   

Most of the hydraulic fracturing f luid considered as to obey power 

low which wil l be dealing with in this research. For Bingham 

f luid    𝑛 = 1, and the shear stress can be expressed as following:  

 

𝜏 = 𝜏0 + 𝐾𝛾̇                (2.84) 
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2.5 Conservation of Energy 

 

Energy equation wi ll  be driven by using moving f luid parcel model 

(Lagrangian). First law of thermodynamic is the basic principle for 

driving the energy equation for moving f luid parcel, which can be 

represented as following [3]:  

{
𝑒𝑛𝑒𝑟𝑔𝑦 𝑟𝑎𝑡𝑒 𝑜𝑓 
𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛𝑠𝑖𝑑𝑒
 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙

} = { 𝑛𝑒𝑡 ℎ𝑒𝑎𝑡 𝑓𝑙𝑢𝑥
𝑖𝑛𝑡𝑜 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙} + {

𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑑𝑜𝑛𝑒 
𝑐𝑎𝑢𝑠𝑒𝑑 𝑏𝑦 𝑏𝑜𝑑𝑦 𝑜𝑟 

𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒
}     (2.85) 

 

For the f irst term in (2.85), the total energy of moving f luid element 

per unit mass is the sum of its total internal energy per mass 

unit   𝑒, and the kinetic energy per unit  mass   𝑉
2

2⁄ . So the total 

energy can be expresses as   𝑒 + 𝑉2
2⁄ . Since a moving f luid parcel 

is considered, t ime rate of change fo r energy per unit  mass id 

given by material derivative. Fluid parcel mass is   𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧, so the 

LHS of (2.31) can be expressed as following:  

 {
𝑒𝑛𝑒𝑟𝑔𝑦 𝑟𝑎𝑡𝑒 𝑜𝑓 
𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛𝑠𝑖𝑑𝑒
 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙

} = 𝜌 𝐷
𝐷𝑡

(𝑒 + 𝑉2

2
) 𝑑𝑥 𝑑𝑦 𝑑𝑧           (2.86) 
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For the f irst term in RHS of (2.85 ), which represent the net heat 

f lux into a f luid parcel. This f lux of heat can occur due to: 

a) Volumetric heat l ike absorption or emission of radiation.  

b) Transfer of heat across the surface due to temperature 

gradient.  

For the volumetric heat consider   𝑞̇ as rate of volume of heat 

added per unit mass which il lustrated in f igure 2.8.  Fluid parcel 

mass is   𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧, so Volumetric heat can be expressed as 

following: 

 

 

{𝑣𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐 ℎ𝑒𝑎𝑡 𝑜𝑓 
𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙 } =  𝜌 𝑞̇  𝑑𝑥 𝑑𝑦 𝑑𝑧            (2.87) 
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Figure 2.8 : Energy f lux across moving f luid parcel in x direction  

[3]. 

 

For the heat transfer due to temperature gradient which is referred 

to as thermal conductivity.   𝑞̇𝑥 is the heat transfer by thermal 

conductivity per unit t ime per unit area in x - direct ion. Based on 

f igure 2.8, the heat transfer into the f luid parcel through surface 

(adhe) is    𝑞̇𝑥 𝑑𝑦 𝑑𝑧. The  heat transfer out of the fluid parcel through 

surface (bcgf) is   [ 𝑞̇𝑥 + 𝜕 𝑞̇𝑥
𝜕𝑥

  𝑑𝑥] 𝑑𝑦 𝑑𝑧. Therefore, the net heat 

transfer in x- direction through the f luid parcel by thermal 

conductivity is:  
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[ 𝑞̇𝑥 − ( 𝑞̇𝑥 + 𝜕 𝑞̇𝑥
𝜕𝑥

  𝑑𝑥)] 𝑑𝑦 𝑑𝑧 = − 𝜕 𝑞̇𝑥
𝜕𝑥

  𝑑𝑥 𝑑𝑦 𝑑𝑧           (2.88) 

 

By taking into considerat ion y and z-direct ion, we end up with the 

following: 

{
ℎ𝑒𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟  

 𝑓𝑜𝑟 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙 𝑏𝑦
 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑖𝑡𝑦

} =  − (𝜕 𝑞̇𝑥
𝜕𝑥

+ 𝜕 𝑞̇𝑦

𝜕𝑦
+ 𝜕 𝑞̇𝑧

𝜕𝑧
)   𝑑𝑥 𝑑𝑦 𝑑𝑧        (2.89) 

 

Combining (2.33) and (2.34) represents the RHS f irst term of 

(2.31):  

{ 𝑛𝑒𝑡 ℎ𝑒𝑎𝑡 𝑓𝑙𝑢𝑥
𝑖𝑛𝑡𝑜 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙} = [𝜌 𝑞̇ − (𝜕 𝑞̇𝑥

𝜕𝑥
+ 𝜕 𝑞̇𝑦

𝜕𝑦
+ 𝜕 𝑞̇𝑧

𝜕𝑧
)]   𝑑𝑥 𝑑𝑦 𝑑𝑧         (2.90) 

 

Since heat transfer by thermal conductivity is related to 

temperature gradient as following:  

 𝑞̇𝑥 = −𝑘 𝜕𝑇
𝜕𝑥

 ,   𝑞̇𝑦 = −𝑘 𝜕𝑇
𝜕𝑦

 ,  𝑞̇𝑧 = −𝑘 𝜕𝑇
𝜕𝑧

            (2.91) 

 

So, (2.35) can be represented as:  
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{ 𝑛𝑒𝑡 ℎ𝑒𝑎𝑡 𝑓𝑙𝑢𝑥
𝑖𝑛𝑡𝑜 𝑓𝑙𝑢𝑖𝑑 𝑝𝑎𝑟𝑐𝑒𝑙} = [𝜌 𝑞̇ + 𝜕

𝜕𝑥
(𝑘 𝜕𝑇

𝜕𝑥
) + 𝜕

𝜕𝑦
(𝑘 𝜕𝑇

𝜕𝑦
) + 𝜕

𝜕𝑧
(𝑘 𝜕𝑇

𝜕𝑧
)]   𝑑𝑥 𝑑𝑦 𝑑𝑧  

                 (2.92)  

 

For the second term in RHS of (2.85), which represent the rate of 

work done due to body or surface force on moving f luid parcel. 

Work is equal to force multiplied by distance, and the power is 

force multiplied by velocity, so power is the rate of work. Since   𝑓 

is force per unit mass we need to consider f luid parcel mass which 

is   𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧. So the rate of work done by body force on moving 

f luid parcel can be expressed as following:  

 

{𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑑𝑜𝑛𝑒
𝑏𝑦 𝑏𝑜𝑑𝑦 𝑓𝑜𝑟𝑐𝑒 } = 𝜌 𝑓 . 𝑉⃗   𝑑𝑥 𝑑𝑦 𝑑𝑧                        (2.93) 

For the surface forces which are done by pressure normal and 

shear stress as shown in f igure 2.7. For x - the direct ion the rate 

of work done by al l the force equal force mult ipl ied by   𝑢. So for 

force caused by pressure disruption around moving f luid parcel on 

surface (adhe) is   𝑢 𝑃 𝑑𝑦 𝑑𝑧. The net rate of work done by pressure 

on x- direct ion which are on surface (adhe) and  (bcfg)  as shown 

on figure 2.8 can be represented as following:  
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[𝑢𝑃 − (𝑢𝑃 + 𝜕(𝑢𝑃)
𝜕𝑥

𝑑𝑥)]  𝑑𝑦 𝑑𝑧 = − 𝜕(𝑢𝑃)
𝜕𝑥

 𝑑𝑥 𝑑𝑦 𝑑𝑧             (2.94) 

 

The same can be applied for the normal and shear stress force. 

The rate of work done by shear stress  in x-direction which are 

applied on surface (abcd) and (efgh) as shown in f igure 2.8 can 

be represented as following:  

[(𝑢𝜏𝑦𝑥 + 𝜕(𝑢𝜏𝑦𝑥)
𝜕𝑦

𝑑𝑦) − 𝑢𝜏𝑦𝑥]  𝑑𝑥 𝑑𝑧 = 𝜕(𝑢𝜏𝑦𝑥)
𝜕𝑦

 𝑑𝑥 𝑑𝑦 𝑑𝑧                 (2.95) 

 

All  the surface forces which represented on f igure 2.8 can be 

expressed as following:  

{
𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑓𝑜𝑟

𝑎𝑙𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 
𝑖𝑛 𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

} = [− 𝜕(𝑢𝑃)
𝜕𝑥

+ 𝜕(𝑢𝜏𝑥𝑥)
𝜕𝑥

𝜕(𝑢𝜏𝑦𝑥)
𝜕𝑦

𝜕(𝑢𝜏𝑧𝑥)
𝜕𝑧

]  𝑑𝑥 𝑑𝑦 𝑑𝑧      (2.96a) 

Sam can be applied for y and z direct ions: 

{
𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑓𝑜𝑟

𝑎𝑙𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 
𝑖𝑛 𝑦 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

} = [− 𝜕(𝑣𝑃)
𝜕𝑦

+ 𝜕(𝑣𝜏𝑥𝑦)
𝜕𝑥

𝜕(𝑣𝜏𝑦𝑦)
𝜕𝑦

𝜕(𝑣𝜏𝑧𝑦)
𝜕𝑧

]  𝑑𝑥 𝑑𝑦 𝑑𝑧     (2.96b) 

{
𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑓𝑜𝑟

𝑎𝑙𝑙 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 
𝑖𝑛 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 

} = [− 𝜕(𝑤𝑃)
𝜕𝑧

+ 𝜕(𝑤𝜏𝑥𝑧)
𝜕𝑥

𝜕(𝑤𝜏𝑦𝑧)
𝜕𝑦

𝜕(𝑤𝜏𝑧𝑧)
𝜕𝑧

]  𝑑𝑥 𝑑𝑦 𝑑𝑧       (2.96c) 
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The rate of work done by body and surface forces can be 

represented by combining (2.93), (2.96a), (2.96b) and (2.96c):  

{
𝑟𝑎𝑡𝑒 𝑜𝑓 𝑤𝑜𝑟𝑘 𝑑𝑜𝑛𝑒 
𝑐𝑎𝑢𝑠𝑒𝑑 𝑏𝑦 𝑏𝑜𝑑𝑦 𝑜𝑟 

𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒
}  =  [− (𝜕(𝑢𝑃)

𝜕𝑥
+ 𝜕(𝑣𝑃)

𝜕𝑦
+ 𝜕(𝑤𝑃)

𝜕𝑧
) +

                                                       + 𝜕(𝑢𝜏𝑥𝑥)
𝜕𝑥

𝜕(𝑢𝜏𝑦𝑥)
𝜕𝑦

𝜕(𝑢𝜏𝑧𝑥)
𝜕𝑧

   +

                                                       + 𝜕(𝑣𝜏𝑥𝑦)
𝜕𝑥

𝜕(𝑣𝜏𝑦𝑦)
𝜕𝑦

𝜕(𝑣𝜏𝑧𝑦)
𝜕𝑧

+

                                                      + 𝜕(𝑤𝜏𝑥𝑧)
𝜕𝑥

𝜕(𝑤𝜏𝑦𝑧)
𝜕𝑦

𝜕(𝑤𝜏𝑧𝑧)
𝜕𝑧

] 𝑑𝑥 𝑑𝑦 𝑑𝑧 +

                                                       +𝜌 𝑓 . 𝑉⃗   𝑑𝑥 𝑑𝑦 𝑑𝑧                  (2.97) 

The f inal form of energy equation can be represented by 

substitut ing (2.86), (2.92) and (2.97) into (2.85 ), so we end up with 

the following:  

𝜌 𝐷
𝐷𝑡

(𝑒 + 𝑉2

2
) =  𝜌 𝑞̇ + 𝜕

𝜕𝑥
(𝑘 𝜕𝑇

𝜕𝑥
) + 𝜕

𝜕𝑦
(𝑘 𝜕𝑇

𝜕𝑦
) + 𝜕

𝜕𝑧
(𝑘 𝜕𝑇

𝜕𝑧
)                           +

                                                      + [−(𝜕(𝑢𝑃)
𝜕𝑥

+ 𝜕(𝑣𝑃)
𝜕𝑦

+ 𝜕(𝑤𝑃)
𝜕𝑧

) +

                                                      + 𝜕(𝑢𝜏𝑥𝑥)
𝜕𝑥

𝜕(𝑢𝜏𝑦𝑥)
𝜕𝑦

𝜕(𝑢𝜏𝑧𝑥)
𝜕𝑧

   +

                                                      + 𝜕(𝑣𝜏𝑥𝑦)
𝜕𝑥

𝜕(𝑣𝜏𝑦𝑦)
𝜕𝑦

𝜕(𝑣𝜏𝑧𝑦)
𝜕𝑧

+

                                                      + 𝜕(𝑤𝜏𝑥𝑧)
𝜕𝑥

𝜕(𝑤𝜏𝑦𝑧)
𝜕𝑦

𝜕(𝑤𝜏𝑧𝑧)
𝜕𝑧

] 𝑑𝑥 𝑑𝑦 𝑑𝑧 +

                                                       +𝜌 𝑓 . 𝑉⃗   𝑑𝑥 𝑑𝑦 𝑑𝑧           (2.98) 
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3. Laminar Flow and Fluid Rheology 

 

Matter responded to applied external forces to its surface by 

deformation. Based on that, l iquid and solid act and response in 

a similar way while gasses have less resistance. Newtonian f luid 

can be considered as a special case of Non-Newtonian f luid. In 

order to better understand the Non-Newtonian f luid behavior, we 

will focus on the laminar f low between two paral lel plates. We wil l 

start by driving the general gove rning equation for Non-Newtonian 

f luid. Then will simplify these equation to be used for Newtonian, 

power law and Bingham plastic f luids [6].  

 

The general shear stress equation for Non-Newtonian f luid:  

𝜏 = 𝜏𝑦 + 𝐾 𝛾̇𝑛          (3.1) 

 𝜏𝑦: Yield stress (used with Bingham f luid)  

𝐾 : Consistency index 

𝛾̇ : shear rate 

𝑛 : Flow behavior index 
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The force balance for f low in a pipe or parallel plates (f igure 3.1) 

is the relat ion between wall stress and pressure drop.  

𝐿 𝑝  𝜏 =  𝐴𝑐 ∆𝑃          (3.2) 

𝐴𝑐: 𝑐𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑟𝑒𝑎 

𝑝: 𝑤𝑒𝑡𝑡𝑒𝑑 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 

𝜏 = 𝐴𝑐 
𝑝

∆𝑃
𝐿

          (3.3) 

 

Figure 3.1 : Schematic of two paral lel plates f low geometry . 

x For smaller cross section, since  𝐴𝑐 
𝑝

  is l inear and ∆𝑃
𝐿
 is constant,  

𝜏 will change l inearly with𝐴𝑐 
𝑝

. 

x Stress rat io 𝛾̇ = 𝑑𝑢
𝑑𝑦

  can be obtained by velocity prof ile.  

x Flow rate 𝑄 can be obtained by integrat ing velocity prof ile.  
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x Flow rate vs. pressure drop relat ion is the basic equation for 

f low geometry which can represent as the relat ion between 

friction factor and Reynolds number.  

x Fanning f rict ion factor defined as the proport ional relation 

between wall stress and suitable approximation of kinetic 

energy [31].  

 

𝜏 =  𝑓 𝑥 (1
2 𝜌𝑢𝑎𝑣𝑔

2 )         (3.4) 

 

𝑅𝑒 = 𝜌 𝑢𝑎𝑣𝑔 𝑙
𝜇

=  𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒
𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒

        (3.5) 

𝑙 = 4 𝐴𝑐
𝑝

=  𝑐𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑟𝑒𝑎 
𝑤𝑒𝑡𝑡𝑒𝑑 𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟

  → ℎ𝑦𝑑𝑟𝑜𝑙𝑖𝑐 𝑑𝑖𝑚𝑒𝑡𝑒𝑟      (3.6) 

 

For paral lel plate f low with width w and height h, where   ℎ 𝑤⁄  → 0.  

So, 

𝐴𝑐
𝑝

= ℎ𝑤
2(ℎ+𝑤)

= ℎ
2
          (3.7) 

The characterist ic length 𝑙 = 2 ℎ     (3.8) 

Solution strategy wil l be as following:  

a. Drive the velocity distribut ion.  

b. Calculate the maximum velocity.  
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c. Calculate the rate.  

d. Obtain the average velocity  

e. Determine the quantit ies that are characterising the 

smoothness of the velocity prof ile.  

 

For paral lel plate f low, the force balance is  

𝜏𝑤 = ℎ ∆𝑃
2 𝐿

             (3.9) 

Since we have a l inear relat ion for the shear stress, the shear 

stress at distance y from the wall is:   

𝜏 =
(ℎ2−𝑦)

(ℎ2)
 𝜏𝑤                   (3.10) 

The increasing ratio of yield stress to the wall stress results in a 

wider plug for  velocity prof ile.  

∅ = 𝜏𝑦

𝜏𝑤
                 (3.11) 

At certain distance from the wall  𝑦0, the f luid moving as f luid plug 

uniform velocity   𝑢𝑚𝑎𝑥. 

𝑦0 = (1−∅)ℎ
2

                (3.12) 

The shear rate is the velocity derivat ive with respect to the 

distance from the wall  
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𝛾̇ = 𝑑𝑢
𝑑𝑦

= (𝜏−𝜏𝑦

𝐾
)
1 𝑛⁄

               (3.13) 

Substitute shear stress from (3.10) to get a dif ferential equation 

describing the velocity distr ibution.  

𝑑𝑢
𝑑𝑦

= ((
(ℎ2−𝑦)

(ℎ2)
 𝜏𝑤 − 𝜏𝑦) 𝐾⁄ )

1 𝑛⁄

              (3.14) 

Integrate once from the wall to a given 𝑦 and 𝑢(0) = 0 for no slip 

condition.  

𝑢(𝑦) =  𝑛
2(𝑛+1) {ℎ(1 − ∅) [𝜏𝑤(1−∅)

𝐾
]
1 𝑛⁄

− [ℎ(1 − ∅) − 2𝑦] [𝜏𝑤(1−∅−2𝑦 ℎ⁄ )
𝐾

]
1 𝑛⁄

}   

                 (3.15) 

Maximum velocity obtained by substituting 𝑦 = 𝑦0:  

𝑢𝑚𝑎𝑥 =  𝑛
2(1+𝑛) ℎ(1 − ∅) [𝜏𝑤(1−∅)

𝐾
]
1 𝑛⁄

              (3.16) 

The total f low rate is the sum of the f low rate in the plug 𝑞1and the 

outer part 𝑞2. 

𝑞1 = 𝑤(ℎ − 2𝑦0)𝑢𝑚𝑎𝑥                (3.17) 

𝑞2 = 2𝑤 ∫ 𝑢(𝑦) 𝑑𝑦𝑦0
0                        (3.18) 

Substitute (3.15) and (3.16) into 𝑞1 and  𝑞2. After the integration 

the total f low rate is:  
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𝑞 = 𝑤ℎ2𝑛(1−∅)(1+𝑛+𝑛∅)
2(1+𝑛)(1+2𝑛) [𝜏𝑤(1−∅)

𝐾
]
1 𝑛⁄

             (3.19) 

So the average velocity is  

𝑢𝑎𝑣𝑔 = 𝑞
ℎ𝑤

= ℎ(1−∅)(1+𝑛+𝑛∅)
2(1+𝑛)(1+2𝑛) [𝜏𝑤(1−∅)

𝐾
]
1 𝑛⁄

           (3.20) 

The usual measure of velocity prof ile f latness can be obtained 

from (3.16) and (3.20): 

𝑢𝑚𝑎𝑥
𝑢𝑎𝑣𝑔

=  1+2𝑛
1+𝑛+𝑛∅

                (3.21) 

Flow rate as a function of the pressure gradient.  

𝑞 = 𝑤ℎ2𝑛(1−∅)(1+𝑛+𝑛∅)
2(1+𝑛)(1+2𝑛) [ℎ(1−∅)

2𝐾
∆𝑃
𝐿
]
1 𝑛⁄

            (3.22) 

From equation (3.4) and (3.20): 

𝑓 = 4(1+𝑛)(1+2𝑛) 𝜏𝑤
1−1 𝑛⁄

𝑢𝑎𝑣𝑔𝜌ℎ(1−∅)(1+𝑛+𝑛∅)[(1−∅)
𝐾 ]

1 𝑛⁄
             (3.23) 

For Newtonian slot f low  𝑅𝑒 × 𝑓 = 24, to generalize the Reynolds 

number for Non-Newtonian f luid let’s preserve this property, 

therefore   𝑅𝑒∗  × 𝑓 = 24. From (3.16):  

𝑅𝑒∗ =
6 𝑢𝑎𝑣𝑔𝜌ℎ(1−∅)(1+𝑛+𝑛∅)[(1−∅)

𝐾 ]
1 𝑛⁄

(1+𝑛)(1+2𝑛) 𝜏𝑤
1−1 𝑛⁄

             (3.24) 

Based on 𝜏 = 𝜏𝑦 + 𝐾 𝛾̇𝑛 and   ∅ = 𝜏𝑦

𝜏𝑤
, the shear rate at the wall:  
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𝛾̇𝑤 =  [(1−∅)𝜏𝑤
𝐾

]
1 𝑛⁄

              (3.25) 

And  

𝜇𝑤 = 𝜏𝑤
𝛾̇

= 𝜏𝑤
1−1 𝑛⁄ ( 𝐾

1−∅
)
1 𝑛⁄

             (3.26) 

From (3.15) and (3.18):  

𝑢𝑎𝑣𝑔 = 𝑞
ℎ𝑤

= ℎ(1−∅)(1+𝑛+𝑛∅)
2(1+𝑛)(1+2𝑛) 𝛾̇𝑤             (3.27) 

And from (3.13) and (3.17):  

𝑅𝑒′ = 6 𝑢𝑎𝑣𝑔𝜌ℎ(1−∅)(1+𝑛+𝑛∅)
(1+𝑛)(1+2𝑛) 𝜇𝑤

              (3.28) 

The shear rate for Newtonian f luid 𝛾̇𝑤 = 6𝑢𝑎𝑣𝑔

ℎ
 by using 𝜏 = 𝜇𝛾̇ and 

(3.13), the shear for non-Newtonian f luid is:  

𝛾̇𝑤 = [ 1+3𝑛+2𝑛2

3𝑛 (1−∅)(1+𝑛+𝑛∅)]
6𝑢𝑎𝑣𝑔

ℎ
              (3.29) 

So, the shear stress:  

𝜏𝑤 = 𝜏𝑦 + 𝐾 [ 1+3𝑛+2𝑛2

3𝑛 (1−∅)(1+𝑛+𝑛∅)]
𝑛
(6𝑢𝑎𝑣𝑔

ℎ
)
𝑛
            (3.30) 

 

Now easily we can obtain the corresponding relat ions for Bingham 

Plast ic, power low, and Newtonian f luid. It worth mentioning that 

sometimes real l ife f luid could show more than one behavior l ike 
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Plastic f luid which has the character istics of Bingham and power 

law f luid see f igure 3.2. 

 

 

Figure 3.2 : A stress-strain plot for Non-Newtonian f luids [32]. 

 

 

 



46 
 

3.1 Newtonian Fluid 

In order to solve for Newtonian f luid the yield stress   𝜏𝑦 = 0, and 

f luid behavior index   𝑛 = 1. By applying this to the previous 

equation, we can f ind the following:  

𝜏 = 𝜇𝛾̇                 (3.31) 

From (3.16): 

𝑢𝑚𝑎𝑥 =  ℎ𝜏𝑤
4𝜇

ℎ                        (3.32) 

 

 

From (3.19) and (3.22): 

𝑞 = 𝑤ℎ2𝜏𝑤
6𝜇

= 𝑤ℎ3𝑛
12𝜇

∆𝑃
𝐿

               (3.33) 

From (3.20): 

𝑢𝑎𝑣𝑔 = 𝑞
ℎ𝑤

= ℎ𝜏𝑤
6𝜇

               (3.34) 

From (3.28): 

𝑅𝑒′ = 2ℎ 𝑢𝑎𝑣𝑔 𝜌 
𝜇

                        (3.35) 

From (3.29): 
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𝛾̇𝑤 = 6𝑢𝑎𝑣𝑔

ℎ
                (3.36) 

From (3.30): 

𝜏𝑤 = 𝜇 (6𝑢𝑎𝑣𝑔

ℎ
)                (3.37) 

From (3.9) and (3.22): 

∆𝑃
𝐿

= 12 𝜇 𝑢𝑎𝑣𝑔

ℎ2 =  12 𝜇 𝑞
𝑤ℎ3                (3.38) 

 

3.2 Power Law Fluid 

 

In order to solve for Power-law f luid the yield stress   𝜏𝑦 = 0. By 

applying this to the previous equation, we can f ind the fol lowing:  

𝜏 = 𝐾 𝛾̇𝑛                (3.39) 

From (3.16): 

𝑢𝑚𝑎𝑥 =  𝑛ℎ
2(1+𝑛) (

𝜏𝑤
𝐾

)
1 𝑛⁄

               (3.40)  

From (3.19) and (3.22): 

𝑞 = 𝑤ℎ2𝑛
2(1+2𝑛) (

𝜏𝑤
𝐾

)
1 𝑛⁄

=  𝑤ℎ2𝑛
2(1+2𝑛) (

ℎ
2𝐾

∆𝑃
𝐿
)
1 𝑛⁄

                    (3.41) 

From (3.20): 
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𝑢𝑎𝑣𝑔 = 𝑞
ℎ𝑤

= ℎ𝑛
2(1+2𝑛) (

𝜏𝑤
𝐾

)
1 𝑛⁄

              (3.42) 

From (3.28): 

𝑅𝑒′ = 6𝑛 𝑢𝑎𝑣𝑔𝜌ℎ

(1+2𝑛) 𝜏𝑤
1−1 𝑛⁄ 𝐾1 𝑛⁄

               (3.43) 

 From (3.29): 

𝛾̇𝑤 = (1+2𝑛
3𝑛 

) 6𝑢𝑎𝑣𝑔

ℎ
               (3.44) 

From (3.30): 

𝜏𝑤 = 𝐾 (1+2𝑛
3𝑛 

)
𝑛
(6𝑢𝑎𝑣𝑔

ℎ
)
𝑛
              (3.45) 

From (3.9) and (3.22): 

∆𝑃
𝐿

= 2𝑛+1𝐾 (1+2𝑛
3𝑛 

)
𝑛
𝑥 ℎ−(𝑛+1)𝑢𝑎𝑣𝑔

𝑛 =  2𝑛+1𝐾 (1+2𝑛
3𝑛 

)
𝑛
𝑥 𝑤−𝑛ℎ−(𝑛+1)𝑞𝑛    (3.46) 

  

Power-law f luid with 𝑛 < 1 cal led shear thinning f luid and for 𝑛 > 1 

called shear thickening, see f igure 4.2.  
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3.3 Bingham Plastic Fluid 

 

For ideal Bingham f luid, f low behavior index   𝑛 = 1. By applying 

this to the previous equation, we can f ind the following:  

𝜏 = 𝜏𝑦 + 𝜇𝑝 𝛾̇                 (3.47) 

From (3.16): 

𝑢𝑚𝑎𝑥 =  ℎ(1−∅)2𝜏𝑤
4𝜇𝑝

               (3.48) 

From (3.19) and (3.22): 

𝑞 = 𝑤ℎ2(1−∅)2(2+∅)𝜏𝑤
12𝜇𝑝

= 𝑤ℎ3(1−∅)2(2+∅)
24𝜇𝑝

∆𝑃
𝐿

            (3.49) 

From (3.20): 

𝑢𝑎𝑣𝑔 = 𝑞
ℎ𝑤

= ℎ(1−∅)2(2+∅)𝜏𝑤
12𝜇𝑝

              (3.50) 

From (3.28): 

𝑅𝑒′ = 12 𝜇𝑎𝑣𝑔
2𝜌 ∅

𝜏𝑦
               (3.51) 

 From (3.29): 

 𝛾̇𝑤 = [ 2
 (1−∅)(2+∅)]

6𝑢𝑎𝑣𝑔

ℎ
               (3.52) 

From (3.30): 
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𝜏𝑤 = 𝜏𝑦 + 𝜇𝑝  [ 2
 (1−∅)(2+∅)]

𝑛
(6𝑢𝑎𝑣𝑔

ℎ
)             (3.53) 

From (3.9) and (3.22): 

∆𝑃
𝐿

= 2 𝜏𝑦

ℎ 𝜑
                 (3.54) 

𝜑 = −2√1 + 4𝜇𝑝𝑢𝑎𝑣𝑔 
ℎ𝜏𝑦

cos
4𝜋+arccos(1+

4𝜇𝑝𝑢𝑎𝑣𝑔 
ℎ𝜏𝑦

)
−3

3
                  (3.55) 

Or 

𝜑 = −2√1 + 4𝜇𝑝𝑞 
ℎ 𝑤2𝜏𝑦

cos
4𝜋+arccos(1+

4𝜇𝑝𝑞 
ℎ 𝑤2𝜏𝑦

)
−3

3
            (3.56) 
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4 Turbulent Flow 

This chapter will explain the basic principles for turbulent f low then 

shows the basic theories that are required for understanding this 

thesis.  

 

4.1 Kolmogorov Scale  

 

Turbulent start to form by introducing large eddies, these large 

eddies transfer the kinetic energy to newly formed smaller eddied 

and so on until it reached the smallest eddies that can’t transfer 

energy any more. So the smallest eddies dissipate energy as heat 

due to viscosity as shown in f igure 4.1.The smallest scale of  

turbulence was derived by Kolmogorov [20,21], with the 

assumption that the energy dissipation takes place at the smallest 

scale. The required physical parameter to describe this behavior 

dimensional wise is viscosity  𝜈  and dissipation rate 𝜀  of turbulent 

kinetic energy. The generalized unit for viscosity  𝜈 is viscosity  𝐿
2

𝑇⁄  

and for dissipation rate 𝜀  is   𝐿
2

𝑇3⁄ . Based on that the Kolmogorov 

length scale expressed as following:  
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𝜂 = (𝜈3

𝜀
)
1

4⁄
           (4.1) 

 

Figure 4.1:  the large eddy transfer energy to smallest eddy which 

transfers energy as dissipated heat due to viscosity. E (k) is the 

spectral density and k is the wavenumber  [33].  

In the same way, the Kolmogorov time scale expressed as 

following: 

𝜏 = (𝜈
𝜀
)
1

2⁄            (4.2) 

Lastly, for the Kolmogorov velocity scale:  
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𝜐 = (𝜈𝜀)1
4⁄            (4.3) 

Assume the following:  

x Kinetic energy amount per unit  mass in large eddy scale is 

proport ional to   𝑢′2. 

x Rate of transfer of kinetic energy is proportional to   𝑢′
𝑙⁄  . 

x Rate of energy supply to the smallest scale   𝑢′2    𝑢
′
𝑙⁄ = |𝑢′|3

𝑙
. 

Based on these assumption the energy dissipation 𝜀 = |𝑢′|3

𝑙
. The 

integral length scale   𝑙 can be compared with Kolmogorov length 

scale   𝜂 by substitut ing 𝜀 = |𝑢′|3

𝑙
 back in (4.1):  

𝜂 ~ ( 𝜈3

|𝑢′|3
𝑙⁄
)

1
4⁄

           (4.4) 

Then we can introduce Reynolds number as following:  

𝜂
𝑙
 ~ ( 𝜈3

|𝑢′|3 𝑙3
)
1

4⁄
~ 𝑅𝑒𝑙

−3
4⁄          (4.5) 

Or 

𝑙
𝜂
~ 𝑅𝑒𝑙

3
4⁄             (4.6) 

The ~ have been used to show that these relat ion based on 

dimensional analysis only.  
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4.2 Origen of Turbulence  

 

Turbulent f low has f luctuating velocity in all  the dimensions which 

make it dif f icult to solve by Naiver stoke equation. The f luctuating 

velocity can be introduced to Naiver Stoke equation by averaging.  

As shown in f igure 4.2, velocity component is actually an averaged 

mean velocity and f luctuating velocity  which was explained by 

Klebanoff [23]. Velocity is decomposed into a mean value   𝑢̅ and 

f luctuating value   𝑢′.  

 

Figure 4.2:  velocity components are mean velocity   𝑢̅ and 

f luctuating velocity   𝑢′. 
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The velocity components are, t ime-averaged value 𝑢̅ and 

f luctuating velocity  𝑢′.  Similarly, we can apply this definit ion for the 

following values:  

𝑢 = 𝑢̅ + 𝑢′ ,   𝑣 = 𝑣̅ + 𝑣′,   𝑤 = 𝑤̅ + 𝑤′,      (4.7) 

 𝑃 = 𝑃̅ + 𝑃′ ,     𝜌 = 𝜌̅ + 𝜌′   ,    𝑇 = 𝑇̅ + 𝑇′ 

 

The averaging method  can be considered by taking mean values 

at a f ixed place and averaged over a period of t ime that is large 

enough for the mean values to be independent of it.  

𝑢̅ = lim
𝑇→∞

1
𝑇 ∫ 𝑢 𝑑𝑡𝑡0+T

𝑡0
             (4.8) 

 

The time-averaged values for the f luctuating values are defined to 

be zero: 

𝑢′̅ = 0   ,  𝑣′̅ = 0  ,  𝑤′̅̅ ̅ = 0  ,  𝑃′̅ = 0       (4.9) 

 

Summary of rules for t ime averaging:  
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𝜕𝑢
𝜕𝑥
̅ = 𝜕𝑢

𝜕𝑥
 , 𝜕𝑢′

𝜕𝑥
̅̅ ̅̅

= 0  

𝑓̿ = 𝑓 ̅ ,   𝑓 + 𝑔̅̅ ̅̅ ̅̅ ̅ =  𝑓̅ +  𝑔̅,    𝑓.̅ 𝑔̅̅ ̅̅ ̅ = 𝑓.̅ 𝑔̅,          (4.10) 

𝜕𝑓
𝜕𝑠
̅ =  𝜕𝑓̅

𝜕𝑠
,   ∫ 𝑓 𝑑𝑠̅̅ ̅̅ ̅̅ ̅̅  =  ∫𝑓 ̅𝑑𝑠  

But 𝑓. 𝑔̅̅ ̅̅ ̅ ≠  𝑓.̅ 𝑔̅ 

 

First, start by averaging continuity equation by substituting (4. 7) 

into (2.54) for incompressible f low (𝐷𝜌
𝐷𝑡

= 0):  

𝜕𝑢
𝜕𝑥

+ 𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣̅

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤̅

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑧
= 0            (4.11)  

Now, apply t ime averaging:  

𝜕𝑢
𝜕𝑥

+ 𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣̅

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤̅

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑧
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

= 0            (4.12) 

So that the time averaged continuity equation is  

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣̅
𝜕𝑦

+ 𝜕𝑤̅
𝜕𝑧

= 0               (4.13) 

 

Now averaging NS equation, we will  consider x -component only 

since the rest are identical,  start by substitut ing (4.3) into (2.36a):  
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𝜌 (𝜕(𝑢+𝑢′)
𝜕𝑡

+ (𝑢̅ + 𝑢′) 𝜕(𝑢+𝑢′)
𝜕𝑥

+ (𝑣̅ + 𝑣′) 𝜕(𝑢+𝑢′)
𝜕𝑦

+ (𝑤̅ + 𝑤′) 𝜕(𝑢̅̅ ̅+𝑢′)
𝜕𝑧

) = − 𝜕(𝑃̅+𝑃′)
𝜕𝑥

+

 𝜇 (𝜕2(𝑢+𝑢′)
𝜕𝑥2 + 𝜕2(𝑢+𝑢′)

𝜕𝑦2 + 𝜕2(𝑢+𝑢′)
𝜕𝑧2 ) + 𝜌𝑓𝑥            (4.14) 

 

𝑓𝑥: is not subjected to turbulence f luctuation.  

Now, apply t ime averaging:  

𝜌 (𝜕(𝑢+𝑢′)
𝜕𝑡

+ (𝑢̅ + 𝑢′) 𝜕(𝑢+𝑢′)
𝜕𝑥

+ (𝑣̅ + 𝑣′) 𝜕(𝑢+𝑢′)
𝜕𝑦

+ (𝑤̅ + 𝑤′) 𝜕(𝑢̅̅ ̅+𝑢′)
𝜕𝑧

)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

=

− 𝜕(𝑃̅+𝑃′)
𝜕𝑥

+  𝜇 (𝜕2(𝑢+𝑢′)
𝜕𝑥2 + 𝜕2(𝑢+𝑢′)

𝜕𝑦2 + 𝜕2(𝑢+𝑢′)
𝜕𝑧2 ) + 𝜌𝑓𝑥

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
           (4.15) 

Simplify as following:  

𝜌 (𝜕𝑢
𝜕𝑡

+ 𝜕𝑢𝑢̅̅ ̅̅
𝜕𝑥

+ 𝜕𝑢′𝑢′̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
+ 𝜕𝑢𝑣̅̅̅̅

𝜕𝑦
+ 𝜕𝑢′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑥
+ 𝜕𝑢𝑤̅̅̅̅̅

𝜕𝑧
+ 𝜕𝑢′𝑤′̅̅ ̅̅ ̅̅ ̅

𝜕𝑧
+) = − 𝜕𝑃̅

𝜕𝑥
+  𝜇 (𝜕2𝑢

𝜕𝑥2 + 𝜕2𝑢
𝜕𝑦2 +

𝜕2𝑢
𝜕𝑧2) + 𝜌𝑓𝑥                (4.16) 

𝜌 (𝜕𝑢
𝜕𝑡

+ 𝑢̅ 𝜕𝑢
𝜕𝑥

+ 𝑣̅ 𝜕𝑢
𝜕𝑦

+ 𝑤̅ 𝜕𝑢
𝜕𝑧

) = − 𝜕𝑃̅
𝜕𝑥

+  𝜇 (𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 + 𝜕2𝑢̅
𝜕𝑧2) + 𝜌𝑓𝑥 −

𝜌 (𝜕𝑢′𝑢′̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
+ 𝜕𝑢′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑥
+ 𝜕𝑢′𝑤′̅̅ ̅̅ ̅̅ ̅

𝜕𝑧
)               (4.17) 

𝜌 (𝜕𝑢
𝜕𝑡

+ 𝑢̅ 𝜕𝑢
𝜕𝑥

+ 𝑣̅ 𝜕𝑢
𝜕𝑦

+ 𝑤̅ 𝜕𝑢
𝜕𝑧

) = − 𝜕𝑃̅
𝜕𝑥

+  𝜇 ∆𝑢̅  + 𝜌𝑓𝑥 − 𝜌 (𝜕𝑢′𝑢′̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
+ 𝜕𝑢′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑦
+ 𝜕𝑢′𝑤′̅̅ ̅̅ ̅̅ ̅

𝜕𝑧
)   

                      (4.18a) 

 

 



58 
 

For y and z direction:  

𝜌 (𝜕𝑣̅
𝜕𝑡

+ 𝑢̅ 𝜕𝑣
𝜕𝑥

+ 𝑣̅ 𝜕𝑣̅
𝜕𝑦

+ 𝑤̅ 𝜕𝑣̅
𝜕𝑧

) = − 𝜕𝑃̅
𝜕𝑦

+  𝜇 ∆𝑣̅  + 𝜌𝑓𝑦 − 𝜌 (𝜕𝑣′𝑢′̅̅ ̅̅ ̅̅

𝜕𝑥
+ 𝜕𝑣′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑦
+ 𝜕𝑣′𝑤′̅̅ ̅̅ ̅̅ ̅

𝜕𝑧
)  

                       (4.18b)                 

 𝜌 (𝜕𝑤̅
𝜕𝑡

+ 𝑢̅ 𝜕𝑢
𝜕𝑥

+ 𝑣̅ 𝜕𝑤̅
𝜕𝑦

+ 𝑤̅ 𝜕𝑤̅
𝜕𝑧

) = − 𝜕𝑃̅
𝜕𝑧

+  𝜇 ∆𝑤̅  + 𝜌𝑓𝑧 − 𝜌 (𝜕𝑤′𝑢′̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
+ 𝜕𝑤′𝑣′̅̅ ̅̅ ̅̅ ̅

𝜕𝑦
+ 𝜕𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅̅

𝜕𝑧
) 

                (4.18c) 

 

For tensor notat ion:  

𝜌 (𝐷𝑢𝑖
𝐷𝑡

) = 𝜌𝑓𝑖 − 𝜕𝑃̅
𝜕𝑥𝑖

+  𝜇 u̅𝑖,𝑗𝑗  − 𝜌 (
𝜕𝑢𝑖

, 𝑢𝑗
,̅̅ ̅̅ ̅̅

𝜕𝑥𝑗
)            (4.19) 

 

The last term known as Reynolds stress [22] which represents the 

turbulence shear stress caused by f luctuating velocity 

components. We may simplify (4.19) as following:  

𝜌 (𝐷𝑢𝑖
𝐷𝑡

) = 𝜌𝑓𝑖 − 𝜕𝑃̅
𝜕𝑥𝑖

+ 𝜕
𝜕𝑥𝑗

 (𝜇 𝜕u̅𝑖
𝜕𝑥𝑗

  − 𝜌𝑢𝑖
,𝑢𝑗

,̅̅ ̅̅ ̅)            (4.20) 

𝜌 (𝐷𝑢𝑖
𝐷𝑡

) = 𝜌𝑓𝑖 − 𝜕𝑃̅
𝜕𝑥𝑖

+ 𝜕
𝜕𝑥𝑗

 𝜏𝑖𝑗              (4.21) 

Where  𝜏𝑖𝑗 = 𝜇 𝜕u̅𝑖
𝜕𝑥𝑗

  − 𝜌𝑢𝑖
,𝑢𝑗

,̅̅ ̅̅ ̅  , which represent the laminar and turbulent 

shear stress.  



59 
 

Klebanoff preformed a detailed measurements for turbulence 

f luctuation on a f lat wall [24 , 26]. The same have been done for 

pipe f low by Laufer, J. [25]. Furthermore, the turbulent channel 

f low have been covered by Laufer, J. [27].  

 

 

4.3 Prandtl’s Mixing Length Theory  

 

Prandtl ’s mixing length hypotheses  [5,9] can be explained on 

parallel plate f low. Let’s consider the simple case that the velocity 

is in x- direct ion and its function of y only. 

 𝑢̅ = 𝑢̅(𝑦)    ,    𝑣̅ = 0 ,   𝑤̅ = 0             (4.22) 

The shearing stress for turbulent f low is:  

𝜏𝑡𝑢𝑟𝑏𝑢𝑙𝑎𝑛𝑡 = − 𝜌 𝑢′𝑣′̅̅ ̅̅ ̅̅                (4.23) 

 

Let’s consider a f luid parcel moved a distance   𝑙 from 𝑦1 to   𝑦1 − 𝑙, 

as shown in f igure 4.3. in this case the change in velocity can be 

expressed as following:  
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∆𝑢̅1 =  𝑢̅(𝑦1) − 𝑢̅(𝑦1 − 𝑙) ≈ 𝑙 (𝜕𝑢̅̅ ̅̅

𝜕𝑦
)
1
             (4.24) 

 

 

 

Figure 4.3 : Prandtl ’s Mixing Length  [5] 

 

Similarly, a f luid parcel moves from   𝑦1 + 𝑙 to   𝑦1: 

∆𝑢̅2 =  𝑢̅(𝑦1 + 𝑙) − 𝑢̅(𝑦1) ≈ 𝑙 (𝜕𝑢̅̅ ̅̅

𝜕𝑦
)
1
             (4.25) 

In order to drive an expression for the turbulent shear stress. We 

will  take a closer look at the mean value   𝑢′𝑣′̅̅ ̅̅ ̅̅ . When the f luid parcel  

arrive at layer   𝑦1, it ‘ l l  have posit ive   𝑣′ and it ’ l l  reduce the 
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momentum in the new layer so   𝑢′ will be negative and vice versa. 

Thus, they can be summarized as fol lowing:  

 𝑣′ < 0  Add momentum to the new layer        →  𝑢′ > 0  

𝑣′ > 0  Reduce momentum to the new layer  →  𝑢′ < 0 

So Prandtl has assumed the following:  

𝑢′𝑣′̅̅ ̅̅ ̅̅ = −𝑙2 (𝜕𝑢̅̅ ̅̅

𝜕𝑦
)
2
               (4.26) 

So, the turbulent shear stress can be written as fol lowing:  

𝜏𝑡𝑢𝑟𝑏𝑢𝑙𝑎𝑛𝑡 = 𝜌 𝑙2 (𝜕𝑢̅̅ ̅̅

𝜕𝑦
)
2
               (4.27) 

Taking into account the sign of turbulent shear stress must change 

with   𝜕𝑢̅̅ ̅̅

𝜕𝑦
, it ’s more correct to write it as following:  

𝜏𝑡𝑢𝑟𝑏𝑢𝑙𝑎𝑛𝑡 = 𝜌 𝑙2 |𝜕𝑢̅̅ ̅̅

𝜕𝑦
| 𝜕𝑢̅̅ ̅̅

𝜕𝑦
               (4.28) 

This is Prandtl’s mixing length hypotheses.  Galbraith, R.M.A [10], 

have provided a good experimental support for mixing length 

theory.  
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4.4 Van Karman Similarity Hypothesis   

 

Von Karman made an attempt to establish a rule that allows 

determining the dependence of mixing length on space coordinate  

[4] .  Let’s assume that the turbulence f luctuations are similar at al l  

point of the f low f ield. So, they dif fer by time and length scale from 

point to point.  For similarity rule, we consider a two dimensional 

mean f low in x direction, which mean 𝑢 = 𝑢(𝑦) and   𝑣 = 0. In this 

case it ’s possible to show the follow ing: 

𝑙~ 
𝑑𝑢

𝑑𝑦⁄
𝑑2𝑢

𝑑𝑦2⁄
               (4.29) 

Von Kaman has made the assumption for this relat ion to be 

equivalent by introducing  𝜅 which dimensionless constant.  

𝑙 =  𝜅 |
𝑑𝑢

𝑑𝑦⁄
𝑑2𝑢

𝑑𝑦2⁄
|               (4.30) 

Based on this hypothesis we may say that the mixing length   𝑙, is 

independent of the velocity magnitude and function of velocity 

distribut ion only. By substituting (4.30) into (4.28), we get the 

turbulent shear stress as following:  

𝜏𝑡𝑢𝑟𝑏𝑢𝑙𝑎𝑛𝑡 = 𝜌 (𝜅 |
𝑑𝑢

𝑑𝑦⁄
𝑑2𝑢

𝑑𝑦2⁄
|)

2

|𝜕𝑢̅̅ ̅̅

𝜕𝑦
| 𝜕𝑢̅̅ ̅̅

𝜕𝑦
             (4.31) 
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𝜏𝑡𝑢𝑟𝑏𝑢𝑙𝑎𝑛𝑡 = 𝜌  𝜅2 (𝑑𝑢
𝑑𝑦⁄ )

4

(𝑑2𝑢
𝑑𝑦2⁄ )

2                      (4.32) 

 

Prandtl then assumed the f luctuating component 𝑣 proport ional to 

the mixing length 𝑙 and to the absolute value |𝑑𝑢
𝑑𝑦

| of the velocity 

gradient. This assumption signif ies that the correlat ion between 𝑢 

and 𝑣 is supposedly unaffected by the location.   Betz, A has shown 

a very detailed derivat ion for (4.30) [11]. After a while van Karman 

hypotheses has been extended to include compressible f luid by 

Lin, C.C. and Shen, S.F [12] and their work were observed by 

Bjorgum, O [13] and Hamel, G. [14]  

 

 

 

4.5  Law of The Wall  

 

The law of the wall  proves that the average turbulent velocity  at 

a certain point is proport ional to the logarithmic distance to the 

wall, or the boundary of the f luid region. It could be referred to as 

universal velocity distribut ion which was f irst published by von 
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Kármán, in 1930.  This law is valid for the f low region that is close 

to the wall which is less than 20% of the f low height. Thus, it 

provides a good approximation [5].  

The law of the wall is valid for f lows at high  Reynolds 

numbers where the viscous layer overlap with main stream low 

with approximately constant  shear stress near the wall.  

𝑢
𝑣∗

= 1
𝜅
ln 𝑦 𝑣∗

𝜐
+ 𝐶                 (4.33) 

 

𝑦 𝑣∗

𝜐
 

Distance   𝑦 to the wall. The friction velocity    𝑣∗ and 

kinematic viscosity  𝜐 used to have dimensionless term.  

𝑢
𝑣∗

 

The velocity   𝑢 is paral lel to the wall and its function 

of   𝑦. The  frict ion velocity    𝑣∗ used to have 

dimensionless term 

𝑣∗ 

Frict ional velocity, is  a measure of turbulent eddies and 

correlat ion which exist between a f luctuating component 

in x and y direct ions.  
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Experiments results shows that von Karman constant to be 𝜅 ≈ 0.41 

and the constant  𝐶 ≈ 5 for a smooth wall. it can be writ ten as 

following: 

𝑢
𝑣∗

= 1
𝜅
ln 𝑦

𝑦0
               (4.34) 

 𝑦0  the distance from the boundary where the law of the wall 

velocity goes to zero. This important since the law of the wall 

velocity prof ile is turbulent and the law of the wall can’t  be applied 

for the laminar sublayer. 

 

Viscous Sublayer 

This region is below 5 wall unit which mean   𝑦 𝑢∗
𝜐

< 5, in this case 

we can use the following   

𝑦 𝑢∗
𝜐

=  𝑢
𝑣∗

                 (4.35) 

It can be used for more than 5 wall unit but at 12 unit the error 

could reach up to 25%. 
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Buffer Layer 

This region where main stream f low overlap with the visc ous 

sublayer, and it ’s between 5 and 30 wall units which mean 5 <

𝑦 𝑢∗
𝜐

< 30, in this region nether law are applicable as shown in f igure 

4.4. 

 

𝑦 𝑢∗
𝜐

≠  𝑢
𝑣∗

                 (4.36) 

 

𝑢
𝑣∗

≠ 1
𝜅
ln 𝑦 𝑢∗

𝜐
+ C                (4.37) 
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Figure 4.4:  Law of the wall with the tree dif ferent layer 

solutions (U+ =  𝑢
𝑣∗

 & 𝑦+ = 𝑦 𝑢∗
𝜐

) [34].  
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5 Formulation of Problem 

 

We are solving for a homogeneous and isotropic turbulent f low 

between two paral lel plates. The f luid is Non -Newtonian and we 

are considering power law f luid in the solution. Moreover, the f luid 

is pressure driven f luid and it ’s incompressible.  

 

5.1 General Equation 

The coordinate system is chosen to be in the middle of the two 

paral lel plates as shown in  f igure 5.1.  
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Figure 5.1 : schematic of two paral lel plate f low geometry and 

control volume 

 

We can drive the governing equation for this case by using the 

force balance over the indicated control volume in f igure 5.1 as 

following:  

 

∑𝐹𝑥 = 0 , 𝐹 = 𝑃𝐴𝐶𝑟𝑜𝑠𝑠 𝑆𝑒𝑐𝑡𝑖𝑜𝑛   ,   𝐹 = 𝜏 𝐴Perpendicular            (5.1) 

[𝑃 − (𝑃 + 𝜕𝑃
𝜕𝑥

 𝑑𝑥)] 𝑑𝑦𝑑𝑧 + [𝜏𝑦𝑥 − (𝜏𝑦𝑥 + 𝜕𝜏𝑦𝑥

𝜕𝑦
 𝑑𝑦)] 𝑑𝑥𝑑𝑧 = 0           (5.2) 
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After simplifying the equation we end up with : 

𝜕𝑃
𝜕𝑥

= 𝜕𝜏𝑦𝑥

𝜕𝑦
           (5.3) 

Integrate once with respect to   𝑦: 

𝑦 𝜕𝑃
𝜕𝑥

= 𝜏𝑦𝑥           (5.4) 

For turbulent f low  𝜏𝑦𝑥 = 𝜏𝐿𝑎𝑚𝑖𝑛𝑎𝑟 + 𝜏𝑇𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡, which can be expanded 

as following for power law f luid:  

𝜏𝑦𝑥 = 𝐾 |𝜕𝑢
𝜕𝑦

|
𝑛

−  𝜌 𝑢′𝑣′̅̅ ̅̅ ̅̅          (5.5) 

Substitute back 𝜏𝑦𝑥 in (5.4): 

𝑦 𝜕𝑃̅
𝜕𝑥

=  𝐾 |𝜕𝑢
𝜕𝑦

|
𝑛

−   𝜌 𝑢′𝑣′̅̅ ̅̅ ̅̅          (5.6) 

 

On the wall of the plate thin viscous sublayer (laminar sublayer) 

formed, which have negligible turbulent f luctuation. The 

thickness of the viscous sublayer refer to as   𝛿, see f igure 5.2.  



71 
 

 

Figure 5.2 : velocity prof ile between two parallel plates  

 

On the other hand, the outside viscous sublayer (turbulent core) 

have negligible viscous shear stress effect. Next sept is to f ind 

the velocity distr ibution for each sublayer.  

 

5.2 Inside Viscous Sublayer 

Since turbulent f luctuation is negligible inside viscous 

sublayer  −𝜌 𝑢′𝑣′̅̅ ̅̅ ̅̅  = 0, and we wil l end up with the following 

equation to solve:  

𝑦 𝜕𝑃̅
𝜕𝑥

=  𝐾 |𝜕𝑢
𝜕𝑦

|
𝑛
         (5.7) 
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Since the viscous sublayer is very thins, we may assume the 

shear stress to be constant throughout the whole  𝛿 range. So in 

this case  𝑦 = ℎ, which result in the following equation:  

𝜏 = 𝑦
ℎ
𝜏𝑤          (5.8) 

𝜏𝑤 =  ℎ 𝜕𝑃̅
𝜕𝑥

          (5.9) 

𝜏𝑤 is the shear stress at the wall 𝑦 = + −⁄  ℎ. Frict ional 

velocity  𝑣∗ = √
𝜏𝑤
𝜌

 , so after dimensional consideration we get the 

following:  

𝑣∗ = √ℎ
𝜌

𝜕𝑃̅
𝜕𝑥

                (5.10) 

After substitut ing 𝑣∗ in (5.7) with   𝑦 = ℎ, we get the following: 

ℎ 𝜕𝑃̅
𝜕𝑥

=  𝜌𝑣∗
2 =  𝐾 |𝜕𝑢

𝜕𝑦
|
𝑛
              (5.11) 

Now solve for   𝜕𝑢
𝜕𝑦

  : 

𝜕𝑢
𝜕𝑦

=  (𝜌
𝐾
𝑣∗

2)
1 𝑛⁄

               (5.12) 

Integrate once with respect to   𝑦: 

𝑢̅ =  ∫ (𝜌
𝐾

𝑣∗
2)

1 𝑛⁄ℎ
𝑦 𝑑𝑦               (5.13) 
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𝑢̅ =  (𝜌
𝐾

𝑣∗
2)

1 𝑛⁄
 (ℎ − 𝑦)             (5.14) 

In order to have dimensionless solution, write the velocity 

destruct ion as  𝑢̅ 𝑣∗⁄ : 

𝑢
𝑣∗

̅ =  (𝜌
𝐾

𝑣∗
2−𝑛)

1 𝑛⁄
 (ℎ − 𝑦)              (5.15) 

(5.15) is the velocity distr ibut ion for inside viscous sublayer 

only, where  ℎ − 𝛿 ≤ 𝑦 ≤ ℎ, see f igure 5.4. 

 

Figure 5.3 : velocity distr ibution inside viscous sublayer 

from𝑦 = h − δ to h. 
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5.3 Turbulent Core 

For outside of viscous sublayer, shear stress effect is negligible 

compare to turbulent f luctuation. So viscous term can be 

omitted which lead to  𝐾 |𝜕𝑢
𝜕𝑦

|
𝑛

= 0, the equation of motion wil l be 

as following:  

𝑦 𝜕𝑃̅
𝜕𝑥

= − 𝜌 𝑢′𝑣′̅̅ ̅̅ ̅̅                (5.16) 

In order to solve the turbulent f luctuation term we need to have 

turbulent closure. In  this case we will  use Van Karman turbulent 

similarity hypotheses [4] which was explained before in section 

4.4 [4]. 

𝜌𝑢′𝑣′̅̅ ̅̅ ̅̅ = −𝜌𝜅2 (𝜕𝑢
𝜕𝑦

)
4
(𝜕2𝑢̅
𝜕𝑦2)

−2
             (5.17)  

 

Substitute Van Karman closure in (5.16): 

𝑦 𝜕𝑃̅
𝜕𝑥

= 𝜌𝜅2 (𝜕𝑢
𝜕𝑦

)
4
(𝜕2𝑢̅
𝜕𝑦2)

−2
              (5.18) 

 

Move 𝜌 to LHS and 𝑦 to RHS, then mult iply both sides by  ℎ: 

𝜕𝑃̅
𝜕𝑥

ℎ
𝜌

= ℎ
𝑦
 𝜅2 (𝜕𝑢

𝜕𝑦
)
4
(𝜕2𝑢
𝜕𝑦2)

−2
              (5.19)  
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Since  𝑣∗ = √ℎ
𝜌

𝜕𝑃̅
𝜕𝑥

 , wil l replace 𝜕𝑃̅
𝜕𝑥

ℎ
𝜌
 with  𝑣∗

2: 

𝑣∗
2 = ℎ

𝑦
 𝜅2 (𝜕𝑢

𝜕𝑦
)
4
(𝜕2𝑢
𝜕𝑦2)

−2
             (5.20) 

 

Move all terms to LHS and divide by  ℎ
𝑦
 𝜅2  : 

𝑣∗
2

ℎ 𝜅2  (
𝜕2𝑢
𝜕𝑦2)

2
 𝑦 − (𝜕𝑢

𝜕𝑦
)
4

= 0             (5.21) 

 

So we end up with second order nonlinear ordinary dif ferential 

equation, which has the following solution:  

𝑢̅ = 𝑣∗

√ℎ 𝑘
 [√𝑦 − 𝐶1

2
ln(2√𝑦 + 𝐶1)] + 𝐶2             (5.22) 

 

Apply the following boundary conditions:  

𝜕𝑢
𝜕𝑦

|
𝑦=ℎ

= ∞    &      𝑢̅|𝑦=0 = 𝑢𝑚𝑎𝑥                (5.23) 

 

We end up with the velocity distr ibution for turbulent f low 

between parallel plates see f igure 5.4: 
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𝑢
𝑣∗

= 𝑢𝑚𝑎𝑥
𝑣∗

+ 1
𝑘
[√𝑦

ℎ
+  ln (1 − √𝑦

ℎ
)]             (5.24) 

 

Figure 5.4 : velocity distr ibution between paral lel plates from 

𝑦 = 0 to h 
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5.4 Maximum Velocity  

 

 

𝑢𝑚𝑎𝑥 sti l l  unknown in (5.24). The velocity distr ibut ion equation 

for inside and outside viscous sublayer are equal at   𝑦 = ℎ − 𝛿. 

Inside viscous sublayer velocity distribution  (5.15) at  𝑦 = ℎ − 𝛿: 

𝑢
𝑣∗

̅ = (𝜌
𝐾
𝑣∗

2−𝑛)
1 𝑛⁄

𝛿              (5.25) 

 

Outside viscous sublayer velocity distr ibution (5.24) at  𝑦 = ℎ − 𝛿: 

 

𝑢
𝑣∗

= 𝑢𝑚𝑎𝑥
𝑣∗

+ 1
 𝑘

[√(ℎ−𝛿)
ℎ

+  ln (1 − √1 − 𝛿
ℎ
)]          (5.26) 

 

After substitut ing  𝑦 = ℎ − 𝛿  for the inside (5.25) and outside 

(5.26) viscous sublayer equation, they became equal so we can 

solve for   𝑢𝑚𝑎𝑥: 

 

𝑢𝑚𝑎𝑥
𝑣∗

= − 1
 𝑘

[√(ℎ−𝛿)
ℎ

+ ln (1 − √1 − 𝛿
ℎ
)] + (𝜌

𝐾
𝑣∗

2−𝑛)
1 𝑛⁄

𝛿          (5.27) 
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Since 𝛿
ℎ

≪ 1,  

𝑢𝑚𝑎𝑥
𝑣∗

= − 1
 𝑘

[1 +  ln ( 𝛿
2ℎ

)] + (𝜌
𝐾
𝑣∗

2−𝑛)
1 𝑛⁄

𝛿            (5.28) 

 

5.5 Reynolds Number for Power Law Fluid 

 

Based on (5.28),   𝛿 is dif f icult to be determent numerically and 

by experiment, we can use prandtl’s assumption [2 ,28] for 

Newtonian f luid:  

𝑣∗𝛿𝜌
𝜇

= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡               (5.29) 

 

Which is look l ike Reynolds number (𝑅𝑒 = 𝑐(2ℎ)𝜌
𝜇

) after replacing 

average velocity 𝑐 with fr ict ional velocity  𝑣∗ and replacing 

  2ℎ by  𝛿.The same can be assumed for Non-Newtonian f luid 

between two paralle l plates.  Use Reynolds number (3.43) for 

power law f luid. But we will replace ℎ with   2ℎ: 
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𝑅𝑒∗ = 12 𝑛 𝑐 𝜌 ℎ

(1+2𝑛) 𝜏𝑤
1−1 𝑛⁄ 𝐾1 𝑛⁄

              (5.30)  

𝜏𝑤 Will be substituted from (4.45) with 2ℎ instead of   ℎ:  

𝜏𝑤 = 𝐾 (1+2𝑛
3𝑛 

)
𝑛
(6 𝑐

2ℎ
)
𝑛
              (5.31) 

𝜏𝑤
1−1 𝑛⁄ = 𝐾1−1 𝑛⁄  (1+2𝑛

3𝑛 
)
𝑛−1

(6 𝑐
2ℎ

)
𝑛−1

            (5.32) 

Substitute 𝜏𝑤
1−1 𝑛⁄  back in   𝑅𝑒∗: 

𝑅𝑒∗ = 12 𝑛 𝑐 𝜌 ℎ

(1+2𝑛) 𝐾1 𝑛⁄  𝐾1−1 𝑛⁄  (1+2𝑛
3𝑛 )

𝑛−1
(
6𝑢𝑎𝑣𝑔

2ℎ )
𝑛−1

 
            (5.33) 

Simplify as following:  

 

𝑅𝑒∗ = 12 (2ℎ)𝑛 𝑐2−𝑛 𝜌

𝐾 (4𝑛+2
𝑛 )

𝑛                (5.34) 

Now we can use Prandlt’s assumption for   𝑅𝑒∗ as: 

  12 𝛿𝑛 𝑣∗
2−𝑛 𝜌

𝐾 (4𝑛+2
𝑛 )

𝑛  = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 =  𝛼              (5.35) 

 

Solve for  𝛿: 

𝛿 = (
𝛼 𝐾 (4𝑛+2

𝑛 )
𝑛

12 𝑣∗2−𝑛 𝜌
)

1 𝑛⁄

               (5.36) 
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Substitute (5.36) into (5.28): 

𝑢𝑚𝑎𝑥
𝑣∗

= − 1
  𝑘

[
 
 
 
 
 

1 +  ln

(

  
 (

𝛼 𝐾 (4𝑛+2
𝑛 )

𝑛

12 𝑣∗2−𝑛 𝜌
)

1 𝑛⁄

2ℎ

)

  
 

]
 
 
 
 
 

+ (𝜌
𝐾
𝑣∗

2−𝑛)
1 𝑛⁄

(
𝛼 𝐾 (4𝑛+2

𝑛 )
𝑛

12 𝑣∗2−𝑛 𝜌
)

1 𝑛⁄

(5.36a) 

 

Simplify as following:  

𝑢𝑚𝑎𝑥
𝑣∗

= 1
 𝑛 𝜅

 ln (𝑅𝑒∗ (𝑣∗
𝑐
)
2−𝑛

) − 1
 𝜅

[1 +  ln(𝛼)
𝑛

] + ( 𝛼  
12  

)
1 𝑛⁄ 4𝑛+2

𝑛
         (5.37) 

 

Since now we can deal with   𝑢𝑚𝑎𝑥, substitute (5.37) into outside 

viscous sublayer solution (5.21): 

 

𝑢
𝑣∗

= 1
 𝑛 𝜅

 ln (𝑅𝑒∗ (𝑣∗
𝑐
)
2−𝑛

) − 1
  𝜅

[1 +  ln(𝛼)
𝑛

] + ( 𝛼  
12  

)
1 𝑛⁄ 4𝑛+2

𝑛
+ 1

  𝑘
[√𝑦

ℎ
+

   ln (1 − √𝑦
ℎ
)]                (5.38) 
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5.6 Average Velocity 

In order to f ind the overal l average velocity, we need to 

integrate (5.38). Which can be computed as following:  

𝑐
𝑣∗

= 2
2 ℎ ∫ 𝑢

𝑣∗

̅ℎ
0 𝑑𝑦               (5.39) 

Mult ipl ied by 2, so we can integrate from 0 𝑡𝑜 ℎ instead of  −ℎ 𝑡𝑜 ℎ. 

Divided by   2ℎ, to keep the RHS dimensionless same as LHS.  

Substitute (5.38) into (5.39):  

𝑐
𝑣∗

= 1
ℎ ∫ { 1

 𝑛𝜅
 ln (𝑅𝑒∗ (𝑣∗

𝑐
)
2−𝑛

) − 1
 𝜅

[1 +  ln(𝛼)
𝑛

] + ( 𝛼  
12  

)
1 𝑛⁄ 4𝑛+2

𝑛
+ 1

 𝜅 √𝑦
ℎ
+ℎ

0

 1
 𝜅
  ln (1 − √𝑦

ℎ
)} 𝑑𝑦               (5.40) 

 

The f irst three teams are not function of  𝑦, so assume the 

following for simplif icat ion:  

 𝐺 = 1
 𝑛𝜅

 ln (𝑅𝑒∗ (𝑣∗
𝑐
)
2−𝑛

) − 1
  𝜅

[1 +  ln(𝛼)
𝑛

] + ( 𝛼  
12  

)
1 𝑛⁄ 4𝑛+2

𝑛
        (5.41) 

 

Substitute 𝐺 back to (5.40):  

𝑐
𝑣∗

= 1
ℎ ∫ {𝐺 + 1

 𝜅 √𝑦
ℎ
+ 1

 𝜅
  ln (1 − √𝑦

ℎ
)}ℎ

0 𝑑𝑦            (5.42) 



82 
 

 

Integrate each term alone:  

First term  

∫ 𝐺ℎ
0 𝑑𝑦 = 𝐺𝑦|0ℎ = 𝐺 (ℎ − 0)  

∫ 𝐺ℎ
0 𝑑𝑦 = 𝐺ℎ               (5.43) 

 

Second term 

∫ 1
 𝜅

ℎ
0 √𝑦

ℎ
𝑑𝑦 = 1

𝜅√ℎ
 2𝑦

3
2⁄

3
|
0

ℎ

= 1
𝜅√ℎ

 2ℎ
3

2⁄

3
− 0 

∫ 1
 𝜅

ℎ
0 √𝑦

ℎ
𝑑𝑦 = 2ℎ

3𝜅
               (5.44) 

 

Third term 

∫  1
 𝜅
  ln (√ℎ−𝑦

ℎ
)ℎ

0 𝑑𝑦 =  1
 𝜅
 [− 𝑦

2
− (ℎ−𝑦)

2
ln (ℎ−𝑦

ℎ
)]|

0

ℎ
  

∫  1
  𝜅

  ln (√ℎ−𝑦
ℎ

)ℎ
0 𝑑𝑦 = −  ℎ

2  𝜅
              (5.45) 

Substitute the three terms back together:  

𝑐
𝑣∗

= 1
ℎ
{𝐺ℎ + 2 ℎ

3𝜅
 −  ℎ

2 𝜅
}              (5.46) 
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𝑐
𝑣∗

= 𝐺 + 1 
6 𝜅

                 (5.47) 

 

Substitute 𝐺 back: 

 𝑐
𝑣∗

= 1
  𝑛𝜅

 ln (𝑅𝑒∗ (𝑣∗
𝑐
)
2−𝑛

) − 1
 𝜅

[1 +  ln(𝛼)
𝑛

] + ( 𝛼  
12  

)
1 𝑛⁄ 4𝑛+2

𝑛
+ 1 

6 𝜅
          (5.48) 

 

Simplify as following:  

𝑐
𝑣∗

= 1
√2 𝜅

[1
𝑛
 ln (𝑅𝑒∗ (𝑣∗

𝑐
)
2−𝑛

) −  ln(𝛼)
𝑛

− 5
6
] + ( 𝛼  

12  
)
1 𝑛⁄ 4𝑛+2

𝑛
          (5.49) 

 

Now we can solve for friction factor since   𝑐
𝑣∗

 is function of   𝑅𝑒∗ 

only.  
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5.7 Friction Factor 

 

Frict ion factor can be driven by using force balance between 

two parallel plats as shown in f igure 5.1:  

 

∆𝑃 2ℎ 𝑊 = 𝜏𝑤 2 𝐿 𝑊              (5.50) 

 

Since𝜏𝑤 = 𝜌𝑣∗
2 , we end up with the following:  

∆𝑃
𝐿

 ℎ = 𝜌𝑣∗
2                (5.51) 

 

Darcy friction equation [30,31] for paral lel plates, can be 

calculated by using the hydraulic diameter for paral lel plates 

which is  4ℎ: 

∆𝑃
𝐿

= 𝑓𝐷  𝜌
2
  𝑐

2

4ℎ
                 (5.52) 

      

 

Substitute Darcy friction equation into (5.51): 

𝑓𝐷  𝜌
2
  𝑐

2

4ℎ
  ℎ = 𝜌𝑣∗

2               (5.53) 

           

  

Solve for 𝑐 𝑣∗⁄ : 
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𝑐
𝑣∗

  =  √ 8
𝑓𝐷

                (5.54) 

  

 

Substitute (5.54) into (5.49): and solve for 1
√𝑓𝐷⁄ : 

1
√𝑓𝐷

 = 1
√8 𝜅

[1
𝑛
 ln (𝑅𝑒∗ (√𝑓𝐷 

√8
 )

2−𝑛
) −  ln(𝛼)

𝑛
− 5

6
] + ( 𝛼  

12  
)
1 𝑛⁄ 2𝑛+1

√2𝑛
         (5.55) 

Simplify as following:  

1
√𝑓𝐷 

 = 1
2√2 𝜅

[1
𝑛
 ln(𝑅𝑒∗(𝑓𝐷 )1−𝑛

2⁄ ) −  ln(8𝛼)
𝑛

− 1.246] + ( 𝛼  
12  

)
1 𝑛⁄ 2𝑛+1

√2𝑛
     (5.56) 

 

Change ln 𝑡𝑜 𝑙𝑜𝑔  for f irst term   (log 𝑥 = ln 𝑥 log 𝑒):  

1
√𝑓𝐷 

 = 1
2√2 𝜅

[2.303
𝑛

 log(𝑅𝑒∗(𝑓𝐷 )1−𝑛
2⁄ ) −  ln(8𝛼)

𝑛
− 1.246] + ( 𝛼  

12  
)
1 𝑛⁄ 2𝑛+1

√2𝑛
      

                (5.57) 

 

Solve for Newtonian f luid by substitut ing   𝑛 = 1: 

 

1
√𝑓𝐷 

 =  0.814
𝜅

 𝑙𝑜𝑔(𝑅𝑒∗√𝑓𝐷 ) − 0.354  𝑙𝑛(8𝛼)
𝜅

− 0.441
𝜅

+ 0.177 𝛼         (5.58) 
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Prandtl derived the skin friction factor for smooth pipe [19] and 

it was verif ied by Nikuradse [2,7], assume this  to hold true for 

smooth plate:  

1
√𝑓𝐷 

 =  2 log(𝑅𝑒∗√𝑓𝐷 ) − 0.8              (5.59) 

 

Equation (5.59) should be equal to equation (5.58), so we can 

solve for    𝜅 and   𝛼: 

2 = 0.814
𝜅

 ⟹  𝜅 = 0.407              (5.60) 

 

Substitute 𝜅 in (5.58), to solve for   𝛼:  

1
√𝑓𝐷 

 =  2 𝑙𝑜𝑔(𝑅𝑒∗√𝑓𝐷 ) − 0.870  𝑙𝑛(8𝛼) − 1.084 + 0.177 𝛼            (5.61)  

 

Last three terms equal   −0.8 :  

−0.8 =  −0.870  𝑙𝑛(8𝛼) − 1.084 + 0.177 𝛼        

So,  𝛼 = 28.247              (5.62) 
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Substitute 𝜅 𝑎𝑛𝑑 𝛼 back in (5.57): 

1
√𝑓𝐷 

 = 0.869 [2.303
𝑛

 log(𝑅𝑒∗(𝑓𝐷 )1−𝑛
2⁄ ) −  ln(193.976)

𝑛
− 1.246] +

( 2.354)1 𝑛⁄ 2𝑛+1
√2𝑛

                (5.63) 

 

Simplify as following:  

1
√𝑓𝐷

 = 2
𝑛
 log(𝑅𝑒∗(𝑓𝐷 )1−𝑛

2⁄ ) + ( 2.354)1 𝑛⁄ 1.414 𝑛+0.707
𝑛

  − 4.578
𝑛

− 1.083 (5.64) 

Or 

1
√𝑓𝐷 

 = 1
𝑛
[2 log(𝑅𝑒∗(𝑓𝐷 )1−𝑛

2⁄ ) + ( 0.810)1 𝑛⁄ (1.414𝑛 + 0.707) − 4.578] −

1.083                  (5.65) 

 

For rough wall turbulence   𝑓𝐷  can be calculated as following [5 ]: 

1
√𝑓𝐷 

= 2 log (14.82 ℎ
𝜀
)              (5.66) 

 

In order to solve for the transition region between smooth and 

rough wall and based on Colebrook, C. approach [15], we may 

propose the following:  
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1
√𝑓𝐷 

= −2 log ( 10−𝛽
2

𝑅𝑒∗1 𝑛⁄  (𝑓𝐷 )
(2−𝑛)

2𝑛⁄
+ 𝜀

14.82 ℎ
)           (5.67) 

 

𝛽 = ( 2.354)1 𝑛⁄ 1.414 𝑛+0.707
𝑛

  − 4.578
𝑛

− 1.083  Last three terms of (5.64) 

 

Figure 5.3 shows the plot of equation (5.23) with   𝑛 = 1. On the 

rough region f ive roughness values (0.000001; 0.0001; 0.001; 

0.01; 0.03) where used to show the dif ference.  Figure 5.4 

shows the plot of equation (5.23) with   𝑛 = 0.8, 1 & 1.2. 

 

6 Findings  

 

The turbulent fr ict ion factor diagram for f low between paral lel 

plates looks almost l ike Moody diagram for the pipes [29] which 

was done by Moody, L. Figure 5.6 shows that for very smooth 

(𝜀 ℎ⁄ = 0.000001) plates, the viscosity effect is dominant even at 

high Reynolds number( 𝑅𝑒 = 1010).  For very rough plates (𝜀 ℎ⁄ =

0.03), viscosity effect start to disappear at   𝑅𝑒 = 106 and turbulent 

shear force start to be dominant at higher Reynold s number.  
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Appendix I  

Second Order Nonlinear Ordinary Differential Equation 

Solution for Turbulent Core Velocity Distribution  

 

𝑣∗
2

2ℎ 𝜅2  (
𝜕2𝑢
𝜕𝑦2)

2
 𝑦 − (𝜕𝑢

𝜕𝑦
)
4

= 0  

In order to simplify the solut ion let  𝐴 = 𝑣∗
2

2ℎ 𝜅2, so equation (5.8) 

will be as following:  

𝐴 (𝜕2𝑢
𝜕𝑦2)

2
 𝑦 − (𝜕𝑢

𝜕𝑦
)
4

= 0    

Let 𝑉(𝑦) = 𝜕𝑢
𝜕𝑦

, which gives 𝜕𝑉
𝜕𝑦

= 𝜕2𝑢
𝜕𝑦2. 

Substitute 𝑉(𝑦) and 𝜕𝑉
𝜕𝑦

 in : 

𝐴 (𝜕𝑉
𝜕𝑦

)
2
 𝑦 − 𝑉4 = 0  

Solve for𝑉′2: 

 (𝜕𝑉
𝜕𝑦

)
2
 = 𝑉4

𝐴𝑦
  

 

After taking the square root of both sides: 
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𝜕𝑉
𝜕𝑦

 = 𝑉2

√𝐴𝑦
   or  𝜕𝑉

𝜕𝑦
 = − 𝑉2

√𝐴𝑦
 

 

For First solut ion   𝜕𝑉
𝜕𝑦

 = 𝑉2

√𝐴𝑦
 , divide both sides by   𝑉

2

√𝐴
 and: 

√𝐴 
𝑉2

𝜕𝑉
𝜕𝑦

 = 1

√𝑦
    

Integrate with respect to   𝑦: 

√𝐴 ∫
 𝜕𝑉
𝜕𝑦

𝑉2  𝑑𝑦 = ∫ 1

√𝑦
 𝑑𝑦    

− √𝐴 
𝑉

 = 2√𝑦 + 𝐶1  

Solve for   𝑉: 

𝑉 = − √𝐴 
2√𝑦+𝐶1

  

Since   𝑉(𝑦) = 𝜕𝑢
𝜕𝑦

: 

𝜕𝑢
𝜕𝑦

= − √𝐴 
2√𝑦+𝐶1

       

Integrate both sides with respect to   𝑦:  

𝑢̅ = −√𝐴 ∫ 1
2√𝑦+𝐶1

𝑑𝑦  

𝑢̅ = −√𝐴 [√𝑦 − 𝐶1
2

ln(2√𝑦 + 𝐶1)] + 𝐶2    
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Apply the following boundary conditions:  

𝜕𝑢
𝜕𝑦

|
𝑦=ℎ

= ∞    &      𝑢̅|𝑦=0 = 𝑢𝑚𝑎𝑥     

 

  𝜕𝑢
𝜕𝑦

= − √𝐴
2√𝑦+ 𝑐1

  

At  𝑦 = ℎ ⇒  𝜕𝑢
𝜕𝑦

= − √𝐴
2√ℎ+ 𝑐1

= ∞ ⇒ −(2√ℎ + 𝑐1) = 0 ⇒ 𝑐1 = −2√ℎ 

Substitute   𝑐1 : 

𝑢̅ = −√𝐴 [√𝑦 + ℎ ln(2√𝑦 − 2ℎ )] + 𝐶2  

 

Apply the second boundary condition:  

At  𝑦 = 0 ⇒ 𝑢̅  = − √𝐴 √ℎ ln(−2√ℎ) + 𝑐2 = 𝑢𝑚𝑎𝑥 ⇒ 

𝑐2 = 𝑢𝑚𝑎𝑥 + √𝐴 √ℎ ln(−2√ℎ)  

Substitute   𝑐2 in (5.11): 

𝑢̅ = −√𝐴√𝑦 − √𝐴 √ℎ ln(2√𝑦 − 2√ℎ) + 𝑢𝑚𝑎𝑥 + √𝐴 √ℎ ln(−2√ℎ)  

 

Simplify as per the following steps:  

𝑢̅ = √𝐴[−√𝑦 − √ℎ ln(2√𝑦 − 2√ℎ) + √ℎ ln(−2√ℎ)] + 𝑢𝑚𝑎𝑥  
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𝑢̅ = √𝐴[−√𝑦 − √ℎ ln(2√𝑦 − 2√ℎ) + √ℎ ln(−2√ℎ)] + 𝑢𝑚𝑎𝑥  

𝑢̅ = √𝐴 [−√𝑦 + √ℎ ln ( −2√ℎ
2√𝑦−2√ℎ

)] + 𝑢𝑚𝑎𝑥  

𝑢̅ = √𝐴 [−√𝑦 + √ℎ ln ( √ℎ
√ℎ−√𝑦

)] + 𝑢𝑚𝑎𝑥  

Substitute  𝐴 = 𝑣∗
2

2ℎ 𝜅2: 

𝑢̅ = 𝑣∗

√2ℎ 𝑘
[−√𝑦 + √ℎ ln ( √ℎ

√ℎ−√𝑦
)] + 𝑢𝑚𝑎𝑥  

 

𝑢̅ = 𝑣∗

√2 𝑘
[−√𝑦

ℎ
+ ln ( √ℎ

√ℎ−√𝑦
)] + 𝑢𝑚𝑎𝑥  

 

 

Figure A:  First solution plot.  
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Based on the plot the curve is pointing to reverse direction of 

expected solut ion which does not make sense. Let’s try the 

second solution.  

 

For the second solution   𝜕𝑉
𝜕𝑦

 = − 𝑉2

√𝐴𝑦
 , divide both sides by   𝑉

2

√𝐴
 

and: 

√𝐴 
𝑉2

𝜕𝑉
𝜕𝑦

 = − 1

√𝑦
    

 

Integrate with respect to   𝑦: 

√𝐴 ∫
 𝜕𝑉
𝜕𝑦

𝑉2  𝑑𝑦 = −∫ 1

√𝑦
 𝑑𝑦    

− √𝐴 
𝑉

 = −2√𝑦 + 𝐶1  

Solve for   𝑉: 

𝑉 = √𝐴 
2√𝑦+𝐶1

  

Since   𝑉(𝑦) = 𝜕𝑢
𝜕𝑦

: 

𝜕𝑢
𝜕𝑦

= √𝐴 
2√𝑦+𝐶1
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Integrate both sides with respect to   𝑦:  

𝑢̅ = √𝐴 ∫ 1
2√𝑦+𝐶1

𝑑𝑦  

𝑢̅ = √𝐴 [√𝑦 − 𝐶1
2

ln(2√𝑦 + 𝐶1)] + 𝐶2    

 

Apply the following boundary conditions:  

𝜕𝑢
𝜕𝑦

|
𝑦=ℎ

= ∞    &      𝑢̅|𝑦=0 = 𝑢𝑚𝑎𝑥      

  𝜕𝑢
𝜕𝑦

= √𝐴
2√𝑦+ 𝑐1

  

At  𝑦 = ℎ ⇒  𝜕𝑢
𝜕𝑦

= √𝐴
2√ℎ+ 𝑐1

= ∞ ⇒ (2√ℎ + 𝑐1) = 0 ⇒  𝑐1 = −2√ℎ 

 

Substitute   𝑐1: 

𝑢̅ = √𝐴√𝑦 − √𝐴 √ℎ ln(2√𝑦 − 2√ℎ) + 𝑐2  

At  𝑦 = 0 ⇒ 𝑢̅ = √𝐴 √ℎ ln(−2√ℎ) + 𝑐2 = 𝑢𝑚𝑎𝑥 ⇒ 

𝑐2 = 𝑢𝑚𝑎𝑥 − √𝐴 √ℎ ln(−2√ℎ)  

 

Substitute   𝑐2: 



97 
 

𝑢̅ = √𝐴√𝑦 + √𝐴 √ℎ ln(2√𝑦 − 2√ℎ) + 𝑢𝑚𝑎𝑥 − √𝐴 √ℎ ln(−2√ℎ)  

𝑢̅ = √𝐴√𝑦 + √𝐴 √ℎ ( ln(2√𝑦 − 2√ℎ) − ln(−2√ℎ)) + 𝑢𝑚𝑎𝑥  

𝑢̅ = √𝐴√𝑦 + √𝐴 √ℎ ( ln (2√𝑦−2√ℎ
−2√ℎ

)) + 𝑢𝑚𝑎𝑥  

𝑢̅ = √𝐴√𝑦 + √𝐴 √ℎ ( ln (√ℎ−√𝑦
√ℎ

)) + 𝑢𝑚𝑎𝑥  

𝑢̅ = √𝐴 [√𝑦 + √ℎ  ln (1 − √𝑦
ℎ
)] + 𝑢𝑚𝑎𝑥  

 

Substitute  𝐴 = 𝑣∗
2

2ℎ 𝜅2: 

𝑢̅ = 𝑣∗

√2ℎ 𝑘
[√𝑦 + √ℎ  ln (1 − √𝑦

ℎ
)] + 𝑢𝑚𝑎𝑥  

𝑢̅ = 𝑣∗
 √2 𝑘

[√𝑦
ℎ
+  ln (1 − √𝑦

ℎ
)] + 𝑢𝑚𝑎𝑥    
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Figure B :  second solution plot.  

The second solut ion plot is point ing in the expected direction 

which makes sense.  
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Appendix II  

Friction Factor Derivation for Smooth Pipe 

 

Force balance in a pipe can be shown as following  

∑𝐹𝑥 = 0  

𝐹 = 𝑃𝐴𝐶𝑟𝑜𝑠𝑠 𝑆𝑒𝑐𝑡𝑖𝑜𝑛   ,   𝐹 = 𝜏 𝐴Perpendicular  

∆𝑃 𝜋𝑅2 =  𝜏𝑤 2𝜋𝑅 𝐿  

∆𝑃 
𝐿

𝑅
2

=  𝜏𝑤   

Substitute   ∆𝑃
𝐿⁄  from Darcy–Weisbach friction equation   ∆𝑃 

𝐿
=

 𝜌 𝑓
𝐷

𝑢2

2
: 

𝜌 𝑓
2𝑅

𝑢2

2
𝑅
2

=  𝜏𝑤   

𝜌𝑓 𝑢
2

8
=  𝜏𝑤  

𝑓 𝑢
2

8
= 𝑣∗

2  

𝑢
𝑣∗

= √8
𝑓
  

The general logarithmic formula for velocity distribut ion from 

the law of the wall:  



100 
 

𝑢
𝑣∗

=  1
𝜅
ln (𝑦𝑣∗ 

𝜈
) + 𝐶  

 

The unknown   1
𝜅
 and   𝐶 can be determent based on Nikurasce 

measurements, which are shown on f igure C curve 3.  

1
𝜅

= 2.5  𝐶 = 5.5 

 

Figure C :  universal velocity distr ibution for the smooth pipe. 

(Schlicht ing, H. - Boundary Layer Theory (Figure 20.4))  

 

So the universal velocity distribut ion is:  
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𝑢
𝑣∗

=  2.5 ln (𝑦𝑣∗ 
𝜈

) + 5.5  

or 

𝑢
𝑣∗

=  2.75 log (𝑦𝑣∗ 
𝜈

) + 5.5  

We need to have the previous equation LHS to be   𝑢
𝑣∗

, T.E. 

Stanton [8] deduced the following:  

𝑢𝑚𝑎𝑥−𝑢
𝑣∗

=  5.75 log (𝑅 
𝑦
)  

Integrate one to get the average velocity distribut ion:  

𝑢̅ = 𝑢𝑚𝑎𝑥 − 3.75𝑣∗   

 

 

Substitute back to the universal velocity distr ibution:  

𝑢
𝑣∗

=  2.75 log (𝑅𝑣∗ 
𝜈

) +  1.75  

𝑅𝑣∗ 
𝜈

 can be simplif ied as following:  

𝑅𝑣∗ 
𝜈

= 1
2

𝑢𝐷 
𝜈

 𝑣∗
𝑢

= 𝑢𝐷 
𝜈

1
4
√𝑓

2
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And 𝑢
𝑣∗

 can be substituted with√  8
𝑓
, so we end up with universal 

law of frict ion for smooth pipe:  

1
√𝑓

=  2.035 log (𝑢𝐷 
𝜈 √𝑓) − 0.91  

The plot of 1
√𝑓

  against log (𝑢𝐷 
𝜈 √𝑓) shows a straight l ine as shown 

in f igure D.  

 

Figure D : universal law of friction for a smooth pipe. Curve.1 J. 

Nikuradse experiment result in l ine with   1
√𝑓

=  2 log (𝑢𝐷 
𝜈 √𝑓) −

0.8.(Schlichting, H. - Boundary Layer Theory (Figure 20.9))  
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The experimental work was done by J. Nikuradse [7] and the 

result dif fer a l it t le from the original equation as shown in f igure 

B curve.1. The corrected formula is:  

1
√𝑓

=  2 log (𝑢𝐷 
𝜈 √𝑓) − 0.8  

 

Which is known as Prandtl’s universal frict ion factor for the 

smooth pipe. 
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Appendix III  

Friction Factor Derivation for Rough Pipe  

 

Starting from Prandtl’s mixing length hypotheses:  

𝜏 = 𝜌 𝑙2 (𝜕𝑢
𝜕𝑦

)
2
  

Next to the wall we may assume    𝑙 = 𝜅 𝑦, since the turbulent 

shear stress at the wall is zero. Based on that:  

𝜏 = 𝜌 𝜅2 𝑦2 (𝜕𝑢
𝜕𝑦

)
2
  

𝑣∗ = 𝜅2 𝑦2 (𝜕𝑢
𝜕𝑦

)
2
  

𝜕𝑢
𝜕𝑦

= 𝑣∗
𝜅 𝑦

   

Integrate once: 

𝑢 =  𝑣∗
𝜅 

ln(𝑦) + 𝐶  

At certain distance from the wall   𝑢 = 0, let ’s consider this 

distance to be   𝑦0:  

𝑢 =  𝑣∗
𝜅 

(ln 𝑦 − ln 𝑦0)  
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It natural to make  𝑦0 proport ional to roughness height   𝑘𝑠, so 

𝑦0 =  𝛾 𝑘𝑠 

𝑢 =  𝑣∗
𝜅 

(ln 𝑦 − ln  𝛾 𝑘𝑠)  

𝑢 =  𝑣∗
𝜅 

(ln 𝑦
 𝑘𝑠

− ln 𝛾)  

The constant   𝛾 depends on the nature of the particular 

roughness. Comparing this with Nikuradse’s measurements 

for   𝜅 = 0.4, we can represent the equation as following:  

𝑢
𝑣∗

=  2.5 ln ( 𝑦
 𝑘𝑠

) + 𝐵  

Where 𝐵 have three dif ferent values for each roughness range. 

For completely rough pipe   𝐵 = 8.5.  

𝑢
𝑣∗

=  2.5 ln ( 𝑦
 𝑘𝑠

) + 8.5  

Or  

𝑢
𝑣∗

=  5.75 log ( 𝑦
 𝑘𝑠

) + 8.5  

Since   𝑢̅ = 𝑢 − 3.75𝑣∗ ,  

𝑢
𝑣∗

= 5.75 log ( 𝑅
 𝑘𝑠

) + 4.75  

Solve for friction factor as 𝑢
𝑣∗

= √8
𝑓
: 
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1
√𝑓

= 2 log ( 𝑅
 𝑘𝑠

) + 1.68  

This the formula for completely rough f low and it ’s been 

corrected by Nikuradse’s experimental result as shown in f igure 

E: 

1
√𝑓

= 2 log ( 𝑅
 𝑘𝑠

) + 1.74  

Or 

1
√𝑓

= 2 log (3.7 𝐷
 𝑘𝑠

)  

 

Figure E : resistance formula of sand roughened pipes in 

completely rough regime (Schlichting, H. - Boundary Layer 

Theory (Figure 20.23))  
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 Appendix IV 

Examples 

Example 1 : 

Find the pressure drop and the hydraulic power for a f low rate 

between two paral lel plates  equal to   4 𝑚
3

𝑠⁄ . The plate have 

length of 2 m, width 2 m and the distance between the plates is 

0.2 m. the relat ive roughness for the plates 𝜀 ℎ⁄ = 0.001 as shown 

in Figure F. The f luid propert ies are  𝑛 = 0.8,     𝜌 = 1450 𝐾𝑔
𝑚3 ,   𝐾 =

0.8 𝑃𝑎. 𝑠0.8. 

 

Figure F: Flow between Two Rough Parallel Plates  

Average velocity 𝑐 = 𝑄
𝐴

= 4
0.2 (2)

= 10 𝑚
𝑠
 

 

𝑅𝑒∗ = 12 𝜌 𝑐2−𝑛 ℎ𝑛 

(1+2𝑛
𝑛 )

𝑛
𝐾

= 2.1𝑋104 → 𝑓 = 0.017  
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∆𝑃
𝐿

= 𝑓 𝜌
2

  𝑐2

4ℎ
→ ∆𝑃 = 6.16 𝐾𝑃𝑎  

 𝑃ℎ = 𝑄 ∆𝑃 = 61.6 𝐾𝑊 = 82.6 ℎ𝑝 

 

Example 2: 

Find the pressure drop and the hydraulic power for a f low rate 

between two paral lel plates equal to   4 𝑚
3

𝑠⁄ . The plate have 

length of 2 m, width 2 m and the distance between the plates is 

0.2 m. the relat ive roughness for the plates 𝜀 ℎ⁄ = 0.001 as shown 

in Figure F. The f luid propert ies are   𝑛 = 1,     𝜌 = 1600 𝐾𝑔
𝑚3 ,   𝐾 =

0.8 𝑃𝑎. 𝑠1.2. 

 

 

Average velocity 𝑐 = 𝑄
𝐴

= 4
0.2 (2)

= 10 𝑚
𝑠
 

 

𝑅𝑒∗ = 12 𝜌 𝑐2−𝑛 ℎ𝑛 

(1+2𝑛
𝑛 )

𝑛
𝐾

= 8𝑋103 → 𝑓 = 0.049  

∆𝑃
𝐿

= 𝑓 𝜌
2

  𝑐2

4ℎ
→ ∆𝑃 = 19.6 𝐾𝑃𝑎  

 𝑃ℎ = 𝑄 ∆𝑃 = 78.4 𝐾𝑊 = 105 ℎ𝑝 
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