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Abstract. While resistors with memory, sometimes called memristive elements (such

as ReRAM cells), are often studied under conditions of periodic driving, little attention

has been paid to the Fourier features of their memory response (hysteresis). Here

we demonstrate experimentally that the hysteresis of memristive systems can be

unambiguously distinguished from the linear or non-linear response of systems without

hysteresis by the values of certain Fourier series coefficients. We also show that the

Fourier series convergence depends on driving conditions, and introduce a measure of

hysteresis. These results may be used to quantify the memory content of resistive

memories, and tune their Fourier spectrum according to the excitation signal.

1. Introduction

Despite being a well-known and useful technique, Fourier analysis has been rarely

applied to resistive memories, sometimes called memristive devices [1]. In fact, only a

handful of publications have appeared in the literature that discuss the memory response

(hysteresis) of memristive elements by means of Fourier analysis [2, 3, 4, 5].

For instance, Joglekar and Meijome [2] studied the properties of Fourier harmonics

within a particular memristive model. They demonstrated that the frequency content of

periodically-driven memristive systems depends on the driving frequency, and the role

of higher harmonics is more important at lower excitation frequencies. Moreover, two of

the present authors (YVP and MD) investigated the power conversion into the second

and higher harmonics in a memristive bridge, and shown that memristive bridges may

provide a more efficient power conversion compared to the diode bridges [3].

However, none of these studies have identified the distinctive features of the

hysteresis in the Fourier series of individual memristive elements, compared to the

response of devices without memory. In view of the fact that Fourier analysis is a

powerful tool to characterize the response of any physical system, the question arises
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as to whether the hysteresis of a memristive system showcases specific signatures in

its Fourier series that distinguish it clearly from other systems, whether linear or not,

without hysteresis. Not only such a study will provide an additional characterization

tool to study the response of systems with memory, it may also guide their applicative

aspect by suggesting how these systems should be excited by external perturbations to

modify their Fourier spectrum.

In this work we will demonstrate experimentally, using commercially available

memristive devices [6], that their hysteresis can be characterized by the values of certain

Fourier series coefficients, compared to their memory-less counterparts (whether linear

or non-linear). We also discuss the important effect the waveform of the driving signal

has on the Fourier series, which can be used as a tool to tune their response.

A Fourier series is a representation of a function in the form

f(x) =
a0
2

+
∞∑
n=1

an cosnx+
∞∑
n=1

bn sinnx, (1)

where a 2π-periodicity is assumed, and the coefficients an and bn are calculated using

the well-known integral expressions [7]. In their textbook [7], Arfken and Weber argue

that there are two characteristic features of Fourier expansions [8]:

• Feature 1: For functions with discontinuities, the n-th coefficient decreases as 1/n (a

relatively slow convergence).

• Feature 2: For continuous functions (possibly with discontinuous derivatives), the

n-th coefficient decreases as 1/n2 or faster ‡.

In fact, without being mentioned in the analysis of Ref. [2], these features explain the

trends reported in that work.

In this paper, we focus on passive resistive devices with very small/negligible

capacitive and/or inductive components in their response. It is assumed that the devices

are deterministic (noise effects are negligible), and exhibit a periodic response under

conditions of periodic driving. We compare two very different excitation signals: a

sinusoidal driving (without dc offset) and a triangular wave voltage of given frequency

ω. We also define a measure of hysteresis based on the relative contribution of the

Fourier components of the Fourier spectrum characteristic of the memory response, and

apply this measure to experimental and model data.

2. Experimental results

The results reported in this paper were obtained using a conventional 100 Ohm resistor, a

1N4148 silicon diode, and a commercially available electrochemical metallization (ECM)

cell from Knowm, Inc. [6] The latter is a memristive component, whose resistance change

is caused by a voltage-induced drift of Ag atoms through a stack of chalcogenide layers

with one of the Ge2Se3 layers doped by Cr (M+SDC Cr device). The current was

‡ The words ‘or faster’ were added by us to take into account the well-known fact that for certain

functions, e.g., the parabolic wave, the coefficient decrease is faster than 1/n2.
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Figure 1. A linear resistor driven by sinusoidal (left) and triangular (right) voltage

waveforms. (a), (c) Current as a function of ωt, and (b), (d) coefficients of Fourier

series. In (d) the 1/n2 fit is also shown. Insets in (a) and (c): current-voltage curves.

Because of the symmetry in the resistor response (I(−V ) = −I(V )), there are no

cosine terms in the Fourier series for resistors.

recorded as a function of voltage in quasi-static measurements (with a period of the

order of one minute) performed with a Keithley 236 source measure unit. Fourier series

coefficients were calculated using a custom code.

We measured current-voltage curves of resistor, diode, and memristive device, and

used the I(ωt) dependence to find the coefficients an and bn of Fourier series, Eq. (1),

for each of these devices. Fig. 1 presents the measurement results for the resistor. In

the case of sinusoidal driving (Fig.1(a) and (b)), the result is trivial, since only b1 6= 0.

Higher bn-s harmonics appear in the case of triangular wave driving (Fig.1(c) and (d)).

In this case, we have verified that the coefficients bn(n) decay as ∼ 1/n2, in agreement

with Feature 2 above.

Fig. 2 presents the measurement results for the diode. We note that, as

expected, the current-voltage curves (Fig. 2(a) and Fig. 2(c)) have a strong nonlinearity

characteristic of diodes. Importantly, only even an-s and odd bn-s are different from zero.

Another observation is that the sign of the non-zero coefficients alternates. Moreover,

the frequency content is much richer for the case of the triangular excitation, including

a much slower convergence. We attempted to fit the an(n) and bn(n) in Fig. 2(b) and
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Figure 2. A diode driven by a sinusoidal (left) and a triangular (right) voltage

waveform. (a), (c) Current as a function of ωt, and (b), (d) coefficients of the Fourier

series. Insets in (a) and (c): current as a function of voltage. In (b) and (d), the

magnitude (absolute value) of an-s and bn-s is shown in the vertical direction, while

the sign of an-s and bn-s is represented by color.

(d) with both the expected 1/n2 (according to Feature 2) and 1/n. However, none of

these fits converged to the data points. This is due to the degree of non-linearity of the

diode and the amplitude of the waveform (see Eqs. (5) and (6) below).

The response of the M+SDC Cr memristive cell is typical of electrochemical

metallization cells [9, 10]. According to the inset in Fig. 3(a) and (c), the off-to-on

switching occurs at a positive threshold of about 0.2 V, while the on-to-off transition

occurs at a negative threshold of a smaller magnitude. Fig. 3(b) and (d) present the

coefficients of the Fourier expansions.

Clearly, the first ones, a0 and b1, are dominant in both cases. The decay of the

other coefficients occurs slower than that in the diode, and can be fitted by 1/n, which

is consistent with Feature 1 above (the current I(ωt) has clear discontinuities, as seen

in Fig. 3(a) and (c)). Moreover, the positive and negative coefficients are now grouped

into small groups, and are not monotonically decreasing with n. A similar behavior was

previously observed in numerical simulations [2]. Small differences between Fig. 3(a) and

(c) can be explained by the well-known cycle-to-cycle variability of memristive devices.
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Figure 3. Memristive device driven by sinusoidal (left) and triangular (right) voltage

waveforms. (a), (c) Current as a function of ωt, and (b), (d) coefficients of Fourier

series. In (b) and (d) the 1/n fits are also shown. Insets in (a) and (c): current-voltage

curve. In these measurements, 150 µA current compliance was used.

3. Discussion

Generally, the coefficients of the Fourier series contain the entire information about the

waveform they represent. In some cases, they provide the essential information about

the initial signal in a very compact way, as in the case of the resistor. Our measurements

show that the Fourier content of non-linear and memristive devices can be quite broad.

At the same time, some important differences induced by memory can still be recognized.

First of all, we argue that the property of an = 0 for even n and bn = 0 for odd

n is general for devices without memory. These conditions originate from the reflection

symmetry of I(ωt) curves with respect to ωt = π/2 and ωt = 3π/2 lines on the intervals

[0, π] and [π, 2π], respectively. Second, the features of the Fourier series coefficients

(see below Eq. (1)) can explain the harmonic content of the resistor and memristive

device response. In the case of the diode, we have observed a significant deviation of the

coefficients from 1/n and 1/n2 behavior (see below). Third, we have observed that the

convergence of the Fourier coefficients is faster for a sinusoidal excitation, which makes

it preferable to other waveforms, as it provides the most compact signal representation.

Moreover, for resistive devices in general, the requirement of I = 0 at V = 0 leads
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Device Distinctive Fourier features Rationale

Linear resistors All coefficients are zero except b1 Fig. 1(b)

Non-linear devices without All odd an-s and even bn-s are zero Fig. 2(b)

memory (diodes, etc.)

Binary/multi-state memristive elements, Slow converging series (∼ 1/n) Fig. 3(b) and Ref. [2]

slow-driven analog memristive elements

Fast-driven analog memristive elements Fast converging series Ref. [2]

(∼ 1/n2 or faster)

Unipolar memristive elements All an-s and even bn-s are zero see Sec. 3

Table 1. Summary of experimental results for (sinusoidally-driven) systems with and

without memory.

to some constraints on an-s. Specifically, writing Eq. (1) for ωt = 0 and ωt = π we get

a0
2

+
∞∑
n=1

an = 0. (2)

and

a0
2

+
∞∑
n=1

(−1)n an = 0, (3)

respectively. Clearly, the point ωt = 2π does not lead to any new relation.

In addition, we note that the memristive devices that were used in our experiments

are bipolar memristive devices, which as the most common ones. Another large class

of memristive devices are unipolar memristive devices (the thermistor is a notable

example) [11]. The response of unipolar memristive devices (when they driven by

sinusoidal or triangular pulses) satisfies I(ωt + π) = −I(ωt). It is evident that the

even harmonics are missing in the Fourier series of unipolar memristive devices. This

implies that all cosine terms are zero in unipolar devices without memory (for example,

in resistors, see Fig. 1(b) and (d)).

To better understand the deviation of the diode’s coefficients from the characteristic

features of Fourier expansions [7], let us first derive these coefficients for the case of

triangular driving. Using the Shokley diode model [12]

I = Is
(
eαV − 1

)
(4)

for V > 0, and approximating the current by I = 0 for V < 0, it is not difficult to derive

the following expressions for the Fourier series coefficients:

an =
2Iskα cos nπ

2

π

e
kπα
2 − cos πn

2

n2 + k2α2
(5)

and

bn =
2Iskα sin nπ

2

π

e
kπα
2 − cos nπ

2

n2 + k2α2
. (6)
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Figure 4. Fourier coefficients for a sinusoidally-driven diode plotted using Eqs. (7)

and (8).

where k = V0/ (π/2), and V0 is the waveform amplitude. The deviation of the diode’s

coefficient behavior from the expected 1/n2 trend (according to Feature 2) can be

explained by the importance of the k2α2 term compared to n2 for small values of n.

In the case of the sinusoidal driving voltage, the coefficients are given by

an = 2Is cos
nπ

2
In (αV0) (7)

and

bn = 2Is sin
nπ

2
In (αV0) , (8)

where In(..) is the modified Bessel function of the first kind. Fig. 4 shows the Fourier

coefficients Eqs. (7) and (8) found using Is = 14.63 nA, α = 20.84 V−1 extracted from

Ref. [13], and 0.7 V sinusoidal voltage amplitude. This plot almost identically repeats

the pattern of experimentally measured Fourier spectrum of the diode (Fig. 2(b)).

Next, we introduce a qualitative characteristic of memory – the measure of

hysteresis. For this purpose, we consider the collection of Fourier coefficients an and

bn as components of a vector, and use the squared length of the vector built out of

Fourier components not present in the non-linear devices (odd an-s and even bn-s). We

normalize this quantity by the squared length of the vector composed of all Fourier

components. The measure of hysteresis we define is then:

κ =

∞∑
n=0

(
a22n+1 + b22n+2

)
∞∑
n=0

(a2n + b2n+1)
. (9)

To illustrate the definition of κ, we consider the model of a first-order voltage-

controlled memristive system with threshold

V (t) = R(x)I(t), R = Ronx+Roff (1− x), (10)

dx

dt
= gfw(x, V ) ·


(V − Vt), V > Vt
(V + Vt), V < −Vt
0, otherwise

, (11)
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Figure 5. (a) Current-voltage curves plotted with the use of Eq. (10) memristive

model with V (t) = V0 sin(2πνt) for V0 = 0.7 V. (b) Measure of hysteresis as a function

of frequency calculated for the curves in (a). These plots were obtained using the

following parameter values: Ron = 1 kΩ, Roff = 50 kΩ, Vt = 0.4 V, g = 105 ΩV−1s−1.

where x is the internal state variable, Ron and Roff are resistances in the on and off

states, respectively, g is a constant, Vt > 0 is the voltage threshold, and fw(x, V ) is the

window function defined by

fw(x, V ) =

{
1− x, V ≥ 0

x, V < 0
. (12)

Fig. 5(a) presents the current-voltage curves for the above model that have all typical

characteristics of memristive systems [1]. At high frequencies, the hysteresis is strongly

reduced as the internal state does not have enough time to follow the time-dependent

voltage. The largest hysteresis is observed at an intermediate frequency. The frequency

dependence of κ in Fig. 5(b) indeed qualitatively reproduces the frequency behavior of

the model.

At the same time, we note that the maximum of κ corresponds to the ν = 2000 Hz

curve, whose hysteresis is not the largest. This is due to the fact that the size of the

hysteresis is not the only factor that contributes to κ, but also other factors such as the

specifics of the input shape. In any case, κ can be employed as a useful parameter for

the characterization of hysteresis curves.

After showing the potential of κ to quantify the memory content in the current-

voltage response, we apply this measure to our experimental results. For the

sinusoidally-driven resistor, diode, and memristor we find κ = 4.9 · 10−9, 2.0 · 10−5, and

0.072, respectively. In the case of triangular voltage waveform, the values are 9.3 · 10−5,

0.00091, and 0.055, respectively. The data clearly indicate that the measure of hysteresis

κ can be used to distinguish the response of a memory device (large/significant κ) from

that of a resistor and a diode (small/insignificant κ). It is also interesting that the

low-frequency value of κ in Fig. 5 is close to the experimentally found values with the

memristive devices (related to the low-frequency limit as well).
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4. Conclusion

We have shown experimentally that resistive devices with memory can be easily

distinguished from devices without memory by the analysis of their Fourier series

coefficients. Moreover, we have demonstrated that the waveform of the driving signal has

an important effect on the Fourier spectrum. Our main observations are summarized in

Table 1 for the case of sinusoidal driving. The last line of this table is formulated

based on Ref. [2], which is also supported by the general tendency of smoother

I(ωt) dependence at higher frequencies (because of the reduction of the memristive

hysteresis [14]). We believe this work gives further support to the notion that Fourier

analysis is a powerful tool to distinguish the response of systems with memory from

those without. We also expect that the Fourier analysis may be useful in the studies of

preconditioning effects [15] and cycle-to-cycle variability effects.
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