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ABSTRACT OF THE DISSERTATION

ASPECTS OF FLUX TUBES

by

Amey Gaikwad
Doctor of Philosophy in Physics
University of California, Los Angeles, 2026

Professor Thomas Dumitrescu, chair

This thesis investigates flux tubes as probes of emergent phenomena in strongly coupled
quantum field theories. Combining analytical techniques and numerical modeling, we study
the structure and dynamics of vortex strings in several variants of the Abelian Higgs model
(AHM) in 3 + 1 dimensions. These systems arise in settings ranging from magnetic vor-
tices in Ginzburg-Landau superconductors to confining strings in deformed Seiberg-Witten
(SW) theory. A central focus is the large-flux limit in which the rich internal structure
of vortex strings becomes analytically tractable. In the AHM that arises in the context
of deformed SW theory, we find that giant vortex strings exhibit a nontrivial pattern of
phases and transitions. This structure becomes especially transparent in the large vorticity
limit and bears a striking resemblance to wall-crossing phenomena for kink solutions in two-
dimensional supersymmetric theories. We also investigate the low-energy worldsheet spectra
of superconducting strings. In the minimal AHM, we identify a light pseudoscalar mode in
the regime, where parallel strings repel. Comparing this spectrum with lattice results for
Yang-Mills flux tubes, we conclude that the minimal AHM does not provide a compelling
dual description of confining strings in pure Yang-Mills theory. Together, these results reveal
the rich internal dynamics of vortex strings in analytically controlled models while clarifying
both the potential and the limitations of Abelian Higgs models as effective dual descriptions

of pure Yang-Mills flux tubes.
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LIST OF FIGURES

A schematic depiction of an axially symmetric ANO vortex carrying n—units of
conserved magnetic flux along the z—axis. The red arrow illustrates the winding
of the Higgs field around the vortex. Requiring finite tension fixes the winding

number to be n, matching the total magnetic flux carried by the string.

The dimensionless, rescaled potentials V;(¢) and Vi(i), given in (2.1.29), corre-
sponding to the conventional and degenerate models, respectively. The curves

are shown for a representative choice of the parameter 5 =1.. . . . . . . .. ..

The figure depicts numerical solutions for the Higgs field ¢(u) (top) and the
gauge field a(u) (bottom) of the axially-symmetric vortex equations (2.1.31) with
conventional and degenerate Abelian-Higgs-model potentials V, ¢ (shown in solid
and dashed lines, respectively). On the left, we fix § = 1.2 and vary n = 1
(blue) and n = 3 (red); on the right, we fix n = 2 and consider § = 0.7 (type I,
blue) and g = 1.3 (type II, red). The asymptotics at u = 0,00 are discussed in
section 2.1.2. Note that increasing n or decreasing  makes the solutions move to
the right, i.e. the vortices become wider. The same occurs at fixed n, 8 if we go
from the conventional to the degenerate model. These qualitative observations

will be made precise in section 2.2. . . . . . . .. ...

Higgs and magnetic field profiles for a large string of magnetic flux n = 100 in
the conventional (left panel) and degenerate (right panel) Abelian Higgs models.

The dimensionless mass ratio § = 0.5 is the same for both models. . . . . . . . .

The deep and outer core, boundary, and exterior regions of large-n strings, as
well as their shaded overlaps. The coordinate £ = u/u, is particularly useful in
the deep core. By contrast, the y-coordinate interpolates between the outer core,

the boundary, and the exterior. . . . . . . . . . ... ... ... ...
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For two values of 3, we depict the solutions ¢(y), v(y) of the vortex equations in

the boundary region, given in (2.3.33). . . . . . .. ... L

The boundary function ¢(y) is computed numerically and matched with (2.3.35)
in the outer core matching region for y < —1. We show two values of § = 0.5, 0.9.

This matching procedure yields the value of Ceore/pay(8). - - - - - . . . . . . ..

Comparison between the full numerical solution to the vortex equations (2.1.31)
(shown as crosses) and the large-n analytic solution for representative parame-
ters f = 0.5 and n = 200. The core solution is shown in red and the boundary

solution in blue. . . . . . . .

Comparison of the Higgs field profile obtained from the full numerical solution
(depicted as crosses) of the vortex equations (2.1.31) with the corresponding large-
n analytic answers (depicted as solid curves), shown for § = 0.1 in the type-I
regime and 8 = 3 in the type-II regime, with n = 30. We show results using the

imp
n o

core radius u, given in (2.3.2) (left panels) and using the improved value u
given in (2.2.17) (right panels). The improved radius «!™P incorporates the O(1)
correction arising from minimizing the combined bulk and boundary energies. In
the type-I regime (o > 0), this shift decreases the radius, moving the analytic
profile to the left and improving the agreement with the numerics. In the type-II

regime (0 < 0), the opposite occurs. . . . . . . ...

Comparison between the full numerical solution to the vortex equations (2.1.31)
(shown as crosses) and the large-n analytic answer (depicted as solid curves) for
the fundamental string n = 1 at a representative value of 5 = 0.5. The core
and boundary analytic solutions are shown in red and blue, respectively. Even
for such small flux, the analytic expressions reasonably capture the qualitative

features of the full profile. . . . . . . . . ...

The center of mass yo(5) of the domain wall, defined in (2.4.33). Its various

features are discussed in the main text below. . . . . . . . . . . ... ... ...
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Comparison of the small-5 (left panel) and large-8 (right panel) asymptotics
of yo(B), given by (2.4.37) and (2.4.38) respectively, with the full integral expres-
sion (2.4.33). In the left panel we plot /26 yo(3) to facilitate the comparison.

In solid blue we show the analytic boundary Higgs field ¢(u) in (2.4.21), centered
at yo(5) (see (2.4.33)). The numerical Higgs profile obtained by solving (2.1.31) is
shown using black crosses. We fix n = 30 and show § =1 (left panel) and 5 =4
(right panel). . . . . . .

We show the analytic boundary Higgs field ¢(u) (in blue), given in (2.4.21), cen-
tered at yo(8), defined in (2.4.33), and compare to the full numerical solution
to the vortex equations (2.1.31) (shown as crosses). We fix f = 0.5 and com-
pare n = 30 (left panel) to n = 1000 (right panel). The agreement improves

significantly with increasing n. . . . . . . ... oL

Comparison between the full numerical solution (shown in black crosses) and the
analytic large-n solution, for § = 0.5 and n = 1000. The core solution (given
by (2.4.14) for the Higgs field in the left panel and (2.4.3) for the gauge field in
the right panel) is shown in red. The boundary solution (given by (2.4.21) for
the Higgs field, and the O(n~1/?) solution (2.4.27) for the gauge field) are shown

in blue. We find excellent agreement in all regions of the string. . . . . . .. ..

Numerical field profiles for the Higgs field ¢(u) (shown in blue) and the gauge
field a(u) (shown in red) at § = 0.8. The left panel shows the fundamental

string n = 1 and the right panel shows the string solution at n =20. . . . . ..

The figure shows the error functions Fj(u) (shown in blue) and Fs(u) (shown
in red), defined in (2.5.4), evaluated on the numerical solutions at § = 0.8.
The left panel corresponds to the fundamental n = 1 string and the right panel
corresponds to the n = 20 string solution. These curves quantify how well the

numerical profiles satisfy the differential equations. . . . . . . . ... ... ...
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Convergence test for the truncation error using the ratio (2.5.7). At fixed P =
500, the domain size L (and hence the mesh size h, defined in (2.5.2)) is varied.
The left panel shows the n = 1 vortex with L = 10, 20, 40 and the right panel

the n = 20 vortex with L = 25, 50, 100. We determine that the truncation order

is k = 2 and that the numerical solutions deviate from the true solution at O(h?).

The figure illustrates the relative errors, A(u), B(u) defined in (2.5.5) for § = 0.8.
The left panel shows the n = 1 string and the right panel, the n = 20 string. In
both cases, the functions A(u), B(u) remain small across the domain, demon-
strating the high accuracy of the numerical solutions for both the Higgs ¢(u) and

the gauge a(u) fields. . . . . . . . ...

In the top panel we compare T,, and nT7 for n = 2, 3 as a function of 3, identifying
the critical values ™€ in (3.1.9) below which T,, is stable against decay into nTj.
In the bottom panel we show that the candidate decay channel T3 — T} + T is

never realized, because Ty < T} + T for B < BFe < g3, . . . . . .. .. ... ..

Schematic renditions of the interaction potentials Vi, (R) between two paral-
lel n = 1 strings separated by a transverse distance R for the two AHMs un-
der consideration. The left panel schematically depicts the results of [1] for the
conventional AHM; the right panel sketches an analogous conjectured interaction

potential for the degenerate AHM. . . . . . . . . .. ... ... ... ......
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4.1

4.2

In this figure, we plot the masses of the dilaton and the axion — the scalar and
the pseudoscalar fluctuation modes around a fundamental n = 1 string in the
conventional AHM (2.1.3) for various values of . In the type-I regime (8 < 1),
the Higgs boson is lighter than the vector boson (my < my ), the dilaton is lighter
than the axion. In the type-II regime (8 > 1), the Higgs boson is lighter than
the vector boson (mg > my), the dilaton is lighter than the axion. At the BPS
point (f = 1), the masses are degenerate. This is because the conventional AHM
at the BPS point admits an A" = 1 completion that admits BPS strings, and
hence the dilaton and the axion sit within the same N = (0, 2) massive multiplet
on the worldsheet. Also, recall that strings in the type-I regime attract and in the
type-II regime repel (see 3.1). Hence, the conventional AHM gives us a scenario
where strings attract in a regime where the dilaton is lighter than the axion as
a massive fluctuation on the worldsheet. This is in stark contrast with what

happens for the confining string in pure YM. . . . . ... ... ... ... ...

In this figure, we present the values of the Wilson coefficients for various theories
of interest which admit stable strings. The shaded region depict the values of
the coefficients allowed by requiring the positivity of the 2—d S-matrix [2, 3]. In
red, we present the data for strings in the conventional AHM as a function of the
dimensionless ratio 5. Strings in the type-I regime, where they attract, occupy
the left hand side of the plot and the strings in the type-II regime, where they
repel occupy the right hand side of the plot. The blue dots represent the values
of the coefficients for SU(N) YM strings [4, 5]. They occupy the right side of the
plot (close to the edge of the shaded region), however their precise position on
the plot are purely representative. From the plot, it is clear that YM strings and
type-II AHM strings occupy the same part of the graph, which reproduces the
tension from before that the axion is lighter in the regime where AHM strings

repel. This is opposite to what we expect for YM strings. . . . . . . ... ...
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5.1

5.2

9.3

5.4

The space of vacua in the (asz,asz) plane. Generically there are three gapped
vacua: the confining vacuum H (present everywhere) and the two Coulomb
vacua Cy, whose nature is set by the discriminant D = a2 — 3az : real and
distinet for D > 0 (left of the blue parabola), complex conjugates for D < 0
(shaded interior), and coincident on D = 0, where ap becomes massless. On
the a3 axis (ay = 0) a discrete Zs R-symmetry exchanges Cy <> C_; on the ay
axis (a3 = 0) a single Coulomb vacuum survives; at the origin (the BPS point)
the Coulomb vacua are absent. The figure shows the full plane; the physics is

symmetric under cg — —Qig. . . .. L L

In this figure, we tabulate the existence of {C. — H} and {C_ — H} domain
walls as the deformation parameters are varied. We have both the domain walls
existing everywhere except the two wedges, where D > 0 , a3 > 0. Inside these
wedges, only one of the two possible DWs exists as a BPS object. The other is
a non-BPS object (5.2.5). On the red line and inside the blue parabola, the twp

domain walls are exchanged under a discrete Zs symmetry. . . . . . . ... ..

In this figure, we map the tensions o, and o_ of the BPS walls connecting {C', —
H} and {C_ — H}, respectively, whenever they exist. Most prominently inside
the wedges D > 0 ,a3 > 0, only one BPS wall exists. Also, note the hierarchy

shifting when a3 < 0 and as we dial oy from negative to positive. . . . . . . ..

In this figure, we depict where in the deformation space, the strings are bulk-like
and where they are domain-wall like. Inside a small ellipsoidal bubble which
shrinks with increasing n, the stirngs are bulk-like. Everywhere outside, the
strings are domain-wall like. When the strings are domain-wall like, they precisely
realize the domain wall with the lower energy (see figure 17). Accordingly, the
red line is a first order line ending on a second order Ising point. The blue curve

is a second order line. . . . . . .
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5.5 In this figure, we depict the large-n phase diagram which makes sense in the strict
infinite vorticity limit. The string is in the bulk phase only at the BPS point,
which is also a multicritical point at the intersection of the first order red line and
the blue second order curve D = 0. The ellipsoidal bubble shrinks to zero. The
dotted curves depict the effective potential on the string worldsheet and tells us
the hierarchy of the domain-wall strings realizing the {Cy — H} DWs, whenever
they exist. The phase diagram bears close resemblance to 5.3. The large-n limit
allows us to analytically study the physics of these non-BPS strings, through the

lens of genuine BPS objects — the domain walls. . . . . . ... ... ... ...
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CHAPTER 1

Introduction

In many-body systems, where large numbers of particles interact, often strongly, the resulting
collective behavior can give rise to rich and unexpected emergent phenomena. Understand-
ing how complex macroscopic order arises from simple microscopic Hamiltonians is one of
the most interesting and open challenges in physics. Phenomena such as superfluidity, su-
perconductivity, spontaneous symmetry breaking, confinement, and quantum Hall effects all

exemplify how surprising structure can emerge from seemingly simple foundations.

Within this broader landscape, this thesis centers on the problem of confinement and the
mechanisms through which it arises. Specifically we study the physics of confining strings.
Confinement is a paradigmatic example of emergent phenomena, where familiar degrees of
freedom disappear, and new, collective ones take their place. Addressing such phenomena
requires a diversity of approaches: from numerical simulations and modeling to analytic
methods, both perturbative and non-perturbative. In that spirit, this work draws on a
broad range of tools, blending rigorous analysis in mathematical physics with computational

insights, and aims to build conceptual bridges across areas of Quantum Field Theory (QFT).

Defects are powerful probes of QF T, revealing hidden structure, new localized degrees of
freedom, emergent phenomena, and symmetry breaking in both high-energy and condensed
matter settings. A central guiding principle in strongly correlated systems is symmetry,
and recent advances have broadened this concept to include generalized and higher-form
symmetries. While ordinary symmetries constrain particles, higher-form symmetries act on
extended objects, preventing strings or membranes from breaking. In this thesis, we use

string-like defects, as a lens to study confinement and emergent dynamics. Theories we



focus on admit conserved one-form symmetries that protect such strings. We've explored
them in contexts like superconductivity and deformed Seiberg—Witten (SW) theory, where
confining strings can be seen as electric-magnetic duals of superconducting vortex strings.
Analyzing their features provides insight into the mechanisms of confinement and structure

of strongly coupled QFTs.

Occasionally, taking limits of large conserved quantum numbers is a useful tool to study
strongly coupled physics. This is a version of Bohr’s correspondence principle. Recent work
has shown that such systems often become analytically tractable in regimes of large charge
or flux. In the models we study, that are reviewed in Chapters 2 and 5, it is particularly
convenient to work in the infinite flux limit, which simplifies the analysis while retaining
nontrivial dynamics. This setting allows key features of giant flux tubes, such as their internal
structure, to be computed analytically. Depending on the model, we identify candidate
phases that these giant vortex strings can realize. We construct a rigorous solution in the
infinite flux limit using tools from mathematical physics, supported by extensive numerical
modeling. This approach is especially compelling in light of recent studies of giant vortex
phases in superfluidity and cold atom systems, where similar structures arise in a very

different microscopic context.

Another approach to probing the properties of defects is to study the effective theory
governing their low-energy dynamics. In ongoing work [7], which we review in Chapter 4, we
investigate how fluctuations of superconducting strings in the minimal Abelian Higgs Model
(AHM) relate to features such as whether the strings attract or repel each other. We find
that in regimes where the strings repel, a pseudoscalar axion is the lightest massive mode
present on the string worldsheet. This result contrasts with what is expected for flux tubes
in pure Yang Mills (YM) theory, where there is evidence for a light axion-like mode on the
confining string, but strings are believed to attract. This feature of YM flux tubes has been
corroborated by recent developments in the effective theory of long strings and supported
by lattice simulations. This suggests that the minimal AHM cannot be a dual description

of YM confining strings.



Supersymmetry (susy) offers an additional powerful tool for understanding strongly cou-
pled physics and in particular confinement. As reviewed in Chapter 5, we study confining
string solutions in susy theories, which serve as valuable laboratories for exploring non-
perturbative dynamics. These models not only allow for exact analyses in certain regimes
but also expose deeper structural principles in QFTs. For instance, deformed SW theory
provides an Abelian model of confinement and includes a richer set of fields compared to
the minimal AHM, while allowing greater analytical control. In future work we perform a
fluctuation analysis of strings in this setting to determine whether the spectrum contains
a pseudoscalar mode and how that correlates with whether strings attract or repel, in line

with the above framework.

The interplay between different types of defects in QFT often unveils unexpected connec-
tions. In the study of giant confining strings in deformed SW theory, we find that the rich
phase structure exhibited by these strings bears a striking resemblance to the wall-crossing
behavior of BPS solitons described by Cecotti and Vafa [8] in two-dimensional susy theories.
This parallel highlights how analyzing the dynamics of defects can shed new light on the

underlying structure and connection between susy theories.



CHAPTER 2
Phases of Giant Magnetic Vortex Strings

In this chapter we consider magnetic vortex strings of Abrikosov-Nielsen—Olesen (ANO)
type [9, 10] in 3+1 dimensional Abelian Higgs models (AHMs) with a single U(1) gauge
field a, and a single unit-charge Higgs field ¢,

= |0~ 0,0~V (0) (2.0.1)

Here V(¢) = V(|¢|) > 0 is a gauge-invariant potential with a Higgs vacuum, where ¢ # 0
and V = 0.2 The magnetic vortices that arise in this model — which are of broad interest
across many areas of physics — are reviewed in many textbooks, see e.g. [12-14]. The vortex
equations that govern them (i.e. the Euler-Lagrange equations of (2.0.1), supplemented with
suitable boundary conditions) are highly non-linear, second-order PDEs, which are typically

studied numerically.

In this paper, we will analyze a regime in which the vortex equations simplify considerably

and can essentially be solved exactly:

e We consider vortices that are infinitely extended along the z-direction.

e We assume axial symmetry, so that the vortices are suitably rotationally symmetric in the

transverse zy-plane; r = y/x2 4+ y? is the radial coordinate in that plane.

L Generalizations with additional charged and neutral fields (which naturally arise in supersymmetric
versions of (2.0.1)) will be analyzed in [11].

2 Qur discussion in this paper will be entirely classical; our conventions are spelled out in section 2.1.



e We take the magnetic flux in the zy-plane to be very large,’

1
n=o- (da)y, >1. (2.0.2)

We will denote the tension of the lightest axially-symmetric string with magnetic flux n
by T,,. Below we will see that the vortices grow without bound in the transverse radial
direction r as we increase n. In the large-n limit we thus refer to them as giant strings or

vortices (see [15-18] for recent discussions of giant vortices in various contexts).

The idea that complicated non-linear equations should simplify in the limit of large charge
(e.g. large particle number) is realized in many systems. A class of solitons that share some
features with the giant vortices in this paper is furnished by @-balls [19], which are comprised
of interacting scalar fields and carry charge () under an ordinary zero-form global symmetry.

Notably, they also become large and more tractable in the large-Q limit.*

Let us sketch a simple picture of large-n vortex strings that can be inferred using varia-
tional arguments [22, 23] (see section 2.2 for more detail). It is based on the idea that the

string is characterized by a large transverse radius r,, subdividing it into various regions:

e The core region 0 < r < 7,, where the Higgs field approximately vanishes, ¢(r) ~ 0. The
fact that ¢(r) must vanish as » — 0 is a standard feature of vortices (see section 2.1), but
in the large-n limit it approximately vanishes throughout the core region. The reason for
this is that the string must accommodate the large magnetic flux (2.0.2). In the large-n
limit the magnetic field in the core is approximately constant, scaling as®

B ~ (da)yy ~ — . (2.0.3)

2
L

3 This conserved flux is the charge associated with the magnetic one-form symmetry of (2.0.1).

4 The relationship between vortices and Q-balls is particularly striking in 241 dimensions. The simplest
Q-balls arise in the theory of a single complex scalar field with a suitable potential (i.e. the 24+1d version
of the setup analyzed in [19]). These are mapped by particle-vortex duality [20, 21] to vortices in a 2+1d
Abelian Higgs model (2.0.1) with a suitable choice of potential V(¢). Note that large @-ball/vortex bound
states only exist in the Type I regime of this duality, where like-charge particles/vortices attract. In 2+1
dimensions, the vorticity (2.0.2) is a O-form charge, carried by the point-particle vortices, and the duality
exchanges @ < n.

5 Here we limit the discussion to the n-scaling of various quantities of interest. See section 2.2 for more
detail.



e The boundary region r ~ r, is of O(1) and remains fixed in the large-n limit. In this
region the fields smoothly transition from their values in the core to the Higgs vacuum in

the exterior.
e The exterior region r 2 r,, where the fields are essentially in the Higgs vacuum.

We can now estimate the core and boundary contributions to the string tension,°

T, ~7. (B*+ V(¢ =0))+or, . (2.0.4)

Here the first two terms arise from the magnetic field and scalar potential in the core region,
whose area is 772, while the third term is proportional to the length 277, of the boundary.
Here o is an O(1) surface tension arising from the variation of the fields in the boundary
region. If we minimize (2.0.4), subject to the constraint (2.0.3), we find two qualitatively

distinct scenarios:

(B) If V(¢ = 0) > 0, then the point ¢ = 0 is not a vacuum. In this case we find that the string

tension is dominated by the extensive core region and scales as follows,
T, ~72~n, n>1, (2.0.5)

while the surface term ~ or, ~ /n is subleading. We refer to strings in this universality
class as core-dominated or bulk strings. A representative example that we study in detail

below is the conventional Abelian Higgs model, with quartic scalar potential
A2 212
V(9) =Vi(¢) = S(IoF —v*)*, A v>0. (2.0.6)

An important special case arises when A\ = 2, in which case the vortex strings in this
model are BPS-saturated and satisfy a system of first-order equations. Their tension is

then exactly linear in n, consistent with (2.0.5).

6 Since the fields in the exterior region are approximately in the Higgs vacuum, they essentially do not
contribute to the string tension.



(DW) If V(¢ = 0) = 0, then ¢ = 0 is a Coulomb vacuum that is exactly degenerate with the
Higgs vacuum, where ¢ # 0. A representative example in this universality class that we
analyze below — referred to as the degenerate Abelian Higgs model — is obtained by taking

the potential in (2.0.1) to be

V(6) = Vo(0) = 1o (9P —?)* . A ,u>0. 2.0.7)

In this case minimizing (2.0.4) subject to (2.0.3) leads to a sub-extensive scaling of the

string tension,

T, ~ 1y ~n*? . (2.0.8)

because core and boundary regions contribute comparable amounts. We refer to the
strings in this universality class as domain-wall strings, because their large-n scaling is
determined by the boundary term o7, in (2.0.4). Here o > 0 is the tension of the domain

wall interpolating between Coulomb and Higgs vacua.

In the remainder of this paper, we elaborate on the simple picture of magnetic vortex strings

sketched above, making it completely rigorous in the large-n limit.

In section 2.1 we begin by reviewing the Abelian Higgs model (2.0.1) with scalar po-
tentials (2.0.6), (2.0.7) and spell out the non-linear equations governing axially symmetric

vortices.

In section 2.2, we elaborate on the variational arguments above and obtain precise formu-
las for 7,, and r, in the large-n limit. We also emphasize that bulk and domain-wall strings

should be viewed as sharply distinct large-n phases.

In section 2.3, we solve the axially-symmetric vortex equations in the conventional Abelian
Higgs model, with scalar potential (2.0.6), when n > 1. We use the method of matched
asymptotic expansions (see [15, 16] for previous work), which requires a refinement of the
various string regions introduced above. The solution in the core region is obtained analyti-
cally using the WKB approximation. The boundary region must be studied numerically, but
the equations nevertheless simplify in the large-n limit. We explain in detail how to match

the numerical solution in the boundary region to the core and exterior regions. In the special
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case A = e? discussed below (2.0.6), we show that our large-n solutions correctly reduce to

solutions of the first-order BPS equations.

In section 2.4, we find the large-n solutions for strings in the degenerate Abelian Higgs
model, with scalar potential (2.0.7). In this case we are able to provide a fully analytic
solution in all regions of the string. A prominent role is played by the domain wall interpo-
lating between the Coulomb and Higgs vacua of (2.0.7), which surrounds the string core, and
its translational zero mode, which is fixed by small residual interactions with the magnetic

field B ~ n~/% in (2.0.3).

In section 3, we use our understanding of large-n vortex strings to shed light on their

binding energies, stability, and interactions (see also appendix 3.3).

Throughout the paper, numerical solutions of the vortex equations play an important
role. The numerical approach used to generate these solutions is described in appendix 2.5.
Conversely, the large-n solutions presented in this paper can serve as useful seeds for accurate

numerical solutions at small values of n.

2.1 Magnetic Vortex Strings in Abelian Higgs Models

In this section, we review some basic aspects of magnetically charged vortex strings in 3 + 1
dimensional Abelian Higgs models (AHMs). Much of this material is standard, see e.g. [12—

14] for a textbook treatment.

2.1.1 Lagrangian and Choice of Scalar Potential

Throughout, we study the simplest class of Abelian Higgs models in 341 dimensions: U(1)
gauge theory, with gauge field aV) = a,da* and field strength f® = da¥), coupled to a

single complex scalar field ¢ of unit charge. The Lagrangian is given by’

2

P =~ 10— )0l ~ V(6) (2.1.1)

" Our convention for the Minkowski metric is 7, = diag(— + ++).
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Several comments are in order:
e The electromagnetic gauge coupling e > 0 is dimensionless.

e The potential V(¢) = V(|#|) is a gauge-invariant polynomial in |¢]?. Below we will
consider different choices of V' (¢).

e We will analyze the Lagrangian (2.1.1) classically, even though quantum corrections can

sometimes change the conclusions significantly.

The theory (2.1.1) enjoys a U(1 )m magnetic flux 1-form symmetry [24] (see also the
reviews [25, 26]), because the field-strength two-form () is closed and has quantized periods

on any compact 2-cycle X,

1

o s ﬂ”ez. (2.1.2)

The associated magnetically charged defects are 't Hooft lines. The realization of U(1 )7,13 in

the IR depends on the potential V(¢). We distinguish two cases:

(C) If the potential has a minimum at ¢ = 0, the U(1 )m symmetry is spontaneously broken
and the massless photon is the associated Nambu-Goldstone Boson. We refer to this as a

Coulomb vacuum of the model.

(H) If the potential has a minimum at ¢ # 0, the photon is massive and the U(1 )m symmetry
is linearly realized. We refer to this as a Higgs vacuum. The dynamical excitations that
carry U(1 )m charge are precisely the magnetic vortex strings that we are interested in.

For this reason we will assume that V(¢) admits at least one Higgs vacuum.

We will now describe the choices of V' (¢) that we will consider in detail.

The Conventional Abelian Higgs Model with Quartic Potential

The conventional, renormalizable Abelian Higgs Model (AHM) has the following quartic
scalar potential,

V(6) =Va(h ¢) = 5 (|8 = )" . (2.1.3)

DO | >

Ne}



Here A > 0 is the dimensionless quartic coupling, and v > 0 has mass-dimension one. This
model has a unique vacuum, where ¢ = v (up to gauge transformations), i.e. v is the vev
of ¢. The U(1) gauge group is completely Higgsed, and phase of ¢ is eaten by the photon
to produce a spin-1 vector boson of mass my; the modulus of ¢ describes the spin-0 scalar

Higgs field of mass my. It follows from (2.1.1) and (2.1.3) that

m3 = 2\0? mi, = 2e*v? . (2.1.4)

It is useful to define the following dimensionless ratio,

2
miy A
4 _ 2 2.1.
b mi €2 (2.1.5)

We will follow the standard practice of further subdividing the AHMs we study into type I

and type II, depending on the mass hierarchy between the Higgs and the vector bosons,

Typel: pB<1, mg<my,
(2.1.6)

Typell: g>1, mg>my.

As we will review below, some basic properties of the vortex strings — such as whether well-
separated strings attract or repel — only depend on the mass hierarchy between the Higgs

and the vector boson, i.e., whether the model is type I or type II.

The point S = 1 separating the type-I and type-II regimes is marginal and requires
separate treatment. Classically, the conventional AHM with quartic potential (2.1.3) and 8 =
1 can be embedded into an N = 1 supersymmetric model, in which the vortex strings turn

out to be %—BPS.8 In particular, as we will review below, static strings in the AHM with

8 The simplest supersymmetric completion is given by an A' = 1 Abelian vector superfield V, containing
the photon a,, and an N' = 1 chiral superfield ® (with bottom component ¢) that carries unit charge
under V. There is also a Fayet-Iliopoulos term for V, which is needed in order for the magnetic vortex
strings to be BPS saturated (see for instance [27] and references therein). The superspace Lagrangian is

1 _
L= 3/d29 WeW, + (h.c) + /d4¢9 (@6*2"@ +§v) : (2.1.7)
e
Here W, is the field-strength superfield of V. In components, the bosonic part of this Lagrangian is precisely
given by (2.1.1) with quartic potential (2.1.3), upon equating A = e? and ¢ = v?. Note that this theory

suffers from a U(1) gauge anomaly, and hence it does not make sense quantum mechanically; this can be
cured by adding more fields.
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£ =1 do not exert any forces on one another, as is typical of BPS solitons. We will therefore

refer to the § = 1 point of this model as its BPS point.

Since our analysis in this paper will be classical, we will allow ourselves to contemplate
all values of the mass ratio § = m?%/m} defined in (2.1.5). However, the Higgs vacuum
that is always present classically is only stable to quantum corrections if 8 is bounded from
below [28, 29],

A2t = p=e. (2.1.8)

The Degenerate Model with Sextic Potential and its Domain Wall

The conventional AHM described above can be generalized by allowing higher powers of |¢|?
in the potential. Even though the resulting theory is not renormalizable, the additional
non-renormalizable parameters in the potential can have important consequences for the
phase structure of the model, and for its strings. By tuning these parameters, we can
reach additional phases and transitions while maintaining the existence of at least one Higgs

vacuum that we require for the existence of strings.

The simplest model of this kind has Lagrangian (2.1.1) with a sextic scalar potential

(bounded from below) of the schematic form
V() ~cald|® +eald* +AB°, cu€R, A>0. (2.1.9)

For generic values of ¢y, ¢4, the model has a unique vacuum, which can be of either Coulomb
type without strings, or of Higgs type with strings. As we will explain in later sections, the
Higgs-vacuum strings are (in a sense that we will make precise) qualitatively similar to the
strings of the conventional Abelian Higgs model. In fact, this conclusion extends to arbitrary

potential V' (¢), as long as it has a unique Higgs vacuum.

An interesting exception occurs when the parameters ¢z, ¢4 in (2.1.9) are tuned to a first-
order phase transition. This requires one tuning, i.e. it occurs along a curve in the cy-c4

plane. Along this curve, the sextic potential (2.1.9) takes the following special form,
A 2
V(9) = Ve(A 0) = SIoF (Io]° —0°)" . A>0. (2.1.10)
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Note that A ~ A7 (with A a UV scale) has mass dimension —2. This model has two isolated,
degenerate vacua, which are separated by a potential barrier, and for this reason we refer to

the Abelian Higgs model with potential (2.1.10) as the degenerate model.

We now describe in more detail the vacua of the degenerate Abelian Higgs model:

(H) A Higgs vacuum at |¢| = v, with Higgs and vector boson masses given by
my =2\t miy = 2e*0” . (2.1.11)
The dimensionless ratio 5, which we continue to define as in (2.1.5), is thus given by
= _ 2 (2.1.12)

We also continue to use the classification into type-I and type-II models defined in (2.1.6).
However, the point § = 1 is no longer associated with an embedding into a supersymmetric

9

theory in 3+1 dimensions;” consequently we do not refer to it as the BPS point. This fact

is also reflected in the properties of the strings at 5 = 1.

(C) A Coulomb vacuum at ¢ = 0, with a massless photon. In this vacuum the scalar field ¢

describes a charged particle of mass
s 1.y my 2
my = 5)\1) = (—) : (2.1.13)

The presence of two degenerate vacua implies the existence of a domain wall interpolating
between them. In unitary gauge, where ¢(z) > 0, the domain wall profile ¢(z) does not
involve the gauge field and only depends on the coordinate z = x5 transverse to the wall.

Finding ¢(z) generically requires solving a second-order ODE.

Our discussion is simplified by the fact that the scalar potential (2.1.10) of the degenerate
model admits a superpotential W (¢), such that Vs(¢) = (W’(4))?. The domain wall tension
opw and the profile ¢(z) can thus be obtained by minimizing the following functional,

oo = min ( / (@) (W’<¢>)2)> L W(g) = \/ng —¢?). (2.114)

oo

9 This conclusion can be evaded in 2+ 1 dimensions, but it requires adding a Chern-Simons term [30, 31].
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Here we minimize over non-negative functions ¢(z) > 0, subject to the following boundary
conditions,

b—o0) =0, (o) =, (2.1.15)
so that the wall interpolates from the Coulomb vacuum on its left to the Higgs vacuum on
its right.

Applying a standard BPS completion argument to (2.1.14) (see for instance [13]), we find

that the domain-wall tension is

VA

opw = 2(W(v) — W(0)) = ﬁv . (2.1.16)
The corresponding profile function satisfies the following first-order BPS equation,
¢(z) = W(6) (2.1.17)
whose solution (with boundary conditions (2.1.15)) is
() - - (2.1.18)

T ItV Ite mata)

Let us make some comments:

e The approach to the Higgs vacuum ¢ = v at z — oo is O(e”"#*) and governed by the

Higgs mass my in (2.1.11).

e The approach to the Coulomb vacuum ¢ = 0 at z — —oo is O(e¢*) and governed by the

¢-mass my = smy (see (2.1.13)) in that vacuum.

e The integration constant z; is the center of mass position of the domain wall. It is an

exact zero mode of the solution and will play an important role below.

2.1.2 Magnetic Vortex Strings

We are interested in the magnetic vortex — or Abrikosov-Nielsen-Olesen [9, 10] — strings of
the Abelian Higgs models (2.1.1), with quartic potential V' = V} in (2.1.3) (the conventional

model) and sextic potential V = Vg in (2.1.10) (the degenerate model). In order for these

13



strings to exist as finite-tension excitations, we need to study the Higgs vacua |¢| = v of
these models, in which the U (1),(7? magnetic-flux symmetry is unbroken and the magnetic

flux of the strings is a conserved quantum number.

Magnetic Flux and Vorticity

Through this paper we will be interested in strings that carry n units of quantized magnetic

flux in the zy-plane X

Y

1 1
= — da = — acZ. (2.1.19)
27'(' Say 271' Oy

Using the charge-conjugation symmetry of (2.1.1), it is sufficient to consider strings of pos-
itive flux n > 1. We will sometimes refer to them as n-strings, and the n = 1 case as a
minimal or fundamental string. We see from (2.1.19) that n fixes the holonomy of a,, at the
spatial boundary of the zy-plane. Since it is conserved, it follows that the string extends

to z = o0 in the z-direction. See figure 2.1.

The non-vanishing holonomy (2.1.19) around the cycle 0X,, at spatial infinity also forces
the phase of the Higgs field ¢ to have winding number n around the same cycle. To see this,

consider the total energy of the Lagrangian (2.1.1),

B [ (G100 ia)oP + o r +10 - )P + V() @2120)

where ¢ = 1,2,3 is a spatial coordinate index. The requirement that the string have finite
tension 7' = E/L (with L — oo the length of the string) implies that every term in the
integrand must separately vanish as we approach 0%, in the directions transverse to the
string, where |¢| — v approaches the Higgs vacuum and both potentials V(¢) = Vig(¢) — 0
in (2.1.3), (2.1.10) vanish. In particular, the requirement that (0; — ia;)¢ — 0 implies that

a; = —i0; log ¢ at spatial infinity 0%, . (2.1.21)

Together with (2.1.19) this implies that the phase of ¢ has winding number n around 0%,,,.

This winding number is also referred to as the vorticity of the complex Higgs field ¢; in the
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Figure 2.1: A schematic depiction of an axially symmetric ANO vortex carrying n—units
of conserved magnetic flux along the z—axis. The red arrow illustrates the winding of the
Higgs field around the vortex. Requiring finite tension fixes the winding number to be n,

matching the total magnetic flux carried by the string.

models we study here it is synonymous with the magnetic flux of the string.'’

A general string configuration of vorticity n is described by solutions of the Euler-
Lagrange equations obtained by varying (2.1.1), subject to (2.1.19) and the boundary con-
ditions at 0%,, that ensure finite string tension, i.e. the fact that |¢| — v and that its phase
has vorticity n at 0¥,,. These equations are highly non-linear PDEs and have been the
subject of extensive study, both analytic (e.g. [32]) and numerical (e.g. [1]). Throughout, we

will limit our analysis of these equations to the more tractable case with axial symmetry.

10 T general, the requirement of finite string tension fixes the vorticity of all charged scalars to be their
electric charge times the magnetic flux n. In particular, electrically neutral scalar fields of non-zero vorticity
always lead to infinite string tension, as is the case for superfluid vortex strings.
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Strings with Axial Symmetry

We will use polar coordinate r, 0 in the zy-plane. A naive imposition of axial symmetry
(with all fields #-independent) is incompatible with the winding constraint (2.1.21). Instead,

we will work with the following ansatz,
() = veo(t,r, 2)e™ | a,(z) =a,(t,r z) . (2.1.22)

As r — oo, the complex, dimensionless coefficient function (¢, 7, z) has unit norm |p| — 1
to ensure that ¢(z) approaches the Higgs vacuum with the correct vorticity n; similarly,
ag(t, r, z) must have holonomy n. Note that (2.1.22) is rotationally invariant under a diagonal

subgroup of conventional rotations around the z-axis and global U(1) gauge transformations.

Throughout, we will be interested in the n-vortex solution of minimal energy. It is
straightforward to check that the energy (2.1.20) is minimized by setting to zero the ¢,z
gradient terms to zero,'' which is consistent with the constraints. The ansatz (2.1.22) then

reduces to

o) =vp(r)e™ , ap=ai=0,  an(x)=a.4r) . (2.1.23)

Two further simplifications are possible:

e We use the remaining freedom to perform r-dependent gauge transformation to fix radial

gauge a,(r) = 0.

e In this gauge, the phase Arg ¢ of the complex field ¢(r), which is not subject to any con-
straints, only contributes to the energy density (2.1.20) by a term proportional to |p]*(9,Arg ¢)?.
Thus the energy is minimized by taking the phase of ¢(r) to be a constant, which can be

absorbed using a global gauge transformation.'?

11 These terms are activated by excitations traveling along the string.

12 Strictly speaking, minimizing the energy implies that the phase of ¢(r) is a piecewise constant function
that can jump when ¢ = 0. This generalization does not occur in our solutions, all of which have non-
vanishing ¢(r) # 0 for r > 0, i.e. the only zero of ¢(r) is at the origin.
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In summary, the only fields that remain in our ansatz are given by'?
o(x) = vo(r)e™ | ag(r) =n(l—a(r)) , o(r),a(r) : [0,00) = R . (2.1.24)

Here ¢(r) and a(r) are real functions of r, which are subject to the following boundary

conditions,
e(r=0)=0, p(r=o00)=1, a(r=0)=1, a(r=00)=0. (2.1.25)

The boundary conditions at r = 0 are dictated by regularity (i.e. finiteness of the string
tension), because both ¢(z) and ag(r) have vorticity/holonomy around the origin. The
boundary conditions at r = oo arise from the requirement that |¢(z)| — v should approach

the Higgs vacuum, subject to the vorticity/holonomy constraints (2.1.19) and (2.1.21).

Since we are now studying strings that are uniformly extended along the z-direction,
with length L — oo, we will switch from the Energy F to the tension T = E/L. We will
be interested in finding the axially symmetric n-strings of lowest tension 7T;,, which can be
found by minimizing the following functional (obtained by substituting the ansatz (2.1.24)
into the energy (2.1.20) and dividing by L),

> n? [da\’ dp\°> n?
T, = mi 2 d — | — 2 — —a%p?
min 7r/0 rdr 5¢2,2 (dr) +v (dr) + r2a %)

Here the minimization is over real, smooth functions ¢(r), a(r) subject to the boundary con-

+ V(vep) . (2.1.26)

ditions (2.1.25). We will occasionally refer to the functional in curly braces as the (off-shell)
string tension, with the understanding that only the minima of this functional correspond

to actual (on-shell) string solutions.

We will further simplify the notation as follows:

e We introduce a dimensionless radial coordinate

u=evr (2.1.27)

13 Note that ag is such that the one-form a¥) = agdf. In particular, it is dimensionless.
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Figure 2.2: The dimensionless, rescaled potentials ‘74(@) and %(gp), given in (2.1.29),

corresponding to the conventional and degenerate models, respectively. The curves are

shown for a representative choice of the parameter g = 1.

in terms of which the string tension (2.1.26) reads

o / " udu (”— (a’(U))2+(@’(U))2+n—GQ(U)sOZ(UHV(sD(u») L (21)

2mv? 2u? u?

Here primes indicate a u-derivative and V' is a dimensionless rescaled potential,

N[

_ Vilo) = 2_1)? conventional) ,
Vip) = LV(vap) =9 () \ ) ( ) (2.1.29)
Vi(p) = % (p* — 1)? (degenerate) .

[l

See figure 2.2 for an illustration of the rescaled potentials in the two models. In both the
conventional model, with quartic potential V' =V} in (2.1.3), and the degenerate model,
with sextic potential V' = Vj in (2.1.10), the rescaled potentials ‘74,6 only depend on the
ratio 8 = m¥%/m?, in (2.1.5), (2.1.12) that determines whether the model is Type I or
Type II according to (2.1.6).

e Throughout the paper, we set dimensions via

v =v2. (2.1.30)

The minimum-energy axially symmetric n-string profiles can be found by solving the
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Euler-Lagrange equations that follow by extremizing the tension functional T, in (2.1.28),

" 1, n? , 1dV
u)+ —pu) = —a (u)eu) + -—,
#'(u) + ¢ (W) = e W) + 5 o

a’(u) — %a’(u) = 2a(u)p?(u) .

Here, the term in the first equation that depends on the rescaled potential (2.1.29) takes the

form
1aV _ Beo(u)(@*(u) — 1) V=",
2dy Bo(@? =12+ 8p%?—1) (V=T .

The equations (2.1.31), together with the boundary conditions (2.1.25), are the vortex equa-

(2.1.32)

tions that we will study throughout the paper. They have no analytic solutions for generic
values of n and (3, and hence we must solve them numerically (see appendix 2.5). Some
numerical solutions are shown in figure 2.3. As we will see, an analytic approach is possible

for strings with very large magnetic flux n > 1.

For future use, we express the BPS domain wall solution (2.1.18) of the degenerate model

in our rescaled variables,

olu) = d)(:) = (14 eV ) . (2.1.33)

Here, ug is the translational modulus of the wall, which determines where it is centered.

Asymptotics
Let us consider the asymptotic behavior of solutions a(u), ¢(u) of the vortex equations (2.1.31)

(with potential term (2.1.32)) near u = 0, co, where their values are fixed by (2.1.25).

The leading asymptotics near the origin u = 0 take the following form,
— pu) 2cu",  u<kl. (2.1.34)

Here u,, and ¢, are two integration constants, which (unlike the exponents in (2.1.34)) not
only depend on n, but also on the choice of potential via (2.1.32), and hence on . When

needed, we indicate this by writing them as u,(3), ¢, (5).
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Figure 2.3: The figure depicts numerical solutions for the Higgs field ¢(u) (top) and the
gauge field a(u) (bottom) of the axially-symmetric vortex equations (2.1.31) with conven-
tional and degenerate Abelian-Higgs-model potentials V, ¢ (shown in solid and dashed lines,
respectively). On the left, we fix § = 1.2 and vary n = 1 (blue) and n = 3 (red); on the right,
we fix n = 2 and consider § = 0.7 (type I, blue) and 5 = 1.3 (type II, red). The asymptotics
at u = 0, oo are discussed in section 2.1.2. Note that increasing n or decreasing 3 makes the
solutions move to the right, i.e. the vortices become wider. The same occurs at fixed n, 3
if we go from the conventional to the degenerate model. These qualitative observations will

be made precise in section 2.2.

The approach to the gapped Higgs vacuum at u — oo is exponential,

2.2 —2v2u
- —V2u Nl_go;.o_mu_naooe
a(u) = av/ue™™,p(u) =1 Txe ST

where a.., o are integration constants that depend on n and the choice of potential.

u>1, (2.1.35)

In (2.1.35) we indicate the asymptotics for generic values of § # 4, see [12, 33, 34] for details.
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When § < 4, the leading p-asymptotics are dominated by the O(¢,) term in (2.1.35), while
the O(a2,) term is subleading. This is the familiar case where the asymptotics are obtained
by linearizing the vortex equations (2.1.31) around the Higgs vacuum. (The result is the
same for the two choices of potential in (2.1.32).) In this case, the leading exponentials
in (2.1.35) are a(r) ~ e ™" and ¢(r) ~ e~™H#" (with masses given by (2.1.4) or (2.1.11)) in
our rescaled units (2.1.27), (2.1.30).

By contrast, when 8 > 4, the O(¢) term in the p-asymptotics is subleading, and the
leading O(a% ) term is obtained by substituting the a-asymptotics in (2.1.35) into the non-
linear O(a%p) term on the right side of the first equation in (2.1.31), which must be retained

when solving for the large-u behavior of ¢(u).

BPS Strings in the Conventional Abelian Higgs Model

As already mentioned below (2.1.6), the conventional Abelian Higgs model has special prop-
erties at the BPS point g = 1, at which my = my,, that can be understood by embedding the
model into a supersymmetric theory. (This is not true for the degenerate model.) At 5 =1
the vortex equations also have special properties. For axially-symmetric vortices, this can be
seen by BPS-completing the string tension (2.1.28) for the case of the conventional quartic

potential V; in (2.1.29), with 8 = 1. This leads to

= [ (5 [Ew - e 0]

2 2
i " , (2.1.36)

+ [ - Zptwaw] - Zew) 2 n,

where we have used v? = /2 to set units, as in (2.1.30). This gives a lower bound on the
string tension,

T, > Topsp = 210°n, 02 =+2, (2.1.37)

which is saturated if and only if the bracketed expressions in (2.1.36) vanish,

Sdw) =) =1, @) = Zp(walu) (2.1.38)
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These first-order BPS equations imply the full second-order vortex equations (2.1.31) when
V =V, and =1 (the converse is not true)."* Somewhat surprisingly, even the axially-
symmetric BPS equations (2.1.38) do not have any known analytic solutions. However, these
equations can be used to simplify the asymptotics, e.g. substituting the leading u — oo

asymptotics (2.1.35) into (2.1.38), we find that the coefficients a, ¢, are related via

2
Uoo = % Poo - (2.1.39)

2.2 Strings in the Large Magnetic Flux Limit

In this section, we begin our discussion of vortex strings in the limit of large magnetic

flux n — o00.'®

We will sketch a very simple, intuitive picture of the strings in this limit,
somewhat similar to the one advocated in [22, 23], and use it to estimate their size and ten-
sion. Crucially, we find very different qualitative behaviors in the conventional and degener-
ate Abelian Higgs models, and we explain why they should be thought of as different, sharply
defined large-n phases of vortex strings. We will elaborate on these results in sections 2.3

and 2.4, where we rigorously analyze the axially-symmetric vortex equations (2.1.31), with

quartic and sextic potentials (2.1.32), in the large-n limit.

2.2.1 Giant Vortex Strings at Large n

The picture that we will develop is that strings are characterized by a transverse size u,
in the radial zy-direction (here u is the dimensionless radial coordinate in (2.1.27)), which

diverges in the large-flux limit, i.e. the strings become giant magnetic vortices in this limit,

Uy, — 00 as n— oo . (2.2.1)

14 At the BPS point, [32, 35] proved an existence theorem for the BPS equations (2.1.38). Further, they
proved that no solutions exist to the full second order equations (2.1.31) which are not solutions to the first
order BPS equations (2.1.38).

15 We take the large-n limit while keeping the Higgs potential 1% appearing in the vortex equations, i.e. the
parameter § in (2.1.32), fixed as n — oo .
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The tendency of strings to broaden with increasing n is already visible at small values of n,

such as those shown in figure 2.3.

Thanks to the boundary conditions (2.1.25), the Higgs field ¢(0) = 0 vanishes at the

origin. Roughly speaking, the radius u,, is defined so that
o(u) ~0 for u S Uy, . (2.2.2)

We refer to the region u < u, as the core of the string. The fact that such a core region

exists can already be gleaned by considering the small-u asymptotics in (2.1.34),
o(u) ~u™ = emler (2.2.3)

which (for sufficiently small, fixed u) decays exponentially as n — oo.

In the core region (2.2.2), where ¢(u) ~ 0, the vortex equations (2.1.31) can be integrated

to find the gauge field profile a(u),

2

u
a(u) ~1-— =z for u S Uy, (2.2.4)

which describes a constant magnetic field,®

2
B(u) = —ga'(u) ~ U—Z = constant for U S Uy, (2.2.6)

Note that this nearly constant magnetic field in the core region of the string essentially

saturates its magnetic flux,

/ wdu B(u) ~ Zu? =n . (2.2.7)
0

Thus the magnetic field must vanish quite rapidly outside the core region; the fields in the

complementary exterior region have essentially already reached the Higgs vacuum,

B(u) ~0, ¢(u)~1 for  uwZu, . (2.2.8)

16 Here B(u) is related to the conventional magnetic field f,, = (da)., appearing in (2.1.19) via
1
B(u) = e fay(r) u=evr. (2.2.5)
Note that B(u) is dimensionless, and that f,, rdr = B(u) udu.
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The transition from the nearly constant values ¢ ~ 0 (see (2.2.2)) and B ~ 2n/u? (see (2.2.6))
in the core region u < u, to their Higgs-vacuum values in the exterior region (2.2.8) occurs
around u >~ u,. As we will see below, the width of this boundary region is O(1) as n — oo,

while the core region grows as in (2.2.1).

To understand why the core region wants to spread out in the large-n limit, let us consider

the contribution of the constant magnetic field (2.2.6) to the string tension (2.1.28),

T, 1 [ 2
n 3—/ wduB? ="~ | (2.2.9)
0

2?2 T 2 u?
This magneto-static energy can be made arbitrarily small by increasing w,, without bound
— a runaway that is eventually stabilized by the energetics of the Higgs field ¢. The latter
are sensitive to the shape of the scalar potential, and they turn out to be qualitatively very
different in the conventional and the degenerate Abelian Higgs models. This leads to different
scalings of the core radius u,,, and hence also the string tension 7},, as n — oo, which we will

now determine.

2.2.2 Strings in a Large-n Bulk Phase

We now specialize to axially symmetric strings in the conventional Abelian Higgs model,

with tension T}, given by (2.1.28) and quartic potential V(¢) = Vi() in (2.1.29).

In the large-n limit, the discussion of section 2.2.1 above amounts to the statement that
the magnetic field B and the Higgs field ¢ in the core and exterior regions of the string

approximately take the following constant values,

2 u S u, (core) 0 u S u, (core)
Blu)~q ™ o plu) >
0 u 2 u, (exterior) 1 u 2 u, (exterior)

(2.2.10)
When writing these formulas, we are omitting an O(1) region around u ~ w,, in which the
fields transition from their small-u core values to their large-u Higgs-vacuum values. We will

estimate the contribution of this region below, and show that it is subleading at large n.

Since the Higgs vacuum in the exterior region u 2 w, in (2.2.10) essentially does not
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contribute to the string tension 7;, in (2.1.28), it follows that the tension is entirely given by

integrating over the core region u < w,,

Tn, core n2 6“121 2
o+, = V2. (2.2.11)

Here, the first term is the magneto-static energy already discussed in (2.2.9), which favors
large u,,. By contrast, the second term, which is extensive (it scales like the area ~ u? of the
core region) arises from the Higgs potential in (2.1.29), which contributes ‘74(90 =0) = pg/2.
Here, it is crucial that the point ¢ = 0 is not a minimum of the potential; instead, it

contributes a positive energy density in the core, which penalizes large u,,.

Minimizing (2.2.11) with respect to u,, amounts to balancing the runaway magnetic-static
term and the extensive potential term. This fixes u, and the string tension — notably their

scaling with n — in the large-n limit,

u? (B) ~\/206n, n— oo . (2.2.12)

N2n
VB’ 2m

Several comments are in order:

e The radius u, ~ /n — oo grows without bound in the large-n limit, consistent with (2.2.1).
Thus, the string broadens indefinitely, and it effectively opens up a 3+1 dimensional bulk
region in its core. However, this bulk region is not in the vacuum. Rather, it harbors a

finite, non-zero magnetic field (see (2.2.10)),
Bu<u,)=+8>0 as n— oo, (2.2.13)

which pins the Higgs field to ¢ = 0. For this reason we will refer to it as a bulk Coulomb

phase, even though the point ¢ = 0 is not a minimum of the quartic potential 174(¢).

e The string tension (2.2.12) is extensive in the large-n limit, with a finite, positive energy

density given by
T,
o~ VBB, wy ~ =00, (2.2.14)
T

5 =
Un

which characterizes the bulk Coulomb phase (with constant magnetic field (2.2.13)) in the

interior of the string. For this reason we say that the large-n strings in the conventional
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Abelian Higgs model are in a bulk phase. This can be generalized to other models for

which the point ¢ = 0 is not a minimum of the potential.

e When 5 = 1 is at the BPS point, the leading large-n tension (2.2.12) precisely matches

the exact BPS tension in (2.1.37). Thus there are no 1/n corrections at this point.

e In the above discussion we have neglected the boundary region around u =~ w, that
separates the core region of the string from the Higgs vacuum in the exterior region. As
we will show in section 2.3 below, the width of this region remains O(1) in the large-n
limit, while the radius u,, — oo of the bulk region that it surrounds grows without bound.
For this reason we can neglect the curvature of the boundary, and estimate its contribution

to the string tension as

Tn, boundary = (27Tun) O-(ﬁ) 5 (2215)

where o(f3) is the rescaled,'” dimensionless O(1) tension of the straight codimension-one
surface that separates the bulk Coulomb phase stabilized by the constant magnetic field in
the core of the string from the Higgs vacuum in the exterior region. Since (2.2.15) scales
as the perimeter of the core region rather than its area, it is sub-extensive and hence

subleading compared to the extensive large-n core contribution (2.2.14).

For future use we define an improved estimate of the core radius u,, that arises from
minimizing both the leading bulk and the subleading boundary contributions to the string

tension,

mp V21 o
Uy P = —— — — = .
gyt 2y28
Note that the subleading correction is O(1), and that its sign is fixed by the sign of o. It is

(2.2.17)

a well-known fact (which we will verify below) that o > 0 in the type-I regime, where 5 < 1,

17 1f opw is the conventional physical surface tension, which has units of (energy)?, then the contribution
of a cylindrical interface of physical radius r to the physical string tension T' (with units of (energy)2)
is AT = 2rropw. Since u = evr and we are setting units via v? = v/2, we conclude that in these units

0DW v2=12
21/4¢

o =

(2.2.16)

For instance, the domain wall of the degenerate model, with tension opw in (2.1.16), has o = \/5/2.
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while ¢ < 0 in the type-II regime, where § > 1. This implies that we expect the large-n
solution to be to the right of the true numerical solution in the former case, and to its left

in the latter, consistent with figure 2.9.

2.2.3 Strings in a Large-n Domain-Wall Phase

Let us now discuss how the preceding discussion of giant vortex strings — with a core of
radius ~ wu,, surrounded by an exterior Higgs-vacuum region — is modified in the degenerate
Abelian Higgs model, with sextic potential V() = Vi(¢) in (2.1.29). (Again, the discussion
is somewhat heuristic; see section 2.4 for a rigorous treatment.) The defining feature of this
model is that the Higgs vacuum at ¢ = 1 is exactly degenerate with a Coulomb vacuum
at o = 0, with the domain wall (2.1.18) of tension opw in (2.1.16) interpolating between
them. This has two important consequences for the energy budget of strings in the large-n

limit:

e Since the (approximately constant) values of B(u) and ¢(u) in the core and exterior of
the string are still given by (2.2.10), it follows that the scalar potential Vg(¢) attains its
minimum in both regions; hence, it does not contribute extensively to the string tension.
Thus the entire contribution from the core of the string is due to the runaway magnetic

energy (2.2.9),
T core ~ (27V2) — . (2.2.18)

n2
uy
e In the degenerate model, the runaway (2.2.18) is stabilized by a non-extensive boundary

term of the form (2.2.15),

Tn,boundary = (27Tun)0</6) s O-(B) = ;%Z\; = g . (2219)

Here o(f3) is the tension opw (see (2.1.16)) of the straight domain wall in the degenerate

model, translated to our rescaled units (see footnote 17).
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The total string tension is given by adding the core (2.2.18) and boundary (2.2.19) contri-

butions,

2
Uy

2 2
T, ~ 21 <f" + J(B)un> . (2.2.20)
Minimizing with respect to u,, we find that the core radius and the string tension are

V/2n2/3

3
Ry T, = (2mu,) 27 o=-—". (2.2.21)

Unp

Here o is the domain-wall tension in (2.2.19).

Some comments are in order:

e In the large-n limit T, ~ u, ~ n?3 — 00, so that the strings are still giant in this limit.

The string tension scales sub-extensively, i.e. the bulk energy density vanishes,

Ty
Tu?

=0 as n— oo . (2.2.22)

This is consistent with the fact that the bulk phase in the core of the string realizes
the Coulomb vacuum of the degenerate Abelian Higgs model, without a magnetic field

(see (2.2.10)), s
B(u<un):<ﬁ) —0 as n— oo . (2.2.23)

an
This constitutes a sharply distinct large-n phase from the bulk phase of the large-n
strings in the conventional AHM with quartic potential, which have positive-energy-

density (2.2.14) and a non-zero magnetic field (2.2.13).

e The string tension scales as a surface term T,, = (27u, )oeg, with effective surface tension

Teff = ga . (2.2.24)

Here o > 0 is the tension of the straight domain wall interpolating between the Coulomb
and Higgs vacua of the degenerate Abelian Higgs model. For this reason we say that the
large-n strings in that model realize a domain-wall phase. The fact that o.g > o is due to

the fact that o.¢ also includes the magnetic energy of the string.
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Figure 2.4: Higgs and magnetic field profiles for a large string of magnetic flux n = 100
in the conventional (left panel) and degenerate (right panel) Abelian Higgs models. The

dimensionless mass ratio 5 = 0.5 is the same for both models.
2.2.4 Comparing the Bulk and Domain-Wall Phases

Let us compare the bulk and domain wall phases, see figure 2.4 for a representative case.
In both cases the core radius u, — oo at large n, but the rate is different (see (2.2.12),
(2.2.21)),

1/2

n'/? 2/3

~n as  n—00. (2.2.25)

Un Un ‘ domain-wall

bulk
The basic reason why the string is much more spread out in the domain-wall phase is that its
core does not pay an extensive energy penalty for remaining in the Coulomb vacuum ¢ =0
of the degenerate sextic potential 176, while it does pay such a penalty for the conventional

quartic potential ‘74, for which ¢ = 0 is not a minimum.

The fact that the core of the domain-wall-phase strings is more dilute is also visible in
other observables, e.g. the magnetic field in the core (see (2.2.13), (2.2.23)),

1
B(U 5 u”)|bu1k = \/_ ) B(u S un)‘domain wall m as n— oo, (2226)

which is finite in the bulk phase, but vanishes in the domain-wall phase. Relatedly, the
energy density, which scales as B?, is finite in the bulk phase (see (2.2.14)), but vanishes in

the domain-wall phase,

T, T, . 1
’b;llk _ \/5/6 , domain wall _ as n — 0o . (2227)
U

2 2/3
2 Tu2 n?/
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Thus both the magnetic field and the energy density serve as good order parameters that
distinguish these large-n phases. By contrast, the Higgs field ¢ always vanishes in the string

core, and thus it is not a good order parameter.

It is easy to engineer a large-n transition between these two phases by taking the poten-
tial \76 of the degenerate model (depicted in figure 2.2) and perturbing it slightly by lifting
the vacuum at the origin ¢ = 0, so that A‘N/G(gp = 0) > 0, while maintaining the Higgs
vacuum (i.e. A\N/f)-(cp = 1) = 0). Then the large-n strings will discontinuously jump from
being in the domain-wall phase, with vanishing bulk magnetic field and energy density, to
being in the bulk phase, with non-zero bulk magnetic field and energy density. Of course
we are also losing the bulk Coulomb vacuum at ¢ = 0, since these two phenomena are in-
tertwined. However, the large-n transition on the strings described above can be measured
by an observer residing entirely in the Higgs vacuum of the model, which evolves smoothly

(i.e. it does not undergo a bulk phase transition) under the perturbation AVg.

2.3 Large-n Solutions for Bulk Strings

In this section we improve on the variational discussion of large-n strings in section 2.2. Here
we focus on the strings in the conventional Abelian Higgs model with quartic potential V.

We will solve the axially-symmetric vortex equations (2.1.31), repeated here,

) + 2 () = () (w) + Bp(u)(@P ) — 1) |
u u (2.3.1)
(1) = 2l ) = 20(u)*(w)

in the large-n limit — with fixed § — using the method of matched asymptotic expansions.

Aspects of this problem were previously considered in [15, 16].

2.3.1 Regions of the Large-n String

In section 2.2 we referred to the region u < w,, as the core of the string, u ~ w, as the

~Y

boundary, and u 2 wu, as the exterior. In the leading large-n limit, the radius w, of the
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ly/un| <1 y=20 y>1 y=u—uy
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u=0 &=u/u, <1 E=1+y/u, U = Uy, usS> U, u

Figure 2.5: The deep and outer core, boundary, and exterior regions of large-n strings,
as well as their shaded overlaps. The coordinate £ = u/u,, is particularly useful in the deep
core. By contrast, the y-coordinate interpolates between the outer core, the boundary, and

the exterior.

string is given by (2.2.12), which we repeat here,

un(f) = \5/1—2/_7: ~vn, n— 0o . (2.3.2)

We will now make these regions and their scalings with n more precise. To this end, it is
useful to introduce other coordinate systems, depicted in figure 2.5, for the string: a shifted

coordinate centered on u = u,,,

Y=u— Uy, (2.3.3)

and a rescaling of u by u,,

E=—. (2.3.4)

In terms of these coordinates we can define the regions of the string as follows (see figure 2.5):

(C) The defining feature of the string core region is that p(u) < 1 is small. As we will see

below, this requires'®

Core: y< —1. (2.3.5)

18 By this we mean that y is a sufficiently negative O(1) number that need not grow in the large-n limit.
The precise criterion (2.3.24) depends on 3, which remains fixed in this limit.
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We will further distinguish between the deep core of the string, where £ approaches some

fixed number £ < 1 in the large-n limit,*"
Deep Core: €€[0,1), y=(&—1u,, n—oo, (2.3.6)
and the outer core, where

Outer Core: §:1+£—>1, U, LYy -1, n—o00. (2.3.7)

In the outer core y/u, — 0 in the large-n limit, i.e. y grows more slowly than u, ~ \/n.
(B) The boundary region is defined by

Boundary : —u, <y < u, , n-— 00 . (2.3.8)

This overlaps with the outer core (shown in purple in figure 2.5), where we will match the

core and boundary solutions.
(E) The exterior of the string is the region

Exterior: y > 1. (2.3.9)
The overlap of the exterior with the boundary will also be used to match solutions in these

regions.

2.3.2 Core Solution via the WKB Approximation

As we will verify self-consistently below, the Higgs field p(u) < 1 is small throughout the

core region (2.3.5), and hence the vortex equations (2.3.1) linearize,

1 n?a?(u) u?
"o = —2 — =1- . 2.3.10
Pl ( 2 Ble, alu) 2(9) ( )
Let us remove the ¢'-term by defining a new function
p(u) = ) (2.3.11)

Nk

19 Around (2.3.28) we refer to the region where ¢ = u/u, — 0 in the large-n limit as the deepest core.
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which satisfies
V) =), plu)=——F—2 -5, (2.3.12)

As we will see p?(u) > 0 is positive throughout the core. We can thus think of (2.3.12) as a
Schrodinger equation in the classically forbidden region, where the wavefunction v (u) varies
exponentially. Below we will freely use quantum-mechanical terminology when discussing

this equation.

In this analogy, the large-n limit is the standard semiclassical limit A ~ % — 0. We will
therefore attempt to solve the Schrodinger equation (2.3.12) using the WKB approxima-
tion (see [36] for an excellent review with references). The two linearly independent WKB

solutions are

Ywks (1) ~ ﬁ exp (i /u du’p(u’)> . (2.3.13)

The WKB approximation is valid as long as the following error term is uniformly small,

L&
e(u) = A7) du? <p / (u)> : le(u)| < 1. (2.3.14)

As usual, this condition is violated near classical turning points, where p(u) vanishes, but

we will show that (2.3.14) holds throughout the core region as long as n > 1.

Let us examine the function p?(u) in more detail,*"
2

P (u) = LZ(“) _B= (%@ - \/B) (%W) + \/E) . (2.3.16)

u

Thus p*(u) > 0 is positive for all 0 < u < u,, with u, the classical turning point where the

first factor in (2.3.16) vanishes,

p(us) =0, Us 2 Uy, — 1+ O (%) = Y~ —1+0 <%> . (2.3.17)

20 Here we have used n > 1 to simplify the centrifugal barrier term in p?(u) as follows,

1
L (2.3.15)

At finite, non-zero n the standard WKB approximation breaks down near © = 0 due to the rapidly varying
centrifugal term (2.3.15), as can be seen by examining the error (2.3.14). If the other terms in p?(u) are
suitably slowly varying, the prescription (2.3.15) (known as the Langer modification, see [36]) makes it
possible to apply this modified version of the WKB approximation even when n is not large.
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To analyze p(u) in the large-n limit, we use the coordinate & = u/u, defined in (2.3.4),

a(@) =1-¢&, ZF(E)==§%§§ (9%?2) —B. (2.3.18)

The deep core (2.3.6) and the outer core (2.3.7) require separate treatment:

(DC)

In the deep core, £ € [0,1) is an O(1) number that is to be held fixed as n — oc.

Then a(§) # 0 and we are free to Taylor expand

B (18 2yBe:  InB (1€ o vBe
M=y ( ¢ >\/1 ni-ep =V ( ¢ )(1 n1—ep )

(2.3.19)

The expansion parameter is 1/n and the ellipsis in (2.3.19) is O(1/n?), both of which are
small at large n. Similarly, substituting (2.3.19) into (2.3.14) we find that the error in the

deep core is given by
3¢t +106% -1
dn?(&2 —1)

Thus the error is O(1/n?) throughout the deep core,”! and hence the WKB approximation

(2.3.20)

is uniformly valid there.

In the outer core we have

f=1+2L 51, nooo, (2.3.21)

Uy,
so that y grows more slowly than u, ~ 1/n in the large-n limit. In particular, y may be
an O(1) constant that does not grow with n at all. In this case the expansion (2.3.19) is

still valid, but now the expansion parameter is

2/BE? 1
m1_@%1+®22§5<17 (2.3.22)

and the ellipsis in (2.3.19) is O(1/y*). Even though these need not be large-n suppressed,

they are nevertheless small as long as y < —1. Similarly, the error term (2.3.20) in the

outer core region is given by

3
45y’

e(y) ~ (2.3.23)

21 Note that £(¢) vanishes at £ ~ 0.3117.
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so that the WKB approximation is valid as long as

y < (2.3.24)

_51/4 :

We conclude that the WKB approximation is uniformly valid throughout the core as long

as n > 1 and y is sufficiently far from the turning point, as dictated by (2.3.24).

Given these conditions on n and y, we can simplify the WKB wavefunctions (2.3.13),

starting with the integral in the exponent,

VB

3
un/ dé' p(¢) = g (2log & — &%) + 5 log (1—&)+-- . (2.3.25)

In the deep core, the error term represented by the ellipsis is O(1/n), and we will omit it.
However, we have kept the O(1) term since it is of the same order as the leading contribution
from the pre-factor 1/4/p(€).?> For consistency, we will therefore drop all subleading terms

in the prefactor. Altogether, we find that the WKB wavefunction takes the form

1
2 4 1 n

~ =) (1 -V D 2exp (-2 . 2.3.26
v (€)= () €t - e (1 (2:8.26)

Note that {wkp+ has the required behavior p(u) ~ u‘éwWKBJF(u) ~ u"asu — 0, while wkp_

does not and must therefore be discarded. The full WKB solution for the Higgs field is thus

VB—1

_ Cwkn(mB) (w\" [ v\ VB,
o(u) = Jn (%) (1 u%) p( 1 ) (2.3.27)

Here C'wkg is a constant that can depend on n and f.

Let us consider (2.3.27) near the origin v = 0, in the deepest part of the deep core region,
where u/u, — 0 in the large-n limit. In this regime, the WKB prefactor in (2.3.27) is
subleading, so that the Higgs field simplifies,

- Cwis(n, B) ((u\" VB 4
o(u) ~ — <U_n) exp (—Tu ) , u/u, — 0 asn— oo . (2.3.28)

22 The most familiar version of the WKB approximation involves functions p(u) whose h-dependence is
given by a single overall factor of 1/A. The exponent of the WKB wavefunctions (2.3.13) is then O(1/h) large
and classical, while the 1/4/p(u) prefactor gives subleading O(h°) quantum corrections. In our problem, the
function p(u) has a more complicated h ~ 1/n dependence (see (2.3.19)), and hence the exponent (2.3.25) of
the WKB wavefunctions contains both classical O(n) terms and subleading quantum corrections; the latter
contribute at the same order as the prefactor.
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This allows us to read off the coefficient ¢, of the leading O(u") term in the Taylor se-
ries (2.1.34) of ¢(u) around u = 0,

- Cwiks(n, )
) = =E L

The Higgs field (2.3.28) was proposed in [15, 16] throughout the entire core region, but as

(2.3.29)

we see from (2.3.27) this ceases to be correct once u/u, — and hence the WKB prefactor
—are O(1). (Importantly, this includes the outer core matching region with the boundary,
see below.) An exception occurs at the BPS point 8 = 1, as we will discuss in section 2.3.5

below.

We can also expand (2.3.27) in the outer core region (2.3.7), using the y-coordinate (2.3.3),

VB-1
@(y) = Ccore/bdy(ﬁ) ‘y’ 2 exp <_\/73y2> ’ —Uu, LYK -1 ) (2330)
so that |y|/u, — 0 as n — oo. Here the prefactor is defined as follows,
Curn(n. ) (27
WKB\, n
— SWKBLP) (2 ) 2.3.31
Ocore/bdy(ﬁ) \/ﬁ <U,n> exp ( 2) ( 3.3 )

In section 2.3.3 we will show that this constant only depends on S — but not on n — in the
large-n limit, by matching (2.3.30) with the Higgs field in the boundary region of the string.
Thus ¢(y) in (2.3.30) attains the regime ¢(y) < 1 precisely when the condition (2.3.24) for
the validity of the WKB approximation is met. This self-consistently justifies our analysis

of the linearized vortex equations (2.3.10) in the core region.

Finally, eliminating Cwgkg from (2.3.29) and (2.3.31) leads to the following relation,

/2 [ 9\ (-VE)/2
Cn(ﬁ): un (U_> Ccore/bdy(ﬁ) . (2332)

Since Ceore/bdy does not depend on n, this completely fixes the n-dependence of c,,.

2.3.3 Boundary Solution and Matching

We will now solve the vortex equations (2.3.1) in the boundary region (2.3.8), where |y|/u,, —
0 as n — oco. We will then match these solutions to the core and exterior regions, completing

our large-n vortex solution.
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Simplifying the Vortex Equations in the Boundary Region

Since u > u, ~ +/n is uniformly large in the boundary region, we drop the curvature

terms ~ 1/u on the left-hand side of (2.3.1) and work to leading order in small y/u,, so that

¢"(y) = V()W) + Be(y) (¥ (y) — 1) ,
(2.3.33)

7'(y) = 29W)#* () -
Here, following [16], we have defined a rescaled version of the gauge field a(y) = a(u = u,+y)
that is O(1) throughout the boundary region,

n n

a— ya(y) ~ u—na(y) : (2.3.34)

The boundary equations (2.3.33) have two features that are not shared by the full vortex

equations (2.3.1):

e They are n-independent, and as we will see below, no n-dependence is introduced by
boundary conditions (more precisely, by matching). Thus, the solutions ¢(y),v(y) are

also n-independent. In turn a(y) ~ v(y)/+/n is uniformly small at large n.

e They have translational symmetry in y. This arises because the curvature of the interface
separating the Coulomb phase in the core and the Higgs phase in the exterior is negligible in
the large-n limit. Translational symmetry is broken, and the associated would-be modulus

of the boundary solution is fixed, by matching to the core (see below).

Matching to the Core and Exterior Solutions

Even though the boundary equations (2.3.33) are valid as long as |y| < u,, it is convenient
(both for analytical and numerical reasons) to perform the matching to the core and exterior

regions for large |y| > 1 that are fixed in the large-n limit.

In the outer core matching region, where y < —1, the Higgs field is given by (2.3.30),

VB o

VB-1
©(y) = Ceore/nay(B) [yl 2 exp (—Ty ) , y<—1, (2.3.35)
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while the rescaled gauge field (2.3.34) takes the form

W) =—VBy, y<-1. (2.3.36)

In both equations, we have taken the large-n limit at fixed y < —1. (Recall that Ceore/bay
is n-independent.) Since the Higgs field (2.3.35) is small, p(y) < 1, it can be obtained by
solving the boundary equations (2.3.33) in a regime where they linearize, as was the case
in the core. Then 7(y) is an arbitrary quadratic function of y, but matching with (2.3.36)
fixes v(y) = —v/By. (As anticipated above, this breaks translation symmetry in y.) The
resulting linearized equation for ¢(y) is a parabolic cylinder (or Weber) equation, but since
we are interested in y < —1, it suffices to use the WKB approximation (already discussed

around (2.3.24) for the outer core region) to recover (2.3.35).

In the exterior matching region y > 1 (or u > wu,), we must match the boundary

solutions to the asymptotic formulas (2.1.35), Taylor expanded in small y/u, < 1,

Voa / t€72\/§y
V(y) = f)/bdy/extei\/iy , gp(y) ~ 11— @bdy/exteimy — w , Yy > 1 s (2337)
where
na’OO — Up, SOQO _ Un \/ 2”
/ybdy/ext = \/u—ne V2 ) Qobdy/ext = \/me V2B ) Up = W . (2338)

Since the boundary solution, and hence the constants v,dy jext, Pbdy/ext it the exterior match-
ing region, are n-independent, it follows that the n-dependence of a, Yo is entirely fixed
by (2.3.38). (The leading exponentials in these relations were already discussed in [16].) It
can indeed be checked that (2.3.37) are asymptotic solutions of (2.3.33) close to the Higgs

vacuum v = 0, p = 1 (see the closely related discussion around (2.1.35)).

Numerical Solution of the Boundary Equations

In this section, we present a systematic numerical analysis of the vortex solutions and the
associated constants that characterize their different spatial regions. Our goal is to verify the
analytic relations derived in the large-n limit and to quantify the accuracy and consistency

of these analytics for finite values of the flux for various values of 3.
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— B=:

7(y)

Figure 2.6: For two values of 3, we depict the solutions ¢(y), 7(y) of the vortex equations
in the boundary region, given in (2.3.33).

e We can solve the vortex equations in the boundary region, given in (2.3.33), numerically.
For illustration in figure 2.6, we plot the field profiles for the Higgs field ¢(y) and the
gauge field v(y) for § = 0.5 and g = 3, obtained by solving the vortex equations (2.3.33)

numerically.

e In the outer core matching region, where y < —1, we can match the core solution given
in (2.3.35) with the numerically obtained boundary solution for the Higgs field. This
determines the constant Ceore/bay(/3). For various 3, the value of Ceorebay(/3) is listed in

table 2.1. For 8 = 1 we find agreement with [16], who evaluated Ceore/bay(f = 1) = \/LE

0.61.
To illustrate this explicitly, for two values of = 0.5, 0.9, we verify the matching between

the boundary and the core solution (2.3.35) in figure 2.7.

o With C,i e /bdy(ﬂ) determined, we can directly compare the large-n analytic solution to the
full numerical solutions for sufficiently large flux. In figure 2.8, we show these comparisons
for a representative value of 5 = 0.5 and flux n = 200. We see that the agreement between
the analytic profiles for the Higgs field ¢(u) and the gauge field a(u) and the full numerical

solutions to (2.1.31) is excellent across the entire radial domain.

To assess the effectiveness of the large-n expansion at moderately small flux, in figure 2.9
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Ceore/bay(B) Ceore/bay(B)
B Ceore/bay(B) B Ceore/bdy(B)
8=0.1 0.41 6=0.8 0.58
B=02 0.45 B=0.9 0.59
£ =0.3 0.48 f=1 % = 0.61
B=0.4 0.50 B=2 0.74
B=05 0.53 B=3 0.86
B=06 0.54 B=4 0.97
B8 =0.7 0.56 8=5 1.08

Table 2.1: Variation of Ceore/nay(3) with parameter 5. It monotonically increases with (3.
At the BPS point § = 1,[16] calculate Ceore/nay(8 = 1) explicitly to be 1/y/e. This is

corroborated numerically in the table.
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Figure 2.7: The boundary function ¢(y) is computed numerically and matched
with (2.3.35) in the outer core matching region for y <« —1. We show two values

of f=0.5, 0.9. This matching procedure yields the value of Ceore/pay(/3)-

we compare the numerical Higgs field ¢(u) profiles with the analytic large-n solution for
two representative values of [, one in the type-I regime (8 = 0.1) and one in the type-II
regime (5 = 3). In addition to the core radius u,, given in (2.3.2), obtained from mini-
mizing the bulk energy, we also consider the improved radius P, given in (2.2.17), which
includes the O(1) correction arising from the combined bulk and boundary contributions.
The improved radius shifts the analytic profile towards small radii in the type-I regime
(where o > 0) and towards larger radii in the type-II regime (where o < 0). In both

regimes, this correction leads to a visibly improved agreement with the numerical solution

even for flux as small as n = 30.

Finally, in figure 2.10, we contrast the large-n solution with the numerical profiles of the

fundamental n = 1 string for 5 = 0.5.
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Figure 2.8: Comparison between the full numerical solution to the vortex equations (2.1.31)
(shown as crosses) and the large-n analytic solution for representative parameters 5 = 0.5

and n = 200. The core solution is shown in red and the boundary solution in blue.

e Following (2.3.31) and (2.3.29), we can explicitly verify the relationship between ¢, and Ceore/bay
for small flux n. While this correspondence is expected to become exact in the infinite
flux limit, it is instructive to perform a consistency check at small values of n to assess
how far the large-n approximation remains reliable. Numerically, the constant ¢, can be
extracted for small n using the near origin behavior ¢ ~ u" (see (2.1.34)). We carry out

this comparison for n = 3 and § = 0.5, 0.6, obtaining,

B=05 =011 Ceorepay(0.5) = 0.53 = ¢rsen 2abties — 09 |
/bdy n

n

_ | (2.3.39)
=06 =013 Ceorespay(0.6) = 0.54 = ¢rsenanaiioo — .17 .

The agreement between the numerical results and the large-n analytic prediction is re-

markably good, even for such small fluxes.

e Furthermore, we evaluate the constants ¢pqy/ext and Yndy/ext for a range of values of .
The procedure follows the same steps as those used to determine Ceore/bay in the previous
bullet points. The resulting values are summarized in table 2.2. At the BPS point, § =1,
these constants can be directly related to the parameter wy, introduced in [16]. The

correspondence takes the form,

Weo = —0.33, Toay/ext(B = 1) = =V 2wse = 047, Pody/ext(f = 1) = —we .
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Figure 2.9: Comparison of the Higgs field profile obtained from the full numerical solution
(depicted as crosses) of the vortex equations (2.1.31) with the corresponding large-n analytic
answers (depicted as solid curves), shown for 8 = 0.1 in the type-I regime and § = 3 in the
type-1I regime, with n = 30. We show results using the core radius u,, given in (2.3.2) (left
panels) and using the improved value u!™P, given in (2.2.17) (right panels). The improved
radius u!™P incorporates the O(1) correction arising from minimizing the combined bulk and
boundary energies. In the type-I regime (o > 0), this shift decreases the radius, moving the

analytic profile to the left and improving the agreement with the numerics. In the type-II

regime (o < 0), the opposite occurs.

As seen from table 2.2, our numerical results are in excellent agreement with these BPS

results.

In addition, using (2.3.38), we compare @hqy/ex; and Yody/exs With the asymptotic quanti-

ties ao and o, which are obtained numerically from the full vortex solutions (2.1.31).
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Comparison between the full numerical solution to the vortex equa-

tions (2.1.31) (shown as crosses) and the large-n analytic answer (depicted as solid curves)

for the fundamental string n = 1 at a representative value of g = 0.5. The core and bound-

ary analytic solutions are shown in red and blue, respectively. Even for such small flux, the

analytic expressions reasonably capture the qualitative features of the full profile.

For illustration, we carry out this comparison at a representative coupling f = 0.5 and

flux numbers n = 10, 25, 100.

large-n

log ass(n =10) = 4.94 = log Y47 0 = —1.11
l0g aoe(n = 25) = 8.70 = log yerl, = —1.04
10g doo(n = 100) = 19.60 —> logyymer, = —0.99

lOg Vody/ext = —-0.8 (2341)

As expected, the agreement between the constants improves systematically with increas-

ing n.

We briefly comment on the qualitative accuracy associated with the determination of the

various constants considered in this section, namely Ceore/bdy (3), Vody/ext(B), and @y ext(3)-

While we do not attempt a systematic quantitative error analysis, we can identify the

sources of uncertainty at a qualitative level. The first arises from the finite spatial domain

used in the numerical computation which introduces effects due to the limited box size.

The second stems from numerical precision and floating point limitations inherent to the

discretization scheme.
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Vody /ext (5 ) Pbdy /ext (5 )
B Yody fext () o} Phdy/ext (3)
g =0.1 0.94 g =0.1 0.70
B =05 0.45 B =05 0.43
p=1 0.47 B=1 0.33
g =2 0.54 g =2 0.28
f=3 0.62 B=3 0.35

Table 2.2: Values of constants Yoay/ext(3) and @pay/ext () (see (2.3.37)) for various values
of 8. Their variation is not monotonic with respect to 8. At the BPS point § = 1, the
constants are related to the parameter w, introduced in [16], which is related to the con-
stants Yhdy /ext (8) and @pay/jext(B) via (2.3.40). We see that numerics are in agreement with

this result at the BPS point.

See, for instance, figure 2.7 and § = 0.5. The numerical solution is obtained on a finite
spatial domain, y € [—10, 10]. As shown, the constant behavior begins to deviate slightly
near the right boundary. This effect originates from the imposed hard Dirichlet boundary
conditions, ¢(y = —10) = 0, which cause the logarithmic term to diverge at the edge of
the domain. In other words, the artificial boundary truncation forces the field to vanish
too rapidly. The deviations become noticeable once the logarithm approaches machine
precision. This prevents the solution from maintaining its ideal constant profile. Thus, the
variations observed near the boundary are not physical but rather reflect these combined

effects of finite box size and numerical precision.

e For various values of 3, we define the surface tension o(3) of the planar interface between
the Coulomb region in the interior and the Higgs vacuum in the exterior by (2.3.45),
which will be derived in section 2.3.4, and quantifies the boundary contribution to the

string tension. See also (2.2.15) and the discussion around it. The corresponding values
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Surface tension o(3)
3 ()
B =0.1 0.22
B =0.5 0.17
B=1 0.00
5= —0.43
5 =3 —-0.91

Table 2.3: Surface tension ¢ of the planar interface between the Coulomb region and the
Higgs vacuum. Note that o(f) > 0 in the type-I regime and o(f) < 0 in the type-1II regime;
it vanishes at the BPS point g = 1.

of () are tabulated in table 2.3. Numerically, we find that o(8) > 0 for type-I strings
and o(f) < 0 for type-1I strings. At the BPS point, o(8 =1) = 0.

2.3.4 String Tension

We now use our large-n solutions above to compute the string tension (2.1.28),

2

Tn__ /Owudu (”— (a'<u>)2+<¢'<u>)2+”—a2<u>¢2<u>+§<w2<u>—1)2) . (2342)

22

Throughout we neglect exponentially small contributions to the string tension, e.g. we neglect

2u? u? 2

the exterior region, where the fields are exponentially close to the Higgs vacuum.

We will split the integral in (2.3.42) in the outer core region (see figure 2.5) that is shared
between core and the boundary, at a cutoff point y. < —1 that is fixed as n — oo. This

allows us to separately consider the contributions from the core and from the boundary:

(C) We know from (2.3.30) that o(y) is exponentially small for all y < y,., so that we can

approximate the core contribution to the string tension by setting ¢(u) ~ 0 in (2.3.42)
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and integrating the remaining approximately constant energy density up to the cutoff,

core
TTL

27?\/§ -

This is a more rigorous, cutoff-dependent version of the variational core energy previously

Un+Yc 2
i udu <2n_u2 (a’(u))2 + g) = g(un + ) (2.3.43)

obtained in (2.2.12).

(B) Throughout the boundary region we use u = u, + y, where y is fixed in the large-n
limit. Working to leading order in this limit, and using (2.3.34), we obtain the following

boundary contribution from (2.3.42),

N ™

bdy o0
;:\/5 —n )W (% (VW) + (W) + W) +

Up to exponentially small terms in ., this evaluates to**

Wy o () un
i Bunye + vk

Here o is a constant that depends on neither n nor y.. It represents the surface tension of

(D) - 1>2) C(23.44)

(2.3.45)

a planar interface between the Coulomb region in the interior of the string — which is not
a vacuum — and the Higgs vacuum in its exterior. At large y. < —1, this surface tension is
subleading to the bulk vacuum energy —fu,y. contributed by the Coulomb non-vacuum

region.

Adding the core (2.3.43) and boundary (2.3.45) contributions, we obtain the full string

tension in the large-n limit,

T T core dey 6 )
-n _n n _ = . O 2 by =
2 2 27 \/§un FolBun+ O . B

(2.3.46)

Several comments are in order:

2

- ~ n to the string tension precisely matches the

(i) The extensive core contribution ~ wu

variational prediction (2.2.14).

23 The y.-dependence of TP is deduced by taking a y.-derivative on both sides of (2.3.44), together with
the fact that p(y.) < 1 is exponentially small and v(y.) ~ —/By. is given by (2.3.36). This determines T,>4Y
up to an integration constant that we call o.
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(ii)) The subleading contribution ~ wu, ~ /n involves the surface tension o(f) of a planar
interface between the Coulomb region in the core and the Higgs vacuum in the exterior,
as anticipated in (2.2.15). It was obtained numerically in section 2.3.3. As was discussed
there, o(8) > 0 for type I strings (with § < 1) and o(3) < 0 for type II strings (with 5 > 1),
with vanishing o(5 = 1) = 0. As we will discuss in section 3.1, the sign of o(/3) determines

whether large-n strings in the bulk phase form bound states.

(iii) The cutoff-dependent O(u,y.) term has canceled between (2.3.43) and (2.3.45), while
the O(y?) term in (2.3.43) remains. Since ¥, is fixed in the large-n limit, this term is
smaller than the leading core and boundary contributions discussed in (i) and (ii) above,
both of which grow with n. The O(y?) term also cancels if we expand the boundary

problem to next order in y/u,; we will not do it here.

2.3.5 Comparison with the BPS equation at § =1

At the BPS point § = 1, every solution of the second-order vortex equations (2.3.1) is in

fact also a solution of the first-order BPS equations (2.1.38),

n

“dw) =) =1, () = ~p(u)alu) . (2.3.47)

Here we briefly discuss, following [15, 16], how these equations are solved in the large-n limit,

and compare with the § = 1 limit of our general large-n solutions discussed above:

e In the core we take p(u) < 1 and linearize the BPS equations (2.3.47) to obtain
u? u?
alu) =1-— o ¢(u) = (const.) u" exp 7 (2.3.48)
We find exact agreement with our large-n solutions in (2.3.10) and (2.3.27) throughout the
core region upon substituting § = 1 into those expressions. In particular, the WKB prefac-

tor in the Higgs field (2.3.27) fortuitously cancels at § = 1. As discussed around (2.3.29),

the expression for the Higgs field in (2.3.48) is valid in the deepest core (where u/u, — 0
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at large n) for any value of /3, but unless 5 = 1 it does not correctly describe the remainder

of the core.

e The solution of the BPS equations in the boundary region, and their matching to the core

and the exterior are very similar to the discussion above (see [15, 16] for details).

e The BPS tension (2.1.37), which is exactly linear in n, is completely saturated by the
core contribution in (2.3.46) evaluated at 8 = 1. Consequently the interface tension must
exactly vanish at the BPS point,

o(f=1)=0, (2.3.49)

since it would otherwise contribute at O(y/n) to the BPS tension.

e The matching constant for the Higgs field in (2.3.35) was exactly determined to be [15, 16]

C’core/bdy(ﬁ = 1) = % . (2350)

Note that both (2.3.49) and (2.3.50) are consistent with the numerical results summarized

in section 2.3.3.

2.4 Large-n Solutions for Domain-Wall Strings

In this section we generalize the large-n solutions of bulk strings in the conventional Abelian
Higgs model described in section 2.3 above to strings in the degenerate Abelian Higgs model
(see section 2.1.1) with sextic potential Vs = S¢?(¢* — 1)? in (2.1.29). As we will show
rigorously, these strings exhibit the domain wall phase we previously explored using vari-
ational arguments in section 2.2. In the degenerate model, the axially-symmetric vortex

equations (2.1.31) read

¢ (u) + l90’(U) — T (u)plu) + gsO(U) (P2(u) = 1) + B’ (u) (P (u) — 1)
w u (2.4.1)
a’(u) — aa’(u) = 2a(u)*(u) .

We will again solve these equations in the large-n limit (as before, 5 remains fixed) using

matched asymptotic expansions. An important difference is that the potential Ve admits a
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Coulomb vacuum at ¢ = 0. The domain wall solution interpolating between the Coulomb
and the Higgs vacua was given analytically in (2.1.33); it will replace the numerical boundary
solutions that we obtained in the conventional Abelian Higgs model, leading to fully analytic

large-n solutions in the degenerate model.

We will continue to use the taxonomy for different regions of large-n strings introduced
in section 2.3.1 (see in particular figure 2.5), except that the core radius w,, of the string is

now given by (2.2.21),

_ v _VB

A 0=3 (2.4.2)

Unp

Here o is the tension of the Coulomb-to-Higgs-vacuum domain wall in our rescaled units, as

discussed around (2.2.19).

2.4.1 Core Region

In the core region (2.3.5), the Higgs field ¢(u) < 1 is small, so that the vortex equa-

tions (2.4.1) linearize,

S0// + 190/ — <M + é) ©, a(u) =1 u? (243)

u? 2

where the core radius w, is now given by (2.4.2). As before, this leads to a Schrodinger
equation for the wavefunction ¥ (u) = \/ug(u), which takes the following form in the large-n

limit,
n*a*(u) B

— . 2.4.4
u? + 2 ( )

V) =p (W), pP(u) =
Note that this equation can be obtained from (2.3.16) by replacing —f — +//2. This sign

change directly reflects the Coulomb vacuum in the degenerate model. As before, we will

solve (2.4.4) in the large-n limit using the WKB approximation,

WKB Error Analysis

Note that p*(u) in (2.4.4) is strictly positive, i.e. there is no classical turning point. As we

will see, this implies that the WKB approximation works even better for domain-wall strings
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than for strings in the bulk phase. To this end, let us examine the WKB error (2.3.14) in

the variable £ = u/u, defined in (2.3.4); we distinguish two regimes:

(DC) In the deep core £ has a fixed large-n limit strictly within the interval [0, 1), leading to an
error scaling as (£ < 1) ~ 1/n? in this region. This is similar to our previous discussion

around (2.3.20).

(OC) In the outer core we take & — 1 in the large-n limit, except in factors of & — 1 = y/u,,
which we retain. This leads to the following error function in the outer core region,
where |y| < u, (with u, ~ n?/3),

% (604/3)71’2/33/2 — 28
n2/3 ((204/3)n—2/3y2 "’5)3 )

ly|/n*? =0 as n—oco. (2.4.5)

e(y) =

Let us examine this function in different regions:

(i) When n'/? < |y| < n*? in the large-n limit,** we can approximate (y) ~ n*?/y*.
This function monotonically interpolates between the e(y) ~ 1/n? scaling of the deep
core (see above) for the largest allowed values of |y| ~ n?/3 in this range, to a different

scaling £(y) ~ 1/n*? for the smallest |y| ~ n'/? in this range.

(ii) When |y| = O(n'/3) (so that |y|/n'/? has a finite, non-zero large-n limit) then we must
use (2.4.5), since all terms have the same large-n scaling. In this regime the error
function vanishes at y = £/3n'/?/(v/30*%), and it has local maxima at

/3ﬂn1/3 4054/3
5 (iw = (2.4.6)

~25(2n2/3

(iii) When |y| < n'/3 (so that |y|/n'/® — 0 in the large-n limit) the y-dependence of (2.4.5)
is subleading, so that the error is approximately constant

204/3 1/3

e(y) =~ ~2hg ly|/n/° =0 as n—oo. (2.4.7)

Note that this is larger in absolute value than (2.4.6), so that the largest WKB errors

occur near y = 0.

2/3

24 By this we mean that |y|/n'/? — oo and |y|/n?*/® — 0 as n — co.

o1



The upshot of the preceding discussion is that the WKB error is uniformly small in the

large-n limit throughout the entire core region,
u=1u,+vy, —Up <y <L Uy . (2.4.8)

Here the left inequality means that we can cover the entire core 0 < u < u,, for negative y,
while the right inequality means that we can explore positive y as long as y/u, — 0 in the
large-n limit. As anticipated, this is a significantly larger range than the y-values (2.3.24)

allowed for bulk strings.

WKB Solution

As before, only the growing WKB solution in (2.3.13) satisfies the boundary condition ¢(u) ~

u" as u — 0,
wip (u) >~ % exp (+ /u du’p(u’)) ) (2.4.9)

In terms of the {-coordinate, and recalling (2.4.3), (2.4.4), we find

2/3 (¢2 _ 1)\2 +2/3
p() = \/§+ Al 2521) . (2.4.10)

We will consider this function in the same subregions we already encountered in our WKB

error analysis above:

(DC) In the deep core we can approximate

N (1 _ 62) n1/30.1/3 ﬁf
p(§) ~ T +2\/§(1_§2)n1/301/3

Upon integration, we find the exponent of the WKB wavefunction (2.4.9),

13 / _
w [ ds'p@'):n(%gf—%fz)—M%g(l D Loamy. a1y

402/3

+O(1/n) . (2.4.11)

Consistency demands that we only retain the /€ from the WKB prefactor in the large-n

limit, so that the WKB wavefunction in the deep core reads

gnJr% n
¢WKB+(§) = WGXP (—§§2> . (2.4.13)
(1 —&2) a7
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(0C)

Thus the full Higgs field in the deep core is given by

nl/3

T a0?8
¢(u) = Cpc(n, B)u" (1 - “_2) exp (—‘72/3“2> : (2.4.14)

2 1/3
u? 4nt/

where Cp¢ is a constant that can depend on n and f.

In the outer core region we take { — 1 and £ — 1 — y/u,, so that

B oi/3y2

p(y) = 5 n2/3 "’ |y|/’l’L

2/3

—0 as n—o0. (2.4.15)

Substituting this into the WKB formula (2.4.9), we obtain an expression for the Higgs
field which interpolates between the deep core result (2.4.14) for y ~ n?3 and the small-y

regime that we now consider. This regime sets in for |y| < n'/3, where we can approximate

ply) ~ \/g , ly|/n'? =0 as n— oo, (2.4.16)

so that the Higgs field takes the simple form

@(u) = Ceore/bay (1, 3) exp (y\/ﬁ_/2> : (2.4.17)

Here the constant Ceore/nay is proportional to Cpc in (2.4.14). The exact relation can be
obtained by matching the full WKB solutions in the deep and outer core for y ~ n?/? (we
will not show these formulas explicitly). We will fix Ceype /bdy below by matching to the
boundary region. This will also make it clear for what values of y the Higgs field ¢(y) < 1

is small, and show that our linearized WKB analysis above is self-consistent.

2.4.2 Boundary Region

As in section 2.3.3, the boundary region is given by |y| < u, (see (2.3.8)), where we can

simplify the vortex equations (2.4.1) of the degenerate model by dropping the curvature

terms. This leads to the translationally invariant boundary equations

" (y) = 7 (y)ely) + gso(y) (D) — 1) + 8% () (¥*(y) — 1)
(2.4.18)
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where the rescaled boundary gauge field is given by (2.3.34),

n n

(y) ~ —al(y) . (2.4.19)

a
Un +y Un

Y(y) =

We will choose to match with the core region described above in a regime where y < 0 is a
large O(1) number as n — co. In this region we find from (2.4.17) and (2.4.3) that

yo2/3

p(y) = Coore/vay (1, B) exp (y\/5_/2> oY) =T (2.4.20)

Since the boundary equations (2.4.18) are n-independent and 7(y) vanishes at both ends
of the boundary in the large-n limit, we will self-consistently solve the equations by set-

ting v(y) ~ 0 at leading order in the large-n limit.

The resulting translationally-invariant second-order equation for the Higgs field is solved
by the planar BPS domain wall (2.1.33) that interpolates between the Coulomb and Higgs

vacua of the degenerate model,

o(y) = ! :
\/1 +exp (—v28(y — o))

Here yq is the center of mass of the wall, which is an exact zero mode at leading order. In

(2.4.21)

order for this solution to match (2.4.20), we must have

2
Yy < Yo = _\/%log Ccore/bdy . (2422)

This is precisely the regime in which the Higgs field is small, and the linearized analysis
in the core is valid. Below we will determine yo(f3) via a next-to-leading order calculation
in the large-n limit, which establishes that it is an n-independent constant. Therefore the
domain wall is centered in the outer core region (2.4.16). The matching with the exterior of

the string occurs in the region y > 1o, where we find (2.3.37) with Ypay/ext = % exp (\/QByO).

The fact that the domain-wall center yy remains unfixed is due to our neglect of the

boundary gauge field v(y), which is subleading in n but explicitly breaks translation symme-

try via its boundary conditions (2.4.20). We can determine the resulting small y(y) ~ n~=/3
by substituting (2.4.21) into (2.4.18),
2

T ltexp (—v2B(y—wm)
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This second-order, linear ODE has two linearly independent solutions:?’

e A hypergeometric solution,

11 1. 1
211 <1 - VB VB 15 1+exp(—m y-yo)))
n(y) = : (2.4.24)

(1 +exp (v2B(y — yo))) G

whose asymptotic behavior at large positive y is given by

VAL (2/V/B) . N
m) = e (Vay—w)) . w0 (2.4.25)

Since we require y(y) to decay in this limit, we discard this solution, but we will never-

theless need the functional form of ~;(y) below. To this end, we record its asymptotics at

large negative v,
1) = 1+ gexp (VI - w) +0 (o0 (235 - m)) ) .y oo (2420

e A second linearly independent solution v2(y) can be obtained by suitably integrating v, (y),

Y2(y) = n(y) /OO % : (2.4.27)

The fact that 75(y) satisfies (2.4.23) follows immediately from the fact that 7;(y) is a
solution.?® Moreover the upper limit of the ¢-integral ensures that () vanishes as y — oo,
at a rate that can be determined by substituting (2.4.25) into (2.4.27),
2
I (1/\/3) e—V2(y—vo) 7
2287 (2/+/B)

This is exactly the expected large-y asymptotics discussed around (2.3.37).

Y2(y) =~ Yy — 00 . (2.4.28)

To evaluate v2(y) for large negative y, it is useful to simplify the integral in (2.4.27) by
introducing a new variable z, which is defined to be the last argument of the hypergeometric
function in (2.4.24), so that

1 1
1 ~|—exp( V28(y - yo)) nie) =1~ Z) A ( \/_ \/_ Z) - (2429)

25 This analysis was first carried out using ChatGPT5, and then independently verified using Mathematica.

26 Alternatively, we can deduce (2.4.27) by noting that the Wronskian of 71, 72 must be a non-zero constant.
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After this change of variables, the integral in (2.4.27) reads

> dt I P (1 — 2/)~@/VB+D) 1
~ 23] —1] ——1logz. (2.4.30
sl R+ 1/VB. 1/VBi1:2))’ vap 87 (2430

Here we have added and subtracted 1 inside the parenthesis of the z’-integrand to explicitly
exhibit the logz term. It is now straightforward to take y — —oo, or z — 0, in which
case the 2’ integral in (2.4.30) converges, while the logarithmic term gives exactly —(y — o).
Since (2.4.30) reduces to vy(y) in this limit (where 7;(y) ~ 1, up to exponentially small
terms), the matching condition ~y(y) ~ —y in (2.4.20) can only be satisfied if y, is chosen to

precisely cancel the 2’ integral in (2.4.30),%"

(1= 2)-C/VB+

1 Lz
yo(ﬂ)—ﬁ/() 2\ GF(L+1/VB.1//B:1:2)

(2.4.33)

We plot this function in figure 2.11.

Let us comment on some features of the function yo(f5) in (2.4.33):

e [t is positive at small 8 and negative at large g, with a zero at § ~ 2.28.

e At 3 = 1, the hypergeometric function simplifies as oF1(2,1;1;2) = 1/(1 —2)?, so

that (2.4.33) evaluates to

Y(B=1)= % : (2.4.34)

27 Expanding the expression inside the parentheses in (2.4.33) around z = 0 we find

(--1)= (2_56)2 + 0%, (2.4.31)

so that the integral in (2.4.33) converges at z = 0. (Recall that 8 > 0.) It also converges at z = 1, thanks
to the asymptotics of the hypergeometric function,

VBT (2/VB)
(1/VB)" (1 = 2)2vP

2F1(1+1/\/B,1/\f;1;z):F o1y, z—1. (2.4.32)
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Figure 2.11: The center of mass yo() of the domain wall, defined in (2.4.33). Its various

features are discussed in the main text below.

e In the extreme type-I regime 3 — 0, the asymptotic form of y,(f3) is given by,*®

1
vo(B) = 73 <10g (1/8) + 2v& + (9(,6)) B0, (2.4.37)

where v ~ 0.5772 is the Euler-Mascheroni constant. In figure 2.12 (left panel) we show the
excellent agreement between the small-3 asymptotics (2.4.37) and the full integral (2.4.33).
The fact that yy becomes large and positive as f — 0 is intuitive: in this limit the scalar
potential, and hence the domain-wall tension o ~ /3, vanish so that the magnetic flux

can spread out more.?

28 By comparing their Taylor expansions around z = 0, one can show that the hypergeometric function
in (2.4.33) reduces to a modified Bessel function of the first kind,

2B (14+1/3/B,1/3/Bi1;2) = In(2/2/8), B—0. (2.4.35)

Since Ip(2t) grows exponentially for large positive ¢ = +/z/8, the hypergeometric term in the inte-
grand (2.4.33) is suppressed unless z < (3, so that we can approximate

1/VB
\/ﬁyo(ﬁ)ZQ/ @

g (1 - 1) = log(1/B) + 27& + Olexp(—4/\/B)), B—0. (2.4.36)

Io(2t)?

The logarithmic term is obvious; the subleading terms were obtained using AsymptoticIntegrate in
Mathematica. The O(f) correction in (2.4.37) arises from expanding the (1 — z)~2/VP+D factor in (2.4.33)
beyond leading order in small z.

29 Recall that we take the limit 3 — 0 after we take n — oo, so that the leading terms in (2.2.21) always
dominate in the large-n limit.
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Figure 2.12: Comparison of the small-§ (left panel) and large-g (right panel) asymptotics
of yo(f), given by (2.4.37) and (2.4.38) respectively, with the full integral expression (2.4.33).
In the left panel we plot /25 yo(8) to facilitate the comparison.

e In the extreme type-II regime 3 — oo, yo(3) approaches®

1
Yo(B) =~ 7 B — oo, (2.4.38)

Figure 2.12 (right panel) shows the approach of (2.4.33) to the large-3 limiting value (2.4.38).
Note that yo remains O(1) in this limit.

Once yo = yo(B) is fixed as in (2.4.33), it follows that v,(y) ~ —y as y — —oo. Comparing
with (2.4.20) we see that the correctly normalized solution for the boundary gauge field is
0.2/3
V(W) = 5 720) (2.4.39)
where 72(y) was defined in (2.4.27). An efficient way to evaluate this function numerically is
to use the z-variable, as in (2.4.29), (2.4.30). Using the y — oo asymptotics in (2.4.28), we
conclude that the constant Ypqy/ext that governs the y — oo asymptotics of v(y) in (2.3.37)

is given by
23 T (1/v/B)°
Vbd =7 eV2v0
et T s 9 /28T (2/4/F) ’

(2.4.40)

30 We have verified this statement numerically (see figure 2.12). Analytically, it follows from the discus-
sion in footnote 27 that the integral (2.4.33) diverges at z = 1 when 8 — co. Consequently, the leading
contribution at large 8 > 1 comes from a small region around z = 1, which can be captured by changing
variables to z = 1 — exp(—+/Bs) with s € [0,00). We will not describe the details here.
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while the constant Yhay/ext that governs the large-y behavior of ¢(y) in (2.3.37) is

1
Py foxt = 56\/%0 : (2.4.41)

In turn, these constants are related to the large-u asymptotic constants a.,, ¢ in the exterior

of the string via (2.3.38).

2.4.3 String Tension

We now use our large-n solutions above to compute the string tension (2.1.28),

2:\/5 - /O udu (% (@) + (PW) + (@) (w) + D (w) (P () — 1)

u? 2
(2.4.42)

As in our discussion of bulk strings, we introduce a cutoff point y. that is shared between
the core and boundary regions and remains fixed as n — o0o. Recall from the discussion
around (2.4.20) that ¢(y) = exp ((y — ) B/Q) is exponentially small for such y as long
as y < yo is sufficiently to the left of the center of mass yy of the domain wall. We will

take ¥, to lie in this region, so that ¢(y) is exponentially small for all y < y..

As before, we separate core and boundary contributions to the string tension:

(C) Dropping exponentially small terms, we find

rJcore Un+Ye n2 9 n2
n_ o~ du | — (d’ = —(u, +v.)?. 2.4.43
vkl uu<2u2<a<u>)> 1 (- 32) (2.4.43)

(B) Following the discussion around (2.3.44), we take the boundary contribution to the tension
of a domain-wall string to be

dey 00

27:\/5 ~u | dy ((s@’(y))2 +5¢ (W) (¢ (y) — 1)2) IR

. (2.4.44)

up to exponentially small terms (thanks to y. < 3o, see above). Here we strictly work
to leading order in the large-n limit, which leads to several simplifications relative to the

analogous bulk-string formula (2.3.44):
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e We have dropped the boundary gauge field v ~ n~/?, which would only contribute a
subleading O(1) amount to the boundary string tension. A similar contribution would
arise from the subleading backreaction Ay ~ O(n~%3) on ¢ that would result from

substituting ~ into (2.4.18), which we did not determine.

e Since the domain wall is centered at yg, we should have multiplied the integral in (2.4.44)
by wu, + 3o, but since yo is O(1) in the large-n limit, the difference is also subleading in

the string tension.

Combining (2.4.43) and (2.4.44), we find that the total string tension is given by

T, 1 V2n?/3 VB

Here the first term in parenthesis is contributed by the core, and the second term by the
boundary. We thus find perfect agreement with the variational expression (2.2.21) at leading

order in the large-n limit.

2.4.4 Comparison with Exact Numerical Solutions

In this section we compare our analytic large-n solution above to numerical solutions of the

full vortex equations (2.4.1) (see appendix 2.5).

We begin in figure 2.13, where we plot — for a relatively modest value n = 30 of the flux —
and two values of  the analytic boundary domain-wall solution (2.4.21) for the Higgs field,
centered at yo(f3) determined in (2.4.33). We show the comparison with the full numerical

solution, finding rather good agreement.
We then fix § = 0.5 and compare n = 30 and n = 1000, finding significantly improved

agreement with the full numerics in the latter case. The results are shown in figure 2.14.

Finally, we compare the full numerical solutions to our analytic WKB solution for the
Higgs field (2.4.14) in the core (with gauge field given by (2.4.3)), as well as the boundary so-
lution already mentioned above. The WKB solution in the core depends on an undetermined

constant (see e.g. (2.4.17)), which is fixed in terms of the boundary domain-wall center yo(0)
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Figure 2.13: In solid blue we show the analytic boundary Higgs field ¢(u) in (2.4.21),

centered at yo(f) (see (2.4.33)). The numerical Higgs profile obtained by solving (2.1.31) is
shown using black crosses. We fix n = 30 and show § = 1 (left panel) and 5 = 4 (right

panel).
o(u) p(u)
100 1.0
08 081
06} I 06 R
[ — Boundary solution [ — Boundary solution
0a [ x Full numerical solution 04; x Full numerical solution
r =05, n=30, yo= 177 F £ =0.5, n=1000, yo=1.77
02 02
‘ . ! ! Loy A ‘ w L ‘ u
0 5 10 15 20 25 30 35 190 200 210 220

Figure 2.14: We show the analytic boundary Higgs field ¢(u) (in blue), given in (2.4.21),
centered at yo(5), defined in (2.4.33), and compare to the full numerical solution to the
vortex equations (2.1.31) (shown as crosses). We fix f = 0.5 and compare n = 30 (left

panel) to n = 1000 (right panel). The agreement improves significantly with increasing n.

via (2.4.22). This leads to a fully analytic solution in all regions, which we compare to a full,
high-precision numerical solution in figure 2.15, for § = 0.5 and n = 1000. We see that the

agreement is excellent.
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Figure 2.15: Comparison between the full numerical solution (shown in black crosses) and
the analytic large-n solution, for # = 0.5 and n = 1000. The core solution (given by (2.4.14)
for the Higgs field in the left panel and (2.4.3) for the gauge field in the right panel) is
shown in red. The boundary solution (given by (2.4.21) for the Higgs field, and the O(n~1/3)
solution (2.4.27) for the gauge field) are shown in blue. We find excellent agreement in all

regions of the string.

2.5 Appendix : Numerics

Through examples, we walk through how the numerics are performed in the paper. All the

numerics in the paper have been done using packages in Mathematica.

Consider the vortex equations (2.1.31). We use the finite element method to solve the
equations. We solve the equations over a finite domain [0, L] by approximating oo by a finite
cutoff L. We divide the finite domain into a discretized set. For instance we can consider P
points, and we solve the equations over a discretized domain given by

L 2L P—-2)L
5= {o,ﬁ,ﬁ, N .,%,L} . (2.5.1)
The mesh size h for our domain is given by

L

Instead of solving our differential equations over a continuous domain spanning the radial

coordinate u € [0,00), we solve for the functions evaluated at each discretized point in the
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set S. For the two functions, a(u), ¢(u), we refer to the values the functions take at these
discretized points as a;, ¢; for i € {1,..., P}. Thus, a; = a(0), as = a(L/(P — 1)), etc. up
to ap = a(L).

To solve for a;, ¢;, we convert our differential equations into finite difference equa-
tions. We have 2P finite difference equations and 2P variables. We organize them into
a matrix equation, and solve it to obtain a;, ;. Things are simplified a bit by the fact

that a1, v1, ap, @p are determined by the boundary conditions given in (2.1.25),
ai=1, ¢1=0, ap=0, pp=1, (2.5.3)

and thus we just have to deal with 2(P — 2) difference equations.

We solve this matrix equation using the FindRoot function in Mathematica. This func-
tion requires an initial 'seed’ value in the vicinity of which it can search for a solution to the
required equation. For the case at hand, we need to specify an initialization value for a;, ;
for i € {2,..., P — 1}. Once we solve the finite difference matrix equation correctly, we
have determined a(u), ¢(u) over the discretized domain. We can then use an interpolating
function to construct a smooth solution over the entire domain [0, L]. This completes the

process of numerically solving the differential equations.

Let us refer to the solutions obtained via this numerical algorithm as amum), @mum)- We
can make an error estimate as to how well our numerics have solved the equations. To
do this, we can substitute our numerical solutions a(um); @mum) back into the differential
equations and check how well they solve the respective equations. We define

By (1) = u@{um) + U num) — Mm@ num) — 4% B0 (num) (Plaum) — 1) 5 (25.4)

Ey(u) = ua/(/num) - a/(num) - 2W(num)80%num) ; -
where, E1(u) = E(u) = 0 over the entire radial domain u € [0, 00) when evaluated on the
true solution. By substituting a(mum)(#), @mum)(u), we get a simple quantitative measure to

check how far we deviate from the true solution.

The exact solution to the equations is not known. Say the true solution to the equations

is given by ¢*(u), a*(u). The numerical solution we obtain depends on the mesh size h. We
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denote this numerical solution as @(num)(h), @mum)(h). Let us assume that the error as a

function of the mesh size h takes the following form,

0" =P mum)(h) + A(u)h* + O(R*)
(2.5.5)
a* =agum(h) + B(u)h* + O(hFh) |
where k is some positive integer and O(h*) represents the truncation error of the numerical
solution @mum)(h). Here A(u), B(u) are the leading-order relative residual functions that

quantify how the numerical solutions for the Higgs and gauge fields deviate from the true

solution at O(h*).

To determine the order of the truncation error k, we focus on the Higgs field p(u); the
same analysis will apply for the gauge field a(u). For mesh sizes h and h/2, the numerical
solution admits an expansion of the forms respectively given by

©* = Qum)(h) + A(u) h* + O(R* 1) |

ht (2.5.6)
" = Peoum) (1/2) + A(u) 5 + OB

Consequently, by eliminating ¢*(u), we obtain

So(num)(h/Q) - @(num)(h/él)
So(num)(h) - @(num)(h/z)

A simple consistency check of the numerics is therefore to perform the computation at three

=27k (2.5.7)

different mesh sizes h, h/2, h/4 and verify that the ratio in (2.5.7) approaches 27*. This

allows us to read off the order k of the truncation error.

Below we illustrate the full numerical procedure through two representative examples,

first for the fundamental string n = 1, and then for a string of higher vorticity n = 20.

e For the fundamental n = 1 string, at 5 = 0.8, we work with a discretized domain consisting

of P =500 points, and use the simple initialization,
a; =p; =0.6, 1=2,...,P—1. (2.5.8)

The resulting field profiles are shown in the left panel of figure 2.16, while the corresponding

numerical error functions Fi(u), Fs(u), defined in (2.5.4), appear in the left panel of
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Figure 2.16: Numerical field profiles for the Higgs field ¢(u) (shown in blue) and the gauge
field a(u) (shown in red) at 5 = 0.8. The left panel shows the fundamental string n = 1 and

the right panel shows the string solution at n = 20.

figure 2.17. By repeating the computation at several mesh sizes, achieved by varying the
domain length L,
L =10, 20, 40, P =500, (2.5.9)

and noting that changing L changes the discretization error (2.5.2), we verify that the

truncation error behaves as,
©* = @uum(h) + O(R%), k=2, (2.5.10)

as demonstrated by the ratio test (2.5.7). This is verified in the left panel of figure 2.18.
In figure 2.19, we also plot the leading O(h?) coefficient functions A(u), B(u), defined
in (2.5.5). We see that both the error functions remain small across the entire radial

domain, indicating excellent numerical accuracy.

e For the higher charge case, with n > 1, the initialization values a; and ¢; (fori =2, ..., P—
1) are generated iteratively. The solution at flux n — 1 serves as the initialization to solve

for the string solution at flux n.

For illustration, we consider the parameter values n = 20 at § = 0.8. The field profiles
appear in the right panel of figure 2.16 and the corresponding error functions E;(u), Es(u),

defined in (2.5.4), appear in the right panel of figure 2.17. The convergence behavior, again
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Figure 2.17: The figure shows the error functions E;(u) (shown in blue) and Es(u) (shown
in red), defined in (2.5.4), evaluated on the numerical solutions at § = 0.8. The left panel
corresponds to the fundamental n = 1 string and the right panel corresponds to the n = 20
string solution. These curves quantify how well the numerical profiles satisfy the differential

equations.

demonstrating O(h?) truncation error, is verified in the right panel of figure 2.18, where

the mesh size is varied by choosing,
L =25, 50, 100, P =500 . (2.5.11)

The associated relative error functions A(u), B(u) are plotted in the right panel of fig-
ure 2.19, and again we observe that the errors remain small, even for a string solution at

higher flux.
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Figure 2.18: Convergence test for the truncation error using the ratio (2.5.7). At fixed P =
500, the domain size L (and hence the mesh size h, defined in (2.5.2)) is varied. The left
panel shows the n = 1 vortex with L = 10, 20, 40 and the right panel the n = 20 vortex
with L = 25, 50, 100. We determine that the truncation order is k& = 2 and that the

numerical solutions deviate from the true solution at O(h?).

A(u), B(u)

0.00010 [

=08 n=1 =08 n=20
0.00005 — A(u) ) b — B(u)

— B(u) — A(H)

_—

n L lA L n L | L
: ; . L, N
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-2.x10°

-0.00005 - ax

Figure 2.19: The figure illustrates the relative errors, A(u), B(u) defined in (2.5.5) for 8 =
0.8. The left panel shows the n = 1 string and the right panel, the n = 20 string. In both
cases, the functions A(u), B(u) remain small across the domain, demonstrating the high

accuracy of the numerical solutions for both the Higgs ¢(u) and the gauge a(u) fields.
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CHAPTER 3

Stability and Interactions of Vortex Strings

In this section, we examine two closely related questions: first, whether the axially symmetric
vortex solutions of magnetic flux n found above (i.e. the n-strings of the AHM) are stable;
second, what is the force between two parallel fundamental (i.e. n = 1) strings as a function
of their transverse separation. The main results of this section are summarized in table 3.1,

with further elaborations below.

3.1 Stability of Axially Symmetric Strings

Even the lightest axially symmetric n-strings of flux n > 2 (with tension (2.1.26)) might be
unstable and fission into strings of smaller flux. A simple decay channel is T,, — nT7, but in

principle one needs to check all possible decays allowed by flux conservation.

In general, stability of T,, requires the function 7, to be convex down. This is particularly
simple to check in the large-n limit, where we can essentially treat n as a continuous variable.
Then T, is convex down if and only if

d*T,

dn?

<0. (3.1.1)

If this is true for all n, then all T}, are stable. Conversely, if T}, is convex up,

4T,
dn?

>0, (3.1.2)

then the 7T,, are unstable. We will now check these conditions in the conventional and

degenerate AHMs.
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3.1.1 Conventional Abelian Higgs Model

Here it is well known that the stability of T), is entirely dictated by the parameter 3, and

hence by the bulk spectrum of the model. (See [12, 14] for a review.) In the type-I regime,
T,<nTy, B<1, (3.1.3)
so that T, is stable. By contrast, in the type-II regime, it fissions into n fundamental strings,
T, >nly , g>1. (3.1.4)
When 5 = 1, the BPS bound (2.1.37) implies that
T, =nT , g=1, (3.1.5)
so that the strings are exactly marginal at this point.!

In the large-n limit, these results follow simply from the expression (2.3.46) for the string

tension, leading to

(
<0 g <1
1 d*T, J(ﬁ) 1
or dn? _2\/551/4 n3/2 =0 g=1 (3.1.6)
>0 g>1
\

where the sign is determined by the surface tension o () (see table 2.3) of the planar domain
wall separating the Coulomb phase with constant magnetic field in the core and the Higgs
vacuum in the exterior. The fact that ¢ > 0 in the type-I regime and o < 0 in the type-II

regime is well known in the context of superconductors.

3.1.2 Degenerate Model

At large-n, the tension is given by (2.2.21) and scales as T, ~ n?/3, which is a convex

function of n,
d*T,
dn?

<0, (3.1.7)

1 A BPS n-vortex has 2n real zero modes, corresponding to the transverse positions of the n constituent
fundamental vortices, which behave like free particles. This was conjectured in [37] and proved in [38].
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for all values of 5. Thus all giant axially symmetric n-strings are stable.

By contrast, studying the stability of T}, at finite n leads to a more complicated picture:?
for each n, there is a critical § = (™€, at which the n-string is marginally stable to decay
into fundamental strings,

T, =nT , g =p"e. (3.1.8)
These critical values of 8 lie deep in the type-II regime and increase with flux n, e.g.
pEe=2825 | (3¢ =49.05 . (3.1.9)
We find that T, is stable at sufficiently small 3,
T, <nTi , g < pre, (3.1.10)
while it is unstable at sufficiently large £,
T, > nT} , g > pre. (3.1.11)

This is consistent with the stability of giant vortices discussed around (3.1.7) above, because
the critical value g™¢ — oo as n — oco. Thus all strings become stable if we take the large-n

limit at fixed 5 (as we have done throughout).

In figure 3.1 (top panel) we explicitly compare T;, and nT} for n = 2, n = 3 as functions
of 3, which allows us to extract the critical values (3.1.9). Note that in addition to the fission
channel T3 — 377, the n = 3 string has another possible fission channel T35 — T7 + T,. This
only becomes available for 8 < 3%¢, where T, is stable. We show in the bottom panel of

figure 3.1 that Ty is always stable in this range, and hence for all 8 < 3%¢.

3.2 Force Between Parallel Fundamental Strings

Here we discuss the force between two parallel n = 1 strings, separated by a transverse

distance R. When R is sufficiently large, the strings are separated by a large region of Higgs

2 We have analyzed this pattern at small values of n, and we conjecture that it persists at higher n.
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Figure 3.1: In the top panel we compare T, and nT; for n = 2,3 as a function of j,
identifying the critical values ™€ in (3.1.9) below which T, is stable against decay into n7}.
In the bottom panel we show that the candidate decay channel T3 — T} +1T5 is never realized,

because Ty < Ty + T for B < B%¢ < B3¢,

vacuum, and the massive Higgs and vector particles in this vacuum mediate attractive and
repulsive Yukawa-type interactions between the two strings, respectively. This leads to an

interaction potential of the form
Vint(R) ~ —A’Ko(mpR) + B*Ko(myR) | mgyR>1, (3.2.1)
where the constants A, B are determined by as,, @00 in (2.1.35) via
A? = 4/2802 07 | B? = 22407 . (3.2.2)

We only need the modified Bessel function of the second kind Ky(x) in the asymptotic region,

Te T

“Vaygs
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The vortex interaction (3.2.1) has been derived in [39, 40] for the conventional AHM. In

appendix 3.3 we present a brief derivation that is valid in both AHMs.

In the type-I regime § < 1, the first term in (3.2.1) dominates and the strings attract; in
the type-II regime 8 > 1, the second term dominates and the strings repel. Thus the question
of whether widely separated fundamental strings attract or repel is entirely governed by the
mass spectrum in the Higgs vacuum. At S = 1, the masses of the Higgs boson my and the
vector boson my are the same, so that we must compare the coefficients A, B in (3.2.1).

We do this separately for the two different AHMs below.

In general, knowing the force between two well-separated fundamental n = 1 strings is
not sufficient to determine whether they will form a bound state, or whether that bound
state will preserve the axial symmetry.® To answer these questions we need to know the full
interaction potential Vi, (R). Note that R = 0 corresponds to an axially symmetric n = 2

string,* whose binding energy is given by
This binding energy was discussed in section 3.1 (see also table 3.1). We will make some

comments about Vi (R) in the different AHMs below.

3.2.1 Conventional Abelian Higgs Model
Let us make some comments that are specific to the conventional AHM:

e At the BPS point 8 = 1, the constants ¢, as are related to each other via (2.1.39), so
that the constants A, B in (3.2.1) satisfy

A=B, f=1. (3.2.5)

This was also shown analytically in [42], and it is consistent with the fact that BPS strings

exert no force on each other.

3 See for instance the related quantum mechanical discussion in [41].

4 We will expand on the definition of Vi, (R) at short distances below.
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Figure 3.2: Schematic renditions of the interaction potentials Vi, (R) between two paral-
lel n = 1 strings separated by a transverse distance R for the two AHMs under consideration.
The left panel schematically depicts the results of [1] for the conventional AHM; the right

panel sketches an analogous conjectured interaction potential for the degenerate AHM.

e A variational calculation of Vi, (R) in the conventional AHM was carried out in [1];°
we schematically depict their results in the left panel of figure 3.2. At large R, the
behavior of Vi, (R) is consistent with (3.2.1). Remarkably, the large-R behavior persists
monotonically all the way to R = 0. As already discussed around (3.2.4), Vi (R = 0) is
the binding energy of a axially-symmetric n = 2 string. It is positive in the type-II regime
(6 > 1), where the 2-string is unstable, and negative in the type-I regime (8 < 1), where

the 2-string is stable.

e The convexity of Vi, (R) near the origin is determined by the perturbative stability of
the axially-symmetric n = 2 string. A general conjecture about the stability of axially-
symmetric vortices was made in [32], and proven in [43]:°

(i) Rotationally symmetric n = 1 strings are perturbatively stable for all values of f.

(ii) For n > 2, rotationally invariant strings are stable in the type-I § < 1 regime.

5 A key feature of this analysis was the idea that the location of the vortices is characterized by the
vanishing of the Higgs field.

6 Earlier work [44] had already shown that n > 2 vortices are unstable in the type-II regime.
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(iii) For n > 2, rotationally invariant strings are unstable for type-II 5 > 1 regime.

This is consistent with the fact that Vi, (R ~ 0) in figure 3.2 is convex down for 5 > 1,
and convex up for § < 1. A direct diagnostic is the fluctuation spectrum around an

axially-symmetric n = 2 string; its instability when § > 1 portends a tachyon.

3.2.2 Degenerate Abelian Higgs Model
Here we will make some observations about the degenerate AHM:

e Consider the interaction energy (3.2.1) when there is a large separation between the two
fundamental strings at 5 = 1. We can numerically evaluate ¢, and a.., and using (3.2.2)

also the constants A, B, at this value of [,
A% = 782.5243 v? | B? = 38.4418 v* | f=1. (3.2.6)

Since A > B, it follows from (3.2.1) that well-separated n = 1 strings in the degenerate
AHM attract at g = 1.

e No calculation of Vi, (R) along the lines of [1] has been carried out in the degenerate model.
Here we briefly comment on some of its features that can be inferred from the information
that we have assembled about the strings in this model, which we schematically depict in

the right panel of figure 3.2:

(i) The large-R behavior is given by (3.2.1), and as in the abelian model it is determined
by the bulk spectrum through 5. A point of difference, discussed around (3.2.6) above,
is that strings at § = 1 in the degenerate model attract at long distances.

(ii) According to (3.2.4), Viye(R = 0) is the binding energy of the axially-symmetric n = 2
string. It follows from the discussion in section 3.1 that Vi, (R = 0) changes sign at the

critical B = 3%¢, being negative for smaller 3 and positive for larger /5.

(iii) The numerical study [7] of perturbative fluctuation around an axially-symmetric n = 2
string reveals no tachyons for any value of 3. This string is therefore perturbatively

stable for all values of 3, so that Vi, (R = 0) must be a local minimum.
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e The resulting schematic depiction of Vi, (R) in figure 3.2 is thus not always monotonic.
In particular, for 1 < f < g™¢ widely separated fundamental strings repel, but there
is a stable axially-symmetric n = 2 bound state. This is a scenario that does not arise
in the conventional AHM. Models with multiple Higgs fields and non-monotonic Vi (R)
(known as type-1.5 superconductors) have been studied in [45-51]. The degenerate model

analyzed here is a particularly simple example with just a single Higgs field.

3.3 Appendix : Fundamental Strings at Large Separation

For the Abelian Higgs models discussed in this paper, we present a derivation of the interac-
tion energy (3.2.1) between two parallel fundamental strings separated by a large transverse

distance R,

1
Vine(R) ~ —A*Ko(myR) + B*Ko(myR) | R> . (3.3.1)

mvﬂ

In particular, we will give explicit formulas for the constants A, B in terms of ¢s, oo
(see (2.1.35)). Here Ky(x) is a modified Bessel function of the second kind, whose large-x

asymptotics are shown in (3.2.3).
The string asymptotics in the Higgs vacuum are given by

d 2
vp(r) ~ v — 4£K0(er) : a(r) ~ GQmVrKl(mvr) : r— 00, (3.3.2)
m m

where the constants ¢, d are related to ¢, @so, defined in (2.1.35), via

1 de? T

@A) , oo = 5 7 (3.3.3)

At long distances, the theory is Higgsed; the linearized Lagrangian in the Higgs vacuum is

C

Poo =

e

4mv

1
Lin = —4—62f,wf“” —v?a,a" — v20,p10"p) — mivel (3.3.4)

where ¢ = 1 + iy, and py is the unphysical Goldstone mode that is eaten by the vector
boson. From afar, a static vortex appears as a solution to (3.3.4) with a singular point source

at the vortex center. If we can identify suitable -function sources that replicate the far-field
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behavior, we can model our vortex as a composite source, valid in the approximation where

vortices are sufficiently separated and the fields match their asymptotic profiles.

The strings are static and translationally invariant along the z-axis, so the problem
reduces to the transverse xy-plane. Placing one fundamental string at the origin and the
other at transverse displacement ﬁ, the corresponding sources are given by,

J(Z) =c0P(Z) 4+ 6P (% — R)
A - - . (3.3.5)
§U(T) =dg0;6P) (%) + de9;0 (¥ — R) ,
where ¢ = (x,y). These sources couple to ¢; and a; through the following terms in the
Lagrangian,

cgsource = _JU901 - ]zaz ) (336)

The strings interact by exchanging the massive Higgs scalar and the massive gauge boson,
each exchange contributing separately to the inter-string potential. The cleanest way to
compute these contributions is in Euclidean signature. For time-independent configurations,

TE[J]

the partition function Z[J] = e~ , where FE is the energy of the configuration. Because

the linearized theory is Gaussian, the path integral can be evaluated exactly,

207,57 = / DDA, exp[— / diz (ziﬁ.zsom)] . (3.3.7)
Carrying out the Gaussian integral (3.3.7) gives us,

2

210,37 = exp{— [dedty [11@ 6@ - ) I@) + 5 @ 6@ - 5@ } . (33.8)

For static strings the time integrals yield a factor T, and the Green’s functions reduce to

their two-dimensional forms

= 1 — — 1 aza —
G(R) = %Ko(mH‘RD ; Gii(R) = %<5ij - m—2J>Ko(mV\R|) : (3.3.9)
v

Inserting the sources (3.3.5) of the two strings (one at the origin, one at é) then yields,

210,5') = exp{ =T [Bur — £ Ko(my R) + “52 Ko(my B)] | (3.3.10)

8 47
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so that the interaction energy of the two strings is

2

c e2d?m?
Vit (R) = —8—7TKO(mHR) + v

Ko(myR) . (3.3.11)

The self-energy, which is independent of ﬁ, is denoted by Fgqr. Using (3.3.3), we recover
the expression (3.2.2) and hence (3.2.1). We note that the exchange of the Higgs field leads
to an attractive force between the two strings, while the exchange of massive vector bosons
leads to a repulsive force. Note that when § > 4, the asymptotics for the Higgs field are
different. (See the discussion around (2.1.35).) In this regime the interaction energy is always

dominated by vector-boson exchange (see also [12]).

For completeness, the fields generated by the sources at a point & in the xy—plane are

- c - - =~
Pl@) = = — (Ko(mHlxl) + Ko(mpy|Z — RI)) : (3.3.12)
L eXdmy . L = =
a0(#) = 5 (yx\m(mv\xy) |7 — B| Ki(my|7 — R|) . (3.3.13)

When compared to the asymptotic forms in (3.3.2), we see that at any point Z in the trans-
verse xy-plane, each field is a linear superposition of the contribution from each individual

string.
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(a) Conventional Abelian Higgs Model

15} Comparison between T}, and n7T} | Interaction force at large separations
b <1 T, <nT; Attractive
B = T, =nT Neutral
6>1 T, >nT; Repulsive

(b) Degenerate Abelian Higgs Model

B Comparison between T,, and nT; | Interaction force at large separations
6<1 T, <nT Attractive
1< p<pme T, <nT Repulsive
8= pme T, =nT; Repulsive
£ > pgme T, >nT) Repulsive

Table 3.1: As a function of § (left column), we compare the n-string tension 7, with
the energy of n fundamental strings (middle column), and indicate whether two parallel
widely separated n = 1 strings attract or repel (right column). The top panel (a) shows the
conventional AHM. For the degenerate AHM in the bottom panel (b), we use 5 = ¢ to
denote the critical value where T,, = nT;. As is explained in the main text, 8™¢ increases

grows monotonically and without bound as we increase n.
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CHAPTER 4

Effective Action of Long Magnetic Vortex Strings

In this chapter, we give a brief review based on ongoing work [7] in collaboration with Thomas
Dumitrescu and Yanyan Li. To begin, we note the following facts about pure SU(N) Yang-
Mills theory in 3 + 1 dimensions.

e We believe that the vacuum is unique and trivially gapped (i.e it admits no topological
degrees of freedom). Proving this is a Clay Millenium Prize problem. We have significant
evidence, predominantly from the lattice, supporting this fact, though. In addition to this,
we also believe that the lightest massive particle in the spectrum is a 0+ + scalar particle.

See [52] for a latest review supporting these statements.

e Pure SU(N) Yang-Mills admits a Zg\l,) 1-form center symmetry [24] under which the con-
fining strings are charged. We also believe that these confining strings attract and come
together to form rotationally symmetric bound states. Evidence for this comes not only

from the lattice [52], but also from supersymmetric constructions [53-55].

e Given the existence of a stable string, we can immediately say that there are two massless
modes that live on the worldsheet of the string — these are precisely the Nambu-Goldstone
bosons associated with the spontaneous breaking of translation symmetry in the transverse
direction of the string. For a recent review, see [56, 57]. In addition to these massless
modes, recent numerical lattice simulations, primarily motivated by [58], show that the
lightest massive particle living on the worldsheet of a fundamental string in SU(N) pure

YM is a pseudoscalar axion.

Given these facts, we can say that confining strings in pure YM provide us with a setup where
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separated strings attract and the lightest particle living on the worldsheet of the string is a
pseudoscalar axion. Essentially, all the facts we listed about pure YM above are numerical

and we have no analytic understanding of why they exist.

In ongoing work [7], some results of which we report in this chapter, we aim to ask
these questions about ANO strings in weakly coupled AHMs that we introduced in 2. More
specifically, we study the spectrum of fluctuations around ANO strings, specifically in the
context of the conventional Abelian Higgs model ((2.1.1) and (2.1.3)). In particular we study
the massive bound state excitations of the these strings and compare with what is known

about confining strings in pure Yang-Mills.

4.1 Spectrum of Fluctuations

The spectrum of fluctuations can be solved by linearizing the equations of motion around an
ANO string background (2.1.24) and solving the linearized problem. As noted above, there
are two massless modes — the NGBs corresponding to the spontaneously broken translational

symmetry. We denote these modes as,
X=E2( 2) (4.1.1)

where we assume that the string extends along the z—direction and the (i = 1,2) denotes the
broken generators along thex,y— directions. The coordinates (t, z) refer to the worldsheet
coordinates. There are additional massless moduli that exist at the BPS point § = 1 at
higher vorticity n (2n moduli to be precise — these modulis literally translate to the transverse
positions for the n— fundamental strings [32, 59]). For the purposes of this chapter, we focus
on fluctuations of the fundamental string n = 1. All the other fluctuation modes are massive

and gapped/

To this end, the massive fluctuations come in two varieties,

e Normalizable bound states localized and living on the worldsheet of the string.

e A tower of continuum of scattering states. These are non-normalizable wavefunctions.
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We can use the various symmetries of an ANO string background to grade the various
excitations and orgnize the states. For example, we have an O(2) transverse spin symmetry.
This corresponds to a U(1) rotation around the string and a reflection symmetry around
the origin (O(2) = U(1) x Zs). We can use this symmetry to organize the states in angular
momentum eigenstates. It turns out that the lightest massive particle is a spin- 0 scalar and

we focus our attention on this sector.

In addition we also have a transverse parity Zs symmetry under which X? transforms as a
vector. We can use this parity symmetry to further grade the spin-0 sector as a pseudoscalar
or a scalar, and we refer to the physical excitations corresponding to these states as an axion
and a dilaton respectively. In figure 4.1, we plot the variation of the dilaton and axion
mass as a function of 5. We find that in the type-I regime, where separated strings attract
(see 3.1) and the Higgs boson is lighter than the vector boson (my < my ), the dilaton is the
lightest fluctuation mode. In the type-II regim, where separated string repel and the Higgs
boson is heavier than the vector boson (my > my), the axion is the lightest fluctuation
mode. The BPS point 5 = 1 is special (see 2.1) and the dilaton and the axion sit inside the

same N = (0, 2) massive multiplet on the worldsheet of the string and hence are degenerate.

Thus, the conventional AHM provides us with a model where the dilaton is the lightest
massive fluctuation mode in a setting where separated strings attract. This is in sharp
contrast with what lattice evidence suggests for strings in pure YM, where we expect the

axion to be the lightest mode in a setting where strings attract [58].

4.2 Effective Action of Long Strings

Once we have calculated the spectrum of fluctuations around a string background, we can
calculate three point couplings of the NGBs X to the massive modes, which schematically
take the form,

aXX (4.2.1)
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where a is a given fluctuation mode and the X's are the NGBs. Given these three point
couplings, we can further integrate out these massive modes on the worldsheet and calculate
the backreaction on the Goldstone Bosons. At leading order, the low energy effective action

on the worldsheet takes the following form,

Lop ~ T\/—h<1 + %K‘* + %RQ 4. ) . (4.2.2)

Here, K is the extrinsic curvature and R is the Ricci scalar, and a3 and Eg are low energy
theory-dependent Wilson coefficients, which are interesting characteristic numbers of the
string. For an excellent review of these stated facts, see [56, 57]. These numbers have
been explicitly calculated numerically, via lattice simulations for SU(3) and SU(5) pure YM
theory in [4, 5] (See blue dots in figure 4.2 for their representative locations). In addition,
by requiring a consistent UV completion of the 2d S-matrix, we can put bounds on these
low energy expansion and via unitarity and analyticity, bound the EFT parameters. This
was done in [2, 3] (see the light blue shaded region in figure 4.2 ). In ongoing work [7], we
calculate these EFT coefficients for the conventional AHM for various values of 5 (see red

dots in figure 4.2). We make the following immediate observations,

e The pure YM are purely representative and the numbers in the graph do not coincide with
lattice data [4, 5]. However, it is true that the numbers lie on the right hand side of the

bootstrap plot — not quite on the edge but very close to it.

e For the conventional AHM, the data has been depicted for a specific choice of the gauge
coupling,

e=1. (4.2.3)

We also see that there is a clean demarcation between type-I strings and type-II strings.
Type-I strings occupy the left hand side (83 < 0) of the bootstrap plot and the type-II
strings occupy the right hand side (83 > 0). At the BPS point, the Wilson coefficient 53 =
0.

e The two Wilson coefficients depend on the coupling via the following relation,

~ = 1
Qas, 53 ~ g . (424)
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Strictly speaking, our results hold good at weak coupling and as the gauge coupling is
tuned to smaller values, the we expect the numerical values to increase. In this figure, for
ease of presentation, we have naively extrapolated these weakly coupled results to values

of the gauge coupling, where we expect quantum effects to play an important role

From the figure 4.2, is is once again clear that we have a veritable tension between minimal
AHMSs like the conventional AHM and pure YM theory. YM theory occupies the same
region occupied by type-II strings, where strings repel. Hence, the results summarized by
the two figures 4.2 and 4.1 emphasize the fact that minimal AHMs cannot be compelling

dual descriptions of pure YM confining strings.

A natural candidate to study next is the non-minimal dual AHM that arises in the context

of deformed Seiberg-Witten theory.
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Figure 4.1: In this figure, we plot the masses of the dilaton and the axion — the scalar and
the pseudoscalar fluctuation modes around a fundamental n = 1 string in the conventional
AHM (2.1.3) for various values of 8. In the type-I regime (5 < 1), the Higgs boson is lighter
than the vector boson (mpgy < my), the dilaton is lighter than the axion. In the type-II
regime (8 > 1), the Higgs boson is lighter than the vector boson (my > my), the dilaton
is lighter than the axion. At the BPS point (5 = 1), the masses are degenerate. This is
because the conventional AHM at the BPS point admits an N' = 1 completion that admits
BPS strings, and hence the dilaton and the axion sit within the same A = (0,2) massive
multiplet on the worldsheet. Also, recall that strings in the type-I regime attract and in
the type-1I regime repel (see 3.1). Hence, the conventional AHM gives us a scenario where
strings attract in a regime where the dilaton is lighter than the axion as a massive fluctuation
on the worldsheet. This is in stark contrast with what happens for the confining string in

pure YM.
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Figure 4.2: In this figure, we present the values of the Wilson coefficients for various
theories of interest which admit stable strings. The shaded region depict the values of the
coefficients allowed by requiring the positivity of the 2—d S-matrix [2, 3]. In red, we present
the data for strings in the conventional AHM as a function of the dimensionless ratio f.
Strings in the type-I regime, where they attract, occupy the left hand side of the plot and
the strings in the type-II regime, where they repel occupy the right hand side of the plot.
The blue dots represent the values of the coefficients for SU(N) YM strings [4, 5]. They
occupy the right side of the plot (close to the edge of the shaded region), however their
precise position on the plot are purely representative. From the plot, it is clear that YM
strings and type-II AHM strings occupy the same part of the graph, which reproduces the
tension from before that the axion is lighter in the regime where AHM strings repel. This is

opposite to what we expect for YM strings.
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CHAPTER 5

Phases of Giant Confining Strings

In this chapter, we briefly review ongoing work [60] in collaboration with Thomas Du-

mitrescu.

5.1 Introduction, Lagrangian and Vacuum Structure

The 't Hooft-Mandelstam picture of dual superconductivity tells us that confinement arises
through the condensation of monopoles and consequently the formation of electric flux tubes
in dual AHMs. There are scenarios where this picture can be explicitly realized in super-
symmetric gauge theories. For instance, deformed Seiberg-Witten theory provides a concrete

realization of this phenomena.

SW theory is an N' = 2 Super Yang-Mills (SYM) theory. For the purposes of this
section, we focus on gauge group SU(2). The theory is asymptotically free, and its low-
energy dynamics were determined exactly by Seiberg and Witten in their seminal work [61]
. Beyond furnishing an explicit construction of a dual AHM, SW theory admits a variety
of controlled deformations. In particular, by giving masses to various fields, one can break
supersymmetry either partially, down to N' = 1 or completely. In the limit of large mass
deformations, the theory flows to N' = 1 SYM or even to pure YM theory. These limits,
however are uncontrolled. In ongoing work, we instead deform SW theory softly, taking
the mass deformations to be small and restricting to deformations that preserve N' = 1

supersymmetry.
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The bosonic Lagrangian of the resulting N' = 1 model is given by,

62

- (mf? — |l

Lusonic = = ez S = (0, = iy ymf? = (0, + i mP? = 10,0 —
—2ap*(|m|* + |m|?) — €2|V2min + € + 200ap + 3aza | .

(5.1.1)

We study ANO-like strings that arise in this dual AHM . As in 2, the infinite flux limit is a

convenient regime — the physics of the giant strings gets greatly simplified.
We note the following features of (5.1.1),
e The theory has two monopole scalar fields, m and m, which respectively carry +1 and —1
charge under a,, the dual U(1) gauge field, together with a neutral scalar field ap. In
contrast with the minimal AHMs discussed in Chapters 2 and 4, the dual AHM that

arising from deformed SW theory is non-minimal containing additional charged and neutral

scalars. The Lagrangian describes a weakly coupled theory of monopoles and photons.

e The deformation from N' = 2 to N' = 1 is encoded in the three deformation parame-

ters £, as and ag. Throughout, we work in units with,
E=1, ag ,a3 € R . (512)

Restricting to time-reversal invariant theories imposes a reality condition on the deforma-

tion parameters aso, as.

e The model admits a U (1)531) electric one-form symmetry. The dual AHM admits ANO
string solutions which are the dynamical excitations charged under this symmetry and are

the confining strings.
e Specifically, when the deformation parameters vanish,
Qg = (3 = 0 y (513)

we have an accidental symmetry enhancement and the theory can be embedded into

an N = 2 theory which admits BPS strings, with the string tension,
Tp2s®" = Van . (5.1.4)
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and hence the strings are in the bulk phase. See 2.2.2. Strings in SU(N), N =1 SYM
have been studied in literature [53-55, 62]. In these works, strings (in some cases they are
BPS objects) have been studied and the sine law is quoted as the tension T}, of an n—ality k
string,

mk

T}, ~ sin N (5.1.5)

The BPS expression (5.1.4) is the analog of this sine-law in SU(2), N =1 SYM.

In this ongoing work, we study genuinely non-BPS strings by scanning over all real values
of ap, a3, mapping the analytic structure of strings at large and finite vorticity n, and

charting the large-n, phase diagram as a function of deformation parameters.

The theory (5.1.1) admits three vacua generically. These are of the following type,

(H)

A unique trivially gapped confining (dual Higgs) vacuum, denoted by H, where the

monopoles condense and get a non-zero vacuum expectation value,
ap=0, V2mm+1=0. (5.1.6)

In the confining vacuum, the U (1)21) one-form symmetry is unbroken and one can study

ANO strings which realize H at radial infinity.

Generically, the theory also admits two Coulomb vacua Cy and C_, where the charged

monopoles have zero vev and are defined via the vevs of the neutral scalar ap,

—Oégi\/ﬁ

Cy: m=m=0, ap = D =a3—3a3 . (5.1.7)
30(3
Here, D is the discriminant of the quadratic,
3asa?, + 200ap +1 =10 . (5.1.8)

In C4 the U (1)21) electric one-form symmetry is spontaneously broken with the massless
photon being the NGB. Depending on the values of the deformation parameters, the
Coulomb vacua can be real or imaginary and accordingly the nature of the vacua changes
as parameters are changed. These patterns are summarized in figure 5.1. We summarize

these patterns below,
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— When a3 = 0, we have one Coulomb vacuum and one confining vacuum.

— When ay = 0, there is an accidental enhancement due to a Zs discrete R-symmetry.

Under this discrete symmetry the two Coulomb vacua are exchanged.

— When D > 0, the roots are real. When D < 0, the roots are complex and the two
Coulomb vacua C. are exchanged under time reversal symmetry. When D = 0, C'y. are

coincident.

5.2 Space of Domain Walls

Because the theory (5.1.1) possess multiple vacua, it supports domain walls interpolating
between them. Our interest in these walls is not incidental. Recall from chapter 2, that the
dingle feature distinguishing strings in the degenerate model from those in the conventional
model was the BPS domain wall in the degenerate model. This wall, connecting a Coulomb
vacuum, at the sting core with the Higgs vacuum at radial infinity, was decisive. It reshaped
the essential large-n properties of the strings, including its tension, its radius and hence its
energy density. The natural question is whether the same mechanism can operate in (5.1.1).
To answer it, we map out the domain walls of the deformed theory, with particular emphasis

on those that connect the Coulomb vacua CL to the confining vacuum H.

We denote by {Cy — H} the domain wall that approaches Cy as z — —oo and H
as z — 00, where z is the coordinate transverse to the wall. In the case of strings, C is
realized at the string core and H at radial infinity. The wall {C. <> C_} connecting the two

Coulomb vacua always exists; we therefore concentrate on {Cy. — H}.

Depending on the deformation parameters, these walls may be BPS or non-BPS. When

BPS, they satisfy the first-order flow equations,

— oW , _ -
0.¢; = € o ) ¢ = (m>maaD) ) ‘m| = |m| ) n= Arg(W(C+)) ) W(H) =0,
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............................ related by a 3

discrete symmetry

The two vacua are related
by a discrete symmetry

D = a3 — 3a3

C_

Figure 5.1: The space of vacua in the (ag, as) plane. Generically there are three gapped
vacua: the confining vacuum H (present everywhere) and the two Coulomb vacua Cly,
whose nature is set by the discriminant D = o2 — 3as : real and distinct for D > 0
(left of the blue parabola), complex conjugates for D < 0 (shaded interior), and coincident
on D = 0, where ap becomes massless. On the a3 axis (e = 0) a discrete Zy R-symmetry
exchanges C; <> C_; on the ay axis (a3 = 0) a single Coulomb vacuum survives; at the
origin (the BPS point) the Coulomb vacua are absent. The figure shows the full plane; the

physics is symmetric under ay — —as.
where W is the superpotential,

W = ap + azal, + azay, . (5.2.2)
The BPS domain wall tension, if it exists is denoted by,

(Ce — H} oy = 2)W(CY))| . (5.2.3)
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Being first order, the BPS equations are over-constrained, and a BPS wall between a given
pair of vacua need not exist for all values of ais, 3. Where in parameter space each wall exists
is summarized and mapped in figure 5.2. This analysis of when and where in parameter space,
which domain walls exist is reminiscent of the wall crossing phenomena and the counting of
BPS kinks in N = (2, 2) theories [8, 63].

We additionally summarize the hierarchy of domain wall tensions in the parameter
regimes where both {C; — H} and {C_ — H} exist. This hierarchy is essential because
in such regimes, the theory admits two competing domain-wall like strings. In the domain
wall phase, the string tension is set directly by the tension of the corresponding domain wall
(see (2.2.21)), so the string built on the lighter wall is the minimum energy configuration.

We do this in figure 5.3.

We summarize the various patterns below,

e On the a3 = 0 axis, we just have one domain wall. When ay > 0, only {C, — H} exists
as a finite BPS domain wall, since C_ goes off to +o00. The opposite happens when as < 0

and only {C_ — H} exists.

e Since on the ay = 0 axis, the vacua are related via a discrete Zy symmetry, both DWs
exist and are also exchanged under this symmetry. Hence, they also have the same DW
tension,

oy =0_ (5.2.4)
The same goes, when D < 0, the two vacua are exchanged under a time-reversal symmetry.

Both the DWs exist and are consequently exchanged under this discrete symmetry. Hence,

the DW tensions are the same.
e When D = 0, the vacua are coincident and hence the both the DWs are coincident.

e When D > 0 and a3z < 0, both BPS DWs exist, however their tensions are different.
When ay > 0, 04 < o_ and {C; — H} is more favored to form the basis for a domain
wall like string. We will see that this is indeed what happens. The opposite happens

when as < 0 and {C_ — H} is more preferred.
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e The most interesting case is when D > 0 and a3 > 0. When oy > 0, the BPS DW
equations admit a solution only for {Cy — H} boundary conditions. Hence, {C_ — H}

does not exist as a BPS object. It instead is a composite domain wall,
{C. - H}={C_ - yP{c. —» H}, (5.2.5)

and consists of a {C_ — C,} wall and a {C}, — H} wall. Hence, it’s not favored as a
candidate for a domain-wall like string. Hence, in 5.3, we report only the tension of the
domain wall that exists as a BPS object. A similar phenomenon occurs when a3 < 0,

where {Cy — H} does not exist as a BPS object.

5.3 Confining Strings

In this section, we now summarize the patterns of confining strings at large but finite n
and at infinite n as the deformation parameters are varied. The findings in this section are
corroborated extensively by solving the string equations of motion for (5.1.1). These string
equations of motion are a souped up version of (2.1.31). We find that for some values of the

parameters, the strings are bulk-like and for others they are domain wall-like.

5.3.1 Finite vorticity

The nature of confining strings as the deformation parameters as and a3 are varied are

summarized in figure 5.4. We list some salient features,

e We recall from 5.1 that strings at the BPS point are bulk-like and in the infinite vorticity
limit, realize the bulk phase. Strings continue to be bulk-like inside a small ellipsoidal

bubble around the BPS point, whose rough dimensions are given by,

1 1
— ~ — . 5.3.1
\/ﬁ s Q3 0 ( )

e Everywhere outside this ellipsoidal bubble the strings are domain wall-like. When the

Qg

possiblity of both {C_ — H} and {C; — H} exists, the domain-wall like string precisely

realize the one with the lower energy.
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Figure 5.2: In this figure, we tabulate the existence of {C, — H} and {C_ — H} domain

walls as the deformation parameters are varied. We have both the domain walls existing
everywhere except the two wedges, where D > 0 ;a3 > 0. Inside these wedges, only one
of the two possible DWs exists as a BPS object. The other is a non-BPS object (5.2.5).
On the red line and inside the blue parabola, the twp domain walls are exchanged under a

discrete Zy symmetry.

See the dotted figures 5.5 populating the deformation space. They depict the effective
potential on the string worldsheet. For instance on the red line or inside the blue parabola,
where the domain walls are related by a discrete symmetry and hence the DW tensions are
the same, hence the tension of the domain-wall like strings are also the same. Similarly,
when D > 0, a3 < 0, ay > 0, where, 0, < o_, the domain wall-like string realizing {Cy —
H} is the minimum energy string. We can depict the effective potential in this way

everywhere in the deformation space.
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Figure 5.3: In this figure, we map the tensions o, and o_ of the BPS walls connect-
ing {C — H} and {C_ — H}, respectively, whenever they exist. Most prominently inside
the wedges D > 0 ,a3 > 0, only one BPS wall exists. Also, note the hierarchy shifting

when a3 < 0 and as we dial ay from negative to positive.

Accordingly, we find that the red line is a first order line, ending on a second order Ising
transition point. The blue line is a second order line as well. The explicit value of as , as,

where the second order transition occurs can be determined.

5.3.2 Infinite vorticity

In the infinite n limit, the giant strings realize genuine large-n phases. In this limit, the ellip-
soidal bubble shrinks to nothing. The string is bulk-like only at the BPS point and literally
everywhere, the strings are domain wall-like realizing the appropriate domain wall {Cy — H}

with the minimum DW tension. The second order point now becomes a multicritical point
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Figure 5.4: In this figure, we depict where in the deformation space, the strings are bulk-
like and where they are domain-wall like. Inside a small ellipsoidal bubble which shrinks
with increasing n, the stirngs are bulk-like. Everywhere outside, the strings are domain-wall
like. When the strings are domain-wall like, they precisely realize the domain wall with the
lower energy (see figure 17). Accordingly, the red line is a first order line ending on a second

order Ising point. The blue curve is a second order line.

at the BPS point at the intersection of the first order red line and the second order blue

curve D = 0.

Thus, the physics of non-BPS objects — the strings — is governed by the physics physics

of BPS objects — the domain walls. This is cleanest in the large-n limit.
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Figure 5.5: In this figure, we depict the large-n phase diagram which makes sense in the
strict infinite vorticity limit. The string is in the bulk phase only at the BPS point, which
is also a multicritical point at the intersection of the first order red line and the blue second
order curve D = 0. The ellipsoidal bubble shrinks to zero. The dotted curves depict the
effective potential on the string worldsheet and tells us the hierarchy of the domain-wall
strings realizing the {Cy — H} DWs, whenever they exist. The phase diagram bears close
resemblance to 5.3. The large-n limit allows us to analytically study the physics of these

non-BPS strings, through the lens of genuine BPS objects — the domain walls.
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