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Exact Spin and Orbit Maps in a Uniform Longitudinal Magnetic
and Electric Field

C. Mitchell

August 7, 2026

Abstract

In this note, we develop in closed form the dynamical SO(3) spin map determined by the
Thomas-BMT equation for a charged particle with general gyromagnetic ratio in a uniform
longitudinal magnetic and electric field. This field configuration provides an idealized model
of uniform particle acceleration with transverse (solenoidal) confinement. The spin map is
expressed in a factorized Lie-algebraic (axis-angle) form, making it straightforward to determine
the corresponding SU(2) or quaternion representation. To facilitate numerical implementation,
the Lie generators are expressed as functions of the six phase space variables commonly used for
charged particle transport in s-based tracking codes. The dynamical evolution of these phase
space variables is also described. This allows exact transport of both phase space and spin
variables over long distances in such a field region, without the need for numerical integration.

1 Hamiltonian and Charged-Particle Orbits

1.1 Electromagnetic Field and Potentials

We will treat the special case of a uniform longitudinal electric and magnetic field E = E.Z,
B = B, Zz, which we characterize using the following two parameters:

B
k=12 (1)

mc?’ me

Here g denotes the particle charge, m denotes the particle mass, and ¢ denotes the speed of light.
Each of the quantities in (1) has units of inverse distance (1/m). The fields E and B may be
expressed using the following potentials:

qy _ qAz _ k qu _ k qA;

aY 2y _r
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=0, (2)

where E = -V and B =V x A. To describe the particle orbits, we will work in terms of the
following set of six canonical variables:

A A =
X=u Y=y T=c, p=Lr"0 p _ntthy p_n-0 (3)
mc mc mc



Here p; = ymuv,, py = ymv, and p; = —ymc? denote the relativistic “mechanical” momenta. Note
that the (dimensionless) canonical momenta can be expressed in terms of the usual relativistic beta
and gamma as:
k k
Px:ﬁfﬂ—gY» Py:ﬁy7+§X7 P =—v+ Az (4)
The orbits are then determined using the following Hamiltonian, where the coordinate z is taken
as the independent variable:

H(XaP:mYaPy’TaPt;Z) =

o (e Y (Y 8

The reader may verify that Hamilton’s equations of motion using (5) are consistent with the usual
Lorentz force equations for the fields defined by (1).

1.2 Exact solution

Since (5) is independent of 7', the canonical momentum P; is an invariant of motion. Another
convenient invariant of motion is given by the magnitude of the transverse mechanical momentum:

pech \/(Px +aY)?’ + (P, —aX)?, a= 3 (6)

It is straightforward to check that {H, Peh} = 0.

The complete solution for motion z ~ 2/, which is obtained in [1], is given by the map (X, P, Y, Py)T —
R4D (X7 va Y7 Py)T where:

Ryp = Rioc Rrot, (73)
cos(@()g) sin(@()e/)a 0 0
—asin cos 0 0
Broe = 0 cos(d)  sin(6)/a |’ (7b)
0 0 —asin(f)  cos(0)
cos(6) 0 sin(6) 0
B 0 cos(f) 0 sin(0)
Frot = | _ sin(6) 0 cos(¢) 0 ' (7c)
0 —sin(#) 0 cos(0)

Here the angle parameter 6 is itself a function of the initial phase space variables. It is given by:

—P+ X+ P!
—Pt+)\Z+PZ

9:%log

L P= (P e 1 (P2, (8)

The solution for the longitudinal coordinates is given by:
1
Tf:T+X<PZf—PZ), P/ =p. 9)

Direct evaluation shows that these orbits satisfy Hamilton’s equations of motion with the Hamil-
tonian (5).



1.3 On-axis design orbit

A nominal design orbit is given by taking X = P, =Y = P, = 0, in which case we have simply:

1
T =T+3 (PZf—PZ>, Pl=pP, P.=\(P— )21 (10)

It is convenient to re-express this result in terms of the relativistic factors 8 and « on this orbit.
Using (4) we obtain:

TN =T+ % ((67)f - (/3’7)) . A =r+24z (11)

When a design orbit with a specific value of 7 is selected, the corresponding quantities will be
denoted using the subscript d, defining g4, T}y, etc.

1.4 Paraxial solution

The paraxial (chromatic) solution is obtained by expanding the Hamiltonian (5) to second order
in the transverse phase space variables (X, P,,Y, P,). This yields the Hamiltonian:

Hparax(Xu Px; Y) Pyy T, Pt; Z) =
k.?
P;+ P+ k(PY — P,X) + Z(X2 + Y2)} — V(P = 2)2—1. (12)

1
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The orbits can be obtained by expanding the exact orbits to linear order in the transverse phase
space variables. The solution is again given by (X, P,,Y, Py)T — Ryp(X, P.,Y, Py)T where R4p
takes the same form as (7), except that the angle parameter 6 is evaluated at X = P, =Y = P, = 0:

P4+ + P
—P+Xz+ P,

szlog

. Po=\/(P—X)? -1 (13)

Expanding the solution for 7" to second order in (X, P,, Y, P,) yields the paraxial solution:

1 1 /1 1
T/ =T+ (PL=P)+ 55 (5 = —F ) (PR 14
The result is a solution of Hamilton’s equations with the Hamiltonian (12). In this solution, 7'
and P, are absolute. To obtain T" and P, relative to the design orbit, one must subtract the design
values thus:
AT =T — Ty, AP, =P, — P, 4. (15)

2 Thomas-BMT equation

The Thomas-BMT equation for the rest-frame spin 3-vector Sofa particle of mass m and charge ¢
moving in the electromagnetic fields specified in (1) can be expressed in the following form [3, 4, 5],



where the longitudinal coordinate z is taken as the independent variable:

. - . 1 ~ . . .
=0 xS, Q = g (1+GY)kz2—G(y—Dku,a— (G+1/(1+7))ByA(a x 2)]. (16)
z
Here G denotes the gyromagnetic anomaly of the particle, given in terms of the gyromagnetic ratio
g by G=(g—2)/2, v and g are the relativistic factors evaluated on the particle orbit, and 4 is a
unit vector pointing the direction of the instantaneous velocity (in the lab frame). Namely:

Ll &
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—

o= (17)
1311
For a particle on the design orbit, where @ = Z we have simply:
- 1
Qu(z) =———(1+G)kz. 18
&)= e T 1)
The spin map M, for a particle on the design orbit must satisfy the 3 x 3 matrix equation:
dM, = -
= (Qa(z) - DMa,  My(z) = 1. (19)

Here L;, j = 1,2,3 denote standard 3 x 3 matrices forming a basis for the Lie algebra of SO(3) [6],
and I denotes the 3 x 3 identity matrix. Since the vectors ﬁd(z) are parallel for all values of z, it
follows that the solution of (19) is given by:

M, = exd'E, Xy = /Zf Qa(2)dz = —(1 + Q)k2 /Zf Ldz. (20)
z; z; (/ydﬂd)(z)

The latter integral is:

v 71 dz =10 21
/zi (vaBa)(z) @=0/e (2D

where 6 is just the expression in (13). As a result, it follows that:

—

M = —20(1+ G)z. (22)

We have now determined the spin map My on the design orbit. It is a rotation about the z-axis,
whose rotation vector is given by (22).

Next, we will consider particles that do not lie on the design orbit. In terms of our canonical
variables we have:

v=—-F+ Az, 5&:7:PJ1+(1Y7 By’Y:Py_O‘Xv (23)

Ber = /(P = A2)2 — 1 — (Ppechy2, (24)

so that the unit vector 4 appearing in (17) is given by:

P, +aY P, —aX (P = A2)? = 1 — (Ppech)?
Uy = ta Uy = y_ 2 Uy = \/ = . (25)

V(B —X2)2 =1 V(B = X)2 =1 (P —X2)2 -1




Expanding the precession vector §} from (16) to linear order in A¢ = (X, P,,Y, P,)T yields the
following result:

0 = Qg+ (DQAC + O(|ACP), (26)

where D) is the 3 x 4 Jacobian matrix with components D2;; = 0€;/0¢; This is obtained as:

|5:0'

—ag f af g
DQ=|~-af —g —ag f], (27)
0 0 0 0

where the quantities f and ¢ are functions of z given by:

Gk A 1
& =1 997 (Pt_)\z)2_1<G+1—Pt+/\z>' (28)

The spin map M is then the 3 x 3 matrix given in factorized Lie-algebraic form [6] by:
M = MLANL L O(AC)?),  AC= (X, Py, Y, P)T (29)

Here the 3 x 4 matrix A is given by:
zf
A= / M(2)T DO(2) Rap (2)dz, (30)

where Ryp is the 4 x 4 paraxial transport matrix defined in (7). We make use of the following
simplification of the integrand:

My(2)TDQ(2)Rap () = 245 LDQ(2). (31)

The problem is then reduced to evaluating the integral:

Zf =
A= / 2= DO (2)dz. (32)
The result is given by:
oG F oF -G
A=|—-aF G oG F |, (33a)
0 0 O 0

where

A(1 — cos(2G))
2a
Asin(2G0)
2a

F = v(z)sin(2G0) + +{v(zf) — v(2)}sin(2GH), (33b)

G =v(z)(1 — cos(2G0)) — —{v(zr) — v(2)} cos(2GH), (33¢)

and we have introduced the function v given by:

V(Z>_ (Pt_)‘Z)Q_l_ 57
 1—-P+X 147

(33d)

To see that (32) holds, note first that z; = 2y = 6 = 0, so that F' = G = 0, and hence A = 0.



Calculating the z-derivatives of F' and G in (33) shows that:

F' =2G0'vy cos(2GO) + (AGE' a4+ V') sin(2G9), (34a)
G' =2G0 vy sin(2GY) — (AGE' /o + V') cos(2GH). (34b)

However, evaluating the derivatives 6’ and v/ directly we have that:
1) =2600), )= Do v (3)

Using (33-35) to evaluate dA/dz, and comparing the result with (27), we see that:
dA
dz

This shows that (32) holds, as desired.

= 2602 DQy (). (36)

The result (33) will be revisited in the following section, where it will be obtained from the exact
solution using an independent method.

3 Exact evolution of the spin 4-vector

To obtain the exact solution for the spin dynamics, we begin with the following covariant form
of the Thomas-BMT equation for the spin 4-vector S*, using proper time 7 as the independent
variable:

@ _ 7 dat S, sl dxﬁ

alZd il
- (G +1)F™S, + Gd e

Here F* denotes the antisymmetric Faraday tensor, and z* is the 4-vector with components
(ct,z,y, z). To simplify the units, we take 7 — c7 to have units of length, we take F* s qF'* /mc?
to have units of inverse length, and we define p* = ~, p/ = vBj 7 =1,2,3. Then we obtain:

as#

dr
We will re-express (38) in a matrix-vector form, as follows. First, we let n = diag(1,—1,—1,—1)
denote the 4 x 4 matrix defining the Lorentz metric, with components n = [, ]. For each 4-vector
quantity (such as p#), we define a column vector p with components p = [p#], where u = 0,1,2,3.
Likewise, we define a row vector p’ = p’n with components pf = [pu], so that plp = pp, = 1.
Likewise, define a 4 x 4 matrix F with components F' = [F" ] = [F#f1,,] and adjoint FT = nFTy
Then (38) becomes:

(37)

= (G + 1)F"™ S, + Gp"So F*Ppg. (38)

ds
dr

where the 4 x 4 matrix A is clearly:

= (G+1)FS —Gpp'FS = AS, (39)

A= (G+1)F —Gpp'F. (40)

Next, let us recall how the momentum 4-vector p evolves in a uniform electromagnetic field given
by F'. The Lorentz equation becomes simply:
dp

- =Fp=p(r) = e po. (41)



Then the adjoint p' evolves as:

dpt _
dr

—p'F = pl(r) = pge*TF,

and we see that:

A(T)=(G+1)F — G(eTFpopge_TF)F = {(G +1)F — GpOpEr)F} e T,

where we used the fact that the matrices e~™F and F commute. Therefore we see that:

A(T) = e™FA(0)e™TE.

Now let us define:

S=eT"Fgs.

Then we see that:

dr § dr . .
= —FS+A0)e ™S = —FS+ A0)S,

with initial condition S(0) = S(0). The solution for S is clearly given by:

S(1) = exp {r(—F + A(0))} S(0).

It follows that the solution for S is given by:

S(r) = eFS(r) = e er A0 ().
The generator in the second factor can be written explicitly as:
—F 4 A(0) = GF — Gpop)F = G(I — pop}) F.
Thus, we have the final result:
S(r) = eFerGU=Ppl)F 5 ().
The solution is required to satisfy the following identities:

ST(r)S(r) = 81(0)5(0),  pl(r)S(r) = 0.

This follows from the equation of motion (39-41). We can see this as follows. First note that:

i(pTS) = —plFS +p [(G +1)FS — Gpp'FS

dr
= Gp'FS — G(p'p)p'FS =0,
provided pfp = 1. Next, let’s note that:

ast

=G+ 1)STF + GSTFpp'.

— = _—Fe S+ e_TFﬁ = —FS+e FA(T)S

(42)

(43)

(53)



It follows that:

f
dilT(sTS) = %S + ST% = —(G+1)STFS+GSTFpp'S + (G +1)STFS — GSTpp' FS.  (55)

The first and third terms on the rhs clearly cancel. In the second and fourth terms, we have the
quantities p'S = 0 and Stp = 0, respectively. As a result, the derivative vanishes, and we obtain
(52).

There is an advantage to replacing the quantity A appearing in (39-40) with the quantity:
A=F+G(I —pp")F(I —pph). (56)
This has the advantage that the adjoint is trivial:
AT = —A, (57)
while since pfS =0,
AS = (F + G — pphF(I - ppT)) S =FS+G(I —pp')FS = (G+1)FS — Gpp' FS = AS, (58)

leaving the equation of motion (39) unaffected. It follows that the solution for the spin 4-vector

can be written in the alternative form:
S(7) = e7F erGU=pop))FI=popl) 5 () (59)

Although expression (59) looks more complicated than the previous expression (51), in this case
each matrix factor on the rhs is a Lorentz transformation. Since the quantities STS and pfS are
Lorentz scalars, the identities (52) follow immediately.

3.1 Evaluation in the particle rest-frame

Evaluation of the spin 3-vector S in the particle rest frame can be obtained by applying a Lorentz
boost opposite the instantaneous particle velocity. Let L denote a 4 x 4 matrix whose components

are given by L = [L“ v], where L* , are the tensor components of the Lorentz transformation.
The matrix L for a pure Lorentz boost opposite the momentum p is known in explicit form. It is
given by:
0 T
p —-p
L= . S| 60
(5 oo vg) 0

It is straighforward to verify that:
L™nL=n,  Lp=(1,0,0,0)". (61)
In particular, for each value of 7:
L(T)p(T) = (1,0,0,0)7. (62)
For each value of 7, we define another Lorentz transformation L(7) by:

L(r) = L(0)e™™F. (63)



TF

Since e~ is a Lorentz transformation, so is (63) and we see that:

L(r)p(r) = L(0)e ™ ™ pg = L(0)po = (1,0,0,0)". (64)

From (62) and (64) it follows that: R
L(r) = R(7)L(7), (65)
for some rotation matrix R(7). This implies that:

Syest(T) = R(7)L(0)e™CU=Poph)FI=por)) [ (0)18, ., (0). (66)

Then we have:
L(0)emGU=poph)FU=porl) [,(0) =1 = exp (GL(O)(I — popb)F(I — popg)L(orl) . (67)

The argument of the exponential is transformed into the initial rest frame of the particle, the frame
in which py = (1,0,0,0)7, and it is straightforward to verify that:

— —

L(0)(I = poph) F(I = poph) L(0) ™" = —Bregs - 7, (68)
where érest denotes the magnetic field in this initial rest frame. Therefore we have:
Syrest(T) = R(1)e TGBrest I g (0). (69)

It remains to determine the generator of the rotation R(7). If we can do this, then (69) descends
naturally to a Lie-algebraic expression for the SO(3) spin map of the rest-frame spin 3-vector S.
We have:

R(t) = L(r)L(r)™" = L(r)e"™ L(0) . (70)

We note that R(7) is exactly the spin rotation that would be obtained in the special case that
G = 0. The case G = 0 can be solved directly, in the original formulation.

3.2 Exact solution for a longitudinal electric and magnetic field

In this section, we will make use of the following two integrals over particle orbits:

F1 260
AT = / dz = —, 71
2f 1 2 1 (1=P+Xz+P. 22
dz = tan 1( z)} = —, 72
/ PO F 1) E ™ NPooar] { P LT (72)

In (71), 0 is the same parameter defined in (8), and A7 denotes the proper time elapsed between
locations z; and z¢. In (72), we have defined the parameter f.

Consider the Thomas-BMT precession vector Q in the special case that G = 0. We have:

. % A L.
Qocpy=—+——— (P X2)=Qp+ Q. 73
(G=0) v 1) (L x 2) = Qo (73)



The solution for Oy is given easily by:

zr 1 . -
My = exp (—ki/ e dz - L) = 0%L (74)

Then the solution for Q(G’:O) is given by M(g—o) = MoM,, where:
d

My = Qi - LYM,,  My(z) =1, Qe = MTQ,. (75)
However, the transverse mechanical momenta evolve as:
pL(z) = e 2151 (0), (76)
and it follows that:
Gy = 70, = 2 (5 2) = 2 ((0) x 2) (77)
mt — T — i .
p-(1+7) p=(1+7)

Since the direction of this vector is again independent of z, we have the solution:

M, = exp (A(ﬁl(o) « ) / f el 11+ e E) = oxp (2L (0) x 2)- L) . (1)

Finally, we must evaluate gTest. Note that:

. . _ 0 1) /-
Brest:poB_ <ﬁ><E) - (p ) <Bﬁ)ﬁ

121/
= p'B - (ﬁxE) —p01+1 (ﬁ-ﬁ P
=kp’2 — X\ (P x 2)—p011 (kp*) p
:k‘5+p0+1 (IpLlP2—p°PL) —A(Fx 2). (79)

The same expression can also be evaluated at any location z along the particle orbit, and we denote
the result as Byest(2). A direct comparison with the Thomas-BMT equation shows that, at each z:

G -
0 rest(Z)- (80)

0(2) = Qg=0)(2) —

Likewise, a tedious but straightforward calculation shows that:

kA . k2 x4 kX
P+’ 01 pL

1

Q(G:O) X Brest = O+ 1)2 (") — |7L?2] (81)

with an identical expression for dérest /dz, so that:

dgrest

a2 = Q(G’:O) X grest- (82)

This shows that the evolution of Emst along an orbit is given by:

grest(z) = MOMrérest(zi)- (83)

10



The full solution is then given by:

M = 6—202-L62,u,(pl><z)~Le—2GQBrest/k~L. (84)

For a particle on a design orbit with p| = 0, it follows that érest =kz and
My = o202 ,—2G03L _ ,—20(1+G)z-L (85)
which coincides with the result obtained in (20-22). We can now verify that (84) satisfies the spin

map evolution equation, where all z-dependence is contained in the functions # and p. Taking the
derivative of (84) gives:

(oD P a5 L (9 5 5y [ ) 205 x2) L —2G0B e /i
dz dz dz

4 MM, (_2Gzll9 Biest E) ¢~ 2G0Best/k-L
z

k
B ko= du, - d0 Brest(z) =
_ ( — L>M+ <2dz(m(z) x ) L)M+< 265 S 1)
kz ApL(z) x 2) G ) a}
= — + - Bres z Lo M
G PO T~ e P
. G - .
= {(Q(G=o)( )= 5 resxz)) : L} M={G()- L} M, (6)
as required.
3.3 Application to paraxial expansion
The result takes the form:
M = MdMT'a Mr — 629G2~E66~Ee—29G(2+g)-E’ (87)
where
. L - P I
a=2u(pL x 2), b:—0+1pj_—%(pj_><z). (88)

We use the factorization:
e~ 200G (2 +eb)-L _ ed L ~20G2L ~ed L | O(e?), d=5xb (89)

This follows since to O(e):
ocd L ,—20G2-L ,—ed L

= exp —26’G6“M:2 . E) = exp (—29G{2 + G(JX z)}- E) (90)

= exp

(
(

where we used the fact that b- 2 = 0. Therefore to O(e):

—20G{% + b} - E) , (91)

M, = 20G4 L e L ed L, ~20GoL ~ed L (92)
— 629G2-L66(d’+d)-L6729G2-L676 -L (93)
= exp (eeQeGi'L(d—i— d) - L) el = ML (94)

11



where

—

X=Xl G d) —d= |l (2up, —b) + 5] X Z.
The latter vector can be written out explicitly. It is enough to put:

_ 20G2L =

le_ D1,

SO

P, = s cos(2GO) — p, sin(2GH), Py = Py cos(2GO) + p, sin(2GH).

Then the vector in brackets becomes:

—y p3 —y A p3
2 —_ - X3)— ———p| — = (pL X 2
upL-+]ﬁ_%1p¢-+kij z) P L (L x 2)

giving X in components:
3
_ / D / Ay
M—%m+ﬁiﬁ%—m%%@fmm
3
/ p / Ay
Ay=—{%wx+p0+1@x—mﬂ+k@@—pw},

A, = 0.
This shows that, in the paraxial approximation, the map M, takes the form:
M, = A5,
where the matrix A is given by A;; = d\;/0(;, with:

oG F oF -G
A=|—-aF G oG F |,
0 0 0 0

where
3
_p , A(1 — cos(2G6)) .
F = T sin(2G0) + o + 2usin(2G0),
3 .
_p B _ Asin(2G6)
G = i (1 —cos(2GH)) a5 2 cos(2GH),

and in the paraxial approximation:

Zf » )

1 (Pt—AZ)2—1 z
2

A/” dz _1
Mo a ), B —1(1l—Pi+rs) 2 1—Pi+r

Using this in (103), we reproduce the result in (33).

Zi

12

Zf

Zi

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103a)

(103b)

(103c)

(104)
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