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ABSTRACT OF THE DISSERTATION

Verifying depth-zero supercuspidal L-packets for inner forms of GSp,
by

Jaime Lust

Doctor of Philosophy in Mathematics
University of California San Diego, 2010

Professor Wee Teck Gan, Chair

In [GT], Gan and Takeda prove the local Langlands conjecture for GSpy. In
[GTan], Gan and Tantano prove the local Langlands conjecture for GUz(D), the inner
form of GSp4. Under these parametrizations, the L-packets LgT attached to a parameter
¢ do not give an explicit realization of supercuspidal representations as compactly in-
duced from open compact mod center subgroups. For tame regular discrete L-parameters
¢ of GSpy and its inner form, we extend the construction of DeBacker and Reeder given
in [DR] to attach L-packets Lf B of depth-zero compactly induced supercuspidal repre-
sentations. We then show that the two parametrizations agree, namely for tame regular

discrete L-parameters ¢, we have LgT = LgR.

X



1 Introduction

In the 1960’s, Robert Langlands made a broad series of conjectures relating the
structure of the absolute Galois group of a local field k to the representation theory of
linear reductive groups over k. Roughly, the local Langlands conjectures predict that
irreducible representations of a linear reductive group G over k should be parametrized
by certain homomorphisms of the absolute Galois group of k£ to the Langlands dual group
La.

More precisely, there should be a surjective finite-to-one map from the set of
equivalence classes of irreducible smooth representations of G to the set of equivalence

classes of admissible homomorphisms
¢: W, — LG,

Here, W) = W}, x SLy(C) is the Weil-Deligne group, where the Weil group Wy, is a
dense subgroup of the absolute Galois group of k. As terminology, an L-parameter ¢
corresponds under the map to an L-packet Ly of representations of G. This map should
satisfy certain desired properties. One such property is the preservation of local factors
such as L-functions and e-factors attached to both sides of the correspondence.

Around 2000, Harris and Taylor [HT|, and separately Henniart [He2|, proved
the local Langlands conjecture for GL,. Cases for small n were established earlier by
Kutzko and Henniart. Rogawski [Ro] proved the conjecture for Uy and Us. In 2007,
Gan and Takeda [GT] proved the local Langlands conjecture for GSpy. Also, Gan and
Tantano [GTan| proved the local Langlands conjecture for GUy(D), the inner form of
GSpy4. Forthcoming work of Arthur will prove the local Langlands conjecture for the
classical groups.

For supercuspidal representations, there is another conjectural classification which
is independent of the local Langlands conjectures. It is conjectured that any irreducible

supercuspidal representation 7w of G can be compactly induced from an open compact



mod center subgroup. More precisely, we would like to write down a nice family of
compact open mod center subgroups K of G and representations o of K, such that all

irreducible supercuspidal representations are of the form
7= c¢—Ind%o.

Recently much work has been done in this direction. In 1993 Bushnell and Kutzko [BK1]
showed that any irreducible supercuspidal representation of GL,, is compactly induced.
In 2001, J.K. Yu [Y] constructed a family (K, o) for any connected reductive group G. In
2007, J.-L. Kim [Ki] proved that, for p large, the family constructed by Yu exhausts all
supercuspidal representations of G. Independently, for p # 2, Stevens [St] constructed
another family (K, o) for G = Uy, Spay, or SO,,. He also proved that for these groups G,
his family exhausts all supercuspidal representations of G.

It is not obvious how to relate the construction of supercuspidal representations
via compact induction to the classification given by the local Langlands correspondence.
There is a series of papers by Bushnell and Henniart [BH1], [BH2] devoted to answering
this question for GL,,. For tame parameters of GL,,, these results were established earlier
by Henniart [Hel]. My thesis is towards answering this question for GSp4 and its inner
form GUs(D).

We consider the subset of tame regular discrete parameters of GSp,4. For pure in-
ner forms of unramified p-adic groups, DeBacker and Reeder [DR] give a parametrization
of tame regular discrete Langlands parameters. For any tame regular discrete parameter
they explictly construct an L-packet of depth-zero supercuspidal representations. This
construction applies to GSpy but not to GUs (D). We extend their construction to give
L-packets Lg R of depth zero supercuspidal representations for both G:Sps and GUs(D),
that agree with DeBacker and Reeder for GSps. We then show that the L-packets we
construct are the same as given by the local Langlands conjectures for GSpy and GUs (D).

We show

Theorem 1.1. Let ¢ be a tame regular discrete L-parameter. Let Ldl))R be the L-packet
of depth-zero supercuspidal representations of GSpy(k) or GUs(D) corresponding to ¢ as
in Definition 5.4. Let LgT be the L-packet of supercuspidal representations of GSp4(k)
or GUs(D) corresponding to ¢ via the local Langlands conjecture for GSpy or GUa(D).

Then
DR _ 1GT
L¢ —L¢ .



In [GT] and [GTan], the local Langlands classification is characterized by the
preservation of L-factors and e-factors. To prove Theorem 1.1, we need to show that
certain L-functions have poles at s = 0. By theory of Shahidi [Sh], this question is

equivalent to studying the reducibility points of the generalized principal series
_ G 1/2 s
I(s,7 X o) = Ind}. no, ym X o|det]®.

Here, 7 is an irreducible representation of GSpins(k) = GSpa(k) or GSping(k) =
GUy(D), and o a representation of G Ly, (k), where

(i) G = GSpin4m+5(k) or Gspin2m+4’2m+1(k),
(ii) M = GSpZ’rlg,(k) X GLQm(ki) or GSpin;Ll(k) X GLQm(k).
We need to show

Theorem 1.2. Let m be a depth zero supercuspidal representation of GSpins(k) or
GSping1(k) corresponding to a tame reqular discrete Langlands parameter ¢ = ¢1 @
@ ¢p, v = 1,2, as in Definition 5.4. Let o = o4, where 1 < @ < r, be the depth-
zero supercuspidal representation of G Loy, (k) attached to the Langlands parameter ¢;
via the local Langlands correspondence for GLaoy,. Then the generalized principal series

I(s,mX o) reduces at a unique sg > 0.

The proof of Theorem 1.2 is achieved by studying a Hecke algebra H(G//P, p)
associated to this family of induced representations. More precisely, using the theory of
types and covers developed by Bushnell and Kutzko [BK2|, we find an open compact
subgroup P of G and representation p of P such that irreducible representations in the
Bernstein component of (s, 7 X o) are parametrized by simple H(G//P, p)-modules. In
this situation c— Indg p is a depth-zero representation, and Morris [Mo] describes explicit
generators and relations for the Hecke algebra H(G//P, p) = Endg(c —Ind%p). We have
H(G,P,p) = (Ty, T1,T>), subject to the relations

() To*xT; =T+ Ty, i=1,2,
(i) T? = (p; — VT; +pi, i=1,2.

Notice that H(G, P, p) is a Hecke algebra of type Aj tensored with a polynomial algebra.
For T;,i = 1,2, we show there is a subalgebra of H(G//P,p) which is canonically

isomorphic to the endomorphism ring of an induced representation over a finite field,



with T; identified as the unique non-identity generator. In this way computation of the
parameters p; reduce to computations over a finite field, which can be done following
a theorem of Lusztig [Lu]. We show the parameters p;,i = 1,2, of the Hecke algebra
H(G//P,p) are unequal. Theorem 1.2 then follows using a results of Matsumoto [Ma]
and Harish-Chandra [Sil].

We begin by giving a short description of the various groups used in this thesis
in Section 2. In Section 3, we describe tame regular discrete L-parameters for GSpy. In
Section 4 we give an exposition of the local Langlands conjectures for GSpy and GUs (D).
Then, in Section 5, we extend the DeBacker-Reeder construction to give L-packets Lg R
of depth-zero supercuspidal representations for GSpins(k) and GSping (k). In Section
6, we introduce the generalized principal series I(s, 7 X o). In Sections 7 and 8 we give
a presentation of H(G//P,p) and compute the parameters p; using results of Morris
and Lusztig. Then in Sections 9 and 10, we state the main theorem and show that the

L-packets LgT and Lg R agree.



2 Structure theory

Let k be a p-adic field, namely a non-archimedian local field of characteristic 0
with residue field § of characteristic p. (In the following sections §f = I, will denote a
finite field, but we will not assume so in this section.) Let F' = k or f.
2.1 General linear groups

If V is an n-dimensional vector space over F', then

GL(V) = Autp(V).

2.2 General symplectic groups

Let Vi = F f1 & F f5 be the 2 dimensional vector space over F' equipped with the

non-degenerate alternating bilinear form ( , ) given by

(fi.f2) = =(fo, 1) =1, (fi, fi) = 0.
Then V = Vl@” is a symplectic space of dimension 2n over F'. Let
GSpan = GSp(V) = {g € GL(V) : {(gv1,gv2) = A(g)(v1,v2)}
where A\(g) € F* is a scalar. The scalar A(g) is multiplicative and
sim: GSp(V) — F*, sim(g) = \(g)
is the similitude character of GSp(V'). We have

Sp(V) ={g € GSp(V) : Ag) =1}.



We now define GUy, (D), an inner form of GSpy,. Let D be the quaternion
division algebra over k. Let Vo = De; @ Dey be the 2-dimensional vector space over D

equipped with a Hermitian form with inner product given by
(e1,e2) = (e2,e1) =1, (ej,e;) =0.

Also,
(dvy, d'va) = 7(d){v1,ve)d

where 7 is the standard involution on D. Then V = V2@” is a Hermitian space of dimen-

sion 2n over D and

GUan(D) = {g € Autp(V) : (gv1, gvz2) = pu(g)(v1,v2)}

where p(g) € k* is a scalar.

2.3 General spin groups

In this section we define general spin groups G.Spin.,, and related groups.
Let V be an m dimensional vector space over F' equipped with a non-degenerate

quadratic form ( , ). Then
GO(V) ={g € GL(V) : (gu1, gv2) = A(g)(v1, v2)}
where A € F* is a scalar. The similtude character of GO(V) is
sim: GO(V) — F*, sim(g) = A(g).

Let GSO(V') be the connected component of GO(V'), as the latter is not a connected
algebraic group. We have

SO(V) ={g e GSO(V): A(g) = 1}.

Let

CV)y=Ct(V)aC~ (V)
be the Clifford algebra of V' with its 2-grading. There is a canonical embedding V —
C~ (V). Then

GSpin(V) ={g e C* (V)| gg" =v(g), and gVg ' =V}



where ¢ is the main involution of C(V') and v(g) is a scalar. The scalar v(g) is multi-
plicative and

sim : GSpin(V) — F*, sim(g) = v(g)

is the similitude character of GSpin(V'). Denote by
Spin(V) ={g € GSpin(V) : v(g) = 1}.
As algebraic groups, we have the exact sequence
1— 27— GSpin(V) — SO(V) — 1,

where Z is the connected center of G Spin(V).

Over a p-adic field k, there are two quadratic forms of dimension m and discrim-
inant 1. Let V* = H?" @ (1) or VT = H?" be the split quadratic space of dimension
m = 2n + 1 or 2n and discriminant 1. Here H = ke; & kes is the hyperbolic plane with
inner form given by

(e1,e9) = (eg,e1) =1, (e;,e;) =0.
Let V- = H2"1 @ D, be the non-split quadratic space of dimension 2n + 1 and
discriminant 1, where Dy is the subset of the quaternion k-algebra D of elements of

reduced trace 0 and the quadratic form on Dy is given by the reduced norm. Let
GSO,, = GSO(V™), 80O, = GSO(V™).

Define
GSping, = GSpin(V™T),

and

GSpingiopn—1 = GSpin(V ™).

Over a field f of characteristic p, let V¥ = H?" @ (1) or V¥ = H?" be the
quadratic space of dimension m = 2n + 1 or 2n over § where H = fe; @ fea is the

hyperbolic plane with inner product given as above. Let
GSping, = GSpin(V™).

For f =Fg, let V- = H 2(n—1) g F,2 where Fg2 is the unique quadratic extension of [,

with quadratic form given by Np ,/r, . Let
q

2G Spinsy,, = GSpin(V ™).



2.4 Root datum

In this section let G be a reductive p-adic group and T" a maximal split torus of

G. The text [Sp2] is a good reference for root datum. Let
X = Hom(T,GLy), XY =Hom(GL4,T),

be the group of algebraic characters of T" and the group of algebraic cocharacters of T,
respectively. Let ® denote the roots of T', the set of non-zero weights of T" acting via the

adjoint representation Ad in the Lie algebra g of G. Let
Wy = Ng(T)/T

be the Weyl group of T'. For a € ®, let G, denote the centralizer of the subtorus (Ker a)°
of T. Let s, be the image in Wy of an element in Ng,(T') \ Cq,(T). Via its action on T,
Wy acts on R ® X. Then, for s, in Wy, also denote by s, its induced action on R ® X.
Let (,): X x XV — Z be the canonical pairing. There exists a unique a" € X" with
{(a,a") = 2 such that for z € X

5q = x — (z,0")a.
Define the coroots @V of T' as

oV = {a" :a € ®}.
The quadruple

U= (X, X" ®)

is the root datum for G.

In the following, if (X, ®, XV, ®") is the root datum for a group G, then there is
a maximal split torus T of G such that X, XV are the character and cocharacter lattices
of T, respectively, and ®, ®" are the roots and coroots of 7. Instead of listing the roots
® and coroots ®V, we give A a set of simple roots for T that generate ®, and AV a set
of simple coroots for T' that generate ®V.

The root datum for GL,, can be given by

X=Zeo®Ze1® - D Zen, X' =2ZLelDZLe;® - ®Ze

ns

A={a1=e —ez,ap=¢€r—€3,...,0p-1 =€n_1 — €},



AV ={a) =€} —eb,ay =5 —€5,...,a,_ 1 =€ | —ell.
The root datum for GSping,+1 can be given by [AS, Prop 2.1]

X=Zeo®Zer® - D Len, X' =7ZelDZe;® - ®Ze

n’

AZ{al =€] —€2,a2 = €2 —€3,...,dpn—-1 = €n—1 _enaan:en}a

vV __ Vo % * Vo ok * \ *
AV ={a) =e€] —e3,a3 =e5—e€5,...,a,_

_ * Vo __ * *
1= €p—1— CpyQp = 2677, - 60}'

The root datum for GSping, can be given by [AS, Prop 2.1]

X =Zeg®Ze1 D D Len, X' =ZelDLel®---DZe

n’

A={a1 =€ —er,a0=e3—€3,...,0,-1 =€p_1 — €n,0p = €p_1 +€n},
VvV VvV % * VvV % * Vv %k * VvV % * *
AY={a] =€l —ep,a3 =€y —€3,...,0, 1 =€, | — €0, =€, 1 e, — €}

The root datum for GSpa, can be given by

X =ZegDZle1® - Dley, X' =1Zey®ZLel DD Lel

n?
A={a; =€ —ey,a0=e3—€3,...,ap-1 = €n_1 — €y,0p = 2¢, — €},
n

Vo __ Vo % * Vo % * \Y % * Vo %
AV ={a) =e] —e3,a3 =e3—€5,...,a,_ 1 =¢€,_1 —€n,a, =en},

The root datum for GSOs, can be given by

X=Zeo®Zer® - ®Zen, X' =7ZelDZe;® - ®Ze

n’

A={ar=e1—e,ap=er—€3,...,0n_1 = €y_1 — €y,0p = €1 + € — €0},
VAN V o % * V % * Vv % * V % *
AY ={a] =e€] —e3,a9 =€5—€5,...,a, | =€, 1 — €, 0, =€, 1 +ep}.

If U =(X,® XV, &) is the root datum for a group G, then we define the dual
group of G, written GV, as the group with root datum dual to that of G. Namely, the

root datum of GV is

7Y = (XY, 0V, X, ®).

We observe

GLX = GLna G‘Spin\2/n+1 = GSp2n7 Gszné/n = GSOQ”
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Given a quadratic space V, if one has the decomposition V = Vi & Vs, with V;
nondegenerate quadratic subspaces, then SO(V;) x SO(Va) C SO(V). If we restrict the
covering

1— Z2° — GSpin(V) — SO(V) — 1

to the subgroup SO(Vy) x SO(V3) we get
1 — Z° — GSpin(Vy) x GSPin(Va)/AGL; — SO(V;) x SO(Va) — 1.
Precisely, let
(GSpingm, x GSpingn11)/AGLy = (GSpingy, x GSpingni1)/{hi(N)gi(N) : X € GL1}
where hj and g; are given in the following lemma. Let
(GSOap, x GSp2r)° = {(g1,92) € GSOap, x GSpay, : sim(g1) = sim(g2)}.
Lemma 2.1. The root datum for (GSping, x GSping,+1)/AGLy is given by

X=Zeo® D Lemin, X' =ZLei® - DLekn,

A= {61 —€2,...,6;m—1 —€n,em—1+ em} U {em+1 —€m+25- -5 Cmtn—1 — Em+n, em+n}7
Vo[ % * * * * * *
A" ={e] —e€y,... 6 1 — €€ 1+ 6 €}
* * * * * *
U {eerl T Cmt2s - Cmgn—1 T Cmans 2em+n - 60}'

Also, (GSOgpy, x GSpa2y,)° = ((GSpingm x GSpingn+1)/AGLy)Y.

Proof. We work with the root datum for GSpine,, and GSpino,y1 given above using
the letter h for GSping,, and g for GSpina,t1. The character lattice for GSping,, X
G Spinan41 is the Z-span of

ho,hiy - s hm, 90,91, -5 9n-
The characters for G = (GSping, X GSping,+1)/AGL;y are those which are trivial on
{hg(N)gg(A) = A € GL1}.
The character lattice for G is the Z-span of

hO*goahla-“ah’ﬁwgla"'agn-
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Using the Z pairing of the root datum, the cocharacter lattice is the Z-span of
hE =g, hi, ... hEL gt g
Set
eo =ho —go,er = h1, ... em = hin, emy1 = 915 €min = gn

and

¥ _ % k% _ 1% * Tk ¥ _ % * _ %
60_90761_hlv"'aem_h;knvem—l-l_gla"'aem—i-n_g;kz‘

Using this notation we see that the roots and coroots for G are those given in the
statement of the lemma.

Similarly, we work with the root datum for GSOs,, given above using the letter
h and the root datum for GSps, given above using the letter g. The characters for
G’ = (GSOgy, x GSpay)° are equivalence classes of characters for GSOsyy, x GSpay,. Two
characters are equivalent if they have the same value on all elements of G’. The character

lattice for G’ is the Z-span of

1/2(ho + go) = ho = Go, "1, -+, By G1s - - - » G-

Using the Z pairing of the root datum, the cocharacter lattice is the Z-span of

* * * * * *
h0+907 1?"'7hm7gl7"'7gn'

Setting

60:1/2(h0—|—g(]),€1 :E,...,em:hm,em+1 =01, sCm+n = 0n

and
* * * * * * * * * * *
eo =hy+gp,€1 =hi,....e, =hy, e 1 =91,...,etm+n" =g,

we see that the roots of G’ are the coroots of G, and the coroots of G’ are the roots of

G. O]

The center of GSping, is not connected, and in the following we will have need

to work with groups with connected center. Let
GSping, = (GL1 X GSpingn)/{(1,1),(=1,C)},

where (y = ej(—1)e5(—1)...e;(—1) is an element in the center of GSping,. The root

datum for GSpinj,, can be given by [AS, 2.6]

X=72ZE 10ZEy® - ®LE,, X' =ZE* | ®LE;d - - O LE},
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A= {El - E27 <o 7E7L—1 - EnvEn—l + En - E—l}a

AV ={E} - FE;,....E}

n

- EL B, +E;— Eg)

The center of GSping, is the set of elements which that belong to the kernel of all the

simple roots, namely
{EBy(W)E;(v) ... EX(V)E* (V) : p,v € GL1} ~ GLy x GLy,

which is connected.

Let
(GSping, x GSpingn+1)/AGLy = (GSpins,, x GSpinant+1)/{E;(N)eg(A) : A € GL1}.
Lemma 2.2. The root datum for (GSpinj,, x GSpinan+1)/AGL; is given by

X=ZE . \®LEy®  ®LEnin, X' =ZE' ®LE}& - SLE},,,,

A={F—Es,....,Ep 1 —Ep,Epy 1+ Ey, — E_1}
U {Eerl - Em+2a cee 7Em+n71 - Em+na Em+n},

AV ={E}-E},....Ef\ —E E\ | +E —E3}

m
U{En1 — Emyor - Epn — Eqns 2E5400 — Eg -
Proof. The proof is similar to that of Lemma 2.1. O

The center of (GSpins,, x GSpingn+1)/AGL; is given by
(B3 (W) E;(v) ... EL(W)E (V) : pyv € GL1} ~ GLy x GLy,

which is connected.



3 Tame regular discrete

L-parameters

We first set some notation. Let k be a non-archimedean local field of characteristic
zero with finite residue field | of characteristic p. Let ¢ = |f|. Let k be a fixed algebraic
closure of k, K the maximal unramified extension of k in k, and k,, the unramified
extension of k degree m in k. Let { be the residue field of K. Then | is an algebraic
closure of f. Let f,, be the degree m extension of § in f.

Let Z = Gal(k/K) be the inertia subgroup of the Galois group Gal(k/k). We
have

Gal(k/k)/T = Gal(K/k) = Gal(f/}),

where

Gal(f/f) = lim Gal(fn/f)

m>1

and Gal(ky,/k) = Gal(f,/f) = Z/mZ. A geometric Frobenius
Frob € Gal(k/k)

is one whose image in Gal(f/f) is the automorphism which acts on f,, as the inverse of

x +— x4 for all m. We define Wy, the Weil group of k, as

1 — I — w, — Z — 1

| 1 )
1 — I — Galk/k) — Gal(f/f) — 1

Fix a choice of geometric Frobenius. Then (Im(Frob)) C Gal(f/f) is a dense subgroup

and

Wk =1Ix <F1“Ob>.

13
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The Weil-Deligne group W, is defined as
W;:: =Wy x SLQ((C).

Let G be a quasi-split connected reductive k-group, and T a maximally k-split
torus contained in a k-Borel subgroup B of G. Let X and XV be the groups of algebraic
characters and cocharacters of T (defined over k), respectively. Let ®+ and ®* be the

sets of positive roots and coroots of T, respectively. We have
(X, XV, 0% 1)

is a based root datum for G. Up to isomorphism, there is a unique complex reductive
group G with based root datum (X, X, d*, &) dual to that of G. The Galois group
Gal(k/k) acts on X and XV preserving ® and ®*. Denote by Gal(E/k) the kernel of

this action. This action extends to an automorphism of G. Define the L-group of G as
Lg .= Gal(E/k) x G.

If G’ is not quasi-split, then G’ is the inner form of a quasi-split group G. The L-group
of G’ is defined as the L-group of G.

By a Langlands parameter we mean a continuous homomorphism
¢: W, — LG
such that the projection onto Gal(E/k) is the composition
Wy, — Gal(k/k) — Gal(E/k),

and such that the projection of ¢(Frob) onto G is semisimple. A parameter is said to be
admissible if it satisfies these conditions. For G\Sp4(k), since it is a split group, the action

of Gal(E/k) on G = GSp4(C) is trivial, so we will consider admissible homomorphisms
¢ : W], — GSpy(C).
Definition 3.1. Let ¢ be a Langlands parameter.

(i) We say that ¢ is tame if ¢ is trivial on the wild inertia group Z*, the maximal

pro-p subgroup of Z.

(ii) We say the ¢ is regular if the centralizer in G of ¢(Z) is a maximal torus 7" in G.
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(iii) We say that ¢ is discrete if the identity component of the centralizer in G of ¢(W)

is equal to the identity component of the center Z of G.

For koq the unramified extension of k of degree 2d, the Weil group of kog is
Wh,, = (Frob??) x .

Lemma 3.2. Fiz A\ : Wy, — C*. Let V(n) = IndgVV: n, where n : Wy,, — C* is a
2d

continuous character. Then

(i) V(n) is tame <= n is trivial on the wild inertia subgroup I,

(ii) V(n) is irreducible <= n,n"oP, .., nFrObel are pairwise distinct,

(#i1) Under (ii), V(n) is symplectic with similitude character A <= 1 - nFmbd = Alw,,
and

n(Frob??) = —\(Frob?).

Proof. (i) Since T C Wy,,, by the definition of induced representation ¢ : Wj; —
GL(V(n)) is trivial on Z7 if and only if 5 is trivial on ZT.

(ii) A set of coset representative for Wy,,\ Wy, / Wi, is {Frob, Frob?, ..., Frob??}.
Define nFrObi : Wiy, — C* by

nFrObi (w) = n((Frob®) ~twFrob?).
By Mackey’s irreducibility criterion, V' (n) is irreducible if and only if
(a) 7 is irreducible, and
Frob Frob2¢—1

(b) the conjugates of 1, namely n,n"™°" ... n , are pairwise distinct.

Therefore, since 7 is 1-dimensional, V' (n) is irreducible if and only (b) is satisfied.
(iii) Assume (ii) is satisfied. Let X be a character of Wj. There exists a Wj-
equivariant map

B:V(n)eV(n) — A

if and only if V(n) = V(n)¥ ® \. Since V(n) is irreducible, any such nonzero map B

would be nondegenerate. Now,

Vi)' @ A= Vo) @ A2V ) @ A= V(- Aw,,).
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where ¥ = n~!. By Frobenius reciprocity,

Homy, (V(n™" - Alws,,), V(n)) = Homw,, (07" - Ay, V)l ).

Also by Frobenius reciprocity

2d—1
V), Zn@n™ - @n™" .

Therefore,

Vi) =2Vn)Y oren"t Alwy,, = bt — Alw,, =0 U

for some 0 <4 < 2d — 1.

~

Assume such a Wy-equivariant map B exists. Then )‘|sz,1 n - P’ for some

0 <i<2d—1. Since A is a character of Wy, for any power [,
()\|Wk2d)Fr°bl (w) = A(Frob~'wFrob!) = A(Frob~")A\(w)A(Frob!) = Alw,, (w).

Then

)Frobfi ~ ( Frobi)Frobﬂ‘ _ nFrobfi n

Alw,,, = (Alw,

kaq

n-n
This implies

Frob? ~ , Frob™? Frob??

n-n n noo= N =1

Since 0 < i < 2d — 1, this is only possible if i = 0 or d since 7, n™°P, ... ,nF\mbzd_l are
pairwise distinct.

Assume 7 - nHObd = )\|Wk2d. Extend 7 - nf “ to a character of Wi such that the
extension is isomorphic to A. Then there exists a nondegenerate Wy-equivariant map
B :V(n)®V(n) — A. Therefore such a map B exists if and only if 7 - nFrObd = /\|Wk2d‘

We need to determine under what conditions B is symplectic. By Frobenius

reciprocity
2d—1

F bl
‘Wde @ U
Then
2d—1 ‘ 2d—1 A
. Frob* Frob*
b (@n Jo (@) .,
i=0 i=0
is a Wy, ,-equivariant map. With respect to this basis, by restriction,

. _Frob? Frob?
B @n ' — Aw,,,
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is a nonzero Wy, -invariant map if the entry ¢;; in the matrix of the form B is nonzero.

So

Frob? . Frob?

tij #0 <=1 n = Ay, =i —il=d.

We can choose eigenvectors in the subspaces 1 and nFrObd of V(77)|Wk2d such that the

0 1
matrix of ¢(Frob?) on 1 @ nFrObd has the form . This matrix preserves

n(Frob??) 0

0 ¢
0d up to A, where as B is either symplectic or orthogonal, either tyq = —t49 or
tqo O
tod | . . .
toq = tqo. Therefore is preserved up to A if and only if
tqo O
n(Frob??) = £ \(Frob?).

Hence, B is symplectic if and only if 5(Frob??) = —\(Frob?). O

Lemma 3.3. All tame regular discrete Langlands parameters for GSpay (k) with simili-

tude character A are of the form ¢ : Wy, — GSp(V') such that
V=V(m)®---®V(ns) where V(n;) = Ind%’;w ni

satisfying the conditions of Lemma 3.2, where kag, are unramified extensions of k of

degree 2d; such that di + - - + ds = n. In addition,

(i) if koa, = kad,, i is not equal to any conjugate n?rObkﬁ <k <dj, of nj so the V(n;)

are pairwise non-isomorphic and
(ii) the similitude character of V(n;) is X for all i.

Proof. Let ¢ : W, — GSp(V'), where V is a 2n dimensional complex vector space, be a
tame regular discrete Langlands parameter with similitude character A. As ¢ is discrete,
the identity component of the centralizer in GSp(V') of ¢(Wy) is equal to the identity
component of the center of GSp(V'), which implies that V' is multiplicity free. We have,

V=V

where any two V; are pairwise non-isomorphic and each V; is symplectic with similitude
character A\. Therefore, it suffices to show any irreducible, tame, regular ¢ : W, —

GSp(V') with similitude character A is of the form V() with 7 as in Lemma 3.2.
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Let ¢ be such a parameter where dim V = 2d. As ¢ is tame, it factors through
the tame inertia group Z; = Z/Z" ~ @f;, where f, is the degree n extension of f the
residue field of k. Then, ¢ factors through §,* for some n > 1 and since §) is cyclic, ¢(Z;)

is cyclic. There is a basis of V such that
¢’It = @ Xis
i

where the x; are characters. Since ¢ is regular the centralizer of ¢(Z) is a maximal
torus, so the x; are pairwise distinct. Since V' is irreducible, Frob permutes the set {y;}
transitively. Note that Frob2?

Then

induces the trivial permutation on {y;}. Choose n € {x;}.

Stabyy, n = (Frob®) x T = Wj,...
By Frobenius reciprocity
dim(Homyw, (1, 8|w,,)) = dim(Homyy, (Ind%’;’%n, ®)).

Therefore

¢ = Ind%’zmn =:V(n).

We have that V() is tame, irreducible, and symplectic with similitude character A, and

therefore satisfies the conditions of Lemma 3.2. O



4 Local Langlands for GSps and
GUy(D)

In [GT], Gan and Takeda prove the local Langlands conjecture for GSps. They

define a surjective finite-one-map
L: H(GS]M) — CI)(GS]M)

from the set of isomorphism classes of irreducible smooth representations of GSpy(k) to

the set of equivalence classes of admissible homomorphisms
¢ : Wy, — GSpa(C)
taken up to GSp4(C) conjugacy. Let LquT be the fiber of L over ¢, so that
LG = ¢.

The map L satisfies many expected and desired properties such as the preservation of
L-functions and e-factors attached to both sides of the correspondence. Specifically, L

satisfies [GT, Main Theorem (i), (ii), (iii), (iv), (v), (vi), (viii)]

Theorem 4.1. (i) 7 is a (essentially) discrete series representation if and only if its

L-parameter ¢ does not factor through any proper Levi subgroup of GSp4(C).

(i7) For an L-parameter ¢, its fiber Ly can be naturally parametrized by the set of

wrreducible characters of the component group

Ay = m0(Caspyc)(Im(e))).

This component group is either trivial or equal to 7/27. When Ay = 727, exactly
one of the two representations in Ly is generic and it is the one indexed by the

trivial character of Ag.

19
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(7i1) The similitude character sim(¢r) of ¢x is equal to the central character wy of

(via local class field theory). Here, sim : GSps(C) — C* is the similitude character
of GSpa(C).

(iv) The L-parameter of m® (x o A) is equal to ¢ @ x. Here, A : GSpy(k) — k* is the
similitude character of GSpy(k), and we have regarded x as both a character of k*
and a character of Wy by local class field theory.

(v) Suppose that T is a generic representation or a non-supercuspidal representation.
Then for any irreducible representation o of GL,(k), with L-parameter ¢,, we

have:

V(s X 0,9) = (8,6 @ ¢o, Y)

L(s,mx 0) = L(s, 7 @ ¢g)

€(s,mx 0,1) = €(S, oy @ g, ).
Here the functions on the RHS are the local factors of Artin type associated to the
relevant representations of Wy, x SLo(C), whereas those on the LHS are the local
factors attached by Shahidi to the generic representations of GSpy X GL, and ex-
tended to all non-generic non-supercuspidal representations by using the Langlands

classification and multiplicativity.

(vi) Suppose that w is a non-generic supercuspidal representation. For any irreducible
supercuspidal representation o of GL,(k) with L-parameter ¢, let u(s,m X o) de-
note the Plancherel measure associated to the family of induced representations
Ip(m W o,s) on GSping,15, where we have regarded m X o as a representation of

the Levi subgroup GSpins X GL,. Then u(s, 7 X o) is equal to
V(s, 0y @b, V) V(—8, o=@y, 1)-7(25, Sym® o @sime, ™, 1)y (—2s, Sym* ¢y @simeyr, ¥).

(viti) The map L is uniquely determined by the properties (i), (iii), (v) and (vi), with
r<2in (v) and (vi).

In [GTan|, Gan and Tantano extend the local Langlands correspondence for
GSps to an analogous result for the inner form GUs(D). Let II(GU2(D)) denote the
set of isomorphism classes of irreducible smooth representations of GUy(D). The set of

L-parameters for GUa(D), ®(GU2(D)), are a subset

®(GU(D)) € (GSpa).
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Up to conjugacy, GUs(D) has a unique minimal parabolic k-subgroup P. The Levi factor
of Pis M = D* x GL; and the unipotent radical of P is abelian. A parabolic subgroup
is relevant for GUy(D) if it is (in the conjugacy class of) PY(C), the dual parabolic
subgroup determined by P in the dual group GSps(C) = GU2(D)Y, and otherwise is
irrelevant. An L-parameter ¢ in ®(GSpa4) is said to be relevant for GUy (D) if it does not
factor through any irrelevant parabolic subgroup. The set ®(GUs(D)) is defined as the
set of relevant L-parameters for GUy(D). Gan and Tantano define a natural surjective

finite-to-one map

L : TI(GU(D)) —s ®(GUx(D))

that satifies analogous properties to those given in the description of the local Langlands
correspondence for GSps. They show the map L is uniquely characterized by these
properties.

We would like a natural way to parametrize the L-packets LgT for GUa(D). As
expected in the local Langlands correspondence for inner forms, consider the modified

component group
By = m0(Cspy(c) (Im(9)))-
We have
Zspyc) = (£1) = By — Ag = 0

so we have an injection of the group of irreducible characters
Irr(Ag) = Irr(By).

This injection identifies Irr(Ag) as the subgroup of characters of B, which are trivial
on the image of the center Zg,,c) of Sps(C). A parameter ¢ is relevant for GUz(D) if
and only if Irr(By) # Irr(Ag). Then, among other properties, the surjection L satisfies
[GTan, Main Theorem (ii)]:

(ii) For an L-parameter ¢, its fiber Ly can be naturally parametrized by the set Irr(By)\

Irr(Ay). This set has size either one or two.



5 Construction of representations

5.1 DeBacker-Reeder L-packets

Given a tame regular discrete Langlands parameter ¢ of an unramified p-adic
group, by explicit construction, DeBacker and Reeder associate an L-packet of depth-
zero supercuspidal representations. These representations are distributed among the

pure inner forms of the p-adic group. In the following, for
G = GSpy = GSpins,

we extend their construction to associate to a TRD parameter ¢ an L-packet of depth-
zero supercuspidal representations distributed between G Sp4 and its inner form GUs (D).

Here is how the the representations constructed by DeBacker and Reeder are
distributed among the pure inner forms of a group G. The pure inner forms of G are

parametrized by classes in the Galois cohomology set H'(k,G). We have that
H!(k,GSpy) = 0.

So, in this situation, the L-packet associated to ¢ consists of representations living only
on GSpy.
Members of the L-packet II(¢) corresponding to ¢ are parametrized by the irre-

ducible characters of the component group Irr(Ag), where

Ay = mo(Ca(Im(e))).

Given a Langlands parameter ¢, the center Z(*G) of LG is contained in Ca(¢). Any
p € Trr(Ay) determines a character on mo(Z(“G)). Then, via Kottwitz' isomorphism
[Kol,

mo(Z(“G)) = H' (k, G),

22
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this character determines a class w, € H L(k,G). The correspondence p — w), is the
method by which the representations in the L-packet II(¢) are distributed among the

different pure inner forms of G. So,

)= ] T(e,w)

weH(k,G)

where
(¢,w) = {m(d,p) : p € Irr(Agp), w, = w}

and (¢, p) is a representation of G*.

For G = GSpy4, we extend DeBacker and Reeder’s construction as follows. The
inner forms of G are parametrized by classes in the Galois cohomology set H!(k, Guq).
We have that

H'(k, PGSps) = {#+1}.

The group GSpy has one inner form, namely GUz(D). Given a TRD parameter ¢, we
construct an L-packet associated to ¢ consisting of representations living on GSpy and
GUs(D). Members of the L-packet II(¢) corresponding to ¢ are parametrized by the

irreducible characters of the component group Irr(By), where

By = mo(Cr (Im(9))).

By restriction, any p € Irr(By) determines a character on mo(Z(*Gq)). Then, via Kot-
twitz’ isomorphism, this character determines a class w, € H Yk, Guq). Using the corre-
spondence p — w, we distribute the representations in the L-packet II(¢) between G'Sp4
and GUz (D). Set

)= [[ Mew

WGHl(kaad)

where
[(g,w) = {n(,p) : p € r(By),w, = w}.

We now construct the representations (¢, p).

5.2 Affine Weyl groups and Bruhat-Tits theory

In this section let G be a quasi-split k-group such that G becomes split over the

maximal unramified extension K of k. Let T be a maximally k-split torus of G such that
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T splits over K. We have k = K™, Let ' € Aut(G(K)) be the automorphism given
by the action of Frob on G(K). A reference for this section is [T].

Let (X,®,XY,®"Y) be the root datum consisting of the character lattice X,
cocharacter lattice XV, roots ®, and coroots ®" of T'(K). Let

A=R®X".
For uw™ € K*, where u € 0j.,n € Z,
w:K—=72, wuw")=n, w(0)=o00

is a nontrivial discrete valuation on K. Fix a hyperspecial vertex, which we denote by
0 in A. For a € ®, this determines a K-isomorphism x, : G4 — U,(K) from the
additive group G4 to the root subgroup U,(K'). This isomorphism Yy, is well-defined up
to precomposing by multiplication by 0. For a € ®,1 € Z set

Xatt = Xa(w ™[I, 00)).
These groups form a filtration of the root subgroups U,. Let
P ={a=a+ljac®,lecZ}
be the set of affine functions on A given by
a:z—alr—0)+1, zeA

There is a mapping of ®,; onto the subgroups X, of the root subgroups U, given by
a — Xo. Any n € N(K), the normalizer of T'(K) in G(K), acts on A by an affine
transformation such that

n'X,n= Xoon-

The affine space A endowed with the structure given above is called an apartment.
Denote by H, the affine hyperplane on which « vanishes. We have that A is a disjoint
union of facets where two points x,y € A are in the same facet if, for every a € @,y
either x and y both lie on H, or are both strictly on the same side of H,. A chamber is
an open facet.

If A is a set of simple roots for ®, let ag = —a + 1, where a is the highest root.
Then

II={ap}UA
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is a set of simple roots for the affine root system ®, . The simple affine roots II determine

a particular chamber C, called the fundamental chamber,
C={xec Al > (a,z) >0, (a;,z) > 0,a; € A}.

where ( , ) is the canonical pairing between X and XV. The vertices of the local Dynkin
diagram of G(K), indexed by the set of simple affine roots II, are in correspondence with
the vertices of the fundamental chamber C as follows. Let z; +— «;, where x; is the
unique vertex of C such that x; is not in H,,, the affine hyperplane on which «; vanishes.

For a =a+1€ ®4y, let s, be the linear transformation on A given by

sa(z) =2 — (a,2)a” —la¥, =z€ A

So s4 is the reflection in the hyperplane H,. Set
W' = (sala € Dyp)

to be the group generated by the affine reflections. We call W’ the affine Weyl group.
Let Q be the stabilizer of the fundamental chamber C. We have W' acts on A permuting

the set of chambers simply transitively. Let
W =W'xQ.

As a group of linear transformations on A, the Weyl group Wy can be identified
with the stabilizer of the point 0 in A. The lattice XV acts on A by translations given
by

T(m) - x=x+m, meX' recA

Let RY be the sublattice of XV generated by ®V, then we have
W' =Wyx RY, W=WyxX".

Let °T be the maximal bounded subgroup of T. Via evaluation at w, we can identify

XV with the normal subgroup T/°T <t Ng(T)/°T. We have
W ~ Ng(T)/°T.

As in [DR, §2], the inner forms of the k-group G are classified by H'(K/k, Gq).
Denote by Z1(K/k,G.q) the set of 1-cocyles ¢ of Gal(K/k) in G(K). A l-cocycle is a
continuous map c : Gal(K/k) — G(K) such that

e(18) = () (7 €(6)), 7,6 € Gal(K/k).
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Recall Gal(K/k) is topologically generated by the geometric Frobenius element Frob
whose action on G(K) is denoted by F. Any cocycle in Z(K/k,Gyq) is determined by
its value on Frob. We have H'(K/k,Guq) is the quotient of Z'(K/k,Gyq) under the
action

g * c¢(Frob) = gc(Frob)F(g)~1.

Let c € ZY(F,Gqq) be acocycle in [c] € HY(K/k, Gq). This determines a k-form G(K)%e,
the fixed points of G(K) under the action

F. = Ad(c(Frob)) o F' € AutG.

For g € G we have
Ad(g) ok, = Fg*c © Ad(g)

so Ad(g) induces an isomorphism G¥¢ ~ GFo+c. Therefore the isomorphism class of G«
is determined by [c] € HY(K/k,Gaq). If we pick a representative u for the class [c] such
that

u(Frob) € Ngr)(T(K))

then the action of F, preserves the apartment Ap. We now show how an apartment for
a maximally k-split torus S in G can be identified with a subset of the apartment A7

For the non-twisted Frobenius F, the apartment Ag associated to S = T'(k) C
G (k) can be indentified (as an affine space) with a subset of the apartment A associated
to T(K) C G(K) as follows. The Galois group Gal(K/k) acts on Ar and Ag is identified
with the fixed point set of this action. Since u(Frob) € Ngx)(T(K)), u acts on Ar as
given above. If F, is a twisted Frobenius, Ag is the fixed point set of Ap under the

action of u(Frob) composed with the action of Frob on Ap. Since K /k is unramified,
Q.4(G, S, k)

consists of all nonconstant restrictions a4, with o € ®,¢(G, T, K). The action of N (k)
on Ag is inherited from the action of N(K) on A and is described in [T, 1.10]. We
have

Wi = (sq|a € Q.4(G, S, k))

is the affine Weyl group of the affine root system ®,¢(G,S, k). Let ®g be the set of
nonzero weights of S acting via the adjoint representation in the Lie algebra g of G. If G

is semisimple, W¢ is the affine Weyl group of a reduced root system ® whose elements
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are proportional to ®g. However, the root system ®’ is not necessarily proportional to
®g. The vertices of the relative local Dynkin diagram for G(k) are in correspondence with
the orbits of the twisted Gal(K/k) action on the vertices of the local Dynkin diagram
for G(K).

As a set, the Bruhat-Tits building

BGE)= [J g9-4

9eG(K)
is the union of G(K) translates of A. The translates g - A are not disjoint but are glued
together in a certain way. The building B(G) is a simplicial complex with left G(K)
action. The same properties hold for the building B(G(k)). Then we have the relation

We will mainly use Bruhat-Tits theory to identify certain compact open sub-
groups of G(K). A facet J € B(G) determines a certain compact open subgroup K of
G, called a parahoric subgroup. If Q is a subset of B(G), denote by G*? the group of all
elements of G fixing Q pointwise. We have that K; C G” is a normal subgroup of G

with finite quotient. K ; is profinite and fits into an exact sequence
1—K; —K;— Gy — 1,

where K j is the pro-unipotent radical of K, and G; = G(J) is the group of j-points of
a connected reductive group over the residue field f.

Recall the vertices of the local Dynkin diagram of G(K), indexed by the set of
simple affine roots II, are in correspondence with the vertices of the fundamental chamber
C. We say the parahoric subgroup of G(K) corresponding to a; € II is the parahoric
subgroup of G(K) corresponding to x;. Let J be a facet in C. We can determine the root
datum of the group G associated to J as follows. The reduction mod p of T, denoted
T, is a maximal f-split torus of the reduction mod p of G“. The character group of T
is canonically isomorphic with the character group of T. We have that, T C G;. The

positive roots of G are

ot ={a€ ®":(a,z) €Zforal x € J},
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where ®1 is a set of positive roots for G given by a choice of simple roots A. The coroot

associated with a root a € <I>€J]r is the same for Gy as for G.

5.3 The DeBacker-Reeder construction

In this section we outline the process given in [DR] to construct an isomorphism
class [m(¢,p)] of irreducible depth-zero supercuspidal representations associated to a
TRD parameter ¢ and a character p € Irr(Ay).

DeBacker and Reeder consider quasi-split k-groups G, such that G is K-split.
As we will only need the split case and it will simplify notation, we will take G to be
K-split. For notation we use the following conventions. Denote by G = G(K) the K-
rational points of G, and G¥" = G(k) the k-rational points of G. Also, identify an f-group
G with its group of f-rational points. Denote G = G(f). Let ¢ be a TRD parameter for
G.

Let T be a maximal k-torus of G such that T is K-split. The dual group of T is

the complex torus 7' = X ® C* which is a maximal torus in G satisfying

As ¢ is regular, ¢(Frob) € NG(T). Denote by 1 the image of ¢(Frob) in Wy = NG(T)/T
For any ¢ € Aut(X), we define 0 € Aut(X") by

(n,oX) = (6nm,A), neX, e X",

Therefore, W induces a dual automorphism w of XV.
Given A € XV, let ty, € W be the corresponding translation. As an automorphism

of XV, w is a linear transformation on A, so define
ox=t\w: T — A+ w.
For j : G — G4q the adjoint quotient, let
wa = X:(G(T)), Awi=Xgq®R,
and let W,4 be the affine Weyl group of j(T) in Goq. We also write

G XY = X0 W= Wy
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for the maps induced by j. Since ¢ is a discrete parameter,
(X)" = X.(2°), (Xaq)" ={0},

where Z° is the identity component of the center Z of G. The operator I — w acts

invertibly on Aug4, so o) has a unique fixed point there, namely
Ty = (I - w)iltj)\ - 0.

Denote by Z the preimage of z) in A%*. Let Jy be the facet of A containing Z. Choose
an alcove (' in A that contains Jy in its closure. There is a unique element wy € Wy
such that oy - C\ = w)y - C), where W), is the subgroup of W generated by reflections in
the hyperplanes containing Jy. If we let y) = wglt,\w, then we have two expressions for
o), namely

AW = O) = WHY\.
Let K be the parahoric subgroup of G given by Jy, and Gy = KA/K/J\F.

We have that
Ce(Im(g)) =T

Recall Ay = mo(Cp(Im(¢))). Any A € XV determines a character py € Irr(Ay) by the

restriction map XV — Hom (7%, C*) which induces an isomorphism [DR, 4.1]
[Xv/(l — W)Xv]tor;)lrr(Aqﬁ)a )\ — P

Let X, be the preimage in XV of [XV/(1 — w)X]ior. For X € X, define [)\] as the

image of [A] under the map
(XY /(1= w)XY]ior = [Xu(Z(G))]sor = H' (K, G), (5.1)

where the first map is projection and the second map is Kottwitz’ isomorphism [DR,

2.4.3]. By [DR, 2.7], there exists a lift uy € Ng(T') of y) such that
[un] = N € H'(k, G).

DeBacker and Reeder define
F)\ = Ad(U)\) ofF.

This determines the inner form G on which the representation they construct will live.



30

Choose a lift w of w to an F-stable element of Ng(T) N Ky where 0 is the fixed
hyperspecial vertex 0 in A. Let

Fp = Ad(w) o F.
By [DR, 2.3.1] there exists an element py € G such that if
Ty = Ad(p\)T

then Ad(py) intertwines (7', F,,) with (T}, F)).

In the next section we use the local Langlands correspondence for tori to obtain
a character x, of T Fw_ DeBacker and Reeder use this character to give an irreducible
cuspidal representation of Gy which they in turn use to construct an irreducible depth-
zero supercuspidal representation my € [7(¢, p)]. This process is described in [DR, §4.4].
We emulate this process to construct our representations 7y as given in Section 5.5 below,

and for this part our process is very similar to theirs.

5.4 Depth-zero characters

In [MP1], Moy and Prasad define the depth of a representation of a group G. An
irreducible smooth representation (m, V') of G has depth-zero if there exists a parahoric
subgroup K of G such that VX * # 0. Using data from our TRD parameter ¢ we construct
a depth-zero character of TF». We slightly modify ¢ to obtain a parameter ¢/ of T,
The L-group of TFw is

HrFwy = () w T

We have that the inclusion 7' < G induces a bijection T'/(1 — @)1 — G /G’ where ¢ is
the derived group of G. Define ¢/ : W), —» L(TF v) by

¢ (I) = ¢(T), ¢ (Frob) = x u e () x T,

where u € T is any element whose class in T'/(1 — @)1 corresponds to the image of
¢(Frob) in G/G".

As given in [DR, 4.3], by the Langlands correspondence for unramified tori, the
parameter ¢ determines a depth-zero character of TF». As ¢ is discrete, TF» = (X V)W x
OTFw, Let

Xo : TFv = [XV]Y x 'TFw — €,
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be written as
Xo = Xu & Xs,
where Y, is a character of [XV]* and s is a character of °TF» defined as follows. We

have ¢'(Frob) = 1 x u as above. Identify 7'/(1 —1)T with the character group of [XV]*.

Then u corresponds to
Xu € Hom([XV]",C™), xu(A) = A(u).

Let
<S> = d)‘l—t = ¢,|Zt'
If o, B are automorphisms of abelian groups A, B, let Hom, g(A, B) be the set of homo-

morphisms f : A — B such that foa = fo f. Let d be the order of w. The map s — s

is a canonical bijection
Homag Frob,w (Zt, T) ~ Homprob,u;(f;,T)%Hompw,ld(Xv ®f;,C*) ~ Hom(TF“’,(CX),
where the second isomorphism is given by
xs(A®a) =A(s(a)), Ne XY, aef].

Then, y, is viewed as a character of 97" via inflation.

Using a character such as x5 : TF» — C*, we can define a cuspidal represen-
tation of a reductive group over a finite field. Let F' : G — G be a Frobenius map of a
connected reductive group G over a finite field. Let S be an F stable maximal torus of
G' and x a character of S¥. By a cohomological construction, Deligne and Lusztig [DL)]

define the virtual character, called a Deligne-Lusztig character,
G
Rg -

They show, for all characters x of all F' stable maximal tori S of G, the character
of any irreducible representation of G appears among these virtual characters. If an
(irreducible) character appears in Rg,x for a F-minisotropic torus S and does not appear
in any Rgvxwhere the torus T is contained in a proper F-stable Levi subgroup of G
then it is cuspidal. A character x of S¥ is in general position if no non-identity element
of (Ng(S)/S)¥ fixes x. If x in general position then Rg,x is irreducible. If S is a F-

minisotropic torus of G and  is a character of S¥ in general position, then

G
6T€GR5,X
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is the character of an irreducible cuspidal representation of G. Note that T is F,-

minisotropic, and since ¢ is a regular parameter, x4 is in general position.
Deligne-Lusztig characters can be parametrized by pairs (S*,¢) where S* is an

F*-stable maximal torus of the dual group G* with dual Frobenius F*, and ¢ € s We

will also sometimes use the notation
G
RS.(t)

to denote Rg,x if y is the character of S¥ given by t.

5.5 Computations

In this section let G = GSpins. Then G = GSp4, Gaq = SO5, and é;l = Spy.
The root datum (X, ®, XV, ®V) of GSpins can be described as follows [AS, Prop 2.1].
We have that,
X =TZeo ® Zey ® Zea, X' =Zey® Lel ® ZLes,

are the character and cocharacter lattices, respectively. The roots ® and coroots ®V are

generated, respectively by the simple roots and simple coroots
A={a;=e; —eg,ap =e3}, AV ={a) =e} —eb a) =2e;—ep}.
Then

T(K) = {H ef(N): Ae KX}

is the set of K points of a maximal K-split torus T of G.
Let Tpq = T/Z where Z is the center of G. Then X*(T,;) — X*(T) is the
submodule € a;e; such that ag = 0. This submodule contains the simple roots e; — ey

and es. Also,
Xu(T) = Xu(Tua) = (P Ze})  Ze,.

The simple coroots for 1,4 are e] — e5 and 2e3, the image of the coroots for 7. We see

that
Xog = Tey ® Zey, X)y=7e; ®Zes, A={eg—ea e}, AV ={e]—e} 2eh}
gives a root datum for SOs. We have

A = Rejy & Re] & Rej



and

Aquq = Re] @ Res,

where the projection j : A — A,q is given by
(cep, ael, bey) — (ae], bey).
The fundamental chamber C' is given by the inequalities

1l—e3>e; >e9 >0.
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Let ¢ be a tame regular discrete parameter for G. A description of such parame-

ters was given in Section 3. Denote by  the image of ¢(Frob) in Wy = NG(T)/T If ¢ is

irreducible, w is a Coxeter element. Precisely, if s1 is the simple reflection corresponding

to the simple root e; — eg for GSpy and ss is the simple reflection corresponding to the

simple root 2eo — ey for GSpy, then
W= 8189 O S9S57.

If ¢ = ¢1 @ ¢2 then

W = 51892S8189.
If ¢ is irreducible, or ¢ = ¢1 D ¢ respectively, as automorphisms of X,
wey = eg + ez, wWep = —ez, wWey = €1,

or

weg = e+ e1 + ey, Wwe;p = —eq, wWey = —es.

We have fa\d =7nN Sp4 is a maximal torus of Spy. Since

Wo = Nespa () (1)/T = Nap,c)(T0) /To = Woaa

are canonically isomorphic, let 1 also denote the corresponding element in Ng,,, (c) (TO) / Th.

We will now apply the DeBacker-Reeder construction as given above to the group

SOs. The automorphism w € Aut(X)),) is defined by the equations

*

(ei, wej) = (e, e})

where i,j = 1,2. Then,
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or

wel] = —e], wey = —ej

for ¢ irreducible or ¢ = ¢1 @ @2, respectively. One can compute
[(XY/(1 —w)X])tor = {0,6] = €3} 2 Irr(By), ¢ irreducible

[XV/(l - w/)X\/]tOT = {(_)’ ef + 633 éTa éz} = Il“I'(B¢), QS = le @ ¢2-

We then have the following

] 5 T\ R [un]
irred 0 0 {e1 —eg,e9,e1,e1 + e} | 1
irred e 1/2(ef + €3) {e1 +e2,e1 + €2} -1

$1 © P2 0 0 {e1 —ez,eg,e1,e1 +ea} | 1
1D P2 | € +eb | 1/2(ef +¢€3) {e1 —e2,e1 +ea} 1
P @¢2 | €] 1/2(e7) {e2} -1
Do | & 1/2(e3) {e1} -1

The DeBacker-Reeder construction also gives us an element py € SOs5(K) such

that the map T,q — Ad(py)Taq satisfies
Fy o Ad(py) = Ad(py) o Fu.

Also, we have an element

W € Ngos (k) (Taa(k)) N Ko,

where K is the parahoric subgroup attached to the F-fixed hyperspecial vertex 0 of the
fundamental chamber C' of SOs.

We will use this data to construct representations of GSpins(k) and its inner
form GSping(k). Let X, be the preimage in XV of [XV/(1 — w)X"]tor, and let Xy, g4
be the preimage in X, of [XY,/(1 — w) X ]tor. We have

XY — X)), —0,
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and for A € X, 44, there is a unique lift A of \ to X,,. Let
(7)'\ = t)-\w.

We also have A — A,q — 0. Let ), be the pre-image of ) in A%A. Let Jy be the
unique facet containing z. Let K be the parahoric subgroup of GSpins(K) determined

by Jy. The positive roots of
Gy = K)/K;

are given by ®F . The class [uy] € H'(k,Gqq) determines the inner form of GSpins
containing K.

In the following table note that
2GSpin, = GLy(Fp2)° = {g € GL2(Fp) : det(g) € F}, 2G Sping = (IFqXQ){Nzl}.

We have that

¢ ) Gy G
irred (1) GSpins(f) GSpins (k)
irred (—1) 2@ Spiny(f) G Sping (k)

pr@de | (1,1) G'Spins(f) G'Spins (k)
$1® g2 | (—1,-1) GSpina(f) G Spins (k)
p1 @ d2 | (—1,1) | [(BGSpiny x GSping)/AGL1|(f) | GSping (k)
01D o | (1,—1) | [(?GSpiny x GSping)/AGL1|(f) | GSping1(k)

We have the short exact sequence
1— GL; — GSpins — SO5 — 1
which gives
1 = GL(K) — GSpins(K) — SO5(K) — H'(K,GL) =0

so that
GSpiT%(K) — SO5(K) — 1
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is surjective. Take the element p) € SO5(K) and pull it back to an element we will also
denote py € GSpins(K). We will use the notation py s if we need to distinguish the
pullback from its image in SOs5(K). Any two such choices of pullback p, differ by an
element of the center of G'Spins(K). Denote also by 1 an element of K{', where Kj is
the parahoric subgroup of G\Spins(K) attached to the hyperspecial vertex 0 € A, that

projects onto w as given above. Let

The parameter ¢ determines a character x4 of T Define
Ty := Ad(p))T.

If j : G = Guq denotes the adjoint quotient, then GSpins(K) acts on B(SO5(K)) via
the map j. By [DR, 4.4.1], py - zx = . Therefore p) 5. - ) = x) so that

OT)\ (- K,\

where T} is the maximal compact subgroup of T).

We have that Ty = T\ NG, and that via the reduction mod p map, °T) projects
onto Ty, an F)-minisotropic maximal torus in Gy. Conjugate the character x4 of THe to
get a character y) of T/\F A

Xa = Xg 0 Ad(py)

As ¢ is a tame parameter, ) is a depth-zero character. Since ¢ is a regular parameter,
X has trivial stabilizer in [Ng, (T\)/Tr)™ so x» is Fy-regular. The restriction of y
to OTf A factors through a character x§ € Irr(TfA) which is in general position. By

Deligne-Lusztig induction we have an irreducible cuspidal representation

A

0 G
Ky = GTEGRTA N

of Gf*. Inflate m?\ to a representation of K f * and define an extension to Z¥ - K f * by
_ 0
Rx = Xa @ Ky

where Z is the center of G. This is well-defined as (ZN K )™ acts on x) by the restriction

of the scalar character X?\. Define

F
T\ =C— IndZFAKipA (X/\ ® Iﬁ?\).
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Lemma 5.1. The representation wy of GP is irreducible supercuspidal.

Proof. This is [DR, 4.5.1]. By [MP2, 6.6] we only need to show that k) remains irre-

ducible when induced to the group
(G;)FA = {g e G 1g-Jy = J)\},

where (G%)™ is the normalizer of ka in GF*. As in [DR, 4.5.1], by [DL, Thm 6.8] and
D], if h € (G{)™ is such that Ad(h)«k) = k), then there exists | € Gf* such that
Ih € Ng(Ty)™ and fixes x,. Then pxllhpk € Ng(T)" and fixes x. By [DR, 4.3.1],
since ¢ is a regular parameter, the projection of pgllhpA to Ng(T)/T is the identity.
Therefore

lh e T)> n (G ¢ 2G>,

and since | € G?, we have h € Z Gfk. Therefore by [MP2, 6.6], ) is irreducible and

supercuspidal. O

5.6 The L-packets LgR

Lemma 5.2. The GSpins(K)-orbit [uy, m\] = Ad(GSpins(K)) - (ux, ™) depends only
on the character py € Irr(By).

Proof. Let Xy 4q denote the preimage in XY, of [X/,/(1 — w) X Jtor = Irr(By). Given
a TRD paramter ¢ and a A € X, 4q using the DeBacker Reeder construction applied
to SOs5 choices of Cy, uy, py, w were made. In defining the representation m, we made
choices of lifts ws. and p) 5. in GSpins(K). Given a TRD parameter ¢, for A, u € Xy, 44,
make choices

(C/\7 UN; PA,scs w)\,sc)a (C,ua Uy Pu,scs w,u,sc)

respectively. We will show that p) = p,, if and only if there exists a g € GSpins(K) such
that
grux=uu, g-JIn=Ju Ad(g)rr = Ky

This is what we mean by the statement the GSpins(K)-orbit [uy,my] depends only on
px- By [MP2, 6.2] those three conditions are equivalent to having a g € G such that
Ad(g) : (U)\, 7T)\) = (’U,H,ﬂ#).

By [DR, 4.5.2] there exists a g,q € SO5(K) such that

Gad * U\ = Up,  Gad " Tx = Ty, Ad(gad)(Tad)r = Ad(5aa)(Tad)ps
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where sq9 € (Tha)u- As GSpins(K) — SOs5(K) is surjective, choose a lift g of geq to
GSpins(K). Then

g% UN = Jad * U) = Upy.
An element g € GSpins(K) acts on B(SOs5(K)) via the adjoint quotient j : GSpins(K) —
SOs5(K), so

g T\ =(Gad T\ = Ty-

Therefore g - Jy = J,,. Also choose a lift s of 5,4 to GSpins(K). Then,
Ad(9)Ty = Ad(s)T,, x»0Ad(g)™" = xu 0 Ad(s) ",
where s € T),. This shows Ad(g)«kx = K. O

Lemma 5.3. Given a TRD parameter ¢ for GSpins and py € Irr(By), let [ux,my] be
the associated GSpins(K)-orbit of representations. For any py € Irr(Ag) C Irr(By), let
[ux, A DR be the GSpins(K)-orbit of representations associated to ¢ and py by DeBacker
and Reeder. Then,

[ux, m\] = [ux, x| DR-

Proof. Let ¢ be a TRD parameter for GSpins and let py € Irr(Ay). We will show that
for each step in the DeBacker and Reeder construction of a representation ) associated

to py, we can make concurrent choices in our construction so that
™ € [u,\,m\]DR <<= ) € [U)\,TD\].

(i) Let X, be the preimage in X" of [XV/(1—w)X"]tor, and let X, 44 be the preimage
in XY of [XY,/(1 —w)XYltor- If X € X,, gives the character p) € Irr(4y), let A

denote the image of A\ under the projection
XV = XY —0.

Then \ € X, also gives the character py € Irr(Ag) C Irr(By). If X € X,y qq gives
the character py € Irr(Ay) C Irr(By), there is a unique lift of A to X,,, which we
denote by A\. We have that A gives the character py € Irr(Ag).

(ii) We have
Ty =72

where 5 € Aqq is the unique fixed point of o5 = t;w € W acting via the adjoint

quotient j on Aug, and x5 € Agyqg is the unique fixed point under the action oy =



(iii)
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tsw € Wyq on Agq. Under both constructions we have the same lift Z in the same

fundamental chamber Cy C A and hence the same parahoric subgroup Ky C G.
-1
by

by the adjoint quotient j : W — W4, we have

We have y; = w/-;lt sw € W and yy = wy txw € Wyq where under the map induced

;) = yx-

From [DR, 2.7.2], there exists a lift u; of y5 to Nggpingx)(T) and a lift us of yx
to Ngos (k) (T'). For a general such uy, we have that uy is constructed using an
element 2 € W' such that

Cy==zx-C.

As W' permutes the set of chambers simply transitively, there is a unique such z.
As

i(C5) = Cx,
we have that such an x is the same element in both cases under the canonical
isomorphism W’ = Wy x RY = Wy, , x RY, = W!,. Here R C XV is the sublattice
generated by the coroots ®¥, and R, C XY, is the sublattice generated by the
coroots ®¥ C X/,. There is a choice made in [DR, 2.7.2]. If we choose a lift of & of

T t0 Ngspins (k) (T') and a lift 49 of © to Ngo, (k) (T) such that j(&) = T4, then
j(u;\) = Uy.

Therefore any lift of uy to G'Spins(K) will give the same conjugation action on

G Spins(K) as given by u;.

As for z in (iii), we can view that elements w; € W’ and wy € W/, as the same
element under the isomorphism given above. Make a choices of lifts such that
J(wy;) = wy. As in [DR, pg.19], there exists p5 € GSpins(K), py € SO5(K), such
that

1 =

1 -1 . 1 — .
P uAF(pj\)u/.\ =u5, Py “XF(W)UX .

Applying the map j to the first equation we see

(03 uxF ((py))uy ' = oy

Then for an h = j(p;\)p%l € GSO5(K) we have

hoxuy =uy,  Ad(h)«(Tx, X3, 55) = (T390 X503 500
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so that using the two sets of data gives rise to two representations in the same

SOs5(K) orbit. There exists an lift of py to G:Spins(K) such that
.1 F(5 -1 _ ..
Py us (]r/\)u)\ = ;.
Then for h = ]‘r)\pgl € GSpins(K) we have
h*u;\ ZU,)'\, Ad(h)*(T)'\,X)'\,H)'\) = (TX’XX’KJX)’

so that using the two sets of data gives rise to two representations in the same

GSpins(K) orbit.
O

We now define the L-packet of depth-zero supercuspidal representations we attach

to a TRD ¢. This definition is an extension of [DR, 4.5.3].

Definition 5.4. Let ¢ be a tame regular discrete parameter for GSpins (k). Let
7 Xpad — H' (k,SO5), A [N
be as in (5.1) in Section 5.3. For each w € H'(k, SOs) define
(¢, w) := {[ur,mx] : [N =w € H'(E, SO5)}.
Remark. This is well-defined by Lemma 5.2.

Let LgR = II(¢, 1) or II(¢, —1) denote the L-packet attached to GSpins(k) or
GSping 1 (k), respectively.



6 The Bernstein component of

I(s,mX o)

6.1 DeBacker-Reeder for GL,,

Let g =1 D -+ D ¢, r = 1,2, be a tame regular discrete Langlands parameter
for GSpins. Then, for 1 <i <7,

qbi : Wk — Gszm((C) — GLQm(C) = GLQm(k?)V

is also Langlands parameter for GLa,, (k). By the local Langlands correspondence for
GLom, let

¢i ¢ Ly, = {04},
where the L-packets for G Lo, are always of size one.

By [Hel], the representation oy, is the irreducible depth-zero supercuspidal rep-
resentation attached to ¢; by DeBacker and Reeder. We now describe these representa-
tions. Let T be the maximal split torus in GLo,(k), and T C GLY, the dual torus. We
have @, the image of ¢(Frob) in Ngry (T)/T, is a Coxeter element. Namely, if m = 1
then

w = S1
where s; is the reflection corresponding to the simple root e; — eq. If m = 2,
W is conjugate to s15283

where s1 is the reflection corresponding the the simple root e; — eq, so is the reflection
corresponding to the simple root eo — e3, and s3 is the refection corresponding to the
simple root ez — e4. Let F, = Ad(w) o F', where w is as in Section 5.3. Let x4 be the

character of TF» given in Section 5.4. Then the restriction of the character X¢ to O Fw

41
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is given by the element s where (s) = ¢(Z;) C GL2p(C). Let €,y denote the set of all
complex roots of unity of order prime to p. As in [Ca, Prop 3.1.3], we fix an identification

of  and ,y. Then viewed as an element of %,

s = diag(r, 79, .. .,qum ), TE IE‘;M \ Fom.

Any maximal compact subgroup of GL(V'), where V' = ke1®. .. keap,, is conjugate
to

GLQm(U),

the stabilizer of the lattice
0e1 P --- D oey, CV.

We have
1 — GL2m(U)+ — GLQm(U) — GLQm(f) — 1’

where GLay,(0)T is the pro-unipotent radical of the profinite group GLa,(0). For any
A € Xy, where X, is the inverse image in X, (7T") of [X«(T)/(1—w)X«(T)]tor, there exists
px € GLay(K) that intertwines (T, F)\) and (7', F,), where T\ = Ad(py)T. Let

XA = Xg 0 Ad(pa) .
To A we also associate F\ = Ad(uy) o F', such that

OTHN ¢ K> € G Lo (K)™.

Any such Kf* is conjugate to G' Loy, (0). We can take uy = I,py = w. Then

GLopm (k)

GLam(f)
k%Gl (0) X3 @ ERLE(D),

04, = c—Ind

where t is conjugate to s as given above.

6.2 The generalized principal series (s, 7 X o)

From now on, let G = GSpingm+5(k) or GSpingmya.2m+1(k). In the following,
we will always assume m = 1 or 2. For simplicity of notation, let n = 2m + 2.
If
G = GSpinamss(k),

let P =M - N be the maximal parabolic subgroup of G with Levi factor

M = GSpins(k) x GLop (k) = GSpy(k) x GLop (k).
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If
G = GSpinam4a,.2m+1(k),

let P =M - N be the maximal parabolic subgroup of G with Levi factor
M = GSping (k) x GLay (k) = GUa(D) x GLay (k).

Note that in each case P corresponds to the simple root asy = eom — €ami1. If 7 is
an irreducible representation of GSpins(k) or GSping1(k), and o a representation of

G Loy, (k) we can form the generalized principal series representation
I(s,mXo) = Ind%é};ﬂw X o|det|®.

From now on let I(s,7 X o) be the generalized principal series where given a
TRD parameter ¢, m € Lg R where Lg R is the L-packet of representations of G'Spins(k)
or GSpiny (k) as given in Definition 5.4, and 0 = o4, as given in Section 6.1. These

representations are of the form

¢ —IndGy) x\ ® £RTV(1)

A
where G(k) and G(f) are listed in the tables below. The character y, of TfA is given by
an element ¢ in the Fy-stable dual torus T%% x. We also list the element s in the F*-stable
torus T*f% such that ¢ is conjugate to s. We have
TE IF';4 \F;z,
and
T, T2 € IF;Z \Fy, N]F:2/Fezx (r1) = NF:2/F(IX (r2) and T # 7o, Ty.

If ¢ is irreducible these representations are given by

+ Ry (1) s G(f) G(k)

Rf | (r,7%, 77, 79") | GSpins(f) | GSpins(k)

RL | (1,790,177 77) | 2GSping(f) | GSpinaa(k)

R | (1, 79,77 7Y | GL4(f) GL4y(k)

If ¢ = ¢1 @ @2 these representations are given by
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Ry (t) s G(f) G(k)
RE | (11, 72,75, 7)) GSpins(F) GSpins (k)
R (71,72, 73, 7]) G Sping(f) GSpins (k)

R (r1, 72,73, 71) | [(*GSping x GSping)/AGL1](f) | GSpina,(k)

RE (19,71, 70, 74) | [(2GSping x GSping)/AGL|(§) | GSping (k)

Rp—ort (71, 79) GLs(§) GLy (k)

Ry ot (r2,7) GLs(f) GLy(k)

6.3 Definition of P

The vertices of the local Dynkin diagram for G = G\Spingm,+5 are in correspon-

dence with the set
O = {ag+ = —e1—ea+1,a1+ = e1—€, gt = €2—€3,...,0p_1+ = €y 1—€n, Apt = €y }.

By Bruhat-Tits theory, let K;+ be the parahoric subgroup of GSpingm,+5(k) correspond-

ing to the root a;+ in the local Dynkin diagram. Let
P = Ko+ N Koppt-
Another choice of simple roots for GSping is
A” ={e3 —eq,e4 —e1,61 —€2,62}.

Let ag- = —e3 — eq4 + 1 where —e3 — ey is the lowest root. Let K;- be the parahoric
subgroup of GSping(k) corresponding to the root a;- in the local Dynkin diagram cor-

responding to the set
" ={ag- = —e3—es+1,a4- =e3—e4,09- = €4 —€1,03- = €] — €2,y = €3}.

Let
P~ =Kqo- NKy-.

The vertices of the relative local Dynkin diagram for G = GSpingm44,2m+1 are

in correspondence with the set

{Oéo =1l—e, 01 =e1—e,a3 =€2 —€3,...,Q2m = €2m — €2m+1, X2m+1 = €2m+1}-
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Note that this is a set of simple affine roots for an affine Weyl group of type Coppy1.
Another choice of simple roots for S, where S is the maximal k-split torus of G Spings

gives us another set of simple affine roots
T = {agt =1 — 5,001 = €5 — €1, Aot = €] — €9, Ayt = €9 — €3, Ayt = €3 — €4, Azt = €4}
Let

Pl =Ky 0 Kyt

The vertices of the local Dynkin diagram for G'Sping 3 are in correspondence with the
set

I = {apgr =1 —e1,0q1 = €1 — e, a1 = €3 — €3, a3t = e3}.

Let
P = Kot N K.

Denote P = P+, P~, Pt or P! depending on the context, so
Q=PNM= Ky x GLayp(0).

Let M = Gy x GLan(f) be the reductive component of the reduction mod p of P which
is equal to the reductive component of the reduction mod p of Q. If P = PT, denote by

p=RIRR},

a representation of M, where the RT are given in the tables in the previous section.
For P = P~, P!, or P! make the analogous definition for a representation p of M. For
notation, we will sometimes write p = R; X R,. We can view p as a representation of P
via inflation. We can also view p as a representation of Q via inflation. We denote this
representation of @ by pas.

We will show that represetations in the Bernstein component of I(s,7 X o) are

parametrized by modules of the Hecke algebra H(G//P, p).

6.4 The Hecke Algebra H(G//P,p)

Let (p, W) denote the contragredient representation of the representation (p, W)
of P. The following definitions apply for any compact open subgroup of G. Let

H(G//P,p) ={f € C(G,Endc(W"))| f(kigks) = p(k1)f(9)p(k2), ki € P, g€ G,
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where
CX(G,Endc(WY)) = {f : G — Endc(W")| f locally constant with compact support}.

With the convolution operator
fix o) = [ fila)fala™)do, fi€ G /Pop)
H(G//P,p) is an associative C-algebra with 1. As algebras,
H(G//P, p) = Endg(c — Ind$(p)).
Here
c—Indg(p) = {f: G — W| f has compact support, f(kg) = p(k)f(g), k € P,g € G},

on which G acts by right translation.

6.5 Bernstein components

A full account of this material is given in [BK2]. Denote by R(G) the category of
smooth complex representations of G. One may partition the set of equivalence classes of
irreducible objects of R(G) using parabolic induction. For any smooth irreducible repre-
sentation m of GG, one can find a Levi subgroup L of G and an irreducible supercuspidal
representation o of L such that 7 is a composition factor of Ind¥ y0'/2¢. The pair (L, o)
is unique up to conjugacy in G and is called the support of . Two pairs (L, 01) and
(Lo, 02) are inertially equivalent if there exist g € G and an unramified quasicharacter x
of L9 such that

Ly=1L{ and o 2oy®y,

where L] = g7'Lyg and of : x — o1(gzg™!), for & € LY. Then, [L, 0]g, called the inertial
support of m, denotes the inertial equivalence class of (L,0). Also, B(G) denotes the
set of all inertial equivalence classes in GG. For an inertial equivalence class s, define the
objects of a full subcategory R*(G) of SR(G) to be the smooth representations of G all

of whose irreducible subquotients have inertial support s. Then, [Be,2.10] gives

RG) = [] R(©G).

s€B(G)
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The Bernstein component of I(s, 78o) is RIM ™l (G). This is the set of smooth
representations x of G all of whose irreducible subquotients have inertial support [M, X
o]g. Any unramified quasicharacter x of GSpins x G Ly, or GSping 1 X GLay, is of the
form

x = |sim|' X |det|®, s,t € C,

where sim and det are k-rational characters of GSpins or GSping and GLa,,, respec-
tively. So RIM™l () is the set of all smooth reps & of G such that all the irreducible

subquotients of x are a composition factor of a representation equivalent to
Ind%&};ﬂﬂsim\t X o|det|®, for somes,t € C.

Let K be a compact open subgroup G, and (p, W) an irreducible smooth repre-
sentation of K. If (m, V') is a smooth representation of G, the space of p-invariants V), of
Vs

V, = Homg (W, V).
Now, V,, is naturally isomorphic to Homg(c—Ind%p, V). Tt is a left #(G//K, p)-module
via the right action of H(G//K, p) on c—Ind%(p). This module structure is given by

froiwes [ wlaelfa™ iy, [ EHG//Kop), ¢ €V wEW.
Then we have the functor
M, :R(G) — H(G//K,p)—Mod, (m,V)—V,.

Write V[p] for the G-subspace of V' generated by the p-isotypic subspace V? of V. Here,
V? is the sum of all irreducible K-subspaces of V' which are equivalent to p. Let R,(G)
be the full subcategory of JR(G) whose objects are the representations (7, V') such that
Vip]=V.

By [BK2, Def 4.1], the pair (K, p) is a type in G if the category R,(G) is closed
under subquotients in SR(G). By [BK2, Thm 4.3]

Theorem 6.1. The following are equivalent:
(i) the category R,(G) is closed under subquotients in R(G),

(i) the functor M, restricted to R,(G) is an equivalence of categories,
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(111) there is a finite subset & of B(G) such that
R,(G) = [[R(@),
s€6

as subcategories of R(G).

If the set & contains only one element s, then (K, p) is said to be an s-type in
G. For a definition of G-cover, see [BK2, 8.1]. What we will need is [BK2, Thm 8.3]

Theorem 6.2. Let M be a Levi subgroup of G. Suppose that (Jar, Tar) is an spr-type in
M and that (J,7) is a G-cover of (Jar,7ar). Then (J,T) is a s-type in G.

Then, towards relating the Bernstein component of Ind(s, 7&K o) with H(G, P, p):

Lemma 6.3. The pair (Q,purr) is a type for the inertial class [M, 7 X o]y in M and
(P,p) is a G-cover for it. Therefore, the pair (P,p) is a type for the inertial class
[M,7Xolg in G.

Proof. Since ((xa ® Rz) X (xa ® Ry))|o = pa is irreducible, by [BK2, Prop 5.4] (Q, par)
is a type for the inertial class [M, 7 X o]y in M. It is shown in [Mol, pg. 149] that (P, p)
is a G-cover for (Q, par). Then, by [BK2, Thm 8.3, (P, p) is a type for the inertial class
[M,7Xol]g in G. O

Corollary 6.4. The Hecke algebra of the Bernstein component of Ind(s,m X o) is
H(G//P, p).

Proof. We have
RIS (@) = R, (G) = H(G/ /P, p)—Mod,

where [M, 7 X o|q is the inertial support of Ind(s, 7 X o). The last equivalence is given

by the functor M, restricted to R,(G). O



7 A presentation of H(G//P, p)

In [Mo2], Morris describes explicit generators and relations for H(G//P, p) when
p is an irreducible cuspidal representation of the reductive quotient of a parahoric sub-
group P of G. Let II be a set of simple affine roots in correspondence with the vertices

of the relative local Dynkin diagram for G. For © C II define Wg = (s4 | & € O). Define
Se ={w € Nw(We) | w0 = 6},
where Ny (Wg) is the normalizer of Wg in W. If P corresponds to © C II, let
M = (Z.,U, | a is the gradient of some a € O),

where Z. is the maximal compact subgroup of the center Z. Let Q@ = 90t N P. For
g € G,p € P, let gp be the representation of 9P defined by gp(gpg~!) = p(p). Then, by
[Mo2, §4] H(G//P, p) is supported on double cosets PwP where w € Ng(T) N Ng(Q)
such that

(i) under the induced action on M, “M = M;
(i) as representations of M, wp = p;
(ii) w projects to an element w € Sg.

Suppose that J C II such that wJ = © for some w € W, and « € II. Let t be
the longest element in the Weyl group W corresponding to the spherical root system
obtained from J such that 2 = 1 and ¢(J) = —J. Let u be the longest element in the
Weyl group Wy qq) corresponding to the spherical root system obtained from J U {a}
such that u? = 1 and u(J U {a}) = —(J U {a}). Set

vy J]=u-t € Wyyo C W C W.

49
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We now specialize to the case of interest. Denote by
O=0tcut,e- cu,ef cuf,et cut:

®+ - {a0+7 cee 7052m+2+} \ {a0+7 O‘2m+}a 0" = {a(]*v cee 7044*} \ {042*a054*}7
of = {agts -y a5t} \ {oqr, ast of = {ags - agi} \ {agr, agt}.
Lemma 7.1. (Z) 59+ = <U[a0+7 ®+]7U[a2m+>@+]7T(e$)>;

(i) Se- = (v[ag-, 07|, v[ay-,O7],v) wherev =T(e3)Sa, Sa, Sa, Sa, Sa, Sa, Sa,
1s a diagram automorphism preserving the fundamental chamber corresponding to

I~ such that v? = T(e}) is translation in the central direction;
(“’7’) S@WL - <U[a1T ) @T]7 'U[Ck5f, @T]a T<68)>7

(v) Ser = (v]ag:, O, vjag:, ©F, T(e5)).

In all cases the elements v]cy, O] are involutions, and T'(ef) is translation by ef.

Proof. (i) We will show that v[a;, @T]01T = O i =01, 2m™. For J C II, corresponding
to a connected piece of the extended Dynkin diagram of type B,,, Cp, Dy, (n even), u(c;) =
—aj for a; € J. Here, u is the longest element in the Weyl group W defined above.
As the piece of the extended Dynkin diagram corresponding to ©F U {ag,,} is of type
Bom+2,

v[agm,+,07]0T = 6T,
By [Ho, Lem 10], v[ag, ©T] = v]ag, {a1, ..., a2m—1}], for b € {aom+1, aomi2}, v|ag, ©T](b) =
b, for b € {aq,...,a2m_1},v[agr,OF](b) = b, so

v[ag, 00T =07

({a1,...,a0m—1}U{ag} corresponds to a diagram of type Da,,). Since v[a;, OT]0T = ©F
for i = 0", 2m™, By [Mo2, Lem 2.4(c)] they are involutions.

Now, by [Mo2, Lem 2.5], if w € W such that w© = O, we can find Ji,..., Jr12,
where J; C Il and © = J; = J,49, and aq,...q, € II such that v]ay, J;]J; = Jit1,1 <
i < r, and

w = vulag, Jy] ... v[aq, Ji]

where v € Q. vJ,41 = Jr19 = O. Here,

veQ={weW|wC=C}
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the set of diagram automorphisms that fix the fundamental chamber C. For GSpingm, s,

for the simple roots given by A™, the set Q = (v), where
v="T(€])Say - - San_1SanSan_1 - - - Son

is a diagram automorphism preserving the fundamental chamber given by A™. We have
v? = T(e}) is translation in the central direction. The action of v on the simple affine
roots is as follows,

Voag =,V =g,V o = g, t > 1.

Therefore, v does not preserve 1. However, v?> = T (e§) does preserve ©%. Since
v[a;, ©T]0T = OF for all o; € IIT\ OF, J; = Jo = -+ = J.u1 = OF. Therefore,
if wOT =067, wis a word in v]ag, OF], v[agm, OT], and T'(ef).

(ii) For the rest of the cases, the proof will as in (i). As the piece of the extended
Dynkin diagram corresponding to O~ U {ay-} is of type Dy,

vy, 0710 =6
By [Ho, Lem 10], v[jay—, 07 ] = v[ay-, {as-}] and
v[jay-,07107 =0~

({as- }U{ay-} corresponds to a diagram of type By). By [Mo2, Lem 2.4(c)] v[a;, ©7 ], i =
07,27, are involutions. When the simple roots are given by A~ the set of diagram

automorphisms 2 = (v), where
*
v =T(e3)Sa,_Sa, Sa, Sa, Sa, Sa, Sa,_

is a diagram automorphism preserving the fundamental chamber given by A~ such that
v? = T(ef) is translation in the central direction. The action of v on the simple roots is
as follows,

V.Qpg- = 01—,V Q- = Qp—, V- Q- = a;—, % > 1.

Therefore, v does preserve ©~. Since v[a;, ©®7|0" =0~ foralla; € II7\O7, J; = Jo =

- = Jr41 = O7. Therefore, if WO~ = O, w is a word in v[ay—, O~ ], v[ay—, O], and

(iii) As the piece of the extended Dynkin diagram corresponding to ©F U {1}
is of type Bs,
v[oyt, ©T101 = Of,
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By [Ho, Lem 10], v[asi, O] = v[ast, {aos, azr, oyt }] and
v]ast, ©1161 = Of

({agt, asi, oyt } U {asi} corresponds to a diagram of type By). By [M2, Lem 2.4(c)]
vle;, ©F],i = 17,51, are involutions. In this case Q = (T'(e})) and T(e;) preserves OF.
Since v[oy, ©F]0F = OF for all oy € IT\ OF, J) = Jo = --- = J,;1 = OF. Therefore, if
wOl = O, w is a word in v[ayt, O], v[ast, O], and T(e}).

(iv) As the piece of the extended Dynkin diagram corresponding to ©% U {a:}

is of type Bjs,
v[ow:, ©F0F = O,

By [Ho, Lem 10], v]ag:, ©%] = v[ags, {ayt}] and
v[ag:, 0F0F = et

({aq: } U{ag: } corresponds to a diagram of type Bz). By [Mo2, Lem 2.4(c)] v[a;, ©%],i =
0%, 2%, are involutions. In this case Q = (T(ef))) and T'(e};) preserves ©*F. Since v]a;, 010 =
Of for all a; € Hi\@i, Ji=dy==Jdrp1 = ©%. Therefore, if wOt = @i, w 1s a word
in v[ag:, O, viag:, O, and T(ef). O

Lemma 7.2. (i) Fori = 0%t,2m% if®@ = 0%, i =2",4" if0 = 0, i = 11,51 if
© =0T, and i =0}, 21 if © = 6%, we have

v[ag, ©] - p = p,
for p= R; X R, a representation of M as given in Section 6.3.
(ii) In addition, fori= 27,4,
v-pEDp,
for p=R_ K R, a representation of M = GSpina(f) x GLa(f).
Proof. (i) For i = 0T,2m* if @ = 0+, i =27,47if© = 0, i = 17 51 if @ = OF,
and i = 0}, 2! if © = ©F, v[a;, O] acts on the root datum for M, ¥ = (X, ®, XV, ®V),

preserving the set of positive roots ®*. So v[w;, ©] gives an automorphism of the based

root datum for M

\IIO = (X7 @+7XV7 (q)+)v)
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Let B be the Borel subgroup of M given by the positive roots ®*, and for each a € A
let uq # e be a fixed element in the root subgroup U,. By [Spl, Prop 2.13] Aut ¥o(M)
is isomorphic to the group

Aut(M, B, T, {ua}aEA)

of automorphisms of M which stabilize B, T and the set of u,. Therefore to determine
the automorphism of M given by v[«;, ©], we need only find an automorphism of M that
stabilizes the set of u, and gives the same action on T as v[a;, O)].

The action of v[a;, ©F], i = 07, 2m™, on the maximal torus T of G = GSpingm,5(k)

is given by
2m+-2

vlei, 077 ([T &)
=0
= (oAt Ao )t (Ao)e3s(Aam_1) -+ €5, AT D) ebpn i1 (Aamn) + - €3po (Aamer2),
for \; € GLy(k). This factors through an action on T C M. If A € GLay(f), B €
GSpins(§) the action of v[a;, ©T] on M is given by
(A, B) > (wo(* Ay, (detA) B),
where wg € G Lo, is the matrix with 1 on the antidiagonal and 0 elsewhere.

For ¢ = 27,47, v[aj, 7] acts on the maximal torus T of G = GSping(k) by

[0517

4
v, 071 ([LE500) = 00 Malei 05 es O Des Galei 30
Then, if A € GLy(f), B € GSpina(f) the action of v[a;, 07| on M is given by

(A, B) — (wo(*A™Hwy !, (detA)B).

For i = 11,57, v[a;, O] acts on the maximal k-split torus S of G = G'Sping 5(k)

5
va;, © H eo(AoAAedada)er (A Des(Ag e Hed (A ez (As).

This factors through an action on T C GL4(f), and by [Spl, Prop 2.13], v[a;, O] acts on
A € GL4(f) as

A wo(*A !
If A€ GL4(f), B € 2GSpiny(f) the action of v]a;, ©f] on M is given by

(A, B) — (wo(*A™ )wg !, (detA)B).
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For i = 0%, 2%, v]a;, ©F] acts on the maximal k-split torus S of G' = GSping 3(k)

3
vlag, 07 (JT €5 (A)) = ebMoAira)ei (A ez (A7 ek (As).
j=0

As in the previous case we find, if A € GLo(f), B € [(2GSpiny x GSpinz)/AGL1](f) the

action of v[ay, ©%] on M is given by
(A, B) = (wo(*A™Hwy !, (detA)B).

By [Bu, 4.1.1], if R'(A) = R,(*A7!) then R’ = RY. For i = 0,2m if © = OF,
i=2",4"if0=0",i=1"5"if © = 6f, and i = 0%, 2! if © = OF,

pw]a, O] - (A, B)) = Ry(*AYwp, (detA)Ry(B) = RY (A)wn. (detA) Ry (B).

For m = 1, as R; and R, are constructed using data from the same TRD parameter

¢ = ¢1 D @2, we have wr, = wg,. As R, is a representation of GLs(f), by [Bu, 4.1.1],
RY(wg, odet) = R,.

For m = 2, both R, and R, are constructed using data from the irreducible TRD
parameter ¢. For

d(Zr) = (s) C GSps(C) — GL4(C),

we have

. 2 3 2 3
s =diag(r, 74,74, 7)), 177 =777 = c.

As in Section 5.4, for R = R, ,, the character x, of Tf* C GSpins(f) or 2GSpiny(§)
is represented by s. Similarly, for R = Rr, ,, the character x) of Tf* C GL4(f) is
represented by s. We have the character w;odet of GLy(f) restricted to T? is represented
by the element

diag(c, ¢, ¢, c).

Then, as R = Ry, -1+ by [Ca, 7.2.8] the representation RY ® (wy o det) of GLy(f) is
AN
represented by the element

s le.

We have

5958351589 - sle=s



95

for sas35152 € Nar, () (T)/T where s9535159 commutes with the Coxeter element 1w =
$15283 € Ngp,(c)(T)/T. Then by [Ca, 7.3.4], RY(wg, o det) = R,.

Therefore, for i = 0,2m if @ =01, i =2-,4"if© =0, i = 1t 57 if © = Of,
and i = 0F, 2t if © = @1,

[y, O] - p = p.

(ii) We will now show that the action of ¥ on M = GSping(f) x GLa(f) does not
preserve p = R X R . We have v acts on the simple roots in ©~ by,

V-OQpgp- = 01—,V 01— = Qp—, V09— = Qg—,V - -03- = Q3—,V - -0y- = Oy-—.

Note that v fixes R, but it suffices to show v - R 2 R, which we now do.

Up to conjugation, there is only one minisotropic torus in GSping(f). So there
exists g € GSpiny(f) such that v- Ty = gTag~'. Then by [D] there exists a lift g of g to
P such that v - Ty = ¢Thg'. By replacing v by Ad(¢~!) o v we can assume v fixes T).

Therefore
v € Ngspins () (Th)/Tx

gives a non-trivial action on T). In fact, since v induces a non-trivial diagram automor-

phism for the diagram of G Sping,

v € Naspins () (T2) /T \ Naspina () (Th) /T

Then, since for R = R, ,, the character x) is in general position, by [Ca, 7.3.4]

v-pEDp.

Define
W(O,p) ={w € Se|wp ~ p}.

The elements of W (0, p) parametrize a basis for H(G//P, p), with relations given by
Theorem (7.12) of [Mo2].

Corollary 7.3.
H(G//,]Dvp) - <Ta7Tb7TC>7

{a,b} = {0F,2m™}, {27, 47}, {11, 5} or {0%, 2%}, subject to the relations

(i) TexT; = T; % T,
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(i) T} = (pi — VT; + pi,
where i € {0F,2m*}, {27,47}, {1,517} or {0, 2%}

Proof. We have shown
W(@, P) = <U[aa7 @]7 U[aba @}7 T(68)>7

for {a,b} = {0F,2m™*},{27,47},{17,57} or {0%,2¢}. By [Mo2, Thm 7.12], H(G//P,p)
is generated by three elements Ty, T}, T, subject to the given relations. Note that the
cocyle pu(c,i) is trivial for all i as ¢ = T'(ef) is a translation. Also, Tp x T; = T; * T
for all i as T(ef)v[a;, O] = v[ay, ©]T(ef) (in W) for all i. This is as wT'(ef)w ™ (z) =
T(w(ey))(z) =T(ef)(x) for x € A, w € Wy, so all simple reflections commute with 7'(e)
in W. O



8 Calculation of parameters p;

8.1 A theorem of Lusztig

In this section, we will compute the parameters p; in Corollary 7.3. The support

of T; is Pw; P where w; € Ng(T) projects to

v[a;, 0T € S+, i =0,2m, if P=PF, 0[a;,;07]€8g-,i=2,4",if P=P",
v[oy, O] € Sgi, i = 17,51, if P =PI, v[ay, 0] € Sgi, i = 0%, 28 if P =Ph.

The elements w; lie in K;. So T} is supported in K;, for i = 0,2m if P = PT, in K; for
i=2",4"if P="P,in K; for i = 17,57 if P = P, and in K; for i = 0%, 2% if P = Pt
Let G; be the quotient of C; by its pro-unipotent radical. Let P; = M;N; be the image
of P in G;. Recall that

M; 2 G3* x GLaw(§),

so that p is a representation of M;. Consider
Vi = Indg: (p).
The algebra of right G;-endomorphisms of V;,
End, (Vi) = H(Gi, ),
is isomorphic to the Hecke algebra

H(Gi, p) = {f : G; — Endc(WY)|f(p1gp2) = p(p1)f(9)p(p2), p1.p2 € Pirg € G},

where (p, W) is the contragredient representation of (p, W). The finite Hecke algebra
H(G;, p) can be canonically identified with a subalgebra of H(G//P, p). This is because

Indgi (p) = inﬂ’GC: (Indg’: (p)

o7
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and H(G//K;,p) can be canonically identified with a subalgebra of H(G//P,p). By
[Mo2, 6.5] H(G;, p) is two dimensional. It is generated by a function T, supported on
P; and a function T; supported on P;w;P;. Here, w; is the image of w; in G;. We have

w; € Ng,(M;) N Ng,(T), and w; - p = p. The function T; satisfies
T? = (pi — V)T + pi-

Since the endomorphism algebra of V; is two dimensional it has two irreducible sum-

mands:
G;
Indgi(p) = p1 @ p2.

By [HL], the parameter p; is the quotient of the degrees of the two irreducible summands.

We will use a theorem of Lusztig, [Lu, Thm 8.6], to compute the parameters p;.

8.2 Identification of G;()

We will now describe G;(f) in the cases of concern. With the identification of
the character group of T' with the character group of T, we have the character and

cocharacter lattices for T are those for T,

X =Zey®Ze1 D DLen, X' =ZelDLel® D Zel

n’

where n = 2m + 2. When the simple roots for T" are given by AT, the fundamental
chamber C'T in the apartment A = XV @ R for G = GSpingn.s5 is defined by the
inequalities

l—es>e;>e9>--->e, >0.

When the simple roots for T are given by A~, the fundamental chamber C'~ in the
apartment A for G = GSping is defined by the inequalities

l—es>e3>e4>e1 >e9>0.
When the simple roots for T" are given by
AT = {B1t = €6 — €5, fot = €5 — €1, B3t = €1 — €9, byt = €2 — €3, Bt = €3 — €4, Bgt = ea},

the fundamental chamber CT in the apartment A for G = GSpinis is defined by the
inequalities

l—e5>eg>e5>€e1 >e3 >e3>eq4 >0.



99

When the simple roots for T" are given by

AV = {Bs =eq —e1, B0t = €1 — €3, 31 = €3 — €3, fyr = €3},

the fundamental chamber C* in the apartment A for G = GSping is defined by the
inequalities

l—e; >eq4>e1 >eg >e3>0.

Let x; be the vertex of the fundamental chamber C' corresponding to the root «;, (or ;)

in the local Dynkin diagram II for G. The positive roots of G; are
of ={ac®":(a,z) €},

where ®T is the set of positive roots for T given by AT if P = P by A~ if P =P,
by AT if P =Pt and by At if P = P*. The coroot associated with a root a € @; is the
same for G; as for G. We will also list M; and the dual groups M7, G} in each case.

When P = PT, the reductive component of reduction mod p of P is
Mo+ = My,,+ = G Loy, X GSpins, Mo+ = M3, + = GLay, x GSpy.
The root ag+ corresponds to the vertex zop = 0, so the set of positive roots for Gy+ is
of ={e;te;j|1<i<j<n}u{e|l<i<n}.

Then
G+ = GSpinam+s,  Gor = GSpam+a.

The root ag,,+ corresponds to the vertex o, = 1/2(e] + €5+ --- +€5,,), s0
of ={e;tej|l <i<j<2m}U{eami1 — €amt2, €2m+2, €2mt1s €2m41 + €2mi2}
Therefore,
Goppt+ = (GSping, x GSpins)/AGLy, smt = (GSOum x GSpy)°.
When P =P,
My = M, = GLy x GSping, M. = M. = GLy x GSO,.

The root ay- corresponds to the vertex xo— = 1/2(ej + €}), so the set of positive roots
for G- is

‘I’;rz_ = {e1 —eg,ez,e1,e1 +ea} U{es —eq,e3+es}.
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Then we have
Gy- = (GSpins x GSping)/AGLy, G- = (GSps x GSO4)°.
The root ay- corresponds to the vertex z4- = 1/2(e] + €5 + €5 +¢}), so
@IN ={estes,eqster,e; et

Therefore

G, = GSping, Gi- = GSOs.

When P = PT,

MlT(f) = M5T (f) = G Ly X GSpiny, Mj{t(f) = Ef (f) = GLy x GSOy.

The root By corresponds to the vertex xqor = 1/2(ef + €f), so the set of positive roots
for Gy:(f) is

(I);;T = {62' :I:ej] 1<i<j < 4} U {61,62,63,64} U {66 :|:€5}.

Then we have

Gy1(§) = (GSping x GSping)/AGLy, G4 (f) = (GSps x GSO4)°.

The root fSgi corresponds to the vertex xzgr = 1/2(e] + e + €5 + e} + ek + ¢ef). We have

GST (f) - Gspinl% G;T (f) = GSOH.

When P = P,

M()i (f) = M21 (f) = GL2 X (Gsping X GSping)/AGLl,

5:(F) = M3, (F) = GL2 x (GSO2 x GSps)°.

The affine roots 1 — eq — ey and fy: = e4 — e1 corresponds to the edge of C* containing

the vertices 0 and 1/2(e}), so the set of positive roots for Gy: (f) is
{e1 £ e2,e2 = e3,e1 Feg,e1, €2, €3}
Then we have

Gy: (f) = (GSpiny x GSping)/AGL;, Gy (f) = (GSps x GSO2)°.
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The root f3: corresponds to the vertex zg: = 1/2(ej + €] + €3), so
(:D;%i = {64 :t €1,€1 :IZ €9, €4 :t 62} U {63}.

Therefore

G2¢ (f) = (GSping X GSpZ"I’L())/AGLl, G;i (f) = (GSpg X GSOﬁ)O.

To compute the parameters p;, [Lu, 8.6] applies only when G; has a connected
center. To use this theorem in the cases where G; does not have connected center, we will
map G; — G, where G/ has connected center in all cases. Let M be the Levi component

of the parabolic subgroup P; C G/ such that M; C M} and P; C P}. Set

i G.(f) M (7)
0t GSpinms G Lo, x GSpins
2m™ | (GSpiny,, x GSpins)/AGL; GL1 x GLoy, x GSpins
27 | (GSpins x GSpiny)/AGLy GLy x GSpiny
4~ GSping’ GLy x GSpiny
1f (GSping x GSpiny)/AGL, GL4 x GSpiny
51 GSpin(, GL4 x GSpiny
0t (GSpiny x GSping)/AGLy GLsy x (GSping x GSpins)/AGL,y
2 (GSpins x GSping' )/AGL, | GL1 x GLy x (GSping x GSping)/AGL,

Note that in each case G, has a connected center. The center of GSping, 5 is
{eg(p) : pe GL1} ~GL.
The center of (GSpin3,, x GSpingm+1)/AGLy is
{Ey(W)Ef(v)...EX(W)E*1(v*) : p,v € GL1} ~ GLy x GLy.
The center of GSpin3,, is
{B;(WEf(w)...EX(W)E*{(v*) : p,v € GL1} ~GLy x GLy.
The center of (GSpiny x GSping)/AGL; is

{ep(mw)ex(v) : p,v € GL1} ~ GLy x GLy.
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8.3 Calculation of p;

Recall that there exists an element py € Gx(f) such that

T = Ad(py) TH,

(i) if GA(f) = GLam(f) then w is a Coxeter element,

(ii) if GA(f) = GT(f) = GSpins(f) or G'(F) = GSpin4(f) attached to a irreducible TRD

parameter ¢ then w is a Coxeter element

(iti) if GA() = GH(f) = [(GSpinz x GSping)/AGL](), G* () = GSpins(f) or G=(}) =

G Spiny(f) attached to a TRD parameter ¢; @ ¢o, then w acts on T* by

W - diag(t1,t2, t3,t4) = diag(ts, t3,t2,11).

Let
Ti = TGLgm X TGA C MZ'7

where Tgr,,, is the split maximal torus in GLay(f) and Tg, is the split maximal torus

in G,(f). Denote by

S = APz Pay) TH
where
Ex = FXGLam) @ TAG1)r - T = Fu(GLom) @ Fu(Gy)-

We will also denote by F), F,, the twisted Frobenius which acts on G; such that the
restriction of to G; is F), F,. Also, FY, Fy; will denote the dual Frobenius which acts on
G

The character xx = X\(GLam) @ XA(Gy) Of the F\ = F\(GL,,,) ® Fi\(G,) stable torus
S; can be viewed as a regular element in a dual Fy stable torus S} of the dual group Gj.

Let ¢ correspond t0 xx = XA(GLam) @ XA(Gy)- Lhere is a surjective map of dual groups
Y G — G

Since x), the character given by t', is in general position, we have that ¢ defines an
irreducible representation p’ of M(f).

In the following table we list the groups M;(f) and M.(f). As notation

Gt = (3GSpiny x GSping)/AGL;.
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i M; (F) M (f)

0+ GLQm X GSpZ"I’L5 GLQm X GSpin5

2mt GLQm X GSpiTL5 GL1 X GLQm X GSpin5

2- G Loy x GSping GLy x GSpiny
4~ G Lo x GSping GLy x GSpiny
1t GLy4 x 2GSpin, GLy x 2GSpiny
51 | GL4 x G Spin, GLy x 2GSpiny
0f GL;y x G} GLy x G

ot GLy x Gt GLi x GLy x G}

Lemma 8.1. The restriction of p' to M;(f) is isomorphic to p.

Proof. For i =07,0%, M. = M; so we will not consider these cases. We will use a formula
for Deligne-Lusztig characters given in Carter. We first define some notation. Let G a
reductive f-group, F' a Frobenius automorphism of G, and T an F-stable maximal torus
of G. Let B be a (not necessarily F-stable) Borel subgroup of G containing T. We have
B = UT where U = R,(B). Lang’s map is a surjective map L : G — G defined by

L(g) =g 'F(g).

Let X be the algebraic subset of G defined by

X =L"'(v).
We have an action of GF on X by left multiplication. For a semisimple element s € G,

write C?(s) for the connected centralizer of s in G, If

by [Ca, 7.1.11] we have
L(g,Ys) = |(Ys)’|

for g € C%(s). Then for z,s,u € GI" such that s € 2TFz~! and u is unipotent

0(g 1 ~ 1 =~ .\
Q%™ (u) = ey 0 V) = ()"
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Then, the character formula [Ca, 7.2.8] says: for g € G where g has the Jordan decom-
position g = su = us where s is semisimple and u unipontent we have
1 _ co
Rro(g) = o) Z O(x 13$)QITL(:7)1(U)-
zeGF x—1sxeTH

1F)\
7

Let Rg(t') be the virtual character (up to a sign) of the representation of M
given by t'. Then SZFA C SgF* where t gives the character of y) of Sf* and t' gives a
character x) of S!FX such that XA (t) = xa(t) for t € SP. Let R|w, be the restriction of
Rg (t') to MZFA. Let g = su € I\/If*. Then for z € MQFA such that 2 !sx € Sf*

X’)\(ac_lsx) = X)\(x_lsx).

We have
|Ch ()| = (g = 1)ICR, ()]
and
IS = (g — D[S
Also,
{z e M o tse e T = (¢ - D[{z e MP - a7 lse € TDY.
Let

V= Gy (s) N X’

where X' = L~Y(U}) for L : M(F) — M.(f) and B’ = US, a Borel subgroup of M/
containing S. Similarly, let

0 -
Y, = CMiG)(S) nx

where X = L~Y(U;) for L : M;(f) = My(f) and B = U;S;. Then
()] = (¢ = DIF)").
If we put all these facts together, by [Ca, 7.2.8]
Rlm;(9) = Rs,(t)(9), g €M,

so they are the same virtual character. Since €M/ €5) = €M, €S, We have

~

P/\Mi(f) p-
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Lemma 8.2. The homomorphism 1 : G — G central kernel.

Proof. For i = 07,0%, T' = T%, and for i = 2m™,2%, the kernel of v is {(g,1)| g €

7?
GL1} which is in the center of GL; x M!. For the remaining cases it suffices to show
the homomorphism ¥|(gsping )+ * T C (GSping,)* — T* C (GSping,)" has kernel

contained in the center of G}*. The center of (GSpin3,)*,
{E_1(W)E1(v) ... E,(v)Eo(V?); p,v € GLy},

is given by all elements of the split torus T’; that belong to the kernel of all the simple

roots. We have

Ulasping,) 2 T = 1 Eiy) — T =TI Ei(\), A € GLy,
. o

j=—1
is given by
E_1(A21)Eop(Xo) ... En(An) = Eo(Xo) ... En(An),
which has kernel contained in the center of G*. O

Lemma 8.3. The group Cer (1) is connected, reductive with root system
G (h)
(i) type (A1)? and Weyl group th if i = 2m* (m = 2), 17;
(ii) type (A2)? and Weyl group Wit ifi= 0t (m=2), 5
(iii) type A1 and Weyl group Wa, if i=2m* (m=1),27,25(j =1), 0*(j = 2);
(iv) type Ay and Weyl group Wa, if i=0"(m=1), 47,0 (j=1),2%( =2).

In each case there is one orbit on the simple roots for WGQ*, the Weyl group of CG’.*G) (),
under the action of the dual Frobenius FY on Gi*. In addition, Cyy ) (t') = Si*.

Proof. Over f, there exists * € M such that 2Sfz’~! = T}. Again over f, there exists
2’ € M* such that ¢(2') = z and 2/Si*2’~1 = T/*. Let s = 2 M and ' = 2/~1¢'2/,

where ¢(s") = s. We have an isomorphism of reductive groups

p:Cer(s) = Car(t), ¢(z) =a'za'"".

So it suffices to compute Cg+(s') with its F structure, which we do in the following.
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As the center of G} is connected, centralizers of semisimple elements in G}* are
connected. Therefore C’G%*(s’ ) is generated by T/* and the root groups U, such that
a(s") = 1. Since the map

Y :GF — Gf

has central kernel, it suffices to compute the root groups U, such that a(s) = 1.

The elements s are listed in the tables in Section 6.2. For p = R} @ R}
s = (diag(r, 7%, 79, 79", diag(r, 7%, 77, 77)) € GLam(F) x GSpa(F) (m = 2),

or

s = (diag(m, 1), diag(m1, 72, 79, 7)) € GLam(f) X GSpa(f) (m = 1).
For p=R; ® R

s = (diag(m, 7{), diag(1, 72, 79, 7)) € GLa(§) x GSO4(F).
For p = Rl & Rir
s = (diag(r, 79,79, 79), diag(r, 79,77, 79)) € GL4(f) x GSO4(F).
For p = Rli; & Ri

s = (diag(rj, 7)), diag(11, 72, 73, 7{)) € GLa x (GSOx(F) x GSpa(f))°

where j = 1 or 2. Note that in each case s is F};, stable.
Let I be the root system of Wer, the Weyl group of CG;* (s"). Then in the following
table we display the different possibilities.
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i G:(f) I Wer-
4% | (GSOg x GSpy)° {£(et + e —ef), £(ef + e — ef)} w3,
ot GSp12 (ef —eb eb + et —ep,e5 —ef, ef + e —ep) | W3,
27 | (GSO4 x GSpy)° {£(ef +e5—e€f)} Wy,
ot GSps (€1 —€5,e5+e5 —ef) W,
27 | (GSps x GSO4)° {F(ef +e5—ef)} Wa,
4= GSOg (€] —e3,e5+e5 —ef) Wa,
1t | (GSps x GSO4)° {£(er +e5—ef), £(e5 +e; —e)} w3
51 GSO12 (ef — et e5 + et — e, e5 —ef, €5 + e —ef) | W3,
0F | (GSps x GSO5)° j=1, (ef—e},e5+e5—¢efb) Wa,
2t | (GSpy x GSOg)° j=1, {H(et +es—ep)} Wa,
0* | (GSps x GSO5)° Jj=2, {x(e] +e5—¢€h)} Wa,
2t | (GSpy x GSOg)° j=2, (ef—ejes+e;—eh) Wa,

Note that in each case F acts transitively on the simple roots in I. For i =47,

F? interchanges e} + €5 — e, and e} + e —e. For i =07,
* * * * * * * * * * * *
Fo(el —e5) =€ +eg—ep,  Filez+e5—ep) = e3 — e,

* * * * * * * * * * * *
Fyes —eg) = e +e5, Fyley+eg—ep) =e3+e5 — e

For i = 2%, F}¥ fixes e} + e — ¢f. For i = 07, F} interchanges e} — e} and e} + e} — €.

The other cases are similar.

As x) is in general position, s is not fixed by any element of the Weyl group
(NM;(Tj)/Tf)Fi so Owm:(s) = T;. Since 1 : T — T; has central kernel, we have that
Cmp(8') = T3 which implies

Cyix (t') =S

Lemma 8.4. We have p; = p;.
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Proof. By [Lu, Thm 8.6],
G; (P
EndG;(f) (Indp;(f)p/) = (Te, T3)
as an algebra, where T¢ is supported on P and T; satisfies the relation
T? = (0 — 1)T; + pi;-

Here, T; corresponds to the unique Fj;-orbit on I. Therefore, since EndG; (Indﬁ% p') has

dimension two, we have that Z
Indg%p’ = Py ® ph,

where p) and pl, are distinct irreducible representations of G;. As p'|m, = p, by Mackey’s

induction restriction theorem,

G; ~ G;
Indgi (p)le; = Indg!(p) = (01 @ pa)lG; = p1 & p2.

Therefore the quotient of the degrees of p} and pf is equal to the quotient of the degrees
of p1 and p2, so

Pg = Di-

Lemma 8.5. We have:

() pi=q* i i=2m*(m=2),1%;
(it) pp=q° if i=0"(m=2), 5%
(iti) pp=q if i=2mT(m=1),27, 2(j=1), 0*(j =2);

(i) pi=g* if i=0"(m=1), 47, 0f(j=1), 2F(j =2).
Proof. Apply formula 8.2.3 of [Lu] to the pair (W} ,1). This calculation is done in [KM,
Appendix]|, and we have

pi=q"
Apply formula 8.2.3 of [Lu] to the pair (W7} ,1). This calculation is done in [Sa, §5] and
we have

Pi=4q

From the previous lemma, p; = p; in each case. ]

Corollary 8.6. The parameters p; of H(G//P,p) are unequal.



9 Reducibility of generalized

principal series

9.1 A result of Matsumoto
Let (W, S) be a Coxeter system of type A;, so that W is generated by

S = {81, 82}

where 3% = 3% = 1 and s7s2 has infinite order. Let R, denote the set of positive roots

generated by the simple affine roots s € S. Then the length function [ on W is given by
l(w)=|Ry Nw™'R_|.

Let g be a real, positive valued, quasi-multiplicative function on W. Thus ¢ satisfies
q(uv) = q(u)q(v) if l(uv) = l(u)l(v), and g(w) = 1 if (w) = 0. We have that ¢ is
completely determined by its values on S and satisfies ¢(s) = q(s') if s,8’ € S are
conjugate in W. For k a commutative ring with unit and w € W, denote by €, : W — k
the characteristic function of w. Let k(W ¢) be the k-algebra generated by €5, , €5, subject
to the relations

€s; ¥ € = €5y L(s;w) > l(w),
egi = (q(s;) — 1)es, + q(si)€e, 1=1,2.
This is the Hecke algebra of type A; associated to the quasi-multiplicative function q.
In [Ma], Matsumoto gives the Plancherel measure for k(W,q). Let L'(W,q) be

the Banach space of L! integrable functions f € k(W,q) with respect to a fixed Haar
measure on W. Matsumoto gives a measure dm on the unitary dual of k(W ¢) such that
for f € LY(W,q)

fe) = [ Teln(s) dm(m).

rek(W,q)

69
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Denote by ¢1 = q(s1), g2 = q(s2), and assume ¢o > ¢1 > 1. Matsumoto defines
representations m¢ of k(W ¢), indexed by £ € C*, such that all irreducible finite dimen-
sional representations of k(W,q) and all irreducible unitary representations of k(W,q)

occur in the composition series of such representations. We have:
(i) For || =1, the representations m¢ are irreducible and unitary.

(ii) For £ € R such that

1<¢<Vaae, —Velalé<-1,

we have 7¢ is unitary. For & # \/q1q2, —\/q2/q1, 7¢ is irreducible.
(iii) For
£ =Vaa, —va/a,

the composition series of ¢ is of length two.

Let x¢ denote the irreducible subrepresentation of 7 gz and X¢# the irreducible sub-
representation of 7 e Let S! be the multiplicative group of complex numbers of
modulus 1, and d¢ be the Haar measure on S! such that J g1 d§ = 1. There is a function

¢ on W such that one has

[ oele) = Tr(me (f))
for all f € k(W,q), and a meromorphic function ¢; on C* such that we have the following.
For all f € LY(W,q),

€)= [ Tolmel)ler ) de

-1 -1

1—q;'q; (e 1—qigy? Cven
(1+¢H01 +q2_1)T O () + (I+aq)1 +q2_1)T Ocge(£))-

This is the Plancherel formula for k(W, q).
We have

Theorem 9.1. (Matsumoto) A Hecke algebra of type Ay has two complementary series
if and only if g1 # qo.
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9.2 Main theorem

To proceed we will need to use information about (s, X o), the Plancherel
measure associated to the generalized principal series I(s,7 K o). If P = M - N is
the maximal parabolic of GSpingm+ys or GSpinom+42m+1 defined in Section 6.2, let
P = M - N be the opposite parabolic, and Is(s,m X o) the corresponding generalized

principal series representation. There is a local intertwining operator
A(s,7®o,N,N): I(s,7n R o) — Ip(s,m X o).

The composite A(s,7 X o, N, N)o A(s,7 X o, N,N) is a scalar operator on I(s,7 X o)

and the Plancherel measure is the meromorphic function defined by
p(s,m®o)™ ' = A(s,1Ro,N,N)o A(s,7 X o, N, N).
From [Si, 5.3-5.4] we have

Proposition 9.2. (Harish-Chandra) If 1®o is a unitary supercuspidal representation of

GSpins(k) x GLy (k) or GSping 1(k) x GL4(k), then for s varying over the real numbers:

(i) If 0 2 0¥ (wy o det), then p(0,7 X o) # 0 and Ip,(s,m X o) is irreducible for all
s € R. In this case only I(0, 7 X o) is unitary.

(i1) If 0 = 0¥ (wy o det), then there is a unique real so > 0 such that Ip (so, ™ X o) is
reducible. Moreover, sg > 0 if and only if u(0,7 X o) = 0, in which case sq is the

unique pole of u(s,m X o) on the positive real axis.

(a) When so =0, for all s # 0 we have I(s,7X o) is irreducible and non-unitary.
The representation I(so, 7 X o) is of length 2, with irreducible subquotients

tempered representations.

(b) When so > 0, we have I(s,mX o) is only reducible for s = £sq. For |s| < |sol,
I(s,m W o) is unitary. The representation I(sg, 7™ X o) is of length 2, with

unique irreducible submodule a discrete series representation.

Lemma 9.3. Let m K o be a unitary supercuspidal representation where m is a super-
cuspidal representation of GSpins(k) or GSping (k) corresponding to a TRD Langlands
parameter ¢ = ¢p1D--- Do, 1 = 1,2, as in Definition .4. Also o = o4, where1l < i <,
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is the depth-zero supercuspidal representation of G Loy, (k) attached to the Langlands pa-
rameter ¢; via the local Langlands correspondence for G Lay,. Then there are at most two
twists |det|"Vi of o such that

o|det|"t % o|det|"?

and a representation
Ind%6} 7 K o|det|“+
in the Bernstein component of the generalized pricipal series I(s,m® o) could reduce for

some u > 0.

Proof. Recall the Bernstein component of I(s,m X o) is the set of all smooth represen-
tations x of G such that any irreducible subquotient of x is a composition factor of a
representation equivalent to Ind%é}! zﬂ]sim]t X o|det|® for some s,t € C. By Proposition

9.2, I(s,7 X o|det|™) can reduce for some real s > 0 only if

oldet|” = (o|det|™)Y (wy o det).

Suppose o satisfies 09 2 o (wy o det). If og|det|™ satisfies
oo|det|™ 2 (og|det|"™)Y (wy o det),

then

oo|det|*™ =2 oy,

Then for g € Z(GLay,), |det(g)[** = 1 so we must have
w— —km
2mlog(q)
for some integer k such that 0 < k < 2. By the local Langlands conjecture for GLay,, if
x : k< — C*, then
oo(x o det) = g <= ¢y @ X = Doy,

where x is viewed as a character of W} via local class field theory. We have ¢,, =

IndMW/Z 1. Then
2m

~ Wi ~ W
oo QX = gy, IndWZQm (n- X’W,Qm) = IndWZ n

2m
= xw, =1 <= xX*"=1

| must have

Therefore if | - |™ has order dividing 2m, then og|det|™ = o¢. Since | -

order dividing 4m, | - | gives a nontrivial twist of o only if it has order 4m. Any two
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such twists differ by a character of order dividing 2m, so there is at most one twist | - |

of og such that og|det|’™ = (oq|det|™)Y (wy o det). O
We now come to the main theorem:

Theorem 9.4. Let m be a depth-zero supercuspidal representation of GSpins(k) or
GSping (k) corresponding to a tame reqular discrete Langlands parameter ¢ = ¢1 @
@ ¢p, v = 1,2, as in Definition 5.4. Let o = o4, where 1 < ¢ < r, be the depth-
zero supercuspidal representation of G Loy, (k) attached to the Langlands parameter ¢;
via the local Langlands correspondence for GLoy,. Then the generalized principal series

I(s,m7X o) reduces at a unique sy > 0.

Proof. Assume 7o is unitary. Recall that representations in the Bernstein component

RIM.mM0la (G of I(s, 7 K o) are parametrized by H(G//P, p)-modules via the map
M, - RMB9le (G = H(G/ /P, p) — Mod, (K, V) — V.

For an irreducible representation k = Indgtsllg/ 27r\sim]t X o|det|® in RIM™™0le(3), the
function

1. € H(G//P,p)

acts on M,(k) by the scalar

Cwx(n)[sim(n)|*

where n = ef(w™1) € Z(GSpin;) and C is a nonzero constant independent of ¢. There-
fore irreducible representations in the Bernstein component of (s, 7 X o) which are a

composition factor of some
Gs1/2 . it u+iv; _
Indzd g “m|sim|* X o|det[“T™, ¢t =0,

are parametrized by simple modules of a Hecke algebra of type A;. This Hecke algebra
of type A; has unequal parameters by Corollary 8.6 and therefore has to have two
complementary series by Theorem 9.1. By Lemma 9.3 (up to isomorphism) there are
only two possible v; such that the representation IndIGJ(S]lD/ ’r X oldet|“*™i could reduce

for some u > 0. In the course of the proof of Lemma 7.2 we showed that for p = R, X R,
Ry = RY(wg, o det).

Then since

o =Ind(x) ® Ry),
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we have

0 = 0" (wy odet).

Therefore, by Proposition 9.2, I(s, 7 K o) could reduce for some real s > 0. Since there

must be two complementary series, I(s, 7 X o) does reduce for a unique real sp > 0. O



10 The L-packets agree

When 7 K ¢ is irreducible and generic as a representation of M, we can apply
Shahidi’s theory of L-functions. Here 7 is a generic representation of GSpins(k). The
dual parabolic subgroup of P is P¥ = MY - NY C GSpin},, s = GSpam4+4(C), where

Mv = GSp4((C) X GLQm((C)

Under the adjoint action of MY, nV = Lie(N") decomposes as r; @ 7o, where each r; is

a maximal isotypic component for the action of the central torus in M. If

0 X Y
nY = 0 XT| where X € Moyxa(C): XJ =X, Y €My(C):Y =YT,
0

(where J is the form preserved by GSp4(C)) and

A
MY = B where A € GLy,,(C), B € GSp4(C),
(AT)~1sim(B)
then r1((B,A)): X = A-X-B~ ! and ry((B,A)) : Y = (A-Y - AT)sim(B)~!. Therefore

r = std” R std and 1o =sim™! @ Sym?,

where std is the standard representation and sim is the similitude character of G:Sp4(C).

If P is the opposite parabolic and PV is the dual of the opposite parabolic, then
on the opposite nilpotent radical nV, the adjoint action of MV is the dual representation
ry @ ry. Shahidi decomposed the Plancherel measure as a product of gamma factors.

More precisely [Sh, Thm. 3.5]:

Proposition 10.1. Suppose that 1o is a generic representation of M (k) = GSps(k) x
GLoy, (k). Then

p(s,mXo) =~(s,mXRo,r,)y(s,7m Ko, rY, V)y(2s, m Ko, e, 1)y(2s, m X o, 7"%/, V).

75
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The local factors satisfy

L(1—s,(mx0)V,r)
L(s,m x o,r;)

’}/(8,71' Ixo—a Tz‘ﬂﬂ) = 6(8771— X o, 7’1‘;¢) '

where the factors on the right hand side were defined by Shahidi to satisfy the given
decomposition of the Plancherel measure.

Collecting [GT, Cor 9.3], [GT, Thm 9.4], and [GTan, §8] we have

Proposition 10.2. Let m be an irreducible supercuspidal representation of GSping(k)
or GSping (k) with parameter ¢, given by the local Langlands conjectures for GSps and
its inner form. Then if o is any irreducible supercuspidal representation of GLap, (k)

with parameter ¢, the Plancherel measure p(s,m X o) is equal to

7(57 Or @ o, 71, 1/])7(57 Or @ @0, Ti/a &)7(257 O @ Qo T2, 7/))7(257 Or @ do, T¥7 1/;) =

V(8,0 @ by )Y (—3, b @ Pt , ) (28, SymP o @ simep )y (—2s, Sym? ¢y @ simey, ).
Here

L(1 = 5,(¢x ® ¢5)",7i)
L(87<Z>7r ®¢0’7ri) ,

are the local factors of Artin type associated to the given representations of the Weil-

7(sa¢ﬂ' ® ¢O’7Ti7w) = 6(87(Z57I' ® (bU’r’L‘?w) .

Deligne group W;. For a representation ¢1 ® ¢a of W} the Artin L-function L(s, 1 ®m2)

is given by

1
L(s,p1 ® ¢2) = det(I — ¢=5(¢ ® ¢2)(F1"0b)’(v¢1®\/¢2)1) .

Lemma 10.3. Let 7 be an irreducible supercuspidal representation of GSpins(k) or
GSping 1 (k) with L-parameter ¢ given by the local Langlands conjectures for GSps and
its inner form. Let o be an irreducible supercuspidal representation of G Loy, (k) such that

its L-parameter ¢, factors through GSpam,(C) with similitude character sime,. Then
p(0,7Xo) =0 = Homw, (¢x,0s) #O0.

Proof. Let m be a representation of GSpins(k) or GSping (k) with parameter ¢, and o

a representation of G'Loy, (k) with parameter ¢, as in the statement of the lemma. By



7

Proposition 10.2 we have

1(s, 7 @) =Y(8, by @ po, V)V(—$, Pr @ o, V)

v(2s, Sym® ¢ @ sime; !, ¥)v(—2s, Sym*¢) @ simer, 1)
L(1—5,[¢Y ® ¢o]") L(1+s,[dr®¢Y]Y)

O T ¥ 04 L8600 0)
CL(1-2s, [Sym?2¢, @ sime 1Y) CL(1+2s, [Sym?2¢Y @ simp-1]")
L(2s, Sym2¢, ® simey ') L(—2s, Sym2¢Y @ simey)

Let (0, 7Xo) = 0. From the expression for Artin L-functions given above, we can see that
none of the numerators has a zero at s = 0. We have that ¢, is irreducible and symplectic
with similitude character sim¢,. By Schurs lemma it cannot also be orthogonal with
similitude character sim¢,. Therefore neither Sym?¢, ® sim¢_ 1 or Sym2¢>,/ ®sim¢@, can
contain a nonzero fixed vector under W} and neither of the last two denominators has
a pole. This forces one of the first two denominators to have a pole. Therefore ¢ @ ¢,

or ¢r ® ¢,. contains the trivial representation and

Homyy, (¢r, ¢5) # 0.

We can now prove:

Theorem 10.4. Let ¢ be a tame regular discrete L-parameter. Let LgR be the L-packet
of depth-zero supercuspidal representations of GSpy(k) or GUs(D) corresponding to ¢ as
in Definition 5.4. Let LgT be the L-packet of supercuspidal representations of GSpy(k)
or GUa(D) corresponding to ¢ via the local Langlands conjecture for GSpy or GUa(D).
Then

LR =rg".

Proof. In the following assume that all representations 7 are unitary. Let ¢ = ¢1 - - B
¢r, v = 1,2, be a tame regular discrete Langlands parameter. Let w4 be a representation
of GSp4(k) or GUz(D) corresponding to ¢ as in Definition 5.4. Under the correspondence
defined by Gan and Takeda for G'Sp4, or Gan and Tantano for GUy(D), 74 corresponds
to some L-parameter we call ¢'. Let o = 04,, 1 < i < r, be the depth-zero supercuspidal
representation of G Lo, attached to ¢; via the local Langlands correspondence for G Lgy,.

Note that if r = 1 then m = 2, and if r = 2 then m = 1.
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By Theorem 9.4, I(s, 74 M o) reduces for some sop > 0. By Proposition 9.2 this
implies (0,74 X o) = 0. Then, by Lemma 10.3

Homyy, (¢, ¢ # 0.
This holds for 1 <+¢ < r. Since for r = 2, ¢1 Z ¢9,
¢'=¢
in all cases. Therefore Lg R — LgT. O

Corollary 10.5. The parametrization of DeBacker and Reeder of depth-zero supercusp-
idal representations of GSpy(k) arising from tame regular discrete Langlands parameters

coincides with the parametrization of Gan and Takeda.

Proof. Let ¢ be a TRD parameter for GSpys(k). By Lemma 5.3 and Theorem 10.4, the
L-packet Lg R of representations attached to ¢ by DeBacker and Reeder agrees with the
L-packet LgT given by the local Langlands conjecture for GSp4. For L-packets of size
two, by [GT, Main Thm (ii)] LgT contains exactly one generic representation indexed
by the trivial character of Ag. By [DR, 6.2.1] the generic representation in Lg R is also

indexed by the trivial character of Ay. Therefore the parametrizations agree. O
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