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THERMODYNAMICS OF ELECTROLYTES. VI.
WEAK ELECTROLYTES INCLUDING H PO,

Kenneth:S.‘Pitzér and Leonard F. Silvester

Department of Chemistry and the Lawrence
Berkeley Laboratory, Berkeley, California 94720

(ABSTRACT)

Equations ﬁreviously_develoﬁed and,widely
applied to ;he thermodfnamic properties of strong
électrplftes afe extended to'soiutions involving a
dissociation equilibrium; .ExcellentAagreement is
obtaiﬁgd with the data for pure phosphoric acid to
6M and for phosphate buffer solutions. The para-
meters of the strong electrolyte compohents of the
buffer solutions are taken from other w¢rk, and |
the reﬁaining,parameters for H', H2P04-, and HLPO,
are evaluated including‘a pK of 2.146.v The ﬁresent
method avoids ambiguities which formeriy arose in

treating weak acids with as small pK as this.

Key Words: Activity coefficient, osmotic coefficient,
thermodynamics, sdlution theory, dissociation

constants, phosphoric acid.



In much of the ‘literature on weak electrolytes the entire
focus 1s on the determlnatlon of the dlssoc1atlon constant.
While data for solutlons of finite concentratlon are employed
the interpretation is directed entlrely toward the limiting
behavior at zero concentration which determines the dissociation
constant. In contrast we seek to represent the thermodynamic
propertles of such solutlons over a broad range from zero to
»rather high concentratlon. Approprlate sets of equations
include, of course, the dissociation constaotdof a weak
electrqlYte; but also include terms for interactioh of
various solute species both neutral and charged.

In the earlier papers of this_se,rieSI-4 equations were
developed which reoresent effectively the properties of mixed
as well as pure strong electrolytes. In the case of 2-2 salts,

where some association is indicated by other measurements, it

was feasible to treat thermodynamic properties without explicitly

considering association.3 We now consider cases where asso-
clation is substantial and- is explicitiy recognized. The.
general equation adopted earlier 1is readily'extended to include
‘terms for the associated species. |

In eariier wo‘rks-8 it was found that dissociation constants
smaller than -about 10.-4 were determined w1thout dlfflculty but
that for stronoer acids, pK 2 to 4, an amblgult\ arises and
becomes greater the larger the dlssoc1at10n constant. . This
problem will be considered in some detail.

PhosphoriC'acid Was chosen as an example in view of (1)

the availability of excellent experimental data, (2) the fact
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that its pK is in the range where ambiguities have arisen, and

(3) its general importance.

General Equations

In paper I of this series! the statisticél mechanical
basis was given for the form of equation adopted. In brief
the general fraﬁework is that of the McMillan-Mayer theory of
solutions and‘the equation relating intérmolecular forces and
distributions to the osmotic pressure.9 Since‘we do not
expéct:to make'absolutevcalculatioﬁs based upon detailed short;
range intermolecular.forces, we have ignored the differences
bétweén concentration and molélity and between the McMillan-
Mayer referehce stétes and the standard states of chemical
thermodYnamiés. .The effects of these differences at finite
concentration ére absorbed in the virial coefficients for the

interaction of solute species.

The basic'equation,is

- ex

G 1 1

== =n_f(I) + = YA..(I) n.n. + ) W.:, m.n.n (1)
RT w n, i3 ij 17j 'nwz ik ;Jk 1757k ,

where G°* is the excess Gibbs energy for a’éolution_containing
nw_kg of solvent and n., nj, etc. moles -of so}utebspecies i, j,
etc. Also f(I) is a function of ionic strength (also temperature
and solvent properties) expressing the effect of long-rénge

electrostatic_forces»between ions;.Aij(I) is a second virial

~coefficient giving the effect of short-range forces between

species i and j (including indirect forces arising from the



solvent); and'uijk ié a Correspondipg'third yirial coefficient
for the interaction of three solute species i, j, and k. The
second virial coefficients for ion-ion interactions are expected
to depend on ionic strength for theoretical reasons given in

Il; this depéndence has been amply justified empirically.

While these effects which cause a first-ordéf'variationvin A
with ionic Sfrengfh'fdr ion-ion interéctions might cause
indirect dr second order variations in A's for ion-neutral or
neutral-neutral interactions, these latter variations should

be very smali-and will be ignored. Thus Aij is a function of
ionic strength if'bothvi and j are charged; otherwise it is a
constant (for a particular solvent and temperature). The third
virial coefficients are taken as constants even when all species

are charged and are ignored if all species have the same sign

of charge. It is assumed that the A and u matrices are symmetric,

i.e., Aij =.Aji’ etc.
The appropriate derivatives yieid the_actiVity and osmotic
coefficients
ex ‘
= _.];. 3G = . Zgt ‘m
2
. Zi ' _

ex _

9-1 = - o (7 m) 7t rag'-n -
RT m. H i

1

1 mimj(Aij + I,

(3)
ij tJ ijk

2 m
) v 2 L mgmam uy gy
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where f' = 3£f/31, Aij = axij/al and the various molalities
‘ . N .' ]

m.l = ni/nw. Unless both species are 1on;, Aij = 0. The

general equations for the measureable combinations of ion

activities such és Y, are.given in 1l and-III.3

In br&er to simplify these équations‘as far as possible
‘without ignoring any important types of terms we now assume a
‘solution comprising a weak acid HA and its ions H and A
and another positive ion M’ and negative ion X . The

composition will be stated in terms of mHA, My, My, M and

A M?
My . Neutrality requlresvthat My + My = My + My. The resulting
equations can readily be generalized for more complex solutions
when desired.

The functions for long-range electrostatic forces x were

determined in I and contain, of course, the Debye-Hiickel

limiting law. They are

£ = 1 pe-e/D] = a1 ez 1Y) )
£ -1 =_-A¢['11/2/(1+1.2 112y 4
C(2/1.2) s (1e1.2 V3] o (5)

where A¢ is the Debye-Hiickel constant for the osmotic coeffi-

cient and 1.2 is an empirical value discussed in I.
For the virial coefficients for 1ions it proved convenient
to define the sums which appear in equations for the pure

electrolyte MX. For a 1-1 electrolyte these are

. 1 1 |
Bvx T Amx 7 MMt 7 Axx



' ]

Bux = Mmx

1t 1.
3 At 7 Axx (7)

3
Cx T 7 Oy * Puxx) s (8)

The adopted empirical forms which include ionic strength

dependence of B and B' are

Byy = 8500 + (28(1) /0’1y [1- (1401 ?) exp(-a1l/?)] (9)

Byy = (ZBéi)/qzlz)[-1+(l+all/2 + 1/2 o?1) exp(-a1t/?); @0
- -2 : |

Cux = Cux = 3 Chix (11)

where the generél empirical constant o is 2.0 for all 1-1 and
most other electrolytes and the specific constants Bég), B&i),
and C&X have been determined in II2 for most aqueous electro-
lytes of interest.

For miXed-electfolYtes additional terms appear involving
differences in virial coefficients. These have been defined

(for mixing singly charged ions A and X, or Similarly for H

and M)

N
>
]
)
>

Oy = Apy -

AX AX XX : (12)

¥max T OMMax T Mmaa T SMxxe (13)

Although the A's are presumed to vary with ionic strength, it

was found to be a satisfactory approximation to take

the 6's to be constants.
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We turn now to the new relationships arising from association
and from the presence of neutral solute,species; First ié the
dissociation equilibrium itself where standard chemical thermo-
dynamics yields

+ -

HA = H + A
. . o
- AG /RT = #n K = gn(mHmAyHYA/mHAYHA) : (14)

where K is the usual dissociation constant.

Once the HA association has been assumed, this reaction super-
cedes the second virial coefficient for H'-A" interaction. In
practice one éannot determine the AH,H and AA;A_terms separately,
hence one assumes BH,A to be zero. This point.is discussed further
below. For neutral-neutral interactions the second and third |
virial coefficients AHA,HA and MEA HA,HA can be used directly.
There are fourléecond virial coefficients for ion-neutral inter-
| and X

A Only those sums or

actions: Ay pa> AM,HA’ *A,HA; X,HA"
differences of these coefficients that correspond to electrical
neutrality can be measured, i.e., (AH,HA + XA,HA) or (AH,HA -
AM,HA)’ etc. There are six sﬁch sums or‘differences, but only
three are independent. Hence, only fhree of these A's may be
adjusted ihdepéhdently. We foﬁnd»if more con?enient to set one A\
at zero than.to wo;k'with the various sum's and differences and
chose to let AX,HA = 0. Any desired sum orldifference'can, of
course, be caléulated from our results.

There are a large nUmBer of ion-neutral third virial coeffi-
cients - far mofe than éould be determiﬁed ffom data now available

or likely to be obtained. Such terms are_incldded only when they

are clearly required; none were required in the present example.



Phosphoric Acid

' There are experimental data for certain buffer solutions

as well as for pure phosphoric acid. For . the pure acid the
10,11

osmotic coefficient data based on solvent vapor pressure
were used. Among various measurements on buffer solutions,

the data‘of Bates5

on HCL - KHZPO4 mixtures are particularly
exténsive and:of thé.highest accuracy. For the buffer_solutioﬁ
calculations, the parameters are needed fof the pure electro-
lytes HCH%, KCQ, and KH,PO,; these were obtained in papér 11.°2
More recent data12 on pure KH2P04 were also'considered,vbut
they did nbt_justify any change in the previously published
parameters. ‘Values'are also needed for the‘parameters eH,K
and GCQ,A (A; is HZPQ4-)lfrom appropriate mixtures. The '
former is given in IV4; the 1attef was determined to be

eCl,A = 0.10 from the isopiestic measurements of Childs,
Downes, and Platford13 which also yield wK,Cz,A = —0.0105.

For pure H PO, the pertinent éduétionS-are as follows,
where ¢ is an osmotic coefficient calculated from the water
cactivity oﬁ,the basis of dissociation into two ions, v = 2
(note.that Platford reports his data on the basis v = 4).

If the actual dissociation of acid of mdlaiityvm yields molality "~

1

my of H and A", the osmotic coefficient on that basis ¢ is

obtained from equation (3).
R o g
(¢ -1) (memyy) = Zmy £7 + Zmy(m-my) (g ya * A 1al

_ 2 L 3
#oOmem)® Aga gt 200mg)T Mga ma HA (15)
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w3

¢'(m+mH)'= 2m¢ . . (16)

In addition we have the dissociation equilibrium determined
from equation (14) and the expressions for'% an(ypy,) = 2n v,
"and &n YHA which may be obtained from equation (2) and several

‘that follow it.

1 = & e (- | ' - ,
74 Cryrg) = £+ (momy) Oy ga * A, 1) (17)
0oy = 2my (g g * A ma) *o2(memg) Apga pa
v 3mem)’ w (18)
’ H)  MHA,HA,HA"

In view of the high concentrations of pure phosphoric acid to
be considered, the third virial coefficient “HA,HA,HA was
included in equation (18). Third virial coefficients for ion-

neutral interaction‘were tentatively omitted and iater results
justify that decision. | r
For the buffer‘solutions with HCQ(ml) and KHZPO4(m2) the
measured quantity 1is the poténtial E of a cell with hydrogen
énd silver-silver chloride electrodes. If the hydrogen 1on
°

molalit);\is-mH and the standard potential is E , we obtain

[+]

E - E = -(RT/F) an(mgmy Yy e, - : (19

- ' ) ° .
Other symbols have their usual meaning and we take E = 0.222Z4 v.

Since the.buffer solution measurements extend only to a maximum

concentration of 0.4 M, third virial coefficients are omitted

throughout.
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We obtain for the ionic strength I = m, + mH, also Mgy = My - My,

cg T Mps Mg T Mps My
solutions equation (2) and subsequent equations yield

m =m, - my + m,. For these buffer

= 1 '
'Q'nYch - 7-2n(YHYC2)

Y ' :
£1 + (my*my) Byeg * myByey + Opy)

+ mymyBuog + mymByre, + mp(my - omy ¢ my) By,

+ (mpmmyrmg) Oy 4+ (mymg) g g * Ay pa) : (20)
lln’(yy)=fY+m(B + 9 ) + m,B
7 HYA M Crey T Sca,a) T Mo

* mHﬁlBHCQ # mymyByo, + my(m, ml+mH)AB£A

"M O, M) Oy a ;'KA,HA)' (21)
in YHA'= 2[mgr A * ™ Aeq,Ha T ™2 Ak HA

o(mymptmg) Ay g+ (my mH) Maa,Hal - (22)

For either the pure acid or the buffer'solutions it was
necessary to eliminate the hydrogen ion molallty Mgy by an
iterative solutlon of the appropriate set of equations.

In equations (20) and (21) all of the B and 9 parameters
are independently known. Thus inrthe full array of equatioﬁé
(14) to (21) there are six parameters to be evaluafed.> While
ali might be simultaneously evaluated from the full array of

data for both pure acid and buffer solutions, that calculation



ot
}—

- would be very complex and the a551gnment of approprlate welghts:
would be dlfflcult Instead we chose to evaluate three para-
meters from_each'set.of~data. From the_pure acid data the suﬁ
(AH,ﬁA + AA,HA) and'the.eecond and thirdIVirial coefficients
for neutrei—neutr31 interaction'were determined by appropriate
leést;squares methods, while K and the indifidua} second virial
coeffieiente for ion-neutral inﬁeractibn‘were'determined from
data on buffer solﬁtions. This’process wasfiterated until all
results were'tonsistent 'The resulting parameters are given in
Table I. The standard deviation of f1t for the buffer solutlone
was 0.0002 v. in the cell potential whlle for the pure acid to
6M it was OEOOS in the osmotic coefficient. In each case the
_fit is essehtiélly within the experimentel uﬁcertainty.

Figufe 1 shows in the lower seEtion the_deviations'in osmotic
coefficient as a function of tetal molality for each set of
experimentai_measurements;. In the upper_portion of Figurefl
the.frattien'diseociated my/m is Showh. Theeincrease_in .
diésociaﬁioﬁeat very low conCentrafion is eXpected; the minimum .
near 2M and increase at higher conceﬁtration are surprising
and.are eaused_primarily by the lafge, negéfive_velﬁe of the

sum of 1on-peutral Second~y1r1e1 coeff;clents (AH,HA:+'KA;HA)‘



- Table I. Pérameters for PhbSphoric

Acid Solutions at 25°C. (A™ is H,P0, ")

' K’=.-7.1,4zS x 1073 - (pK , 2-146i5)
wxﬁA,HA='0’05031 -;HA,QA;HA = 0.0109¢
;K;HA = foo70: '*(ACZ;HA_% 0)'

Also determined from KC2 - KHZ_PO4 nixtures
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Discussion

'Firet We_recall the ambiguities noted by Bates® and others®
in determining the dissociation constant of phosphoric acid.
Bates used the conventional Debye-Hﬁckel_expfession'for‘an
activity coefficient, including the term involving a distance
of_closest approach a, and found that~the value of pK obtained
by linear extrapolation to zero ionic strength varied not only

with the value of.g but also with the buffer ratio. Also the

slopes of the lines for different buffer ratios differed greatly.

The primary effect of buffer ratio can be seen in equations

(20) and (21) where the second virial terms in B's and §' s have
different coeff1c1ents 1nvolv1ng m; or mz' Since these: second
virial coeff1c1ents can be measured independently, it is
desirable to include them explicitly. Also it is important co
note the appearance of my in some of the cdefficients of B and 6
terms. As solutions of constant buffer ratio, i.e., constant
mz/ml,~are diluted the ratio:of'mH te m, or my increases. Hence
the ratios of these various coefficients of B's and 6's are
. not constant for a fixed buffer ratio. Thie explains the
failure of Bates' linear extrapolations to give the same pK
even for a glven value of a. | |

One might thlnk that the effect of change of a in the

Debye-Huckel expre551on-cou1d be obtained ;n our equations by

a change in the empirical parameter 1.2 in equations (4) and (5).

But the various B and 8 parameters were determined with the

expressions of f¢ and £’ in equations (4) and (5) including

-8
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the patéﬁeter 1.2. Hence we cannot now vary that parameter
without redeterminingvall of the B and 9 values. This situation
helps one to understand the problems in Bates treatment. The
needed'products>of activity coefficients‘(yHycg).and (YHYA) ' |
are related to the real properties of the electrolyte- |
componenté present such as HC%, KC¢, and KH2P04, and one cannot
properly vary these_afbitrarily.- Thus the Bates treatment
would be most ﬁeafly correct for an a-value wﬁich yields
activity coefficients that approximate those of the ?arious
‘component eiectrolytes. Bates' final chdice of pK as an
averagé of extrapolated values for a = 4 R and a =256 R'is
 appropriate on this-basis,'and his result pK.= 2.148 differs
only slightly from our valﬁé of 2.146. |

In our treatment we omitted the second virial coefficient :

+ . . . - . .
B for H interaction with A  on the basis that it was

H,A
redundant once the association equilibrium was introduced.
It can be shown that the introduction of é small value of
BH,A should change the dissociation constént by an amount
A(l/K) = ZBH,A' This was verified in a ;éiculafion,for the
buffer solutions with BH,A?= -0.05 in which the value of K
changed by the expected amount and the<agfeement.with the |
experimental data was unchanged. Not only was the standard
deviation unchanged, but the individual différenceé between
calculated and expefimental cell potentiéls:were the same to

0.00001 v. Thus the redundancy of this parameter was

confirmed and its omission justified.
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=
(4]

With téspect to intermolecular phenomena the most inter-

esting result is the large negative value (AA HA -0.4) for
the interattipn of H2P04_ With’H3P04. This indicates a tendency
toward association to form HSPZOB-. Presumably this species

would be hydrogen bonded in a manner:

Evidence for this species has been presented by E1more,‘g£v§l14

15

from thermodynamic data and by Sélvaratnam and Spiro from

16

conductanée and transference data, also by Childs and by

Ivakin and Voronova.17 It hés also been suggested by some of

these authors and by Wood and Platford18 that the ion H2P04—

has a tendency to dimerize to H4P208'2. This is consistent
with the abnormally low 8(0) and_Bcl) for sodium and potaésium
salts of HZPO@~ and the relatiyely large, positiﬁe 8o A = 0.1
for the CR_‘-vH2P04' mixtures. Since 8cy A~ (ACR,A - 1/2 Ao, s
A,A)"if the other A's are small, i,, 2 -0.2. Thus the
tendency of H2P04- to dimerize'is about half as great as the
tendency of H3PO4 and H2P04- to associlate. - Eaéh of these
associations is mild'enodgh that the Virial coefficient treatment
is satisfacfofy as verified by the excellent agreement we obtained.
- Elmore, et gll4 éalculated values for fhe molality of H+

in phosphoric acid over a wide range of concentration using

their model which included the H.P,0g" species. Their values
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quva are somewhat larger than ours, but‘the general trend
is_similar; Since My is not directly méasuréd, it is quite
possible for treatments to differ with respect to this quantity
while agreeing on measured quantities such as the solvent
vapor pressure,} | |

Finally, the excellent fit with experimental data .
demonstrates_that our equations treating most solute inter-
actions by-firial coefficients can be combined with an |
associationbequilibrium. - Also it seems clear that presently
well—estéblished disssciation constants (below the range of

ambiguity discussed above) can be used in such treatments

if desired.

Acknowledgement

We thank Mr. Jeffery A. Brown for assistance in
programming and calculations. This research was sponsored by

the Energy Research and Development Administration.



- 10.

11.
12.

13.

14.

Q00 U440 70 7

References

K S.'Pitzer, J..Phys. Chem., 77, 268 (1973).
K. S. Pitzer and G. Mayorga, J. Phys. Chem., 11, 2300 (1973).
K. S. Pifzer»and G. Mayorga, J. Soln Chen., éé 539 (1974).
K. S. Pitzer and Janice J. Kim, J. Amef; Chem. Soc., 96,
5701 (1974). _
R. G. Bates, J. Research, Nat. Bur. St., 47, 127 (1951).
W. J. Hamer, "The Structure of Electfolyfe Solutions,"
Ch. 15, John Wiley §& Sons, New York 1959.

K. S. P1tzer and L. Brewer, rev1sed edltlon of "Thermo-

dynamics'" by G. N. Lewis and M. Randall, pPp. 587-590,

McGraw-Hill, New York, 1961.

T. H. Lilley and C. C. Briggs, Electrochimica Acta, 20,
253 (1975). ' |

For a general discussion see T. L. Hill, "Introduction to
Statistical Mechanics, Ch. 19, Addison-Wesley Pub. Co.,
Reading, Mass., 1960. |

K. L. Eimore, C. M. Mason, and J. H. Christensen, J. Amer.

Chem. Soc., 68, 2528 (1946).

R. F. Platford, J. Soln. Chem., 4, 591 (1975).

C. W. Childs, C. J. Downes, and R. F. Platford, Aust. J.
Chem., 26, 863 (1973).

C. W. Childs, C. J. Downes, and R. F. Platford, J. Soln.
Chem., 3, 139 (1974). - .

K. L. Elmore, J. D. Hatfield, R. L. Dunn, and A. D. Jones,

J. Phys. Chem., 69, 3520 (1965).

Tt



15.
16.
17.

18.

M. Selvaratnam and M. Spiro, Trans. Faraday Soc., 61,
360 (1965). |

C. W. Childs, J. Phys. Chem., 73, 2956 (1969); Inorg. Chem.,
9, 2465 (1970).

A. A. Ivakin and E. M. VofonoVa, Russ. J. Inorg. Chem., 18,
465 (1973). |

R. H. Wood and R. F. Platford, private'communication.

18

&



-0.0|
0

O
- 0
(5.‘ A O
| A A Yo
O! | A
Q“- 1 | | A

Figure 1. Fraction dissociation of [1zP04 in upper section; deviation of
calculated from experimental osmotic coefficients in lower
0. triangles, Platfordll).
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