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theory design
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Jason Benjamin Baretz', Max Fieg'?, Vijay Ganesh?®, Aishik Ghosh ® "4

Jake Rudolph ®' & Daniel Whiteson®'

, V. Knapp-Pérez®",

Particle physics theories, such as those which explain neutrino flavor mixing, arise from a vast
landscape of model-building possibilities. A model’s construction typically relies on the intuition of
theorists. It also requires considerable effort to identify appropriate symmetry groups, assign field
representations, and extract predictions for comparison with experimental data. We develop
Autonomous Model Builder (AMBer), a framework in which a reinforcement learning agent interacts
with a streamlined physics software pipeline to search these spaces efficiently. AMBer selects
symmetry groups, particle content, and group representation assignments to construct models while
minimizing the number of free parameters introduced. We validate our approach in well-studied
regions of theory space and extend the exploration to a previously unexamined symmetry group. While
demonstrated in the context of neutrino flavor theories, this approach of reinforcement learning with
physics software feedback may be extended to other theoretical model-building problems in the

future.

Particle physics seeks answers to basic questions about the nature of
matter and its interactions. Answers are not in the form of raw experi-
mental results, but are expressed as a model' of particles and their
interactions that match observations and make predictions for previously
unexplained phenomena. In the case of neutrino oscillations, for exam-
ple, a successful model should explain the observed neutrino masses and
oscillations and minimize additional theoretical elements to maximize
predictive power’ ™.

Building such a model is far from trivial, as the space of theoretical
options is vast and high-dimensional, but constrained by experimental
results. At the same time, the twin goals of achieving agreement with
experiment and minimizing degrees of freedom are often in tension.
Complicating matters further, theory spaces themselves are not conducive
to systematic searches, as small changes in model content or structure can
yield dramatic changes in quality. Finally, there is the computational chal-
lenge that an individual model takes significant work to evaluate: proposing
a set of symmetries and fields, assigning representations of these symmetries
to the fields, and performing intricate calculations to determine the pre-
dictions of a model.

Typical approaches rely on theorists to use their experience and
inspiration to select and evaluate tailored theories. In the context of neutrino
models, the result is a large space that is expensive to explore, containing vast
regions which have not been thoroughly considered. Within these spaces
may lie valuable, unexplored theories.

Neutrinos in the Standard Model (SM) are purely left-handed
massless states. Thus, due to the constraints of renormalizability and
gauge invariance, they cannot acquire mass through the Higgs
mechanism within the SM. However, the discovery of neutrino
oscillations’™® demonstrates that neutrinos must have small, nonzero
masses, in direct conflict with the SM. This discovery points to physics
beyond the SM to explain neutrino masses, which may also explain the
flavor structure observed in the SM. Neutrino flavor models seek to
explain neutrino masses and the structure of lepton mixing through
beyond the SM mechanisms, symmetries, and particles.

This paper introduces a general-purpose strategy to efficiently search
the space of neutrino flavor theories. An optimized scientific software
pipeline is developed and interfaced with machine learning to efficiently
explore the space and evaluate individual models, reminiscent of automated
theorem proving work in mathematics’"". For the context of neutrino flavor
model-building, the scientific software constructs the Lagrangian, extracts
the mass matrices and fits model parameters to data. We link this pipeline to
a reinforcement learning (RL) strategy to intelligently search the space,
hunting for models which satisfy the conditions of minimal additional
parameters and accurate description of observations. There have been
previous applications of RL in particle physics'>", which focus on mini-
mizing the RL agent’s interaction with scientific software. In contrast, we
embrace the need to integrate scientific software into the learning loop,
giving the agent the same tools as a theorist so it can focus on what it does
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best: finding complex relationships in high-dimensional spaces. Our
approach is summarized in Fig. 1.

While our approach may scale effectively to many domains, we
demonstrate it in the context of finding Minimal Supersymmetric
Standard Model (MSSM)-like seesaw models to describe observed neu-
trino oscillations and masses using non-Abelian flavor symmetries bro-
ken via a scalar acquiring a vacuum expectation value (VEV)*. To verify
our framework, it is first applied to the well-explored space of the non-
Abelian discrete group A,'**’, where it rediscovers model patterns pre-
viously identified in the literature. We also unleash it on the larger,
unexplored space of the group T,y = 71475, identifying multiple pro-
mising models. Both searches illustrate AMBer’s ability to find compel-
ling models worthy of further study.

Within the models found by AMBer, there could be a dark matter
candidate, a mechanism for leptogenesis, or a component of a UV complete
theory. AMBer’s value is its ability to filter through an unexplored space of
flavor symmetries to provide a first pass of patterns and particle repre-
sentations that reproduce observables. This eliminates the time consuming
process of manually tuning these particle representations and fitting para-
meters to current measurements. We will therefore refer to the models
found by AMBer that fit observations with sufficiently few free parameters
as “filtered models”.

Methods
Neutrino flavor model-building
In this subsection, we outline a common method for neutrino flavor model-
building, beginning with the choice of a mass mechanism. A flavor sym-
metry group is selected to increase predictivity. Next, the particle content is
defined and the irreducible representation assignment is chosen. The
Lagrangian is constructed following the constraints imposed by the sym-
metry group. Scalar fields, the so-called flavons, may be included to break
the flavor symmetry through VEVs. It is assumed that the VEVs are
acquired from an appropriate scalar potential, which we do not specify.
Finally, the mass matrices are extracted and a fit of the free parameters to
experimental data is performed.

A common mechanism to explain neutrino mass is the type-1 seesaw
mechanism® ™, which hypothesizes at least two right-handed neutrinos N;
which have no SM gauge interactions. The Lagrangian is given by

see—saw

- = g"HL'N' + MIN"N/ + h.c, o))

where ¢ is a 3 x 3 dimensionless coupling matrix, H is the SM Higgs, L' are
the SU(2),, SM lepton doublets and M;'\’,I is the Majorana mass matrix for the
heavy right-handed neutrinos N'. Once the Higgs acquires a VEV (h) = v,

.
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Fig. 1 | Diagram illustrating the reinforcement learning agent, AMBer. AMBer
searches the space of models, taking actions to modify the model. Each model is then
evaluated using a pipeline of physics software, which produces a reward depending
on the y* of the fit to data and the number of model parameters. The reward and
model inform the agent’s selection of the next action. This structure could be

Environment

the neutrinos acquire a Dirac mass M;j) = vg¥. Integrating out the heavy
degrees of freedom N’ gives the SM neutrinos an effective mass of

M, = —Mp M/ Mp,. 2

The three mass matrices M, Mp and My, are 3 x 3 complex matrices
resulting in a total of 54 real parameters. Their values are not predicted but
must be determined by comparison to experimental observables. However,
there are only 12 physical observables: three charged lepton masses, three
neutrino masses, three neutrino mixing angles, one CP violating phase, and
two Majorana phases, under the assumption that neutrinos are Majorana.
Of these parameters, only nine have been experimentally measured and
seven remain after factoring out an overall mass scale; see the “A, Properties”
subsubsection in the “Supplementary Methods". Models with more inde-
pendent parameters than observables are not sufficiently constrained and
are thus more descriptive rather than predictive. The number of parameters
can be reduced by applying a symmetry requirement, such as a discrete non-
Abelian flavor symmetry””, which imposes constraints to reduce the
number of independent parameters. However, such a symmetry must be
broken at some scale as there are 3 observed generations of leptons with
distinct masses and mixings. This breaking is typically mediated by flavon
fields, scalars that are charged under the flavor symmetry and acquire a non-
zero VEV. In this work, it is assumed that the VEVs are acquired from an
appropriate scalar potential which will remain unspecified.

One of the most well-studied flavor symmetry groups is the alternating
group of order four, A,'***"; see “A, Properties" subsubsection in the
“Supplementary Methods". It is the smallest finite group with a triplet
irreducible representation. As a result, the three generations of leptons can
be naturally accommodated within a single multiplet. Here, A4-type models
are considered, together with models based on the group T}o; see Supple-
mentary Tab. 2. The latter is the smallest finite subgroup of U(3)** which has
not yet been explored in the context of flavor model-building. The sym-
metry is usually cast within an MSSM-like model, which includes two Higgs
SU(2);, doublets H,, and H,. There are also three right-handed neutrinos,
and up to six flavons; see Table 1a.

The next steps are the assignment of irreducible representations to each
particle and the construction of the Lagrangian. For instance, in the A4
group, a common choice is to assign the SU(2) lepton doublets in a triplet
irreducible representation”. To construct the Lagrangian, it requires that the
invariant contractions under the flavor symmetry be computed, for exam-
ple, using Discrete™ in Mathematica. The generalized superpotential

Reward, Current Model

generalized to any model-building task by defining the space of models, providing
the agent with the physics software necessary to calculate predictions, and designing
a reward parameterizing the user’s preferences for output models. The result of this
learning process is a set of models matching those preferences, which a physicist can
use as a basis for further study.
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Table 1 | Example model found by AMBer

(a)

L,- i i Hu Hd 4)1 ¢2

Asy 3 3 3 1 1 3 3
Z, 2 3 3 3 0
(b)

Ly Ly Ly E; E> Ej N, N N u Hq $1 $2 b3 Pa $s
AZ ) 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
AEC bl 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Afﬂ ") 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
Af) 1 1 1 1 1 1 1 1 1 0 0 1 1 0 0 0
Za 3 3 3 4 4 4 4 4 4 4 4 1 4 0 0 0

(a) Field assignments under A4 and 7Z,, symmetries. The bold number in the A4 column represents the respective irreducible representation for that particle, while the Z, charges range from 0 to 3. The model
is written using the notation commonly found in the literature. (b) Model representation written as presented to the agent. Non-Abelian symmetries are one-hot encoded while Z, charges range from 1 to 4.

The last two columns with zero entries indicate to the agent that those two fields are not present.

(from which the Lagrangian is extracted) up to dimension five, is then
ijk
W =al (LEH,) + -9 (LE¢,H,)
=0 \Likity A it Prta
ijk
+ ol (LNH,) + D (N ¢ H,)
D)\t it tu A itV jYk u

ikl
" ik 44 M
+ Ady (NN + oy (NN, ) + (T) (NN ),

(€)

where the « coefficients are dimensionless constants,¢; are the flavons, and

Aisboth the cut-off scale and the right-handed neutrino mass scale. The first
line in Equation (3) is the contribution to the charged lepton mass matrix.
The second line is the contribution to the neutrino Dirac mass matrix.
Finally, the last line is the contribution to the Majorana mass matrix. The
exact form of the superpotential for a given model immediately follows from
the particle content and corresponding charge assignments, from which the
o parameters can be fit to the experimental observables in Supplementry
Table 1.

The flavons are assumed to acquire a VEV scale equal to 0.1A, and thus
influence the overall scale of the Yukawa couplings. On the other hand, the
different VEV alignment configurations for the flavon triplets determine the
mass matrix structure, and hence the neutrino mixing observables. Here, the
flavons are chosen to acquire one of the following typical VEV
configurations™”’:

$) = 0.1A(1,0,0),

<
(¢) = 0.1A(0,0, 1),
(9) = 0.1A(1, w, &),

(¢) = 0.1A(L, 1, ),

(¢) = 0.1A(0,1,0),
(@) = 0.1A(1, *, ),

4

where = exp(3). The complex Clebsch-Gordan coefficients (see
the supplementary subsubsections “A, properties” and “T;o properties” in
the “Supplementary Methods”) along with the complex VEVs in equation
(4) are the sources of CP violation, as the dimensionless coefficients « in
equation (3) are assumed to be real. Once the VEVs are chosen, the mass
matrices can be constructed, and the values of the effective parameters are
obtained numerically through y* minimization using the standard
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) parameterization™.

The number of free parameters, Mps of the model is a strong heuristic
estimator of its capacity to generalize to future experiments rather than
simply describe current results, and will be a vital metric in the RL approach.
Dimensionful parameters are factored out by removing an overall scale and
expressing related parameters as ratios where possible. For instance, one can

always factor out one parameter & in the first line in Equation (3), &, in
the second line, and @, in the third line. The mass scales are then given by
Gy for the charged leptons and @, vZ /A&y, for the active neutrinos.
This reduces the number of observables by one for each of the neutrino
sectors and the charged lepton sector, and allows the fit to focus on the
reduced parameter space of the mass ratios. Thus, the number of effective
parameters is given by the number of dimensionless couplings a® minus
three. These effective parameters are fit to the observables in Supplementary
Tab. 1 with some minimization software. Here, the F1avorPy package’"*
is chosen to perform the fits.

A viable neutrino mass model must also satisfy constraints related to
the absolute mass scale of neutrinos, namely the effective electron-neutrino
mass, mﬁf,f, the effective majorana mass, m,,, and the sum of neutrino
masses, ﬁmv. Only dimensionless quantities are used for the fit, so to
compare the models found with these dimensionful quantities, an overall
active neutrino mass scale M, must be chosen. This scale is chosen to be

M2 _l |Am%1|exp + IAmgllexp
|Aﬁq§1|ﬁt 7

AN

where the numerator is the experimentally measured value, and the
denominator Arﬁ?- is the dimensionless mass-squared difference that is
evaluated from the dimensionless neutrino mass matrix at the fitted
parameters. Fits to the m®T m,,, or Zm, are not included when searching for
models. Instead, these qeuantities are calculated for filtered models after
training. The number of filtered models satisfying bounds set by current
experiments will be reported. Several important aspects of neutrino flavor
model-building have not been discussed in full here. For instance, the
construction of the flavon potential, lepton flavor violating processes™**, the
Renormalization Group Equations (RGE) running of the model
parameters”, and the corrections to the Kihler potential and the
superpotential, some of which can induce theoretical uncertainties**. To
start with these, the decay width of lepton flavor violating processes, such as
¢ — ey, has been previously computed in A, models™*, where these decays
are generated by higher dimensional operators suppressed by a mass scale
M. The specification of such a mass scale M would render the results
sensitive to experimental constraints. However, the mass scale M generally
depends on the masses of the heavy particles, which are left unspecified in
this work. Furthermore, the value of the charged-lepton mass ratios at the
GUT scale obtained from RGE is included in Supplementary Tab. 1
assuming only MSSM particle content. While it is possible that additional
contributions from flavons and right-handed neutrinos could be important,
they are generally expected to be negligible if their masses are near the GUT
scale. In any case, the neutrino flavor models found here will ultimately

(©)
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require a detailed study of these effects to be considered viable. Such
considerations are deferred to future work.

Model-building with RL

This subsection discusses how neutrino flavor model-building has been
cast as an RL task, and describes the software optimization, the basics of
RL, and the specifics of how the RL agent searches the space and con-
structs models. Additionally, an ML-based visualization and diagnostic
tool is detailed.

Software optimization. In the model-building recipe outlined in sub-
section “Neutrino Flavor Model-Building” in the “Methods” section,
several steps can be computationally intensive. Specifically, the calcula-
tion of the superpotential, the mass matrices and the parameter fit are
bottlenecks that prevent rapid evaluation of a specific model. To enable
an efficient search, an optimized software pipeline is developed to allow
automated end-to-end evaluation of a model.

The computation of the superpotential from the particle assignments
requires knowledge of the Clebsch-Gordan coefficients of the chosen flavor
symmetry group. Existing scientific software such as Discrete™ is often
used for these calculations. This package extracts the matrix representations
of the given group elements through the library GAP”, and computes the
Clebsch-Gordan coefficients for the product between irreducible
representations™. However, the Discrete package is written in Mathe-
matica, which can be slow and cumbersome to integrate into a Python-
based RL loop. To allow seamless compatibility and computational effi-
ciency within the RL environment, PyDiscrete, a Python-based trans-
lation of some of the key features of Discrete, was developed. This
implementation offers significant speed improvements depending on the
task. For example, the Clebsch-Gordan coefficients were computed for all of
the different products of three triplets in T (see Supplementary Tab. 2) and
the average computation time was calculated to be 590 times faster than
Discrete.

The symbolic calculation of the lepton mass matrices was automated
with the Python subpackage, Model2Mass. This subpackage uses
PyDiscrete and SymPy to construct the superpotential in equation (3)
for any finite non-Abelian group, for a given particle content and its
respective irreducible representation assignments; see Table la. It also
extracts the charged-lepton mass matrix, the neutrino Dirac mass matrix
and the Majorana mass matrix. The PyDiscrete and Model2Mass
subpackages are publicly released together in the FlavorBuilder
package, installable via the Python Package Index (PyPI), and are available
at this link.

Fitting the free parameters to observables requires minimizing the y*
over a large parameter space that features many local minima. Searches for a
global minimum often employ heuristics which are computationally
expensive and unpredictable. To balance the need to limit computational
cost and avoid local minima, FlavorPy is set to perform 100 brief searches
from unique initial conditions, with the best resulting y* selected.

Reinforcement learning. In RL”, an agent learns a policy to select from
available actions to maximize value (roughly, the expected reward)
within an environment. Traditional applications include learning poli-
cies to make decisions about gameplay*’ or navigation*'. RL has also been
applied to search theoretical physics spaces, including string theory
landscapes”, Froggatt-Nielsen models of quark and lepton masses" ™",
dark matter models with vector-like leptons'®, and supersymmetric gauge
theories'”. In previous applications, an agent has been able to find regions
of quality models within large theory spaces without requiring an
exhaustive search. These approaches have sought to limit the need to
interface the agent with complex scientific software, either by fixing the
available symmetries and couplings" ", using embedding strategies'®, or
avoiding the statistical fits. However, it is essential to overcome these
challenges and interface the agent with scientific software in order to
extend this approach to larger theoretical spaces. The approach taken

here is to design a framework for integrating existing scientific software
with RL, in a similar spirit to previous efforts in interfacing physics
software with probabilistic programming tools*.

Here, the search for a neutrino flavor model which matches observa-
tions with few free parameters is cast as an RL task. The agent’s environment
can be considered the space of possible models, with its state the current
model being evaluated. The available actions include changes to the particle
content, changes to the particle representations, or in some cases, changes to
the symmetries imposed. In addition to fixed intervals for model evaluation,
the agent can choose to evaluate the model at intermittent steps. The value
function is the agent’s expected return, which is the discounted sum of future
rewards, with more distant rewards weighted less than near-term rewards.
The reward for a model is generally parameterized by its y* and number of
parameters. The agent’s goal is therefore to maximize its expected return,
encouraging it to take actions that ultimately produce high-quality models
even if the immediate reward is low. The training occurs over a series of
episodes where each episode starts with an initial state and continues either
until a maximum number of steps are taken or a terminal state is reached. A
terminal state is one for which the reward exceeds a certain threshold. When
a terminal state is achieved, the agent is given a large reward and is reset to a
random point in the theory space, starting a new episode.

RL algorithms develop a policy to select actions, a task often enhanced
by simultaneously learning to predict the expected return given the current
state. Proximal Policy Optimization (PPO)* optimizes two neural net-
works, one parameterizing the policy and one for predicting the expected
return. During training, the agent utilizes the policy network to select actions
and receives rewards based on the new state produced by each action.
Periodically, the value network and policy network are updated in order to
maximize the accuracy of the value network’s predictions and the advantage
of the actions chosen by the policy network. The networks utilize a loss
function composed of three terms:

1. Value loss, the mean squared error between the predicted return and
the actual return.

2. Policy loss, the advantage of action taken over average of all possible
actions, weighted by ratio of the probability of given action from old
and new policies. The policy loss is clipped to prevent excessively large
updates.

3. Entropy loss, the Shannon entropy of the policy, encourages explora-
tion of a broad distribution across the action space.

Although both networks share the loss function, the value loss is a
function only of the value network parameters, while the policy and entropy
losses are functions of only the policy network parameters. With this
method, the value network learns to improve its predictions of the expected
return, and the policy network learns to determine which actions will lead to
the highest future return®. While one could experiment with alternative RL
algorithms, PPO implemented with Stable-Baselines3* worked
sufficiently well for this task.

Autonomous model builder. The Autonomous Model Builder (AMBer)
described here is an RL agent with the task to learn a policy that will
change a neutrino flavor model to make it more accurate while mini-
mizing the number of free parameters, beginning from a random
initial model.

Environment. The model being considered is the input to the policy and
value networks. Each particle in a model is represented by a one-hot
encoded vector to indicate its representation under the non-Abelian sym-
metry, with an additional element indicating the particle’s charge under the
Abelian symmetry. Several rules are incorporated into the environment to
ensure that changes to the model are mathematically consistent. These
include having a representation for all leptons and Higgses (not required for
flavons), consistent representation of particles (for example, if one right-
handed charged lepton is in a triplet, all three must be), and consistent
Abelian charges (i.e., all members of a triplet must have the same charge).
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The environment’s current state is represented as a matrix; see Table 1b for
an example.

Additional components of the model provide important context,
including a vector representing which leptons are associated together in a
triplet, a vector representing the VEV configuration for each flavon, and a
vector indicating the order of the present Abelian symmetry (i.e. the number
of elements in the group).

Finally, the agent only evaluates the reward every nth step, so the
number of steps until the next reward evaluation is also included in the
environment. At each step, AMBer observes the entire state of the envir-
onment before selecting an action.

Actions. The agent can change the representation of a particle (or multiplet),
its charge under an Abelian symmetry, the VEV configuration of a flavon
triplet, the number of flavons, and in some cases the order of the Abelian
symmetry. Each representation of the non-Abelian group can be changed in
one action from any other representation. For the Z,; charge, two types of
actions are defined. The first shifts the 7, charge of a single field by =+ 1. For
the second action, all fields, excluding the flavon fields, with the same SM
representation have their Z, charge changed to =+ 1 of the first particle (e.g,
L', E', or N'). Under this choice, constructing mass matrices of rank 3 becomes
easier than achieving ranks of 2 or 1. Finally, the agent can choose to evaluate
the model between its set evaluation steps in order to gain more information
on recent actions. Dynamic decisions to run physics software are a challenge
for traditional search algorithms, but can be naturally incorporated in RL. All
possible actions for each sector are listed in Supplementary Tab. 3.

Reward. The reward function R for AMBer is defined as

—Ciny if invalid action
R(C, 1y, N) 1= { e — ) if invalid model
ClRX(XZ) + &R, (n,) + ¢;Rz(N), otherwise
(6)

where Can Ciny > 0 quantify the penalty (i.e. a negative reward) for an
invalid action or model respectively, ¢ forj=1,2,3,are positive coefficients
and N is the order of the Abelian group Z .

Invalid actions include those that do not change the model, to avoid
stagnation, or actions which change the Abelian charge of an absent flavon.
These invalid actions must be learned in this implementation as the action
space is fixed and cannot dynamically exclude invalid actions. Invalid
models are those that are obviously in conflict with experiment, such as
predicting massless leptons, as in the case where M¢ has a rank less than 3.
Another possibility of invalid model is the case with 2 or more massless
neutrinos. Assuming three right-handed neutrinos, this requires a valid
model to have a rank >2 for M, and rank 3 for M,,. Since this is known prior
to performing a fit, the invalid model penalty allows the agent to avoid
unnecessary computations. The invalid model penalty includes a term
associated with the sum of the rank of the three mass matrices, which
encourages the agent to increase the rank in order to reduce the penalty,
leading the agent to consider models with more mass terms.

In case of a valid action and model, the coefficients ¢ scale the relative
importance of the terms

glO(X Xtar et
R (x) = —cy etanh[ig 1] — Cgies 7)
* 8 loglo (Xtarget it
nlt)arget
Rp(np) = log,, i 8)
P
(N - Nmin - Ntar et)3
R;(N):= L 9

The R, term encourages the agent to minimize the y fit. The x7, . is a
parameter which varies over the run to modify the strictness of the R term,
while ¢,cqze and cgi5 are constants which set the range of the reward and are
fixed over the run. The R, term encourages the agent to minimize the
number of parameters in the model, 71,,. The parameter ny"% shifts over the
course of the run to control the strictness of this term. The R, term in
equation (9) encourages exploration by including a reward for higher order
models. This term is used only when the agent is allowed to alter the order of
the Abelian symmetry. In these circumstances, the agent can choose
N=2,..,10,s0 N ;, = 2and N, = 10 are fixed. Nigrge; determines the
degree of preference towards higher order Abelian groups.

On the steps where the agent does not evaluate the model, it receives a
reward of 0. If it selects the action to evaluate the model on an intermittent
step, the agent receives a reward based on whether it has improved the
model since its last evaluation. If the reward has improved, instead of
receiving the actual reward for that model the agent is given a reward just
below the threshold. If the reward does not improve from its last value, the
agent receives a reward equal to the invalid model case, — ¢,y This
encourages the agent to only use this intermittent evaluation action when it
thinks the model has improved.

Finally, the reward is normalized to maintain values between -1 and 1.
When the reward exceeds 0.1, it is boosted to 1 to emphasize that state. For
more details on the behavior of the reward function, see the “Reward
Function” subsubsection in the “Supplementary Methods”.

Training. AMBer trains with 250 parallel environments to maximize CPU
utilization. Each environment has a maximum episode length of 1000 steps
a full run continues until 32000 steps are taken in each environment. The
neural networks of the agent use the default Stable-Baselines3 PPO
hyperparameters, with the exception of the entropy coefficient, which is set
to 0.05. The networks have 2 fully connected hidden layers with 64 nodes
each, and are randomly initialized, as are the initial state models. Training
occurs every 32 steps through the environments. In addition to when the
agent chooses to evaluate, models are evaluated every n steps, where n is a
tunable parameter. This allows several actions to be taken without any
reward or penalty, which permits the agent to pass through poor models
without reducing its reward. The A4 runs use n = 10, while the T}, runs
use n = 5.

The performance goals, Xfarget, n;,mga and N, target> shift over the training,
encouraging the agent to build upon lessons it learns early in the run in order
to find increasingly high quality models. The values of these targets are
detailed in Supplementary Tab. 4. The reward function is plotted in Sup-
plementary Fig. 2. Each training run consists of multiple independent agents
with identical hyperparameters and environments in order to identify
general trends. Training each agent takes approximately 10 hours running
onasingle dedicated CPU. Here, training runs are performed in three theory
spaces:

1. A, x 7, with ng < 5, where ng is the number of flavons.

2. Ay x 7y where the agent can alter N in the range [2, 10] and ny < 5.

3. Tyg x 2, with ny < 6.
The upper bound on the number of flavons 74 is motivated by models in the
literature”. For T, ng<6is chosen such that AMBer has the ability to place
one flavon in each triplet representation, if it so chooses. All hyperpara-
meters are manually tuned.

Diagnostics for AMBer runs. Performance during training can be evaluated
by tracking the y* and 7, metrics, the number of valid actions and models,
and network-level quantities.

The left column of Fig. 2 shows how the y* and number of parameters
1, evolve over the course of a run. In panel (a), corresponding toan A, x 7.,
run, the average number of parameters per model decreases over time, while
the median y’ initially decreases before returning to a value of ~ 50. This
demonstrates the tradeoff between the competing goals of simplicity and
fitness. In panel (c), corresponding to an A, x 7, run, the average number
of parameters changes little, while the * steadily decreases. In panel (e),
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Fig. 2 | Evolution of variables of interest over training. Searches are performed in
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e show the evolution of y* in blue (where the curve indicates the median log,,x* over
all environments) and the mean number of parameters (1,) as training progresses in
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orange and filtered (x* < 10 and n, < 7) models in blue for the three theory spaces.
These are smoothed to more clearly see the relevant trends. There are two y-axes for
each panel due to the differences in scale of each variable. Supplementary Tab. 4
describes how the reward targets change over time.

corresponding toa T X 7, run, there is a more complex trade-off between
the two training goals. The average number of parameters starts much lower
in this space, meaning the agent must learn to increase the number of
parameters. As it does this, the median y* decreases as it becomes easier to
find a good fit with more parameters.

The right column demonstrates how the number of valid models and
filtered models (those with y* < 10, 1, < 7) evolves over time. In all three
theory spaces, the agent learns to build valid models over time due to the
rank penalty, and increases its rate of filtered models due to the R, and R,
terms in the reward. In the A, x Z ), run shown, the increase in valid models
per step is more modest as the agent learns to build invariant terms with each
different Abelian symmetry. Additionally, the number of filtered models per

step decreases at the end, likely indicating the agent has become influenced
too heavily by one reward term over the others. This hypothesis is supported
by the late increase in the number of parameters in panel (c).

Table 2 details the number of filtered models found in random scans
versus AMBer training runs. In the A, x7Z, and A, x Z, searches, 5
independent agents are trained, while in the T,y x Z, run 20 independent
agents are trained in order to capture greater run-to-run variation. Since T}9
has more representations, and therefore more plausible permutations of
those representations, it is more susceptible to mode collapse, over-
preferring a particular permutation. Additionally included are the number
of inequivalent models and the number of models that satisfy dimensionful
experimental constraints. A model is considered inequivalent if it does not
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Table 2 | Performance comparison of AMBer and random scans

Space Models Seen Random scan NO Random Scan IO AMBer NO AMBer 10

Ay X7y 4 x10° 28/28/16 20/20/3 733/683/402 518/463/26

Ay XLy 4 x10° 21/21/19 21/21/6 1404/1394/837 1179/1170/87
T19X7Zy 24 x 10° 409/409/309 244/244/44 6471/6439/4535 8678/8291/688

Each method evaluates the same number of models; results are shown separately for Normal Ordering (NO) and Inverted Ordering (I0). Reported as x/y/z: total number of filtered models, the number of
inequivalent filtered models, and the number of inequivalent filtered models satisfying constraints from beta decay, neutrinoless double beta decay, and cosmological neutrino mass limits. The fewer
inequivalent filtered models satisfying these constraints for inverted versus normal ordering reflect the generally heavier sum of neutrino masses in 10, which makes the bounds more restrictive.
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Fig. 3 | Number of parameters n, and y* for a representative distribution of found models. a shows the distribution for A, x Z, b for A, x Z, and ¢ for T g x Z,. The
region within the dashed black lines contains models with < 7 parameters, and good fits, y* < 10.

share with any other model identical analytical expressions for their mass
matrices, and if their irreducible representations under the flavor groups
differ, even after accounting for possible field permutations. For instance,
exchanging the irreducible representations of the E, and E, fields yields the
same physical model, since this operation merely permutes the columns of
the charged lepton mass matrix. The same reasoning applies to permuta-
tions among the L, N;, and flavon fields ¢; (taking into account their
respective VEVs). Hence, the numbers quoted in Table 2 indicate that
AMBer is not settling into a specific set of neutrino flavor models given our
definition of inequivalent models. A fully exhaustive analysis would require
checking whether any two models are related by a unitary transformation.

For the filtered models, the observables related to the absolute mass
scale of neutrinos, mf,ff, m,. and Xm,, are calculated. The experimental
constraints on these are given by m¢f<0.45eV from KATRIN®,
M, < 36 meV from KamLAND-ZEN* and Sm, < 0.12 eV from Planck”’.

The number of inequivalent filtered models that satisfy these constraints is
reported in Table 2.

AMBer outperforms a random scan in all spaces. To verify this effi-
ciency gain, the number of CPU-hours for a random scan and a training run
must be compared. On average, a training run takes approximately 70
percent longer to complete than a random scan. This can be attributed to the
fact that AMBer identifies many more valid models, requiring more
expensive computations than the random scan. Nonetheless, the number of
filtered models per CPU-hour is still significantly higher for AMBer than for
a random scan. Additional neural network level diagnostics are shown in
Supplementary Fig. 3.

Results
This section describes the models found in each theory space. AMBer finds
too many models to describe each one in detail, so broad features are
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highlighted, and selected individual models are analyzed in further detail.
The complete list of inequivalent filtered models found by AMBer is
available as a GitHub repository (link), and a model from each search is
presented in the “Supplementary Results”. The three theory spaces outlined
in subsection “Model-Building with RL" are considered. In Fig. 3, the dis-
tribution of the number of parameters and ¥ values is shown for a repre-
sentative sample of models. AMBer finds many models which are predictive
(n,<7) and well fit to data (¥ < 10), which is denoted by the region bounded
by the dashed black line in all three theory spaces. Here, models that satisfy
the latter requirements are referred to as “filtered models”. As discussed at
the end of subsection “Neutrino Flavor Model-Building', there are several
different aspects of these models requiring further study, however models
will be analyzed here using only these two conditions. The results for each
individual theory space are now discussed.

SearchinA,x 7, withn, <5

In the A, X 7, space, AMBer is allowed up to five flavon multiplets. More
flavons allow extra flexibility in the model by producing additional mass
terms, but at the cost of introducing additional parameters. AMBer finds
many filtered models (see Table 2), though it is important to note that some
may have mass matrices related by unitary transformations, which would
make them equivalent.

Figure 4 shows the distribution of the number of flavons, n,, , the A,
representations, and the flavon vacuum alignments of the filtered models.
The Higgs doublets are only allowed to reside in singlet representations of
A, Nearly all of the found models find the L; and N; fields packed into their
respective triplets, as opposed to E; which is found to be evenly distributed

0354 (a)
0.30
0.25
0.20
0.15
0.10

0.05 —

0.00 —

Normalized Model Distribution [1/bin]

across the singlet representations. This assignment has frequently been
explored in the literature'***”, and provides a good fit to the data with a
small number of parameters. AMBer’s arrival at this representation dis-
tribution indicates its capacity to reproduce reasonable results in familiar
settings. The lower panel of Fig. 4 shows the distribution of flavon vacuum
alignments normalized to the breaking scale, ($) /(0.1A). Among the triplet
representations, the configurations that do not have a zero value in them are
preferred. In Table 1, a particular model from this search space is shown that
has y* = 5.6 and 5 parameters.

Searchin A, x 7, withn, <5

In this theory space, AMBer has more flexibility to select the imposed
symmetry. Figure 5 shows the distribution of the number of flavon multi-
plets ng , the A4 representations, the flavon vacuum alignments of the fil-
tered models and the dimension of the Abelian symmetry 7. AMBer
chooses the number of flavons by balancing the goodness of ﬁt with the
number of parameters. Similarly to subsection “Search in A, x Z, with
14 <5” in the “Results” section, AMBer typically places the L; in triplets, and
a similar distribution of vacuum expectation values is found.

The bottom right panel shows the distribution of the Z,; symmetry of
the found models, which AMBer is free to select in this search. With c; =0.35
enabling the R, (N) reward term (see equation (6)) and Nirgee evolving with
the schedule shown in Supplementary Tab. 4, AMBer is encouraged to
explore larger N. While this choice results in a large number of models with
N =5, it also increases the number of models with N > 3 in general. For
comparison, this panel also shows the distribution of models found for a
separate run that did not have the R;(N) in the reward function, and
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Fig. 4| A, X 7, model space distributions of filtered models. a shows the distribution of the number of flavon fields, b the A, representations distribution, and ¢ the vacuum
alignments distribution. The vacuum alignment is normalized by the flavon breaking scale, 0.14, i.e. (¢)/(0.1A) as in equation (4).
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Fig. 5 | A, * Z model space distributions of filtered models. a shows the dis-
tribution of the number of flavon fields, b the A, representations, ¢ the distribution of
vacuum alignments and d the Z symmetry. For comparison, d shows a config-
uration with and without the R (N) reward in equation (9), and AMBer is found to
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be more efficient at exploring large N with this reward included. The distribution
fraction for Z; models is ~ 0.9 without the R, (N) reward term, but is cut off to better
display the distribution of higher order models. The vacuum alignment is normal-
ized by the flavon breaking scale, 0.14, i.e. ($)/(0.1A) as in equation (4).

AMBer is found to focus on Z,. Z, is very rarely employed. This is likely due
to the fact that for 7,, it would be difficult to accommodate a well-fit model
with a small number of parameters.

Searchin T4 x 7, withn, <6
In the T X 7, space with up to six flavon multiplets, AMBer explores a
subspace of models that has not been explored in the literature. This search
space is more complicated due to the larger T}9 group. In this group, there
are six irreducible triplet representations which can be multiplied to form a
number of singlet or triplet representations, as shown in Supplementary
Tab. 2. Figure 6 shows the distribution of found models for this search. As
compared to the A4 run, a more uniform distribution of models across the
different representations is found, although there is a slight preference to
place E; in singlets, L;, N; in respective triplets

This flavor symmetry allows AMBer to pack all lepton flavors,
L;, E;, N;, into their respective triplets, and still obtain the observed
hierarchy. For example, consider the Dirac mass term for the

charged-lepton sector, LE¢,H,; where L and E are in the 3, and 3,
representation, respectively. Their tensor product decomposes into a
3, ® 3, @ 3,, which can subsequently be made into a singlet if there
is a flavon in any of the conjugate representations present in the
decomposition. This also points to a certain flexibility in this search
space, as there are generally many ways to form group invariant
interactions, particularly for Majorana masses of the right-handed
neutrinos. In order to reduce parameters, the 7, charges are likely
being tuned to reduce the free parameters for models.

A particularly simple model is shown in Table 3. The superpotential is
given by

W =G)[(LE, Hy ¢,) + & (LE; Hy ¢,) + o,(LE;Hy))]
+ 4 [(NN ¢, ¢,) + as(NN ¢, ¢,)] + @p)[(NLH, ¢,) (10)
+ o, (NLH, $,)].
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Table 3| Example model found by AMBer in the T4o x Z, search

L E1 E2 E3 N Hu Hd ¢1 ¢2 ¢3
Tie 3 1 1 1 3 1 1 34 34 3;
Z, 0 1 3 3 0 2 1 0 2 2

Itis discussed in further detail in the main text. Here, (¢1)/(0.14) = (1, w?, w),($2)/(0.14) = (1, w, w?), and
($p3)/(0.14) = (0, 0, 1).

The best-fit point in the parameter space of this model is at the values given
by

a, = 0.000271, a, = 0.0565, a, = —0.343, a, = 0.915. (11)
Hence, with only 4 free parameters, it yields y* = 10. This particular model
places the charged lepton doublets and the right-handed neutrinos in
separate triplets, and the right-handed charged leptons in singlets—an
alternative model is shown in Supplementary Tab. 7 that has them all in
triplets and has comparable performance. After the flavons acquire a VEV,

the mass matrices can be written as

(™

[—1/2+iv3/2  —ay(1/2+i/3/2) —a, (1/2+i/3/2)
me = vy 1 a, V3a (—V/3/6 —i/2) |,
L(05—iv3/2) Bay(—3/6+i/2) a (1)2—i3/2)
(12)
[(—ay — 1)+ iv/3(a; — 1) 0 0
iy = MGy 0 2(ay +1) 0 ,
0 0 (—ay — 1)+ iv/3(—a; + 1)

where &), @) and & are constants that can be factored out, because

only dimensionless mass ratios are fit (see discussion at the end of Section
“Neutrino flavor model-building”). The predicted values for the lepton
observables are given by

80p/m = 1.606rad,
sin%6,; = 0.467,

m; = 57 meV,

m,/m, = 0.0048,
sin?0,, = 0.341,
m; = 28 meV,
n,/m = 1.08rad,

m, /m, = 0.0565,
sin’6,; = 0.0222,
m, = 30 meV,
1, = 0.15rad.

(13)

Here, m; denote the neutrino masses and #; denote the Majorana phases.
Moreover, the sum of the neutrino masses, the effective electron-neutrino

0 —1-i¥ «
~ : : ! 7 mass and the effective majorana mass is given by
Mp = V,&p) | 0 0 —1yig,
1 0 0 Z m, = 116 meV, m = 30meV, and m,, = 28 meV. (14)
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distribution and correlations of the model’s parameters, b shows the distribution of
the model’s predictions, along with the corresponding predictions with 2o error bars.

We see that the constraints m‘f <0.45eV from from KATRIN®,
M, < 35 meV from KamLAND-ZEN®, and Zm, < 0.12 eV from Planck”
are all satisfied for this model.

A Markov-Chain Monte-Carlo is performed around the minima, to
explore correlations and map the y* distribution. In Fig. 7a, the fitted
parameters and their correlations are shown. While a3 and «, are found to
be O(1), a; and «;, are not. These values are attributed to the requirement
that «; and «, generate the hierarchical masses of the charged leptons. In
Fig. 7b, the resulting fits to the observables are shown along with the
experimentally measured values with 20 error bars. While this model is
simple and predictive, it struggles to fit 8;, and 0,5 without eroding the
goodness of fit of the remaining measurements. While not implemented
here, it is possible that the diagnostics shown in this figure could be used as
features for further explorations by AMBer. For example, one could penalize
AMBer for fine-tuning parameters, or use correlations as feedback to find
better models.

Conclusions

Particle physics model-building has traditionally relied on a physicist’s
intuition to explore fields and the symmetries they obey to describe the
Universe we observe. However, the model space is vast, and a majority of it
remains unexplored. AMBer is presented as an Al-assisted framework to
explore the high-dimensional discrete space of neutrino flavor models. It
uses reinforcement learning and high-performance computing to effi-
ciently navigate the model space using an automated end-to-end pipeline.
Existing scientific software was used and redesigned, and additional
software was developed and released publicly. This pipeline constructs the
superpotential, extracts the mass matrices, counts the number of free
parameters, and fits the model to experimental data. It uncovers models
that satisfy predictions which accurately match experimental observations
and introduce a minimal amount of additional free parameters. These
models serve as a starting point to evaluate the viability of a particular
flavor symmetry to reproduce the lepton mixing parameters. Further
investigations can be done on these models to incorporate the needed
features of a full model. For instance, the calculation of theoretical error
bars or an appropriate scalar potential could be studied, as discussed at the

end of subsection “Neutrino Flavor Model-Building” in the “Methods”
section.

AMBer rediscovers known model patterns in the representation
assignment of neutrino flavor models based on the symmetry group
A, x 7. Additionally, it finds models based on the unexplored symmetry
group T4 X 7. This allows study of the distributions of the particle content,
representation assignments, preferred Abelian symmetry group, and flavon
VEV alignment. To make this possible, AMBer is encouraged to find models
with few free parameters and a good fit to data. At the same time, it is
penalized for finding unrealistic models, such as those with zero electron
mass. Several example models discovered by AMBer have been explicitly
discussed in the main text and in the Appendix. In particular, a neutrino
flavor model based on the group T}, with four free parameters, three flavons,
and y* = 10 is presented. The complete list of inequivalent filtered models
(i.e., models with > < 10, n, < 7) discovered has also been released in
machine-readable format and is available on the GitHub repository here.
This list demonstrates AMBer’s ability to find accurate models with few
parameters. Thus, this tool can assist a physicist by filtering through a set of
symmetries and field content to provide an initial set of models which can be
further analyzed.

As the design of particle theory models becomes increasingly reliant on
such assistants, there are interesting future research questions in how to
quantitatively define the elegance of the theory, how to perform fast and
accurate hypothesis tests when comparing models with different free
parameters, and how to re-design scientific software to enable such searches
in even more challenging model spaces.

From a machine learning perspective, it would be interesting to develop
approaches that enable the agent to transfer knowledge acquired in one
theory space to effectively explore another theory space. The ability for the
agent to dynamically choose when to run physics software will enable
scaling this approach to more complex software pipelines. Future work may
also consider a more efficient representation of fields and symmetries to the
agent, such that the agent is not given an option to choose invalid actions or
generate equivalent models with seemingly different particle representation
assignments. Computational aspects of the method can be improved to
further leverage parallel computing capabilities at supercomputers,
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increasing the rate at which AMBer can explore large theory spaces. With
the growing use of Large Language Models (LLMs) for science, AMBer
could be coupled with LLMs as reinforcement learning with physics feed-
back, with embedded software enhancing the reliability of scientific
predictions.

From the physics perspective, it would be interesting to identify what
properties make a flavor model realistic and whether this can be determined
from the distribution of the particle content, representation assignment, or
flavon VEV alignment. Another future direction is to run AMBer on a larger
and more diverse set of non-Abelian flavor symmetry groups. Our approach
is expected to be applicable to any finite non-Abelian flavor symmetry,
provided that the corresponding mass matrices can be computed in a rea-
sonable time. To this end, an automated method may be required to list out
all of their irreducible representations. While the testability of models was
not considered here, in future work, AMBer could also be explicitly
incentivized to find models that can be ruled out by upcoming experimental
results. At this stage, AMBer should be regarded as a proof of principle
demonstrating that RL can assist model builders in performing more effi-
cient and targeted searches. The impact of our work lies in our approach to
interfacing an Al agent with physics software, while the models found in this
work illustrate its potential. We envision that particle physicists in the future
will be able to use Al assistants such as AMBer to rapidly explore alternative
ideas for model building. Further, while this work focused on neutrino flavor
model-building, the approach could be applied to other areas of flavor
model-building, dark matter, or even cosmology, if the interfacing with
scientific software can be scaled efficiently.

Data availability
Models found by AMBer are available in a Githulb repository at https://
github.com/jake-rudolph-1/models-by-AMBer. They are stored as “txt"
files, each with a dictionary specifying all relevant information for a unique
neutrino flavor model.

Code availability

The software developed for analyzing neutrino models within the RL
pipeline has been publicly released as the FlavorBuilder package,
installable via the Python Package Index (PyPI) at https://pypi.org/project/
FlavorBuilder/. This code makes use of GAP version 4.14.0. The RL
environments were developed using Gymnasiumand run using Stable-
Baselines3. They make further use of FlavorPy version 0.2.0.
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