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Abstract of the Dissertation

Multiscale Defect Formation and
Transport in Materials in Extreme

Environments

by

Dariush Seif

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2013

Professor Nasr M. Ghoniem, Chair

The lifetime and properties of materials operating under extreme conditions are

determined by complex interactions stemming from the formation of internal defects

at the atomic length and time scales. The research conducted in this dissertation is

focused on the study of atomic defect formation and transport under such conditions,

and the development of atomically-based tools with enhanced resolution and predic-

tive capabilities. Our attention is placed on two such far-from-equilibrium conditions

with important real world implications: materials irradiated in nuclear environments

and materials deforming under shock loading.

In the former, prolonged exposure to irradiation by energetic neutrons or ions,

resulting in atomic collision cascades, leads to the formation, transport and aggre-

gation of vacancies and self-interstitial atoms (SIAs) into clusters. This leads to an

evolution of the microstructure and thus also the material properties, making the

problem truly multiscale in both time and space. In addition, energy barriers for the
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thermally activated processes that govern this evolution are inhomogeneous, varying

spatially due to non-uniform internal stress and temperature fields. Because of these

complexities, and the many scales involved, typical efforts to model such phenomena

face severe coarse-graining, often neglecting spatial heterogeneities altogether and

using mean-field approaches.

In this dissertation, we develop computational models of point defect formation

and transport in spatially heterogeneous stress and temperature fields. To accomplish

this, first an atomistically-based description of point defects is developed using a

combination of molecular statics calculations and continuum elasticity theory. This

enables an accurate representation of point defect strain fields and their interaction

energies in various strain fields. The continuum representation has been found to be

accurate to within several percent of the atomistic calculations and was successfully

tested against highly accurate first principles calculations in a published study.

Using the described point defect representation, we have performed calculations

of the dislocation bias factor for irradiated metals, using a spatially-resolved rate the-

ory solution we developed based on the finite element method. The flexibility of the

model is fully exploited, leading to calculations with heightened resolution; accounting

for the spatially-dependent, energetically favorable SIA orientations, one-dimensional

diffusion mechanisms near the dislocation core, and full anisotropic elasticity. Our

results for iron have shown that the effects of preferred SIA orientations should not be

ignored near the dislocation core. Implementing minimum energy SIA configurations

in iron decreases repulsive interactions and increases absorption, ultimately leading to

much larger bias factors. On the other hand, we also find the use of anisotropic elas-

ticity in the calculations to decrease bias factors by 45% compared to those obtained

using the isotropic formulation. An anisotropic implementation of the dislocation

strain fields, however, gives larger interaction energy gradients, leading to increased
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drift diffusion and larger bias (12% and 6% increase in Fe and Cu, respectively).

One-dimensional migration also plays a significant role in decreasing the bias, but its

effect is greatly diminished when anisotropy and SIA orientations are accounted for.

Following the rapid transient stage of helium-vacancy cluster (bubble) nucleation

under irradiation, the bubble growth phase proceeds over macroscopic timescales.

Due to the complex nature of the problem, prediction of the time-dependent bubble

size distribution in the helium-vacancy phase space has remained elusive. In this

dissertation we approach the problem in two ways, both accounting for full mate-

rial spatial resolution. In the first, we use a previously developed reduced set of

rate equations to track the average bubble size through time, in a two-dimensional

specimen under the typical stress and temperature gradients seen in plasma-facing

components in fusion environments. With temperature gradients long known to have

several orders of magnitude greater effect on bubble diffusion than associated stress

gradients, our results conclusively revealed the important role of stress gradients on

the near-surface average bubble size profile due to point defect diffusion processes.

Extending this spatially-dependent rate theory approach to capture the full bubble

size distribution surface, we have developed a novel approach based on the theory of

nonlinear stochastic differential equations. Here, we provide a framework to describe

the full helium bubble size distribution as a function of time and space, in irradiated

metals under stress and temperature gradients. Our findings show the important

role of stochastic atomic fluctuations on the dispersion of the distribution around the

mean. We find for smaller average bubbles sizes (early in the simulation), the spread

of the distribution is large and stable. As bubbles begin to grow larger, the stochastic

fluctuations have a reduced effect and the distribution begins to shrink, correspond-

ing to a more uniformly sized bubble population. Recommendations are also made

regarding how to advance the simulations in the future by including phenomena such
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as bubble coalescence.

To characterize the response of metals to shock loading, extensive molecular dy-

namics (MD) simulations have been performed. In light of recent experimental results

obtained by laser-induced shock-loading on single-crystal nanopillars, MD simulations

were performed on both nanofilm and nanopillar structures, the difference being the

geometry and imposed boundary conditions in the directions transverse to the prop-

agation direction of the shock wave. The dynamic response of the structures to shock

loading was analyzed over a wide spectrum of impact stresses. State variables (stress,

velocity, temperature, etc.) were computed as functions of time and position along

the specimen. The deformation mechanisms observed in nanopillars was found to dif-

fer significantly from those found in the nanofilms and bulk samples. Specifically, in

nanofilms, we found the presence of periodic boundary conditions require much larger

impact stresses to induce plasticity (> 35 GPa) compared to nanopillars, where free

surfaces play an important role. In nanopillars, comparison to the experiments ex-

plained the observed surface activation at lower than expected stresses (∼ 1 GPa),

due to dislocation nucleation and termination at the free surfaces. Additional sim-

ulations of spallation were also performed. Results showed the formation of voids

occurrs at the intersections of stacking faults at the spall plane. The growth and

coalescence of these voids leads to the full spallation of the material. In these cases

the [100] oriented crystals showed increased resilience to spallation compared to the

[111] crystals. The results of this work have contributed to a greater understanding of

the deformation mechanisms at work in metal nanostructures exposed to ultra-high

strain rate loading conditions.
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Chapter 1

Introduction

1.1 Materials under High Energy Particle Irradi-

ation

1.1.1 Physics of Material Defects

The generation of point-defects in materials stems from two primary types of neutron

interactions with bulk materials. These are known as elastic and inelastic interactions

and are caused by fundamentally different interactions, leading to the production of

different types of defects within materials. Elastic interactions occur when incoming

neutrons transfer their kinetic energy to a host lattice atom. If the energy transferred

by the neutron in this collision is greater than the displacement threshold energy

(Eth) of the lattice atom, then the atom will be ejected from its lattice site. This

initial ejected atom is called the primary knock-on atom (PKA). This process leads

to the production of a vacancy and a self interstitial atom (SIA) within the host

lattice. Upon ejection from it’s lattice site, if the PKA still carries greater kinetic

energy than Eth, it will lead to the ejection of a secondary knock-on atom, and so

on. This successive chain of elastic collisions and scattering is referred to as cascade

damage and has been studied extensively both experimentally and computationally.

The physics of the generated defects has also been a topic of numerous studies within

the field of radiation damage for some time. It is well known that both vacancies
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and SIA’s agglomerate into clusters of different sizes. Vacancies combine to form

three dimensional (3-D) voids in the vicinity of the primary damage site while SIA’s

typically combine to form 2-D glissile or sessile dislocation loops on the periphery.

Studies have shown that glissile loops are highly mobile and perform 1-D random

motion in their slip direction. The production of Frenkel-pairs and resulting clusters

populate the microstructural atmosphere are known to lead to hardening, swelling

and creep phenomena in irradiated metals. Inelastic interactions occur under high-

energy irradiation conditions leading to (n, α) transmutation reactions within the

host lattice. These interactions lead to the production of significant quantities of so-

lute atoms within the bulk, namely helium and hydrogen. Helium is highly insoluble

in metals and therefore highly mobile inside matrix materials. The rapid migration

and subsequent capture of helium interstitials to system sinks such as vacancy voids

produces stable, pressurized helium-vacancy clusters. The formation of these clus-

ters further enhances radiation-induced swelling and leads to reduced ductility by

mitigating dislocation mechanisms in plasticity.

1.1.2 Effects on Mechanical Properties

The aforementioned defects cause drastic deterioration of the mechanical properties

of fusion reactor materials. Over the past few decades countless experimental stud-

ies have been performed monitoring the effects of these nanodefects on macroscopic

mechanical properties. Figure 1.1 shows a transmission electron micrograph of a 300

series stainless steel specimen irradiated to 10 dpa at 500◦C [1]. The radiation damage

environment is a complex network of various intrinsic and foreign defects with pro-

cesses spanning time scales on the order of atomic vibrations to reactor lifetimes and

length scales accounting for atomic size point defects all the way to grain boundary
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Figure 1.1: Transmission electron micrograph of a 300 series stainless steel specimen

irradiated to 10 dpa at 500◦C [1]

dynamics and beyond. In figure 1.1 we see represented, many of the extended defects

that account for property changes in the material upon irradiation. Dislocation lines

are seen as the tangled dark lines, weaving throughout space. The shaded elliptical

images represent planar dislocation loops formed by the aggregation of SIAs. The

light images are vacancy clusters (voids) in the material and the very dark images are

foreign precipitates.

It has been well established that the deformation behavior of metals irradiated at

temperatures below the recovery stage V (T < 0.3-0.4 Tm where Tm is the melt-

ing temperature) exhibit a significant amount hardening [2]. The increased strength

however is accompanied by a sudden yield drop and a great loss in ductility as ev-

idenced in figure 1.2. This phenomena is known as low temperature embrittlement

and is a leading concern in nuclear materials research. Various theoretical models
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Figure 1.2: Polycrystalline Cu irradiated with fission neutrons at 320K [2]

have been constructed to explain this phenomena but the most commonly accepted

is the cascade-induced source hardening model of Singh and Co-workers [2]. This

model argues that dislocation production and motion is inhibited by the blockage of

Frank-Read sources by decorations of small SIA clusters produced by intracascade

clustering. Depending on the distribution of loops in the vicinity of these sources, a

much higher upper yield stress can be expected to unlock them and initiate plastic flow

in the material. The presence of helium leads to increased embrittlement especially

at higher irradiation temperatures due to bubble formations at grain boundaries.

Swelling in irradiated materials is another cause for concern and occurs as a conse-

quence of the segregation of the self-interstitial and vacancy populations. For most

metals this occurs in the temperature range of 0.3 Tm <T< 0.55Tm. While SIAs

generated by neutron bombardment preferentially migrate to dislocations and grain

boundaries, vacancies agglomerate into voids causing swelling in the material. Figure
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1.3 is a photograph of a highly irradiated stainless steel specimen showing extensive

swelling [1]. Through experimental studies it has been shown that martensitic ferritic

steels exhibit swelling at ∼ 0.1%/dpa, while austenitics typically show ∼ 1%/dpa.

Figure 1.3: 316 stainless steel rods before and after irradiation at 533◦C at a fluence

of 1.5×1023 n/m2 [1]

1.1.3 Energetics of Material Defects

The formation energy of a defect is typically defined as the difference in the total

energy (at zero temperature) of the system containing the defect and that of a system

of the same number of atoms in their lowest energy configurations. These energies are

commonly used to determine equilibrium concentrations of defects. As an example,

the formation energy of a carbon impurity atom in an iron crystal containing N
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atoms, can be calculated as

Ef
C = E(N, 1)−NµFe − µC . (1.1)

Here, E(N + 1) is the energy of the system containing the defect and µα represents

the chemical potential of element α. The chemical potential for iron and carbon are

equal to the energy per atom in a perfect bcc iron and graphite lattice, respectively.

These calculations are best performed using first-principles techniques. The migra-

tion energy (Em) of a defect represents the activation energy of diffusion within the

crystal lattice. Lattice vibrations may result in an atomic jump to a neighboring

site only if the diffusing defect is carrying kinetic energy equal to or greater than

the migration energy. Accurate calculations of migration energies may be obtained

using minimum energy pathway (MEP) search methods such as the nudged elastic

band (NEB) method and the dimer method. These methods allow relaxations of the

lattice around the defect as the defect treks the reaction coordinate to the final state.

The point of maximum energy along the path represents the saddle point and the

migration energy can be calculated as the difference in energy between the saddle

point configuration and the initial state. The aggregation of point-defects following

collision cascades leads to the formation of defect clusters in materials. The stability

of radiation-induced defect clusters against dissociation is governed by the binding

energy (EB). The binding energy is defined as the energy required to dissociate a

bound system into its constituent parts. These energies of can be calculated in terms

of formation energies under the assumption that the products of dissociation are in-

finitely separated. For a dissociative reaction of type C → A+B, the binding energy

can be calculated as

EB
C = Ef

A + Ef
B − E

f
C . (1.2)
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The energy required for the emission of a point-defect from a cluster is then taken as

the binding energy plus the migration energy of the point-defect. Tables 1.1 and 1.2

give relevant energy barriers and defect-configurations in bcc iron and tungsten, and

fcc copper and nickel, respectively. These values are obtained from various sources

where first principles calculations and molecular statics with empirical potentials

calculations were used. Additionally, the studies of Fu and Willaime [6] and Caturla

et al [7] provide extensive first principles studies of SIA and He energetics in Fe.

Process Fe W

Vacancy Form. 2.12 [8], 2.15 [9] 3.11 [10], 3.16 [11]

Vacancy Mig. 0.67 [6], 0.64 [9], 0.87 [12] 1.66 [10], 1.78 [9], 1.8 [13]

Divacancy Form. 3.18 [14] 6.70 [15]

Divacancy Mig. 0.62 [6] 1.95 [16]

Interstitial Type [110]-split [111]-split

Interstitial Form. 3.86 [17], 3.93 [9] 9.82 [10], 9.548 [9]

Interstitial Mig. 0.34 [6], 0.30 [18], 0.167 [12] 0.013 [9]

SIA Cluster Mig. 0.059+0.067/n1.3 [19]1 -

He Interstitial Type Tetrahedral Tetrahedral

He Interstitial Form. 4.40 [7], 3.37 [20] 6.16 [10], 6.19 [11]

He Interstitial Mig. 0.06 [7] 0.07 [11]

He Substitutional Form. 4.23 [7], 4.08 [20] 4.70 [10], 4.77 [11]

He Substitutional Bind. 2.3 [7] 4.57 [10], 4.58 [11]

HeV2 Mig. 1.08 [8] -

Table 1.1: Relevant energy barriers (in eV) for radiation-induced defect processes in

BCC Fe and W. Values in italic represent results of first principles studies.
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Process Cu Ni

Vacancy Form. 1.28 [21], 1.3 [13] 1.62 [22], 1.60 [23], 1.60 [24]

Vacancy Mig. 0.72 [13] 1.30 [23], 1.29 [24]

Divacancy Form. 2.0 [25] 3.02 [22]

Divacancy Mig. 0.55 [12] 0.59 [26]

Interstitial Type [100]-split [100]-split

Interstitial Form. 2.73 [27] 4.91 [24], 4.93 [27]

Interstitial Mig. 0.078 [28], 0.13 [12] 0.16 [27]

He Interstitial Form. 1.97 [29] 4.06 [30]

He Interstitial Mig. 0.5 [31], 0.63 [32] 0.66 [32], 0.81 [33]

He Substitutional Form. 2.58 [34] 3.13 [22], 3.23 [34]

Table 1.2: Relevant energy barriers (in eV) for radiation-induced defect processes in

FCC Cu and Ni. Values in italic represent results of first principles studies.

1.2 Materials Deforming under Ultra-High Strain

Rates

The mechanisms of deformation of materials under ultra-high strain rates, arising

from exposure to explosive impacts, differs greatly from that due to standard me-

chanical testing. Under such conditions, materials have been found to exhibit unique

behavior including enhanced mechanical strength [35]. Above certain threshold im-

pact stresses, the shock front, characterized by an abrupt change in material density,

propagates as a dual elastic and plastic front. When faced with internal and exter-

nal material interfaces (free surfaces, grain boundaries, etc.), interactions of reflected
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waves can lead to the formation of voids and spallation in the material. Due to the

stochastic nature of defect nucleation, and the very short timescales involved, molec-

ular dynamics simulations offer great insight into the atomic processes involved in

shock deformation. Modern large-scale atomistic simulations of metals under shock

loading began with the MD simulations of Holian and Lombdahl [36]. Their studies in

single crystal nanostructures with periodic boundary conditions (nanofilms) revealed

the homogeneous nucleation of partial dislocations at the shock front, relieving com-

pressive stresses and accommodating the increased density at the shock front. In

recent years, this work has been extended to even larger systems in both perfect sin-

gle and polycrystals and those with pre-existing defects such as dislocations and voids

[37, 38, 39, 40, 35, 41, 42]. While these results remain useful for studies of bulk metals,

it remains unclear to what extent these results are applicable to nanostructures of

finite size. In a recent paper, we reported on the fabrication and laser-induced shock-

loading of 100-oriented, single-crystal copper nanopillars, with pillar axes aligned

with the wave propagation (compression) direction [5]. An apparatus and related

test procedures were developed for the compression of these nanopillars at pressures

and strain rates greater than 1 GPa and 107 s−1respectively, using nanosecond pulse

laser-generated stress waves. Results showed evidence of surface activation due to

surface step creation by dislocation-driven processes. In the past MD simulations

in bulk samples, however, impact stresses on the order of 35 GPa were required to

nucleate and propagate dislocations; much greater than the stresses produced in the

laser experiments.

In this thesis, we work to examine the mechanisms of deformation in nanopillars

two different types of copper nanostructures via non-equilibrium MD simulations. Ex-

panding on past simulations, we describe and show the mechanisms of high strain-rate

plasticity in nanofilms and compare them with those found in finite-sized nanopillars,
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Figure 1.4: Bright field TEM images of shocked pure tantalum demonstrating (a) the

formation of cellular dislocation structures and (b) a dense and evenly distributed

dislocation structure co-existing with twins and ω phase domains in pure Ta shocked

at 45 GPa [3].

with sizes approaching those synthesized experimentally. The imposed loading condi-

tions are designed to reveal the structure of propagating shock waves and their release

at the free surface. A detailed examination of the effects of anisotropy and impact

magnitude on the observed plasticity is given. Also, a binning analysis is performed

to track stress, temperature and velocity profiles in the shocked samples.
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Chapter 2

Elastic Representation of Radiation-Induced Point

Defect Fields in Metals

Internal structural components which operate in nuclear fusion environments are sub-

ject to significant damage doses stemming from the onslaught of 14 MeV neutrons

produced in the D-T cycle. The internal production of point-defects such as self-

interstitial atoms (SIA) and vacancies from elastic interactions, and helium from

(n,α)-reactions lead to severe material degradation over time, including swelling [1]

and low-temperature embrittlement [2]. The prediction of damage evolution and

component lifetime is highly dependent upon accurate models of point-defect pro-

duction and interactions within the material. The development of truly predictive

long-timescale simulation techniques has been quite scarce in recent history due to the

trade-offs between computational efficiency and rigorous physical treatments. While

an accurate physical model of damage accumulation and evolution requires a compre-

hensive understanding of point-defect energetics and interactions, there has been an

absence in many studies [43, 44, 45] of the consideration of local strain environment

effects on defect migration properties and stability. The study of defect diffusion

in strain fields has been a topic of interest for some time now. Koehler calculated

changes in migration barriers of vacancies to be altered by as much as 10% in the

vicinity of dislocations and interstitial clusters [46]. Dederichs and Schroeder showed

that anisotropic defect diffusion is the result of saddle point anisotropies in strained
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crystal lattices [47].

The goal here is to combine atomistic simulation with elasticity theory to imple-

ment the method of force multipoles to represent defects, and use continuum elastic-

ity calculations to quantify interactions between these defects and with various strain

fields. Emphasis will be placed on the importance of including higher-order terms in

the multipolar expansion. These interactions can be made available to future KMC

simulations to account for strain-biased diffusion, and give a physically-based descrip-

tion of the accumulation and evolution of damage in irradiated metals. The chapter

is organized as follows. In section 2.1 the elastic Green’s tensor function for infinite

isotropic media is derived. In section 2.2 we derive the force multipole representation

of point defect representation in continuous media. In section 2.3 we describe in detail

our hybrid method for calculating multipolar values. Several cases are presented in

section 2.4 where the method is applied to radiation-induced defects in α-iron, and

the results are compared with molecular statics calculations. Multipolar values and

the full formation volume tensor for these defects are also presented.

2.1 Elastic Green’s Function

Green’s tensor functions describe the elastic displacement response of a linear elastic

solid to an applied point force. In the field of defect mechanics, they have become in-

valuable as a predictive tool for many problems of interest. Green’s function solutions

vary between situations, due to their dependence on both the material’s structure and

also the prescribed boundary conditions. For the current research it is necessary to

derive the Green’s function for infinite space with the assumption of isotropy (since

bcc Fe has relatively low anisotropy).

First it is necessary to define the Green’s function Gij(r) as the ith Cartesian
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displacement component at a field point r, due to a point force f located at the origin

acting in the jth direction. Following continuum elasticity theory, the condition for

equilibrium can be expressed as

Cijkluk,lj + fi = 0, (2.1)

where C is the elastic constants tensor and the summation convention of repeated

indices is implied. Taking the point force in the m-direction, it can be rewritten in

terms of the Dirac delta function δ(r) as

fi = δimδ(r). (2.2)

Following the method of solving the equilibrium equation via the Fourier transform

method, the Fourier space Green’s function is expressed as

G̃km(k) =

∫
V

Gkm(r)e−ik·rdV. (2.3)

The Fourier space Equilibrium condition can then be written as

CijklklkjG̃km(k) = −δim. (2.4)

Assuming an isotropic material, the elastic constants tensor may be expressed in

terms of the two Lamé’s constants, λ and µ, as

Cijkl = µ(δikδjl + δilδjk) + λδijδkl. (2.5)

Substitution of 2.5 into 2.4, and applying algebraic simplifications yields

(λ+ µ)kikmG̃mj(k) + µk2G̃ij(k) = δij. (2.6)
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In k-space the Green’s function can be found by multiplying 2.6 by ki and summing

over i, which gives

kmG̃mj(k) =
kj

(λ+ 2µ)k2
. (2.7)

By direct substitution of 2.7 into 2.6, the k-space Green’s function can be solved for

as

G̃ij(k) =
1

µk2

[
δij −

λ+ µ

λ+ 2µ

kikj
k2

]
. (2.8)

Finally applying the inverse Fourier transform to 2.8, the Cartesian space Green’s

function is found to be

Gij(r) =
1

8πµ(λ+ 2µ)

[
(λ+ 3µ)

δij
r

+ (λ+ µ)
xixj
r3

]
(2.9)

This explicit form of the Green’s function allows for the solution of many problems

in linear elasticity. In terms of the Green’s function, the displacement vector can be

written as

uk(x) =

∫
V

Gkm(x− x′)fm(x′)dV. (2.10)

2.2 Force Multipole Representation of Defects

2.2.1 Point Defect Displacement Fields

The insertion of a point-defect into a perfect crystalline lattice results in a displace-

ment field around the defect on surrounding atoms. This displacement field is typi-

cally modeled using one of several approaches. Eshelby developed a very simple and

elegant way to approach the problem within the confines of elasticity theory [48]. He
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treated the point-defect as a center of dilatation, modeled as a spherical inclusion

within an elastic isotropic medium, whose strength may be determined from experi-

ment. This model is only suited, however, to describe defects of high symmetry acting

in materials with negligible anisotropy. Another method, proposed by Kanzaki, in-

volves representing the defect as an array of forces located on neighboring atomic

sites [49]. Generally called the method of ’Kanzaki forces’, this method has been

successfully implemented in the past, for example, to give the atomic displacements

around vacancies in Cu and Al [50]. However, this approach suffers from a few in-

herent limitations. Among them, the formulation requires the spatial extent of these

forces to be as restricted as possible, typically to first nearest neighbor atoms. For this

reason, the elastic response of the material must be modeled with complex ’lattice’

Green’s functions that have no closed form expression to account for the displace-

ments inherent in a defected crystalline lattice [51]. In addition, each point-force will

introduce a singularity, and additional effort will be required to mitigate divergence

in the computations.

For application to general radiation-induced defects, we have found the method

of force-multipoles to be most beneficial. In this method, the defect is represented as

a multipolar expansion of forces acting at the center of the defect. For derivation of

the method, we follow the work of Siems [52] and Teodosiu [53]. As in the Kanzaki

approach, the addition of a point-defect in a perfect crystal can be alternatively

represented as a configuration of point- forces acting on all affected, neighboring

atoms. If we consider a defect at the origin surrounded by N atoms (ν) with separation

vectors lν from the defect, the displacement field caused by the defect can expressed

as
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um(x) =
N∑
ν=1

Gms(x− lν)F ν
s , (2.11)

where G(x) is the elastic Green’s tensor function of the material and F ν are the

point- forces acting on initial lattice atom locations lν . We note here that repeated

indices imply summation. Expanding G(x− lν) in a Taylor’s series about x gives

Gms(x− lν) = Gms(x) +Gms,n(x)lνn +
1

2!
Gms,nq(x)lνnl

ν
q + ... (2.12)

Plugging this Green’s function expansion back into (2.11), the displacement field can

be rewritten as

um(x) =
∞∑
k=0

1

k!
Gms,q1...qk(x)P (k)

q1...qks

= Gms(x)P (0)
s +Gms,n(x)P (1)

ns +Gms,nq(x)P (2)
nqs + ...

(2.13)

where

P (k)
q1...qks

=
N∑
ν=1

lνq1 ...l
ν
qk
F ν
s (2.14)

are called the multipole moments of kth-order. It is important to note that the k =

0 moment represents a sum of the applied force vectors over all atoms, which equals

zero for equilibrium conditions to be satisfied. The k = 1, 2 and 3 moments are called

the dipole, quadrupole, and octopole moments.

The displacement equation (2.13) states that the elastic response of a defected

material requires knowledge of the Green’s function of the material and the values of

the multipole moments of the defect. We point out that this differs greatly from the

Kanzaki approach in that all forces and higher-order moments occur at the center of

the defect, and not on lattice sites. To lowest order, the defect can be represented
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by the dipole tensor as is usually the case for defects of high symmetry (vacancies,

interstitials, etc).

2.2.2 Point Defect Interaction Energies

The lifetime and fate of point-defects operating in radiation damaged environments

are governed by the many elastic interactions they may have with any number of

other defects within the host material. These interactions affect the stability and

migration tendencies of defects and have been a topic of great concern within the

nuclear materials community for some time. In the force-multipole approach, the

interaction energy of a defect in an existing elastic displacement field can be described

as a sum over all surrounding atoms of the force applied to the atom multiplied by

the induced displacement, or

Eint = −
N∑
ν=1

F ν · u(x + lν). (2.15)

By expanding u(x+ lν) in a Taylor’s series about x and plugging it back into (2.15),

we can express this energy in terms of the multipolar moments as

Eint =
∞∑
n=1

1

n!
um,q1...qn(x)P (n)

q1...qnm

= −
{
P

(1)
im um,i(x) +

1

2!
P

(2)
ijmum,ij(x) +

1

3!
P

(3)
ijkmum,ijk(x) + ...

}
. (2.16)

Thus, for a defect represented by multipolar tensors P(k) operating in any displace-

ment field u(x), the mutual interaction energy can be directly calculated by equation

(2.16). While the force multipole method has lent itself to several studies of defect

interactions in the past [54, 55], there has been no implementation of higher-order

multipolar moments beyond the dipole tensor, to our knowledge. In addition, it
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has been previously discussed that centrosymmetric defects (vacancy, substitutional,

etc.) will have vanishing octopole tensors, and the dipole tensor is sufficient to model

these defects [56]. Our results show for nearly all defects, the higher-order terms

including the octopole moment are necessary to describe the lattice displacements

seen in atomistic calculations. We also note the exclusion of higher-order moments

causes the effects of strain gradients to be neglected when interaction energies are

computed. This assumption becomes particularly worrisome when defect separation

is small. Under homogeneous strain conditions, however, and in the limit of large

defect-defect separation, the interaction term can be computed solely in terms of the

dipole moment as

Eint = −P (1)
ij εij. (2.17)

In the case of defect interactions in spatially varying strain fields (dislocations, grain

boundaries, other point- defects, etc.), a higher degree of accuracy can be obtained

with the inclusion of higher-order moments.

The formation volume tensor of a defect is a quantity that describes of the in-

teraction between the free energy of the defect and an externally applied stress. It

represents the tensorial volume change of the system upon formation of the defect at

its equilibrium position and contains contributions due to both crystal relaxation and

the additional added atomic volume [57]. The formal definition is given as V f
ij = −∂G̃f

∂σij
,

where G̃f is the Gibb’s free energy at equilibrium and σ is the external stress. In

terms of the formation volume tensor, the total change in energy of the system under

an applied stress field σ, can be expressed as the equilibrium defect formation energy

minus the work done by σ, or
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E(σ) = Ef (0)− σijV f
ij . (2.18)

Here, E(σ) represents the formation energy of the defect in the applied strain field.

The work done by the stress on defect formation represents an additional interaction

energy beyond Ef (0), and can also be expressed according to equation (2.17) as

σijV
f
ij = P

(1)
ij εij. (2.19)

Plugging in the elastic constitutive equations, we can obtain a closed-form solution

for the formation volume tensor in terms of the dipole tensor and elastic constants,

as

V f
ij =

P
(1)
ij c11 − (trP (1) − 2P

(1)
ij )c12

3κ(c11 − c12)
δij +

1

2c44

P
(1)
ij (1− δij), (2.20)

where the material is defined by elastic constants c11, c12, c44, and the bulk modulus

κ = 1
3
(c11+2c12). The trace of the formation volume tensor is known as the relaxation

volume of a defect (V r), and gives the change in volume of the system upon defect

formation. It is a property solely determined by the defect strength and material

properties. By inspection, the trace of (2.20) simplifies to

V r =
trP (1)

3κ
. (2.21)

2.3 Solution Methodology

We have recently developed a hybrid method to compute the values for the multipolar

moments of lattice defects using molecular statics (MS) calculations and continuum
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elasticity theory. To illustrate the method and its outcomes, we focus on radiation-

induced defects in the bcc α-iron lattice. These defects include self-interstitial atoms

(SIA), SIA clusters, helium point- defects, and helium-vacancy clusters. Our method

first requires an atomistic simulation of the defect in the host lattice to acquire the

displacement field around the defect. For our molecular statics calculations we have

chosen interatomic potentials well suited for simulation of these types of defects. For

Fe-Fe, Fe-He, and He-He interactions we have chosen the well known Ackland [58],

Juslin-Nordlund [59], and Lennard-Jones [60] interatomic potentials, respectively. In

our atomistic calculations the defect was introduced in the center of the simulation box

and a static conjugate gradient relaxation (0 K) was performed to allow relaxation

of the atoms. The lattice parameter used was 2.866 Å. The supercell was a cube

with an edge length of 18 lattice parameters ( 52 Angstroms) and periodic boundary

conditions were applied on all sides. This cell size was found to be sufficient to

contain the lattice distortions produced, with the total number of host Fe atoms

being 11664. After performing the MS calculations, the next step is to use the atomic

displacement information to obtain a multipolar representation of the defect. Taking

another look at equation (2.13), we can alternatively view this equation as a matrix-

vector multiplication of the form

{u} = [G]{P} (2.22)

In this light, {u} is a 3N by 1 column vector containing N triplet sets of the MS

displacement vector components of N chosen neighboring atoms. A particular benefit

of this approach is that N may be chosen quite freely and the extent of fitted neighbors

need not be restricted, in contrast to the Kanzaki approach. For N > N(k)

3
, where

N(k) equals the total number of multipolar values chosen to be solved for (e.g. N (1) =
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9), the system of equations will be over determined. The column vector {P} represents

the values of the chosen multipolar moments used to describe the defect and has size

N(k) by 1. The matrix [G] represents the corresponding elastic Green’s function

derivatives evaluated at the desired field point. This matrix has size 3N by N(k).

We have found that the use of the isotropic elastic Green’s function provides adequate

response of the material as compared to our MS calculations. This response function

is well known and provides a tractable closed-form solution simplifying the necessary

calculations. It can be expressed as

Gms(r) =
1

8πµ(λ+ 2µ)

[
(λ+ 3µ)

δms
r

+ (λ+ µ)
xmxs
r3

]
(2.23)

where the Lamé’s constants λ and µ define the material, and r =
√
xkxk. The (k)

multipole value also implies the order of derivative of the Green’s function necessary

for the calculations. For example, inclusion of the octopole tensor requires Gms,pqr(r)

from equation (2.23). We also note these derivatives decay as O(r−(k+1)). With the

values of {u} and [G] known from MS calculations and elasticity theory, respectively,

equation (2.22) can be posed as a least squares optimization problem which can then

be solved to obtain the multipole moment values {P}. This step has a significant

benefit since displacements beyond the first few shells may also be used to extract

information about the defect.

2.4 Applications

The focus of our research has been primarily on radiation induced defects in the bcc

α-iron lattice. In this section we will highlight some representative results obtained

for a small selection of defects that have been modeled with our approach.
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2.4.1 Fe SIA < 110 > dumbbell

Self interstitial atoms (SIA) are generated in significant quantities in fission, and to

a larger extent, fusion reactors. They are produced in the wake of displacement cas-

cades caused by incoming fluxes of high energy neutrons. Studies of the energetics

and mechanisms of migration for these point-defects have been a topic of interest for

many years. Single SIAs in α-iron take the form of a split dumbbell configuration.

In the past, experimental studies [61], as well as ab-initio calculations [62, 63], have

concluded the ground state configuration to be the < 110 > dumbbell. In our MS

calculations, we have found the formation energy to be 3.35 eV, which is in agree-

ment with values reported previously by [64], but lower than those predicted by DFT

[17]. Implementing our hybrid method for multipolar representation of this defect, we

have calculated the multipolar moments up to the octopole tensor (P(3)). Calculated

values for the dipole tensor are given in table 2.1. In figure 2.1 we have plotted the

displacements versus distance from the defect center. The plots on the left and right

show the radial and Cartesian components, of the displacements, respectively. The

circles in these plots are those obtained from MS calculations, while the points rep-

resent the calculated displacements using the continuum elasticity (CE) multipolar

representation via equation (2.13). We see very good agreement in the displacements

predicted by the multipolar representation. First, it is important to note the com-

plexity of the lattice response to this defect. In the first shell alone we see the very

large expansion of the four atoms lying on the (110) plane with a contraction of the

remaining four atoms. This immediately suggests any attempt to model this defect

as an inclusion or center of dilatation would be in vain. In fact, we have found that

without the use of the octopole moment, the dipole tensor alone cannot replicate

these anisotropies. The largest contribution to elastic energy is contained within the
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Figure 2.1: Displacement vs. radial distance plots for [110] Fe SIA: (a) Radial, (b)

Cartesian components.

first few shells around the defect, and we see very good agreement in this vicinity.

Values for relaxation volume and the formation volume tensors are given in table 2.2.

We find the relaxation volume for this defect to be 1.48 ΩFe, which is in agreement

with [55]. To obtain an overall quantity to compare the accuracy of the multipolar

representation of the defect compared to the MS calculations, we have chosen to com-

pare the predicted formation energies of both representations. To do this, we apply

the multipole displacements to a perfect bcc Fe lattice and hold these new positions

fixed, evaluating the system energy with the aforementioned interatomic potentials.

This allows direct comparison of the formation energies between the two methods.

We find the multipolar representation to give a formation energy of 4.02 eV giving

a percent difference of roughly 20% with the MS value. This over-prediction stems

from the inherent inability of continuum elasticity to account for all of the intricate

atomic interactions that occur within the discrete atomic lattice. We also note this
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P
(1)
11 P

(1)
22 P

(1)
33 P

(1)
12 P

(1)
23 P

(1)
13

Fe [110] Dumbbell 20.02 20.02 18.22 -9.107 0.00 0.00

Vacancy -1.23 -1.23 -1.23 0.00 0.00 0.00

Tetrahedral He 5.77 5.58 5.77 0.00 0.00 0.00

Octahedral He 5.37 5.37 8.73 0.00 0.00 0.00

Substitutional He 3.51 3.51 3.51 0.00 0.00 0.00

He12V4 Cluster 63.62 70.6168 71.5132 0.6115/-0.0134* 0.00 0.00

Table 2.1: Computed dipole tensor values (in eV) for selected defects in α-Fe. *

P
(1)
12 /P

(1)
21 given for He12V4 cluster.

percent difference lies within the variations of several Fe interatomic potentials [65].

We have also recently studied the effect of deformation on the formation energy

of SIAs in α-iron [17]. Ab-initio calculations were made for various strain loadings

of volumetric and uniaxial type, and results were compared to MS calculations and

the method described here. In the volumetric strain studies we found very good

agreement in the energetic trends. The linear behavior of energetic favorability of

defect formation under lattice expansion was predicted by the continuum approach

and verified by the MS and ab-initio calculations. Under uniaxial strain in particular

we found nearly identical prediction of the formation energy in the MS and multipolar

calculations.

2.4.2 Helium Point Defects and Clusters

Extrinsic radiation induced defects are well known to contribute to the mechanisms of

damage accumulation and evolution in irradiated materials. Substantial quantities of

helium atoms are generated within the α-iron lattice by (n,α) transmutation reactions.
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V r V f
11 V f

22 V f
33 V f

12 V f
23 V f

13

Fe [110] Dumbbell 1.48 0.579 0.579 0.322 -0.5525 0.00 0.00

Vacancy -0.0938 -0.0313 -0.0313 -0.0313 0.00 0.00 0.00

Tetrahedral He 0.435 0.1543 0.1543 0.1263 0.00 0.00 0.00

Octahedral He 0.495 0.0055 0.0055 0.4837 0.00 0.00 0.00

Substitutional He 0.2672 0.0891 0.0891 0.0891 0.00 0.00 0.00

He12V4 Cluster 5.32 1.0474 2.0724 2.1965 0.0178 0.00 0.00

Table 2.2: Computed relaxation volumes and formation volume tensor values for

selected defects in α-Fe. Values given in atomic volume units (ΩFe = 11.79Å3).

Helium is highly insoluble in iron and thus interstitials rapidly migrate with an energy

barrier less than 20% than that of Fe interstitials [7]. We have undergone calculations

of the multipolar moments for helium in tetrahedral, octahedral, and substitutional

configurations. The results for these calculations are found in table 2.1. Figure 2.2

(a) shows the radial displacement versus distance for the octahedral interstitial. We

see excellent agreement in the first four atomic shells, with an over-prediction in the

slightly anisotropic fifth shell, but good decay agreement in the shells that follow.

Similar results are found for the tetrahedral configuration. In both cases, we found

it necessary to implement the quadrupole and octopole moments in order to get

good matching for the displacements in the shells near the defect core. Comparing

the formation energies between MS and the multipole representation, we found the

percent difference to be only 0.89% between the continuum value (4.49 eV) and the

MS value (4.45 eV) for the octahedral interstitial. The relaxation volume of the

octahedral helium is also found to be 12% larger than that of the tetrahedral, which

shows our multipolar representation predicts the tetrahedral position is energetically
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Figure 2.2: Radial displacement vs. distance plots for helium point-defects in α-Fe:

(a) Octahedral interstitial, (b) Substitutional.

more favorable than the octahedral, consistent with DFT calculations [66].

In figure 2.2(b), we see the displacement field generated by the substitutional

helium is somewhat more complex. Here we have plotted the MS displacements along
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with both the multipolar predictions using up to the octopole moment (points) and

using only the dipole moment (squares). This plot illustrates the inability of the 1/r

decay of the dipole moment to capture the lattice response seen in the atomistics. In

fact, closer inspection revealed the increased accuracy from the squares to the points

can be attributed to the octopole moment alone, with negligible contribution of the

quadrupole moment. In our MS calculations we find a 0.307 pm radial contraction of

the 8 nearest neighbors, contrasted by a 4.67 pm expansion of the 6 second nearest

neighbors. This behavior is typically not well suited for classical linear elasticity

and we find the use of the octopole tensor as a means to suitably account for the

discontinuity. Our calculations give a percent difference of 33% and 2.3% in the

radial displacements of the first two shells, respectively, and we find the octopole

tensor to assume only six non-zero components. We note the large percent difference

in the first shell is due to the very small contraction, and does not influence the

resulting defect energy to the extent of the second shell.

The rapid diffusion of helium interstitials within the host lattice is halted as they

meet their fate at system sinks such as dislocations, grain boundaries, and vacancy

voids. Helium has long been known to stabilize voids against their otherwise col-

lapse by vacancy emission, and lead to swelling in the material. The stability and

migration energetics of helium-vacancy clusters (HenVm) have been studied in the

past using atomistic simulations [67, 7]. We have also found the hybrid multipole

method to accurately reproduce the displacement fields of HenVm clusters seen in

MS calculations. These defects carry additional complexity due to the asymmetry of

both the defect itself, and the lattice surrounding the core. These asymmetries lead

to significant anisotropies in the displacement response. We describe here the results

of our calculations for a He12V4 cluster. The defect was created by adding 12 atoms

into 4 vacancies in a quasi-random fashion. Dynamics were then run at 100 K for
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Figure 2.3: Displacement vs. radial distance plots for He12V4 cluster: (a) Radial, (b)

Cartesian components.

1 ns allowing the cluster reach a more energetically favorable configuration. Lastly

the defect and lattice were allowed to relax at 0 K. In the elastic representation,

the defect was modeled using the dipole, quadrupole, and octopole moments. Figure

2.3 shows the highly anisotropic displacement field resulting from the MS calculations

and the multipolar fit. The center of the defect was taken to be the mass center of the

helium atoms within the cluster in the final configuration, which explains the minor

radial variations in the shell distances in the plots. We note the very close agreement

in the atomic displacements within the first several shells of the defect center, and

general agreement in the decay characteristics beyond that. We see the isotropic elas-

ticity solutions provide accurate response when higher-order moments are included.

A comparison of defect formation energies of both methods revealed only a 1.65%

underprediction of the multipolar representation compared to the MS value (35.94

eV). We note the asymmetry of the dipole tensor for this defect as seen in table 1.
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It is found that P
(1)
12 6= P

(1)
21 which suggests the defect is not without moment. The

relaxation volume is calculated to be 5.32 ΩFe, which shows a significant addition to

the system volume.

2.4.3 Elastic Interactions of Defects

With the multipolar values known for various defects, equation (2.16) may be im-

plemented to calculate interaction energy fields between defects. Plotted in figure

2.4 are the interaction energy contours of (a) an octahedral helium interstitial and

(b) an Fe [110] SIA atom, with a He12V4 cluster residing at the center. The helium

interstitial interaction energy contours show attraction between the defects at all po-

sitions on the (100) plane. This elastic attraction which leads to cluster growth is well

known to exist between interstitial helium atoms and HeV clusters, and is confirmed

by our elasticity calculations. The SIA on the other hand shows four distinct regions

around the cluster. Two regions that indicate a repulsive interaction, and two that

show attraction. For a sufficiently strong repulsive interaction near the cluster, one

of two phenomena will occur. The SIA will either rotate its orientation to a more

energetically favorable configuration, or migrate to one of the attractive regions. Its

choice will obviously depend on the energy barriers involved in those processes. In

these plots we note that not all positions will be available to the point-defects due

to the presence of the host lattice, however we find the trends and energy scales very

useful.

We have also conducted calculations between point-defects and an edge dislocation

in α-Fe. Using the edge dislocation model given in [68] for an infinite isotropic elastic

solid, we have calculated interaction energy contours for multipolar defects. Plotted

in figure 2.5 are the interaction energy contours of (a) an octahedral helium interstitial
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Figure 2.4: Iso-interaction energy contours (in eV) of (a) He octahedral (b) [110] Fe

SIA dumbbell, with He12V4 cluster at the origin in α-Fe.

and (b) an Fe [110] SIA atom, with an a0/2[111]{110} edge dislocation. In both plots

we see the tendency for the interstitials to be drawn to the dislocation core while on

the tensile side of the dislocation (repulsion is seen on the compressive side). We also

see some higher-order effects due to the octopole tensor in the contours of both cases

within roughly 2 a0 of the dislocation. These effects fade with distance as the dipole

tensor term in equation (2.16) dominates the interaction. The strength and extent of

interaction of the Fe interstitial with the dislocation is found to be roughly 2.5 times
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Figure 2.5: Iso-interaction energy contours (in eV) of (a) He octahedral (b) [110] Fe

SIA dumbbell, with an a0/2[111]110 edge dislocation in α-Fe.

greater than that of the helium interstitial. These interaction energy plots carry

information about possible changes to the stability and migration characteristics of

defects in the vicinity of dislocations. For example, defect formation is encouraged

on the tensile side of the dislocation, and the preferred migration pathway is towards

the dislocation core. The opposite is true on the compressive side. In addition,

the stability of point-defect clusters against dissociation will be either endorsed or

mitigated, depending upon the defect strength and its position relative to the core.
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2.5 Conclusions

In this study, a hybrid method was developed coupling the results of molecular statics

calculations with classical isotropic elasticity theory to extract a continuum represen-

tation of various defects through the use of elastic force-multipoles. These calcula-

tions have provided a means to account for the changes in defect energetics due to

local strain environment effects. For the force-multipole representation of defects, we

have emphasized the use of higher-order multipole tensors to accurately represent the

MS-predicted lattice response of many defects. These include interstitial and sub-

stitutional defects, which are typically only modeled with dipole moment. In these

cases we found specific importance of the octopole moment (P (3)), in enhancing the

complexity of the lattice response to match the MS calculations, and overcome the

dipole moment’s predicted 1/r decay near the defect core. This is illustrated in de-

tail for the case of substitutional He. While in most cases atomistic calculations of

defect displacements show anisotropies and discrete lattice phenomena, we find the

isotropic elastic Green’s function to provide very accurate material response, provided

higher-order moments describing the defect are implemented.

The additional contribution to the formation energy of a defect in a strained lat-

tice was found to have two equal interpretations according to equations 2.18 and 2.19.

Using these interpretations we have presented a closed-form solution for the forma-

tion volume tensor in terms of the defect’s dipole moment and material constants.

Relaxation volumes and formation volume tensors are calculated and presented for

selected radiation-induced defects in α-Fe. We have also performed calculations of

the interaction energies between multipolar defects, and with an edge dislocation

in iron. Our solutions have quantified the spatial extent of interactions as well as

directional dependence on migration characteristics. One limitation of the method
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presented here is the inability to account for internal reorganization of defect clusters

to more favorable configurations in strain fields. This can be solved by calculation of

the multipole moments of defects in various orientations, and using the appropriate

configuration based on which gives the lowest energy for the current spatial position.

The tendency for defects to be attracted to the dislocation core while on the tensile

side of the dislocation (and repelled on the compressive side) is confirmed by our

calculations, and the strength is quantified. The method we describe and its out-

comes will allow for more accurate models of defect diffusion and interaction within

the radiation damage environment, where long- and short-range elastic interactions

govern the accumulation and evolution of defects in the material.
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Chapter 3

Effect of Anisotropic Point Defect Diffusion on

Swelling in Irradiated Metals: The Dislocation

Bias

Swelling in metals exposed to neutron irradiation has long been known to be enhanced

by the preferential absorption of interstitials rather than vacancies, by dislocations.

While the absorption of interstitials will lead to dislocation climb and creep processes,

excess vacancies aggregate to form voids over time, leading to excessive swelling in

nuclear materials. A common measure of this preference for interstitials is called the

dislocation bias factor and is computed from the ratio of the capture efficiency of

interstitials to that of vacancies, by dislocations.

In this chapter, we begin by developing a combined finite-element method (FEM)

rate-theory (RT) approach to calculate dislocation bias factors in four model bcc

(iron, tungsten) and fcc materials (copper, nickel) using isotropic elasticity theory.

The flux of point-defects to the dislocation core in the model results from the drift

term in the diffusion equation. This drift term is a function of the spatially-dependent

interaction energy between the point-defect and the dislocation which we developed

in the previous chapter. One major advantage of this model is the ability to resolve

the complex and spatially-dependent diffusion pathways of point defects near the

dislocation core.

It has also been long established that bias factors calculated through analytical and
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numerical means have been known to be approximately an order of magnitude larger

than those expected by empirical swelling data. While this discrepancy has been

justified by some in the past, it has remained an issue of debate among many. A major

issue that has not been explored, however, is the effect of the numerous assumptions

and approximations in previous studies. To move deeper into the problem, we explore

the effect of three major assumptions of past studies. First, we extend our model

to include anisotropic elasticity in the strain field calculations of both the point-

defects and dislocations in our calculations. This relieves the assumption that self-

interstitial atoms (SIAs) are centers of dilatation in isotropic media. Secondly, since

SIAs have energetically-preferred orientations in dislocation stress fields, we use a

spatially dependent elastic dipole tensor that accounts for these preferred orientations.

Lastly, since SIAs are known to undergo fast one-dimensional (1-D) migration in the

Burgers direction in the vicinity of dislocations, we specify a fraction of SIAs to

migrate one-dimensionally using a modified SIA diffusion tensor. These additional

attributes are implemented into our model to calculate dislocation bias factors in

body-centered cubic iron and face-centered cubic copper.

3.1 Introduction and Brief History of the Problem

The internal production of radiation-induced point defects such as self-interstitial

atoms (SIAs) and vacancies leads to severe material degradation over time, including

swelling, enhanced creep and low-temperature embrittlement. Void swelling [69], in

particular is greatly enhanced by the preferential absorption of interstitials rather than

vacancies by dislocations. While the absorption of interstitials leads to dislocation

climb, excess vacancies form voids over time, becoming sites for gas bubbles and

further enhancing swelling in the material. A common measure of this preference for
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interstitials is called the dislocation bias factor and is computed from the ratio of

capture efficiencies of dislocations to interstitials and vacancies. These parameters

are of utmost importance, specifically in radiation damage rate-theory (RT) codes

simulating void swelling and radiation-creep.

Numerical and analytical calculations for the dislocation bias have been developed

by many authors in the past. Ham [70] gave an exact solution to the steady-state

diffusion equation near screw and edge dislocations with point-defects modeled as

centers of dilatation. Results using Ham’s solution for several materials are given

in a recent paper by Wolfer [71]. Wolfer and Ashkin [72] developed a perturbation

method to extend Ham’s work to include the modulus interaction and externally ap-

plied strains. While these studies and others have shed some light on the physics

of point-defect diffusion in dislocation stress fields, there has for some time been a

large discrepancy between predicted swelling rates from bias calculations and those

observed experimentally. Specifically, theoretically obtained bias factors have been

estimated to be approximately an order of magnitude larger than those expected

empirically. The production bias model [73] was used to explain the discrepancy by

arguing that SIAs form clusters at higher rates than vacancies, leading to excess va-

cancy production, and therefore requiring a much larger bias to achieve experimental

swelling rates. This argument, however, is only valid under the assumption that the

SIA clusters remain sessile, which is not in agreement with numerous molecular dy-

namics (MD) studies showing the rapid 1-D migration of SIA clusters. Wolfer [71]

has accepted the theoretical values, noting that after intra-cascade recombination the

available migrating defects are only 10-20% of the displacements produced, requiring

a larger bias.

At the present time there is no consensus regarding the discrepancy in bias values.

We note however, that before any conclusions can be drawn, every avenue must be
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explored and the most accurate models must be developed. The past studies have

been accompanied by models that are less than rigorous, leaving the validity of the

obtained values in question. In the past, SIAs have been modeled as centers of

dilatation migrating in three dimensions (3-D) interacting with straight dislocations

in isotropic media. These are rather problematic assumptions, especially in iron and

copper, for several reasons:

1. SIAs cannot be considered centers of dilatation, as they have both size and

shape characteristics.

2. The energetically preferred orientations of SIAs must also be accounted for as

they will govern migration pathways near dislocations.

3. The assumption of isotropy in the dislocation displacement field cannot be as-

sumed valid, especially in iron and copper with anisotropy ratios of 2.36 and

3.21, respectively.

4. In iron, and to a lesser extent, copper, SIAs are known to undergo 1-D motion

along the Burgers direction in dislocation stress fields.

In this study, we examine the effects of each of the issues raised above. A method is

developed to calculate the dislocation bias in iron and copper using a finite-element

method (FEM) technique, solving Fick’s first law in both time and two-dimensional

(2-D) space. Using an atomistically derived continuum representation of point de-

fects, a more rigorous formulation of the interaction energies is used to describe the

anisotropic diffusion in the vicinity of a straight edge dislocation. SIAs and vacan-

cies are represented by the elastic dipole tensor, which is computed using anisotropic

elasticity theory. The method accounts for the orientation and reorientation of SIAs

in the dislocation stress field. The elastic field of the dislocation is also computed
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using anisotropic elasticity theory. Lastly, the effect of 1-D migration is implemented

and examined.

3.2 Point Defect Diffusion in Strain Fields

In the vicinity of a defect with an associated strain field, the flux of a diffusing species

α is given by Fick’s first law as

~jα = −~∇(DαCα)− βDαCα~∇Eint (3.1)

where Dα and Cα are the diffusion coefficient and concentration of species α, respec-

tively, β = (kT )−1, where k and T take their usual meanings, and Eint is the elastic

interaction energy of the point defect with the strain field. The first term on the

right-hand side of the equation represents the diffusive flux term driven by gradients

in the concentration, while the second term, called the ‘drift’ term gives an addi-

tional component driven by the gradient in the elastic interaction. By applying the

continuity equation to (3.1), we obtain the rate equation for the concentration as

∂Cα
∂t

+ ~∇ ·~jα = P − L, (3.2)

where P represents production terms for defect α (Frenkel-pair production rate) and L

represents loss terms (recombination, absorption at sinks, etc). In RT studies utilizing

the mean-field assumption, rate equations for each of the species are constructed and

solved simultaneously to calculate the time evolution of the defect concentrations.

The term ‘mean-field’ refers to an effective homogeneous medium where extended

defects take on a continuous rather than discrete distribution. In the absence of

production and loss terms, and taking the diffusion coefficient to be constant, (3.2)
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can be expressed as

∂Cα
∂t

= Dα∇2Cα + βDα
~∇ ·
[
Cα~∇Eint

]
. (3.3)

Upon solving the diffusion equation with the above expressions, the capture efficien-

cies of interstitials and vacancies by the dislocation can be calculated. This is accom-

plished by a line integration of the inner product of flux (obtained from (3.1)) and the

unit normal along the capture radius. The capture radius defines the approximate

distance from the core at which the drift force due to the interaction energy matches

the thermal motion of the defect. Using a lattice-based description of point-defect

diffusion, Dederichs and Schroeder [74] showed that anisotropy in the saddle-point

configuration is an effect that will alter the migration energy, and consequently the

diffusion coefficient of a migrating point-defect. In a study by Skinner and Woo [75],

these effects were taken into account and were found to have a small impact on their

calculations of dislocation sink strengths. Here, we bypass this issue altogether by im-

plementing effective capture radii for each species. The capture radius of the species

defines the zone around the dislocation core in which we can assume all defects of that

species are absorbed by the dislocation. It is within this region that the saddle-point

anisotropies will have a non-negligible effect, and outside of which we can work under

the assumption that the diffusion coefficient for migrating species does not vary in

space. The capture radius, R̄α, of a species is defined such that the expression,

‖β∇Eint‖r=R̄α =
1

b
, (3.4)

is satisfied [76], where b is the Burgers vector magnitude. It is important to note that

the capture radius is a function of temperature, material properties and the defect’s

dipole tensor, which we will define in the following subsection. For a species α, the
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capture efficiency, Z, can then be expressed as

Zα =

∮
R̄α

( ~j⊥α · n̂c)ds∮
R̄α

(~j0
α · n̂c)ds

, (3.5)

where n̂c is the unit normal along the circle defined by the capture radius and ds is

the corresponding infinitesimal line segment. Here, the numerator represents the line

integration in the presence of the dislocation stress field and the denominator without

the stress field (Eint = 0). Essentially, the capture efficiency is a measure of the effect

of the drift term in the diffusion equation. Finally, the dislocation bias factor, B, can

be defined as

B =
Zi − Zv
Zv

. (3.6)

3.3 Solution Methodology

In our simulations we use a 2-D finite element approach to calculate capture effi-

ciencies and bias factors in iron and copper. In all cases, a straight edge dislocation

was introduced in the center of a cylinder of radius R = (πρ⊥)−
1
2 , where ρ⊥ is the

dislocation density, taken as 108 cm−2 in most calculations. The dislocations were

type a0/2 < 110 > {111} for fcc and a0/2 < 111 > {110} for bcc metals. For both

cases, the x axis was the Burgers direction ([110],[111]) and the y axes were [-111]

and [-110], for fcc and bcc, respectively. A core radius (rc = a0/2) was defined around

the dislocation core, where the concentrations for both species were maintained at

zero. Next, calculations of the capture radii for both species were undertaken and

implemented in the simulation domain. Average concentrations were specified on the

outer boundary, r = R, obtained through a separate mean-field RT calculation. To

accomplish this, we used an approach that simulates radiation damage conditions
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through coupled rate equations for the SIA and vacancy concentration rates. For

interstitial and vacancy concentration rates, the equations were taken as

∂C̄i
∂t

= P − ηC̄iC̄v − ZiDiC̄iρ⊥ (3.7)

and

∂C̄v
∂t

= P − ηC̄iC̄v − ZvDvC̄vρ⊥, (3.8)

respectively. Here, P is the Frenkel-pair production rate and to account for clustering

is taken as 15% of the damage dose rate (3 × 10−4 dpa/s), η is the interstitial-

vacancy recombination rate, and Z is the capture efficiency. While the ultimate

goal is to calculate these capture efficiencies to obtain the bias factor, we initially

assumed an expected value (1.20 (iron) and 1.30 (copper) for Zi, and 1.0 for Zv for

both materials) to give initial self-consistent solutions. Equations (3.7) and (3.8) were

then simultaneously solved to obtain the steady-state concentrations in the irradiated

configuration. These concentrations were then specified on the boundary at R in our

subsequent calculations of the bias factor. Specifying initial concentrations within the

domain that transition linearly from C = C̄ at r = R to C = 0 at r = rc, equations

(3.1) and (3.3) for both species were solved simultaneously until steady-state was

reached. The line integrals in (3.5) were then performed along the capture radii and

the capture efficiencies were computed.

3.3.1 Elastic Representation of Point Defects and their In-

teractions

The interaction energy term in (3.3) represents the elastic interaction between the

diffusing species and a single edge dislocation. To calculate this interaction, we use

the multipole method developed in the previous chapter, which is calculated from
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results of molecular statics calculations using interatomic potentials [77]. To first

order, the kth component of the continuum displacement field due to a point defect

can be calculated in terms of the Green’s tensor function, G(~r), and the defect’s

dipole tensor, P (1), as

uk(~r) = −Gkj,i(~r)P
(1)
ij , (3.9)

where repeated indices imply summation. In the case of isotropic elasticity, the

Green’s function in an infinite medium takes the form of (2.23), presented in the

previous chapter. In a general anisotropic medium, the expression does not have a

closed form expression and requires quadrature integration. Using a Fourier transform

method, the Green’s function can be expressed as

Gij(~r) =
1

8π2r

∮
ck

Nij(~k)

D(~k)
dφ (3.10)

where Nij(~k) and D(~k) are the adjoint matrix and determinant of Kij, where Kij =

Cikjlklkk and Cikjl is the stiffness tensor, φ is an angle on the plane perpendicular to

~r, and the integration is taken over the unit circle, ck, where |~k| = 1 on the plane.

A detailed description for obtaining the derivative of the Green’s function can be

found in [78]. Implementing the Green’s function derivative and displacements from

molecular statics calculations, we constructed a linear least squares solution from

(3.9) to solve for the components of the dipole tensor. The interatomic potentials

used in the molecular statics calculations were those of Ackland et al. [79] and

Mishin et al. [80], for iron and copper, respectively. Table 3.1 shows computed values

of the relaxation volumes, V r and dipole tensor obtained from our molecular statics

calculations using both isotropic and anisotropic elasticity theory.

In the strain field of an edge dislocation, the elastic interaction energy of a point-defect

can be expressed as
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Defect Em [eV] R̄cap Symm. V r P
(1)
11 P

(1)
22 P

(1)
33 P

(1)
12

Fe

[110] SIA 0.34 [6] 3.02
Iso. 1.46 18.25 18.25 18.43 7.54

Anis. 0.91 10.461 10.461 13.342 7.15

Vacancy 0.67 [6] 1.01
Iso. -0.11 -1.40 -1.40 -1.40 0

Anis. -0.33 -4.093 -4.093 -4.093 0

Cu

[100] SIA 0.079 [81] 3.04
Iso. 0.79 10.822 6.747 6.747 0

Anis. 1.052 13.861 9.325 9.325 0

Vacancy 0.72 [82] 0.75
Iso. -0.133 -1.33 -1.33 -1.33 0

Anis. -0.202 -2.076 -2.076 -2.076 0

Table 3.1: Properties of interstitials and vacancies used in the computations. Relax-

ation volumes are given in atomic volumes, capture radii in lattice parameters and

dipole tensor components are in eV. In each case, P
(1)
23 = P

(1)
13 = 0.

Eint(~r) = −P (1)
ij u

⊥
j,i(~r). (3.11)

where u⊥j,i(~r) is the displacement gradient tensor of the dislocation. This expression

for the interaction energy has in the past been accompanied by a modulus interaction

term which accounts for the effect of the strain field on the dipole tensor itself [83]. In

the study of dislocation bias factors by Wolfer [71] it was found that the added effect

is only important very near the dislocation core. We neglect the modulus interaction

here due to its inherently small effect, especially with our use of capture radii. For

an infinite isotropic continuum, we obtained the displacement gradient tensor of an

infinitely long edge dislocation by taking spatial derivatives of the displacement fields

given by Hirth and Lothe [68] as
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u1(~r) =
b

2π

[
tan−1 x2

x1

+
x1x2

2(1− ν)(x2
1 + x2

2)

]
(3.12)

u2(~r) = − b

2π

[
1− 2ν

4(1− ν)
ln(x2

1 + x2
2) +

x2
1 − x2

2

4(1− ν)(x2
1 + x2

2)

]
, (3.13)

where ν represents the Poisson’s ratio of the material.

3.4 Results via the Isotropic Approach

Table 3.2 shows computed values of the relaxation volumes and dipole tensor obtained

from our molecular statics calculations.

Em[eV] R̄cap[a] V r P
(1)
11 P

(1)
22 P

(1)
33 P

(1)
23 P

(1)
13 P

(1)
12

Cu
I 0.079 [81] 3.04 0.81 10.71 10.71 6.40 0.914 -0.914 3.40

V 0.72 [82] 0.75 -0.13 -1.33 -1.33 -1.33 0 0 0

Ni
I 0.16 [84] 2.60 1.18 15.73 15.73 12.23 1.75 -1.75 1.75

V 1.30 [24] 0.82 -0.10 -1.24 -1.24 -1.24 0 0 0

Fe
I 0.34 [6] 3.02 1.46 18.25 18.25 18.43 0 0 -7.54

V 0.67 [6] 1.01 -0.11 -1.40 -1.40 -1.40 0 0 0

W
I 0.05 [85] 5.01 1.01 31.20 31.20 31.20 -16.14 16.14 -16.14

V 1.78 [86] 1.10 -0.11 -3.41 -3.41 -3.41 0 0 0

Table 3.2: Calculated properties of self-interstitials (I) and vacancies (V) used in the

computations. Relaxation volumes are given in atomic volumes and dipole tensor

components are given in eV.

Using the values for the dipole tensor of defects we can compute the interaction

energies with the dislocation according to (3.11). In Fig. 3.1 we have plotted the
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computed interaction energies of interstitials versus polar angle around the disloca-

tion.
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Figure 3.1: (Color online) Interstitial interaction energy versus polar angle around

the dislocation core evaluated at the calculated capture radii.

In all cases we see the expected general sinusoidal behavior, oscillating from repul-

sion on the compressive side of the dislocation to attraction on tensile side. However,

what we also see here that is not seen in past studies [70, 71] is the pronounced shape

effect of the interstitials, leading to significant deviations from the traditional sinu-

soidal behavior, due to off-diagonal terms in the dipole tensor. We note again that

this behavior cannot be reproduced with interaction energies that rely solely on the

relaxation volume and bulk modulus. This shape effect will lead to deviations in the

diffusion pathways and provide different results compared to simpler models. In Fig.

3.2 we see capture efficiencies plotted versus temperature in the temperature range

of 0.30 to 0.75 Tm for the fcc (a) and bcc (b) materials.
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Figure 3.2: (Color online) Capture efficiencies versus temperature using a range of

0.30-0.75 Tm for (a) fcc copper and nickel, and (b) bcc iron and tungsten. Results

are obtained using a dislocation density of 108 cm−2 and damage rate (K) of 3× 10−4

dpa/s.

The upper two curves represent values of Zi while the lower two curves represent

Zv. The observed decrease in capture efficiency with increase in temperature can be

attributed to the increased mobility of the defects. At lower temperatures the drift

term in (3.1) will have a more pronounced effect on the diffusion pathways leading

to a greater flux of defects to the dislocation core. At higher temperatures, the effect

of the drift term is lessened by the increased mobility, allowing a larger percentage

of defects to be captured due to thermal effects. Essentially, at higher temperatures,

the ratio of fluxes that define the capture efficiency in (3.5) is much less due to the

suppression of the drift term made possible by the increased mobilities. In all of the

materials studied, we find a much greater effect of temperature on interstitial capture

efficiencies than on those of vacancies. We see a roughly 14% percent decrease in Zi

and a 3-6% decrease in Zv across the temperature range. This is due to the much
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weaker interaction of the vacancy with the dislocation stress field coupled with much

larger migration energies.

Table 3.3 gives the bias factors for all four materials evaluated at half the melting

temperatures with a damage rate of 3 ×10−4 dpa/s and dislocation density of 108

cm−2.

Defect C̄ [m−3] J⊥ [m2s−1] J0 [m2s−1] Z B

Cu
Interstitial 6.411×1016 1.34×10−18 1.00×10−18 1.344

0.314
Vacancy 5.366×1022 1.03×10−18 1.01×10−18 1.022

Ni
Interstitial 1.162×1016 9.73×10−20 7.11×10−20 1.367

0.363
Vacancy 7.707×1023 9.01×10−20 8.98×10−20 1.003

Fe
Interstitial 9.211×1018 6.17×10−18 4.33×10−18 1.424

0.358
Vacancy 7.426×1021 2.65×10−18 2.53×10−18 1.048

W
Interstitial 3.304×1016 2.08×10−18 1.46×10−18 1.431

0.382
Vacancy 2.051×1022 1.45×10−18 1.41×10−18 1.035

Table 3.3: Sample results at half the melting point with a dislocation density of 108

cm−2 and damage rate (K) of 3× 10−4 dpa/s. J⊥ and J0 represent the evaluation of

integral in the numerator and denominator of (3.5), respectively.

A direct comparison of the calculated bias factors with previous works reveals

very good agreement for the fcc materials. For copper, our calculated value of 0.314

is very close to the value of 0.291 obtained by Wolfer [71] using Ham’s solution. It

also compares well to the value of ∼0.3 obtained by Skinner and Woo [75] (at 500 K).

We also see good agreement in the case of nickel where we calculate a bias of 0.363

compared to the values of 0.344 [71] and 0.30-0.40 from [87].

For the bcc materials, however, we see a very large discrepancy with our calcu-
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lations and those in the study of Wolfer. In iron, for example, we obtain a bias of

0.358 which is nearly 2.5 times greater than Wolfer’s value of 0.144. Similarly, for

tungsten we obtain a bias of 0.382 compared to 0.178. Comparing to the values of

Skinner and Woo [75], however, we see much better agreement in the case of iron.

At 500 K they obtain a Zi and Zv of approximately 1.35 and 0.9 which gives a bias

of ∼0.5 (according to our definition of bias in (3.6)). Extrapolating to 0.5 Tm (∼905

K) we see a value of ∼0.4, which is much closer to our calculated value. One issue

that may explain the discrepancy with Wolfer’s values are the relaxation volumes

used in the size interaction. From our dipole tensor values we calculate relaxation

volumes (V r =trP (1)/3κ) in iron of 1.46 and -0.11 atomic volumes, for interstitials

and vacancies, respectively. We note these values agree very well with other recent

works using molecular statics calculations [88]. The values used in Wolfer’s study to

develop the defect size interaction were much different (0.91 and -0.32). The 40%

smaller interstitial relaxation volume would lead to a much weaker interaction with

the dislocation. Additionally, the 300% larger vacancy relaxation volume would lead

to a much larger flux of vacancies into the core. The combined effect would serve to

both drastically decrease Zi and increase Zv, leading to a much smaller bias, as seen

in those results.

Fig. 3.3 is a plot of bias factor versus dislocation density (ρ⊥) for copper. The

values are obtained at half the melting point of copper (680 K) and with a damage

rate of 3× 10−4 dpa/s.

The dislocation densities here represent a range of cylinder radii ranging from

2200a to 70a. In the range of 108 and 1010 we see a 56% increase in the bias which

agrees well with the values obtained in [75], where a 45% increase is observed over

the same range. When ρ⊥ becomes large, the concentration gradients also become

large leading to higher concentrations closer to the core, which allows an increased
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Figure 3.3: Dislocation Bias Factor versus Dislocation Density for copper. Results

are obtained for a temperature of 0.5 Tm and damage rate (K) of 3× 10−4 dpa/s.

effect of drift on the flux.

Also investigated in this study was the dependence of the bias factors on damage

rate (K). In our studies we find a negligible effect of damage rate on the computed

values. While the damage rate has a large impact on the calculated C̄α’s, the effect

of the C̄α’s on the flux due to drift is negligible.

3.5 The Enhanced Resolution Approach

Expanding our model to include full anisotropy, preferred SIA orientations and one-

dimensional migration mechanisms has provided increased insight into the problem

of larger than expected bias factors. In a general anisotropic material, calculation

of the displacement gradient tensor at a field point ~r′ due to a dislocation requires
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numerical integration of the Green’s function derivative along the dislocation line.

From [78], the equation is given as

ui,j(~r) = Cklmnbmεnjh

∮
L

Gik,l(~r − ~r′)dlh(~r′), (3.14)

where εjnh is the permutation tensor. To apply (3.14) to our 2-D simulation domain,

we ran an optimization scheme to obtain both the minimum required length of line

to avoid end effects and the minimum number of integration points along the line.

Using a general isotropic stiffness tensor, we found accuracy within a few tenths of a

percent of the isotropic dislocation gradient solution when a dislocation line length of

50|~r| is used with 120 integration points along the line, where |~r| is the distance from

the field point to the center of the dislocation line. In our bias calculations using the

anisotropic field, the 2-D simulation domain is taken as the plane that bisects the

dislocation line.

3.5.1 Orientation of SIAs in Dislocation Stress Fields

The orientations of migrating SIAs are accounted for through the choice of dipole ten-

sors used. The formation energy of an SIA in a dislocation’s strain field can be taken

as the equilibrium formation energy plus the interaction energy with the disloca-

tion. Therefore, depending on where an SIA is located in reference to the dislocation,

some SIA orientations will be more energetically preferred than others. The three-

dimensionally migrating SIAs have six possible <110> orientations. When we refer

to 3-D SIAs, we refer to SIAs undergoing the translation-rotation mechanism with

migration energy 0.34 eV [6]. In Figure 3.4 we have plotted the computed interaction

energies of these orientations (in iron) versus polar angle around the dislocation at a

radius of 4.3b from the core.
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Figure 3.4: Interaction energy vs. polar angle around the dislocation core (left) and

minimum energy configuration (MEC) interaction energy surface (in eV), for an SIA

in iron (right). The MEC interaction energy line (in red) outlines the configurations

that give minimum interaction energies.

The figure was generated using the anisotropic dipole tensors and anisotropic

dislocation field. We note that the compressive regime of the dislocation ranges from

[0,π], while the tensile regime ranges from [π,2π]. From the figure we clearly see

each orientation has its own specific behavior around the core. In particular the [110]

and [1-10] orientations give vastly different behavior, especially in the regions where

the field transitions from tension to compression, or vice versa, are made. Thus,

we cannot simply prescribe a single dipole tensor to all SIAs, as has been done in

the past, but must choose the most energetically favorable configurations depending

on their locations. To do this, we use a scheme to extract the dipole configuration

that gives the lowest interaction energy, and thus the lowest formation energy for all

space. For the remainder of the article we will refer to calculations using this method

as the minimum energy configuration (MEC) calculations. In Figure 3.4, the MEC

interaction energy curve outlines the curves with minimum energy in red.
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3.5.2 One-Dimensional Migration of SIAs in Dislocation Stress

Fields in Iron

The effect of the 1-D migration of SIAs is a phenomenon not addressed in bias cal-

culations of the past. In iron, this type of SIA may take one of the four possible

<111> crowdion orientations and migrate one-dimensionally along its axis. The mi-

gration energy for such an event is taken as 0.024 eV, following a study by Osetsky

and co-workers [89]. Using first principles calculations, a previous study found the

equilibrium formation energy of the < 111 > SIA to be 0.70 eV larger than that of the

< 110 > SIA. In the vicinity of an edge dislocation, however, this formation energy

is biased by the interaction, and SIAs have been found to take the crowdion configu-

ration and migrate one-dimensionally [90]. In our simulations of iron, the total outer

boundary SIA concentration, C̄i, is divided amongst the 3-D SIAs and the 1-D SIAs,

based on the parameter, f1D; the fraction of all SIAs migrating in one-dimension. In

these calculations we once again implement the MEC method, choosing the < 111 >

configuration that gives the lowest formation energy based on its position. The 1-D

diffusion is obtained by implementing the diffusion tensor, Dij into the calculations.

In matrix form, (3.1) can be expressed as

j1

j2

 = −

D11 0

0 D22

C,1C,2

− βC
D11 0

0 D22

E,1E,2

 (3.15)

where we have taken the coupling coefficients, D12 = D21 = 0. We then estimate

D11 and D22 for each of the four configurations as the projection of the orientation

(migration direction) onto the x and y directions of our simulation domain, or Dij =

D0djδij, where d is the local orientation and D0 is the equilibrium diffusion coefficient.

For example, rotating the [111] crowdion to the local (simulation) frame of reference,
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its orientation is [100], and thus it has D11 = D0 and D22 = 0. Thus it migrates

one-dimensionally along the Burgers direction. Table 3.4 shows the global and local

orientations of the four < 111 > crowdion configurations, their local diffusion tensor

components and their calculated dipole tensor components, used in our calculations.

~dGlobal ~dLocal D11 D22 P
(1)
i=j P

(1)
23 P

(1)
13 P

(1)
12

[111] [1 0 0] D0 0 10.495 5.496 5.496 5.496

[1̄11] [
√

2
15

2√
5

1√
15

]
√

2
15
D0

2√
5
D0 10.495 5.496 -5.496 -5.496

[1̄1̄1] [-
√

2
15

2√
5

- 1√
15

] -
√

2
15
D0

2√
5
D0 10.495 -5.496 -5.496 5.496

[11̄1] [1
3

0
√

8
3

] 1
3
D0 0 10.495 -5.496 5.496 -5.496

Table 3.4: Global and local SIA orientations, diffusion coefficients and dipole ten-

sor values (in eV) for the one-dimensionally migrating SIAs in iron. D0 represents

the equilibrium 1-D diffusion coefficient. Computed relaxation volumes (in atomic

volumes) for each type are V r = 0.839.

3.5.3 Results & Discussion

In Figure 3.5 we have plotted computed bias factors in iron and copper versus temper-

ature for four scenarios. The temperatures range from 0.4 to 0.7 times the melting

point of each. Three of the scenarios use a single dipole tensor in all space ([110]

in iron, [100] in copper), while the fourth uses the MEC. In the figure, ‘Iso. P (1)’

and ‘Anis. P (1)’ refer to calculations using the dipole tensors calculated from equa-

tion (3.9) using isotropic and anisotropic Green’s function derivatives, respectively.

‘Iso. ⊥’ and ‘Anis. ⊥’ refer to calculations using the dislocation fields obtained from

isotropic and anisotropic elasticity theory, respectively.

In the case of copper we see a progressive increase in bias factors through the
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Figure 3.5: Bias factor vs. temperature in iron, (a), and copper, (b). The effects

of material symmetry (Iso, Anis) in the defect dipole tensors (P (1)) and dislocation

fields (⊥) are plotted.

four scenarios. Using fully isotropic calculations we obtain a bias exactly equal to

the value obtained by Wolfer [71] at 0.5Tm, 0.291. By implementing the anisotropic

dipole tensor, this value slightly increases to roughly 0.31. This was to be expected,

according to Table 3.1, where an increase in the dipole values is observed in the

anisotropic case. Next, implementing the anisotropic dislocation fields from (3.14),

the bias increases to 0.33. When the effect of SIA orientation is taken into account

(MEC), the largest increase in the bias is observed, to ∼0.38.

In iron, the behavior is altogether different from that of copper. In the isotropic dislo-

cation field, when the [110] isotropic dipole tensor is substituted with the anisotropic

tensor, the bias decreases by 45% from 0.40 to 0.22. This is a result of the decrease

in dipole strength of the SIA accompanied by an increase in strength of the vacancy.

Thus the absorption of SIAs by the dislocation is decreased while the absorption of

vacancies is increased, leading to a lower bias. Using the anisotropic dislocation field,
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we find a 12% increase in the bias factor. Just as in the copper calculations, we

see the largest increase in the bias when we account for the SIA orientations (MEC

method), giving a value of 0.45 at 0.5Tm.

In both materials we see an increase in the bias when the anisotropic dislocation

field is used. This is due to a stronger interaction of the SIA with the dislocation

in the anisotropic field. To further examine this, in Figure 3.6 we have plotted the

components of the interaction energy gradient for a [110] SIA in iron, plotted in a circle

of radius 3b around the dislocation core. Both the isotropic and anisotropic dislocation

field interactions are plotted. The ∇Eintx plot represents the interaction energy

gradient in the dislocation’s Burgers direction, while the ∇Einty plot represents the

gradient in the direction perpendicular to ~b (along the extra plane). We see in both
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Figure 3.6: X-component (a) and Y-component (b) of the interaction energy gradient

vs. polar angle around the dislocation, computed along a circle of radius of 3b for a

[110] SIA in iron.

components that the gradients in the anisotropic case are generally larger than in the

isotropic case, leading to a stronger drift velocity in the calculations. This is more

pronounced for the y-component, especially in the regions of [0.8π, 1.2π] and [1.8π,
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0.2π], where a 33% stronger gradient is observed at the peaks.

In Figure 3.7 we have plotted bias factor versus temperature for varying percentages

of 1-D migrating SIAs in iron. In the fully anisotropic case at 0.5Tm we find a 46%

drop in the bias as the SIAs go from fully 3-D to fully 1-D. In the isotropic case the

effect of 1-D is more drastic, as the bias drops to the empirically expected range of

several percent at roughly 50% 1-D.
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Figure 3.7: Bias factor vs. temperature in iron for the fully anisotropic case (with

MECs) (left) and fully isotropic case (without MECs) (right), with varying percent-

ages of one-dimensionally migrating SIAs.

In all cases studied, the largest effect on the bias we see in our calculations is due to

the implementation of the MEC method. The effect of this method, versus model-

ing SIAs as single configurations (dipole tensors), is that at each location the dipole

tensor that gives the lowest formation energy is chosen. In Figure 3.4 we see this de-

creases the repulsive interaction on the compressive side while increasing attraction

on the tensile side. In Figure 3.4, the interaction energy surface is also shown around

the dislocation core. Ridges and valleys can be seen in the radial directions, corre-
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sponding to the specific minimum energy SIA orientations. As interstitials are drawn

toward the core they face barriers keeping them from changing their orientation. This

effectively reduces their spatial distribution due to Brownian diffusion and enhances

their migration to the dislocation, leading to larger bias factors.
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Chapter 4

Spatially Resolved Rate Theory of Point Defect

Clustering in Stress and Temperature Gradients

In fusion environments, plasma facing components are exposed to very high heat

and particle fluxes resulting in extremely large temperature and stress gradients in

materials, especially near the surface. Such gradients contribute additional driving

forces in the nucleation, growth and diffusion of point defect clusters. Continuous

exposure to such environments leads to the migration and coalescence of bubbles and

severe surface degradation. Figure 4.1 shows a focused ion beam (FIB) produced

cross-section of 16 keV helium-irradiated tungsten, illustrating this point.

In this chapter, we first describe the mathematical foundations of classical nu-

cleation theory, including its extension to irradiated metals. We then review a past

mean-field rate-theory model of bubble growth in irradiated metals. Applying our

description of point-defect interaction energies in stress fields, we develop a finite

element implementation to resolve the average bubble size profile from the exposed

surface into the bulk, in plasma facing components under typical stress and temper-

ature gradients. Results are interpreted from the perspective of point defect drift

diffusion processes on the bubble size profile. The results are compared to the clas-

sical solutions of Nichols and Eshelby, where bubble drift diffusion is known to be

orders of magnitude more sensitive to temperature gradients than those of stress.
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Figure 4.1: FIB cross section of a W sample irradiated by 700 27s long pulses of

pure He at 16 keV (left), and SEM of corresponding surface. [4]

4.1 Review of Classical Nucleation Theory

Classical nucleation theory, as developed by Becker and Döring in 1935 [91], is a

method to develop a set of equations to model phenomena such as condensation,

evaporation and in general, any two-phase system (gas-liquid, crystalline-amorphous,

etc). It is especially useful in computations of equilibrium size distributions of phases.

In the case of vacancy clustering, assumptions of the theory are as follows:

1. Atomic clusters originate when two atoms come together;

2. Clusters can grow or shrink by the absorption or emission of single vacancies,

respectively;

3. Small clusters may dissociate into monomers, however once a critical size is

reached, the cluster will grow to a macroscopic size.
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If we let C(m, t) represent the number of clusters containing m vacancies at time t

per volume, then we can express their rate of change as

∂C

∂t
=

∫ ∞
1

{C(m′, t)R(m|m′)− C(m, t)R(m′|m)}dm′, (4.1)

where R(m|m′) is the transition probability rate that a cluster of size m′ will grow to

size m. We can next define the impingement frequency βv(m) and emission frequency

αv(m) of single vacancies to clusters. These quantities are functions of the vacancy

concentration and diffusion coefficient, as well as the cluster surface area, A(m).

Under the second assumption above, the transition probabilities can then be expressed

in terms of Dirac delta functions, δ, as

R(m|m′) = βv(m
′)δ(m− (m′ + 1)) + αv(m

′ − 1)δ(m− (m′ − 1)) (4.2)

R(m′|m) = βv(m)δ(m′ − (m+ 1)) + αv(m− 1)δ(m′ − (m− 1))

Substituting these into (4.1) and evaluating the integral, we obtain

∂C

∂t
= βv(m− 1)C(m− 1, t) +αv(m)C(m+ 1, t)− βv(m)C(m, t)−αv(m− 1)C(m, t).

(4.3)

At equilibrium, ∂C/∂t = 0, we can invoke the principle of thermodynamic reversibil-

ity, i.e., that R(m± 1|m) = R(m|m± 1). The corresponding concentration is called

the constrained equilibrium function, C0. This allows αv to be solved for as

αv(m+ 1) = βv(m)
C0(m)

C0(m+ 1)
, (4.4)

which is assumed to be valid in non-equilibrium conditions as well. Plugging the

expression for αv into (4.3) gives

∂C

∂t
= βv(m)C0(m)

[
C(m+ 1, t)

C0(m+ 1)
− C(m, t)

C0(m)

]
− βv(m− 1)C0(m− 1)

[
C(m, t)

C0(m)
− C(m− 1, t)

C0(m− 1)

]
. (4.5)
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This is known as the difference differential equation for nucleation. Expanding each

of the terms in the brackets in Taylor series’ about n, it can be shown that (4.5) can

be written as

∂C

∂t
=

∂

∂n

[
βv(m)C0(m)

∂( C(m)
C0(m)

)

∂n

]
. (4.6)

We note this expression has the form of Fick’s second law in a force field with a variable

diffusion coefficient. This is consistent with the view that nucleation is random walk

process through cluster size phase space. Viewing βv(m) as an effective diffusion

coefficient in size space and applying the continuity equation, the cluster nucleation

current, I(m) can be taken as

I(m) = −βv(m)C0(m)
∂( C(m)

C0(m)
)

∂n
, (4.7)

and the continuity equation in an m-dimensional size space can be given as

∂C

∂t
+ ~∇ · ~I(m) = 0. (4.8)

Thus we have developed a rate equation for the concentration of m-sized voids.

4.1.1 Extension to Radiation Damage

Following the observations by Cawthorne and Fulton [69] that the formation of voids

occurs in metals exposed to fast neutrons, interest in the application of classical nu-

cleation theory to radiation damage grew rapidly in the early 1970s. The first such

undertakings were done independently by Katz and Wiedersich [92] and Russell [93]

in 1971. These studies extended the classical theory to irradiation cases, where in

addition to vacancies, interstitials can also contribute to growth and shrinkage pro-

cesses. Also, radiation-induced vacancies and interstitials are produced continuously,

leading to the supersaturation of their concentrations beyond equilibrium, ultimately
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changing the size distribution evolution. The Gibb’s free energy (GFE) of a sys-

tem containing a concentration distribution, N eq(m), of clusters of sizes m, can be

expressed as

G = G0 +
∑
m

N eq(m)gm − kT
∑
m

lnWm, (4.9)

where G0 is the free energy of the perfect lattice, gm is the GFE required to form

a void of size m, and the last term is the absolute temperature multiplied by the

configurational entropy. We note that gm is typically estimated as the void formation

energy (Ef
m) under the assumption of negligible volume and entropy changes in the

formation process. Also, Wm represents the number of possible ways in which a void

of size m can be distributed in the lattice, which can be shown to be

Wm =
mNeq(m)( 1

Ωm
)!

[ 1
Ωm
−N eq(m)]![N eq(m)]!

. (4.10)

The chemical potential of a void of size m can be defined as the partial derivative of

G with respect to the equilibrium concentration of size m voids, or

µm =
∂G

∂N eq(m)
= Ef

m + kT ln [ΩN eq(m)] . (4.11)

The chemical potential of a single vacancy can therefore be taken as µv = Ef
v +

kT ln[ΩCv], where the vacancy formation energy can be substituted from the equilib-

rium vacancy concentration, given as Ceq
v = Ω−1 exp(−Efv

kT
). The vacancy chemical

potential can therefore be expressed as

µv = kT ln

[
1

ΩCeq
v

]
+ kT ln [ΩCv] = kT lnSv. (4.12)

where Sv = Cv/C
eq
v is the vacancy supersaturation in the lattice. For the vacancies

and voids to be in chemical equilibrium, the chemical potential of voids of size m

must be equal to m times the chemical potential of an individual vacancy. Therefore,
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the equilibrium void distribution function can be solved for from (4.11) and (4.12) as

N eq(m) = Ω−1exp(mlnSv −
Ef
m

kT
). (4.13)

Under non-equilibrium conditions, we can define the nucleation current (in the phase

space of cluster size) as the rate at which clusters of size m grow to m+ 1. This can

be expressed as

I = βv(m)N(m)− αv(m+ 1)N(m+ 1)− βi(m+ 1)N(m+ 1). (4.14)

Here, the emission of interstitials as a void growth process is neglected due to the large

formation energy of interstitials. By the condition of thermodynamic reversibility, the

rate of capture of vacancies to clusters of size m should equal the rate of emission of

vacancies of clusters of size m + 1, and therefore αv can be solved for as (4.4), with

C0(m) replaced with N eq(m). Plugging this back into (4.14), we obtain

I = −βv(m)h(m)

[
N(m+ 1)

h(m+ 1)
− N(m)

h(m)

]
, (4.15)

where the function h(m) is defined in

h(m)

h(m+ 1)
=

N eq(m)

N eq(m+ 1)
+
βi
βv
. (4.16)

The ratio of impingement frequencies βi/βv is referred to as the arrival-rate ratio

and plays a large role in determining the critical void size, mc, which occurs at the

minimum of h(m). Figure 4.2 shows a plot of the constrained distribution function,

h(m), versus cluster size for a range of arrival-rate ratios. This figure illustrates the

fact that nucleation theory is heavily dependent on the parameters used. This is a

major disadvantage since in most cases, many parameters are not known to a high

degree of accuracy.
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Figure 4.2: Constrained distribution function, h(m), versus cluster size, m.

Approximating the difference in the brackets of (4.15) as the differential d(N/h)/dm,

the resulting differential equation can be solved under the boundary conditions that

N/h→ 1 and 0 as m goes to 1 and ∞, respectively. The nucleation current can then

be calculated as

I =

[
1

2π

(
d2lnh

dm2

)
mc

]1/2

βv(mc)h(mc). (4.17)

where the first term on the right hand side is called the Zeldovich factor, and corrects

for the fact that some fraction of clusters which have grown past the critical size will

still shrink to smaller sizes.

The extension of the theory to include the effects of gas atoms resulting from

transmutation reactions was also accomplished by Katz and Wiedersich [94] and Rus-

sell [95]. The derivation of these heterogeneous nucleation models follows the same

structure as the preceding model, under the assumption that gas atoms are static
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nucleation sites for voids. The number of clusters with j gas atoms per unit volume

is taken as Mj, making the total concentration of gas atoms, M , equal to
∑

j=1 jMj.

The Gibb’s free energy expression takes the modified form:

G = G0 +
∑
j

∑
m

[
N eq
j (m)gmj − kT

∑
m

lnWmj

]
, (4.18)

where N eq
j is the equilibrium distribution of gas-vacancy clusters per unit volume

containing m vacancies and j gas atoms. The configurational term can be calculated

as

Wmj =
Mj!

[Mj −N eq
j (m)]![N eq

j (m)]!
. (4.19)

The presence of gas atoms in voids leads to an internal pressure that aids in stabilizing

voids against dissociation. This has the effect of leading to smaller values of the critical

size, as the pressure reduces the effect of surface tension against collapse. Thus, the

reversible work of formation gmj will contain a positive contribution due to surface

tension and a negative contribution due to the gas pressure. Assuming the gas atoms

in the matrix are at an effective pressure peq, corresponding to the temperature and

their concentration, the reversible work of adding gas atoms to a cluster at pressure

p is jkT ln(peq/p). Assuming the ideal gas law holds, the pressure can be determined

from pV = jkT , where V = mΩ. Estimates for peq can be obtained from statistical

mechanics models. The reversible work of cluster formation can then be expressed as

gmj = 4πR2γ − jkT ln

(
peq
p

)
, (4.20)

where γ is the surface energy and the cluster radius R can be taken as (3mΩ/4π)1/3.

For chemical equilibrium to be satisfied, the condition mµv = µmj must be satisfied,

where the chemical potential of gas-filled clusters can be taken as
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µmj =
∂G

∂N eq
j (m)

= gmj + kT ln

[
N eq
j (m)

Mj

]
. (4.21)

Using equation (4.12) and assuming chemical equilibrium, the equilibrium distribu-

tion of gas atoms in voids, can be solved for as

N eq
j (m) = Mjexp(mlnSv − ξm2/3 + j ln(peq/p)). (4.22)

where ξ = (4π/kT )(3Ω/4π)2/3γ. The exponential term represents the free energy

of cluster formation. Whereas in the homogeneous void nucleation case this was a

function of m alone, this term represents an energy surface dependent on both m and

j. Solution of the nucleation current Ij follows (4.17), with the critical cluster size

now a function of j. Following a similar procedure as the homogeneous case, it can

be expressed as

Ij =

[
1

2π

(
d2lnhj

dm2

)
mcj

]1/2

βv(mcj)hj(mcj). (4.23)

where the function hj is defined in (4.16) with j subscripts added to h(m) and N eq(m).

4.2 Development of a Reduced Set of Rate Equa-

tions for Radiation Damage Rate Theory

The nucleation of stable clusters is followed by a transient growth stage. Classical

nucleation theory tends to be inadequate for the modeling of cluster growth due to its

very high sensitivity to physical parameters which are typically not known to a high

degree of accuracy and the very short timescales involved. In addition, nucleation

theory provides knowledge on nucleation rates but does not resolve cluster densities

66



in the material. In most cases cluster growth is modeled via rate theory. Here, a list of

coupled rate-equations for the concentrations of species are developed. Each equation

equates the concentration rates to the sum of all production and loss rates of the

species, stemming from physical phenomena (trapping/de-trapping, recombination,

etc). Under the mean-field approximation, where statistical variations in time and

space are averaged, these equations are one-dimensional, varying only with time. For

the case of radiation induced helium-vacancy (HV) clustering, rate theory models

have in the past been developed. Following a study by Ghoniem [96], a reduced set of

rate equations for the concentrations of vacancies (Cv), self-interstitials (Ci), helium

interstitials (Cg), helium substitutionals (Cgv), di-helium interstitials (C2g), di-helium

mono-vacancy (C2gv) and the critical nucleus (C∗) can be expressed as

dCv/dt = fG+ (βe1 + δ)Cgv − [αCi + βCg + γ(Cv
s + Cgv + 2C2g + 2C2gv + 3C∗)]Cv,

(4.24)

dCi/dt = fG− α(Cv + Cgv + 2C2gv + 3C∗ − Ci
s)Ci, (4.25)

dCg/dt = GH + (βe1 + δ + αCi)Cgv + (βe2 + 2δ)C2gv + 3(δ + αCi)C
∗ + 4δC2g

+ 4αCiC2gv +mδtot + δMGB + δMppt − β[εCB + Cv + 4Cg + Cgv

+ 2C2g + 2C2gv + CGB + εpptCppt]Cg, (4.26)

dCgv/dt = βCgCv + (e2 + 2δ)C2gv − [e1 + βCg + δ(1 + Cv) + αCi]Cgv, (4.27)

dC2g/dt = 2βC2
g + 3αCiC

∗ − 2(γCv + βCg + δ)C2g, (4.28)

dC2gv/dt = βCgCgv + 3δC∗ + 2γCvC2g − [2βCg + 2δ(1 + Cv) + βe2 + 2αCi]C2gv,

(4.29)

dC∗/dt = 2β(C2g + C2gv)Cg − 3(βCg + γCv + αCi + δ)C∗, (4.30)

(4.31)
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respectively. Here, the critical nucleus is taken as any cluster containing three helium

atoms. For clusters beyond the critical nucleus size, an average bubble is defined,

whose size is determined by the number of vacancies in the bubble. Rate equations

for the concentration of average bubbles (Cb) and their radius (R) are defined as

dCb/dt =
12

m1

βCgC
∗ +

9

m1

γCvC
∗, (4.32)

dR/dt =
a2

R
[γCv − αCi − γ(e3 − e4)] , (4.33)

The system sinks present are assumed to be dislocations, grain boundaries and pre-

cipitates. Expressions for the concentration of helium atoms in bubbles (m1), at

precipitates (Mppt) and grain boundaries (MGB) are given as

dm1/dt = εβCg − δm1, (4.34)

dMppt/dt = εpptβCpptCg − δMppt, (4.35)

dMGB/dt = βCGBCg − δMGB. (4.36)

The reaction frequencies of self-interstitials (α), helium (β) and vacancies (γ) and the

thermal emission probabilities of vacancies (e1, e2, e3, e4) in the above equations are

given as

α = 48νi exp(−Em
i /kT ),

β = 48νg exp(−Em
g /kT ),

γ = 48νv exp(−Em
v /kT ),

δ = bG,

e1 = exp(−Eb
v,g/kT ),

e2 = exp(−Eb
v,2g/kT ),

e3 = exp(−Eb
v,b(R, p)/kT ),

e4 = exp(−Ef
v /kT ),

where the factor of 48 is the assumed combinatorial number, ν is the atomic jump

frequency and Em and Eb represent migration and binding energies, respectively. The

factor δ is called the re-solution frequency and represents the probability per displace-

ment for dissolving a helium atom back into the matrix (b) times the displacement
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damage rate (G). We note the binding energy of vacancies to bubbles, Eb
v,b(R, p), is a

function of both the bubble radius and internal pressure due to helium gas atoms, and

will be described in more detail in the next chapter. Descriptions of the remaining

symbols are given in the following nomenclature.

NOMENCLATURE

f Fraction of surviving Frenkel pairs per displacement.

G Displacement damage rate.

GH Helium production rate.

Ci
s Equivalent matrix-distributed sink density for interstitials.

Cv
s Equivalent matrix-distributed sink density for vacancies.

CGB Equivalent grain boundary sink concentration.

εppt Precipitate cavity combinatorial number.

Cppt Equivalent precipitate sink concentration.

Solving the above coupled rate equations in time gives insight into the roles of various

mechanisms on cluster nucleation as well as growth rates in irradiated metals. During

the initial stages of irradiation, helium atoms are generated as interstitials, but soon

are trapped when vacancies become available. These types of calculations have in the

past revealed that the primary available mechanism for reducing helium transport

to grain boundaries is the growth of bubbles as available sinks. In the following

section, a spatially resolved rate theory framework is developed to study the near

surface growth of bubbles under stress and temperature gradients in materials under

irradiation.
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4.3 Spatially Resolved Rate Theory of Point De-

fect Clustering in Stress and Temperature Gra-

dients

In the state we have presented them thus far, the reduced set of rate equations, equa-

tions (4.24) through (4.36), have no spatial variance and are used only in an average,

homogeneous sense, assumed valid for all space. Under stress and temperature gradi-

ents, however, the spatial aspect becomes very important. In this section, we modify

the reduced set to include spatially-dependent flux and drift terms. To do this, we

will divide the reduced set into two groups: mobile and immobile. For the mobile

species, we have chosen vacancies, self-interstitials, helium interstitials and bubbles.

Rate equations for all other species remain spatially invariant due to their increased

solubility. Modification of the rate equations for the mobile species is straightforward

and we get

dCv/dt = fG+ (βe1 + δ)Cgv − [αCi + βCg + γ(Cv
s + Cgv + 2C2g + 2C2gv + 3C∗)]Cv

+Dv∇2Cv +
Dv

kT
∇ · [Cv∇Ev

int], (4.37)

dCi/dt = fG− α(Cv + Cgv + 2C2gv + 3C∗ − Ci
s)Ci

+Di∇2Ci +
Di

kT
∇ · [Ci∇Ei

int], (4.38)

dCg/dt = GH + (βe1 + δ + αCi)Cgv + (βe2 + 2δ)C2gv + 3(δ + αCi)C
∗ + 4δC2g

+ 4αCiC2gv +mδtot + δMGB + δMppt − β[εCB + Cv + 4Cg + Cgv

+ 2C2g + 2C2gv + CGB + εpptCppt]Cg +Dh∇2Cg +
Dh

kT
∇ · [Cg∇Eg

int], (4.39)

dCb/dt =
12

m1

βCgC
∗ +

9

m1

γCvC
∗ +Db∇2Cb +

Db

kT
∇ · (vbCb). (4.40)
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Here we have added terms stemming from the Brownian flux and drift terms. For the

first three species, the drift is dependent on the interaction energy and under stress

gradients can be calculated using equations (2.19) and (2.20). For bubbles, we will

go into a more complete description.

4.3.1 Drift Diffusion of Bubbles in Stress and Temperature

Gradients

The diffusion of bubbles is a classical problem addressed in the past by numerous

authors. In metals, the diffusion of spherical voids is known to occur primarily by

a surface diffusion mechanism where matrix atoms on the bubble surface migrate in

one direction effectively moving the bubble’s center of mass in the other direction.

Under this description, the diffusion coefficient can be expressed as

Db =
3a0Ω

2πR4
Ds (4.41)

where Ds is the surface diffusion coefficient of an adatom on the inner bubble surface

[97]. When a bubble is residing in a drift field, the drift velocity, vb is taken as the

mobility, B = D/kT , times the force, F . For calculations of the force, the most

notable theoretical contributions for bubbles migrating in stress and temperature

gradients, were by Eshelby [98] and Nichols [97], respectively. Under a temperature

field varying in the x direction, Nichols gives the expression

Fb =

(
4πR3

3Ω

)
3Q∗s
2T

(
dT

dx

)
, (4.42)

where Q∗s is the heat of transport characterizing the surface Soret effect and T is the

local temperature. Under a stress field varying in x, the expression given by Eshelby

[98] for the force on a bubble is

Fb =
3

2

(
πR3

G

)
σL

(
dσ

dx

)
. (4.43)

71



Under conditions typical of the environments of interest in this thesis (∇σ ∼ 0.1 −

10 GPa/µm,∇T ∼ 1-20 K/µm), quick hand calculations show that forces due to

temperature gradients are at least several orders of magnitude greater than those

due to associated stress gradients. However, in our problem there are two timescales

at play; the short timescale for the rapidly diffusing point defects and the longer

timescale of bubble diffusion. Thus at this point it remains unclear whether or not

the stress gradients can be ignored from the point defect perspective, which is what

we hope to clarify in our calculations.

4.3.2 Description of the Simulations and Results

For the simulations, a finite element method is developed to simultaneously solve

equations (4.27)-(4.36) and (4.37)-(4.40). The geometry chosen is a rectangular tung-

sten cell 50 microns wide in the x direction by 10 microns high in y. The faces in the

y direction are given periodic boundary conditions, while in the x direction, the left

side represents the free plasma-facing surface and the right side is deep into the bulk.

These sides are given zero flux boundary conditions. The first 20 microns into the

sample are given negative constant temperature gradients ranging from 1-20 [K/µm]

with the left surface held at constant temperature at 1300 K. A dose rate of 3x10-4

dpa/s for one hour is used with a helium generation rate of 5 appm/dpa. The rest of

the parameters can be found in the W column of table 4.3.2. To compare the effects

of stress gradients to temperature gradients, we first ran cases with only temperature

gradients present, then ran separate cases where we allowed stress gradients. An

example of such results can be found in figure 4.3.

The plot on the left shows the average bubble radius profile into the specimen

after 1 hour of exposure to a temperature gradient of 20 K/µm with and without
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Fe W Units Description

K 3×10−3 3×10−3 dpa/s Displacement damage rate

Em
i 0.2 0.102 eV Interstitial migration energy

Em
g 0.06 0.07 eV Helium migration energy

Em
v 0.67 1.66 eV Vacancy migration energy

Eb
vg 2.4 4.05 eV Substitutional binding energy

Ef
v 1.6 3.11 eV Vacancy formation energy

Eb
v2g 3.5 3.14 eV He to He2V binding energy

Eb
2g 0.79 0.79 eV He to He2 binding energy

Ef
i 4.08 9.82 eV Interstitial formation energy

ρN 3×1010 3×1010 cm−2 Dislocation density

Zi 1.2 1.2 - Interstitial bias factor

H 5×10−6 5×10−6 dpa−1 Helium to dpa ratio

a 2.866×10−8 3.146×10−8 cm Lattice parameter

νi 5×1013 5×1013 s−1 Interstitial vibration frequency

νg 5×1013 5×1013 s−1 Helium vibration frequency

νv 5×1012 5×1012 s−1 Vacancy vibration frequency

b 1 1 - re-solution parameter

Table 4.1: Parameters for iron and tungsten used in the rate-theory calculations.
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stress gradients. Our simulations have shown that the stress gradients have a very

significant impact on the bubble size profile near the surface. In this case we find

near-surface bubble sizes three times larger when stress gradients are applied as op-

posed to temperature gradients alone. When analyzing the plot to the right of figure
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Figure 4.3: Average bubble radius (left) and average bubble concentration (right)

versus distance from the free surface.

4.3 in conjunction with the bubble radius plot we see the experimentally observed

phenomena similar to figure 4.1. Specifically, we find a small density of large bub-

bles near the surface with larger densities of smaller bubbles as we move into the

material. This is found to occur by point-defect drift processes as follows. Increased

compressive stresses near the free surface repel helium and self interstitial atoms while

attracting vacancies. Naturally, this leads to fewer nucleation sites (reduced density)

and increased growth rates (larger bubbles). The computational framework devel-

oped here allows for many scenarios and timescales to be simulated. The large degree

of parameterization in the equations allows for much freedom with regard to irra-

diation conditions. Additionally, the FEM implementation allows for any geometry

or component to be simulated. The computational expense is very minimal, and its
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predictive capabilities can be easily tuned with knowledge of experimental results. As
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Figure 4.4: Average bubble radius versus distance from the free surface after three

different exposure times. Stress and temperature gradients are applied to the first 20

µm into the material.

an example, in figure 4.4 we extend the irradiation exposure times beyond one hour

to 24 hours and one week. With proper tuning of the parameters, this tool could be

used as a computational microscope to determine the current state of a component’s

microstructure and estimate its remaining operating life.
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Chapter 5

Stochastic Approach to the Size Distribution of

Helium Bubbles in Metals

Due to stochastic fluctuations in the absorption of point defects by bubbles, there

exists a spectrum of bubble sizes, each size with a spectrum of the number of helium

contained within. For this reason, a simple ”average bubble” approach is not suitable

for a complete description of the microstructure. In this chapter, we expand on

the work of the previous chapter to develop a method to accurately estimate the

full helium-vacancy bubble size distribution as a function of time and space. Due

to the stochastic nature of point defect diffusion, we develop an approach based on

formulations from the field of stochastic differential equations.

5.1 Helium-Vacancy Cluster Size Distribution

Our objective is to describe the evolution of the helium-vacancy size distribution,

p(x1, x2, t) , as a function of time, where helium atoms and vacancies, are represented

by x1 and x2, respectively. In the previous chapter we presented two equations for

the mean radius of and number of helium atoms in average sized bubbles, (4.33) and

(4.34). The developed method is very general, and can be extended to a description of

the size distribution as a function of space and time in any irradiated material. Under

the approximation that the number of vacancies times the atomic volume equals the
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total bubble volume, we can express the rate equations for the species as

∂x1

∂t
= 4πRΩ−1(DhCh)− x1b (5.1)

∂x2

∂t
=

4πR

Ω

(
DvCv −DiCi −DvC

e
v

{
exp

[
Ω

kT

(
2γ

R
− p
)]
− 1

})
(5.2)

Where the bubble radius and pressure are given as

R =

(
3Ω

4π

) 1
3

x
1
3
2 and p =

x1kT

(4/3)πR3 − x1B
. (5.3)

For equation (5.1), the first term on the right hand side represents the rate at which

helium atoms impinge on bubbles of radius R, while the second represents their

rate of re-solution into the matrix. In equation (5.2), the number of vacancies in

bubbles is governed by three processes: (1) the capture of diffusing vacancies, (2)

the capture of SIAs, and (3) the thermal emission of vacancies, as seen in the three

terms in the equation. When used in conjunction with equations (4.24) through

(4.36), these average values can be tracked in time. In this work, however, we wish

to obtain the full size distribution and not simply the mean values. In our approach,

we begin by stating one major approximation in our approach. That is, that the full

distribution can be adequately modeled with a two-dimensional Gaussian distribution

described entirely by five moments: the two first and second moments and a covariance

moment term. The challenge we then face is obtaining equations for the second

moments and covariance term. To obtain such expressions, we have found the use

of nonlinear stochastic differential equations with Itô’s rule to be a powerful tool. In

what follows, we describe the method of differential equations for stochastic processes

and describe the methodology for applying it to the cluster size distribution problem.

With equations for the moments of the distribution known, a path integral approach

is presented to reconstruct and evolve the distribution in time.
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5.1.1 Stochastic Differential Form Representation of the Clus-

ter Evolution Equations

When an otherwise deterministic variable, xi(t), is excited by a stochastic Brownian

process, dW (t), in general differential form, xi(t) can be expressed as

dxi(t) = fi(xi(t), t)dt+ gi(xi(t), t)dWi(t) (5.4)

where dW (t) is a time continuous Wiener process representing Brownian fluctuations

in the variable. If we add these stochastic white noise fluctuations to (5.1) and (5.2),

we can express them in stochastic differential form as

dx1 = [4πΩ−1(DhCh)R− x1b]dt+ gx1(x1, x2, t)dWx1(t) (5.5)

and

dx2 =

[
4πR

Ω

(
DvCv −DiCi −DvC

e
v

{
exp

[
Ω

kT

(
2γ

R
− p
)]
− 1

})]
dt

+ gx2(x1, x2, t)dWx2(t) (5.6)

where the functions gi(x1, x2, t), (i = x1, x2) have yet to be determined. For improved

clarity, we can re-express (5.5) and (5.6) as

dx1 =
(
c1x

1/3
2 − c2x1

)
dt+ gx1(x1, x2, t)dWx1(t) (5.7)

and

dx2 =

[
c3x

1/3
2 − c4x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
dt+gx2(x1, x2, t)dWx2(t) (5.8)
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where

c1 =

(
4π
√

3

Ω

)2/3

(DhCh)

c2 = b

c3 =

(
4π
√

3

Ω

)2/3

(CvDv − CiDi + Ce
vDv)

c4 =

(
4π
√

3

Ω

)2/3

Ce
vDv

c5 =
4γ

kT

(
2πΩ2

3

)1/3

c6 = Ω

c7 = B

(5.9)

We note here that the factors c1 and c3 are both spatially and temporally dependent.

5.2 Path Integral Solution Approach

The solution of a general one-dimensional stochastic differential equation, such as

(5.4), at any point, xi, may be approximately solved using a path integral approach.

In a paper by Yu and co-workers [99], such a scheme was developed for calculating

the probability density functions of one-dimensional variables under stochastic white

noise processes. Here, we follow their procedure, extending it to two-dimensional,

helium-vacancy phase space. For clarity, we distinguish between the independent

variables constituting the phase space (here, x1 and x2, representing the number of

helium atoms and vacancies in a cluster), and the independent Cartesian variables

x, y, z that represent the coordinates of a material point.

Assuming the transition probability, q(x(t), t), for our distribution is not directly
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known, over a very short time span it may be approximated as a Gaussian, or

q(x(k), tk|x(k−1), tk−1) =
1√

2πσ(tk)
exp

(
− [x(k) −m1(tk)]

2

2σ2(tk)

)
(5.10)

where mj(tk) represents the jth moment of xi(t) at the kth timestep and σ2(tk) =

m2(tk)− [m1(tk)]
2. Then, assuming the PDF at the previous timestep, p(x(k−1), tk−1)

is known, the value for p(xi(t), t) at the current timestep can be solved for as

p(x(k), tk) =

∫
xR

q(x(k), tk|x(k−1), tk−1)p(x(k−1), tk−1)dx(k−1) (5.11)

Using this method to evolve our PDF, we need only to derive expressions for the

moments of our variable x1 to obtain the transition probabilities from (5.10) and

compute the current distribution.

To extend this method to two dimensional space in x as in our current problem,

we can express the transition probability at a quadrature point i on our PDF at

timestep k as

q((x1, x2)
(i)
k , tk|(x1, x2)

(i)
k−1, tk−1) =

1

2π
√

1− ρ2σ1σ2

exp

 x21
σ2
1
− 2ρx1x2

σ1σ2
+

x22
σ2
2

2(1− ρ2)

 (5.12)

where σ1, σ2 and ρ are defined in terms of the moments of x1 and x2 as

σ2
1 = m20 −m2

10, (5.13)

σ2
2 = m02 −m2

01, (5.14)

ρ =
m11

σ1σ2

. (5.15)

Here, mij represents the coupled ith moment of x1 and jth moment of x2. For i = 0

or j = 0, the moment is fully decoupled. Next, we can discretize the PDF into a two

dimensional grid and numerically solve using a Gauss-Legendre approximation as

p(x(i), ti) =
M∑
m=1

δm
2

Nm∑
n=1

wmn

K∑
k=1

δk
2

Lk∑
l=1

wklp(x
(i−1)
mn,kl, ti−1)q(x(i), ti|xi−1

mn,kl, ti−1) (5.16)
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where M and K are the number of segments in the x1 and x2 directions, respec-

tively, Nm and Lk are the respective number of quadrature points in the mth and kth

segments, and δm and δk are the lengths of segments m and k, respectively. This solu-

tion approach is useful particularly when the transition probabilities are not known as

functions of time, but can be approximated over very short time intervals as Gaussian

themselves, leading to a continuous solution.

5.3 Itô’s Rule for Obtaining Moments of Stochas-

tic Differential Equations

5.3.1 For One-Dimensional Processes

Given the differential equation for a stochastic variable xi(t), as in (5.4), we can

compute any function of xi(t), such as Y (t) = φ(xi(t), t), using Itô’s rule [100]. Itô’s

rule provides a correction factor to the traditional chain rule of calculus, accounting

for stochastic effects. Let φ(xi(t), t) be an arbitrary function of time and xi(t). Then,

according to Itô’s rule

dYi(t) = f̃i(xi(t), t)dt+ g̃i(xi(t), t)dWi(t) (5.17)

where

f̃i(xi(t), t) =
∂

∂t
φ(xi(t), t) +

∂

∂xi
[φ(xi(t), t)]fi(xi(t), t) +

1

2

∂2

∂x2
i

[φ(xi(t), t)]g
2
i (xi(t), t)

(5.18)

g̃i(xi(t), t) =
∂

∂x
[φ(xi(t), t)]gi(xi(t), t) (5.19)

Using this approach, we can obtain the moments of xi(t) in a straightforward way.

For example, if we choose Y (x1, x2, t) = φ(x1(t), x2(t), t) = x2
1, we can easily take
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the derivatives and calculate (5.18) and (5.19) and obtain the stochastic ODE (5.17).

Then, taking ensemble averages of each term we can obtain the differential form

equation for the second moment in x1 as E[dY (t)]=dE[Y (t)]=dE[x2
1] = dm20.

5.3.2 For Correlated Stochastic Processes

For multiple correlated stochastic processes, such as the helium and vacancy time

evolution, Itô’s rule takes a modified form. In this case, suppose we want to calculate

an arbitrary function of time and x1 and x2, Y (t) = φ(x1, x2, t), where x1 and x2 are

correlated stochastic processes. In this case (5.18) and (5.19) become

f̃(x1, x2, t) =

[
φ, t + φ,x1 fx1 + φ,x2 fx2 +

1

2
φ,x1x1 g

2
x1

+
1

2
φ,x2x2 g

2
x2

+ ρgx1gx2φ,x1x2

]
(5.20)

g̃(x1, x2, t) = φ,x1 gx1dWx1(t) + φ,x2 gx2dWx2(t) (5.21)

where commas denote derivatives ’with respect to’ and Wx1 and Wx2 are correlated

Brownian terms with correlation coefficient ρ, defined by E[dWx1dWx2 ] = ρdt.

5.3.3 Helium Equation

First Moment, m10=E[x1]

The calculation of the first moment of equation (5.5) is straightforward:

dE[x1] =
(
c1E[x

1
3
2 ]− c2E[x1]

)
dt+ dE[gx1(x1, x2, t)Wx1(t)] (5.22)

ṁ10 = c1E[x
1
3
2 ]− c2m10 (5.23)
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Second Moment, m20=E[x2
1]

For the second moment, we follow Itô’s rule, choosing Y (t) = φ(x1, x2, t) = x2
1. Then

our non-vanishing terms from (5.20) and (5.21) are

f̃(x1, x2, t) =
∂

∂x1

[φ(x1, x2, t)]fx1(x1, x2, t) +
1

2

∂2

∂x2
1

[φ(x1, x2, t)]g
2
x1

(x1, x2, t) (5.24)

= 2x1

(
c1x

1/3
2 − c2x1

)
+

1

2
(2)g2

x1
(x1, x2, t) (5.25)

g̃(x1, x2, t) =
∂

∂x1

[φ(x1, x2, t)]gx1(x1, x2, t) (5.26)

= 2x1g(xi(t), t) (5.27)

Now, according to (5.17), we have

dY (t) =

[
2x1

(
c1x

1/3
2 − c2x1

)
+

1

2
(2)g2

x1
(x1, x2, t)

]
dt+ 2x1gx1(x1, x2, t)dWx1(t)

(5.28)

=
[
2c1x1x

1/3
2 − 2c2x

2
1 + g2

x1
(x1, x2, t)

]
dt+ 2x1gx1(x1, x2, t)dWx1(t) (5.29)

and taking expectation values, we get

dE[Y (t)] =
(

2c1E[x1x
1/3
2 ]− 2c2E[x2

1] + E[g2(x1, x2, t)]
)
dt+ 2E[x1g(x1, x2, t)] (5.30)

ṁ20 = 2c1E[x1x
1/3
2 ]− 2c2m20 + E[g2(x1, x2, t)] (5.31)

5.3.4 Vacancy Equation

First Moment, m01=E[x2]

The calculation of the first moment of equation (5.6) follows as

dE[x2] =

{
c3E[x

1/3
2 ]− c4E

[
x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]}
dt

+E[gx2(x1, x2, t)dWx2(t)] (5.32)

83



ṁ01 = c3E[x
1/3
2 ]− c4E

[
x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
(5.33)

Second Moment, m02=E[x2
1]

For the second moment, we follow Itô’s rule, choosing Y (t) = φ(x1, x2, t) = x2
2. Then

our non-vanishing terms from (5.20) and (5.21) are

f̃(x1, x2, t) =
∂

∂x2

[φ(x1, x2, t)]f(x1, x2, t) +
1

2

∂2

∂x2
2

[φ(x1, x2, t)]g
2(x1, x2, t) (5.34)

= 2x2

[
c3x

1/3
2 − c4x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
+

1

2
(2)g2

x2
(x1, x2, t)

(5.35)

g̃(x1, x2, t) =
∂

∂x2

[φ(x1, x2, t)]gx2(x1, x2, t) (5.36)

= 2x2g(xi(t), t) (5.37)

Now, according to (5.17), we have

dY (t) =

[
2x2

(
c3x

1/3
2 − c4x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

))
+ g2

x2
(x1, x2, t)

]
dt

+ 2x2gx2(x1, x2, t)dWx2(t)

(5.38)

=

[
2c3x

4/3
2 − 2c4x

4/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)
+ g2

x2
(x1, x2, t)

]
dt

+ 2x2gx2(x1, x2, t)dWx2(t) (5.39)

and taking expectation values, we get

dE[Y (t)] =[
2c3E[x

4/3
2 ]− 2c4E[x

4/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)
] + E[g2

x2
(x1, x2, t)]

]
dt

+ 2E[x2gx2(x1, x2, t)dWx2(t)] (5.40)
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ṁ02 = 2c3E[x
4/3
2 ]− 2c4E[x

4/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)
] + E[g2

x2
(x1, x2, t)] (5.41)

5.3.5 Coupled Moment, m11=E[x1x2]

For the coupled moment, we choose Y (t) = φ(x1, x2, t) = x1x2. Then following (5.20)

and (5.21), we have

f̃(x1, x2, t) = x2

[
c1x

1/3
2 − c2x1

]
+ x1

[
c3x

1/3
2 − c4x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
+ ρgx1gx2 (5.42)

g̃(x1, x2, t) = x2gx1dWx1 + x1gx2dWx2 (5.43)

Now, using (5.17) and taking expectation values, we have

dY (t) =[
c1E[x

4/3
2 ]− c2E[x1x2] + c3E[x1x

1/3
2 ]− c4E[x1x

1/3
2 exp (...)] + E[ρgx1gx2 ]

]
dt

+ E[x2gx1dWx1(t)] + E[x1gx2dWx2(t)] (5.44)

Assuming the last two terms in (5.44) vanish, we are left with

ṁ11 = c1E[x
4/3
2 ]− c2m11 + c3E[x1x

1/3
2 ]− c4E[x1x

1/3
2 exp (...)] + E[ρgx1gx2 ] (5.45)

5.4 Solution Approach to the Size Distribution Prob-

lem

Now, we have developed the following five couple differential equations for the first

and second moments of the size distribution.

ṁ10 = c1E[x
1/3
2 ]− c2m10 (5.46)
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ṁ01 = c3E[x
1/3
2 ]− c4E

[
x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
(5.47)

ṁ20 = 2c1E[x1x
1/3
2 ]− 2c2m20 + E[g2

x1
(x1, x2, t)] (5.48)

ṁ02 = 2c3E[x
4/3
2 ]− 2c4E[x

4/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)
] + E[g2

x2
(x1, x2, t)] (5.49)

ṁ11 = c1E[x
4/3
2 ]− c2m11 + c3E[x1x

1/3
2 ]− c4E

[
x1x

1/3
2 exp

(
c5x
−1/3
2 − c6x1

c6x2 − c7x1

)]
+ E[ρgx1gx2 ] (5.50)

Because of the high degree of nonlinearity in these equations, after the application of

Itô’s rule, we will be left with terms with which ensemble averages can not be easily

computed directly. Thus, we propose two solutions for cases where we are left with

E[r(x1, x2, t)], where r(x1, x2, t) is not a simple polynomial expression of x1, x2 and t.

1. Linear Approximation: Here, linear approximations for r(x1, x2, t) at the current

quadrature point, from the previous timestep, (x0
1, x

0
2), as:

r(x1, x2) = r(x0
1, x

0
2)+(x1−x0

1)
∂r(x1, x2)

∂x1

|x01,x02 +(x2−x0
2)
∂r(x1, x2)

∂x2

|x01,x02 (5.51)

where x0
i represents the value of xi at the current quadrature point, at the

previous step. We note here, the necessity for very small timesteps using this

approach.

2. Expectation Value Definition: When the probability density function p(x1, x2, t)

is known, then the expectation value of any function, r(x1, x2, t), can be com-

puted as

E[r(x1, x2, t)] =

∫ ∫
R

r(x1, x2, t)p(x1, x2, t)dx2dx1 (5.52)

where the integrated region, R, may be chosen such that it encompasses the

entire distribution within some chosen tolerance.
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In our simulations we have found the latter method to be computationally efficient

enough for our needs. However, for more demanding simulations with finer resolution,

the former method would provide adequate approximation while remaining compu-

tationally efficient. The final missing piece to the problem setup is the estimation

of our white noise coefficients, gi(x1, x2, t). These terms represent the magnitudes of

fluctuations about the mean and in general can be functions of x1, x2 and time. In

our case, we break these terms into two categories: (1) fluctuations in the point defect

capture and emission from bubbles, and (2) fluctuations stemming from the collision

cascades themselves. For the first category, we use the terms on the right hand side

of equations (5.1) and (5.2) with one modification. Since interstitial and vacancy

absorption by bubbles leads to a spreading of the size distribution surface, we let all

terms have a positive contribution, by changing any minus signs to plus signs. For the

second category, we define two parameters, Gcasc
He and Gcasc

V , to represent fluctuations

in the absorption of point defects due to the effects of the varying collision cascade

atmospheres. Thus, our white noise coefficients take the form

g2
1(x1, x2, t) = (

1

2
c1m̄

1/3
01 +

1

2
c2m̄10)1/2 +Gcasc

He , (5.53)

g2
2(x1, x2, t) =

(
1

2
c2m̄

1/3
10 +

1

2
c4m̄

1/3
10 exp (c5m̄

−1/3
01 − c6m̄10

c6m̄01 − c7m̄10

)

)1/2

+Gcasc
V ,

(5.54)

where the m̄ij terms represent moments from the previous timestep. Now that all

terms are properly accounted for we proceed to the solution. The present task is to

solve equations solve the coupled rate equations 5.46-5.50, for the moments of the

distribution. To do this, we follow a modified version of the finite-element approach

used for the bubble migration studies in the previous chapter. First, a rectangular

geometry is chosen, then meshed. Since the cluster size distribution in general varies
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from point to point in the material, we choose a few points in the material to probe

the physics and obtain the size distribution. Solution of the stochastic differential

equations for the moments requires the variables, c1-c7 to be known. Choosing an

operating temperature of 1800 K for our tungsten sample, all ci’s are known except

for c1 and c3, which are time and space dependent. To obtain these, we first perform

a rate theory study, solving equations (4.24) through (4.36). We note, that any

combination of stress and temperature gradients may be applied as in the previous

chapter. In this example, however, we choose zero stress and constant temperature

field. Once this simulation is performed, we can obtain the values for c1 and c3 as

functions of time at the material points we have chosen to probe. A log plot of these

variables for a centrally located material point is found in figure 5.1, showing the rapid

transient before steady behavior in c1, which is governed by the helium concentration

in the matrix. Now for each material point of interest we can solve the coupled

stochastic rate equations for the moments. This must be performed numerically, with

the variables ci interpolated in time from the previous step. To begin the simulation,

initial values for the first moments, variances, and covariance of the distribution were

chosen and the initial (approximate) distribution was constructed. A grid of 40 by 40

points was used for its construction and for calculations involving integration over the

distribution. As the means of the distribution changed in time, a remeshing of the

grid was performed. To do this, at each timestep the rectangular grid reconstructed,

with its center at (m10,m01) and with half-lengths of 3σ1 and 3σ2 in the x1 and

x2 directions, respecitvely. Several tests showed this covered over 99.99% of the

distribution as the distribution moved in He-V space. For very small bubble sizes

(small x2) with low helium content, a truncation of the distribution was made if at

any time the tail of the distribution crossed into negative space, leading to complex

values for the moments.
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Figure 5.1: Time evolution of the variables c1 and c3 for the first few hours of con-

tinuous irradiation at the chosen material point

An example run is shown in figure 5.2, showing the evolution of the distribution in

the first minute of irradiation time. The initial distribution was chosen to have a mean

located at approximately (60,140) with small standard deviations and a covariance

factor of ρ =0.5. Upon running the simulation, we almost instantaneously see a

rapid spreading of the distribution in the vacancy direction which continues to grow,

stabilizing after about 30 seconds of irradiation. This stems from the increased effect

of the stochastic fluctuations on smaller sized bubbles. In the helium direction the

observed dispersion is also present, though not quite as significant, primarily due

to the chosen helium production rate (5 appm/dpa). This was followed by a stable

period where the dimensions of the distribution surface (governed by the second

moments) remained approximately constant as the mean moved through the He-V
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phase space. After some time, when the mean bubble sizes become larger, the width

of the distribution in the vacancy direction begins to shrink. Physically, this signifies a

preference for a single size for all bubbles, which is not physically observed, especially

under continuous irradiation. The cause for this stems from the decreased effect of

point defect fluctuations on bubbles of larger size. To properly treat this, the model

should be extended to include fluctuations that contribute to the spreading of the

distribution even when bubble sizes are very large. An important example would be

the inclusion of the contributions of bubble coalescence in the white noise terms.

The developed method is very general, and can be extended to a description of

the size distribution as a function of space and time in any irradiated material. The

large degree of parameterization allows for excellent flexibility and increased accuracy,

particularly when experimental data is available.
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Figure 5.2: Evolution of the helium-vacancy size distribution spanning one minute of

irradiation time. The plot is normalized to a value chosen such that the distribution

is clearly visible in the plot window. The mean bubble radius is plotted in the inset.
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Chapter 6

Ultra-High Strain Rate Deformation of

Nano-Structured Metals

In this chapter, we use molecular dynamics simulations to attempt to uncover the

atomic mechanisms by which materials respond to ultra-high strain rates. Using

copper as a model face-centered cubic metal, our simulations take on three schemes

in the three sections that follow. In the first, we explore the response of bulk nanofilms

to shock loading, focusing on the characteristics of propagation of the plastic front, as

well as internal stresses and temperatures. In the second, recent experimental results

motivate our simulations of shock-loading in finite sized nanopillars. Here, we focus

on the effects of free surfaces on defect nucleation and deformation characteristics and

compare the results with the nanofilms. In the third scheme, we perform simulations

of shock-induced void nucleation and spallation in bulk nanostructures.

6.0.1 Description of the Simulations

All of the MD simulations in this chapter were performed with LAMMPS software

[101], with the Mishin EAM interatomic potential for copper [80]. The software

and potential have been used extensively in past simulations similar in nature. For

the nanofilms, the geometry used was a rectangular block of dimensions of roughly

25x25x100 nm3 amounting to approximately 5.5 million atoms. Periodic boundary

conditions were applied to the x and y directions and free surfaces were prescribed
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in the z direction. Because of these boundary conditions, the geometry effectively

resembles a nano thin-film, infinite in area but finite in thickness. Thus, we refer to

it as a nanofilm and categorize its response as that of bulk single-crystal copper. The

geometry of the nanopillars on the other hand is cylindrical and with free surfaces in

all directions. In addition, a hemispherical tip is carved at the free surface to better

replicate synthesized copper nanopillars [5]. All simulations began with a ramped

thermal equilibration scheme using an NPT ensemble, bringing the atoms to 300 K.

Once this temperature is achieved, an NVE ensemble is then used and the shock

loading is applied. To do this, we designate the first few x-y atomic planes from the

left free surface as a rigid piston. To produce the shock loading, atoms belonging

to the piston are given a prescribed constant velocity into the material for all time.

Typical simulation times were 30-60 picoseconds, with timesteps of 1 femtosecond.

Two different crystal orientations were simulated to analyze the effects of orientation.

In the first, the loading direction was the [100] direction with x and y being the

[010] and [001] directions, respectively. In the second, the loading direction was the

[111] with x and y being the [11̄0] and [112̄] directions, respectively. After running

the simulations, a post-processing program was written to extract information on the

profiles of stress, temperature and velocity seen in the simulations. The software

Atomeye [102] was used for the atomic visualizations.

6.1 Shock-Loading of Copper Nanofilms

With the crystal oriented with its loading axis along the [100] direction, we observe

the nucleation of partial dislocations on the four available 111 slip planes. As the

elastic wave propagates through the crystal, the partials simultaneously propagate

on the shock front. Due to the periodic boundary conditions, the dislocations are
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nucleated homogeneously at the shock front. The upper image in Figure 6.1 shows a

[100] oriented crystal shocked at 1.2 km/s. Once the compressive shock wave reaches

the free surface, it reflects back into the crystal as a tension wave. In all of our cases,

we have observed the tensile wave to reverse the plasticity, leaving the crystal in its

initial, perfect state. We find the transition from elastic to plastic response occurs

between shock impact velocities of 0.8-0.9 km/s, corresponding to loading stresses

of ∼35 GPa. While quite large, these values are in agreement with similar previous

atomisitic calculations of shocked copper [35],[36]. For the [111] oriented crystals,

the (111) plane lies normal to the impact direction and is no longer in play for slip,

and the resulting behavior is quite different. Qualitatively, we observe a much more

disordered partial dislocation microstructure made up of very short segments with

a much higher density of intersections. In addition, we find that the plastic wave

no longer travels simulataneously with the elastic wave, but in fact trails it. This

phenomenon plays an important role because when the elastic wave reflects back into

the crystal, it must penetrate the plastic wave which has yet to reach the surface. This

weakening of the plastic wave prevents the reversibility we observed in the [100] cases

as the shock wave reflected back into the crystal, and a small percentage of partial

dislocations are left unrecovered. On the other hand, the [111] crystals show a greater

resilience to impact velocities. Because of lower Schmid factors for partials compared

to the [100] crystal (e.g. 0.31427 versus 0.4714), higher stresses, and therefore larger

shock impact velocities are required to initiate plasticity in the [111] crystals. We

find the transition from elastic to plastic response to occur between shock impact

velocities of 1.0-1.1 km/s, corresponding to loading stresses of ∼40-50 GPa.
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Figure 6.1: Propagation of the shock wave through single-crystal copper samples

impacted at the left end by a rigid piston traveling at 1200 m/s. The samples are

oriented with loading axes in the [100] (top) and [111] (bottom) orientations. The

simulations impose periodic boundary conditions in the directions transverse to load-

ing. Atoms are colored according to their centro-symmetry parameter, with lighter

colored atoms representing those belonging primarily to partial dislocation stacking

faults, but also to twin boundaries.
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6.2 Shock-Loading of Copper Nanopillars

6.2.1 Experimental Observations

In a recent paper, we reported on the fabrication and laser-induced shock-loading

of [100]-oriented, single-crystal copper nanopillars, with pillar axes aligned with the

wave propagation (compression) direction [5]. An apparatus and related test pro-

cedures were developed for the compression of these nanopillars at pressures and

strain rates of roughly 1 GPa and 107 s−1, respectively, using nanosecond pulse laser-

generated stress waves. Figure 6.2 (f) shows the formation of microplatelets growing

from the pillar surface; evidence of surface activation due to surface step creation by

dislocation-driven processes. As we showed in the previous section, however, impact

stresses greater than 35 GPa are required to nucleate and propagate dislocations in

bulk nanofilms, much greater than the stresses produced in the laser experiments.

Thus, the surface activation seen in the experiments was not to be expected. How-

ever, surface phenomena can not be described in the nanofilm simulations due to the

periodic boundary conditions. To investigate the reasons for the discrepancy as well

as to characterize the response of nano-geometries with free surfaces, we conducted

MD simulations with pillar geometries more closely representative of the experimental

geometries. The results of these simulations are presented in what follows.

6.2.2 Results of the Simulations

With the availability of free surfaces to play a role in the material response, we find

altogether different behavior under shock impact in these simulations. In fact, we find

the pillar to undergo two temporal regimes: (1) fully elastic and (2) plastic release.

Initially, as the pillar is impacted, an elastic compression wave is generated and begins
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Figure 6.2: SEM images of Cu pillars on a Cu(001) substrate ((a), (d)) prepared via

FIB milling prior to testing. ((b), (e)) and ((c), (f)) are obtained 12 and 36 hours after

an isopropyl alcohol cleaning, respectively . The images in the top and bottom rows

show two different pillars tested at laser fluences of 0 and 39.5 kJ/m2, respectively.

The scale bar in all the images is 400 nm. [5]

its travel through the crystal. Depending on the impact strength, for some period of

time we observe full elasticity prior to the nucleation of dislocations. This delay occurs

because the free boundaries allow for volume relaxations as a means of impact energy

absorption. Thus, in the fully elastic regime we have the elastic wave propagating

through the crystal and observe bulging of the pillar near the piston. Once the bulging

reaches a maximum for the material the second regime of plastic release begins. This

occurs through the generation of dislocations near the piston interface. Unlike the

nanofilms, however, we note this nucleation does not occur at the shock front and

does not occur homogeneously in the pillar cross-section. With the maximum radial

displacements occurring at the surface due to the volumetric bulging, naturally we
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find the dislocations to nucleate from the surfaces at the piston interface. We also note

that when shocked with the same impact velocities as the respective nanofilm cases,

the pillars instantaneously melt as the piston passes through the crystal. Thus, the

impact velocities and stresses are much lower to generate dislocations in these cases.

Specifically, for the [100] oriented pillar we have found that reducing the impact

velocity to ∼0.1 km/s, the nucleation of dislocations just occurs. This corresponds

to an axial stress of ∼1.0-1.5 GPa, on the order of the stresses produced in the

experiments. Figure 6.3 shows the results of the impact of an 80 nm diameter copper

nanopillar with [100] orientation by a rigid piston traveling at 250 m/s (∼5 GPa). The

top three images show the dislocation nucleation and evolution phases as the shock

wave proceeds, and the last image shows the resulting surface damage. We note

in these images the dominance of partial dislocations with stacking faults of very

large surface area. As the partials travel on the four active 111 planes, they meet

creating a pyramid shape. Slip continues to occur until the partials reach the surface,

leaving damage at the free surfaces in the form of surface steps. Experimentally,

such regions of surface damage can act as effective zones for the production of oxides

when exposed to various chemicals and atmospheres. For the [111] oriented crystals,

the nucleation of dislocations occurs in a much more scattered way compared to the

[100] pillars. At the piston interface and in a statistically symmetric way around the

circumference of the pillar, very short dislocation segments are nucleated. Figure 6.4

shows the results of the impact of an 80 nm diameter copper nanopillar with [111]

orientation along its axis by a rigid piston traveling at 300 m/s. The top three images

show the dislocation nucleation and evolution phases as the shock wave proceeds, and

the last image shows the resulting surface damage. We note the decreased presence

of highly ordered and planar stacking faults as compared to the [111] orientation,

in favor of a tangled network of very short perfect and partial dislocations. We
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Figure 6.3: Impact of an 80 nm diameter copper nanopillar with [100] orientation

along its axis by a rigid piston traveling at 250 m/s (∼5 GPa). The top three images

show the dislocation nucleation and evolution phases as the shock wave proceeds,

and the last image shows the resulting surface damage. We note the nucleation of

dislocations is not homogeneous, but occurs at the free surfaces and at much lower

stresses, as compared the simulations of the bulk nanofilms.
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find again that the [111] orientation is more resilient to shock due to Schmid factor

considerations, and also that the resulting surface damage is less pronounced than the

[100] cases. Thus, we have shown here the importance of size in the material response

to shock loading. In bulk materials with very low surface to volume ratios, such as the

nanofilms, shock stresses greater than 35 GPa must be reached to induce plasticity.

In nanostructures with large surface to volume ratios, such as the nanopillars, much

lower impact stresses are capable of generating dislocations and lead to permanent

surface damage in materials.

6.3 Shock-Induced Void Nucleation and Spallation

in Bulk Nanofilms

6.3.1 Description of the Simulations

In these simulations, the nanofilm geometry with periodicity transverse to loading

was used. The film was split into two regions separated by an imaginary impact

plane roughly one-third the length from the left free surface. Following the thermal

equilibration phase, the z component of the velocities of all atoms in the region to

the left of the impact plane were given an initial value of 2/3v, while all atoms in the

region to its right were given initial z velocity components of -1/3v, where v is the

desired impact velocity. Figure 6.5 describes the four subsequent stages leading to

spallation following impact. Upon impact, two compression waves travel away from

the impact plane. Next a tension wave is reflected back into the crystal at the left

surface and also at the right surface. When the two tension waves meet, the material

is pulled in opposite directions at the spall plane. The method is designed to minimize

rigid body translation of the nanofilm and provide a spall plane at z=2/3L, and has
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been used with success in the past [103] for simulations in aluminum.

6.3.2 Results of the Simulations

Our results show stark differences between nanofilms oriented in the [100] direction

versus the [111] direction. Specifically, the [100] nanofilms are found to be signifi-

cantly more resilient to spall than their counterparts. This seems counter-intuitive,

since we previously established that shocked nanofilms with [111] orientations require

significantly larger stresses to initiate plasticity, and would therefore be viewed as

stronger. However, in these results we find that the relative ease with which [100]

nanofilms can reduce stresses by slip is their main advantage in countering spallation

as compared to the [111] nanofilms.

For the [100] pillars, the transition from elastic to plastic response occurs at a

relative impact velocity of approximately 1.0 km/s. For the [111] pillars, this transi-

tion occurs at approximately 0.8 km/s. At this transition, the initial compression and

reflected tension waves are fully elastic. However, when the tension waves meet at the

spall plane and pass through each other, a large number of intersecting stacking faults

are generated. Once the available slip systems have been exhausted, the continued

tension causes a small number of voids to form at stacking fault intersections. These

intersections represent weak areas the material. Near the elastic-plastic transition,

the voids are found to reach a critical size before the compression waves return to

squeeze the material back together, leaving a few permanent voids in the material.

At larger impact velocities, however, a transition to full spallation occurs. In figure

6.6 we show the impact of a [100] nanofilm with relative impact velocity 1.8 km/s.

The top image shows the initial impact stage. Here, the impact is large enough to

generate a plastic wave. Once the tensile fronts of plastic waves meet at the spall
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plane, the homogeneous nucleation of voids is seen to occur in the center image. The

continued growth of these voids can be seen in the bottom image. When the void

concentrations and radii are large enough, void coalescence occurs and the material

will separate.

In figure 6.7, we show the impact of a [111] nanofilm with relative impact ve-

locity 0.9 km/s. One difference we find for the [111] nanofilms is that even under

extremely high impact velocities, the initial compression and tension waves remain

elastic, though even under extremely high stresses. As we showed under normal shock

compression in section 6.1, [111] geometries produce high densities of small intersect-

ing dislocation segments. This behavior leads to a higher concentration of small voids

to form at the small plane and for the material to separate in a much more planar

way as seen in the figure.
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Figure 6.4: Impact of an 80 nm diameter copper nanopillar with [111] orientation

along its axis by a rigid piston traveling at 300 m/s. The top three images show the

dislocation nucleation and evolution phases as the shock wave proceeds, and the last

image shows the resulting surface damage. We note the decreased presence of highly

ordered and planar stacking faults as compared to the [111] orientation, in favor of a

tangled network of very short perfect and partial dislocations.
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Figure 6.5: Four stages of compression (C) and tension (T) wave propagation leading

to spallation. (t0) Following impact, two compression waves travel away from the

impact plane; (t1) a tension wave is reflected back into the crystal at the left surface;

(t2) a tension wave is reflected back into the crystal at the right surface; (t3) the two

tension waves meet, initiating spallation at the spall plane

104



Figure 6.6: Void nucleation and growth in a [100] oriented copper nanofilm with

relative impact velocity of 1800 km/s at three different times. Just after impact, two

plastic wave fronts move away from the impact plane (top). When the two tensile

wave fronts meet, small voids are homogeneously nucleated at the intersections of

stacking faults (middle), and subsequent void growth occurs (bottom). This [100]

orientation has been found to be more stable against spallation than the [111].
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Figure 6.7: Void nucleation and spallation in a [111] oriented copper nanofilm with

relative impact velocity of 900 km/s at two different times.
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Chapter 7

Conclusions

In this dissertation, major advances were made in the modeling of materials in extreme

environments. In the second chapter, a hybrid method was developed coupling the

results of molecular statics calculations with classical isotropic elasticity theory to

extract a continuum representation of various point defects through the use of elastic

force-multipoles. The calculations provided a means to account for the changes in

defect energetics due to local strain environment effects. For the force-multipole

representation of defects, we emphasized the use of higher-order multipole tensors to

even more accurately represent the predicted lattice response of many defects from

the atomistic calculations. These include interstitial and substitutional defects, which

have been typically only modeled with the dipole moment. In these cases we found

specific importance of the octopole moment (P (3)), in enhancing the complexity of

the lattice response to match the MS calculations, and overcome the dipole moment’s

predicted 1/r monotonic decay near the defect core. This was illustrated in detail

for the case of substitutional He. While in most cases atomistic calculations of defect

displacements show anisotropies and discrete lattice phenomena, we find the isotropic

elastic Green’s function to provide very accurate material response, provided higher-

order moments describing the defect are implemented.

In the third chapter, a method was developed to calculate dislocation bias factors

in several bcc and fcc metals using a finite-element rate-theory technique. Using the

developed method for the elastic representation of point defects, a more rigorous for-
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mulation of the interaction energy was used to describe the anisotropic diffusion in

the vicinity of the dislocation than previous studies. First using isotropic elasticity

theory, the bias factors were compared directly to numerically and analytically ob-

tained values from previous studies and the discrepancies elucidated. The dependence

of the bias factors on damage dose rate, dislocation density, and temperature were

each examined. We found very strong dependence on temperature and dislocation

density for all of the materials considered. Increasing the temperature was confirmed

to lead to lower bias factors while increasing dislocation density increased the bias.

Under typical conditions, very good agreement was found with several studies for fcc

copper and nickel.

Next, a systematic examination of the effects of anisotropy, SIA orientation and

migration mechanisms on dislocation bias calculations was undertaken. Our findings

can be summarized as follows:

1. In iron, dipole tensors obtained using anisotropic elasticity decreased the bias

by 45% compared to those obtained using the isotropic formulation. In copper,

the opposite effect is seen and the bias is increased by ∼6-9%.

2. Anisotropic dislocation strain fields give larger interaction energy gradients,

leading to increased drift diffusion and larger bias (12% and 6% increase in Fe

and Cu, respectively).

3. Effects of preferred SIA orientations should not be ignored near the dislocation

core. Implementing minimum energy SIA configurations in iron decreases re-

pulsive interactions and increases absorption, ultimately leading to much larger

bias factors.

4. One-dimensional migration in iron plays a significant role in decreasing the bias,
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but its effect is greatly diminished when anisotropy and SIA orientations are

accounted for.

From this study, it was concluded that the discrepancy between past theoretical

studies and empirically obtained dislocation bias factors is not due only to the ab-

sence of anisotropy and preferred SIA orientations in the former. To achieve bias

factors closer to the empirical values, the most important mechanisms by which the

migrating SIA population is decreased must be identified. A closer examination, for

example, at the formation and growth of sessile SIA clusters should be undertaken

and implemented in future models.

In the fourth chapter, a spatially-resolved rate theory approach was developed

to simulate the evolution of average sized helium-vacancy bubbles near the surface

of an irradiated tungsten component under the associated stress and temperature

gradients. The problem of bubble migration in stress and temperature gradients

has been explored by many authors, with the common conclusion that temperature

gradients have a much larger effect on driving bubbles themselves. While this remains

true, we have found that near surfaces, point defect drift is driven more strongly by

stress gradients, leading to larger bubble sizes near the surface, in agreement with

experiments. The effects of stress gradients, however, become negligible for even very

short distances away from the surface, in agreement with the literature.

In the fifth chapter, a novel approach was developed to describe the full size dis-

tribution of bubbles in helium-vacancy phase space and time. Due to fluctuations

in point defect absorption rates with bubbles, because of the stochastic nature of

the irradiation environment itself (collision cascades, Brownian diffusion, etc.), it

becomes necessary to account for the spreading of the helium-vacancy cluster size

distribution beyond its estimated average. Thus, we developed a method based on

109



a stochastic differential equations formulation and a reconstruction of the distribu-

tion by its first and second moments. The approach requires the use of Ito’s rule

for the derivation of the moment differential equations of the (in bubble) helium and

vacancy concentrations. A numerical procedure was outlined, detailing the deriva-

tions and implementation of the method. Results showed the immediate spreading

of distribution, more pronounced in the vacancy direction, in the first few seconds of

exposure. This was followed by a stable period where the dimensions of the distribu-

tion surface (second moments) remained approximately constant as the mean moved

through the He-V phase space. After some time, when the mean bubble sizes are

larger, the width of the distribution in the vacancy direction begins to shrink. This

is due to the decreased effect of point defect fluctuations on bubbles of larger size.

For this reason, an extension of this work should include the contributions of bubble

coalescence in the white noise terms. The developed method is very general, and can

be extended to a description of the size distribution as a function of space and time

in any irradiated material. The large degree of parameterization allows for excellent

flexibility and increased accuracy, particularly when experimental data is available.

In the last chapter, extensive non-equilibrium molecular dynamics simulations

were performed on copper nanostructures under shock loading. These simulations

provided insight into the collective atomic mechanisms that govern material deforma-

tion at high strain rates. The study was motivated by recent experimental evidence

showing surface damage in nanopillars shocked with stresses known to be consid-

erably smaller than those required to induce plasticity in bulk materials. Thus we

performed simulations on both nanofilms, which represent the response of the bulk

samples, and also of nanopillars, representative of the experimental geometries. In

nanofilms, we found the presence of periodic boundary conditions require much larger

impact stresses to induce plasticity (> 35 GPa) compared to nanopillars, where free
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surfaces play an important role. In nanopillars, comparison to the experiments ex-

plained the observed surface activation at lower than expected stresses (∼ 1 GPa),

due to dislocation nucleation and termination at the free surfaces. Additional sim-

ulations of spallation were also performed. Results showed the formation of voids

occurrs at the intersections of stacking faults at the spall plane. The growth and

coalescence of these voids leads to the full spallation of the material. In these cases

the [100] oriented crystals showed increased resilience to spallation compared to the

[111] crystals.
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