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ABSTRACT

~ The Lie transform for a single particle in a wave is

- imbedded in a Lagrangian action principle for self-
consistent plasma dynamics. Variation of the action then
yields the Vlasov equation for the oscillation-center
distribution, the ray equations and amplitude transport
for the wave, and the Poisson equation for the quasistatic
field.

There are many situations in classical (as well as quantum)
physics where phenomena occur on very different space- and time-
scales. The small parameter associated with the ratio of scales
then implies the existence of a reduced description for the slow
dynamics in which the fast phenomena are averaged over, and appear
at higher order in the slow dynamics.

The Lie transform has proved to be a successful techniquelJ for
systematically performing such a reduction for a particle in a given
field. Beginning with the particle Hamiltonian H(p,q;¢), where ¢
represents the field, the Lie transform produces a new Hamiltonian
K(P,Q;¢) for the "oscillation center," about which the particle
oscillates. Whereas H depends linearly on ¢, and generates rapid
particle oscillations, the dependence of K on ¢ is typically quadra-
tic, generating so-called "ponderomotive" effects. :

It is clearly desirable to know what the reaction of the par-
ticles is on the field, i.e., to obtain a self-consistent dynamics.
Before reduction, this dynamics is generally well-known. Our aim
here is to show how to find the self-consistent dynamics for the
reduced description.

Our method is to formulate both the original dynamics and the
reduced dynamics as a Lagrangian action principle. Variations then
Tead automatically to self-consistent evolution equations. Further,
the symmetries of the action imply conservation laws at both levels.

* This work was supported by the U.S. Department of Energy under
contract No. DE-AC03-76SF00098.

To appear in the proceedings of the Thirteenth International Colloquium
on Group Theoretical Methods in Physics, College Park, Maryland, May 21-

25, 1984.



{

In order to clarify the essentials of our method, we shall
introduce simplifying assumptions along the way. In future publica-
tions, we intend to remove these simplifications and present the
full picture. '

The original (unreduced) dynamics is expressed in terms of the
Viasov distribution f(p,q;t) and the Coulomb.field ¢(x,t). The
former evolves by a Liouville equation:

af/at + [f, H] = 0, | (1)

with the canonical bracket on (p,q) space. The potential satisfies
the Poisson equation, with the charge density determined by f.

To obtain these equétiOns from an action principle, we'introduce
the particle orbit p(zg;t), q{zg;t), where z? represents the
z

initial condition of a particle. Letting fo(zy) be the initia]
Vliasov distribution, we adopt the Vlasov Lagrangian action:2

Svip,q) = Sdbzy folzo) f(pd - H)dE, (2)

where q = 3q(zq;t)/3t, and we have suppreséed summation over the
three degrees of freedom of (p,q), and over the particle species.
Demanding that Sy be stationary under variation of the "fields"
plz,,t) and ql(zg,t) yields the Hamiltonian equations:

q = 3H/ap, o _ p=- aH/aq. (3)

Then, defining the Vlasov diStributibq:
)

- 6 . 30 0 iy 3pn o |
f(p {q 3t) = ,rdzo fo(zo) 3 (p -p(zo,t)) §°(q -q(zo,t)), : (4)

we obtain the Viasov Eq. (1). o
We now add to Eq. (2) the action of the'Coulomb field
Sc (¢) = Sd3x/dt £2/8x, | ~(5)

where E = - V¢(x,t). Variation .of S = Sy + Sc with respect
to ¢(x,t) then yields the Poisson equation: v

- V2¢(x,t) = 4n Jdbzy fo(zp) 6H/6¢(5,i). . (6)
We introduce fhe particle charge density: .
| o(x,t; p,q) = sH(p,q;9)/6¢(x,t) (7)
and the identity ,
d3p d3q flp,qst) = dbzq Folzy) | (8)
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from (4), to express -the plasma charge density as
p(g,tif) = fd3p d3q f(p,q;t) plx,tip,q). (9)
Thus the Poisson equation
- 726 (x,t) = 4wp(x,t;f) ' (10)
couples f to ¢, while the Viasov Eq. (1) couples ¢ to f.

We now restrict the field ¢ to represent a single wave in eiko-
nal form, plus a self-consistent quasi-static background:

d(x3e) = ¢olx) + F(x) exp ie(x)/e + c.c., ° (11)

where x = (x,t), and the amp11tude %, the phase e, and the back-
ground ¢, are a11 slowly varying functions of space-time x.

The Hamiltonian H(p,q;$) thus generates rapid oscillations,
characterized by the local wave-vector k(x) = -Ve/e and frequency -
w(x) = -(se/3t)/e. For particles not in resonance with the wave,
the linear dependence of H on & is Lie-transformed to a quadratic
dependence of K on §. Further, whereas H contains the rapid phase
dependence of Eq. (11), K depends on e only thorugh its derivatives
(k,v), which are themse1ves slowly varying.

Because the Lie transform is a canonical transfonnat1on, the
phase-space Lagrangian action is form-invariant.

Sdt (pg - H) = fdt (PQ - K) (12)
Substituting Eq. (12) into Eq. (2), we now vary Sy with respect
to the "fields" P,Q. By steps analogous to those yielding Eq. (1),
we now obtain the Vlasov equation for the oscillation-center
distribution F(P,Q;t):
oF /ot + [F,K] = 0. (13)

Thus the evolution of F is generated by K(P,Q;¢q,%,0). It remains
to obtain the self-consistent evolution of ¢g,3,6.

“ The contribution of K to S can be expressed as

sK = - gt g% FOxPit) KIxPios, Bk, (14)

where we have identified Q and x, and where k(x) = (k,u). We expand
K in powers of §:

K = K (x,P300) * F0x) Ky(x,Pig..K), (15)



truncating at the quadratic term. (The linear term vanishes in the
absence of resonance.) The coefficient K2, explicitly known from
the Lie- gsansfonn generating function, generates the ponderomotive

effects.3] Substituting (15) into (14), we obtain SK' = SK + sb, with
= Ja* 2 (x) x(x), (16)
in terms of the susceptibility X(x), defined as . -
X(x) = - Fd3P F(x,P;t) Ka(x,P; ¢o(x,t), kix,t)). - (17) ¢

This definition represents the K-Xftheorem, discoveréd some years
ago.4l The Coulomb contribution to S 'is, by (5) and (11),

s, = Jd% (79)%/8n + faN% E0FP e, (18)
We collect the quadratic terms from (16) and (18): _ | |
= fd% 32(x) e(x),. (19)
with the local dielectric function def1ned as .
e(x) = elx,k(x)) = kZ(X)/4t + X(x). (20)

Now variation of S with respect to the amp11tude @Tx) yields
the dispersion relation.

clx,k(x)) = 0. ()

This is solved for the phase e(x) by Hamilton's method; 1i.e. ,,the
ray equations: _ ’

dku/dx = aelx,k)/ax"
(22)
dx"/dx = -ae(x,k)/akuv
are integrated to obtain
' X
o(x) = Jk,(x")dx" - (23)

Variation of S w1tg respect to the phase e{x) yields the wave action
~ conservation Taw:®

’

| ad"7ax¥ = 0, (24)
with the action 4-vector defined as

34x) = 32(x) aelx,Kk)/ak, - (25)
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In terms of the scalar action density:
J(x) = 32(x) ae/on, (26)
(24) is the amplitude-transport equation:
ad(x,t)/at + V- (JV) = 0, (27)
where V(x,t) is the wave group velocity.

Finally, we need to vary S with respett to ¢4(x), obtaining
from (18) and (14):

V29o(x) = 4x Sd3P F(x,P;t) aK/2¢p. (28)

The right side of (28) is the charge density, p(x;F), expressed in
terms of the oscillation-center distribution F. From (15), we see
that there are two contributions: 3Ky/3¢y represents the
oscillation-center charge density, while 2Kp/3¢y is a polariza-
tion contribution from the wave. The generalization of the latter
is particularly important in the magnetic case, where it represents
polarization drift and wave magnetization current.

We now have obtained a closed set of equations for F,¢qy,9,0,
representing the self-consistent slow dynamics.

In future publications we shall present generalizations to the
full Maxwell equations, covariant relativistic dynamics, many
waves, resonant interaction, higher order effects in ¢. We shall
also discuss the conservation laws arising from the Noether
symmetries.
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