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ABSTRACT OF THE DISSERTATION

Vanishing of Certain Axially-Symmetric Periodic D-solutions to the Stationary
Navier-Stokes Equations

by
Bryan Carrillo

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2019
Dr. Qi S. Zhang, Chairperson

One open question in the study of the steady incompressible three-dimensional
Navier-Stokes equations is if the only solution with finite Dirichlet integral and vanishing
condition at infinity is the trivial solution. Several partial results have been proven by
requiring certain integral or decay conditions on the solution. We will explore a certain
class of solutions, called axially-symmetric D-solutions, and discuss some results about these
solutions. In this thesis, we will prove that certain axially-symmetric periodic D-solutions

are identicially zero.
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Chapter 1

Introduction

The Navier-Stokes equations (NSE) are a set of equations that describe the
movement of viscous fluids. The equations are important to real world applications because
they may be used to model a variety of phenomena, including blood flow, water flow in
a pipe, weather and more by considering the NSE under suitable boundary and initial
conditions and by coupling them with other Partial Differential Equations. Due to the
plethora of real-world applications, it is important to further study these equations. There is
also significant interest in these equations from a purely mathematical viewpoint. Topics of
interest include existence and uniqueness theorems for the solutions, regularity (smoothness)
of solutions, growth or decay rate of the solutions, and more. We focus on studying globally

bounded solutions.



In Cartesian coordinates, the time-dependent, incompressible Navier-Stokes

equations are

ou — Au+ (u-V)u+ Vp = f,
(1.0.1)

div(u) =0,

where u is a vector-valued function, p is a scaled-valued function, f is a vector-valued
function. In applications, u is the unknown velocity of the fluid, p is the unknown pressure
of the fluid, and f is the given external force applied to the fluid. The first equation is
the momentum equation while the second equation is the incompressible condition. In this
dissertation, we are interested in the homogeneous problem, that is when f = 0.

We say that a function u in L* ((—00,0) x R") is a bounded, ancient weak

solution of (1.0.1) if for all smooth compactly supported functions ¢ we have

/_OOO /n u- Vodrdt =0, (1.0.2)

and for all smooth compactly supported divergence-free vector fields ¢ we have that

/ / - (Opp + Ap)dxdt = / / u®u: V) dxdt. (1.0.3)

where a ® b = (a’d’) and A: B = A;;jB;j. We remark that to obtain the weak formulation,
we simply multiple the equations by test functions, integrate, then do integration by parts
to move all the derivatives to the test function.

We are interested in studying the problem in R3. Are there bounded, ancient
weak solutions to the above problem? If we take b = b(t) = (e!,e!,e') and define p(t,z) =

—Ob -z = —elzy — ety — elxg, then b is an L>®(—00,0) function and u(t,z) = b(t) is a

bounded, ancient weak solution.



Indeed we have we have that

Oru— Au+ (u-V)u+Vp=0b+ Vp
—b_0b (1.0.4)

=0
which implies (1.0.3). We also have

/OOO/RSU-Vqua:dt:/OOO/Rsb-VgZ)d:cdt
:/_(;b- </Rgv¢dx>dt

0
_/ b-(0,0,0)dt

—0o0

(1.0.5)

=0
due to the compact support of the test function ¢. Hence u = b(t) is a bounded, ancient
weak solution.

One natural question to ask is whether any ancient bounded weak solution is of
this form. This is an open-ended question in full three dimensional space, although much
work has been done.

For example, Koch, Nadirashvili, Seregin, and Sverak proved in [KNSS] that if

= (u",u’

, ) is a bounded axi-symmetric weak solution of (1.0.1) with no swirl, meaning
u? =0, then u = 0. Another result in [KNSS] is that if u is a bounded axi-symmetric weak

solution of (1.0.1) in (—o0,0) x R3 and there is a positive constant C' such that

ult, z)] < ——2

— 2 27
\ x] + x5

then u = 0. Similarly, in [LZ2], Lei and Zhang proved that if r|u’| is bounded and the

(1.0.6)

stream function is a BMO function then v = 0. Although the axi-symmetric condition



simplifies the problem because there are only two partial derivatives in space to consider
rather than three partial derivatives, the problem is still open in the three-dimensional
axially symmetric case. It is still not known whether all axially symmetric solutions satisfy
the above bounds or if all solutions satisfy the swirl-free condition.

Another direction others have taken with this problem is considering time-independent
or stationary, incompressible Navier-Stokes equations. This means that the solution
does not dependent on time so there is no partial derivative in time. Lerary studied the
equations and constructed solutions with an extra property in [Le]. The solutions Lerary
constructed satisfy:

—Au+ (u-V)u+ Vp=0,
div(u) =0,

(1.0.7)

lim w =0,
|z| =00

/ \Vu|?dz < +oo.
\ /R3
Solutions that satisfy the above conditions are called D-solutions. The D-solutions are
called so because the Dirichlet integral, that is the L? norm of gradient of the the velocity,
is finite. Just like in the time-dependent case, we wish to classify solutions to (1.0.7).
Certainly the pair u = 0 and p = C, where C' is any constant, will satisfy (1.0.7). Just
like in the time-dependent case we ask the question: is the only smooth solution to (1.0.7)
the trivial solution v = 07 This problem, even if we only assume that the solution is
axially-symmetric, remains open in in R3.

We will note briefly some partial results to the problem in R3; such results are

known as Liouville Theorems. If one assumes that u belongs to certain LP spaces or



specific partial derivatives of u belong in LP spaces, then one can conclude that u = 0. For
example, Theorem X.9.5 in [Ga] states that if u is a homogeneous D-solution in the domain
D = R3 and u is an L%?(R?) function, then u = 0. This result was improved by a log factor
in Chae and Wolf [CW]. In the paper [Ch], Chae proved that if Au isa L6/5(R3) function,
then u = 0.

The problem can also be tackled by assuming that u satisfies decay estimates.
One can take a stationary solution and regard it as an ancient solution and use the result
in [KNSS] to conclude that w = 0 if (1.0.6) holds. In [KTW], Kozono, Terasawa, and

‘5/3

Wakasugi showed that if the vorticity w = curl(u) decays faster than C/|z|*/® at infinity,

then homogeneous D-solutions in R? is 0. In [ZH], it is shown that if u decays like C/|z|?/3~¢
for any € > 0 small, then wu is 0.

In this dissertation we will prove a Liouville Theorem in not the full space R?, but
in R? x [, 7).
Theorem 1 Let u be a smooth axially symmetric solution to the problem
—Au+(u-V)u+Vp=0, in R?x[-m, 7],
div(u) =0,

(1.0.8)

(1, x9,2) = u(x1, e, 2 + 27),

lim u =0,
\ |z|—00
such that the Dirichlet integral satisfies the condition: for 0 < a < 1/5, we have that for all
R>1,
™
/ / |Vu(z)|?dr < R* < oc. (1.0.9)
—7 J|z/|<R

Suppose also / (-, 2)dz = / u®(+,2)dz=0. Then u = 0.

—T —T



We note that this is a generalization of the result in [CPZ] because the L? norm on the
whole space R? x [—, ] of the gradient of u is finite, while here we allow for some growth.

To prove u is zero on the entire domain, we use the Green’s function G on R? x
[—7, w] for functions whose integral on [—, 7] is zero. By making use of the divergence free
condition, we can show that u" satisfies this requirement. However, we must impose this
condition on u? and w?. Unlike the Green’s function on the whole space R3, the Green’s
function on R? x [—m, 7] has exponential decay near infinity. This advantage in decay is
what allows us to show the w is identically zero.

We first use the integral representations of u” and v* in terms of G and w?. This
gives us an estimate on u”, u? in terms of w?. Then by using the Brezis-Gallouet inequality
and scaling technique, we can obtain a bound on w” and w? by the L* norm of u" and
u?. Then by a different calculation, one can bound u? by the L> norm of w”. Finally, we
obtain an estimate on w? by using the decay of u. This improves the decay of w? which
allows us to improve the decay of v and u®. We repeat this process a finite number of

142049 \where § > 0 is small.

times to obtain that the decay of u and w is r—

To obtain the complete decay of r~!, we differentiation (1.0.7) to obtain equa-
tions for Vw. By using the estimates obtained before, we show that Vw decays roughly
like r—3/2+(/2)a+d  Uging the representations for u” and u?, making a calculation for u?

and choosing § small enough, we can show the decay rate of u is r— .

By the results in
[CSTY] and [KNSS], we can conclude u is identically zero. We will prove this result in this

dissertation.

In Chapter 2, we will discuss and give a derivation of the axially-symmetric Navier-



Stokes equations. We will also derive the vorticity equations, which are a key part of the
proof. In Chapter 3, we will derive the Green’s function in R? x [—7, 7] and prove key
estimates for the Green’s function. Compared to the Green’s function in R3, this Green’s
function exhibits exponential decay that is crucial to the proof. In Chapter 4, we will prove

the main theorem as we outlined above. Finally in Chapter 5 we will discuss future work.



Chapter 2

Axially-Symmetric Navier-Stokes

Equation

2.1 Cartesian Coordinates

A vector field v: R? — R? can be rewritten in Cartesian coordinates as

v(x) = vi(x)e; + 13 (x)es + v3(x)es (2.1.1)

where z = (1, 22, 23) is a point in R3, e1, 2, e3 are the standard basis in R?, and v!, v2, v3

are the component functions. Given a scale-valued function f and vector field F = (F!, F?, F’3),

we have that the gradient, divergence, curl and Laplacian in Cartesian coordinates are given

by
Vf = (0 fler + (0ny f)e2 + (Ony f)es, (2.1.2)
divE = 0y F' + 0y, F* + 05, F7, (2.1.3)
curlF = (0, F? — 0y, F2)er — (05, F3 — 0y, FV)en + (05, F? — 05, F1)es, (2.1.4)



and

Af=02f+0%f+0Ff. (2.1.5)

Since we are working with a vector field, we will also need the vector laplacian:
AF = AF'e; + AF%ey + AF3e3. (2.1.6)

Essentially we take the Laplacian on each component function.
We note that the Navier-Stokes Equations are actually a system of equations.
Component-wise we see that (1.0.7) can be rewritten as
3
Aul =Y w0’ + dp = 0. (2.1.7)
j=1
In addition to the velocity, we will also need to work with another quantity called
the vorticity. The vector field w = curl(u) is called the vorticity. By taking the curl of

(1.0.7) we have a new set of equations the vorticity satisfies. By direct calculation we have
—curl(Au) + curl[(u - V)u] + curl(Vp) =0

(2.1.8)
—Aw + curl(u - V)u] =0,

where we used the fact that the curl of the gradient is zero. To simplify the equation further,

we first rewrite the term (u - V)u by noting that
1
(u-V)u= §V(u cu) —u X w. (2.1.9)
This follows by using the following vector identity by letting A = B = u:

V(A-B)=(A-V)B+ (B-V)A+ A x (curl(B)) + B x (curl(A4)).



Hence we have

1
curl[(u - V)u] = icurl(V(u cu)) — curl(u x w)
= curl(w x )
(2.1.10)
= w(div(u)) — u(div(w)) + (v - V)w — (w - V)u
=(u-V)w— (w-V)u,
where we used the divergence-free condition of u (and consequently w) and the

vector identity
curl(A x B) = A(div(B)) — B(div(A)) + (B-V)A— (A-V)B. (2.1.11)
Therefore, the vorticity equation for the stationary Navier-Stokes equation is
—Aw+ (u-V)w— (w-V)u=0. (2.1.12)
Although the vorticity equation involves even more partial derivatives of the velocity, the
equations no longer involve the pressure.

2.2 Cylindrical Coordinates

Because our solutions are axially-symmetric along the z-axis, it will be useful to convert all
the equations into cylindrical coordinates. We can do a change of variables to cylindrical

coordinates (r, 6, z) in the following way:

r=/x? + 2% 6= arctan (?) , Z=uI3, (2.2.1)
1

10



or equivalently

x1 =rcos(f), xzo=rsin(d), z=wxs. (2.2.2)

Here r > 0, 0 < 0 < 27, and z is any real number. If 1 = 0, then 6 will be either 0, 7, or
37” depending on what x is.

Hence a vector field can be represented in the following way:

v(z) = v"(z)e, + 0 (x)eg 4+ v*(x)eq (2.2.3)
where
e = (%, %,O) = (cos(#), sin(6),0), (2.2.4)
ep = (—%, %,0) = (—sin(#), cos(6),0), (2.2.5)
and
e, = (0,0,1). (2.2.6)

Given a scale-valued function f and vector field F = (F", F?, F#), we have that
the gradient, divergence, curl, Laplacian, and vector Laplacian in cylindrical coordinates
are given by

VS = @cf)er + 5 (@f)en + (0:P)es, (227)

1 1
divF = 8, F" + ~F" + ~0pF° + 0,F~, (2.2.8)
r r

r

curlF = (189FZ - 8ZF9> er — (0.F* — 0,F") eg + (a,,Fg + %FG _%F ) e., (2.2.9)
T
2 1 1 2 2
and
) 2

T2 F? 2
AF = (AFT - - 8.9F9> er + (AF" -+ 289FT> eg + AF%e,,. (2.2.11)
T T

11



Compared to Cartesian coordinates, these differential operators are more complex.
The reason is because, unlike in Cartesian coordinates, the basis vectors in cylindrical
depend on the other variables. In Cartesian coordinates, d,,e;=0 for any i and j. In
contrast, in cylindrical coordinates we have that Jype, = ey and Ogey = —e,. As a result, the
partial derivative hits the basis vectors and produces extra terms. Because the solutions we
work with are axially-symmetric, the partial derivatives with respect to 6 are zero.

Since we know what the Laplacian, divergence, and gradient are in cylindrical
coordinates, we only need to determine how to write the inertia term (u - V)u in cylindrical

coordinates. By noting that
’U,9
(u-V)= (ur&n + 789 + uz8z> (2.2.12)

we have that
(u-Vu= (u-V)(u"e, +uley + ue.)

= [(u-V)u] ey + [(u : V)u"] eo + [(u- V)u]e,

(2.2.13)
[(w- Ve, u" + [(u- V)eg] u? + [(u- V)es] u?
r [% z UTUG (u6)2
:[(u-V)u]er—k[(u-V)u]eg—i-[(u‘V)u]ez%— ep — er.
Similarly, we have for the terms (u - V)w and (w - V)u that
w"u? wlu?
(u-Vw=[(u-V)w]e, + [(u : V)we] ep + [(u- V)w®le, + e~ — e (2.2.14)
and
u"w? wlu?
(w-Vu=[(w-V)u"]e + {(w : V)ue] ep + [(w-V)ule, + e — — e (2.2.15)

12



Hence we have the axially symmetric Navier-Stokes equations:

( 0\2
1 1
(u" 0 +u*0,)u" — () +0pp = (83 + -0, + 0% — 2) u”
r r r
r,,0 1 1
(U0, + w0 )ul + - = <83 + =0, + 0 — 2) !
" " " (2.2.16)
1
(u" 0y 4+ u*d,)u* + 0.p = <a§ + 0 + 83) u?
Opu” + u7 + 0.u” = 0.
The vorticity equations are as follows:
( 1 1
u'Oy + )W — (WO, + W = [P+ =0, + 0> — = |w"
( P00
r N B N P 2 1 2 LY\ 4
(u"0r + u*0,)w’ — g ;az(u ) =0+ ;ar +0; — = |w (2.2.17)
w0, + uFd)w® — (WO, + wd)u" = 8% + =0, + 8% ) w?
( T z
where
1
w' = -4 w =" —ouF, w' = =8,(ru). (2.2.18)

13



Chapter 3

Green’s Function

Finding solutions to general partial differential equations (PDEs) is an important,
but difficult task. Even if one focuses on linear PDEs, there is no general theory that will
work for all linear PDEs, regardless if the PDE is homogeneous or inhomogenous. However,
in certain cases one may construct a solution to an inhomogeneous PDE using a special kind
of solution to the homogeneous problem. Given a linear differential operator L = L(x), a

Green’s function G = G(x) satisfies the following for any point x:

where § is the Dirac delta function. In particular, if we consider L = A = 92 + 92 + 8§3,

that is Laplace’s equation in R?
AG = (),

1
 Anlx|

then it is well-known that the Green’s function is G(x)

14



Now suppose we wish to solve Poisson’s equation, the inhomogenous Laplace’s
equation, in R3. That is, given a function f: R3> — R, find a function u: R?> — R that

satisfies the PDE

If the given function f is sufficiently well-behaved, we have that u(z) = ” f(@)G(x—y)dy
will be a solution to Poisson’s equation. Therefore to find a solution to Poisson’s equation in
a specific domain, we use the Green’s function for the corresponding Laplace’s equation and
preform a convolution. However, if we consider Poisson’s equation or Laplace’s equation
on a different domain, then the Green’s function will change. For a general domain, it is
difficult to find explicit formulas for Green’s functions directly. An alternative to finding
Green’s functions for Laplace’s equation is constructing them by using a solution to the
heat equation.

The heat equation in (0,00) x R™ is
o' — Al' =0,

where I' = T'(¢,x) is unknown. For dimension n > 1 we have that the fundamental

solution of the heat equation is

|2

T

1 — = n
—L e a t>0, z€R
Do(t,z) = O™

0 t<0, zeR”
The reason the fundamental solution to the heat equation is important in finding

solutions to Poisson’s equation is that Green’s function for Laplace’s equation are related

15



in the following way: for n = 3, we have that

o [ee] 1 _\x\Q
/(; FS(tny)dt—/O W@ 1 dt
s 1 _ (1= )2
-], i

1 /Oo _uzd
= —0 e U
2m3/2|z] Jo

where we made the substitution u(z) = -=. In fact, one can show that for n > 3,

() = /0 Tt 2)dt

where G, (x) = W)a(n)lrl% represents the Green’s function for Laplace’s equation in
R™, a(n) is the measure of the unit ball in R”, and I, represents the fundamental solution

to the heat equation in R™. It is important to note that this is not the case for n = 2, that

is to say that

1 <1 x| e
Gg(a;)——%log\x]#/o 47Ttelzgfdt—/o Cy(t, z)dt,

where G5 is the Green’s function for Laplace’s equation in R?. In fact, the integration of
the two-dimensional fundamental solution to the heat equation over time is infinite, despite
the fact that there is a Green’s function for Laplace’s equation in dimension two. However,
this idea of integrating the fundamental solution will be useful for our goal of studying the

stationary Navier-Stokes equation in R? x [—, 7).

16



3.1 The Green function on R? x [—m, 7| for functions whose
integral on [—m, 7] is zero

To find the Green’s function on R? x [—, 7], we need to find the fundamental solution to the
heat equation in (0, 00) X (]R2 X [—m, 71]) . We might guess that the fundamental solution will
be the product of the fundamental solution in R? and the fundamental solution in [, 7].
Indeed this will solve the heat equation on (0,00) X (R2 X [—7r,7r]), but when we try to
integrate the fundamental solution over time, we will have a divergent integral just like we
did for the two-dimensional heat equation. We can overcome this by “subtracting” off the
problematic term to avoid having a divergent integral. However, the price we pay is that
we must restrict the class of functions the Green’s function will act on.

We will use the following notation for this chapter and beyond. Given z =
(w1, 22,23) € R3, we write z = (2/,23) or x = (2, 2), and for y = (y1,%2,%3) € R3, we
write y = (¥, y3). In this next lemma, we construct the Green’s function we will use. We

will sometimes write S! to represent [—m, 7).

Lemma 2 Let f‘l and Ty be the standard heat kernel on S' and R? respectively.
(a). Let T'(t;x3,y3) = ('] — %)(t;ibg,yg)rg(t;ibl,y/). The function T(t;x3,ys3)
satisfies the heat equation on R? x S1:
AT —0I'=0
(3.1.1)

1—\|t:0 = 5('%.7 y)

™

The last equation means that for any bounded, smooth test function with/ oy, y3)dys =

—T

0, we have lim (T',p) = ¢.
t—0+

17



(b). Let G(x,y) fo (t;z,y)dt. Suppose that f is a smooth and compactly

supported function in R? x S' such that / f(2', z3)dx3 =0 for all ¥’ € R%2. Then
Sl

—AGxf) =,

where x stands for the usual convolution.

(c). Let u and f be smooth, bounded functions on R? x S such that
—Au = f.

Suppose / f(2',x3)dws = 0 for all 2’ € R? and f is compactly supported. Then for some
Sl

constant C,
uw) = [ Gl +C.
R2x St

Thus G is the Green’s function for those f.

Proof. Define T'y(t; z3,3) = =(1+2 Z e~ ™t cos(m(zs — y3))), where 23 and

m=1

ys are in [—m, m]. First for ¢t # 0 we have that 0 < e™* < 1 and

Z e Feos(m(zs —y3))| < i et < i - (3.1.2)
m=1 m=1

This shows that T is well-defined for ¢ # 0 and in fact the series converges uniformly
by the Weierstrass criterion. Moreover, we can preform term by term differentiation on r
in the variables ¢, x and y because the respective series converge uniformly and we can
interchange summation and differentiation. Hence &,T, AISIN’ are well-defined. We will

need to use the fact later that

/ f‘1 (ta z3, 0)d33‘3 = / fl(t7 07 y3)dy3 =1 (313)
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This is because for m # 0, e™™ *t f cos(mys)dys = 0. Therefore, the only non-zero term
in the sum is the m = 0 term which equals 1. Finally, we wish to note that r may also be

rewritten out as

oo

- 1 ,
Ty(t;z3,y3) = by Z e~ M tgim(z3—ys) (3.1.4)
m=—oo

We will interchange between these forms as needed. We claim that fl(t; x3,y3) is the heat

kernel on S', which means that
A, Ty — 0T =0,
Tili—o = 6(z3 — y3).

Direct computation shows that Ty satisfies the equation, so we only check that f’l\tzo =

d(z3 — y3). This means we must show that for any test function ¢(y3) in C§°(R),

[Jim (C1(t 23, 93), 0(y3)) — p(x3) (3.1.5)
= tl_l}r(])a+ (1 +2 Z e tcos(m(zg — yg))> o(y3)dys — ¢(ys3) (3.1.6)
=0. (3.1.7)

First we note that

Y

Hence by Lebesgue theory we are allowed to interchange integration and summation. So

tcos(m(xs — yg))‘ dys = Z de™ ™t < Z 4 (e_t)m < 00. (3.1.8)
m=1

m=1
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we have that

(T1(t; w3, y3), 0(y3)) — @(3)

_ / P (450, y3) (s — ya)dys — olas) / F1(0, y3)dys

- / Ty (£ 23, 3) (9(u) — p(3)) dys

—T

= Y e [T e (o) — (e dug
= Jlim 3T e [ e (gyn) — pla) dae

Next we have

lim (T (t; 23,73), 0 (y3)) — @(x3)

t—0t

= Jim ti 30 e [ e (o) — o)) dyy

Im|<N

= Jfim i 30 e [ e (o) — o)) dyy

N—o00 t—0+
|m|<N

= dim 37 [ e (o) — plan)

N—oo _
Im|<N

— lim / S e mE T (p(ys) — p(3)) dys,

N—oo J_
|m|<N

(3.1.9)
(3.1.10)

(3.1.11)
(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)

(3.1.16)

(3.1.17)

(3.1.18)

where we used the Moore-Osgood theorem to interchange the two limits. To proceed further,

we note that

S eimleam) sin (N +1/2)(z3 — y3))
=N sin (w3;y3)

We thus have

Hm (T (t; 23, y3), 0(y3)) — (z3)

t—0t
_— (N E/W; “93) () — o(3)) dys
= lim i (gO(yg)—tp(:rg)) sin (N 4+ 1/2)(z3 — y3)) dys.

W S\ sin (552)
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(3.1.21)
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Because

i PWs) — #(23)

= 2¢(43), 3.1.23
r3—Y3  sin (%) ¥ (yS) ( )

we have that “‘W is integrable on [—m,7]. Therefore, by the Riemann-Lebesgue
Sin 5

Lemma, we obtain

N (T (2 23, 93), 0(y3)) — e(x3) (3.1.24)

~ im [ (W) sin (N +1/2)(z3 — ys)) dys.  (3.1.25)
Novoo J_q \ | sin (%252)

— 0, (3.1.26)

as desired. This shows that I';(¢; 3, y3) is the heat kernel on [—7, 7).
Now we define I'1(¢; 23, y3) = fl(t; x3,Y3) — % Then T'y (¢; 3, y3) still satisfies the

heat equation and is a heat kernel for the test function ¢(y3) with [ ¢(y3)dys = 0 because

}1_1}(1)<F1(t;f1337y3)7 ©(y3)) — o(3) (3.1.27)
=ty (55,0, £0) — 5= [ o(ys)dys — o) (3.1.28)
—tiny (1600, 00), ) — o)) = 5 [ olwddin (3.120)
=0. (3.1.30)

We can now construct the heat kernel on R? x [—7, 7] for bounded smooth functions

¢ such that

/ ey, y3)dys = 0. (3.1.31)

—T

o’ —y'|2

Let ['y(t;2/,y') = ;5;e= 2 be the heat kernel on R?. Define

P<t7 Z, y) = FQ(t7 fL'/, y/)rl (tv x3, y3)
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Then we claim that T'(¢; z,y) is the heat kernel that satisfies
(3.1.32)
1—‘|lf=0 = 5($7y)

for bounded, smooth test functions satisfying (3.1.31). The second equation, as before,

means that Iim+<F, @) — ¢ = 0. First we show that I' satisfies the heat equation. By direct
t—0

computation we have

AT — 8,7 (3.1.33)
=T AT 4+ ToAg, Ty — 119, — T[99,y (3.1.34)
=T (ApTy — 8,T2) + Ty (Ag,Ty — 8,T'1) (3.1.35)
= 0.

Next for any bounded, smooth test function ¢(y) satisfying (3.1.31), we have

lim Ltz y)e(y)dy
—0 R2xS1

= lim Fz(t;x’,y’)/ L1 (t; 23, y3)e (Y, y3)dysdy
t—0 R2 g1

= lim Fz(t;x’,y’)/ Ty (t; 23, y3) 0y, y3)dysdy’
t—0 R2 g1

= lim Fz(t;x’,y’)/ L1t zs,y3) [0y, ys) + oy, 23) — (Y, 3)] dysdy’
t—0 R2 g1

= lim To(t; 2,9 ) oy, 23) / f’(t; r3,y3)dysdy’ + lim/ To(t;2',9) { — oy, z3)
g1 t—0 R2

t—0 R2

+/1fl(t;x3,y3)90(y'7y3)dy3 dy'
S |

= lim Fz(t;w’,y’)sﬂ(y’,arg)dy’+lim/ F2(t;x’,y’)[—¢(y’,w3)
t—0 R2 t—0 R2

+/Sl Ty (t; 23, y3) 0y, ys)dys | dy
= gp(l‘,, 333) + 0
= ().
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We flesh out some of the details of the above computation. First, we claim that
the term
/R2 La(t; 2’ y) {—s@(y’,xs) + /51 fl(t§$3>y3)90(y,7y3)dy3] dy’

goes to zero as t — 0T. This is because since PH(I] Ty (t; 23, y3) 0y, y3)dys = o(y', x3) for
— Sl

all 3/, then for some § > 0 we have that if 0 < ¢ < J, then

<e.

/31 I (t; $3,y3)<P(3/a y3)dys — <P(3/7953>

We thus have

/R2 Ta(t;2',y) [—w(y’,xg) + /51 Ty (t; $3,y3)¢(y'7y3)dy3] dy" < /R2 Dot 2,y )edy' = e.

We have thus proven (a), which is that T is the heat kernel on R? x [—m, 7] for
functions whose integrals on S' are zero. Now we are ready to define the Green’s function
on R? x [—m, 7]:

00
G(z,y) = /0 [(t; x,y)dt.

The integral is finite except when = = y. This follows from the exponential decay property
of I'. 'We can also show that the partial derivatives are defined and we are allowed to
interchange differentiation and integration. We will justify all the details in the next lemma.
Let f be a smooth, compactly supported function on R? x S, whose integral on

S1is 0. Then since I satisfies the heat equation on R? x S', we have that

= /IR . DG )T (w)dy = /IR o [ /O N —Axf(t;%y)dt] Fly)dy

- _/Rw [/OOO atl“(t;a:,y)dt} f(y)dy

- / lim T'(¢;,y)f(y)dy
R

2% g1 t—07T

(3.1.36)

= f(x).
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Hence G(z, y) satisfies the Poisson’s equation for any smooth, compactly supported

function on R? x S which proves (b). Now let u be any bounded, smooth solution of
—Au = f.

First, we note that [ G(z,y)f(y)dy is in fact a bounded solution. This follows because in

Lemma 3, we will show that

1 ! !
|G(z,y)| < 07‘ ’e—colx —v'l,
r—y

If f(y) is supported in some ball B(zg, R), we have that for |z — 29| > 2R and |y —zo| < R

that —4— < —2 . Hence

lz—yl = lz—=zo]"

1 Cenla! —af!
]/Gmwﬂwﬂsc/ oL el 1| )1y
B(zo,R) |$ - y|

1
< c||f||Loo/ E— (3.1.37)
B(wo,R) 1T — To

<ot
|z — x|

which implies that G(z,y) is bounded as |z| becomes unbounded.

We thus have that v — [ G(z,y)f(y)dy is bounded and

Amwwi/auwvwmm=a

Hence, u — [ G(z,y)f(y)dy is a bounded, harmonic function so by the classical Liouville

theorem we have that
u= [ Gsoay+c

This shows that G is the Green function on R? x [—7, 7] of those functions with its integral

on S! is zero which proves (c). m
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3.2 Estimates for the Green’s Function and its Gradient on

R? x [—7, 7]

In the next lemma we prove that that the Green’s function is well-defined and in fact satisfies

the following estimates.

Lemma 3 Let G(x,y) be the Green function on R? x S defined above.

following estimates for some constants cg, C1,Co > 0:

1

Then we have the

Gy < Crp—pe ™ (3.2.1)
IVG(z,y)] < Cy r y,Qe—W'“f"—y" (3.2.2)
with ' = (x1,22) and y' = (y1,y2)-
Proof. We will first prove that
|G(z,y)| < Ce= 7 (3.2.3)
and
2’ —y'|
IVG(z,y)| < Ce™ T (3.2.4)
for the case when |z’ — ¢/| > 1. We have
o —1 _M 1 = —m?2t
G(x,y) = (Amt)" e 4 = e cos(m(xs — ys))dt
0 m=1
I &[> o 12 o
=2 Z / ttem @ e ™ tdt cos(m(x3 — y3)) (3.2.5)
4 m=1"0
1 oo
=12 I, cos(m(zs — y3)).
m=1
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We will first estimate I,,,. By making a change of variables, we see that

o _ (m]a’—y'?
Im:/ e e tdt
0

m|a’ —y'| oo
B 41 _<m|ac’4—y’|>2 —t gt
B 0 + mlz’ —y'| € ' €
2

(3.2.6)
o _q _Gmla’=y'p?
g 2 t e 4t € dt
m|z’—y'|
2
oo
<C [ teTldt
m\ch—y \
This follows by first making the change of variables u = —m?t so that the —m?

. _lef=y2 . .
coefficient transfers from e~ to e~ . Then we split the integral from 0 to m|z’ —y/|/2

(]’ —y'?
4t

and m|z’ —y'|/2 to co. We make use of the symmetry of the integrand ¢~ te™ e~ by

(ml|z'—

making a substitution u = e YD’ t6 in fact get that the two integrals are equal. Finally,

(mlz’ —y'))?
for any m > 1, e~ #— < 1. So all we need to do is estimate the integral

0o m|x/ _ y/‘
tleldt = By | ——
/mz;y/ Sa=n (M),

where F;(z) is the exponential integral. To get the final estimate, we first note that

Ei(z) <e ®ln (1 + 1)

X

for x > 0. See [DLMF] for reference. Hence

2 mla! — o'
Im§01n<+1)e =

m|z’ —y|

From (3.2.5) and (3.2.6), we have
= _mls’ |
o] <0 3o r1) e
mlx — V|

< Cln L +1 e—‘z -2 ‘ (3.2.7)
2" — /|

[
7

< (Ce™

26



This bound is found by first noting that In ( E 2 il 1) <In <|z, =7+ ) In(3)

for m > 1 and |2’ — /| > 1. So it remains to bound

0 ! / o0 ’ ’ / o0
Z _mlz —y’| Z _mla’ *y\ _\r —y| _la’ *yl _la' =] *y\
é 2 = e 4
m=1 m=1 m=1
R . . 1 1
However, e 7~ < 1, so we have a geometric series whose sum equals T < {17
l—e 4

This proves (3.2.3).

We now prove (3.2.4). We have

1 e o] Y
oG] =gz Som [ e T e dtsinontas — )

2

:c— /12 m
<C Z/ e T e gy (3.2.8)
mx — 2
< CZ / § _ (m] tyl) e_%dt

We now explain the above calculations. We first make the change of variables

u = m?t again. Then we note that t~le™* < t_3/2€7%, for t > 0. Equivalently, we break up

2, 2

—m?2t _m7t __m7t

e as e 2 e 2 and then we use that
_m?t _m?2t 1 1
me 2 < sup me 2 = ——e 2.
me[l,00) \/E
Hence we obtain
m2t |’ /|2 m2t m2t |’y |2
me T t e @ ez <t 32T e

from which we make the change of variables u = m?t to obtain the m variable.

Next we estimate the integral
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Vamla'—y/|  V2Zmla'—y/|
2 e 2

We first multiply by e™

s _mle’D? ¢ B2 R N R i V) R e T B
m t 2e a e 2dt = me 2 t 2e 1t 2 2dt
0 0

1 o]
e / 1= o (mla? —y' )2 =23/ Bmla! —y [1+26%) gy
0

Somla! — 00
— me—ifm‘g = / + 5 o3 (mla’ =y [=V20) gy
0

2
VaZm|a' -y o0 3 _ m\zlfyl\f\/it
=me~ 2 t ze < 2Vt ) dt.
0

vy 2T
Tl —y]

_ V2m|a’ =y 2\/7?

S W=yl

= me

=€

We will show that

oo mlz’ —y'|—V2 2
/ g2 (A g = 2T
0

mlx’ —y'|’

We first make the substitution u(t) = % to get —2t3/2du = dt, then we obtain

2
0o B m|r/7 /\7\/§t 2 o) _(m\zlfy/\uf\/ﬁu_l)
/ t=3/%¢ ( 2 ) dt = 2/ e : du.
0 0

We make one final substitution: 6(u) = m|z’ — y'|u to obtain

o0 _(m\z’—y’\u—ﬂu‘l)z 9 0o _(e—x/?mw—y’le—l)z
2/ e 2 du = /// e 2 do.
0 m|z —Z/’ 0

Now we define

We claim that F(w) = /7 for any choice of w > 0. To show this, we note that

D F(w) = \f /Ooo () (0 - \/§w9_1) 6-1de.

28
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(3.2.9)



The integrand has a singularity at § = 0, however,

lim 6_(0_@,9*1)2 (9 - \/§w0‘1> 6~ =0,

6—0

so there is no issue in the integral being infinite. We split the integral into two pieces:

V2w 9] Bwo—
/ 2f+/ (=)’ (e—ﬂwa—l) 9%10] .

OwF (w) = —
0 V2yw

V2
2

By making the change of variables u(f) = v/2wf~! so that du = —/2w#~2df we get

N
/ W (et (e—ﬁwe—l) 0=1dg
0

V2w wu— 1y 2
— _/ 2fe_<%) <\/§unf1 —u> u tdu.

o0

However, we note that by symmetry:

V2w wu—l w2
_/ 2\F6_<%) (ﬂwufl—u> v tdu

o0 u— wu 2
— /{1/ e_(ﬁfv (u — \/iwufl) utdu.
2v/w

This means that in fact

é/7 w wu_ T —u 2
/ . e_<ﬁ = ) (ﬂwufl - u) uwtdu
0

o0 u— wu 2
— /{1/ e_(ﬁfv (u — \/iwufl) u tdu.
2v/w

This implies that

which means that F'(w) is independent of choice of w.
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We shall compute F(0):

/0‘”(

[ SIS

) do = 2/ e (©% ge
0
NG

2

=2

=/
Hence we have proved (3.2.9). We now use (3.2.9) and insert it into (3.2.8) to obtain

0o  _Vemla'—y|

e 2
|8$3G(m, y)‘ < szl W

_ mlz’—y’| *yl
<C
Z 2" = /| (3.2.10)
< C 1 ei‘z Zy\
T =y
S C@i‘z Zy\

We used the geometric series trick from before and note that 1 < |2’ —3/|. We have finished
the estimate for 0,,G(z,y). The estimate of d,,G(x,y) is the same as (3.2.10).

We now estimate 0,/ ,»G(x,y). From (3.2.5), we have

o0 00 ) ‘x/ o y/| o/ —y |2 2
|0y Gz, y)| < C Z/ t Te_ e ™t
m=1 0

= oo (mla’ ')
<Ol — | Z m2/ t72e” w e ldt,
m=1 0

where we again make the substitution u = m?t from which we get a m? in the integral.

(3.2.11)

Next, we split the resulting integral into two parts and integrate separately:

i
mlz’—y'|

|0ur G (,9)| < Cla’ — ylz (/| y|+/ B T gy (3.2.12)
mlz = 0
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For the first integral, we have that

2 / / o -2 _M —t 2 / / 4 o —t
melz — | t™“e woetdt <mla’ =Y |5 e 'dt
d m?|x’ — y[? Jmis! v

m|z! —y
2
4 _mla’—y/|
= —2e¢
/ /
|2’ — |

12
(mlz’—y'|)

Here we used the fact that e™ It < 1 and also t72 < 4 STz on the interval

(mla’—

0
[mlﬂf2 Yy |,oo).

122
For the second integral we make a change of variables u = w so that

du — e =y')?

ITE: dt and we obtain:

r_
mlz —y'|

2 _o _(mlz'—y
m?|x’ —y’|/ t2e T e
0

dm?a’ — | [ _ (mla’—y'])?
— 4

= (e’ =y )2 ot

4 & _
< r, =] St e “du
e/ /|
4 _mla’—y/]
= —€
2" — |

Now using our estimates for the two integrals and using the geometric trick again

we have that

1 L'
\f%',ny(x,y)}SCme o (3.2.13)

This proves (3.2.4).
Now we consider the case when |2/ — ¢/| < 1. First there exists positive constants
c1, ¢y such that

|z—y|

2
IT(t;x,y)| < Ct32e a7 ec2t, (3.2.14)

and
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s—yl2
VD(t2,y)| < Ot 2 7o, (3.2.15)

This follows by noting that |2/ — /| <1,

o'~y |2

Dot y)| =Ct e a0,

_‘w/_y/‘Q _|$/_y/|2

\VDo(t;z,y)| = Ct 2z’ —y|le” 2 < Ct e @

and by using global estimates for I'y and it’s partial derivatives. See Lemma 4.2 in [TZ] for
details of the estimate on I'y.

We now integrate (3.2.14) to obtain

le—y|?

|G(az,y)|gc/ 13277 ety
0

00 2
— 062\/0162|1y|/ t73/26701‘zflerQ\/clcg\xfy\fcztdt
0

o0 e1lz—y|2—2,/cTeg v —y|t+eot?
_ 06721/clcg|xfy| / t73/267 i dt
0

Jeilz—y| /a5t
Vi

oe] 2
_Ce—va'x—y'/ 1326 ( ) ar (3.2.16)
0

_ Ce-2Vaali—y| / ¥ o (verle—ylu-yaEa) g,
0
L 2ve@ley / e (o-vamle—ilo) g
0

e M —
Vel =y

_o— 1 evaapy
velr =yl

where a similar computation like (3.2.9) can be used to show that

/°° o (0—verele—ylo=1) g9 — \27?
0

A similar computation like (3.2.11) gives us that we can find a constant cs so that

1

| |2e—03|~"f—y|. (3.2.17)
T =y

IVG(z,y)| < C
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Hence using the fact that |23 — y3| < 27 and by combining (3.2.3), (3.2.4),(3.2.16), (3.2.17),

we choose a small enough ¢y so that (3.2.1) and (3.2.2) hold for all [z —y| #0. m
Although the above estimates will suffice for general purposes, we need sharper es-

timates. In particular, we will be working later with hallowed cylinders. We note that upon

integrating the Green’s function along the 6 variable, we can get the following estimates:

Lemma 4 Denote z = (rcosf,rsin, 2) and y = (pcos ¢, psing,£). For |p—r| < ir,

2m 1
/ G (z,y)|dp < Ce0lP=rIZ 1y <2 — ) (3.2.18)
0 r lp—rl
2w 1 | |
VG(x,y)|dp < C e~ olp—rl (3.2.19)
et < oy
For ir < |p—r| < %r, with 1 < r, we have
2
| (6] + 96 do < cerel, (3.2.20)
0

Proof. From Lemma 3, we see that

2 o 1 o
/ |G (z,y)|dp < C/ = ecol’—y |dd>.
0 ]

(3.2.21)
2 1
< Gl / 1
o |2 =y
and
2m 27 1 .,
/ VT (2, y)|d < c/ e s
0 o I y2 (3.2.22)
< Qe colp=l / %dqb-
o lz—yl
Recall that 2’ = (rcosd,rsinf),y’ = (pcos ¢, sin ¢),
|2 — | = /p2 412 = 2prcos(d — @), (3.2.23)
and
|z —y| = /p2 + 12— 2prcos(d — ¢) + |z — 2. (3.2.24)
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Without loss of generality, we will set 8 = 0 because the integrals are independent of choice

of 6. So we work with

l2" — 3| = \/,02 + 72 — 2prcos(¢p) = \/(p — )2 + 4prsin? <§>, (3.2.25)

and

[z —yl = \/(p — 1)+ 4prsin® <(§> + |z — £, (3.2.26)
where we used the half-angle formula 2 sin? (g) =1—cos(f).

We will show that

/27r b o<t ln< r > (3.2.27)
0

| — /| o =7l

and

1 1
- _dp<C . 3.2.28
/o TP S Ol T = (3.2.28)

We see that

2 1 7r/2 1
R - d
/0 2 — /| ¢ 4/ Vip—r) 2+4prsin2(¢) ¢
_ / dé
Jor (572 o)

S
+s1n

4pr

Zm WCM’
(/ / ) k:2+sm (¢)d¢’

7], Cx <sin(z) <z

2
where k2 = 2="C To estimate the first integral we note that on [0, §

4pr

where 0 < C' < 2Y2 and L(k + VC0)? < k? + C¢? < (k + VCo)>
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Hence we have

1 /4 1
— - d
/0 VE? + sin?(4) ¢§/0 V2 + Cp? ¢

w/4 1
- d
= /0 k4++VCo ¢
1 [7/4 1
— -~ 4
b /0 1+ 0} ’ (3.2.30)
1k 1
— - 4d
/0 1+VC¢ ¢
<Chn (1 i x@%)

<Ch (2+T>
lp— |

We used the fact that since |p —r| < %r, we have that %r <p< %r so p is comparable to r

2
and this implies that k2 = 2 4p:| <C.

We also have for second integral that on [7, 7], g <sin(z) < 1, so

w/2 1
[ vemes [, e
w/a /K2 +sin?(¢ k:2 VE2+1/2

< / quj (3.2.31)
/4 1/2
=C.
Hence by (3.2.30), (3.2.31), and using the fact that p is comparable to r, we obtain from
(3.2.29) the inequality (3.2.27).

Now we work on (3.2.28). Similar to the above computations for (3.2.27), we see

that
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o 1
=0 d
/0 [ —y[? 0= / )2 + |z — £| + 4prsin?(¢) ¢
/W/Q 1
~?Jo W + 4prsin?(¢)
w/2 1
———— ~d
/ K2 + sin?(¢) ¢
J /2 1 J
A M%sm(@‘ﬁ+ﬁm #+«m%m ’

<i/0ﬂ/4k1+¢2 do + //4 H2+1/2 )

1+¢2¢ / 2+1/2 d))

IA

IA
Rl Q %\ Q

(3.2.32)

IA
| Q

IN
Rl Q

IA
‘L\ Q

n)

C
pllp—=rl+1z—=4)
Finally, substituting (3.2.27) and (3.2.28) into (3.2.21) and (3.2.22) gives us the result. To

get (3.2.20), we note that since 1 < r and gr < |p—r| < {r, we have 1 < 1 and plﬂ <8
respectively. Hence from (3.2.18) and (3.2.19),
2 1 r
/ 1G(z,y)|d < Ce~lP=rIZ1n (2 + )
0 r lp—rl
< Celp=rly <2 + 8T>
(3.2.33)
< Ce~%lr=rln(10)
< Ce~colp=rl
and
/ o 1 P
IVG(z,y)|do < C e ol
0 oo —rl+1z—1)
<o 1l (3.2.34)
r(lp—rl)
< Ce~colp=rl,
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Together these two estimates will give us the result (3.2.20). =
We remark that compared to the Green’s function in full three-dimensions, this
Green’s function has faster decay because of the exponential term. This will make a critical

difference in proving our main result because it will allow for better estimates of the velocity.
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Chapter 4

Decay and Vanishing of the

Velocity

4.1 Problem Statement

Theorem 5 Let u be a smooth axially symmetric solution to the problem
—Au+ (u-V)u+Vp=0, in R>x[-m, 7],
div(u) =0,
(4.1.1)

u(xy, e, 2) = u(wy, 2, 2 + 2m),

lim u =0,
|z|—o00

such that the Dirichlet integral satisfies the condition: for 0 < a < 1/5, we have that for all
R>1,
/ / \Vu(z)]?de < R® < oco. (4.1.2)
—7 J|2'|<R

Suppose also / (-, 2)dz = / u®(+,2)dz=0. Then u = 0.

—T —T
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s

Notice that in the theorem there is no requirement that / u"dz = 0. This is because one

—T

can actually prove this holds without any additional assumptions. First note that by the

incompressible condition we have that
ur
oru” + — + 0,u* =0,
r
which can be rewritten as

1
—0p(ru”) + 0,u* = 0.
r
We can integrate this equation from —7 to 7 along the z variable to obtain

1 s ™
- O (ru”)dz + 0,u*dz = 0.

L -7

However, since u is periodic on [—m, 7] we have that

0 T
o,u’dz = u®

—T
which gives us that

Or(ru”)dz = 0.

—T

Therefore, by fundamental theorem of calculus and the above, we have

(4.1.3)

(4.1.4)

(4.1.5)

(4.1.6)

(4.1.7)

/ u"(r,z)dz = 1/ O </ Tu' (7, z)dz) dr = 1/ O (fu (7, 2)) dzdr = 0.
- ™ Jo -7 rJo J-=

By differentiation we also have that oru"dz = O, ( / urdz) = 0.

—Tr —Tr
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4.2 Brezis-Gallouet Inequality

To prove Theorem 5, we will need to get some bounds. One inequality that we need is the

Brezis — Gallouet inequality found in [BG]:

Lemma 6 Let f € H?(O) where O C R%. Then there exists a constant Co, depending only

on O, such that

[Afllz20
1fll 2= (0) < Collfllm o) log"? | e+~ ) . (4.2.1)
I £1l 7.0

We note that the original Brezis — Gallouet inequality is written as:

1£ 2
1fllz=(0) < Collfllaioylog"? | e+ 2 | .
£z (0)

However, by going through the proof in [BG], we see that the norm | f| z2(0) in the log

term can be replaced by [|Af|[12(0) + || fllL2(0)- Moreover,

[1Afllr20) + 12200y HAfHL2(O)+||fHL2(O) - HAfHL2(0)+||f||L2(O) -

£l 710 ey Mllarey = Ifllarey 120

I1Afll 20
£l 10

Hence (4.2.1) is valid. However, for our purposes we will need the following modified B-Z
inequality:

£l (o) < Co (If |l (o) + 1) log"? (e + | Afll 220 (4.2.2)
which follows from the following inequality

IAf 20
CwmmmmG+WM%;SCWM%HUM”@%MM@)
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The inequality holds because if || f|| 10y > 1, then 180s20) [Afll20) KN fllE o) < 1,

||f||H1((9) -
then consider the function f defined on [0, 1] by
0 z=0
fz) =
/2 A
z log'/M(ets) 0<z <1

z+1 log!/2(e+A)
As z — 01, we see that f — 0. Hence f attains a maximum on [0, 1]. So f(z) < C for some

C. If we set A= ||Af]|r2(0) and regard x as x = || f[| g1(0), then

]_/2 ” fHL2(O)
Iflmoy 8 < o)

o (4.2.3)
1f 1z 0 + Llog'/? (e + | Af] 2 o))

IA

HAfHL
||f||H1(O)10g1/2< T ron < C(Ifllmo) +1)1log"? (e + | Afl r2(0)) -

Hence we obtain (4.2.2).

4.3 First Decay of the Velocitiy and Vorticity

We note that in this thesis C' stands for a positive constant that may change from line to
line. If C' depends on any significant parameter or variable, we will use subscripts to denote

such a dependence.

4.3.1 First Decay of v’

The first goal is to obtain some decay on w?. Pick zg € R® and we assume that, without
loss of generality, in cylindrical coordinates zo = (r9,0,0). Also choose x( so that |z| = A

is large. The following arguments will work on any point where A is large. Now scale the
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velocity and vorticity with respect to the scaling = =

>I8

u(z) = Mu(A\T) = Au(x), (4.3.1)
W(F) = Nw\E) = Nw(z). (4.3.2)

We note that these are the standard scaling that the velocity and the vorticity of the NSE

satisfy.

4.3.1.1 Scaled Computations

In the calculations that follow, we will be working with the scaled functions % and @ and the

“

scaled variable . To simplify notation, we will not use the “~ ” throughout the following
calculations. We note that the scaled velocity and vorticity still satisfy the NSE and vorticty

equations.

Define the domains

1 3 T U
= : = 20<f<2m,——<z< - 3.
D {(7",9,2) 2<7“<2,0_(9_27T, )\_z_)\} (4.3.3)
and
Dy =< (r,0 )-§< <§ 0<fo<om - <z<® (4.3.4)
p=1q(nb2): <r<,, 0<0<2m -3 <2< 0. 3.

Note that Dy C Dy. Let 1(y) be a cut-off function depending only on r such that sup(y) C
D1, v =1 on Dy, and V1 is bounded. The first step is to get estimates on HVwH%2 (D) We
will do this by testing the vorticity equations with respect to ¥2w”, ¥2w?, )>w? to obtain

the following:

— / 2" (A — 12> w'dy = —/ [(urﬁr + uzaz)w’“«/ﬂw’“ + (w" 0, + wzé?z)urwzwr} dy,
Dl r D1
(4.3.5)
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1 r 0,,r
—/ 2’ <A — 2> wldy = —/ [(urar + u*9, ) wp?w? + u—(?/)we)2 + 2ﬂ¢2w9 dy,
Dy T Dy T T
(4.3.6)

—/ 2w Awdy = —/ [(u" O + w0, )w Pt w® + (w0, + wzﬁz)uz¢2wz] dy. (4.3.7)
Dl Dl

For equations (4.3.5) through (4.3.7), we will do integration by parts, use the incompressible

condition, and use the following identity:

- [ardsay= [ 9007 - P90y (4.3.8)
We first work with (4.3.5):
r 2
[ (vwrop+ Sy
= / (vl - %zﬂ(u?”ar R0, (") o+ (') 20,0+ w w0 ) dy
Dy

— [ (@RI + S0, + 000 o) — (w o
D1

(4.3.9)
— urﬁz(wrwwzw))dy
1 u”
= /D ((wr)2|V1/1\2 + i(wT)Q(ur&» 4+ u?0,)? — 2u"w pO, (w"Y) — (wr¢)27
1
— uraz(wrwwzﬂ)))dy.
We now estimate each integral:
| @19y < 1961l sy (43.10)
1

2 2+2+2

u” 2 212 u? 2 2\|2
D1

D1
< OV (oo pyy + (" ) 7o (o 0" 72,

< O+ [I(u", ) | Foopy 1w 72, )
(4.3.11)
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O (w"))|?
_9 /D1 urwrwar(wrw)dy < 241 4(u7“w7'¢)2 + |(11)6w)|dy

1
< 811" Lo o) [0 oo oy 0" 172, + IV (@) T2y

/(’“zb)Qqu - poe (W) 1 (4.3.12)
D ry—/pl(ﬂﬂ/})( 5 +2r2>dy

< Ol o) 1 e oy 10" 122y + Cllw" 2o,y 19170 () I 72y

< OO oo )" 172, )

(4.3.13)
| ot vy = [ @y +o.wv)urdy
Dy D1
S/ Q(UTMZ¢)2+ (aZ(wT¢))2 +2(urwrw)2_’_ (OZ(wzw))Qdy
D 8 8
< Ol | Foo oy [0 oo (o) 1 (0", w) 122y
1
+ 5 (IN@ OBy + 1@ ) 22(,))
(4.3.14)

In the above calculations we used the epsilon Young Inequality: for a,b > 0 and ¢ > 0 we
have ab < ‘2’—2 + %.

By the above estimates and (4.3.9) we have

19" ) 2o,y < € (14 10" 0 Ee () ) 10 0% o)
1 T 2 z 2 -
+ 1 (IV@ )20, + IV @) [22(p,)) -

This takes care of the estimates for Vw".
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Next we work with (4.3.7):

|V (w*)[*dy
Dy

= / ((w2)2|w|2 - %@Zﬂ(urar + 4%, (w?)? + w w20 u® + (wzw)282uz> dy
D1

(4.3.16)
z
= / ((wz)lew\Q + %(wz)Q(urar +u?0,)P? — u* o, (w wP?) — %wrwzlﬁ
D1
— 2uzwzwaz(wzw)> dy.
We again estimate each integral:

[ @ P19y < 1961l o (43.17)

1

A (W0, + o)y < /

D

UTQ R 21|12 uz2 A 2\|2
e (02 O 0, R,

< CA A+ I(u" w0 oy 10712,

(4.3.18)
/ u® O (W pw*h)dy :/ u® (O (w"Y)w*p + O (W) )w"Y)dy
Dl Dl
S/ Q(UZwZ'Lﬂ)Q—l- (ar(wrw))z +2(uzwrw)2+ (8T(wzw))2dy
Dy 8 8
< Ol oo py 101 oo oy 1 (@7 0P [ 22y
1
+ < (IV@ )20y + IV D) e,
(4.3.19)
Loty = [ (LR G0 (G2 1y,
/Dl r /Dl 2 2 2 272 (4.3.20)

< O+ [ oo o, I (", 0) 72,

Z,,,2 z 2,020\ 2 ‘82(11)21/1”2
—Q/Dlu w1, (w w)dySQ/Dlél(u w) —i—Tdy

z z 1 z
< 86|70 () 19117 0 (o) 1% 172,y + §|]V(w D72,y
(4.3.21)
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As before we used epsilon Young Inequality. By the above estimates and (4.3.16) we have

IV @),y < C (141680 o)) 1070 g (43.22)

1 T z
+ 1 (V@) 2, + 1V [F2(p, )
Now we combine (4.3.15) and (4.3.22) together, group the ||V(wr¢)||%2(D1)+|V(wzw)\|%2(pl)
term to the left-hand side of the inequality, then use the fact that ¥» = 1 on Dy to obtain
|V, Vo) 22y < € (14107, 0) 3y ) 100707 B - (4.3.23)
Finally we work with (4.3.6):
0Y2,/,2
w” )%y
[ (wtwr+ 2 )ay
Dy r

0
= / ((w9)2|va2 - %z/z?(urar ) (w?)? — %(w%)Q - 2%wTw9¢2)dy (4.3.24)
D1

r 0
_ /D ("2 + %(uﬂ)?(urar )% — - (w)? — 2w P ) dy.

And as before we estimate each integral:
| @ Pvufy < 1961l s
1
/D (w?)?(u" 0, + w0, dy < |’V¢2HLOO(D1)|’(UT,UZ)||L°°(D1)HU79H%2(DI),
1

u” _ -
/D 7(w9¢)2dy <™ oo o) 1917 oo (3 [l HLoo(Dl)HQUHH%Q(Dl)
1

< C||¢||%00(D1)||UT||L<>0(D1)||w9||%2(1>1),

'LLG ., _
/ —wwpidy < |r 1HL°°(D1)WH%w(DnHueHLw(Dl)/ 2 g W
Dy T

D1

< Ol oo (o) 14 Il oo (o) 1 (", w”) 122y -

By the above estimates and (4.3.24) we have

IV 22,y < € (14 17,0, 6 o)) ", 0”3, - (4.3.25)
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Define the two-dimensional domains

_ 1 3 T T
Dy = P = - ——<z< — 4.3.2
1 {(r,z) 2<r<2, /\_Z_)\} (4.3.26)
and
_ 3 5 w T
= .2 S-S <a< . 3.
Dy {(7’72) 1<T<y )\_z_A} (4.3.27)

Note that since 7 is bounded in D;, D, D1, and Ds, we have that

11 s, :/ﬁ\f\zdrdz < c/ﬁyfy%drdz < QWC/D\f|2rdrd9dz:CHfH%Q(D), (4.3.28)

IV2flZem) = /D Vaf[Pdrdz < C/D Vo f Prdrdz < 2wc/D [V f|Prdrdfdz = C||Vf||3p),
(4.3.29)
18211225y = /D | Ao fPdrdz < C/75 |Ag f|Prdrdz < 27rC/D [Af|Prdrdfdz = Cl|AF|I3 ),
(4.3.30)

and

1 ooy = 1 f | oo (D) (4.3.31)

for any axially symmetric function f. Then by applying the B-Z inequality and (4.3.25),

we have
[0’ oo (py) = 1w | oo (5,)
< OX2 (1 + [|w || 1.y ) log'? <6 + HA2w9HL2(TDg))
= OA2 (14 0l 2(p,) + V207 2, 1082 (e + 118502, )

4.3.32)
< CNP(1+ [0 2py) + IV 12(p,)) log/? (6 + CHAU)GHB(DQ))
<N+ (1 w2 o )" 0?2,

xlog? (e 4+ Cll A0 2oy, )
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Similarly, we apply the B-Z inequality and (4.3.23), to obtain

(w0 e oy = 10", w07)| ooy
< ON (14 | (w0, 0%) 13 pyy) 1082 (e 4 A 107 | 2, )
(4.3.33)
< ONP (14 (U 0 ) e o) 10" 07) 2y

x log"/? (e + ClIAW", w?)|| 2(py)) -

4.3.1.2 Un-Scaled Computations

Recall that all the calculations above took place in terms of the scaled functions @, w and

scaled variable Z. Therefore, we will scale back to the domains:
1 3
Dy = {(7‘, 0,z): 5/\ <r< 5)\, 0<0<2m, —w<2z< 7T} (4.3.34)

and

Dy = {(7",0,2) : %/\ <r< 2)\, 0<6<2m, - m<2< 71}. (4.3.35)

Based on the scaling we will have

[l oo (p.y = Allull oo (. 1) (4.3.36)
16| oo (D) = A [Jwl| oo ), (4.3.37)
1/2 1 1/2
iy = ( [ W) Pas) =< / A4|w<x>r¥,da:> = N2l 2o,
D. D.a
(4.3.38)
1/2 ) 1/2
Wil = [ VutrPaz) =( / A6|Vw<x>rkgdx> = X2Vl
D. D.
(4.3.39)
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and

1/2 ) 1/2
1G] 2 = ( /D |A4Aw<m>|2da:~) - ( /D A8|Aw<x>rvdx> = N Aw] 2.
. A

(4.3.40)
Hence scaling back (4.3.23),(4.3.25), (4.3.32) and (4.3.33), we will obtain
X2V, Vo) 2, ) < € (14 A0 o, 0 ) A2 w9 2, ) o
< ON ()| ooy ) | (07, 0) | 2y,
NPT 2, ) < € (1+ A2 w12, ) ) A2 " 0" 2o, ) .

< CA(W" )| e (py )1 (w" ") 220D, )

, 2\ 1/2 r
N[0 | ooy 3y < CAY2(14 (1 + AV (w70 u )HLQO(DM)))‘l/zu(w s w) 2o, )
« Tog!/2 (e + CA5/2HAw"HL2<DI,A>)
< O )2 o, A0 2, )

x 10g% (CX| AWl 2(p, ) )
(4.3.43)

and
N[ (w" w7 | oo (b ) < CAV2 (14 (1 A0, 0%) [ ooy ) A2 (", 07 [ 2, )
X logl/2 (e + C')\5/2\|A(wra wz)HL?(DM))
< OM2 (MW", u?) || ooy A2 1" 0?) |20, )

< 1og!/? (CAJAW", 0" |z2(o, ) -
(4.3.44)

49



Since u is smooth, bounded, and has bounded higher-order derivatives, we have that

I|A(w", we,wZ)HLz(Dl ,) is finite and so we have

[(Vw", Vw?)l[r2(p, ) < Cll(u"s w) [ oo, ) [0 w?) |22, )5 (4.3.45)
IVl 2y ) < CATV2(I(u" 6| oo oy o (", )| 20, ) (4.3.46)

- r zy\11/2 r
HMQHL‘”(DZA) < CA 1/2H<u vueyu )HL/oo(DL)\)H(w 7w9>HL2(D1’A) logl/z()\). (4.3.47)

and

(w" )| ooy 1) < ClW 1) | ooy ) (0" 0?) [ 22D, ) Tog™ 2 (N). (4.3.48)

Now using the fact that ||(u’”,ua,uz)|]Loo(R2X[_mﬂ) is finite and (4.1.2), we have our first

decay of w?:

—14a

”we”Lw(DQ,A) < CATz log!2(N). (4.3.49)

We recall that although the above computations were done for points that are of the form
x = (rg,0,0) where |2'| = X is large, all the computations can be generalized to any point

x in R3 such that |2| = X is large.

4.3.2 First Decay of u and (w", w?)

Define

D3\ = {(T,H,z) : gA <r< g)\, 0<0<2m, —w<2z< 7r}. (4.3.50)

Note that D3 x € Dy x. Let z = (rcosf,rsinb, z), where |z'| = r is large. This will be our A
from now on. Since we’ll be working with the Green’s function, we let y = (pcos ¢, p,sin ¢, £)

be the variable we integrate with respect with in the representation formula. Let (z')
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be a cutoff function that is independent of z such that sup(y)) C Dy,, ¢ = 1 on D3,
9] < C VY < €, and [V29] < 5.

=

Note that for any smooth, divergence free vector field f, we have

— A(f$) =9V X (V x f) = 2(V4 - V) f — FAY. (4.3.51)

0

In particular, for b = u"e, + u®e,, we have V x b = w’¢ey and so we obtain

— A(by) =YV x (wley) — 2(Vep - V)b — bAY. (4.3.52)

The terms on the left-hand side of the equation all have mean zero on [—m, 7| because of
our assumption that fjﬂ wdz = ffﬂ u®dz = 0. Therefore, by the representation formula

for Poisson’s equation, we have using the Green’s function on R? x S! that

o)) = [ [ GV x ety =2 [ [ 6w vy

(4.3.53)
- [ [ ctp@vpay
st JRr2
Component-wise we see that on D3,
u"(z) = / Gz, y)YV x (wleq) - epdy — 2/ / G(z,y) (VY - V)b-epdy
St JR2 st JRr2
- / G(z,y)(AY)b- erdy
St JR2
s 2T oo
= / / / G (z, y)Yoyw?® cos(¢ — 0) pdpdpdl (4.3.54)
-7 J0 0

T 2 poo
— 2/,,/0 /0 G(x,y)0,00,uP cos(¢p — 8)pdpdpdl

T 2 00 1
- / / / G(z,y) <a§¢ + pa,m) uP cos(¢p — ) pdpdpdl.
—m JO 0
All calculations are justified because ffﬂ Oyw?dl = w‘z’[w =0, ffﬁ OpuPdl = 0 and ffﬁ uf =

0.
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To simplify notation, we will assume 6 = 0. This is because our solution is axially-
symmetric and all the evaluations of the integrals are independent of 6. Since 1 is indepen-

dent of ¢, we can do an integration by parts with respect to ¢ to obtain

T 27 00
= / / / Gz, y)dyw® cos ppdpdpdl
-7 JO 0

™ 2 00
- 2/ / / G(x,y)0,10,u’ cos ppdpdpdl

™ 2m 00
/ / G(z <32w + (9,,¢> u” cos ppdpdpdl
—rJo

a /7r 0
- / ' / OO( 9,G(z,y) cos(d — 0)d¢> Yw® pdpdl (4.3.55)
wJO

- 2/_7r/0 < G(x,y) cos ¢d¢> 0,0, u’ pdpdl

1
- /_ﬂ/o (/0 Gi(z,y) cos ¢d¢> (‘9/% + p@ﬂ/}) u” pdpdl

=L+ 1+ Is.

We will now estimate each integral. We first start with

I = / ) / ( 20G(z,y) cos(¢)d¢> Yw®pdpdl. (4.3.56)

Because of the cutoff function ¢, this integral is actually on the region [3/4r,5/4r| x [0, 27] x
[—7, 7] = Da,. Because we are working in the region |[p —r| < 17, we can use the following
estimate (3.2.19) for the Green’s function from on R? x [—7,7]:

" G y)de < 0
G2,y < .
0 p(lp—r[+1]z =)
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Then, using this estimate, the Tonelli theorem to switch the integration order, we have

e—colp—1]

L1 < [wf]m 1!100// dpdl
0] < oo, 1112 pﬂ<pr_rH4z_mpp

< Clw?|| oo / dbe=lP=lq,
‘ H 2r) pr\<r —7r|p_r|+|z_€’

|z—£|
[p—]

27 2 o
= C||W¢|L°°(DQ,T)/ ) In (1 + 1] + = r|2> e—colp T‘dp
‘P—"”‘SZT P pP

= Cl|w®|| (D) -

2 2
J = / In (1 TR L 2> e~olr=rlgp
lp—r|<ir ’P - T‘ ‘p - T"

il

ir 2T 2
= / In <1 + + 2> e_colp_rldp
:, PECRATEr

4

s 1 1
= Cllw? 1Dy, | o= dielorlg,  (4357)
lp—r|<ir J—m |P rl\1 +

We claim that

(4.3.58)

can be controlled by an absolute constant independent of r.
By a change of variables we have

2

T ) 2 r 2
/ In (1 I R — 2) e=aole=l g = / In <1 TR — 2) e=r=r) gp
3y lp—=rl o=l 3y r—p |r—opl

4 4
r 2 2
In (1 + T W2> €U g,
u u

_/O i

w

NI

and

i 2 w2 i 27 2
/ In (1 + + 2) e—colr=rlgy = / In (1 + + 2> e~ qp
r lp—rl  |p—rl . p—r lp—r|

r 2 2
- / In (1 + 4 7T2> ey,
0 u u

NI

SO

u

1
ar ) 2 00 2 2
J=2 /4 In (1 +Z 4 ”2) e~V du < 2/ In (1 + 7r2> e~ Odu.  (4.3.59)
0 u u 0 u

53



2 2
e (01 thentn (14 25+ eon <mn {1+ <) s
u o u? u?
1 2 1
2
/ln<1+ﬂ+F2>6_C°“du§/ 1n<1+(’;>du
. oo R u
1<1+C> + 2 aret (“)
= 1n — | U ——=arctan { ——
u? VG VC /|,

—In(1+0)+ \%arctan (\1@) “ln <1 4 f) ‘.

1

Therefore,

1
gl_i>%l+ i In <1 + 5;) du=In(1+C)+ \/25 arctan (\/15> : (4.3.60)

so by the monotone convergence theorem for sequences

/11 <1+27T+7T2> e qy < In(1 4 C) + — arct <1 > (4.3.61)
n e — ] € u n arctan . 0.
: w - Vo Vs
2 2
If ue [17 OO): then In <1 + j + 71_2) e < In <1 + C) eicou; SO
u u u
0 ) 2 e’}
/ In (1 +Z 4 ”2) e~ < / In (1 + C) e 0 du
1 U u 1 U
<Y In (1 + C) e N (4.3.62)
N
N=1
< 00,

where the sum is finite by the ratio test. Hence J < C' and we therefore have

11| < Cllw?|| oo (D) (4.3.63)

T 00 2
For I = G(x,y)cos(p)do | D,000,uf pdpdl, we use the fact that
p¥0p P
—m J0 0

Y| < g, that the integration takes place on the region ér <lp—rl< ir or (D3,)¢N Dy,
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and the estimate (3.2.20) to obtain
s
|Io] < / /1 ) efcolpﬂ"l\8pw\|5'pup|pdpd£
=7 J gr<|p—r|<37

™
SCHup’Lw((Dar)cm’Dz!r)/ /; L €_Co‘p_rldpd€
-7 Jgr<|p—r|<37

(4.3.64)

Note that the integration along %r <|lp-rl< %7“ can be split into two intervals:

[%r, %r] if r < p and [%r, %r] if p < r. In either case, both integrals can be bounded by

T 00 2
1
For Iz = / / < G(z,vy) cos(¢)d<b> <82w + 6,;7,/)) u” pdpdl, we have that
-7 J0 0 P
the integration is on %r < |p—r| < %r, so we can use the estimate (3.2.20). Also, by

properties of the cutoff function, we have |9, < %, |8Z¢\ < % and thus for large r

g 1
e e (0w + 20y ) ppat
—mJ gr<|p—r|<gr P

1 1
<C sup |0,u”| e~ colp=rl (2 + > pdp
grlo—r|<gr T

57 <lp—ri<grx[-ma] (4.3.65)
<C e—Co\P—T\dp
sr<lp—r|<gr
< (Ce~ CE?T
Hence by (4.3.63) - (4.3.65), and using (4.3.49) we have for r sufficiently large,
[u" || oo (s ,) < Cr=2" log!/? r. (4.3.66)
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Now we return to (4.3.53) and look at the representation for u* on Ds,:

2w 2
u—/ / / G(x,y)v0,( pw Ydpdpdl — 2 / / / G(x,y)0,0,u” pdpdpdl

2w
- / / / G, 9) (02 + 0,6y pdpdp.
—=Jo Jo p

As mentioned before, because of the assumption that integration on [—, 7] of u®
is zero, we have that [7 w’dz = [T _0.u" — 8,u*dz = 0 so the representation is justified.
By performing an integration by parts and using the axially symmetric condition we have

that

=[] " | cnuoyoutipioie—2 [ [ K | G oo, pipod

- /_ 7; / % / Gl y) (@20 + 1é?,;zb)zﬁpdpdcbdﬁ

/_ﬂ/ < %pGla y>d¢> v pdpdl — /_ _ / ( G(m,y)dqﬁ) dphw? pdpdl

s

-2 < G(x y)dd)) 0p0,u” pdpdl

—T

1
/ / ( G(z y)dgb) GRIES ;6p1,b)uzpdpd€
=Ji+Jo+ J3+ Jy.

™ [e'e) 2m
We now estimate each integral. For J; = / / (/ 0,G(z,y) d¢> Yw®pdpdl
—7 0

we do an estimate similar to the estimate we did for I to get

1] < Cllo ]| oo [ | oo D, )
(4.3.67)

< Cllw?|| oo (py )

For J; = / / ( G(z y)dqb) 8pww¢pdpd€ we do an estimate similar to the estimate

we did for Is to get

€0

| T2 < Cl10p%|| oo W] oo (py,ye ™5 "
(4.3.68)

CO’!’

< lw?|| oo (p,,pe” F -
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s 00 2
For J3 = / / < G(zx, y)dd)) Gplb@puzpdpdf we do an estimate similar to the estimate
-7 JO 0
we did for I5 to get

€0

|J3| < C”@JUKHLOO(DM)G_?T. (4.3.69)
™ o) 27 1

For J, = / / ( G(%?/)déf)) <a§¢ + 8,ﬂ/}> u’pdpdl we do the same kind of esti-
—xJo 0 p

mate as in I3 to get
4] < Cl0p0 | poe || ooy ye ™ * (4.3.70)

By combining (4.3.67) - (4.3.70) and (4.3.49), we have for r sufficiently large,

[u*l| oo (ps,) < Cre" log!/?r. (4.3.71)
Define
15 17
Dy = {(r,@,z) : E)\ <r< E/\’ 0<f6<2m, —7w<2z< 7'(‘}. (4.3.72)

Note that Dy ) C D3 y.

By following the same calculation that yielded (4.3.48) on the domains D3 5 and
D, ) instead of the domains Dy and Ds », we can obtain similar estimates on the domains
D3y and Dy . If we use the decay of u" and w?, then we can substitute (4.3.66) and

(4.3.71) and use the D-condition (4.1.2) to obtain the following decay for w" and w?:

1w, W)l oo Dy ) < ClU" 1) | ooy 1w, 0”) | 2 ) log" ().

< Or 5" 15 10g!/2 (4.3.73)

—14+2a

=Cr 2 logl/2 T

Now since we have ffﬁ u?dz = 0, we have by the mean value theorem that for any

r, we can find a zy such that u?(r, z9) = 0. And since d,u’ = —w" we have
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z
Wl (r, 2)| = / 6gu9d€‘
20
< C)9.0)
(4.3.74)
< Clw"||Los Dy,
< Cr s logl/2 T,
Therefore,
Tl F —lr2a, 5172 (4.3.75)
H(u y U, U )”LOO(D4,,~) < Cr—z lOg T.

4.4 Almost 1 — 2a Decay by Iteration.

We will repeat the previous process in smaller and smaller domains to improve the decay
of u and w.

Let
r
Sy = {(p,z) dlp—r] < W,—wgzgw}.
Note that Sp, S1, and Sy correspond to Do, D3, and Dy, respectively.

We will iterate in the following way:
1. Use the decay on w? to improve the decay of u”,u* by means of the Green’s function.
2. Use the decay of u", u? to improve the decay of w", w* by means of B-Z inequality.
3. Use the decay of w”,w? to improve the decay of u’ by means of the mean zero
condition.

[4

4. Use the improved decay of u”, u?, u* to improve the decay of w?.

5. Repeat.
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We need to pay close attention when we do the iteration because every time we use (4.1.2),

we obtain a r®/2

term. In particular, this occurs whenever we use the B-Z inequality (4.2.2)
because we need to use the condition (4.1.2) to bound the L? norm of the vorticities.

Specifically, we have the following relationships:

(", )| oo (8, 11) < Cullw? || oo s, (4.4.1)

(", ™) || oo (8, 40) < Crt 1" 0| poo (s, 1y | (w0, 0| 22(s, 1y Llog 2 1, (4.4.2)
[’ llzoe(s12) < Crrall (@, 0l oo (5,42, (4.4.3)

[0 oo (8 1) < Cn+3r‘1/2||(u*,ue,u2)||2{j(sn+2)||(wr, W) 25, log! 2y, (44.4)

where lim C),, = oo.
n—o0

We begin the process by remembering that H'UJGHLOO(SO) < Corﬂ;a log'/? r. After

iterating n times we get

n
—znjzi+<2"+zn:2i>a 2" 4>
=0 =1 i=1

=1 (4.4.5)
[l (53, < Anr i (logr) 2"+1
n n n
—Z2Z’+<2n+22i>a 2"+ Y 2
i=0 i=1 = (4.4.6)
(", u?)l| oo (S341) < BnT 2n (logr) 271
n_ no n
—Z2Z+<2”+Z2l>a 2"+ 2
=0 i=1 i=1
(", wz)‘|L°°(53n+2) < Dyr 2 (log7) AGE . r“/Q(log 7”)1/2
no n+1 ' n+1 '
SIS S 3
=0 i=1 i=1
= D,r on+l (logr) ot
(4.4.7)
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n+1 n+1

- zn: 2 4 Z 2y Z 21
1=0 =1 =1

(4.4.8)
”u9||L°O($5n+2) S DTLr 27’L+1 (log ’]") 27’l+l R
n n+1 n+1
DIEES ST o
i=0 i=1 i—1 (4.4.9)
N 0 sy < 27Dar 2T (logr) 2091,
where lim A, = lim B, = lim D,, = co. Now in the limit we have
n—00 n—00 n—00
n n+1
- 24> 2a
i iZ; ; _ oy —2ntl 4142720 — 20
R0 ontl e on+1
. 1 -2« (4.4.10)
S I e
= -1+ 2.
Define
53
Qs = {(p,z) : ]p—r| SZT7 —WSZ§7F}.
Then for large r, we can get
H(urvueauz)HLm(Qé) < Cgrmit2ato (4.4.11)
and
(W, w?, w?)|| oo () < Cor 120+ (4.4.12)

where § > 0 and lim Cy = cc.
0—0

4.5 Decay and Vanishing of the Velocity

We first start with obtaining first order decay of |Vw|. Both r and § we will be chosen later

where r will be sufficiently larger and ¢ will be sufficiently small. For the next step, we
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also need to iterate the inequalities (4.3.45) and (4.3.46). We can do this after we update

u”,u?, u* on Ss,40 to obtain
[(Vw", V)| 2(85,,5) < Ol )| Lo (S 40) (W", 07) | Loo (S5042)
n ' n+1 ) n+1 '
raSee 5o
i=0 i=1 i=1
<Cr ontl (log'r) on+1 7"% (451)
n ' n+1 ' n+1 4
SXTICES S P o
i=0 i=1 i=1
<Cr 2ntl (logr) 2"+
and
[% — 6
1Y@l 125515 < Cr 2", 0%) 0w (530 (0", 0 125342
n ' n+1 . n+1 .
i=0 i=1 i=1
<Cr 2n+l (logr) 2n+1 ra.
Note that in the limit
n n+1
—21 =3 204 (274 ) 2|«
I z; ( Z; ) p T2 2T AT (20427 - 2)a
nroo g+ =05 YES (4.5.3)
3 L 5
=——4 —a.
2 2
and
n n+1
=) 24 (2" 4+) 2|«
: ZZ; ( ; ) =2 14 (20 4272 - 2)a
nh%nolo ont1 = nhj;o ont1 (4.5.4)
5
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Hence for a suitable § we have

||V(wr’w9’wz)||L2(Q5/2) < 057“_1+ga+6. (4.5.5)

For the following calculations, we will switch to Euclidean coordinates so we will
write

w=w'e; +wes +wes = w'e, +wley + we,. (4.5.6)

Fix a point x = (r cos(f), rsin(#), z) where r is large. Denote
Br={ycR®: |z —y| < R}. (4.5.7)

53
We consider H the hallowed out cylinder at height z, with inner radius <1 — 4) r,

53
and outer radius (1 + 4) 7, generated by rotating the rectangle {255 around the curve

{(yl,yz,yg): Vi3 =1y3= Z} : (4.5.8)

By dividing the circumference of this curve by the diameter of the ball with radius 1, we
can fill up the hallowed out cylinder with 2—72” (rounding up to the nearest integer) many
disjoint balls of radius 1 centered at x whose union is contained in the hallowed out cylinder.
Essentially, these collections of balls will fit inside a torus at height z and radius r which
will fit inside H as long as we choose § so that 1 < %T. One possible choice is § satisfying
(%)1/3 < 0. This will also ensure so that the estimates we have for u,w, and Vw on s/,
will also hold on Bj.
Call the collection of balls B. So we have

Z/]Vw\zdwg/ \Vw|?d. (4.5.9)
B H

BeB
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However, since our functions are axially symmetric, we have that for any ball B in the
collection B, [ |Vw[’dz = [, |Vw[*dz and [, [Vw|*dx = 27 f95/2 |Vw?|dz.

Hence

/ |Vw|?dx < ¢ |Vw|?dz. (4.5.10)
By " JQs )
Identical calculation shows
2 c 2
/ [Vul|*dx < — |Vu|“dx, (4.5.11)
By " JQs,0
as well.
By using (4.5.5) and the D-condition, we have
2 ¢ 2 —34-5a+26
|Vw|*dx < — |Vw|*dx < Cyr (4.5.12)
By T JQs0
and
/ |Vu|?dz < ¢ |Vu|?dz < Csr= 1o, (4.5.13)
By T JQs)s

The next goal is to get decay estimates on Vw. In Euclidean coordinates, the

vorticity w satisfies
—Aw=—(u-V)w+ (w-V)u. (4.5.14)

We will let Ow represent the partial derivative of w in the x1,x9 or x3 variable.

Using (4.5.14) we have

—A(Ow) = —(0u - V)w — (u- V)0w + (w - V)u + (dw - V)u. (4.5.15)

Define a cut-off function ¢ that is supported in By and equal to 1 in By /. Then
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by the (4.5.15) we have
—A(POw) = —¢A(Ow) — 2(Ve - V)ow — dwAe
—(Ou - Vw — ¢(u - V)ow + d(w - V)du (4.5.16)
+ ¢(0w - V)u —2(Ve - V)dw — dwAg.

By the use of the Green’s function in three-dimensions G(z,y) = m, we have that
dw(x) =— [ Gz,y)¢(0u-Viwdy — [ G(z,y)dp(u-V)owdy + [ G(z,y)dp(w - V)Oudy
By By Bi

+ G(z,y)p(0w - V)udy — G(x,y)2(Ve - V)owdy — G(z,y)0wApdy.

B B B

6
— ZI"
n=1

(4.5.17)
We now estimate each integral. Note that for any fixed x, we have
1 1
2 —
6@ x5 = 15 /B s
—dS’dr
~ 167 9B, " (4.5.18)
1671' 0 7’2
et E’

1 1
6@ = j552 |, oy

/ / dedr
167 Jo Jos (4.5.19)

= “47rid
1672 /0 poar

1
87’
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1 1
IVG(@)llzs sy < / dy

~ 1672 |z —y|?
—dS’dr
[
~ 16 0B, (4.5.20)
167r2 : 7247”
= E’
and
VG| <o | L dy
) < _
L2(B1\Bi/2) 1672 (Bi\By2) |I _ y|4
/ / —deT
167 i Jon (4.5.21)
—dmr’d
~ 16m2 //2 pa e
_1
 A4r’
Thus, we have
1] < 1Bl oo (B 10Ul oo (BN NG | L2 (B I VW[ L2 ()
< C|[Vol 125, (4.5.22)

< Cgr3/2+5/2048

where we also use the general boundeness of Ju and the estimate of w in (4.5.12). Similarly,

we have

L] < N9l oo () (V)T | oo () |Gl 22 (B0 10W L2 (1)

< Cr3/2+5/2048
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and

(6| < [[A¢[ oo (B)IGl 2By 100 L2(B1)
< Cllowl|r2(s,) (4.5.24)
< Opp3/245/2043,

Next by an integration by parts we have

[I2] < ow - (UGV ¢ + GopVu + ¢(u - V)G)dy

By

< IV Lo llul| Lo (B 1OW] 2B G L2(By) + |1 L2 [[VUull oo (B [|0W ]| 2 (B |Gl L2 ()
+ |18l oo () 1ull oo (B) |00 || Loo (BN IV Gl L1 (1)

< Cllow| 2y + ClIVul Lo B 10wl L2(B,) + Cllull oo (By) |Ow]| Lo (By)

< Cyr= 3352048 4 Opp=3/245/20%8 4 Olu|| ooy

< Cyp3/2+5/2048 | (o —1+420+8

(4.5.25)
where we used the general boundedness of Ow and the the decay of u we obtained in (4.4.11).

Next we have

[I3] < ou - (wpV G + GuV ¢ + GoVw)dy

By

< @l zeel|Oul| oo By Wl Loe (B IV Gl L1(By) + (V@ Lo 10Ul oo () |wl oo () |Gl 1.8y
+ 119l oo (B 10Ul oo (B VW L2(B) |Gl L2(By)

< Clloull g By llwll oo (By) + CllOul| oo (Byy lwl Loo By + ClIVW| 2(y)

< 057'_1+2a+5 + C§T_1+2a+5 + C§T_3/2+5/2a+6

< 057'_1+2a+57
(4.5.26)
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where we used the general boundedness of du, the L?(Bj) estimate of Vw in (4.5.12) and

the decay of w obtained in (4.4.12). Finally, by an integration by parts we have

|Is| <

/ (Ow)T - (VG -V + GAd)dy
B1

SAVOllLee ) IVl 28 VGl L2(B1\B, 0) + 1Al Lo (B VWl L2(B) |Gl L2(B1\ B, )

< Cyr—3/215/2048,

(4.5.27)

Hence by the previous calculations we have that for large r
|Vw| < Cgrm1it2e49, (4.5.28)

Now we use this to obtain an estimate on |Vu/|. Define a cut-off function 1) that is supported

in By and equal to 1 in By /5. Recall that

™ 2 [e)
r _ ¢ _
w@) = [ [ [ Glamon oo oypdpaoar
s 2w [e's)
_ p _ 4.5.29
2/_7T/0 /0 G(x,y)0,0,u’ cos(¢p — 8)pdpdpdl ( )

s 2 o0 1
[ G @ + Samu costo - oyppasa.
- JO 0
If we differentiate this equation we obtain
™ 2w 00
Vu'"(x) :/ / / VG (z,y)1hdw?® cos(¢)pdpdpdl
-7 JO0 0
g 2 o'}
— 2/ / / VG(x,y)0,00,uf cos(¢)pdpdpdl
—m/0 0 (4.5.30)

s 21 o)
[ [ VG @R+ a0 cos(@)pdpdont
AL 0 p

:Il—i—IQ—I-Ig.
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We now estimate each term. Using the estimates on |VG| and using (4.5.28) we obtain

™ o0 27
| < /_ /0 (/0 |VG<x,y)\d¢>)|¢||8ew¢’\pdpdf

< ClIVulliqa [ 1VGIdy
1

1 26700|$'*y/|dy
|z —y] (4.5.31)
1

- 4
@ — g2

< ClIVwl| ooy
< Ol|Vwl|pee(py)
< Ol|Vwl|peo(py)
< Cé?"71+2a+6.

For the next term we will use integration by parts to move the partial derivative with respect

to p to the other terms. Then we have
Bl <2 [ 10,VG (. 90 uutlpdodpdt +2 [ VGa.g) 0| pdodpat
B1 B
+2 / IVG(z,y) 02’ |dpdpdl
By

< CHUP|L°°(Bl)/ 10pV G| + VG| dy (4.5.32)

Bi\By 2
< Cllu’|| oo (By)
< Op— 12040,
Here we used the decay of u in (4.4.11) and we stress that due to the cutoff function, the
singularity at = y is cut-off so the integration of 9,V G is justified. Lastly, for I3, we use

the bounds on |VG| and the decay of u in (4.4.11) to obtain
|I3] < Cp1t20t0, (4.5.33)

Hence we obtain

|Vu'| < Cgrm1+2e+o, (4.5.34)
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Next we obtain estimates on |Vu?|. By the divergence-free condition,

T
dru’ + “7 +0uF =0 (4.5.35)

so using the boundedness of v" and the bound on |Vu"|, we get

T
0,07 < |0yu”| + “7 < Oy 1H2048 (4.5.36)

By using the fact that w’ = 0,u” — 9,u* and the decay of w? in (4.4.12), we have

|8,u7| < |0.u"| + |w?| < Or~it2etd, (4.5.37)

Hence we obtain
|Vu?| < Cgr1+2e+9, (4.5.38)
We finally obtain estimates on |[Vu?|. We use the fact that w" = —d,u’ and

w? = opul + %u(’ to obtain

0

10,0 < Jw?| + “7 < Oplt2a4s, (4.5.39)
and
8.0 | < |w"| < Cr1t2et, (4.5.40)
This yields
|Vul| < Cgrm1+2a+9, (4.5.41)

which together with (4.5.34) and (4.5.38) we get that

|Vu| < Cyrm1H2059, (4.5.42)
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Now that we have a decay estimate on |Vu|, we can use this to obtain a better
estimate on |Vw|. In (4.5.17), we note that all terms except for Iy and I3 decay like

Clyr—3/2+5/2048  Therefore, we only recalulate I and I5. By using (4.5.28) we have

[Io| < Cllow||p2(p,) + ClIVullpesy)l|0wl L2(8,) + Cllull Lo () |0W|| oo (By)

< C6T73/2+5/2a+5 + CJT73/2+5/2(J{+5 + CHUHLOO(Bl)HawHLOO(Bl)

(4.5.43)
< 067“_3/2+5/2a+5 + 057“_2+4O‘+26
< Cyp—3/245/2048
Next using (4.5.28) we have
(3] < Clloul| oo gy l[wll oo (1) + CllOUl Lo (B Wl Lo (By) + CIVWl L2(By)
< Cyr2Hiet20 | | 0 —3/245/ 20046 (4.5.44)
< Cyp3/2+5/20+8
Therefore we have
IVw| < Cgr—3/2+5/2a+0 (4.5.45)

To finish the proof, we use this decay to improve the decay of u. Let 1 be a cut-off
function independent of x3 and supported in B(z,r/2) such that ) = 1 in B(z,r/4). Then

by the Green’s function representation in (4.3.55) we have

g 2 o]
u"(z) = / ) /O /0 G(z,y)Ydpw® cos ppdpdpdl
s 2w poo
_ p 4.5.46
2/_7T/0 /0 G(x,y)0,0,u’ cos ppdpdpdl ( )

™ 2 00
- / / / G(x, y)((“)iw + /1)(9pw)up cos ppdpdepdl.
- JO 0
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By recalling the estimates we did following (4.3.55), we see that the last two terms decay
exponetially so only the first term needs attention. By using the decay |Vw| in (4.5.45) and

the decay of G we have that altogether
‘UT| < 05T—3/2+5/2a+5 (4547)

By differentiating the equation, we have
™ 27 poo
V' (z) = / / / VG (z,y)hdw?® cos ppdpdpdl
- JO 0

T 2w 0o
— 2/ / / VG(x,y)0,0,u cos ppdpdpdl
Jo Jo (4.5.48)

™ 2m 00
— / / / VG(z, y)(aﬁw + 1(‘9pw)up cos ppdpdpdl
—mJo 0 p

=I5+ 12+ Is.

We now estimate each term. By using the gradient estimate of G we have

1] < Cl00? | e (o2 / VG, y)ldy
B(z,r/2)

e—colz’ /|

< O|Ve? || g (Bors2) / dy

B(ar/2) 1T —yl?

v Q 1 (4.5-4!))
S CH w ||L°° z,r /
(Blar/2)) B(m,T/Q) ‘JJ - y’Q

< Cl[Vw?| Lo (B(ar/2))

< Cyp—3/2+5/20+8
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We also have by |Vi| < % the decay of Vu and VG that

C
1Bl < C11Vull i) / VG, y)ldy
r B(z,r/2)

e—colz’ /|

C
S\ — y

B(ar/2) 1T —yl?
1

< ———dy
(@r/2) [T =Yl

=1Q

||vu||L°°(B(:c,r/2))/
B

Q

r

< —|IVullLoo (B, 2))
< Cyr 22049,
Similarly we have
1] < Cyr—2+20+6
which gives us that
V' | < Clyr—3/2+5/2a+3
Hence we have

|ur| + |vur’ < 05T73/2+5/2a+5.

Next by using the divergence free condition and the decay in (4.5.53) we have

z UT 7
007 < | —| + [9pu”|

r

< Cyr—3/2+5/2048

Since 9,u? = —w", we have

|3ZU0| < C6T73/2+5/2a+6‘

(4.5.50)

(4.5.51)

(4.5.52)

(4.5.53)

(4.5.54)

(4.5.55)

Now because of the condition ffﬁ wdz = ffﬂ u?dz = 0, we know by mean value

theorem that for any r, there exists zg,2; € [—m,n] such that uf(r, 20) = u*(r,21) = 0.

Hence by fundamental theorem of calculus, (4.5.54) and (4.5.55)
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|u9(7n7 Z)| = / azuedz < 27r||8zu9(r, ')||L°°([—7r,7r]) < 067,—3/2-1—5/20[-1—6' (4556)
20
and
. 2)] = | [ 0uadz| < 20 iy < Car 285200 (55T
21

Hence by (4.5.53), (4.5.56), and (4.5.57) we have that for large r

m(m)’ < 057’_3/2+5/2a+5. (4.5.58)

We need both —3/2+5/2a + 6 < —1 and (%)1/3 < §. This means we need both
a suitably small § which depends on a suitably large r. By supposing that § = (%)1/ % and
solving the first inequality we see that if we pick r > —ﬁ > 0, then —3/2+5/2a+6 <

1/3
—1. Let rg = ﬁ If we choose § = <r4£)> , then (4.5.58) will hold for all points  with
|2’| = r > 7o and the exponent will be less than or equal to —1. This is exactly what we

needed to use the results in [KNSS] to obtain that u = 0.
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Chapter 5

Future Work

A natural question to ask is if the conditions of the theorem can be relaxed so that
we do not require that ffﬂ udz = ffﬁ u?dz = 0. This condition cannot be removed if we

wish to use the method presented in this thesis. However, in [CPZZ], if we assume that

/ |Vul|?dz < oo
R2 X [—m7,7]

instead of (4.1.2), then the conditions [* w*dz = ["_ u’dz = 0 are not necessary. This
involves a different method that requires we have no growth in the Dirichlet integral.
However, one can still ask if there are uniqueness theorems if we allow there to be
a non-zero, divergence free forcing term. This is if uy, ug satisfy (4.1.1) with a forcing term,
then under what extra conditions will it be the case that u; = we? This is still an open

problem that we will investigate as our future work.
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