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ANOMALIES IN QUANTUM FIELD THEORY
AND
DIFFERENTIAL GEOMETRY

by

Juan Luis Maries

ABSTRACT

Anomalies in field theory appeared first in perturbative computations
involving Feynman diagrams. It is only recently that differential geometric
techniques have been used to obtain the form of gauge and gra.vitatiénal
anomalies in a direct and simple way. This is possible because of the topo-

logical nature of the anomaly.

In the first chapter of this thesis the gauged Wess-Zumino action is con-
structed by differential geometry methods. After reviewing the relevant tech-

niques, an expression for the action valid in any (even) number of space-time

dimensions is obtained. This expression is compared with Witten’s result in

four dimensions.

The link between topology and the anomaly is provided by the appropri-
ate index theorem. The index density is a supersymmetric invariant poly-

nomial from which the anomaly and other related objects can be obtained



through the use of the “descent equations”. A new proof of the Atiyah-Singer
index theorem for the Dirac operator is presented in chapter.3. This proof is
based on the use of a WKB approximation to ew)alua.te the supertrace of the
kernel for a supersymmetric hamiltonian. Chapter 2, which is dedicated to
the development of the necessary WKB techniques, contains also a discussion

of mechanical systems with bosonic and fermionic degrees op freedom.
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INTRODUCTION

Chiral anomalies in field theory appeared first in perturbative computa-
tions involving Feynman diagrams (see [1,2] and references therein). Later,
Wess and Zumino [3] realized that non-abelian chiral anomalies had to satisfy
certain consistency conditions. These consistency conditions could be used to
determine thg non-abelian anomaly once the abelian case was known. They
also provided a way of checking the many different expressions o.gtained per-

turbatively.

However, it is only recently [4,5,6] that differential geometric techniques
have been used to obtain solutions to the consistency coﬁditions in an elegant
and simple way. This has provided an alternative method to the lengthy
and complicated Feynman-diagrammatic computations. These techniques
have also been extended to the study of gravitational anomalies {7,8] and

anomalies in supersymmetric gauge theories [9].

In a different line of developments, Witten [10] has obtained an expression
for the Wess-Zumino effective action from topological considerations. This
effective action was originally constructed (3] from the non-abelian anomaly
by using the Wess-Zumino consistency'conditions. Witten's result was sur-
pfising not only because of the topology involved, but also because the action

appeared as a finite polynomial in the gauge fields.

In chapter 1 of this thesis I extend the differential geometric techniques
to the calculation of the Wess-Zumino action. A general expression valid

in any (even) number of space-time dimensions is obtained. This expression



coincides with Witten'’s result in four dimensions and it is simpler to evaluate
in that it does not require the use of a trial and error method. A review of
the relevant differential geometric techniques is also presented in chapter 1.

The link between topology and the anomaly is provided by the appro-
priate index theorem [11,12]. The index density is 2 symmetric invariant
polynomial from which the anomaly and other related objects can be ob-
tained through the use of the “descent equations” {5,6].

The use of supersymmetry has made it possible to give simple proofs of
the index theorem {13-15], based on concepts familiar to physicists. However,
these proofs are somewhat obscured by the presence of path integrals, which
are always tricky to define and hard to evaluate in a rigorous way.

A conceptually simpler approach can be found in ref. [16], which presents
a proof of the Atiya.h-Singer index theorem for the Dirac operator. This
proof uses 'a WKB approximation instead of path-integrals, but only the
case of vanishing external gauge fields is treated. The generalization to non-
vanishing gauge fields is non trivial, and is the subject of chapter 3 of this
thesis. The necessary WKB techniques are developed in chapter 2, which
contains a study of mechanical systems with bosonic and fermionic degrees

of freedom.



1 DIFFERENTIAL GEOMETRY AND THE

WESS-ZUMINO ACTION

Some new developments have taken place recently concerning the mathe-
matical structure of chiral anomalies. The use of differential geometry meth- _
ods has made possible the explicit calculation of both abelian and non-abelian
chiral anomalies without evaluating Feynman diagrams [4,5], and the fonﬁ of
the Wess-Zumino (3| terms as well as its new a priori lqua.ntiza.tion has been
derived by Witten [10] on the basis of topological considerations. Further-
more, Witten has used a trial and error method to gauge the Wess-Zumino
term, and has found that the dependence of the resulting action on the gauge
fields is in the form of a finite polynomial.

In this chapter, a general expression for the Wess-Zumino action is ob-
tained by differential geometry techniques. This expression, which is evalu-
ated directly without the use of a trial and error method, yields the action
in the form given by Witten [10], except for some minor discrepancies that

we discuss in detail.

We consider a theory of fermions interacting with external gauge fields.
The spinor field has internal degrees of freedom and transforms under a
representation of a (flavor) group G with generators {A:}. The lagrangian

includes vector and axial vector gauge fields V¥ and A}:
L = iPv*(0u — 1AV, — 195X ALY (1.1)

We will use the symbol ~s for the equivalent matrix in 2n-dimensional space-



time, i.e.
2n-1
— ‘n+1 2
T = - H ’7“ ’ and‘ -'\/5 =1
u=0

The fields V. and A} will be combined in the Lie algebra-valued 1-forms V,

A and V,:
V = —i\VSdz* = Vdzt = —i\ vt
A = —idALdz* = Audz* = —i) A"
Vi =V+14 (1.2)

A general local transformation on the spinor fields is written
¥ — exp(iB*Ax + i Auvs) ¥ (1.3)
and if we define the O-forms
B = —if*),, a= —-taf),, v=EL+ays = —ivi), (1.4)
the transformation of the gauge fields can be written in a compact way:
V, — ¢ W,.g+gldg (1.5)

whereg =¢* € G x G.

It is well known that the vector and axial vector currents
J:'h = E‘Yu'\k’/»’ ’ J::k = Eﬁuqukw (1.,6)
satisfy anomalous non-conservation laws:

D*JY, = -G} (V,A) , D*JA =-G{(V,A) (1.7)

»



The functions G} and G{ were obtained by Gross and Jackiw [2] and
Bardeen (1], who was able to remove the anomaly from the‘ vector current
by adding a suitable counterterm to the lagrangian.

Wess and Zumino (3] showed that the functions G["* could be obtained
from a functional W(A,V, ) containing the gauge fields and an additio-nal

field £ (a meson octet in the case G € SU(3)), such that ¢ € G, as

§W(Vy, 44, &) GA = §W(Vy, 45, &)
5% ’ Sak

a=8=0 a=8=0

GY =

(1.8)

where V,, A,, f,‘are the transformed of V, A4, £ by the local action of
g € GxG. In their .original form the Wess-Zumino effective action W(V, 4, ¢)
was not apparently a finite polynomial in the gauge fields. As it was already
noted, this fact only became clear with the explicit evaluation of the action
by Witten [10], who obtained it as a functional W(R, L,U) depending on the
left and right gauge fields and U = ¢'¢.

More recently, it has been possible to obtain the fﬁnctions GZ’A by dif-
ferential geometry methods (4,5] based on the use of the Wess-Zumino con-
sistency conditions that these functions must satisfy. Also, Zumino 5] has
given an explicit expression for the action in the form W (R, L,gr,g1) =
W(R,gr) — W(L,é;), where gr and gp are elements of G. This expression
is obtained directly as a polynomial in the gauge fields, but differs from the
one given by Witten in that here we need two octets £z and £, of meson
fields.

Since these differential geometry techniques are relatively unknown among
physicists, we find it necessary to explain them in'some detail. This is donein

sect. 1, where proofs have been omitted in general, trying instead to empha-



size the notational conventions, definitions and main equations used in the
rest of this work. The reader is referred to the original papers (4,5,17,18,6] for
a more complete presentation of the subject. This techniques are extended
in sects. 2 ;.nd 3, which contain the main results of this chapter, so as to give
a functional W(R, L, U) depending on a single octet of meson fields. For the
case of four-dimensional space-time this functional is actually constructed

and compared with Witten’s result in sect. 4.

1.1 Differential geometry and the effective functional
W(RaIﬂgR, gL)

In what follows it will be more convenient to write the equations in terms

of the left and right gauge fields L and R:
V=V +ysA=iR+IL (1.9)

with R=V +Aand L =V — A. # and | are the right and left projection
operators:
i»=f21-(1+1s) , 1=
Defining left and right spinors ¢ = Iy and Yg = #¢ the lagrangian (1) can
be split:
L = {rv*(3y — i\RL)YR + (R ~ L) (1.10)
A general transformation g(z) € G x G will be written:

g=étme = HB+a)+i(B-a) _ fgr + ZQL (1.11)

with gr = e*® = ¢** and g; = et = /2. From (1.5), (1.9) and (1.11) it

follows that the gauge fields R = Ag and L = A, transform independently



oy

of each other:
Ay — 9p'Angn +95'dgn , H=L,R
Fy — 95 Fugn (1.12)

where Fy = dAg + A% (d is the exterior differential operator, and it is
understood that A}, stands for Ay A Ag).

The left and right currents have anomalous covariant divergences:
D*J5 = -Gf(Ax) with JE =Yy \vn (1.13)

The functions G were obtained explicitly by Gross and Jackiw [2], and in

fact

G =ngG: , mr=-m =1 (1.14)
These functions can also be obtained by differential geometry methods with-
out the use of Feynman diagrams [4]. To this end we have to define a number
of differential geometric objects. Given the left-right symmetry expressed in
eqs. (1.12) and (1.14), in what follows the index H will not be written. The

first object is the nth Chern character {13,:
ﬂ;,‘(A) = tr F" (1.15)

The form 03, is closed (d;, = 0), and as a consequence can be locally
expressed as the total differential of a form w),_,(A). An explicit expression
for w?,_, is obtained by considering a 1-parameter family of gauge fields A,.

Under an ordinary variation 6t, (1, experiences a variation given by

6Qzn(A:) = nd tr (8AFY) (1.16)



Choosing the parametrization A; = tA, (1.16) can be readily integrated and
we get for wl,_,
Bors(d) = [ 6t (AFP) (1.17)
with F; = dA, + A? =tdA +t?A? = tF + t(t — 1) A%
Since w,_, is defined by dw3,_; = 02a, we could add a total differential
to (1.17). This fact will be exploited later in sects. 2 and 3.
12, is invariant under gauge transformations. This allows the definition

of a form wi,_,(A4,v)(g = ¢*) as follows. From the definition of w3,_,,
6.02n(A) = 8,dw3,_(4) = d(6w3,_;(4)) =0 (1.18)

This means that §,w2,_, is closed and can be locally expressed as a total
differential: |

faa(4) = oy s(Arn) ()
The form w},_, is important because it gives directly a solution to the Wess-
Zumino consistency conditions, and contains the anomalous divergences G;
in (2n — 2)-dimensional space-time:

1
i — ok : _—
Kpwan_3(A,v) =v°Gy with K, = nl 2m)

(1.20)

(see appendix A for an explicit expression for w},_,.)
We can now proceed to the construction of an effective functional. We
define formally
W(A) =K [ wlhy(4) (1.21)
Dﬂu—l
where D,,_; is a (2n-1)-dimensional disk which has as boundary space-time

compactified to a sphere $?"~% Under a gauge transformation

50W' = I(n/;J 50‘*’3::-1(‘4) = K'\ ‘/Dz ldw;n—2(‘4’ U)

in-1



= Kn /;2"_2 w;n_z(A’ v) = /;Zn—1 Uka . (122)

and W' satisfies
sW' .
o = Gy (1.23)

This definition of W' is not totally satisfactory, since although w?,_; is a
finite polynomial in the gauge fields, it is not a total differential, and when
we try to express it as an integral over (2n — 2)-dimensional space-time, the
integrand becomes nonlocal, ie., contains interactions of arbitrary high order.

This problem can be fixed by considering the following property of wj,_,:
T(9)w2n-1(4, F) =win_1(4g Fy)
= Win-1(4, F) + win_1(97"dg, 0) + darzn-2(4, g)(1.24)

with A, = T(9)A =g~ 'Ag +g~'dg and F, = g~ 1 Fg.
In this expression wd,_,(97'dg,0) has a topological significance [10]. We

will refer to it as Aza-1(g). An explicit expression follows easily from (1.17):

Win-1(97"dg,0) = Azn-1(9) = (-1)""'nB(n,n) tr (¢7'dg)™""  (1.25)

where §(n,n)is the S-function given by

_T(n)l(n) _(n-1)}(n—1)!
Alm) = —Tany = (-1

An expression for aj,-; in which it appears as a finite polynomial in 4
and V = dgg~! can be found in appendix A. Since F is a function of A, we

will write w?,_,(A4, F) = w),_,(A). From (1.12) we have the group property

T(9)T (k) = T(hg) (1.26)
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and we get the identity
T(g)win1(A) = T(h7'9)T(h)wza_1 (4) = T(h7"g)ws,_, (As) (1.27)

In other words, T(g)w?,_, is invariant under the transformation A — A,

g — h~1g. If we define

W(A0) =K [ whoi(4) - T(g)elus(4) (1.28)
- n~-1 .
by (1.27) we have
sW sW
5or|_, sk | = G (1:29)

and by (1.24) W(A, g) can be written

W(A,g) =—-Kn /; Azn1(9) + dazn-3(A, g)

n~-1i

= —-K,. -/Dg,.-; Az,.-l(g) - K, 0211-2(‘4: g) (1'30)

S3n-2
Now the gauge fields appear only in the second integral, which is explicitly
a finite polynomial in A and V' = dgg~! as given by (A.3). There exists only
a finite number of vertices containing the gauge fields and g. Since Aza-1(9)
cannot be written as a total differential, we still have an infinite number of
vertices, but only in the field g.

Taking into account the signs given by (1.14), the complete functional is
W(Rv L)gRygL) = W(R,QR) - W(L’ gL) (131)

where gr(z) = ¢*¢2(2) and g (z) = ¢*:(*)) are elements of G.

1.2 The functional W(R,L,U)

In this section we modify the functional W (R, L,gg,gL) so as to make it

depend on a single field U(z)(U € G) instead of gr and g;. To this end we
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define

Wi (R, L) = Wy (R) = wly_ (L) (1.32)

and notice that by (1.28), (1.31) and (1.32) the effective functional can be

written a.s-
W(R,L,gn,gz,) = K, fD"_le..-x(R,L) - T(gr,gL)win-1 (R, L)  (1.33)
Here T'(gr,gr) defines the action of an element g = g + ol € G x G:
T(9R,9)win-1(R, L) = i i (Ryp, Ly,) (1.34)
If we define the nth Chern character for the whole group G x G as
3n(R, L) = Q2a(R) — Q24(L) (1.35)
then w) _,(R, L) as given by (1.32) is a solution to the equation
Q2n(R, L) = dwi,_,(R, L) (1.36)

In the next section we will show that another solution &2,_,(R, L) to (1.36)
can always be found, such that it is invariant under vector gauge transfor-
mations:

5p@2. (R, L) =0 (1.37)

By (1.36) it can only differ from (1.32) by a total differential:
@9 (R, L) = wi,_,(R, L) + dS2n-2(R, L) (1.38)
If we consider the functional

W(R,Lgr,g1) = Ka / w1 (R, L) = T(gr 9r)o9,-1 (R, L) (1.39)
2,\—
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and use Stokes theorem (8Dzn-1 = S**~?), we can see that»W is related to
W by

W(R, Lor,0) = W(R,L,gn,01) = Kn [ | T(98,01)Sin-2(R, L) (1.40)

By the group property T(gr,9.)T (hr,hL) = T{hrgr,hrgr), the last

piece of (1.40) is invariant under the local transformation

R— Rnyy, L—Lp; gr— hzr'9r, 91— hi'eL (1.41)
This means
W W
S =5 =G H=LE (1.42)

Also, in the next section Sz,—3(R, L) will be calculated explicitly as a finite
polynomial in the gauge fields. W is thus local in R and L, and by (1.42) is
a satisfactory effective functional.

Now we use the group property to combine gz and g into one single

field:
T(0r 9)59-1 (R, L) = T(grr aR)T(e,0205")5%0-1 (R, L)
= T{g, 9R)T3es (R Ly z0) = (R Ly 1)
= T(e,92,07")3% (R, L) (1.43)

since T'(gr,gL) is a vector gauge transformation and has no effect on 0

If we define U = grgf' € G, we have
T(gRy9L)%5n-1 (R, L) = T(e,U)d, (R, L) (1.44)
where e is the identity element of G, and from (1.41) U transforms as

U — h;'Uhg (1.45)
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We can now define the effective functional W(R, L, U):

W(R,LU) = W(R Larg) = Kn [ wfus(RL) = T(e,U)5, (R, 1)
(1.46)

By (1.38) and (1.24) the last piece can be written

T(e,U)3n-1 = win-1(R, L) = A2a=1(U) = dazn-2(L,U) + dS20-2(R, Ly)
(1.47)

and the final expression is

WERLY) =Kn [ Asns(V) + Ka [ €sn-a(L,U) = Stns(R, Lo)
Dan-1 §3n-13
(1.48)
where Ly = U~'LU + U~'dU, and U(z) = ¢**(*) is an element of G.
W(R,L,U) is the Wess-Zumino effective action. The first integral con-
tains the Wess-Zumino term and the second one is the result of its gauging.
Notice that, by (1.37), Sza-2 has the following behavior under vector gauge
transformations:

550.)3"_1(12, L) = -6,(15;,;-3 (1.49)
and it follows

]

B WRLY+ [, Salo)) = FELD)

T =G,(R,L)=0

(1.50)
i.e. the addition of S2,-2(R, L) to the lagrangian removes the anomaly from
the vector current. Sz,—2(R, L) is thus equivalent, in four dimensions, to the
counterterm used by Bardeen (5] to conserve the vector current and we will
refer to it simply as ‘the counterterm’. An expression for Sz._2(R, L) valid

for any n is derived in the next section.
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It is an interesting fact that the counterterm, which was first used by
Bardeen to get the conserved vector current form of the anomaly, appears
in our method as an essential ingredient in the construction of W(R, L,U),

which by ( i.42) gives the anomaly in the left-right symmetric form.

1.3 The counterterm

To find solutions to the equation
duf,y = an(R, L) (1.36)

in a systematic way, it is convenient to express (1;, as a\function of V, =
#FR+IL:

Qgn(Vs) = % tr (v F") = Qua(R, L) (1.51)
where F, = dV,+V2 = (dR+ R?)#+ (dL+ L?)i, and D x D is the dimension
of the Dirac matrices. The equivalence of (1.35) and (1.51) follows from the

fact that # and | are projection operators and vs = # — 1.

We consider a 2-parameter family of one-forms :
Ay = AV +uV_ (1.52)

with V. = V — 4sA = #L + IR. An ordinary variation (6X,6u) of the

parameters induces a variation in {2;, given by
2n -1
§Q2n(An,) = 'b-d tr (vs6 A\ Y, ) - (1.53)

where § Ay, = 6AV, + 64V_ and Fy, = dA,, + 4%,.

Now we observe that 2;,(Aq) = 0 and

Q2n(A10) = Q2a(V+)
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Q2n(An1) = Q2a(V-) = =0an(V5) (1.54)

From this it follows that Qz,,(V+) can be expressed as the differential of a
line integral

2n n— n e
Q2 (V4) = -b-d/(c)or o (v A0F3) = Bd/(e) tr (v AruF3Y)

(1.55)

where the integrals are along the oriented paths (a), (b) or (c) shown in fig.
1. Each path gives a different solution to eq. (1.36). In particular, if we

integrate along the straight line 4 = 0 we get the solution (1.32):
2n 1 n-1 1 | n-1
'b'/o SAtr (Vo FrY) = n/o 5X tr (RFR)™ = (R = L)
= Win-1(R) — win_1(L) (1.56)

The same result is obtained by integration along the line A = 0. It is easy to
show (see appendix B) that the solution obtained when we integrate along
& + A =1 is invariant under vector gauge transformations, i.e.

n [(01)

(:Jzn_l(R, L) = B tr (758AA,.F,{‘;‘) (1.57)

(0,1) along A+ u=1
From (1.56), (1.57) and (1.38) an expression in which dS3,-2(R, L) is repre-

sented by a closed line integral is readily obtained (see fig. 2)
%/ tr (‘755.4)“17;:‘) = (“-J‘gn-l - wg,‘_l = dSz,,_z(R, L) (1.58)

(Here all the integrals are along straight lines.)
A more convenient expression giving directly Sza—2(R, L) is constructed
from (1.58) in appendix B. The result is

_nr-1)

San-2(R, L) D

//Str(‘ysV_V+FA"“'2) (1.59)
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where the integral is over the interior of the triangle repres_ented in fig. 2.
The following property is useful in the actual evaluation of (1.59): given the
trace of a monomial containing s and the fields Vy and/or F., the reversal
of all the signs in V; and F. reproduces the original expression with opposite

sign. For instance

tr {sV,V_F2?} = — tr {vsV_V.F?}

1.4 An application

In this section the functional W(R, L,U) is actually constructed for the
case n = 3, i.e. four-dimensional space-time. W contains three functions

that have to be evaluated:

W(R,L,U) = Ky /D As(U) + K /; _a(L,U) - SyR,Ly)  (1.60)

From (1.25)
| | Ag = 1—16 tr (U™'dU)8 (1.61)
and from (A.3)
au(L,U) = - % tr {(dUU*)(LdL + dLL + L)
- -21-(dUU")L(dUU“)L ~(@UU-Y)L}  (1.62)

S, is obtained from (1.59) as a function of the fields V, and V_:
1 1
Sy = i {sV-(VoFo + FL VL, = V3 + quv_v+v_v+} (1.63)

Using the fact that # and [ are projection operators and that in four dimen-

sions tr #=tr [=2, S, may be written in terms of R and L

S(R,L) = % tr {(LR — RL)(Fn - F) + R°L + RL* + %LRLR} (1.64)
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In this last expression we have madg the substitution
L—Ly=U"'LU+U"dU (1.65)

The normalization constant Kj is given by (1.20)

Ks (1.66)

= 24n?
After collecting the terms arising from (1.61), (1.62) and (1.64) with

(1.65), and making the substitution
RAU~'dLU — RAU'LdU — —dR4U'LU (1.67)

(the left- and right-hand side of (1.67) differ by the total differential of
RdAU-1LU) to get a more symmetrical expression we obtain

)

~1 -1 s _ _ % ‘
/D iUy (1.68)

24072

W(R,L,U) =
where the 4-form Z is
'Z= — tr {Uy(LdL+dLL+ L% - (U)’L} - tr (R~ L}
+ % tr (ULLULL) - % §r {Re L} - tr (UT'LUR?)
+ tr (URU“L’) — tr {U"'LU(RdR + dRR)}
+ tr {URUY(LdL +dLL)} — tr {URU'LU.L}

— tr {U'LURURR} + tr {LdUURRU"'} + tr {RdU"'U,LU}

tr {dLdURU-'} + tr {dRAU-'LU}
+ % tr {RUT'LURU™'LU} (1.69)

Here Uy, stands for dUU ! and Uy for U~dU.
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Eq. (1.69) is our final result. To compare it with the expression obtained
by Witten [10] we must notice that Ag = —tR and A, = —iL due to a
different convention in the definition of the covariant derivative. We find
some minér differences with Witten’s effective functional, which he calls f‘,
which does not seem £o have the prescribed transformation properties. If
one makes the following changes in Z,,q5 (of T):

(i) Delete the coefficient 1/2 in front of A, A, U ArAsrU™!;

(ii) Interchange R « L in the second term of the third line:
A,,LU'I(B,A,,R)apU hand A,,RU'I(B,,A,,L)B,,U

(iii) Add tA,L AL AaL to the expression (8,A4,1)Aar + 4.2 (8, AaL) in the
second line; then the final expression transforms correctly, and the relation

with (1.69) is

T=w

- 48;2 /s _ tr (FLUFRU™Y) - d tr (LUJRU™Y) (1.70)
The last term, being a total differential, vanishes upon integration by parts,
and the first term is invariant under both vector and axial vector gauge
transformations and is therefore irrelevant.

Witten has established the a priori quantization of the Wess-Zumino
action in the sense that W has to be multiplied by an integer which he has
found to be equal to the number of colors N, {10]. Taking this into account,
the anomalous contribution of the field U to the baryon current can be

calculated directly from (1.89). To this end, consider a local transformation

of the fundamental spinor fields in the lagrangian (1.1) given by

v°(z)

8(a) — oxp 125 ) ¥(2) (1.71)
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where 1/N, is the baryon number of a fermion (quark). By (1.3) and (1.4)

this corresponds to a generator Ao given by

Ao = (1.72)

1
N.
where 1 is the f X f unit matrix (f is the number of flavors).

Then the anomalous vector baryon current is easily computed:

W W
*Jg = *ng + *Jg‘ = N, (m + 6—L°')
" R=L=0

1
2472

_ =N (1, .,}_ ~147)3 |
= { S UL +UR) ) = o v (UTD) (L73)

since tr(U3)=tr(U3) =tr(U~1dU)*. Note that J& (a.norna.léus) vanishes iden-
tically.

Eq. (1.73) coincides with the expression given by Witten [10] by analogy
with the electromagnetjxc anomalous current. The addition of the U(1) gener-
ator Aq to the generators of SU(3) increases the number of mesons to nine, the
new one being a pseudoscalar (singlet). From the fact that [I3(SU(2)) = Z
it is clear that all the meson fields but the pion triplet can be set equal to

zero, and one still gets an anomalous baryon number contribution B, [19]:

1
T 2473

-1 3
Bo /s L, w (U (1.74)
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Figure captions

1. The (A, u) parameter space and paths associated with different solu-

tions to eq. (1.36)

2. Domain of integration for Sa-2
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2 WKB METHOD FOR BOSE-FERMI

QUANTUM-MECHANICAL SYSTEMS

The pu;'pose of this chapter is to develop a WKB approximation for the
kernel of a mixed (Bose-Fermi) quantum-mechanical system.This approxi-
mation is used in chapter 3 to compute the index 6f the Dirac operator
which, as we shall see, can be written as the supertrace of the kernel for the
appropriate supersymmetric system.

We shall consider the computation of the kernel for a quantum mechan-
ical Hamiltonian ¥ which is a function of bosonic operators Z* and p, and

fermionic operators a, and 3.,. These operators satisfy
. Ay h_, PO
[puaz ] = :5“. ) {omob} = Ry (21)

and any bosonic operator commutes with any fermionic operator.

The canonical fermionic momenta are conventionally defined by

fta = —i8, (2.2)
and therefore
. A h
{fa,0s} = 70 (2.3)

In the classical description of the system z* and p, are ordinary real
variables, and 8,, 8, and 7, are anticommuting or Grassman variables.

Some concepts of classical mechanics, generalized to systems with fermionic
variables, are presented in section 1. These concepts are used in section 2 to
give a WKB formula for the kernel of a general quantum mechanical Hamil-

tonian with bosonic and fermionic operators. In the case of a purely bosonic
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system this formula reduces to the well-known expression [23,24].
K(z¢,Zoit) ~ \/I_Dexp(%s(z:, Zoit)) (2.4)

where S is the classical Hamilton-Jacobi function and D is the Van Vleck
determinant. Some ordering problems arising when fermionic variables are
present are analyzed in detail.

Section 3 is dedicated to the computation of traces and supertraces of the
evolution operator in the WKB approximation, and a general analysis of the
validity of this approximation is presented. This analysis is used in chapter 3
to show that, in the case of the supersymmetric quantum mechanical system

used to prove the index theorem, the WKB formula is exact.

2.1 Classical mechanics with fermionic variables

To simplify the notation we shall use Q instead of (z,8) and P instead

of (p, 7). Omitting obvious indices, the action functional is
1= QP - ¥(Q, P)) & (2.5)
The equations of motion are obtained by imposing 6/ = 0 under any
arbitrary variation with §Qo = §Q, = 0. The result is
64 — Q6P+ 6QP =0 (2.6)

which can also be written

. X . X
Qh=0(k)5‘}',: ) Ph=—55: (2.7)

where

+1 if Q. is bosonic

—1 if Q4 is fermionic
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Note that the order in which factors are written is important because of the
presence of Grassman variables.

We shall now describe some fuﬁctions which will be used in the‘WKB
construg:tio-n of the kernel. These are the modified Hamilton-Jacobi function
and the generalized Van Vleck superdeterminant. Recall that the Hamilton-

Jacobi function or “classical” action is defined by [25]
¢ .
S(Qr, Qo;t) = /0 (QP - ¥)dt' (2.9)

where the integration is along the classical tfajeétory from (Qo;0) to (Qq;t).

Under a variation of t,Q, and Qg the change in the classical action is
55 = 5Q¢P¢ - 6Q°Po - )(5‘ (2010)

This last expression gives the initial and final momenta as functions of Qq, Q,

and t once S is known

s

P =3a

(@rQoit), Po = —aﬁgz(qg,qo;t) (2.11)

and contains the Hamilton-Jacobi equation

aS as
T + X (Q:, %:) =0 (2.12)

The generalization of the Van Vleck determinant [22] to a system with
bosonic and fermionic variables is given (up to a sign) by the superdetermi-
nant [26] of the supermatrix of second derivatives of the classical action with

respect to initial and final coordinates

R
T aQtiaQOj ,

t,7 :1,...,N (2.13)

S; D = (-)" Sdet |S;]|
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By differentiating the Hamilton-Jacobi equation and using eq. (2.11) and

the following property of the superdeterminant [26]
6( Sdet M) = Sdet M - Str (M~'6M) (2.14)

where Str is the supertrace, a continuity equation for D is easily obtained

aD 2 ax as
8t + aQ‘ki (DaP‘k (Qg, aQ‘)) =0 (2.15)

A -deriva.tion of this equation together with the definitions of supertrace and
superdetefminant is presented in Appendix C.

It often happens, when one considers a system with fermionic variables,
that the classical action S(Q¢,Qo,t) is not defined because there is no clas-
sical trajectory from (Qo,0) to (Q:,t). As a simple example consider the

following Hamiltonian

X(0,7) =in6 (2.16)
The equations of motion are
X . . .
0-——8—7r-——:0,1r——ao—m (2.17)
with solutions
T = 7|’oe“ N 0; = 003-“ (2.18)

Obviously, for given ¢, we cannot specify both 85 and 4;, but we can instead fix
6o and 7. This fact motivates the consideration of certain modified classical
actions S which are defined as Legendre transforms of S with respect to a

subset of variables:
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5(Qu, Pij, Qoit) = S(Quis Prj, Qoit) — Q1 (Quiy Prj, Qoit) Byj
1:1,....R J:R+1,...,N (2.19)

where now
S(Qti, Pej, Qo t) = /;(QP - ¥)dt' (2.20)

and the integral is along the classical trajectory from (Qo;0) to (Qu, Pij;t).

S satisfies

65 = 5Q¢,‘Pg.‘ - Qg,‘&Pg,‘ - 6QOPo - }(63 (221)
which implies
aS . 88 a8
Py = 30, Qi = —U(J)E—PT,- y Po= =30, | (2.22)

and the corresponding Hamilton-Jacobi equation is

as .85 8§
'é't‘ + X (Q“, -U(J)'a—PT,, 56‘;, Pg,’) =0 (2.23)

The generalized Van Vleck superdeterminant is

88
~ d .-6
D= (-)" sdet | QLo
0P:;0Qox
+:1,...,R J:R+1,...,.N k:1,...,N (2.24)

and satisfies the following continuity equation

ETTeN (DaPu) —oU)35; (D m) =0 (2.25)

In practice, it will be particularly useful to Legendre transform only with

respect to the fermionic variables. The reason is that for most of the cases of



27

interest there exists a classical trajectory specified by the initial coordinates

together with the final fermionic momenta and bosonic coordinates. In this

case
S'(z¢, 8:, 2o, bo; t) = S(z,,i,, 30,/90; t) - 10,8,
3251 azs:
0z:9z9 09z:94,
D' = (=)N Sdet
. 9%s’ . 8%s!
‘98,0z, ' 38,00,
where we have used  instead of 7 = —10.

2.2 WKB expression for the kernel

Given a quantum mechanical Hamiltonian

-

;( = }((i“’ﬁma‘, 00)

the kernel K(z, 8, o, 6o;t) is defined by

W(z,0it) = [ dzo [ K(zi, b1, 20,003t)¥(z0, 80:0)
]

where the wave function ¥ satisfies Schrédinger’s equation

N (z“,%a —2-,9,) \Il-+-£i-§g =0

t Ot

and is normalized with respect to the following inner product [27,28]

(0| ¥3) = [ dz /. (2,8 ¥ (2, )

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

An explanation of the conventions used in the integration over Grassman

variables is given in Appendix D. Complex conjugation takes 8, into d, and

reverses the order of all anticommuting variables.
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Note that, with respect to the above inner product, p, = (%/i) du and
%# = z# are hermitian operators, and 9, = /88, and 94 = @, are hermitian
conjugates of each other.

Equations (2.28) and (2.29) imply that K satisfies

h 2 a2 KoK
s — — ct—— - . - -
¥ (z" i 9z’ aog.’o“') (=020, 00it) + 5 = 0 (2.31)
and
}i_x‘% K(z‘,ag,.zo, 0o;t) = 6(xe — z,)6(8: — 6o) (2.32)

Using the notation of the preceding section, the kernel K (Qtis Pejy Qor; t)

is defined by

&(Qu, Pij;t) =/;° K (Qti, Pej, Qoxi t) ¥ (Qox; 0)

k:1,...,N (2.33)

where & is the appropriate Fourier transform of V. Kis,uptoa sign, the
corresponding Fourier transform of K. (See Appendix D for details.)

In what follows we shall obtain an approximate expression for K. We
shall assume that the “exact” kernel X is given, for small ¢, by an asymptotic

expansion of the form

-

K =~ é’exp (%3’) (;10 +hA, + RiA, + .. ) (2.34)

where C is a constant and S has been defined in eq. (2.19). The WKB



29
approximation will be obtained by keeping only the first term in the series:
Kw = é’exp (%3) ;10 | (2.35)

The kernel K satisfies the Schrédinger equation

s .. RI)\ - *
<JJ(Q¢,P‘) + 75) K=0 (2.36)

where (henceforth the subscript t is omitted)

N

u . N )

QR =Qi , @Q;= —U(J);a—Pj

a h a a ‘

P, = :a—é: , Pj=PF; o (2.37)

and goes to the appropriate Fourier transform of the delta function as ¢t — 0.
These conditions determine, in principle, the functions A;.

By commuting Schrédinger’s operator through exp(% S ) we get
H+22) exp(25) mexp (L5) (Bo+AD+ WDy +..) (238
: 9t exp A = exp Y (] 1+ 2+ ... (2.38)

where D; are differential operators independent of A. It will be shown below
that D, coincides with the Hamilton-Jacobi equation for S and therefore
vanishes identically. Substitution of (2.34) and (2.38) into Schrddinger’s

equation yields the following tower of differential equations
bx;io =0
D1Ao + D1AL =0
DsAo + D1A, + DA =0

(2.39)
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For a sufficiently regular Hamiltonian, these can be solved iteratively with
appropriate boundary conditions to give an expression for the kernel valid
for small t.! Here we are interested only in the first of these equations
which, as v;e shall see, is solved by

Ao = \/B ‘ (2.40)

where D is the generalized Van Vleck superdeterminant (2.24). This result
is proven by obtaining Dy and D, for a general Hamiltonian. The notation is |
somewhat simpler when the Hamiltonian is given in coordinate representa-
tion, i.e., when we consider K(Q¢, Qo;t) and here we shall restrict ourselves
to this case. The proof for general K is essentially the same.

Since many quantum Hamiltonians may be associated with a classical
system, we must specify to which particular one eq. (2.40) applies. We shall
assume that the classical Hamiltonian is an analytic (super) function of Q,

and P; and is expanded as a power series in P;:

X(Q,P)=2_g.(Q)f-(P) (2.41)

where f, is a homogeneous polynomial of degree r in the momenta. The

associated quantum Hamiltonian is taken to be

¥ =H(Q.P) =5 [6(0), £(B)], (2.42)

where the bracket is

a

(A,Bl. = AB+o(4,B)BA

1For longer times it might be necessary to add contributions from various classical trajec-

tories connecting the initial and final configurations [24].
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—1 if A and B are fermionic (odd) operators
o(A,B) = (2.43)

+1 otherwise

To compute Dy and D, we first expand

1 (tg) VB =t {1.(35) VB + fotwote 1 2 (35) B2

an
212 (2 (25)) v + o0 (2.4

and R
__,ts\/"_ tS{aS\/— ’:6:9/:—} (2.45)

where o(k) has been defined in eq. (2.8).

Next, we observe that the bracket in eq. (2.42) can be written

af,

3 (520, £(B)], = (@A (B)+ J 0k, )52 (Q) 5L (B) +O(R?) (2.46)

I

Collecting the terms of order A° from (2.45) and (2.46) with (2.44) yields
as as as
oG () o0 ) Ho

which, as mentioned above, is the Hamilton-Jacobi equation.

After multiplying by v/D, the terms of order A are proportional to
aD 8f (3S\ D 8 (af. [3S
2D + ootk oAk (32) 2 + i@z (22 (22)) 0

9, 05, _2 (e 2s oD
+o(k. 1) 50, 3P, (?96) P=3 (aP. (g'(Q)f’ (acz)> D) 5t

(2.48)

Summing.over r gives

2 X (3§ oD _
Dx\/ﬁ ~ 56: (5?; (%) D) + 3?' =0 (2.49)
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This is the continuity equation satisfied by the superdeterminant D, and
this part of the proof is thus completed. Had we considered K and D, we
would have obtained egs. {2.23) and (2.25) instead of (2.47) and (2.49), as is

clear from .eq. (2.37).

)

To complete the proof we still have to show that the WKB expression

Kw = Cexp (%5’) \/lT) ' (2.50)
has the correct limit as ¢t — 0. This will be done for the kernel Ky (z:, 8,, zo, o; t).
The reason is that, although ultimately we want the kernel K in coordinate
representation (in order to compute traces, for instance), the corresponding
action S(z:, 0, Zo, 0o;t) does not exist in general, as mentioned in section 1.
Once K' is known we can obtain K by a fermionic Fourier transform.

As this part of the proof involves the study of the action when ¢t — 0, we

shall have to make some additional assumptions about the system. We shall

assume that the Lagrangian is of the following form

L = %g“,(z)i:“i" +i0,8, + z*B,(z,8,8) - Wz, 6,8)

a :1...m (2.51)

and that g,,, B, and W are analytic, with det||g,.|| = g # 0. The canonical

momenta are

ac .y !
p“ = —a_i-‘: = g“yz <+ B“ ’ s = - = -304 (2.52) -
and the Hamiltonian is given by

. . 1
M =zrp, +8,1, - L = E(p“ - B,)g¢*(p, - B,) +W (2.53)
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It is easy to show (see Appendix E) that for this system S’ has the following

asymptotic form
- 1 -
S'(zy,0¢, 20, 00;t) = 52’ (QMV(:‘O)X“X" + O(Xs)) = 100800 + 0(X) + o(t)

X* =zt -z} (2.54)
From this we obtain for the superdeterminant

vD = t‘-'-sz' (\/g(zo) +0(X) + O(t)) (2.55)

and therefore

{i_x‘:g vD' exp (h:—,) = (2mih)™/26 (ze = z0) exp (%5.,00.) (2.56)

This is, up to a constant, the Fourier transform with respect to 8; of the
delta function &§(z¢ — 20)8(6: — 8). This shows that Kj, has the correct limit
as t — 0. Using the conventions for the fermionic Fourier transform (see

Appendix D) the constant of proportionality C' is determined and we have

Kv’v(ze,auzo,ao; t) = C'exp (-;:S') VD'

C' = (-h)m

= o (2.57)

where n(m) is the number of bosonic (fermionic) coordinates z#(4,), and S’
and D’ have been defined in eq. (2.26).

Before closing this section we discuss how to use this WKB formula with
a quantum Hamiltonian ¥ (Q, P) which is not of the form given in eq. (2.42).
For any P analytic in Q and P, we can always commute the operators in

such a way that we obtain a Hamiltonian of the form (2.42) plus- terms
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proportional to A, K2, etc.

. -

X(Q,P)=- Z[g, P] + 1O, + RO, + ...

= 0:(Q, P) (2.58)
It is easy to see that, for purely bosonic hermitian Hamiltonians, @,

always vanishes. For instance, in coordinate representation

-

pug® (z)p. =

va—-

(Pubug® + 9" pud.) + hzauavg“y (2'59)

Since ©3, ;... do not contribute to D, or D; (see eq. (2.38)), it is clear that
the WKB formula can be used directly for a purely bosonic system, i.e., there
are no ordering problems. This is not the case, however, for systems with

fermionic variables. The following Hamiltonian

-

p

A= (2.60)

is obviously hermitian, but is not of the form (2.42). To use the WKB

formula, we first rewrite ¥ as in (2.58)

- 2a - 1 Loa al, h a 1
=24 =§(0 —8)+2, 61—2 (2.61)

and then consider a classical system with Hamiltonian
m=7+§ (2.62)

After obtaining S’ and D' for this system, we recover the WKB approxi-
mation for the original system (2.60) by setting a = A and expanding S’ to
order & and S’ to order A°. The general rule is that one should always use
as classical Hamiltonian

Hw = X + hO, (263)

rather than ¥.
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2.3 WKB calculation of traces

To obtain the trace of the evolution operator of a system with bosonic and
fermionic variables in the WKB approximation we first compute Ky (z:, 8, zo, 8o; t)
as given by eq. (2.57). A fermionic Fourier transform with respect to 8, gives
Ky in coordinate representation, and the trace is obtained by setting z; = z,

and 6; = —8, and integrating over initial coordinates

it -
(tr exp(-;”))w = fdzo /oo Kw (zo, —00, Zo, fo; t)

hm

= W/dto/; ; \/D'(Io,ic,zo,oo;t) exp %(S'(Io,b-:,zo, 80;t) — i6,6,)
vt

(2.64)
(See Appendix D for details on the derivation of this formula and eq. (2.67)
below.)

. The following trace can also be defined
I3 it o
tr (—)" exp —-,-;)1 (2.65)

where F is the fermion number operator

a a o

F=26,0, (2.66)
This trace is, in fact, the supertrace of the evolution operator, and in the
WKB approximation is given by

(e xp(~30))

w

-
= ( Str exp(—%)()) = (—)"/dzo/;o Kw (Zo0, 80, 2o, 805 )

w

= ___(—h)"‘ ' ] . _‘_ ' 5 . =
= @riR)T /dzo /;03. \/D (%0, 8¢, 20,00 t) exp h(S (Zo, 8¢, 2o, 80; t) + 18,80)

(2.67)
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The WKB expressions for the kernel Kjy, eq. (2.57), and for the trace and
supertrace of the evolution operator, eq. (2.64) and (2.67); are important.
As we shall see in chapter 3, the proof of the Atiyah-Singer index theorem re-
duces to the computation of eq. (2.67) for the appropriate supersymmetrical
s&stem.

We now consider the validity of the WKB expressions for the traces. In
the case of sufficiently regular bosonic Hamiltonians [23,24] it is well known
that

K - Kw

lim =———% =0 . (2:68)

It is not too difficult to prove that eq. (2.68) holds for our more general
system, eq. (2.51). But, because the kernel is singular at ¢ — 0, we can-
not permute the order in which limits and traces are taken, and therefore

eq. (2.68) does not imply

t -
lim K= = Kw (2.69)
t=0 t

Instead, as ¢t goes to zero we shall have
tr K — tr Kw ~ 0(t") (2.70)

where the exponent v will depend on the particular system considered.
We can obtain v by studying the form of the quantum corrections A;
to the kernel Kj, (see eq. (2.34)). In order to keep the correct limit of the

kernel as t — 0, eq. (2.56), we must have

!irrolt"/zA:(::, =125) =0, for i >0 (2.71)
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Defining?

A'= Ay +hAL+RPA + ..., AL = VD (2.72)

by eqs.(2.55) and (2.71) we can write

9(10)
tn/2

Az, =1z0) = (14 byt + byt?.. ) (2.73)

bc' = bl' (zOv 5h 009 h)

According to eq. (2.34) the modified classical action S' does not contain

negative powers of t for z; = 2,5, and we can write
S'(ze==z0) = Sy+ Syt + St +...
S: = S:(zChFh 00a h) (2.74)

(Recall that, by our discussion at the end of section 2, S’ can contain terms
linear in A.)
Combining eqgs. (2.73) and (2.74) we obtain for the integrand in either

(2.64) or (2.67)

\/ g9(zo)

tn/2

Integrand ~ (ao + a1t + ast® +ast®* +...)

a; = a;(zo,0:, 8, 1) (2.75)

Note that, for a purely bosonic system, the functions a; are the same as in
the DeWitt-WKB expansion of the kernel [29].

By construction, the functions b; in eq. (2.73) will contain terms of order

KO, A! A% etc. Only the terms of order A° are included in the WKB ap-

proximation. From dimensional analysis and symmetry considerations it is

2If D} VD' is equal to zero, the solution to (2.39) with the boundary conditions (2.71) is
A! =0 fori > 1, and the WKB expression for the kernel is exact. This only happens for

very particular simple systems (23].
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usually possible to determine the form of the terms dependingon 4. If such a
term occurs in b;, it will give contributions to functions ¢; with j > ¢. Some
of these contributions will vanish after we integrate, either because they ap-
pear as total derivatives or because the fermionic integrals are not saturated.
Assume that the first non-vanishing contribution to the trace from a term
depending on % in A' appears in a,. Since such a contribution is necessarily

missing in the WKB formula, we haveas t — 0
tr K — tr Kw ~ 0(t*"/?) (2.76)

and we obtain v = k — n/2. This is only a lower bound because the contri-
bution could vanish accidentally.

As a simple example, we consider the following Hamiltonian

H =

N -

Pupu+V(2), =1,...,n (2.77)

where V is a completely arbitrary analytic potential. The relevant dimen-

sions are

M~ vi~% 219

. The following terms, invariant under rotations, can appear in

A(Ig =ZIyp= 0)

Dimension Terms

b t-! - -
(2.79)
bs ¢? Viu
) b3 t—s hVuuvu

where V,, = 3,8,V (z = o), etc.
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By time reversal invariance the action contains only odd powers of t:

Dimension Terms
S z?/t? 1% (2.80)
S 2/t AN
The term hV,,,,, missing in the WKB formula, gives the following con-
tributions A;.- to the integrand
Integrand = exp (%(Slt + S5t + .. )) {';1/-;(1 + byt + bgt? + .. )

1' 2
=t_n/?(a°+°1t+a3t +)

Agg = Aa; = Aaz =0, Aag~ AV ., Aaq~VV, +... (2.81)
Since Aas is a total derivative, by eq. (2.76) we get » =4 — n/2 and

=0, n<8§
kr.r&( tr K - tr Kw) (2.82)
=00, n>8
Below eight dimensions the WKB trace is exact in the limit ¢ — 0. Note

that the naive expectation, eq. (2.69), fails for n > 6.
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Added Note

The classical mechanics of Bose-Fermi sfstems is treated in détail in
refs. [30;32], and the corresponding quantum description can be found in
ref. [33]. This last reference contains also a presentation of the WKB ap-
proximation for purely fermionic systems, but the Bose-Fermi case, relevant
to our computation of the index, is not considered.

The concept of Weyl symbol of a fermionic operator is studied in ref. [34].
This is relevant to the present work in that the Hamiltonian Xw of eq. (2.63)

is, to order %, the Weyl symbol of the operator X
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3 WKB PROOF OF THE INDEX

THEOREM

-A new I;roof of the Atiyah-Singer index theorem has been given indepen- .
dently by Alvarez-Gaumé [13] and by Friedan and Windey [14,15], who have
followed Witten’s suggestion that the index formula could be understood
in terms of a suitable quantum mechanical supersymmetric system. These
authors have used path integral techniques Ato compute the index, which
fhey have expressed as the supertrace of the evolution operator for the sys-
tem. Rigorous mathematical derivations along similar lines have been sub-
sequently given by Getzler [20] (who uses a kind of Hamiltonian description)

and by Bismut {21] (who uses Wiener integrals to give rigorous estimates).

In this chapter we follow the approach in Refs. [13-15] but, instead of
a path integral, we use a WKB expression to evaluate the index [16]. This
WKB expression is given in terms of classical quantities, namely a modified
form of the classical Hamilton-Jacobi function and a generalization of the
Van Vleck determinant [22]. In this way the evaluation of the index formula

is reduced to a problem in supersymmetric classical mechanics.

We describe the calculation of the index for the case of the Dirac operator
on a compact Riemannian manifold of even dimension n in the presence of an
external Yang-Mills potential. This twisted spin complex is known to contain
all classical geometric complexes: de Rham (Euler), signature (Hirzebruch),
Dolbeault {17]. The index theorem for the twisted Dirac operator implies

that for a general elliptic complex, in the sense that there is a homotopy
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relation.
The Dirac operator in the presence of an external Yang-Mills field A, is

given by

D =+"¢(2)D, (3.1)
where e¥ is the inverse vielbein field and the z-independent v matrices satisfy

{v*,*} =26 , *'=1% a,b:1...n (3.2)
D, is covariant with respect to spinor and internal indices [17]

1
DM = a» + ‘s'wuab('?“s "7&] + Au

(AF) =-A% ; qk:1...p (3.3)

The index of the Dirac operator is the difference between the number
N, of zero modes of positive chirality and the number N. of zero modes of

negative chirality. There is a simple formula for the index
N, - N_ = tr (ysexp(8D' D))
v =7 (3.4)

and the result is independent of 8. This formula has been discussed in
several recent papers {13-15,16|, to which we refer the reader for a detailed
explanation. Here we shall concern ourselves with the use of the formalism
developed in previous sections to compute (3.4).

From egs. (3.1) and (3.3) D'D is

1 1 1
DtD = DD' = —;D“\/EQIWD” + ZFab['Ya, ‘fb] - ZR (35)

T



43

where R is the scalar curvature and
Fup = eheyFu, = eiey (9,4, — 0, A, + [A,, A]) (3.6)

in matrix notation.

The operator D'D is hermitian if the measure is taken to be \/gdz, i.e.,
tr / dz/GU}(D'D¥;) = tr / dz./§(D'D¥,)! ¥, (3.7)

where ¥, and ¥, are arbitrary spinors and the trace is over spinor and

internal indices. The operator
g'/*D'Dg*/* (3.8)

is hermitian with meﬁsure dz and has the same spectrum as D'D. In the
next section we shall write (3.8) as a quantum mechanical (supersymmetric)
Hamiltonian to which the formalism developed in chapter 2 can be applied.
Section 3 is dedicated to the study of the validity of the WKB formula for

the index, which is actually evaluated in section 4.

3.1 WKB formula for the index

We may write eq. (3.8) as a quantum mechanical Hamiltonian by iden-
tifying

ﬁu — —_a“ (3.9)

and expressing the matrices in terms of fermionic operators in the usual

way (15,31,32]
. R/2 .
Y= —=y* mAS = hA,

V2



44

a,b:1,....n t,k:1,...,p (3.10)
The result is
& — h? 1/4 1t My a-1/4 1o 2 1. ks (50 58
N=—7g DDg =§Dug Du—zn.-l":mk[’ll Jb]

+ = h’R+ hz “145,(9*8,9)  (3.11)

where

-

A l,-; - A L ika
D» =p,— Z[d’os 'lbb]wmb - 177.?44:771: (3.12)
The hermitian operators o may be related to creation and annihilation

operators £,, 2, by

E = (w""+:¢2') & =8, (£,8}=hs,

ﬂl

r,s :1...n/2 (3.13)

The matrix v5 = ¥*4%... 9™ anticommutes with all the creation operators

?? and if we define the vacuum |0) so that
§0) =0, Vr:1...n/2
75 |0) = +0) (3.14)

then we can identify
w= (=), Fe=¢6& (3.15)

The “total” fermion number ope'rator F is defined by

-

F =

"q»
vx,
+
2
_d)

(3.16)
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If we now compute

I{a) = tr (—)' exp (:h'—t (}7'— -?—I:",,)) (3.17)
and expand
I(a) = g(—)‘:‘“‘lg (3.18)

then I; coincides with the index N, = N. as given .by eq. (3.4). The in-
troduction of the chemical potential a [15] permits the separation of the
contril';utions to the trace (3.17) from the different antisymmetric powers
T, T being the representation of the fermions in the Dirac equation.

The Hamiltonian # — a/t F,, is not in the form of eq. (2.42). Following

the discussion at the end of Section 3, we simply make the substitution

Ax — = (T — fell;) + <A (3.19)

3
N
XY

The classical Hamiltonian Nw to be used in the computation of S’ is obtained

by neglecting terms on order A%. The result is

lp wp _lo g e 2o R o Rpa
Hw = 3Dug* D, = ST Fym$®y’ — fim — 2FGety’ — 5= (3.20)
where !
i ab s Atk ' 0"
D,=p,- Ewuob'f’ v - AL M — EhA“ (3.21)
By using
) OHw .
z,= =g"D, 3.22
» ap“ g ( )

INote that this Hamiltonian is of the type (2.53) and we can use the WKB expressions

previously derived.
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we can construct the Lagrangian Lw

Lw = i“p,, + ig,é, + 25.0. - Nw |

) R A . o
= Egﬂv:“z + 5’/’ Dy® + 17, Dyn; + ‘i‘ﬂ.”?s‘ =...

1 ik », R, o hap

1 i 1d

PR - LG () (3.23)

where the covariant time derivatives are given by
Dg ¢ = Yl’a + i“wwtﬁb
D =0 + 2% Apxms (3.24)
The total derivative term comes from the identity
-°__l a'; _i_c 'b_l 6.6 ii 'y b
§6 = 2'11 4 +2¢ Nay’ = 2¢' ¥+ w(w Qay’)

r:1,...,n/2 a,b:1,...,n

01
0
-1 0
n: (3.25)
01
0
-1 0

Although this total derivative does not affect the equations of motion, it can-

not be neglected in the computation of the classical action, because ¥°Q,,¢°

is not a conserved quantity.

Defining a supersymmetry variation by
Sz¢ = Yt Sfi= —n, S?=;—
z ¥ f1 yl e

Sy* =ii* Sm = —if; (3.26)
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Y* = eg(z)y°

the Lagrangian Lw can be expressed as

1 d a [ a_ ’
Lw=SX- Zz(w Ny ) + ?ﬂ;ﬂi (3'27)
where the (odd) function X is
1 v = = Aik h W
X = 20w (2)2Y" + [T, + VT AL M + S¥* AL (3.28)

and the auxiliary fields f;, T,., are eliminated by using the equations of motion
fi=—ig*A%n T = iprm, Al (329

Then we see that the variation of L is a total derivative, because
S’X =iX , S@Hmn)=0 (3.30)

This shows explicitly that the system is supersymmetric.
We can obtain a WKB approximation for I(a) by writing eq. (2.67) with

(&,n) instead of f and m=n/2+p

Hahw =ligC [dzo [ [ VD) exp 5(S0) - EAE() - iman()
| (3.31)

where

C'= (‘)n/z((T;"':;—: VAE() =&() -, ()= (ze= Zo, &4, Te» Zoy €0, M0 t)

An(:) =n(-) —no (3.32)

and S(-) is given by the integral of L along the classical trajectory specified

by (:).
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3.2 Validity of the WKB approximation

To evaluate eq. (3.31) we need the equations of motion. By varying Lw

we obtain _
Dii* = (%R“mww‘ + 17, F'i% 9, + %nF‘“,) £+ ..
+z n.(D“F).,m,w‘v:‘ (D“F) Wy (3.330)
Duy® = i7, Fyyn;¢* + —FZW" (3.33%)
Dini = %F'ii'tb‘w“m + iTam (3.33¢)
where

Dig* = 2* 4+ T%,:°%*
(DF)d = F* = [Fu, A" = [F1,0¥]a (3.34)

Since the Hamiltonian Xy is real, the equation of motion for 7; is the complex

conjugate of (3.33c).

After we substitute eqs.(115b-c) into Lw, the function S(-) can be written

3 [ i cuey 1_ . u A
S0) E/; Lwdt =-/; & (59‘“’ 2kt - Eﬂif:irmb“tﬁ" A z") +3pa

- 780" 0ag) @)

As explained in appendix E, the equations of motion can be solved iter-
atively and, for an analytic Hamiltonian (which we shall assume), the inte-
grand in eq. (3..31) will be an analytic function of the variables (zo, £,, &, 7., 70)
and the fields and their derivatives evaluated at zy. This fact allows the use

of dimensional analysis to study the validity of the WKB approximation for
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I(a). The following dimensions are relevant

(%] ~ [€€] ~ [7in] ~ z*/t

9] ~[a]~1

(4] ~[w]~1/z

[R] ~[F]~1/z* (3.36)
Note that only A and the fermionic variables have non-vanishing (negative)
time dimensions.

Because of the fermionic integration over €, and &, the only terms in the
integrand which can give a contribution to the trace must be proportional
to

R A A (A (3.37)

By eq. (2.55) the square root of the superdeterminant for z; = z, is of

the following form

VD = 2 9(zo) (1+0(2)) = ~ 9(z0) folt), [fe(t)]~1 (3.38)

= gn/2 tn/3

From the dimensions in eq. (3.31) it is clear that fo(¢) will contain terms
proportional to

e, s> (3.39)

[SXha

where ¢ stands for €, and &.
If a, Fii(zo) and (D*F)¥(zo) are set equal to zero, the equations of mo-

tion have the following solution
z(t') = zo n(t') = no £(t') = &

A(t") =, £(t') = &, (3.40)
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and the exponent in eq. (3.31) vanishes. Since it also vanishes for t — 0

with z; = zo, it has to be at least linear in some of the following monomials
7. F(zo)not hF(zo)t ,7,DF(zo)not ,ADF(z)t ,hat (3.41)

As a consequence, the terms in the exponent will also be proportional to
(3.39), and the only terms in the integrand which do not vanish upon inte-

gration over £,£ are proportional to
L o .
7 (Cebo)™?t = (E&)™ ™", s2n/2 (3.42)

In the limit ¢ — O only the term with s = n/2 (i.e., @./3 of eq. (3.75))
survives. This shows that the WKB expression approaches a constant vﬁ.lue
as t goes to zero.? To see whether this value is modified by corrections of
higher order in %, we note that by egs. (2.72) and (2.73) such corrections
appear in the following form
VD — VD' + RA, + KA +... = @(fo(t) +hfi(t) + R fat) +..)

()] ~¢/z" (3.43)

and therefore f;(t) contributes terms proportional to

£, s> -% +i (3.44)

These, after being multiplied by the exponential, will give contributions to

the integrand proportional to

(&)™t ™™, s2n/2+i (3.45)

2Compare with the non-supersymmetric system considered in section 2.3, for which the

trace diverges as t — 0.
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which vanish as t — 0 for ¢+ > 0. This shows that in the limit ¢ — 0 the

WKB formula is exact, i.e.

I{a)w = I(a) ’ (3.46)

(In the language of chapter 2 we would say that v = 1,Vn, p.)

Although I(a) is by construction independent of ¢t (eq. (3.4) is indepen-
dent of 3), the WKB approximation of eq. (3.31) will be, in general, time
dependent. This dependence is cancelled by corrections of higher order in 4.
The fact that such corrections are at least linear in ¢ justifies the calculation

of I(a) as the limit ¢t — 0 of the WKB approximation.

3.3 Computation of the index

In order to evaluate eq. (3.31) we need to know the solution to the
equations of motion (3.33) with the given boundary conditions through order
t*/2. Since n is arbitrary, it is obvious that we must simplify the equations
before we attempt to solve them. There is a systematic way to do this
without affecting the final result of the calculation. By eq. (3.42), the only

terms which do not vanish upon integration over £, are proportional to
(&)™t , £20 (3.47)
Under a rescaling
(6,8 — (872¢6,871/%F) t — Bt (3.48)

they behave as 8¢ "/2. Only the terms of lowest order in § (order 5~"/?)

survive in the limit ¢t — 0. Thus, it is enough to compute the solutions to
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the equations of motion to lowest order in 3, which replaces t as the natural

parameter of the expansion.

Since all quantities in the Lagrangian have vanishing or negative time
dimensions (see eq. (3.36)), any polynomial function of time dimension r will
be, at best, of order 8. By our discussion in appéndix E, the solutions to
the equations of motion will be (infinite) polynomials in ¢, zo,a,ﬁ,, &0, 10 and
the fields and their derivatives at zj.

We have already mentioned that if «,F(z;) and D*F(zo) are zero, a
solution is given by z(t') = zo. Therefore, z(t') — zo must be at least linear
in some of the monomials in eq. (3.41), which have time dimension equal to

zero and are of order . Thus
z(t') — zo ~ 0(A) (3.49)
By similar arguments it is easy to obtain
n(t) ~0(1)  ¥(t') — o ~0(8"%) o ~0(87V?) (3.50)
and therefore
Diz~0(87') D ~0(FY%) Dig~0(87") (3.51)

The “effective equations of motion” are obtained by neglecting higher

powers of 3. Using a coordinate system and gauge such that
A}l (z0) = wyas(Zo) = Bugas(zo) = Tgs(z0) =0 (3.52)
the result is

.y 1_ €5, a
R”yao(zo)¢3¢3f +§77|' ai“(zo)¢0wgnf

¢ =

N | oo,

b
+ 7 Fa* (o) ¥5¥s +0(1) (3.53a)
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. — i 1

b = mFEnvh + FEIS 0 (35w
R ia l i35 P
n = + EFab(Io)%%’h‘ +0(1) (3.53¢)

To lowest order in 3 the function S as given by eq. (3.35) is

S= - l‘/“ﬁ-(t')l""."'(:z: )¥den;(t)dt' + R a
2 /oM ab\T0J¥o ¥WoTl; 2P
1
~ 5% Ay’ +0(B) (3.54)
The second term in the exponent can be written

EAE = SUIAY° + s4i0aAY (3.55)

which, by integrating eq. (3.53b) becomes

EAE = 308 [ W) Fi(olny (¢)uber' + T Fi(zo)pgudt

+ 3¥80aav* +0(8) (3.56)
Equation (3.53c) can be integrated to give, in matrix notation
M = exp(ia + $Ft)ng + 0(5) (3.57)

where we have defined

7 = S F(zo)¥ats (3.58)

DN

Collecting from (3.54), (3.56) and (3.57) we obtain, for the exponent

%(s —1§,A6 — iF,An) = i—:-’f + %?"‘t + %ﬁ, (exp(ia + £Ft) — 1) no + 0(B)
(3.59)
Note that, for practical reasons, we are using the variables vy instead of
€,60. We will take care of this by integrating over ¥ rather than £, &0, with

the appropriate Jacobian.
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The superdeterminant D' is obtained from eq. (2.26) by using (¢&,7)
instead of 6

9*s’ 8%s’ 8*s’
0z0z9 O9Oz,0& Oz:970

. 9ts' | a8rs' | @S

D' = (=)3/?"*? Sdet | i— {— {—= 3.60
=0 3Toz, '5E06 5T (.60
. 9%s' | 8%s' | B82S
) t
amdz, OMBE MO
By equation (2.21), a general variation of S’ at constant ¢ is
§S' = Szpy + i66€, + in67, — zopa + $6 €08 + 1607, (3.61)

This last equation may be used to express the superdeterminant in the fol-

lowing more convenient way

dpo O9p:  O9p:
oz, & dno

dpo 0& 9& .
D = (=)¥*F Sdet | —iomn -t 23 3.62
(<) e zafs 3% 370 ( )

_;9p0 _One _Onm
o, 3o dno

where all quantities differentiated are considered functions of

(ze2 €40 TyeZo-Eo, o5 ) (3.63)

and the derivatives are evaluated for z, = zo. From (3.50) and (3.21) with

(3.52) the following orders in J are immediately obtained for the above su-
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o(8~") 0(8'? 0(1)
0('%) -1+0(8) 0(B'?) (3.64)
0(1) o(8/%) 0(1)

With this, the general expression for the superdeterminant, eq. (E.4),

yields

-1 :
D' = det (g::)- det (Z—Z;) +0(8~") (3.65)

To compute the derivative of py with respect to z; only the first term in
eq. (3.532) needs to be kept, since the others give contributions which, to

leading order in 3, are independent of pq.

3~ §R~,..(zo)¢g¢g¢" +0(1) (3.66)
Defining
RY, = 2R\ (20)9504 (3.67)
we obtain
= (ZREN=L), e 0(6) (3.68)
and (16]
det (3’;‘:) = ( det (g-:—;))-l = i(t—f‘ll det ————sin;t(ﬁ/;/z) + o(ﬂ"‘“j
- (3.69)
From eq. (3.57) we have
det (%)—l = ¢7'P det (exp(—iFt)) + 0(B) (3.70)

and v D' is given by

VD' = \/g(IO)\J det —MRIZ_ e~*2/? . exp (—i;“t> +0 (g7

tn/2 sinh(1tR/2)
(3.71)
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where we have used the identity
det (exp(—iFt)) = exp(—i7"t) (3.72)

The index density is obtained by performing the fermionic integrals in
(3.31). Since both the exponent and the integrand are written in terms of
¥o rather than _E', and &y, we have to change the integration variables and

introduce a Jacobian

./;.,.,., /;,g, =An§° /mﬁ. det (3—%) = (—i)"/? /; o / det (-‘;%) (3.73)

~ where
= 3.74
/;o /;:;w:“...wa (3.74)
The determinant in (3.73) can be neglected because by eq. (3.43)
a?o) '
(G ®) (3.13)

Only the exponent in (3.31) depends on 7; and #,, and the integral over

these variables gives
(=h)? | exp (%Ty’e(exp(ia +3Ft) - 1)170) = det (1 - exp(ta + 1 7t))
floNe
(3.76)

and eq. (3.31) for I(a) becomes

I{a) = lim { ) / dzO\/fn(/zO) . \Jdeta%det (1 —exp(ia+ ift))}

(3.77)
Only the term proportional to t*? survives the fermionic integration,

thus cancelling the t"/? in the denominator. Using

f dz\/ det ¢(z) /; Case YOUPYE ... = / dztdz’dz*...Cpr.  (3.78)



we can write I(a) in the following form

tR/47

I(a) = A\J det m det (1 _ eiaeim/za-)

where R and Q are now the following (matrix valued) two forms

R4 .= ZR* op(z)dzd2’?

N |- NID—‘

F; (z)dz*dz?

Expanding

det (1 - ee™/?) =1 — ™ tr £V 4+

we finally get the standard formula for the index [17]

- __iR/4m
Me=N-=h / \‘ b Smh(iR/4m)

- tre

i9/2»
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(3.79)

(3.80)

(3.81)

(3.82)
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Appendix A

We present here explicit expressions for some of the objects defined in
sect. 1.1. These expressions are taken from [4,5] and adapted to the conven-
tions used in chapter 1.

For wi,_,(A,v) we have
1 1 =2
Wl _.(A,v) =n(n—-1) /0 5¢(1— 1) Str (vd(47~?)) (A.1)

Here F; = dA; + A? = tdA + t*A?, and Str is a “symmetrized trace”. The

symmetrized trace of a product of Lie algebra valued forms A; is defined by

Str (A;,Az,...,A,.)=-'% T sgn(in,... in) tr (AiyeeaAi)  (A:2)

(T
where the sum is over all permutations (s;,...,1,) of (1,2,...,n) and
sgn(ty,...,%n) is the sign arising from the commutative properties of A; as
forms.

Q3n-3 IS given by
asn-3(4,9) = -n(n 1) [ [ str (vAF? (4.3)

where V = dgg~1, F\, = dA,, + A,’\“ and A,, = AA — uV. The integral is

over a triangle in the parameter space (A, u):

ff:/ola,\/:'kay (A.4)

In the evaluation of (A.3) all the integrals are of the type

///\h k=(—h:’%2f)-! (A.5)



59

For n = 3 (A.1) gives
wi(4,v) = tr {vd(AdA + %A’)} (4.6)
and we can express the variation of the functional W(R, L,U) as follows:
§.W(R,L,U) = Ki /D 5wO(R, L) = K /s‘w}(R,vn) — w}(L,vz)
= b lpy (R
=il U {vrd(RdR + 2R )= (R« L) (A.7)

in agreement with Witten’s results [10] and computations at the quark

level [2].
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Appendix B

Here we complete the proof of egs. (1.57) and (1.59) which give @3, _; and
S2n-1. To show the invariance of (1.57) under a vec{:or gauge transformation
we have to notice that, for gr = g1 = g = ¢, V. and V. transform in the
same way: |

Ve =g Vg +g'dg (B.1)
which éa.ﬁ be written to ﬁrst order in 8
8sVe = [Vi, B8] + dB (B.2)

Also, under global (space-time independent) vector gauge transformation the
integrand is obviously invariant, and we only have to consider the part of the

variation proportional to d3, which we indicate by writing ~ instead of =:
sV, ~ 6V_ ~df (B.2)
Since 6 F; = [F, B], we have
bgFy ~ 6sgF. ~0 (B.4)
Ontheline A +u=1,64,,is
6Ar, =8NV, = V) (B.5)

and

65(6Ax,) ~ 6M(dB = 66) =0 (B.6)

F,, can be written

Fu,=MFe + (A =10)V + u{F. + (u - 1)V} + Au(V.V_ + V_V,) (B.T)
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From (B.3), (B.4) and (B.7) it follows immediately that, on the line A+ =1,
bgFy, ~ 0.
This completes the proof of eq. (1.57). Let us consider now the expression

(1.58) for dSz,.-z

dSan_2 = %/ Str (‘755AAMFA";1)

n _ n—
=2 / §X Str (vsVoFLo1) + 6u Str (156V_FSY)  (B.8)

This expression is transformed by using Stokes theorem into an integral over

the triangle of fig. 2:

n o d -
dSz,._, = B// Str “Ts (V+‘a—“ - V.a—x) Ap 1 (B.g)

Note that in (B.8) we are using the symmetrized trace, which in this case
coincides with the ordinary one, but is more convenient in what follows.
Using

oF,,
2

aF)“
ou

= dV.'- + {A)‘“ V+} ’ =dV. + {AA“, V..} (B.].O)

we can write (B.9) as

dSy.3 = ﬂ"_D‘_l_) / [ Str ys((VadV- — V_dV,)FP=?

Ap
+ Vel A, V23002 = V{Aws, Vi 3RS (B.11)

Since the symmetrized trace is invariant under permutations {up to a
sign due to the commutation properties of the forms involved) the last two

terms can be combined
Str vs ({Axe, V-IVL LD = Vo { A, VLI FLS?)

= — Str (vsV-Vi[As,, FJ?) = Str (4sV-VidF) ') (B.12)
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In the last step the Bianchi identity for F), has been used. This allows (B.11)

to be written as a total differential
n(n — 1) a2 '
dSipn-2 = Td// Str (‘15V.V+F'\“ ) (3.13)

and

Sapz = M—nb_—llf/ Str (‘[5V_V+F;‘;2) (3014)

The transformations leading from (B.8) to (B.14) are identical to the ones
used by Zumino to prove eq. (A3) for asn-3.

Notice the simiia.rity of egs. (A.3) and (B.24), which up to a factor differ
only by the introduction of a 45 and the substitution i’_ ++ =V, Nevertheless,
in the process of evaluating az,-2 from (A.3) the eqﬁality dV =V2isg ﬁsed.
this equality does not hold for V_, and as a consequence the final expression
for Ssp-2 cannot be obtained simply from that for az,—2, but has to be

evaluated directly from (B.14).
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~Appendix C

In this appendix we prove the continuity equation for the Van Vleck
superdeterminant, eq. (2.15).

The supermatrix of second derivatives of the classical action

%S
Sy = e=—— ; $J:1...N C.1
77 8QudQu; hJ (€.1)
can be decomposed into four submatrices
AT
(Si;) = (C.2)
A B '

such that the indices 1,7 are bosonic in A, fermionic in B and of opposite

nature in I' and A. The supertrace is defined by
Str (S.',') =trA— trB= a(i)S.-.- . (C.3)

where o(i) has been defined in eq. (2.8). The superdeterminant is [26]

det (A —TB"tA)

D = Sdet (S.',') = det B

(C.4)
and satisfies the usual properties of an ordinary determinant. In particular
6 Sdet S;; = Sdet (S;) - Str (S;'6S) - (C.5)

To prove the continuity equation, we first differentiate the Hamilton-

Jacobi eq. (2.12) with respect to Qo

9%s 9*S X
+ =0 C.6
0t3Qo 0Q0i0Q¢ AP, ( )
where we have used
aS
Py, (C.7)

~ 3Qu
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Differentiating again with respect to Q¢ yields

i( 9’5 )+ OS5 __ N ol kot )2 2 (ax ) =0
Ot \0Q::8Qo0i )] 0Qu0Q0i0Q: AP, ’ " 0Q0i0Qee Qe \OP, )
: | (C.8)

The symbols o(t, k) and o(l, k) take care of the anticommutation properties
of the fermionic variables and have been defined in eq. (2.43). This last

equation may also be written

35, 95k AN . : 9_ (9
Ok k)o(t,i) 3= 2o ’ 8Pe) =
St (K)ot 1) S 22 + o(i, Klo(t, Ko(i, S0 (ap,,) 0

(C.9)
If we multiply by o(¢)S;' and sum over repeated indices, by eq. (C.5)

the first term gives

Nee19Sw 18D
4 (‘)Sul—a:' = Dot (C.10)
and the second one
. ‘ w10k OX 1 aD a3x
o(i)o(L, k)o(L,§)S3 3 Q’:" 35, = 530,35, (c.11)
where we have used eq. {C.5) with
o(t, K)a(t, i)6Q,¢S,-;‘§%‘: = 52165, . (c1z)
The last term becomes
a aN @ X
) = C.13
*3Qu 9P Qi P ( )
because
SuS3' = bue (C.14)
implies

o(i)o(L,§)o(L,k)o(i,k)S3 Sk = bre (C.15)
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After multiplying by D, adding (C.10), (C.11) and (C.13), we get

oD 2 ox
at * Qe (Dapu) =0 (C.16)

The continuity equation (2.25) for D is obtained in the same way, but

instead of eq. (C.6) we have

?5 95 o _ o(j) FS_ M _, (17
0tdQox  9QoxdQ:; AP I 9QodP,; 0Q:; 17)

k:1,...,.N +:1,...,R j:R+1,...,N

which explains the —o(;) sign in eq.(2.25).
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Appendix D

Here we clarify some of the definitions and conventions used in the fermionic

integrals in this paper. We always use the “nested integration” convention
g

/ Gn...dr=1, Vn (D.1)
$1...9n

When integrating over complex variables 8; and §;, the following abbre-

viations are used

h=ha v F=ls (D)
/: ./';' = /;a’ = ./:J,...o..‘i.‘,

[ _exp(B:M;;8;) = det M (D.3)

which imply

For real variables ¢/* we define

/;5 /n...¢l (D.4)

so that

/ dz /; Covp VPO’ ... = f Covp. dz*dz*dz’ . .. (D.5)

for any completely antisymmetric tensor C.

The Fourier transform is taken to be (for::1...m)
= -03.0:. 53\ - F(A) = (—\™ 8.8,
1(6) = [e%7@) 1 76) = (=) [ 4 1(6) (D6)
The é-function is defined by

10 = [6(6=0)1(8) , 5(6-0)=Om=En) (=€) (D7)



and its Fourier transform is
5(,0) =
If we define the kernel K of a fermionic system by

U(6,;t) = /' K (6:.60;) ¥ (60: 0)

0 .

and another kernel X by
$(8,t) = / K (3., 00;t)¥(60; 0)
0o

then egs. (D.6) imply

[ & (3, 00;t)¥(00,0) = (=)™ / Py (6,; 1)

=" . / €K (01, 00;) ¥ (403 )

= [ [ F (0, 0:009(000)

and we have

K(0,,80;t) = £ ci"‘K(G., oo,t) = (-)”‘I‘.{('O.g,oo;t)
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(D.10)

(D.11)

We see that K is equal to the Fourier transform of K only up to a sign (—)™.

Thus, the correct limit of Kast—0is

ling K (8, 00;t) = (=)™’

This explains the value of the constant C’' in eq. (2.57).

The set of 2™ wave functions

1,6,,0,,...,0,04,0,085,...,610265...0,

(D.12)
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constitutes an orthonormal basis with respect to the inner product
(¥ | ¥g) = /a . e5‘w;(a)ip’,(o) (D.13)
with the vacuum represented by
0 =6;...0m , 8;/0)=6;]0)=0 Vi:l...m (D.14)

To obtain formulae for the trace and supertrace of the evolution operator
exp(—st}{) we first consider two identities. Denoting by ¢;(8) the elements in

the orthonormal basis (D.12) we have, for any wave function ¥(4)

¥(0) = e(O)as = e(8) (e | ) = ef0) [ Hei (¥(&
= 0()a(;,9) [ K @UOa(0) (D.15)

This is the first identity. The second is obtained by observing that ¢;(~8) =
a(i)e.-(ﬂ)
U(-0) =o(i,¥) [ HE@UEOa(0)  (D1g)

Then the trace of the evolution operator is
-itf =t N €€ o (7 e tYp.
re = (el e o) = [ () [ K(&850)e(0)
= /‘ o(i, K) /€ Ee?fe;(z)x(e, 0;t)e;(9) = /' K(—8,6;t)(D.17)

where the identity (D.16) has been used in the last step .

The supertrace is defined by

Str e=¥ = tr (=)F e = (=)o (i) (e e |ey)

a

F =

D

i0 (D.18)
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The sign (=)™ guarantees that the vacuum (D.14) is always assigned a plus

sign. Then, by using the identity (D.15) we obtain
Str e = tr (=)Fetf = (—)"‘AK(G,G;t) (D.19)

By adding an integration over bosonic coordinates, wherever they are
present, eqs. (D.13), (D.18) and (D.19) become (2.30), (2.64) and (2.67),

respectively.
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Appendix E

In this appendix we study the behavior as ¢t — 0 of the modified classical

action S' (z,,?,, Zo, bo; t) for the following Lagrangian
1 = . - =
L= figu,(z)i:“i” +18,0; + £*B,(z, 9, 8) - W(z,49,6) (E.1)

where B, and W are analytic superfunctions and ¢ = det |g,| # 0. The

equations of motion are

3# + T452°%" = ¢*(Bay — Bya)i® — ¢*(Buyibi + B,;0:) —W*  (E.2q)

46 +z*B,;-W;=0 (E.2b)
i0; +#*B,;—W;=0 | (E.2¢)

where
Wi = %‘g:‘ ; Bus= %ﬁ:‘ (E.3)

We make the following rescaling
t'=tr , 0<t'<t , 0<r<1 - (E4)

and in what follows dots denote derivatives with respect to 7. We consider

the solutions to (E.2) expanded in powers of ¢
z(t) = yo(r) + tyr(7) + 2ya(r) + ...
8(t") = polr) + tor(r) + trpa(r) + ... (E.5)

8(t") = Bo(r) +tB,(r) +2B,(7) + ...
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The integral of £ along the classical path can also be expanded in powers

of t, and we get
) — ¢ " l/l o 4oy . l__. s
S —-/; Ldt' = 2% Jo g,.,(yo)yoyodf-i't/; Pospoidr
1 _
+ [ 8 Bulwo, w0, Bo)d(r) +0(1) (E.6)

Thus, only yo, o and B, have to be determined in order to obtain the behav-
ior of the action as ¢ — 0. Rescaling the equations of motion and substituting

the expansions (E.5) into them we get

96 +Tas(vo)usvs =0 (E.Ta)
t90s + ﬂ“Bu.a(yo) =0 (E-7b)
1G0a + §*Bus(vo) =0 (E.Tc)

This shows that, as for purely bosonic systems (29}, the coefficient of 1/¢ in
the classical action is given by (1/2) the geodesic distance between z; and

z;. Integration of (E.7a) yields
4(r) = #(0) + #*(0)7 — 2T%5(0)i* Q)5 (0)r* + (r° E
y*(r) = v*(0) + §*(0)r — ZT5,(0)§°(0)¢" (0)7* + () (E.8)
The boundary conditions are
v*(0) ==z (1) =2z (E.9)
which imply
i2(0) = X* + %r:,(zo)x‘w’ +0(X%)

X* =z - 22 (E.10)
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and we have
1 ¢ L T 1 »Yv 3
5/; v (Y0)do Yo dr = 2 (gw(xo)X X" +0(X )) (E.11)

If we set X* = z{' — z5 = 0, then the solution to (E.7) is

y{,‘(r) =0, SOO(T) = ‘PO(O) = 80

Bo(r) =B(0) = 8o (E.12)

This shows that the second and third terms in (E.6) vanish for X* =0, and

we can wrige
[ Ldt' = o (guula) XUX* +0(XY) + oxX)+0(t)  (E.13)
The modified classical action S’ is
S'=S() - i8u0u(-); () = (24,8, 20, 803 t) (E.14)
and by (E.12) and (E.5) we have
0 = 00 + 0(X) +0(t) , i = Bos + O(X) + 0(2) (E.15)
ﬁsing (E.13 - 15) we finally obtain |
§' = 3 (gusl20) X*X* + 0(X%)) = Fiafloa + 0(X) +0(1) (E.16)

which we used in section 2.2, eq. (2.54)) to prove that the kernel K}, has
the correct limit as ¢t — 0.

It is obvious that this process can be continued to give the modified action
S’ to arbitrary order in ¢, X, etc. The subtle point is the inversion necessary

to express S' as a function of the proper variables. By (E.15) we can write

8, =8+ X"f, +1g (E.17a)

8, =80+ X*h, +t¢ (E.17b)
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where f,,g, h, and | are analytic functions (of 85,85, X,t and the “potentials”
W and B, and their derivatives at Zp), which can be obtained by repeatedly
differentiating egs. (E.7) and the corresponding equations for y, i, B,, k >
1. At each stage ¥, (0) is expressed as a function of X, as we did in (E.10)
for yo(0).

Equation (E.17b) can be inverted to give 8; as a function of (8;, 8o, z:, Zo; t)

1

order by order in X and ¢. For instance, to first order we have

8o =8, — X*h,(X =0,00,80 = 8;,t = 0) — t&(X = 0,6,80 = 8;,t = 0)
(E.18)
This process can be continued to give S'(z;, 0, 6o, Zo, ;t) a3 a power series in
t (starting with 1/t) in which the coefficients are polynomials in the variables

and the “potentials” and their derivatives.
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