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Abstract of the Dissertation

Lamb Wave Propagation in Elastic Plates under

various loads

by

Himadri Sekhar Samajder

Doctor of Philosophy in Mechanical and Aerospace Engineering

University of California, Los Angeles, 2015

Professor Ajit Mal, Co-chair

Professor Robert M’Closkey, Co-chair

Ultrasonic guided waves offer an attractive cost effective tool for inspecting large

structures. This is due to the fact that guided waves can propagate a large distance

in plate like structural components and are strongly affected by the presence of

defects in their propagation path. Propagation characteristics of Lamb waves have

been studied extensively over many years, where the waves have been studied at

a large distance away from the source, independent of the source influence. The

literature on propagation of Lamb waves including the influence of the particular

source responsible for the wave motion in the plate is comparatively much more

sparse. In this dissertation the propagation of waves in a plate due to different

kinds of applied loads is studied. Two dimensional and axisymmetric models are

analyzed and the waves are studied both near the source and far away from it.

The energy carried by the waves and how they vary depending on the type of

applied load are studied. This provides the knowledge base to characterize and

ultimately minimize the energy loss in various engineered structures and devices,

including in the design of resonators by minimizing the “anchor loss” associated

with them.
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CHAPTER 1

Introduction

Current methods for the detection and characterization of hidden defects in com-

plex structural components are time consuming and costly, often requiring partial

disassembly of the structures. Ultrasonic guided waves offer an attractive cost

effective tool for inspecting large structures. This is due to the fact that guided

waves can propagate a large distance in plate like structural components and are

strongly affected by the presence of defects in their propagation path. However,

the waves are also affected by other geometrical features (e.g. stringers) in the

structure and their application in defects detection and characterization requires a

good understanding of the quantitative features of these interactions. While some

of these features can be determined through laboratory experiments, numerical

simulations can provide the solution for a larger class of problems at a much lower

cost.

The need for model-based studies is widely recognized in the NDE and SHM

communities and a great deal of work has indeed been carried out dealing with

a variety of models. A majority of these studies involve the propagation char-

acteristics of guided waves in plate-like structural components without without

externally applied loads and defects. The general features of elastic waves that

can be transmitted in isotropic and anisotropic solids have been investigated in

great detail [1, 2, 3, 4, 5], motivated by the need to understand the nature of

ultrasonic guided waves for applications in both engineering and seismology. In

contrast, the literature on the response of anisotropic and multilayered plates to
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surface or subsurface sources that are representative of impact or fatigue damage

is relatively sparse. The exact solution of three-dimensional problems consisting of

multilayered, angle-ply laminates of finite thickness and large lateral dimensions

subjected to various types of surface loads, has been given by Mal and Lih [6] and

Lih and Mal [7]. Approximate thin-plate theories have also been developed to

obtain the analytical solutions for the response of thin isotropic and anisotropic

plates to surface loads [8].

The finite element method (FEM) is a versatile tool to analyze this class of prob-

lems. In this dissertation a comprehensive approach including experimental and

numerical (finite element) methods are used to determine the interaction of ultra-

sonic guided waves with crack like defects in an aluminum plate and a honeycomb

composite sandwich plate. The simpler problem of the aluminum plate is con-

sidered for model validation and to understand the basic features of the wave

interaction with the defect. The results of the calculations are compared with

those obtained in laboratory experiments, showing excellent agreement.

Composite materials are highly susceptible to hidden flaws that may arise from

manufacturing flaws and service related defects caused by mechanical or ther-

mal fatigue, foreign object impact and other unexpected events. Hidden defects

in composite structures can grow to reach a critical size, become unstable and

cause catastrophic failure of the entire structure. An example of such a structural

component is a honeycomb composite sandwich panel in which thin composite

skins are bonded with adhesives to the two faces of an extremely lightweight and

relatively thick metallic honeycomb core. Hidden defects in critical load bearing

structural components require reliable and cost effective nondestructive inspection

and maintenance strategy for their safe operation. Most of the current inspection

techniques, e.g. visual, liquid penetrant, thermal, radiographic or electromag-

netic, are time consuming and often require partial disassembly of the structure,

resulting in significant expense and loss of service. In addition to acoustic emis-
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sion monitoring, active ultrasonic nondestructive evaluation (NDE) is a relatively

cost effective technique for defect detection in structural components. The most

common ultrasonic method, using a single transducer in the pulse-echo mode, is

highly effective in detecting defects that are located directly under the transducer.

The method is, however, extremely time-consuming when inspecting large areas,

and also insensitive to certain types of defects. Guided waves offer a suitable

complementary method for inspecting large plate-like structural components due

to the fact that they can travel long distances. In addition, the propagation speed

and amplitude of guided waves are strongly influenced by the presence of defects

in their propagation path. A careful analysis of waves that are recorded by move-

able surface-mounted transducers can lead to significant improvement of the speed

and reliability of damage detection and characterization in aircraft and aerospace

structures. For successful application of these ultrasonic guided wave techniques

to locate and estimate the severity of damages, it is extremely important to un-

derstand the propagation characteristics of ultrasonic waves in commonly used

composite structural components. The characteristics of the waves are generally

quite complex and depend on the laminate layup, direction of wave propagation,

frequency, and interface conditions.

In one of his classic papers, Lamb [1] established the existence of guided elastic

waves in a plate of finite thickness and infinite lateral dimensions, and deter-

mined the theoretical relationship between the phase velocity and frequency of

the waves as well as the thickness and elastic properties of the plate. The prop-

agation characteristics of guided waves in more complex media, e.g. isotropic

multilayered plates and half spaces, have since been studied by numerous authors

[9, 2]. Approximate thin-plate theories, such as the classical plate theory un-

der Kirchoff-Love kinematic assumption, and shear deformation plate theory or

Mindlin theory, have been developed to obtain analytical solutions to a variety of

problems involving the dynamic response of thin isotropic and anisotropic plates

3



[10, 11]. Recently, theoretical studies in layered anisotropic media have been car-

ried out, primarily because of the increasing use of composites in aircraft and

aerospace structures. Most of these studies involve laminates consisting of a stack

of unidirectional fiber-reinforced layers that are modeled as transversely isotropic

solids with their symmetry axes on a plane parallel to the surface of the laminate.

The velocity of guided waves in such laminates is very sensitive to the thickness,

some of the stiffness constants and the condition of the interface between the

layers of the laminate. Thus the degradation of these properties can in principle

be monitored if the dispersion curves can be determined through nondestructive

testing (NDT).

An experimental method based on the so called the Leaky Lamb Wave (LLW)

phenomenon has been found to give highly accurate values of the phase veloc-

ity of guided waves in laboratory specimens. A nonlinear inversion algorithm

has been used to estimate the material properties of the waveguide so that the

theoretical dispersion function attains its minimum value in a multidimensional

space [12, 13]. Although the method is successful in characterizing relatively small

degradation in the material properties of both metallic and composite structural

components in laboratory experiments, the requirements of water immersion and

of matched pair of equally inclined transducers make the technique impractical

for field applications. Other experimental methods to determine the dispersion

curves require transducer placement on both faces [14] or on the edges of the

plate, or variable angle wedge transducers [15], all of which suffer from various

drawbacks for field application. A comprehensive review of recent research on

guided waves in composite plates and their use in nondestructive material charac-

terization can be found in Banerjee et al.[16]. Almost all of the wave propagation

studies mentioned above involve angle-ply laminates consisting of a stack of unidi-

rectional fiber-reinforced materials with different orientations. In the theoretical

models, each ply is assumed to be transversely isotropic with its symmetry axis
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on a plane parallel to the surface of the laminate. This homogenized model of the

ply has been shown to be adequate when the wavelengths are large compared to

the ply thickness. A reasonable homogenized model for the material of the whole

woven composite plate is also transversely isotropic but with its symmetry axis

normal to the plate surface. This is also true for the honeycomb material where

the symmetry axis is parallel to the axis of the cells of the core [17].

In addition to theoretical and experimental studies, the finite element (FE) method

is also a versatile tool to analyze this class of problems. For example, a dynamic fi-

nite element code has been developed for the calculation of acoustic emission (AE)

waveforms in isotropic and anisotropic plates [18, 19]. This code has been for sym-

metric wave motion and by validated with both experimental measurements and

analytical predictions for a variety of source conditions and plate dimensions in

isotropic materials. However, although the FE method can handle complex ge-

ometries and has the capability to handle reflections from lateral boundaries, it

is computationally much more intensive than the analytical methods discussed

above, and the the physical properties of the waves are difficult to determine from

the numerical solutions. Alternatively, different semi-analytical methods have

been developed recently. The waveguide finite element (WFE) method [20] and

the spectral finite element (SFE) method [21, 22], are two such modeling tech-

niques. Due to their numerical efciency, these methods have been successfully

applied to various kinds of cylindrical structures [23], helical seven-wire cables

[24], and even in the presence of parameter uncertainty [25]. However, the WFE

method has not been applied to study wave propagation characteristics in com-

plex anisotropic composites and sandwich structures. This research focuses on

a woven composite laminate and an aluminum honeycomb sandwich panel with

composite face sheets. Due to aforementioned reasons, the theoretical problem

for a woven composite plate is a homogeneous plate composed of a transversely

isotropic material with symmetry axis normal to its surface. The model of the
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honeycomb sandwich panel is a three layered transversely isotropic plate composed

of the honeycomb core bonded to the composite skins. Theoretical solutions of

the dispersion characteristics for these structures are not available in the liter-

ature, and are provided here. In addition to analytical solutions, also efficient

numerical solutions are provided using the WFE method. The elastic constants

of the two materials (woven composite and aluminum honeycomb) are determined

from mixture type theories, and from destructive and ultrasonic nondestructive

experiments. Furthermore, an experimental approach that is more amenable to

practical implementation in which guided waves are generated and recorded by

surface-mounted transducers is proposed and applied within this work. From the

experiments, the validity of the assumption of transverse isotropy in the consid-

ered frequency range is demonstrated. The experimentally determined dispersion

curves are compared with those calculated from theoretical models and from the

WFE method. In addition to a woven composite laminate and a honeycomb com-

posite sandwich structure, theory as well as numerical and experimental methods

are also applied to an aluminum plate for validation purposes.

NDT and SHM of structures using guided Lamb waves typically compare the

characteristics of the Lamb waves generated inside them while they are in service

to the characteristics of the Lamb waves generated inside them before they were

put into service and hence it could be safely assumed that the structures were

free of internal defects. The measurements taken in the damage free structure are

called the baseline data and the current measurements are compared against the

baseline data to look for signs of internal damages. A more practical approach

would be to use updated “baseline” data at a previous time and compare them

with current data using a damage index [26]. To eliminate the need of baseline

data, Fink [27] proposed the time-reversal process of Lamb waves to be used for

SHM. According to the concept of time-reversal process, the source signal, when

received at the sensor location is time reversed and emitted back to the source
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transducer. In absence of internal defects in the path of propagation, the time-

reversed signal when received back at the original source can be reconstructed into

the original source signal. But in presence of internal defects, the reconstruction

is not possible and the difference in the signals indicate the presence of defects.

Time-reversal process of Lamb waves has been used for narrow-band excitation

signals are in [28, 29]. Unfortunately, the time-reversal process does not have

any advantages over other procedures due to the need to determine the “original

source” which is the undamaged structure.

The literature on the interaction of guided waves with cracks and other defects is

even sparser. Only a handful of problems of interest for the NDE of real struc-

tures have been studied [15, 30]. Often hybrid finite boundary element techniques

are employed to characterize guided wave scattering at defects [31, 32]. Shkerdin

and Glorieux [33] used an analytical method to study Lamb mode conversion at

delaminations in plates, focusing on the dependence of scattering coefficients on

size and location of the delamination. More recently, Chakrapani and Dayal [34]

studied Rayleigh to Lamb mode conversion in a glass-epoxy laminate numerically

and experimentally, and proposed that size and location of the delamination might

be identified through a comprehensive analysis of the propagating waves. How-

ever, the interaction of waves propagating in thick plate-like structures, such as

the aforementioned honeycomb sandwich panels, with delaminations is not well

understood, in particular the dependence of scattering coefficients on frequency of

the incident wave. In this thesis, a comprehensive approach is used to determine

the interaction of ultrasonic guided waves with delamination-like defects in a thick

aluminum plate, which is a continuation of the preliminary research work by Mal

et al. [30]. The simple problem of the aluminum plate is considered to understand

the basic features of the wave interaction with defects, in particular the mode con-

version effects at the leading and trailing edges of the defect if the crack is close to

the surface. In this case, the small region above the crack acts as a newly formed

7



waveguide, allowing for the propagation of Lamb waves. While Chakrapani and

Dayal [34] did not consider “wave trapping” in the damaged area, in this work, it

is shown that, under certain conditions, scattered Lamb waves might be trapped

within the delamination zone, since only low transmission of the waves occurs at

the trailing edge of the crack.

Support loss, also called anchor loss, has not been thoroughly studied for low-

frequency micro-scale resonators. Researchers have used analyzed energy lost in a

half-space by various tractions applied on the surface [35, 36, 37]. The substrates

to which resonators are attached cannot be considered a half space due to the

wavelengths involved when the resonator natural frequencies are below 1 MHz.

In this case, the substrate is more accurately modeled as a plate. In this thesis,

closed-form expressions for the elastic energy carried away from a source acting

on the plate surface are obtained. The source can impart normal forces and

moments to the plate surface as an infinite strip (2-D analysis problem) or a

circular traction (2-D and 3-D analysis problems). The analysis yields expressions

for the far field Lamb wave energy due to the source. In an effort to correlate the

Lamb wave energy with the work done by the traction, near-field expressions are

also developed in order to derive the driving point impedance at the source. This

research attempts to make a connection between the work done by the source over

one cycle to the far-field Lamb wave energy. It is shown that these calculations

yield the same result. Thus, the far-field analysis represents a simplification for

the analytical energy loss computations.
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CHAPTER 2

Propagation of Lamb waves in thin plates

subjected to surface loads - 2D analysis

In this chapter, the propagation of Lamb waves in an isotropic plate subjected

to surface loads is analyzed. It is shown that the wave propagation in the plate

can be decomposed into two independent wave motions namely symmetric and

antisymmetric about the mid plane of the plate. The dispersion relations and the

displacement and stress components for the symmetric and antisymmetric Lamb

modes are derived. Then power flow rate through a cross section due to the waves

is derived. The rate of power flow into the system by the applied load is calculated

and compared with the power carried by the Lamb waves propagating away from

the source.

Figure (2.1) shows the plane strain model of the plate that is analyzed. The x

axis is positive to the right and the z axis positive upwards.

H

H
x

z

Figure 2.1: Plane strain model of plate

The analysis is done in the frequency-wavenumber domain, by taking double

Fourier transforms of the field variables with respect to time (t) and the direction
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of propagation of the wave (x). The original field variables f (x, z, t) are trans-

formed into frequency domain to F (x, z, ω) by taking the Fourier transform with

respect to time (t) and then further transformed to F (k, z, ω) according to

F (x, z, ω) =

ˆ ∞
−∞

f (x, z, t) eiωt dt (2.1)

F (k, z, ω) =

ˆ ∞
−∞

F (x, z, ω) e−ikx dx (2.2)

where ω is the circular frequency and k is the wavenumber. The original variables

are obtained by taking the inverse Fourier transforms according to

f (x, z, t) =
1

4π2

ˆ ∞
−∞

ˆ ∞
−∞

F (k, z, ω) ei(kx−ωt) dk dω (2.3)

The analysis is done in the frequency domain that is on the integrand of Eq.(2.3)

for the field variables, shown as follows

u (x, z, t) = U (k, z, ω) ei(kx−ωt) (2.4)

w (x, z, t) = W (k, z, ω) ei(kx−ωt) (2.5)

σxx (x, z, t) = Sxx (k, z, ω) ei(kx−ωt) (2.6)

σzz (x, z, t) = Szz (k, z, ω) ei(kx−ωt) (2.7)

σxz (x, z, t) = Sxz (k, z, ω) ei(kx−ωt) (2.8)

where, u(x, z, t) and w(x, z, t) are the displacements along the x and z directions

respectively, and σxx(x, z, t), σzz(x, z, t) are the normal stresses along the x and z

directions respectively and σxz(x, z, t) is the shear stress.

Hooke’s Law for an isotropic material for 2D plane strain in the xz plane is given
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by

σxx = λ (εxx + εzz) + 2µεxx (2.9)

σzz = λ (εxx + εzz) + 2µεzz (2.10)

σxz = µγxz (2.11)

where εxx, εzz are the normal strains in the x and the z directions respectively and

γxz is the shear strain. λ and µ are Lamé constants. µ is the shear modulus of

the material.

Using the strain displacement kinematic relations

εxx =
∂u

∂x
, εzz =

∂w

∂z
and γxz =

∂u

∂z
+
∂w

∂x
(2.12)

the stresses can be expressed in terms of displacement components as

σxx = (λ+ 2µ)
∂u

∂x
+ λ

∂w

∂z

= ρc2
1

∂u

∂x
+ ρ

(
c2

1 − 2c2
2

) ∂w
∂z

σzz = λ
∂u

∂x
+ (λ+ 2µ)

∂w

∂z

= ρ
(
c2

1 − 2c2
2

) ∂u
∂x

+ ρc2
1

∂w

∂z

σxz = µ

(
∂u

∂z
+
∂w

∂x

)
= ρc2

2

(
∂u

∂z
+
∂w

∂x

)

(2.13)

where ρ is the density of the material and c1 and c2 are the longitudinal and shear

wave speeds respectively and given by

c1 =

√
λ+ 2µ

ρ
, c2 =

√
µ

ρ
(2.14)
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Using the relations from Equations (2.4,2.5) into Equation (2.13), the stresses are

expressed as

σxx = ρ

[
c2

1ikU +
(
c2

1 − 2c2
2

) ∂W
∂z

]
ei(kx−ωt) (2.15)

σzz = ρ

[(
c2

1 − 2c2
2

)
ikU + c2

1

∂W

∂z

]
ei(kx−ωt) (2.16)

σxz = ρc2
2

[
ikW +

∂U

∂z

]
ei(kx−ωt) (2.17)

The stress equations of motion in absence of body forces are given by

In x direction
∂σxx
∂x

+
∂σxz
∂z

= ρ
∂2u

∂t2
(2.18)

In z direction
∂σxz
∂x

+
∂σzz
∂z

= ρ
∂2w

∂t2
(2.19)

Taking the derivatives of the stresses from Equations(2.15-2.17) and substituting

them in the equations of motion give

In x direction − c2
1k

2U + c2
2

∂2U

∂z2
+ ω2U +

(
c2

1 − c2
2

)
ik
∂W

∂z
= 0 (2.20)

In z direction
(
c2

1 − c2
2

)
ik
∂U

∂z
− c2

2k
2W + c2

1

∂2W

∂z2
+ ρω2W = 0 (2.21)

Assuming,

U (k, z, ω) = A (k, ω) e−ξz (2.22)

W (k, z, ω) = B (k, ω) e−ξz (2.23)

where A (k, ω) and B (k, ω) are unknown functions and ξ is the unknown param-

eter describing the z-dependency of U,W .

Substituting Equations (2.22, 2.23) into Equations (2.20, 2.21), the following pair

of homogeneous equations are obtained−c2
1k

2 + c2
2ξ

2 + ω2 − (c2
1 − c2

2) ikξ

− (c2
1 − c2

2) ikξ −c2
2k

2 + c2
1ξ

2 + ω2

A (k, ω)

B (k, ω)

 =

0

0

 (2.24)
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For non trivial solution of Equation(2.24), the determinant of the coefficient ma-

trix is set equal to zero, leading to the following fourth order algebraic equation

for ξ

c2
1c

2
2ξ

4+ξ2
[
ω2
(
c2

1 + c2
2

)
− 2c2

1c
2
2k

2
]

+ c2
1c

2
2k

4 − ω2k2
(
c2

1 + c2
2

)
+ ω4 = 0 (2.25)

which is a quadratic equation in ξ2. Solving the equation gives the unknown

parameter ξ as follows

ξ1 =

√
k2 − ω2

c2
1

=
√
k2 − k2

1 = η1 (2.26)

ξ2 = −

(√
k2 − ω2

c2
1

)
= −

√
k2 − k2

1 = −η1 (2.27)

ξ3 =

√
k2 − ω2

c2
2

=
√
k2 − k2

2 = η2 (2.28)

ξ4 = −

(√
k2 − ω2

c2
2

)
= −

√
k2 − k2

2 = −η2 (2.29)

From Equation (2.24), the unknown functions A (k, ω) and B (k, ω) are related as

B (k, ω) =
−c2

1k
2 + c2

2ξ
2 + ω2

(c2
1 − c2

2) ikξ
A (k, ω) = αA (k, ω) (2.30)

where the four values of α corresponding to the four values of ξ are given by

α1 =
−c2

1k
2 + c2

2η
2
1 + ω2

(c2
1 − c2

2) ikη1

=
iη1

k
(2.31)

α2 = −iη1

k
= −α1 (2.32)

α3 =
−c2

1k
2 + c2

2η
2
2 + ω2

(c2
1 − c2

2) ikη2

=
ik

η2

(2.33)

α4 = − ik
η2

= −α3 (2.34)
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Substituting the values of α from Equations (2.31-2.34) into Equation (2.30),

B1 (k, ω) = α1A1 (k, ω) =
iη1

k
A1 (k, ω) (2.35)

B2 (k, ω) = −α1A2 (k, ω) = −iη1

k
A1 (k, ω) (2.36)

B3 (k, ω) = α3A3 (k, ω) =
ik

η2

A3 (k, ω) (2.37)

B4 (k, ω) = −α3A4 (k, ω) = − ik
η2

A4 (k, ω) (2.38)

Substituting Equations (2.26-2.29, 2.35-2.38) in Equations (2.22,2.23) for the dis-

placements

U (k, z, ω) = A1 (k, ω) e−η1z + A2 (k, ω) eη1z

+ A3 (k, ω) e−η2z + A4 (k, ω) eη2z
(2.39)

W (k, z, ω) =
iη1

k
A1 (k, ω) e−η1z − iη1

k
A2 (k, ω) eη1z

+
ik

η2

A3 (k, ω) e−η2z − ik

η2

A4 (k, ω) eη2z
(2.40)

Using the relations between exponential and hyperbolic sine and cosine,

eηz = cosh (ηz) + sinh (ηz) e−ηz = cosh (ηz)− sinh (ηz)

the displacements and stresses in the frequency-wavenumber domain can be writ-

ten as

U (k, z, ω) = A1 cosh (η1z) + A2 sinh (η1z)

+ A3 cosh (η2z) + A4 sinh (η2z)
(2.41)

W (k, z, ω) = −iη1

k
A1 sinh (η1z)− iη1

k
A2 cosh (η1z)

− ik

η2

A3 sinh (η2z)− ik

η2

A4 cosh (η2z)
(2.42)

Sxx (k, z, ω) =
iµ

k

[(
k2

2 + 2η2
1

) (
A1 cosh (η1z) + A2 sinh (η1z)

)
+ 2k2

(
A3 cosh (η2z) + A4 sinh (η2z)

)] (2.43)
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Szz (k, z, ω) = −iµ
k

[(
2k2 − k2

2

) (
A1 cosh (η1z) + A2 sinh (η1z)

)
+ 2k2

(
A3 cosh (η2z) + A4 sinh (η2z)

)] (2.44)

Sxz (k, z, ω) =
µ

η2

[
2η1η2

(
A1 sinh (η1z) + A2 cosh (η1z)

)
+
(
2k2 − k2

2

) (
A3 sinh (η2z) + A4 cosh (η2z)

)] (2.45)

where

A1 = A1 (k, ω) + A2 (k, ω) A2 = A2 (k, ω)− A1 (k, ω) (2.46)

A3 = A3 (k, ω) + A4 (k, ω) A4 = A4 (k, ω)− A3 (k, ω) (2.47)

2.1 Lamb wave dispersion relations

Next, the traction free boundary conditions are applied on the top (z = H) and

bottom (z = −H) faces of the plate.

At z = H, zero normal stress gives,

Szz (k,H, ω) =
(
2k2 − k2

2

) (
A1 cosh (η1H) + A2 sinh (η1H)

)
+ 2k2

(
A3 cosh (η2H) + A4 sinh (η2H)

)
= 0

(2.48)

At z = −H, zero normal stress gives,

Szz (k,−H,ω) =
(
2k2 − k2

2

) (
A1 cosh (η1H)− A2 sinh (η1H)

)
+ 2k2

(
A3 cosh (η2H)− A4 sinh (η2H)

)
= 0

(2.49)

From Equations (2.48, 2.49)[(
2k2 − k2

2

)
A1 cosh (η1H) + 2k2A3 cosh (η2H)

]
±[(

2k2 − k2
2

)
A2 sinh (η1H) + 2k2A4 sinh (η2H)

]
= 0

(2.50)
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At z = H, zero shear stress gives,

Sxz (k,H, ω) = 2η1η2

(
A1 sinh (η1H) + A2 cosh (η1H)

)
+
(
2k2 − k2

2

) (
A3 sinh (η2H) + A4 cosh (η2H)

)
= 0

(2.51)

At z = −H, zero shear stress gives,

Sxz (k,−H,ω) = 2η1η2

(
−A1 sinh (η1H) + A2 cosh (η1H)

)
+
(
2k2 − k2

2

) (
−A3 sinh (η2H) + A4 cosh (η2H)

)
= 0

(2.52)

From Equations (2.51, 2.52),[
2η1η2A2 cosh (η1H) +

(
2k2 − k2

2

)
A4 cosh (η2H)

]
±[

2η1η2A1 sinh (η1H) +
(
2k2 − k2

2

)
A3 sinh (η2H)

]
= 0

(2.53)

From Equations (2.50,2.53), it is seen thatA1, A3 are independent ofA2, A4. Hence

two independent motions of the plate can be obtained by setting A1 = A3 = 0

and then A2 = A4 = 0.

First setting A2 = A4 = 0 in Equations (2.50,2.53), the motion governed by A1, A3

is derived. A1, A3 satisfy(2k2 − k2
2) cosh (η1H) 2k2 cosh (η2H)

2η1η2 sinh (η1H) (2k2 − k2
2) sinh (η2H)

A1

A3

 =

0

0

 (2.54)

For nontrivial solution of A1, A3, the determinant of the coefficient matrix in Equa-

tion (2.54) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H) = 0 (2.55)
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The displacements and stresses in the plate for the symmetric Lamb wave, gov-

erned by the coefficients A1, A3 are given in the frequency domain by

U (k, z, ω) = A1 cosh (η1z) + A3 cosh (η2z) (2.56)

W (k, z, ω) = −iη1

k
A1 sinh (η1z)− ik

η2

A3 sinh (η2z) (2.57)

Sxx (k, z, ω) =
iµ

k

[(
k2

2 + 2η2
1

)
A1 cosh (η1z) + 2k2A3 cosh (η2z)

]
(2.58)

Szz (k, z, ω) = −iµ
k

[(
2k2 − k2

2

)
A1 cosh (η1z) + 2k2A3 cosh (η2z)

]
(2.59)

Sxz (k, z, ω) =
µ

η2

[
2η1η2A1 sinh (η1z) +

(
2k2 − k2

2

)
A3 sinh (η2z)

]
(2.60)

Similarly, by setting A1 = A3 = 0 in Equations (2.50, 2.53), the motion governed

by A2, A4 is derived. A2, A4 satisfy(2k2 − k2
2) sinh (η1H) 2k2 sinh (η2H)

2η1η2 cosh (η1H) (2k2 − k2
2) cosh (η2H)

A2

A4

 =

0

0

 (2.61)

For nontrivial solution of A2, A4, the determinant of the coefficient matrix in

Equation (2.61) needs to be zero, which gives the dispersion relation for the anti-

symmetric Lamb waves in the plate.

(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H) = 0 (2.62)

The displacements and stresses in the plate due the antisymmetric Lamb wave,

governed by the coefficients A2, A4 are given in the frequency domain by

U (k, z, ω) = A2 sinh (η1z) + A4 sinh (η2z) (2.63)
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W (k, z, ω) = −iη1

k
A2 cosh (η1z)− ik

η2

A4 cosh (η2z) (2.64)

Sxx (k, z, ω) =
iµ

k

[(
k2

2 + 2η2
1

)
A2 sinh (η1z) + 2k2A4 sinh (η2z)

]
(2.65)

Szz (k, z, ω) = −iµ
k

[(
2k2 − k2

2

)
A2 sinh (η1z) + 2k2A4 sinh (η2z)

]
(2.66)

Sxz (k, z, ω) =
µ

η2

[
2η1η2A2 cosh (η1z) +

(
2k2 − k2

2

)
A4 cosh (η2z)

]
(2.67)

z

x x

H

H H

H

z

(a) (b)

Figure 2.2: (a) Symmetric and (b) Antisymmetric Lamb waves in a plate

Figure (2.2) shows the two independent symmetric and antisymmetric Lamb wave

modes propagating in a plate indicating the symmetric and antisymmetric nature

of the horizontal and vertical displacements associated with them.

The graphical solutions of Equations (2.55 and 2.62) for the phase velocity c,

which is generally a function of frequency, are called the dispersion curves. Figure

(2.3) shows the dispersion curves for the symmetric and the antisymmetric modes

of Lamb waves propagating in an aluminum plate of thickness 3.175 mm (1
8

′′
).

The plate has a Young’s modulus E = 69 MPa and Poisson’s ratio ν = 0.3269.
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Figure 2.3: Dispersion curves for the phase velocity for an aluminum plate. Symmetric

modes are shown as solid lines, antisymmetric as dashed lines

2.2 Cutoff frequencies for higher order symmetric and an-

tisymmetric Lamb wave modes

To determine the cutoff frequencies at which higher order Lamb wave modes start

propagating in the plate, the corresponding dispersion equation is solved for the

limiting value of the wavenumber k tending to zero, since at the cutoff frequencies

the wave speeds of the higher order modes become infinite.

Substituting k = 0 in the dispersion relation for symmetric Lamb waves, Equation

(2.55) becomes

cosh (η1H) sinh (η2H) = 0 (2.68)
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For k = 0, η1H, η2H, cosh (η1H) , sinh (η1H) become

η1H =
√
k2 − k2

1H = ik1H (2.69)

η2H =
√
k2 − k2

2H = ik2H (2.70)

cosh (η1H) = cosh (ik1H) = cos (k1H) (2.71)

sinh (η2H) = sinh (ik2H) = i sin (k2H) (2.72)

Substituting Equations (2.69-2.72) in Equation (2.68)

cos (k1H) sin (k2H) = 0 (2.73)

For, cos (k1H) = 0,

k1H =

(
n− 1

2

)
π n = 1, 2, 3, . . . (2.74)

Hence,
2πfH

c1

=

(
n− 1

2

)
π (2.75)

where, f is the frequency in Hz and c1 is the longitudinal wave speed. Therefore,

the cutoff frequencies for higher order symmetric Lamb wave modes are

f =

(
n− 1

2

)
2H

c1 n = 1, 2, 3, . . . (2.76)

For sin (k2H) = 0,

k2H = nπ n = 1, 2, 3, . . . (2.77)

Hence,
2πfH

c2

= nπ (2.78)

where, f is the frequency in Hz and c2 is the shear wave speed. Therefore, the

cutoff frequencies for higher order symmetric Lamb wave modes are also given by

f =
nc2

2H
n = 1, 2, 3, . . . (2.79)
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Similarly by substituting k = 0 in the dispersion relation for antisymmetric Lamb

waves, Equation (2.62) becomes

sinh (η1H) cosh (η2H) = 0 (2.80)

For k = 0, sinh (η1H) , cosh (η1H) become

sinh (η1H) = sinh (ik1H) = i sin (k1H) (2.81)

cosh (η2H) = cosh (ik2H) = cos (k2H) (2.82)

Substituting Equations (2.69,2.70,2.81,2.82) in Equation (2.80)

sin (k1H) cos (k2H) = 0 (2.83)

For sin (k1H) = 0, the cutoff frequencies for higher order antisymmetric Lamb

wave modes are given by

f =
nc1

2H
n = 1, 2, 3, . . . (2.84)

For cos (k2H) = 0, the cutoff frequencies for higher order antisymmetric Lamb

wave modes are are also given by

f =

(
n− 1

2

)
2H

c2 n = 1, 2, 3, . . . (2.85)

2.3 Wave propagation in isotropic plates - Experiments

and Results

The general experimental setup for ultrasonic testing is shown in Figure (2.4).

Broadband transducers (Digital Wave B225 and B1025) with a fairly flat response

in the range of 50 kHz to 600 kHz are placed on the surface of the specimen with

the aid of a Plexiglas face sheet, which incorporates an array of holes drilled

with an accuracy of 0.1 mm and the diameter of the holes equal to that of the
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transducers. The Plexiglas sheet is placed on the surface of the specimen with

masking tapes and guarantees identical transducer locations in repeating experi-

ments. Thus only two transducers are needed to obtain data from an array with

prescribed positions. The transmission of ultrasound is aided by the application of

an ultrasonic gel couplant (Sonotech) between the transducers and the specimen.

A 5 cycle sinusoidal tone burst enclosed in a Hann window (also called Hanning

window) is generated by an arbitrary waveform generator (NI 5402) and applied

to one of the piezoelectric transducers. The sinusoidal tone burst voltage can be

expressed as

V (t) =
1

2

[
1− cos

(
2πft

np

)]
sin (2πft) (2.86)

where f is the central frequency and np = 5. A four channel signal conditioner

(Digital Wave FM-1) is used to boost and filter the received signals in all exper-

iments. The ultrasonic signal is digitized and recorded in a four-channel digital

oscilloscope (Agilent 54624A) with up to 200 MHz sampling rate. In order to

determine the velocities of the waves, the signals are recorded at various distances

x from the source. The test region is thereby located at a sufficient distance away

from the edges of the plate structure to avoid superposition with reflected waves

from the edges.
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Figure 2.4: The ultrasonic experimental setup including oscilloscope, signal conditioner,

signal generator, transducers and Plexiglas face sheet on top of aluminum plate.

Since Lamb waves are dispersive, a direct time-of-flight analysis of the recorded

signals to calculate the velocity of the waves would incorporate significant errors.

Therefore, the dispersive signals are analyzed using either the short time Fourier

transform (STFT) or wavelet transform [38]. In the later case, the digital sig-

nals are processed using the AGU-Vallen Wavelet program, allowing a particular

frequency component to be tracked in time to obtain its corresponding velocity.

The STFT is applied and evaluated in Matlab using the built-in function ”spec-

togram”.

In order to verify the velocities of the waves experimentally, measurements are

conducted as described above. Specifically, measurements are taken with a dis-

tance between actuator and sensor in the range of 7.62 cm to 22.86 cm (3 in. to

9 in.). Due to several limitations in the experimental setup (mostly the transduc-

ers), the experimentally analyzed frequency range is 350 kHz to 500 kHz for the

S0 wave and 50 kHz to 250 kHz for the A0 wave. Figure (2.5) shows typical signals

obtained at some of the receiver locations and corresponding STFT plots. It can

be seen that in both cases, mostly one type of wave is excited with the laboratory
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setup at hand. Nevertheless, the STFT of the signals is only evaluated in the

highlighted time intervals to avoid false evaluation of other propagating waves in

the signal.
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Figure 2.5: Time signals and corresponding STFT plots recorded with pitch-catch sys-

tem at an aluminum plate. STFT is only evaluated in highlighted time interval to avoid

false evaluation of other propagating waves in the signal.

The group velocity cg = c
1−ω

c
dc
dω

of a wave is the velocity at which energy is trans-

ported by the wave and is the velocity obtained in the above experiment. The

group velocities are determined by evaluating the center frequency of the excited

wave in the STFT datasets. Through a time-of-flight analysis for different dis-

tances between actuators and sensors, the velocities are determined from cg = ∆x
∆t

and are represented by the symbol × in Figure (2.6). It is seen that the experi-

mental results are very close to analytical results. Hence, the pitch-catch system is

generally suitable for precise NDE and SHM studies. Experimental investigations

of higher order modes are not considered since typically low order modes are used
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in NDE systems.
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Figure 2.6: Dispersion curves for the group velocity for an aluminum plate. Symmetric

modes are shown as solid lines, antisymmetric as dashed lines. Experimental results are

marked by ×.

2.4 Propagation of Lamb waves in plate for various dy-

namic surface loads

In this section, the propagation of Lamb waves, under various surface loads are

analyzed. The physical problem, with loading applied on the top surface of the

plate (z = H) is resolved into a corresponding symmetric and an antisymmetric

problem, in accordance with the results derived in the last section, (see Figure

(2.7)). The applied time-dependent load with intensity p0 is resolved into the

antisymmetric and symmetric loading of intensity p0
2

applied on the top and bot-

tom (z = −H) surfaces of the plate. The sum of the values of the different field

variables, for the symmetric and the antisymmetric models, give the total field.
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Figure 2.7: (a) Applied loading (b) Antisymmetric loading component and (c) Symmet-

ric loading component in a plate

Like the field variables, the time dependent load p (x, t) is transformed into P0 (x, ω)

in the frequency domain by applying Fourier transform with respect to time. It

is then further transformed into P 0 (k, ω) by applying the Fourier transform with

respect to x-direction. Next, the appropriate boundary conditions are applied.

2.5 Antisymmetric Lamb wave propagation under dynamic

vertical load on the top surface of a plate

From Equations (2.66, 2.67), zero shear stress at z = H gives,

Sxz (k,H, ω) = 2η1η2A2 cosh (η1H) +
(
2k2 − k2

2

)
A4 cosh (η2z) = 0 (2.87)
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which gives,

A2 = −(2k2 − k2
2) cosh (η2H)

2η1η2 cosh (η1H)
A4 (2.88)

At z = H, the applied normal load gives,

Szz (k,H, ω) = −P 0 (k, ω)

2
(2.89)

which gives,

iµ

k

[(
2k2 − k2

2

)
A2 sinh (η1H) + 2k2A4 sinh (η2H)

]
=
P 0

2
(2.90)

Substituting A2 from Equation (2.88) into Equation (2.90)

A4 =
ikη1η2 cosh (η1H)

µRa (k)
P 0 (k, ω) (2.91)

where, Ra (k) is the antisymmetric Lamb wave denominator and is given by

Ra (k) =
(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H)

(2.92)

Substituting A4 from Equation (2.91) into Equation (2.88)

A2 = −ik (2k2 − k2
2) cosh (η2H)

2µRa (k)
P 0 (k, ω) (2.93)

Using the above values of A2 and A4, the displacements and the stresses in the

plate due to the antisymmetric Lamb wave in the frequency domain are given by

U (k, z, ω) = −ikP 0 (k, ω)

2µRa (k)

[(
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

−2η1η2 cosh (η1H) sinh (η2z)

] (2.94)

W (k, z, ω) = −η1P 0 (k, ω)

2µRa (k)

[(
2k2 − k2

2

)
cosh (η1z) cosh (η2H)

−2k2 cosh (η1H) cosh (η2z)

] (2.95)
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Sxx (k, z, ω) =
P 0 (k, ω)

2Ra (k)

[(
k2

2 + 2η2
1

) (
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

−4k2η1η2 cosh (η1H) sinh (η2z)

] (2.96)

Szz (k, z, ω) = −P 0 (k, ω)

2Ra (k)

[(
2k2 − k2

2

)2
sinh (η1z) cosh (η2H)

−4k2η1η2 cosh (η1H) sinh (η2z)

] (2.97)

Sxz (k, z, ω) = −(2k2 − k2
2) η1ikP 0 (k, ω)

Ra (k)

[
cosh (η1z) cosh (η2H)

− cosh (η1H) cosh (η2z)

] (2.98)

The inverse Fourier transform with respect to the wavenumber k

F (x, z, ω) =
1

2π

ˆ ∞
−∞

F (k, z, ω) eikx dk (2.99)

gives the field variables in x and the frequency (ω) domain. The integral in

Equation (2.99) has simple poles at the roots of the antisymmetric Lamb wave

dispersion equation, obtained by equating Ra (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated.
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Figure 2.8: Closed contour in the upper half complex k plane enclosing positive real,

imaginary and complex poles

To satisfy the radiation boundary condition at x =∞, that is no incoming waves

from infinity, the negative real poles are avoided in the contour. All real, imaginary

and complex poles in the upper half complex k plane are enclosed in the contour.

The field in Equation (2.99) is then given by

F (x, z, ω) =
1

2π
2πi (Sum of the residues at the poles

ka of F (k, z, ω) eikx
) (2.100)

where, F (x, z, ω) is the field variable due to antisymmetric Lamb waves. ka are

the roots of the antisymmetric Lamb wave dispersion equation. The displacements

and the stresses can be written as

U (x, z, ω) =
∑
ka

kaP 0 (ka, ω)

2µR′a (ka)

[(
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 2η1aη2a cosh (η1aH) sinh (η2az)

]
eikax

(2.101)
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W (x, z, ω) =
∑
ka

−iη1aP 0 (ka, ω)

2µR′a (ka)

[(
2k2

a − k2
2

)
cosh (η1az) cosh (η2aH)

− 2k2
a cosh (η1aH) cosh (η2az)

]
eikax

(2.102)

Sxx (x, z, ω) =
∑
ka

i
P 0 (ka, ω)

2R′a (ka)

[(
k2

2 + 2η2
1a

) (
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
eikax

(2.103)

Szz (x, z, ω) =
∑
ka

−iP 0 (ka, ω)

2R′a (ka)

[(
2k2

a − k2
2

)2
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
eikax

(2.104)

Sxz (x, z, ω) =
∑
ka

−(2k2
a − k2

2) η1akaP 0 (ka, ω)

R′a (ka)

[
cosh (η1az) cosh (η2aH)

− cosh (η1aH) cosh (η2az)

]
eikax

(2.105)

where it is understood that the right hand sides of Equations (2.101-2.105) are

summed over for all positive real, imaginary and complex values of ka. R′a (ka) is

the derivative of Ra (k), the antisymmetric Lamb wave denominator with respect

to k, evaluated at the roots of the antisymmetric Lamb wave dispersion equation
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ka and is given by

R′a (ka) = 8
(
2k2

a − k2
2

)
ka sinh (η1aH) cosh (η2aH)

+
(
2k2

a − k2
2

)2 kaH

η1a

cosh (η1aH) cosh (η2aH)

+
(
2k2

a − k2
2

)2 kaH

η2a

sinh (η1aH) sinh (η2aH)

− 8kaη1aη2a cosh (η1aH) sinh (η2aH)

− 4k3
a

η2a

η1a

cosh (η1aH) sinh (η2aH)

− 4k3
a

η1a

η2a

cosh (η1aH) sinh (η2aH)

− 4k3
aη2aH sinh (η1aH) sinh (η2aH)

− 4k3
aη1aH cosh (η1aH) cosh (η2aH)

(2.106)

In Equations (2.101-2.106), η1a and η2a are the values of η1 and η2 evaluated at

ka.

It is noted that at the top and the bottom surface of the plate (z = ±H), the

normal stress Szz (x, z, ω) from Equation (2.104) becomes zero according to the

antisymmetric Lamb wave dispersion equation (Equation (2.62)), seemingly not

satisfying the boundary condition in Equation (2.89). But actually, at the top

and bottom surfaces of the plate, the integral in Equation (2.99) applied to the

normal stress Szz (k, z, ω) in Equation (2.97) do not have any singularities at the

roots of the antisymmetric Lamb wave dispersion equation (Equation (2.62)) and

satisfies the applied boundary condition in Equation (2.89).

From Equations (2.101-2.105), it is seen that for the imaginary roots ika of the

dispersion equations, the various field variables have the form

F (x, z, ω) =
G(ka, z, ω)

R′a (ka)
e−kax (2.107)

which exponentially decreases for increasing values of x. The complex roots in

the upper half complex k plane come in pairs of the the form ka = a+ ib,−a+ ib.
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For the complex roots, the various field variables have the form

F (x, z, ω) =
G (ka, z, ω)

R′a (ka)
e±iaxe−bx (2.108)

which too exponentially decrease for increasing value of x. The antisymmetric

Lamb waves propagating to large distances in the plate are the propagating waves

given by the residues of the real positive roots.

2.6 Symmetric Lamb wave propagation under dynamic

vertical load on the top surface of a plate

From Equations (2.59, 2.60), zero shear stress at z = H gives,

Sxz (k,H, ω) = 2η1η2A1 sinh (η1H) +
(
2k2 − k2

2

)
A3 sinh (η2z) = 0 (2.109)

which gives,

A1 = −(2k2 − k2
2) sinh (η2H)

2η1η2 sinh (η1H)
A3 (2.110)

At z = H, the applied normal load gives,

Szz (k,H, ω) = −P 0 (k, ω)

2
(2.111)

which gives,

iµ

k

[(
2k2 − k2

2

)
A1 cosh (η1H) + 2k2A3 cosh (η2H)

]
=
P 0

2
(2.112)

Substituting A1 from Equation (2.110) into Equation (2.112)

A3 =
ikη1η2 sinh (η1H)

µRs (k)
P 0 (k, ω) (2.113)

where, Rs (k) is the symmetric Lamb wave denominator and is given by

Rs (k) =
(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H)

(2.114)
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Substituting A3 from Equation (2.113) into Equation (2.110)

A1 = −ik (2k2 − k2
2) sinh (η2H)

2µRs (k)
P 0 (k, ω) (2.115)

Using the above values of A1 and A3, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

U (k, z, ω) = −ikP 0 (k, ω)

2µRs (k)

[(
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

−2η1η2 sinh (η1H) cosh (η2z)

] (2.116)

W (k, z, ω) = −η1P 0 (k, ω)

2µRs (k)

[(
2k2 − k2

2

)
sinh (η1z) sinh (η2H)

−2k2 sinh (η1H) sinh (η2z)

] (2.117)

Sxx (k, z, ω) =
P 0 (k, ω)

2Rs (k)

[(
k2

2 + 2η2
1

) (
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

−4k2η1η2 sinh (η1H) cosh (η2z)

] (2.118)

Szz (k, z, ω) = −P 0 (k, ω)

2Rs (k)

[(
2k2 − k2

2

)2
cosh (η1z) sinh (η2H)

−4k2η1η2 sinh (η1H) cosh (η2z)

] (2.119)

Sxz (k, z, ω) = −(2k2 − k2
2) η1ikP 0 (k, ω)

Rs (k)

[
sinh (η1z) sinh (η2H)

− sinh (η1H) sinh (η2z)

] (2.120)

The inverse Fourier transform with respect to the wavenumber k

F (x, z, ω) =
1

2π

ˆ ∞
−∞

F (k, z, ω) eikx dk (2.121)
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gives the field variables in x and the frequency (ω) domain. The integral in Equa-

tion (2.121) has simple poles at the roots of the symmetric Lamb wave dispersion

equation obtained by equating Rs (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated. To satisfy the radia-

tion boundary condition at x = ∞, that is no incoming waves from infinity, the

negative real poles are avoided in the contour. All real, imaginary and complex

poles in the upper half complex k plane are enclosed in the contour. The field in

Equation (2.121) is then given by

F (x, z, ω) =
1

2π
2πi (Sum of the residues at the poles

ks of F (k, z, ω) eikx
) (2.122)

where, F (x, z, ω) is the field variable due to symmetric Lamb waves. ks is the

root of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

U (x, z, ω) =
∑
ks

ksP 0 (ks, ω)

2µR′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 2η1sη2s sinh (η1sH) cosh (η2sz)

]
eiksx

(2.123)

W (x, z, ω) =
∑
ks

−iη1sP 0 (ks, ω)

2µR′s (ks)

[(
2k2

s − k2
2

)
sinh (η1sz) sinh (η2sH)

− 2k2
s sinh (η1sH) sinh (η2sz)

]
eiksx

(2.124)
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Sxx (x, z, ω) =
∑
ks

i
P 0 (ks, ω)

2R′s (ks)

[(
k2

2 + 2η2
1s

) (
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
eiksx

(2.125)

Szz (x, z, ω) =
∑
ks

−iP 0 (ks, ω)

2R′s (ks)

[(
2k2

s − k2
2

)2
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
eiksx

(2.126)

Sxz (x, z, ω) =
∑
ks

−(2k2
s − k2

2) η1sksP 0 (ks, ω)

R′s (ks)

[
sinh (η1sz) sinh (η2sH)

− sinh (η1sH) sinh (η2sz)

]
eiksx

(2.127)

where it is understood that the right hand side of Equations (2.123-2.127) are

summed over for all positive real, imaginary and complex values of ks. R
′
s (ks) is

the derivative of Rs (k), the symmetric Lamb wave denominator with respect to

k, evaluated at the roots of the symmetric Lamb wave dispersion equation ks and

is given by

R′s (ks) = 8
(
2k2

s − k2
2

)
ks cosh (η1sH) sinh (η2sH)

+
(
2k2

s − k2
2

)2 ksH

η1s

sinh (η1sH) sinh (η2sH)

+
(
2k2

s − k2
2

)2 ksH

η2s

cosh (η1sH) cosh (η2sH)

− 8ksη1sη2s sinh (η1sH) cosh (η2sH)

− 4k3
s

η2s

η1s

sinh (η1sH) cosh (η2sH)

− 4k3
s

η1s

η2s

sinh (η1sH) cosh (η2sH)

− 4k3
s η2sH cosh (η1sH) cosh (η2sH)

− 4k3
s η1sH sinh (η1sH) sinh (η2sH)

(2.128)
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In Equations (2.123-2.128), η1s and η2s are the values of η1 and η2 evaluated at ks.

As described for the antisymmetric Lamb waves, at the top and bottom surfaces of

the plate, the integral in Equation (2.121) applied to the normal stress Szz (k, z, ω)

in Equation (2.119) do not have any singularities at the roots of the symmetric

Lamb wave dispersion equation (Equation (2.55)). Hence the normal stress at the

top surface of the plate satisfies the boundary condition in Equation (2.111).

From Equations (2.123-2.127), it is seen that for the imaginary roots iks of the

dispersion equations, the various field variables have the form

F (x, z, ω) =
G(ks, z, ω)

R′s (ks)
e−ksx (2.129)

which exponentially decreases for increasing values of x. The complex roots in

the upper half complex k plane come in pairs of the the form ks = a+ ib,−a+ ib.

For the complex roots, the various field variables have the form

F (x, z, ω) =
G (ks, z, ω)

R′s (ks)
e±iaxe−bx (2.130)

which too exponentially decrease for increasing value of x. The symmetric Lamb

waves traveling large distances in the plate are the propagating waves given by

the residues of the real positive roots.

2.7 Displacement fields in the plate under applied tran-

sient load

The total horizontal and vertical displacements in the plate are given by the

corresponding sum of the symmetric and antisymmetric displacements. The dis-

placements are calculated by taking the inverse Fourier transform with respect

to frequency (ω) of the sum of Equation (2.101) and Equation (2.123) for the

horizontal displacement u (x, z, t) and the sum of Equation (2.102) and Equation

(2.124) for the vertical displacement w (x, z, t).
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Comparisons of the horizontal displacement u (x, z, t) from the above equations,in

an aluminum plate of thickness 1.78 mm, with that calculated by finite element

analysis using the commercial software package Abaqus are given below. The

loading applied on the top surface of the aluminum plate is a 5 cycle sine load

with a frequency of 200 kHz, with amplitude 1 million N/m enclosed in a Hann

window given by the form

V (t) =
1

2

[
1− cos

(
2πft

np

)]
sin (2πft)

The load is uniformly distributed over a length of 1 mm centered at the z axis.

Figure (2.9) shows the applied load.
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Figure 2.9: Applied tone burst load with center frequency f = 200 kHz

Figure (2.10) shows the excellent match between the horizontal displacement at

50 mm distance to the right of the z axis calculated from the above equations to

the results from finite element analysis. The results are shown at various depths

along the thickness of the plate. The red curves are the results from the finite

element analysis using the commercial software package Abaqus. The blue curves

are the horizontal displacements computed using 29 modes including the positive

real, imaginary and the complex modes. The green curves are the horizontal

displacements computed using only the real positive or the right propagating

modes. The analytical results using positive real, complex and imaginary modes
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are nearly identical to those computed using only the real positive modes as the

complex and imaginary modes decay exponentially with distance as discussed

earlier. The finite element solutions include reflections from the edge of the plate,

which are absent in the analytical solutions for a plate of infinite length. Figure

(2.11) shows similar comparisons for the vertical displacements in the plate.
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(a) x = 50 mm, z = H, f = 200 kHz
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(b) x = 50 mm, z = 5H
7 , f = 200 kHz
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(c) x = 50 mm, z = 3H
7 , f = 200 kHz
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(d) x = 50 mm, z = H
7 , f = 200 kHz
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(e) x = 50 mm, z = −H
7 , f = 200 kHz
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(f) x = 50 mm, z = − 3H
7 , f = 200 kHz
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(g) x = 50 mm, z = − 5H
7 , f = 200 kHz
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(h) x = 50 mm, z = −H, f = 200 kHz

Figure 2.10: Horizonal displacements in the aluminum plate. The red curves are the

results from finite element analysis using the commercial software package Abaqus. The

blue curves are the horizontal displacements computed using 29 modes including the

positive real, imaginary and the complex modes. The green curves are the horizontal

displacements computed using only the positive real or the right propagating modes.
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(a) x = 50 mm, z = H, f = 200 kHz
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(b) x = 50 mm, z = 5H
7 , f = 200 kHz
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(c) x = 50 mm, z = 3H
7 , f = 200 kHz
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(d) x = 50 mm, z = H
7 , f = 200 kHz
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(e) x = 50 mm, z = −H
7 , f = 200 kHz
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(f) x = 50 mm, z = − 3H
7 , f = 200 kHz
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(g) x = 50 mm, z = − 5H
7 , f = 200 kHz
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(h) x = 50 mm, z = −H, f = 200 kHz

Figure 2.11: Vertical displacements in the aluminum plate. The red curves are the

results from the finite element analysis using the commercial package Abaqus. The blue

curves are the vertical displacements computed using 29 modes including the positive

real, imaginary and the complex modes. The green curves are the vertical displacements

computed using only the positive real or the right propagating modes.

Figure (2.12)shows the horizontal displacement in the same 1.78 mm thick alu-

minum plate with the same applied load as above at a distance of 1 mm to the
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right of the z axis. The red curves are the results from the finite element analysis

using the commercial software package Abaqus. The blue curves are the vertical

displacements computed using 29 modes including the positive real, imaginary and

the complex modes. The green curves are the vertical displacements computed

using only the real positive or the right propagating modes. It can be clearly seen

that very near the source, the complex and imaginary modes contribute signifi-

cantly to the displacements. There is excellent match between the results from

finite element analysis and those computed analytically using positive real, imagi-

nary and complex modes. Whereas, the green curves computed analytically using

only the real positive or the right propagating modes differ significantly from the

finite element results. The finite element solutions include reflections from the

edge of the plate, which are absent in the analytical solutions for a plate of infi-

nite length. Figure (2.13) shows similar comparisons for the vertical displacements

in the plate.
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(a) x = 1 mm, z = H, f = 200 kHz
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(b) x = 1 mm, z = H, f = 200 kHz
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(c) x = 1 mm, z = 5H
7 , f = 200 kHz
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(d) x = 1 mm, z = 5H
7 , f = 200 kHz
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(e) x = 1 mm, z = 3H
7 , f = 200 kHz
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(f) x = 1 mm, z = 3H
7 , f = 200 kHz
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(g) x = 1 mm, z = H
7 , f = 200 kHz
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(h) x = 1 mm, z = H
7 , f = 200 kHz
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(i) x = 1 mm, z = −H
7 , f = 200 kHz
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(j) x = 1 mm, z = −H
7 , f = 200 kHz
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(k) x = 1 mm, z = − 3H
7 , f = 200 kHz
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(l) x = 1 mm, z = − 3H
7 , f = 200 kHz
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(m) x = 1 mm, z = − 5H
7 , f = 200 kHz
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(n) x = 1 mm, z = − 5H
7 , f = 200 kHz
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(o) x = 1 mm, z = −H, f = 200 kHz
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(p) x = 1 mm, z = −H, f = 200 kHz

Figure 2.12: Horizonal displacements in the aluminum plate. The red curves are the

results from the finite element analysis using the commercial software package Abaqus.

The blue curves are the horizontal displacements computed using 29 modes including

the positive real, imaginary and the complex modes. The green curves are the horizontal

displacements computed using only the positive real or the right propagating modes.
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(a) x = 1 mm, z = H, f = 200 kHz
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(b) x = 1 mm, z = H, f = 200 kHz
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(c) x = 1 mm, z = 5H
7 , f = 200 kHz
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(d) x = 1 mm, z = 5H
7 , f = 200 kHz
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(e) x = 1 mm, z = 3H
7 , f = 200 kHz
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(f) x = 1 mm, z = 3H
7 , f = 200 kHz
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(g) x = 1 mm, z = H
7 , f = 200 kHz
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(h) x = 1 mm, z = H
7 , f = 200 kHz
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(i) x = 1 mm, z = −H
7 , f = 200 kHz
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(j) x = 1 mm, z = −H
7 , f = 200 kHz
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(k) x = 1 mm, z = − 3H
7 , f = 200 kHz
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(l) x = 1 mm, z = − 3H
7 , f = 200 kHz
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(m) x = 1 mm, z = − 5H
7 , f = 200 kHz
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(n) x = 1 mm, z = − 5H
7 , f = 200 kHz
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(o) x = 1 mm, z = −H, f = 200 kHz
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(p) x = 1 mm, z = −H, f = 200 kHz

Figure 2.13: Vertical displacements in the aluminum plate. The red curves are the

results from the finite element analysis using the commercial software package Abaqus.

The blue curves are the vertical displacements computed using 29 modes including the

positive real, imaginary and the complex modes. The green curves are the vertical

displacements computed using only the positive real or the right propagating modes.

The distance in terms of plate thicknesses away from the origin, when the solution

due to real, imaginary and complex modes is almost equivalent to the solution due

to the positive real (propagating) modes is determined. Figure (2.15) shows the
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vertical displacement (W ) at the top surface of the same 1.78 mm thick aluminum

plate with the same applied loading as stated above. The blue curves are the verti-

cal displacements computed using 29 modes including the positive real, imaginary

and the complex modes. The red curves are the vertical displacements computed

using only the positive real or the right propagating modes. The displacements

are plotted at a distance when the two vertical displacements differ by less than

1% in their maximum amplitude. It is seen that as the frequency increases, the

two solutions converge at lesser distances away from the origin. Figure (2.14) plots

the percentage error in the maximum amplitude of the vertical displacement at

the top surface for various frequencies against the distance away from the origin

in terms of plate thickness. Table (2.1) lists the distance away from the origin

in terms of plate thicknesses when the two solutions converge for different fre-

quencies. It also lists the percentage difference in the maximum amplitude of the

vertical displacement in the two solutions at that distance.
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Figure 2.14: Percentage error in maximum amplitude of vertical displacement on the

top surface of plate for various frequencies when only the positive real (propagating)

modes are considered instead of 29 complex modes.

49



Table 2.1: Distance away from origin in terms of plate thicknesses when the vertical

displacement due to complex, positive real and imaginary modes converge to that due

to real positive (propagating) modes

Frequency [kHz] Distance from origin/plate thickness Difference in max amplitude (%)

100 5.5 0.91

200 4 0.82

300 3.5 0.14

400 3 0.3

500 2.5 0.72
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(a) x = 11H, z = H, f = 100 kHz
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(b) x = 8H, z = H, f = 200 kHz
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(c) x = 7H, z = H, f = 300 kHz
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(d) x = 6H, z = H, f = 400 kHz
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(e) x = 5H, z = H, f = 500 kHz

Figure 2.15: Vertical displacements on the top surface of the aluminum plate. The blue

curves are the vertical displacements computed using 29 modes including the positive

real, imaginary and the complex modes. The red curves are the vertical displacements

computed using only the positive real or the right propagating modes.

2.8 Power flow through a plate under applied vertical load

The power that is the rate of energy flow carried by the propagating Lamb waves

through a cross section whose unit outward normal is along the positive x axis is

calculated. The energy flow per time period (T = 2π
ω

) of a wave in x direction is

given by

〈P 〉 = − 1

T

ˆ T

0

(
Real (σxx (x, z, t)) Real

∂u (x, z, t)

∂t

+Real (σxz (x, z, t)) Real
∂w (x, z, t)

∂t

)
dt

(2.131)

The displacements and the stresses are of the form

u (x, z, t) = U (x, z, ω) ei(kx−ωt)

= (UR + iUI) e
−iωt

(2.132)
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σ (x, z, t) = S (x, z, ω) ei(kx−ωt)

= (SR + iSI) e
−iωt

(2.133)

In Equations (2.132,2.133) u, σ represent generic displacement and stress in the

time (t) domain, while UR, UI , SR, SI represent the real and imaginary parts

respectively of generic displacement and stress in the frequency (ω) domain. Using

Euler’s relation e±iωt = cos (ωt)± i sin (ωt)

Real (σ) Real

(
∂u

∂t

)
= (SR cos (ωt) + SI sin (ωt)) (−ωUR sin (ωt) + ωUI cos (ωt))

=
ω

2
(SIUI − SRUR) sin (2ωt)

+ ω
(
SRUI cos2 (ωt)− SIUR sin2 (ωt)

)
(2.134)

Then,

− 1

T

ˆ T

0

(
Real (σ) Real

(
∂u

∂t

))
dt = − ω

2π

ˆ 2π
ω

0

ω

2
(SIUI − SRUR) sin (2ωt) dt

− ω

2π

ˆ 2π
ω

0

ω
(
SRUI cos2 (ωt)− SIUR sin2 (ωt)

)
dt

(2.135)

− 1

T

ˆ T

0

(
Real (σ) Real

(
∂u

∂t

))
dt = −ω

2
(SRUI − SIUR) (2.136)

= −ω
2

Imaginary (US∗) (2.137)

In the above equation, S∗ denotes the complex conjugate of S.

Using the result from Equation (2.137) in Equation (2.131), the power flow in the

x direction in the frequency domain is given by

〈P (ω)〉 = −ω
2

Imaginary (US∗xx +WS∗xz) (2.138)

The power flow through a cross section in the plate, whose normal is along the x

axis is then obtained by integrating Equation (2.138) along the thickness of the
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plate. For a plate with thickness 2H along the z axis, the power flow through a

section is given by

〈P (ω)〉 = −ω
2

ˆ H

−H
Imaginary (US∗xx +WS∗xz) dz (2.139)

For antisymmetric Lamb wave motion in a plate subjected to a vertical dynamic

load on the top surface, the power flow through a cross section is given by

〈Pa (ω)〉 = 〈Pa1 (ω)〉+ 〈Pa2 (ω)〉 (2.140)

where,

〈Pa1 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (US∗xx) dz

=
ωka

8µ

|P 0 (ka, ω)|2

[R′a (ka)]2[(
2k2

a − k2
2

)2 (
k2

2 + 2η2
1a

)
cosh2 (η2aH)

(
sinh (2η1aH)

2η1a

−H
)
−

2η1aη2a

(
2k2

a − k2
2

) (
2k2

a + k2
2 + 2η2

1a

)
cosh (η1aH) cosh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

− sinh ((η1a − η2a)H)

η1a − η2a

)
+

8η2
1aη

2
2ak

2
a cosh2 (η1aH)

(
sinh (2η2aH)

2η2a

−H
)]

(2.141)

and

〈Pa2 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (WS∗xz) dz

=
ωkaη

2
1a (2k2

a − k2
2)

4µ

|P 0 (ka, ω)|2

[R′a (ka)]2[(
2k2

a − k2
2

)
cosh2 (η2aH)

(
sinh (2η1aH)

2η1a

+H

)
−

(
4k2

a − k2
2

)
cosh (η1aH) cosh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

+
sinh ((η1a − η2a)H)

η1a − η2a

)
+

2k2
a cosh2 (η1aH)

(
sinh (2η2aH)

2η2a

+H

)]
(2.142)
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In Equations (2.141,2.142), U , W , Sxx and Sxz are the displacements and stresses

for antisymmetric Lamb wave, given by Equations (2.101-2.105).

For symmetric Lamb wave motion in a plate subjected to a vertical dynamic load

on the top surface, the power flow through a cross section is given by

〈Ps (ω)〉 = 〈Ps1 (ω)〉+ 〈Ps2 (ω)〉 (2.143)

where,

〈Ps1 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (US∗xx) dz

=
ωks

8µ

|P 0 (ka, ω)|2

[R′s (ks)]
2[(

2k2
s − k2

2

)2 (
k2

2 + 2η2
1s

)
sinh2 (η2sH)

(
sinh (2η1sH)

2η1s

+H

)
−

2η1sη2s

(
2k2

s − k2
2

) (
2k2

s + k2
2 + 2η2

1s

)
sinh (η1sH) sinh (η2sH)(

sinh ((η1s + η2s)H)

η1as + η2s

+
sinh ((η1s − η2s)H)

η1s − η2s

)
+

8η2
1sη

2
2sk

2
s sinh2 (η1sH)

(
sinh (2η2sH)

2η2s

+H

)]
(2.144)

and

〈Ps2 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (WS∗xz) dz

=
ωksη

2
1s (2k2

s − k2
2)

4µ

|P 0 (ks, ω)|2

[R′s (ks)]
2[(

2k2
s − k2

)
sinh2 (η2sH)

(
sinh (2η1sH)

2η1s

−H
)
−

(
4k2

a − k2
2

)
sinh (η1sH) sinh (η2sH)(

sinh ((η1s + η2s)H)

η1s + η2s

− sinh ((η1s − η2s)H)

η1s − η2s

)
+

2k2
s sinh2 (η1sH)

(
sinh (2η2sH)

2η2s

−H
)]

(2.145)

In Equations (2.144,2.145), U , W , Sxx and Sxz are the displacements and stresses

for symmetric Lamb wave, given by Equations (2.123-2.127).
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2.9 Work done per cycle by the applied dynamic vertical

load

The work done per cycle by the load applied on the top surface of the plate is

calculated. The energy flowing across the region on the top surface in the vertical

z direction in one cycle is calculated. It is averaged over the time period to given

the power. The power flow is integrated over the width (2a) of the region across

which the vertical loading is applied, and is compared with the power flow across a

vertical section derived already. Similar to before, the power flow in the frequency

(ω) domain, in the z direction is now is given by

〈P (ω)〉 = −ω
2

Imaginary (W (x,H, ω)Szz (x,H, ω)) (2.146)

where, Szz (x,H, ω) = −P0 (ω) the applied stress in frequency domain. Since, it

is just real, there is no need of the complex conjugate.

Near the source, the contribution of the pure imaginary and the complex roots

of the the dispersion equation needs to be added together with the contribution

of the real positive roots. The vertical displacement W (x, z, ω) has the form (see

Equations (2.102,2.124))

W (x, z, ω) = i
G (k, z, ω)

R′ (k)
eikx (2.147)

where G (k, z, ω) is an even function of k, while R′ (k) is an odd function of k.

For pure imaginary roots of the dispersion equations, of the form k = ik, the

vertical displacement becomes

W (x, z, ω) = i
G (ik, z, ω)

R′ (ik)
e−kx (2.148)

And since, G(ik,z,ω)
R′(ik)

is an odd function of ik, it has the form

G (ik, z, ω)

R′ (ik)
= iM (k, z, ω) (2.149)
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where, M (k, z, ω) is a real function. Substituting Equation (2.149) in Equation

(2.148)

W (x, z, ω) = −M (k, z, ω) e−kx (2.150)

which is real together with the applied stress on the top surface. Therefore from

Equation (2.146), there is no contribution in the power flow through the top

surface from the imaginary roots.

As stated before, the complex roots of the dispersion equations come in pairs of

the form k = a + ib,−a + ib in the upper half of the complex k plane. For the

complex root k = a+ ib , the vertical displacement becomes

W (x, z, ω) = i
G (a+ ib, z, ω)

R′ (a+ ib)
eiaxe−bx

= i (r (a, b) + is (a, b)) eiaxe−bx (2.151)

= − (s (a, b) cos (ax) + r (a, b) sin (ax)) e−bx

+i (r (a, b) cos (ax)− s (a, b) sin (ax)) e−bx (2.152)

where r (a, b) and s (a, b) are real functions. And since, G(a+ib,z,ω)
R′(a+ib)

is a real and odd

function of k = a+ib, the vertical displacement from the complex root k = −a+ib

becomes

W (x, z, ω) = i
G (−a+ ib, z, ω)

R′ (−a+ ib)
e−iaxe−bx

= i (−r (a, b) + is (a, b)) e−iaxe−bx (2.153)

= − (s (a, b) cos (ax) + r (a, b) sin (ax)) e−bx

−i (r (a, b) cos (ax)− s (a, b) sin (ax)) e−bx (2.154)

The contribution to power flow through the top surface due to the root k = a+ ib,

then becomes, from Equation (2.146,2.152)

〈P1 (ω)〉 =
ω

2
(r (a, b) cos (ax)− s (a, b) sin (ax)) e−bxP0 (ω) (2.155)
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And the contribution to power flow through the top surface due to the root k =

−a+ ib, then becomes, from Equation (2.146,2.154)

〈P2 (ω)〉 = −ω
2

(r (a, b) cos (ax)− s (a, b) sin (ax)) e−bxP0 (ω) (2.156)

From Equations, (2.155) and (2.156), 〈P1 (ω)〉 is negative of 〈P2 (ω)〉 and their

sum is zero. Therefore, the complex roots of the dispersion equation do not have

any net contribution to the power flow through the top surface of the plate.

Therefore, only the real roots of the dispersion equations contribute to the energy

flow per time period, in the vertical direction through the top surface. The power

flowing vertically through the region on which the loading is applied, is obtained

by integrating Equation (2.146) along the length of the region from x = −a to

x = a. It consists of antisymmetric and symmetric components from the real

positive roots of the antisymmetric and symmetric dispersion equations.

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion in a plate subjected to uniform vertical load is given by

〈P aH (ω)〉 =
ωk2

2η1a

4µ

P 0 (ka, ω)

R′a (ka)
P0 (ω)

sin (kaa)

ka

cosh (η1aH) cosh (η2aH) (2.157)

The power flow through the top surface due to the right propagating symmetric

Lamb wave motion in a plate subjected to uniform vertical load is given by

〈P sH (ω)〉 =
ωk2

2η1s

4µ

P 0 (ks, ω)

R′s (ks)
P0 (ω)

sin (ksa)

ks

sinh (η1sH) sinh (η2sH) (2.158)

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion in a plate subjected to a linearly varying load is given by

〈P aH (ω)〉 = −iωk
2
2η1a

4µ

P 0 (ka, ω)

R′a (ka)
P0 (ω)

(
cos (kaa)

ka

− sin (kaa)

k2
aa

)
cosh (η1aH) cosh (η2aH)

(2.159)
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The power flow through the top surface due to the right propagating symmetric

Lamb wave motion in a plate subjected to a linearly varying load is given by

〈P sH (ω)〉 = −iωk
2
2η1s

4µ

P 0 (ks, ω)

R′s (ks)
P0 (ω)

(
cos (ksa)

ks

− sin (ksa)

k2
sa

)
sinh (η1sH) sinh (η2sH)

(2.160)

The power flow through the top surface due to the left and the right propagat-

ing Lamb waves is twice the value given by Equations (2.157,2.158) for uniform

vertical load and by Equations (2.159,2.160) for a linearly varying rocking load .

And this power flow through the top surface induced by the applied load equals

the power flow through two vertical sections left and right of the origin, which

again is twice that given by Equations (2.141-2.146). Figure (2.16) compares the

above two power flow spectrum in a 1.78 mm thick aluminum plate subjected to

a uniform vertical load of intensity 1 N/m over a 1 mm wide region on its top

surface. The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s

ratio is 0.3269. Figure (2.17) compares the above two power flow spectrum in a

1.78 mm thick aluminum plate subjected to a linearly varying load with intensity

varying from −
√

3 N/m to
√

3 N/m over a 1 mm wide region on its top surface.

The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s ratio is

0.3269.
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Figure 2.16: Power flow spectrum due to Lamb waves in a plate subjected to uniform

vertical load on its top surface. The red solid curve denotes power flow through vertical

cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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Figure 2.17: Power flow spectrum due to Lamb waves in a plate subjected to a linearly

varying load on its top surface. The red solid curve denotes power flow through vertical

cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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2.10 Various vertical loadings applied on the top surface

of a plate

The P 0 (k, ω) in the above analysis, denotes the the double Fourier transform

of the time dependent applied load p0 (x, t). Next, the different P 0 (k, ω) that

appear for different vertical surface loads and should be used in the formulas for

the displacement and stress fields due to the symmetric and antisymmetric Lamb

waves are given.

2.10.1 Uniform vertical load

For a vertical loading p (x, t) with intensity p̂ (x) over a length 2a on the top

surface of the plate, centered at the vertical z-axis,

p (x, t) = p̂ (x) f (t) (2.161)

where f (t) is the time-dependence of the load. For an uniform intensity p0 over

a length 2a on the top surface of the plate, centered at the vertical z-axis,

p̂ (x) = p0 |x| ≤ a (2.162)

= 0 |x| > a (2.163)

P0 (x, ω) =

ˆ ∞
0

p (x, t) eiωt dt |x| ≤ a, t > 0

= p0

ˆ ∞
0

f (t) eiωt dt (2.164)
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P 0 (k, ω) =

ˆ ∞
−∞

P0 (x, ω) e−ikx dx (2.165)

=

ˆ ∞
0

[ˆ a

−a
p0e
−ikx dx

]
f (t) eiωt dt

=

ˆ ∞
0

[
−ip0

k

(
eika − e−ika

)]
f (t) eiωt dt

=

ˆ ∞
0

2p0 sin (ka)

k
f (t) eiωt dt (2.166)

2.10.2 Rocking load

For a continuous linearly varying load (see Figure (2.18)) with intensity −p0 at

x = −a to intensity p0 at x = a on the top surface of the plate, centered at the

vertical z-axis

z

x
H

H

a a

p0 f(t)

Figure 2.18: Linearly varying (rocking) load

p̂ (x) =
p0x

a
|x| ≤ a (2.167)

= 0 |x| > a (2.168)
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P0 (x, ω) =

ˆ ∞
−∞

p0x

a
f (t) eiωt dt |x| ≤ a (2.169)

P 0 (k, ω) =

ˆ ∞
−∞

P0 (x, ω) e−ikx dx |x| ≤ a (2.170)

=

ˆ ∞
0

[ˆ a

−a

p0x

a
e−ikx dx

]
f (t) eiωt dt

=

ˆ ∞
0

p0

a

[
x
e−ikx

−ik

∣∣∣∣∣
a

−a
−
ˆ a

a

e−ikx

−ik
dx

]
f (t) eiωt dt

=

ˆ ∞
0

[
−p0

ik

(
eika + e−ika

)
+

p0

k2a

(
e−ika − eika

)]
f (t) eiωt dt

=

ˆ ∞
0

2ip0

k

[
cos (ka)− sin (ka)

ka

]
f (t) eiωt dt (2.171)

2.11 Antisymmetric Lamb wave propagation under dy-

namic shear load on the top surface of a plate

A described in Section (2.4), Figure (2.19) shows the the physical problem with

the applied shear load of intensity p0 on the top surface of the plate, resolved into

the antisymmetric and symmetric loading of intensity p0
2

applied on the top and

bottom surfaces of the plate
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Figure 2.19: (a) Applied loading (b) Antisymmetric loading component and (c) Sym-

metric loading component in a plate

From Equations (2.66, 2.67), zero normal stress at z = H gives,

Szz (k,H, ω) =
(
2k2 − k2

2

)
A2 sinh (η1H) + 2k2A4 sinh (η2H) = 0 (2.172)

which gives,

A4 = −(2k2 − k2
2) sinh (η1H)

2k2 sinh (η2H)
A2 (2.173)

At z = H, the applied shear load gives,

Sxz (k,H, ω) = −P 0 (k, ω)

2
(2.174)

which gives,

µ

η2

[
2η1η2A2 cosh (η1H) +

(
2k2 − k2

2

)
A4 cosh (η2H)

]
=
P 0

2
(2.175)
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Substituting A4 from Equation (2.173) into Equation (2.175)

A2 = −k
2η2 sinh (η2H)

µRa (k)
P 0 (k, ω) (2.176)

where, Ra (k) is the antisymmetric Lamb wave denominator and is given by

Ra (k) =
(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H)

(2.177)

Substituting A2 from Equation (2.176) into Equation (2.173)

A4 =
(2k2 − k2

2) η2 sinh (η1H)

2µRa (k)
P 0 (k, ω) (2.178)

Using the above values of A2 and A4, the displacements and the stresses in the

plate due to the antisymmetric Lamb wave in the frequency domain are given by

U (k, z, ω) =
η2P 0 (k, ω)

2µRa (k)

[(
2k2 − k2

2

)
sinh (η1H) sinh (η2z)

−2k2 sinh (η1z) sinh (η2H)

] (2.179)

W (k, z, ω) =
ikP 0 (k, ω)

2µRa (k)

[
2η1η2 cosh (η1z) sinh (η2H)

−
(
2k2 − k2

2

)
sinh (η1H) cosh (η2z)

] (2.180)

Sxx (k, z, ω) =
ikη2P 0 (k, ω)

Ra (k)

[(
2k2 − k2

2

)
sinh (η1H) sinh (η2z)

−
(
k2

2 + 2η2
1

)
sinh (η1z) sinh (η2H)

] (2.181)

Szz (k, z, ω) =
ikη2 (2k2 − k2

2)P 0 (k, ω)

Ra (k)

[
sinh (η1z) sinh (η2H)

− sinh (η1H) sinh (η2z)

] (2.182)
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Sxz (k, z, ω) =
P 0 (k, ω)

2Ra (k)

[ (
2k2 − k2

2

)2
sinh (η1H) cosh (η2z)

− 4η1η2k
2 cosh (η1z) sinh (η2H)

] (2.183)

The inverse Fourier transform with respect to the wavenumber k

F (x, z, ω) =
1

2π

ˆ ∞
−∞

F (k, z, ω) eikxdk (2.184)

gives the field variables in x and the frequency (ω) domain. The integral in

Equation (2.182) has simple poles at the roots of the antisymmetric Lamb wave

dispersion equation obtained by setting Ra (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated. To satisfy the radia-

tion boundary condition at x = ∞, that is no incoming waves from infinity, the

negative real poles are avoided in the contour. All real, imaginary and complex

poles in the upper half complex k plane are enclosed in the contour. The field in

Equation (2.184) is then given by

F (x, z, ω) =
1

2π
2πi (Sum of the residues at the poles

ka of F (k, z, ω) eikx
) (2.185)

where, F (x, z, ω) is the field variable due to antisymmetric Lamb waves. ka are

the roots of the antisymmetric Lamb wave dispersion equation. The displacements

and the stresses can be written as

U (x, z, ω) =
∑
ka

iη2aP 0 (ka, ω)

2µR′a (ka)

[(
2k2

a − k2
2

)
sinh (η1aH) sinh (η2az)

− 2k2
a sinh (η1az) sinh (η2aH)

]
eikax

(2.186)
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W (x, z, ω) =
∑
ka

−kaP 0 (ka, ω)

2µR′a (ka)

[
2η1aη2a cosh (η1az) sinh (η2aH)

−
(
2k2

a − k2
2

)
sinh (η1aH) cosh (η2az)

]
eikax

(2.187)

Sxx (x, z, ω) =
∑
ka

−kaη2aP 0 (ka, ω)

R′a (ka)

[(
2k2

a − k2
2

)
sinh (η1aH) sinh (η2az)

−
(
k2

2 + 2η2
1a

)
sinh (η1az) sinh (η2aH)

]
eikax

(2.188)

Szz (x, z, ω) =
∑
ka

−kaη2a (2k2
a − k2

2)P 0 (ka, ω)

R′a (ka)

[
sinh (η1az) sinh (η2aH)

− sinh (η1aH) sinh (η2az)

]
eikax

(2.189)

Sxz (x, z, ω) =
∑
ka

iP 0 (ka, ω)

2R′a (ka)

[(
2k2

a − k2
2

)2
sinh (η1aH) cosh (η2az)

− 4η1aη2ak
2
a cosh (η1az) sinh (η2aH)

]
eikax

(2.190)

where it is understood that the right hand side of Equations (2.186-2.190) are

summed over for all positive real, imaginary and complex values of ka. R′a (ka) is

the derivative of Ra (k), the antisymmetric Lamb wave denominator with respect

to k, evaluated at the roots of the antisymmetric Lamb wave dispersion equation

ka and is given by Equation(2.106). Like before, the antisymmetric Lamb waves

are the propagating waves given by residues at the real positive roots.

2.12 Symmetric Lamb wave propagation under dynamic

shear load on the top surface of a plate

From Equations (2.59, 2.60), zero normal stress at z = H gives,

Szz (k,H, ω) =
(
2k2 − k2

2

)
A1 cosh (η1H) + 2k2A3 cosh (η2H) = 0 (2.191)
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which gives,

A3 = −(2k2 − k2
2) cosh (η1H)

2k2 cosh (η2H)
A1 (2.192)

At z = H, the applied shear load gives,

Sxz (k,H, ω) =
P 0 (k, ω)

2
(2.193)

which gives,

µ

η2

[
2η1η2A1 sinh (η1H) +

(
2k2 − k2

2

)
A3 sinh (η2H)

]
=
P 0

2
(2.194)

Substituting A3 from Equation (2.192) into Equation (2.194)

A1 = −k
2η2 cosh (η2H)

µRs (k)
P 0 (k, ω) (2.195)

where, Rs (k) is the symmetric Lamb wave denominator and is given by

Rs (k) =
(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H)

(2.196)

Substituting A1 from Equation (2.195) into Equation (2.192)

A3 =
(2k2 − k2

2) η2 cosh (η1H)

2µRs (k)
P 0 (k, ω) (2.197)

Using the above values of A1 and A3, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

U (k, z, ω) =
η2P 0 (k, ω)

2µRs (k)

[(
2k2 − k2

2

)
cosh (η1H) cosh (η2z)

−2k2 cosh (η1z) cosh (η2H)

] (2.198)

W (k, z, ω) =
ikP 0 (k, ω)

2µRs (k)

[
2η1η2 sinh (η1z) cosh (η2H)

−
(
2k2 − k2

2

)
cosh (η1H) sinh (η2z)

] (2.199)
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Sxx (k, z, ω) =
ikη2P 0 (k, ω)

Rs (k)

[(
2k2 − k2

2

)
cosh (η1H) cosh (η2z)

−
(
k2

2 + 2η2
1

)
cosh (η1z) cosh (η2H)

] (2.200)

Szz (k, z, ω) =
ikη2 (2k2 − k2

2)P 0 (k, ω)

Rs (k)

[
cosh (η1z) cosh (η2H)

− cosh (η1H) cosh (η2z)

] (2.201)

Sxz (k, z, ω) =
P 0 (k, ω)

2Rs (k)

[ (
2k2 − k2

2

)2
cosh (η1H) sinh (η2z)

− 4η1η2k
2 sinh (η1z) cosh (η2H)

] (2.202)

The inverse Fourier transform with respect to the wavenumber k

F (x, z, ω) =
1

2π

ˆ ∞
−∞

F (k, z, ω) eikx dk (2.203)

gives the field variables in x and the frequency (ω) domain. The integral in Equa-

tion (2.203) has simple poles at the roots of the symmetric Lamb wave dispersion

equation obtained by equating Rs (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated. To satisfy the radia-

tion boundary condition at x = ∞, that is no incoming waves from infinity, the

negative real poles are avoided in the contour. All real, imaginary and complex

poles in the upper half complex k plane are enclosed in the contour. The field in

Equation (2.203) is then given by

F (x, z, ω) =
1

2π
2πi (Sum of the residues at the poles

ks of F (k, z, ω) eikx
) (2.204)
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where, F (x, z, ω) is the field variable due to symmetric Lamb waves. ks is the

root of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

U (x, z, ω) =
∑
ks

iη2sP 0 (ks, ω)

2µR′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sH) cosh (η2sz)

− 2k2
s cosh (η1sz) cosh (η2sH)

]
eiksx

(2.205)

W (x, z, ω) =
∑
ks

−ksP 0 (ks, ω)

2µR′s (ks)

[
2η1sη2s sinh (η1sz) cosh (η2sH)

−
(
2k2

s − k2
2

)
cosh (η1sH) cosh (η2sz)

]
eiksx

(2.206)

Sxx (x, z, ω) =
∑
ks

−ksη2sP 0 (ks, ω)

R′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sH) cosh (η2sz)

−
(
k2

2 + 2η2
1s

)
cosh (η1sz) cosh (η2sH)

]
eiksx

(2.207)

Szz (x, z, ω) =
∑
ks

−ksη2s (2k2
s − k2

2)P 0 (ks, ω)

R′s (ks)

[
cosh (η1sz) cosh (η2sH)

− cosh (η1sH) cosh (η2sz)

]
eiksx

(2.208)

Sxz (x, z, ω) =
∑
ks

iP 0 (ks, ω)

2R′s (ks)

[(
2k2

s − k2
2

)2
cosh (η1sH) sinh (η2sz)

− 4η1sη2sk
2
s sinh (η1az) cosh (η2sH)

]
eiksx

(2.209)

where it is understood that the right hand side of Equations (2.205-2.209) are

summed over for all positive real, imaginary and complex values of ks. R′s (ks)

is the derivative of Rs (k), the symmetric Lamb wave denominator with respect

to k, evaluated at the roots of the symmetric Lamb wave dispersion equation ks

and is given by Equation (2.128). Like before, the symmetric Lamb waves are the

propagating waves given by residues at the real positive roots.
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2.13 Power flow through a plate under applied shear load

The power flow through a cross section in the plate, whose normal is along the x

axis is then obtained by integrating Equation (2.138) along the thickness of the

plate. For a plate with thickness 2H along the z axis, the power flow though a

section is given by

〈P (ω)〉 = −ω
2

ˆ H

−H
Imaginary (US∗xx +WS∗xz) dz (2.210)

For antisymmetric Lamb wave motion in a plate subjected to a dynamic shear

load on the top surface, the power flow through a cross section is given by

〈Pa (ω)〉 = 〈Pa1 (ω)〉+ 〈Pa2 (ω)〉 (2.211)

where,

〈Pa1〉 =
ωη2

2aka

4µ

|P 0 (ka, ω)|2

[R′a (ka)]2[(
2k2

a − k2
2

)2
sinh2 (η1aH)

(
sinh (2η2aH)

2η2a

−H
)
−

(
2k2

a − k2
2

) (
2k2

a + k2
2 + 2η2

1a

)
sinh (η1aH) sinh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

− sinh ((η1a − η2a)H)

η1a − η2a

)
+

2k2
a

(
k2

2 + 2η2
1a

)
sinh2 (η2aH)

(
sinh (2η1aH)

2η1a

−H
)]

(2.212)

〈Pa2〉 = −ωka

8µ

|P 0 (ka, ω)|2

[R′a (ka)]2[
2η1aη2a

(
2k2

a − k2
2

) (
4k2

a − k2
2

)
sinh (η1aH) sinh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

+
sinh ((η1a − η2a)H)

η1a − η2a

)
−

8η2
1aη

2
2ak

2
a sinh2 (η2aH)

(
sinh (2η1aH)

2η1a

+H

)
−

(
2k2

a − k2
2

)3
sinh2 (η1aH)

(
sinh (2η2aH)

2η2a

+H

)]
(2.213)
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For symmetric Lamb wave motion in a plate subjected to a dynamic shear load

on the top surface, the power flow through a cross section is given by

〈Ps (ω)〉 = 〈Ps1 (ω)〉+ 〈Ps2 (ω)〉 (2.214)

where,

〈Ps1〉 =
ωη2

2sks

4µ

|P 0 (ks, ω)|2

[R′s (ks)]
2[(

2k2
s − k2

2

)2
cosh2 (η1sH)

(
sinh (2η2sH)

2η2s

+H

)
−

(
2k2

s − k2
2

) (
2k2

s + k2
2 + 2η2

1s

)
cosh (η1sH) cosh (η2sH)(

sinh ((η1s + η2s)H)

η1s + η2s

+
sinh ((η1s − η2s)H)

η1s − η2s

)
+

2k2
s

(
k2

2 + 2η2
1s

)
cosh2 (η2sH)

(
sinh (2η1sH)

2η1s

+H

)]
(2.215)

〈Ps2〉 = −ωks

8µ

|P 0 (ks, ω)|2

[R′s (ks)]
2[

2η1sη2s

(
2k2

s − k2
2

) (
4k2

s − k2
2

)
cosh (η1sH) cosh (η2sH)(

sinh ((η1s + η2s)H)

η1s + η2s

− sinh ((η1s − η2s)H)

η1s − η2s

)
−

8η2
1sη

2
2sk

2
s cosh2 (η2sH)

(
sinh (2η1sH)

2η1s

−H
)
−

(
2k2

s − k2
2

)3
cosh2 (η1sH)

(
sinh (2η2sH)

2η2s

−H
)]

(2.216)

2.14 Work done per cycle by the applied dynamic shear

load

As discussed previously, the power flow through the region on the top surface

of the plate, where the shear load is applied, is due to the contribution of the

real roots of the dispersion equation that is due to the propagating Lamb waves

through the plate.
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The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion is given by

〈P aH (ω)〉 =
ωk2

2η2a

4µ

P 0 (ka, ω)

R′a (ka)
P0 (ω)

sin (kaa)

ka

sinh (η1aH) sinh (η2aH) (2.217)

The power flow through the top surface due to the right propagating symmetric

Lamb wave motion is given by

〈P sH (ω)〉 =
ωk2

2η2s

4µ

P 0 (ks, ω)

R′s (ks)
P0 (ω)

sin (ksa)

ks

cosh (η1sH) cosh (η2sH) (2.218)

The power flow through the top surface due to the left and the right propagating

Lamb waves is twice the value given by Equations (2.217,2.218). And this power

flow through the top surface induced by the applied load equals the power flow

through two vertical sections left and right of the origin, which again is twice that

given by Equations (2.212-2.216). Figure (2.20) compares the above two power

flow spectrum in a 1.78 mm thick aluminum plate subjected to a uniform shear

load of intensity 1 N
m

over a 1 mm wide region on its top surface. The Young’s

modulus of the aluminum plate is 69 GPa and its Poisson’s ratio is 0.3269.
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(b) Power flow specttrum in log scale

Figure 2.20: Power flow spectrum due to Lamb waves in a plate subjected to uniform

shear load on its top surface. The red solid curve denotes power flow through vertical

cross sections left and right of the origin. The dashed blue curve denotes the power flow

through the region on the top surface on which the external load is applied.
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2.14.1 Uniform shear load

For a shear loading p (x, t) with intensity p̂ (x) over a length 2a on the top surface

of the plate, centered at the vertical z-axis,

p (x, t) = p̂ (x) f (t) (2.219)

where f (t) is the time-dependence of the load. For an uniform intensity p0 over

a length 2a on the top surface of the plate, centered at the vertical z-axis,

p̂ (x) = p0 |x| ≤ a (2.220)

= 0 |x| > a (2.221)

P0 (x, ω) =

ˆ ∞
0

p (x, t) eiωt dt |x| ≤ a, t > 0

= p0

ˆ ∞
0

f (t) eiωt dt (2.222)

P 0 (k, ω) =

ˆ ∞
−∞

P0 (x, ω) e−ikx dx (2.223)

=

ˆ ∞
0

[ˆ a

−a
p0e
−ikx dx

]
f (t) eiωt dt

=

ˆ ∞
0

[
−ip0

k

(
eika − e−ika

)]
f (t) eiωt dt

=

ˆ ∞
0

2p0 sin (ka)

k
f (t) eiωt dt (2.224)

2.15 Energy content in Lamb waves generated under dif-

ferent loading conditions

The power flow through a vertical cross section of a plate on the right of the origin

by the Lamb waves are compared. The aluminum plate is 1.78 mm thick with
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Young’s modulus 69 GPa and Poisson’s ratio 0.3269. Both the uniform vertical

load and the uniform shear load have an intensity of 1 N
m

applied over a region of

width 1 mm on the top surface of the plate, centered about the origin. To compare

the power flow with the rocking load, an equivalent mean square area under the

load curve is considered. The rocking load hence has intensity linearly varying

from −
√

3, N
m

to
√

3, N
m

over the 1 mm width on which it is applied. Figure (2.21)

shows the comparison between the power flow spectrum of the three different cases.

It is seen that the rocking load induces Lamb waves with the least energy within

the frequency range considered. For low frequencies, Lamb waves generated due

to the uniform vertical load, carries the most amount of energy. For some mid

frequencies, in the range considered, the Lamb waves generated due to the uniform

shear load carries a little more energy than those generated by the uniform vertical

load, but again decreases for higher frequencies.
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Figure 2.21: Power flow spectrum through a right vertical cross section due to Lamb

waves in a plate subjected to uniform vertical, shear load and rocking load with equal

mean square area under the load curve on its top surface. The red curve denotes power

flow due to uniform vertical load. The green curve denotes the power flow due to uniform

shear load. The blue curve denotes the power flow due to an equivalent rocking load.
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CHAPTER 3

Propagation of Lamb waves in thin plates

subjected to surface loads - Axisymmetric

analysis

In this chapter, the propagation of Lamb waves through an isotropic thin plate

subjected to surface loads is analyzed. The dispersion relations and the displace-

ment and stress components for the symmetric and antisymmetric Lamb modes

are derived.

Figure 3.1 shows the axisymmetric model of the plate that is analyzed. The radial

direction is given by r which as always is positive away from the centre and the z

axis positive upwards.

H

H
x

z r

θ

Figure 3.1: Axisymmetric geometry of plate

The analysis is done in the frequency domain, by taking Fourier transform of the

field variables with respect to time (t) and Hankel transform in the direction of
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propagation of the wave (r). The original field variables f (r, z, t) are transformed

into frequency domain to F (r, z, ω) by taking the Fourier transform with respect

to time (t) and then further transformed to Fm (k, z, ω) according to

F (r, z, ω) =

ˆ ∞
−∞

f (x, z, t) eiωt dt (3.1)

Fm (k, z, ω) =
1

2

ˆ ∞
−∞

F (r, z, ω) rH(1)
m (kr) dr (3.2)

where ω is the circular frequency and k is the wavenumber and H
(1)
m (kr) is the

Hankel function of first kind of order m. The original variables are obtained by

taking the inverse Fourier and Hankel transforms according to

f (r, z, t) =
1

4π

ˆ ∞
−∞

ˆ ∞
−∞

Fm (k, z, ω) kH(1)
m e−iωt dk dω (3.3)

The analysis is done in the frequency domain that is on the integrand of Equa-

tion(3.3) for the field variables, shown as follows

u (r, z, t) = U1 (k, z, ω) kH
(1)
1 (kr) e−iωt (3.4)

w (r, z, t) = W 0 (k, z, ω) kH
(1)
0 (kr) e−iωt (3.5)

σrr (r, z, t) =
[
Srr0 (k, z, ω) kH

(1)
0 (kr) + Srr1 (k, z, ω) kH

(1)
1 (kr)

]
e−iωt (3.6)

σθθ (r, z, t) =
[
Sθθ0 (k, z, ω) kH

(1)
0 (kr) + Sθθ1 (k, z, ω) kH

(1)
1 (kr)

]
e−iωt (3.7)

σzz (r, z, t) = Szz0 (k, z, ω) kH
(1)
0 (kr) e−iωt (3.8)

σrz (r, z, t) = Srz0 (k, z, ω) kH
(1)
1 (kr) e−iωt (3.9)

where, u(r, z, t) and w(r, z, t) are the displacements along the r and z directions

respectively. H
(1)
m is the Hankel function of first kind of order m and the subscripts

in U,W, Srr, Sθθ, Szz, Srz denote the order of the Hankel function of the first kind

it is associated with.

Hooke’s Law for an isotropic material for axisymmetric analysis is given by
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σrr = λ (εrr + εzz) + 2µεrr (3.10)

σθθ = λ (εrr + εzz + εθθ) + 2µεθθ (3.11)

σzz = λ (εrr + εzz) + 2µεzz (3.12)

σrz = µγrz (3.13)

where εrr, εzz, εθθ are the normal strains in the r and the z and the θ directions

respectively and γrz is the hear strain. λ and µ are Lamé constants. µ is the shear

modulus of the material.

Using the strain displacement kinematic relations

εrr =
∂u

∂r
, εθθ =

u

r
, εzz =

∂w

∂z
and γrz =

∂u

∂z
+
∂w

∂r
(3.14)

the stresses can be expressed in terms of displacement components as

σrr = (λ+ 2µ)
∂u

∂r
+ λ

(
u

r
+
∂w

∂z

)
= ρc2

1

∂u

∂r
+ ρ

(
c2

1 − 2c2
2

)(u
r

+
∂w

∂z

)

σθθ = (λ+ 2µ)
u

r
+ λ

(
∂u

∂r
+
∂w

∂z

)
= ρc2

1

u

r
+ ρ

(
c2

1 − 2c2
2

)(∂u
∂r

+
∂w

∂z

)

σzz = λ

(
∂u

∂r
+
u

r

)
+ (λ+ 2µ)

∂w

∂z

= ρ
(
c2

1 − 2c2
2

)(∂u
∂r

+
u

r

)
+ ρc2

1

∂w

∂z

σrz = µ

(
∂u

∂z
+
∂w

∂r

)
= ρc2

2

(
∂u

∂z
+
∂w

∂r

)

(3.15)
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where ρ is the density of the material and c1 and c2 are the longitudinal and shear

wave speeds respectively and given by

c1 =

√
λ+ 2µ

ρ
, c2 =

√
µ

ρ
(3.16)

The derivatives of Hankel functions of the first kind of orders 0 and 1 are given

by [39]

d

dr
H

(1)
0 (kr) = −kH(1)

1 (kr) (3.17)

d

dr
H

(1)
1 (kr) = kH

(1)
0 (kr)− 1

r
H

(1)
1 (kr) (3.18)

d2

dr2
H

(1)
0 (kr) = −k2H

(1)
0 (kr) +

k

r
H

(1)
1 (kr) (3.19)

d2

dr2
H

(1)
1 (kr) = −

(
k2 +

2

r2

)
H

(1)
1 (kr)− k

r
H

(1)
0 (kr) (3.20)

Using the relations from Equations (3.4-3.14) into Equation (3.15), and using

the above formulas for the derivatives of the Hankel functions, the stresses are

expressed as

σrr = ρ

[
c2

1U1k
2H

(1)
0 (kr)− 2c2

2U1
k

r
H

(1)
1 (kr) +

(
c2

1 − 2c2
2

) ∂W 0

∂z
kH

(1)
0 (kr)

]
e−iωt

(3.21)

σθθ = ρ

[(
c2

1 − 2c2
2

)(
U1k +

∂W 0

∂z

)
kH

(1)
0 (kr) + 2c2

2U1
k

r
H

(1)
1 (kr)

]
e−iωt (3.22)

σzz = ρ

[
c2

1

∂W 0

∂z
+
(
c2

1 − 2c2
2

)
U1k

]
kH

(1)
0 (kr) e−iωt (3.23)

σrz = ρc2
2

[
∂U1

∂z
−W 0k

]
kH

(1)
1 (kr) e−iωt (3.24)

The stress equations of motion in absence of body forces are given by

In r direction
1

r

∂ (rσrr)

∂r
+
∂σrz
∂z
− σθθ

r
= ρ

∂2u

∂t2
(3.25)

In z direction
1

r

∂ (rσrz)

∂r
+
∂σzz
∂z

= ρ
∂2w

∂t2
(3.26)
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Taking the derivatives of the stresses from Equations(3.21-3.24) and substituting

them in the equations of motion give

In r direction − c2
1k

2U1 + c2
2

∂2U1

∂z2
+ ω2U1 −

(
c2

1 − c2
2

)
k
∂W 0

∂z
= 0 (3.27)

In z direction
(
c2

1 − c2
2

)
k
∂U1

∂z
− c2

2k
2W 0 + c2

1

∂2W 0

∂z2
+ ω2W 0 = 0 (3.28)

Assuming,

U1 (k, z, ω) = A (k, ω) e−ξz (3.29)

W 0 (k, z, ω) = B (k, ω) e−ξz (3.30)

where A (k, ω) and B (k, ω) are unknown functions and ξ is the unknown param-

eter describing the z-dependency of U,W .

Substituting Equations (3.29, 3.30) into Equations (3.27, 3.28), the following pair

of homogeneous equations are obtained−c2
1k

2 + c2
2ξ

2 + ω2 (c2
1 − c2

2) kξ

− (c2
1 − c2

2) kξ −c2
2k

2 + c2
1ξ

2 + ω2

A (k, ω)

B (k, ω)

 =

0

0

 (3.31)

For non trivial solution of Equation(3.31), the determinant of the coefficient ma-

trix is equal to zero, leading to the following fourth order algebraic equation for ξ

c2
1c

2
2ξ

4+ξ2
[
ω2
(
c2

1 + c2
2

)
− 2c2

1c
2
2k

2
]

+ c2
1c

2
2k

4 − ω2k2
(
c2

1 + c2
2

)
+ ω4 = 0 (3.32)

which is a quadratic equation in ξ2. Solving the equation gives the unknown
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parameter ξ as follows

ξ1 =

√
k2 − ω2

c2
1

=
√
k2 − k2

1 = η1 (3.33)

ξ2 = −

(√
k2 − ω2

c2
1

)
=
√
k2 − k2

1 = −η1 (3.34)

ξ3 =

√
k2 − ω2

c2
2

=
√
k2 − k2

2 = η2 (3.35)

ξ4 = −

(√
k2 − ω2

c2
2

)
=
√
k2 − k2

2 = −η2 (3.36)

From Equation (3.31), the unknown functions A (k, ω) and B (k, ω) are related as

B (k, ω) =
c2

1k
2 − c2

2ξ
2 − ω2

(c2
1 − c2

2) kξ
A (k, ω) = αA (k, ω) (3.37)

where the four values of α corresponding to the four values of ξ are given by

α1 =
c2

1k
2 − c2

2η
2
1 − ω2

(c2
1 − c2

2) kη1

=
η1

k
(3.38)

α2 = −η1

k
= −α1 (3.39)

α3 =
c2

1k
2 − c2

2η
2
2 − ω2

(c2
1 − c2

2) kη2

=
k

η2

(3.40)

α4 = − k

η2

= −α3 (3.41)

Substituting the values of α from Equations (3.38-3.41) into Equation (3.37),

B1 (k, ω) = α1A1 (k, ω) =
η1

k
A1 (k, ω) (3.42)

B2 (k, ω) = −α1A2 (k, ω) = −η1

k
A1 (k, ω) (3.43)

B3 (k, ω) = α3A3 (k, ω) =
k

η2

A3 (k, ω) (3.44)

B4 (k, ω) = −α3A4 (k, ω) = − k

η2

A4 (k, ω) (3.45)

Substituting Equations (3.42-3.45) in Equations (3.29,3.30) for the displacements

U1 (k, z, ω) = A1 (k, ω) e−η1z + A2 (k, ω) eη1z

+ A3 (k, ω) e−η2z + A4 (k, ω) eη2z
(3.46)
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W 0 (k, z, ω) =
η1

k
A1 (k, ω) e−η1z − η1

k
A2 (k, ω) eη1z

+
k

η2

A3 (k, ω) e−η2z − k

η2

A4 (k, ω) eη2z
(3.47)

Using the relations between exponential and hyperbolic sine and cosine,

eηz = cosh (ηz) + sinh (ηz) e−ηz = cosh (ηz)− sinh (ηz)

the displacements and stresses in the frequency domain can be written as

U1 (k, z, ω) = A1 cosh (η1z) + A2 sinh (η1z)

+ A3 cosh (η2z) + A4 sinh (η2z)
(3.48)

W 0 (k, z, ω) = −η1

k
A1 sinh (η1z)− η1

k
A2 cosh (η1z)

− k

η2

A3 sinh (η2z)− k

η2

A4 cosh (η2z)
(3.49)

Srr0 (k, z, ω) =
µ

k

[(
k2

2 + 2η2
1

) (
A1 cosh (η1z) + A2 sinh (η1z)

)
+ 2k2

(
A3 cosh (η2z) + A4 sinh (η2z)

)] (3.50)

Srr1 (k, z, ω) = −2µ

r

[
A1 cosh (η1z) + A2 sinh (η1z)

+ A3 cosh (η2z) + A4 sinh (η2z)

] (3.51)

Sθθ0 (k, z, ω) =
µ

k

(
k2

2 − 2k2
1

) (
A1 cosh (η1z) + A2 sinh (η1z)

)
(3.52)

Sθθ1 (k, z, ω) =
2µ

r

[
A1 cosh (η1z) + A2 sinh (η1z)

+ A3 cosh (η2z) + A4 sinh (η2z)

] (3.53)
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Szz0 (k, z, ω) = −µ
k

[(
2k2 − k2

2

) (
A1 cosh (η1z) + A2 sinh (η1z)

)
+ 2k2

(
A3 cosh (η2z) + A4 sinh (η2z)

)] (3.54)

Srz1 (k, z, ω) =
µ

η2

[
2η1η2

(
A1 sinh (η1z) + A2 cosh (η1z)

)
+
(
2k2 − k2

2

) (
A3 sinh (η2z) + A4 cosh (η2z)

)] (3.55)

where

A1 = A1 (k, ω) + A2 (k, ω) A2 = A2 (k, ω)− A1 (k, ω) (3.56)

A3 = A3 (k, ω) + A4 (k, ω) A4 = A4 (k, ω)− A3 (k, ω) (3.57)

3.1 Lamb wave dispersion

Next, the stress free boundary conditions are applied on the top (z = H) and

bottom (z = −H) faces of the plate.

At z = H, zero normal stress gives,

Szz0 (k,H, ω) =
(
2k2 − k2

2

) (
A1 cosh (η1H) + A2 sinh (η1H)

)
+
(
2k2
) (
A3 cosh (η2H) + A4 sinh (η2H)

)
= 0

(3.58)

At z = −H, zero normal stress gives,

Szz0 (k,−H,ω) = −
(
2k2 − k2

2

) (
A1 cosh (η1H)− A2 sinh (η1H)

)
− 2k2

(
A3 cosh (η2H)− A4 sinh (η2H)

)
= 0

(3.59)

From Equations (3.58, 3.59)[(
2k2 − k2

2

)
A2 sinh (η1H) + 2k2A4 sinh (η2H)

]
±[(

2k2 − k2
2

)
A1 cosh (η1H) + 2k2A3 cosh (η2H)

]
= 0

(3.60)
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At z = H, zero shear stress gives,

Srz1 (k,H, ω) = 2η1η2

(
A1 sinh (η1H) + A2 cosh (η1H)

)
+
(
2k2 − k2

2

) (
A3 sinh (η2H) + A4 cosh (η2H)

)
= 0

(3.61)

At z = −H, zero shear stress gives,

Srz1 (k,−H,ω) = 2η1η2

(
−A1 sinh (η1H) + A2 cosh (η1H)

)
+
(
2k2 − k2

2

) (
−A3 sinh (η2H) + A4 cosh (η2H)

)
= 0

(3.62)

From Equations (3.61, 3.62),[
2η1η2A2 cosh (η1H) +

(
2k2 − k2

2

)
A4 cosh (η2H)

]
±[

2η1η2A1 sinh (η1H) +
(
2k2 − k2

2

)
A3 sinh (η2H)

]
= 0

(3.63)

From Equations (3.60,3.63), it is seen thatA1, A3 are independent ofA2, A4. Hence

two independent motions of the plate can be obtained by setting A1 = A3 = 0

and then A2 = A4 = 0 First setting A2 = A4 = 0, the motion governed by A1, A3

is derived. A1, A3 satisfy(2k2 − k2
2) cosh (η1H) 2k2 cosh (η2H)

2η1η2 sinh (η1H) (2k2 − k2
2) sinh (η2H)

A1

A3

 =

0

0

 (3.64)

For nontrivial solution of A1, A3, the determinant of the coefficient matrix in Equa-

tion (3.64) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H) = 0 (3.65)

The displacements and stresses in the plate for the symmetric Lamb wave, gov-

erned by the coefficients A1, A3 are given in the frequency domain by

U1 (k, z, ω) = A1 cosh (η1z) + A3 cosh (η2z) (3.66)
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W 0 (k, z, ω) = −η1

k
A1 sinh (η1z)− k

η2

A3 sinh (η2z) (3.67)

Srr0 (k, z, ω) =
µ

k

[(
k2

2 + 2η2
1

)
A1 cosh (η1z) + 2k2A3 cosh (η2z)

]
(3.68)

Srr1 (k, z, ω) = −2µ

r

[
A1 cosh (η1z) + A3 cosh (η2z)

]
(3.69)

Sθθ0 (k, z, ω) =
µ

k

(
k2

2 − 2k2
1

)
A1 cosh (η1z) (3.70)

Sθθ1 (k, z, ω) =
2µ

r

[
A1 cosh (η1z) + A3 cosh (η2z)

]
(3.71)

Szz0 (k, z, ω) = −µ
k

[(
2k2 − k2

2

)
A1 cosh (η1z) + 2k2A3 cosh (η2z)

]
(3.72)

Srz1 (k, z, ω) =
µ

η2

[
2η1η2A1 sinh (η1z) +

(
2k2 − k2

2

)
A3 sinh (η2z)

]
(3.73)

Similarly, by setting A1 = A3 = 0 in Equations (3.60, 3.63), the motion governed

by A2, A4 is derived. A2, A4 satisfy(2k2 − k2
2) sinh (η1H) 2k2 sinh (η2H)

2η1η2 cosh (η1H) (2k2 − k2
2) cosh (η2H)

A2

A4

 =

0

0

 (3.74)

For nontrivial solution of A2, A4, the determinant of the coefficient matrix in

Equation (3.74) needs to be zero, which gives the dispersion relation for the anti-

symmetric Lamb waves in the plate.

(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H) = 0 (3.75)
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The displacements and stresses in the plate due the antisymmetric Lamb wave,

governed by the coefficients A2, A4 are given in the frequency domain by

U1 (k, z, ω) = A2 sinh (η1z) + A4 sinh (η2z) (3.76)

W 0 (k, z, ω) = −η1

k
A2 cosh (η1z)− k

η2

A4 cosh (η2z) (3.77)

Srr0 (k, z, ω) =
µ

k

[(
k2

2 + 2η2
1

)
A2 sinh (η1z) + 2k2A4 sinh (η2z)

]
(3.78)

Srr1 (k, z, ω) = −2µ

r

[
A2 sinh (η1z) + A4 sinh (η2z)

]
(3.79)

Sθθ0 (k, z, ω) =
µ

k

(
k2

2 − 2k2
1

)
A2 sinh (η1z) (3.80)

Sθθ1 (k, z, ω) =
2µ

r

[
A2 sinh (η1z) + A4 sinh (η2z)

]
(3.81)

Szz0 (k, z, ω) = −µ
k

[(
2k2 − k2

2

)
A2 sinh (η1z) + 2k2A4 sinh (η2z)

]
(3.82)

Srz1 (k, z, ω) =
µ

η2

[
2η1η2A2 cosh (η1z) +

(
2k2 − k2

2

)
A4 cosh (η2z)

]
(3.83)

3.2 Propagation of Lamb waves through plate under ax-

isymmetric dynamic surface loads

In this section, the propagation of Lamb waves, under axisymmetric surface load

is analyzed. The physical problem, with loading applied on the top surface of the

plate (z = H) is resolved into a corresponding symmetric and an antisymmetric

problem, see Figure (3.2). The applied time-dependent load with intensity p0 is
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resolved into the antisymmetric and symmetric loading of intensity p0
2

applied on

the top and bottom (z = −H) surfaces of the plate. The sum of the values of the

different field variables, for the symmetric and the antisymmetric models, give the

total field.

H

H
x

z

r

θ

p0 f(t)

(a)

a

H

H
x

z

r

θ

H

H
x

z

r

θ

(c)

a

p0 f(t)
2

p0 f(t)
2

p0 f(t)
2

p0 f(t)
2

(b)

a

Figure 3.2: (a) Applied loading (b) Antisymmetric loading component and (c) Symmet-

ric loading component in a plate

Like the field variables, the time dependent load p (r, t) is transformed into P0 (r, ω)

in the frequency domain by applying Fourier transform with respect to time. It

is then further transformed into P 0 (k, ω) by applying the Hankel transform with

respect to r-direction. Next, the appropriate boundary conditions are applied.

86



3.3 Antisymmetric Lamb wave propagation under axisym-

metric dynamic surface load

From Equations (3.82, 3.83), zero shear stress at z = H gives,

Srz1 (k,H, ω) = 2η1η2A2 cosh (η1H) +
(
2k2 − k2

2

)
A4 cosh (η2z) = 0 (3.84)

which gives,

A2 = −(2k2 − k2
2) cosh (η2H)

2η1η2 cosh (η1H)
A4 (3.85)

At z = H, the applied normal load gives,

Szz0 (k,H, ω) = −P 0 (k, ω)

2
(3.86)

which gives,

µ

k

[(
2k2 − k2

2

)
A2 sinh (η1H) + 2k2A4 sinh (η2H)

]
=
P 0

2
(3.87)

Substituting A2 from Equation (3.85) into Equation (3.87)

A4 = −kη1η2 cosh (η1H)

µRa (k)
P 0 (k, ω) (3.88)

where, Ra (k) is the antisymmetric Lamb wave denominator and is given by

Ra (k) =
(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H)

(3.89)

Substituting A4 from Equation (3.88) into Equation (3.85)

A2 =
k (2k2 − k2

2) cosh (η2H)

2µRa (k)
P 0 (k, ω) (3.90)

Using the above values of A2 and A4, the displacements and the stresses in the

plate due to the antisymmetric Lamb wave in the frequency domain are given by

U1 (k, z, ω) =
kP 0 (k, ω)

2µRa (k)

[(
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

−2η1η2 cosh (η1H) sinh (η2z)

] (3.91)
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W 0 (k, z, ω) = −η1P 0 (k, ω)

2µRa (k)

[(
2k2 − k2

2

)
cosh (η1z) cosh (η2H)

−2k2 cosh (η1H) cosh (η2z)

] (3.92)

Srr0 (k, z, ω) =
P 0 (k, ω)

2Ra (k)

[(
k2

2 + 2η2
1

) (
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

−4k2η1η2 cosh (η1H) sinh (η2z)

] (3.93)

Srr1 (k, z, ω) = −P 0 (k, ω)

rRa (k)

[(
2k2 − k2

2

)
k sinh (η1z) cosh (η2H)

−2kη1η2 cosh (η1H) sinh (η2z)

] (3.94)

Sθθ0 (k, z, ω) =
P 0 (k, ω)

2Ra (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

]
(3.95)

Sθθ1 (k, z, ω) =
P 0 (k, ω)

rRa (k)

[(
2k2 − k2

2

)
k sinh (η1z) cosh (η2H)

−2kη1η2 cosh (η1H) sinh (η2z)

] (3.96)

Szz0 (k, z, ω) = −P 0 (k, ω)

2Ra (k)

[(
2k2 − k2

2

)2
sinh (η1z) cosh (η2H)

−4k2η1η2 cosh (η1H) sinh (η2z)

] (3.97)

Srz1 (k, z, ω) =
(2k2 − k2

2) η1kP 0 (k, ω)

Ra (k)

[
cosh (η1z) cosh (η2H)

− cosh (η1H) cosh (η2z)

] (3.98)

The inverse Hankel transform with respect to the wavenumber k

F (r, z, ω) =
1

2

ˆ ∞
−∞

Fm (k, z, ω) kH(1)
m (kr) dk (3.99)
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gives the field variables in the radial (r) and the frequency (ω) domain. The

integral in Equation (3.99) has simple poles at the roots of the antisymmetric

Lamb wave dispersion equation, obtained by equating Ra (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated. To satisfy the radiation

boundary condition at r =∞, that is no incoming waves from infinity, the negative

real poles are avoided in the contour. All real, imaginary and complex poles in

the upper half complex k plane are enclosed in the contour. The field in Equation

(3.99) is then given by

F (r, z, ω) =
1

2
2πi (Sum of the residues at the poles

ka of Fm (k, z, ω) kH(1)
m (kr)

) (3.100)

where, F (r, z, ω) is the field variable due to antisymmetric Lamb waves. ka are the

roots of the antisymmetric Lamb wave dispersion equation. The displacements

and the stresses can be written as

U1 (r, z, ω) =
∑
ka

i
πk2

aP 0 (ka, ω)

2µR′a (ka)

[(
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 2η1aη2a cosh (η1aH) sinh (η2az)

]
H

(1)
1 (kar)

(3.101)

W0 (r, z, ω) =
∑
ka

−iπη1akaP 0 (ka, ω)

2µR′a (ka)

[(
2k2

a − k2
2

)
cosh (η1az) cosh (η2aH)

− 2k2
a cosh (η1aH) cosh (η2az)

]
H

(1)
0 (kar)

(3.102)
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Srr0 (r, z, ω) =
∑
ka

i
πkaP 0 (ka, ω)

2R′a (ka)

[(
k2

2 + 2η2
1a

) (
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
H

(1)
0 (kar)

(3.103)

Srr1 (r, z, ω) =
∑
ka

−iπk
2
aP 0 (ka, ω)

rR′a (ka)

[(
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 2η1aη2a cosh (η1aH) sinh (η2az)

]
H

(1)
1 (kar)

(3.104)

Sθθ0 (r, z, ω) =
∑
ka

i
πkaP 0 (k, ω)

2R′a (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

]
H

(1)
0 (kar)

(3.105)

Sθθ1 (r, z, ω) =
∑
ka

i
πk2

aP 0 (k, ω)

rR′a (k)

[(
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

− 2η1η2 cosh (η1H) sinh (η2z)

]
H

(1)
1 (kar)

(3.106)

Szz0 (r, z, ω) =
∑
ka

−iπkaP 0 (ka, ω)

2R′a (ka)

[(
2k2

a − k2
2

)2
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
H

(1)
0 (kar)

(3.107)

Srz1 (r, z, ω) =
∑
ka

−iπ (2k2
a − k2

2) η1ak
2
aP 0 (ka, ω)

R′a (ka)

[
cosh (η1az) cosh (η2aH)

− cosh (η1aH) cosh (η2az)

]
H

(1)
1 (kar)

(3.108)

90



where R′a (ka) is the derivative of Ra (k), the antisymmetric Lamb wave denomi-

nator with respect to k, evaluated at the roots of the antisymmetric Lamb wave

dispersion equation ka and is given by

R′a (ka) = 8
(
2k2

a − k2
2

)
ka sinh (η1aH) cosh (η2aH)

+
(
2k2

a − k2
2

)2 kaH

η1a

cosh (η1aH) cosh (η2aH)

+
(
2k2

a − k2
2

)2 kaH

η2a

sinh (η1aH) sinh (η2aH)

− 8kaη1aη2a cosh (η1aH) sinh (η2aH)

− 4k3
a

η2a

η1a

cosh (η1aH) sinh (η2aH)

− 4k3
a

η1a

η2a

cosh (η1aH) sinh (η2aH)

− 4k3
aη2aH sinh (η1aH) sinh (η2aH)

− 4k3
aη1aH cosh (η1aH) cosh (η2aH)

(3.109)

In Equations (3.101-3.109), η1a and η2a are the values of η1 and η2 evaluated at

ka.

For a large argument, the Hankel function of the first kind of order m becomes

approximately equals to [39]

H(1)
m (x) ≈

√
2

πx
ei(x−

π
4
−mπ

2 )

which simplifies to

H
(1)
0 (x) ≈

√
2

πx
ei(x−

π
4 ) H

(1)
1 (x) ≈ −i

√
2

πx
ei(x−

π
4 )

Hence for a large distance away from the from the origin, the displacements and

the stresses in the frequency domain due to the antisymmetric Lamb waves can

be written as

U1 (r, z, ω) =
∑
ka

√
πk

3
2
a P 0 (ka, ω)√

2rµR′a (ka)

[(
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 2η1aη2a cosh (η1aH) sinh (η2az)

]
ei(kar−

π
4 )

(3.110)
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W0 (r, z, ω) =
∑
ka

−i
√
πkaη1aP 0 (ka, ω)√

2rµR′a (ka)

[(
2k2

a − k2
2

)
cosh (η1az) cosh (η2aH)

− 2k2
a cosh (η1aH) cosh (η2az)

]
ei(kar−

π
4 )

(3.111)

Srr0 (r, z, ω) =
∑
ka

i

√
πka P 0 (ka, ω)√

2rR′a (ka)

[(
k2

2 + 2η2
1a

) (
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
ei(kar−

π
4 )

(3.112)

Srr1 (r, z, ω) =
∑
ka

−
√

2πk
3
2
a P 0 (ka, ω)

r
3
2R′a (ka)

[(
2k2

a − k2
2

)
sinh (η1az) cosh (η2aH)

− 2η1aη2a cosh (η1aH) sinh (η2az)

]
ei(kar−

π
4 )

(3.113)

Sθθ0 (r, z, ω) =
∑
ka

i

√
πka P 0 (k, ω)√

2rR′a (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

]
ei(kar−

π
4 )

(3.114)

Sθθ1 (r, z, ω) =
∑
ka

√
2πk

3
2
a P 0 (k, ω)

r
3
2R′a (k)

[(
2k2 − k2

2

)
sinh (η1z) cosh (η2H)

− 2η1η2 cosh (η1H) sinh (η2z)

]
ei(kar−

π
4 )

(3.115)

Szz0 (r, z, ω) =
∑
ka

−i
√
πka P 0 (ka, ω)√

2rR′a (ka)

[(
2k2

a − k2
2

)2
sinh (η1az) cosh (η2aH)

− 4k2
aη1aη2a cosh (η1aH) sinh (η2az)

]
ei(kar−

π
4 )

(3.116)
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Srz1 (r, z, ω) =
∑
ka

√
2π (2k2

a − k2
2) η1ak

3
2
a P 0 (ka, ω)√

rR′a (ka)

[
cosh (η1az) cosh (η2aH)

− cosh (η1aH) cosh (η2az)

]
ei(kar−

π
4 )

(3.117)

From Equations (3.110-3.117), it is seen that for the imaginary roots ika of the

dispersion equations, the various field variables have the form

F (x, z, ω) =
G(ka, z, ω)

R′a (ka)
e−kar−i

π
4 (3.118)

which exponentially decreases for increasing values of r. The complex roots in the

upper half complex k plane come in pairs of the the form ka = a+ ib,−a+ ib. For

the complex roots, the various field variables have the form

F (x, z, ω) =
G (ka, z, ω)

R′a (ka)
e±iax−i

π
4 e−br (3.119)

which too exponentially decrease for increasing value of r. The antisymmetric

Lamb waves traveling large distances in the plate are the propagating waves given

by the residues of the real positive roots.

3.4 Symmetric Lamb wave propagation under axisymmet-

ric dynamic surface load

From Equations (3.72, 3.73), zero shear stress at z = H gives,

Srz1 (k,H, ω) = 2η1η2A1 sinh (η1H) +
(
2k2 − k2

2

)
A3 sinh (η2z) = 0 (3.120)

which gives,

A1 = −(2k2 − k2
2) sinh (η2H)

2η1η2 sinh (η1H)
A3 (3.121)
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At z = H, the applied normal load gives,

Szz0 (k,H, ω) = −P 0 (k, ω)

2
(3.122)

which gives,

µ

k

[(
2k2 − k2

2

)
A1 cosh (η1H) + 2k2A3 cosh (η2H)

]
=
P 0

2
(3.123)

Substituting A1 from Equation (3.121) into Equation (3.123)

A3 = −kη1η2 sinh (η1H)

µRs (k)
P 0 (k, ω) (3.124)

where, Rs (k) is the symmetric Lamb wave denominator and is given by

Rs (k) =
(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H)

(3.125)

Substituting A3 from Equation (3.124) into Equation (3.121)

A1 =
k (2k2 − k2

2) sinh (η2H)

2µRs (k)
P 0 (k, ω) (3.126)

Using the above values of A1 and A3, the displacements and the stresses in the

plate due to the symmetric Lamb wave in the frequency domain are given by

U1 (k, z, ω) =
kP 0 (k, ω)

2µRs (k)

[(
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

−2η1η2 sinh (η1H) cosh (η2z)

] (3.127)

W 0 (k, z, ω) = −η1P 0 (k, ω)

2µRs (k)

[(
2k2 − k2

2

)
sinh (η1z) sinh (η2H)

−2k2 sinh (η1H) sinh (η2z)

] (3.128)

Srr0 (k, z, ω) =
P 0 (k, ω)

2Rs (k)

[(
k2

2 + 2η2
1

) (
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

−4k2η1η2 sinh (η1H) cosh (η2z)

] (3.129)
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Srr1 (k, z, ω) = −P 0 (k, ω)

rRs (k)

[(
2k2 − k2

2

)
k cosh (η1z) sinh (η2H)

−2kη1η2 sinh (η1H) cosh (η2z)

] (3.130)

Sθθ0 (k, z, ω) =
P 0 (k, ω)

2Rs (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

]
(3.131)

Sθθ1 (k, z, ω) =
P 0 (k, ω)

rRs (k)

[(
2k2 − k2

2

)
k cosh (η1z) sinh (η2H)

−2kη1η2 sinh (η1H) cosh (η2z)

] (3.132)

Szz0 (k, z, ω) = −P 0 (k, ω)

2Rs (k)

[(
2k2 − k2

2

)2
cosh (η1z) sinh (η2H)

−4k2η1η2 sinh (η1H) cosh (η2z)

] (3.133)

Srz1 (k, z, ω) =
(2k2 − k2

2) η1kP 0 (k, ω)

Rs (k)

[
sinh (η1z) sinh (η2H)

− sinh (η1H) sinh (η2z)

] (3.134)

The inverse Hankel transform with respect to the wavenumber k

F (r, z, ω) =
1

2

ˆ ∞
−∞

Fm (k, z, ω) kH(1)
m (kr) dk (3.135)

gives the field variables in the radial (r) and the frequency (ω) domain. The

integral in Equation (3.135) has simple poles at the roots of the symmetric Lamb

wave dispersion equation, obtained by equating Rs (k) = 0.

Figure (2.8) shows a schematic of the roots in the complex k plane. There are

real, imaginary and complex roots. The closed contour in the complex k plane

with the anticlockwise direction it is traversed is indicated. To satisfy the radiation

boundary condition at r =∞, that is no incoming waves from infinity, the negative
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real poles are avoided in the contour. All real, imaginary and complex poles in

the upper half complex k plane are enclosed in the contour. The field in Equation

(3.135) is then given by

F (r, z, ω) =
1

2
2πi (Sum of the residues at the poles

ks of Fm (k, z, ω) kH(1)
m (kr)

) (3.136)

where, F (r, z, ω) is the field variable due to symmetric Lamb waves. ks are the

roots of the symmetric Lamb wave dispersion equation. The displacements and

the stresses can be written as

U1 (r, z, ω) =
∑
ks

i
πk2

sP 0 (ks, ω)

2µR′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 2η1sη2s sinh (η1sH) cosh (η2sz)

]
H

(1)
1 (ksr)

(3.137)

W0 (r, z, ω) =
∑
ks

−iπη1sksP 0 (ks, ω)

2µR′s (ks)

[(
2k2

s − k2
2

)
sinh (η1sz) sinh (η2sH)

− 2k2
s sinh (η1sH) sinh (η2sz)

]
H

(1)
0 (ksr)

(3.138)

Srr0 (r, z, ω) =
∑
ks

i
πksP 0 (ks, ω)

2R′s (ks)

[(
k2

2 + 2η2
1s

) (
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
H

(1)
0 (ksr)

(3.139)

Srr1 (r, z, ω) =
∑
ks

−iπk
2
sP 0 (ks, ω)

rR′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 2η1sη2s sinh (η1sH) cosh (η2sz)

]
H

(1)
1 (ksr)

(3.140)

Sθθ0 (r, z, ω) =
∑
ks

i
πksP 0 (k, ω)

2R′s (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

]
H

(1)
0 (ksr)

(3.141)
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Sθθ1 (r, z, ω) =
∑
ks

i
πk2

sP 0 (k, ω)

rR′s (k)

[(
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

− 2η1η2 sinh (η1H) cosh (η2z)

]
H

(1)
1 (ksr)

(3.142)

Szz0 (r, z, ω) =
∑
ks

−iπksP 0 (ks, ω)

2R′s (ks)

[(
2k2

s − k2
2

)2
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
H

(1)
0 (ksr)

(3.143)

Srz1 (r, z, ω) =
∑
ks

−iπ (2k2
s − k2

2) η1sk
2
sP 0 (ks, ω)

R′s (ks)

[
sinh (η1sz) sinh (η2sH)

− sinh (η1sH) sinh (η2sz)

]
H

(1)
1 (ksr)

(3.144)

where R′s (ks) is the derivative of Rs (k), the symmetric Lamb wave denominator

with respect to k, evaluated at the roots of the symmetric Lamb wave dispersion

equation ks and is given by

R′s (ks) = 8
(
2k2

s − k2
2

)
ks cosh (η1sH) sinh (η2sH)

+
(
2k2

s − k2
2

)2 ksH

η1s

sinh (η1sH) sinh (η2sH)

+
(
2k2

s − k2
2

)2 ksH

η2s

cosh (η1sH) cosh (η2sH)

− 8ksη1sη2s sinh (η1sH) cosh (η2sH)

− 4k3
s

η2s

η1s

sinh (η1sH) cosh (η2sH)

− 4k3
s

η1s

η2s

sinh (η1sH) cosh (η2sH)

− 4k3
s η2sH cosh (η1sH) cosh (η2sH)

− 4k3
s η1sH sinh (η1sH) sinh (η2sH)

(3.145)

In Equations (3.137-3.145), η1s and η2s are the values of η1 and η2 evaluated at ks.
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Using the approximation to Hankel functions for large arguments, for a large

distance away from the origin, the displacements and the stresses in the frequency

domain due to the symmetric Lamb waves can be written as

U1 (r, z, ω) =
∑
ks

√
πk

3
2
s P 0 (ks, ω)√

2rµR′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 2η1sη2s sinh (η1sH) cosh (η2sz)

]
ei(ksr−

π
4 )

(3.146)

W0 (r, z, ω) =
∑
ks

−i
√
πksη1sP 0 (ks, ω)√

2rµR′s (ks)

[(
2k2

s − k2
2

)
sinh (η1sz) sinh (η2sH)

− 2k2
s sinh (η1sH) sinh (η2sz)

]
ei(ksr−

π
4 )

(3.147)

Srr0 (r, z, ω) =
∑
ks

i

√
πks P 0 (ks, ω)√

2rR′s (ks)

[(
k2

2 + 2η2
1s

) (
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
ei(ksr−

π
4 )

(3.148)

Srr1 (r, z, ω) =
∑
ks

−
√

2πk
3
2
s P 0 (ks, ω)

r
3
2R′s (ks)

[(
2k2

s − k2
2

)
cosh (η1sz) sinh (η2sH)

− 2η1sη2s sinh (η1sH) cosh (η2sz)

]
ei(ksr−

π
4 )

(3.149)

Sθθ0 (r, z, ω) =
∑
ks

i

√
πks P 0 (k, ω)√

2rR′s (k)

[(
k2

2 − 2k2
1

) (
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

]
ei(ksr−

π
4 )

(3.150)
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Sθθ1 (r, z, ω) =
∑
ks

√
2πk

3
2
s P 0 (k, ω)

r
3
2R′s (k)

[(
2k2 − k2

2

)
cosh (η1z) sinh (η2H)

− 2η1η2 sinh (η1H) cosh (η2z)

]
ei(ksr−

π
4 )

(3.151)

Szz0 (r, z, ω) =
∑
ks

−i
√
πks P 0 (ks, ω)√

2rR′s (ks)

[(
2k2

s − k2
2

)2
cosh (η1sz) sinh (η2sH)

− 4k2
s η1sη2s sinh (η1sH) cosh (η2sz)

]
ei(ksr−

π
4 )

(3.152)

Srz1 (r, z, ω) =
∑
ks

√
2π (2k2

s − k2
2) η1sk

3
2
s P 0 (ks, ω)√

rR′s (ks)

[
sinh (η1sz) sinh (η2sH)

− sinh (η1sH) sinh (η2sz)

]
ei(ksr−

π
4 )

(3.153)

From Equations (3.146-3.153), it is seen that for the imaginary roots iks of the

dispersion equations, the various field variables have the form

F (x, z, ω) =
G(ks, z, ω)

R′s (ks)
e−ksr−i

π
4 (3.154)

which exponentially decreases for increasing values of r. The complex roots in the

upper half complex k plane come in pairs of the the form ks = a+ ib,−a+ ib. For

the complex roots, the various field variables have the form

F (x, z, ω) =
G (ks, z, ω)

R′s (ks)
e±iax−i

π
4 e−br (3.155)

which too exponentially decrease for increasing value of r. The symmetric Lamb

waves traveling large distances in the plate are the propagating waves given by

the residues of the real positive roots.

99



3.5 Power flow through a plate under applied axisymmet-

ric load

The power that is the rate of energy flow carried by the propagating Lamb waves

at a large distance away from the source through a cylindrical surface whose unit

outward normal is along the radial direction r is calculated. The energy flow per

time period (T = 2π
ω

) of a wave in r direction is given by

〈P 〉 = − 1

T

ˆ T

0

(
Real (σrr (r, z, t)) Real

∂u (r, z, t)

∂t

+Real (σrz (r, z, t)) Real
∂w (r, z, t)

∂t

)
dt

(3.156)

The displacements and the stresses are of the form

u (r, z, t) = Um (r, z, ω) kH(1)
m (kr) e−iωt

= (UR + iUI) e
−iωt

(3.157)

σ (r, z, t) = Sm (r, z, ω) kH(1)
m (kr) e−iωt

= (SR + iSI) e
−iωt

(3.158)

In Equations (3.157,3.158) u, σ represent generic displacement and stress in the

time (t) domain, while UR, UI , SR, SI represent the real and imaginary parts

respectively of generic displacement and stress in the frequency (ω) domain.

Using the result from Equation (2.137) in Equation (2.131), the power flow in the

r direction in the frequency domain is given by

〈P (ω)〉 = −ω
2

Imaginary (U1 (S∗rr0 + S∗rr1) +W0S
∗
rz1) (3.159)

In the above equation, S∗ denotes the complex conjugate of S.

The power flow through a cylindrical surface in the plate, whose normal is along

the radial r axis is then obtained by integrating Equation (3.159) along the thick-

ness of the plate. For a plate with thickness 2H along the z axis, the power flow
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though a section is given by

〈P (ω)〉 = −ω
2

ˆ H

−H
Imaginary (U1 (S∗rr0 + S∗rr1) +W0S

∗
rz1) 2πr dz (3.160)

For antisymmetric Lamb wave motion in a plate subjected to an axisymmetric

dynamic load on the top surface, the power flow through a cylindrical surface at

a large distance away from the source is given by

〈Pa (ω)〉 = 〈Pa1 (ω)〉+ 〈Pa2 (ω)〉 (3.161)

where,

〈Pa1 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (U1 (S∗rr0 + S∗rr1)) 2πr dz

=
ωπ2k2

a

2µ

|P 0 (ka, ω)|2

[R′a (ka)]2[(
2k2

a − k2
2

)2 (
k2

2 + 2η2
1a

)
cosh2 (η2aH)

(
sinh (2η1aH)

2η1a

−H
)
−

2η1aη2a

(
2k2

a − k2
2

) (
2k2

a + k2
2 + 2η2

1a

)
cosh (η1aH) cosh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

− sinh ((η1a − η2a)H)

η1a − η2a

)
+

8η2
1aη

2
2ak

2
a cosh2 (η1aH)

(
sinh (2η2aH)

2η2a

−H
)]

(3.162)

and

〈Pa2 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (W0S

∗
rz1) 2πr dz

=
ωπ2k2

aη
2
1a (2k2

a − k2
2)

µ

|P 0 (ka, ω)|2

[R′a (ka)]2[(
2k2

a − k2
2

)
cosh2 (η2aH)

(
sinh (2η1aH)

2η1a

+H

)
−

(
4k2

a − k2
2

)
cosh (η1aH) cosh (η2aH)(

sinh ((η1a + η2a)H)

η1a + η2a

+
sinh ((η1a − η2a)H)

η1a − η2a

)
+

2k2
a cosh2 (η1aH)

(
sinh (2η2aH)

2η2a

+H

)]
(3.163)
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In Equations (3.162,3.163), U1, W0, Srr0, Srr1 and Srz1 are the displacements and

stresses for antisymmetric Lamb wave, given by Equations (3.110-3.117).

For symmetric Lamb wave motion in a plate subjected to a vertical dynamic load

on the top surface, the power flow through a cylindrical surface at a large distance

away from the source is given by

〈Ps (ω)〉 = 〈Ps1 (ω)〉+ 〈Ps2 (ω)〉 (3.164)

where,

〈Ps1 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (U1 (S∗rr0 + S∗rr1)) 2πr dz

=
ωπ2k2

s

2µ

|P 0 (ka, ω)|2

[R′s (ks)]
2[(

2k2
s − k2

2

)2 (
k2

2 + 2η2
1s

)
sinh2 (η2sH)

(
sinh (2η1sH)

2η1s

+H

)
−

2η1sη2s

(
2k2

s − k2
2

) (
2k2

s + k2
2 + 2η2

1s

)
sinh (η1sH) sinh (η2sH)(

sinh ((η1s + η2s)H)

η1as + η2s

+
sinh ((η1s − η2s)H)

η1s − η2s

)
+

8η2
1sη

2
2sk

2
s sinh2 (η1sH)

(
sinh (2η2sH)

2η2s

+H

)]
(3.165)

and

〈Ps2 (ω)〉 = −ω
2

ˆ H

−H
Imaginary (W0S

∗
rz1) 2πr dz

=
ωπ2k2

s η
2
1s (2k2

s − k2
2)

µ

|P 0 (ks, ω)|2

[R′s (ks)]
2[(

2k2
s − k2

)
sinh2 (η2sH)

(
sinh (2η1sH)

2η1s

−H
)
−

(
4k2

a − k2
2

)
sinh (η1sH) sinh (η2sH)(

sinh ((η1s + η2s)H)

η1s + η2s

− sinh ((η1s − η2s)H)

η1s − η2s

)
+

2k2
s sinh2 (η1sH)

(
sinh (2η2sH)

2η2s

−H
)]

(3.166)
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In Equations (3.165,3.166), U1, W0, Srr0, Srr1 and Srz1 are the displacements and

stresses for symmetric Lamb wave, given by Equations (3.146-3.153).

3.6 Work done per cycle by the applied dynamic axisym-

metric load

The work done per cycle by the load applied on the top surface of the plate is

calculated. The energy flowing across the region on the top surface in the vertical

z direction in one cycle is calculated. It is averaged over the time period to give

the power. The power flow is integrated over the area (πa2) of the region across

which the axisymmetric loading is applied, and is compared with the power flow

across the cylindrical surface far away from the source derived already. Similar to

before, the power flow in the frequency (ω) domain, in the z direction is now is

given by

〈P (ω)〉 = −ω
2

Imaginary (W0 (r,H, ω)Szz0 (r,H, ω)) (3.167)

where, Szz0 (r,H, ω) = −P0 (ω) the applied stress in frequency domain. Since, it

is just real, there is no need of the complex conjugate.

As discussed previously, the power flow through the region on the top surface of

the plate, where the axisymmetric load is applied, is due to the contribution of the

real roots of the dispersion equation that is due to the propagating Lamb waves

through the plate. The power flowing vertically through the region on which the

loading is applied, is obtained by integrating Equation (3.167) along the circular

area with radius a. It consists of antisymmetric and symmetric components from

the real positive roots of the antisymmetric and symmetric dispersion equations.

The power flow through the top surface due to the right propagating antisymmet-

ric Lamb wave motion is given by

〈P aH (ω)〉 =
ωπ2k2

2η1a

4µ

P 0 (ka, ω)

R′a (ka)
P0 (ω) aJ1 (kaa) cosh (η1aH) cosh (η2aH) (3.168)
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The power flow through the top surface due to the right propagating symmetric

Lamb wave motion is given by

〈P sH (ω)〉 =
ωπ2k2

2η1s

4µ

P 0 (ks, ω)

R′s (ks)
P0 (ω) aJ1 (ksa) sinh (η1sH) sinh (η2sH) (3.169)

where J1 is the Bessel function of the first kind of order 1.

The power flow through the top surface due to the left and the right propagating

Lamb waves is twice the value given by Equations (3.168,3.169). And this power

flow through the top surface induced by the applied load equals the power flow

through the cylindrical surface far away from the origin given by Equations (3.161-

3.166) by the outward propagating Lamb waves. Figure (3.3) compares the above

two power flow spectrum in a 1.78 mm thick aluminum plate subjected to an

axisymmetric load of intensity 1 N
m

over a circular area of diameter 1 mm on its top

surface. The Young’s modulus of the aluminum plate is 69 GPa and its Poisson’s

ratio is 0.3269.
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Figure 3.3: Power flow spectrum due to Lamb waves in a plate subjected to axisymmetric

load on its top surface. The red solid curve denotes power flow through a cylindrical

surface far away from the origin. The dashed blue curve denotes the power flow through

the region on the top surface on which the external load is applied.
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3.6.1 Axisymmetric load

For an axisymmetric loading p (r, t) with intensity p̂ (r) over a circular area of

radius a on the top surface of the plate, centered at the vertical z-axis,

p (r, t) = p̂ (r) f (t) (3.170)

where f (t) is the time-dependence of the load. For an uniform intensity p0 over

a circular area of radius a on the top surface of the plate, centered at the vertical

z-axis,

p̂ (r) = p0 |r| ≤ a (3.171)

= 0 |r| > a (3.172)

P0 (r, ω) =

ˆ ∞
0

p (r, t) eiωt dt |r| ≤ a, t > 0

= p0

ˆ ∞
0

f (t) eiωt dt (3.173)

P 0 (k, ω) =
1

2

ˆ ∞
−∞

P0 (r, ω) rH1
0 (kr) dr r ≤ a (3.174)

=
1

2

ˆ ∞
0

[ˆ a

0

p0rH
1
0 (kr) dr

]
f (t) eiωt dt

=

ˆ ∞
0

[
p0

ˆ a

0

rJ0 (kr) dr

]
f (t) eiωt dt (3.175)

Substituting, kr = ζ,

P 0 (k, ω) =

ˆ ∞
0

[
p0

ˆ ak

0

ζ

k2
J0 (ζ) dζ

]
f (t) eiωt dt

=

ˆ ∞
0

[p0

k2
[ζJ1 (ζ)]ak0

]
f (t) eiωt dt

=

ˆ ∞
0

[ap0

k
J1 (ak)

]
f (t) eiωt dt

(3.176)
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CHAPTER 4

Rayleigh and Lamb wave propagation in

quasi-isotropic composite media

In this chapter, the dispersion properties of guided waves in a quasi isotropic

composite half space and plate is derived analytically. The composite plate is

modeled as a transversely isotropic solid with its axis of symmetry as the vertical

axis through the plane of the plate. Figure 4.1 shows the plane strain model of

the plate that is analyzed. The xy plane is the plane of isotropy and the z axis

(shown positive upwards) is the axis of symmetry.

H

H
x

z

Figure 4.1: Plane strain model of plate

The analysis is done in the frequency domain, by taking double Fourier transforms

of the field variables with respect to time (t) and the direction of propagation of

the wave (x). The original field variables f (x, z, t)) are transformed into frequency

domain to F (x, z, ω) by taking the Fourier transform with respect to time (t) and
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then further transformed to F (k, z, ω) according to

F (x, z, ω) =

ˆ ∞
−∞

f (x, z, t) eiωtdt (4.1)

F (k, z, ω) =

ˆ ∞
−∞

F (x, z, ω) e−ikxdx (4.2)

where ω is the circular frequency and k is the wavenumber. The original variables

are obtained by taking the inverse Fourier transforms according to

f (x, z, t) =
1

4π2

ˆ ∞
−∞

ˆ ∞
−∞

F (k, z, ω) ei(kx−ωt)dkdω (4.3)

The analysis is done in the frequency domain that is on the integrand of Eq.(4.3)

for the field variables, shown as follows

u (x, z, t) = U (k, z, ω) ei(kx−ωt) (4.4)

w (x, z, t) = W (k, z, ω) ei(kx−ωt) (4.5)

σxx (x, z, t) = Sxx (k, z, ω) ei(kx−ωt) (4.6)

σzz (x, z, t) = Szz (k, z, ω) ei(kx−ωt) (4.7)

σxz (x, z, t) = Sxz (k, z, ω) ei(kx−ωt) (4.8)

where, u(x, z, t) and w(x, z, t) are the displacements along the x and z directions

respectively, and σxx(x, z, t), σzz(x, z, t) are the normal stresses along the x and z

directions respectively and σxz(x, z, t) is the shear stress.

The Hooke’s Law for a transversely isotropic material with the z axis as the axis

of symmetry in 3D is given by

σxx

σyy

σzz

σyz

σxz

σxy


=



c11 c12 c13 0 0 0

c12 c11 c13 0 0 0

c13 c13 c33 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 1
2

(c11 − c12)





εxx

εyy

εzz

γyz

γxz

γxy


(4.9)
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which for 2D plane strain in xz plane, reduces to
σxx

σzz

σxz

 =


c11 c13 0

c13 c33 0

0 0 c44



εxx

εzz

γxz

 (4.10)

Using the strain displacement kinematic relations

εxx =
∂u

∂x
, εzz =

∂u

∂x
and γxz =

∂u

∂z
+
∂w

∂x
(4.11)

the stresses can be expressed in terms of displacement components as

σxx = c11
∂u

∂x
+ c13

∂w

∂z

σzz = c13
∂u

∂x
+ c33

∂w

∂z
(4.12)

σxz = c44

(
∂w

∂x
+
∂u

∂z

)
Using the relations from Equations (4.4,4.5) into Equation (4.12), the stresses are

expressed as

σxx =

[
c11ikU + c13

∂W

∂z

]
ei(kx−ωt) (4.13)

σzz =

[
c13ikU + c33

∂W

∂z

]
ei(kx−ωt) (4.14)

σxz = c44

[
ikW +

∂U

∂z

]
ei(kx−ωt) (4.15)

The stress equations of motion in absence of body forces are given by

In x direction
∂σxx
∂x

+
∂σxz
∂z

= ρ
∂2u

∂t2
(4.16)

In z direction
∂σxz
∂x

+
∂σzz
∂z

= ρ
∂2w

∂t2
(4.17)

where ρ is the density of the material. Taking the derivatives of the stresses from

Equations(4.13-4.15) and substituting them in the equations of motion give

In x direction − c11k
2U + c44

∂2U

∂z2
+ ρω2U + (c13 + c44) ik

∂W

∂z
= 0 (4.18)

In z direction (c13 + c44) ik
∂U

∂z
− c44k

2W + c33
∂2W

∂z2
+ ρω2W = 0 (4.19)

108



Assuming,

U (k, z, ω) = G (k, ω) e−ξz (4.20)

W (k, z, ω) = H (k, ω) e−ξz (4.21)

where G (k, ω) and H (k, ω) are unknown functions and ξ is the unknown param-

eter describing the z-dependency of U,W .

Substituting Equations (4.20, 4.21) into Equations (4.18, 4.19), the following pair

of homogeneous equations are obtained−c11k
2 + c44ξ

2 + ρω2 − (c13 + c44) ikξ

− (c13 + c44) ikξ −c44k
2 + c33ξ

2 + ρω2

G (k, ω)

H (k, ω)

 =

0

0

 (4.22)

For non trivial solution of Equation(4.22), the determinant of the coefficient ma-

trix is equal to zero, leading to the following fourth order algebraic equation for ξ

c44c33ξ
4+ξ2

[
k2
(
c2

13 + 2c13c44 − c11c33

)
+ ρω2 (c44 + c33)

]
+c11c44k

2 − ρω2k2 (c11 + c44) + ρ2ω4 = 0
(4.23)

which is a quadratic equation in ξ2. Solving the equation gives the unknown

parameter ξ as follows

ξ2 =
−A±

√
A2 − 4B

2
(4.24)

where,

A =
ρω2

c33

+
ρω2

c44

− k2c11

c44

+
k2c2

13

c44c33

+
2k2c13

c33

(4.25)

B =
k4c11

c33

− ρω2k2c11

c44c33

− ρω2k2

c33

+
ρ2ω4

c44c33

(4.26)

Introducing the wave speeds

c1L =

√
c11

ρ
c3L =

√
c33

ρ
c3L =

√
c44

ρ
(4.27)

and using relation between radial frequency (ω), wavenumber (k) and wave speed

(c),

ω = kc

109



the coefficients A and B from Equations (4.25, 4.26), can be written as

A =
k2c2

c2
3L

+
k2c2

c2
3T

− k2 (c11c33 − c2
13 − 2c13c44)

c33c44

(4.28)

B =

(
c2

c2
3L

− c11

c33

)(
c2

c2
3T

− 1

)
(4.29)

From Equation (4.24), the four values of ξ are given by

ξ1 =

√
−A+

√
A2 − 4B

2
= η1 (4.30)

ξ2 = −

√
−A+

√
A2 − 4B

2
= −η1 (4.31)

ξ3 =

√
−A−

√
A2 − 4B

2
= η2 (4.32)

ξ4 = −

√
−A−

√
A2 − 4B

2
= −η2 (4.33)

From Equation (4.22), the unknown functions G (k, ω) and H (k, ω) are related as

H (k, ω) =
−c11k

2 + c44ξ
2ρω2

(c13 + c44) ikξ
G (k, ω) = αG (k, ω) (4.34)

where

α =
−c11k

2 + c44ξ
2ρω2

(c13 + c44) ikξ
(4.35)

Using Equations (4.30-4.33) for ξ,

H1 (k, ω) =
−c11k

2 + c44η
2
1 + ρω2

(c13 + c44) ikη1

G1 (k, ω) = α1G1 (k, ω) (4.36)

H2 (k, ω) = α2G2 (k, ω) = −α1G2 (k, ω) (4.37)

H3 (k, ω) =
−c11k

2 + c44η
2
2 + ρω2

(c13 + c44) ikη2

G3 (k, ω) = α3G3 (k, ω) (4.38)

H4 (k, ω) = α4G4 (k, ω) = −α3G4 (k, ω) (4.39)

Substituting Equations (4.36-4.39) in Equations (4.21.4.22) for the displacements

U (k, z, ω) = G1 (k, ω) e−η1z +G2 (k, ω) eη1z

+G3 (k, ω) e−η2z +G4 (k, ω) eη2z
(4.40)
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W (k, z, ω) = α1G1 (k, ω) e−η1z − α1G2 (k, ω) eη1z

+ α3G3 (k, ω) e−η2z − α3G4 (k, ω) eη2z
(4.41)

Using the relations between exponential and hyperbolic sine and cosine,

eηz = cosh (ηz) + sinh (ηz) e−ηz = cosh (ηz)− sinh (ηz)

the displacements and stresses in the frequency domain can be written as

U (k, z, ω) = G1 cosh (η1z) +G2 sinh (η1z)

+G3 cosh (η2z) +G4 sinh (η2z)
(4.42)

W (k, z, ω) = −α1G1 sinh (η1z)− α1G2 cosh (η1z)

− α3G3 sinh (η2z)− α3G4 cosh (η2z)
(4.43)

Sxx (k, z, ω) = (c11ik − c13α1η1)
(
G1 cosh (η1z) +G2 sinh (η1z)

)
+ (c11ik − c13α3η2)

(
G3 cosh (η2z) +G4 sinh (η2z)

) (4.44)

Szz (k, z, ω) = (c13ik − c33α1η1)
(
G1 cosh (η1z) +G2 sinh (η1z)

)
+ (c13ik − c33α3η2)

(
G3 cosh (η2z) +G4 sinh (η2z)

) (4.45)

Sxz (k, z, ω) = c44

[
(−ikα1 + η1)

(
G1 sinh (η1z) +G2 cosh (η1z)

)
+ (−ikα3 + η2)

(
G3 sinh (η2z) +G4 cosh (η2z)

)] (4.46)

where

G1 = G1 (k, ω) +G2 (k, ω) G2 = G2 (k, ω)−G1 (k, ω) (4.47)

G3 = G3 (k, ω) +G4 (k, ω) G4 = G4 (k, ω)−G3 (k, ω) (4.48)

Next, the stress free boundary conditions are applied on the top (z = H) and

bottom (z = −H) faces of the plate.

111



At z = H, zero normal stress gives,

Szz (k,H, ω) = (c13ik − c33α1η1)
(
G1 cosh (η1H) +G2 sinh (η1H)

)
+ (c13ik − c33α3η2)

(
G3 cosh (η2H) +G4 sinh (η2H)

)
= 0

(4.49)

At z = −H, zero normal stress gives,

Szz (k,−H,ω) = (c13ik − c33α1η1)
(
G1 cosh (η1H)−G2 sinh (η1H)

)
+ (c13ik − c33α3η2)

(
G3 cosh (η2H)−G4 sinh (η2H)

)
= 0

(4.50)

From Equations (4.49, 4.50)[
(c13ik − c33α1η1)G1 cosh (η1H) + (c13ik − c33α3η2)G3 cosh (η2H)

]
±[

(c13ik − c33α1η1)G2 sinh (η1H) + (c13ik − c33α3η2)G4 sinh (η2H)
]

= 0
(4.51)

At z = H, zero shear stress gives,

Sxz (k,H, ω) = (−ikα1 + η1)
(
G1 sinh (η1H) +G2 cosh (η1H)

)
+ (−ikα3 + η2)

(
G3 sinh (η2H) +G4 cosh (η2H)

)
= 0

(4.52)

At z = −H, zero shear stress gives,

Sxz (k,−H,ω) = (−ikα1 + η1)
(
−G1 sinh (η1H) +G2 cosh (η1H)

)
+ (−ikα3 + η2)

(
−G3 sinh (η2H) +G4 cosh (η2H)

)
= 0

(4.53)

From Equations (4.52, 4.53),[
(−ikα1 + η1)G2 cosh (η1H) + (−ikα3 + η2)G4 cosh (η2H)

]
±[

(−ikα1 + η1)G1 sinh (η1H) + (−ikα3 + η2)G3 sinh (η2H)
]

= 0
(4.54)

From Equations (4.51,4.54), it is seen that G1, G3 are independent of G2, G4.

Hence two independent motions of the plate can be obtained by setting G1 =

112



G3 = 0 and then G2 = G4 = 0 First setting G2 = G4 = 0, the motion governed

by G1, G3 is derived. G1, G3 satisfy(c13ik − c33α1η1) cosh (η1H) (c13ik − c33α3η2) cosh (η2H)

(−ikα1 + η1) sinh (η1H) (−ikα3 + η2) sinh (η2H)

G1

G3


=

0

0


(4.55)

For nontrivial solution ofG1, G3, the determinant of the coefficient matrix in Equa-

tion (4.55) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

sinh (η1H) cosh (η2H)

cosh (η1H) sinh (η2H)
=

(c13ik − c33α1η1) (−ikα3 + η2)

(c13ik − c33α3η2) (−ikα1 + η1)
(4.56)

Substituting the expressions for α1, α3 from Equations (4.36,4.38), the above dis-

persion relation for the symmetric Lamb waves can be written as

sinh (η1H) cosh (η2H)

cosh (η1H) sinh (η2H)
=

η1

η2

[−c2
13k

2 − c13c44k
2 + c33c11k

2 − c33c44η
2
1 − c33ρω

2]

[−c2
13k

2 − c13c44k2 + c33c11k2 − c33c44η2
2 − c33ρω2]

[c11k
2 − ρω2 + c13η

2
2]

[c11k2 − ρω2 + c13η2
1]

=

η1

η2

[
c13

{
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
c13

{
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}] =

η1

η2

[
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)]

[
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)]
[
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)]

[
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)]

(4.57)

Defining

A1 =
η1

k
A2 =

η2

k
(4.58)

the above dispersion relation (Equation (4.57)) for the symmetric Lamb waves

can be written as

sinh (kA1H) cosh (kA2H)

cosh (kA1H) sinh (kA2H)
=

tanh (kA1H)

tanh (kA2H)
=

A1

A2

[
A2

2 − c11
c13

(
c2

c21L
− 1
)]

[
A2

1 − c11
c13

(
c2

c21L
− 1
)]
[
A2

1 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)]

[
A2

2 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)] (4.59)
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Similarly, by setting G1 = G3 = 0 in Equations (4.51, 4.54), the motion governed

by G2, G4 is derived. G2, G4 satisfy(c13ik − c33α1η1) sinh (η1H) (c13ik − c33α3η2) sinh (η2H)

(−ikα1 + η1) cosh (η1H) (−ikα3 + η2) cosh (η2H)

G2

G4


=

0

0


(4.60)

For nontrivial solution ofG2, G4, the determinant of the coefficient matrix in Equa-

tion (4.60) needs to be zero, which gives the dispersion relation for the symmetric

Lamb waves in the plate.

cosh (η1H) sinh (η2H)

sinh (η1H) cosh (η2H)
=

(c13ik − c33α1η1) (−ikα3 + η2)

(c13ik − c33α3η2) (−ikα1 + η1)
(4.61)

Substituting the expressions for α1, α3 from Equations (4.36,4.38), the above dis-

persion relation for the antisymmetric Lamb waves can be written as

cosh (η1H) sinh (η2H)

sinh (η1H) cosh (η2H)
=

η1

η2

[−c2
13k

2 − c13c44k
2 + c33c11k

2 − c33c44η
2
1 − c33ρω

2]

[−c2
13k

2 − c13c44k2 + c33c11k2 − c33c44η2
2 − c33ρω2]

[c11k
2 − ρω2 + c13η

2
2]

[c11k2 − ρω2 + c13η2
1]

=

η1

η2

[
c13

{
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
c13

{
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}] =

η1

η2

[
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)]

[
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)]
[
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)]

[
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)]

(4.62)

Defining, as before

A1 =
η1

k
A2 =

η2

k
(4.63)

the above dispersion relation (Equation (4.62)) for the antisymmetric Lamb waves

can be written as

cosh (kA1H) sinh (kA2H)

sinh (kA1H) cosh (kA2H)
=

tanh (kA2H)

tanh (kA1H)
=

A1

A2

[
A2

2 − c11
c13

(
c2

c21L
− 1
)]

[
A2

1 − c11
c13

(
c2

c21L
− 1
)]
[
A2

1 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)]

[
A2

2 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)] (4.64)
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The graphical solutions of Equations (4.59 and 4.64) for the phase velocity c,

which is generally a function of frequency, are called the dispersion curves. Figure

(4.2) shows the dispersion curves for the symmetric and the antisymmetric modes

of Lamb waves propagating in an aluminum plate of thickness 1.78 mm (1
8

′′
) with

the properties given in Table (4.1).
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Figure 4.2: Dispersion curves for the phase velocity for a composite plate. Symmetric

modes are shown as solid lines, antisymmetric as dashed lines

4.1 Low and high frequency limits of the symmetric and

antisymmetric Lamb waves in a transversely isotropic

plate

From the dispersion equations for symmetric and antisymmetric Lamb waves in a

transversely isotropic plate, the limits of the waves speeds as the frequency tends

to zero and to ∞ are evaluated.
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As the frequency ω →∞, for symmetric Lamb waves from Equation (4.59)

tanh (kA1H)

tanh (kA2H)
=

A1

A2

[
A2

2 − c11
c13

(
c2

c21L
− 1
)]

[
A2

1 − c11
c13

(
c2

c21L
− 1
)]
[
A2

1 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)]

[
A2

2 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)] = 1

(4.65)

which precisely is the governing equation for Rayleigh waves in a transversely

isotropic half-space as derived in Section (4.4).

As the frequency ω →∞, for antisymmetric Lamb waves from Equation (4.64)

tanh (kA2H)

tanh (kA1H)
=

A1

A2

[
A2

2 − c11
c13

(
c2

c21L
− 1
)]

[
A2

1 − c11
c13

(
c2

c21L
− 1
)]
[
A2

1 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)]

[
A2

2 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)] = 1

(4.66)

which precisely is the governing equation for Rayleigh waves in a transversely

isotropic half-space as derived in Section (4.4).

As the frequency ω → 0, for the symmetric Lamb waves from Equation (4.59)

tanh (kA1H)

tanh (kA2H)
=
kA1H

kA2H
=

A1

A2

[
A2

2 − c11
c13

(
c2

c21L
− 1
)]

[
A2

1 − c11
c13

(
c2

c21L
− 1
)]
[
A2

1 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)]

[
A2

2 + c13
c33

(
c13
c44

+ 1
)

+ c11
c44

(
c2

c21L
− 1
)] (4.67)

which gives,[
A2

2 −
c11

c13

(
c2

c2
1L

− 1

)][
A2

1 +
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)]
=[

A2
1 −

c11

c13

(
c2

c2
1L

− 1

)][
A2

2 +
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)] (4.68)

Simplifying Equation (4.68),

(A1 − A2)

[
c11

c13

(
c2

c2
1L

− 1

)
+
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)]
= 0 (4.69)

Since A1 = A2 gives non physical velocity, from Equation (4.69)

c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)
=
c11

c13

(
1− c2

c2
1L

)
(4.70)
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which can be solved for the limiting velocity of the symmetric Lamb wave c, as

the frequency ω → 0 given by

c =

√√√√√ c11
c13
− c13

c33

(
c13
c44

+ 1
)

+ c11
c44

1
c21L

(
c11
c44

+ c11
c13

)
= c1L

√
1− c2

13

c11c33

(4.71)

As the frequency ω → 0, for the antisymmetric Lamb waves from Equation (4.64)

tanh (kA2H)

tanh (kA1H)
=
kA2H

(
1− (kA2H)2

3

)
kA1H

(
1− (kA1H)2

3

) =
A1

A2

(A2
2 −D)

(A2
1 −D)

(A2
1 + E)

(A2
2 + E)

(4.72)

where,

D =
c11

c13

(
c2

c2
1L

− 1

)
(4.73)

E =
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)
(4.74)

From Equation (4.72),

A2

A1

(
1− (kA2H)2

3

)(
1 +

(kA1H)2

3

)
=
A1

A2

(A2
2 −D)

(A2
1 −D)

(A2
1 + E)

(A2
2 + E)

(4.75)

1 +
(kA1H)2

3
− (kA2H)2

3
− (A1A2)2 (kH)4

9
=
A2

1

A2
2

(A2
2 −D)

(A2
1 −D)

(A2
1 + E)

(A2
2 + E)

(4.76)

Since ω → 0, neglecting the higher order fourth term in the left hand side of

Equation (4.76),

1 +
(kH)2

3

(
A2

1 − A2
2

)
=
A2

1

A2
2

(A2
2 −D)

(A2
1 −D)

(A2
1 + E)

(A2
2 + E)

(4.77)

which can be solved for the limiting velocity (c) of the antisymmetric Lamb wave

as the frequency tends to zero. Figure (4.3) shows the very close match between

the limiting velocity of the antisymmetric Lamb wave in a transversely isotropic
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plate by solving Equation (4.77) to the velocity of the antisymmetric Lamb wave

at low frequencies obtained by solving the antisymmetric Lamb wave dispersion

equation (4.64).
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Figure 4.3: Antisymmetric Lamb wave speeds in a transversely isotropic plate at low

frequencies. The blue curve is obtained from solution of the dispersion equation and

the red curve is the solution of the low frequency approximation. Figure (b) shows a

zoomed version of Figure (a) to show the close match.

4.2 Reduction of results in transversely isotropic plate to

isotropic plate

The results obtained above for propagation of Lamb waves in a transversely

isotropic plate are validated by reducing them to corresponding results in an

isotropic plate.

The material constants and wave speeds in a transversely isotropic material are

reduced for an isotropic material into

c11 = c22 = c33 = λ+ 2µ = ρc2
1 = µ

k2
2

k2
1

(4.78)
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c12 = c13 = c21 = c23 = c31 = c32 = λ = ρ
(
c2

1 − 2c2
2

)
=

µ

k2
1

(
k2

2 − 2k2
1

)
(4.79)

c44 = c55 = c66 = µ = ρc2
2 (4.80)

c1L = c3L = c1 (4.81)

c3T = c2 (4.82)

Equations (4.28,4.29) for A,B reduces to

A =
k2c2

c2
3L

+
k2c2

c2
3T

− k2 (c11c33 − c2
13 − 2c13c44)

c33c44

= k2

[
c2

c2
1

+
c2

c2
2

− 2

]
= −

(
η2

1iso + η2
2iso

) (4.83)

where, η2
1iso = k2 − k2

1 and η2
2iso = k2 − k2

2.

B =

(
c2

c2
3L

− c11

c33

)(
c2

c2
3T

− 1

)
= k4

(
c2

c2
1

− 1

)(
c2

c2
2

− 1

)
= η2

1isoη
2
2iso

(4.84)

Equations (4.30,4.32,4.58,4.73,4.74) become,

η1 =

√
−A+

√
A2 − 4B

2
= η1iso (4.85)

η2 =

√
−A−

√
A2 − 4B

2
= η2iso (4.86)

A1 =
η1

k
=
η1iso

k
=

√
1−

(
c

c1

)2

(4.87)

A2 =
η2

k
=
η2iso

k
=

√
1−

(
c

c2

)2

(4.88)
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D =
c11

c13

(
c2

c2
1L

− 1

)
=

c2
1

c2
1 − 2c2

2

(
c2

c2
1

− 1

)
(4.89)

E =
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)
=

2c2
2

c2
1

+
c2

c2
2

− 3 (4.90)

The other terms in the dispersion equations (4.59,4.64) also simplify to

(A2
2 −D)

(A2
1 −D)

=
c2

1 (2c2
2 − c2)

2c2
2 (c2

1 − c2)
(4.91)

(A2
1 + E)

(A2
2 + E)

=
2c2

2 − c2

2c2
2

(4.92)

Hence, the symmetric Lamb wave dispersion equation (4.59) becomes for an

isotropic plate,

tanh (η1isoH)

tanh (η2isoH)
=

c1 (2c2
2 − c2)

2

4c3
2

√
c2

1 − c2
√
c2

2 − c2
=

(2k2 − k2
2)

2

4k2η1isoη2iso

(4.93)

which is exactly the symmetric Lamb wave dispersion equation in an isotropic

plate derived in Equation (2.55).

Similarly, the antisymmetric Lamb wave dispersion equation (4.64) becomes for

an isotropic plate,

tanh (η2isoH)

tanh (η1isoH)
=

c1 (2c2
2 − c2)

2

4c3
2

√
c2

1 − c2
√
c2

2 − c2
=

(2k2 − k2
2)

2

4k2η1isoη2iso

(4.94)

which is exactly the antisymmetric Lamb wave dispersion equation in an isotropic

plate derived in Equation (2.62).

Likewise, the low frequency approximation to the symmetric Lamb wave speed in

a transversely isotropic plate given by Equation (4.71), reduces for an isotropic

plate into

c = 2c2

√
1− c2

2

c2
1

(4.95)

known as the plate wave velocity.
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4.3 Wave propagation in composite plates - Experiments

and Results

The considered laminate consists of 8 layers of 2/2 twill woven carbon fibers with

a [0◦/45◦/0◦/45◦]s stacking sequence. The fabric, a balanced weave, has 12 yarns-

per-inch in both the warp and fill directions, and each yarn is composed of 3000

strands of T300 carbon fibers. The matrix that binds the material is Unibond

1070 epoxy. The overall thickness of the laminate is 1.78 mm and its density is

1276 kg/m3.

The effective properties of the laminate are determined through destructive and

nondestructive (wave propagation) experiments, and from mixture type theories

[18]. The Young’s Modulus Eyy is determined from a standard uniaxial tension

test in the y− direction from which Eyy is found to be 38.8 GPa. The Poisson’s

ratio νxy in the xy plane is determined from the same test by measuring strains

in both the x and y directions using extensometers mounted on the specimen,

yielding νxy = 0.31. The shear modulus Gyz and the elastic constant Ezz for the

composite face sheet are determined from the equations [40]

Gyz = v2
yzρ (4.96)

and

Ezz =
ρEyy (1− vxy) v2

11

Eyy (1− vxy) + 2ρv2
xzv

2
xx

(4.97)

where vxx and vyz are the longitudinal and shear wave velocities, respectively, of

a wave propagating along the thickness direction of the laminate. The measured

velocities from through transmission tests of ultrasonic waves are vxx = 2880 m/s,

vyz = 1517 m/s. These results are found to be nearly independent of the frequency

of the ultrasonic waves. Ezz can then be calculated with 2.6 by assuming a

value for νxz (here: estimated from mixture type theories [41]). The estimated

effective properties of the composite laminate obtained from the mixture type
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theory and destructive and nondestructive experiments are given in Table4.1.

It can be seen that there is reasonable agreement between the theoretical and

experimental values of the material constants. In the remainder of this thesis, the

experimentally determined properties are used.

Table 4.1: Geometry and effective material parameters for a woven composite laminate,

when transversely isotropic behavior is assumed

2H [mm] E11 [GPa] E33 [GPa] ν12 ν13 G13 [GPa] ρ [kg/m3]

Experiment 1.78 38.8 9.77 0.3137 0.324 2.937 1276

Theory 1.78 44.795 10.753 0.320 0.324 3.881 1276

The stiffness constants cij can be calculated from their well known relationships

with the material constants Eij, Gij and νij by

c11 =
Exx (1− νzyνyz)

(1 + νxy) (1− νxy − 2νzyνyz)
(4.98)

c33 =
Ezz (1− νxy)

(1− νxy − 2νzyνyz)
(4.99)

c12 =
Exx (νxy + νzyνyz)

(1 + νxy) (1− νxy − 2νzyνyz)
(4.100)

c13 =
Ezzνyz

(1− νxy − 2νzyνyz)
(4.101)

c44 = Gzx (4.102)

For the woven composite laminate, ultrasonic guided Lamb wave experiments are

conducted and wave signals are recorded at distances of 50.8 mm to 254 mm (2 in.

to 10 in.) from the source transducer, using the setup described in Section (2.3).

The group velocities of the S0 wave in the frequency range of 200 kHz to 500 kHz,

and of the A0 wave in the range of 100 kHz to 220 kHz are determined by evaluating

peaks of the center frequency of the excited wave in the STFT data-sets of the

recorded time domain signals.

In Figure (4.4) symmetric waves are shown as solid lines, antisymmetric as dashed
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lines; experimental results are marked by ×. Good agreement with experimental

results is achieved for both the S0 and A0 modes.
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Figure 4.4: Dispersion curves for the group velocity for a composite plate. Symmetric

modes are shown as solid lines, antisymmetric as dashed lines. Experimental results are

marked by ×.

Additional wave propagation tests are carried out to validate the assumption of

transverse isotropy by measuring the velocity of Lamb waves for different direc-

tions (angles) of propagation. The results for A0 waves, propagating along three

directions (0◦, 45◦ and 90◦), are summarized in Table (4.2), confirming the sym-

metry of the material on the xy-plane.
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Table 4.2: Group velocity of the A0 wave for different angles of propagation in the xy

plane of composite plate.

Frequency [kHz] cg for 0◦ [m/s] cg for 45◦ [m/s] cg for 90◦ [m/s]

100 1529 1539 1551

150 1579 1516 1569

200 1597 1494 1565

250 1545 1563 1551

4.4 Rayleigh wave propagation in a quasi-isotropic half

space

In this section a similar procedure is followed to derive the equation governing

the propagation of Rayleigh waves in a transversely isotropic half space. Rayleigh

waves are surface waves and they exponentially decrease in amplitude along the

depth of the medium. They are non dispersive in nature, unlike Lamb waves. At

high frequencies, the speeds of both the symmetric and the antisymmetric Lamb

wave modes asymptotically tend towards the speed of propagation of the Rayleigh

waves.

Figure (4.5) shows the model of the half space. z- direction denotes depth and is

positive in the downward direction. x- direction denotes the direction of propa-

gation of the wave. The origin is taken on the free surface.

Using exactly the same derivation as above for Lamb waves, the parameter ξ,

describing the z-dependency of U , V are derived (see Equations (4.30-4.33). But

the field variables cannot become infinite at z = ∞. This physical constraint

results in ξ2 = ξ4 = 0. Therefore, the displacements and stresses in the frequency
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x

z

Figure 4.5: Geometry of the half space

domain can be written as

U (k, z, ω) = G1 (k, ω) e−η1z +G3 (k, ω) e−η2z (4.103)

W (k, z, ω) = α1G1 (k, ω) e−η1z + α3G3 (k, ω) e−η2z (4.104)

Sxx (k, z, ω) = (c11ik − c13α1η1)G1e
−η1z + (c11ik − c13α3η2)G3e

−η2z (4.105)

Szz (k, z, ω) = (c13ik − c33α1η1)G1e
−η1z + (c13ik − c33α3η2)G3e

−η2z (4.106)

Sxz (k, z, ω) = c44

[
(ikα1 − η1)G1e

−η1z + (ikα3 − η2)G3e
−η2z

]
(4.107)

Next, the stress free boundary conditions are applied on the top surface (z = H)

of the half space.

At z = 0, zero normal stress gives,

Szz (k, 0, ω) = (c13ik − c33α1η1)G1 + (c13ik − c33α3η2)G3

= 0
(4.108)
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At z = 0, zero shear stress gives,

Sxz (k, 0, ω) = (ikα1 − η1)G1 + (ikα3 − η2)G3

= 0
(4.109)

Therefore written in matrix form, G1, G3 which govern the motion due to the

Rayleigh waves, satisfyc13ik − c33α1η1 c13ik − c33α3η2

ikα1 − η1 ikα3 − η2

G1

G3

 =

0

0

 (4.110)

For nontrivial solution of G1, G3, the determinant of the coefficient matrix in

Equation (4.110) needs to be zero, which gives the frequency equation for the

Rayleigh waves in the half-space:

(c13ik − c33α1η1) (ikα3 − η2)− (c13ik − c33α3η2) (ikα1 − η1) = 0

(c13ik − c33α1η1) (ikα3 − η2)

(c13ik − c33α3η2) (ikα1 − η1)
= 1 (4.111)

Substituting the expressions for α1, α3 from Equations (4.36,4.38), the above gov-

erning equation for the Rayleigh waves can be written as

η1

η2

[−c2
13k

2 − c13c44k
2 + c33c11k

2 − c33c44η
2
1 − c33ρω

2]

[−c2
13k

2 − c13c44k2 + c33c11k2 − c33c44η2
2 − c33ρω2]

[c11k
2 − ρω2 + c13η

2
2]

[c11k2 − ρω2 + c13η2
1]

= 1

η1

η2

[
c13

{
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
c13

{
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}]

[
−c33c44

{
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)}] = 1

η1

η2

[
η2

2 − c11k2

c13

(
ρc2

c11
− 1
)]

[
η2

1 − c11k2

c13

(
ρc2

c11
− 1
)]
[
η2

1 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)]

[
η2

2 + c13
c33
k2
(
c13
c44

+ 1
)

+ c11
c44
k2
(
ρc2

c11
− 1
)] = 1 (4.112)

Defining, as before

A1 =
η1

k
A2 =

η2

k
(4.113)
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the above governing equation (Equation (4.112)) for the Rayleigh waves can be

written as

A1

[
A2

2 −
c11

c13

(
c2

c2
1L

− 1

)][
A2

1 +
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)]
=

A2

[
A2

1 −
c11

c13

(
c2

c2
1L

− 1

)][
A2

2 +
c13

c33

(
c13

c44

+ 1

)
+
c11

c44

(
c2

c2
1L

− 1

)] (4.114)

Using isotropic material properties, and the results from Equations (4.87,4.88,4.91,4.92)

the above equation for Rayleigh waves reduces to

(2k2 − k2
2)

2

4k2η1isoη2iso

= 1 (4.115)

which is the governing equation for Rayleigh waves in an isotropic half-space [40].
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CHAPTER 5

Rayleigh to Lamb wave conversion at a

delamination-like crack

The problem considered in this work is a half-space in which waves are excited

by a point force F , resulting in mostly Rayleigh waves propagating along the

surface. When these Rayleigh waves encounter a crack parallel to the surface of

the half-space (e.g. a delamination), the top layer will act as a waveguide for Lamb

waves, while the lower part will remain a half-space. Hence, at the leading edge

of the crack, energy from the incident Rayleigh wave will transmit as new Lamb

waves above the crack, and a Rayleigh wave below the crack. Additionally, part of

the incident wave is also reflected. The amplitude of the reflected Rayleigh wave

is, however, found to be negligible in both numerical simulations and laboratory

experiments. Similarly, reflection and transmission at the trailing edge of the

crack occurs. As soon as the Lamb waves interact with the trailing edge of the

crack, they are partially transmitted to the subsequent half-space in the form of

a new Rayleigh wave, and are partially reflected back into layer above the crack.

Moreover, the Rayleigh wave propagating below the crack is expected to be mostly

transmitted as a Rayleigh wave at the trailing edge.

This problem is motivated by delaminations of layers in composite sandwich panels

as illustrated in Figure (5.1). If, for example, the face sheet with thickness 2H

separates from the core of a three-layer sandwich panel, where the core layer

is a thick plate-like layer (e.g. honeycomb core), the previously described wave

conversion will occur at the edges of the delaminated region.
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Figure 5.1: Wave conversion at delamination-like cracks near surface of a half-space for

an incident Rayleigh surface wave

In this work, a square aluminum plate with lateral dimensions of 304.8 mm (12 in.)

and thickness of 10 mm in the y-direction is considered as a prototype of the

delamination problem. Note, when comparing the dimensions of this plate with

the wavelengths in the considered frequency range, the plate can be considered as

a half-space. As explained in more details later, an artificial crack is sawed into the

plate at 1.78 mm from one side of the plate using electrical discharge machining.

The aluminum plate (Al 6061 T-6) has a Young’s modulus of E = 69 GPa, a

Poisson’s ratio ν = 0.3269, a shear modulus µ given by E/ (2 + 2ν), and density

ρ = 2700 kg/m3.

The excitation force on the surface of the plate generates both body waves (P-

and S-waves) and Rayleigh waves. The speeds of the body waves, c1 for P- and

c2 for S-waves, where

c2
1 =

E (1− ν)

ρ (1 + ν) (1− 2ν)
(5.1)

and

c2
2 =

E

2ρ (1 + ν)
(5.2)

in aluminum are c1 = 6120 m/s and c2 = 3103 m/s, respectively. It is well known

from the solution of Lamb’s problem [1] that the wave field near the surface of the

plate is dominated by the Rayleigh waves within a distance of a few wavelengths

from the source. Moreover, the reflected waves from the edges of the plate have no

influence on the wave field in the time duration of interest due to the large dimen-

sions of the plate. Nonetheless, the wave speeds are necessary for the calculations
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of Rayleigh and Lamb wave speeds, as described in the following subsection.

5.1 Rayleigh Surface Waves

Rayleigh wave speed cR can be determined by solving the characteristic equation(
2− c2

R

c2
2

)2

− 4

√
1− c2

R

c2
1

√
1− c2

R

c2
2

= 0 (5.3)

A good approximation [42] is given by

cR ≈
0.862 + 1.14ν

1 + ν
(5.4)

for most metals. This approximate solution can also be used as an initial guess

for solving Equation (5.3). For the studied aluminum plate, the Rayleigh wave

speed is 2891 m/s (Equation (5.4) yields 2888 m/s).

Furthermore, the energy of Rayleigh waves is concentrated near the surface, mak-

ing this kind of wave appealing for NDE of damages near the surface of a structure.

For the sake of clarity, the displacement and stress fields u (x, t) = U (z) ei(kx−ωt)

and σ (x, t) = S (z) ei(kx−ωt) due to Rayleigh waves are given below.

U = iA

(
ke−η1z − k2 + η2

2

2k
e−η2z

)
(5.5)

V = 0 (5.6)

W = A

(
−η1e

−η1z +
k2 + η2

2

2η2

e−η2z
)

(5.7)

Sxx = −Aµ
((

2η2
1 + k2

2

)
e−η1z −

(
k2

2 + η2
2

)
e−η2z

)
(5.8)

Szz = Aµ
(
k2

2 + η2
2

) (
e−η1z − e−η2z

)
(5.9)

Sxz = −2iAµkη1

(
e−η1z − e−η2z

)
(5.10)

where η2
1 = k2−k2

1, η2
2 = k2−k2

2, k1 = ω
c1

and k2 = ω
c2

. ω is the angular frequency,

k is the wavenumber and c1 and c2 are the P and S wave speeds.
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5.2 Guided Lamb Waves

For a homogeneous isotropic elastic plate with a thickness of 2H, the dispersion

relations for guided symmetric Lamb wave motion can be expressed in the form

[40]

(
2k2 − k2

2

)2
cosh (η1H) sinh (η2H)− 4k2η1η2 sinh (η1H) cosh (η2H) = 0 (5.11)

and for antisymmetric Lamb wave motion by

(
2k2 − k2

2

)2
sinh (η1H) cosh (η2H)− 4k2η1η2 cosh (η1H) sinh (η2H) = 0 (5.12)

where ω = 2πf is the angular frequency, and k is the wavenumber. In subse-

quent discussions, symmetric waves are labeled as Sm and antisymmetric waves

are labeled An with m,n = 0, 1, 2, . . ., respectively.

The graphical solutions of Eqs.(5.11) and (5.12) for the phase velocity c, which is

generally a function of frequency, are called dispersion curves. The group velocity

cg of the waves can be obtained from the dispersion curves using the relation

cg =
c

1− ω
c
dc
dω

(5.13)

The displacement and stress fields for antisymmetric Lamb waves propagating the
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the x direction in the xz plane are given by

U = −iAa

(
k sinh (η1z

′)− (2k2 − k2
2) sinh (η1H)

2k sinh (η2H)
sinh (η2z

′)

)
(5.14)

W = −Aa

(
η1 cosh (η1z

′)− (2k2 − k2
2) sinh (η1H)

2η2 sinh (η2H)
cosh (η2z

′)

)
(5.15)

Sxx = Aaµ

((
2η2

1 + k2
2

)
sinh (η1z

′)− (2k2 − k2
2) sinh (η1H)

sinh (η2H)
sinh (η2z

′)

)
(5.16)

Szz = −Aaµ
(
2k2 − k2

2

)(
sinh (η1z

′)− sinh (η1H)

sinh (η2H)
sinh (η2z

′)

)
(5.17)

= −Aaµ
(
2k2 − k2

2

)
sinh (η1H)

(
sinh (η1z

′)

sinh (η1H)
− sinh (η2z

′)

sinh (η2H)

)
(5.18)

Sxz = −2iAaµkη1

(
cosh (η1z

′)− (2k2 − k2
2)

2
sinh (η1H)

4k2η1η2 sinh (η2H)
cosh (η2z

′)

)
(5.19)

= −2iAaµkη1 cosh (η1H)

(
cosh (η1z

′)

cosh (η1H)
− cosh (η2z

′)

cosh (η2H)

)
(5.20)

with u (x, t) = U (z) ei(kx−ωt) and σ (x, t) = S (z) ei(kx−ωt).

The expressions above are given for a coordinate system with the origin in the

middle of the plate. The coordinates can be transformed into the global coordinate

system that is also used for expressing Rayleigh waves through z′ = z −H.

Similarly, the expressions for the symmetric Lamb wave motion are given by

U = iAs

(
k cosh (η1z

′)− (2k2 − k2
2) cosh (η1H)

2k cosh (η2H)
cosh (η2z

′)

)
(5.21)

W = As

(
η1 sinh (η1z

′)− (2k2 − k2
2) cosh (η1H)

2η2 cosh (η2H)
sinh (η2z

′)

)
(5.22)

Sxx = −Asµ

((
2η2

1 + k2
2

)
cosh (η1z

′)− (2k2 − k2
2) cosh (η1H)

cosh (η2H)
cosh (η2z

′)

)
(5.23)

Szz = Asµ
(
2k2 − k2

2

)(
cosh (η1z

′)− cosh (η1H)

cosh (η2H)
cosh (η2z

′)

)
(5.24)

= Asµ
(
2k2 − k2

2

)
cosh (η1H)

(
cosh (η1z

′)

cosh (η1H)
− cosh (η2z

′)

cosh (η2H)

)
(5.25)

Sxz = iAsµkη1

(
sinh (η1z

′)− (2k2 − k2
2)

2
cosh (η1H)

4k2η1η2 cosh (η2H)
sinh (η2z

′)

)
(5.26)

= 2iAsµkη1 sinh (η1H)

(
sinh (η1z

′)

sinh (η1H)
− sinh (η2z

′)

sinh (η2H)

)
(5.27)
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For the studied aluminum plate, the region above the delamination-like crack has

a thickness of 2H = 1.78 mm, and the dispersion curves are computed for the

P and S wave speeds given above. The results are shown in Figure (5.2), where

solid curves denote symmetric waves and dashed curves denote antisymmetric

waves. Additionally, the Rayleigh wave speed is plotted as a dotted line. In the

frequency range of interest, i.e. 100 to 500 kHz, the symmetric wave S0 propa-

gates much faster than Rayleigh waves. The antisymmetric wave A0, however,

propagates with a similar wave speed as that for Rayleigh waves. Below approxi-

mately 280 kHz, Rayleigh waves are faster, while above this frequency, A0 waves

are slightly faster. Hence, wave signals have to be analyzed carefully in order

to distinguish between the different waves. Therefore, numerical simulations are

carried out first, which allow for a more detailed analysis than experiments.
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Figure 5.2: Dispersion curves for an aluminum plate with a thickness of 2H = 1.78 mm.

Symmetric modes are shown as solid lines, antisymmetric as dashed lines. The velocity

of the Rayleigh surface wave for this material is shown as black lines.
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5.3 Wave Scattering

Energy-based scattering coefficients ei and amplitude-based scattering coefficients

si are defined as

ei =
Ei
Einc

and si =

√
Ei√
Einc

=
ai
ainc

, (5.28)

where E denotes the energy of a wave and a the corresponding amplitude. Hence,

the scattering coefficient for the transmitted Rayleigh wave eRR is the ratio of the

energy ERR of the transmitted wave and the incident Rayleigh wave Einc = ER.

In order to determine the scattering coefficients, the power flow P through an

arbitrary cross-section A of the waveguide in the x-direction with the normal

vector n = ex, which is given by

P = −
ˆ
A

σijnju̇i dA = −
ˆ
A

σixu̇i dA (5.29)

is considered. The time-average over one period T = 2π
ω

of the power flow is then

given by

〈P 〉 =
1

T

ˆ T

0

P dt =
−ω
2

ˆ
A

imag
(
S
∗
xxU + S

∗
yxV + S

∗
zxW

)
dA (5.30)

where (·)∗ indicates complex conjugate. The total energy E of a harmonic wave

with np periods is then

E = npT 〈P 〉 (5.31)

Inserting displacements and stresses from Equations (5.5)-(5.10) into Equation

(5.30) and carrying out the integration in the z-direction, yields the time-average

power flow per unit length of a Rayleigh wave as

〈PR〉 =
A2ωµ

2

[
k

(
2η2

1 + k2
2

2η1

− (2k2 − k2
2)

η1 + η2

− (2k2 − k2
2) (2η2

1 + k2
2)

2k2 (η1 + η2)
+

(2k2 − k2
2)

2

4k2η2

)

+ η1

(
k − (2k2 − k2

2)

2kη2 (η1 + η2)
− k (2k2 − k2

2)

η2 (η1 + η2)
+

(2k2 − k2
2)

3

8kη1η3
2

)]
(5.32)
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The amplitude A in the above equation depends on the boundary conditions of

the problem, i.e. on the load F for the incident Rayleigh wave and on the in-

terface conditions at the leading and trailing edges of the crack for transmitted

and reflected waves. While the amplitude of the incident wave can be deter-

mined analytically (see Equations (5.5)-(5.10), the amplitude of transmitted and

reflected Rayleigh waves are determined from finite element simulations, which

are described in the following section.

In a similar way, the time-average power flow per unit length of an antisymmet-

ric Lamb wave can be determined by inserting displacements and stresses from

Equations(5.14)-(5.20)) into Equation (5.30), resulting in

〈Pa〉 =
A2

aωµ

4

[
k

η1

sinh (2η1H)
(
k2

2 + 4η2
1

)
− 2Hkk2

2

(2k2 − k2
2)

kη2

sinh (η1H)

sinh (η2H)

sinh ((η1 + η2)H)

η1 + η2

(
2k2 (η2 + 2η1) + k2

2 (η2 − η1) + 2η2
1η2

)
(2k2 − k2

2)

kη2

sinh (η1H)

sinh (η2H)

sinh ((η1 − η2)H)

η1 − η2

(
2k2 (η2 − 2η1) + k2

2 (η2 + η1) + 2η2
1η2

)
(2k2 − k2

2)
2

4kη3
2

sinh2 (η1H)

sinh2 (η2H)
sinh (2η2H)

(
4k2 − 3k2

2

)
(2k2 − k2

2)
2

2kη2
2

sinh2 (η1H)

sinh2 (η2H)
Hk2

2

]
(5.33)

where the amplitude Aa again depends on the boundary conditions of the prob-

lem and is identified from finite element simulations. For this problem, mostly

antisymmetric waves are expected to be generated at the edges of the crack.

The time-average power flow per unit length of a symmetric Lamb wave can be

determined by inserting displacements and stresses from Equations (5.21-5.27)
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into Equation (5.30), resulting in

〈Ps〉 =
A2

sωµ

4

[
k

η1

sinh (2η1H)
(
k2

2 + 4η2
1

)
− 2Hkk2

2

(2k2 − k2
2)

kη2

cosh (η1H)

cosh (η2H)

sinh ((η1 + η2)H)

η1 + η2

(
2k2 (η2 + 2η1) + k2

2 (η2 − η1) + 2η2
1η2

)
(2k2 − k2

2)

kη2

cosh (η1H)

cosh (η2H)

sinh ((η1 − η2)H)

η1 − η2

(
2k2 (η2 − 2η1) + k2

2 (η2 + η1) + 2η2
1η2

)
(2k2 − k2

2)
2

4kη3
2

cosh2 (η1H)

cosh2 (η2H)
sinh (2η2H)

(
4k2 − 3k2

2

)
(2k2 − k2

2)
2

2kη2
2

cosh2 (η1H)

cosh2 (η2H)
Hk2

2

]
(5.34)

5.4 Numerical Modeling and Simulations

In order to investigate the class of problems described above, transient finite ele-

ment (FE) simulations are conducted. For the considered homogeneous isotropic

linearly elastic aluminum plate, different two-dimensional plane-strain models are

created in the commercial software package Abaqus.

First, a thin layer with a thickness of 1.78 mm and a thick layer with a thickness

of 298.22 mm are modeled. The plate is then assembled through tie constraints

between the two layers, enforcing continuity, i.e. equal displacements, at the

interface. Using this method, the delamination-like crack can easily be introduced

in the form of a zero volume delamination by untying the neighboring nodes in the

damaged region. In the simulations, the leading edge of the crack is 50 mm away

from the concentrated force input F (which is at x = 0), and the delamination

is 50 mm long. At the bottom edge of the plate, a fixed boundary is introduced,

i.e. u = 0, while all other edges are considered traction free, except for the

concentrated force at the top edge. This model will be referred to as the “tie

model”.

Since the zero volume delamination implemented in the tie model does not in-
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troduce a singularity in the stress at the leading and trailing edges of the crack,

a second model is considered. Instead of implementing an elliptical crack with

non-zero volume, which has also been shown to give excellent results [43], crack

tip elements are implemented in Abaqus with the delamination-like crack being

the seam. By applying crack tips in Abaqus, strain is proportional to 1√
r

with r

being the distance from the crack tip. The size and location of the delamination

are identical to the ones of the tie model. In the following, this model will be

referred to as the “crack tip model”.

For both models, mostly 4-node bilinear elements (CPE4) are used with a spatial

resolution of about 0.5 mm, which is about ten times smaller than the smallest

wave length of the Lamb and Rayleigh waves in the considered frequency range.

In order to implement the crack tips, 6-node and 8-node quadratic elements are

used in the surrounding area. Since this results in a slight irregularity in the

mesh, the crack tip model has 237,815 elements, while the tie model has 240,000

elements. To calculate the transient dynamic response to a given concentrated

force input F , Abaqus’ implicit time integration with a fixed time step of 0.1 µs

is used and simulations are conducted up to 80 µs simulation time.

In order to study mode conversion at the leading edge of the aforementioned

delamination-like crack more thoroughly, another smaller model is considered as

well. In this “leading edge model”, as shown in Figure (5.3), three nodes are

of particular interest: at M1, the induced Rayleigh wave is measured, at M2,

the Lamb wave that is generated at the crack tip, and at M3, the transmitted

Rayleigh wave below the delamination-like crack, respectively. With the reduced

dimensions, the model requires less computation time and simulations for varying

excitation frequencies can be carried out more easily.
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Figure 5.3: Model to investigate mode conversion at leading edge of a delamination-like

crack in a half-space

5.5 Results

In a first step, the modeling techniques “tie model” and “crack tip model”, as

described in the previous section, are compared for a three-cycle sinusoidal tone

burst enclosed in a Hann window (also called Hanning window) with the central

frequency at 200 kHz. The relatively short tone burst is used to avoid superposi-

tion of the wave of interest with other (reflected) waves. Results of the conducted

simulations are shown in Figure (5.4). In Figure (5.4a) the normalized displace-

ments in the z direction at the same node in the delamination zone are compared,

and in Figure (5.4b), wave signals from after the damaged area are shown. Solid

lines denote results from the crack tip model and dashed lines denote results from

the tie model. It can be seen that the results from the tie model coincide with

those from the crack tip model. Moreover, only the left propagating Lamb wave

that is generated at the trailing edge of the crack, as shown in Figure (5.4a), re-

veals a practically negligible difference between the two models. Hence, this also

confirms the accuracy of the results from past research [34, 30] in which a zero

volume delamination with sufficiently fine meshes were used for modeling such

defects. It should be noted that the distinction between the two models would be

more prominent closer to the crack tip, where the singular field dominates. The

distinction appears to be negligible in the guided wave dominated far field.
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Figure 5.4: Comparison of normalized displacements in the z direction at the surface

of a thick damaged plate from simulations with the crack tip model (solid) and the tie

model (dashed) at f = 200 kHz.

In the next step, wave propagation is studied in detail using the determined wave

speeds from Sections (5.1) and (5.2). To this end, the displacements are analyzed

at two locations on the surface of the plate. In Figure (5.5), the normalized

displacements in the z direction that are calculated at x = 25 mm and x = 150 mm

are shown for f = 200 kHz. In Figure (5.5a), the incident Rayleigh wave R→ can

clearly be identified using the corresponding wave speed and position. When this

incident R→ wave interacts with the leading edge of the delamination-like crack,

almost no reflection occurs. Instead, the wave is partially transmitted to an A0

wave, propagating in the ligament above the crack that now acts as a waveguide

for Lamb waves, and partially to a Rayleigh wave that propagates along the

surface of the half-space below the crack. When the RA0 → wave encounters

the trailing edge of the crack, it is partially reflected as a left propagating wave

A0 ←. Continuing on the path of this wave, it is again partially transmitted as a

Rayleigh wave when the wave interacts with the leading edge of the crack. Hence,

the second wave in the signal is denoted as RA0R←.
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Figure 5.5: Normalized displacements in the z direction at various locations on the

surface of a thick damaged plate for f = 200 kHz.

It should also be noted, that the Rayleigh wave RR→ is almost completely trans-

mitted at the trailing edge of the crack such that there is no RRR← in the signal.

Note, the waves are denoted by their current wave type, i.e. Am for antisymmetric

waves and R for Rayleigh waves, and including their propagation history with the

most recent wave type being at the end of the sequence. Additionally, the current

propagation direction is denoted by → for right and by ← for left propagating

waves, respectively.

In Figure (5.5b) the normalized displacements in the z direction from beyond the

crack at x = 150 mm are shown. Considering the wave speeds, the main wave

packet can be identified as an RRR→ wave. This wave might be superimposed

with the RA0R→ wave but since the wave speeds of Rayleigh and A0 waves at

200 kHz are very similar (see Figure (5.2b)), a clear distinction cannot be made.

However, a low but significant amplitude before the arrival time of previously

mentioned waves can also be noticed. Dividing the distance x = 150 mm by the

time at which the first non-zero signal can be observed leads to an average group

velocity of about 5500 m/s and can therefore not be associated with any expected

propagating wave. The fastest expected propagating wave that could be detected
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is the RS0R→ wave, which possibly arrives around 44 µs and therefore would

be significantly later in time but still might explain part of the non-zero signal.

Nonetheless, the investigation of this phenomenon has to be addressed again in

future work.

The frequency dependence of mode conversion at a delamination-like crack is

analyzed next. The leading edge model is evaluated first for varying excitation

frequencies. Scattering coefficients ei are determined from Equation (5.28) using

the semi-analytical approach from Equations (5.31-5.33). Thereby, the ampli-

tudes A for Rayleigh waves and Aa for Lamb waves are determined by comparing

displacements from FE simulations with normalized theoretical values at, for ex-

ample, z = 0. In Figure (5.6), the determined transmission coefficient for Rayleigh

to Rayleigh wave conversion is shown for frequencies between 100 and 500 kHz and

marked by ×. Additionally, the Rayleigh to Lamb wave transmission coefficient

is denoted by +.
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Figure 5.6: Transmission coefficients for mode conversion at the delamination-like crack

for varying frequencies
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In order to examine the transmission of the induced Rayleigh wave to the trans-

mitted Rayleigh wave RRR→ through the whole delamination zone, in Figure

(5.6b), the transmission coefficient is shown for frequencies from 100 to 500 kHz.

The results reveal a decreasing transmission of the incident Rayleigh wave with

increasing frequency.

In order to visualize the effect of a delamination-like crack, the displacement fields

of waves propagating in the delamination zone are shown in Figure (5.7) at fre-

quencies 200 kHz and 500 kHz. For f = 200 kHz, Lamb waves propagate slower

through the damaged area than Rayleigh waves below the crack, which is due to

the difference in the group velocities (cf. Figure (5.2)). For f = 500 kHz, the oppo-

site behavior can be seen, as Lamb waves propagate faster than Rayleigh waves.

These effects need to be incorporated into damage detection systems through

careful signal processing.

(a) A0 waves are slower than Rayleigh waves

at 200 kHz

(b) A0 waves are faster than Rayleigh waves

at 500 kHz

Figure 5.7: Displacement fields in the delamination zone, showing propagating Lamb

and Rayleigh waves at different frequencies

In the final step, the displacements at the surface of the plate at various locations

are compared for the undamaged and damaged cases. The normalized displace-

ments in the z direction at x = 75 mm and x = 150 mm are shown in Figure

(5.8). The displacements for an undamaged plate are shown as dashed lines,
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while displacements for the damaged plate are shown as solid lines. In Figure

(5.8a), there is a clear difference between the undamaged and damaged cases even

without a detailed analysis of the signals. When considering a measurement af-

ter the delamination zone, as shown in Figure (5.8b), it becomes clear why a

detailed understanding of the underlying phenomena is necessary. In this case,

not only is the amplitude of the Rayleigh wave RRR→ reduced but also part of

the incident wave’s energy is now propagating as an additional Rayleigh wave,

whose arrival time depends on the speed of the Lamb wave propagating above the

delamination-like crack.
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Figure 5.8: Normalized displacements in the z direction at various locations on the

surface of the undamaged (dashed lines) and damaged (solid lines) plate for f = 200 kHz

5.6 Experimental Validation

In this section, the response of a thick aluminum plate to a dynamic load is

obtained from experiments. After an introduction to the general experimental

setup in Section (5.6.1), wave propagation in the undamaged case is compared to

simulation results in Section (5.6.2). This ensures correctness of the validation

methodology. Then in Section (5.6.3), experiments with a damaged aluminum

plate are conducted and results are compared to those obtained from numerical
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simulations.

5.6.1 Experimental Setup

Laboratory experiments are carried out using an ultrasonic system in the pitch-

catch mode augmented by a fixture that allows accurate placement of the actu-

ating and sensing transducers in repeated tests, thereby simulating a large array

with an arbitrary number of sources and receivers. The waves are induced and

recorded by a pair of identical broadband PZT transducers (Digital Wave B-225).

The transducers are placed on the top edge of the plate, as shown in Figure (5.9),

using a Plexiglas face sheet that is attached to the plate. An array of holes with

the diameter equal to that of the transducers is drilled into the sheet, ensuring

identical transducer locations in repeated experiments. The transmission of ul-

trasound is supported by the application of an ultrasonic gel couplant (Sonotech).

A five-cycle sinusoidal tone burst enclosed in a Hann window with the central

frequency at 200 kHz, produced by an arbitrary waveform generator (Stanford

Research Systems), is used as the driving signal V of the source transducer. Note

that for the experiments, a tone burst that consists of more cycles than in pre-

vious numerical simulations is preferable, reducing distortion effects due to the

frequency response of the transducer. A signal conditioner (Digital Wave FM-1)

is used to amplify and filter the received signals. The input and received sig-

nals are digitized and recorded using an oscilloscope (Agilent 54624A) with up to

200 MHz sampling frequency.
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Actuator Sensor

Figure 5.9: The laboratory experimental setup including oscilloscope, signal conditioner,

function generator and transducers on the edge of a thick aluminum plate, and a close-up

view of the delamination-like crack

The generated input signal V (t) is thereby of the form

V (t) =
1

2

[
1− cos

(
2πft

np

)]
sin (2πft) (5.35)

where f is the central frequency and np is the number of cycles. However, the signal

from Equation (5.35) is modified by various components of the test setup before

it is transmitted as a force on the specimen. In a similar manner, the received

signal differs from the displacement available from simulations. Hence,the force

applied in numerical simulations has to be modified appropriately to allow for a

comparison with experimental results. In frequency domain, the modified force

F ∗(ω) is calculated from the frequency-domain relation

F ∗(ω) =
Vexp (ω)

Usim (ω)
F (ω) (5.36)

where Vexp (ω) is the experimentally received signal at a given location, and

Usim (ω) is the displacement at the same location in the simulation model for

the force F (ω). Once F ∗(ω) is obtained, the inverse Fourier transform is simply
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applied to determine the modified input force for the FE simulations. An exam-

ple of such a modified signal with a 200 kHz central frequency is shown in Figure

(5.10), along with the original force signal.
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(a) Original force F ; used as input signal in

experiments
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(b) Modified force F ∗; used as input force in

simulations

Figure 5.10: Original and modified narrow-band input signals with center frequency

f = 200 kHz

5.6.2 Undamaged Plate

First, an FE simulation is carried out using the tie model as described in Section

(5.4). In this case, however, the tie-bond is applied to all neighboring nodes of

the lower and upper part of the plate, resulting in a homogeneous undamaged

2D model of the plate. As mentioned before, the forcing function used in the FE

model is now the modified force F. The recorded outputs are the displacement

components normal to the surface at various positions. In the experiment, the

same aluminum plate is used for measurements in both the undamaged and dam-

aged case. In the undamaged case, the opposite side of the plate is used and,

due to the sufficiently large dimensions, the damaged area does not influence the

measurements in this case. With the actuating transducer at x = 0 mm, which

is 76.2 mm (3 in) away from the edge of the plate, measurements are conducted
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with the receiving transducer placed at identical positions to those used in the

simulations.

The experimentally and numerically determined responses to the induced force

at f = 200 kHz are compared in Figure (5.11) for two receiver locations at x =

76.2 mm and x = 127 mm. Results from experiments are shown as solid lines,

while results from simulations are plotted as dashed lines. In the signal, two

waves can be identified: the first wave packet with high amplitude is the induced

Rayleigh wave R→, while the second smaller wave packet is a reflected wave from

the (left) edge of the plate. It can be seen that there is good agreement between

the experimental and numerical results at both receiver locations.
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(b) x = 127 mm

Figure 5.11: Comparison of experimentally received signal (solid blue lines) and simula-

tion result (dashed red lines) for various locations along the top surface of an undamaged

aluminum plate for f = 200 kHz

5.6.3 Damaged Plate

More important than the experimental validation of wave propagation in the un-

damaged case, numerical findings for the damaged plate are also verified experi-

mentally. In this case, a crack parallel to the surface of the plate with a length

of 25.4 mm (1 in) is sawed into the specimen using electrical discharge machining,
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such that the leading edge of the crack is located at 63.5 mm (2.5 in) from the

source and 1.78 mm below the surface.

The experiments are performed similarly to the ones for the undamaged case, i.e.

measurements are conducted at various positions along the surface of the plate

near the crack. Numerical FE simulation are carried out using the tie model, as

described in Section (5.4). For the input force, again the modified source F ∗ is

applied. Displacements in the z direction are recorded at the same positions as in

the experiments.

The results for both experimentally and numerically recorded signals at two re-

ceiver locations x = 76.2 mm (above the crack) and x = 127 mm (after the crack)

are shown in Figure (5.12), where results from experiments are shown as solid

lines and results from FE simulations as dashed lines, respectively. The simulated

waveforms can again be seen to have the same major characteristics as those in

the experiments. However, in Figure (5.12a), the agreement between simulation

and experiment is acceptable but not perfect. This might be due to the fact that

the measurement is taken exactly in the middle of the relatively short crack, which

causes superposition of left and right going Lamb waves. Due to minor differences

in the group velocities between the experiment and the simulation, superposition

of the two waves is not identical. As can be seen from Figure (5.12b), the recorded

signals of the right propagating Rayleigh wave, which is transmitted through the

delamination zone, are very close in the simulation and the experiment.
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(a) In delamination zone at x = 76.2 mm
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Figure 5.12: Comparison of experimentally received signals (solid blue lines) and simu-

lation results (dashed red lines) for various locations along the top surface of a damaged

aluminum plate for f = 200 kHz
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CHAPTER 6

Concluding Remarks

From the study of propagation of Lamb waves through plates carried out in this

thesis, the following remarks can be made as a summary.

• The displacements and stresses associated with the propagation of waves in

a plate are highly influenced by the nature of the load generating the wave

motion in the frequency range of 100 kHz to 0.5 MHz.

• The energy carried by the waves differ significantly depending on the type

of load generating the waves.

• The rocking load induces Lamb waves with the least energy within the fre-

quency range considered. For low frequencies, Lamb waves generated due

to the uniform vertical load, carries the highest amount of energy. For some

mid frequencies, in the range considered, the Lamb waves generated due to

the uniform shear load carries a little more energy than those generated by

the uniform vertical load, but again decreases for higher frequencies.

• The non-propagating waves near the source do not contribute to any net

average energy flow per cycle.

• When a Rayleigh wave hits a crack in a half space, with increasing frequency,

more energy is transmitted as Lamb waves at the leading edge of the de-

fect. This can be attributed to the fact that more of the Rayleigh wave

energy is concentrated near to the surface of the half-space. Furthermore,
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with increasing frequency, less energy is transmitted at the trailing edge of

the delamination like crack. Hence, the measured Rayleigh wave after the

delamination zone is of lower amplitude for higher frequencies.

• There is a pressing need for simulations and experiments for realistic prob-

lems involving composite structural composites containing hidden defects.
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