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Metric Damping of MDOF
Systems in High Transient Motion
This paper deals with damping due to transient motion in the case of multi-degree-of-
freedom (MDOF) system. The main aim of this research is to make the method presented
by the authors in a previous paper available for MDOF systems. An method based on
relativity concepts is developed in order to identify and evaluate a metric damping due to
time-varying forcing frequency. An additional dimension for each degree of freedom
(DOF) is introduced. The variational problem of the metric of a Riemannian space gives
the geodesic equations, i.e., equations of motion that, after time integration carried out
with several types of numerical schemes, permit one to predict the forced transient re-
sponse of a 3-DOF system. The proposed metric approach makes the experimental results
correspond with the simulated results. �DOI: 10.1115/1.2128638�
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1 Introduction
The response of mechanical systems is greatly influenced by

damping, which has a dissipative effect. Broadly speaking, damp-
ing in mechanical systems remains delicate and complicated to
model �1,2�. It especially depends on the type of excitation, see
for example, �3–5�. In �6,7�, Al Majid and Dufour compared the
measured and predicted responses of a single-degree-of-freedom
�SDOF� system subjected to a forcing frequency varying consid-
erably through time and showed that using a classical model is
inefficient, particularly after the resonance phenomenon. Inspired
by Einstein’s general relativity principle �8–14�, they presented an
original method for evaluating the dissipative effect due to the
transient phenomenon. This method, based on the use of an addi-
tional dimension in a pseudo-Riemannian space �a non-Euclidian
space� is used to predict the response which, compared to the
measured response of a SDOF system, permitted the validation of
the proposed model or metric model.

The aim of this paper is to improve and extend the method
proposed in �7� to multi-degree-of-freedom �MDOF� systems.
Sections 2 and 3 are devoted to the MDOF metric model and the
classical model. In Sec. 3, an experimental 3-DOF spring-
pendulum system is used for testing the metric and classical mod-
els. The metric and classical responses are predicted using several
numerical schemes and compared to the measured response.

2 MDOF Metric Model

2.1 Dimension and Metric of the Space. Let a discrete me-
chanical system be subjected to an external force F=F0ei ��t� that
has a time-varying forcing frequency. It is assumed that the forc-
ing frequency is the only parameter that has an effect on space.
The extension of a metric method to MDOF systems is performed
by using the modal method. If x= t�x1 ,x2 , . . . ,xn� is the real vari-
able vector of the MDOF system studied, the interval between two
successive positions is expressed in tensor notation by an element
of infinitesimal length ds given by Eq. �1�, where g�� is the metric
tensor

ds2 = g��dx�dx�, ��,�� � �1,n�2 �1�

Let q= t�q1 ,q2 , . . . ,qn� be the modal variable vector defined by
Eq. �2�, where the squared matrix � is the full modal matrix

x = �q �2�
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Then, assuming the mode shapes are uncoupled, each modal
equation obtained can be treated independently. In order to take
into account the influence of the forcing frequency on space, the
frame of reference is equipped with several additional modal co-
ordinates. The variable q0, representing time, is defined by Eq. �3�
where a is a high speed, t is the time and i2=−1

q0 = iat �3�
Assuming there is only one influential parameter, one additional

variable is devoted to each DOF of the MDOF system as defined
in Eq. �4�, where �� and �� are, respectively, the constant radius
and the angle of rotation

q−� = i����,
dq−�

ds
= i���̇�, � � �1,n� �4�

Consequently, �̇� corresponds to the frequency of the motion of
the DOF �.

2.2 Metric Determination. In the case of a flat space, such as
the Minkowski space, the metric tensor is ��� and the Riemann
tensor R���

� is nil. Let the motion have a small effect on the space
time and slightly curve it. Thus, the Ricci tensor is nil

R�� = 0 �5�

This expresses the maximum independence between the coordi-
nates. In general relatively, this corresponds to the Einstein field
equations in free space.

The Ricci tensor is calculated by Eq. �6� where 	��
k is the

symbol of Christoffel of the second kind, defined by Eq. �7�,

R�� =
�	�





�x� −
�	��




�x
 + 	
�
� 	��


 − 	
�
� 	��


 �6�

	��
k =

1

2
glk� �g�l

�x� +
�g�l

�x� −
�g��

�xl � �7�

The metric tensor g�� can be expressed by the diagonal form
presented in

g�� = ��� + �����q−1,q−2, . . . ,q−n� �8�
−1 −2 −n
The term �����q ,q , . . . ,q �, is a small perturbation metric
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tensor. In order to obtain a corresponding form between geodesic and Lagrange equations, it is necessary to introduce the potential
energy U�q0 ,q1 ,q2 , . . . ,qn�, as indicated in �7�, and therefore to replace g00=1+��00�q−1� by the expression given by

g00 = 1 + ��00�q−1,q−2, . . . ,q−n� + 2H�q−1,q−2, . . . ,q−n�
U�q0,q1,q2, . . . ,qn�

a2 �9�

The metric tensor obtained is then obtained as presented as follows:

g =�
1 + ��−n−n ¯ 0 0 0 ¯ 0

] � ] ] ] � ]

0 ¯ 1 + ��−1−1 0 0 ¯ 0

0 ¯ 0 1 + ��00 + 2H
U

a2 0 ¯ 0

0 ¯ 0 0 1 + ��11 ¯ 0

] � ] ] ] � ]

0 ¯ 0 0 0 ¯ 1 + ��nn

� �10�
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To fulfill the condition presented in Eq. �5�, ��� and H are
expressed as functions of one unknown function h, which can be
determined by solving Einstein’s equations as explained in �7�. A
nil Ricci tensor forces the Einstein tensor to be nil

Gij = Rij − 1
2gijR = 0 �11�

R is the Ricci scalar �the trace of the Ricci tensor�. Using this
method, the coefficients of the metric tensor g�� are obtained and
the geodesic equations give the equations of the motion. As the
modal method is used, the results of �7� for SDOF systems give,
for each modal DOF, the set of coupled equations presented as
follows:

q̈j + 2��̇ jq̇j + 
 j
2qj =

1

mj
f�t� �12�

�̈ j − 2
� j

� j
2�1

2

 j

2�qj�2 −
1

mj
f j�t�qj −

1

2
�q̇j�2� = 0 �13�

Associated with the DOF j, mj, � j, and f j�t� are the modal
mass, viscous damping factor, and force, respectively; and 
 j is

the natural frequency. If �̈ j =0, the damping is constant and Eq.

�12� is reduced to the classical model equation.
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2.3 State-Space Formulation. The state-space form of Eqs.
�12� and �13� yields the system given by

Ẋ = AX + BU

Y = CX + DU �14�
The different terms of the system presented in Eq. �14� are

given by

X = 	
q

q̇

�

�̇

, U = 	

f�t�
qf�t�

q2

q̇2

q̇�̇


 ,

�15�

A = 	
0 Id 0 0

− Mmod
−1 Kmod 0 0 0

0 0 0 Id

0 0 0 0
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B = 	
0 0 0 0 0

Mmod
−1 Vmod 0 0 0 0

0 0 0 0 0

0 −
2� j

� j
2 Mmod

−1 Vmod

� j

� j
2 Mmod

−1 Kmod −
� j

� j
2

0 

4n��1+4n�

�16�
C = Id4n�4n, D = � 0

Mmod
−1 Vmod

�, � = 	�1 ¯ 0

] � ]

0 ¯ �n



�17�

Mmod and Kmod are, respectively, the modal mass and stiffness
modal matrices. Solving Eqs. �12� and �13� requires the conditions
presented as follows:
t = 0 ⇒ � j = 0, qj = 0, q̇ j = 0 �18�

t = tj ⇒ �̇ j = 
 j �19�

where tj is the time when �=
 j. Constants � j remain unknown
but they can be assumed to be very small when comparing them to

the unity by virtue of the least-action principle �7�.
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3 Classical MDOF Model

3.1 Equation of Motion. The motion is governed by the set
of linear differential equations given by

Mẍ + Kx = Vf�t� �20�

where M is the mass matrix and K is the stiffness matrix. More-
over x and Vf�t� are the displacement and force vectors, respec-
tively. Expanding the solution on a modal base requires the intro-
duction of the variable change �Eq. �2�� in the kinetic and strain
energies and in the virtual work of the external force. This yields
the modal equations presented as follows:

t�M�q̈ + t�K�q = t�Vf�t� ⇔ Mmodq̈ + Kmodq = Vmodf�t�
�21�

The modal form given by Eq. �21� permits the introduction of
the modal diagonal damping matrix Cmod, which coefficients are
expressed from the measured modal viscous damping coefficients
using a steady-state transfer function,

Mmodq̈ + Cmodq̇ + Kmodq = Vmodf�t� �22�

3.2 State-Space Formulation. The state-space equations
given by Eq. �14� are used with the terms defined as follows:

A = � 0 Id

− Mmod
−1 Kmod − Mmod

−1 Cmod
�, B = � 0

− Mmod
−1 Vmod

� ,

�23�

C = Id, D = � 0

− Mmod
−1 Vmod

�, X = �q

q̇
�, U = f�t�

Fig. 1 Diagram of the experimental setup
Fig. 2 Excitation force „0–50 Hz…
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4 Experimental Validation

4.1 Experimental Setup. The mechanical system is com-
posed of three in-plane compound and identical pendulums hinged
by ball bearings at points O1, O2, and O3, respectively, and con-
nected to each other by identical springs. The position of the three
masses M can be modified in order to adjust the natural frequen-
cies of the system. In the frequency range considered, this system
can be modeled by three DOF �see Fig. 1�.

An electrodynamic shaker permits a force to be applied, mea-
sured by a piezoelectric sensor, onto the first subsystem �i.e., first
DOF� whose displacement is measured by a proximity probe. A
signal dynamic analyzer supplies a periodic chirp source and
records the time history of both the force transmitted and the
displacement. The measured response plotted in what follows is
obtained by using the transmitted force, shown in Fig. 2, which
has a forcing frequency that varies from 0 to 50 Hz. This curve-
fitted force and the data given in Table 1 in the Appendix A,
permit the prediction of the displacement response performed in
what follows using the classical and metric models. The three
measured natural frequencies are given by

v1 = 8.26 Hz, v2 = 22.96 Hz, v3 = 33.60 Hz �24�

Fig. 3 Predicted response with a classical model „ODE113,
dotted line… and measured response „solid line…

Fig. 4 Classical model. Zooms of the predicted response of
three different algorithms: ODE23 „---…, ODE45 „���…, ODE113

„���…

Transactions of the ASME
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4.2 Time-Integration Schemes. MATLAB-SIMULINK software,
which is used for solving the state-space equations given by Eq.
�14�, provides a panel of different integration schemes called ODE
�ordinary differential equations� to solve initial value problems. In
this case, different algorithms are tested to solve the state-space
equations. They are differentiated by the problem type, their order
of accuracy, and their case of use �15,16�. It can be noted that the
ODE23, ODE45, and ODE113 algorithms are based on the
Runge-Kutta method �more or less modified� and that solving the
metric model equations by ODE23 requires six times as much
memory as the ODE45. Moreover, a scheme combining Runge-
Kutta and Newton-Raphson methods is developed. The maximum
time step is 0.0002 s. Constant or adaptive time steps have no
significant influence on the results.

4.3 Prediction With the Classical Model. The characteristics
given in Table 1 in the Appendix allow defining the parameters of
the matrices and vectors given in Eq. �23�,

x = t�x1 x2 x3�, V = t�lf/ld 0 0� ,
�25�

� = �0.36 0.80 − 0.61

0.64 0.31 0.82

0.80 − 0.66 − 0.40
�, t�V = � 0.35

0.77

− 0.59
�

Mmod = �1 0 0

0 1 0

0 0 1
� Kmod = �
1

2 0 0

0 
2
2 0

0 0 
3
2 � ,

�26�

Cmod = �2�1
1 0 0

0 2�2
2 0

0 0 2�3
3
�

The classical model described by Eqs. �14� and �23� is used to
predict the displacement response of the first DOF. Even though
different numerical schemes are used, there is a considerable de-
viation between the predicted and measured responses, especially
after each resonance phenomenon �see Fig. 3�. The different algo-
rithms tested give identical predicted responses. This is shown by
Fig. 4, where the magnified responses predicted by numerical
schemes ODE23, 45, and 113 are plotted around the three reso-
nance phenomena. No improvement is obtained even though the
nonlinear equations are taken into account.

4.4 Prediction With the Metric Model. Updating the � j fi-
nally gives the values �1=3.3�10−6, �2=6.4�10−6, and �3=2.1
�10−6 with which simulation is carried out. It should be noted
that a variation ±1�10−7 of � j does not significantly modify the
results. The time history of the predicted and measured responses
are compared in Fig. 5. The three zooms performed around the
three resonance phenomena and plotted in Fig. 6 show that there
is only a slight deviation after the third resonance phenomenon.
The metric model is proved satisfactory. Figure 7 shows the met-
ric and classical modal damping coefficients �extracted from the
experimental transfer function by the bandwidth technique�. As
can be seen, damping varies around each resonance phenomenon.
Finally, the time history of the three variables �� are compared in
Fig. 8, with the linear evolution of 
 jt corresponding to the clas-
sical damping 2� j
 j.

5 Conclusion
Predicting the response of a mechanical system in high tran-

sient motion using a classical numerical approach could be unsat-
isfactory. The metric method proposed is based on the concept of
general relativity and the introduction of additional axes �an axis
per parameter influencing space for each DOF�. If the excitation
frequency is considered as the influencing parameter, one addi-

tional axis is assigned to each DOF.

Journal of Vibration and Acoustics
Fig. 5 Displacement measured „solid line… and predicted with
Fig. 6 Zooms of displacement measured „solid line… and pre-
dicted with the metric model „dotted line…
Fig. 7 Modal damping coefficients predicted with the metric

„solid line… and classical „dotted line… models

FEBRUARY 2006, Vol. 128 / 53
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The steps of the proposed method are linked as follows:

• defining a frame of reference—a Riemannian space contain-
ing additional axes

• establishing the metric
• determining the terms of the metric assuming that the time

space is slightly curved �i.e., Ricci tensor nil�
• defining the interval between two successive positions
• minimizing the interval to establish the geodesic equation,

i.e., equations of motion
• solving the coupled equations with the state-space form,

provided with boundary conditions
• updating the unknown factors � j

Using this metric method makes the experimental results corre-
spond with the simulated results.
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Appendix A: Parameters of Experimental Setup
The parameters of the experimental setup are presented in

Table 1.

Appendix B: Matrices of Classical Model

M =�
I1 + 2msls

2/3

ld
2

1

6

msls
2

ld
2 0

1

6

msls
2

ld
2

I2 + 2msls
2/3

ld
2

1

6

ms
2ls

2

ld
2

0
1

6

ms
2ls

2

ld
2

I3 + 2msls
2/3

ld
2

� �B1�

K =�
Q1 g + k1 ls

2 + k2 ls
2

ld
2 −

k2 ls
2

ld
2 0

−
k2 ls

2

ld
2

Q2 g + k2 ls
2 + k3 ls

2

ld
2 −

k3 ls
2

ld
2

0 −
k3 ls

2

ld
2

Q3 g + k3 ls
2

ld
2

�
�B2�

I1 = 1
3mtlt

2 + m� 1
4rm

2 + lm
2 � + 1

2mara
2 + mblb

2 �B3�

I2 = I3 = 1
3mtlt

2 + m� 1
4rm

2 + lm
2 � + 1

2mara
2 �B4�

Q1 = mlm + 1
2mtlt

2 + msls + mb

lb

2 + Lb
2 �B5�

Q2 = Q3 = mlm + 1
2mtlt + msls �B6�

References
�1� Lalanne, M., 2000, “Review: Modeling Damping in Mechanical Engineering

Structures,” Shock Vib., 7, pp. 29–37.
�2� Nashif, A. H., Jones, D. I. G., and Henderson, J. P., 1985, Vibration Damping,

Wiley, New York.
�3� Irretier, H., and Balashov, D., 1999, “Transient Resonance Oscillations of a

Mechanical System With Regard to Nonlinear Damping Effects,” ASME Conf.
on Mechanical Vibration and Noise, ASME Paper No. DET99/Vib-8338.

�4� Evan-Iwanowski, R. M., 1976, Resonance Oscillations in Mechanical Systems,
Elsevier, Amsterdam.

�5� Mitropol’dki, Yu. A., 1964, Problems of the Asymptotic Theory of Nonstation-
ary Vibrations �translated from Russian by Ch. Gutfreund�, Nauka, Moscow.

�6� Al Majid, A., and Dufour, R., 2000, “An Event Dimension for Modeling
Damping Due to Time-Varying Forcing Frequency,” Nonlinear Dyn., 23�4�,
Table 1 Characteristics of the 3-DOF system
Fig. 8 Progression of �„t… of the metric model „solid line… and
�t of the classic model „dotted line…
303–318.

Transactions of the ASME



�7� Al Majid, A., and Dufour, R., 2003, “Damping in High Transient Motion,”
ASME J. Vibr. Acoust., 125, pp. 223–227.

�8� Einstein, A., 1971, Four Conferences on the Theory of the Relativity Made to
the University of Princeton �translated from German to English by M.
Solovine�, Gauthier-Villars, Paris.

�9� Einstein, A., 1971, The Theory of Relativity Restraint and General, Gauthier-
Villars, Paris.

�10� Appelquist, T., Chodos, A., Freund, P. D. O., 1987, Modern Kaluza-Klein
Theories, Addison-Wesley, Reading, MA.

�11� Adler, R., Bazin, M., and Schiffer, M., 1965, Introduction to General Relativ-
Journal of Vibration and Acoustics
ity, McGraw-Hill, New York.
�12� Fock, V., 1961, The Theory of Space, Time, and Gravitation �translated from

Russian by N. Kemmer�, Pergamon Press, New York.
�13� Elbaz, E., 1986, Relativité Générale et Gravitation, Edition Marketing.
�14� McComb, W. D., 1999, Dynamics and Relativity, Oxford University Press,

London.
�15� Matlab Function Reference, “ODE45, ODE23, ODE113, ODE15s, ODE23s,

ODE23t, ODE23tb,” MATLAB Version 6.5.0.180913a �R13�.
�16� Matlab Function Reference, “ODESET,” MATLAB Version 6.5.0.180913a

�R13�.
FEBRUARY 2006, Vol. 128 / 55

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/128/1/50/5828791/50_1.pdf by U

niversity of C
alifornia Library - Berkeley user on 01 July 2025




