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Namik K. Pak 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 
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ABSTRACT 

* 

Processes of the type "elect.ron + nucleon ->electron + hadron 

(pion) +Anything" at high energy and high electron momentum transfer 

are discussed, via the processes "virtual photon + nucleon _,hadron 

(pion) +Anything." We obtain new general scaling laws for these 
i 

processes which contain badronic scaling laws (limiting fragmentation, 

and pionization) and Bjorken scaling as special cases. Our derivation 

is model independent and is based on the expansion of the forward 

three-to-three amplitude, "virtual photon +nucleon +hadron_, 

virtual photon+ nucleon+ hadron," into 0(1,2) harmonics. In 

getting our results we assume that the residue of pomeranchukon 

trajectory factorizes, and use Bjorken scaling of the ordinary deep 

inelastic lepton scattering processes as an experimental fact. We 

find that multiplicity of the produced particle grows with the energy 

logarithmically both in the Regge and Bjorken scaling limits. Finally 

on the basis of PCAC hypothesis and the soft pion theorems of the 

current algebra we calculate the cross section of one soft pion 

production in deep inelastic electron scattering processes. 

I. INTRODUCTION 

Electron or neutrino scattering is said to be highly inelastic 

(or deep inelastic) if the "mass" and the laboratory energy of the 

virtual photon or weak current (or W-boson?) which meditates the 

interaction are large compared to the mass of the target. In such 

extreme conditions the proton is violently broken up, and one might 

hope to learn what is inside it. In space-time language, energetic 

heavy virtual photons (currents) probe the structure of the target at 

short distances. 

The simplest possible highly inelastic lepton scattering 

experiments are those in which only the final lepton is observed, 

and this is all that has been done until recently in the case of 

incident electrons. We shall briefly review this simple situation in 

the first chapter emphasizing the Regge analysis. 

The scaling laws proposed by Bjorkenl for the ordinary deep 

inelastic electron scattering processes are consistent with all the 

2 
experimental information available at present. The data shows that 

the scaling sets in at as low values of Q
2 

as 0.5 
2 

(GeVjc) . 

Furthermore in purely hadronic inclusive reactions
4 

another scaling 

law of rather different character had been proposed quite a while ago.3 

4 
The interest in this hadronic scaling has been renewed by Feynman and 

Yang and his collaborator:? recently. We are going to refer to this 

scaling as the Feynman-Yang scaling law. At least at present, experi-

ments do not seem to contradict to this scaling law. 

Recently there is increasing experimenta1
20 

and theoretical
16

,l9 

interest in deep-inelastic electron scattering processes in which one 

or more of the final state hadrons is detect~d (we shall call these 
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processes inclusive electroproduction processes). At Cornell, SLAC, 

20 
and DESY these types of experiments are recently being carried out 

and the preliminary data which covers only a tiny region at low q2 < 0 

are available. In the famous 2 
v-q plane these data points are out-

side or on the border of the scaling region, and it is not clear 

whether they have any bearing on the interesting puzzles of this region. 

On the theoretical side attention has been focused on the 

possibility that the invariant distribution for these processes will 

exhibit scaling properties of some sort, similar to the Bjorken and 

-Feynman-Ya.ng scaling laws. The exclusive subsets of these processes 

have been studied by Y. Frishman et al., using the technique of light-

cone expansions of operator products, and by T. D. Lee using an su2 

phenomenological Lagrangian technique. 17 The inclusive electroproduc-

tion processes have been analyzed by Drell and Yan, and Landshoff and 

Polkinghorne using different forms of the parton model. 
16 

Recently 

J. Stack 16 investigated the same problem using the free field light

cone commutators of Fritzsch and Gell-Mann9 and assuming the dominance 

of light-cone singularities in certain semiconnected diagrams. 

The inclusive electroproduction processes we consider contain 

the ordinary deep inelastic, and ordinary hadronic inclusive processes 

as special cases. So we get a general scaling law which contains 

Bjorken and Feynman-Yang scaling laws as special cases. Our approach 

to the problem is quite general and model independent. Our derivation 

of generalized scaling laws is based on the standard Regge expansion, 

factorization of the pomeronchukon trajectory, empirical Bjorken 

scaling law for the ordinary deep inelastic electron scattering. We 

realize that a similar technique has been used by Galfi et a1. 18 in 

-4-

analyzing the massive lepton pair production process earlier. Before 

closing the introduction we mention that it is of extreme theoretical 

interest to see if the generalized scaling law obtained in this 

investigation will also be r·eached at such low values of Q
2 

as 

2 0.5 (GeVjc) • From this point of view even the preliminary data at 

low 
2 

q bears some significance. 

...... ·_. 

-· 

• 
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II. DEEP INELASTIC ELECTROPRODUCTION 

l. Definitions and Kinematics 

We shall consider the process in which an electron scatters 

from a nucleon and only the final electron is detected. Treating the 

electromagnetic interaction to lowest order the process is represented 

• by the Feynman diagram given in Fig. 1-a, where e (e') is the 

~ .... .. 
. --. 
•-' 

laboratory energy of the incident (final) electron, g is the lab 

scattering angle. Applying the Feynman-rules the differential cross 

section for fixed incident electron energy and fixed scattering_angle, 

and summing over all else, is given by (Fig. l-b) 

(Flux) do 
d3£'/2e' 

2ci l £ wlV 
4 J-LV 

(2.1) 

where 

(Flux) 

.e 
J-lV 

w 
J-lV 

q 

(£ ·P) 

~ 2[£ £' + f, £' - g £·£'] 
J-l V V J-l J-LV 

with m 
2 ~ 0 

e 

l '\ \ 
(pJJ +(0) JH)(HJJ (0) Jp) 2 -~ L !__;. 1-l v 

spins H 

X (2n)3 ~hq + p - pH) (2.2) 

L r d
4

x eiq.x (pJJ +(x) J (o)Jp) 4n 1-l v 
spins J 

q = £ - £' =PH - p; J is the hadron electromagnetic current. 
1-l 

the sum over H runs over all hadron states, and L denotes 

Here 

-6-

average over the initial spins. Note that W can be written as 
J-LV 

(the average over spins should be understood from now on, though we 

will not write explicitly): 

w 
J-LV 

eiq.x (pJ [J +(x),J (o)J Jp) 
1-l v 

~ Im T 
2n J-LV 

(2.3) 

where 

T 
J-LV 

is the amplitude for forward Compton scattering of spacelike photons 

on protons. Lorentz invariance tells us that W must be a second 
J-LV 

rank tensor, since the current operator is a four-vector. Because of 

the average over spins we have only the vectors ql-l, and the 

tensors and EJ-Lva~ qa p~ at our disposal. Since the current 

operator is a. polar vector under spatial reflections the tensor 

has positive parity. Furthermore the electromagnetic current is 

conserved, i.e., 

0 . 

Therefore the most general form for the symmetric tensor w 
J-LV 

is 

w 
J-LV 

w 
J-LV 

(2.4) 

I 

where AJ-LV = gJ-Lv - (qJ-lqVjq
2

), a.nd ~ is the ~cleon mass. The 

structure functions w1 2 are functions. of thEj only indepen9-ent 

' 
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Lorentz scalars available, Q,
2 2 

-q and v q·p. These are related 

to e' and g by 

4 f • 2 g 
EE Sln 2; V ~(e - e') • 

In terms of -w
1

- 2,-the differential cross section is given by 
' 

T( d2
a d2a 

mEE 1 dS1dE' 
dQ

2
dv 

(2.5) 

4no: 
2 

(cos
2 E' g 2 . 2 g 2 ] 

m2 Q4 E 2 w2(Q ,v) + 2 Sln 2 Wl(Q ,v) . 

Regarded as the inclusive reaction e + p ~e' + H the three invariant 

variables can be taken as Q2 , q•p, and p·£'. 

It follows f:o:-om Eq. (2.3) that w. 
l 

must be real. 

Using this fact and that J is Hermitian in Eq. (2.3) we obtain 
1..1 

the crossing relations 

2 -w. (-v,Q ) 
l 

The total absorption cross section for longitudinal and 

transverse virtual photons, 

(Flux) a 
T,L 

and are defined by 

(2.6) 

(2.7) 

where ET,L th 1..1 are e polarization vectors for virtual photons which 

satisfy the gauge condition In a frame in which 

q = (q0 ,o,o,q
3

), we choose them as 

L 1 
(q3,o,o,qo) E 

(Q2)2 1..1 

T+ 1 
(O,l,±i,O) E -

V2 1..1 

Substituting in Eq. (2.7) we get 

(Flux) aT 

(Flux) aL 

By dimensional arguments, a ~ Q2 
L , 

-8-

2 
(Q = O,v) as and 

is the total photoabsorption cross section for real photons of energy 

v. 

2. Scaling Limit and Regge Limit 

. 1 BJorken argued that the limits of w
1 

and vw2 exist as 

v and Q2 tend to infinity with their ratio fixed: 

as 2 
Q ,v ~ 00 while 

2 
w =L 2mv is fixed. 

(2.9) 

Present experimental data2 is 

in agreement with this proposal for 2 2 Q > 0.5 (GeV/c) , and we will 

take this scaling phenomenon, Bjorken scaling, as an experimental 

fact. Furthermore experiments indicate that the ratio 

2 aL 2 
R(Q ,v) =-- is very small, 

aT 

R "'" 0.2 ± 0.2 
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So we shall also assume from now on that 

R bf 0 (2.10) 

There are several models proposed to explain the scaling 

phenomenon for highly inelastic electron scattering. 6-9 We shall 

6 refer the reader to the original articles for the parton model, the 

Vector Meson Dominance (VMD) model,7 Dual Resonance Models, 8 and the 

recently popular Light-Cone Model;9 but we shall briefly review the 

Regge Model10 for future use. 

Consider the forward elastic scattering of a massive photon 

of space like momentum q by a physical nucleon of momentum p; so 

2 2 
p = ~ • The amplitude averaged over nucleon spins 

has the form, 

2 l 2 -(A) T1(Q,v)+2(A·p) (A•p) 
~v m ~ v 

T2 (Q ,v) . 

(2.11) 

The structure functions w1 2 are related to the absorptive parts of 
' 

l 2 = ~ Im T. ( Q , v) • 
en l 

(2.12) 

The crossing relations for the amplitudes are 

2 
+Tl 2(Q ,-v) . 

' 
(2.13) 

It can be shown that
12 2 

T1 (Q ,v) is a helicity nonflip amplitude 

for the t-channel process y + y ~N + N. So we may decompose it 

into partial waves according to 

-10-

00 

2 
T1 (Q ,v) 2:: (2J + l) t 1 (Q

2
,J)[PJ(cos et) + PJ(-cos 8t)J (2.14) 

J=O 

appropriately analytically continued from the region 
2 2 

t > 4~ ,q > 0 

to the Compton region required for our problem, namely t = o, 
2 q < 0 with v = p·q physical (Fig. 2). Here et is the scattering 

angle in the center of mass frame of the t-channel, and is given by 

where 

i 

For t 

2 m. 
l 

s 

0, we get 

t + 2s - L ·m/ 
i 

2m
2 

+ 2q2 ~ 
2 q ~ 00 

(* 2)~ q ' 

l 

(*- m2)2 

(p + q) 
2 
'~ 

2 
q ~ 00 

v 

q 

. ( 2)2 l -q 

2q2 

2 
+ 2q·p 

Now let us look at the behavior of cos et at various limits: 

(2.15) 

(2.16) 
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(a) Regge limit = v = p·q/m ~ oo, 

Obviously cos '\ ~ oo. 

2 

while 2 
q 

2 
q 

is large and fixed. 

(b) Bjorken limit v,q ~ oo while w - 2mv fixed. In this 

case cos 
2 l 

(q)2~oo. 
2mv So the conditions for a Regge 

expansion, to be more precise a crossed channel S0(3) . 11 expans1on, 

are satisfied in the Bjorken scaling region. The essential point is 

that the v-dependence in the Bjorken limit is exhibited by the Regge 

representation. 

Dropping the background integral in the Sommerfield-Regge 

expansion, we get 

for cos ~\. large and positive, we get 

and for large and negative, it follows 

From (2.12) the discontinuity of T1 above the cut for positive 

cos 9t is given by 

1 
- 2 

n 

(20: + 1) ~ (Q
2,o:) Po: (cos 9t) n n n 

n 

whereas for negative 

-12-

cos 9t' we get 

1 
2 

n 

So these two relations lead us to the result 

2 
Im T1 (Q ,v) 

2 
- Im T1 (Q ,-v) (2.6) 

This shows that, although the T1 amplitude itself is an even 

function of v, its imaginary part is odd, which checks with the fact 

that the structure function w
1 

is an odd function of v. We could 
0: 

have extracted a threshold factor -(pt qt) n from the residue 

function t3n ( Q2), but this would not affect our result, other than 

changing to another convention. 
0: 

To leading order, Po: (cos 9t) ~(cos 9t) n as cos 9t ~oo, 
n 

so we get 

(2.17) 

where we have assumed factorization of Regge residues and absorbed 

the irrelevant factors into the t3's. Obviously the validity of this 

argument requires Q,
2 to be large. For small Q

2 this is rather 

dubious, for the neglected terms would be comparable to the nonleading 

Regge contributions of the Regge expansion. There is also the 

question of the region of validity of the expansion (2.14). Since 

the sum extends over all leading trajectories, by the use of duality 

• 



-13-

arguments, one may hope that (2.14) is a good representation of the 

amplitude 
2 T1 (Q ,v) even for moderate values of v, and not just the 

asymptotic region. ·or course the passage from (2.14) to (2.17) where 

nonleading terms are dropped, is the weakest link in the argument. 

In the Bjorken limit 

We see that the simplest way to obtain this scaling from the Regge 

expansion (2.17), is to have 

~(1) 
y 

(2.18) 

) for the photon-photon-reggeon vertex for large Q
2 • We shall utilize 

this prescription extensively in the future when we investigate the 

:;:, inclusive electroproduction processes. 

Then we get 

\ ~(1) ~ 
L r P 
n 

i.e., 

. -~~l 

~ (1) ~ 
y p 

(2.19) 

n 

2 Similar arguments apply to w2 (Q ,v) and we get a similar result 

( )

ex (o)-1 
(2) 1 n 

~y ~p 2mnw (2.20) 

n 

-14-

Clearly instead of repeating everything for F2 , we can use the 

experimental fact 

R 
W ( w) - !..... ( !. vW ( w ~ 

1 2w m 2 1 
w(w) 

1 

0 

to get information about F2, as long as we have information about F
1

. 

This tells us that The reggeons in question here 

have the quantum numbers C = +1, G = ±1. So we may have 

only P and P; A2 leading and next leading order respect~ry. 

Now if we take only the leading (Pomeron) trajectory, we get 

F1 (w) ~ 
const. 

b. w (2.21) 

J 

F 
2

(w) ~ const. 
b. 

(2.22) 

J 

A warning remark is appropriate here. Actually, the point cx(o) = 1 

is a nonsense point for w2, and the Pomeranchuk trajectory decouples 

unless a fixed pole is present which restores its contributions. We 

refer the reader to Ref. 13, for a careful study of this complicated 

point . 
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III. INCLUSIVE ELECTROPRODUCTION 

l. Definitions and Kinematics 

We shall consider the process in which an electron scatters 

froni a hadron (nucleon) and one of the hadrons in the final state, 

in addition to the scattered electron, is detected: 

e(.e) + h(p) ~ e' (£') + h' (k) + H(pH) • 

Treating the electromagnetic interaction to lowest order the process 

is represented by the Feynman Diagram given in Fig. 3-a, where E (E') 

is the lab. energy of the incident (final) electron, 9 is the 
e 

laboratory scattering angle of the electron. Applying Feynman rules 

the differential cross section for fixed incident electron energy, 

fixed electron scattering angle, and fixed hadron scattering angles 

(9 and ¢), and summing over all else, is given by (Fig. 3-b) 

do 
2cl 1 .e wi-Lv 

4 IJ.V q 

where, denoting the initial and final hadron masses by m and IJ. 

respectively 

(Flux) ~ me 

.e ~ 2[£ £' + .e £' - g £·£'] 
IJ.V 1J. V V 1J. IJ.V 

h 2 ~ 0 wit me 

w 
IJ.V 

1 
2 

). 
'--' spins 

I 
spins 

-16-

L (piJIJ. +(0) IH(pH),k)(k,H(pH) IJV(O) IP) 

H 

(3.2) 

where J is the hadron electromagnetic current, IP) is a one
IJ. 

proton state and lk,H) is a state of the one hadron being detected 

plus ail possible others with quantum numbers summarized by H. Here 

14 
we use an invariant normalization of the states. We denote the 

average over the initial spins by L (we implicitly assume that the 

produced hadron is a pion; if it is a nucleon or another hadron with 

spin we have to sum over its spins too). 

Lorentz invariance tells us that w 
IJ.V 

must be a second rank 

tensor, since the current operator is a four-vector. Because of the 

average over spins (we always mean average over spins even when we 

do not write it explicitly) we have only the vectors qiJ., k 
IJ. 

and the tensor g at our disposal. Tensors of the type 
IJ.V 

or E qa k~ are excluded because W 
IJ.Va~ IJ.V 

has positive 

parity (current operator is a polar vector under spatial reflections). 

Furthermore, the electromagnetic current is conserved, i.e., 

Therefore the most general form for the symmetric tensor 

(see Appendix 1, for derivation) 

w 
IJ.V 

is 



. '_') 

~.~ .. 
''') 

w 
IJ.V 

where 

A 
IJ.V 

-17-

1 1 
-(A) W1 + 2 (A•p) (A·p) W2 + 2 (A•k) (A·k) w

3 IJ.V m 1-1 v 1-1 1-1 v 

qiJ.qV 
g - 2 

IJ.V q 

* For the off-shell inclusive process y h ~h'H we need 

(3.3) 

3N - 10 + 2 3 X 4 - 10 + 2 4 invariant independent variables, 15 

and for inelastic electron scattering with detection of the final 

electron plus one hadron one needs totally 

3N - 10 + 1 3 X 5 - 10 + 1 6 independent invariant variables. 

Therefore we need only 4 invariant variables to describe the hadronic 

structure in this case. We shall chose these 4 variables as 

1 
v = iii p·q, v' 

1 k·q, 
1-1 

1 
K = iii P·k. The two new 

variables are v', the energy loss of the electron in the rest frame 

of the detected hadron, and K, the energy of the detected hadron in 

the laboratory frame. Other sets of variables which are equally good 

for describing the hadronic part of the process are 2 
(Q ,s,t,u), 

2 2 2 2 2 
(Q ,s,t,M ), (Q ,u,t,M ), and (Q, l'k\,cos 9,¢) where 

(p + q)2 2 
+ 2mv - Q2 s m 

(p - k)2 2 2 t m + 1-1 - 2mK 
(3.4) 

(q - k)2 2 
- 21-J.v' Q2 u 1-1 -

~ 2 
(p + q - k)2 2 2 

+ 2mv - 21-1v' 
2 

- pl-1 m + 1-1 - 2mK - Q. 

-18-

and 9 and ¢ are the polar and azimuthal angles associated with the 

produced particle in the laboratory frame (Fig. 4). The invariant 

phase space volume element, in terms of these different sets, is given 

by (see Appendix 2) 

lk'l
2 

2k d lk'l d cos 9 d¢ with k
0 

0 

1 
2 2 -

8m(v + Q )? 
dt <lif d¢ 

The new invariant variables 2 
Q. ' v, VI' 

(3 ·5) 

and K satisfy 

the kinematical constraints obtained from the positivity conditions: 

s 
2 (q + p) 

(q + p - k )
2 > 0 

gives 

gives 

0 <. w 
2 

- L<l 
2mv 

2 2 2 
21-J.v' + 2mK < m + 1-1 + 2mv - Q . 

In the Bjorken limit this simplifies to 

21-J.v' + 2mK < 2mv(l - w) (3.7) 

Averaging over all spins, there are four structure functions 

for the hadrons. However, we shall immediately simplify the problem 

to a study of the differential cross section as a function of the four 
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variables Q
2

, v, v', and K, by integrating over the azimuthal 

angle assoCiated with k 

(3.8) 

X f if ,iq-x (piJ +(x)lk)(kiJ (o)lp) 
ll v 

spin average is always understood. Now wJ.l.V can be written in terms 

of two structure functions as: 

(A) 1r1/ (Q
2 ,v,v' ,K) 

J.l.V 

and the differential cross section takes the familiar form 

do (e') [ ; 2 g ~.I • 2 g] € "l~ cos 2 + 2~ sJ.n 2 . 

(3-9) 

(3.10) 

The differential cross section for virtual inclusive photo-

production is given by 

2 E * . .UV 4rr 0: W' E 
ll v 

where E is the normalized vector for the virtual photon which 
ll 

satisfy the gauge condition qll ell = 0 

(3.11) 

E 
ll 
L 

T± 
E 

ll 

-20-

(3.12) 

.J-
2 

(O,l,±i,O) • 

Conventionally the flux factor for the virtual photon is defined as 

the flux factor for a real photon with the same initial invariant 

mass (q + p)2 as (Flux) = (q·p)r. 

2 2 ) (q + p) = (q + p) gives us (q·p r 
r v 

The condition 
2 

(q·p)v + ~ , so we get 

l 2 
(Flux) = q.p - 2 Q r'-" mv(l - w). 

bj 

Sometimes we shall define the flux factor as we do for hadron beams, 

whenever it is convenient as, 

calculation gives 

E *T wJ.l.V E T 
ll v 

(3.13) 

E *L wJ.l.V E L 
ll v 

After integrating over the azimuthal angle we have 

€ *T wJ.l.V T "ll/ E 
ll v 1 

2 2 
E *L wJ.l.V L -'U-'~ + 

v + Q "'k-) 
E 2 . 2 

ll v Q 
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Substituting these in ().4) we get 

2 
41( 0: lf'u!( 2 ' ) l 2 l Q ,v,v ,K 

mv - 2 Q 

dJ-
2 t 4n o: 1 2 , 

Q2 -'U'}_ ( Q , V, V , K) 

mv- 2 

+ 

where integration over the azimuthal angle is implicitly implied: 

f.! 2 l dv' dK • 
2(v2 + Q )2 

Inverting the relations in (3.15) we can write the structure functions 

U{_ and ;~~ in terms of the inclusive cross sections as 

2 
mv - Q /2 

2 4n o: 

2 
mv - Q /2 l 

2 ---2 
4n o: l + L 

Q2 

v2 Q2 
In the Bjorken limit l + - ~ ---2 , therefore 

Q
2 

Bj ( 2mw) 

().16) 

-22-

For 
2 Q 40 we should have this gives us the 

following relation 

Also 

lim 0~(Q2,v,v' ,K) 

Q
2

4 0 

daT (Q2 

d3k/2k
0 

O,v,v' ,K) is the inclusive photoproduction. 

We observe that as 
2 

Q. 4 o, . 2 g 0 d s~n 2 4 , an so 
2 g 

cos 2 41, 

therefore 

da 2 (E') 4n o: E 

Comparing this with the photo inclusive cross section 

we finally obtain 

(_ da 

~Q2 
dv dv' dK) 

eh4 e'h'H 

X 

eo:) C~X:'J l 

Q2 

G da ) • 
dv' dK yh4 h'H 

(3.18) 
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2. Variables 

In discussing purely hadronic inclusive processes it proved to 

be useful to parametrize the particle momenta in terms of rapidity 

variables. Therefore we shall use the same parametrization here also: 

q 

k 

where 

p and q 

2 
~..L = c~ + 

(Q2 )~ (sinh y1 ,o,o,cosh y1 ) 

kj_ 
~ (cosh y, ~' sinh y) 

l 

(3.19) 

is the transverse momentum of the produced particle, with 

taken to be colinear in the z-direction; and 
2 _1_ 

k..l )2 is the transverse mass. The rapidity y i specifies 

the longitudinal Lorentz transformation that relates the laboratory to 

the frame in which particle i has zero longitudinal momentum. In 

the center of mass frame of the initial proton-virtual photon system 

we have 

q 

p 

(Q2)~ 
~ cosh y1 (l,O,O,-l) 
Q -H» m 

and in the laboratory frame (rest frame of the target) we have 

p 0 . 

The invariants 
p•q 

v = m' 
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k•O 
v' = ~, and 

~ 

K = k·p which we have chosen 
m 

to represent the inclusive electroproduction can be expressed in terms 

of these rapidity variables: 

1 2 _1_ 

v iii p•q (Q ) 2 sinh(y1 - y2 ) 

v' 
1 - k•q 
~ 

~j_ 2 _1_ 
~ (Q ) 2 sinh(y1 - y) 

.:!_ k·P 
m 

If we take as the independent variables 
2 Q , v and the longitudinal 

and transverse momenta kll and kJL of the final observed hadron in 

the c.m. of the initial photon-hadron system we can relate the rapidity 

variable to 

y 

as follows 

y 
~ j_ e 

where 
2 2 2 _1_ 

ko = c~ + 1<j_ + k3 )2. 

(3.21) 

We put all longitudinally moving frames on an equal footing 

by the use of rapidity variables, since they are all related by a 

simple shift of the scale. That is a longitudinal Lorentz transforma-

tion, characterized by a velocity f3 tanh u, merely changes yi 

to y! where 
l 

y' = y + u and yl = yl + u. In the large v limit 

we have in the lab. f:;:-am.e, d.enoting yl by Y, 
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v 

The absolute kinematics limits on y are given by 

So the length of the y plot grows with· Y. 

Let's say a couple of words about Feynman's ~ variable which 

is defined as 

In the lab. frame it has the form 

2 2 2 l 
k3 - (~ + k_L + 1-l ) 2 

m 

The relation between the rapidity and x is given by 

21-l _j_ 
----r sinh y, 
(s)2 

or, y 

• 3· Generalized Optical Theorem 

(3.24) 

In purely hadronic inclusive reactions Mueller21 indicated that 

the inclusive cross section was a piece of the discontinuity of the 

three-to-three forward amplitude. 21 Stapp and Tan then gave non-

rigorous proofs of this and that the missing mass discontinuity was 

involved. Subsequently Cahill and Stapp22 have rigorously proven this 

in field theory, based on the work of Bross, Epstein, and Glaser22 
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while Polkinghorne22 has given plausibility arguments that the result 

t · th a well Stapp's first (formal) is rigorously true in S-ma .r~x eory s • 

proof does go through for virtual particles, however. Therefore we 

are going to use the generalized optical theorem (Mueller's theorem) 

in our case as well, to relate the virtual photo inclusive cross 

section to the discontinuity of the forward three-to-three amplitude 

(fig. 2-b) 

Denoting this discontinuity by A(q,p,h) 

where apart from some irrelevant factors 

E*T,L{Jd4x eiq•x (p,-k\[J +(x),J (0)]\p,-k~ET,L 
1-l 1-l v j v 

(3.27) 

and 

h,2a ,,;,L {J ~ ,iq•X(p[J;(x} [k) 

X (k[J)O) [p)} .;,L 

This is not implausible, since the virtual photon at hand is 

spacelike, whereas it is known that the normal threshold branch points 

and cuts exist only in the right half q2 plane. On the other hand, 

in the production of 1-1+1-l- pairs by timelike photons, these singu

larities may be relevant and the use of Mueller's results would 

require further justification. 
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IV. 0(1,2) EXPANSIONS 

In his famous work Mueller expanded the absorptive part A 

into 0(1,2) harmonics to investigate the scaling properties in the 

purely hadronic inclusive reactions. In doing so his main purpose was 

to connect the scaling properties of particle production (such as 

pionization and limiting fragmentation), and average multiplicity with 

Regge singularities familiar from two-body reactions. He showed that 

an appropriate single 0(1,2) expansion gives limiting fragmentationS 

(slow particles in the rest frame of the one of the initial particles 

are the fragments of that particular particle), and the appropriate 

double 0(1,2) expansion gives pionization (pionization products are 

those pions which maintain a finite momentum in the c.m. frame of the 

initial particles as the energy of the initial particles become very 

large). 

Following Mueller, in getting our generalized scaling laws, 

we shall use 0(1,2) expansions, thoUgh our kinematic configuration 

again has sufficient symmetry to render an 0(1,3) . 24 expansJ.on 

natural. If we use the 0(1,3) group, our expansion parameters would 

be the rapidity variables which we defined earlier. Both in the Regge 

limit and Bjorken limit y1-y2 becomes very large. There are two 

distinct types of regions available in a single particle spectrw~. 

and can both be large, and secondly either one 

of the above, say y1-y, can be large, while y-y2 remains finite. 

Keeping these in mind as our definitions of various asymptotic regions, 

nevertheless, we shall work with the smaller group 0(1,2) for the 

sake of simplicity. 

/ 
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Since A is an invariant function of p·q, k·q, and p·k 

(also Q2 of course) we may choose any coordinate frame which is 

convenient for our 0(1,2) parametrization. It turns out that the 

most convenient frame is one in which the produced particle is at rest. 

We shall make the following 0(1,2) parametrization in this particular 

frame 

k 

q 

p 

where Q 

~(1,o,o,o) (k0 ,k ,k ,k ) 
X y Z 

Q(sinh sl' cosh sl cos ¢, cosh sl sin ¢, 0) 

m(cosh 52' -sinh 52' o, o) 

2 _1_ 
(Q )2 , and 

(4.1) 

In terms of these, the three invariant variables become 

p•q 

q·k ~ Q sinh 51 
(4.2) 

p•k 

Considered as a function of the independent variables s1 , s 2 , and 

¢, A can be expanded in 0(1,2) harmonics according to25 (neglecting 

the discrete series) 

L 
m. J e-im¢ d~~(sl) 

(4.3) 

.. 
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when ~ 1 (~ 2 ) becomes large the behavior of (4.3) is governed by the 

leading singularities in A1 (~),' When both ~l and ~ 2 become large 

the asymptotic behavior is governed by the leading singularities a1 

and a 2 in A
1 

and A
2

• 

Before starting the study of different asymptotic regions let 

us give the relation between the rapidtty variables and the 0(1,2) 

parameters (they are very similar indeed): 

k·q 1-l..L Q sinh(y1 - y) = 1-l Q sinh ~l (4.4) 

The virtual photon flux, in terms of these, is also given by: 

(Flux) q·p 

F'/ m Q(sinh ~l cosh ~ 2 + cosh ~l sinh ~ 2 cos ¢) . 

l. Single 0(1,2) Expansion - Hadron Fragmentation 

From (4.3) we see that when y1 -y is large (photon and the 

produced hadron is well separated in the rapidity plane) sl is also 

large, and s2 is finite, because y-y2 is (as long as kJL is 

small, which seems to be the case from the experiments). In this 

circumstance there is no advantage in expanding the s2 behavior in 

0(1,2) harmonics. The 0(1,2) analysis of sl yields 

(4.6) 
m 
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For large ~l this becomes 

where a is the leading singularity in 
Al 

A
1 

of Am , which we assumed 

to be a simple pole. Assuming that only the Pomeranchuk pole dominates 

we have a = 1. Also assuming that the leading singularity is a simple 

pole probably means its residue factorizes in the usual sense: 

where we used our prescription (2.18) for the photon-photon-reggeon 

coupling in the last step. Substituting these in (4.7) we get 

dcr 

Going back to the invariant variables v, v', K, we get 

cosh sl ~ 

k·q v' 
;Q Q 

k·p 
2 2 

- t 
cosh s 2 

m + 1-l 

illl-l 2ID!-l 

cos ¢ 

Large sl means large v' 
Q' and finiteness of £2 and ¢ means the 

finiteness of t and v' In the Bjorken limit (Flux) /'V p.q. 
v bj 

So we get 
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(4.9) 

where x = k·q/p·q. Now the question is whether this particular single 

Regge limit corresponds to the limiting hadron fragmentation in the 

sense of Ref. 5. In order to prove that this really is the case we 

have to show that the above limit includes the case where k
3 

is 

small in the laboratory frame. Taking the extreme case k = 0, we 
3 

have 

cosh ~ 2 

vi \-1 J.. 
-Q ,.-._/ 4m"w Q 

bj ....... 

finite 

__, ()() . 

So this simple Regge limit is really the hadron fragmentation region, 

and Eq. (4.9) shows that in the kinematical region which is a combina-

tion of ordinary hadron fragmentation region and the Bjorken scaling 

regions the quantity (2p.q) dcr 
scales in a general way. 

d3k/2k0 
Q2 I 

w = 2p·q and new x = ~· The 

The 

scaling variables are the old 

meaning of the scaling variable x is not immediately clear. In 

order to relate it to a more natural experimental variable let us 

consider the c.m. system of p and q, in which (dropping the 

asterisk) 

p - (p,O,O,p), 
2 2 1_ 

[(p - Q )?,o,o,-p] q 

k·q 

Recalling 

we get 

k·q 

X 
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s = (p + q)2 [p + (p2 - Q2'fi ,o,o,o]2 

~ 2niv(l - w) 

1 

k
3 

(s )"2 

S/2(1 - w) 

2k 
(1 - w) ~ -

(S )2 

Since 0 < 1 - w < 1 and 1~1 < 1, we have lxl < l. 

(1 - w) ~ • 

(4.10) 

We also 

immediately obtain the following relation which is well known in 

purely hadronic inclusive reactions 

as 

-Q2 
+ 2p·q - 2k·q 

rV 1- _1_ k·q 

s -Q,2 + 2p·q 

......., 1 - x_ 
bj ~-

~ becomes large 

bj 1 - w p.q 

~ ~ 1; this corresponds to the boundary of the 

phase space. When restated in terms of our new variable, x, this says 

that the phase space boundary in the hadronic side corresponds to 

x ~ 1 - w, i.e., it depends on w; since 1 - w > 0, it is also 

positive in the target (hadron) fragmentation region. 

We also notice that, to leading order in terms of Regge 

singularities we considered, the scaling occurs in a factorized form: 

(Hadronic Feynman scaling))( (Leptonic Bjorken scaling). Adding 

secondary Regge trajectories spoils this form of factorization. 

Including only the next leading trajectories, UJ 1 and A2, we have 

·' 



. -') 

.... ~ .... 
- .. ,i 

., 
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Using factorization of Regge residues and (2.18), and recalling 

v' 
cosh sl = ~' we get 

From (3 .16), we get the following scaling forms for the structure 

functions W 1 
and t11.)_ 

2 

1 1 
~ -2-

8n ex w 

1 
-2-
4n ex 

(4.11) 

Arriving at this general scaling law we have used the dominance of 

Pomeranchuk trajectory, the factorization of the Pomeranchuk residue 

and the prescription (2.18) for the photon-photon-reggeon vertex (the 

factorization of the Pomeranchuk residue also implies that the frag-

ments of the hadron are essentially independent of the virtual photon 

beam). 

2. Double 0(1,2) Expansion 

We shall look at the central region of the single particle 

spectrum where both y1 -y and y-y2 are large, at high energies. 

From (4.4) we see that 

\ 

\ 
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~.l 
sinh(y1 - y) 

v' 
~ 

so both s
1 

and s 2 are large. If the leading singularities ih A
1

, 

A2 are simple poles, we get from (4.3) 

P·CI 

ex ex2 2 
(cosh s ) 1 (cosh s ) ~ (¢ Q ) 1 2 ex,ex2 ' 

2 

1 
~ 2 

~..L 

1 + cos ¢ 
2 

~ 

This gives us l + cos ¢ ~ ~ This relation tells us that cos ¢ 
~J.._ 

is always finite irrespective of the changes in k.l.. But in the limit 

k..L ~oo, it takes a special value: 1 +cos¢~ 0 and ¢ ~ n. 

The Pomeranchuk trajectory can always contribute, so that the 

largest exi are l. Assuming that the leading singularity is a simple 

pole probably means that it is factorizable in the usual sense in 

which case 

Again using our prescription (2.18) for the photon-photon-reggeon 

vertex we get 

_.:~ ·. 



where 

dcrT,L 
(2p·q) -3-

d k/2k0 

T 
(k.q)(p·k) 

(p.q) 
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1 T L . 
~ -g' (T) 

w 
(4.13) 

We see that in the general kinematical region which combines the double 

Regge and Bjorken scaling regions we get scaling for the quantity 

The new scaling variable is T. Recalling the 

definition -- p•k cosh ~ 2 m!.l 
we notice that if we make (p·k) also 

finite, which takes us.from the double Regge region back to single 

Regge region, we recover the scaling variable x again, which we 

found for the hadron fragmentation region. The function g(¢) we 

found above is a universal function depending only on the type of 

particle observed, but not on the virtual photon beam or the hadronic 

target. The coordinate system described by (4.1) is not a very 

transparent one in terms of physical quantities. In particular the 

meaning of ¢ is not immediately clear. In order to relate ¢ to a 

more natural experimental variable again let us consider the c.m. 

frame of p and q, in which 

(q,O,O,-q), 
2 2 .1. 

[(q - Q )2 ,o,O,q] 

where 

q [ 
p·q ]~ 

2(1 - w) 

[2(lp~qw)1~ (ko + k3) 

k·q 

A simple calculation gives 

T ~ 

2 .1. 
+ !.l.l )2 ]}. (4.14) 

For small values of .k
3 

and moderately large values of kJL (the 

meaning of these special values will be more clear below) this has a 

simple form 

~ (1 - 2w~ k 2 
T 2(1 - W j_ (4.15) 

This shows that for small the T dependence is equivalent to the 

k 2 
i. dependence, which is transverse momentum of the produced particle 

in the c.m. frame of the virtual photon-hadron system,plus w 

dependence. Now we want to consider the question of whether this 
\ 

particular double regge region corresponds to the pionization region 

as in the hadronic inclusive case. This is not at all obvious, 

because we now have a highly virtual photon which hits the hadron 

very violently. Pionization products are those hadrons (pions) which 

maintain a finite momentum in the c.m. system of the initial particles, 

as the energy of these initial particles become very large. The most 

characteristic momentum value for the pionization products are those 

for which k ,;, 0. 
3 

In order to identify the double Regge limit with 

the pionization region we have to show that double Regge expansion 

(4.12) is valid for 

v' 
Q 

1 - 2w fl i 

[4w(l - w)]2 !.l 
(4.16) 
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.. 
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In order to have s1 large we have two possibilities: 

(a) w ~ O, which is implicitly really the case in all our 

analysis, for finite k...L. 

(b) Large k ..L for fixed nonzero w. 

So we see that if w is not too small, in the kinematical region 

which is a combination of double Regge and Bjorken scaling limits the 

transverse momentum, ~ should be large, for small k
3

. If we 

assume that the function f(¢) is damped with increasing kj_' e.g., 
-ak 2 

as e :1 , we see that pionization is very small (may be negligible 

when compared with hadron fragmentation) and disappears as kJL gets 

larger . 

We note that the further relation 

fh (¢,y - y2) > g(¢) " (4.17) 
y-y2~ 00 

connects the rapidly moving fragments of the target hadron with the 

pion emitted in the central region. 

Scaling behavior for the structure functions are given as 

follows 

' 2 1 1 (T) ( ) ~'i (Q ,v,v 1
, t) ~ -2- W g T 

8n a: 

(4.18) 

1 '1)(2 1 1 g(T-L)(T) iii v 7,)2 Q ,v,v ,t) ~ -2-
4n a: 

). Triple Regge Limit 

If the produced particle is sufficiently near the end of the 

spectrum, that is if, say y-y2, is nearly as small as possible, it 

becomes possible to calculate fh(¢,y - y2 ) in (4.9) in terms of much 

simpler quantities in the Bjorken limit. This is the route followed in 

the case of purely hadronic inclusive reactions. They show that phase 

space boundary corresponds to the Triple Regge Limit (TR). Here we 

shall follow the reverse route, by studying the mathematical TR limit, 

and then looking what physical region does it correspond to. From 

F . 8 th t . th TR . AT'L(Q2 
I ) lg. we see a ln . e reglon , v, v , 11: is given by 

where 0: 1 (t) is the leading Regge trajectory in the t-channel, and 

AJ',L stands for the absorptive part of the virtual photon-reggeon 

forward elastic scattering amplitude, Mf is the missing mass, and 

gt is the c.m. angle for the process p + q ~k +Anything in the 

t-channel, and is given by 

where 

1 2 2 l 
--:-I ([t- (m- ~) ][t- (m + ~) ]}2 
2(t)? 

when the produced particle is a pion 

p·q - k·q 

(t)2 

as 

with t small 

For small t 

( _t )[~+m2) 
t 2 1 - X t 

- m 
(4.21) 
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where k·q 
X=-p•q A similar analysis gives 

~ 
2 2 M 1 Q->oo 

( · T,L( 2 )a(O) 
ga'a'a t,t,o) ~1a Q )(cos gM 

(4.22) 

where ~·a·a(t,t,O) is the triple reggeon vertex, and gM is the 

scattering angle in the barycentric frame of the photon-photon channel 

for the forward process photon+ Reggeon ->photon+ Reggeon, and is 

given by 

1 

4(-t)2 Q cos gM 

and 

1 p-q - k·q 

( -t )2 Q 
..... (4.23) 

Assuming that the Pomeranchukon is the dQminant a-trajectory, and 

using (2.18) for the photon-photon reggeon vertex, we get 

p;T 1 L(Q2,M2,t) ~ 
2 Q _, 00 

g AT,L 
a•a•@ ~-'y 

(-t)2 
(4.24) 

~->oo 
t small 

Substituting this in (4.19) we get 

AT,L(Q2 , ) _ ~ ,v,v 1 K / ....__,. 

TR 

~~all t 

l 2 ]2a'(t) 

r T' L ( t) Q- : x) i ~ ~ + ~ 

(4.26) 

where 
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The region in which our expression is valid is given by the following 

kinematical constraints 

(a) t small, fixed. 

(b) 1 +X h' h 
1 _ x large, w 1c means X~ 1. 

And this ratio is very sensitive to the variation of x 

In terms of Feynman's variable this means 

·~ 
around x ~ 1. 

(c) p.q - k·q 

(Q2)'~ 
large. This condition is automatically satisfied 

in the Bjorken limit, as long as (b) is satisfied. 

Now let us see whether the TR region really corresponds to the 

phase space boundary for the distribution: 

2 2 
m - IJ. - t - finite, for finite 

2ffi!J.j_ 
t 

sinh(y1 - y) 

The constraint (b) implies This shows that indeed 

the TR region corresponds to the boundary of the phase space available 

for the single particle spectrum. 

4. Single 0(1,2) Expansion - Photon Fragmentation 

From (4.4) we see that when y-y2 is large while y
1

-y is 

finite, ~ 2 also becomes large, and ~l remains finite. In this 

particular case (Fig. 7) the 0(1,2) analysis of ~ 2 yields 

)a T,L 2 ¢ ) (cosh ~ 2 ~ (Q , ,~ 1 

.-



- "-'~ 

. 
' 
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where a is the leading singularity and assumed to be a simple pole. 

Again assuming the dominance of the Pomeranchukon trajectory, we 

obtain 

daT,L 
(Flux) -

3
-

d k/2k0 

(cosh ~2) ~T,L(Q2,¢,~1) • 

(4.27) 

In this case. 

(Flux) ~ mQ, cosh ~ 2 (sinh ~l + cosh ~l cos ¢) • 
~ 2__. 00 

Since we assumed that Pomeranchukon is a simple pole this implies 

that its residue factorizes: 

where the function fT,L stands for the right-hand blob in Fig. 7· y 

The inclusive distribution is, then 

(4.28) 

Since in this particular Regge limit, we do not have the 

photon-photon-Reggeon vertex explicitly in a factorized form,this 

is as far as we can go in our approach, namely we cannot predict 

--explicit scaling forms in this region. Before discussing the physical 

meaning of this particular Regge region we shall speculate on the 

possible form of the scaling law by matching the inclusive distribution 

(4.28) with the distribution (4.13) for the central region, as 

gets large at fixed large values of 2 
Q, : 

• 
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~'L(¢,yl _ y,Q2) ~ ! gT'L(¢) 
y 1 -y--- 00 

Q, 

Since 

sinh(y1 - y) k·q 
.!:!:...._ sinh ~l , 1-lJ_ Q, I-ll. 

in order for this to be true, it is sufficient that 

( p·k, k·q\ 
p·q I_) 

(4.29) 

where k·q is fixed, and large (at least as large as Q). If this 

speculation is correct, we see that in the kinematical region which 

is a combination of Bjorken scaling region and the particular Regge 

region (y-y2 large, y1 -y finite) the quantity 

daT,L 
(2p·q) scales: 

d3k/2k0 

The new scaling variable is K/v. 

We shall now investigate the question whether the limit we 

considered above corresponds to the photon fragmentation in the sense 

of Ref. 5. By definition the produced particles which are slow in 

the rest frame of the projectile photon are the fragments of the 

photon (we shall assume that the photon fragments very much like a 

hadron does). Since we cannot go into the rest frame of the highly 

spacelike virtual photon, the limiting fragmentation is best viewed 

in the barycentric frame, maybe in terms of the variables K/v and 



kJL. Let us first express the variable K/v in terms of more 

familiar experimental quantities: 

K 

[2p·q(l - w)JZ 

k - k 
0 3 

I 
(s)z 

2 
~f-!..1. 
S-? oo S (4.32) 

Now let us see whej;her the single 
l 

0(1,2) expansion is valid, 

when ~ (s)z -? oo 
k3 s 

cosh ~ 2 (4.33) 

Since we are assuming that w is small in our calculations, we have 

to have k.l.. large in order that the 0(1,2) expansion be valid in 

the particular kinematic region we are considering. For instance, in 

order to have cosh ~ 2 > 2 we have to have for 

2 > 0.5 GeV • 

The condition that transverse momenta should be large can also 

be seen from the following argument. Calculate the new scaling 

variable K/v in terms of the rapidities: 

finite . 
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In order for this to be finite, we have to have 

(4.35) 

A simple uncertainty argument gives for the transverse size of the 

virtual photon 

which agrees with the others' calculation.
26 

• 
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V. MULTIPLICITIES 

The average multiplicity of the produced particles is defined 

by 

2 - 2 
cr tot (_Q , v) n ( Q. , v) (5.1) 

where crtot is the total spin averaged virtual photon-photon cross 

section at a given v and and the integral (5.1) extends over 

the allowed phase space. In our definition n means the average 

( + - ~0) multiplicity for a specific type of particle, say pion n ,n , or " 

~ to which dcr/(d3k/2k0 ) refers. To get the average multiplicity for 

-"~"'; all kinds of pions produced in virtual inclusive photoproduction 

• .. 

processes we have to add the contributions of all. Clearly if one 

does not have information about the transverse momentum distributions 

it is difficult to estimate the multiplicity of the pions. However, 

if kj_ dependence of the invariant distribution (explicitly fh' fy' 

and g) falls faster than (k~)-1 , then the leading behavior of 

- 2 n(Q ,v) can be calculated when the Pomeranchuk pole is the leading 

singularity. Making a variable 

d3k 1 2 - = -2 dy d k 1 , and 
2k0 .J.. 

we (y,k~ change from to 

have 

~2 {Jd2~ J dor rh(:' ,y~ Y2) 

+ + J d'\_ J a,r rr(~,y1 -Y)} .(5.2) 

Recalling that, ( ) 4 2 const 
Flux crtot ~ rr ex -w-

Substituting this in (5.2) gives 

we get 1 
crtot ~ ( const) Q2 

- 2 
n(Q ,v) 

+ 
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where in terms of the rapidities, we have 

.i.. finite 
v 

~ ~.L -(yl-y) 
finite ~ 

(Q2)2 
e 

v 

2 
v'K ~..L 

finite ~ 

v ~ 

(5.3) 

(5.4) 

The first term in (5.3) is an integration over the fragments of the 

target hadron, the second term is an integration over pionization 

products, and the third term is an integration over the fragments of 

the virtual photon (Fig. 9). We can easily do the first and second 

integration in (5.3), and they give respectively 

where ~ and L 
c 

const. 

Lc X (const.) 

are the lengths in rapidity of the hadron 

(5.5) 

fragmentation and .central regions. Even though we assume that photon 

fra·gments vary much like a hadron does, we know that certain things 

are different, because the photon is very highly spacelike. To see the 



gradual changes from purely hadronic case to the virtual photon case, 

start at s very large and Q,
2 = 0 (we know that for small Q,

2 , 

e.g., for 2 2 
Q 2 0.5 GeV , photon behaves very much like a hadron), 

increase Q
2

, and ask how the distribution changes. Since only the 

projectile changes if we assume short-range correlations in rapidity, 

this implies that only the distribution in the projectile fragmentation 

region, very like its size, changes, 

k·q ,.--.._,; ~j_(Q2)~ 
yl-y 

e 
y 1 -y--> 00 

k·P ,.-...._; 
y-y2 

~_l e 
y-y 2--> 00 

Since we assume that the size of the hadron fragmentation region is a 

constant, the contribution of the hadron fragmentation products to the 

multiplicity is going to be a constant. Since the total available 

multiplicity is if we assume.that the invariant distribu-

tion is a damped function of k...L: the total multiplicity (coming from 

all three regions) is 

- 2 n(Q ,v) ,--__/ 
2 

Q. 1 V--'> oo 

canst • .en( ~ 1. J 
\_(Q )2/ 

In the Bjorken scaling limit 

(5. 7) 
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v (Q2)~ 
(Q2 )~ ~ 2mw 

. 1 
(s)2 

I 

2m[w(l - w)JZ 

So we can write (5.7) in the form 

n(Q2,v) ~ (canst) + (canst) .en s . 
Bj • 

So we get the form for the multiplicity as in the purely hadronic case. 

But the major difference between these two is the following: In the 

hadronic case, in the rapidity plane the target and the projectile 

fragmentation regions have finite size, and so their contribution to 

the multiplicity is constant, and so the major contribution to the 

multiplicity comes from the central region. But in our case the size 

of the photon fragmentation region may depend on Q2 , so a priori it 

is not obvious whether multiplicity gets all its contribution from the 

central region. To find the shares of each region,following Bjorken,16 

we shall. give the following hand-waving argument: Let us keep Q2 

2 
fixed and large, and decrease S (since v ~ ~' decreasing S 

2m 
means decreasing v) until the projectile communicates with the 

target in the rapidity plane. The length of the projectile fragmenta-

tion region, L is y' 

where, in this case 

s 2 2 -Q + 2p·q + m 



·. 

.~., 

.•. ,.I 
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Therefore 

(5-9) 

When we let v ~oo again the central region reappears again. At high 

energies, and in the Bjorken limit the size of the central region would 

be, then 

_1_ 2_1_ 
£n(s) 2 - £n(Q )2 

~ 
small w 

1 
w 

(Since in all our arguments we go into the deep inelastic limit from 

the deep Regge limit w is always small.) So finally the contribu-

tions of each particular Regge region to the multiplicity are 

- 2 n(Q ,v) a + b .er{ ~) +. b £n Q
2 

r-J b .en S 
Bj 

(5.10) 
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VI. SOFT PION PRODUCTION IN 

DEEP INELASTIC ELECTROMAGNETIC PROCESSES 

1. Kinematics and General Considerations 

We shall now consider inclusive electroproduction process where 

the detected particl.e is a soft pion :27 

We shall first look at the problem as a special case of the general 

pion production process we investigated in the preceeding chapters. 

We shall also give a current algebra analysis of the same problem by 

employing PCAC hypothesis. 29 

The notion of a soft meson depends on a particular Lorentz 

frame just as a soft (infrared) photon does. We are going to assume 

here that in some Lorentz frame, which we are going to specify 

explicitly below, all soft-pion momenta, say 

they satisry28 

k , -are so small, that 
~ 

1,.-?kl < <. ~ • (6.1) 

In order to get started we have to choose a special frame first. 

Special frames at our disposal are rest frames of the target and 

projectile, and the center of mass frame of the initial virtual 

photon-nucleon system. If we take the lab. frame (target rest frame) 

as our special Lorentz frame, emitting soft pions correspond to 

target fragmentation, or, expressed in another way, we say in the lab. 

frame target fragmentation limits and soft-pion limits.are kinematically 

same (to be more precise it is not really the whole target fragmenta

tion region but the end region of it, i.e., the triple Regge limit). 
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We can rephrase this as follows: A soft meson is soft only in the 

rest frame of the pr.imary particle that emits it (we must be careful 

at this point, because it may be difficult to identify the rest frame 

of the primary particle, since, in order to radiate, it must 

experience an acceleration, and therefore its rest frame changes). The 

invariant kinematical variables in this case are 

t 

v' 

.L 
v 

p·k 
m 

2 (p - k) 

v 

1 

2 ~21. 1k' 2 
(~ + k )2 ~ ~ + ~ 

2~ 

2 2 
m + ~ - 2mK (m - ~)2 ~ m2 ~ 1 GeV

2 

(6.2) 

k3 2 2 l 
- - (v + Q )'? rv 
-~ Bj 

m -w 
~ 

For a consistency check let us calculate the rapidity variable in 

this case: 

This tells us that in the soft-pion limit indeed the rapidity 

difference cannot be large. So the Regge limits Which involve large 

values of rapidity difference y-y are inapplicable in this case, 
2 

and the only allowed Regge limit is the one in which y1 - y2 ~ oo, 

finite. So for the soft-pion production in 

the lab. frame we have the scaling law (4.9) with the special values 

(6.2) of the scaling variables. The particular value of t, 

-52- / 
t ~ 1 Gev2 shows that one nucleon exchange approximation is a fairly 

good approximation for the soft-pion production in the lab. frame. We 

have shown in Chapter 5 that the contribution of the target fragmenta-

tion products to the multiplicity is a constant. Since the soft pions 

in the target frame are the fragments of the target their multiplicity 

is a constant. 

Now we shall choose the c.m. frame of the initial system as 

our special Lorentz frame, as is usually done.5 In) this case the 

process of emitting soft real or virtual pions is known as pionization. 

The invariant variables in this case are 

v' [ P • q ] ~ [c 1 - 2w) - ~] 
2(1 - w) ~ 

p·k ~ [ p·q ]~ {g_ - ~) 
m 2(1 - w) ~ m 

For the soft-pion production in the c.m. frame we have the scaling 

law (4.13) with the following special value for the scaling variable 

T! 

T 
(k·q)(rk) r-.-/ 1 - 2w 2 

(p·q soft 2(1 - w) ~ (6.3) 

pion 

For a consistency check let us calculate the rapidity variables in 

this case 

cosh(y1 - y) 

Equation continued next page 

•. 
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Equation continued 

~ 1- 2w 
2

1-l j_ [w(l - w) J2 
if w is very small. -> 00 

Again recalling the last chapter's prediction that the contribution of 

the pionization products to the multiplicity is £n w, i.e., scales, 

the multiplicity of the soft pions, in the c.m. frame, is £n w. So 

we see that which ever special Lorentz frame we choose for our 

definition the multiplicity for the soft pions does not grow with the 

energy, it is constant and it scales in the c.m. frame. T. D. Lee17 

showed that there is a general relation between the multiplicity and 

the energy scale (he defines the scale Sc' so that when S is bigger 

than Sc the structure functions scale). His prediction is that if 

the average multiplicity n increases with energy, say, like 

n ,.......__; K .en(~·)· 
S-> oo ~ 

where K is a number, then the scale Sc for a channel with a large 

multiplicity should increase exponentially with n, i.e., 

s 
c 

In the case of finite average multiplicity he finds that the scale for 

any channel oLmultiplicity n, is approximately 

-- - 2 
(~ + A.Mn n) 

where A is some large factor, say 10. Applying his predictions to 

our problem, we claim that for the soft-pion production in the deep 

inelastic processes the scaling sets in early, i.e., the over all 

scale is low, for the multiplicity is finite irrespective of the 

Lorentz frame we choose. "Then the possibility exists that if one 

excludes all the hardmesons in the deep inelastic electroproduction 

processes, the remaining hadron multiplicity at infinite energy may 

stay finite and not too high, in which case some insight may be gained~c 

as to why the observed structure functions appear to scale at such 

relatively low values of Q,2 ." Notice that our prediction is totally 

contrary toT. D. Lee's predictions. He claims that the growing 

multiplicity is due to soft mesons, and our prediction is that it is 

rather due to hard mesons, and it is the soft mesons which set the 

scaling so early. We have to wait for the data to decide which 

prediction is correct. 

Now integrate the equation (3.10) over v' around the value 

v' ~ v lEI. in an interval of length m in the lab. frame. Since the 

structure functions ·~ and v~ scale with the special values, 

dQ, 

and in 

length 

dQ2 

where 

v' -- ~ 1 ~of the variables, we get 
v 

do ,.-..__./ 4nei (:')(~(w,x ~ dv dE Bj m Q, 
n soft pion 

2'U{(w,x ~ ~,K ~ iJ.) 
. 2 

+ Sln 

the c.m. frame, again integrating over 

ill., WE 
m 

get 

2 

~ J:!:.,K ~ iJ.) 
2 g 

cos 2 m 

~] ikl 

v' along an interval of 

dO 4no: 
d')[w2c-r) 

2 g 
+ 21t{(-r) ' 2 ~] ~ 

-;;:J! cos 2 Sln ikl 
dv dE n (6.6) 

l - 2w 2 
T ~ iJ. in the soft pion limit. 

2(1 - w) 
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2. PCAC Analysis 

Now we shall employ a totally different technique in investi-

gating the same problem, the PCAC hypothesis,and soft pion theorems. 

In this section we shall look at the amplitude (transition matrix) 

rather than the differential cross section. The transition matrix in 

our invariant normalization is 

. 2 
T 1.

2
e u, (£') Y u (£)(pH,k outljll(o)lp,in) 

Q s ll s ' 

Denote the hadronic part by 

;. 

(p~,k outi~(O)Ip,in) 

this represents the amplitude for the process 
•/ 

Y(q) +h(p)-> rc:oft(k) +Hadrons. 

(6.8) 

If we reduce (6.8) using the standard LSZ reduction technique, by 

contracting the pion field, we get for charged pions 

+ M -
ll 

where ¢*(x) is the charged pion field, and J e£ is the hadron 
ll 

electromagnetic current, which is composed· of an isoscalar and isovector 

part: 

(6.10) 

Now we shall use the PCAC hypothesis which relates the pion field to 

the divergence of an axial vector current; when the pion is soft 

(6.11) 

where 2 
K = 1/f ll , 

T( 
and is the pion decay constant. 

In this approximation we get 

(6.12) 

In calculating this matrix element, we shall use Ward identity 

techniques. In its general form, the Ward identity is (we give this 

general form for possible future use) 

where J may stand for V and A • In general this formula can 
ll ll ll 

be used to relate n + l point function to an n point function. 

In our case this identity is extremeley simple and reads 

a~(T[A~(x) Jll(o)]} = T[d~ A~(x) Jll(o)J + 5(x0 )[A0 (x),Jil(o)] 

(6.14) 

Substituting this in (6.12) gives 

M± 
ll 

- 5(x0 )[A0(x),Jil (0)] IP in)]__ 

~ -ifn-l J d4 x eik"~(H outi[A0±(x),Jil(o)J 5(x0 )IP in) 

k~ J 4 ik·X( I +( ) I . ) + frc d x e H out T(A~- x Jll(o)) p 1.n (6.15) 

.:...• 

... 



_} 
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Since the pion is soft k ~ 0, and the first term can be written in 

the form (soft pions are taken to be soft in the lab. frame) 

This commutator can be calculated by using the current algebra 

hypothesis of Gell Mann29 

where 

[Q5'a(x0 ),v~~(x)] = ifa~y A~Y(x) 

Q5'a(x0 ) = Jd3x A
0
a(x

0
,X') and the f "" are the SU(3) a._,y 

structure constants. So the first term (current algebra term) 

finally takes the form 

M ± 
~ 

~ (H out lA +co) IP in) 
Jl ~ 

The ampli,tude, then takes the rather simple form 

soft pion 
limit 

The secondterm in the right-hand side, called a "pole term," 

corresponds to soft pion emission by initial and final nucleons (the 

emissions of the soft pion by the other pions in the final state is 

forbidden by G-parity) as well as the absorption of the virtual 

photon by the soft pion (the emission of the charged soft pion by the 

virtual photon is forbidden by charge conservation), Fig. 10. We 

shall calculate the pole terms in the Appendix 3. Our rough estimates 
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show that they can be neglected when compared to the first term (they 

are of the same order of magnitude as of the PCAC corrections) 

(6.17) 

This is the axial part of the matrix element for the ordinary deep 

inelastic neutrino productions. The tensor W is then given by 
~v 

w ± 
~v 

f -2 
_n_ 

2n 

(6.18) 

So the cross section for the process + e + p ~ e + ns + Anything using 

(6.5) is given by 

(6.19) 

where and are the structure functions for the process 

"-:;:;- + p ~ 1 + Anything," due to the axial part of weak hadronic current. 

From (6.18), we see that the cross section for the soft-n- production 

is obtained by the replacement v ~v in (6.19): 

dQ
2 

dv DE 
Jl 

[ 
2 Q _ _A,v 

2 cos 2 w2 + 
. 2 

Sln 
(2n)

2 
f 

2 
m 

Jl 

(6.20) 

By comparing (6.5) with (6.19) and (6.20) we see that, in the 

Bjorken limit 
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± 2 qvrr (q ,v,x ~ i:!;,K ~ ~) .--._/ 
1 m 

soft 
(6.21) 

pion 

These are important relations, because with these we can duplicate all 
+ 

v v rrr-the sum rules obtained for Wi' before, for CU. i . For example, 

one well-known sum rule for the W~'v is Bjorken's backward sum rule 
l 

J dw (F vn _ F vp) 
2 1 1 

w 

where ."'>.../ 

Br 
and F.vP F vn (6.22) reads 

l 1 

J:~ (F vp - F vp) 
1 1 

1 

Now using the relations 

1 . 

F. vn 
l 

(6.22) 

F. vp 
l 

(6.23) 

Then (6.21) translates this sum rule into another sum rule for the 

structure functions 

symmetry,3l i.e., 

± W rr if we assume 
i ' 

A v 
'v w. 

l 

v 

~ w v 
2 i 

where •2(/_1 --? ·~ 
Bj ""'1" 

is a good 

f -2 
_rr_ 

2 

(6.24) 
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Now recalling the relation (4.11) and denoting 

we get 

or 

+ 1 (G rr - G rr 
1 1 2 f 2 8rr a: 

T( 

Another sum rule for W~'v is the Adler sum rule 
l 

f dw (F vp - F2vp) 2 • 
w 2 

Again using (6.21) we get 

by 

f -2 
~ _rr_ 

2 

(6 .25) 

(6.26) 

f -2 
T( 

(6.27) 

where 1 
- v m 

'V) ~ 
2 Bj 

One interesting thing about these sum 

rules is that they relate the pion decay constant to the integrals 

of the structure functions. 

In deriving our generalized Bjorken and Adler sum rules (we 

did not want to exhaust the number of the sum rules by writing all of 

them down) we neglected the pole terms. One nontrivial assumption 

\ 

\ 

'. 
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which went into this was, while calculating the pole terms which 

corresponds to the emission of the soft pion by the baryons in the 

final state, that the lab momenta of these baryons were small as 

compared to their masses. One may think that may be our sum rules 

•. (6.24) and (6.26) can be used to test this assumption experimentally. 

•. 
But we do not have to take this seriously, because it can be shown 

that the interference of the pole and nonpole terms in (6.16) leads to 

terms of the same order in the total cross section. Also there is the 

question of applicability of PCAC at high energies we are considering 

here. In the case of very highly virtual photonic processes, as we 

have here, the PCAC hypothesis may be, in principle, inapplicable 

because our soft pion results hold for the unphysical point 

2 
k = 0 = k·p = k·q. But actual values of these variables in the rest 

~:~ frame of the pion are p · k · = 1-!Po and k · q = l-lq0 , so there are many 

-, different paths for extrapolating to the soft pion limit. If we 

consider as soft pions those which are at rest in the lab. frame the 

extrapolation in k·q increases with energy (k·q ~ !-lv) and it 

becomes unreliable at high energies. But the deep inelastic region is 

more favorable from the view of PCAC applicabili"ty, because of the 

scale invariance which holds in this region. The masses are inessen-

tial here and q·k and p•k enters only as the ratios and 

which are being held finite. For pions at rest in the lab. frame 

So the range of extrapolations for 

k·q and p·k respectively becomes 
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if the scaling sets in at low values of Q,2 then the range of 

extrapolation in k·q is comparable to the extrapolation in k·P· 

But again we have to be careful on how small this Q2 should be, 

because for 2 
<.m the PCAC would not be applicable here. 
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VII. CONCLUSIONS 

In the preceeding chapters, following Mueller's analysis of 

purely hadronic processes closely, we calculated the momentum distri

bution of the final state hadrons in deep inelastic electroproduction 

processes. We obtained a general scaling law which contains the 

hadronic Feynman-Yang scaling and the leptonic Bjorken scaling as 

special cases. Our approach to the problem is fairly model independent. 

We can list the ingredients that led up to the above result as follows: 

(a) We assumed that the amplitude for the forward virtual Compton 

amplitude can be written as a sum over the leading Regge poles over a 

wide range of values of Q
2 and v and not just the asymptotic limit 

(we can give a plausibility argument for this using duality). 

(b) The scaling law obtained by Bjorken for the ordinary deep 

inelastic electroproduction processes are consistent with all the 

experimental data available at present. Therefore we take it as an 

experimental fact, and combining this with (a) above we get a prescrip

tion for the Q2 dependence of the virtual photon-virtual photon-

reggeon vertex. 

(c) We assume that pomeranchukon singularity is a Regge pole, so 

that its residue factorizes. This assumption enables us to use the 

information we obtained in (b) for the ordinary deep inelastic 

electroproduction processes. 

(d) We expand the absorptive part of the forward three-to-three 

amplitude, "virtual photon + nucleon + pion -> virtual photon + nucleon 

+pion," into harmonics of 0(1,2), as Mueller did in analyzing the 

purely hadronic inclusive reactions. Because of the existence of a 
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highly spacelike virtual photon, this is not trivial exercise at all. 

Also, in this analysis, we did not assume the mass of the virtual 

photon, Q2, to be small compared to v. 

Although we assumed that the virtual photon fragments very 

much like a hadron does, we get some interesting features in our case 

which are absent in purely hadronic case. For instance. we observe that 

the size of the virtual photon fragmentation region in the rapidity 

plane changes with Q2 , and high transverse momentum effects are really 

large in this region. These effects are fairly large also in the 

central region (pionization region). Factorization of the pomeronchukon 

residue insures that in our case also the target nucleon fragments 

exactly as it does in purely hadronic inclusive processes, i.e., its 

size in rapidity plane is a constant, so its contribution to the 

multiplicity is a constant. The average multiplicity again grows 

logarithmically with energy, as in the purely hadronic case. But this 

time the contribution from the photon fragmentation region is really 

large. If we fix w at a not too small value, we see that the major 

contribution to the multiplicity comes from the photon fragmentation 

region, whereas in purely hadronic case it was coming from the central 

region. We also conjectured that as the energy goes higher probably 

the pionization disappears. 

Then on the basis of the PCAC hypothesis and current algebra 

we calculated the cross section for one soft pion productiqn in the 

deep inelastic scattering of electrons on nucleons. Neglecting the 

pole terms we relate this process to the ordinary deep inelastic 

neutrino production process. The immed~ate side products are the 

generalized versions of the Bjorken's backward sum rule and Adler's 

sum rule for the structure functions. One interesting thing about 

'" 
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these sum rules is that they relate the integrals of the structure 

function to the pion decay constant. Detailed calculation of the pole 

term, which correspond to the soft pion emission by the final state 

baryons, indicates that it depends crucially on the explicit momentum 

distribution of these baryons. The assumption that these momenta are 

small, which is essential for neglecting this particular pole term, 

needs experimental verification. There is also the question of the 

applicability of PCAC here. In the case of highly virtual photonic 

processes PCAC may be, in principle, inapplicable because of the large 

extrapolations involved for certain variables, here k-q for example, 

from the point where PCAC is valid to the actual soft pion point. In 

this case this presents no problem because in the deep inelastic limit 

the masses are inessential and ~ 
p-q q-k enter only as the ration 

which is finite, so that the accuracy of using PCAC here will be of 

the same order as that at low energies. 
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APPENDIX l. 

In this appendix we define the most general gauge invariant 

form of the tensor T relevant to the spin average process 
l-LV 

y(q) + h(p) + h'(k) ~ y(q) + h(p) + l:f(k). The most general second rank 

Lorentz tensor which has positive parity, has the form 

T = A1g + A2q q + A~p p + A4k k + A
5

(q p + qvp") 
l-LV l-LV l-1 V / l-1 V l-1 V l-1 V ~ 

+ A6(q p - q p ) + A
7

(q k + q k ) + A8(q k - q k ) 
l-1 v v l-1 ~ v v l-1 l-1 v v l-1 

+ A
9

(p k + p k ) + A
10

(p k - p k ) • 
l-1 v v l-1 l-1 v v l-1 

Since we require that T 
l-LV 

is symmetric, we immediately get 

0 . 

(A.l) 

(A.2) 

Furthermore current conservation (gauge invariance) tells us that 

These give us the following constraints among A1 , A2, A
3

, A4, A
5

, A
7

, 

and 

Al + A2q 
2 

+ A5 q·p + A
7 

q·k 0 

A q·p + A5q 
2 

+ A
9 

q •k 0 (A.)) 
3 

A4 q·k + A7q 
2 

+ A9 q ·p 0 

Solving A
5

, A
7

, and A
9 

from these equations in terms of A1 , 2,
3

, 4 

and substitute in (A.l) we get (3.3): 

T 
l-LV 
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+ ...1:_[(A·p) (A"k) + (A·p) (A·k) ]T4 . 
2mll l-1 v v l-1 

/ 

·•. 
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APPENDIX 2. 

In the laboratory f'rame we choose the z-axis along the virtual 

photon direction (Fig. 3a). Therefore 

p 

k 

mv 

2 
q 

(m, tr)' 

- p•q 

2 
-Q 

2 
v 

q 

where ~ 

gives 

gives 

v 

v, small 

v + mw, large 

fixed 

(A.4) 

The invariant variables v' and K can be calculated in terms of 

the lab. variables: 

v' 
l "K k·q 1 <,....2 2 )l_ I ,....

1 
2 2 1 

-[ k + ~ 2 v - k cos 9(v + Q )2 ] 
~ 

(A.s) 

Now consider the c.m. frame of the virtual photon-proton 

system. All the quantities in this frame will be represented with an 

asterisk (Fig. 3b) 
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* * * q (qo ,o,o,q3 ) 

* * * p (Po ,o,o,-q3 ) 

* * * * k (ko 'l'k3 ) 

* where q
3 

is given by the well-known formula 

1 

l 
--r 

2 l_ 2 
(s - [ ( -Q )2 + m] )(s 

2 l_ 2 2 
[ ( -Q )2 - m] } 

2(s)2 

( 
(' t 

2 

for 'mall Q
2 

s + Q for large Q2 

;(s)T 

In the Bjorken limit, i.e., Q
2 

have 

Q2 
large while w = 2p.q 

s 2 ~ -Q -+ 2p•q ~ 2p•q(l - w) 

Therefore 

(A.6) 

fixed, we 

1 

,..,._,; 
Bj • 

(_ p q ~~ 
~(1 - w)) 

(s)2 
2(1 - w) • (A.?) 

We also have 

* 2 1 * *2)2 
Po (m + q3 

~ q3 

* *2 - Q2)~ * qo (q3 q3 (l - 2w) 

* * Therefore p~ q3 (l,0,0,-1) 

'* * 
q~ q

3 
(l - 2w,o,o,1) (A.8) 
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is·given by 

1 2 2 l 
----:r([s - (m - M) J[s - (m + M) ] }2 
2(s)2 

~ 

Jl- large 

2 
S - M 
-----r- -
2(s)2 

mK + ~v 1 

(sF 

* 2 "*2 l l,....k *I ko (~ + k )2 -

(A.9) 

(A.lO) 
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APPENDIX 3· 

We shall study each pole term, the diagrams (b), (c), in Fig. 11, 

separately and get an order of magnitude estimate. 

The pole term corresponding to the absorption of the virtual 

photon by the soft pion is simply proportional to ~ 
(Q )2 

which 

is very small. So this pole term can be neglected without any 

reservation when compared to the first term (current algebra term). 

The pole term corresponding to the soft pion emission by the 

initial nucleon (Fig. llb) is proportional to 

(A.ll) 

where we used the fact that the soft pion attachment to the external 

nucleon lines obeys a gradient coupling law. Here u(p) is the spinor 

describing the initial state of nucleon with the momentum p, and (5r 

is some operator which at small k is· supposed to be independent of k. 

Neglecting the terms quadratic in k, we reduce this to the following 

("kif) - {j\k~ u(O) • 

1;7!2 

Since k0 - ~ + ~' 
,. 

1& « 1 
~ . 

of this pole term is small. 

means ~kl << 1. 
0 

(A.l2) 

So the contribution 

.. 
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When we calculate the pole term corresponding to the soft-pion 

emission by the baryons (nucleons, 6 1 s, etc.) in the final state we 

shall simplify the life considerably using the experimental 

information, 30 that in pp collision 

baryons + Anything) 
< (A.l3) 

~1 baryon+ Anything 

where by baryons we mean any combination of baryon and antibaryons 

allowed in the final state, and by anything mesons only. We shall 

assume that a relation analogous to this holds for electroproduction 

processes also, so that nucleon antinucleon pair production is suppressed 

and the final state H contains only one baryon (taking the target 

to be a proton for + production the final state baryon is :n:- very 

likely a neutron). The pole term appearing in the soft pion emission 

by the final nucleon (Fig. llc) is proportional to 

Assuming that the final nucleon momentum pf is also small, e.g., 

IPfl/m << 1 and calculating this in the lab. frame, we get 

~(/.p ~9 il(o) __ f + ~ CY. 
m ko (A.l5) 

This is also small. We may expect that the pole terms associated with 

other baryons appearing in the final state, hyperons, other baryon 

resonances, are of the same order of magnitude. 
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The-se rough calculations show that we may neglect the second 
/ 

term in the right-hand side, the pole term, of (6.16), and conclude 

that the amplitude for the process 

e + P -> e + rr -(soft) + hadrons 

is proportional to the ordinary deep inelastic neutrino production 

due to an axial vector current only. 
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FIGURE CAPTIONS 

Fig. l. (a) Deep inelastic electroproduction process. 

(b) Optical theorem for e + p ~ e + anything. 

Fig. 2. Regge expansion of the forward virtual Compton scattering. 

Fig. 3. (a) Inclusive deep inelastic electroproduction. 

(b) Generalized optical theorem. 

Fig. 4. Definition of the kinematic variables in the laboratory and 

c.m. frames. 

Fig. 5· Single Regge exchange diagram for hadron fragmentation. 

Fig. 6. Double Regge exchange diagram. 

Fig. 7· Single Regge exchange diagram for photon fragmentation. 

Fig. 8. Triple Regge exchange diagram. 

Fig. 9. Distribution as a function of the rapidity for the inclusive 

photoproduction. 

Fig. 10. Soft pion theorem for the inclusive process 

e + p ~ e + rr- (soft) +Anything (b,c are pole terms). 
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