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ABSTRACT

A New Ranking Scheme for High-dimensional and Non-Euclidean Data with Applications
in Hypothesis Testing and Change-point Detection

Due to their robustness and efficiency, rank-based approaches are among the most popular nonparametric
methods for univariate data in tackling statistical problems such as hypothesis testing and change-point
detection. However, they are less explored for more complex data. In the era of big data, high-dimensional
and non-Euclidean data, such as networks and images, are ubiquitous and pose challenges for statistical
analysis. Existing multivariate ranks such as spatial rank, Mahalanobis rank, and component-wise rank do
not apply to high-dimensional or non-Euclidean data. This dissertation tackles the problem by proposing
novel rank functions applicable to complex data and applying them to the two-sample testing and change-
point detection problem. Instead of dealing with the ranks of observations, we propose two types of ranks
based on the observations’ similarity graph: the graph-induced rank defined by the inductive nature of
the graph and the overall rank defined by the weight of edges in the graph. These two new ranks are
used to construct two sets of statistics for hypothesis testing and change-point detection.

For two-sample testing, we prove that the new test statistic converges to the x3 distribution under
the permutation null distribution, enabling an easy type-I error control. The new method exhibits good
power under a wide range of alternatives compared to existing methods, as shown in simulations. The
new test is illustrated on the New York City taxi data for comparing travel patterns in consecutive months
and a brain network dataset comparing male and female subjects.

The graph-induced rank is further used to construct scan statistics for the change-point problem.
We prove the proposed scan statistics are asymptotically distribution-free under the null hypothesis and
derive the analytic p-value approximation. Simulation studies show that the new method works well for
various changes and is robust to heavy-tailed distributions and outliers. The new method is illustrated
by detecting seizures in a functional connectivity network dataset and travel pattern changes in the New

York City taxi dataset.
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Chapter 1

Introduction

High-dimensional and non-Euclidean data have become ubiquitous in the era of big data, such as networks,
gene expression, and images, which poses challenges for statistical analysis. Parametric approaches are
limited when many nuisance parameters need to be estimated. Among the nonparametric methods, rank-
based methods are attractive due to their robustness and efficiency and have been extensively studied
for univariate data. However, they are not well explored for high-dimensional or non-Euclidean data.
This dissertation aims to extend the rank-based methods to high-dimensional and non-Euclidean data,

focusing on the two-sample testing and change-point detection problems.

1.1 Review of multivariate ranks

Univariate ranks are not applicable to multivariate data due to the lack of natural ordering of the data
points. The existing extensions of ranks to multivariate data include component-wise ranks |Bickel| 1965/
Hallin and Puri} (1995, Puri and Senl [2013], spatial ranks |Chaudhuri| |1996| Ojal |2010], depth-based
ranks |Liu and Singh| 1993 |Serfling and Zuo| |2000|, Mahalanobis ranks [Hallin and Paindaveine| 2002
2004|/2006|, metric ranks [Pan et al.;|2018| and measure transportation-based ranks [Deb and Sen||2021].

Specifically, given N observations Zi,...,Zy € R%:

e The component-wise rank R; € R is the rank vector for each dimension of Z;, e.g., R;; is the rank of
Z;; among Zij,...,Znj for j =1,...,d. The component-wise ranks are the natural extension of the
univariate rank, and work well when the multivariate observations with independent components.

However, they suffer from the correlated covariates and are not invariant to affine transformations.

e The spatial rank function is defined as R(Z) = Zfil U(Z—-Z;)/N where U(Z) = Z/|| Z|| for Z # 04
and U(04) = 04. Here || - || is the Euclidean norm. The spatial rank can also be implicitly defined
through multivariate L; type objective function [Ojal|2010|:

| NN |
o 2 2= 2l = 5 S ZIR(Z).

i=1 j=1



where the function R(-) : R? — RY makes the equation hold for all possible values of Z;’s. The
spatial ranks are powerful for detecting location differences, however, they are not such useful for

distinguishing scale parameters due to the normalizing procedure involved in U().

e The depth-based ranks measure the centrality of the observations and depend on the choice of depth

function. For example, the Mahalanobis’s depth
M,D(2) = {1+ (Z-2)S 2z -2)}",

where Z = Zf\;l Z;/N is the sample mean and S is the sample covariance matrix, and the Tukey’s
depth
TD(Z) = igf{FN (X) : X is a closed half space containing Z},

where Fy is the empirical cumulative distribution function. Given a depth function, the depth-
based ranks are decided by the values of data depth of the N observations. The depth M;D is
easy to compute, however, it requires the existence of the second moment and is not robust. Other
depth functions are computational extensive for high-dimensional data, for example, TD has the

computational complexity O(N9~!log N) |Liu| |[2017].

e The Mahalanobis ranks are designed for multivariate one-sample problem, which are the ranks
of the pseudo-Mahalanobis distances d(Z,6y) = (Z — Ho)Tﬁl_l(Z — 6), where 6y is the location
parameter of interest and specified under Hy, and 3 is a M-estimator of the covariance matrix due
to[Tyler|[1987]. It is powerful for elliptical symmetric distribution, but is not robust to heavy-tailed

distributions.

e The metric ranks are designed for multivariate two-sample problem and measure the difference
between two probability distributions. Assume the first n observations are from the distribution
Fx and the last m = N — n observations are from Fy. The metric ranks are then represented by
Afj(.,A};,i,j =1,...,nand C’f;,CBg,i,j =n+1,...,N, where nAfJ{ is the rank of d(Z;, Z;) among
{d(Z;, Zy),u = 1,...,n}, mA}} is the rank of d(Z;,Z;) among {d(Z;, Z,),uv = j,n+1,...,N},
nC’ff is the rank of d(Z;, Z;) among {d(Z;,Z,),u=1,...,n,j}, and mCi};— is the rank of d(Z;, Z;)
among {d(Z;, Z,),u = n+1,...,N}. Then the differences Afj(- - A}; and C’i)]{ - C’}; are used to
compare the two distributions. However, the limiting distribution of the test statistics is not easy

to approximate, and a Bootstrap or permutation procedure may be applied to obtain p-values.

e The measure transportation-based ranks are defined by the optimization problem

N
6 =ar min Zi — comnl?,
& =(a(1),-..,0(N))ESN ; I @l



where Sy is the set of all permutations of {1,..., N}, the multivariate rank vectors {¢1,...,cn} are
a sequence of ‘uniform-like’ points in [0, 1]¢ generated from Halton sequences [Hofer||[2009||Hofer and
Larcher||2010|. As a result, the rank vector of Z; will be c;(;). The measure transportation-based
ranks are also useful to construct distribution-free test statistics and detect location difference.
However, when the dimension is high, it is difficult to generate ‘uniformly’ distributed rank vectors,

which suffers from the curse of dimensionality.

1.2 Graph-based ranks

Here, we propose the definition of the novel graph-based ranks. The graph-based ranks are the rank
defined in the similarity graphs. Instead of treating all edges in the graph equally, we assign the rank
as weights to each edge. For two graphs (G; and G5 with the same vertex set, we use G; N Gy as the
graph which has the same vertex set as G; and G2 and the edges as the overlapping edges of G; and Gs.
With a little abuse of notations, we say G1 N Gy = ) if G; and G5 have no overlapping edges. Given N
independent observations {Z;}, we can construct a sequence of simple similarity graph {Gi}F_, in
an inductive way such that Go = () and
Giy1 = GiUGY,, with G, = arg Gpelgﬁl Z S(Z;, Z;)
(i,J)€G’

where Gi11 = {G' € G: G’NG; = 0} and G is a graph set whose elements satisfy specific user-defined
constraints. Here S(-,-) is a similarity measure, for example, S(Z;, Z;) = —||Z; — Z;|| for Euclidean data,
where || - || is the Euclidean norm. For other choices of the similarity measures, see |Chen and Zhang
2013, |Sarkar and Ghosh|[2018|,|Sarkar et al.|[2020|. By construction, we have Gy C Gz ... C Gj. Many

widely used similarity graphs can be constructed in this way with different constraints, for example,
e k-NNG: G = {G’ : for each i, there exists one and only one j # i such that (i,75) € G'};
e k-MST: G = {G' : G’ is a tree that connects all observations};
e k-MDP: G = {G’ : G’ is a non-bipartite pairing};
o k-shortest Hamiltonian path (k-SHP) |Biswas et al.;|2014]: G = {G’ : G’ is a Hamiltonian pat.

As a result, for NNGs, G is the I-NNG, G}, is the (I + 1)th NNG and G is the (I 4+ 1)-NNG. For
MSTs, G is the [-MST, G7,, is the (I + 1)th MST and G4 is the (I 4+ 1)-MST. An illustration of these
graphs is presented in Figure

With {G;}_,, we define two types of graph-based rank matrix R = (R;;)}\;—; € RV*V as follows:

1Simple graph is the graph without self-loops and multiple edges between any two vertices.
2A Hamiltonian path with N vertices is a connected and acyclic graph with N — 1 edges, where each node has degree at
most two.
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Figure 1.1. Examples of different similarity graphs.

e Graph-induced rank

k
Z]l i,7) eGl

1=1
where for an event A, 1(A) is an indicator function that equals to one if event A occurs, and equals

to zero otherwise;

e Overall rank

Rij = rank(S(Zi, Zj)7 Gk,) 5

where rank(S(Z;, Z;), G) is the rank of S(Z;, Z;) among {S(Zu, Zy) }(uvyec, if (i,5) € Gx and is
zero if (i,7) ¢ Gy.

The two types of ranks are intuitive. The graph-induced rank R;; is the time of the edge (¢, )
appearing in the sequence of graph. For instance, the graph-induced rank of edges in the {th NNG or
the [th MST will be k — [ + 1 for k-NNG and k-MST, respectively. The overall rank of edges will be the
rank of the similarity of edges in the graph. The graph-based ranks impose more weights to the edges
with higher similarity, thus incorporating more similarity information than the unweighted graph. In the
meantime, the robustness property of the ranks makes the weights less sensitive to outliers compared
to the direct utilization of similarity. With the ranks, we are ready to build different test statistics for

different problems.

1.3 Overview
1.3.1 RISE: rank in similarity graph edge-count two-sample test

Two-sample hypothesis testing for high-dimensional data is ubiquitous nowadays. Given two independent

random samples X1, ..., X, i Fx and Y7, ..., Y, i Fy, it takes into the consideration of the test

Hy:Fx =Fy against H;:Fx # Fy.



Rank-based tests are popular nonparametric methods for univariate data. However, they are difficult to
be extended to high-dimensional or non-Euclidean data. We propose a new non-parametric two-sample
testing procedure, Rank In Similarity graph Edge-count two-sample test (RISE) utilizing the graph-
based ranks. Theoretically, we prove that, under some mild conditions, the new test statistic converges
to the x3 distribution under the permutation null distribution, enabling an easy type-I error control.
RISE exhibits good power under a wide range of alternatives compared to existing methods, as shown in
extensive simulations. The new test is illustrated on the New York City taxi data for comparing travel

patterns in consecutive months and a brain network dataset in comparing male and female subjects.

1.3.2 RING-CPD: asymptotic distribution-free change-point detection for
multivariate and non-Euclidean Data

Change-point detection concerns detecting distributional changes in a sequence of independent observa-
tions, which is important for data analysis and processing with diverse applications from finance, business,
and health to engineering. For a sequence of independent observations {y7 }?:1, the change-point detection

problem can be formulated as the test of
H()Iyl'NFo, 7::1,...,71
against the single change-point alternative

Fo, i<7‘,

Hy:31 <1t <n,y ~
Fy, otherwise

or the changed interval alternative

FQ, i:Tl—‘y-l,...,TQ,
Hy: N <nn<mn<n, y~

Fy, otherwise,
where Fj and F; are two different distribution.

Rank-based methods have been extensively analyzed for univariate models, while insufficient attention
has been paid to high-dimensional or non-Euclidean data. We propose a new method, Rank INduced
by Graph Change-Point Detection (RING-CPD), based on the graph-induced ranks to handle high-
dimensional and non-Euclidean data. The new method is asymptotically distribution-free under the
null hypothesis with the analytic p-value approximation derived for easy type-I error control. Extensive
simulation studies show that the RING-CPD method works well for a wide range of alternatives and is
robust to heavy-tailed distribution and outliers. The new method is then illustrated by the detection of
seizures in a functional connectivity network dataset and travel pattern changes in the New York City

taxi dataset.



Chapter 2

RISE: Rank in Similarity Graph
Edge-Count Two-Sample Test

2.1 Introduction

For two independent random samples X, ..., X,, e v and Y7, ..., Y, i Fy, we consider the test

Hy: Fx =Fy against H;:Fx # Fy.

Nowadays, it is common that the data is high-dimensional or non-Euclidean [Bullmore and Sporns| 2012]

Tian et al., 2016| Menafoglio and Secchi}|2017} [Jiang et al.| 2020]. In many of these problems, one has

little information on F'x and Fy, which makes parametric approaches not applicable when the dimension
is high. A number of nonparametric tests have been proposed for high-dimensional data such as the
graph-based tests [Friedman and Rafsky||1979} |Schilling||1986} Henze} 1988| Rosenbaum)| 2005, |Chen and|
Zhang||2013|/Chen and Friedman, |2017|/Chen et al.,|2018|Zhang and Chen}|2022|, the classification-based
tests [Hediger et al., 2019, |Lopez-Paz and Oquab| 2016 Kim et al.,|2021], the interpoint distances-based
tests [Székely and Rizzo| [2013] Biswas and Ghosh| (2014} [Li| [2018], and the kernel-based tests
et al.||2008| Eric et al.l|2007, Gretton et al.,|2009,|2012a} |Song and Chen||2020).

For non-parametric testing, rank-based tests are popular to approach given the success of Wilcoxon’s
rank-sum test for univariate data. However, the rank for multivariate data is hard
to define. There are some extended definitions of the rank to accommodate multivariate data, such as
the spatial rank |Chaudhuri“1996|,|Marden[ |1999|, the Mahalanobis rank [Hallin and PaindaveineL |2004|
, and the component-wise rank |Bickell|1965|, |Puri and Senl|2013|. For instance, proposed
the multivariate spatial signs and ranks, which can be applied to construct a multivariate affine-invariant
family of rank tests for the detection of the location difference. Based on the data depth rank,
proposed tests as a multivariate analog of Wilcoxon’s rank-sum test, and |Barale and Shirke|
proposed a test that worked both for location and scale difference. However, these tests are mainly

for low-dimensional data.



Recently, Pan et al.| 2018 introduced Ball Divergence (BD) to measure the the difference between

two distributions and proposed a metric rank test procedure. |Deb and Sen| ﬂ2021] proposed to define the

multivariate ranks through the theory of measure transportation [Hallin et al.| 2021], based on which

they built the multivariate rank-based distribution-free nonparametric testing. Both tests can be applied
to high-dimensional data and achieved good performance for some useful settings. However, they also
lose power under some common alternatives, which will be detailed in Section Besides, they did not
provide any analytic p-value approximations and relied on random permutations to obtain their p-values.

In this chapter, we propose a new framework of two-sample testing procedure, Rank In Similarity
graph Edge-Count two-sample test (RISE), which overcomes the curse of dimensionality
and enables an easy type-I error control. Instead of dealing with the ranks of observations,
we consider two types of ranks based on the similarity graph of the observations, the graph-induced rank
defined by the inductive nature of the graph and the overall rank defined by the weight of edges in the
graph. The similarity graph can be built from the pairwise similarity of observations, such as the k-NNG

1988| and k-MST |Friedman and Rafskyl |1979|. As a result, our framework is applicable to

non-Euclidean data as well.

Test statistics based on similarity graphs have attracted a lot of attention recently as they can be
applied to data with an arbitrary dimension and non-Euclidean data and perform well. The first test of
this type was proposed in|Friedman and Rafsky| [1979] using the k-MST, later Schilling| |1986| and Henze|
used the k-NNG, and Rosenbaum|[2005] proposed to use the MDP to obtain an exact distribution-
free test, which was extended to k-MDP in |Chen and Friedman| [2017]. Recently, Chen and Friedman|

proposed a new test statistic, the generalized edge-count test (GET), on similarity graphs that
utilizes a common pattern for high-dimensional data, and the test works well for a variety of alternatives.

The current graph-based tests treat each edge in the graph equally and ignore the differences on edges
\Friedman and Rafsky| 1979 Henze} 1988|/Chen and Friedman}|2017|, which could lose power. There were

attempts to use ranks in earlier studies [Schilling| |1986} Rosenbaum), |2005], but these tests lack power

for high-dimensional data under some common alternatives. RISE solves the problems by incorporating
weights on the edges of the similarity graphs and proposing a Mahalanobis-type statistic that works well
for a variety of settings where existing methods work poorly. The rest of the chapter is organized as
follows. In Section we introduce in detail the new test statistic T with its moment properties. The
asymptotic property of Ty is presented in Section Extensive simulations are conducted in Section
with real data applications presented in Section The details of proofs of the theorems are deferred
to Appendix [A]



2.2 A new test statistic

To simplify the notations, let
Zlin,Zil,m, Zm+j:Y},j:1,...n

be the pooled samples and N = m +n. Let R = (Rij)f\fj:l be the rank matrix defined in Section

constructed using the pooled sample. We first define two basic quantities based on the graph-based rank:

m m N N
Umzz;z;}zij and U,= > Y Ry.
1=1 5=

i=m+1j=m+1
which are the within-sample rank sums of sample X and sample Y, respectively. We can symmetrize
R by using %(R + R"). With a slight notation abuse, in the following, R is used for the symmetric
version. This does not change the values of U, and U, by their definitions; while the derivation for their
expectations and variances would be much simpler. Before we propose the test statistic, we illustrate the
behaviors of U, and U, under different scenarios. Here we set n = m = 50 and consider multivariate

Gaussian distribution with dimension d = 100:
(a) Null: Fx = Fy = N(04,14);

(b) Location alternative: Fy = N(14,14);

(c) Scale alternative: Fy = N(04,41,);

(d) Mixed alternative: Fy = N(0.504,21,).

Figure shows the heatmaps of the graph-induced rank matrix in the 10-NNG and the overall rank
matrix in the 10-MDP. When the two distributions are different in location parameter, both U, and U,
will larger than their null expectations; while for scale alternative, one of U, and U, will larger while
the other one will be smaller. For both location and scale differences, U, and U, will also be different
from their null distribution. Thus, U, and U, can capture different scenarios. Hence, the proposed test
statistic is defined as

Tr = Uz — pa Uy — Ny)zil(Um — a, Uy = p1))7

where i, = E(U,), py, = E(Uy) and = = Cov((U,,U,)T). Under the null hypothesis, the group labels of
X and Y are exchangeable. Thus, we can work on the permutation null distribution which places 1/ (fi )
probability on each of the (T]X ) permutations of the group labels where the first group has m observations
and the second group has n observations. We use P, [E, Var, Cov to denote the probability, expectation,

variance, and covariance under the permutation null distribution, respectively. To simplify the notations,
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(i) The graph-induced rank in 10-NNG. The values of (U, U,) are

(a) (1210, 1602), (b) (2499, 2436), (c) (2720,126), (d) (2698, 825).
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(ii) The overall rank in 10-MDP. The values of (U,,U,) are
(a) (116934, 140766), (b) (243387, 213931), (c) (226220, 48464), (d) (307972, 101820).

Figure 2.1. An illustration of the graph-based ranks.

we further denote

B 1 1 N B 1 N B 1 N N
i = _1ZRZ]7TO NZR 7T%:NZR?7T§:N(N— )ZZREJ,
VE = i=1 i=1 j#i
_ 1 N N
R R TO,V _NZR2 _TO7Vd_N(N_1)ZZ(RU_TO) _Td_rg

Remark 2.2.1. The rank used in BD [Pan et al.}|2018] has some common grounds with our graph-induced
rank in the k-NNG. They both utilize the rank of pairwise similarity. However, in BD, for each within-
sample pairwise similarity S(Z;, Z;), they consider its rank among {S(Z;, Z,) Yy and {S(Z;, Zu)}2_ i1 s
respectively, and compare their difference. On the other hand, for each Z;, the graph-induced rank in k-

NNG considers the ranks for {S(Z;, Z,)}Y_, and only the top k similarities are kept.

Remark 2.2.2. The new test statistic Tg is similar to GET in terms of its formula while GET treats
each edge in the similarity graph equally. Actually, when the weights on the similarity graph are all set
to be one, Tr becomes GET when the similarity graph is undirected, and becomes the directed version of
GET [Chu and Chen) 2018} |Liu and Chen||2022] when the similarity graph is directed. For GET,|Chen
and Friedman| [2017)] discussed that under the alternative hypothesis, there are two possible scenarios that
(i) both samples tend to connect with each other within samples and (ii) one sample tends to connect

within sample while the other sample tends to connect between sample. Similarly, for our rank quantities,



under the alternative hypothesis, we also have two possible scenarios that (i) both U, and U, tend to be
large and (i) one of them tends to be large while the other one tends to be small. Hence, Tr can capture

the two different type of scenarios and is powerful for a wider range of alternatives.
Theorem 2.2.1. Under the permutation null distribution, we have that

pe =EUz) =m(m—1)rog, py=EU,) =n(n—1)rg

2mn(m — 1)

Var(U,) = m((n —1)Vg+2(m—2)(N —1)V,),
Var(U,) = m((m —1)Vig+2(n—-2)(N -1)V,),
Cov(Us, Uy) = 277(7’](\[7”_2)1();\17(71 3)1) (Vd —2(N - 1)Vr) :

The proof of Theorem is in Appendix which is obtained through combinatorial analysis.
To assure that Tg is well-defined, the covariance matrix 3 should be invertible. Here we present the

sufficient and necessary conditions.

Theorem 2.2.2. Given m,n > 2, the covariance matriz X is positive-definite unless (C1) V. = 0 or

(C2) (N —2)Vy = 2(N — 1)V

The proof of Theorem is in Appendix In the following, we briefly discuss the two cases.
In the following, we briefly discuss the two cases. It is obvious that (C1) happens when R; = ro. For
instance, the graph-induced rank in the k-MDP satisfies (C1) as all vertices are required to have the
exact same degree k for the k-MDP and thus R; = 7o for all i. We can also show that (C2) happens
only for some special graphs. For example, when |G| < N — 1 where | - | denotes the cardinality of a set

and the number of edges for a graph, we have

N?(N - 1)2T2 N(N — 1)7,2
4 0 2 d

N(N -1)%2 <
and

(N —=2)Vy—2(N = 1)V, = (N —2)r3 —2(N — 1)r? + Nr2

> (N —2)(N —1)r? —2(N — 1)r? 4 Nr?

> (N = 3)rg - N(N{ 2
N -3 Al (vazl Zjvzl Rij)2
N(N—l)(;;R?j 2(N —1) )20
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by Cauchy—Schwarz inequality and |G| < N — 1. The equalities hold if and only if for some i, we have
Ri; = R;; = c for some constant ¢ and all j # ¢, and R;; = 0 for all j,1 # i. As a result, G}, is perfectly
star-shaped with the hub vertex i, and all other vertices have the same rank c related to the vertex 1.
Except for such special graphs, it is rare to have graphs that satisfy (C1) or (C2). For example, the
graph-induced rank in the k-NNG and the overall rank in the k-MDP would hardly ever run into either
(C1) or (C2). We check it through Monte Carlo simulations by generating datasets from the standard
multivariate multivariate Gaussian distribution with different sample size N’s and dimension d’s. For
each dataset, we calculate the two ratios r7/r¢ and (N — 2)Vd/(2(N - 1)VT). The procedure is repeated
1,000 times for each combination of N and d. The details and results are in Appendix We find that
neither (C1) nor (C2) happens in any of these simulation runs. In practice, when we apply the method,
we could easily check whether the two cases happen. If it unfortunately happens, we could always use a
different type of similarity graph to avoid the problem.

Define U,, = %Uw + %—:%Uy and Ugig = U, — Uy, and their standardized statistics

Uy, — E(U, Uaig — E(Ug;
2, = D= EO) g 740 = Dot~ El0am),
Ow O diff
where o, = y/Var(U,,) and oqig = /Var(Uqir)-
Theorem 2.2.3. When Tg is well-defined, we have
Tr = Z2 + Z34 and Cov(Zy, Zag) = 0. (2.1)

The proof of Theorem is in Appendix[A.3] Under the alternative hypothesis, it is possible that
(i) both U, and U, are larger than their null expectations (a typical scenario under location alternatives)
and (ii) one of them is larger than while the other one is smaller than its corresponding null expectation
(a typical scenario under scale alternatives). See|Chen and Friedman||2017] for more discussions on these
scenarios. For (i), Z,, will be large and for (ii), |Zag| will be large. Thus, Tx is powerful for different

types of alternatives. From Theorem it is easy to show that
52— 2m(m — 1)n(n — 1)
T (N =2)2(N =3

{(N = 2)Vy—2(N - )V, }
and

o3g = 4N — 1)mnV,..
Hence, Zgig or Z,, degenerates when (C1) or (C2) happens, respectively.
Remark 2.2.3. Some test statistics other than Tk can also be considered. For instance, the weighted
rank sum statistic Z,, corresponding to the weighted edge-count test [Chen et al., |2018] that should work
well for the location alternative and unbalanced sample sizes, and the max-rank test statistics Rpax =

max{Zy, |Zaig|} that corresponds to the maz-type edge-count test statistic [Chu and Chen, |2019], which

is preferred under the change-point setting.

11



2.3 Asymptotic properties
Obtaining the exact p-value of Tr by examining all permutations could be feasible for small sample sizes,

but is time-prohibitive when the sample size is large. We thus work on the asymptotic distribution of

Tk.
2.3.1 Limiting distribution under the null hypothesis

Before stating the theorem, we define some notations. Let a,, = o(b,,) or a,, < b, be that a,, is dominated
by b, asymptotically, i.e., lim, o an /b, =0, a,, = O(bn) or a, < b, be that a,, is bounded both above
and below by b, asymptotically, a,, = b, be that a, is bounded above by b, (up to a constant factor)

~

asymptotically, and ‘the usual limit regime’ be that m,n — co and m/(m +n) — p € (0,1).

Theorem 2.3.1. Let R = ( ZJ)ZGE[[IJ\\/I]] € RV*N be the graph-induced rank or the overall rank matriz

defined in Sectionin the sequence of graphs {Gl}éC 1- In the usual limit regime, under Conditions:
(2.1) 11 <ra; (2.2) T, (S0 BE)” 3 N%rd; (2.8) S [Ra|” < (VY55 (2.4) SO RS < NraVi;
(2.5) | o, S0, RijRis Ry Ry | < N*r3V,; (2.6) 3200 S0 SN s RijRjsRa Ry < N'rd, we have
that

(Zus Zair)' 3 Na(02,1,)  and  Tr 3 X3
under the permutation null distribution where B s convergence in distribution.

Theorem|2.3.1is proved using the Stein’s method |Chen et al.,|2010|, with the proof in Appendix
Actually, Theorem holds for general matrix R with some additional conditions. As a result, we can
use different ways to weight the similarity graph such as kernel values. A detailed discussion is presented
in Section Denote K = max R;; (for example, K = k for the graph-induced rank in the k-NNG
or k-MST and K = Nk/2 for the overall rank in the k-MDP). Usually we have ro < K|G}|/N? and
r2 < K?|Gy|/N? where |Gy| < Nk, which hold for the four types of graphs in Section Conditions
(2.1)-(2.4) essentially require the absence of hubs that nodes with a large degree or a cluster of small

hubs. For instance, assuming the largest degree of G is bounded by Ck for some constant C', we have

Conditions (2.1), (2.2) and (2.4) always hold such as

k2
2 2
ry = ) ~ v T3 E E le < <ry,

i=1 j#i
Z ZR N(kK?)? < N34 < K*G|?/N ,
ZR?_ < max|R;. [NV, < NV,kK/N = NrqV,,
4:1 T
when k = o(N). For Condition (2.3), by Zf\il |§l|3 < max; |R;.|NV,, it holds if

N
max |R;.| < /NV, = (ZE?)OS

i=1

12



which may be satisfied unless the variation of the average row-wise ranks V;. is dominated by some vertices
such that va:1 E? ~ E? for some vertex j. Condition (2.6) can be viewed the constraint on the number
of squares in Gy, denoted as Ngq. We then have

N N N N
ZZ Z Z RinlelsRsi S K4qu and .N4 ;l = K4|Gk|2.

i=1 j=11#i,j s#i,j
Thus, if Ny < |Gx|?, Condition (2.6) will hold. Condition (2.5) looks more complicated, and it basically
controls the number of triangles in Gi. For k-MDP, all vertices have the same degree k, we thus have

the following lemma.

Lemma 2.3.2. The overall rank in k-MDP satisfy Conditions (2.1), (2.2), (2.4) and (2.6) automatically
when k = o(N).

The proof of Lemma is in Appendix For other similarity graphs such as the k-NNG and

k-MST, we provide the following lemma by making assumption on the distribution of }NEZ»., whose proof
is in Appendix
Lemma 2.3.3. Suppose that |Gi| = O(kN) with 1 3k < N and . Assume that
max(K?/N? k*K?/N3) 2V, < k' SK2N~15 (2.2)
and
P((N —1)|R;.|/K >1t) < 2exp (—ct?/N), t>0 (2.3)

for some constants ¢ > 0 and 0 < a < 1. Then, in the usual limit regime, Tr z X3 under the permutation

null distribution.

Remark 2.3.1. Owverall rank in k-MDP, as shown in the proof of Lemma|2.3.2 satisfies the right hand
side of (2.2) and (2.3) when k < N. When k =1, it can be shown that the left hand side of (2.2) will
also be satisfied. Specifically, Tr constructed on the overall rank in 1-MDP is exactly distribution-free,

while its distribution can be approzimated by x3 which N large enough.

Remark 2.3.2. The above theoretical results allow the similarity graph to be very dense such as k < N¢
for some 0 < a < 1. Besides, the conditions in Theorem are only sufficient conditions. As we
observed in numeric experiments, even if some conditions are violated, the tail probability of Tr can still

be well controlled by the tail probability of X3 usually.

2.3.2 Consistency

Theorem 2.3.4. For two continuous multivariate distributions Fx and Fy that differ on a set of positive
Lebesgue measure, if the graph-induced rank is used with the k-MST or k-NNG based on the Fuclidean
distance, where k = O(1), then RISE will reject the null hypothesis with the probability going to one in

the usual limiting regime.
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The proof is in Appendix which follows straightforwardly from |Schilling| [1986| and |Henze and
Penrose [1999].

2.4 Simulation studies

In this section, we conduct extensive simulations to examine the newly proposed test RISE. We mainly
focus on the graph-induced rank in the k&-NNG and the overall rank in the k-MDP as the representation
of the two types of ranks.

Specifically, we consider a wide range of null and alternative distributions in moderate/high di-
mensions, including multivariate Gaussian distribution, Gaussian mixture distribution, multivariate log-
normal distribution and multivariate ¢5 distribution. These different distributions range from light-tails
to heavy-tails, and the alternatives range from location difference, scale difference to mixed alternatives,
with a hope that these simulation settings can cover real world scenarios.

Chen and Friedman| [2017] suggested to use k& = 5 for GET based on k-MST to achieve moderate
power. For the k-NNG and k-MDP, the largest value of k can be N — 1, while for the k-MST, the largest
value of k can only be N/2. So it is reasonable to choose k for the k-NNG and k-MDP as twice of k for
the k-MST. Hence, we use k = 10 for simplicity in both simulation and real data analysis. We denote
our methods as Rg-NN and R,-MDP for RISE on the 10-NNG with the graph-based rank and on the
10-MDP with the overall rank, respectively. Besides, a detailed comparison between RISE and GET
including the results of RISE on the £-MST with the graph-induced rank and the overall rank is provided
in Section|2.4.3

We compare the type-I error and statistical power with seven state-of-art methods, including two
graph-based methods: GET on 5-MST using the R package gTests |Chen and Friedman| 2017|, Rosen-
baum’s cross matching test (CM) using the R package crossmatch |Rosenbaum), [2005]; two rank-based
methods: multivariate rank-based test using measure transportation (MT) |[Deb and Sen, 2021| and
non-parametric two-sample test based on ball divergence (BD) using the R package Ball [Pan et al.|
2018|; and three other tests: an LP-nonparametric test statistic (GLP) using the R package LPKsample
‘Mukhopadhyay and Wang}, |2020|, a high-dimensional low sample size k-sample tests (HD) using the R
package HDLSSEST |Paul et al.,|2021] and a kernel based two-sample test (MMD) using the R package
kerTests |Gretton et al.| |2012b|. The tuning parameters of these comparable methods are set as their

default values.

2.4.1 Settings

We consider diverse settings to examine the performance of these methods thoroughly. For each setting,
we fix Fx, and choose different Fy’s for the alternative hypothesis. We set the parameters of the
distributions to make the tests have moderate power to be comparable. Each configuration is repeated

1000 times to estimate the power where the nominal significance level « is set as 0.05. We also check the
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empirical sizes of the tests under 0.01 and 0.05 nominal levels. We denote [z] as the integer closest to .

The four settings are as follows:
I. Fx = Nq(04,Xx) is the multivariate Gaussian distribution, where Xx ;; = 0.6"—4l.

(a) Simple location: Fy = N4(014, Xx) where § = 0.5logd/V/d.

(b) Directed location: Fy = Ng(u, X x) where g = 0.5logdp’/||p/||2 and g’ ~ Ng(04,14) is fixed.
(c) Simple scale: Fy = Ny(04,02%x) where o = 1+ 0.12logd/V/d.

(d) Correlated scale: Fy = Ny(04, Xy ) where Yy ;; = 0.1517771.

(e) Location and scale mixed: Fy = Ng(p, Xy) where o = 0.2logdp’/||p||2 and g’ ~ Ny(04,14)

is fixed.

II. Fx =WN4(0.314,15) + (1 — W)N4(—0.314,21,) is the Gaussian mixture distribution, where W ~
Bernoulli(0.5).
(a) Location: Fy = WN4((0.3+0.75/logd)14,15) + (1 = W)N4(— (0.3 +0.75/log d)14,21,).
(b) Scale: Fy = WN4(0.314,(1+0)%1)+(1—-W)Ng(—0.314, (v2+0)%1;), where o = 0.12,/50/d.
(c) Location and scale mixed: Fy = WN4(0.3514, Xy )+(1—-W)Ng(—0.3514,23y ), where Xy ;; =
0.51=3l,

III. Fx =exp (Nd(Od, EX)) is the multivariate log-normal distribution, where X x ;; = 0.6"—41.

(a) Simple location: Fy = exp (Nd(éld, EX)) where § = 0.5 log d/\/(j

(b) Sparse location: Fy = exp (Ng(p, Xx)) where p; = (—1)72.8logd/Vd,j = 1,...,[0.05d],
= 0,j =[0.05d] +1,....d.

(c) Scale: Fy = exp (Nq(04,0%%x)), where 0 = 1+ 0.15log d/V/d.

(d) Location and scale mixed: Fy = exp (Ng(61q,0Xx)) where 0 = 1+ 0.1(50/d)*?® and 6 =
0.25log d//d.

IV. Fx =t5 (Od, EX) is the multivariate ¢5 distribution, where Y x ;; = 0.6"—41.

(a) Simple location: Fy = t5 (51d, EX) where § = 0.5log d/V/d.

(b) Sparse location: Fy = t5(p, Xx) where p1; = (—1)72.1log d/Vd,j=1,...,[0.05d], u; = 0,j =
[0.05d] +1,....d.

(c) Scale: Fy = t5(04, 3y )), where Sy ;; = 0.7(0.1)I*=71.

(d) Location and scale mixed: Fy = t5(d14,Ey)) where £y,;; = (0.8)/"=7 and ¢ = 0.5log d/V/d.
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Table 2.1. Empirical sizes of the tests under the four settings when the nominal significance level
a = .01 and 0.05, respectively, for m = n = 50 and d = 200, 500, 1000.

d 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
a=0.01 Setting I Setting 11 Setting 11 Setting IV
Re-NN | 0.01 0.00 0.01 | 0.01 0.01 0.01 001 0.01 0.01 |0.01 000 0.01
Ro,-MDP | 0.01 0.01 0.01 | 0.01 0.02 0.01 | 0.01 0.02 0.01 | 0.01 0.00 0.01
GET 0.01 0.01 0.01 | 0.01 0.00 0.00 | 0.01 0.00 0.00|0.01 0.01 0.01
CM 0.01 0.01 0.00 | 0.01 0.00 0.01 | 001 0.01 0.01|0.01 0.00 0.01
MT 0.01 0.01 0.02 | 0.01 0.01 0.00 |001 0.01 0.01|0.01 0.01 0.01
BD 0.01 0.01 0.01 | 0.01 0.01 0.01 |0.01 0.01 0.00 0.0l 0.01 0.01
GLP 0.01 0.01 0.01 | 0.02 0.03 0.03 | 0.06 0.07 0.06 |0.01 0.01 0.01
HD 0.00 0.01 0.00 | 0.00 0.01 0.00 [ 0.00 0.01 0.00 | 0.00 0.00 0.00
MMD 0.00 0.00 0.00 | 0.00 0.00 0.00 [ 0.00 0.00 0.00 | 0.00 0.00 0.00

a =0.05 Setting I Setting 11 Setting 11 Setting IV
Re-NN | 0.05 0.05 0.04 | 0.05 0.05 0.04 | 0.04 0.04 0.03 | 0.06 0.04 0.05
R,-MDP | 0.06 0.05 0.04 | 0.04 0.06 0.04 | 0.05 0.06 0.04 | 0.05 0.04 0.05
GET 0.05 0.05 0.04 | 0.04 0.05 0.06 | 0.05 0.05 0.04 | 0.04 0.04 0.05
CM 0.04 0.04 0.03 | 0.04 0.03 0.04 |0.03 0.03 0.04 | 0.04 0.03 0.03
MT 0.05 0.05 0.06 | 0.04 0.06 0.05 [ 0.05 0.06 0.07 | 0.05 0.056 0.04
BD 0.04 0.05 0.06 | 0.04 0.06 0.04 | 0.05 0.05 0.05|0.056 0.05 0.05
GLP 0.06 0.05 0.06 | 0.07 0.08 0.07 | 0.10 0.09 0.09 | 0.06 0.06 0.05
HD 0.03 0.04 0.03 | 0.03 0.04 0.03 | 0.02 0.03 0.02|0.02 0.02 0.02
MMD 0.00 0.00 0.00 | 0.00 0.01 0.00 | 0.01 0.00 0.00 | 0.01 0.00 0.01

2.4.2 Results

Here we present the results for m = n = 50 and d € {200, 500,1000}. The results for m = 50,n = 100
show similar patterns and are deferred to Appendix[A.9.2]

The empirical sizes are presented in Table RISE can control the type-I error well for different
significant levels and settings, which validates the effectiveness of the asymptotic approximation even for
relatively small sample sizes (m = n = 50). For other tests, MMD seems a little conservative and GLP
has somewhat inflated type-I error for some settings, while all of the other tests can control the type-I
error well.

The estimated power of these tests (in percent) is presented in Tables The highest power for
each setting and those with power higher than 95% of the highest one are highlighted in bold type.

Table shows the results for the multivariate Gaussian distribution and the Gaussian mixture
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Table 2.2. Estimated power (a = 0.05) under multivariate Gaussian I: (a) simple location, (b) directed
location, (c) simple scale, (d) correlated scale, and (e) location and scale mixed and the Gaussian
mixture II: (a) location, (b) scale, and (c) location and scale mixed.

d 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
m=mn =50 Setting I (a) Setting T (b) Setting I (c) Setting I (d)
R,-NN 68 64 60 89 78 67 64 78 84 94 92 91
Ro,-MDP 66 58 53 84 71 57 75 87 91 92 93 91

GET 62 56 50 81 68 56 59 71 80 8 78 75
CM 30 21 22 3829 24 4 4 4 63 63 63
MT 98 96 93 7 6 7 5 ) 4 13 14 14
BD 79 61 41 52 37 23 82 94 97 15 16 14
GLP 55 49 22 15 15 8 6 5 5 7 6 6
HD 4 4 3 3 3 4 95 71 84 8 9 7
MMD 90 54 6 98 54 3 0 0 0 0 0 0
Setting I (e) Setting II (a) Setting II (b) Setting II (c)

Rg-NN 98 96 96 53 69 85 62 63 64 68 57 54
R,-MDP 97 95 96 41 50 o8 23 25 26 48 47 a0

GET 91 87 86 44 59 (0] 63 65 66 51 40 38
CM 71 69 71 14 20 23 4 4 4 53 55 57
MT 16 14 11 49 54 56 4 5 ) 7 11 12
BD 20 19 18 37 47 63 39 29 30 6 9 11

GLP 9 9 5 3 3 8 8 8 8 8 8 8
HD 8 8 7 2 4 2 3 4 3 2 4 2

MMD 1 0 0 1 2 1 0 1 0 1 1 0

distribution settings. From Table[2.2] we see that for the multivariate Gaussian distribution, under the
simple location alternative (a), MT performs the best, followed immediately by BD, R,-NN and R,-MDP.
MMD is also good for d = 200 and 500. Under the directed location alternative (b), Rg-NN outperforms
all of the other tests, followed immediately by R,-MDP, then by GET. MMD is also good for d = 200,
while all of other tests have low power. Under the simple sale alternative (c), BD performs the best and
Ro-MDP performs the second best. R,-NN, GET and HD also have satisfactory performance, while all
of other tests have much lower power. Under the correlated scale alternative (d), Rg-NN and R,-MDP
exhibit the highest power and GET is also good enough. Under the location and scale mixed alternative
(e), Rg-NN and R,-MDP perform the best again, CM and GET have moderate power, and all other
tests have low power. In these settings, Rg-NN, Ro,-MDP and GET perform well in the multivariate

Gaussian distribution setting, across a wide range of alternatives, while other tests can perform well in
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some alternatives, but have low power in other alternatives.

For the Gaussian mixture distribution setting II, we see that under the location alternative (a), Rg-NN
performs the best. R,-MDP, GET, MT and BD have moderate power while all of other tests have low
power. Under the scale alternative (b), GET and Rg-NN outperform all other tests. Under the location
and scale mixed alternative (c), Rg-NN and CM perform the best. So the overall performance of Rg-NN
is the best in the Gaussian mixture setting.

Table 2.3. Estimated power (a = 0.05) under the multivariate log-normal distribution III: (a) simple
location, (b) sparse location, (c) scale, and (d) location and scale mixed.

d 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
m=n=>50 | Setting III (a) Setting III (b) Setting III (c) Setting III (d)
Rg-NN 75 71 68 94 86 71 26 30 32 53 59 o8
Ro-MDP 94 95 95 | 8 80 68 | 46 58 63 80 88 93

GET 68 61 56 8 69 49 24 26 27 49 51 50
CM 18 17 15 32 30 25 6 6 6 9 10 12
MT 97 94 88 11 25 43 17 19 13 68 65 60
BD 91 93 94 17 14 10 56 68 72 82 91 94
GLP 70 65 30 23 36 15 12 9 10 22 18 11
HD 29 36 43 4 4 4 16 19 23 24 34 44

MMD 83 57 20 98 79 8 19 7 0 54 32 10

Table shows the result of the multivariate log-normal distribution. We see that under the simple
location alternative (a), MT performs the best when d is 200, and R,-MDP performs the best when d
is 500 and 1000. R.-NN, GET, GLP and BD also perform well. Under the sparse location alternative
(b), Rg-NN outperforms all of the other tests, followed by Ro-MDP and GET, especially when d is low
(d = 200 or 500). MMD also performs well for d = 200 while other tests have low power. Under the
scale alternative (c), BD performs the best and Ro,-MDP performs the second best, followed immediately
by Re-NN and GET. Under the mixed alternative (d), Ro-MDP and BD perform the best, followed
immediately by MT, Rs-NN, and GET. So the overall performance of R,-MDP is the best under the
multivariate log-normal setting.

Finally, Table shows the result of the multivariate t5 distribution. MT performs the best under
the simple location alternative (a), while Rg-NN and Ro-MDP are also good and outperform other tests.
Under the sparse location alternative (b), Rg-NN performs the best. Ro,-MDP performs the best in the
scale alternative (c¢) and both Rg-NN and Ro,-MDP perform the best in the mixed alternative (d). In
these settings, Rg-NN and R,-MDP are doing well consistently.

To summarize, we observe that RISE performs well in a wide range of alternatives under different

distributions. Besides, MT performs well in the simple location alternative, e.g., Setting I (a), III (a), IV
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Table 2.4. Estimated power (a = 0.05) under the multivariate ¢5 distribution IV: (a) simple location,
(b) sparse location, (c) scale and (d) location and scale mixed.

d 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
m=n=>50 | Setting IV (a) Setting IV (b) Setting IV (c) Setting IV (d)
R,-NN 82 66 o7 81 62 49 81 65 58 88 73 63
R,-MDP 70 63 53 68 55 44 95 93 93 82 78 74

GET 66 44 33 58 36 24 70 46 39 76 56 43
CM 24 21 18 24 20 17 72 68 67 45 41 42
MT 95 92 88 10 9 6 17 19 19 ™72 67
BD 6 6 5 5 5 5 66 66 69 7 6 5

GLP 52 40 18 8 10 6 39 39 39 51 39 30
HD 2 2 2 3 2 2 13 11 11 2 3 1

MMD 62 17 4 42 8 3 30 29 35 60 20 )

(a), but lacks power in directed or sparse location alternative and scale alternatives, while BD performs
well in the simple scale alternative but lacks power in the location alternatives. GET is doing a good job
overall, but it is outperformed by RISE in most of the settings. Next, we compare RISE and GET in

more details.

2.4.3 A detailed comparison between RISE and GET

Here, we compare the power of RISE and GET by varying k’s. We also explore the graph-induced rank
(denoted by Re-MST) and the overall rank (denoted by R,-MST) in the k-MST. To compare different
graphs in a more unified fashion, for the &-NNG and k-MDP, we set k = 2[N*] while for the k-MST, we
set k = [N?], for A € (0,0.8), since for the &-NNG and k-MDP, the largest value of k& can be N — 1, while
for the k-MST, the largest value of k can only be N/2. The results for different n’s and d’s show similar
patterns, so we only present the results for m = n = 50 and d = 500 here for Settings I-IV in Section
2.4.1|with a = 0.05. Each configuration is repeated 1000 times to estimate the empirical size or power.
The empirical sizes of the five tests under Settings I-IV are presented in Figure We see that all
of these tests can control the type-I error well even for large A under all settings. The estimated power
for Settings I and II are presented in Figure and the estimated power for Settings III and IV are
presented in Figure We observe that for some settings, the power of these tests increases first when
A increases, then decreases when A\ is too large. The reason is that a denser graph can contain more
similarity information among the observations. However, it can also include noisier information when
it is too dense. For GET, when A = 1 which means the graph is a complete graph, its test statistic is
not well-defined. Its power may approach zero when A\ approaches one, while RISE still has power for a

complete graph. From these figures, we see that RISE performs better than GET in most of the settings
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for a wide range of k’s.

We notice that R,-INN has the best performance in most of the settings for all £’s. The improvement
of Rg-NN and R,-MDP over GET is more significant under the heavy-tailed Setting III and IV. However,
Ro-MDP is less powerful under the Gaussian mixed Setting I1, which may be due to the intrinsic property
of MDP. R,-MST has a moderate performance such that it outperforms GET in the most of the settings
but is dominated by R,-NN in most instances. Ry-MST seems not very robust as it can achieve high

power in some cases but is outperformed by GET sometimes.

Setting | Setting Il
1.00-

0.50-

Setting 1l Setting IV

Empirical Size

0.50-

0.0 0:2 0.4 0.6 08 00 0.2 0.4 0.6 08
Method ~ Rg-NN - R,~MDP - Rg-MST - R,-MST - GET

Figure 2.2. Empirical sizes of RISE and GET for varying A.

2.5 Real data analysis
2.5.1 New York City taxi data

To illustrate the proposed tests, we here conduct an analysis on whether the travel patterns are different
in consecutive months in the New York City. We use New York City taxi data from the NYC Taxi
Limousine Commission (TLC) websit The data contains rich information such as the taxi pickup and
drop-off date/times, longitude and latitude coordinates of pickup and drop-off locations. Specifically, we
are interested in the travel pattern from the John F. Kennedy International Airport of the year 2015.
Similarly to|Chu and Chen||2019], we set the boundary of JFK airport from 40.63 to 40.66 latitude and
from —73.80 to —73.77 longitude. Additionally, we set the boundary of New York City from 40.577 to

Thttps://wwwl.nyc.gov/site/ tlc/about/tlc-trip-record-data.page
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Figure 2.3. Estimated power of RISE and GET for varying A under Settings I and II.
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Figure 2.4. Estimated power of RISE and GET for varying A under Settings III and IV.
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Table 2.5. The p-values of the tests showing inconsistent conclusion for the NYC taxi data.

Method | Jan/Feb Feb/Mar May/Jun Jun/Jul Jul/Aug Aug/Sep Sep/Oct

R,-NN 0.007 0.005 0.021 0.000 0.008 0.000 0.011

R,-MDP 0.002 0.000 0.808 0.000 0.023 0.000 0.001
GET 0.090 0.013 0.018 0.000 0.020 0.000 0.003
MT 0.528 0.053 0.790 0.083 0.001 0.934 0.681
BD 0.340 0.050 0.280 0.040 0.310 0.070 0.030

Table 2.6. The p-values of the tests showing consistent conclusion for the NYC taxi data.

Method | Mar/Apr Apr/May Oct/Nov Nov/Dec
Rg-NN 0.000 0.072 0.004 0.069
R,-MDP 0.008 0.076 0.007 0.316
GET 0.000 0.367 0.008 0.211
MT 0.030 0.093 0.001 0.371
BD 0.020 0.190 0.010 0.270

41.5 latitude and from —74.2 to —73.6 longitude. We only consider those trips that began with a pickup
at JFK and ended with a drop-off in New York City. The New York City is then split into a 30 x 30 grid
with equal size and the numbers of taxi drop-offs that fall within each cell are counted for each day. Thus
each day is represented by a 30 x 30 matrix and we use the negative Frobenius norm as the similarity
measure.

We then conduct eleven comparisons over the consecutive months: January vs February, ..., Novem-
ber vs December. With the aim for illustration, we treat them as eleven separate tests rather than a
multiple testing problem. For simplicity, we only compare our method with GET and two rank-based
methods MT and BD. The five tests provide different conclusions for seven comparisons at 0.05 sig-
nificance level, which is presented in Table The p-values of the four comparisons with the same
conclusion are presented in Table

We notice that for these inconsistent conclusions, our methods always have p-values smaller than 0.05
except for May vs June with R,-MDP. GET also has p-values smaller than 0.05 except for January vs
February. BD only rejects three of the comparisons while MT only rejects June vs July. It indicates that
RISE and GET may be more powerful in this dataset.

Since RISE yields a different conclusion from all of the other tests in the comparison of January
vs February, we take a closer look at it. We first examine each kth MST and k-MST separately for
k=1,...,5. The test statistic of GET depends on how far the two within-sample edge-counts deviate

from their expectations under the null distribution, so we check how the two edge-counts statistics change
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Table 2.7. The edge-count statistics on the kth MST and the p-values of GET using the kth MST and
the k-MST, respectively. The expected edges for each MST are 15.76 and 12.81 for Samples Jan and
Feb, respectively.

k 1 2 3 4 5
Jan 15 15 14 14 13
Edge-count
Feb 20 18 19 16 8
kth MST | 0.034 0.112 0.105 0.540 0.109
p-values
E-MST | 0.034 0.007 0.002 0.003 0.090

when k increases from 1 to 5. Table shows the within-sample edge-counts of each sample in each
kth MST. The p-values of GET on the kth MST and the k-MST for different k’s are also presented. We
notice that for most of the kth MSTs, at least one of the within-sample edge-counts somewhat deviates
from their corresponding expectations. However, since GET treats all MSTs equally, there are two issues:
(i) different MSTs can contain opposite information and (ii) a kth MST for a large k can contain noisier
information. The first issue is obvious from the edge-counts statistics. For example, the sample February
has the within-sample edge-count above its expectation for the first to the forth MSTs, but below its
expectation for the fifth MST. This makes the p-value increases from 0.003 on the 4-MST to 0.09 on the
5-MST. The second issue can be observed from the p-values of GET on the kth MST. The p-value of the
comparison on the first MST is small, but it can be very large for other kth MSTs. When the kth MST
does not contain useful information but noise, the consequence for GET is to yield a larger p-value. On

the other hand, RISE is less affected by the two issues by incorporating weights.

2.5.2 Brain network data

We here evaluate the performance of RISE in distinguishing differences in brain connectivity between male
and female subjects using brain networks constructed from diffusion magnetic resonance imaging (dAMRI).
The data from the HNU1 study [Zuo et al.| 2014] consists of dMRI records of fifteen male and fifteen
female healthy subjects that were scanned ten times each over a period of one month. Processing the
data by the same way as|Arroyo et al.|[2021], we constructed 300 weighted networks (one per subject and
scan) with 200 nodes registered to the CC200 atlas using the NeuroData’s MRI to Graphs pipeline |Kiar
et al.}|2018|. Figure plots four networks with two networks from male subjects and two from female
subjects. The networks are then represented by 200 x 200 weighted adjacency matrices. For each subject,
we use the average of their ten networks from different scans as their brain network representation, then
we obtain fifteen networks for the male and female groups, respectively. Here, we also use the negative
Frobenius norm as the similarity measure.

The results are presented in Table Since the sample size is small (N = 30), to check the

validity of the asymptotic p-value approximation, we also show the p-values of GET and RISE from
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Figure 2.5. The brain networks of two male subjects (blue) and two female subjects.

Table 2.8. The p-values of the tests for the brain network data.
Method Rg-NN Ro,-MDP GET MT BD

p-values | 0.003 (0.007) 0.019 (0.019) 0.005 (0.011) 0.095 0.057

1000 permutations, which are showed in the brackets. We notice that for RISE, the approximate p-values
are very close to the p-values from permutations even in such a small sample size. All of these tests have
small p-values. BD shows some evidence of difference with a p-value slightly larger than 0.05 while MT
shows less evidence of difference, but RISE can provide a more confident conclusion with smaller p-values.

Besides, a heat map of the distance matrix of the 30 subjects is presented in Figurewhere the
first 15 subjects are male and the others female. We see an obvious difference between male and female
subjects from the heat map, where the male subjects have larger within-sample distances but the female
subjects have smaller within-sample distances. This is an evidence for scale difference.

We further plot the entrywise mean and standard deviation of the weighted networks for each sample
as shown in Figure which shows that the entrywise means of the two sample are close while significant
differences exist for variances of some covariates. For example, several covariates have standard deviation
near 3000 for male subjects but only near 2000 for female subjects. These results support the conclusion

from RISE that the male and female brain networks are different.

2.6 Discussion and conclusion

We propose a new framework of asymptotically distribution-free rank-based test, which shows superior
performance under a wide range of alternatives. Specifically, we suggest to use Ry-NN because of its
robust performance and lower computational complexity. In most settings of the paper, we fix k£ = 10

for Rg-NN, which is already good enough in terms of power. For tests based on similarity graphs, the

choice of graph is still an open question. Some previous works |Friedman and Rafsky,|1979} Zhang and|

\Chen) 2022, |Chen and Friedman| [2017||Chen et al.| |2018| suggested to use the k-MST and set k as a

small constant number, e.g., k = 3 or k = 5. Recently, Zhu and Chen| [2021] observed that a denser
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Figure 2.6. The heatmap of the distance matrix of the 30 subjects, where the first 15 subjects are
male and the others female.
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Figure 2.7. The plots of (a) male mean VS female mean and (b) male standard deviation VS male
standard deviation for each entry of their weighted networks.

graph can improve the power of the tests such that k = O(N*) for some 0 < A\ < 1 where N is the

total number of observations. Following this,|Zhang and Chen||2021] compared the power for different

N's under various simulation settings and suggested to use A = 0.5 for GET, where it showed adequate
power across different simulation settings. Here we adopt a similar procedure to explore k for RISE with
details in Appendix Based on these numerical results as well as the results of Section [2.4.3] we
found that using k = [N?-%5] for &-NNG or k-MDP could be a good choice when computation is not an
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issue.
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Chapter 3

RING-CPD: Asymptotic Distribution-free
Change-point Detection for Multivariate

and Non-Euclidean Data

3.1 Introduction

Given a sequence of independent observations, an important problem is to decide whether the observations
are from the same distribution or there is a change of distribution at a certain time point. Change-point
detection (CPD) has attracted a lot of interests since the seminal work of . In this big
data era, it has diverse applications in many fields, including functional magnetic resonance recordings

\Barnett and Onnela} 2016||Zambon et al.||2019], healthcare [Staudacher et al.||2005} Malladi et al.,|2013],

communication network evolution |Kossinets and Watts) 2006, (Eagle et al.,|2009| Peel and Clauset} 2015],

and financial modeling |Bai and Perron} 1998 Talih and Hengartner} 2005|. Parametric approaches [see for
example|Srivastava and Worsleyl |1986} |Zhang et al.}|2010} Siegmund et al.}|2011|/Chen and Gupta)|2012|

\Wang et al.||2018| are useful to address the problem for univariate and low-dimensional data, however,

they are limited for high-dimensional or non-Euclidean data due to a large number of parameters to be
estimated unless strong assumptions are imposed.

A few nonparametric methods have been proposed, including kernel-based methods
2005| |Li et al.}|2015| Garreau and Arlot|2018|/Arlot et al.|2019||Chang et al.,2019|, interpoint distance-
based methods [Matteson and James| 2014 |Li| 2020] and graph-based methods [Chen and Zhang| 2015
[Shi et al][2017] [Chu and Chenl [2019][Chenl [2019} [Song and Chen|[2021] [Zhang and Chen) [2022] [Liu and)
\Chen), [2022| |Nie and Nicolae) 2021]. For kernel-based and distance-based methods, many suffered from

the curse of dimensionality for high-dimensional data [Chen and Friedman| 2017], thus losing power for

some common types of changes. With this observation, 12020| proposed an asymptotic distribution-

free approach utilizing all interpoint distances that worked well for detecting both location and scale

changes. However, their test statistics are time and memory consuming, and implicitly requires the
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existence of the second moment of the underlying distribution, which can be violated by heavy-tailed
data or outliers that are common in many applications. The graph-based CPD methods are promising

approaches due to their flexibility and efficiency in analyzing high-dimensional and non-Euclidean data.

\Chen and Zhang|[2015| proposed the graph-based test that can be applied to generic graphs with analytical

p-value approximations for type I error control, then |Chu and Chen||2019| proposed new test statistics

that take the curse of dimensionality into account and can detect various types of changes. However, the
graph-based methods focused on unweighted graphs, which may cause information loss.

Among the nonparametric methods, rank-based methods are attractive due to their robustness and

efficiency. For univariate data, rank tests for CPD have been extensively studied |Bhattacharyya and|

\Johnson, |1968| [Darkhovskh||1976} [Pettitt| 1979 |Schechtman| 1982 Lombard||1987} 1983 Gerstenberger|

2018| Wang et al.|2020], however, they are less explored for high-dimensional or non-Euclidean data.

Specifically, existing multivariate rank-based methods do not apply to high-dimensional data. For in-

stance, Lung-Yut-Fong et al.|[2015] proposed to use the component-wise rank, which requires the dimen-

sion of the data to be smaller than the number of observations. |Zhang et al.| |2020] and|Shu et al.| |2022]
proposed the spatial rank-based methods, which were designed mainly for the shift in the mean.
2020] proposed to use the ranks obtained from data depths, which is often used for low-dimensional

data and is computation-extensive when the dimension is large.

Noticing the gap between the potential benefit of the rank-based method and the scarce exploration
for multivariate/high-dimensional data, we propose a new rank-based method called Rank INduced
by Graph Change-Point Detection (RING-CPD), which can be applied to high-dimensional and non-
Euclidean data. Unlike previous works dealing with the ranks of observations that are often limited to
low-dimensional distributions, we propose to use the rank induced by similarity graphs. The new test
is presented in Section We prove that our scan statistics are asymptotic distribution-free and check
the asymptotic approximation accuracy in finite samples by simulation. The consistency of the statistics
defined on some special similarity graphs is also presented in Section The proposed statistics can work
for a wide range of alternatives. Specifically, they are robust to heavy-tailed distribution and outliers, as
illustrated by extensive simulation in Sectionand two real data examples in Section The details

of proofs of the theorems are in Appendix

3.2 Method

For a sequence of independent observations {yl}lz , we consider testing

HolyiNFo, izl,...,n
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against the single change-point alternative

Fo, ZST
Hy:31 <1t <n,y ~

Fi, otherwise

or the changed interval alternative

Fy, t=m+1,...,m
H2231§T1<T2<7’L, Yi ~

Fy, otherwise

where Fy and Fy are two different distribution. Let R = (R;;)}';—; be the graph-induced rank matrix
defined in Section constructed using {y;}" ;. Based on the ranks, we define the two basic quantities

n n n n

Uyt ta) = 3 > Rijl(ty <i,j < tz) and Up(tr,t2) = » > Ryl(i,j <ty ori,j >ta).

=1 j=1 =1 5=1
We assume that R is symmetric, otherwise, it can be replaced by %(R +R"), which does not change the
values of Uj (t1,t2) and Us(t1,t2). We propose the Mahalanobis-type statistic

Ui(t1, t2) — E(Ui(ty, t2)) Tz(tl ) Ui(t1,t2) — E(Ui(t1, t2))
Us(t1,t2) — E(Us(t1,t2)) , Us(t1,t2) — E(Ua(ty,t2)) 7

where 3(t1,t2) = Cov((Uy(t1,t2), U2(t1,t2))") and the max-type statistic

TR(th t2) -

Mpg(t1,t2) = max (Zy,(t1, t2), | Zaig (t1, 2)])

where
Uy(ti,t2) — E(Uy(t1,t Ugi(t1,t2) — E(Ugig(t1,t
Zu(ts 1) = (ti,t2) — E(Uu(t1, t2)) and Za(t1, 12) = aift (t1,t2) — E(Uaige (t1, t2))
Var (U (t1,t2)) \/Var(Udiff(tl,tz))
Wlth Udiff(tl,tz) = Ul(tl,tg) — U2(t17t2) and
_n—t2+t1—1 to —t1 — 1
Up(ti,t2) = TUl(tth) + ﬁU2(tl7t2) .

The explicit expressions of IE(U1 (t1, tg)), IE(UQ (t1, tg)) and X(t1,t2) can be obtained through combina-

torial analysis and are presented in Lemma Let

— T,L_ Ry " R,L ~ _ R2 ;7'_ 7?_ R»LQ
Ri-:Z]il J,Tozzzzl ,Ri. = R;. —7“0,1"% ZZ 1 riz%
n-1 n n n(n —1)

Besides, we let Vg =12 — 73 and V, = r§ — r3.

Lemma 3.2.1. Under the permutation null distribution, we have

E(Ui(t1,t2)) = (ta — t1)(t2 — t1 — 1)ro ,
E(Us(t1,t2)) = (n—ta+t1)(n —to +t; — 1)
Var(Uy (t1,t2)) = fi(tz — t1)Va + fa(tz — t1) Vi,
Var(Us(t1,t2)) = fi(n —ta + t1)Va + fa(n — t2 + t1)V;.,
Cov (U (t1,t2), Ua(ty, t2)) = fi(ta — t1)(Va — 2(n — 1)V;),
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where
20t — D(n—t)(n—t —1)
(n—2)(n—-23)

dt(n—t)t— 1)t —-2)(n—1)
(n—2)(n-23)

i) = and fo(t) =

The proof of Lemma is through combinatorial analysis. It can be done similarly to the proof of
Theorem 2.1 in|Zhou and Chen|[2021| and thus omitted here.

Remark 3.2.1. Following Theorem 2.3 of | Zhou and Chen [2021], we have Tgr(ti,ta) = Z2(t1,t2) +
Z2a(t1,t2). So Tr(t1,t2) and Mg(t1,t2) are closely related. Under the alternative hypothesis, it is
possible that (i) both Uy(t1,t2) and Us(t1,t2) are larger than their null expectations (a typical scenario
under location alternatives) and (ii) one of them is larger than while the other one is smaller than its
corresponding null expectation (a typical scenario under scale alternatives). See |Chen and Friedman
[2017] for more discussions on these scenarios. For (i), Z,,(t1,t2) will be large and for (ii), | Zaig (t1, t2)]

will be large. Thus, Tr and Mg are powerful for different types of alternatives.

Let Tr(t) = Tr(0,t) and Mg(t) = Mg(0,t). We consider two sets of scan statistics, one based on
Tr’s and the other based on Mg’s. For simplicity, we focus on Mg in the following, but all quantities for
Tr can be defined similarly. We reject Hy against H;, if the scan statistic

max Mg(t)
no<t<ni

exceeds the critical value for a given nominal level. We reject Hy against Hs, if the scan statistic

max  Mpg(t1,t
1<t) <top<n R( Ls 2)
nog<tg—t;<nj

is large enough. Here ng and n; are pre-specified integers. A common choice of ng and n; is ng = [0.05n]

and ny = n — ng.

3.3 Asymptotic distribution of the scan statistics

For decision-making, the critical values should be determined. Alternatively, we consider the tail proba-
bilities
P( max Mg(t) > b) (3.1)

no<t<n

for the single change-point alternative and

P( | max_ Mg(t1,t2) > b) (3.2)
lop<tz—t1<ly

for the changed interval alternative, respectively, where IP denotes the probability under the permutation
null distribution. When n is small, we can apply the permutation procedure. However, it is time-
consuming when n is large. Hence, we derive the asymptotic distribution of the scan statistics for

analytic approximations of the tail probabilities.
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3.3.1 Asymptotic null distributions of the basic processes
By the decomposition of Tr(t) and Tr(t1,t2) and the definition of Mg(t) and Mg(¢1,t2), it is sufficient
to derive the limiting distributions of
{Zag(Inu)) : 0 <u < 1} and {Z,([nu)) : 0 <u <1} (3.3)
for the single change-point alternative where Zgig(t) = Zaig(0,t) and Z,,(t) = Z,,(0,1), and
{Zag(Inu), [nv]) : 0 < u < v < 1} and {Zy([nu), [mv]): 0 <u<v <1} (3.4)
for the changed-interval alternative, where |z| denotes the largest integer less than or equal to x.

Theorem 3.3.1. Under Conditions
(3.1) r1 <ra; (3.2) Y0, (zjlefj) n3rd; (3.3) S0 | Re. | (V)Y (3.4) S5 R? < nrgVi;
(3.5) | 0 S RijRio Ry Ro| < n®r3Vi; (3.6) S0 S0 S0 . RijRjsRaRi; < nrl, we have

1. {Zgg([nu)) + 0 < u < 1} and {Z,(|nu]) : 0 < u < 1} converge to independent Gaussian

processes in finite dimensional distributions, which we denote as {Zjg(u) : 0 < u < 1} and

{ 0<u< 1} respectively.
2. {Zdig(LnuJ, lnv]) 1 0 <u < v <1} and {Zy(lnul, [nv]) : 0 < u < v < 1} converge to indepen-

dent two-dimension Gaussian random fields in finite dimensional distributions, which we denote as

{Z3g(u,0) 10 <u<v<1} and {Z}(u,v): 0 <u < v <1}, respectively.

Remark 3.3.1. The Conditions (3.1)-(3.6) are the same as|Zhou and Chen|[2021] and are discussed in
detail there. These conditions essentially require that there are not too much hub nodes in the similarity
graph. Particularly, they are mild and allow the non-zero entries to be the order of n't for some
0 < a < 1. The result is inspiring as we do not need extra conditions when we extend the statistics from

two-sample testing to the scan statistics for the CPD.

The proof of Theorem is deferred to Appendix Let p},(u,v) = Cov(Z}(u), Z;(v)) and
P (u,v) = Cov(Z}ig(u), Zig(v)). We give the explicit formula of p},(u,v) and pig(u,v) in Theorem

3:3.2] whose proof is in Appendix[B.2]

Theorem 3.3.2. The exact expressions for phq(u,v) and pk (u,v) are

@A (V)
Pulto?) = () (= (o))
Pl (,0) = Wiyl _lux )

VuwAv) (1= (uAv)(uVo)(l—(uVv)) ’

where u A v = min(u,v) and u Vv = max(u,v).

Theorems and-together show that the limiting distributions of (3.3)) and (3.4) are indepen-
dent of R, thus asymptotically distribution-free. As a result, the proposed statistics based on and
(3.4) are also asymptotically distribution-free.
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3.3.2 Tail probabilities
Based on Theorems and following the routine of Chu and Chen|[2019], we can approximate

(.1 by

be—b/2

P( max Tg(t) >

no<t<ni

/ o / u(z, w)v(y/2bu(z,w)/n)dzdw, (3.5)

P( \max_ Tr(ty,tz) > b)
lg<to—t1<ly

p2e—b/2 2 LY ,
~ / /LO u(z, w)v(v/2bu(z,w)/n) (1 — z)dzdw, (3.6)

0

where u(z,w) = hy(n, z) sin(w) + haig (x) cos?(w) with

(n—1)(2nz? — 2nx + 1) 1

o () = 22(1 — z)(nx — 1)(ne —n+1) and - haitt (7, ) =

Here v(z) is approximated [Siegmund and Yakir| [2007] as

o) ~ D@/ —05)
(oD 8(w/2) + 0(a/2)

where ®(+) and ¢(-) denote the standard normal cumulative density function and standard normal density

function, respectively. We also have

IP(noréltaSan Mg(t) >b) ~1— P(norél?%(m Zy(t) < b)IP(norgtaSan | Zaigr (t)| < D) , (3.7)
P(  max_ Mg(t1,t2) > b>b) (3.8)

1<ty <tg<n
loSta—t1<ly

R‘J]_—]P( max  Zy(t1,t2) <b)IP( max | Zag(t1,t2)] <b),

lo<ta—t1<ly lo<ta—t1<ly

where
ny
P( max Zw(t) > b) ~ bgb(b)/ ho (0, @)V (by/2he (n, ) /n)dx (3.9)
nostsni o
4 1
P(loggl—aﬁgll w(t1,t2) >b) (3.10)

5y

~ b6 () /LO" ( (b\/m)> (1—z)d

n

P( max Zaig (t) > b) ~ bd)(b)/ ! haigr (n, 2)v (by/2haig (n, z) /n)dz (3.11)
noxtsni no
P(losg@ﬁgll Zai(t1,12) > b) (3.12)

5%

~ b3 p(b) /Lon (hdiﬂr(n,w)u(b 2hdiﬁ(n,x)/n))2(1 —z)dz

n

3.3.3 Skewness correction

As observed by |Chen and Zhang| [2015|, Chu and Chen| [2019], the analytical approximations can be

improved by skewness correction when ng and n — n; decrease, while the skewness correction of (3.5
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Figure 3.1. Plots of skewness v;(t) = E(Z}(t)),j = 2,diff against ¢ with the graph-induced rank in
10-NNG constructed on Euclidean distance on a sequence of 1000 points.

and (3.6) rely heavily on extrapolation, thus not suggested. This can be seen clearly in Figure as
Zyw(t) and Zdiﬂ‘( ) are more skewed toward the two ends. To be specific, instead of using (3.9)-(3.12) to

approximate (3.7) and (3.8)), we use

IP(n(gl?S)(m Zw(t) > b) = bp(b) /LOT K (n@)hy (n, ©)v(by/2he (n, ) /n)dz (3.13)
P(  max  Zy(t1,t2) > b) (3.14)

lo<ta—t1<l1

~ b3 (D) /ZOI1 K, (nx) <hw(n7 z)v(by/2hy (n, x)/n))2(1 —z)dz

ni

P( max Zua(t) > b) ~ bo) / i (ne)hae (. )0 (b7 Zhass (m ) /) e (3.15)
nostsny n
]P( max Zdlff(t17t2) > b) (316)

lo<to—t1<ly
~ bp(b) /Lj Kaig(nx) (hdiﬁ(n, z)v (by/2haier (n, x)/n))Q(l —x)dx

where for j = w, diff,
A 2 A
exp (36— 05(0)” + $75(00,(1)°)

1+ ()0, (t)

K;(t) =

Hi(tj%() and v;(t) = IE(Z 3(t)). The only unknown quantities in the above expressions

with 6y () =
are 7, (t) and vaig (), whose exact analytic expressions are quite long and provided in Appendix

3.3.4 Assessment of finite sample approximations

Here we assess the the performance of the asymptotic approximations with finite samples. For a constant
p, we define the first-order auto-regressive correlation matrix X(p) = (p'i_ﬂ)ﬁj:1 € R¥? We consider

three distributions for three different dimensions d = 20,100 and 1000 with n = 1000:
(i) the multivariate Gaussian distribution y; ~ Nq(04, 3(0.6));

(ii) the multivariate ¢5 distribution y; ~ t5 (Od, 2(0.5));
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Table 3.1. Empirical size of T;-NN at 0.05 nominal level with n = 1000 under settings (i), (ii) and
(iii). The k-NNG for various k’s is considered. Here ki = [n°%], ko = [n°5%] and k3 = [n®®].

ng = [0.1n] ng = [0.05n] ng = [0.025n]

Setting
kd 20 100 1000 { 20 100 1000 | 20 100 1000

5) 0.06 0.04 0.05 | 0.06 0.06 0.06 | 0.07 0.08 0.10
10 | 0.06 0.05 0.05 | 0.06 0.06 0.06 | 0.06 0.08 0.08
(i) ki | 0.056 0.05 0.04 | 006 0.05 0.05 007 0.06 0.07
ko | 0.05 0.05 0.05 |0.06 0.05 0.06 |0.06 0.06 0.06
ks | 0.08 0.06 0.06 | 0.09 0.06 0.06 | 0.10 0.07 0.06

5 0.05 0.05 0.09 | 0.04 0.07 0.14 | 0.06 0.10 0.21
10 | 0.05 0.06 0.06 | 0.05 0.08 0.11 | 0.06 0.10 0.17
(ii) ki | 0.07 0.06 0.06 | 0.07 0.08 0.08 | 0.07 0.10 0.10
ky | 0.08 0.07 0.06 | 0.08 0.08 0.07 | 0.10 0.09 0.09
ks | 011 0.09 0.06 | 0.12 0.09 0.06 | 0.13 0.10 0.07

5 0.05 0.06 0.07 | 0.06 0.07 0.12 | 0.08 0.10 0.17
10 | 0.04 0.06 0.08 | 0.06 0.07v 0.11 | 0.07 0.08 0.13
(iii) ki | 0.07 0.06 0.06 | 0.08 0.07 0.08 | 0.09 0.09 0.11
ky | 0.09 0.07 0.06 | 0.09 0.08 0.06 011 0.09 0.08
ks | 012 0.08 0.05 | 0.13 0.08 0.04 | 0.15 0.09 0.04

(iii) the multivariate log-normal distribution y; ~ exp (Nq(04, %(0.4))).

We report the empirical sizes estimated by 1,000 Monte Carlo simulations. Here, we focus on the graph-
induced rank in k-NNG. For all numeric experiments in the paper, we use the negative Euclidean norm
as the similarity measure unless specifically noted. We denote the scan statistics Tr(t) and Mg(t) on
the graph-induced rank in A-NNG by T,-NN and M;-NN. We set n; = n — ng and consider ng =
[0.025n], [0.05n], [0.1n]. The nominal level is set to be 0.05. In Table we show the empirical sizes
of T¢-NN with its p-values approximated by . When the data is generated from the multivariate
Gaussian distribution, the empirical size of T,-NN is well controlled for ng > [0.05n] and k not too large
(k < [n%9%]). However, when the data is from a heavy-tailed distribution ( (ii) and (iii)), the empirical
size of Tx-NN is not that well controlled when the dimension is high or k is large. For My-NN, we could
perform skewness correction (Table. We see that the empirical sizes are much better controlled under

all settings even for ng as small as [0.025n).

34



Table 3.2. Empirical size of Mz-NN after skewness correction at 0.05 nominal level with n = 1000
under settings (i), (ii) and (iii). The k-NNG for various k’s is considered. Here k1 = [n%?], ko = [n%%%]
and k3 = [n°®].

no = [0.1n] no = [0.05n] no = [0.025n]
Setting
»d | 20 100 1000 | 20 100 1000 | 20 100 1000

5 0.04 0.02 0.02 | 0.04 0.03 0.02 | 0.05 0.04 0.04
10 | 0.03 0.02 0.03 | 0.04 0.03 0.03 | 0.05 0.03 0.04
(i) ki | 0.03 0.03 0.03 | 0.03 0.03 0.03 | 0.04 0.03 0.03
ky | 0.03 0.03 0.03 | 0.04 0.03 0.03|0.04 0.03 0.03
ks | 0.04 0.03 0.04 | 0.05 0.04 0.04 | 0.06 0.04 0.03

5 0.03 0.03 0.04 | 0.02 0.03 0.06 | 0.04 0.04 0.08
10 | 0.03 0.03 0.04 | 0.03 0.03 0.04 | 0.04 0.04 0.06
(i) ki | 0.04 0.03 0.03 |004 0.03 0.03]|0.04 0.04 0.03
ke | 0.04 0.04 0.03 | 0.056 0.03 0.03 | 0.05 0.04 0.04
ks | 0.06 0.05 0.03 | 0.06 0.05 0.03 |0.07 0.05 0.03

5) 0.03 0.03 0.03 | 0.03 0.04 0.05 | 0.05 0.05 0.06
10 | 0.03 0.04 0.03 | 0.03 0.04 0.04 | 0.056 0.04 0.05
(iii) ki | 0.04 0.03 0.02 005 0.03 0.02]|0.05 003 0.03
ky | 0.04 0.03 0.02 |005 0.03 0.02]|0.06 004 0.03
ks | 0.05 0.04 0.03 | 0.06 0.03 0.03 | 0.07 0.04 0.03

3.3.5 Consistency

We here examine the consistency of Tr and Mg for the k-NNG and k-MST. At first, we define the limits

TR([éln], [52%])

T(61,62) = lim and T'(§) = T(0,0) and

M(61,05) = lim J\W and M(6) = M(0,).

Theorem 3.3.3. Consider two continuous multivariate distributions Fy and Fy which differ on a set of
positive Lebesgue measure, and the graph-induced rank is used with the k-MST or k-NNG based on the
FEuclidean distance, where k = O(1).

e For the change-point alternative Hy: let w = lim, oo 7/n € (0,1), &p = 77/n and &y = Tar/n.

Assume that

sup Tr(lon]) _ T(0) 50 and sup

5€(0,1) n 5€(0,1) vn

%ﬂ@@wayim (3.17)

Then the scan statistics of Tr(t) and Mg(t) are consistent in that they will reject Hy against Hq
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with probability goes to one for any significance level 0 < a < 1 and
Pg(|or — w| > €) = 0 and Pg(|@y — w| > €) = 0 for any e > 0.

e For the changed interval alternative Ho: let w; = lim, oo 7;/n € (0,1), & = 1i/n and Opy =

Tai/n for i =1,2. Assume that wy —wy > 0 and

Tallbrl o))

sup 61,09 20 and
(
0<61<82<1 n (3.18)
M .
wp [RGB s By
0<6,<82<1 Vn

then the scan statistics of Tr(t1,t2) and Mg(t1,ts) are consistent in that they will reject Hy against

Hy with probability goes to one for any significance level 0 < a < 1 and
Pp (UL, {|@r; —wi| > €}) = 0 and Pp( UL, {|on —w| > €}) = 0 for any e > 0.
The proof of this theorem is in Appendix [B.4] Although Assumptions[3.17]and are reasonable,
their verification of is difficult and is left for future work. Here we check them numerically through

Monte Carlo simulations. Specifically, we consider the following combinations of (Fp, F;) with w = 0.5

and d = 500:
(i) the multivariate Gaussian distribution (Ng(04,14), Ng(0.114,14));
(ii) the multivariate t3 distribution (¢3(04,14),¢3(0.114,1.02%1,);
(iii) the multivariate Cauchy distribution (Cauchyy(0g, I4), Cauchy,(214,14)).

We generate 10 independent sequences for each setting and the plots of Tr([dn])/n and Mg([on])//n
against ¢ for various values of n are presented Figures and These plots verify the assumption
that Tg([6n])/n and Mg([dn])/+/n converge when n — oo.

3.4 Simulation studies
3.4.1 The choice of &k

The choice of graphs remains an open question for CPD based on similarity graphs [Friedman and Rafsky|

11979| |Zhang and Chen| 2022} |Chen and Friedman||2017, /Chen et al.||2018]. We adapt the method in

Zhang and Chen|[2021] and|Zhou and Chen|[2021]. Specifically, they compare the empirical power of the

method for different choice of k = [n*] by varying A from 0 to 1. |Zhang and Chen|[2021ﬁ suggested to use
k = [n%%] for GET when the k-MST is used, while|Zhou and Chen| [2021] recommended k = [n%5°] for

Tr with graph-induced rank on the k-NNG for the two sample test setting. We follow the same way in
choosing k for T-NN and M,-NN. We generate independent sequences form three difference distribution

pairs of (Fp, Fy):
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Multivariate Gaussian distribution
n=800 n=1600 n=6400
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Multivariate Cauchy distribution
n=200 n=800 n=1600 n=6400

Figure 3.2. Ten independent sequences (represented by different colors) of Tr([0n])/n against & for

n = 200, 800, 1600 and 6400 for the three settings.

Multivariate Gaussian distribution
n=800 n=1600

025 050 075

Multivariate t3 distribution
n=200 n=800 n=1600 n=6400

kb
025 050 075

Multivariate Cauchy distribution
n=200 n=800 n=1600 n=6400

0.3-
s02-
0.1-
0.0~

Figure 3.3. Ten independent sequences (represented by different colors) of Mg([0n])/+/n against §
for n = 200, 800, 1600 and 6400 for the three settings.

(i) the multivariate Gaussian distribution (Nq(0g, I4), Nd(\/?’—Aonld, Iy);

(ii) the multivariate t3 distribution (¢3(04, I4), tg(\/?’—]?[—dld, (1+ \/3_]87)21(1));
(iii) the multivariate Cauchy distribution (Cauchy4(0g,I4), Cauchyd(j—oﬁld, Iy)).

The parameters are set to make these tests have moderate power. The change-point 7 = n/2, the
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dimension d = 500 and n = 50,100, 200. We set ng = [0.05n] and n; = n — ng, which will also be our
choice by default in the latter experiments, where [z] denotes the smallest integer larger than or equal
to z. For comparison, we also show the result of GET and MET using k-MST. The detection power
is defined as the ratio of successful detection where the p-value is smaller than 0.05. For fairness, the
p-values are obtained through 1,000 permutations for all methods.

Figure shows the power of these tests for k = [n]. First, we see that Tg-NN and Mg-NN have
similar performance. The power of these tests first increase quickly when k or A increase. If k continues to
increase, the power of GET and MET decreases dramatically, but the performance of T;-NN and Mg-NN
seems more robust. The reason may be that a denser graph can contain more similarity information, while
noisier information can also be incorporated when more edges are included. However, T,-NN and M,-NN
alleviate the problem by and gain benefit from incorporating ranks on edges. The overall performances of
T,-NN and Mg-NN are the best, with a significant improvement of the power over heavy-tailed settings
(the multivariate t3 and Cauchy distributions) and the robustness over a wide range choice of k. Finally,
we choose A = 0.65 for Tg-NN and Mg-NN, and A = 0.5 for GET and MET in the following analysis,
which is reasonable for these methods to achieve adequate power and coincides with previous choices

Zhang and Chen}|2021}|Zhou and Chen|2021].

3.4.2 Performance comparison

We compare the proposed method to GET and MET on k-MST using the R package gSeg |Chu and Chen|
2019| with k = [n®], the method using Bayesian-type statistic based on the shortest Hamiltonian path
Shi et al.||2017] (SWR), the method based on Fréchet means and variances [Dubey and Miiller} [2020]
(DM). We also compare with three interpoint distance-based methods, the widely used distance-based
method E-Divisive (ED) [Matteson and James| 2014 implemented in the R package ecp, and the other two
methods proposed recently by |Li|[2020| and Nie and Nicolae||2021|. |Li|[2020] proposed four statistics and
we compare the statistic Con that had the satisfactory performance in most of their simulation settings.
Nie and Nicolae|[2021] proposed three test statistics, which preform well for location change, scale change
and general change, respectively. Here we compare with their statistic S5, which they concluded to have
relative robust performance across various alternative. For fairness, the p-values of these methods are
decided by 1,000 permutations.

We set n = 200 and the change-point 7 = [n/3] and consider the dimension of the distributions
d = 200, 500,1000. Before the change-point, y; ~ Fy and after the change-point, y; ~ F;. We consider
both the empirical power and the detection accuracy estimated from 1000 trails for each scenario. The
empirical power is the ratio of the successfully detection defined as p-value smaller than the nominal level
0.05. The detection accuracy is provided in parentheses, which is the ratio of trials that the detected
change-point is located in [7 — 0.05n, 7 + 0.05n] and the p-value smaller than 0.05. We consider various

settings which cover the light-tailed, heavy-tailed, skewed, mixture distributions for location, scale, and
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Figure 3.4. Estimated power of Tg-NN, M -NN, GET, and MET over 1000 times of repetitions under
each setting.

mixed alternatives. Specifically, we consider six settings for F;, ¢ = 0, 1:

M

(VD)

the multivariate Gaussian distribution Ng(p;, 3;);
the multivariate t5 distribution t5(g,;, 3;);
the multivariate Cauchy distribution Cauchy(u,, %;);

1
the multivariate x2 distribution xZ(p;, ;) (generated as X2 (X —51,+ ;) where the d components
of X areiid. x3);

the Gaussian mixture distribution WNg(p;, ;) + (1 — W)Ng(—p;, 3;) with W ~ Bernoulli(0.5);

the multivariate normal distribution with t7 outliers W Ng(p;, 3;) + (1 — W)tz (p;, 3;) with W ~
Bernoulli(0.9).

39



Table 3.3. The specific changes for different settings and alternatives.

Alternative

Setting Hy (a) (b) (c) (d) (e)

> ) o ¥ ) o 0 D
M | B(06) | et |\ Sled | w1y | lmd o Jled | floed g )
(I1) 2(0.6) | 2%t | 2EEL | 0.62(0.1) ol Soed e ¥(0.8)
(D) | 2(04) | 55250 | §355 | £(0.85) Slogd lgd | Slogd  33(0.6)
) | A s | oA YRR G |V A
(V) Ly 51§gd 1§§Jl %(0.55) w%gd 1§§j 1()13@ 33(0.48)
(VI) | 2(0.5) | Teed | oed ¥(0.1) e e 258 %(0.15)

We set g = 04 for Fy and p; = 614 for Fy, where § is different for different settings. For each setting,

we consider five different changes:

(a) location (0 # 0 and Xy = 3);

(b) simple scale (§ =0 and X1 = (1 + 0)2%);

(c¢) complex scale (6 =0 and 3 # X);

(d) location and simple scale mixed (§ # 0 and £; = (1 + 0)2X);
(e) location and complex scale mixed (§ # 0 and X1 # X).

The choice of §, 0 and 3;, i = 1, 2 are specified differently for the settings and alternatives, summarized in
Table where the changes in signal are set so that the best test has moderate power to be comparable.
Here for Setting IV, the covariance matrices A; = VB,V for i = 0,1,2, where V is a diagonal matrix
with the diagonal elements sampled independently from U(1,3), B; = diag(B;1,... ,Bi%) is a block-
diagonal correlation matrix. Each diagonal block B;; is a 10 x 10 matrix with diagonal entries being 1
and off-diagonal entries equal to p;; ~ U(a;, b;) independently. We set ag = 0,bp = 0.5, a1 = 0.3,b; = 0.8
and az = 0.2,b3 = 0.7. We present the result of Settings I-III in Tables and [3.5] and the result of
Settings IV-VI in Tables and The best method of each setting and those better than 95% of the
best one are highlighted in bold type.

From Table|3.4] we see that for the multivariate Gaussian distribution, under (a) the location change,
ED and Cay perform the best, followed immediately by Tg-NN and Mg-NN. S performs the best for
the (b) simple scale change, followed immediately by Can, Te-NN and M,-NN. For (c) the complex scale
change, Tx-NN and M,-NN outperform other methods, and SWR also performs well, while other methods

have low power. From Table|3.5] for (d) the location and simple scale mixed change, S3 performs the
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Table 3.4. The empirical powers (detection accuracy) in percentile under Settings I-III: (a)-(c).

Setting I (Gaussian)

Setting 11 (t5)

Setting III (Cauchy)

d 200 500 1000 200 500 1000 200 500 1000
(a) Location change
T,-NN | 73(55) 63(46) 55(37) | 86(67) 74 (56) 60(41) | 96(85) 81(69)  55(42)
M,-NN | 76(58) 67(49) 59(40) | 89(71) 79(59) 67(49) | 99(88) 91(78) 72(55)
GET | 63(46) 52(36) 40(25) | 68(48) 41(26) 20(12) | 85(72) 54(40)  28(17)
MET | 68(50) 58(39) 46(30) | 75(52) 50(32)  31(18) | 90(75) 67(50)  44(26)
SWR | 21(8)  18(6)  16(4) | 19(6)  19(6)  15(4) | 44(23) 40(18)  32(15)
DM 7(0) 6(0) 7(0) 6(0) 5(0) 4(0) 5(0) 4(0) 5(0)
ED 97(85) 96(83) 95(80) | 73(57)  28(19)  12(4) | 6(1) 5(0) 4(1)
Con 95(81) 93(81) 90(75) | 53(34)  19(7)  8(2) 5(0) 5(0) 6(0)
Ss 5(1) 5(1) 6(0) 6(0) 5(0) 4(0) 5(0) 4(0) 5(0)
(b) Simple scale change
T, NN | 62(33) 72(43) 77(47) | 99(76) 93(63) 79(45) | 98(70) 90(56) 76(43)
M,-NN | 65(38) 74(46) 80(51) | 99(78) 94(68) 82(47) | 98(70) 90(56) 81(46)
GET | 61(33) 71(40) 74(44) | 99(75) 86(56) 69(35) | 97(68) 83(46)  63(32)
MET | 63(36) 72(42) 76(47) | 99(76) 91(63) 76(42) | 98(68) 90(56) 77(43)
SWR 5(0) 5(0) 50) | 3314)  19(7)  13(3) | 23(10)  20(5)  12(3)
DM 63(36) 50(21)  32(4) | 72(47)  5T(34)  43(24) | 4(0) 4(0) 4(0)
ED 5(2) 6(1) 6(1) | 98(78) 93(69) 83(56) | 30(12)  19(8)  18(6)
Con 73(41)  84(53) 88(57) | 73(42) 66(27) 54(11) | 5(0) 50)  4(0)
Ss 83(54) 90(64) 92(67) | 66(42) 49(28)  37(19) | 4(0) 4(0) 4(0)
(¢) Complex scale change
T,-NN | 99(87) 98(86) 98(85) | 99(85) 93(70) 82(54) | 95(83) 77(60)  61(44)
M,-NN | 96(73) 96(73) 95(72) | 97(85) 85(61)  70(39) | 95(80) 86(67)  76(55)
GET | 84(63) 79(56) 79(56) | 90(76)  35(2)  14(1) | 96(84) 77(61)  54(38)
MET | 78(48) 77(44) 76(46) | 81(60)  37(10)  24(1) | 94(78) 83(64)  70(50)
SWR | 80(61) 84(64) 82(64) | 96(84) 97(84) 96(83) | 99(92) 98(88) 96(84)
DM 8(0)  6(0) 700) | 70(46)  70(43)  68(40) | 5(0) 5(0) 5(0)
ED 10(2)  102)  8(2) | 95(72)  97(74)  95(75) | 5(1) 6(0)  4(1)
Can 7(1) 7(1) 72) | 74(40)  77(27)  75(15) | 5(0) 4(0) 6(0)
Ss 8(1) 9(1) 8(1) | 67(43)  67(41)  66(39) | 5(0) 5(0) 5(0)
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Table 3.5. The empirical powers (detection accuracy) in percentile under Settings I-III: (d)-(e).
Setting T (Gaussian) Setting IT (¢5) Setting III (Cauchy)

d 200 500 1000 200 500 1000 200 500 1000

(d) Location and simple scale mixed change

T,-NN | 67(40) 70(42) 78(50) | 72(51) 54(34) 36(19) | 58(41)  46(31)  34(20)
M,-NN | 69(44) 73(46) 80(53) | 69(48) 54(34) 37(21) | 70(52) 60(43) 47(32)
GET | 64(37) 67(39) 76(46) | 53(34) 28(13)  12(4) | 37(24) 23(14)  16(8)
MET | 66(39) 71(43) 77(49) | 51(30) 28(12)  16(5) | 49(32)  34(20)  28(14)
SWR 5(0) 5(0) 5(0) 13(3)  12(3)  11(3) | 20(7)  22(8)  19(6)
DM 66(40)  47(19)  32(5) | 14(4)  8(2) 7(1) 5(0) 4(0) 4(0)
ED 92)  9(3) 8(2) | 60(39) 32(18) 19(6) | 6(1)  5(1)  4(1)
Con T7(44)  83(54) 89(61) | 37(16)  16(4)  10(2) | 6(0) 5(0) 5(0)
Sy 84(56) 88(63) 92(69) | 11(2)  7(1) 6(1) 5(0) 4(0) 4(0)

(e) Location and complex scale mixed change
T,-NN | 88(68) 81(59) 78(55) | 98(87) 95(83) 90(76) | 66(50) 50(36)  38(26)
M,-NN | 84(56) 77(50) 74(45) | 98(87) 96(84) 92(78) | 78(59) 66(48) 54(39)

GET | 68(45) 60(37) 54(31) | 93(80) 80(64) 57(43) | 49(34)  31(20)  20(11)
MET | 65(38) 58(30) 53(27) | 94(78) 85(67) 67(50) | 60(43) 46(29)  34(18)
SWR | 47(24) 42(22) 42(21) | 65(41)  68(47)  64(43) | 29(13) 29(13)  30(13)
DM 8(0) 8(0) 7(0) 3(0) 5(0) 5(0) 5(0) 4(0) 5(0)
ED 40(25)  33(17)  25(12) | 90(72)  62(46)  22(15) | 6(1) 4(0) 4(1)
Con 40(20)  28(11)  22(8) | 61(40) 22(10)  10(3) | 5(0) 5(0) 6(0)
Ss 6(0)  8(1) 6(0) 4(0) 5(0) 5(0) 50) 4(0) 5(0)

best, Con, Tg-NN, Mg-NN, GET and MET also have satisfactory performance. For (e) the location and
complex scale mixed change, T-NN and M,-NN perform the best again. The overall performances of
Ts-NN and Mg-NN are the best in the multivariate Gaussian setting.

For the multivariate t5 and Cauchy distributions, Tx-NN and Mg-NN show the highest power under
the changes (a), (b), (d), and (e). SWR performs the best for (c) the complex scale change, followed
immediately by T,-NN and My-NN. GET and MET also have moderate power. On the contrary, DM,
ED, Csn and Ss fail for most of the alternatives under the multivariate ¢5 and Cauchy distributions
with the power near the significance level. It shows that T,-NN and Mg-NN are robust to heavy-tailed
distributions, while other methods such as Cox and S3 can not work well as they require the existence
of the second moment.

From Tables and [3.7] we see that ED and Cay perform the best for (a) the location change under
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Table 3.6. The empirical powers (detection accuracy) in percentile under Settings IV-VI: (a)-(c).

d Setting IV (x2) Setting V (Gaussian mixture) Setting VI (Outlier)
200 500 1000 200 500 1000 200 500 1000
(a) Location change
T,-NN | 73(54) 60(44) 48(32) | 30(17) 41(27)  56(41) | 59(43) 48(32) 38(22)
M,-NN | 74(56) 65(46) 54(37) | 32(18) 42(27)  58(42) | 61(44) 50(34) 42(24)
GET | 60(43) 46(30) 33(21) | 29(17) 39(25)  51(34) | 44(30) 30(17)  21(09)
MET | 64(47) 52(35) 39(25) | 30(18) 41(28)  54(37) | 48(33) 34(19)  27(13)
SWR | 20(7)  18(6)  15(3) | 20(6)  24(9)  31(13) | 18(7)  15(4)  13(4)
DM 6(0) 5(0) 5(0) 7(0) 6(0) 7(0) 4(0) 6(0) 7(0)
ED 94(80) 93(79) 91(76) 6(1) 5(1) 6(1) 93(8) 90(73) 87(7)
Con 95(80) 92(78) 88(73) | 87(53) 83(24)  84(11) | 78(61) 44(26)  19(06)
Ss 5(1) 4(0) 6(1) 7(0) 6(0) 7(0) 4(0) 4(0) 6(0)
(b) Simple scale change
T, NN | 88(59) 86(56) 82(55) | 70(46) 80(54) 88(65) | 84(57) 78(48) 71(43)
M,-NN | 90(64) 89(61) 86(58) | 71(49) 81(58) 88(69) | 84(61) 77(52)  70(47)
GET | 85(57) 84(53) 80(51) | 65(40) 76(51)  84(60) | 87(61) 83(57) 75(51)
MET 88(61) 87(57) 83(54) | 66(45) 76(55) 83(64) 85(59) 78(51) 72(44)
SWR 5(1) 6(0) 6(0) 5(0) 5(0) 5(1) 5(0) 5(0) 5(1)
DM 90(65) 82(52) 55(25) | 6(0) 5(0) 5(0) 69(50)  59(40)  43(25)
ED 6(1) 8(2) 6(2) 5(1) A(1) 5(1) 11(4)  13(4)  11(3)
Con 86(57) 91(63) 91(63) | 6(1) 6(1) 6(0) 65(40)  56(31)  42(16)
Ss 93(68) 96(72) 96(72) | 6(0)  5(0) 5(0) 53(38)  39(26)  24(14)
(¢) Complex scale change
T,-NN | 82(67) 72(55) 66(48) | 70(53) 61(48)  63(47) | 73(52) 67(50) 65(48)
M,-NN | 74(49)  62(36) 58(33) | 49(31) 42(28)  47(30) | 72(50) 69(50) 66(47)
GET | 57(40) 44(26) 37(20) | 24(13)  18(9)  21(10) | 44(28) 40(25)  37(24)
MET | 52(29) 41(20) 36(15) | 21(9)  15(6) 17(6) | 45(27)  43(26)  44(25)
SWR | 64(43) 63(43) 64(42) | 92(77) 92(79) 94(81) | 58(36) 57(33)  57(34)
DM | 40)  40)  40) | 50)  50)  60) | 51)  40)  4(0)
ED 8(1) (1) 8(1) 50)  5(1) 4(1) 8(1) 71 7(0)
Con 3(0) 4(1) 5(0) 5(0) 5(0) 6(0) 5(0) 5(0) 6(0)
Ss 4(0) 4(0) 5(0) 5(0) 5(0) 6(0) 5(0) 5(0) 5(0)
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Table 3.7. The empirical powers (detection accuracy) in percentile under Settings IV-VI: (d)-(e).

Setting IV (x2) Setting V (Gaussian mixture) Setting VI (Outlier)
d 200 500 1000 200 500 1000 200 500 1000
(d) Location and simple scale mixed change
T,-NN | 67(38) 65(35) 60(33) | 70(44) 81(54) 86(61) | 90(66) 83(55) 79(49)
M,-NN | 70(42) 67(39) 63(38) | 68(45) 81(56) 86(63) | 86(62) 78(52)  74(47)
GET | 66(37) 62(32) 58(31) | 70(45) 81(56) 87(65) | 93(71) 86(62) 80(60)
MET | 66(39) 66(36) 60(34) | 67(44) 79(57) 84(62) | 88(64) 81(52) 75(50)
SWR 6(1) 5(0) 6(0) 7(1) 6(1) 7(1) 7(1) 8(2) 9(1)
DM 76(46)  57(27)  34(9) | 7(0) 6(0) 6(0) 73(50)  59(37)  44(26)
ED 14(5) 10(3) 8(3) 5(1) 5(1) 4(1) 44(26)  38(22)  37(20)
Con 73(41)  7TT(44)  79(46) | 52(22) 38(10)  38(5) | 76(51) 57(32)  43(22)
Ss 82(54) 85(55) 85(56) | 6(0) 6(0) 6(0) 55(38)  36(22)  24(14)
(e) Location and complex scale mixed change
T,-NN | 59(41) 48(32) 42(26) | 53(37) 52(34)  53(39) | 82(65) 75(59) 73(57)
M,-NN | 52(30) 41(23) 39(21) | 42(25) 40(24)  45(29) | 81(64) 76(59) 74(56)
GET | 39(22) 25(12) 24(11) | 19(9)  19(7)  20(10) | 58(42) 49(32)  43(28)
MET | 37(16) 26(11)  25(10) | 15(6)  16(5) 18(7) | 60(41)  52(34)  48(30)
SWR | 42(22) 40(21) 40(19) | 74(53) 76(54) 79(60) | 56(33) 53(32)  50(29)
DM 4(0) 4(0) 5(0) 5(0) 5(0) 5(0) 4(0) 5(0) 4(0)
ED 102  7(1) 7(1) 4(0) 5(1) 6(1) 43(25)  34(19)  28(14)
Can 8(2) 6(1) 5(0) 8(1) 9(1) 11(1) 209) 11(2)  4(0)
Ss 4(0) 4(0) 4(0) 5(0) 5(0) 5(0) 4(0) 6(0) 4(0)

the multivariate x? distribution, while T-NN and My-NN perform the second best. In addition, under
the same distribution, Ty-NN and Mg-NN outperform other methods for the changes (b), (c), and (e),
while DM, S3 and Cyn are well for the change (b) but lose power for the changes (¢) and (e). For (b)
the scale change, S3 exhibits the highest power, and T, and M, also perform well.

For the Gaussian mixture distribution, Con has the highest power for (a) the location change, while
T,-NN and Mg-NN are the second best. For changes (b) and (d), T,-NN and Mg-NN have the best
performance, followed immediately by GET and MET, while all other methods have unsatisfactory per-
formance. For changes (c) and (e), SWR achieves the highest power, while Ty-NN and M,-NN are also
good with the performance better than other methods.

For the multivariate normal distribution with ¢; outliers, ED is the best for the location alternative,

while for d = 1000, it is outperformed by Ty-NN and M,-NN in the detection accuracy. For other
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alternatives, Ty-NN and My-NN dominate other methods, followed by GET and MET. It shows that
T,-NN and Mg-NN are robust to outliers.

In summary, the distance-based methods ED, Csy, and S3, as well as DM, are powerful for the
light-tailed distribution. Specifically, ED exhibits superior power for the location alternative, S5 and
DM are more powerful for the simple scale alternative, while Cox covers both the location and the
scale alternatives. Nevertheless, these methods suffer from outliers and are less powerful for heavy-tailed
distributions. On the contrary, the graph-based methods GET, MET, and SWR are less sensitive to
outliers and show good performance for the complex scale alternative. The problem with these methods is
that they use less information than distance-based methods, thus suffering from the lack of power for light-
tailed distribution and the location alternative. In particular, SWR uses the least information compared
to GET and MET, so it has almost no power in many settings and alternatives when other methods attain
moderate power. However, T;-NN and M,-NN possess good power for light-tailed distributions and show
robustness for heavy-tailed distributions and outliers. Between T,-NN and M,-NN, their performance is
similar. Since Mg-NN can have better analytic p-value approximations (Section, we recommend to

use Mg-NN in general.

3.5 Real data examples
3.5.1 Seizure detection from functional connectivity networks

We illustrate RING-CPD for the identification of epileptic seizures, which over two million Americans are
suffering from [Tasemidis,|2003|. As a promising therapy, responsive neurostimulation requires automated
algorithms to detect seizures as early as possible. Besides, to identify seizures, physicians have to review
abundant electro-encephalogram (EEG) recordings, which in some patients may be quite subtle. Hence,
it is important to develop methods with low false positive and false negative rates to detect seizures from
the EEG recordings. We use the “Detect seizures in intracranial EEG (iIEEG) recordings” database by
the UPenn and Mayo Clinic (https://www.kaggle.com/c/seizure-detection), which consists of the EEG
recordings of 12 subjects (eight patients and four dogs). For each subject, both the normal brain activity
and the seizure activity are recorded multiple times, which are one-second clips with various channels
(from 16 to 72), reducing to a multivariate stream of iEEGs. Following the procedure of |[Zambon et al.
2019|, we represent the iEEG data as functional connectivity networks using Pearson correlation in
the high-gamma band (70-100Hz) [Bastos and Schoffelen||2016]. Functional connectivity networks are
weighted graphs, where the vertexes are the electrodes, and the weights of edges correspond to the
coupling strength of the vertexes. An illustration of the networks is in Figure The sample sizes of the
12 subjects are also different, and the true change-point 7’s are also known - before the change-point, the
networks are generated from the seizure period, while after the change-point, the networks are generated

from the normal brain activity.
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Figure 3.5. The functional connectivity networks of a dog (circle) and a human (square) during the
period of seizure (red) and the normal period (blue). The networks are drawn by only keeping the
edges with weights larger than 0.2.

We do not include SWR in the comparison here since SWR, does not perform well in the simulation
studies and is time-consuming. Besides, Con is not only time-consuming but also memory-consuming
(e.g., it requires at least 17Gb size of memory when n = 1320); we are only able to run it for n < 600,
thus only showing its result for Dog 1, and Patients 1 and 4. We use the Frobenius norm to measure the
distance between the observations represented by the weighted adjacency graphs. Since the sample size
of each subject is large enough, we use the asymptotic p-value approximation for M-NN and MET. We
omit the result of Ty-NN and GET since their p-value approximations are not as exact as My-NN and
MET, respectively. For DM, ED and S5, we still use 1,000 permutations to obtain the p-values. The
results are summarized in Table|3.8| where the absolute difference between the true change-point and the
detected change-point |7 — 7| is reported. The p-values are not reported as they are smaller than 0.01 for
all methods and subjects. Our method achieves the same detection error as MET, which is very small
for all subjects. ED also performs well, but with a slightly large error for Patient 4. Although DM and
S3 achieve small errors for most subjects, they attain large detection errors for Patients 3 and 4. The

performance of Csp is not robust in that it shows a large detection error for Patient 4.

3.5.2 Changed interval detection for New York City taxi data

We here illustrate our methods for changed interval detection in studying travel pattern changes in New
York Central Park. We use the public dataset on the NYC Taxi and Limousine Commission (TLC)
website ( https://wwwl.nyc.gov/site/tlc/about/tle-trip-record-data.page). We use the yellow taxi trip
records in the year 2014, which contain the city’s taxi pickup and drop-off times (date) and locations
(longitude and latitude coordinates). We set the latitude range of New York Central Park as 40.77 to
40.79 and the longitude range as —73.97 to —73.96. The boundary of New York City is set as 40.67
to 41.82 in latitude and —74.02 to —73.86. We only consider those trips that began with a pickup in
New York City and ended with a drop-off in New York Central Park. We split the New York City into
a 30 x 30 grid with equal size cells. Then we represent each day by a 30 x 30 matrix, whose elements

are the numbers of taxi pickups in the corresponding cells. An visualisation of the data is presented in
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Table 3.8. The absolute difference between the true change-point and the detected change-point
(|7 = 7]). The p-values of all methods for all subjects are smaller than 0.05.

Subject n T M,-NN MET DM ED Cony  Ss

Dog 1 596 178 0 0 1 0 0
Dog 2 1320 172 1 3 - 1
Dog 3 5240 480 1 1 - 1
Dog 4 3047 257 3 2 - 3
Patient 1 | 174 70 1 0 7 1
Patient 2 | 3141 151 13 1 - 13
Patient 3 | 1041 327 162 1 - 162

Patient 4 | 210 20 67 11 137 67
Patient 5 | 2745 135
Patient 6 | 2997 225
Patient 7 | 3521 282

Patient 8 | 1890 180
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Figure We use the Frobenius norm to construct the similarity graphs in the subsequent analysis.

The p-values of all methods are obtained through 1000 random permutations.
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Figure 3.6. Density heatmap of taxi pick-ups for dates 12/01 and 12/25 in year 2014.

We first compare our methods with GET and MET. We set ng = max{5,[0.05n]} and n; = n — ng.
The significance level « is set as 0.05. All methods detect the same changed interval 06/17-09/02 with
p-values< 0.001, which almost overlaps totally with the summer break.

Since there may be multiple changed intervals, we apply the methods sequentially. Specifically, we

apply the methods to the three segments divided by the detected changed interval. All methods report p-
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Table 3.9. The detected changed intervals and corresponding p-values of Tg-NN, M,-NN, GET and
MET for the NYC taxi data.

Time period Te-NN M,-NN GET MET Nearby Events
01/01-12/31 06/17-09/02
Summer break
p-value < 0.001 < 0.001 < 0.001 < 0.001
01/01-06/16 03/21-04/02
Spring break
p-value < 001 < 0.001 < 0.001 < 0.001
06/17-09/02 | 07/01-09/02 07/01-09/02 07/03-09/02 07/03-09/02
Independence Day
p-value < 0.001 < 0.001 0.009 0.015
09/03-12/31 11/14-12/31
Thanksgiving
p-value 0.001 < 0.001 < 0.001 < 0.001
01/01-03/20 | 02/12-02/16 02/12-02/16 03/01-03/05 02/12-02/16
p-value 0.263 0.279 0.384 0.352
04/03-06/16 | 05/03-05/07 05/03-05/07 05/03-05/07 04/05-04/09
p-value 0.101 0.110 0.471 0.529 )
07/01-09/02 | 07/07-08/15 07/07-08/15 07/07-08/15 07/07-08/15
p-value 0.062 0.051 0.209 0.207
09/03-11/13 | 09/06-11/13 09/06-11/13 09/22-09/27 09/22-09/27
p-value 0.102 0.088 0.108 0.096 )
11/14-12/31 12/25-12/30
Christmas
p-value 0.029 0.028 0.038 0.054
11/14-12/24 | 11/27-12/01 11/27-12/01 11/27-12/01 11/27-12/01
p-value 0.152 0.249 0.115 0.215 )

values< 0.05 for the three segments. In the period 01/01-06/16, the four methods all detect the changed
interval 03/21-04/02, which is around the spring break of most American universities. In the period
06/17-09/02, GET and MET detect the changed interval 07/03-09/02, while T,-NN and M,-NN detect
the changed interval 07/01-09/02, both of them covers the Independence Day. To-NN and M,-NN are
more significant than GET and MET with p-values< 001. In the period 09/03-12/31, the four methods
detect the changed interval 11/14-12/31, which is around the beginning day of the fall term/quarter to
the midterm, and 11/14 is about ten days before the Thanksgiving day.

We further perform the four methods in the segments longer than 40 days. The only detected changed
interval is 12/25-12/30 in the segment 11/14-12/31, which is the week of Christmas where GET, Ty-NN
and Mg-NN report p-values< 0.05, but MET reports the p-value= 0.054. Finally, we apply the methods
to the period 11/14-12/14, and no changed interval is detected anymore. The result is summarized in

Table

48



Table 3.10. The detected change-points and corresponding p-values of ED, Ss and Can for the NYC

taxi data.

Method

Lo OP 0405 06/18  09/09
p-values | 0.029 0.001 0.001
CP | 07/04 07/11  09/02  12/25

% values | 0003 0035 <0001 <0.001
CP | 01/03 06/17  08/22  09/02 12/25

Con pvalues | 0014 < 0.001  0.025 <0001 0.006

We then show the performance of other methods. Since both ED and S3 can detect multiple change-
points, we apply them directly to the whole sequence 01/01-12/31. We also compare with Coy. Although
Chy is not designed for multiple change-points detection, we can apply it sequentially similarly to the
above procedure, which is the binary segmentation procedure also used by|Nie and Nicolae|[2021|.

ED detects three change-points 04/05, 06/18 and 09/09 with p-values 0.029, 0.001 and 0.001, respec-
tively. Ss detects four change-points, which are 07/04, 07/11, 09/02, and 12/25, with p-values 0.003,
0.035, < 0.001 and < 0.001, respectively. Con detects five change-points, which are 01/03, 06/17, 08/22,
09/02, and 12/25, with p-values 0.014, < 0.001, 0.025, < 0.001 and 0.006. The result is summarized in
Table[3.10]

To see what results make more sense, we plot the distance matrix of the whole year in Figure [3.7
(a). It is clear that there are two changed intervals around the days 80-90, 175 to 250, which match the
changed intervals of spring break and summer break. We further plot the distance matrices of the three
segments divided by the summer break (Figure (b), (¢), and (d)). The detected changed intervals by
our methods and MET and GET can be observed from the pairwise distance matrices, while ED, Coy
and S3 miss some important changes. For example, ED misses the change of Christmas, and Cyy and

Ss miss the changes of the spring break and Thanksgiving.

3.6 Conclusion

In this chapter, we introduce the new rank-based approach RING-CPD for single change-point detection
and changed interval detection. Both T,-NN and M,-NN work well for various alternatives with similar
performance. We suggest using My-NN based on its accurate finite sample approximation to the asymp-
totic distribution, thus enabling an easy and accurate control of type I error. Although the proposed
method is designed for single change-point and changed interval detection, it can be extended to find
multiple change-points similarly to|Zhang and Chen| [2021], using the idea of wild binary segmentation

Fryzlewicz| |2014] or seeded binary segmentation |[Kovéacs et al.}|2020].
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Chapter 4

Discussion

4.1 Kernel and Distance IN Graph

The approach proposed in this paper can also be extended to weights other than ranks in weighting the
edges in the similarity graph. For example, kernel-based methods are popular since they can be applied
to any data and distance-based methods are intuitive. Here we discuss how to extend our framework to
kernel-based and distance-based methods for the two-sample testing and CPD problems. Specifically, we
can define

Kij = K(yi,y;)1((4,7) € Gx)

where K is a kernel function or a negative distance function, for example, the Gaussian kernel K (y;,y;) =
exp (= |lys —y;11*/(20?)) with the kernel bandwidth ¢ or the negative Iy distance K (y;,y;) = —|lvi — ;1
and Gy, is a similarity graph such as the k-NNG and the k-MST. We then define statistics based on Kernel
IN Graph (KING) or Distance IN Graph (DING). By Theorem the asymptotic property of the two-
sample test statistic Tr holds when replacing R;; by K;;. The proof of Theorem is in Appendix

Theorem 4.1.1. Let R = (Rij)gg[[lj\\,f]] € RN be a symmetric matriz with non-negative entries and zero
diagonal elements. Suppose further R;; > 1 if R;; > 0 and max; ; R;; = o(Nzr?i). In the usual limat

regime, under Conditions (2.1)-(2.6), we have that

(28, Z53)" B No(02,12)  and  Trp 3 X3

under the permutation null distribution.

The existing kernel-based methods and distance-based methods for CPD can not provide the easy
type I error control. Our approach provides a possible way to incorporate the kernel or distance by
the following Kernel IN by Graph Change-Point Detection (KING-CPD) and Distance IN by Graph
Change-Point Detection (DING-CPD) methods.
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Theorem 4.1.2. Replacing R;; by K;; in Conditions (3.1)-(3.6), and the definition of Zaig and Z,,,
then under Conditions (3.1)-(3.6) and max; j K;; = o(n?r?), we have

1. {Zgg(lnu)) : 0 < uw < 1} and {Zy(|nu)) : 0 < u < 1} converge to independent Gaussian
processes in finite dimensional distributions, which we denote as {Zjg(u) : 0 < u < 1} and
{Z3(u) : 0 <u < 1}, respectively.

2. { Zaig(lnu], [nv]) 1 0 < w < v < 1} and {Zy,(|nu], [nv]) : 0 < u < v < 1} converge to indepen-
dent two-dimension Gaussian random fields in finite dimensional distributions, which we denote as

{Z;iﬂc(u,v) 0<u<wv< 1} and {Z;’;(u, v):0<u<wv< 1}, respectively.
Besides, Theorem also holds by replacing R;; by K;;.

The proof of Theorem|4.1.2|follows straightforwardly from the proof of Theorems and (3.3.2] thus

omitted here.

4.1.1 Computational Efficiency

Another important property of the is the potential computational efficiency by avoiding computing the
pairwise distance of the n observations, which has a computational complexity of O(dn?) for d-dimensional
data. Specifically, if the approximate k-NNG |Beygelzimer et al.||2013] is used for the graph-based ranks,
the computational complexity is O(dn(logn + klogd) 4+ nk?), which is usually faster than O(dn?). A

detailed discussion of the procedure and time complexity can be found in|Liu and Chen|[2022].
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Appendix A

Appendix for Chapter 2

A.1 Proof of Theorem (2.2.1

Let g; = 1 if the ith sample is from Fx and g; = 0 if from Fy. Then U, and U, can be rewritten as
N N N N
Ue=>_> gig;iRij and Uy=3% (1-g:)(1 )Ry
i=1j=1 i=1 j=1

Under the permutation null distribution, for 4, j, s, k all different, we have

E(g:) = E(g:9;) =

23
23

E(g9i9j9x9s) =

-1
—1)
E(gigigr) = B

m(m —1)
N(N -1)
(
(

23
23

Recall that R is symmetric with zero diagonal elements, then
N N mm — N N
= ;;RijE(gigj) NON=1) z::z#: = = Dro,
and similarly E(U,) = n(n — 1)rg. Then we have

N N N N

)=>_>"> "> RijRaE(%:9;9:91)

i=1 j=1s=11=1

+
] =
] =
M=
™M=
e
=2
H
S
&
=
S

Combing with Var(U,) = E(U2) — E(U,)?, we can obtain the variance of U, under the permutation null
distribution. Similar result can be obtained for Var(U,). Finally, we have Cov(U,,U,) = E(U,U,) —
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We then finish the proof by plugging in the expression of Var(U,).

A.2 Proof of Theorem 2.2.2]
Proof. We have
det(X) = Var(U,)Var(U,) — Cov(U,, U,)?

B 32m2n?(m — 1)*(n — 1)*(N = 1)V, ((N = 2)Vg — 2(N — 1)V;)
N N —2)2(N —3)

(
£0if V, #£0 and (N —2)Vy — 2(N — 1)V, # 0.

A.3 Proof of Theorem 2.2.3]

_ 1 -1
Denote U = (U, — piz, Uy — pty)" and A = . Since A is invertible, we have

n—1 m—1

N—2 N-2
Tp=U S 'U=UAT(ASA") 'AU.
It is easy to see that

Asar [ O

2
0 o

and AU = (Udiﬂ? —E(Uaigt), Uw — IE(Uw))T7 thus finishing the proof.

A.4 Proof of Theorems and

At first, we consider the bootstrap null distribution, which places probability 1/2" on each of the 2V

assignments of IV observations to either of the two samples, i.e., each observation is assigned to sample X
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with probability m/N and to sample Y with probability n/N, independently from any other observations.
Let Eg, Varg, Covg be expectation, variance and covariance under the bootstrap null distribution. It’s
not hard to see that the number of observations assigned to sample X may not be m. Let nx be
this number and Zy = (nx — m)/o? where o is the standard deviation of ny under the bootstrap
null distribution. Notice that the bootstrap null distribution becomes the permutation null distribution
conditioning on nx = m.

By applying Theoremand making simplifications, we have that

N(n—-1)(m-1)
N -2
~ 2m(m —1)n(n —1)

tw = E(Uy) = ro;  pdif = E(Uaig) = (N — 1)(m —n)ro;

and
o3g = Var(Ugig) = 4(N — L)ymn(r? —r3).

Since g;’s are independent under the bootstrap null distribution, it’s not hard to derive that

m*(N -1 n?(N -1
]EB(Ux) = #TO; IEB(Uy) = %To,
2m?n?(N — 1) anm3(N —1)2
VarB(Um) = N3 TCZI + N3 T% ,
2m?n?(N — 1) 4nPm(N — 1)?
Varg (Uy) = N3 ri+ E 7,
2m?n?(N — 1) 4n’m?(N —1)?
COVB(U:m Uy) = e 7'621 — NE 7’% ,
which implies that
B N-1 2_ 2
Koy = 1EB(Uw) = m(Nmn —m-—n )ro,
g = Es(Uaig) = (N — 1)(m —n)ro,
and
2(N — 1)m?n? 4(N —1)2nm(m — n)?
By2 _ _ 2 2
()" = Vara(Uw) = N3 rat (N _2)2N3 b
4(N —1)%2nm mn
(o08is)® = Varg (Uainr) = %T% and (0°)? = Varg(ny) = ~

By defining Z8 = (U, — uB) /0B, Z8 ¢ = (Uaig — uBg) /05, we express (Zy, Zaig) in the following way:

Zw T/ 0w 0 Zy n (Wt = 1tw)/Tw
Zair 0 Ugiff/o'diff Z(]fifr (Mgiff — pdifr) /O dise
(A1)
o0/ 0w 0 Zy (W — Hw)/Ow
0 (N-1)/N \/TZ(]iBiﬁ' (MdBiff — paift) /O dise

where T' = r?/(r? — r). Since the distribution of (Z,,, Zqiz) under the permutation null distribution is
equivalent to the distribution of (ZZ2, Zfiﬁ) | Zx = 0 under the bootstrap null distribution, we only need

show following two statements for proving Theorems and
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1. (ZB NT(Z8s —\/1—1/TZx), Zx) is asymptotically multivariate Gaussian distributed under the

bootstrap null distribution and the covariance matrix of the limiting distribution is of full rank.
2. 0B /0w — cw; (UE — pw)/ow — 0; (uSg — pain) /oas — 0 where ¢, is a positive constant.

From Statement , the asymptotic distribution of (ZB T Z(?iﬂg) conditioning on Zx = 0 is a bivariate
Gaussian distribution under the bootstrap null distribution, which further implies that the asymptotic
distribution of (ZE, VTZ (]ﬁﬁ) under the permutation null distribution is a bivariate Gaussian distribution.
Then, with Statement (2) and equation (A.1), we have (Z,, Zair) is asymptotically bivariate Gaussian
distributed under the permutation null distribution. Finally, plus the fact that Var(Zw) = Var (Zdiﬁ‘) =1
and Cov(Zw, Zdiﬂ‘) =0, we have that T z X3

Since 72 > rf > rZ by Cauchy-Schwarz inequality, we have

02 =< N?*(r2 +72) < N%2; (62)2 < N?r2; 020 < N3(r? —12); (654)% < N32,

Since ,udBiH — paig = 0 and
mn

Mg—uwzwroero,

by Condition (2.1), we have
,u']uB; — Hw
Ow

We then finish the proof of Statement . The proof of Statement is deferred to Supplement |A.8

=ro/rqg 3r1/Ta — 0.

A.5 Proof of Lemma

Proof. A k-MDP is an undirected graph where each vertex has degree k, thus it has Nk/2 edges in total

(assuming that N is even for simplicity). We then have

2 ]\%2l—k(1+Nk/2)vk2
PTNN-D & v
a2 ]%252 _ KL+ NE/2)(L+ NK)
47 N(N-1) - 6(N —1) - ’

N N
1 _ 1
2 _ }: 2 2 E: ' 2721 _ 1.4
T’1*NA Ri.G[To,miZI(QkZ—I-l)k]Ak,
which implies Condition (2.1) since k < N. For Condition (2.2), we have

N N
S (S°R%)? < N(k(NK/2)?)* = N°KS = N3 |

k k
R €] ! ZLﬁZ(NkM—l—H)]:[O(kZ/N)7O(k2)],
=1 =1
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we have
N

N

SR < max|Ri| Y R2 < KNV, < NOSEYSNVR < NrgV .
i=1 ’ i=1

Finally, for Condition (2.6), we have

N

N N N N
Y>> > RiRuRiRe 3 kN Z
i=1 j=11#14,j s#i,j =1
N
>

N N
<EN?Y >N RijR.R; < kN®

Ry R, R
i=1 j=1 s#i,j i=1
N N N N N
< kN (SO RuR2) (DN RyR2) = kN* Y R
i=1j=1 i=1j=1 i=1

3 N°ET < NOK® < N'rj

A.6 Proof of Lemma

Proof. First, by checking the proof of Statement (2) in Supplement we notice that Condition
(2.2) can be relaxed by the following two conditions: (2.2.1) Zf\il (Z;V=1 R?j)2 < N%rd and (2.2.2)
Zi]\il R;. Zjvzl Rfj < N3r3. We only need to show that the current assumptions imply Conditions (2.1),
(2.2.1) (2.2.2) and (2.3)-(2.6). By definition we have ro < K|Gx|/N? < Kk/N and 2 < K?|Gk|/N? <
K?k/N where K = max;; R;;. We then have

K?
(k15N05+]€2) ,

r%:‘/}—i—r% N2

which implies Condition (2.1). For Condition (2.2.1), we have
Z ZR < K2N3r? < K'Y NS < NYrd < KUE2N2
=1 j=1
For Condition (2.2.2), we have
Z R;. Z R} < KZ R} =< N*Kr} < N*K®k'"®/N'® < N¥r].
For Conditions (2.3) and (2.4), it is enough to show that

N N

1 ~ 1 - -

¥ Y R} < i > R[> = B|R;.[* < min{N**V,'*, K\/k/NV,}.
i=1 i=1

By Cauchy—Schwarz inequality, we have, for any integer L > 1,

1

EI(N — D)R./K* < (BI(N — DR./K|*)* (BI(N - DR /KP)?

<< (BIN — )R, (K[ H2)3F (B(N — 1R /K ?)Z o
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The quantity E|(N — l)éi./N|2L+1 can be bounded as follows:

BN = DR /K2 = [P0V = 0 /KP 2 e
0
< 2/ exp ( — ct2L‘11+1 /Na)dt
0
= / (2r + 2)t2L71 exp (—ct/N®)dt
0

— (2 + 2)I‘(22LL*1 +11)Na(2L—1+1) ~ Ne@ETIH)
2t

By the fact a < 1, we can let L take some sufficiently large value to get

(E|(N — 1)}~Ei./K|2L+2)2% < NO5.

—1)R;./K|> = N2V, /K? = 1, we thus have

Combining with the fact that E|(N
o(KN7%5V,) < min{ N>V !5 K\/k/NV,}.

E|R:.[* =

For Condition (2.5), we have
N N

N N N N N N
‘ i=1 j#£s i=1 j#s i=1 j#s

=1 j#s
N N N N

<SS (W-1DR.R2R; < (ZZR?'RM)(ZZ 1 ngR”)
=17=1 i=1 j=1 i=1 j=1

(N = 1)/ (B + roB(R)) (B(R2) + 3roVy +73)

We have shown that E|R;.|> < KN~%5V,. Now we show the bounds of E|R;|* and E|R;.|°

By

Cauchy—Schwarz inequality, we have, for any integer L > 1

BI(N — )R, /K[* < (BI(V = DR, /KP272)3 (BI(N - )R, /KP) =

E|(N - )R /K" < (E|(N -

=1 ol

1) R /K P25 2) 38 (B|(N — 1) By /K [2) =1

Besides,
E|(N — 1)Ei./K|2*2L+2 < 2/ exp ( — CtMLil—l_H/Na)dt ~ Na(2*2L 141) ,
0
2L-141)

E|(N — 1)Ei./K|3*2L+2 < 2/ exp (— ct2*2L1‘1+1/N”)dt N
0

We then have E|R;.|* = o( K2N~'V,) and E|R..|> = o(K3N~15V,). As a result, we get

E(R?) + roB(R}) < K3N~'PV,. (kN + 1),

(R2) 43V, 4+ 73 < KNV, (1 + kN %% + kN~%5 min{k?, N})
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by the fact that 73 < K2k?/N? <V, min{k? N} and hence
(E(R2) +roB(RL)) (B(RS) + 310V, +13) < KAN72V20(1 + k2N "' min{k? N} < 4V}

thus showing Condition (2.5). Finally, for Condition (2.6), we have

N N N N N N
SN Z RjRjRi Ry < K(N—-1)3 > " RyjRymin{R; R}
i=1 j=11#14,j s#i,j i=1 j=1 s;ﬁij
N N N
-1 Y Y RiRuR;. <K(N ZZRUR
i=1 j=1s7#i,j i=1 j=1

A.7 Proof of Theorem (2.3.4

Proof. Let f, and f, be the density function of F'x and Fy, respectively. When k = O(1), if the similarity
graph is the k-MST or the k-NNG, following the approach of|Henze and Penrose| [1999] or|Schilling 1986,
we have

U; k+1 (2)

N S wm( 2)

where j = z,y, p, = hmm,n—)oo

dz almost surely,

and py, =1 —py. Let §; = limy_o0 Uj]:,”j for j = z,y. We then

m+n

have

. Tgr 3\ -1 .
I\/lgnoo N ngn (025 0y )(N> (025 0y)" = a(0z — 5y)2 + b(pyde +pw5y)2a

where ¢ = limy_y 00 UQL and b = limn o0 aﬂ? By Theorem |2.2.1f Var(U,) = O(N), so b > 0. It can be
diff w

showed that p,d; + p,dy > 0 when f; and fo differ on a set of positive measure:

py(src + pac5y =

k(k+1 DDy /Zz zyI;J;((Z:;d 1)
,L x,y il

_ Rk 1)pp} /( ()°

2 Zz IprfZ(z

))d>0

Thus, RISE is consistent.

A.8 Proof of Statement (i)

Let
W =a128 + axVT(Z85 — /1 —1/TZx) + asZx

= alZB + aQ\/TZL]iSiff + (a3 —agVT — 1)Zx.
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We firstly show that, in the usual limit regime,

lim VarB(W) =0 iff a] = ax = as = 0.

N—o0
By the independence of g;’s under the bootstrap null distribution, it is easy to see that

4mn(n —m) (N — 1)%r?
(N—=2)N2  oBoBs

2(N —1)mn(n—m) rg
(N —2)N2 oBoB”’
2N = L)mnro _ 1o
NoBgoB®  r’

COVB(ZU)7 Zdlff)

COVB(ZE7 Zx) =

and COVB(ZEH,ZX) =
As a result, we have \/TCOVB(Z(]%H, Zx) = VT =1 and
Varg(W) =a? + a2(2T — 1) 4 a2 — 2a2a3VT — 1 + 2a1a5VTCovp(Z8, Z84)
+ 2a4(az — agx/ﬁ)CovB(ZB, Zx)
+ 2ag(az — agV'T — 1)VTCovp(Z84, Zx)
=a? + a3 + a3 + 2a,a3Cove(Z5, Zx)
+ 2a1a2 (VT Covp(Z2, Z84) — VT — 1Covs(Z8, Zx)) .

Besides, we have

Covp (Z ) de

VTCovg (28, Z84) — VT — 1Covg (22, Zx)
2(N — 1)mn(n —m) (Q(N —1)r3 B ﬁ)
(N —2)N20B\/r? —rZ

B
2(N — 1)mn(n — m) N

B
O diff

= (% - 13)
(N —2)N26B\/r? — 12
r? —rd

— 0,

3 T,
by Cauchy-Schwarz inequality 72 > r? > rZ. Thus, we have limy_,o, Varg(W) = a3 + a3 + a2 > 0 in
the usual limit regime. This implies that the covariance matrix of the joint limiting distribution is of full
rank. Then by Cramér-Wold device, Statement (i) holds if W is is asymptotically Gaussian distributed
under the bootstrap null distribution when at least one of constants ai, as, a3 is nonzero. We use the

Stein’s method |Chen et al.||2010|, in particular, the following theorem.

Theorem A.8.1 (Stein’s Method, |Chen et al.||2010], Theorem 4.13). Let {51, 1€ j} be a random field
with mean zero, W = Ziej & and Var(W) = 1, for each i € J there exits K; C J such that & and Eke

are independent, then

sup |ER(W)—Eh(Z \/715‘ Z {&mni — E(ﬁmi)}’ + ZE!é}nﬂ (A.2)
1eJ

heLip(1)

where 1; = ZjeKi &, Z 1s the standard normal random variable.
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As long as we show that the right-hand side of (A.2) goes to zero when N — oo, W converges to the

standard normal distribution by Stein’s Theorem. We can represent the graph by
Gr=(V=N,E={(i,j): Rij > 0,i,j € N}),

where N' = {1, ..., N}. To simplify notations, we let p = m/N,q = n/N, and for each edge e = (eT,e7) €
G, let

0 if ge+ # ge-

Je=q 1 if g+ =g =1,

2 if g+ =g.- =0.

We can reorganize W in the following way:

ar (425 (Us = PPN(N = 1)ro) + 524 (U, = *N(N = 1)ro))

o
(lg\/T(UI -U, — (p* — ¢*)N(N — 1)r0) (ag — agV/T — 1)(nX — m)
+ B + B
O diff g
ay e — e — —p?—q?
= ?VRE_ 2 (%(ﬂ(gw =1)—p)(Lge- =1) —p) — M= DT ]l(jB Bor =g )
ecG w w

+ Z 2Re¥(l(ge+ =1)+1(ge- = 1) —2p)

ecG T diff
N
(as —avVT —1)(1(g: = 1) — p)
+Y° 5 .
im1

Define the function h : N” — R such that h(i) = 1(g; = 1) — p,i € N'. Then,
(L(ger =1) = p) (Lge- = 1) —p) = h(et)h(e),
L(Je = 1)+ 1(Je = 2) = p* — ¢* = 2h(e*)h(e™) + (p — @) (h(eT) + h(e7)),
]l(ge+ = 1) + l(ge* = 1) —2p= h(€+) + h(e_) .

Thus, W can be expressed as

w=>" 2R, (;h(eﬂh(e) n <a23ﬁ - “ﬁ‘_%) (h(e™) +h(e>)>

ecGy

N .
n Z (as — aQ\U/]I; — 1)h(7)
=1

N
— ZG: Q{jj%alh(eﬂh(e_) + (a;(]%;T - 0%1((%—92)) Z2Ri'h(i>

N .
n Z (as — agxa/g — 1)h(3)

=Y 2By ey

B
g
ecGy w

N
a2 R;. 2a;1(p — q)R;. as )
+ 70| — + h(i),
; ( pgN(rf — 1) <N -1 O> oB(N-2)  pgN (@)
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where R;. = (N — 1)R;.. Let

_ 2 e (Ri. — o) _ 2a1(p—q)Rs.
on’ " VpaN(i—r3)  oB(N-2) paN

and ge = bOReh(e+)h(e_) ) gz = bzh(l) .

We then have

W= ZfeJerz-

ecGy

Plugging in the expressions of o2, 0B+, B and by

N N 1 N N
RE =) % RiyRu<5) > (Rj+ R NZR2 < N*(N

j=11=1 j=11=1
we have
R;. 1
BN -2~ VN
and

‘R T()‘ 1

‘N\/W? |1|N\/—_TO

|bo

+ B _forieN

— i,

Denote ¢g = 1/4/N27r2 and ¢; = |R;. — ro|/\/N(r? —12) + 1/V/N, for i € N. Next, we apply Theorem

to W= W/+/Varg(W).

We now define some notations on the graph Gi. Let Gi; be the set of edges with one endpoint vertex i,

G 2 be the set of edges with at least one endpoint in G;. Besides, we use nodeg,, to denote the vertex set

connecting by edges in G; excluding the vertex 7 and nodeg, , to denote the vertex set connecting by edges

in G, 2 excluding the vertex i. For each edge e = (i, j) € Gy, we define A, = G U Gyj, Be = G2 UG 2

and C, to be the set of edges that share at least one common vertex with an edge in B..

Let 7 = Gy UN, K. = A.U{e", e} for each edge e = (e*,e™) € Gy and K; = Gy; U {i} for each
vertex i € N. These K.’s, K;’s obviously satisfy the assumptions in Theorem[A:8.T|under the bootstrap

null distribution. Then, we define 7.’s, 7;’s as follows:

Ne = Eet+ + & + Z &, for each edge e € G, and

ecA.

=&+ Z &e, for each node i € V.

e€Gri
By Theorem|A.8.1] we have

sup |Egh(W) — Eph(Z)|
heLip(1)

S s+ 5 e

ecGy
; (ZEBMZ [+ 3 Bolen?]).
V B ecGy
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Our next goal is to find some conditions under which the right hand side (RHS) of inequality (A.3) can
go to zero. Since the limit of Varg (W) is bounded above zero when aq, as, as are not all zeros, the RHS

of inequality (A.3)) goes to zero if the following three terms

)

(A1) EB’ PR (&ni —Es(&imi)) + X cea, (Eene — En(Eene))

(A2) Y7, Eplén?l,
(A3) ZeEGk Eg |§e772‘

go to zero. For (A1), we have

N
EB‘ Z (51’77@‘ - EB(gznz)) + Z (gene - EB(fene))‘

eeGy

<1EB\Z{&?% Ep &m}\HEB\ > (&eme —En(&ene))|

eeGy

7]
ZV&TB 51771 +ZCOVB fmufgm)

i=1 ]

eAf
+ Z Varg (53776) + Z Covp (§e77e7ff77f)

ecGy e,f

N
Z VarB &77@ + Z Z Covp (517717 5]773)

i=1 j€nodeg, ,

+ \/Z Varg(€eme) + Z Z COVB(genevffnf) :

ecGy e€Gy feC.\{e}

The last equality holds as &;n; and {fjnj} are uncorrelated under the bootstrap null distribution,

j¢nodegi72
and &.ne and {&pny} réc, are uncorrelated under the bootstrap null distribution. The covariance part of
the edges is a bit complicated to handle directly, so we decompose it into three parts as follows based on

the relationship of e and f:

Z Z COVB(genevgfnf) = Z Z Covp (geneaéfnf>

e€Gy, feC.\{e} e€Gr fEAN e}

+ Z Z Covg (fenevffnf)

ecGy fEB\A.

+ Z Z Covp (fe"]affnf) :

e€Gy feEC:\B.

With carefully examining these quantities, we can show the following inequalities (A.4)-(A.11). The

details of obtaining lh are provided in Section
N
Z Varg(&m:) 3 Z c; + ¢ Z c; Z Rfj . (A.4)
im1 =1 =1
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N N N N N
S Varn(en) $AYEY Ry + AN R +d Y (LR (A9

e€Gy i=1 =1 i=1 =1 =1 =1
N N
YD Cove(&mn&n) 3. Y. (cociciRij(ei + ¢j) + cieic; RY)
i=1 j€nodeg, , i=1 j€nodeg,,
' (A.6)
+CO‘Z S by ZleR]k’
t=1 j€nodeg, 2
> Y Cove(€ene,&sny)
e€Gy feA:\{e}
N j#l
= Cg Z Z R Ry (Cj (le + Ril) + ¢ (Rji + le) + CiRﬂ)
t=1 j,l€nodeg,,
N £l N (A7)
+ Cg Z Z R Ry (le (Rji + R + Ril) + Z stRls>
i=1 j,l€nodeg,, s=1
N J#l
+ co‘ Z Z RjiRilbjbl‘ .
i=1 7, l6nodecki
N N N N
> Covplene &) 36y Y. Y Y RyRjRiRa . (A.8)
e€Gy fEB:\Ae i=1 j=11%#4,j s#i,j

S Cove(€enme,pmy) = 0. (A.9)

e€Gy feCe\Be

N N N N
S Es(En?) 3D+ B> > R (A.10)
1=1 =1 =1 Jj=1
N N
D Es(len?) 38D z]+COZC R;. +COZR ZR (A.11)
ecGy =1 j=1 =

Based on facts that ¢; X 1 for all s, (A1), (A2) and (A3) go to zero as long as the following conditions
hold:

N
Z =0, (A.12)
N
2 Z ¢ Z RZ, (A.13)
i=1 j=1
N N
A3 S R (A.14)
=1 j=1
N N
o> (D R (A.15)
i=1 j=1



N
oY R =0, (A.16)
N
Z Z (COC'LCjRij (Ci + Cj) + CgCiCjR%j) — 0, (Al?)

N N
> > bib;y RuRjy—0, (A.18)

i=1 jEnodeGi’2 =1
N A
Cg Z Z R;;Ry (Cj(le + Ry) + Cl(Rji + le) + CZ—R]-I) — 0, (A.19)
1=1 j,l€nodeg,,
N j#£l
&> > RjRubib —0, (A.20)
t=1 j,l€nodeg,,
N J#l N
Cg Z Z RjiRil (le(Rji + le + Ril) + Z stRls) — 0, (A.Ql)
i=1 j,lenodecki s=1

N N N N
c ZZ Z Z RijRjRisRsi — 0, (A.22)

i=1 j=117#1,j s7i,j

N N
> Ry R —0. (A.23)

i=1 i—1
Next, we show that the conditions in Theorem 3.1 can ensure (A.12)-(A.23). For Condition (A.12), we

have
i i( [~ — 1ol + 1)3<M+L
i=1 = WNGT-15) T(NGE-aR)T VN

so Condition (A.12) holds when >N |R;. — ro[3/(NV,)™5 = 0. For Condition (A.13), we have

7“0| !R —7"0’ 1
o SRSy SR PRWE S
by Zi:l ijl R} = N(N — 1)rj. Then by Theorem 1 in |Hoeffding [1951] with r taking 3, we have
max;en |Ri. — 70| /v/NV, — 0 when Z]\Ll |R;. — 102/ (NV,)!"5 — 0. Condition (A.14) holds trivially as

2K K
COZZR”_ ng S\/NTT?I_}O-

i=1 j=1

Condition (A.15) is equivalent to 337N (Zjvzl Rfj)2 = o(N*r}). For Condition , we have

N R; — 1o 2
C()ZCR NrdZR (H \lr)

=< 1 ZRZ (Rz - 7“0)2 + (N — 1)7‘0

~ Nry 4 N(r? —rd) Nrq4
Nfli(ﬁfl—rog 2(N = 1)rg
— N(rf —17) Nry 7



which goes to zero under the condition 21 L(Ri. —10)3 = o(N1qV,) and 79 = o(ry). For Condition
(A.17), it is easy to see that

N
§ E 2 § § : 2
CoC; CJ C()CiCjRij .

i=1 j€nodeg,, 1=1 j€nodeg,,

Then by ¢; 3 1, we have

~

N N N
20 R = 2R = ’R;
CoC; Gl O CoC; 55 = Co Ci 14

i=1 j€nodeq,, 1=1 j€nodeg,, =1

N N N
Z Z cgclch”NZ Z c%czR C)ZCZZRz

1=1 j€nodeg,, 1=1 j€nodeg,, i=1

where both the right hand sides go to zero from (A.13) and (A.16). For Condition (A.18), we have

a3 Y bbJZRuRﬂ_Z > > bibjRaRy,

i=1 jGnodeGi 5

I=1i€nodeg,; je€nodeg,, \{i}
N i#£]

=" Y bibjRuRj,

l=1i,j€nodeg,,
which is the same as the condition (A.20). For Condition (A.19), it is easy to see that
N J#l

N J#l
Z Z RjiRilC_]( gl + Rzl Z Z R]lRllCl(R]l + R]l)

i=1 j,l€nodeg,, i=1 j,l€nodeg,,

which means that we only need to deal with the two parts c3 va 1 Z;ﬁnodec R;;Riycj(Rj + Ri) and
) ki
j#1
Cg Zi:l Z;fGHOdCGM RjiRilcile- We have
N J#l

N N N
< Z > RjiRucj(Rji+ Ri) =c§ > Z > ¢jRjiRa(Rj + Ray)

t=1 j,l€nodeg,,

i=1 j=11#j
N N N N N N N
8222% J'L 11+R )+C ZRzzRfjjcngl ZR?j’
i=1j=1 =1 j=1 =1 j=1

J#l

N N N N
Cg Z Z RﬂRlelRﬂ = Cg Z Z Z CiRinilel

i=1 j,l€nodeg,,

i=1 j=11=1
N N N N N
§C ZZZCZRZ] R +R2 C ZRl ZR1237
1=1 j=1[=1 i=1 Jj=1

and 3N R, Z;\le R}, is bounded by (A.23). For Condition (A.20), first we have
bby :( agéj. B 2a1(p — q)R;. n as )( CLQE[. B 2a1(p — q)Ry. n as )
! VPgNV,  oB(N -2) pgN/ \\/pgNV,  oB(N—-2)  /pgN
:a%Rj.Rl. as R;. ( as 2a1(p — q)Rl.) asRy. ( as 2a1(p — q)Rj.)
PNV, /pgNV, \\/pgN  oB(N —2) VOGNV \\/pgN  oB(N —2)
. ( as  2a1(p— Q)Rj~) ( a3 2a1(p—q)Ru
VPN 0B (N =2) /\\/pgN  op(N —2)
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and

Yoo RuRaR.| SN R;iRa|R,|
Y, SRR

i=1 j,l€nodeg,, =1 j=11=1

N N
ZZRﬂR IR, | _ N Rz--\/Zj:l R > R
N 1=1 j=1 Y N2V a =1 Y Ner

N N N N N
i Ri. -~ R2 L R2Y L S R
_ Zz_l \/Zj_l Ji < \/Zz_l i Zz-l Z]_l Jt j /N47’%’r3 '

VN - VN
Then

N J#l

5> Y. RjiRubbil

i=1 j,l€nodcgki

N J#l N J#l = N J#l
R Rl R;;iR;i|R;.| R Ry
=< |2 Lyttt 1| Ljiltit
|6 D RaBagg|+4). D e A D
VN2V, N
i=1 jl€nodeg,, i=1 j,lenodeg, r i=1 j,l€nodeg,
N J7#l R.R. PR
- ‘ 2zt Zj,lEHOdeGki R]lRllRJ'Rl" V/NAr3rd ZZ 1 R2
~ N37r2V, N2r? N3r
N J#l = s
. ‘21:1 2 jlenodec,, RjiRileRb‘ ryoor?
~ 2V, Tt
avr d d

which goes to zero when ‘ Zf\il Z;ﬁnodeck‘ RjiRiléj.El,‘ = o(N3r2V,.) and r; = o(r4). For Condition

(A:21), we have

N J#l N
& Z Z RjiRit(Rj(Rji + Rji + Ry) + Z RjsRys)
i=1 j,l€nodeg,, s=1
N N N N N N N N N
SR 959 STIIERTS 5 55 S SPITIIIRES 5b ob oF ¥
i=1 j=11=1 i=1 j=11#14,j s#i,j i=1 j=11#1,j
Ez L 0 i, Ry (R + RY)
N4rd
N N N N N 2
Zi:l Zj:l Zl;éi,j Zs;ﬁi,j RjiRyRjs Ris Zi:l (Zj:l R?j)
* N4rd + N4rd
N N N
< Zi:l (Zj:l Ri ) Zz 1 Zg 1 Zl;ﬁz,g Zs;ﬁz,j RjiRilesRls
~ N4rd N4rd ’

where the first term goes to zero when ZZ\LI (Z;vzl Rfj)2 = o(N*r}) and the second term is the same
as the condition (A.22). The condition (A.22) holds when
N

Z Rinkl (RikRﬂ + Rilek) = O(N4T§) .
=1 j=1 k#i,j I#i,j

M=
M=
M=

<.

67



For Condition , we have
N N
COZR ZR <COJZsz(ZRQ)2
=1 i i=1

CNrsL (LR SR ()’

3 3,4 )
Nrd rd N3ry

which goes to zero when r; = o(r4) and N | (Zjvzl Rfj)2 3 N3rd.

A.8.1 Proof of Inequalities (A.4)-(A.11)

A.8.1.1 Proof of (A.4)

For each node ¢, we have

Varg (&n;) VarB<§1 &+ Z & ) VarB( (i)* (b7 + bob; Z Rijh(j)))

e€Gy; j€nodeg,,
N4 9 N 2 272 2
=g (h())Es (62 +bobi > Riyh(i)*) - (En(h(0)17))
j€nodeg,,
=(pq* + qp*)En (bf +2b7bo Z Rijh(j) + 705 ( Z Rijh(j))Q)
j€nodeg,, j€nodeg,,

— bip*q?

=pa(p® + ¢* — pg)b} + P*(0° + )P > R}

jE€nodeg,,
Thus,
N N N
S Varn(en) 3 3 cd + 43S
=1 =1 =1 7j=1

A.8.1.2 Proof of 1}

For each edge e = (i,]) € Gy, we have

Eette =boRih(i)h(j) (bih(i) + b;h(j)) + byRZ; h(i)*h(j)?
+O5R(PR() Y Rah(l) + b3Rih(DR(G)? Y Rih(l).

lenodeg, ; \{j} l6n0degkj\{i}

Then we have Eg(£.n.) = bgR?ijqz and

Eg(&ene)® — bR p " < bIRZ (b7 + b3) + b3 (|bs] + b RS,

+b4R2( > R+ Y R?j)

lenodeg,; \{j} lEnodeij\{i}

3Ry (c + ) + e + ¢)RY;

+c§R§j( > R+ Y R?j).

lenodeg,; lEnodeGk.
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Thus,

N N
Z Varg (&) jZZ( SR (6 + ¢+ cylei + ¢5)RY;

e€Gy =1 j=1

teRL( Y Rt Y RY)

l€nodeg,, lEnodeij
N N
522( R2(c2 +c2) + ch(ci + ;)RS + AR ZR +Y R )
i=1 j=1
N N N N N N 9
@YY R Y R Y (L)
=1 Jj=1 =1 j=1 =1 j=1

A.8.1.3 Proof of (A.6)
We can further decompose (A.6) as

N
Z Z Covg (&ni, &nj)

i=1 j€nodeg, ,\{i}

N N
= Z Z Covg (&mir &my) + Z Z Covg (&mi &15) -

i=1 j€nodeg,, i=1 jenodeg, ,\nodeg,,

For j € nodeg, which means node j connects to node 4 directly, we have

IEB(mzfma)
JEB(h (02 +bob; > R h(kn) (02 +bob; > Rijh(k:Q)))

ki€nodeg,, k2 Gnode(;kj
= (h(i)2h(7)? (62 + bobi Righ()) (V2 + bob; Rih(i)) )

+Es (B0 hGRGP( Y Rwh())( Y Ruh(k)

k1€nodeg, , \{j} kzenodegkj \{:}
and
Eg (&m:)Es (&;m;) = (b7pg)(b7pq) -
Combining with Eg (h(i)*) = pq(q — p), we have
Covg (&mi,&5m;) =p*¢*(q — p)bobib; Rij (bi + b))

N
+p°¢%(q — p)*b3bib; RY, + p°q®b3bib; > RauRj:.
=1
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Thus, we have

N
Z > Cove(&mi&mj) — 3boz > bib; Y RaRj
=1

1=1 j€nodeg,, 1=1 j€nodeg,,
N

30D (1bollbillbs | Ris (10] + [b,]) + B[00 RE))

1=1 j€nodeg,,
N
E § 2 2
:j (C()CiCjRij (Ci + Cj) + COCiCjRij) .
1=1 j€nodeg,,

For j € nodeg, ,\nodeg,, which means node j does not connect to node ¢ directly, we have

IEB(ﬂhfma)
JEB(h (07 +bob; > R h(kn)) (02 +bob; > Rjk.Qh(k:Q)))

kl€node(;M kQGnodeij
=B (h(i)*h(j)25?)
+ B (B0 h(PRG (> Rih(E0)) (S Rih(k)),

k1 Enodecki ko Enodeckj
which implies that

N
Covg (&, &5115) = P b3bib; Z RuRj .
=1

As a result,
N N
> > Covg (&mi &5nj) = p°¢°bg > bib; Y RixRjp .
i=1 jEnodeGi’2 \nodeg, , jEnodeGig\nodeGki k=1

Hence,

N N
Z Z COVB (&771, fj?]j) i Z Z (CociCjRij(Ci + Cj) + C%CiCjR?j)

i=1 jE€nodeg, i=1 j€nodeg, ,
J i,2 J ki

+CO‘Z Z bb ZRle]l

1=1 j€nodeg, 2

A.8.1.4 Proof of 1}
For f € A.\{e} which means e and f have one common node, let’s call e = (1,2), f = (2,3). We can

firstly write §(1,2)1(1,2) and £(2,3)7(2,3) as
'5(1,2)77(1,2)
=boh(1)h(2) (b1h(1) + b2h(2)) Ri2
+ B3h(1)R(2) Riz (A(1)A(2) Rz + A(1)A(3) Rag + h(2)h(3) Ras)

+65h(1)*h(2) Rz > Rujh(3) + b3h(1)h(2)* Raz > Rajh(j),

j€nodeg,, \{2,3} jenodeg,, \{1,3}
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5(2,3)77(2,3)
=boh(2)h(3) (b2h(2) + b3h(3)) Ras
+ B3(2)(3) Ras (A(2)(3) Ras + A(1)A(3) Rag + h(1)h(2) Ruz)

+ b2h(2)%h(3) Ras > Ro;h(j) + b2h(2)h(3)* Ras > R3;h(j) .
j€nodeg,,\{1,3} j€nodeg, ,\{1,2}

Note that

Eg(h(i)) =0, Eg(h()®) =pq, Es(h()®) =pe(¢—p), Es(h(i)*) =pe(@® +¢*),

we have
Ep (5(1,2)77(1,2)5(2,3)77(2,3))
=p°¢° b5 Ri2 Ras (ble + (¢ — p)bob1 (R13 + Ra23) + 2(q — p)boba R13
+ (¢ — p)bobs(R12 + Ri3) + (p° + ¢°)bg R12Ros
+(q = p)*b3R13(2R12 + Riz + 2Rag)
N
+ (0 + ¢*)biR12Ros + p'q" b3 (D> RijRs; — 312332))
j=1
and

Es (£01,270,2)) Es (§2.3)M023) = p'a" bgRi, R,

which further implies that

Covi (§1.,2)101,2),2,3)M2,3)) — P°¢° b R12 Rasbibs
3 bgR1sz3(|bo||bl|(R13 + Ra3) + |bol|bs|(R12 + Ris) + |bo||b2| R13
N
+ b%RlS(Rlz + Ri3 + Rgg) + bg Z lejo)
=1

2 o RiaRos (Cl(RIB + Ra3) + c3(Ri2 + Ri3) + 2R3

N
+ coR13(R12 + Ris + Ra3) + ¢o Z leR3j> .

j=1
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As a result,

N £l
Z Z Covp(&ene, Efny) = Z Z Covi (.01 E6.k i k) )
e€Gy feA\{e} i=1 j,l€nodeg,;

N j#l
e Z Z RjiRik(c;(Rjk + Rir) + cu(Rji + Rji) + ¢iRjy)

1=1 j,l€nodeg,,

N VE N
+ Cg Z Z R Ry (le(Rji + Ry + Ril) + Z stRls)
i=1 j,l€nodeg, s=1
N J#l

+ CO‘ Z Z RﬂRzlb bl‘

i=1 j, lenodeckl

A.8.1.5 Proof of (A.8)
For f € B.,\ A, which means f and e have no common nodes, let us call e = (1,2) and f = (3,4). We

can ﬁI‘Stly write 5(1 2)7(1,2) and 5(3 4)7(3,4) as

§1,2)M0,2) = boh(1)h(2) (bih(1) + b2h(2)) Raa + byh(1)*h(2)* R,
)h(2)Riz2 (h(1)A(3) Rz + h(1)h(4) Rua)
1)1(2) Rz (7(2)1(3) Ras + 1(2)h(4) Roa)
1)%h(2)Ri2 >, Ry;h(j)

j€nodeg, ; \{2,3,4}

+ 02h(1)h(2)?Ri2 > Rojh(j),
j€nodeg, ,\{1,3,4}

&Mm@@:%M@M@@m@ﬂwmunmﬂ+ﬁma%ufﬁ4
+ B3R(3)h(4) Raa (R(L(3) Bus + h(DR(1)R1a)
+ BR(3)h(4) Raa (h(2)1(3) Ras + h(2)h(4) Ras )

+ b2h(3)%h(4) Ray > R3;h(j)

j€nodeg, ;\{1,2,4}

+ Ugh(3)h(4)? Raa Z Rajh(j).

j€nodeg, ,\{1,2,3}

+ bah(1

h(
oh(
+b2(

As a result, we have

Eg (£0.,2)10,286.4)6,4) = P q bR R3, + p'q'byRia Raa (2R13 Raa + 2R14 Ra3)

and

Covi (£1,2)M(1,2),€3.4)13,4)) = 20" " by R12Ras(R1sRos + Ri4Ro3) .
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Then
Z Z Covp(&ene, Esny) 2 by Z Z ReRf(Re+f+Re—f— + Re+f—Reff+)

e€G feB\A. e€G feB:\A.
N N N N

3Y YY" Y RyRjRiR. .

i=1 j=1 10,5 s#i,j
A.8.1.6 Proof of (A.9)

When f € C.\Be, let us call e = (1,2) and f = (3,4). We can firstly write £1,2)7(1,2) and §s,4y7(3,4) as

£a,2)M(1,2) =boh(1)h(2) (b1h(1) + bah(2)) Ri2 + b3h(1)*h(2)*R3,

+ 0gh(1)%h(2) Ri2 > Ry;h(j)
jenOdCle\{2’374}
+ bgh(1)h(2)* Ri2 Z Ry;h(j)

j€nodeg,,\{1,3,4}

3,4)7(3,4) =boh(3)h(4) (b3h(3) + bah(4)) Rss + b3h(3)*h(4)* R3,

+ b5h(3)h(4) Raa > Ra;h(j)
j€nodeg, ;\{1,2,4}
+ 2h(3)h(4)? Ray > Ryjh(j) .

j€nodeg, ,\{1,2,3}

As a result, we have

Es (£a1.2)701.2)86,0M6,4) = P ¢ bR R5, = Es(1,2)101,2)) Es (§63,473,1)) »

which implies that

Z Z COVB(genagfnf) =0.

eeG feC.\B.
A.8.1.7 Proof of (A.10)

EB(\&U?D:EB<|bih(i)|(bih(i)+boh(i) Z Rijh(j))2)

j€nodeg,;

=Eg (b)) Es(bi+b0 Y. Rih(j))

jEnodeGki

N
= |bilpa(p? + ) (0 + patd > R?),

j=1
which implies that
N N N N N N
S Es(l&m?l) = Y bilpa(? + ¢ 67 +pal > R 3D+ E D iy R
i=1 i=1 j=1 i=1 i=1  j=1
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A.8.1.8 Proof of (A.11)

EB(K&M?)
—~Es ([boh(e (e ™) Rel (ber h(et) + be- h(e™) + boh(e* () Re

+ boh(et) 3 R+ jh(j) + boh(e™) 3 Re_lh(l))2>

j€nodegke+\{e*} lEnodeGk67 \{et}
—Es (|boh(e (e ™) Rel (ber h(et) + be- h(e) + boh(e (e R) )

+ B (WA RI () DT ReghG)+heT) Y Reah®))

j€nodecke+ \{e"} lEnodeer_ \{et}

=Ei (Jboh(e )h(e™)Re (ber h(et) + be- hle™) + boh(e T )h(e ) Re)?)

+ 2% (p* + ¢?)|bo|* R ZRE+J+ZR -~ 2R?)

+20°¢*(q — p)?|bo|’ Re Z ReijR.-
j=1

N
3 [bol*RE + |bo| Re (524 + b2-) + |bo|* Re ( ZRM +Y R,
Jj=1 j
which shows that
3 Ep(l6ln?) j (100l B2 + [bol Re (624 + b2-) + [bol* Re ( ZRG+]+ZR ))

ecGy, Gy, j=1

5

I
M= &

|bol B2, + [bo| Riy (b2 + b2) + bo|® R”Z R? +R2))

i=1 =1 =1
N JN N
jZZ(CORz]JFCORU ¢ +C)+COR“Z +R§l))
i=1 j=1 =1
NN
iCSZZRerCOZCR +COZR ZR
i=1 j=1 i=1

A.9 Additional numeric results
A.9.1 Corner cases in Theorem [2.2.2]

We check the corner cases, (C1) and (C2), through some simple simulations. We generate datasets from
the standard multivariate multivariate Gaussian distribution with different sample size N’s and dimension
d’s. For each dataset, we calculate the two ratios r#/rg and (N — 2)Vy/(2(N — 1)V;). The procedure is
repeated 1, 000 times for each combination of N € {50, 100,200 } and d € {50, 1000 } using R constructed
by the graph-induced rank in the k-NNG and the overall rank in the k-MDP, respectively, where k is set
as 5, [N%®] and [N%#®], respectively. Among these 18,000 simulation runs, the smallest rf/r3 value is
1.049 and the smallest (N — 2)Vd/(2(N — 1)VT) value is 3.219. They are all larger than 1. The boxplots
of the two corner conditions under each combination of k, d and N are showed in Figure
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A.9.2 Results for m = 50,n = 100

Here we present the results for m = 50,n = 100 and d € {200,500,1000}. The results show the similar
pattern as those for m = n = 50 in Section 4.3.

A.9.3 Exploration on graphs

We generate i.i.d. samples of X; ~ Fxy and Y; ~ Fy, and set d = 500 and vary the sample sizes (m,n).
Three combinations of (Fx, Fy ) are considered. Figureshows how the power varies with A such that
k = [N*] and the nominal significance level is set as 0.05. We see that the optimal k varies for different
settings and it is reasonable to choose A = 0.65 for both the k&-NNG and the k-MDP to achieve adequate
power. Besides, Rg-NN performs better than R,-MDP.
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Figure A.1. Boxplots of the two corner conditions.



Table A.1. Empirical sizes of the tests under the four settings when the nominal significance level
a = 0.01 and 0.05, respectively, for m = 50,n = 100 and d = 200, 500, 1000.

Setting 1 Setting I1 Setting 111 Setting IV
a=0.01 | 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
R,-NN 0.01 0.01 0.01 | 0.01 0.01 0.01 |0.01 0.01 0.01 001 0.01 o0.01
R.,-MDP | 0.01 0.02 0.01 | 0.01 0.01 0.01 | 0.01 0.01 0.01 | 0.02 0.01 0.01
GET 0.01 0.01 0.01 | 0.01 0.01 0.02 001 001 0.01 |0.00 0.00 0.01
CM 0.00 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00 0.00
MT 0.01 0.00 0.01 |0.01 0.01 o0.01 001 001 001001 0.01 o0.01
BD 0.01 0.01 0.01 |{0.01 0.01 0.01 001 001 0.01 |0.01 0.01 o0.01
GLP 0.01 0.01 0.01 | 0.03 0.04 0.03 | 006 0.06 0.07 |0.02 0.01 0.02
HD 0.01 001 0.01 |0.01 0.01 0.01 000 000 0.010.01 0.01 0.00
MMD 0.00 0.00 0.00 | 0.00 0.00 0.00 |0.00 0.00 0.00|0.01 0.00 o0.01
Setting 1 Setting I1 Setting 111 Setting IV
a=0.05 | 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
R.-NN 0.04 0.04 0.05 | 0.05 0.06 0.05 005 006 0.06|0.04 0.04 0.03
R,-MDP | 0.04 0.06 0.05 | 0.05 0.06 0.06 | 0.05 0.06 0.05 | 0.06 0.05 0.05
GET 0.04 0.06 0.04 | 0.04 0.06 0.05 | 005 005 0.04 | 0.04 0.04 0.04
CM 0.05 0.05 0.04 | 0.04 0.05 0.05 | 006 0.04 0.05|0.06 0.04 0.05
MT 0.05 0.06 0.06 | 0.05 0.06 0.04 | 0.06 0.06 0.05 [ 0.06 0.05 0.05
BD 0.05 0.06 0.05 | 0.06 0.06 0.05 006 0.05 0.05]|0.06 0.04 0.05
GLP 0.04 0.05 0.05 | 0.08 0.09 0.09 | 0.08 0.08 0.09 | 0.06 0.05 0.06
HD 0.04 0.05 0.04 | 0.05 0.04 0.05 | 003 0.03 0.04 | 0.03 0.02 0.02
MMD 0.00 0.00 0.00 | 0.01 0.01 0.01 001 000 0.000.02 0.01 o0.01
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Table A.2. Estimated power of the tests with a = 0.05 under the multivariate Gaussian distribution
(Setting I) and the Gaussian mixture distribution (Setting II) for m = 50,n = 100 and d = 200, 500,

1000.
Setting I (a) Setting I (b) Setting I (c) Setting I (d)
Method 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
R,-NN 80 75 70 97 90 81 82 90 95 100 99 100
R,-MDP | 74 71 66 94 85 73 88 96 98 99 98 99
GET 73 67 61 92 82 71 7t 87 92 97 96 96
CM 36 35 33 51 40 33 4 6 6 83 81 80
MT 100 100 99 8 6 7 5 5 5 17 17 18
BD 91 76 o6 68 48 30 94 99 100 26 28 26
GLP 73 60 45 15 13 14 7 8 4 8 6 )
HD 6 6 ) 6 7 5 72 88 93 8 9 7
MMD 99 94 58 100 99 60 0 0 0 1 0 0
Setting I (e) Setting II (a) Setting II (b) Setting II (c)
Method 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
Rg-NN 100 100 100 74 92 99 83 83 83 92 87 81
Ro,-MDP | 100 100 99 52 68 78 34 36 36 83 86 89
GET 99 99 98 65 88 97 84 83 85 80 72 67
CM 88 88 86 20 30 33 6 ) 5 78 80 80
MT 18 18 19 71 82 84 5 6 4 9 12 16
BD 37 35 33 56 69 89 52 42 41 9 12 17
GLP 9 10 4 10 8 8 8 9 9 9 10 9
HD 8 9 7 ) 4 4 4 5 4 5 5 4
MMD 9 0 0 2 1 2 1 1 1 2 1 1
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Table A.3. Estimated power of the tests with @ = 0.05 under the multivariate log-normal distribution
(Setting IIT) for m = 50,n = 100 and d = 200, 500, 1000.

Setting III (a) Setting III (b) Setting III (c) Setting III (d)
Method 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
Rs-NN 8 8 85 98 95 83 | 42 46 48 72 78 78
Ro,-MDP | 98 99 98 91 90 78 60 72 7 91 96 97
GET 84 82 78 93 83 61 40 42 44 69 73 74
CM 24 23 21 44 38 32 6 7 7 13 13 14
MT 99 99 98 13 21 39 22 26 22 84 8 79
BD 97 99 98 22 19 14 71 82 84 93 98 98
GLP 8% 74 62 22 30 36 12 10 10 26 20 18
HD 3 46 49 5 5 4 19 28 31 29 4 50
MMD 96 87 62 100 100 7 32 16 3 76 60 35

Table A.4. Estimated power of the tests with a = 0.05 under the multivariate ¢5 distribution (Setting

IV) for m = 50,n = 100 and d = 200, 500, 1000.

Setting IV (a) Setting IV (b) Setting IV (c) Setting IV (d)

Method | 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000
R,-NN 91 81 72 93 80 66 87 69 56 95 85 75
Ro,-MDP | 81 78 69 85 76 62 100 99 99 95 95 94
GET 79 58 47 80 54 38 78 44 21 86 69 56
CM 33 29 25 36 31 22 89 88 86 62 64 99
MT 99 99 99 10 10 7 22 24 28 92 92 86
BD 8 5 6 6 4 6 7776 81 8 5 6
GLP 67 54 44 7 10 9 53 o1 50 66 49 39
HD 3 2 3 3 2 2 23 24 23 3 2 2
MMD 90 52 14 88 31 8 51 51 53 87 52 16
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Figure A.2. Estimated power of Rg-NN and Ro-MDP with & = [N*] over 1000 repetitions un-
der each setting. The three settings are: (Nd(Od,Id),Nd(élld,Id)), (t3(0d,Id),t3(621d,63Id)) and
(Cauchy 4(04, 14), Cauchy,(6414,1a)) where 61 = A=, &2 = A=, 93 = (1+ 22=)? and 61 = L.

X VNd’ VNd
Here 6;’s are set to make these tests have moderate power.

7
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Appendix B

Appendix for Chapter 3

B.1 Proof of Theorem [3.3.1

To prove the statement (i), it is sufficient to show that for and fixed M € Z™T,

(Zw([nul]), cl, Zu,([nuM]), Zdiff([nul]), e, Zdiff([nuM])>

converges to a multivariate Gaussian distribution when n — oo for any 0 < u; < us < ... < wup; < 1 and
Cov(Zy(u), Zaig(v)) = 0 for any 0 < u,v < 1 as n — oo. To simplify the notations, denote t,, = [nu,]
form=1,..., M.

At first, let us recall the permutation distribution. Let 7 (i) be the observed time of y; after per-
mutation. Then (7(1),7(2),...,7(n)) is a permutation of 1,...,n. To obtain the permutation distri-
bution, we can do it in two steps: (1) For each 4,7 () is sampled uniformly from 1 to n;(2) only those
(7(1),7(2),...,7(n)) such that each value in {1,...,n} is sampled once are retained. It is not hard to see
that each permutation has the same occurrence probability after these two steps. We call the distribution
resulting from only performing the first step the bootstrap distribution, and use IPg, Eg, Varg, Covg to de-
note the probability, expectation, variance, and covariance under the bootstrap distribution, respectively.
In this section, the corresponding quantities with the subscript B are used to denote the equivalences
under the bootstrap distribution. Let n®(t) = 31, 1(7(i) < t) and XZ(t) = (n®(t) —t)/o®(t) where
oB(t) is the standard deviation of n”(¢) under the bootstrap null distribution.

By the independence of 7(z) under the bootstrap null distribution, we have

Varg (Uy (1)) = 2t%(n filz(n “D2, An - t):;(n _ 1)2T% |
Varp (Uy(0) = 220D g dln O
SR S
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which implies that

n—1
n(n — 2)

pae(t) = Ep(Uais(t)) = (n—1)(2t —n)ro,

fi(t) = B (Uw(t)) = (nt(n —t) =12 — (n = 1)*)ro,

and
(0B(1))? = Varg (U () = 2(n — 1);2(71 _ t)Qrﬁ LA - 1)(2”(?_2;2);2% _ n)2r$ |
(B (0)* = Var (Ua(t) = 20Dl e.
(O’B<t))2 — Varg (nB(t)) _ t(nn— t)

By defining Z3(t) = (Uw (t)—puy (1)) /00 (t), ZEa(t) = (Uaist ()~ (t)) /o ige (£), we express (Zy,(t), Zga (1))

in the following way:

B B 3
Z0\ _ (35 0 (e, [ O
P o o (t) B 13iee () — poggige (1)
Zaige (1) 0 2#%/ \Zas() ok (t) B.1)
oB(t B(t)—uP (¢ ’
_ o%,ugt; 0 27]13) (t) = (0')5 (;L)“( )

—

0 n% \/TZcEigiﬁ‘(t) + e (1) — piggige (1)

o8t (1)

where T = 7% /(r? — 7‘0) To prove Theorem 3.1, we only need to prove the following two lemmas. The

proof of Lemma is in Appendix and of Lemma is in Appendix|[B.6]

Lemma B.1.1. Under the conditions in Theorem, we have, for 0 < u; < us < ... < up < 1, under the

bootstrap null distribution,
(250, 28 ),

VT (Z5g(t) = V1= 1/TXP (1)), ... VT (Z5g(tm) — V1= 1/TXP(tu)),
XBUQP”,XB@MD

is multivariate normal and the covariance matriz of
(XP(t), ..., X (tm))
is positive definite.
Lemma B.1.2. We have
()] 00 (8) = cws () — 1y (1)) fou (8) = 0; (ndige (1) — pcin (1)) /o () — 0

for any fixed t, where c,, is a positive constant.
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By Lemma|B.1.1} we have
(Zg(t1>7 sy Zg(tM)u

VT(ZE:(t) — V1= 1TXE(t1)),... VT (ZEz(tm) — V1 — 1/TXP(tar))

| XP (), X (tar))
is multivariate normal under the bootstrap distribution. Besides,

(ZB(t1), ..., ZB(tm) VT ZEg (1), ... . NTZEg(tar) | XB(t1) = 0,... XB(tyr) = 0)
under the bootstrap distribution has the same distribution as
(Zg(tl)v ) Zf(tM)a ﬁzﬁﬁ(tl)a BRI} ﬁzcﬁﬁ(tM))

under the permutation distribution. Then with Lemma and the decomposition (B.1), we finish the

proof.

B.2 Proof of Theorem [3.3.2]

We only show the detailed derivation of pjjq(u,v), and pf (u,v) can be derived similarly. Denote

paife(u, v) := COV(Zdig([nu]), Zdig([nv])), then
pziff(u7 U) = nh—{go pdiff(u7 U) .
Let s = [nu],t = [nv]. Without loss of generality, we assume u < v and thus s < ¢. Since

Cov(Zain(s), Zaire (1))

\/Var Us(s ))Var(Ul() U2(t)) ’

where the expressions for E(Uy(s) — Ua(s)), E(Uy(t) — Us(t)), Var(Ui(s) — Ua(s)), Var(Ui(t) — Ua(t))
follow easily from Section So we only need to figure out

E((Us(s) — Us(s)) (U (t) — Ua(t))) =
E(Ui(s)U1(t)) — B(Ui(s)Ux(t)) — E(Ua(s)Us (1)) + E(Ua(s)Ua(t)) -

Define 1f = 1(n(i) <t) , we can represent Uy (t) and Ux(t) under the permutation null distribution as

t t n n
=2 Ry=3 > RyLil;
i=1j=1 i=1j=1

and



It is easy to see that for all different i, j, k, [, we have

E(]lf]lj]lz]lj)_zgz 11>) = ay(s),

E(13101) = S0 ().

E(I1141]) = 1o g g = aale ).
E(1315(1 - 15)(1 - 1%)) = SS(;l)in(;”g(; t;)l) = by (s, 1)
B((1- 190 - 1)) = I e

E((1 - 13)(1 - 15)141}) = k)] (o Sn(i)itnfn)jg —0t-1) _ ea(s,t)
E((1-15)(1 - 15)L;1}) =
t—s)t—s—1(n—s—-2)(n—s5-3) s(s—1)(n—s)(n—s—1) = cy(s,1)
n(n—1)(n—2)(n —3) nn—1)(n—-2)(n—-3) T
E((1- 1)1~ 1)1 - 191 - 1) = =D a,
B((1- 190 - 1)1 - 1) - 1) = PEIE IO Z gy,
E((1- 1901 - 15)(1 - 1)(1 - 1)) = SO B ),
Then it is easy to obtain that
E(U1(s)U1(t) =23 Y ar(s)Ry +4) > Z as (s, t)Rij Ry
i=1 j=1 i=1 j=11=1,l#j
+ Z a3(s,t)Rinkl
iF#jFERFL
=2a;(s)n(n — 1)r2 + 4a2(s t)(n(n—1)*rf — n(n —1)r3)
+ as(s, t)(n*(n — 1)°r§ — 4n(n — 1)%r7 + 2n(n — 1)r3)
=2(a1(s) — 2as(s, t) + as(s,t))n(n — 1)r}
+ 4(az(s, t) — ag(s, t))n(n — 1)°r7 + as(s,t)n*(n — 1)°rg
E(U1(s)Us(t)) =b1(s,t)(n*(n — 1)*r§ — 4n(n — 1)*r7 + 2n(n — 1)r3),

]E(Ug( YU (¢t )) (cl( ) — 2ca(s,t) + c;;(s,t))n(n —1)r2

+4(ea(s,t) — ez(s,t))n(n — 1)*r] + as(s, t)n*(n — 1)*r]
E(Ux(s)Ua(t)) =2(di(s) — 2da(s, t) + d3(s,t))n(n — 1)r3
+4(da(s, 1) — ds(s, t))n(n — 1)%r] + dz(s,t)n*(n — 1)rg .
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As a result, we have

s(n —1t) (n(n —1)%r? —n(n — 1)%3)

E((U1(s) ~ Ua(s) (2(1) ~ 1(0))) = W= 1)

=s(n—t)(n—1)(r2 —12),

and hence,
Cov (zan(s) Zn () = = EE s

Then we have for u < v,

u(l —v) .
(1 —w)v(l—w)

Sig(w,v) = lim paig(u,v) =
pai(u,v) = i paigr (u, v) NG
Similarly, for u > v, we have
B v(l —u)
Vo —v)u(l —u)’

and the result in the proposition follows. Following the same routine, we can get

Paitr (U, v)

uAv)(1—(uVw))
uVo)(1l—(uAv))’

pin(u) = ¢

which finishes the proof.

B.3 The third moment

Theorem B.3.1. We have
E(Us (1) = ¢!E(UL (1) + p/E(U3 (1))
+ 3qum (@B (UROU(6) + nE(U (OUZ (1)) )

E(Udi (1) = E(U () — 3B(UF (1)U2(1)) + 3E(U1()U3 (1) — E(U3(1))
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where py =t/n and ¢t =1 — p; and

E(U(t)) =4p1(t)S1 + 24p2(£)(S2 — S1) + 8p2(t)S5 + 6p3(t)(Sa — 455 + 251)
+ 8p3(t)(S5 — 352 + 251) + 24p3(t)(Se — S3 — 2S5 + S1)
+12p4(t)(S7 — 456 — 2S5 — Sy + 253 + 108, — 45)
+ p5(t)(Ss — 1257 + 2456 + 1655 + 654 — 853 — 4855 + 1657),
E(U3(t)) =4p1(n — t)S1 + 24pa(n — t)(Sz — S1) + 8pa(n — 1)S;
+ 6p3(n —t)(Sy — 452 + 257)
+ 8p3(n — t)(Ss — 35y + 251) + 24ps(n — t)(Sg — S3 — 252 + S1)
+ 12p4(n — t)(S7 — 486 — 2S5 — Sy + 253 + 10Sy — 45;)
+ ps(n — t)(Sg — 1257 + 245 4 1685 + 654 — 853 — 485, + 16S)),
E(UT (t)Us(t)) =2ps(t)(Ss — 452 + 251)
+ 4p7(t)(S7 — 4S5 — 2S5 — Sy + 255 + 105, — 45))
+ ps(t)(Sg — 1257 + 2455 4 1685 + 654 — 853 — 4855 + 165)),
E(U: (U3 (t)) =2ps(n — t)(Sa — 455 + 251)
+ 4p7(n — t)(S7 — 4S5 — 2S5 — Sy + 2S5 + 105, — 45))

+ pg(n — t)(58 — 1257 + 245 + 1655 + 654 — 853 — 4855 + 16S1) s

and Sy = Z:’L:l Z?:l W Zz 1 Z;L 1 Zlc 1 RijRik,
Ss = Z Z Z Rij R Ry

i=1 j=1k=1

n n n n
2 2 2. 2
Sy = g E E E R Ry = n”(n — 1)"rory,
i=1 j=1k=1l=1
n n n

DD W 233

i=1 j=1k=11=1

TR0 3 3 WIS ) gy A
i=1 j=1k=11=1 j=1k=1

SED 9 99 WL ST
i=1 j=1k=1u=1v=1
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Proof. The expression is obtained by basic calculation. We now derive E(U7(t)), E(U3(t)),
E(UZ(t)U3(t)) and E(U{ (t)U3(t)). First, we have

E(UF1) =E(D_ D > >33 RijRuR, 1000141710 1Y)
i=1 j=1k=11=1 u=1lv=1
n zn:zn: . iRinklRwlP(]lﬁ =1 =1,=1/=1, =1, =1).

1k=11=1u=1v=1

n

=1y

There are in total eight different configurations for the three index pairs (i, j), (k, 1), (u, v). The probability
P(1! =1t =1} =1} = 1!, = 1! = 1) depends only on the number of unique indices. We consider the

eight configurations and their associated summations separately:
1. The three pairs are the same: 4p(¢)Sh;
2. Two pairs are the same and share one index with the third pair: 24py(¢)(Ss — S1);
3. The three pairs form a triangle: 8ps(t)Ss;
4. Two pairs are the same and do not share any index with the third pair: 6p3(¢)(Ss — 452 + 251);

5. The three pairs share one index, and neither of them share the other index (star-shaped): 8ps(¢)(S5—
35y +251);

6. One pair share one index with another pair and share the other index with the third pair. No index

sharing between the second and the third index (linear chain): 24p3(t)(Sg — S5 — 252 + S1);

7. Two pairs share one index, and share no index with the third pair: 12p4(¢)(S7 — 456 — 2S5 — Sy +
253 + 105y — 45);

8. No pair shares any node: ps(t)(Ss — 1257 4+ 2456 + 1655 + 654 — 853 — 4855 + 1657).

By adding these terms together, we obtain E(U;(t)), and E(U3(t)) can be obtained similarly. Then, we

have

There are three different configurations for P(1} = 15 = 1} = 1} = 1,1f, = 1!, = 0) # 0, as illustrated
by Figure, where the pair (u,v) must not have any overlap with the first two pairs (¢,7) and (k,1). We

consider the three configurations and their associated summations separately:
1. The first two pairs are the same: 2pg(t)(Sy — 452251);

2. The first two pairs share one index: 4p7(t)(S7 —4Ss — 255 — Sy + 253 + 1055 — 457);
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3. The first two pairs share no index: pg(t)(Ss — 1257 + 2456 + 1655 + 65, — 853 — 4855 + 1657 );

By adding these terms together, we obtain IE(UZ(t)Uz(t)), and IE (U1 (t)U3(t)) can be obtained similarly.
O

B.4 Proof of Theorem [3.3.3

Here we only show the consistency of T for the change-point alternative. The consistency for the changed

interval alternative and the consistency of Mg follow similarly. Let fy and f; be the density function of

Fy and Fi, respectively. For 0 < § < 1, define

Ay(6) = lim U;(on) — E(U;(6n))

n—00 n

for j=1,2.

If the k-MST or the k-NNG is used, following the approach of |Henze and Penrose|[1999| or|Schilling
11986, we have

_ k(k+1) §2f2(2) L k(k+1)
Ai(0) == / FGEIECN 2
k(k +1)8° / f3(2) = (who(z) + (1 — w) f1(2)) ((2 = w) fo(x) + (w — 1) f1(z))
2 wio(z) + (1 —w)fi(z)
k(k+1)62(1 — w)? (fo(2) = f1(2))
> / wh(2) + A-wh@) =0
kD) [ (@ -0f) + A-wA() | kE+1)
A2(0) = == / ch) +-—Dh(z) 77 2

dz

(1-48)* = A1(9)

for 0 < §d <w and

2 who(z) + (1 —w)fi(2) de——==5—9

_ k(k+1)(1 - 5)%? / (fo(2) = fi(2))”
2

Ay (5) = kE(k+1) / (wfo(z) + (6 —w)fi(z)) k(k+1)

dz>0

wfo(z) + (1 =w)filz)

) Q-wPfe) kD,
80 =" | A = A

for w < § < 1. Following Theorem 3.3 of|Zhou and Chen||2021|, we can show that

T(5) = ad(1 —6)(A1(0) — A2(8))” + 2b((1 — 6)A1(8) + 6A2(5))?

462(1 = 6)?
B b((l —0)A1(6) +6A2(5))2 B bA3(6)
- 202(1 — §)2 ©282(1—46)2
where
. 1
a= lim ——— >0,

T g
n 1

T kkr D)2k 1)

b= lim
2 (0= D) — ) — 200~ (17— 73)

>0.
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Then, it is easy to see that

T(6) < T(w) = g(

E(k+ Dw(l —w) / (fo(2) —fl(Z))2
2 wfo(z) + (1 —w)fi

and the maximum value is attained if and only if § = w. We observe that

& dz>2 (B.3)

{lo —w| > €} C { sup (TR([un]) - TR([wn])) > 0}

[lu—w|>e n n
and T T
wp (Dellon)) _ Ta(lon))) _
[lu—w|>e n n
T T
sup Trllun]) _ sup T(u) — (M - T(w)) + ( sup T(u)— T(w)) .
[lu—w|>e n lu—w|>e n Jlu—w|>e

At first, we have

sup T(u) —T(w) <0

[lu—w|>e

by (B.3). Besides,

i Zem)

n—00 n
by Theorem 3.3 of|Zhou and Chen||2021]. Finally,

T
sup Tr(lun)) _ sup T(u) < sup (fun]) _ T(u)‘ Lo
[lu—w|>e n [lu—w|>e lu—w|>e€ n
by Assumption As a result,
T T
P —w>e) <P sup (2L Trlendy s g o

[u—w|>e n n

which proves the consistency of the detected change-point. We then study the p-value. Let p(-) be the
estimated p-value of max,,<i<n, Tr(t) > b defined by . By Assumption and the continuous

mapping theorem, we have

Then for any € > 0, we have
P (|Tr([wn]) — nT(w)| > ne) — 0,
P (p(Tr(lwn])) < p(n(T(w) =€) — 1.

Since n(T(w) — €) > n and by (3.5) we have p(b) = O(bexp(—b/2)), then p(n(T(w) — €)) 5 0, which
implies that

P(p(Tr([wn])) < a) = 1 as n — oo

for any significance level 0 < o < 1. We then finish the proof.
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B.5 Proof of Lemma

To prove Lemma|B.1.1] we only need to show that

M
w=Y" (amZ (tm) + b VT (ZB 4 (t) — V1 = 1/TXB(t,,)) + e X B (1 ))
’”J;l (B.4)
_ (amzf(tm) + b VT 284 (t) + (e — b VT — l)XB(tm)>
m=1

is normal for any fixed a,, b, and ¢, for the non-degenerating case that

lim Varg(W) >0

n—oo

We prove the Gaussianity of W by Stein’s method using the following Theorem.

Theorem B.5.1 (Stein’s Method, Chen et al.| [2010], Theorem 4.13). Let {&;,i € J} be a random field
with mean zero, W =%, ;& and Var(W) =1, for each i € J there exits K; C J such that §; and ke

are independent, then

sup |ER(W) — Eh(Z [E]Z{fzm—E(&m)}‘+ZE\€m?|
i€J

heLip(1)

where 1; = ZjeKi & and Z is the standard normal random variable.
By definition, the similarity graph can also be represented by
Gk: = (V:NaE: {(Z,j) :Rij >O7i7j GN)a

where N/ = {1,...,n} and we denote Gy as G for notional simplicity. To simplify notations, we let

Pm = tm/n and ¢ = 1 — pr,, then we reorganize W in the following way:

M (258 (Un () = pRn(n = 1)ro) + 5 (Ua(tn) = a2,n(n = 1ro) )

-2 BT
N i b VT (U (tm) — UQSE)(; (L;?%z —g¢)n(n —1)ro)
m=1 diff \"*m
L (e = b VT = 1) (0B (tm) — tm)
+ B
m=1 . (tm)
M 2R.a,, n S ~y
= Bl )m(l(”(e ) < tm) = pm) (L(7(e7) < tm) — Pm)
m=1ecqG WwW\'M
A = 2Reay 1(7(e) St 7(e7) <tm) + L(7(e") > tm, 7(e7) > tm) — P2 — @&,
o Z Z oB(t) n—2

ebm
' mzl ;; Qilﬂ(t\((l(ﬁ.( ) <t) + 1(7(e7) < tm) — 2pim)
M n o
b 303 = bV T D) < t) =)

oB (tm)

m=1 i=1
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Define a function h(m,i) : {1,...,M} x N = R such that h(m,i) = 1(7(i) < tn) — pm, for m €

{1,...,M},i € N. Then,

(1) < t) = pm ) (L(FET) < ) = pn ) = hlm, e*)h(m, ),
(7 (1) < s 7(e7) < tn) + L(F(ET) > b, 7(e7) > t) = Ph, — a2,
— 2h(m, e )h(m, ™) + (P — ) (A(m, e*) + A(m, 7)),

1(7(e") < tm) + 1(7(e7) < tm) — 2pm = h(m,et) + h(m,e”).

Thus, W can be expressed as

W= Z Z2R (am (m, e‘(*)h(m e7) n (bm\/T _ am(pm —Qm)))(h(m’ et) +h(m,e‘))>

m=1eeqG tm) UdBif-f(t) 05(t7rt)(n_2
M n
(cm — b VT — 1)h(m, 0)
_|_
2T o
M
2Rcam
= >3 S h(m, e )h(m, e)
m=1ecG O-'LU( m)
+§:(bmﬁ amp’” ZQRh
- m, 1)
m=1 Ugff(tm) JB

M (e — b/ T — 1)h(m, i
ZZ( )h(m, i)

B
m=11i=1 g (tm)
M
2R a.,
= Z B h(m,e")h(m,e™)
m=1eeG w
M n
+ —1rg) — + h(m, ).
w;; ( Pmdmn(r —17) (=1 op(tm)(m —2) \/memn> (m9)
Let ~
I = 20y, o= by (Ri. — 10)  2am(pm — gm) R L Cm
" oB(tm) T PmGmn(r? —rd) oB(tm)(n —2) /PmGmn
Em.e = fmReh(m, eM)h(m,e”), &m,i = fm,ih(m,i) for i € N
M M
and & = Z fm,e , &= Z Em,zW
m=1 m=1
So

W= iV[:Z&m,eJriifm ZfﬁZ&

m=1eeG m=1i=1 ecG

Plugging in the expressions of o5 (t,,), o84 (tm), o2 (tm), and by

n n 1 n n n
:ZZ 722 (R} + R3,) =n > R <n’(n—1)r]
j=1k=1 =1 k=1 o

l\D

we have

S
ou(tm)(n—2) ~ Vn
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and B
| Fmi] 2 M + 1

1
< .
‘fm| ~ /7"127637 n(r% —7‘(2)) \/’ﬁ
1 Ri.—’r‘o‘

Denote go = \/777’3 and g; = \/T—ré)
W/y/Varg(W). Let G; be the set of edges with one endpoint vertex i, G; 2 be the set of edges with at

+ ﬁa for i € N. Next, we apply Theorem [B.5.1|to W =

least one endpoint in G;. Besides, we use nodeg, to denote the vertex set connecting by edges in G;
excluding the vertex i and nodeg, , to denote the vertex set connecting by edges in G; 2 excluding the
vertex 4. For each edge e = (4, j) € G, we define A, = G; UG, B, = Ulenodea, Gi and Ce = Ujenode, G-
Let 7 = GUN, K. = A.U{eT, e} for each edge e = (e*,e7) € G and K; = G; U {i} for each node
i € N. These K.’s, K;’s obviously satisfy the assumptions in Theorem [B.5.I] under the bootstrap null

distribution. Then, we define 7.’s, 7;’s as follows:

M
Ne = Z (bmet + &me- + Z Eme) =Ee+ + & + Z &, for each edge e € G, and
m=1 e€A, ecA,

M
N = Z (&mi + Z Eme) =& + Z &, for each node i € V.
m=1

ecG; ecG;
By Theorem|B.5.1| we have

sup |Egh(W) — Egh(Z)|

heLip(1)
2 1 -
< \/;VarB(I/V)EB‘ ; {fini — EB(&’Ih)} + eezé {fene - ]EB(fene)}‘ (B.5)
1 n
+— Eg|& 7,2 + E £e§ :
Var%(W)<; ol e%;: Bléer D

Our next goal is to find some conditions under which the RHS of inequality (B.5) can go to zero. Since
we only consider the non-degenerated case such that the limit of Varg(WW) is bounded above zero, the

RHS of inequality (B.5) goes to zero if the following three terms

)

(A1) IEB’ S {&ni —Es(&mi) } + X eeq {éene — En(&ene) }

)

(A2) 30, Eplén

(A3) Y.co Enléen?|
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go to zero. For (A1), we have

EB' Z {51771 Eg(&mn:) } + Z {gene EB(gene)}‘

eeG
< ]EB‘ Z {51771 ]EB gznz }‘ + ]EB| Z{fene EB (56776)}’
eeG
) eAf
< \ Z VarB fﬂh + Z COVB 5277@7 5;77]) + Z Varg (feﬂe) + Z Covg (fene, ffnf)
=1 i, ecG e f

_ ZV&IB Em)+Y Y Covn(ém&m)

i=1 ]Gnodcg

Z Varg(€eme) + Z Z Covp (&ene, ffnf) :

eeG e€qG feC.\{e}

The last equality holds as &;7; and {Ejnj} are uncorrelated under the bootstrap null distribution,

j§én0degi)2
and &.n. and {&rny} re¢c, are uncorrelated under the bootstrap null distribution. The covariance part of
edges is a bit complicated to handle directly, so we decompose it into three parts as follows based on the

relationship of e and f.

Z Z Covp (§e7757 gfnf) = Z Z Covp (fene’ gfnf)

e€CG feC,\{e} e€CG feA\{e}

+ Z Z Covp (fe"]e;ffnf)

e€qG feB.\ A,

4 Z Z Covp (éeﬁe,ffnf) :

e€G feC.\Be

With carefully examining these quantities, we can show the following inequalities —. The

details of obtaining 4! are provided in Section
Z Varg(§n:) 3 Z + 95 Z g7 Z Rfj . (B.6)
i=1 i=1  j=1

=1

n n n n

> Varg(&ene) 39892y R +g82gZZR”+gOZ ZR : (B.7)
e€@ =1 j=1 - im

Z Z COVB(fmmﬁjﬁg Z Z gogzgj ij gz +gj) +gogngR )

i=1 jEnodeciy2 i=1 j€nodeg,

(B.8)

max ‘ Z Z fmifs,j ZRszjk‘

s,m=
= 1]6nodeg 2
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S Cove(bene, &smy)

ecG feA\{e}
n Jj#k
39 Z Z Rj; Ry, <9j (Rji + Rir) + gk (Rji + Rji) + 9: R 1((j, k) € G))

t=1 j,k€nodeg,

n o j#k n (B.9)
+géz Z RﬂRZk(]l<(j>k) € G)Rjk (le +Rjk +Rz}c) +ZleRkl)
1=1 j,k€nodeg, =1

n Jj#k

+ 9(2) " rillax Y ‘ Z Z RjiRikfm,jfs,k‘ .

1=1 j,k€nodeg;
Z Z Covi(Eeme, E4m7) 90 Z Z Z Z RijRii(RikRj + RuRji) . (B.10)
e€G fEB.\A. i=1 j=1 ki j 1]

Y. > Cova(éenetyny) =0. (B.11)

eeqG feC.\B.

S Es(l&nil) 3D g+ 9> R (B.12)
i=1 i=1 i=1  j=1

n n n

S Es(l&n?) 30 R +90Y giRi+gs Y Ry R (B.13)
=1 =1

ce@ i=1 j=1 i=1
Then by the proof of Theorem 4 of [Zhou and Chen|[2021], (A1), (A2) and (A3) going to zero as long as
Conditions (3.1)-(3.6) hold.

B.6 Proof of Lemma B.1.2

Since 72 > r? > r2 by Cauchy-Schwarz inequality, we have

(ag(t)) = n?(r3 4+ 1r3) < n*r?,
(ag(t))2 = n?r3,
(o5 ()" = n*(r} = 13),
(O'C]iﬁ (t))2 = n3r?
Since pu5q(t) — phig(t) = 0 and pB(t) — pk (t) = npmgmro < nro, by Condition (3.1), we have

Xro/T‘d;jTl/Td—)O.

B.7 Proof of Inequalities (B.6) - (B.13)

Assume that m < s <[, then we have

qmds with probability py, ,
h(m,i)h(s,i) = —pmgs With probability ps — pm ,
DPmDs with probability g,

93



Amqsq with probability p,, ,

- with probability ps — ppm ,
h(m, i)h(s,i)h(l,7) = Pmdsqi P Y Ps — Pm

PmPsqi with probability p; — ps,

—PmPspr  with probability g,

which implies that Eg (h(m,)h(s,i)) = pmgs and
Eg (h(m, )h(s,9)*) = pmaids + (Ps — Pm)Pinds + 4sPraPs »

Eg (h(m, i)h(s,i)h(l, 1)) = pmas(@m@ — Pmpr) + Pma@ (Ps (01 — Ps) — 4s(Ps — Pm)) -

Without loss of generality, in the following sections when the indices m, s, or mi, ms, s1, So appear, we

will always assume that m < s <[ and m; < mg < s1 < s9.

B.7.1 Proof of

For each node i, we have

M M
Varg (§m;) = Varg (Y &ni Y 7ei) < M*  max 1 Vars (Em,ins i)
m=1 s=1

m,s=1,...,

and

VarB (gm,ins,i) = VarB (gm,i (Ss,i + Z €s,e))

ecG;

= Varg (A(m, i)h(s,) fni (foi + fs . Righ(s.)))

j€nodeg,

:EB(h(m,i)Qh(s,i)2)EB( 3n7i(fs,i+fs Z Rz‘jh(&j))Q)

j€nodeg,
_ <]EB (h(m, D)h(s, ) fon fs,i))2
= (P @2 + (Ps — Pm)Do0 G2 + QsD2D?) s
By (2420t Y Ruh(s i)+ 120 Y Ruh(s.)’) = f2u 0200

Jj€nodeg, Jj€nodeg,
= Pm{s (pmpg + q?»ﬂ‘]s + PsPmQs — p72nQS - quS)b?

+ DD @2 (PmP? + Glls + PsDms — Do) i f2 D RY.

Jj€nodeg,

Thus,

i=1

ZVarB(fmi) 3 ng + 95 Zgzz ZRZZJ :
i=1 i=1  j=1
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B.7.2 Proof of (B.7)
For each edge e = (z',j) € G, we have

gm,ens,e :meijh(ma z)h(mvj)(fs,zh(sv 7’) + fs,jh(saj)) + fmst?]h(ma Z)h(sv Z)h(m,])h(&j)

+ fmfsRijh(m,i)h(s,i)h(m,5) > Rixh(s,k)
kenodeg, \{7}

+fmstzjh(maZ)h(maj)h(sa]) Z Rk:jh<57k)'
k€nodegj\{7,'}

Then we have [Eg (fm,ens,e) fmeRUpmqs and

Eg (Emense)’ = F2F2REDA G2 < FARE(F20+ 2) + L2 fo(| fos SRS
+f731f52Rij( Z R}, + Z Rij)
kenodeg, \{j} anOchj\{i}

3 93RY (97 + 93) + ci(ci + ;) RY;

+ary( Y R+ Y RY).

k€nodeg, kEnoch

Thus,
Z Varp ({ene Z M maX VarB (gm,ens,e)
c€G cca b
*ZZ( 57 +97) + 909+ g)RY +goRG( Y R+ > R )
i=1 j=1 k€nodeg, kénodec
<ZZ( 297+ 97) + g0 (9 + 95) R + g0 B ZR +ZR )
i=1 j=1

ZgzZRM%Z%ZRU+goZ(ZR?j)2-
=1 j

B.7.3 Proof of (B.8]
We can further decompose (B.8) as

Z Z Covg (&mi, &m;)

i=1 j€nodeg, ,\{i}

= Z Z Covg (&mis &mj) + Z Z Covg (&mi, &15) -

i=1 jenodeg, \{i} i=1 jenodeg, , \nodeg,
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For j € nodeg, which means node j connects to node ¢ directly, we have

Eg (£m1,i77m2,i5517j77527j)
=[Egp (h(mh i)h(ma, i)h(s1, 5)h(s2, ) frmr i fs1.i

X (fimasi + frmo Z Rig h(ma, k1)) (feai + [ Z Rijh(Smkz)))

k1€nodeg, kz€nodeg;
= B (A(ma, i)a(ma, )51, 3)h(52, ) fons i for

X (Fona + Fona Bigh(m, 1)) (Fun g + FraRigh(s2.)

+ B (fims foz frns i for i ma, )h(ma, )h(s1, )R (52,.5)

(> Rah(mak))( Y Rjk2h<827k2)))

k1 €nodeg, \ {j} ka€nodec; \{i}
and
Eg (&my,iMmai) BB (€s1,iMs2,5) = (fma,ifma,iPmy @) (fsy,ifsz,iDs1 Qss) -
Combining with Eg (h(m,i)h(s, i)h(l,1)) = Pmds(@m@ — Pmpr) + Pm@ (ps(Pr — Ps) — 4s(ps — pm) ), we have

n
‘COVB (£m1,i77m2,i7 651,j7782,j) — Py GmaPsy TsoPmiy Uso fmo fso fml,ifShj Z RikRjk‘
k=1

< 909:9;Rij (9i + 9;) + 98919, RS, -

For j € nodeg, , \nodeg,, which means node j does not connect to node i directly, we have

IEB (gml,inmz,igsl,jWSQ,j) = IEB (h(Z)Zh(.])Q

X (bf + bob; Z Riklh(kl)) (b? + bobj Z Rjk2h(k2)))

ki1€nodeg, ko Enodccj
= B (h(ma, )h(ma, (51, (52, ) fons i

X (fimasi + frmo Z Rig h(ma, k1)) (feaj + [ Z Rijh(SQ,kz)))

k1 €nodeGi ko €nodecj
= Eg (h(mq,i)h(ma, i)h(s1,5)h(s2,5) fmy,ifsi,j fma,ifssi)
+ B (fms foa s i s 1 (mas i) h(ma, Dh(s1, ) R(s2,)

x ( Z Rig, h(mg, k1)) ( Z Rijh(527k2)))

k1€nodeg, ko EnodeGj

which implies that

N

Covp (gml,inmz,i’ fsl,jUSQ,j) = Pm19moPs19soPmqqso fmg fSQ fml,ifsl,j Z Rsz]k .
k=1
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As a result,

N
So> Cova(muitmais €aiens)

i=1 j€nodeg, ,

n
N Z Z (909:9; Rij (9 + 9) + 959:9; R3;)
t=1 jenodeg, \{i}

+90)Z Z fm1,zfs1,jZRzk:Rjk

1=1 j€nodeg, 2

and

> > Cove(&mi&my)

i=1 j€nodeg, ,

= Z Z Z Covg (fml,inmg,hfshjnszd)

mi1,m2,81,82 =1 j€nodeg, ,

33> (909i95Ris(9i + 95) + 90919, RY)
i=1 jenodeg, \{i}

Smmax ‘Z Z Jm.ifs. ZRszJk’

1=1 j€nodeg, P

B.7.4 Proof of

For f € A.\{e} which means e and f have one common node, let’s call e = (1,2), f = (2,3). We can
firstly write §ny (1,2)ma,(1,2) and &g, (2,3)7s,,(2,3) 88

Ema,(1,2)7hma,(1.,2)

= fmi h(ma, 1)h(ma, 2)(fmy1h(ma2, 1) + fin, 2h(ma,2)) Ria

+ fmy fmy(ma2, 1)h(ma, 2) Rio

X (h(mg,l)h(mg,Q)ng+h(m271)h(m2,3)R131((1,3)6G)+h(m2, 2)h(me, )R23)

+ fm fmoh(my, Dh(ma, Dh(my,2)Ria Y Rijh(ma, j)
jenodeg, \{2,3}

+ finy fmoh(ma, 1)h(ma, 2) Rio Z Rajh(ma2,j),
j€nodeg, \{1,3}
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$o1.(2.3) s, (23)

= fo,h(51,2)h(51,3)(fs;.20(51,2) + fs,,3h(s52,3)) Ros

+ foi fsali(s1,2)h(s1,3) Ras

x (P52, 2)1(s2,3) Ras + h(sz, 1)h(s2,3)Ru1((1,3) € G) + hlsz, 1)h(s2,2) Riz)

+ fsi fsoh(s1,2)h(s2,2)h(s1,3) Ras Z Rajh(s2, j)

j€nodeg, \{1,3}

+ fs1 fs2h(s1,2)h(s1, 3)h(s2,3) Ras > Rsjh(s2,]) .
j€nodeq, \{1,2}
We then have
Eg (§my,(1,2)ma.(1,2) ) BB (€61 ,(2,3) 152, (2,3))
= Prny PmaDsy Dy Qo o s sy Frrn frmo for oo RI2 33
and

Cov (Emy,(1,2)hma.(1,2)> Es1,(2,3) Ms2,(2,3)) — Prma GmsPima sy Psy Asa fm for fma,1 fsa,3R12R23
3 9o Ri2Ras (91 (Ris + Ra3) + g3(R12 + Ri3) + g2R131((1,3) € G)

+901((1,3) € G)R13(Ri2 + Ris + Ra3) + go ZRURSJ‘) :

j=1

As a result,

no otk
Y. Y Covnléne &)= Y Cova(&uanuEemien)
ecG feA\{e} i=1 j,k€nodeg,

n J#k
= Z Z Z COVB (Emy,(.6) s (G,i) » Esu (k) o, (i) )
i=1 j,k€nodeci mi,mz2,51,52
n o j#k
2 9% Z Z Rj Ry (gj (Rji + Rix) + gi(Rji + Rji) + 9:Rju1((4, k) € G))

1=1 j,k€nodeg,

n Jj#k n
+ 90 Z Z Ry Ry, (]l<(], k) e G)Rjk (Rﬂ + R + Rik) + Z leRkl>
i=1 j,k€nodeg, =1

n Jj#k

+ggm max M‘Z Z RjiRikfm,jfs,k‘-

s=1,..., —
1=1 j,k€nodeg,
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B.7.5 Proof of (B.10)

For f € B.\ A, which means f and e have no common nodes, let’s call e = (1,2) and f = (3,

firstly write &y, (1,2)7ma,(1,2) a0d &5, (3,4)7s,,(3,4) @S

fml, 1,2)1Imo,(1,2)

= fm, h(ma, D)h(my, 2) (fmg,1h(ma2, 1) + fimy2h(ma2,2)) R
+ fony Sz h(ma, 1)h(ma, 1)h(ma, 2)h(ms, 2) RE,
+ fons fmahi(ma, 1)(ma, 2)R12(h(m2, Dh(my, 3)Ris1((1,3) € G)
+ h(ma, 1)h(ma, 4)Rua1 ((1,4) € G))
+ fons fns RO Ba (B2, 2)h(ma, 3) Ras1((2,3) € G)
+ h(ma, 2)h(ma, 4)Raa1 ((2,4) € G))

+ fmy fmah(ma, 1) h(ma, 1)h(may, 2) Rys > Ryjh(ma, j)
j€nodeg, \{2,3,4}

+ Sy fmah(ma, 1)h(ma, 2) Ris > Rajh(ma, j)
j€nodeg, \{1,3,4}

Eor (3,4)Ms2,(3,4) = Js1 h(s1,3)h(52,4) (fss,3h(s2,3)

As a result, we have

+ fozal(s2,4)) Raa + fo, foo (51, 3h(s0,3)h(s1,4)h(s2,4) RS,

+ far fanh(s1,3)h(s1,4 R34(h 52, 1)h(s2,3) Ri31((1,3) € G)

+ h(s2, 1)h(s2,4)Ria((1,4) € ))

+ fou fssh(s1,3)h(s1,4) Rsa ( h(s2,2)h(s2,3)Ra31((2,3) € G)
) €

%)

+ for fsah(s1,3)h(s2,3)h(s1,4) R3a Z R3jh(s2, j)
nodeg,;\{1,2,4}

+ fo1 fssh(s1,3)h(s1,4)h(s2,4) Raa Z Ryjh(s2,7) .
nodeg, \{1,2,3}

+ h(s2,2)h(s2,4)Roa1((2,4

CoVE (&, (1,2)hma,(1,2) v, (3,4) Ms2s(3,4)) S JoR12Raa (RisRaq + RiaRos) .

Then

Z Z COVB(feneagfnf) = Z Z Z Covp (fml,enmg,eafsl,fnw,f)

e€lG feB.\ A,

ecG fEB \A, m1,m2,51,52

n

< 9% ZZ Z Z RijRii(RixRji + RuR;y) .

i=1 j=1 k#4,j l#i,j
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B.7.6 Proof of (B.11)
When f € C.\Be, let’s call e = (1,2) and f = (3,4). We can firstly write &, (1,2)7m,,(1,2) and

€51,(3,4)Ns2,(3,4) BS

&y (1,2)hmay(1,2) = Jmy h(ma, Dh(my, 2) (fima,1h(ma2, 1) 4 fig 2h(ma2,2)) Riz
+fm1fm2h(m171)h(m2’l)h(m172)h(m272)R%2

+ frmy fmah(ma, 1)h(ma, 1)h(ma, 2) Rio > Ryjh(ma, j)
j€nodeg, \{2,3,4}

+ frmy fmah(ma, 1)h(ma, 2)h(ma, 2) Ri2 > Ryjh(m2,j),
j€nodeg, \{1,3,4}
Eo1,(3.4) sz, (3.4) = [s1 h(51,3)h(52,4) (fsp,3n(52,3) + foy,ah(s2,4)) Ry
+f31sz (517 ) (5273)h(5174) (827 )R34

+ foi fsxh(s1,3)h(s2,3)h(s1,4) Raa Z R3;h(sz,7)
jEnodeG3\{l,2,4}

+ foi fsxh(s1,3)h(s1,4)h(s2,4) Raa Z Rajh(sz2,j) -
j€nodeg, \{1,2,3}

As a result, we have

EB (Emy,(1,2) hmay(1,2)Es1.(3,4) M52 (3.4) )

= Dinsy Gy P, G frrs fina f1 fss RT2 R,

= EB(Emy.(1.2)ma,(1,2)) EB (€61, (3.4) M52 (3.0)) »
which implies that

Z Z COVB(genaffﬁf) =0.

e€G feC.\B.

B.7.7 Proof of lb
EB(|£1’771 EB(‘mez ml Zfsz SZ +fs 51 Z szhs] )

m=1 s=1 JjEnodeg,
M M M
m=1s=1[=1
XEB(( Rijh(s,3)) (fii + fi Z Rijh(l7j))>
jEnodec j€nodeg,

M M
=3 U fmail (meS(QmQI — pmp1) + Pm@i (Ps(P1 — Ps) — s (s —pm))>

< (|fsifril + pearfsfi > RY),

Jj=1

> En(&ntl) 33 0! +gozglzgw.
i=1 i=1

which implies that
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B.7.8 Proof of (B.13)

M
Es (&/n?) = Bi (] > fumh(m, e )(m, e )R]
m=1

M
X (Y foerh(s,et) + foe-h(s,e”) + fh(s,e")h(s,e”)Re
s=1

FLh(s,et) S Regh(s, )+ fob(s,e) >0 Reyh(s,)?)

jE]ﬂodeGeJr \{e~} kEnodeG87 \{et}

MM M
= > 3> B (|fmhlm. e )h(m, )R]
X (foerh(s,€™) + foe-h(s,e7) + foh(s, e )h(s,e7)R,)
X (frerh(le®) + fie-h(le™) + finll, eF)h(l e7)Re))
Es (1fmh(m, e )h(m, e ") R.|
X (fsh(s,e™) Y Revjh(s, i)+ fsh(s,e™) > Reph(s,)))

j€nodcgE+ \{e—} anoch67 \{et}
< (fik(le) Y Reejh(lg)+ fik(Len) Y Refkha,j)))
j€nodec;EJr \{e—} k€nodeG€7 \{et}

n
S 90 RE + goRe(g2+ +92-) + 9o Re ZR Y R

which shows that

> En(léclnd) 398> D RY+ 00> 62Ri+ g ZR ZR
=1

ecG i=1 j=1
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