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Abstract

Maximal Inequalities and Mixing Times
by
Jonathan Hermon
Doctor of Philosophy in Statistics
University of California, Berkeley
Professor Allan Sly, Chair

The aim of this thesis is to present several (co-authored) works of the author concerning
applications of maximal inequalities to the theory of Markov chains and put them in a
unifying context. Using maximal inequalities we show that different notions of convergence
of a Markov chain to its stationary distribution are in some quantitative sense equivalent to
some seemingly weaker notions of convergence. In particular, it is shown that the convergence
to stationarity of an ergodic reversible Markov chain w.r.t. the L, distances (p € [1, 00]) and
the relative-entropy distance can be understood (up to a constant factor) in terms of hitting
time distributions. We present several applications of these characterizations, mostly ones
concerning the cutoff phenomenon and robustness of mixing times.

A sequence of Markov chains is said to exhibit (total variation) cutoff if the convergence
to stationarity in total variation distance is abrupt. Though many families of chains are
believed to exhibit cutoff, proving the occurrence of this phenomenon is often an extremely
challenging task. Verifying the occurrence of the cutoff phenomenon is a major area of
modern probability, and despite remarkable progress over the last three decades, there are
still only relatively few examples which are completely understood. Although drawing much
attention, the progress made in the investigation of the cutoff phenomenon was done mostly
through understanding examples and the field suffers from a lack of general theory.

The cutoff phenomenon was given its name by Aldous and Diaconis in their seminal paper
2] from 1986 in which they suggested the following open problem (re-iterated in [14]), which
they refer to as “the most interesting problem”: “Find abstract conditions which ensure that
the cutoff phenomenon occurs”.

In a joint work with Riddhipratim Basu and Yuval Peres [6] we showed that under
reversibility, ¢ (€) (the € total variation mixing time) can be approximated up to an additive
term, proportional to the inverse of the spectral gap, by the minimal time required for the
chain to escape from every (fixed) set of stationary probability at most 1/2 w.p. at least
1 — e. This substantially refines earlier works which only characterized ¢, up to a constant
factor. As a consequence, (under reversibility) we derive a necessary and sufficient condition
for cutoff in terms of concentration of hitting times of large sets which are “worst” in some
sense.

As an application, we show that a sequence of (possibly weighted) nearest neighbor
random walks on finite trees exhibits cutoff if and only if it satisfies a spectral condition
known as the product condition. We obtain an optimal bound on the size of the cutoff
window, and establish sub-gaussian convergence within it. Our proof is robust, allowing us
to extend the analysis to weighted random walks with bounded jumps on intervals.



There are several works characterizing the total-variation mixing time of a reversible
Markov chain in term of natural probabilistic concepts such as stopping times and hitting
times. In contrast, there is no known analog for the L, mixing time, 7o (while there are
sophisticated analytic tools to bound 73, in general they do not determine 75 up to a constant
factor and they lack a probabilistic interpretation). We show that 7, can be characterized
up to a constant factor using hitting times distributions. We also derive a new extremal
characterization of the Log-Sobolev constant, crg, as a weighted version of the spectral gap.
This characterization yields a probabilistic interpretation of cpg in terms of a hitting time
version of hypercontractivity. As applications of our results, we show that (1) for every
reversible Markov chain, 75 is robust under addition of self-loops with bounded weights,
and (2) for weighted nearest neighbor random walks on trees, 7, is robust under bounded
perturbations of the edge weights.

Let (X})g2, be an irreducible reversible discrete-time Markov chain on a finite state space
2. Denote its transition matrix by P. To avoid periodicity issues one often considers the
continuous-time version of the chain, whose kernel is given by H, := ¢, H(tP)*. Since
reversible chains are either aperiodic or have period 2, it is plausible that a single lazy step
suffices to eliminate near periodicity issues. This motivates looking at the associated averaged
chain, whose distribution at time ¢ > 1 is obtained by replacing P* with A, := 3(P"~! + P").
We confirm a conjecture by Aldous and Fill [3, Open Problem 4.17] by showing that under
reversibility, for all ¢, M > e and = € ()

|5y ar i, ) = O)llrv =€ < | Au(a, ) =m )y < I H, ag 10 aryvil@s ) =7 (v +C/M.

We deduce that given a sequence of irreducible reversible discrete-time Markov chains, the
sequence of the continuous-time chains exhibits cutoff around time t,, iff the same holds for
the sequence of averaged chains. Moreover, we show that the size of the cutoff window of the
sequence of averaged chains is at most that of the sequence of the continuous-time chains
and that the latter can be determined in terms of the former.
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Chapter 1

Introduction

Led by the pioneer works of Aldous and Diaconis and driven by applications such as Monte
Carlo simulations and approximate counting of large combinatorial sets (many counting
problems in theoretical computer science can be reduce to the problem of sampling from the
stationary distribution of an auxiliary Markov chain, see [50]) and also by its connections
with statistical physics!, the modern theory of mixing times of Markov chains became in
the last few decades a lively and central part of modern probability theory. Among the
most fundamental quantities associated with an ergodic Markov chain is its mixing time,
which is the number of time units required for it to get within some target distance from
the stationary distribution of the chain, denoted by 7. In the aforementioned applications
the running time of the algorithm /simulation can be bounded in terms of the mixing time
(in other words, a rigorous justification of simulation results requires a theoretical bound on
the mixing time).

1.1 Basic definitions and notation

Generically, we shall denote the state space of a Markov chain by () and its stationary
distribution by 7. We say that the chain is finite, whenever € is finite. Let (X;);2, be an
irreducible Markov chain on a finite state space {2 with transition matrix P and stationary
distribution 7. We denote such a chain by (2, P,7). The hitting time of a set A C Q is
defined to be T := inf{t : X; € A}.

1.1.1 Three ways of avoiding periodicity or near-periodicity issues

We call a chain lazy, if P(x,z) > 1/2 for all x € Q. To avoid periodicity and near-periodicity
issues, one often considers the lazy version of a discrete time Markov chain, ( X}*)£2,, obtained
by replacing P with P, := %(I + P). Similarly, one can consider the d-lazy version of the
chain, obtained by replacing P with I + (1 — 0)P, in which we refer to § as the holding
probability. Periodicity issues can be avoided also by considering the continuous-time version
of the chain, (X7):>0. This is a continuous-time Markov chain whose heat kernel is given by

Hy = e 'U=P) (that is, Hy(z,y) = > oy St P*(,y)). Tt is a classic result of probability

!Many of the Markov chains for which we desire to estimate the mixing time are often of a statistical
mechanics nature, such as the Glauber dynamics for the Ising model.



theory that for any initial condition the distribution of both X} and X¢ converge to m when
t tends to infinity. The object of the theory of Mixing times of Markov chains is to study the
characteristic of this convergence (see [36] for a self-contained introduction to the subject).

Since reversible Markov chains can only have period 2, one may wonder whether it suffices
to average over two consecutive times (i.e. to make a single lazy step) in order to avoid near-
periodicity issues. This motivates considering the following Markov chain. For any ¢ > 0,
denote A; := (P'+ P'*1)/2. The averaged chain, (X*°)°,, with “initial state” =z, is a
Markov chain, whose distribution at time ¢ > 0 is A;(z,-), where Ai(z,y) := (P'(z,y) +
P (z,y))/2. Equivalently, (X)) = (Xi1¢)i2,, where ¢ is a Bernoulli(1/2) random
variable, independent of (X;)2,.

We denote by P}, (resp. P,,) the distribution of X; (resp. (X;);%,), given that the initial
distribution is . To avoid ambiguity we introduce a separate notation for the continuous-
time and lazy versions of the chain. We denote by HZ (resp. H,) the distribution of X7
(resp. (Xf);>0) given that X§ ~ p. Finally, we denote by P{ , (resp. Py ) the distribution
of XF (resp. (X)), given that X} ~ p. When u() = 1._,, for some z € Q, we simply
write P% (similarly, H., and P{ ) and P, (similarly, H, and Pr,). In the setup where we

consider only the continuous-time chain and there is no ambiguity, we usually write X;, P,
and P! instead of X7, H, and HY.

The time-reversal of P is defined as P*(z,y) := m(y)P(y, x)/n(x). This is the dual oper-
ator of P w.r.t. Ly(, ). We say P is reversible if P = P*. The additive symmetrization
is defined as @ := (P + P*)/2. Note that Q = Q™.

1.1.2 Different notions of distance and mixing times and their relations

There are different notions of distance w.r.t. which one can measure the distance from station-
arity. Each of which gives rise to a corresponding notion of mixing time and cutoff (to be de-
fined shortly). The most popular is the total-variation distance. We denote the set of proba-
bility distributions on a (finite) set B by &(B). For any u,v € &(B), their total-variation

distance is defined to be || — v|rv == 33, |u(z) — v(z)| = > v B () sy MT) — v(T).
The worst-case total variation distance at time ¢ is defined as

d(t) := maé(dx(t), where for every x € Q, d,(t) := [|P.(X; € -) — 7||1v,
xe

The separation distance of p w.r.t. m is 1 — mingeq % Thus the worst case separa-

tion distance at time ¢ is dsep(t) := 1 — min, , P*(z,y)/7(y). The e-total variation and
separation mixing times are defined (resp.) as

tmix(€) :==1Inf {t : d(t) < e} and tep(e) :=1Inf{t : deep(t) < e}

When ¢ = 1/4 we omit it from the above notation. It is a classical result (e.g. [36,
Lemmas 6.13 and 19.3]) that under reversibility the separation and total-variation distances
and mixing times can be compared as follows (the second line being an easy consequence of
the first)

YVt >0, d(t) < dsp(t) <1—(1—min(2d(t/2),1))* < 4d(t/2),

Va € (0,1),  tmix(a) < teep(a) < 2tmic(a/4). (1.1.1)

2



Another important family of distances is the family of L, distances (1 < p < oo). The
L, norm of a function f € R% is || f|, := (E[|f[?])*/? for 1 < p < oo (where E,[g] :=
> . m(x)g(x)) and || f||eo := max, | f(x)|. The L, norm of a signed measure o is

ol = llo/xllp,  where (o/m)(z) = o(x)/m(x).

We denote the worst case L, distance at time t by d,(t) := max, d, ., (t), where d,.(t) :=
|H. — 7], . When considering the L, distance for p > 1 we always consider continuous-time
chains, unless otherwise is specified (and thus may write P instead of H, etc...). Denote
he(x,y) := Hy(z,y)/7(y). Under reversibility for all z € Q and ¢t > 0 (e.g. (2.2) in [23])

dg,m(t) = hoy(z,x) — 1, doo(t) = max hy(y,y) — 1. (1.1.2)
y

The e-L, mixing time of the chain (resp. for a fixed starting state x) is defined as
7,(¢) := max7,.(¢), where 7,,(¢) := min{t : dp.(t) < e}. (1.1.3)

When ¢ = 1/2 we omit it from this notation (this is consistent with the notation t.;, =
tmix(1/4) since 71 (g) = tmix(2¢)). Let m, :=1+[(2—p)/(2(p —1))]. It follows from (1.1.2),
Jensen’s inequality and the Reisz-Thorin interpolation Theorem that for reversible chains,
the L, mixing times can be compared as follows (e.g. [49, Lemma 2.4.6]):

To(a) <7p(a) < 2my(va) = 7o(a)  for all p € (2,00] and a > 0,

1 1.14
—a(a™) < 1p(a) < 1(a) for all p € (1,2) and a > 0, ( )
myp

Hence for all 1 < p < oo the L, convergence profile is (essentially) determined by that of Ls.
The relative entropy of a distribution p w.r.t. 7 is defined as

Diplr) 1= 3 o) ogl(a) ), (115)
The mixing time in relative entropy is defined as
Tente := inf{t : D(PL||m) <1/2} and 7Tgy = max e .- (1.1.6)

The relative entropy distance can be compared with the L; and Ly distances as follows:
382) 2D(sl|7) > |1t — 72, and ([22, Theorem 5]

D(p||m) < log(1+ || — 73, (1.1.7)

1.1.3 The spectral gap and the Log-Sobolev constant

Denote S; := e"U=@t = Y~ < ttk Q'. When considering S; instead of H, we write PL. P,
and Y; instead of H., H, and Xf, respectlvely We start with a few basic definitions.



Definition 1.1.1. Let (Q, P, ) be a finite chain. For f,g € R, let Var, f = || f—E, f||3 and
(f,9)x == E,[fg]. We identify P', P, A;, H; and S; with the linear operators on LP(R®, )

Acf() =Y Aa, ) f(y) = Bo[f (X)), Hef(x) := Y Hi(w,y)f(y) = Bu[f(X7)],

P'f(a) =) P'x,y)fy) = EJf (X)), PLf(x) =) Plx.9)f(y) = ELf(X])],

and Sy f(x) =3 cq Se(@,y) f(y) = B [f(Y))]. Similarly, Q" f(x) := 3 cq @"(2,y)f(y).

Recall that if (2, P,7) is a finite irreducible chain, then @ is self-adjoint w.r.t. (-, ),
the standard inner product induced by 7, and hence has |{2| real eigenvalues. Through-
out we shall denote them by 1 = Ay > Ay > ... > Ajg > —1 (where Xy < 1 since the
chain is irreducible and for a lazy chain we also have that A\jg > 0). The spectral-gap
and relaxration-time of P are defined as A\ := (1 — \y) and t,q = 1/A. The absolute
relazation-time is t257°M¢ := max{(1 — A\2)™*, (1 — |\g[)"*}.> Under reversibility, the
following general relation holds for continuous-time chains and for discrete-time lazy chains

(trel — 1) log(2¢)| < tmix(e) < 12(2¢) < tra|log (emy) |, (1.1.8)

where 7, := mingeqm(x). (see [36] Theorems 12.3 and 12.4). The following fact (often
referred to as the Poincaré inequality or Lo-contraction) is standard (e.g. [23]).

Fact 1.1.2. Let (2, P,m) be a finite irreducible Markov chain. Let u € Z()). Then

nH, = 7llom < e p = 7lon  and [|uP* = wllzm < e/ = wllpm,  (1.1.9)

for all s > 0. In particular, for all x € Q and M > 1,
Tox < Tou(M/2) + te log M.
Similarly, for all f € R® and t > 0, we have Var,H,f < e”?/%Var, f and

Var, P*f < e_Qk/tiegsOluteVarﬂf, forall k € Z,. (1.1.10)

Another important parameter is the Log-Sobolev constant (resp. time) defined as
crs := inf{&€(f)/Ent.(f?) : f is non-constant}, (resp. trs:= 1/crs) (1.1.11)
where (with the convention 0log0 = 0)
Bnt(f) = By [f log f] — Ex[f] log Ex[f] = Ex[f log(f/E-[f])],

Note that D(p||7) = Ent,(u/m). It is always the case that trs > 2t ([16, Lemma 3.1]).

2Note that for lazy chains t,¢ = tabsolute,



There are numerous works aiming towards general geometric upper bounds on 7,,. Among
the most advanced techniques are the spectral profile [23] and Logarithmic Sobolev inequal-
ities (see [16] for a survey on the topic). It is classical (e.g. [16, Corollary 3.11]) that for
reversible chains

ts/2 < To(1/e) < tus(1+ ilog log(1/7.)). (1.1.12)

There are examples demonstrating both bounds can be attained up to a constant factor.
The Log-Sobolev constant has a useful characterization in terms of hypercontractivity.
Let 1 < p1,ps < 00. The p; — py norm of a linear operator A is given by

[A|py—p == max{[[Afllp, [ fllp, =1}

If |A|lp—p, <1 forsomel < py, < p < oo we say that A is a hypercontraction. For all
p1, D2, we have that || Hy||,,—p, i non-increasing in ¢. It is a classic result (e.g. [16, Theorem
3.5]) that the Log-Sobolev time can be characterized in terms of hypercontrativity.

Fact 1.1.3. Let (2, P, ) be a finite reversible chain. Let s, := inf{t : ||H||s—q < 1}. Then
tLS = 4supq:2<q<oo Sq/ log(q - 1)

1.2 Maximal inequalities

In this section we present some maximal inequality which shall be central in what comes.

Theorem 1.2.1 (Starr’s Maximal inequality [51]). Let (2, P,w) be an irreducible Markov
chain. Let f € R?. Its corresponding maximal function f* € R® is defined as

fH(@) = sup [Si(f)(z)] = sup [E.[f(V1)]].

0<t<o0o 0<t<o0o

Then for every 1 < p < oo
NN <Pl fllps  where p*:=p/(p—1) is the conjugate exponent of p. (1.2.1)

Moreover, under reversibility, for f.even = Supgey, [P f(2)| we have that (1.2.1) holds also
With fyeven @ the role of f* and hence f, = supyey, |P*f(x)| satisfies for all 1 < p < oo

[f<llp < [[fsevenllp + [[(PF)eevenlly < @) lp + 1PFIF) < 200771 flp- (1.2.2)

For a short proof of Starr’s inequality (based on his original argument) see [6, Theorem
2.3]. The following lemma is essentially due to Norris, Peres and Zhai [45].

Lemma 1.2.2. Let (2, P, ) be a finite irreducible Markov chain. Let fa(z) := lzea/m(A).
VACQ, |fillh < emax(L, |[logm(A4))).

Proof. By (1.2.1) forall 1 < p < o0
IFall < I fally < ¥ fallp = 7 [ (A7,

Taking p* := max(1 + ¢, |log m(A)|) and sending € to 0 (noting that the r.h.s. is continuous
w.r.t. pi) concludes the proof. O



We note that by [51, Theorem 2] (1—e™1)|| f4]| =1 < || fa log[max(1, |fa|)]|l = |log 7(A)|.

Definition 1.2.3. Let P be a linear operator and k € Z,.. We define AP* := P! — pk —
P¥(P—1). Forr > 1, we define inductively A" P* := A(AT71PF) = Ar=1pk+l _ Ar=1pk —
PE(P —1)". Similarly, we define NAy := Ay — Ay = LPH(P? —1).

Let (©, ) be a probability space. Let P : L*(Q, u) — L*(Q, ) be a positive (i.e. f >
0 = Pf > 0) self-adjoint linear operator whose spectrum is contained in the interval [0, 1].
It is noted in [52] that for all > 1, there exists a constant C, (independent of (€2, ) and
P), such that for every f € L?(Q, u)

| Sgloﬁ(t +1)" A" Pl < Crlf]l2. (1.2.3)
24

In [35] Stein’s argument is extended to the setup where P is a positive contraction with
M(P) := sup, t|P™ — P!|| < oo without the assumptions that P is self-adjoint and that
its spectrum is contained in [0, 1]. In this more general setup C, depends also on M (P).

Corollary 1.2.4. There exists an absolute constant C such that for every finite irreducible
reversible Markov chain, (Q, P,7) and every f € R

2

< CVar,f and

2

2

< CVar, f. (1.2.4)

2

sup(t +1) A PLf

>0

sup(t + 1) A A f

>0

Proof: Note that AAg, f = Z=P2 f = LA(P2)'f and AAgeyr f = LA(P?)Y(PF). Hence
(1.2.4) follows from (1.2.3) applied to P, and P? by noting that AP f = APL(f — E:[f]),

AAf = AA(f — BEq[f]) and Vary(Pf) < Var, f. O

1.3 The cutoff phenomenon

Next, consider a sequence of such chains, ((Q2,,, P, m,) : n € N), each with its corresponding
worst-distance from stationarity d™(t), its mixing-time t\ , etc.. Loosely speaking, the
(total variation) cutoff phenomenon occurs when over a negligible period of time, known
as the cutoff window, the (worst-case) total variation distance (of a certain finite Markov
chain from its stationary distribution) drops abruptly from a value close to 1 to near 0. In
other words, one should run the n-th chain until the cutoff point for it to even slightly mix
in total variation, whereas running it any further is essentially redundant. Formally, we say
that the sequence exhibits a total variation cutoff (resp. pre-cutoff) if the following sharp

transition in its convergence to stationarity occurs:

(n) (n)
to t
lim (n)ml;(g) =1, foral0 <e<1 (resp. sup limsup (n)mlﬁ <o0). (1.3.1)
n—oot L (1 —¢) 0<e<1/2 n—oo 1 (1 —¢)
We say that the sequence has a cutoff window w,, if w, = o(tﬁgi)x) and for every ¢ € (0,1)

there exists ¢, > 0 such that for all n

mix(E) - t(n)

mix

(1 —¢) < cow,. (1.3.2)
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Similarly, we later consider the corresponding notions of the mixing times and cutoffs for
the sequences of the continuous-time, lazy and averaged (resp.) versions of the chain?®
One can define the notions of separation and L, cutoffs and cutoff windows in an anal-

ogous manner, by replacing t™) () in (1.3.1)-(1.3.2) with t%2(-) and 7" (-), resp.. However,

whenever we use the term “cutoft” without specifying the relevant notion of distance we
always consider the total variation distance.

1.3.1 Historical review of the cutoff phenomenon

The cutoff phenomenon was first identified for random transpositions in the ingenious work
of Diaconis and Shahshahani [18] and later by Aldous for random walk on the hypercube [1]
(see [15] for a survey on the topic). The cutoff phenomenon was given its name by Aldous
and Diaconis in their seminal paper [2] from 1986 in which they verified cutoff for several
card shuffling schemes and suggested the following open problem (re-iterated in [14]), which
they refer to as “the most interesting problem”: “Find abstract conditions which ensure that
the cutoff phenomenon occurs”. Though many families of chains are believed to exhibit
cutoff, proving the occurrence of this phenomenon is often an extremely challenging task.
Verifying the occurrence of the cutoff phenomenon is a major area of modern probability,
and despite remarkable progress over the last three decades, there are still only relatively
few examples which are completely understood.

We now give a short review of some large families of chains for which the cutoff phe-
nomenon is well-understood. The cutoff phenomenon for the glauber dynamics of the Ising
model was studied by several authors with the state of the art being Lubetzky and Sly work
on the universality of cutoff (for the Ising model) including some extremely precise results
concerning the lattice case, using their Information Percolation approach [38, 39, 40]. They
also proved that simple random walk on a sequence of random regular graphs exhibits cutoff
(with high probability over the choice of the graph) [41]. Together with Berestycki and Peres
they later generalized this result to the setup of random graphs with a given degree sequence
[7] (with minimal degree at least 3). Bordenave et al. [10] treated the random digraph setup.
Cutoff for the random adjacent transposition was verified by Lacoin [34] who very recently
verified cutoff also for the biased setup together with with Labbé [33]. Cutoff for simple
random walk on lamplighter graphs whose base graphs are locally uniformly transient* was
verified by Miller and Peres [43].

Although drawing much attention, the progress made in the investigation of the cutoff
phenomenon has been achieved mostly through understanding examples and the field suf-
fers from a lack of general theory. In 2004 [47], during an AIM workshop on the cutoff
phenomenon, Peres introduced the so called product condition:

t(n) — O(t(n)

rel mix )

(equivalently lim A

n—oo

= ), (1.3.3)

a necessary condition for pre-cutoff® (by (1.1.8); e.g. [36, Proposition 18.4]), and suggested
that it is also a sufficient condition for cutoff for many “nice” families of reversible chains.

3We defer the presentation of the relevant notation until the point in which it is used.

4That is, the effective resistance between any pair of vertices is uniformly bounded from above.

5Using the product condition it is not hard to verify that simple random walk on a sequence of tori of
increasing side lengths and fixed dimension does not exhibit pre-cutoff (e.g. [36, Chapter 12]).
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In general, the product condition does not always imply cutoff. Aldous and Pak have con-
structed relevant (reversible) examples (see [36, Chapter 18]). This left open the problem
of identifying general classes of chains for which the product condition is indeed sufficient
for cutoff. This was verified e.g. for lazy birth and death chains, first for separation cutoff
by Diaconis and Saloff-Coste [17] and later for total variation by Ding et al. [19]. We note
that Chen and Saloff-Coste [13] proved that for a sequence of reversible chains the condition

£ = o(7{M) is equivalent to cutoff in Ly (and in fact to cutoff in L, for all p > 1).

1.3.2 The author’s contribution

Most of the author’s graduate research has been centered on the problem of developing
general theory of Markov chains, with a special emphasis on the cutoff phenomenon. Together
with Basu and Peres we gave the first general characterization of the cutoff phenomenon, in
terms of concentration of hitting times of sets which are “worst” in some sense® [6, Theorem
3]. This may be considered as an answer to the aforementioned problem of Aldous and
Diaconis of finding an abstract sufficient condition for cutoff. As an application, we show
that a sequence of (possibly weighted) nearest neighbor random walks on finite trees exhibits
cutoff if and only if it satisfies the product condition [6, Theorem 1]. We obtain an optimal
bound on the size of the cutoff window, and establish sub-gaussian convergence within it.
Our proof is robust and can be extended to weighted random walks with bounded jumps on
intervals [6, Theorem 2].

The novelty of our approach is the usage of Starr’s L? maximal inequality [51] in order to
deduce that for all A C Q and ¢ € (0, 1) there exists a set G 4 of large stationary probability,
say m(Ga) > 1—¢/2, such that sup,.i>c,10g¢| [P'(9, A) —7(A)| < ¢, forall g € G4. Hence by
the Markov property, hitting G 4 by time ¢ — Ct,| log ¢| serves as a certificate that the chain
is e-mixed w.r.t. A at time t. As a consequence, we show that under reversibility, tyx(€) can
be approximated up to an additive term proportional to the inverse of the spectral gap, by
the minimal time required for the chain to escape from every set of stationary probability at
most 3 (where 3 € (0,1) is arbitrary) w.p. at least 1 — ¢, denoted by hitg(e). In particular,
we show that for all e € (0,1) and § < (e A (1 —¢))

hity /2(e + ) — 4trer| log §] < tinix(€) < hityjo(e — &) + 4tya| log d], (1.3.4)

This substantially refines earlier works [4, 37, 48, 46] which only characterized tyix up to
a constant factor (and only for a fixed ¢). Indeed, under reversibility (¢, — 1)|log(2¢)| <
tmix(€), however under the product condition, the terms involving ¢, in (1.3.4) are negligible.

Through more sophisticated applications of Starr’s inequality, in a joint work with Peres
[29] we obtained a characterization of L, mixing and hypercontractivity in terms of hitting
times distributions. We show that (under reversibility) 7o (resp. Tgnt) is roughly the minimal
time required for the chain to escape from every set A of stationary mass at most 1/2 w.p. at

least 1 — 3+/m(A)w(A°), denoted by p (resp. 1 — Ilog—i(zﬂl denoted by prg). More precisely,

p<7<p+Cifes < Cop and pre < Ten < Copre. (1.3.5)

6In [25] we gave certain extensions of this result, showing in particular that under transitivity, “worst”
can be interpreted as maximizing the expected hitting time among all large sets.



In contrast with the aforementioned characterization of cutoff for reversible chains, some
of the difficulties in developing a “general theory of cutoff” are demonstrated in [27] (joint
with Hubert Lacoin and Peres) and [30] (joint with Peres). In the former we provided a
negative answer to a question asked by Ding et al. [19] by showing that separation cutoff
need not imply total variation cutoff and vice-versa. This is surprising considering the
aforementioned equivalence of L,, cutoffs for all p > 1 and the fact that the total variation and
separation distances are intimately related (1.1.1) in a way which resemblance the relation
between the L, distances ((1.1.4)). In the latter we show that (in the setup of simple random
walk on unweighted bounded degree graphs) multiplication of the edge weights by a 14 o(1)
factor may increase the order of the mixing time and lead to cutoff, despite the fact that
before the perturbations the sequence of simple random walks did not exhibit even pre-cutoff!
Moreover, we show that the occurrence of separation cutoff may depend on the choice of
the holding probability (in the discrete-time setup; Similarly, the corresponding sequence of
discrete-time lazy chains may exhibit separation cutoff, while the sequence of the associated
continuous-time chains does not). This is in sharp contrast with the total-variation case,
due to Chen and Saloff-Coste [12].

All of these examples are either simple random walks on bounded degree (unweighted)
graphs, or can be transformed into this setup using machinery from [30]. Since the analysis
of these examples is very subtle” we chose not to include them in this thesis, despite their
compatibility with its overall theme.

In a joint work with Yuval Peres [28], we confirm a conjecture by Aldous and Fill [3,
Open Problem 4.17] by showing that under reversibility, for all ¢, M > e and x € Q

|Hyargil, ) =mOllrv —e < Ay, ) =m()llev < IH,ariog anyvile. ) =7 ()lloy +C/M.

We deduce that given a sequence of irreducible reversible discrete-time Markov chains, the
sequence of the continuous-time chains exhibits cutoff around time t,, iff the same holds for
the sequence of averaged chains. Moreover, we show that the size of the cutoff window of the
sequence of averaged chains is at most that of the sequence of the continuous-time chains
and that the latter can be determined in terms of the former.

The main technical tool we utilize is a maximal inequality due to Stein (namely, Corollary
1.2.4). As demonstrated by the above results, the idea of using ergodic theoretical maximal
inequalities to study Markov chains holds much promise. In the next chapter we revisit the
above results in more details and make various comments and remarks.

"Here “subtle” serves as a euphemism for “lengthy and tedious”.



Chapter 2

The main results

2.0.3 A historical review on the connections between hitting times and mixing

The idea that expected hitting times of sets which are “worst in expectation” (in the sense
of (2.0.1) below) could be related to the mixing time is quite old and goes back to Aldous’
1982 paper [4]. A similar result was obtained later by Lovasz and Winkler ([37] Proposition
4.8) as part of their elegant body of work on stopping rules.

The aforementioned connection was substantially refined recently by Peres and Sousi
([48] Theorem 1.1) and independently by Oliveira ([46] Theorem 2). Peres and Sousi [48]
considered the mixing times of the associated lazy and averaged chains: denoted by tp, :=
inf {t : max, [P, — 7|lrv < 1/4} and taye = taye(1/4), where tae(e) = inf {t : dave(t) < €},
and daye(t) := max, || Ai(z, ) —7(-)||rv. Their approach relied on the theory of random times
to stationarity combined with a certain involved “de-randomization” argument (which is the
discrete-time analog of a similar argument due to Aldous [4]) which shows that for every
finite irreducible reversible Markov chain and every stopping time 7' such that X; ~ 7, we
have that t.w. < 220 max,cqE,[T]. As a consequence, they showed that for all a € (0,1/2)
(this was extended to a = 1/2 in [24]), there exist constants c,, ¢, > 0 such that for every
finite irreducible reversible chain

ctn(a) < tae < cotu(a),  where
tn(a) == max E.[T4].
2eQACQUT(A) >«
Using this, they showed that there exist some absolute constants ¢y, C, co, Cy > 0 such that
ity <tave < Cit, and so  coty(1/4) <ty < Coty(1/4). (2.0.1)
Implicitly, they showed that for every 0 < e <1/4 and 0 < a < 1/2,

tave(2) < cag tu(a). (2.0.2)

2.1 Results concerning hitting times and the cutoff phenomenon.

It is natural to ask whether (2.0.1) and (2.0.2) could be further refined so that the cutoff
phenomenon could be characterized in terms of concentration of the hitting times of a se-
quence of sets A, C €, which attain the maximum in the definition of t%" (1/2) (starting
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from the worst initial states). Corollary 1.5 in [25] asserts that this is indeed the case in the
transitive setup. More generally, Theorem 2 in [25] asserts that this is indeed the case for any
fixed sequence of initial states z,, € 2, if one replaces tg )(1 /2) and d™(t) by tgf in(l /2) and
dtm (t) (i.e. when the hitting times and the mixing times are defined only w.r.t. this sequence
of starting states). Alas, Proposition 1.6 in [25] asserts that in general cutoff could not be
characterized in this manner. It turns out that the following hitting parameter is better
suited (than ty,(-)) for the purpose of studying the profile of convergence to stationarity
(and cutoff).

Definition 2.1.1. Let (Q, P,m) be an irreducible chain. For any x € Q, a,e € (0,1) and
t >0, define py(ov,t) := maxacq: r(a)>a Pa[Ta > t]. Set p(a,t) := max, py(a,t). We define
hity . () := min{t : p.(a,t) < e} and hit,(¢) := min{t : p(a,t) < e}.
Definition 2.1.2. Let (Q,, P,,m,) be a sequence of irreducible chains and let o € (0,1). We

say that the sequence exhibits a hit,-cutoff, if for all e € (0,1/4)
hit™ (e) — hit™(1 — ) = o (hitgm /4)) .
All of the results in the remainder of this subsection are taken from [6] (joint work with
Riddhipratim Basu and Yuval Peres). The following is the main abstract theorem from [6].

Theorem 2.1.1 ([6] Theorem 3). Let (§2,, P, m,) be a sequence of lazy reversible irreducible
finite chains. The following are equivalent:

1) The sequence exhibits a cutoff.
2) The sequence exhibits a hit,-cutoff for some a € (0,1/2].

3) The sequence exhibits a hit,-cutoff for some a € (1/2,1) and t(;‘f = o(t(n) ).

Remark 2.1.3. In Example 3.1.8 we show that there exists a sequence of lazy reversible
irreducible finite Markov chains, (2, Py, m,), such that the product condition fails, yet for
all 1/2 < oo < 1 there is hit,-cutoff. Thus the assertion of Theorem 2.1.1 is sharp.

Remark 2.1.4. The proof of Theorem 2.1.1 can be extended to the continuous-time case.
The necessary adaptations can be found in § 4 of [6].

At first glance hit,(¢) may seem like a rather weak notion of mixing compared to tyix(€),
especially when « is close to 1 (say, « = 1—¢). The following proposition gives a quantitative

version of Theorem 2.1.1 (for simplicity we fix a = 1/2 in (2.1.1) and (2.1.2)).
Proposition 2.1.5. For every reversible irreducible finite lazy chain and every e € (0, i],

hity 2(32/2) — [2tea| 10g €] < tamix(e) < hityn(2/2) + [ta|log (/4) [ and  (2.1.1)

1
hltl/g(]_ — 8/2) — I_Qtrel| IOg EH S tmix(l — 8) S hltl/g(l — 28) + ]-5>1/18 ’7§trel log 8“ . (212)

Moreover,

" e /1) .

(2.1.3)

max{hity_./4(5¢/4), (tra — 1)|1og(2¢)|} < tmix(e) < hity_./4(3e/4) + [
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Remark 2.1.6. Our only use of the laziness assumption is to argue that t.g = t2hselute,
In particular, Proposition 2.1.5 holds also without the laziness assumption if one replaces
tee by t2hsoMte  Similarly, without the laziness assumption the assertion of Theorem 2.1.1
should be transformed as follows. A sequence of finite irreducible aperiodic reversible Markov
chains exhibits cutoff iff (t2hselute)(n) = o(tg:i)x) and there exists some 0 < a < 1 such that the
sequence exhibits hit,-cutoff.

Note that for any finite irreducible reversible chain, (S, P,m), it suffices to consider a
d-lazy version of the chain, Ps :== (1 — 0)P + I, for some § > FLQ{)‘Q’O}, to ensure that
b = tabsolte fuhich by the previous paragraph, guarantees that all near-periodicity issues
are completely avoided).

Corollary 2.1.7. Let (Q,, P, m,) be a sequence of irreducible reversible discrete-time chains.
Let )\I(I:Ll)n be the smallest eigenvalue of P,. Let t(L") be the mixing time of the lazy version of

the nth chain in the sequence. Assume that t(L") = o(t(n) ). Then it must be the case that

mix

Mintiie = ©(1).

Loosely speaking, we show that the mixing of a lazy reversible Markov chain can be
partitioned into two stages as follows. The first is the time it takes the chain to escape from
some small set with sufficiently large probability. In the second stage, the chain mixes at a
rate which is governed by its relaxation-time. This estimate is sharp is some cases (i.e. there
are examples in which the above description is accurate and the rate of convergence in the
“second stage” is also lower bounded by the relaxation time).

It follows from Proposition 3.1.2 that the ratio of the LHS and the RHS of (2.1.3) is
bounded by an absolute constant independent of . Moreover, (2.1.3) bounds tyi(¢) in
terms of hitting distribution of sets of ™ measure tending to 1 as ¢ tends to 0. In (3.1.2) we
give a version of (2.1.3) for sets of arbitrary = measure.

Either of the two terms appearing in the sum in RHS of (2.1.3) may dominate the other.
For lazy simple random walk on two n-cliques connected by a single edge, the terms in
(2.1.3) involving hit;_./4 are negligible. For a sequence of chains satisfying the product
condition, all terms in Proposition 2.1.5 involving ¢, are negligible. Hence the assertion of
Theorem 2.1.1, for v = 1/2, follows easily from (2.1.1) and (2.1.2), together with the fact
that hitg%(l J4) = @(tf:i)x). In Proposition 3.1.5, under the assumption that the product
condition holds, we prove this fact and show that in fact, if the sequence exhibits hit ,-cutoff

for some « € (0, 1), then it exhibits hit g-cutoff for all 5 € (0,1).
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2.2 Results concerning characterization of 7, and hypercontrac-
tivity in terms of hitting times distributions

All of the results from this section are taken from [29] (joint work with Yuval Peres) unless
otherwise specified.

There are numerous essentially equivalent characterizations of mixing in L; (e.g. [3, The-
orem 4.6] and [48]) of a finite reversible Markov chain. Some involve natural probabilistic
concepts such as couplings, stopping times and hitting times. In contrast, (paraphrasing
Aldous and Fill [3] last sentence of page 155, which mentions that there is no Ly counterpart
to [3, Theorem 4.6]) while there are several sophisticated analytic and geometric tools for
bounding the L, mixing time, 75, none of them has a probabilistic interpretation, and none
of them determines 75 up to a constant factor.

In a joint work with Peres [29] we provide probabilistic characterizations in terms of
hitting times distributions for the L, mixing time and also for the mixing time in relative
entropy, Tene of a reversible Markov chain (Theorem 2.2.1).

While the spectral gap is a natural and simple parameter, the Log-Sobolev constant, cig,
is a more involved quantity. When one first encounters crg, it may seem like an artificial pa-
rameter that “magically” gives good bounds on 7. We give a new extremal characterization
of the Log-Sobolev constant as a weighted version of the spectral gap. This characterization
gives a direct link between cps and 7, (answering a question asked by James Lee, see Remark
2.2.2) and can be interpreted probabilistically as a hitting-time version of hypercontractivity
(see the discussion in § 4.3).

2.2.1 A characterization of m, and g

All of the results in this subsection are in the continuous-time setup. The discrete-setup is
described in the following subsection. We say that A is connected if P,[T, < Tse] > 0, for
all a,b € A. We denote by Cong the collection of all connected sets A satisfying 7(A) < 4,
where throughout, 7 shall denote the stationary distribution of the chain. Denote

p:=maxp, and pPgy = Max Pguz, Where (2.2.1)
z€Q z€Q ’

pr = min{t : P,[Tye > t] < 7m(A) + %\/W(A)W(AC) for all A € Cony s},

PEnt,z = min{t : P,[Tue > ]

C s all A e (2.2.2)
< -

< Togn(A)] or a € Cony s},

for some absolute constant C' > 0 to be determined later. Note that allowing A above to
range over all A C 2 such that m(A) < 1/2 does not change the values of p, and pgut .-

Theorem 2.2.1 ([29] Theorem 1). There exist absolute constants Cy,Co, C3 such that for
every irreducible reversible Markov chain on a finite state space

p <1 <p+Ci/ers < Cop. (2.2.3)

PEnt S TEnt S O3pEnt' (224)
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Note that in the definitions of p and pgy, the smaller A is, the smaller we require the
chance of not escaping it by time p or pgn, respectively, to be. In other words, the smaller
A is, the higher the “penalty” we assign to the case the chain did not escape from it. As we
explain in § 4.0.4, the first inequalities in (2.2.3)-(2.2.4) are easy and even somewhat “naive”.

A lot of attention has been focused on inequalities that interpolate between the Log-
Sobolev inequality and the Poincaré (spectral gap) inequality (e.g. [8, 44]). We prove a new
extremal characterization (up to a constant factor) of the Log-Sobolev constant (Theorems
2.2.2). The aforementioned characterization has a relatively simple form which does not
involve any entropy. Instead, it describes the Log-Sobolev constant as a weighted version of
the spectral gap. This characterization provides some insights regarding the hierarchy of the
aforementioned inequalities.

Recall that Q := (P + P*)/2. Let A C Q. Let Q4 (resp. P4) be the restriction of @
(resp. P) to A. Note that Q4 and P, are substochastic. The spectral gap of Pa, A(A), is
defined as the minimal eigenvalue of I — Q4. Denote t,,(A) := 1/A(A). Denote

k:=1/a, a:= min «a(A), where «(A):=AA)/|logm(A). (2.2.5)

A€cony /9
As mentioned earlier, « is a weighted version of A since ([3, Lemma 4.39] and [23, (1.4)])

A2 < min AMA) <A, andso tlog2 < k. (2.2.6)

A€cony /3
Theorem 2.2.2 ([29] Theorem 2). For every irreducible Markov chain on a finite state space
kK <trs < 2(k+ tea(l +10g49)) < 2(1 4 (1 +1og49)/log2)k < 17k. (2.2.7)

Remark 2.2.1. The inequality k < trs is easy. See Lemma 4.2 in [23] for a stronger
wnequality. The harder and more interesting direction is trg < C'k, which is an improvement
over the well-known inequality t1s < trelw, where m, 1= mingeq m(x) [16, Corollary

1-27,
A4

Remark 2.2.2. Despite the fact that tys is a geometric quantity, Logarithmic Sobolev in-
equalities have a strong analytic flavor and little probabilistic interpretation. For instance,
the proof of the inequality trs < 2my(1/e) [16, Corollary 3.11] (where T5(€) is the Ly miz-
ing time defined in (1.1.3)) relies on Stein’s interpolation Theorem for a family of analytic
operators. Qur analysis yields a probabilistic proof of the fact that tps < C1y for reversible
chains (the problem of finding such a proof was posed by James Lee at the Simons institute in
2015). Indeed by Theorem 2.2.2 and (4.1.2), t15/17 < k < 3p < 31y (this second inequality
is relatively easy, and is obtained by analyzing hitting times, rather than by analytic tools).
As we show in § 4.0.4, the inequality p < T also has a probabilistic interpretation.

2.2.2 Discrete-time and averaged chain analogs

Let (€2, P,m) be a finite irreducible chain. We may consider the L,-mixing times of the

discrete-time and averaged chains 78%¢*(-) and 72¥(-), resp., defined in an analogous manner

as 7,(+), obtained by replacing hi(z,y) = Hi(z,y)/7(y) with k(x,y) := P'(z,y)/7(y) and

ave
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ay(z,y) := Ay(z,y)/7(y), resp.. Similarly consider the relative-entropy mixing times of the
discrete-time and averaged chains 7t (.) and 782%¢(+), resp.. Define pgiscete and piiscete in
an analogous manner to p, where now the hitting times are defined w.r.t. the discrete-time
chain. Define 255 := max{(1 — X\s) ™", (1 —|A\jg|) ™'} The following observation is new to

this thesis.

Theorem 2.2.3. There exist absolute constants C,Cy, C3 such that for every irreducible
reversible Markov chain on a finite state space

Pdiscete — 1 S Téwe S Pdiscete + CltLS S C2pdiscete- (228)
Pni = 1< T < Copi™ (2.2.9)
i 1 1
Pdiscete S 7—2d scete S Pdiscete + Cl (tLS + tiéjlso ute) S 02 (pdiscete + tiflso Ute)- (2210)
pdEiIs;Eete S 7_]gl]iﬂstcrete S Cg (p%i;?ete + t?(l;lsolute)' (2211)

In conjunction with Theorem 2.2.1, and Lemma 4.1.4, which asserts that pgiscete < Cp
discete

and pdiscete < C7pp o we get the following corollary.

Corollary 2.2.4. There exists an absolute constant C' > 0 such that for every irreducible
reversible Markov chain on a finite state space

ave ave

50 < Cro and Ty < CTepg.

To see that the reverse inequalities are false consider simple random walk on the n-clique,
for which 73v¢ < 2 while 7, = O(logn) and 7, = O(loglogn).
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2.3 Applications

2.3.1 Robustness of 7, under addition of self-loops of bounded weights.

The following corollary (taken from [29], joint work with Peres), proved in § 4.4, is an analog
of [48, Corollary 9.5, which gives the corresponding statement for 7;. While the statement
is extremely intuitive, surprisingly, it was recently shown that it may fail for simple random
walk on an Eulerian digraph [9, Theorem 1.5].

Corollary 2.3.1. [/29] Corollary 1.3] Let (X;) be a reversible irreducible continuous-time
Markov chain on a finite state space ) with generator G. Let (f(t) be a chain with generator
G obtained by multiplying for all x € Q the xth row of G by some r, € (1/M, M) (for some
M >1). Then for some absolute constant C' the corresponding Lo mixing times satisfy

Observe that the generator GG of a reversible chain on a finite state space 2, can be
written as r(P — I), where P is the transition matrix of some nearest neighbor weighted
random walk on a network which may contain some weighted self-loops. The operation of
multiplying the xth row of G by some r, € (1/M, M) for all z € Q is the same as changing
r above by some constant factor and changing the weights of the self-loops by a constant
factor.

Remark 2.3.2. Similarly, one can show that under reversibility the Lo mizing time in the
discrete-time lazy setup is robust under changes of the holding probabilities. More precisely,
for every ¢ € (0,1/2] if we consider a chain that for all x € Q, when at state x it stays put
w.p. § < a(x) < 1—9 and otherwise moves to state y w.p. P(x,y) (where P is reversible),
then its Ly mizing time can only differ from the Lo mizing time of the chain with a(x) = 1/2
for all z, by a factor of C5~|logd|.

2.3.2 A characterization of cutoff for trees.

We start with a few definitions. Let T := (V| F) be a finite tree. Fix some Markov chain,
(V,P,m), on a finite tree T := (V, E). That is, a chain with stationary distribution 7 and
state space V such that P(x,y) > 0 iff {z,y} € E or y = x. Then P is reversible by
Kolmogorov’s cycle condition.

The following theorem generalizes previous results concerning birth and death chains
[19]. The relevant setup is weighted nearest neighbor random walks on finite trees.

Theorem 2.3.1 ([6] (5.15)). There exists an absolute constant C such that for every lazy
reversible Markov chain on a tree T = (V, E) with |V| > 3,

tmix(8) — tmix(1 — €) < C'\/treltmix| loge| + Ctral|loge|,  for all 0 < e < 1/4. (2.3.2)

In particular, if the product condition holds for a sequence of lazy reversible Markov chains
(Viu, Pp,mn) on finite trees T,, = (Vy,, Ey,), then the sequence exhibits a cutoff with a cutoff
(n) 4(n)

t. ./t

rel “mix*

window w,, =
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In [17], Diaconis and Saloff-Coste showed that a sequence of birth and death (BD) chains

exhibits separation cutoff if and only if tEZl) = o(tgli)x). In [19], Ding et al. extended this also
to the notion of total-variation cutoff and showed that the cutoff window is always at most

tEZl)tI(;Li)X and that in some cases this is tight (see Theorem 1 and Section 2.3 ibid). As BD
chains are a particular case of chains on trees, the bound on w, in Theorem 2.3.1 is tight.
We note that the bound we get on the rate of convergence ((2.3.2)) is better than the esti-
mate in [19, Theorem 2.2] (even for BD chains), which is tpiy(€) —tmix(1—¢) < Ce™'Erelmix-
Concentration of hitting times was a key ingredient both in [17] and [19] (as it shall be
here). Their proofs relied on several properties which are specific to BD chains. Our proof

of Theorem 2.3.1 can be adapted to the following setup. Denote [n] :={1,2,...,n}.

Definition 2.3.3. Forn € N and 6,7 > 0, we call a finite lazy reversible Markov chain,
([n], P,7), a (4, r)-semi birth and death (SBD) chain if

(i) For alli,j € [n] such that |i — j| > r, we have P(i,j) = 0.
(ii) For alli,j € [n] such that |i — j| = 1, we have that P(i,7) > 6.

This is a natural generalization of the class of birth and death chains. Conditions (i)-(ii)
tie the geometry of the chain to that of the path [n]. We have the following theorem.

Theorem 2.3.2 ([6] Theorem 2). Let ([ng], P, ) be a sequence of (8,r)-semi birth and
death chains, for some 6,r > 0, satisfying the product condition. Then it exhibits a cutoff
(k) (k)

t it

mix “rel *

with a cutoff window wy, =

2.3.3 Robustness of 7, for trees.

Recall that for reversible chains the L, mixing time, 75, determines the L,-mixing time up to
a factor ¢, for all 1 < p < oo (see (1.1.4)). Denote the L, mixing time of simple random walk
on a finite connected simple graph G by 7,(G). Kozma [31] made the following conjecture:

Conjecture 2.3.4 ([31]). Let G and H be two finite K -roughly isometric graphs of mazimal
degree < d. Then
Too(G) < C(K, d) 7o (H). (2.3.3)

It is well-known that (2.3.3) is true if one replaces 7., with ts (e.g. [16, Lemma 3.4]). Ding
and Peres [20] showed that (2.3.3) is false if one replaces 7., with 7; (various improvements
and extensions of their result can be found in [30], joint work with Yuval Peres). In part,
their analysis relied on the fact that the total variation mixing time can be related to hitting
times, which may be sensitive to small changes in the geometry. Hence it is natural to expect
that a description of 7, in terms of hitting times might shed some light on Conjecture 2.3.4.
Indeed this was one of the main motivations behind [29]. In [26] the author of this thesis
constructed a counterexample to Conjecture 2.3.4, where also there the key was sensitivity
of hitting times.

Peres and Sousi [48, Theorem 9.1] showed that for weighted nearest neighbor random
walks on trees, 7, can change only by a constant factor, as a result of a bounded perturbation
of the edge weights. As an application of Theorem 2.2.1 we prove the L, analog.
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Theorem 2.3.3 ([29] Theorem 3). There exists an absolute constant C' such that for ev-
ery finite tree T = (V, E) with some edge weights (we)ecp, the corresponding random walk
satisfies that

max (7, trs/4) < 1 < 7 + Cmax(tLs, ViLsT), (2.3.4)

Consequently, if (W))ecer, (We)ecr are two edge weights such that 1/M < w./w., < M for all
e € E, then there exists a constant Cyy (depending only on M) such that the corresponding
Lo, mizing times, T, and 7., satisfy

75/ Cu < oo < Ol (2.3.5)

Remark 2.3.5. Since tyg is robust under a bounded perturbation of the edge weights (e.g. [16,
Lemma 3.3]), indeed (2.3.5) follows from (2.3.4) in conjunction with the aforementioned L,
robustness of trees (and the fact that 7 < 7o < 279, see (1.1.4)).
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2.4 Results concerning the averaged chain

All of the results presented in this section are taken from [28] (joint work with Yuval Peres).

Recall that in order to avoid near-periodicity issues one can consider the continuous-time,
the lazy and the averaged versions of the chain. In order to compare the (total variation)
mixing times of these chains with no ambiguity, we introduce some additional notation.

d.(t) :== maéc d.(t,x), dp(t):=maxdy(t,z), dayel(t):= ma@: Aave (L, T),
xT€E

ISy z€
where for every u € 22(Q),
de(t, p) = |[Pu(XF € ) = mllpy = [[H, — 7ll7v,
di(t, 1) = [|Pu(X} € -) = 7llry = |PL,, = 7[lry and

dae(t, 1) == || (P}, + P /2 — || o = (P + PY) /2 — v

The corresponding e-total variation mixing times are, resp.,
te(e) :==1nf {t : d.(t) < e},
to(e) i=1inf{t : di(t) < e} tave(e) :=iInf {t : duve(t) < e}
We also define the corresponding mixing-times w.r.t. initial distribution u to be
te(e, p) :=1inf {t : de(t, 1) < e}, to(e,p) :=inf {t:dp(t,p) < e},

tave(€, 1) == 1nf {t : daye(t, ) < e}.

When € = 1/4, it is we omitted. We denote Z, :={n € Z:n >0} and Ry :={t € R:
t >0} Let ¢ : Ry — Ry and ¢ : (0,1] — (0,1]. We write ¢(t) ~ ¢ if lim; o, ¢(t)/t = 1. We
write ¢ = o(1) if lim._o ¢ (¢) = 0. In [3] Aldous and Fill raised the following question:

Question (Open Problem 4.17 [3]). Show that there ezist 1 : (0,1] — (0,1] and ¢ : Ry — Z
satisfying v = o(1) and ¢(t) ~ t such that for every finite irreducible reversible Markov chain,

V>0,  dave(B(t) < Y(de(t)).

The first progress towards resolving Aldous and Fill’s Open Problem is due to Peres and
Sousi (2.0.1)-(2.0.2). Alas, their result is too coarse for the purpose of resolving it. Theorem
2.4.2, which is in fact a weaker version of Theorem 2.4.1, solves Aldous and Fill’s Problem.
Denote a V b := max{a,b}, a Ab:=min{a,b}. For every t € R we denote the ceiling of ¢ by
[t] :=min{z € Z : z > t}.

Definition 2.4.1. Let 0 < a < 1/2, C>0,t>1 and x € (0,1). We define

Yoo(r) :=1A (x4 Cllog(2z)|™) and ¢ac(t) =1+ fCt% Valogt].

Remark 2.4.2. Note that ¢ c(t) ~t and Yoo = o(1), for all C >0 and 0 < o < 1/2.
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Theorem 2.4.1 ([28] Theorem 1.1). There exist absolute constants Cy,Co, C3 > 0 such that
for every finite irreducible reversible Markov chain, (2, P,m), p € £(Q), 0 < a < 1/2 and
t>1,

dL(‘ba,Cﬁ (t)a :u’) < dC<t/27 :U’) + CQtia' (241)
duve( b (£), 1) < i (28, 1) + Cot ™. (2.4.2)
ave(Pa,cy(t), 1) < do(t, p) + 205877 (24.3)

Moreover, (4.2.1)-(4.2.2) remain valid when p is omitted from both sides.

Note that (4.2.2) follows from (4.2.1)-(2.4.2) by picking some Cj so that ¢, c,(t) >
qba,c'l(l_%gba,cl(zt)-l)'

Remark 2.4.3. The converse inequality de(t + 2t3/%) < due(t) + eV is easy ((2.4.9)).
Combined with (4.2.2) one can readily see that d.(-) exhibits an abrupt transition iff daye(-)
exhibits an abrupt transition (in which case, both occur around the same time).

Theorem 2.4.2. [[28] Theorem 1.2] There exist absolute constants Cy,Cy > 0 such that for
every finite irreducible reversible Markov chain

dave (P (1) < Va,05(de(t)), for every 0 <a <1/2 and t > 2. (2.4.4)

Remark 2.4.4. Theorem 2.4.2 can be rephrased as follows. There exist absolute constants
C1,Cy > 0 such that for every finite irreducible reversible Markov chain,

tave(Va.05(€)) < Gacy (te(€)), for all0 <a <1/2 and 0 <e < 1. (2.4.5)

Theorem 2.4.2 is an immediate consequence of (4.2.2) together with the “worst-case”
estimate do(t) > (e *"/2)1jq;>1 (e.g. [36, Lemma 20.11]). We omit the details. Theorem
2.4.1 follows in turn as the particular case s := 2 V t*y/alogt of the following proposition.

Proposition 2.4.5 ([28] Proposition 1.5). There ezists an absolute constant C' such that for
every finite irreducible reversible chain, (Q, P,7), every u € P(Q), t > 2 and s € [2,€'] we
have that

du(t + [svVt], 1) < deo(t/2, 1) + Cs~t/log s. (2.4.6)
dave(t + [5V1], 1) < dp(2t, 1) + Cs~ 1y /log s. (2.4.7)

We now make two remarks regarding the sharpness of (2.4.7). The first concerns the error
term Cs™'y/log s (and also the “error term”, ¥, c,(dc(t)) — d.(t), in (2.4.4)). The second
concerns the “time-shift” term [sv/Z].

Remark 2.4.6. Denote s = s, := [n°5T] and t = t, o := 4n+s. In § 6.4 we construct

for every 0 < a < 1/2 a sequence of chains with ¢ = (4 £ o(1))n such that for some
absolute constants c1,co > 0 the n-th chain in the sequence satisfies that

C Co

1
2 142a *

5 [log(1/de(t))] *

Thus the inverse polynomial decay (w.r.t. s) in (2.4.7) is the correct order of decay, up to
the value of the exponent.

Aave(t +5) — dc(t) >

(2.4.8)
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Remark 2.4.7. When s is fized, the “time-shift” term s\/t in (2.4.7) is of order \/t. This
cannot be improved. To see this, consider a birth and death chain on [n] == {1,2,...,n} with
P(i+1lyi)=e™=1—-P(i+1,i+2) fori e [n—2] and P(1,2) =1 = P(n,n—1). Then if
rn = o(y/n) we have that dy,(2n —r,) = 1/2 + 0o(1), while daye(n —3) =1 — o(1).

The following proposition offers a converse to Theorem 2.4.1. The argument in the proof
of (2.4.9) is due to Peres and Sousi ([48, Lemma 2.3]).

Proposition 2.4.8 ([28] Proposition 1.8). Let (2, P, ) be a finite irreducible Markov chain.
Then for everyt € N, 0 < s </t and u € P(9),

do(t+ sV 1) < duge(t, ) + e/
dy (2t + [25VE], 1) < dayelt, p) + e757/%, (2.4.9)
ot + s/t p) < (21, 1) + e=*/2, (2.4.10)

Remark 2.4.9. In [53] p. 195, it is written: “a theorem is Abelian if it says something
about an average of a sequence from a hypothesis about its ordinary limit; it is Tauberian if
conversely the implication goes from average to limit”.

Proposition 2.4.8 is easier and more general than Theorem 2.4.1 (as it does not assume
reversibility) because it is an Abelian theorem, while Theorem 2.4.1 is Tauberian, hence
requires the reversibility assumption, as we now demonstrate. One (non-reversible) instance
in which (2.4.7) fails is a biased random walk on the n-cycle with P(i,i — 1) = n~¢ =
1 — P(iyi+ 1), where i — 1 and i + 1 are defined modulo n and ¢ > 0 is arbitrary. In
this example t1,(g)/(n?|logel) = O(1), however tu.(c)/(n"*?|loge|) = O(1) (uniformly in
e€(0,1/2]).

Next, consider a sequence of such chains, ((2,, Py, m,) : n € N), each with its corre-

sponding worst-distance from stationarity d,(t), its mixing-time t((;n), etc.. We say that a
sequence of chains exhibits a continuous-time cutoff if the following sharp transition in
its convergence to stationarity occurs:

lim t((e)/t"™(1 —¢) =1, forevery 0 <e< 1.

n—oo

We say that a sequence of chains exhibits an averaged cutoff (resp. lazy cutoff) if
lim ) (e)/t"™ (1 —¢) =1 (resp., hm tL (e )/tL (1—¢)=1), forevery 0 <e < 1.

The following corollary follows at once from Theorem 2.4.1 together with Proposition 2.4.8.

Corollary 2.4.10 ([28] Corollary 1.10). Let (2, P, m,) be a sequence of finite irreducible
reversible Markov chains. Then the following are equivalent

(i) The sequence exhibits a continuous-time cutoff.
(ii) The sequence exhibits a lazy cutoff.

(i1i) The sequence exhibits an averaged cutoff.
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Moreover, if (i) holds, then lim, tg@g/t((;") = lim,, o ti")/(thn)) =1.

Remark 2.4.11. The equivalence between (i) and (iii) was previously unknown. In [12] it
was shown that (i) and (ii) are equivalent even without the assumption of reversibility.

Our last point of comparison is related to the width of the cutoff window. We say that

a sequence of chains exhibits a continuous-time (resp. averaged) cutoff with a cutoff window

wy, if w, = o(t((;n)) (resp. w, = o(tg(ﬁ()g)) and for every 0 < & < 1/4 there exists some constant

C. > 0 (depending only on ¢) such that

Vo, tW(e) —tM (1 —¢e) < Coaw, (vesp. () — (1 —¢) < Cowy).

C ave ave

One can define the notion of a cutoff window for a sequence of associated lazy chains in an
analogous manner. Note that the window defined in this manner is not unique.

Theorem 2.4.3 ([28] Theorem 1.3). Let (£, Py, m,) be a sequence of finite irreducible re-
versible Markov chains.

(i) Assume that the sequence exhibits a continuous-time cutoff with a window w,. Then
it exhibits also an averaged cutoff with a window w,.

(i) Assume that the sequence exhibits an averaged cutoff with a window w,,. Then it exhibits

also a continuous-time cutoff with a window w., ;= w, V .

Theorem 2.4.3 follows easily from Propositions 2.4.5 and 2.4.8 in conjunction with the
following result. We prove Theorem 2.4.3 in § 6.3 for the sake of completeness.

Proposition 2.4.12 ([12] Chen and Saloff-Coste). Let (£, P, m,) be a sequence of finite
wrreducible reversible Markov chains. The sequence exhibits a continuous-time cutoff with a

window w,, iff it exhibits a lazy cutoff with a window w,, in which case w, = 2 ( t((:”))

Remark 2.4.13. There are cases in which the cutoff window for the sequence of the associ-
ated averaged chains can be much smaller than that of the associated continuous-time chains.
For instance, let G,, be a sequence of random n-vertex d,-reqular graphs, for some d,, such
that logn < d,logd, = n°Y. Let (Xt(n))tez+ be the sequence of discrete-time simple random
walks on G,,. Then [41] w.h.p. (i.e. with probability 1 — o(1), over the choice of the graphs)

[tha(e) = [ogg, 1 (dan)]| <1, for every € € (0,1),

while the cutoff window for the sequence of associated continuous-time chains is \/log, _n.
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Chapter 3

Characterization of cutoff for reversible
Markov chains

In this Chapter we present the proofs of the results from Section 2.1.

3.0.1 An overview

Definition 3.0.14. Let (2, P,m) be a finite reversible irreducible lazy chain. Let A C €,
s > 0 and m > 0. Denote p(A) := /Var,14 = \/7(A)(1 — 7(A)). Set o := e~*/teip(A).
We define

Gs(A,m) = {y: |P§(A) —m(A)| <mo, for allk > s} . (3.0.1)
We call the set Gs(A,m) the good set for A from time s within m standard-deviations.

As a simple corollary of Starr’s L? maximal inequality and the L?-contraction lemma we
show in Corollary 3.0.15 that for any non-empty A C Q and any m, s > 0 that 7(G4(A, m)) >
1 — 8/m?. To demonstrate the main idea of our approach we now prove the following
inequalities.

tmix(26) < hity_.(e) + F;l log (gﬂ . (3.0.2)

hity (1 — 26) > fui(1 — 2) — {% log (gﬂ | (3.0.3)

We first prove (3.0.2). Let A C € be non-empty. Let z € Q. Let s,¢,m > 0 to be defined
shortly. Denote G := G4(A, m). We want this set to be of size at least 1 —e. By Corollary
3.0.15 we know that 7(G) > 1 — 8/m?. Thus we pick m = /8/s. The precision in (3.0.1)
is mo, < \/8/e(v/Varylae /tel) < \/2/ee*/tel. As we want to have ¢ precision, we pick
s i [ log (2)].

We seek to bound |PL(A)—7(A)|. If [PLF(A) —m(A)| < 2e, then the chain is “2e-mixed
w.r.t. A”. This is where we use the set G. We now demonstrate that for any ¢t > 0, hitting
G by time t serves as a “certificate” that the chain is e-mixed w.r.t. A at time ¢+ s. Indeed,
from the Markov property and the definition of G,

[Po[Xiss € A| Ta < ] = w(A)] < maxsup [Py (4) — m(A)] < e.
ge s'>s
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In particular,
IPEF(A) — m(A)| S Pu[Te > t] + |Po[Xiys € A| T < t] — 7(A)| < Pu[Te > t] +e. (3.0.4)

We seek to have the bound P,[T > t] < e. Recall that by our choice of m we have that
7m(G) > 1 —e. Thus if we pick ¢ := hit;_.(g), we guarantee that, regardless of the identity of
A and z, we indeed have that P,[Ts > t] < e. Since x and A were arbitrary, plugging this
into (3.0.4) yields (3.0.2). We now prove (3.0.3).

We now set r := tyix(1 —¢) — 1. Then there exist some x €  and A C  such that
m(A) — PL(A) > 1 —e. In particular, m(A) > 1 — e. Consider again Gy := G, (A, m). Since
again we seek the size of G5 to be at least 1 — ¢, we again choose m = \/% The precision
in (3.0.1) is ma,, < \/8/e(v/Varylae 2/te1) < \/8/c(\/1 — m(A)es2/trl) < /8e52/hel. We
again seek ¢ precision. Hence we pick sy := Pre‘ log (E%ﬂ As in (3.0.4) (with r — s in the

2
role of ¢ and s, in the role of s) we have that

P,[T¢, >r — s3] >m(A) —PL(A) —e > 1— 2¢.

Hence it must be the case that hitq_(1 —2¢) > r — sg =t (1l — &) — 1 — (% log (E%ﬂ
We now prove the claim concerning the size of the good set.

Corollary 3.0. 15 Let (2, P, ) be aﬁm’te reversible irreducible lazy chain. As in Definition
58.0.14, define p(A) = \/m(A)(1 — 7(A)), o1 := p(A)e /b and

Gi(A,m) == {y: |PZ(A) — w(A)| < moy for allk >t} .

Then
T(Gy(A,m)) >1—8m ™2, forall ACQ, t>0 and m > 0. (3.0.5)

Proof. For any t > 0, let fi(z) := P*(14 — 7(A))(z) = PL(A) — 7(A). Then in the notation
of Theorem 1.2.1,

(F)-(w) = sup | P f(@)] = sup[P5(4) = m(4)]

k>0

Hence Gy D {x € Q: (f;)«(z) < moy}. Whence
1—7(Gy) <7m{z: (fi)«(x) > mo}. (3.0.6)

Note that since 7P* = 7 we have that E,(f;) = E.(fo) = Ex(14 — 7(A4)) = 0. Now (1.1.10)
implies that

Pl < [|fil|? = Var, Pl fy < e/ Var, fo = e 2/t p?(A) = o2, (3.0.7)
Hence by Markov inequality and (1.2.1) we have
m{z: (fi)e() = mo} =7 {z: ((f)(x)* > mio]} < 8m™> (3.0.8)

The corollary now follows by substituting the last bound in (3.0.6). O]
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3.1 Inequalities relating t¢,(¢) and hit,(J)

Our aim in this section is to obtain inequalities relating ¢,x(¢) and hit,(d) for suitable values
of a, € and 9 using Corollary 3.0.15.

The following corollary uses the same reasoning as in the proof of (3.0.2)-(3.0.3) with a
slightly more careful analysis.

Corollary 3.1.1. Let (2, P,m) be a lazy reversible irreducible finite chain. Let x € €,
d,a € (0,1), s >0 and A C 2. Denote t := hity_,,(5). Then

PLUA) 2 (10) [a(d) e/ [satm () =) ] @

Consequently, for any 0 < € < 1 we have that

hitl—a((a + 5) A 1) < tmix(E) and tmix((S + (5) N 1) < hitl_a(g) + ’V@ 10g+ (2(1 — 8)2)-‘ |

2 agd
(3.1.2)
where a A b := min{a, b} and log" x := max{logz,0}. In particular, for any 0 < ¢ < 1/2,

hity_c/4(56/4) < tmix(e) < hity_./4(32/4) + [3@61 log (4/5)—‘ : (3.1.3)

2

1
tmix(€) < hity/2(e/2) + [t log (4/€)] and tmic(1 —e/2) < hityja(1 —€) 4+ Lesayg ktrel log 8—‘ )
(3.1.4)

Proof. We first prove (3.1.1). Fix some = € . Consider the set
G =G,(A) = {y L PE(A) — 7(A)] < et (8a w(A) (1 — 7(A))) " for all k > s} .
Then by Corollary 3.0.15 we have that
m(G)>1- .
By the Markov property and conditioning on T and on X7, we get that
Po[Xipe € A| Ta < ] > w(A) — e/ [8a ' w(A) (1 — 7(A))] 2.
Since 7(G) > 1 — a we have that P, [T <t] > 1 — 0 for t := hity_, ,(6). Thus

PLY(A) 2 Pu[Te < tPu[Xeps € A | To <] 2 (1-0) [w(4) — e/ [8a” m(A) (1 = 7(4))] ]

which concludes the proof of (3.1.1). We now prove (3.1.2). The first inequality in (3.1.2)
follows directly from the definition of the total variation distance. To see this, let A C 2 be
an arbitrary set with m(A) > 1 — a. Let t; := tyx(¢). Then for any x € ©,

P.[Ta <t] > P, [X;, € A] > m(A) — ||PY — 7|y > 1 —a—e.
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In particular, we get directly from Definition 2.1.1 that hit;_,(a + &) < t; = tu(e). We
now prove the second inequality in (3.1.2).

Set ¢ := hit;_,(¢) and s := Btrel log™ <2(1—_6)2>—‘ Let z € § be such that d(t + s) =

agd

|PLts — 7|y and set A := {y € Q : 7(y) > PL*5(y)}. Observe that by the choice of ¢, s, x
and A together with (3.1.1) we have that

d(t +5) = m(A) — PL(A) < em(A) + (1 — g)e ¥/t [8a™'7(A)(1 — 7(A))]
< eln(A) +2¢/6/e/n(A)(1 —n(A))] < el + (2/8/e)* /4] = ¢+,

where in the last inequality we have used the easy fact that for any ¢ > 0 and any x € [0, 1]
we have that z + cy/z(1 — ) < 1+ /4. Indeed, since z € [0,1] it suffices to show that
r+c/(1—2) < 1+c/4. Write /1 — 2 = y and ¢/2 = a. By subtracting = from both sides,
the previous inequality is equivalent to 2ay < y* + a®. This concludes the proof of (3.1.2).
For the second inequality of (3.1.3), apply (3.1.2) with (a,e,d) being (g/4,3¢/4,¢/4).
Similarly, to get (3.1.4) apply (3.1.2) with («,¢,d) being (1/2,¢/2,¢/2) or (1/2,1 —¢,¢/2),
respectively. [

1/2

(3.1.5)

Let a € (0,1). Observe that for any A C Q with 7(A) > «, any = € 2 and any t,s > 0,
by the Markov property we have that P,[T4 > t + s] < P,[T4 > t](max, P.[T4 > s]) <
p(a, t)p(a, s). Maximizing over x and A yields that p(a,t + s) < p(a, t)p(a, s), from which
the following proposition follows.

Proposition 3.1.2. For any a,e,0 € (0,1) we have that
hit, (€0) < hit,(e) + hit,(6). (3.1.6)

In the next corollary, we establish inequalities between hit,, (9) and hitg(d") for appropriate
values of o, 3,60 and ¢’

Corollary 3.1.3. For any reversible irreducible finite chain and 0 < e < <1,
1l -«
(1—=7P)e

The general idea behind Corollary 3.1.3 is as follows. Loosely speaking, we show that
any set A C Q has a “blow-up” set H(A) (of large m-measure), such that starting from
any x € H(A), the set A is hit “quickly” (in time proportional to t./7(A)) with large
probability.

In order to establish the existence of such a blow-up, it turns out that it suffices to consider
the hitting time of A starting from the initial distribution 7, which is well-understood.

Lemma 3.1.4. Let (2, P,7) be a finite irreducible reversible Markov chain. Let A C € be

non-empty. Let o >0 and w > 0. Let B(A,w,a) := {y : P, [TA > hf—lA"“';H > a}. Then

hitz(d9) < hit,(0) < hitg(d—e)+ [a‘ltrel log ( )—‘ , forany0 <a < p<1. (3.1.7)

PL[Ta > ] < 7(A°) (1 _ My < 7(A%) exp (—TA)) Cforanyt>0.  (3.18)

rel rel

In particular,

7 (B(A,w,a)) < 7(A%e ™ a ™t and 7(A)E;[T4] < tram(A°). (3.1.9)
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The proof of Lemma 3.1.4 is deferred to the end of this section.
Proof of Corollary 3.1.3. Denote s = sq3, := {oﬁltrel log ((11—_—;)8>—‘ Let A C €2 be an
arbitrary set such that m(A) > a. Consider the set

H =Hi (Ao pBe)={yeQ:P,[Ty<s|>1—¢}.

Then by (3.1.9)

(H) 2 1= (1= (1= 2) (1= sl exp [ -5

>1—c1(1—a)exp {— log ((f:—ﬁo‘)sﬂ — 3

By the definition of H; together with the Markov property and the fact that 7(Hy) > (3, for
any t > 0 and z € Q,

PE[TA St—FS] > Pr[THl <t,Ty < t—i—S] > (1 - €)Px[TH1 < t]

>(1—e)(1—p(B,t) >1—¢e— rilea%py(ﬁ,t). (3.1.10)

Taking ¢ := hitg(d — €) and minimizing the LHS of (3.1.10) over A and z gives the second
inequality in (3.1.7). The first inequality in (3.1.7) is trivial because a < f. O

3.1.1 Proofs of Proposition 2.1.5 and Theorem 2.1.1
Now we are ready to prove our main abstract results.

Proof of Proposition 2.1.5. First note that (2.1.3) follows from (3.1.3) and the first inequality
in (1.1.8). Moreover, in light of (3.1.4) we only need to prove the first inequalities in (2.1.1)
and (2.1.2). Fix some 0 < & < 1/4 and ¢ > 0. Take any set A with 7(A) > 1 and z € Q.
Denote s. := [2t,q|loge|]. Consider a coupling (P, (Yx, Zk)r>0) of the chain (Y})r>o with
initial distribution Yy ~ P% with the stationary chain (Z;)g>o so that P[(Yi)r>0 # (Zk)k>0] =
d.(t) (cf. the proofs of Proposition 4.7 and of Theorem 5.2 in [36] for the existence of such
a coupling). By the Markov property

PuTa>t+s ] <P[Xp ¢ Aforallt <k <t+s]=P[Y, ¢ Aforall k <s]
< P[(Yi)kso # (Zk)k>o0) + P2 ¢ A for all k < s.] = d,(t) + Pr[Ta > s.].

Hence by (3.1.8)

1
PalTa > ¢+ 5] < dalt) + 5o~/ <d(t) + .

Putting ¢ = tyix(e) and t = (1 — €) successively in the above equation and maximizing
over z € 2 and A such that 7(A) > $ gives

h1t1/2(3€/2) < tmix(g) + S¢ and hltl/g(l — 5/2) < tmix<1 — 8) + S,

which completes the proof. O
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Before completing the proof of Theorem 2.1.1, we prove that under the product condition
if a sequence of reversible chains exhibits hit,-cutoff for some « € (0,1), then it exhibits
hit,-cutoff for all a € (0,1).

Proposition 3.1.5. Let (Q,, P,,m,) be a sequence of lazy finite irreducible reversible chains
for which the product condition holds. Then (1) and (2) below are equivalent:

(1) There exists a € (0,1) for which the sequence exhibits a hit,,-cutoff.

(2) The sequence exhibits a hit,-cutoff for any o € (0,1).

Moreover,

hit(™ (1/4) = (")

mix)> for any a € (0,1). (3.1.11)
Furthermore, if (2) holds then

lim hit{" (1/4) /hit{}5(1/4) =1, for any a € (0, 1). (3.1.12)
Proof. We start by proving (3.1.11). Assume that the product condition holds. Fix some
a € (0,1). Note that we have

hit" (1/4) < 4o~ hit! (1 - %) < da7'tl) (%) < da71(2 + [logy(1/a)] )ty
The first inequality above follows from (3.1.6) and the fact that (1 — 3a/4)% ~! < 4e™3 <
1/4. The second one follows from (3.1.2)(first inequality). The final inequality above is a
consequence of the sub-multiplicativity property: for any k,t > 0, d(kt) < (2d(t))* (e.g. [36],
(4.24) and Lemma 4.12).
Conversely, by (3.1.6) (second inequality) and the second inequality in (3.1.2) with
(a,e,0) here being (1 — «,1/8,1/8) (first inequality)

(n) (n) i1 (n)
o Lol 100 hit” (1/8) ,
mixe o rel ] — )| < = < hit™(1/4).
2 {4 Og(l—a>w_ 2 < hitg"(1/4)

This concludes the proof of (3.1.11). We now prove the equivalence between (1) and (2)
under the product condition. It suffices to show that (1) == (2), as the reversed implication
is trivial. Fix 0 < a < # < 1. It suffices to show that hit,-cutoff occurs iff hitg-cutoft occurs.

Fix ¢ € (0,1/8). Denote s, = s,(a,f,¢e) = [tig)a_llog@ll_’ﬁa)aﬂ. By the second

inequality in Corollary 3.1.3
hit{) (1 — &) < hit§” (1 — 2¢) + s, and hit" (2¢) < hit[) () + s,,. (3.1.13)
By the first inequality in Corollary 3.1.3
hit;” (2¢) < hit{"(2¢) < hit?™ (¢) and hit|{” (1 —¢) < hit§”(1—2¢) < hit{)(1-2¢). (3.1.14)
Hence
hit ;' (2¢) — it} (1 — 2¢)

< hit™(e) — hit!™ (1 — €) + sy,
hit™ (2¢) — hit(™ (1 — 2¢) < hit

® * (3.1.15)
(ﬁn) (e) — hitgn)(l —€) + Sp.
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Note that by the assumption that the product condition holds, we have that s, = o(t( ))

mix

Assume that the sequence exhibits hit,-cutoff. Then by (3.1.11) the RHS of the first line of
(3.1.15) is 0( ) Again by (3.1.11), this implies that the RHS of the first line of (3.1.15) is
o(hitén (1/4)) and so the sequence exhibits hits-cutoff. Applying the same reasoning, using
the second line of (3.1.15), shows that if the sequence exhibits hit s-cutoff, then it also exhibits
hit,-cutoff.

We now prove (3.1.12). Let a € (0,1). Denote o := min{a,1/2} and 8 := max{a, 1/2}.
Let s, = s,(a, (3, €) be as before. By the second inequality in Corollary 3.1.3

mix

hit()(1/4 + ¢) — s, < hit|}’ (1/4) < hit{(1/4). (3.1.16)

By assumption (2) together with the product condition and (3.1.11), the LHS of (3.1.16) is
at least (1 — o(1))hit{™(1/4), which by (3.1.16), implies (3.1.12). O

The following proposition shows that for all a@ < 1/2 the occurrence of hit,-cutoff implies
that the product condition holds. In particular, this implies the equivalence of 2) and 3) in
Theorem 2.1.1.

Proposition 3.1.6. Let (Q,, P,, 7,) be a sequence of lazy finite irreducible reversible chains.

Assume that the product condition fails. Then for any o < 1/2 the sequence does not exhibit
hit,, -cutoff.

Before providing the proof of Proposition 3.1.6, we complete the proof of Theorem 2.1.1.

Proof of Theorem 2.1.1. By Proposition 3.1.6 it suffices to consider the case in which the
product condition holds. By Propositions 3.1.5 it suffices to consider the case a = 1/2 (that
is, it suffices to show that under the product condition the sequence exhibits cutoff iff it
exhibits hit ,-cutoff). This follows at once from (2.1.1), (2.1.2) and (3.1.12). O

Proof of Proposition 3.1.6. Fix some 0 < o < 1/2. We first argue that for all n, &k > 1

hit™ ([1 — a/2]%) < k[|log,(a/2)[1t" (3.1.17)

le

By the submultiplicativity property (3.1.6), it suffices to verify (3.1.17) only for £ = 1. As

in the proof of Proposition 3.1.5, by the submultiplicativity property d(mt) < (2d(t))™

together with (3.1.2), we have that hit™ (1 — a/2) < mlx(a/2) < [|logy(a/2)[])t I(m)x
Conversely, by the laziness assumption, we have that for all n,

hit™ (£/2) > |log, el for all 0 < e < 1. (3.1.18)

To see this, consider the case that X(()") = y,, for some y, € Q, such that Wn(yn) <1/2 <

1—a, and that the first ||log, €|] steps of the chain are lazy (i.e. y, = X(") == X||1ogyel])-
By (3.1.17) in conjunction with (3.1.18) we may assume that lim,,_ tl(:fl)x = 00, as other-
wise there cannot be hit,-cutoff. By %jassmg to a subsequence, we may assume further that

there exists some C' > 0 such that tfmx < Ctre1 In particular, lim,,_. tEZl) = oo and we may

assume without loss of generality that ()\é )) mix > ¢~¢ for all n, where Ag’“ is the second
largest eigenvalue of P,.
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For notational convenience we now suppress the dependence on n from our notation. Let
fo € R be a non-zero vector satisfying that Pf, = Ao fo. By considering — f5 if necessary,
we may assume that A := {z € Q: fy < 0} satisfies 7(A) > 1/2. Let & € Q be such that
fo(x) = maxyeq f2(y) =: L. Note that L > 0 since E[fs] = 0.

Consider Ny, := Ay " fo(X;) and My := Nypar,, where Xy = z. Observe that (Ny)gso is
a martingale and hence so is (Mj)g>o (w.r.t. the natural filtration induced by the chain).
As M, < 0 on {T4 < k} and M, < AL on {T4 > k}, we get that for all k& > 0,
M, < )\Q_kLlTA>k, and so

L =E,[My] = E.[My] < E N Llp,or] = Ay LP,[T4 > k. (3.1.19)
Thus P,[T4 > k] > A5, for all k. Consequently, for all a > 0,
P.[Ta > atpi] > A3 > e7%¢. (3.1.20)

Thus
hit, (e/2) > hitya(e/2) > C M| logel, for any 0 < e < 1.

This, in conjunction with (3.1.17), implies that el > LB for all 0 < & < a/2.

Consequently, there is no hit,-cutoff. ]

3.1.2 Proof of Lemma 3.1.4

Now we prove Lemma 3.1.4. As mentioned before, the hitting time of a set A starting from
stationary initial distribution is well-understood (see [21]; for the continuous-time analog see
[3], Chapter 3 Sections 5 and 6.5 or [11]). Assuming that the chain is lazy, it follows from
the theory of complete monotonicity together with some linear-algebra that this distribution
is dominated by a distribution which gives mass 7(A) to 0, and conditionally on being
positive, is distributed as the Geometric distribution with parameter 7(A)/t. Since the
existing literature lacks simple treatment of this fact (especially for the discrete-time case)
we now prove it for the sake of completeness. We shall prove this fact without assuming
laziness. Although without assuming laziness the distribution of T4 under P, need not be
completely monotone, the proof is essentially identical as in the lazy case.

For any non-empty A C 2, we write w4 for the distribution of 7 conditioned on A. That
is, ma(+) = ”(W)(;A%A
Lemma 3.1.7. Let (Q, P,m) be a reversible irreducible finite chain. Let A C € be non-
empty. Denote its complement by B and write k = |B|. Consider the sub-stochastic matriz
Pg, which is the restriction of P to B. That is Pg(x,y) := P(x,y) for x,y € B. Assume
that Pg is irreducible, that is, for any x,y € B, exists some t > 0 such that P5(x,y) > 0.
Then

(i) Pp has k real eigenvalues 1 — w(A) /[ty =71 > 72 >+ > % = —-

(ii) There exist some non-negative ay, . . ., ay satisfying Zle a; = 1 such that for anyt > 0,
k

Poy[Ta>t] =) an). (3.1.21)
i=1
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(iii)

P, [Ta>t] <~ < (1 - W(A)) < exp (—M(A)) , forallt > 0. (3.1.22)

rel rel

Proof. We first note that (3.1.22) follows immediately from (3.1.21) and (i). Indeed, by (i),
t
vl < <1-— 7;(—’? for all i, and so (3.1.21) implies that P, [T4 > t] < A1 < (1 - M)

trel

for all ¢ > 0. We now prove (i).

Consider the following inner-product on R?, (f, ), := > g mp(x)f(x)g(x). Since P is
reversible, Ppg is self-adjoint w.r.t. this inner-product. Hence indeed Pg has k real eigenvalues
Y > e > -+ > 7 and there is a basis of RE, ¢y, ..., g, of orthonormal vectors w.r.t. the
aforementioned inner-product, such that Pgg; = vi¢; (¢ € [k]). By the Perron-Frobenius
Theorem v, > 0 and 1 > —;.

By the Courant-Fischer variational characterization of eigenvalues we have

1 I—-P -
M :g=>0,g=0o0nA,qg non—constant}. (3.1.23)
trl(B) (9,9)x

Also observe that for all g > 0 such that ¢ = 0 on A we have by the Cauchy-Schwarz
inequality that E., g> = (Ex, 9)° (where for f € R® we denote E,, f := >, m5(b)f(b))
which rearranges to

:1—71:inf{

Var,g = (9 —Ez9,9 —Erg)r > 1(A){g,9)x-

Thus by (3.1.23) 1—y; > w(A) inf{((I—P)g, g)~/Varrg : g > 0,g = 0 on A, g non-constant},
which in comparison with the variational characterization of ¢, (e.g. [36, Remark 13.13])

1/t,q = inf{(({ — P)g, g)»/Var,g : g non-constant},

yields that 1 — v, > m(A)/t,. This concludes the proof of part (i). We now prove part (ii).
By summing over all paths of length ¢ which are contained in B we get that

Poy[Ta>t] = Y wp(x)Ph(z,y). (3.1.24)

z,yeB

By the spectral representation (cf. [36, Lemma 12.2] and Section 4 of Chapter 3 in [3]) for
any x,y € B and t € N we have that P5(z,y) = 3. 7(y)g:(x)g:(y)7!. So by (3.1.24)

k

PrgTa > 1] = > 75(x) > 75 (W)gi(@)g:(w)i = D_ i

z,yeB i=1

where a; :== (3,5 WB(x)gi(x))Q. Plugging t = 0 shows that indeed Zle a; = 1, as desired.
]

Using the same argument for the continuous-time setup, it follows that

k k
Hﬂ'B [TA > t] f— Z ﬂ'B(x) ZWB(y)gl(x)gZ(y)ef(lf'ﬁ)t — Zaief(lf’yi)t g 67t7r(A)/trel'

z,yEB i=1 i=1
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Proof of Lemma 3.1.4. We first note that (3.1.9) follows easily from (3.1.8). For
the first inequality in (3.1.9) set t = t(A,w) := [tiqw/7m(A)] and B := B(A,w,a) =
{y:P,[T4 >t] >a}. Then by (3.1.8)

am(B) < w(B)Pyy[Ta > t] < Pr[Ta>t] <w(A°)exp (—tm(A)/ta) < T(A)e™

For the first inequality in (3.1.9) recall that E[T4] = >, Px[T4 > t] and apply (3.1.8).
We now prove (3.1.8). Denote the connected components of A°:= Q\ A by {C4,...,Ck}.
Denote the complement of C; by Cf. By (3.1.22) we have that

P,[Ty>t] = Zw(Ci)Pm [Ty >t] = Zw(a)Pm [Tee > 1] <

i=1 =1

3 r(0) (12D < 3 (1- T~ ntay (<0

z(:rel rel

3.1.3 Sharpness of Theorem 2.1.1

Now we give an example to show that in Proposition 3.1.6 (and hence in Theorem 2.1.1) the
value % cannot be replaced by any larger value.

Example 3.1.8. Let (2, Py, m,) be the nearest-neighbor weighted random walk from Figure
3.1. Then tEZR = @(t( ") ), yet for every 1/2 < o < 1, the sequence exhibits hit,,-cutoff.

mix

Proof. Let ®,, := minacq,.0cn,(4)<1/2 Pn(A) be the Cheeger constant of the n-th chain,

where ®,,(A) = Z“EA*Z’E;‘;?Z)@)P"(G’I)). Then by taking A to be either A; or A,, by Cheeger

inequality (e.g. [36], Theorem 13.14), we have that ¢ > 5 > on’ > cot™) (it is easy

rel mix

to show that by (2.0.1) and the fact that m,(A;) = 1/2 — 0( ) for ¢ = 1,2 we have that
SZ’IX < Cn?). By (1.1.8), indeed tf:l) = @(tfm)x) and it follows that there is no cutoff.

Fix some 1/2 < o < 1. Let B C ,, be such that m,(B) > «. Denote the set of vertices
belonging to the path, but not to A; by D. Then 7,(D) = O(n?) = o(1). Consequently,
(AN B) > a—1/2—0(1), for i = 1,2. Using this observation, it is easy to verify that for
all x € A; U Ay we have that

hit, . () < ¢qlog(1/e), for any 0 < e < 1, (3.1.25)

for some constant ¢, independent of n.

Let y be the endpoint of the path which does not lie in A;. Let 2z be the other endpoint
of the path. The hitting time of z under P, is concentrated around time 6logn. Then by
(3.1.25), together with the Markov property (using the same reasoning as in the proof of
Lemma 5.1.1) for all sufficiently large n we have that for any 0 < e < 1/4

hitgf;(Qe) < (6+0(1))logn + hitgg(a) = (6+0(1))logn,

hit) (1 — &) > (6 — o(1)) logn. (3.1.26)

Similarly to the proof of Lemma 5.1.1, for any B C €2, and any x € D, we have that
Py[Tp\p > t] > P,[T > t], for all t. Since m,(D) = o(1), this implies that for all sufficiently
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Figure 3.1: We consider a lazy weighted nearest-neighbor random walk on the above graph
consisting of two disjoint cliques A; and A, of size n connected by a single edge and a path
of length k,, = [logn] connected to A;. The edge weights of all edges incident to vertices in
Aj U Ay is 1, while those belonging to the path are indicated in the figure. Inside the path,
the walk has a fixed bias towards the clique.

large n, for any 1/2 < o < 1, there exists some 1/2 < o/ < a (o’ depends on a but not on n),
such that for any x € D we have that hitgg(e) > hitg??m(e), for all 0 < e < 1. This, together
with (3.1.25) and the fact that the leftmost terms in both lines of (3.1.26) are up to negligible
terms independent of o and e, implies that the sequence of chains exhibits hit,-cutoff for all
1/2<a<l. O

Remark 3.1.9. One can modify the sequence from FExample 3.1.8 into a sequence of lazy
simple nearest-neighbor random walks on a graph. Construct the n-th graph in the sequence
as follows. Start with a binary tree T' of depth n. Denote its root by y, the set of its leaves
by Ay and D := T\ Ay. Turn Ay into a clique by connecting every two leaves of T by an
edge. Take another disjoint complete graph of size |A;| = 2" and denote its vertices by As.
Finally, connect Ay and As by a single edge. Since the number of edges which are incident
to D is at most 2"2, while the total number of edges of the graph is greater than 2°", we
have that 7,(D) = o(1). The analysis above can be extended to this example with minor
adaptations (although a rigorous analysis of this example is somewhat more tedious).
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Chapter 4

A characterization of L, mixing and
hypercontractivity via hitting times and
maximal inequalities

In this Chapter we prove the results from Section 2.2. Hence as in Section 2.2 we concentrate
on the continuous-time setup (and write X; and P, instead of X7 and H,).

4.0.4 An overview of our approach

We start with an illustrating example: if P,[T4c > t] > 37(A)/2 for some set A, then
[Hi(z, A) = m(A)]/m(A) = [P[Tae > 1] = w(A)]/m(A) > 1/2.

Denote 7 conditioned on A by m4(a) := l,eam(a)/m(A). Finally, note that

oo (t) > max hy(z,a) =1 > Y " ma(a)(h(z,a) — 1) = [Hy(z, A) — 7(A)] /7 (A) > 1/2.

acA
Hence 7o, > min{t : P,[T4e > t] < 37w(A)/2, for all A}.

This generalizes as follows. Let A C Q, 2z € Q, ¢t > 0 and § € (0,1). Let P45 be
the collection of all distributions u on 2, satisfying that u(A) > w(A) + o7 (A°). Clearly, if
Pu[Tae > t] > w(A) + dm(A°), then P, € Z,5. Note that

Vas = 57TA + (1 - (5)7T € @A,é-

Moreover, min{¢’' : va 5 € P45} = 6. It is thus intuitive that for a convex distance function
between distributions, v, s is the closest distribution to 7 in &4.

Proposition 4.0.10. Let (2, P,w) be some finite irreducible Markov chain. Let A C Q.
Denote vy s :=dma+ (1 —6)m. Then for all § € (0,1),

min |y —7llzx = l[vas = llam = 03/m(A°)/7(A).
HEP A,

min D(pl|m) = D(vas|w) = u(r(4),0),

HEP A,

(4.0.1)

where uw(z,y) = [y + z(1 — y)]log(1 + @) +(1—y)(1 —2)log(l—y).
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Proof. The first equality in both lines can be verified using Lagrange multipliers. The second
equality in both lines is straightforward. ]

Proposition 4.0.10 motivates the definitions in (2.2.2). We argue that (4.0.1), implies
both (2.2.3)-(2.2.4) by making suitable substitutes for ¢ in (4.0.1). For (2.2.3) substitute

6=1,/ ”((AAC in the first line of (4.0.1). For every x € Q2 and ¢ < p, there is some A € Cony,
such that

P.[Tye > t] > 7(A) + % m(A)m(Ac) = w(A) + om(A°),

where the equality follows by our choice of §. As mentioned above, this implies that P! €
P 45 for some ¢ > 6 and so by (4.0.1) and the choice of d, we have that ||PL, — 7|2, > 1/2
For (2.2.4), it is not hard to Verlfy that for some C’, C' > 0, we have that u(z, min(z=—,1)) >

c’

|log 2|’ -

1/2 and = + m(l —x) < m for all x < 1/2. Substituting § = m in the second
line of (4.0.1) implies (2.2.4) in a similar manner to the above derivation of (2.2.3).

We now explain the idea behind the proof of the upper bound on 7, from (2.2.3). Let
x € Q. Denote t := p, + 8k + 6t, log2. By Theorem 2.2.2 it suffices to bound ds ,(%).

Step 1: Show that (Proposition 4.1.3)

VB € C0n1/27 PJ:I:TBC > t] < W(B)3.

Step 2: Show that (Lemma 4.2.1) for A; := {y: hy(x,y) > (s+ 1)}

VM >1 |PL— |2, < M +/ 2sm(A,)ds.
M

— By Poincaré ineq. (1.1.2) it suffices that sm(A,) < 25732 for s > M (for some M).
Step 3: For B, = {y : sup,, Hy(y, As) > 5m(A,)} by step 1 and the Markov property,

SW(AS) S Ht(x7As) - PI[TBg > t7Xt € As] + Px[TBg S taXt € As]

<P [Tp >t]+ sup Hiy, A)) < 7(B,)* + ~m(A,).
‘ Y& B, k>0 2

(4.0.2)

Step 4: If 7(B,) < s~/2, then we are done. Unfortunately, we do not know how to prove this
estimate. Hence we have to define the set Bj in a slightly different manner: By := {y :
supy Hy(y, As) > ey/s|log m(A,)|m(A,)}. By Lemma 1.2.2 indeed 7(B,) < s~/2. Since
ev/s|log m(A,)|m(Ay) < sm(A,)/2, unless m(A,) < Ce™V*, repeating the reasoning in
(4.0.2) with the new choice of By concludes the proof. ]

The proof of Theorem 2.2.2 is similar. The general scheme is as follows. Define a relevant
family of sets A,. Define B; to be of the following form {y : sup |gs(y)| > as} with appropriate
choices of g5 and as € R, so that the desired inequality we wish to establish for Ag holds
with some room to spare given that Tge < ¢ (for an appropriate choice of ¢). Finally, control
the error term P[Tsc > t] (using the choice of ¢) by controlling 7(B;) using an appropriate
maximal inequality.
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4.1 Bounding escape probabilities using
Recall that P4 and Q4 are the restriction to A of P and (@), resp.. Denote
HA(z,y) == e =P (g 4) =P, (X; = y, Tae >t) and similarly S/ := e t0-@a),

Recall that A(A) is the smallest eigenvalue of I —@Q 4. By the Perron-Frobenius Theorem there
exists a distribution p4 on A, known as the quasi-stationary distribution of A, satisfying
that the escape time from A w.r.t. @), starting from g4, has an Exponential (resp. Geometric
in discrete-time) distribution with mean t,(A) = 1/A(A). Equivalently, for all ¢ > 0

1aQa = (1 — MA)) s and puySH = e 2Dy,

Throughout we use ps to denote the quasi-stationary distribution of A. Recall that we
denote 7 conditioned on A by 4.

Using the spectral decomposition of Q4 (e.g. [6, Lemma 3.8] or [3, (3.87)]) it follows that

VACQ,5>0, P, [Tac>s] <P, [Tae >8] = paSily = e M5y (A) = e XDs,
(4.1.1)

Proposition 4.1.1. For reversible chains
Kk < 3p. (4.1.2)
Proof: Let A € Cony /g be such that x = t,(A)|logm(A)|. By (4.1.1) Py, [Tac > £/3] =
m(A)Y3. Since a'? > a+ 1\/a(1 — a), for all 0 < a < 1/2, we get that

Iileaj{Px[TAc > k/3] > P, [Tac > k/3] = 7(A)Y3 > 7(A) + % w(A)m(A°). O

Definition 4.1.2. p := max, p, and pgy ‘= MaXy PEnte, Where

pr :=min{t : P,[Tuc > t] < w(A)* for all A € Conyp}.

1 (4.1.3)
< A
S T6e2log(e¥2/m(A))]7 for all A € Cony/p}

ﬁEnt,x = mln{t : Px[TAc > t]

Note that by the Markov property, max, P,[T4c > mt] < (max, P,[T4. > t])™ and so
P S ﬁ S 8P and PEnt S ﬁEnt S C/pEnt> (414)
for some absolute constant C’ > 0. The following proposition refines the inequality p < 8p.

Proposition 4.1.3. For every reversible chain,

Ve e Q, pr<ps+s, where s:=8kKk+ 2t,log8s. (4.1.5)
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Proof: Let v € Qand A € Conyj,. By (2.2.6) 2t > MaX BeCon, tre1(B) and so by (4.1.1)
P [Ta >s] <e —A(A)[tre1(4) (8] log w(A)[+1og 8)] T(A)®/8.

Thus the set
B = B(A) :={y: P,[Ts > s] > m(A)*/2}

satisfies
m(B)/m(A) = ma(B) < Pr,[Tac > SV( (A )3/2) < 7(A)*/4,

and so by the definition of p,, Py[Tpe > p,] < m(B) + 5/m(B)w(B¢) < \/7(B) < im(A)3

(where we used 7(B) < 27%). Finally, by the deﬁmtlon of B and the Markov property

1 1
Py[Tac > py + 8] < Py[Tpe > p.| + max Py[Tse > 5] < 57 m(A)® + 5”(14)3 =n(AP. O

Lemma 4.1.4. For every finite irreducible Markov chain we have that
Pdiscete S Cp7
Pemt < C' Pt

Proof. Let A € Cony/, and = € €2. To avoid ambiguity we denote the distributions of the
discrete and the continuous-time chains started at = by P, and H,, resp.. Since for all M € N
we have that H,[T4 > Mt] < (max, H,[T4 > ¢])M it suffices to show that for all ¢ € N we
have that P, [T > 4t] < 4H,[T4 > t]. Indeed, if N; ~ Pois(t) then

1
H, [Ty > t] = ZIP’Nt_k: o[Ta > k] > PN, < 4P, [Ty > 4] > S Po[Ts > 41]

4.2 An upper bound on  and 7g,; - Proof of Theorem 2.2.1

4.2.1 A hitting times characterization of mixing in L,
In this section we prove the following theorem.

Theorem 4.2.1. For every finite irreducible reversible Markov chain (2, P,7) we have that
Ve, py <Toy < pp+deta < py + 8k + (de + 61og 2)t,e. (4.2.1)

The same holds when x is omitted from all of the terms above. Consequently,
p <1 < (84 12e/log2)p. (4.2.2)

Lemma 4.2.1. Let A,.(s) == {y : hi(x,y) > s+ 1}. For every finite irreducible reversible
chain, for allx € QX and £ > 1

vt >0, |P!— 7r|\%,7r < (? +/ 2sm(Az+(s))ds.
¢
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Proof: Fix some z € Q,t > 0 and £ > 1. Let f(y) := |hy(x,y) — 1|. Then [P, — 7|5, =
|13 = E.[f?. Note that for all s > 1, {f > s} = A, ,(s). Observe that

Exlf*1s5e] = / 2sm({flse > s})ds < w(f > )¢ +/ 2sm(Ay(s))ds.
0 ¢
Finally, since f? < f?1p2p + 1;<,0?, we get that
E,[f%] < 7(f < O + Er[f*Lysd] < 2 +/ 2sm(Ae(s))ds O
¢

Proof of Theorem 4.2.1: Let x € Q. The inequality p, < 7o, follows from (4.0.1). Set
t := p,. As above, denote Ag := {y : hy(z,y) > s+ 1}. By Fact 1.1.2 and Lemma 4.2.1 it
suffices to show that

/ 2sm(A)ds < €3¢ /4 — e

e

Let gs(y) := sup, Hx(y, As)/m(As). By Lemma 1.2.2 ||g]|; < e|logm(Ay)|. Let

Bo={y: 0u() > ev/s 1| logm(A)]} = {y: sup Hily, A,) > ev/s + Tn(A,)] logm(A.)]}.

Let s > e°. By Markov inequality 7(B,) < 1/v/s +1 < 5 and so by the definition of g,

1

P[The >t X; € A <P, [The >t] < ————
[Tpe 1 € As] < Py[The ]—(S+1)3/2

Also, by the definition of B, we clearly have that

P.[Tpe <t,X; € A;] < sup  Hi(b, As) < evs+ 1m(A,)|logm(Ay)l.

b B, k>0
Since by the definition of Aj
(s + D)7m(As) < Hy(w, Ay) = Py[Tge > t, Xy € AJ] + Py[Tse < t, Xy € A,
we get that if P,[Tge > ¢, X; € AJ] < P,[Tge <t,X; € A, then

(s + 1)m(As) < 2evs + 1m(As)| log m(As)],

which simplifies as follows
2sm(A,) < 2se” Vet
while if P,[Tge > t, Xy € Ay] > P,[Tg: <t,X; € A,], then we have that

4

2em(As) < 4Po[Th; < 1. X0 € A < o

In conclusion, as desired,

/ 2sm(Ag)ds < / max(2se” Vetit2e ds <e¥/4—e*. [

e

(s + 1)3/2)
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4.2.2 A hitting times characterization of mixing in relative entropy

Recall the definitions of pgut, PEnts PEnte and Prne . from (2.2.1) and (4.1.3). Recall that by
(4.1.4), pent < PEnt < Cpgne- The following theorem refines (2.2.4) from Theorem 2.2.1.

Theorem 4.2.2. Let (2, P, ) be a finite irreducible reversible Markov chain. Then
VZE, Pz, Ent < TEnt,x < ﬁz,Ent + 14trel- (423)

The same holds when x is omitted from all of the terms above. Consequently

PEnt < TEnt < ClpEnt- (4-2-4)

4.2.3 Proof of Theorem 4.2.2

Proof of Theorem 4.2.2: Let x € Q. The inequality ps gnt < Tint follows from (4.0.1). The
inequality Tgy < Cpgns follows from (4.2.3) and (4.1.4), in conjunction with the fact that
(under reversibility) ¢ty < prng for some absolute constant ¢ > 0 (c.f. [6, (3.19)] for the fact
that there exist some A € Cony/ and a € A so that P,[Tac > etiq] > €7 > 1 — ¢, for all
e > 0). We now prove that Tgut » < Pz gnt + 14te. Denote 7 := py pnt, 7’ 1= 14t,. Let

D :={y: h.(z,y) > e}
Denote ¢ := H,(x, D) — e'°7(D),
M<y> = 5_11y6D[Hr('xa y) - elOW(y)]’

v(y) == (1 —8) lygpH.(2,y) + Lepe'n(y)].

Denote py := pH; and vy := vH,. Then P2 = §u. + (1 — §)v,» and so by the triangle
inequality (which holds for D, by Jensen’s inequality applied to each y separately) and (1.1.7)

DB |17) < 0D (o [7)-+ (1=8) D7) < 5D (st [7)-+(1—8) log (Lt v —r[2,). (4:2.5)
By (1.1.9)
[ = o < [l = wllzme ™ < [l = Tlloome™™ < (1= 6)le™.
Using v/1 +a < 1+ +/a and log(1 + a) < a we get that
(1= 0)log(1 + [lv — 7[l2,) < 2(1 = 0)log (1 + [l — 7]|20) < 2¢7.
By (4.2.5) to conclude the proof it is left to show that §D(u.||7) < 1/2 — 2e~. Denote
ay = lyep[H,(z,y) = "7(y)], 9(y) = ay/m(y).
3D (pl|m) = aylog(g(y)/6) = 6|1og 8| + Ex[glog g].
Since ] log d| < 1/e, for all § € [0,1], in order to show that §D(ju||7) < 1/2 — 2e™*

it suffices to show that E.[glogg] < 1/10 < 1/2 —1/e —2¢e™*. (4.2.6)
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Similarly to the proof of Theorem 4.2.1, let

As={y:9(y) > s} and B; :={y: sgp Ho(y, Ag) > Vs + el%1(Ag)| log m(As) |}
Then
E.[glogg] < /Oooﬂ({y :g(y)logg(y) > s})ds = /100(1 + log s)m(As)ds. (4.2.7)

Note that (e!®+ s)7(y) < H,(z,y) for every y € A,. Hence as in the proof of Theorem 4.2.1
(' + s)m(As) < Hy (2, Ay) < Pu[Tpe > 1] + E [X, € Ay | Tpe < ). (4.2.8)
By the definition of B, and the Markov property,

E.[X, € A | Tpe < 7] < sup  Hy(y, As) < Vs + elom(Ag)|log w(A)]|. (4.2.9)
Y& By 0>0

By Lemma 1.2.2 7(B;) < e/v/s + €% < 1/2 and hence by the definition of r,

1 1
P, Tge >r| < = :
o > 7)< 6T loa(s ) + 1))~ 262(1 + Tog(s + e0))?

As in the proof of Theorem 4.2.1, it follows that for all s > 1, (s+e%)m(A,) < 262(1+10g2(s+610))3 :

as otherwise by (4.2.8) (s + e'%)w(4,) < 2E,[X, € A, | Tge < t], which by (4.2.9) implies
that

1 (s + €'t
A < 1() < 10
m(As) < exp(— 2\/5 +e exp(—v/s/8 + Ve 8 < 2(1 + log(s + 10y’

a contradiction. Thus for all s > 1,

1

(1+log s)m(As) < e2(s + e19)(1 + log(s + e10))2’

which yields that [~(1 + logs)m g e 1+if§s = 1+loge(_12+610) < e 2/11. This
concludes the proof using (4.2.6) a d (4 2. 7)

4.2.4 The discrete-time and averaged chain analogs

The proof of the lower bounds in Theorem 2.2.3 (that is, the first inequality in each of the
four equations) is identical to that of Theorem 2.2.1 (namely, these are “naive” bounds that
can be proven using the same ideas as in § 4.0.4). The proofs of the upper bounds require
the following minor adaptations:

(i) In the definition of the sets Ag we need to replace h; with k; and a;, resp..

(ii) In the applications of Starr’s inequality (in the proof of Lemma 1.2.2) one has to work
with the discrete-time version, and thus pick up a multiplicative factor of 2 (which is
a non-issue).
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(iii) One has to replace the Poincaré inequality with the discrete and averaged analogs: For
all e 2(Q), M > 1 and k € Z, we have that

_ absolute
k/trel ,

H,upk o 7_[_”277[' < HN o 7_{_”277[_6 thus lescete < d1scete<M/2) I'tabsolute lOg M—‘ )

rel

1
It Ax =l < = e mas(Nal, 5 ey (14 Nar)) < [l ma(e /51, =), thus

’ ﬂ)?
Tve < pdliseete (A1 /9) 4 [max(t,e log M, M)].

The second inequality in the second line follows from elementary calculus. We now
explain why the first inequality in the second row holds. Let f, = £. By reversibility

lpAr = mllom = [Arfy = U2 = [1A(fu = Bxlful)ll2 = 3I1P*(P + D(fu — Bxlful)ll2-
Consider an orthonormal basis of R consisting of eigenvectors fi,..., fio; such that

Pf; =\ f; for all i (where f; =1 and A\; = 1). Denote b; := E.[f,f;]. Then,

12| 1
Ay, — 7|3, = ZbQAQ’f (14 X\)% < max(Agk, Alm (14 N\gp)? Zb

Substituting [|u—7||3 . = | fu—Ex[fu]l3 = Z‘jﬂg b? in the r.h.s. concludes the proof. [J

4.3 A characterization of the Log-Sobolev constant - Proof of The-
orem 2.2.2

The following result ([16, Theorem 3.10]) will allow us to bound t1g from above.

Fact 4.3.1. Let (2, P,m) be a finite reversible chain. Fiz 2 < q < co. Assume that r, and
M, satisfy that | H,, |l2—q < M. Then

2
tig < q27’q + 21+ — log M,). (4.3.1)
q—

Fix some 0 < ¢ < 1/2 and A € Cony-1/.. Assume that P,[The > t] > 27(A)'e. Recall
that m4 denotes 7 conditioned on A. Then P, [T4c > t] > 2m(A)° and so

B={a€ A:P,[Ty >t] >r(A)F}

satisfies m4(B) > w(A)* (i.e. m(B) > w(A)'**). Consequently, for ¢ > 2(1+E)

1HLally > [ w(0)Ho(b, ATV 2 7(B) /9 (A)° 2 m(A)+H > \/r(A) = [[1a]l2.

beB

Thus a natural hitting time version of hypercontractivity is
the := min{t : P [Tye > t] < 7(A)** for all A € Conyp}.

Question. Is there an absolute constant C' such that for every finite irreducible reversible
Markov chain ty/C < trg < Cty.
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Trivially, tn, = min{t : Py, [Tac > t] < w(A)Y* for all A € Conyn}. Note that if we
replace w4 by the quasi-stationary distribution of A, p14, then by (4.1.1) we get precisely x/4.
This explains why also k can be interpreted as a hitting time version of hypercontractivity.
We note that the above question resembles Open problem 4.38 in [3], which asks whether
for reversible chains 1 < C'maxaecon,;, Er, [T4c], where indeed [3, Lemma 4.39] t,q <
MAaX AcCon, , Bya[Tac] (the formulation in [3] is slightly different, but it is equivalent to our
formulation).

4.3.1 Proof of Theorem 2.2.2

Proof of Theorem 2.2.2: As mentioned in the introduction, it is known that x < t,5. Denote
7= %FL. Note that P and @ = (P + P*)/2 have the same ¢, and t1s. Thus we may work
with S; = e7*/=®@ instead of H;. By (4.3.1) it suffices to show that ||:S,||s—4 < 7. Fix some
f € R% such that || f|ls = 1. Our goal is to show that ||S,f||s < 7. By considering | f| instead
of f we may assume that f > 0. Let

A i={x: 5, f(x) > s}.

Then ||S, flli = [y~ 4s3m(A)ds < 6* + [° 453w (A,)ds. Hence to conclude the proof
it suffices to show that / 45°m(Ag)ds < 16 < 7* — 6. (4.3.2)
6

Recall that S;f(z) = E,[f(Y;)] and that for all A C Q, SAf(a) = Eo[f(Y;)17,.54. Let

By :={z:sup S f(x) > s/2} = {f* > s/2}, where f*(x)=supS,f(z)

Dy :={x e B,: Ex[f(K«ﬂTng] > s/2}y, Fy:={r € By: Er{fQ(Yr)lTBgM] > 52/4}~

By the Markov property (first inclusion), A, C Dy C Fj (the second inclusion follows by the
Cauchy-Schwarz inequality). Thus 7(A,) < 7(F;). Hence, by (4.3.2) in order to conclude
the proof it suffices to show that [°4s*7(F,)ds < 16. By Starr’s maximal inequality
(1.2.1) we know that [~ 4sm(B,)ds = ||f*[|3 < 4| f]l3 = 4. Thus in order to show that

Js© 4s*m(Fy)ds < 16, and conclude the proof, it suffices to show that for all s > 6 we have
that 7(F,) < 4s727(B,).

Fix some s > 6. Note that since || f*||3 < 4, by Markov inequality we have that 7(B;) <
16/s* < 1/2. Using the spectral decomposition of the restriction of f to By (c.f. [6, Lemma
3.8]) and the choice of r

Erp, (V) lres] < Eap [F2(Yo)le™ B0 < (| £113/m(By))e M2 = (1/m(By)) xm(B;) = 1.

Thus by the def. of F, 1s*mp, (Fy) < > yer, TB, (WNE, 2V ) lrgesr] < Erp [P (Vo) lrys,] <1
and so indeed 7(F,) < 4572w (B,). O
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4.4 An application to robustness of mixing

Proof of Corollary 2.5.1 It is not hard to verify that Theorem 2.2.1 is still valid in the
above setup (this can be formally deduced from Theorem 2.2.1 via the representation of the
generator appearing in the paragraph following Corollary 2.3.1). Hence it suffices to verify
that (2.3.1) is valid if we replace 7o and 7» by p and p, resp. (where p is the parameter p
of the chain (X;)). A straightforward coupling of the chains in which they follow the same
trajectory (i.e. they make the same sequence of jumps, possibly at different times) shows
that for all z and A the hitting time of A starting from z for the two chains, T4 and T,
resp., satisfy that Ty M < 4T < M T 1, where < ¢ denotes stochastic domination. Since
for all A we have that 7(A)/M < w(A) < M7 (A), by the submultiplicity property

Vt>0,meZ, and AC S, maxP,[Tx > tm] < (maxP,[T4 > t])",

this implies that p/(C1Mlog M) < p < (CyM log M)p, as desired. ]
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Chapter 5

Trees

In this chapter we prove the results from Section 2.3. The results in this chapter are valid
both in the discrete-time lazy and in the continuous-time setup.

5.1 Total variation cutoff for trees - Proof of Theorem 2.3.1

We start with a few definitions. Given a network (V, E| (¢.)ecr), where each edge {u,v} € F
is endowed with a conductance (weight) ¢, = ¢, > 0, a random walk on (V| E, (¢.)eer)
repeatedly does the following: when the current state is v € V', the random walk will move
to vertex u (such that {u, v} € E) with probability cy/cy, where ¢, := >~ 1 1ep Cow- This
is a reversible Markov chain whose stationary distribution is given by 7 (z) := ¢,/cy, where
cy = ZUGV Cp = 2 Zee i Ce. Conversely, every reversible Markov chain can be presented in
this manner by setting c,, = m(z)P(z,y) (e.g. [36, Section 9.1]).

Let 7 := (V, E) be a finite tree. By Kolmogorov’s cycle condition every Markov chain
on 7 (ie. P(x,y) > 0 iff {z,y} € E or x = y) is reversible. Hence we may assume that
7 is equipped with edge weights (c.)cep. Following [48], we call a vertex v € V' a central-
vertex if each connected component of 7 \ {v} has stationary probability at most 1/2. A
central-vertex always exists (and there may be at most two central-vertices). Throughout,
we fix a central-vertex o and call it the root of the tree. The root induces a partial order
< on V, as follows. For every u € V, we denote the shortest path between u and o by
U(u) = (up = u,uy,...,up = o0). We say that v’ < u if ' € ¢(u) (i.e. u is a descendant of v’
or u = u'). The induced tree at uis 7, := {v : u € £(v)} = {u}U{v : v is a descendant of u}.
Fix some leaf x and § € (0,1/2). Let W, s be the collection of all y < x such that 7(7,) > 0
and let

xs = argmin{n(7,) 1y € W5}

(ie. d(x,rs) = minyew, , d(x,y), where d denotes the graph distance w.r.t. 7). Recall that
a(A) = MA)/|logm(A)| and that by Theorem 2.2.2, o := SUD AcCony 13 a(A) > crs. Let
Dg = Dg, be the connected component of z in 7\ {z3}. For a leaf = we denote

= = . > .
a,(8) := a(Ds) and « 66%?54}04(5) «

Recall that for any () # A C V, we write 74 for the distribution of 7 conditioned on A,
w()l.ca

mal) = 5
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A key observation is that starting from the central vertex o, the chain mixes rapidly (this
follows implicitly from the following analysis). Let T, denote the hitting time of the central
vertex. We define the mixing parameter 7,(¢) for € € (0,1) by

To(€) ;= min{t : P,[T, > t] < e Vx € Q}.

We show that up to terms of the order of the relaxation-time (which are negligible under
the product condition) 7,(-) approximates hity/,(-) and then using Proposition 2.1.1, the
question of cutoff is reduced to showing concentration for the hitting time of the central
vertex. Below we make this precise.

Lemma 5.1.1. Denote s5 := [4t,e1|10g(46/9)|]. Then
To(g) < hitya(e) < 7o(e — &) + 55, for every 0 <6 <e < 1. (5.1.1)

Proof. First observe that by the definition of central vertex, for any « € V, x # o there
exists a set A with m(A) > % such that the chain starting at = cannot hit A without first
hitting 0. Indeed, we can take A to be the union of {0} and all components of T\ {0} not
containing x. The first inequality in (5.1.1) follows trivially from this.

To establish the other inequality, fix A C V with 7(A4) > %, x €V and some 0 < § <
e < 1. It follows using Markov property and the definition of 7,(¢ — d) that

P.[Ta > 7o(e — 0) + s5] K Pu[Tp, > 7o(e = 8)] + Po[Ta > s5] <& — 0+ P,[Ta > s6].

Hence it suffices to show that P,[Ty > ss] <. If o € A then P,[T4 > s5] = 0, so without
loss of generality assume o ¢ A. It is easy to see that we can partition 7'\ {o} = T} UT, such
that both 7 and 75 are unions of components of 7'\ {o} and 7(11), 7(13) < 2/3. Fori = 1,2,
let A; :== ANT; and without loss of generality let us assume 7(A;) > 1. Let B =T U {o}.
Clearly the chain started at any x € B must hit o before hitting A;. Hence

PO[TA > 85] < PO[TAl > 85] < Pﬂ'B [TA1 > S(g] < W(B)_lpﬂ[TAl > 85] (512)
Using 7(A4;) > 1, m(B) > 3 it follows from (3.1.8) that m(B) 'P,[T4, > ss] < 4. O

In light of Lemma 5.1.1 and Proposition 2.1.5, in order to conclude the proof of Theorem
2.3.1 it suffices to show that 7,(¢) — 7,(1 —¢) < C\/treltmix log(1/e) 4+ Ct.a|loge|, for all
e € (0,1/4]. This follows from Proposition 5.1.5 below.

Let z,y € V be such that y < x. Let (vg = x,v1,...,vx = y) be the path from = to y.
Define &; := T,, =T, ,. Then by the tree structure, under P, we have that T, = Zle & and
that &1, ..., &, are independent. It is thus beneficial to investigate the marginal distributions
of the &’s, which we now do.

For any set A C Q, we define 4c € P(A°) as Yac(y) := P, [X1 =y | X1 € A°]. For

A C Q, wedenote Tf = inf{t > 1: X, € A} and B(A) := Zesaseac LD _p_ 1y, ¢ 4]
Note that

T(A)@(A) = > m(@Pla,b)= Y 7(b)P(ba)=m(A)D(A). (5.1.3)

acAbpcAc a€Abc Ac

This is true even without reversibility, since the second term (resp. third term) is the asymp-
totic frequency of transitions from A to A° (resp. from A€ to A).
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Proposition 5.1.2. Let (X2, P,7) be a finite irreducible Markov chain. Let A & € be non-
empty. Denote the complement of A by B. To avoid ambiguity, let TS := inf{t : X7 € A}.

Pry[Ta =1]/®(B) =Py,[Ta >t], forallt>1

d . . (5.1.4)
H,,[T% <t]/®(B) =Hy, [T > t], forallt>0.

dt
Consequently, Ey,[T4] = <1>(B) =Ky, [T$], and
2E [TA]trel
By (7] = By (73] (2B=, [T] — 1) < 2By, [TaJra(B) < o200,
O, [Tt (5.1.5)
y 4 < c rel
Ed}B[(TAt)ﬂ = 2E¢B [TAt]EWB [TAt] S 2E¢B [TAt]trd(B) — wi(—Af;.

Moreover, assuming reversibility and in the discrete-time case also laziness, the law of Ty
(resp. TS ) under Py, (resp. Hy,, ) is a mizture of Geometric (resp. Exponential) distributions.

Proof. We first note that by Wald’s equation we have that E,,[T4] = E,,[T5] and E,[T4] =
E..[T%]. The inequalities in (5.1.5) follow from the estimate E,,[Ta] < tya(B) < tya/7(A).

Summing (5.1.12) over ¢ yields Ey,[T4] = 5. Multiplying both sides of the first row
of (5.1.12) by 2¢ — 1 and summing over ¢ yields the equality in the first row of (5.1.5). For
the equality in the second row, multiply both sides of the second row of (5.1.12) by 2¢ and
integrate from 0 to oo.

We now prove (5.1.12). Let t > 1. As {Tx =t} = {Xo ¢ A,....X; 1 ¢ A X, €
AT =t+1}={X1 ¢ A,..., X, ¢ A X;11 € A} we have by stationarity that P,[T4 =
t] = P,[TH =t +1]. Thus

T(B)Prpy[Ta=1t]| =P [Ta=1t]|=P,[TH=t+1]=P [ X1 ¢ A,....X; & A, X1 € A]
:PTF[X1¢Aa7Xt¢A] P[ ¢A7aXt€A7Xt+1¢A]
PW[X1¢A77Xt¢A] P[ ¢A77Xt¢A]:P7r[XOEA7X1¢A7JXt¢A]
=m1(A)P(A)Py [ Xo ¢ A,..., Xio1 ¢ Al =71(A)P(A)Py,[Ta > 1],
which by (5.1.3) implies the first row in (5.1.12). The continuous time follows from the
discrete-time case by a standard argument as follows:

ST <t = P[Pois(t) = kP, [Ta =k + 1]

k>0

@
B) > P[Pois(t) = k|Py, [T > k + 1] = ®(B)H,, [T5 > 1],
k>0
where we used H [T < t] = >, (P[Pois(t) = k + 1|P,[Ta = k + 1], LP[Pois(t) =

k + 1] = P[Pois(t) = k]. Finally, the claim about the law of T4 under Py, and H,, follows
from (5.1.12) together with the fact that the claim is true under P, and H,, (see §3.1.2). O

Corollary 5.1.3. Ify is the parent of x then the law of T, under P, (resp. H, ) is a mizture of
Geometric (resp. Exponential) distributions whose maximal mean is at most tie(7y) < 2tie.
Moreover, E,[T,] = ﬁ and EI[Tj] < 2ta(Ty) Eox[T,] < 4tia Eo[Ty] (both holding both in
discrete and continuous time).
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Lemma 5.1.4. If (V, P,7) is a chain on a (weighted) tree (T, 0) then (both in discrete-time

and in continuous-time)
E.[T,] < 4tmix, for allxz € V. (5.1.6)

Proof. Fix some x € V. Let C, be the component of T\ {0} containing x. Denote B := V\C,.
Consider 75 := inf{k € N : X}, . € B}. Clearly, T, < Tptmix. Since m(B) > 1/2, by the
Markov property and the definition of the total variation distance, the distribution of 75 is
stochastically dominated by the Geometric distribution with parameter 1/2 —1/4 = 1/4.
Hence E,[T,] = E,[T5] < tmixE.[78] < 4tmix- O

Proposition 5.1.5. Let x,y € V be such that y < z. Let (vg = z,vy,...,vx = y) be the
path from x to y. Define § =T, — T,, ,, so that T, = Zle & (starting from x). Denote

the connected component of x in T \ {y} by A,,. Denote o,y = /S Eal€?]. Then
Var, [T,] < 02, < 2tre(Asy)Eo[T,] < 8trei(Ary)tmix < 16trertmix. (5.1.7)
For all t > 0 we have that
t° t?
Px[Ty < Ex[Ty] - t] S eXp(— %y) S exp(—m) (518)

Moreover, if y = x5 for some § < 1/2 (one can always find such a ¢) then

Ve [0.25,(T, ] PuT, > BT, ] +1] < exp(— 2Py ¢ oup— 5y 5.19)
y x| Lasl]s zlles = Lig|dy SeXpl— =) S Xpl—F777—). .
° ° ’ P 8Eac [Tac5] P 64tmixtrel

V> OB (T,], PulTy, > EulTh] +1] < expl=A(Ds)t/4] (5.1.10)

Proof. We first note that (5.1.7) is an immediate consequence of Corollary 5.1.3 and (5.1.6),
using independence. The first inequality of (5.1.8) holds by [42] (it only uses the fact that
the ¢’s are non-negative). The second inequality in (5.1.8) follows from (5.1.7). We now
prove (5.1.9)-(5.1.10). We focus on the continuous-time setup.

Claim 5.1.6. Fiz some leaf v and 6 € (0,1/4]. Let Ds be the connected component of x in
T\ {xs}. Let y € Ds and z be its parent. Then for all 5 < A(Djs)/2 we have that

E,[e?] <1+ E,[T.]3(1 + 268/ \(Ds)) < eBv[T=180+28/ADs)) (5.1.11)

Proof of (5.1.11): Let ®(7,) := %ﬁ’z). Let g be the density functions of 7T, started

from 77,, resp.. By Proposition 5.1.2
Vt >0, g¢g(t)=2(7,)P,[T. >t], and hence &(7,)E,[T,]=1. (5.1.12)

Recall that by (4.1.1) the law of T, starting from 77, is stochastically dominated by the
Exponential distribution with parameter )\(T) > A\(Ds) and so for every non-decreasing
function k we have that [ k(t)g(t)dt < [ k(t)A(Ds)e *P2)tdt. Finally by (5.1.12)

E, "] - 1= / (e —1)f(t)dt = / 3PP, [T, > t]d / Belg(t
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OB, [TJA(Ds)

= OE,[T.] / " A(Ds)e M P dt = < E,[T:]3(1 + 28/M(Ds)),

MDs) —
ADs)  _ 3 28
where we used 3 < A(Ds)/2 to deduce that Do) B 1+ BB = 1+ DR O]

We now return to conclude the proofs of (5.1.9)-(5.1.10). Let ¢t € [0,2E,[T},]]. Set

g = 47?]5\(@5)] (note that § < A(Ds)/2). Let the path from x to x5 be (1 = z,...,y, = z5).

Observe that starting from x we have that T,;, = . _, T,, — T,, ,. By the Markov property
the terms in the sum are independent and T}, — T, , is distributed as T}, started from y;_;.
Denote p; := E,, ,[T,,] and p := >, u = E,[T;,]. By (5.1.11), independence and our
choice of

Px[Tx,; > p+t] < e Blu+t) HEyFl[eﬁTyi] < e Plutt) Heuiﬁ(H?ﬁ/)\(Dé)) — o P?ADs)/(81)
=2 1=2

The proof of (5.1.10) is analogous, now with the choice 8 = A(Ds)/2. O

5.2 Robustness of the L., mixing time for trees - Proof of Theorem
2.3.3

Let us first describe the skeleton of the argument of the proof of Theorem 2.3.3.
Step 1: Show that it suffices to consider leafs as initial states. More precisely

Lemma 5.2.1. There exists an absolute constant C' > 0 so that if y < x then
T2,y < T2,z + C’(tLS + v ZfrelTl)- (521)

Step 2: Show that for a leaf = we can replace (in (4.1.4)) p, (defined in (4.1.3)) with

b, = sup b,(6) where b,(8):=min{t: P,[T,, > t] < §°/4}.
0€(0,1/4]

Proposition 5.2.2. Let x be a leaf. Let 0 < 6 < 1/4 and A € Cons. Denote
A = A°\ Ds, where Dz = Dg, is the connected component of v in T \ {zg}. Then

P.[Tac > by + 3k + 10tra] < Pp[Tyy > by] + Py [T7 > 36 + 10ta] < 8°/2. (5.2.2)

Step 3: For a leaf z and d € (0,1/4], derive a large deviation estimate for Ty,:

Proposition 5.2.3. There exists some C > 0 so that for a leaf v and § € (0,1/4],

by (0) < E,[T,,] + max ( 52

m, 8 ]Ea;[Tivg]/az((s)) <7 + Cmax(k, /k711). (5.2.3)

The second inequality follows from the first using the fact that E,[T},] < 7+ Csv/Titel
6, Corollary 5.5].
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Step 4: Similar reasoning as in the proof of (4.1.5) yields that (c.f. [6, Corollary 3.4])
pr < min{t : P,[The > t] < w(A)%/2 for all A € Conyy} + 10t
By (5.2.1)-(5.2.3) in conjunction with (4.2.1) and (2.2.7) we have that
7y — C1Vtam < max 7, + Citrg < max g, + Cotrg

z:x a leaf z:x a leaf
< max b, + Cstis <711+ C4 maX(th, vthTl)- u

z:x a leaf

To conclude the proof of Theorem 2.3.3 we now prove Lemma 5.2.1 and Propositions
5.2.2-5.2.3.

Proof of Lemma 5.2.1: Let y < x. Let s := 1o, — Mtyg for some constant M > 0 to
be determined later. We may assume s > 16+/f,71 as otherwise there is nothing to prove.
Form the proofs of (4.1.5) and (4.2.1) it follows that we can choose M so that for some
A € Cony /00

Py[Tae > s] > 2m(A) + /7 (A)mw(A°). (5.2.4)

We leave this as an exercise (the main issue is moving from an estimate for some B € Cony s
to one for some A € Cony/igp. This can be done using similar reasoning as in the proof of
(4.1.5), c.f. [6, Corollary 3.4]).

Denote the connected component of = in 7 \ {y} by A. By (5.1.7) Var,[T}] < 16t,a7.
By Chebyshev inequality

P,[|T, - ]Ex[TyH > 8v/fam] < 1/4. (5.2.5)
Let s’ := max(E,[T,] — 8/ta71,0). By (5.2.4), (5.2.5), s > 16y/t,q71 and the Markov

property
1
P,[Xsts € A] > P[|T, — E,[T})]| < 8VtwaTi] X Py[Tac > s] > w(A) + 5 m(A)m(A°).

The proof is concluded using (4.0.1) (in the notation from (4.0.1), Ps+" € 22, for some
6 > 34/m(A)/m(Ac) and thus [P+ — m||ar > 0+/7(A)/7(A) > 1/2). O
_ Proof of Proposition 5.2.2: Fix some leaf 7, 0 < 0 < 1/4 and A € Con;. Recall that
A = A°\ Ds. Using the tree structure it is easy to see that for all s,s" >0

Po[Tae > s+5'] < Po[Tg > s+ < Pu[ly; > s]4+Po,[Ta > 8] < Po[Toy > s]+Pry, [Th > 5]

and so by (4.1.1), the def. of b, and the fact that m\ 4(7;,) > 1/2 (as 7(V \ A) < 20 <
2m(Zs;))

Py[Tac > by + 3k + 10t,a] < Py[Ty, > by] + Pﬂ,[x& (T3 > 3k + 10ty

< P,[T,, > by + 2P, [Ta >3k + 10t <&*/4+6°/4=6%/2. O

WV\A[

Proof of Proposition 5.2.5: By 6, Corollary 5.5] we have that E,[T,] < 71 + Csv/Titra. If

t1 = 8\/E, [Ty, /v, (0) < 2E,[T,,] then by (5.1.9) P, [Ty, > E,[Ty,] + t1] < 6/4. Otherwise,
ty :=32/a,(6) > 2E, [T 1, and by (5.1.10), P, [Ty, > E,[T,] + ta] < 63/4. O
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5.3 Semi BD chains - Proof of Theorem 2.3.2

In this section we prove Theorem 2.3.2 and establish that product condition is sufficient for
cutoff for a sequence of (0,7)-SBD chains. Although we think of § as being bounded away
from 0, and of r as a constant integer, it will be clear that our analysis remains valid as
long as § does not tend to 0, nor does r to infinity, too rapidly in terms of some functions of
trel/tmix'

Throughout the section, we use C4,Cj,... to describe positive constants which depend
only on ¢ and r. Consider a (d,7)-SBD chain on ([n], P, 7). We call a state ¢ € [n] a central-
vertex if w([i — 1]) V w([n] \ [{]) < 1/2. As opposed to the setting of Section 5.1, the sets
[i —1] and [n]\ [i] need not be connected components of [n]\ {i} w.r.t. the chain, in the sense
that it might be possible for the chain to get from [i — 1] to [n] \ [{] without first hitting 7
(skipping over 7). We pick a central-vertex o and call it the root.

Divide [n] into m := [n/r] consecutive disjoint intervals, I1,..., I, each of size r, apart
from perhaps I,,,. We call each such interval a block. Denote by I; the unique block such that
the root o belongs to it. Since we are assuming the product condition (and thus tfgl)x — 00),
in the setup of Theorem 2.3.2 we can assume that n > r and hence I # [n] (it is not hard
to show that tfjj}x can be bounded from above in terms of n and d, and thus we must have
n — 00). Observe the following. Consider some v ¢ I; and u € I; such that |u —v| = 1.
Then by the definition of a (d,7)-SBD chain, we have for all v' € I3, w(v) > §"m(v'). Hence
7(15) < ;75 For the rest of this section let us fix a = a(d,r) :=1 — %.

Recall that in Section 5.1 we exploited the tree structure to reduce the problem of showing
cutoff to showing the concentration of the hitting time of the central vertex by showing that
starting from the central vertex the chain hits any large set (with large probability) quickly.
We argue similarly in this case with the central vertex replaced by the central block. First
we need the following lemma.

Lemma 5.3.1. In the above setup, let I :={v,v+1,...,0+71r—1} C [n]. Let p € Z(I).
Then
E,[T4] < maIXEy[TA] <5 mi}l E.[T4l], for any A C [n]\ I. (5.3.1)
ye xe

Consequently, for any i € I and A C [v—1] (resp. A C [n]\ [v+ 1 — 1]) we have that
Ei[Ta] <07 Enpy ooy [Tal, (resp. Bi[Ta] <6 EBr, _, [T4]). (5.3.2)

Proof. We first note that (5.3.2) follows from (5.3.1). Indeed, by condition (i) of the definition

of a (4,7)-SBD chain, if A C [v—1] (resp. A C [n]\[v+r—1]), then under Pr .., (resp. under

F,T[HT)H), T; < Ty4. Thus (5.3.2) follows from (5.3.1) by averaging over Xr,. We now prove
5.3.1).

Fix some A such that A C [n]\ I. Fix some distinct x,y € I. Let B; be the event that

T, < T4. One way in which B; can occur is that the chain would move from z to y in |y —z|

steps such that | Xy — X;_1| =1 for all 1 <k < |y — z|. Denote the last event by By. Then

Eo[Ta] 2 Eo[Talp,] = Pu[Ba|Ey[Ta] = 0"E, [T4].

Minimizing over x yields that for any y € I we have that E,[T4] < §7" min,¢; E,[T4], from
which (5.3.1) follows easily. O
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The next proposition reduces the question of proving cutoff for a sequence of (9, 7)-SBD
chains under the product condition to that of showing an appropriate concentration for the
hitting time of the central block. The argument is analogous to the one in Section 5.1 and
hence we only provide a sketch to avoid repetitions. As in Section 5.1, for ¢ € (0,1) let
To(e) == min{t : P,[T1, > t] <e, Vo € [n]}. As always, we write T( )() to indicate that this
parameter is taken w.r.t. the k-th chain in a sequence of (4,7)- SBD chains.

Proposition 5.3.2. Let ([ng], Pr, ) be a sequence of (6,7)-SBD chains. Suppose that there

exist constants C. for e € (0,%) and a some sequence (wy)3>, of numbers such that for all k

ék)(e) — Té )(1 —¢) < Cowy, for all0 <e < 1/8. (5.3.3)

Then there exist some constants CL, CY such that for all k and all € € (0,1/8)
hit{")(3e/2) — hit{}) (1 — 32/2) < Cowy + Citly) and (5.3.4)
10).(22) — thh) (1 — 2¢) < Cowy + CLAL). (5.3.5)

Proof. Observe that (5.3.5) follows from (5.3.4) using Proposition 2.1.5 and Corollary 3.1.3.
To deduce (5.3.4) from (5.3.3), we argue as in Lemma 5.1.1 using Lemma 5.3.3 below, which
shows that starting from any vertex in [ the chain hits any set of m-measure at least « in
time proportional to t, with large probability. We omit the details. O

Lemma 5.3.3. Letv € I5. Let D C [n] be such that m(D) > 2. Then E,[Tp] < C(a)d "t
for some constant C(«). In particular, by Markov inequality hlta,v( g) < e t0(a)d "t

Proof. Let Iz = {vy,v1 +1,...,v2}. Set A; = [v; — 1] and Ay = [n] \ [vg]. For i = 1,2, let
D; = DN A;. Using the definition of «, without loss of generality let w(D;) > 1_7"‘ Set
A=A, UI; By (5.3.2) and the fact that w(A4) > 1

E,[Tp] < E,[Tp,) < 6 "Ex,[Tp,] <20 "E,[Tp,].
The proof is completed using Lemma 3.1.4. O

Observe that using Cheybeshev inequality it follows that (5.3.3) holds for some constants
C; if we take w, = max,cp, +/Varg[Ty,]. Theorem 2.3.2 therefore follows at once from
Proposition 5.3.2 provided we establish Var,[T;] < CiE,[T},)t,a for all © ¢ I; (e.g. by
(2.0.1)). This is what we shall do.

Observe that the root induces a partial order on the blocks. We say that I; < I if I;
is a block between [j, and I;. For j € [m], I; # I5, we define the parent block of I; in the
obvious manner and denote its index by f;. We define

T(j) =Ty, and 7; .= T(f;) — T(j).

Consider some arbitrary = € [n] and j € [m] \ {0} such that = € I,. Denote k := |j — 4],
Jjo = j and jiy1 = fj for all 0 < ¢ < k. Observe that starting from x we have that
Ty, = S50 7,. As mentioned above, we will bound Var,[S5~) 7;,]. As opposed to the
situation in Section 5.1, the terms in the sum are no longer independent. We now show
that the correlation between them decays exponentially (Lemma 5.3.5) and that for all
¢ we have that Var,[7;] < Cot,aE.[7;,] (Lemma 5.3.6). The desired variance estimate,

Var,| f;é 7;,] < CL1E, [T}, ]tre, follows by combining these two lemmata. We omit the details.
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Lemma 5.3.4. In the above setup, let v € [m]\ {6}. Let (vo = v,vy,...,vs) be indices of
consecutive blocks. Let py, s € P(1,). Let k € [s]. Denote by V,ij) (j = 1,2) the hitting
distribution of 1,, starting from initial distribution p; (i.e. V,gj)(z) =P, [ X7, = 2]). Then
I =2l < (1= 00)"

Proof. 1t suffices to prove the case k£ = 1 as the general case follows by induction using the
Markov property. The case k = 1 follows from coupling the chain with the two different
starting distributions in a way that with probability at least " there exists some z, € I,
such that both chains hit z, before hitting I;, (not necessarily at the same time) and from
that moment on (which may occur at different times for the two chains) they follow the same
trajectory. The fact that the hitting time of z, (and thus also of Iy, ) might be different for
the two chains makes no difference (as regardless of the hitting time of Iy, w.r.t. the two
chains, this coupling is also a coupling of (Vfl), u£2)), having the desired property). We now
describe this coupling more precisely.

Let pq,p0 € P(1,). Let (Xt(l))tzo and (Xt@))tzo be independent Markov chains where
(Xt(i))tzo is distributed as the chain (2, P, 7) with initial distribution yx; (i = 1,2) as follows.
Pick v; ~ py and vy ~ s respectively. Run the chain Xt(l) started from v;. Let R := min{¢ :
Xt(l) = X(gz)} and L; := min{t : Xt(i) € Iy, }. Let S denote the event: R < L;. On 5, define
Y;(I) by setting Yt(l) = Xt(l) for t < R and Y}%)t = Xt(2) for any ¢t > 0, and on S¢, define
Y\ = Xt(l) for all . Denote the joint law of (Yt(l),Xt(Q)) by P, ., and of (Xt(l), Y;(l),Xt(z))
by P, s - Clearly P, ., is a coupling with the correct marginals and P, ,, .., [S] > 9.
Let Ly be as above and L; := min{t : v e Iy, }. Note that on S, Xg) = YL(P. Hence for
any D C I, ,

1 2 1 2
(D) = (D) = Py, Vi) € D] = Py [X12) € D]
<PV € DX ¢ D] <1 Py ulS) <1067,

O
Lemma 5.3.5. In the setup of Lemma 5.5.4, let 0 < i < j < s. Let u € P(1,). Write

T; =Ty, and 7 :=T,,. Then

B frr] < B [nlE 7)1+ (1 - 167

Proof. Let pi;41 and p; be the hitting distributions of I,,,, and of I, respectively, of the
chain with initial distribution p. By the Markov property, the hitting distribution of I, for
the chain started with initial distribution either p or ji; 41 is simply p;. Again by the Markov
property E,[7;] = E,,,, [7;] = E,;[7;] and

E,[77;] <E,[1;] max E,[7;]. (5.3.6)

YE€lv; 4

Let y* € I,,,, be the state achieving the maximum in the RHS above. By Lemma 5.3.4 we
can couple successfully the hitting distribution of I, (and thus also 7;) of the chain started
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from y* with that of the chain starting from initial distribution p;,; with probability at least
1 —(1—4")7="=1. If the coupling fails, then by (5.3.1) we can upper bound the conditional
expectation of 7; by 6 ", [7;]. Hence

Ey[rj] < By lrj) + (1 = 6~ '6 B, ] = E,lr3) (1 +(1- w“a’").

The assertion of the lemma follows by plugging this estimate in (5.3.6). [

Lemma 5.3.6. Let j € [m]\ {o}. Let v € P([n]). Then there exists some Cy,Cy > 0

(depending on & and r) such that Ey[?f] < Cita®(1;) 7! < Cotya B, [T

Proof. Let p := ;. By condition (i) in the definition of a (d,7)-SBD chain, u € 2(1;).
By (5.1.5), E,[77] < Cst,a®(1;) ™" < CytraE,[7;] for constants Cs, Cy depending on ¢ and r.
The proof is concluded using the same reasoning as in the proof of (5.3.1) to argue that the
first and second moments of 7; w.r.t. different initial distributions can change by at most
some multiplicative constant. [
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Chapter 6

The power of averaging at two consecutive
time steps: Proof of a mixing conjecture by

Aldous and Fill

In this chapter we prove the results from Section 2.4. Accordingly, the proofs in this chapter
are taken from [28].

6.1 Proof of Proposition 2.4.5.

In this section we prove Proposition 2.4.5. As noted in the introduction, Theorem 2.4.1
follows as a particular case of Proposition 2.4.5 and Theorem 2.4.2, in turn, follows in a
trivial manner from Theorem 2.4.1. We now state large deviation estimates for the Poisson
and Binomial distributions. For a proof see e.g. [5, Appendix A].

Fact 6.1.1. Let Y ~ Pois(p) and let Y’ ~ Bin(t,1/2). Then for every € > 0 we have that

2
PIY < u(l— )] < =2, PY > p(1+2)] < exp (—2—“) |

(1+¢/3) (6.1.1)

PY’ < t(1—¢)/2] =P[Y' > t(1+¢)/2] <e =V

Let (N(t))i>o and (M (t))i>o be homogeneous Poisson processes with rate 1, such that
(N(t))>0 , (M(t))e>0 and (X;)52, are mutually independent. We define

Nu(t) == N(t) + M(t) and S(¢) := > qx ~ Bin(¢,1/2),

where qr = 1N(Tk)>N(Tk_1) and Tk = inf{t . NL(t> == ]C}

Let (2, P,7) be a Markov chain. The natural coupling of (X;*);>0, (Xt)iez, and (X[)iez,
is defined by setting X} := Xg¢) and X' := Xy = X]I;,L(t).

As can be seen from the natural coupling, H, =), 6‘2;(!2t)k PF. This also follows from

Poisson thinning. Also, in the natural coupling (XtL)tE_ZJr and (NL(t)):>o are independent.
The same holds for (X;).ez, and (S(t))2,. The next lemma follows from the natural coupling
by a standard construction (cf. the proofs of Proposition 4.7 and Theorem 5.2 in [36]).
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Lemma 6.1.2. Let (2, P,m) be a finite irreducible Markov chain. Let p € 2(2) andt € R,.

(1) There exists a coupling ((Y;")iez, , (ZiL’W)ieer, &), such that (Y;*)iez, ~ Pr, (ZZ-L’”)i€Z+ ~

Py« (the law of the stationary lazy chain), & ~ Pois(t) in which & and (Y;*)iez, are
independent and

PYg = Zg™ = P[Y,, = Z7 for alli > 0] = 1 — do(t/2, ).

(2) There exists a coupling ((Y:)icz,, (Z7 )icz, . &), such that (Yy)icz, ~ Pu, (Z])icz, ~

P, (the law of the stationary chain), § ~ Bin(2t,1/2) in which & and (Y;)icz, are
independent and

P[Yy = 23] = P[Yes = Z7 for alli > 0] = 1 — dy (2t, p).

Definition 6.1.3. Let t > 1 and s € [2,€']. Denote

r=rs; = 2y/2tlogs,

J=Jsp:=[(t—1r)V0,t+7], (6.1.2)
m=mg, = [r(v/s+1)].

In the notation of Lemma 6.1.2 (with both couplings taken w.r.t. time t), let G be the event
that Yg;ﬂ = ZZAL’7r for all i > 0 and that & € J. Similarly, let G' be the event that Ye s =
ZT for alli >0 and that & € J.

In the following proposition, we only care about (6.1.5) and (6.1.8) (which imply (2.4.6)
and (2.4.7), respectively; i.e. the below proposition implies Proposition 2.4.5). We present
the rest of the equations in order to make it clear that (6.1.8) is obtained in an analogous
manner to (6.1.5). Thus, we shall only prove part (i) of Proposition 6.1.4.

In the notation of Definition 6.1.3, the term d.(t/2, ) + 2/s* appearing in (6.1.3) and
(6.1.5) (resp. dp(2t,u) + 2/s* appearing in (6.1.6) and (6.1.8)) is an upper bound on the
probability that G (resp. G') fails (where the term 2/s? is obtained via Fact 6.1.1).

Proposition 6.1.4. Let (2, P, ) be a finite irreducible reversible chain. Let p € (2. Let
BcQ. Lett>1and2 < s <¢€'. In the notation of Definition 6.1.3,

(i) Let n* = lyr cp and nbm = 115263 (where m = [r(y/s +1)], r = 2y/2tlogs). Then

2

7(B) ~ P[Xh, € B < 5 +dlt/20) +E(" — el (619

L, Lr 2 o 1 2 i1 12 -1 ¢

IE[(n" — ") 1g]|* < s E, | sup i“| A P 1|7 < Cs *Var,lg < 5 (6.1.4)

i>ry/s
Consequently,
2
di,(t +m, p) < dc(t/2,,u)+?+ C/s. (6.1.5)
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(ii) Let w ~ Bernoulli(1/2) be independent of ((Y;)iez,, (Z] )icz,,&;). Let n = ly,,, . neB
and 7’]7T = 1277;1+w€B' Then

2

7(B) ~ P,X{, € Bl < 5 + (20w 4EF — el (6.16)

m 2 o 1 2 2 -1 ¢
E[(n —n™)1e]|” < s Eg | sup | A Alp|"| < Cs  Varglp < 5 (6.1.7)

i>ry/s
Consequently,
2

Aave(t +m, 1) < dp(2t, p) + =2t C/s. (6.1.8)

Proof. We first note that (6.1.5) follows from (6.1.3)-(6.1.4) by maximizing over B C Q. We
now prove (6.1.3). Let B C . Let r,J and m be as in Definition 6.1.3. By Fact 6.1.1 and
our assumption that s < e’ (which implies that ¢ := r/t = 24/2t"log s < 3),

t62/2 4log s

P& ¢ J <Pl <t—r|+P&g>t+r] < eTI/2 | eT WD = e 4lo8s | 0Ty < 2572,
Hence 1 — P[G] < d.(¢/2, ) + 2572, which implies (6.1.3), as
7(B) — PuXL,, € B] < 1- P[G] + PG N {757 € BY] ~ PG N VL, € BY]
=1~ P[G] +E[(n"" — 1")1c].
We now argue that for every x € €,
L,m L L 1 . i
Ely— " | GV} =2 =257 < \ﬁ sup i| A Pi15(a). (6.1.9)
S i>rys
Indeed, for every x € Q and j € J
Bl | & =4,Y) =2 =27 = B 1p(x),
E[y"" | & =3} == = 27| = Pl"Lp(x).
Thus by the triangle inequality
" =07 | & =5V} =2 =27 = [ 1p(2) - A"p(o)]

(Chm—gvml-1 (6.1.10)
<Lw Y, APl

i=(t+m—j)Am

Note that by the definition of m = [r(y/s+1)] and J = [(t — ) V 0,t + r], for every j € J
we have that |j —t| < r and (t +m — j) Am > ry/s. Whence,

[(t+m—j)vm]-1

Lis Z | A Pi1g(x)] <7 sup | A Pllg(x)|

i=(t+m—j)Am izrys
< sup i| A Pl1g(x)| = Vst sup i| A Pl1p(x)|.
7"\/5 i>ry/s i>ry/s
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Plugging this estimate in (6.1.10) and averaging over j yields (6.1.9).
Since

[El(n" —n"")1]l < E[E[(* —n"")1a | Zo", &1,

averaging (6.1.9) over Z;", and using the fact that P[G N (Yo =2= Zy™Y < w(x), for all
x, together with Jensen’s inequality and (1.2.4), we get that

—_

1 , ,
il "ol < S(E [sp AARLSI? < JEal sup #AP{LF) < Os ™ Varly < Cfs.

»

[]

6.2 Proof of Proposition 2.4.8

We start the section by stating a standard fact.

Claim 6.2.1. Let (), P,7) be a finite irreducible chain. Let p € P(Q). Let (X)iez, be
the discrete-time version of the chain. Let T1,T, be independent Z. valued random variables
independent of (Xi)iez,. Then [|[Pu[Xr4n € -] — mllrv < ||Pu[Xe, € ] — 7|y, where
PH[XTl =y] = Zt P[T} = t]PZ[Xt = y] and Pu[XT1+T2 =y] = Zt P +T, = t]PZ[Xt =yl

Proof of Proposition 2.4.8: Fix some t > 0 and 0 < s < v/t. Denote 7 :=t + sy/t. We
first prove (2.4.10). In the notation of the standard coupling, Ny (7) ~ Poisson(27) and

H, — 7 =Y P[Ny(r)=Fk|P}, — )

k>0

By the triangle inequality, together with (6.1.1) and the fact that |Pf , — 7||rv is non-
decreasing in k and bounded by 1,

I, — wllry = Y P[NL(r) = K]|Pf , — llrv < P[NL(T) < 2t] + > P[Nu(7) = K][IP} , — 7llvv
k>0 k>ot
45°t

= exp {_2(215 + 25v/1)

where in the last inequality we have used the assumption that s < V/t. This concludes the
proof of (2.4.10). We now prove the first line in (2.4.9). We omit the second line in (2.4.9)
as its proof is analogous and as it essentially appears in [48, Lemma 2.3].

As above, denote 7 := t +sv/t. Let Y ~ Poisson(27). Let Z; be a random variable whose
conditional distribution, given that Y = n, is Bin((n — 1) vV 0,1/2). Let n be a Bernoulli
random variable with mean 1/2, independent of Z; and Y. Set Z := Z; + nlysg. Let
(Xt)tez, be the discrete-time version of the chain with X, ~ p. Pick Y, Z;, n and (Xy)iez,
to be jointly independent. Note that the conditional distribution of Z, given that Y = n, is
Bin(n, 1/2). Hence by Poisson thinning Z ~ Poisson(7) and so X ~ X.

Let T:=t+mn. Then Z = (T + Z; — t)1y~o. Thus Z14,5¢ = (T'+ (Z1 — t)+)1 2,5, where
ay :=aV 0 (since Z; >t implies that Y > 0 and Z; —t = (Z; — t)). Consequently,

] + [|PY, — 7llrv < du(2t, 1) + e /2,

IPu(Xz € ) = PulXri(zi0, € )llov <12 = [T+ (20 = D)y]llov < P20 <] (6.2.1)
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By (6.1.1) and the assumption s < v/,

P[Z, <t] <P[Z <t] <exp {_Q(t—i—t\/f)} <e o (6.2.2)

Finally, by Claim 6.2.1, in conjunction with (6.2.1)-(6.2.2), we get that

de(t+ svt, 1) = [|[Pu[Xz € ] = 7|rv <
P (X7 €)= Pu(Xryzi—0, € )lltv + IPu(Xrt(z-0), € ) — 7y
< e M4 |Pu(Xp € ) = wlloy = due(t, ) + €4 O

6.3 Proof of Theorem 2.4.3

Assume that there is a continuous-time cutoff with a window w,,. Fix some 0 < ¢ < 1/4. By
Propositions 2.4.5 (first inequality) and 2.4.12 (second inequality)

£ (e) < tV(/2) + Cu(e) 1 (e/2) <t (e/2) + Cole)w,.

By Propositions 2.4.8 (first inequality) and 2.4.12 (second inequality) we have that

—t0 (1 — &) < =t (1 — 2/2) + Cs(e)\/ 18 < =t (1 — £/2) + Cy(e)w,.

Hence
#(n) (e) — t(”)(l —e) < tg”)(s/Q) — tg”)(l —¢/2) + Cs(e)w, < Cg(e)wy,

ave ave

as desired. Now assume that the sequence of averaged chains exhibits a cutoff with a window

w,. By Proposition 2.4.8
1 (e) <t (/2) + Cr(e)\/ 1.

— Jave

By Propositions 2.4.5 we have that

—t0(1 - 2) < (1 - £/2) + GV .

— ave

Hence

10 () =t (1 —€) < t(e/2) — tT (1 — £/2) + Cole)\ 1 < Crole) (i Vv 1),
as desired. ]

6.4 Example

In this section we consider an example which demonstrates that the assertions of Theorems
2.4.1 and 2.4.2 and of Proposition 2.4.5 are in some sense nearly sharp. For notational
convenience we suppress the dependence on n in some of the notation below. Throughout
this section we write ¢y, ¢1, o, . . . for positive absolute constants, which are sufficiently small
to guarantee that a certain inequality holds.
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Equation (6.4.1) below resembles our main results apart from the fact that below the
direction of the inequality is reversed, and the exponent of s in the error term of the middle
term in (6.4.1) (which decays like an inverse polynomial in s) is larger (compared to the
corresponding exponent in Theorem 2.4.1; similarly, the error term on the RHS of (6.4.1) is
similar to the one appearing in Theorem 2.4.2, that is to a.c, (de(t)) — dc(t)).

Example 6.4.1. Fiz some 0 < a < 1/2. Let n € N be such that s = s, := [n?T*] > 2.
Consider a nearest-neighbor random walk on the interval {0,1,2,...,2n + 1}, with a bias
towards state 2n+1, whose transition matriz is given by P(0,1) =1, P(2n+1,2n) =1— 4,

1 s> _
Pi,i) = 3 12 2n — 2s,
0 otherwise.

Finally, P(i,i+ 1) =3P(i,i — 1) for all 1 <1i < 2n and is given by

3L i >9n—2s,

P(i,i+1)=q2 1
( ) {3/4 otherwise.

By Kolmogorov’s cycle condition, this chain is reversible. Both the sequence of the associated
continuous-time chains and the sequence of the associated averaged chains exhibit cutoff
around time 4n with a cutoff window of size \/n. In particular, prior to time 4n — s the
worst-case total variation distance from stationarity of both chains tends to 1 as n tends to
infinity. Moreover, it is not hard to show that

2a

de(4n +5) = (1 £ 0(1))Ho[Thni1 > 4n + 5] < e~/ < gmean

Conversely, we now show that for t = 4n + s, we have that

Aot 4+ 8) > do(t) + 2 > do(t) + — (6.4.1)

s log(1/de(t))] =

The second inequality in (6.4.1) follows from the choice s = [n=2"| together with d.(t) =
de(4n + s) < e=="* . We now prove the first inequality in (6.4.1).

Consider the sets Even := {21 : 0 < i < n}, Odd := {2i4+1:0 < i < n} and
B = {i:i>2n—2s}. It is easy to see that 7(B) > 1 — 272V and that

7(2n — 2s)

0 < m(Even) —1/2 < 3 <27%, (6.4.2)
s
In order to prove (6.4.1), we shall show that
1 C1
Ay 5(0,Even) > 3 + —. (6.4.3)
S

Let (Xy)52, be the discrete-time chain with Xo = 0. Note that Ty,_os is even, deterministi-
cally. If both Xy, 05 and Xan 0511 lie in B, we define

T :=min{k : To, os < k <4n+2s and Xy € B for all k < { < 4n+ 2s+ 1}.
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Otherwise, set T = 0. It is easy to see that P[T = 0] < Ce=*"/" and that
1 1
§PO[X4n+23 € Even | T = O] + §P0[X4n+23+1 € Even | T = 0] = 1/2 (644)

Moreover, conditioned on T > 0, the number of returns to state 2n — 2s by time 4n + 2s has
an exponential tail. Using this fact, it is not hard to verify that

min P[T is even | T # 0,4n + 2s — T, o5 =2r] > 1 — )
0<r<is s (6.4.5)
P[An + 25 — Thy_s > 8s | T # 0] < e~ 5/™.

Consider the projected chain (Y3,) 5™~ (conditioned on T # 0) on Q := {£1} defined

via Yy, := 17ikekven — lrikeoad- This two state chain whose transition matriz is given by
A _ A
P = <1 E N 1 N 2)7 where X\ 1= 3%, satisfies P (_11) =(A—-1) <_11) Using the spectral
2 2

decomposition it is easy to verify that Ax(1,1) = % + %. Note that if & < 8s then for

even k’s we have that 0 < Agx(1,1) — 1 = O(s7!) and for odd k’s 0 < 1 — Ax(1,1) = O(s71).

Applying this for k = r when T = 4n + 2s —r > 0, in conjunction with (6.4.4)-(6.4.5)
yields (6.4.2) by averaging over 4n + 2s — T' and bounding separately the contribution of all
even times (i.e. 4n +2s —T = 2k, k < 4s) and of all odd times, which are bounded from
above by 8s . We leave the details as an exercise.
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