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ABSTRACT

The diffusion model (DDM) is a prominent account of how people make decisions. Many of these
decisions involve comparing two alternatives based on differences of perceived stimulus magnitudes,
such as economic values. Here, we propose a consistent estimator for the parameters of a DDM in
such cases. This estimator allows us to derive decision thresholds, drift rates, and subjective percepts
(i.e., utilities in economic choice) directly from the experimental data. This eliminates the need to
measure these values separately or to assume specific functional forms for them. Our method also
allows one to predict drift rates for comparisons that did not occur in the dataset. We apply the
method to two datasets, one comparing probabilities of earning a fixed reward and one comparing
objects of variable reward value. Our analysis indicates that both datasets conform well to the DDM.
Interestingly, we find that utilities are linear in probability and slightly convex in reward.

Teaser Subjective representations of value are linear in reward probabilities and convex in rewards.



1 Introduction

There is a growing consensus that many decisions are made using a process where decision makers accumulate noisy
evidence about the options until the net evidence exceeds a predetermined threshold [1, 2, 3]. This decision process is
captured by the diffusion decision model [4], also known as the drift diffusion model (DDM). The DDM explains both
choice and reaction time (RT) data on tasks including perceptual decisions [5] — e.g., recognition memory, brightness
discrimination, dot motion direction — and economic (value-based) decisions — e.g., consumer choice [3, 6, 7, 8, 9, 10],
risky choice [11, 12, 13, 14, 15, 16], intertemporal choice [17, 18, 13, 15], social preferences [19, 20, 15].

The DDM provides a mapping from subjective evidence to choice probabilities and RT distributions. It is, however,
agnostic about the mapping from objective characteristics of the options/stimuli to subjective evidence. This poses a
problem for modelers who do not know what decision makers perceive, only what they are shown. To get around this
issue, modelers typically take one of two approaches.

The ideal approach is non-parametric [21]. Here, modelers identify trials that they think are roughly equivalent, bin
them together into different conditions, and then use the DDM to estimate the average evidence (i.e., drift rate) for each
condition separately [22]. This requires researchers to make assumptions about what should or should not affect drift
rate and needs large amounts of data.

Other researchers sometimes assume functional forms of how stimulus features should affect drift rate [3]. In economics,
this amounts to imposing a particular utility function. This can be problematic as it may not be obvious what kind of
function is appropriate. For example, numerosity representation can be logarithmic or linear depending on whether
there is a single array or a comparison of two arrays [23]. Ideally, one would not need to make such assumptions, but
rather let the data speak for itself.

In contrast to the above approaches, we propose a more fundamental take on the problem. Baldassi et al. [24] provide a
way to test the hypothesis that subjects follow a DDM in which the drift rate is based on the difference of perceived
stimulus magnitudes - a difference-based DDM. We build on their ideas by constructing consistent estimators for
DDM parameters, which allow us to derive the subjective evidence from behavior rather than assuming it. This is a
semi-parametric approach in that we assume a difference-based DDM and the restrictions that come along with it, but
we put no other restrictions on the drift-rate function.

With these estimators we are able to obtain drift rates for each pair of options and test how those rates relate to the
stimulus features. An added bonus of this approach is that it allows us to derive decision thresholds and subjective
evidence directly from the data, rather than using computationally heavy, model-fitting procedures. Our estimator can
be calculated in microseconds, rather than the hours or days that it can take to fit the DDM to a group of subjects.

We test this approach using two choice tasks taken from Cavanagh et al. [25] and Shevlin et al. [26]. In both choice
tasks, subjects were presented with two options and asked to choose the preferred one. In the [25] task, every option
had the same two outcomes (win or lose) but varying probabilities. In the [26] task, every option had different, but
deterministic, cash values. In the [25] task, option values were retrieved from memory, while in the [26] task they were
constructed on the spot.

We selected these two tasks because subjects were trying to maximize along a single dimension (probability or reward
amount) and we know the options’ objective values along those dimensions. This allows us to estimate the mapping
from objective stimuli to subjective evidence. While these two tasks both involve economic choice, our theory applies
to any choice task where the drift rate depends on perceived differences in stimulus magnitudes of any kind. Our
theory also applies to more standard economic choice with options that vary along multiple dimensions but that can be
summarized using a single subjective value. While there are surely some differences between subjective- and objective-
value tasks, there are also many commonalities. Both tasks have been shown to recruit the reward network [27, 28] and
are well explained by difference-based DDM’s [29]. Also, many models in economics make no distinction between
objective and subjective values.

To preview the results, we find that in both datasets our estimates yield the expected relationships between drift rates,
choice probabilities, and RT. More interestingly, we find remarkably linear relationships between the estimated drift
rates — i.e., the subjective evidence — and the objective features of the stimuli, namely the differences in probabilities
(Cavanagh) and in cash rewards (Shevlin). In terms of the subjective evidence for individual options, we find that
they are on average linear in probabilities and approximately linear, but slightly convex, in reward size. Our estimator
displays several advantages over existing methods for estimating utilities: it is more accurate than logistic regression, it
is much faster than standard DDM fitting methods, and it is on more solid theoretical ground than either.



2 Results

2.1 Difference-based DDMs

Let A be a choice set consisting of at least three alternatives, with typical elements a, b, ¢, and d. A DDM is a model of
binary comparison between pairs of alternatives a and b. According to this model, noisy evidence about alternatives is
accumulated at average rate (i, = — U, known as the drift rate, until an alternative is selected when the evidence in
its favor attains a posited threshold level A > 0, called decision threshold or barrier.

Specifically:

* The net evidence in favor of a against b is given, at each ¢t > 0, by
Za,b (t) = la,b t+oB (t) (1)
where B is a standard Brownian motion and o is a noise coefficient (see, e.g., Oksendal [30]).
» Comparison ends when the Brownian motion Z, j reaches either the barrier A or —A; so, the decision time is
the random variable
DTaJ) = min {t : Za,b (t) = \or Za,b (t) = 7)\}
Here we equate DT and RT, a simplifying assumption that we relax in the supplementary material.

* When comparison ends, at random time DT, 3, the agent selects a if the upper barrier A has been reached, and
selects b otherwise; so, the decision rule is the random variable

DO a if Za,b (DTa,b) =A
“P7) b if Zap (DTup) = —A

As the parameters A, i, and o are unique up to a common positive scalar multiple, noise can be normalized by setting
o = v/2. Thus, a DDM is uniquely identified by two parameters A and .. The barrier parameter X is a number, while
the drift parameter 1 : A x A — R is an antisymmetric function that associates to each pair (a, b) of alternatives the
corresponding drift rate ji, ;. These parameters allow us to express choice probabilities, log-odds, and mean decision
times by

1
Pap =P[DOqp = a] = [P (@)
Py
Cop=In —2— = Ny 3)
— Lab
DT, =E[DTap) = N0 (lasp) )

where ¢ (z) = 7! tanh (2/2) for all real numbers x.

Next we introduce the class of DDMs that are relevant in difference-based decisions.

Definition 1. A DDM with drift parameter y is difference-based if, and only if, there exists a function u : A — R,
called utility, such that

Ha,b = U (a) —u (b) ©)
for all a and b in A.

A difference-based DDM presupposes a transformation u of physical stimuli — with « (a) being the perceived magnitude
of stimulus a — such that the rate of evidence accumulation y,_; depends only upon perceived magnitude differences
u (a) — u (b). The function u represents sensation intensities in perceptual discrimination tasks and subjective values in
economic tasks. The utility terminology that we adopt reflects our original emphasis on value differences, where the
difference-based DDM is known as a value-based DDM.

The next simple characterization of difference-based DDMs highlights the properties that will guide our estimation
exercise. In reading it, recall that a function f : A x A — R is cyclic when it satisfies the triangle equality

fa,b = fa,c + fc,b (6)

for all alternatives a, b, and c. For an antisymmetric function f : A x A — R, the function f : A x A — R given by

1
fa,b - W Z(fa,c"'fc,b)

ceA

is the least square cyclic approximation of f (see Proposition 5 of the supplementary material). For instance, (s the
least squares cyclic approximation of the log-odds function /.



Proposition 1. For a DDM with drift parameter p, the following conditions are equivalent:
(i) the DDM is difference-based;
(ii) the drift parameter i is cyclic;
(iii) the log-odds function { coincides with ‘;

(iv) forall a #b,

‘ga,b

1 DT..,
Ha,b = —

1 DT. a

\/ TATTATD) 2=etd (7. a)

— and
ATAT=D) 25 4 (i)

)

Thus, only the drift parameters that satisfy the triangle equality (6), i.e. cyclicity, admit a difference-based representation.
The next corollary shows that the relation between drifts rates and utilities is indeed explicit. When p is cyclic, we can
then retrieve u from choice probabilities and mean decision times via (7).

Corollary 2. If a DDM is difference-based with drift parameter p, then, given any d in A, the function defined by
w(a) = paq  Va ®)
is, up to an additive constant, the only utility u which realizes (5) for p.

It is important to remark that the choice of the reference alternative d in (8) is immaterial since our result implies that a
change in the reference alternative can only shift v by an additive constant.

In contrast, if a drift parameter p is not cyclic, there is no function u : A — R such that (5) holds. In this case, the
functions defined by (8) for different reference alternatives d might rank alternatives in different ways. Thus, they
cannot be interpreted as utilities (see Example 1 in the supplementary material).

2.2 Value-consistent estimators

Consider an analyst who observes agents’ pairwise choices several times, say n. The available observations produce
empirical mean decision times ﬁz,b, empirical choice frequencies P,',, and empirical log-odds (, ,, for all a # b in
A. Baldassi et al. [24] have shown that through these statistics the analyst can test the hypothesis that data are generated
by a difference-based DDM. Here, we assume that this hypothesis has not been rejected and we consider the problem of

building an estimator of the parameters of the difference-based DDM which generates the data.

Definition 2. An estimator (A", i) of a DDM (X, 1) is:

« statistically consistent if, and only if, (A", i) — (X, 1) almost surely as n — .

* value-consistent if, and only if, i™ is cyclic for all n.

The previous analysis demonstrates that estimators that are not value-consistent are not conceptually appropriate for
difference-based DDMs. Specifically, when an estimator is not value-consistent, it may be the case that the estimated
value /i, of puq p is different from the sum fiy; . + fi. ,, of the estimated values of 4, and g p, for some alternatives a,

b and c. But, this means that the estimated DDM(X", i1) is not difference-based, contradicting the hypothesis that the
DDM being estimated is difference-based. In other words, when an estimator is value-inconsistent there is no utility
that represents the estimated drifts, so it does not produce the parameters of a difference-based DDM.

For instance, starting from equation (3) and assuming for simplicity that the analyst knows that A = 1, she could
estimate u by replacing (theoretical) choice probabilities with empirical choice frequencies. This idea leads to the
plug-in estimator (see, e.g., Wasserman [31])

n

=, =1 P )
/’La,b = tab = n . n
1- P,

This estimator is statistically consistent but value-inconsistent as empirical log-odds are in general not cyclic (see
Example 2 in the supplementary material).



To address this issue, we consider the empirical adjusted log-odds function /" : A x A — R given by

i, = o+ ! o 4y Lo 10
= 25 e o) = 1 2 MR T 1

ceA

for all ¢ and bin A. This function, proposed by Baldassi et al. [24], is the least square cyclic approximation of " and
can be computed by using empirical choice frequencies. We can then plug in empirical mean decision times WZ p and

empirical adjusted log-odds gﬁyb into equation (7) to obtain a plug-in estimator.

Definition 3. The cyclic estimator (5\”, ™) of a difference-based DDM is given by

] 1 DT o
A= .4 and b

— /]a b= DT
[A|(JA] - 1) ; in ' 1 DT, ,
£d P ( c,d) TAT(TAT-1) 2erd o)

Va #b (11)

The next proposition shows that this estimator has the desired properties and yields an immediate utility estimation.

Proposition 3. The cyclic estimator is both statistically and value-consistent. Moreover, given any d in A, the function
defined by
a" (a) = fig 4 Va (12)

is, up to an additive constant, the only function that satisfies

fily, =" (a)— @ (b)  Va,b

The resulting utility estimation builds on the theoretical foundation given by the triangle equality as well as on the
joint use of empirical choice frequencies and empirical decision times, as suggested by the approaches of Clithero [§]
and Webb [32]. Again, as observed immediately after Corollary 2, the choice of the reference alternative d in (12) is
immaterial because of the cyclicity of .

We close with an important remark. The computation of the cyclic estimator seems to require, prima facie, a complete
choice dataset in which all possible pairwise comparisons of distinct alternatives in A are observed. Yet, in the
supplementary material we provide a simple iterative scheme that extends the estimator to incomplete datasets by
leveraging on the premise that observations are generated by an underlying difference-based DDM and an estimator for
such a DDM must satisfy the triangle equality (6).

2.3 Empirical analysis

In this section we complete the analysis of the cyclic estimator by applying it to behavioral data from two independent
experiments, one with comparisons between all pairs of options (complete) and the other with missing comparisons
(incomplete). In both cases we obtain very good fits and a “surprise.” The surprise is that the utilities that we estimate
mostly conform with those predicted by the most basic decision theoretic model of (expected) payoff maximization.
The goodness of fit confirms the efficiency of estimating rather than postulating the drift parameters.

Datasets The first dataset comes from Cavanagh et al. [25] and is complete. In this study, participants chose between
all pairs of six alternatives, eight times each, for a total of 120 trials per session. The alternatives were represented
by Hiragana characters, each with a different probability (0.2, 0.3, 0.4, 0.6, 0.7, 0.8) of yielding a constant reward.
These probabilities were a priori unknown to the participants but learned through experience in a prior training phase.
Subjects completed two sessions, each with a different set of six characters.

The second dataset comes from Shevlin et al. [26] and is incomplete. In this study, participants chose between hundreds
of unique alternatives. Each alternative was a 3 x 2 array of colored squares, with each color worth a different amount
of money. There were 12 possible colors, each one worth a different amount of money; the values increased linearly
across the color spectrum. The value of each array was the sum of the values of its six colored squares; this resulted in
27 possible array values. These arrays were divided into three value tiers: low, medium, and high value. In each trial,
participants chose between two alternatives in the same tier. Like the Cavanagh et al. [25] study, the rewards for each
color were a priori unknown to the participants but learned in a prior training phase. Before exclusions (as implemented
in Shevlin et al. [26]), there were 135 trials per participant in the data we analyzed, or 45 trials per tier.

Both studies consisted of two parts: a training phase where the participants learned either the probabilities (Cavanagh)
or the rewards (Shevlin), and a test phase where they chose from pairwise combinations of the alternatives. Training
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Figure 1: Description of the experiments. (A) In the Cavanagh et al. [25] task, participants chose between pairs of six Hiragana
characters that were trained to be associated with reward probabilities as indicated on the left. (B) In the Shevlin et al. [26] task,
participants chose between 3 X 2 arrays of colored squares. Each color represents an integer point value from 1 to 12. The point
values increased from blue to pink or pink to blue; this was counterbalanced across participants.

stopped when there was sufficient discrimination between correct and incorrect choices. In the test phase, participants
chose between pairs of alternatives without receiving any feedback, so that choice was purely based on what had
previously been learned. Here, we only analyze the test-phase trials. See Figure 1 for further details on the tasks in
these two experiments.

In summary, we study two tasks where participants learned the value of different alternatives. We chose these datasets
because they present the proof of two concepts: the cyclic estimator works for both complete and incomplete datasets,
and for both probabilistic and deterministic rewards. They also allow us to test how the utilities reflect the objective
values.

Analysis The cyclic estimator — equations (11) and (12) and their generalizations provided in the supplementary
material — allows us to directly estimate the drift rates (utility differences) and boundary separation (threshold) of a
DDM from observable choice and RT data. In the supplementary material (Figs. S3-S4) we provide evidence that the
cyclic estimator accurately recovers drift rates and boundary separations in synthetic data simulated from a DDM with
typical parameters. Next, we investigate the performance of the cyclic estimator on the empirical data.

The first behavioral quantity predicted by the DDM is the choice probability for each alternative pair (psychometric
function). The estimated model seems to capture the psychometric behavior of the subjects from both experiments with
great precision (Figure 2)

The second behavioral quantity predicted by the model is the mean DT for each binary choice (chronometric function).
Before investigating the chronometric function goodness of fit, we need to deal with a systematic bias, pointed out in the
literature (see, e.g., [33, 25, 26]), that high overall-value decisions ("win-win" comparisons) are faster than predicted
by the vanilla DDM. In the Cavanagh et al. [25] task, these are the three comparisons between {0.8,0.7}, {0.8,0.6}
and {0.7,0.6}. In the Shevlin et al. [26] task, these are the two comparisons between the highest valued arrays within
each of the three value tiers. In the plots we highlight these higher value trials. With this caveat, the chronometric
function predicted by the estimated model fits the behavioral data from both experiments nicely, as Figure 3 shows.



In the supplementary material (Fig. S5) we additionally present fits of the DDM to quantiles of the RT distributions,
conditional on correct and error responses.

Cavanagh et al. [25] model the DDM using the difference of reward probabilities — or, equivalently, of expected payoffs
— of the alternatives as drift for the binary comparisons. Analogously, Shevlin et al. [26] model the DDM using the
difference of monetary payoffs as drift. We do not make these assumptions. To compare the two approaches, in Figure 4,
we examine the relationship between the objective differences in reward probabilities/monetary payoffs that they use as
drifts (Awv) and our differences in estimated utility (Au). Remarkably, the data show a linear relationship between these
two quantities in the Cavanagh data and a slightly convex relationship in the Shevlin data.

This linear relationship between differences in payoffs and differences in estimated utilities is perhaps the most striking
empirical finding of the paper. This discovery, made possible by the introduction of the cyclic estimator, suggests
that the subjects in the experiment actually learned the (expected) payoffs and maximized them. This optimizing
behavior was assumed as an hypothesis by Cavanagh et al. [25] and Shevlin et al. [26]. Our finding thus supports their
assumptions.

We derive absolute utilities from relative utilities by fixing the lowest payoff alternative as a reference (Figure 5). In the
Cavanagh et al. [25] task the relation between utilities and true probabilities is strikingly linear. This is consistent with
the expected utility maximization hypothesis. In the Shevlin et al. [26] task the relation is piecewise linear, with the
slope slightly but significantly increasing with objective value. This increasing slope is consistent with the findings of
Shevlin et al. [26]. We established this with a linear regression of the utilities on the value range (0 to 8) within each
value condition interacted with the value condition (low = —1, medium = 0, high = 1). The interaction between value
and condition was significantly positive (£(23) = 3.32, p = 0.003).

We can also compare the utilities from the cyclic estimator to the utilities obtained from other methods. The traditional
approach is to estimate the utilities using a logistic regression on the choice data, with dummy variables for each option.
A newer and more computationally involved approach is to run an analogous regression for drift rates within the DDM.
This is accomplished using the software package HDDM, which is a Bayesian hierarchical method that uses group-level
choice and RT data to fit the DDM [34]. Comparing the cyclic estimator to the logistic and HDDM estimators on the
empirical data, we find that there is good agreement between all three methods, but that the cyclic estimator seems to be
more linear, i.e., less prone to overfitting, than the logistic estimator (Fig. 6).

Finally, we also analyzed the data from individual subjects in each study. As expected, there is heterogeneity in the
linearity of the relation between utilities and true values, particularly in the Cavanagh et al. [25] data.

The individual-level analyses reveal an advantage of our cyclic estimator over other estimators like logistic regression
and HDDM. If we assume that the correct estimates should be linear, then we can calculate the mean absolute error of
the utility estimates for the different estimators. Our cyclic estimator has a significantly lower mean absolute error than
a logistic regression estimator for the Shevlin et al. [26] dataset (p = 10710, p = 10712, p = 107!3) though not for the
Cavanagh et al. [25] dataset (p = 0.18). And while the cyclic estimator does not outperform the HDDM estimator in
mean absolute error, it uses a lot less data (single subject and choice data only) and runs in a matter of microseconds.
See the supplementary material (Figs. S1-S2) for more detail.

3 Discussion

In this paper we used a principled approach to consistently estimate the parameters of a difference-based DDM. This
allowed us to investigate how reward probabilities and amounts affect evidence accumulation (i.e., drift rates). We
observed almost linear relations between differences in utilities and differences in both reward probabilities and amounts.
More specifically, we observed that utilities are linear in probability and slightly convex in reward amount.

Our approach yields trial-level drift rates that show a consistent relationship with choice probabilities and RTs, as
expected with the DDM. Throughout the paper, we have equated RT and DT. In reality, RT usually consists of DT as
well as a non-decision time. In the supplementary material (Fig. S6) we show that accounting for non-decision time does
indeed improve the quality of our fits. We also present an estimator that, while untested, might provide an alternative
way to estimate non-decision times; we leave the validation of that estimator to future research. It is important to
note that fitting the DDM often includes other parameters, such as starting point and across-trial variability in drift
rate and starting point. Without these parameters, our estimators may suffer on datasets with substantial non-decision
times, response biases, or slow/fast errors. In this article we assume that the modeler has concluded that a simple
difference-based DDM is appropriate for their data. Our theory cannot be used to estimate other models or to compare
them to the DDM. If the modeler wants to establish whether the DDM is appropriate for their data, they can use the test
proposed in Baldassi et al. [24].
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Figure 2: Observed and estimated choice probabilities. The probability of choosing Option A over Option B as a function of the
difference in their estimated utilities, for (A) the Cavanagh et al. [25] data, and (B) the Shevlin et al. [26] data. The estimated utilities
are calculated from equations (10), (11), and (12), using all comparisons {a, c} and {c, b}. The choice probabilities are either the
average empirical probabilities from all direct comparisons {a, b} (black dots), or the DDM predicted probabilities calculated from
Equation (2) (red line) using the estimated parameters.
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Figure 3: Observed and estimated mean response times. The mean response time (RT; in milliseconds) in choices between
Option A and Option B as a function of the difference in their estimated utilities, for (A) the Cavanagh et al. [25] data, and (B) the
Shevlin et al. [26] data. The estimated utilities are calculated from equations (10), (11), and (12), using all comparisons {a, ¢} and
{c,b}. The RTs are either the average RT from all direct comparisons {a, b} (black dots), or the DDM predicted decision times
calculated from Equation (4) (red line) using the estimated parameters. The orange dots indicate "win-win" trials; trials with the
highest valued pairs of alternatives.
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Figure 4: Differences in objective value and estimated utility. The difference in objective value (v) as a function of the difference
in estimated utility (u) for each pair of options in (A) the Cavanagh et al. [25] data and (B) the Shevlin et al. [26] data. The
estimated utilities are calculated from equations (10), (11), and (12), using all comparisons {a, ¢} and {c, b}. The true values are
the probabilities of reward in the Cavanagh et al. [25] task and the point values in the Shevlin et al. [26] task. This figure contains
additional points (in blue) for comparisons {a, b} that were not in the experiment, but for which we could still estimate Aw had they
occurred, based on other comparisons.

Our method is appealing because it is free from both a priori behavioral and statistical assumptions (aside from the
assumption that data are generated by a difference-based DDM), but still fits both choice probabilities and RTs well.
Rather than estimating drift rates for a set of conditions, which are based on assumptions about which trials are similar,
our approach estimates a unique drift rate for each comparison. Moreover, it is able to do so out-of-sample, using other
comparisons in the dataset. One can even extrapolate the drift rates for comparisons not present in the data, as we did
for the data of Shevlin et al. [26].

The ability to estimate drift rates for individual comparisons is a major advantage, particularly in economic choice,
where drift rates depend on subjective values. Modelers typically need to measure the stimulus features in their
experiments. In perceptual decisions this is not too burdensome: typically, these features are objective and controlled by
the experimenter (e.g., number, size, brightness). In economic decisions, however, the features are often subjective and
a product of the subjects’ preferences. As a result, many of these experiments involve lengthy rating/evaluation tasks —
in addition to the comparison tasks — to measure the subjective values of the stimuli [35, 9, 29, 36]. Moreover, these
value measurements are at odds with a “preference discovery” interpretation of the value-based DDM in which decision
makers accumulate noisy evidence about the options’ subjective values that, ex ante, they only imperfectly know [37].
By using our method, researchers might be able to avoid collecting independent evaluations of all the stimuli in their
experiments. However, it is important to note that in order for this method to work, one must have choice probabilities
(not 0 or 1) for at least some comparisons. In other words, some comparisons must be presented multiple times within
an experiment, or data must be aggregated across subjects facing overlapping comparisons.

Our empirical analysis of the Cavanagh et al. [25] dataset revealed a linear function from reward probabilities to
drift rates, on average. This contrasts with some of the literature on non-linear probability weighting, where explicit
probabilities are generally inverse-S weighted (overweighting of small probabilities and underweighting of large
probabilities) as in Prospect Theory [38], or where learned probabilities are generally S weighted [39] (overweighting
of large probabilities and underweighting of small probabilities). In most of this work, decision makers face trade-offs
between probability and reward size. Thus, it is possible that the linear relationship that we identified is due to the fixed
rewards in the Cavanagh et al. [25] task (or perhaps the extensive training). It is also worth noting that the functions
were typically not linear at the individual level (see supplementary material, Fig. S1). This is consistent with the
literature using this task [40].
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Figure 5: Estimated utility functions. Utility vs. probability for (A) the Cavanagh et al. [25] data, and vs. value for (B) the
Shevlin et al. [26] data. Analogous to Figure 4, the estimated utilities are calculated from equations (10), (11), and (12), using all
comparisons {a, c} and {c, b}, while the objective probabilities are the probabilities of reward in the Cavanagh et al. [25] task and
the objective values are the point values in the Shevlin et al. [26] task. In the Shevlin et al. [26] task we plot the data for the three
different value tiers separately. Because utilities are on an arbitrary scale, we fix the lowest utility within each set to zero.
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Figure 6: Model comparison of the estimated utility functions. Utility vs. probability for the (A) Cavanagh et al. [25] data, and
vs. value for the (B-D) Shevlin et al. [26] data in Low, Medium, and High value conditions respectively. These plots display a linear
relationship (diagonal black line) as well as the fits from our cyclic estimator, HDDM, and a logistic regression. Because utility is on
an arbitrary scale, we forced the lowest and highest utilities to be accurate and then measured the relative locations of the remaining
estimates. For the logit and cyclic estimators, the bars are 95% confidence intervals; for the HDDM the bars are 95% highest density
intervals.
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Our findings are also consistent with the previous findings in Shevlin et al. [26]: the slightly convex utility function is
consistent with their findings that drift rates are higher at high values. At the same time, when focusing within a value
level (low, medium, or high), we find a quite linear function from objective value differences to drift rate.

There is one notable way in which the data deviate from our estimated DDM. Comparisons between the highest-value
alternatives are systematically faster than expected. This is a well-documented phenomenon [25, 41, 42]. There are
several explanations for this phenomenon, including increased dopamine activity for high-value options and greater
drift-rate variability due to attentional shifts between high-value options [43, 42]. These are deviations from the standard
“plain vanilla” DDM that affect decision times more than choice probabilities (see the supplementary material, Fig.
S11). For this reason, they are highlighted only in the figures concerning RT, where they are labeled as “win-win
comparisons.”

Our empirical tests of the cyclic estimator were limited to objective-value tasks where options differ along a single
stimulus dimension, namely reward size and probability. We do not believe that this limits our contribution, as the
conditions apply to any difference-based DDM, and we know that difference-based DDMs work well in subjective-value
tasks as well. The reason that we chose to focus on objective-value tasks is because there is a ground truth that we can
compare our utility estimates to. In subjective-value tasks there is no ground truth. If we found non-linear relations
between estimated and reported utilities, we would not know if that was an issue with the estimator or with the reports.
So, while we advocate for using our estimator to infer utilities in subjective-value tasks, we did not think it was
appropriate to use such tasks to validate the estimator in this article. That is a next step.

The use of DDM and other sequential sampling models has a long history in statistics [44] and cognitive psychology
[4]. There is also a growing literature applying such models to economic choice, most notably with decision field
theory [14]. Recent work in economics has explored the optimality of sequential sampling models and their link
to strength of preference [45, 46, 8, 47, 48, 15, 49, 37, 50]. One advantage of the DDM is that it jointly predicts
choice probabilities and RT. Thus, the analysts’ access to RT data should improve their ability to infer preferences or
beliefs [46, 8, 15, 51, 32, 52, 49], as we also observed here with the HDDM estimator. The DDM can also be used to
decompose the decision process into evaluations of the alternatives, prior biases, speed-accuracy motivation, and so
on [53, 54]. In more recent years, these models have become very popular in cognitive neuroscience and in decision
neuroscience [55, 1]. They can also account for eye-tracking and brain imaging data [56, 3, 57, 58, 35, 20, 59, 60]. Our
ability to estimate trial-level drift rates provides researchers with more precise inputs for modeling such data [61]. We
hope that these findings fuel further work on the DDM in economic choice (and beyond) and that these methods will be
used to better understand the relation between objective and subjective evidence.

4 Materials and Methods

4.1 Cavanagh task

The first dataset comes from Cavanagh et al. [25]. The study included 20 subjects (12 male, mean age of 20 years) from
the Brown University community, who were rewarded with either 20 USD or extra course credit.

Subjects performed the task twice using different non-overlapping character sets. The mapping from characters to
probabilities was randomized across subjects. The data were combined across the two sessions.

Each session began with a training phase in which the probabilities were learned through reinforcement. During the
training phase subjects were presented with one of three stimulus pairs with the following reinforcement probabilities
0.8/0.2, 0.7/0.3, or 0.6/0.4. Subjects went through one to six blocks of training (60 stimuli each) until they made the
correct choice on 0.65, 0.6, and 0.5 of the trials in the 0.8/0.2, 0.7/0.3, and 0.6/0.4 pairs, respectively. Subjects who did
not satisfy all these requirements by the sixth block proceeded to the test phase regardless.

In the test phase, subjects chose between all pairs of six alternatives, eight times each, for a total of 120 trials per
session, or 240 trials total. Trials began with a fixation cross for 1,000 ms. Stimuli were presented for a maximum
of 4,000 ms, and disappeared as soon as a choice was made. Participants then saw a blank black screen for 1,000 ms.
There was no feedback in the testing phase.

4.2 Shevlin task

The second dataset comes from Shevlin et al. [26]. The study included 70 subjects from the Ohio State University
community, who were rewarded with a show-up fee of 5 USD as well as a bonus payment based on their performance
(30 points per 1 USD; mean earnings: 9.81 USD).
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Subjects completed two phases of the study. In the first phase, participants viewed a spectrum of 12 distinct colors.
Subjects were told that the value of these colors was either increasing or decreasing from left to right. Subjects then
completed a training phase, in which they chose between two arrays, each composed of six colored squares. The values
for each colored square ranged from 1 to 12. After each choice, subjects saw the values of both arrays (equal to the sum
of the colored squares), as well as their total earnings. Subjects first completed a block of 30 trials. If they reached or
surpassed 0.70 accuracy, they proceeded to phase 2; otherwise, they completed another block of 30 trials. This process
was repeated until each subject achieved 0.70 accuracy or completed six training blocks.

In phase 2, subjects faced 270 binary-choice trials. Trials were constructed by first creating stimulus pairs for the
middle-value condition and then subtracting or adding a constant value of 4 to every square. The arrays were constructed
so that the colored squares were never all the same color, but there were no other restrictions. Additionally, the value
difference in each trial was always between 1 and 5 points.

In the original study there were blocks of 15 trials, some with trials all from the same tier and some with trials from
different tiers (five from each). Here we only analyze the latter blocks as they are the most natural. In the supplementary
material (Figs. S7-S10) we also examine the other blocks.

In order to properly constrain subjects’ earnings, they started out with a deficit of 10,500 points. Subjects who ended the
study with a negative balance only received the show-up fee. Subjects were informed of this deficit and the conversion
rate at the beginning of the study.
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