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ABSTRACT OF THE DISSERTATION

Miniature magnetic devices

for compact accelerator applications

by

Benjamin Arnell Pound

Doctor of Philosophy in Electrical and Computer Engineering

University of California, Los Angeles, 2022

Professor Robert N Candler, Chair

Electron accelerators play crucial roles in medical, scientific, and industrial uses. There are

many technologies that are being developed to make the accelerator portion of these machines

smaller, which would decrease the overall cost and size of the machine, but development

of the magnetic elements to focus these electron beams, called “quadrupoles”, have not

been as fully explored. The main focus of the work is the miniature Panofsky quadrupole.

This type of quadrupole is planar in nature and so lends itself to batch fabrication using

microfabrication techniques. Additional benefits include an arbitrarily long magnetic length

limited only by substrate size and the potential for high current densities due to the relatively

high thermal conductivity of silicon. Device characterization was accomplished via direct

magnetic field measurement, analysis of heating using a thermal camera, and an experimental

demonstration of relativistic beam focusing at the PEGASUS laboratory at UCLA. I briefly

describe several other quadrupole devices, including a current sheet device that could be

used as a distributed focusing element inside an undulator, which would address concerns in

future small gap, low energy accelerator-based light sources.
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Accelerator-based light sources also benefit from the miniaturization of accelerators and

their magnetic optics. These light sources could also benefit further from development of

short period undulators. Two short period undulators that could be used in a low-energy

(less than 1 GeV) electron accelerator to produce radiation are presented: a microfabricated

1.2 mm electromagnet undulator and a 2.7 mm hybrid permanent magnet undulator. Both

undulators were characterized via magnetic field measurement. Importantly, in the case of

the hybrid undulator, the ability to shim the strength of an individual pole tip was demon-

strated. While the electromagnet undulator, as measured, is not as strong as the hybrid,

pulsed power through thicker traces would increase the utility of this device substantially.

Taken together, this work represents a step forward for use of short period undulators.
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CHAPTER 1

Introduction

1.1 Motivation for using microelectromechanical systems in par-

ticle accelerators

Microelectromechanical systems (MEMS) are a class of micron-scale devices that comprise

a wide variety of uses outside of integrated circuits. It is impossible to state every MEMS

application, but microfabrication techniques (initially developed for the integrated circuit

industry) are now used to manufacture gyroscopes [5], accelerometers [6], clock oscillators

[7], gas sensors [8, 9], plasma sources [10], and many others [11, 12, 13, 14, 15, 16] with

dimensions of nanometers up to a millimeter. The market share of MEMS devices is growing

rapidly. As an example, over 4.4 billion MEMS microphones were sold in 2016 for around

1 billion USD. By 2022 the total market for MEMS microphones alone is projected to be

around 20 billion USD [17].

There are many characteristics of microfabrication that are appealing from a device and

cost perspective:

• The cost per device is low because many devices are fabricated in parallel (“batch

processing”) on a single wafer

• Many different materials can be used, and material properties can often be altered in

substantial ways by changing process parameters.

• Device performance variation is low between wafers for a given process and well-
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maintained tools.

• The high thermal conductivity and capacity of silicon allow high current density (∼

1× 1010 A/m2) in thin copper traces [18]

• Feature size and alignment between individual devices (such as a quadrupole triplet) is

automatically satisfied with single micron precision or better across the entire substrate

[19]

Microfabrication has numerous difficulties as well. The processes are largely extrusions of

two-dimensional designs, so fabricating truly three-dimensional devices is difficult. Process

development can be slow due to the tight performance constraints for many devices. Owning

and operating a cleanroom (where microfabrication is done), requires a very large initial

investment and has high ongoing operating costs.

MEMS devices are used in almost every industry, but one industry where microfabri-

cation has not made substantial inroads is accelerator physics. Most particle accelerator

facilities are very large and use large beams with dimensions on the order of millimeters

and centimeters, which largely precludes the use of microfabricated structures. New and

upgraded facilities, however, are growing physically larger over time, which also leads to

increased cost. It has become prudent to ask if facilities that span kilometers and cost bil-

lions of dollars can be built smaller and cheaper using less conventional technologies. One

example of such a technology is the dielectric laser accelerator (DLAs), which are typically

microfabricated [20]. DLAs and other MEMS-based devices require small beams (and thus

small beam emittance) because they have small bores of ∼1 µm - 1 mm; it has only been

somewhat recently that beam emittance has decreased enough, with sufficient charge, that

using such devices can be seriously considered.

In this dissertation I will:

• motivate the desire to make accelerators (both industrial and research-grade) more
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compact.

• briefly describe the current state of the art in actual accelerators and prospects for

compact accelerators, and

• discuss my work in designing, fabricating, and testing microfabricated and microma-

chined quadrupole magnets (for beam focusing) and undulators (for radiation produc-

tion) for use in compact accelerators.

1.2 Uses of electron accelerators

As it turns out, the most well-known class of particle accelerators such as the Large Hadron

Collider is also the rarest type, comprising only approximately 1% of all accelerators world-

wide [21]. The vast majority of accelerators are not used as particle colliders (or other

research-focused machines) that operate with giga- or teraelectronvolt (GeV, TeV) beam en-

ergies but are rather dedicated to industrial uses with energies measured in megaelectronvolts

(MeV). Some such applications are:

• Medical: electron beam therapy [22, 23], isotope production [24], radiography [25],

sterilization [26]

• Polymer curing [27, 28, 29]

• Ion beam implantation [30]

• Microfabrication [31, 32, 33]

• Cargo inspection [34, 35]

While in no way a comprehensive list, it is apparent that electron beams play a role in

a wide variety of industries. Furthermore, it is reasonable to expect that many industries

would benefit from the development of smaller, cheaper compact accelerators. There are
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many technologies that are being developed for this goal as will be briefly discussed in the

next section.

1.3 Compact accelerators

There are effectively two strategies in the development of high-gradient accelerating devices.

The first is to refine the design of the standard rf cavity and increase the frequency and

operating power. The accelerating electric field gradient of a standard radio frequency cavity

is limited to ∼100 MV/m at room temperature [36] and ∼65 MV/m for superconducting

niobium cavities [37]. It is possible to achieve accelerating gradients higher than 200 MV/m

using such technologies use higher frequencies [38], though many difficulties remain. One

could also operate the normal-conducting accelerator at cryogenic temperatures to achieve

gradients of 250 MV/m [39].

Alternately, one could turn to other technologies which are less well developed but have

greater potential performance in the quest of a more compact accelerator. One example

is the dielectric laser accelerator often come in the form of photonic or Bragg-like gratings

[40, 41]. These devices generally produce beams that are wide and thin to increase overall

electron beam current and suppress instabilities. In particular, groups investigating dielec-

tric laser acceleration (DLA) in photonic structures have achieved impressive acceleration

gradients, routinely achieving several hundred MV/m [42, 43]; the current record, to the

author’s knowledge, is 690 MV/m [44]. Despite many successes, DLA approaches have lim-

itations. It is difficult, though not impossible to achieve 100 MeV/m or higher gradients

with sub-relativistic particles [45], and the maximum gradient is limited to about 10 GeV/m

because of dielectric breakdown [46]. Another limitation is that DLA is most efficient when

accelerating femtocoulombs of charge [47], whereas RF cavities and plasma-based accelera-

tors can accelerate pico- or even nanocoloumbs of charge. Another important limitation is

fabrication; there are many dielectric structures which can be envisioned and simulated to
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work very well, but few can actually be fabricated effectively. It is possible that miniature

electron sources with ultra-small emittances could play a role in advancing this technology

further [48, 49].

The other class of novel technologies is based on plasma wakefield acceleration, broadly

classified as either laser-driven wakefield acceleration (LWFA) or particle-beam-driven plasma

wakefield acceleration (PWFA). These approaches can produce extremely large accelerating

gradients. Accelerations over 100 GV/m have been demonstrated several times [50, 51],

and there seems to be no upper limit on achievable accelerating gradients [52]. These ap-

proaches, however, have myriad downsides that hinder usage in compact accelerators. The

first is that the previously cited high gradients are only achieved by a small fraction of the

injected electrons. The final energy of most of the injected electrons was below 10 MeV [50].

In studies reporting higher mean electron energy gain, the accelerating gradients were much

lower, around 100 MV/m. As could be inferred already, the spread of electron energies after

acceleration can be quite large; the smallest reported energy spreads are on the order of a few

percent, which is unsatisfactory for some uses such as free electron lasers which require much

less than 1% energy spread [53, 54]. Another limitation is the experimental setup. LWFA

requires very high laser power (and therefore very large lasers) in the range of terawatts

to petawatts [55]. PWFA itself requires a high-energy accelerator capable of precise bunch

separation. As the technologies currently stand, LWFA may be able to accelerate electrons

for compact light source applications with further developments that improve beam quality,

and PWFA seems more applicable for particle collider applications.

1.3.1 Accelerator-based x-ray light sources

If one desires a monochromatic, coherent, short pulse of x-rays (photon energy above 1

keV), there are essentially only two options, synchrotrons and x-ray free electron lasers.

These accelerator-based x-ray light sources require highly relativistic electron beams (usually

greater than 1 GeV) to operate. Such high energies conventionally require large accelerators;
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the accelerator portion of x-ray FELs (XFELs) is typically ∼1 km to achieve the required

energy.

Why are such machines needed to produce x-rays? There are two main reasons. The

first is related to reflectivity and absorbance. All matter absorbs x-rays. There are many

materials that reflect visible light with high efficiency, but no such material exists for x-ray

wavelengths, so one cannot build mirrors and cavities for x-rays easily. There are some

ways around this using Bragg reflectors, even for normal incidence x-rays [56], but these

approaches have major issues yet to be resolved. Even if such a cavity could be built,

population inversion (the mechanism by which conventional lasers operate), is not possible

(at least in a practical sense) for x-ray frequencies as it requires a free-electron laser to drive

the population inversion [57].

Additionally, the few options to generate coherent x-rays (special diode lasers [58] and

high harmonic generation [59]) suffer from low photon flux compared to accelerator light

sources. For hard x-rays the only alternative option is bremsstrahlung radiation, which has

low flux and coherence.

Therefore, the remaining option is to build an accelerator-based light source such as an

XFEL or synchrotrons. Both XFELs and synchrotrons are very large (> 1 km), expensive

(> $1B) facilities, both to build and run. Making these machines more compact would

allow them to be built more cheaply, which would also increase access for a wider variety

of researchers. These facilities are often oversubscribed, or in other words, the number of

proposed experiments far exceeds the amount of time available. The result is that much

good and useful research cannot be accomplished. The realization of more compact facilities

would allow more research to be done, to the benefit of all.

The workhorses of these accelerator-based light sources are the “insertion devices” known

as undulators or wigglers. The insertion devices can be inserted or removed arbitrarily

because they do not perturb the overall beam trajectory. Inside the insertion device, however,

the alternating dipole fields of undulators and wigglers cause the electrons to “wiggle” as
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they traverse the alternating fields. Undulators and wigglers are characterized mainly by

the period λu (the length over which the magnetic field changes), the number of periods Nu,

and the peak magnetic field on-axis in the undulator. Undulators have relatively weak fields

that only slightly perturb the electron trajectory, which results in narrowband radiation. A

wiggler has strong magnetic fields that strongly perturb the electron motion, which produces

broadband radiation.

1.4 Compact quadrupoles and undulators for compact accelera-

tors and light sources

Although the electron accelerator obviously needs to be miniaturized for truly compact

accelerators, the undulator also should be compact for electron beam based light sources.

It has long been realized that shortening the undulator period could help accomplish both

goals. A shortened undulator period would allow for a lower electron energy, which would

also decrease the accelerator length and therefore the cost [60]. It is possible that the

total undulator length could also decrease. Chapter 3 showcases our work simulation and

experimental work on a microfabricated 1.2 mm electromagnetic undulator fabricated using

both conventional and microfabrication techniques, and some preliminary work on a 2.7 mm

hybrid undulator fabricated using waterjet cutting and 3D printing.

Chapter 4 shows two novel quadrupole devices, a quadrupole based on two current sheets

that could be trivially included in future short period, small gap undulators, and a monolithic

quadrupole fabricated from a single block of copper.

Chapter 5 presents a comprehensive study of the microfabricated Panofsky quadrupole

(MPQ), including the derivation of an analytical model and experimental and simulation

results for both magnetic fields and thermal behavior. The device was tested in a 3.2 MeV

beamline, demonstrating focusing of a relativistic beam with a microfabricated device for the

first time. This same type of device geometry was replicated using more conventional ma-
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chining techniques adapted for small features, which work is presented in the same chapter.

These devices would be used as focusing optics in a future compact accelerators.

Taken together, it is my hope that some of the ideas presented here will be useful in

future considerations of compact accelerator design.
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CHAPTER 2

General Background

This section contains background information that is common to later chapters related to

both undulators (chapter 3) in Section 2.1 and quadrupoles (chapters 4 and 5) here in Section

2.2.

2.1 Undulators for radiation production

2.1.1 Theory

A basic diagram of an undulator is shown in Fig. 2.1. As the electrons traverse the alternating

magnetic dipole fields, they are forced to accelerate. Accelerating charged particles radiate

photons. The undulator periodicity causes constructive interference at specific resonant

frequencies and destructive interference at all other frequencies. It can be shown that the

electrons in a planar undulator emit photons of wavelength λr,n:

λr,n =
λu

2nγ2

(
1 +

K2

2
+ γ2θ2

)
(2.1)

where λu is the undulator period, n is the harmonic under consideration, γ is the rela-

tivistic Lorentz factor of the electron beam (γ = (1 − v2

c2
)1/2, where v is the electron beam

velocity and c is the speed of light), and θ is the angle of observation away from the beam

axis. The undulator parameter K is defined as
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Figure 2.1: A basic diagram of an undulator. 1) the magnets that alternate field direction
every period. 2) the electron beam entering the undulator. 3) the photons (of wavelength
λr,n) produced in the undulator. From Ref. [1].

K =
e

2πmec
B0λu ≈ 0.934λu[cm]B0[T] (2.2)

where B0 is the maximum mid-plane magnetic flux density, me is the electron rest mass,

and c is the speed of light. If K > 1, the device is termed a “wiggler”; if K < 1, the

insertion device is called an undulator. The main difference is that undulator radiation is

largely limited to the fundamental harmonic, n = 1, and all even harmonics are suppressed

[61]. Wiggler radiation possesses significant optical power in higher order (n > 1, including

the even n) harmonics. For very strong wigglers the spectrum approaches that of a bending

magnet [61] except with higher brilliance.

It can also be shown that the undulator radiation for an undulator with Nu periods

possesses the linewidth
∆λ

λ
=

1

Nu

(2.3)

and that the radiation is mostly emitted into the central lobe which has a half angle of

θcen =
1 +K2/2

γ
√
Nu

(2.4)
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2.1.2 Motivations to develop short period undulators

There are a variety of applications for which short period undulators could be useful. We

highlight some here.

2.1.2.1 Free electron lasers

The photon pulses from XFELs are very short (femtoseconds) with unmatched temporal and

spatial coherence, that also have order-of-magnitude higher brilliance than other light sources

such as synchrotrons. This is due to the high beam quality used in XFELs that allow for

exponential optical power gain. However, to achieve this large amplification current XFELs

require long undulators (around 100 m), which is expensive in both materials and equipment.

Changing the undulator period from 3 cm (LCLS undulator period) to 3 mm, for example,

would suggest a total undulator length of 10 m to keep the number of periods constant.

Additionally, Eq. 2.1 shows that the undulator radiation wavelength λr is proportional to

λu and 1/γ2. For a fixed radiation wavelength, therefore, shortening the undulator period

would also lower the required electron beam energy, which would decrease the length of the

electron accelerator portion and reduce cost further.

2.1.2.2 Spontaneous undulator radiation from low energy accelerators

Another application is simply use spontaneous undulator radiation without the exponential

gain of FEL amplification. The radiation typically does not have the high coherence, peak

photon flux, or ultrashort pulses that FELs provide, but is still very useful; the hundreds of

beamlines housed at synchrotrons around the world use spontaneous undulator radiation for

many different types of experiments.
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2.1.2.3 Undulator diagnostics

Short period undulators could be useful as undulator diagnostics. Beam diagnostics are

extremely important in the design and operation of any accelerator or light source [62].

Undulator-based diagnostics have been used to measure the absolute energy [63], energy

spread [63, 64, 65], and transverse emittance [64, 66] of the electron beam by monitoring

changes in the radiation spectra from the undulator. The potential advantages of using

short period undulators over undulators with longer periods is that the physical area of

the diagnostic could be made physically smaller and the energy of the radiation would be

higher, relative to a longer-period diagnostic undulator. This could be helpful in low energy

accelerators to shift the diagnostic radiation to a regime that is more easily measured. One

example is a 10 MeV accelerator. Using a 3.3 cm period undulator yields photons at 1.6

THz, which relative frequency range is traditionally difficult to measure. Using a 1 mm

period undulator at that same electron beam energy, however, yields photons in the near-IR

regime at 1180 nm, which boasts a plethora of highly sensitive detectors.

2.1.2.4 Inverse FEL accelerator

Finally, a short period undulator could be useful in an inverse free electron laser (IFEL)

accelerator. An FEL uses energy from electrons to create photons inside an undulator. One

could reverse this process; impinge photons of the resonance wavelength on an electron bunch

in an undulator to increase the kinetic energy of the electron bunch. Usually, however, the

undulators have cm-scale periods and require that the electron beam energy already be ∼100

MeV to achieve resonance with the undulator and IFEL laser driver [67]. With a millimeter

scale undulator period, the initial electron bunch energy could be lowered by roughly an

order of magnitude. IFELs are also sometimes used not for acceleration but the ability to

microbunch the beam [68], which is required in some contexts [69, 70]. Again, with a shorter

period undulator, lower energy electron beams could be microbunched.
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2.1.3 Prior work

Figure 2.2: Prior work in sub-cm period undulators, categorized by type. The references for
the devices in this plot are included as Supplementary Material.

A fairly comprehensive overview of prior work in sub-cm undulators is found in Fig. 2.2.

There are some things the reader should know to put this comparison in proper context.

• The data point corresponding to the mesoundulator from this work represents the

most conservative implementation of our design, which is a single coil or trace with dc

current. A two-coil design, consisting of a coil on both sides of the wafer, can double the

mid-gap magnetic flux density while not saturating the pole tips. Using pulsed current

can further increase the maximum magnetic field. This range of operation parameters

is roughly represented by the oval, where the upper limit is achieved through pulsed

current.

• The majority of undulators are electromagnets (normal and superconducting) or based

on permanent magnets. One can observe in this chart that the performance of per-

manent magnets dominates over similar-period electromagnets for the “large” periods

considered here; this is the reason that most undulators with cm-scale periods are

based on permanent magnets [71]. The popularity of superconducting undulators has

increased as in-vacuum undulator technology has progressed and has the potential to
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meet or surpass the performance of permanent magnet undulators. However, the tech-

nical demands of superconducting devices are higher than permanent magnet devices

due to cooling, special power supplies, quench protection, and other considerations.

• At periods less than about 4 mm electromagnet and permanent magnet undulator

performance is roughly equal. Electromagnets seem to have the advantage at very

short periods because of pulsed power, despite the relatively lower fraction of magnetic

material used in those designs.

• It is interesting to note that many of these undulators were fabricated in the 1980s

and 1990s for the purpose of long wavelength free electron lasers, particularly around

300 GHz. Interest in FELs of such long wavelengths has diminished, but there is still

much interest in using short period undulators for XFELs.

2.2 Quadrupoles for beam focusing

2.2.1 General theory

Two important devices for electron beam manipulation are dipole and quadrupole magnets.

The fields, and their effect on an electron beam traveling into the page, are shown in Fig.

2.3. In short, dipoles steer electron beams and quadrupoles focus electron beams. The work

for this dissertation has focused more on designing quadrupole magnets than dipole magnets.

Quadrupoles are characterized by both their transverse gradient B′ and effective magnetic

length Lm, which is the transverse magnetic gradient integrated along the beam axis through

the quadrupole magnet, divided by the peak gradient. A quadrupole can be considered a

“lens” for charged particles with a focal length (in the thin lens approximation), to be

f =
p

q

1

B′Lm
(2.5)
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Figure 2.3: The forces on an electron beam traveling into the page due to the a) dipole and
b) quadrupole fields. The red lines show the magnetic field direction, and the blue dashed
arrows show the deflection direction of the electron beam.

where q is the electron charge and p is the particle momentum. However, we see from

Fig. 2.3b that a quadrupole focuses a beam in one dimension and defocuses the beam in the

other dimension. The beam can be focused in both dimensions by using multiple quadrupole

magnets separated in space with fields rotated by 90 degrees.

As in standard ray optics, the trajectory of an electron beam can be calculated using a

series of matrix multiplications [72]. For example, a single dimension of a quadrupole can

be represented in the thin lens approximation by the matrix

M(f,d) =

 1 0

−1/f 1

 =

 M11 M12

M21 M22

 (2.6)

where f is the focal length from Eq. 2.5, taking f to be positive for a focusing quadrupole

and negative for a defocusing quadrupole. The construction of these matrices can vary based

on convention and types of analysis; for example, the matrix formulism can be extended to

incorporate various other effects (see for example Ref. [73]). Nonetheless, in this simplest

case, M11,M22 are the spatial and angular magnifications respectively. M21 is related to
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the beam focusing. Finally, if M12 = 0, then the system images from point-to-point (not

parallel-to-point or point-to-parallel) with the magnification given by M11.

A drift space (i.e., the space between quadrupoles) of length Ld can be represented by

the matrix

MO =

 1 Ld

0 1

 (2.7)

To find the focal length of a system of quadrupoles, assume there are two quadrupoles of

the same strength where the first focuses the electron beam in one dimension and the second

quadrupole defocuses the electron beam in the same dimension (and vice versa for the other

dimension). Let the quadrupoles be separated by a length Ld. The total system, called a

doublet, can be represented in matrix form:

~xf = MT~xi = MOMdMOMf~xi =

 1− Ld

f
− (Ld/f)2 2Ld +

L2
d

f

−Ld

f2
Ld

f
+ 1

 ~x (2.8)

where ~xi = [xi, x
′
i]
T , which describes the initial position xi and angle x′i with respect

to the beam axis of a single particle. We see that, comparing the bottom left element of

this matrix with the original focusing matrix of Eq. 2.6 that this doublet has an effective

focal length of feff = f 2/Ld, which always positive. Therefore, the beam is focused in

both dimensions. This does not mean, however, that the focal point is the same in both

dimensions - the quadrupole gradient, length and/or spacing between magnets needs to be

chosen to exhibit the desired behavior.

In general, a total-focusing system of quadrupole magnets can be composed of any number

of magnets greater than one. There are distinct advantages to using triplets (composed of

three magnets) or quadruplets (four quadrupole magnets) as compared to doublets, though

these systems obviously occupy more valuable beamline space and represent additional cost
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and complexity. We show total focusing in Fig. 2.4 using the matrix formalism for a a)

doublet and b) triplet. In both cases the magnetic lengths of all quadrupoles were set to

10 mm, as was the drift distance. The electron beam energy was set to 10 MeV (p =

5.6× 10−21 kg m/s), though this has no fundamental impact on the result other than scaling

the focal length. To achieve total focusing for the doublet configuration, the gradients of

the first and second quadrupole were set to 19.74 T/m and -20 T/m respectively. Note that

any scaled version of these gradients will also result in a total-focusing configuration, with

a similarly scaled focal length. There are many different configurations of the triplet that

result in total focusing [74]; the configuration chosen here were +20 T/m for the first and

third magnet and -39.5 T/m for the middle magnet. We immediately see one benefit of this

triplet configuration: the x and y angles of the beam at the focal point are nearly the same,

whereas the angles for the doublet configuration are very different.

Figure 2.4: a) Total focusing with a doublet configuration. b) Total focusing with a triplet
configuration.

The thin lens approximation, under which all these derivations have been performed,

requires that the quadrupole is short compared to its focal length. If this is not true, then the

quadrupole “lens” would be considered “thick” and the corresponding (more complicated)

thick-lens matrix equations should be used [72].

These matrices can be used to track the beam through and after a focusing quadrupole.
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The two-dimensional transverse beam matrix, composed of the second-order moments of the

beam distribution, is expressed as

σ =

 σ2
x = 〈x2〉 σxx′ = 〈xx′〉

σxx′ = 〈xx′〉 σ2
x′ = 〈x′2〉

 (2.9)

where x is the position of the particle and x′ is the slope of the particle’s trajectory in

the x direction with respect to the longitudinal coordinate.

The determinant of this matrix is related to the rms beam emittance:

det(σ) = ε2x,rms =
√
σ2
xσ

2
x′ − σ2

xx′ (2.10)

Assuming that the quadrupole is a thin lens, the transport matrix M of the beam through

the quadrupole (with a focal length l) to the screen placed a distance L away is

M =

 1 L

0 1

 1 0

−1/f 1

 =

 1− L
f

L

−1/f 1

 (2.11)

The beam parameters transform via a given transfer matrix M as

σ = M · σ0 ·MT (2.12)

and so the transformed beam size is given by σ11 and is given by

σ2
x = M2

11σ
2
x0

+ 2M11M12σx0x′0 +M2
12σ

2
x′0

(2.13)

With this result in hand, one can measure the beam size after a given transport system

and fit the beam parameters at that point in the beamline. For example, in a later section

this expression will be used to fit the beam parameters after a single quadrupole. In that

18



experiment the beam size was measured as a function of quadrupole current (which is directly

related to the quadrupole gradient and focal length), and therefore were able to fit the beam

parameters σx0 , σx0x′0 , and σx′0 .

2.2.2 Prior work in microfabricated quadrupoles

There are several quadrupole devices in the literature that leverage microfabrication tech-

niques. Microfabricated devices based on static electric fields have been used in miniature

mass spectrometers [75]. Electromagnetic waves have been employed to control the trans-

verse size in dielectric laser accelerators [76]. In that work, a photonic crystal based lens

driven by a 2 µm laser was shown to be equivalent to quadrupole gradients in the MT/m

range, but these structure have an extremely small gap (on the order of the optical wave-

length) and are severely limited in the amount of transmitted current. They also showed that

their photonic lens becomes less effective than a 500 T/m magnetic lens when the electron

beam energy is above 35 MeV. This beam energy is sufficiently large for many industrial

applications but not for all envisaged applications such as electron colliders or electron-beam

based light sources [77]. There has been work in miniature mass spectrometry devices which

require microfabricated electrostatic quadrupoles [75]. Quadrupoles fabricated directly as a

printed circuit board (PCB) [78] leverage processing techniques similar to microfabrication

but suffer from inferior PCB thermal characteristics and less precise intra-substrate align-

ment. Finally, our group previously reported a microfabricated conventional quadrupole [79]

with potential for gradients of ∼100-1000 T/m but the magnetic length of that device is

restricted to less than 1 mm due to the limits of thick film, high aspect ratio electroplating.

The relatively short length means that the integrated gradient of the device is comparable

to macroscale magnets. Therefore, the microquadrupole is not inherently better or stronger

than large-scale devices (despite the very large gradient), but the device is noteworthy be-

cause it is designed specifically for small beams and as a result is millions of times smaller

and consumes thousands of times less power than conventional quadrupoles.
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2.2.3 Current sheet derivations

A derivation that will prove useful in this dissertation is the magnetic field of a finite volume

of current. If the current sheet of dimensions W,H,L in the x, y, z directions respectively, is

centered at the origin and has a current directed in the +z direction, the magnetic field is

found by directly integrating the Biot-Savart law to be:

Bx(x, y, z) =
µ0J0
4π

2∑
p,q,r=1

(−1)p+q+r

[
z̃r log

(
x̃p + l̃pqr

)
+ x̃p log

(
z̃r + l̃pqr

)
(2.14)

− ỹq arctan

(
x̃pz̃r

ỹq l̃pqr

)]

By(x, y, z) = −µ0J0
4π

2∑
p,q,r=1

(−1)p+q+r

[
z̃r log

(
ỹq + l̃pqr

)
+ ỹq log

(
z̃r + l̃pqr

)
(2.15)

− x̃p arctan

(
ỹqz̃r

x̃pl̃pqr

)]
Bz(x, y, z) = 0 (2.16)

where x̃p = x + W/2(−1)p, ỹq = y + H/2(−1)q, z̃r = z + L/2(−1)r, and l̃pqr =√
x̃2p + ỹ2q + z̃2r .

Previewing the work in future sections, we will want to know the gradient between two

current volumes separated by a gap distance g. Finding the transverse gradient (dBy

dx
,dBx

dy
)

of one plate to begin will suffice as magnetic field gradients superimpose linearly. This

derivative for one current sheet is computed to be
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dBx(x, y, z)

dy
=

µ0J0
4π

2∑
p,q,r=1

(−1)p+q+r

[
ỹqz̃r

l̃pqr

(
l̃pqr + x̃p

) +
x̃pỹq

l̃pqr

(
l̃pqr + z̃r

) (2.17a)

− arctan

(
x̃pz̃r

ỹq l̃pqr

)
+

x̃pỹqz̃r(ỹ
2
q + l̃2pqr)

(x̃2p + ỹ2q )(ỹ
2
q + z̃2r )l̃pqr

]
dBy(x, y, z)

dx
= − µ0J0

4π

2∑
p,q,r=1

(−1)p+q+r

[
x̃pz̃r

l̃pqr

(
l̃pqr + ỹq

) +
x̃pỹr

l̃pqr

(
l̃pqr + z̃r

)
− arctan

(
ỹqz̃r

x̃pl̃pqr

)
+

x̃pỹqz̃r(x̃
2
p + l̃2pqr)

(x̃2p + ỹ2q )(x̃
2
p + z̃2r )l̃pqr

]
(2.17b)

To shift the current sheet center from the origin to y 6= 0, one simply replaces the

previously given definition ỹq = y+H/2(−1)q with ỹq = (y− yc) +H/2(−1)q. If one desires

a gap g between the plates then the proper choice of yc is yc = ±(g/2 +H/2), which centers

the current sheet at (0, g/2 + H/2, 0) and (0,−(g/2 + H/2), 0). The full expression for the

two-plate device, which I will call the ”two current sheet quadrupole” in chapter 4, is very

complicated and so is not reproduced here.

If we restrict the analysis to only the very center point between the current sheets (x =

xc = y = z = zc = 0, with yc = ±(g/2 +H/2)), we obtain the following result:

dBy

dx center
= B′ =

2µ0J0
π

[
arctan

(
L

W

g + 2H√
W 2 + (H + g)2 + L2

)

− arctan

(
L

W

g√
W 2 + (H − g)2 + L2

)]
(2.18)

For a long device, where L2 � W 2 + (H + g)2, the gradient in the center of the device is

given by
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dBy

dx center,max
=

2µ0J0
π

[
arctan

(
2H + g

W

)
− arctan

( g
W

)]
(2.19)
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CHAPTER 3

Short period undulators

I present in this chapter my work on a 1.2 mm period electromagnet undulator, termed a

“mesoundulator” because the device period is between the micro-scale of microundulators

[60, 80] and centimeter-scale of conventional undulators.

A concept drawing of the mesoundulator is shown in Fig. 3.1:

Figure 3.1: The serpentine coil mesoundulator. Copper traces are orange and yoke is grey.
The copper traces are recessed into the silicon (not shown for clarity). The electron beam
would enter from the left, produce undulator radiation as it traverses the undulating magnetic
field, and exit to the right side. The pole tips are spaced 0.6 mm apart, giving an undulator
period of 1.2 mm. The gap is nominally 300 µm, though the gap shown here is much larger
for better visualization. The indicated axis is used throughout this section.

3.1 Introduction to designs

The concept of our electromagnetic mesoundulator is to microfabricate copper coil windings

in silicon and interface the completed silicon die with a laser machined yoke in a fixture that

holds them in the proper positions. The period was determined to be λu = 1.2 mm by a
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J 1× 108 A/m2

λu 1.2 mm
yoke thickness 0.5 mm

copper trace height 50 µm
copper trace width 100/200 µm

g 300 µm
Nu 18

Table 3.1: Mesoundulator device parameters. The coil (serpentine) design has a trace width
of 100 (200) µm

previous project aiming to produce 1.5 Å radiation using a 1 GeV beam. In simulations

the gap was set to a “standard” g = λu/4 = 0.3 mm; the gap must be small to minimize

leakage flux to adjacent poles [81]. The yoke pole tips were shaped longitudinally (which is

straightforward with our laser machining approach) to maximize the fundamental harmonic

contribution to the radiation. The derivation of the exact pole tip shape is shown in Appendix

A.2. The yoke is made of MuMetal, which has a relative permeability of µr ≈ 8× 104 and

a saturation magnetization of 0.8 T. Due to laser machining constraints the yoke thickness

was set at 0.5 mm. The yoke and undulator coils are fabricated separately, then joined Fig.

3.1 and placed together on a custom mount.

Figure 3.2: a) Top view of two-period coil design device. b) cross-sectional view of coil
device. Notice how all the currents are “paired”.

There are two designs, the “coil” and “serpentine” designs. The nominal geometry pa-

rameters of the fabricated mesoundulator device are as shown in Table 3.1. The coil design,
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Figure 3.3: a) Top view of two-period serpentine device. b) Cross-sectional view of serpentine
device. Notice that there are half currents on either side of the device that are “unpaired”.
c) if coils are also fabricated on the wafer backside, the currents can be “paired” again.

with the top view shown in Fig. 3.2a, is similar to typical macroscale electromagnetic un-

dulator designs where individual coils wrap each pole. Electrically speaking, there are two

strings of coils that are connected in series, meaning that there are four electrical connections

as seen in the diagram by the squares that terminate each trace. The microfabricated version

only has a single current loop around each yoke pole as the cross-section view in Fig. 3.2b

shows. Each red rectangle contains shows the pairs of currents that excite a pole tip, and

we see for this design that all currents are paired across a pole tip.

While there are many similarities between the serpentine (similar to Ref. [82]) and coil

designs, there are also some notable differences. First, the serpentine design is slightly easier

to address, electrically speaking, because there are only two total connections instead of four

as shown in Fig. 3.3a. The more consequential difference is that the first and last traces

have twice as much current as the coil design. We see in Fig. 3.3b that this extra current is

not paired across a pole tip. If one were to put traces on both sides of the wafer as shown

in Fig. 3.3c, then the currents can be paired properly.
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Figure 3.4: Magnetic field profile for the a) coil and b) serpentine design undulators.

magnetic field simulations in Fig. 3.4 of the two devices show why this concept of “paired”

currents is consequential. The longitudinal magnetic field profiles are shown for the coil (a)

and serpentine (b) undulators as calculated with a finite element solver code called Finite

Element Method Magnetics [83], or FEMM, using a current density of J = 1× 108 A/m2.

The peaks of the undulator field are correlated with the actual pole tip peaks with the

vertical black lines, and we see that the coil and serpentine designs have identical magnetic

field profiles in the interior region of the undulator. However, the behavior is not the same

at undulator ends. For the serpentine case, with a geometry shown in part (b), the field
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has a reversal at both ends of the longitudinal magnetic field that is not associated with an

actual pole tip; this “virtual” pole tip is created by the unpaired currents of the serpentine

undulator, which has implications for beam steering and trajectory correction.

3.1.1 Undulator field integrals

The effect of the undulator on the electron beam trajectory is one of the most important

design considerations. A first order analysis simply uses the relativistic equations of motion

of an electron in a magnetic field; higher order analyses are also possible [84]. For an

electron moving in the z direction in the undulator (with x, y being the horizontal and

vertical directions, respectively) the equations of motion are [85]

x′′ = − q

γmevz
By (3.1a)

y′′ =
q

γmevz
Bx (3.1b)

where q is the electron charge, me the rest mass of an electron, γ is the relativistic

Lorentz factor, vz is the electron velocity in the z direction, and B is the magnetic field in

the direction indicated by the subscript. The prime indicates a derivative with respect to z.

Assuming that the initial slope in both directions is zero at a point z = z0 we can integrate

these equations to obtain

x′(z) = − q

γmevz

∫ z

z0

By(z̃)dz̃ = − q

γmevz
I1y (3.2a)

y′(z) =
q

γmevz

∫ z

z0

Bx(z̃)dz̃ =
q

γmevz
I1x (3.2b)

where I1x, I1y are the “first” undulator field integrals. It is desirable that I1 = 0, so that
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electrons do not have a net trajectory slope as they exit the undulator; fortunately, this

condition is automatically satisfied for the anti-symmetric undulators (which have an even

number of poles) considered in this section.

By assuming that x(z0) = y(z0) = 0, we can also find the position of the electron at any

point in or out of the undulator by integrating again to obtain

x(z) =

∫ z

z0

x′(z̃)dz̃ = − q

γmevz

∫ z

z0

∫
z0
z1By(z̃)dz̃dz1 = − q

γmevz
I2y (3.3a)

y(z) =

∫ z

z0

y′(z̃)dz̃ =
q

γmevz

∫ z

z0

∫
z0
z1Bx(z̃)dz̃dz1 =

q

γmevz
I2y (3.3b)

A zero-position offset after the undulator is not automatically guaranteed for anti-symmetric

undulators. The offset can be adjusted by changing the magnetic field profile at the undulator

ends [2]. This “end correction” for conventional electromagnet undulators is accomplished

by using uniform pole heights with different current excitation for the first and last pairs of

poles. This is difficult to do for the mesoundulator. Therefore, we chose to keep the pole

current excitation uniform across the undulator and change the pole height. The trajectory

slope inside the undulator and the beam offset at the undulator exit were optimized using

FEMM by changing the pole tip height. The first and second pole tip heights (and the last

pole tip and second-to-last pole tips heights) are described by p1 ∗ hpt and p2 ∗ hpt, where

p1, p2 are between 0 and 1 and the pole tip height from the yoke base up to the where the

yoke rounding occurs (i.e., excluding the height of the rounded yoke tip) is hpt = 0.48 mm.

In the simulations the rounded tip, with a height of 0.032 mm, was always simulated, even

when p1, p2 = 0. Therefore, the full range of full pole tip heights is 0.032 to 0.512 mm. A

brute force optimization was performed by calculating the second integral for twenty values

of p1, p2, for a total of 400 simulations. We show the results in Fig. 3.5. In Fig. 3.5a we see

from a representative subset of simulations results that small changes in pole tip height can

cause substantial displacements compared to the wiggle amplitude. The dashed curve from
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part (a) is shown by itself in part (b). As the position is directly proportional to I2, we see

that the position is well centered in the undulator and also has very small displacement at

the end. The magnetic field that produces this second integral result is shown in Fig. 3.5c,

which shows the standard 1/4, -3/4, 1 structure [3, 2]. For a 1 GeV beam, the maximum

displacement inside the undulator is approximately 0.15 nm for J = 1× 108 A/m2.

29



Figure 3.5: a) the second integral along the undulator length for a select set of pole tip
heights of the coil design, showing that the displacement is quite sensitive to small pole
height changes. b) the second integral from the dashed line in (a), showing good centering
and zero displacement and angle at the undulator end. c) the longitudinal magnetic field
profile that gives the second integral shown in (b), which, unsurprisingly, is the standard
+1/4,-3/4,+1 pattern [2, 3].

The same type of brute force optimization was not as successful for the serpentine design.

30



As can be seen in Fig. 3.6a there is no solution that simultaneously has zero displacement

and centered movement in the undulator. Fig. 3.6b shows the best no-displacement solution,

and the corresponding magnetic field profile is shown in Fig. 3.6c. The trajectory suffers

from non-centered movement in the undulator. We see that the effect of non-paired currents

is significant. Despite using the same current as the coil design, the second integral, and

therefore the maximum displacement, inside the undulator is more than an order of mag-

nitude larger at the entrance and exit, which would be very difficult to correct if centered

beam trajectory was required. However, for such a low-K undulator such a drastic correction

may not be required; even with a beam energy of 2.5 MeV the maximum beam excursion

for the serpentine undulator in Fig. 3.5 is only about 1 micron, which is likely much smaller

than the beam size. For larger beam energies the maximum displacement would decrease

even more. Therefore, as long as the displacement is small, it may be acceptable to have a

non-centered trajectory inside the undulator.
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Figure 3.6: Field integrals for the serpentine design. a) the second integral along the un-
dulator length for some p1, p2, where the ranges of p1, p2 = [0, 1]. b) the lowest overall
displacement I2 curve from part (a). c) the longitudinal magnetic field profile that gives
the second integral shown in (b). Note that the first and last peaks in the magnetic field
correspond to a “virtual”, not physical, pole tip as explained in the body text.
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3.2 Mesoundulator radiation output

The power in the central cone at the fundamental harmonic (and within the spectral band-

width) is found to be [86]:

Pn=1,central cone =
πeγ2I

ε0λu

K2(
1 + K2

2

)2f(K) (3.4)

where f(K) = J0(x) − J1(x) and x = K2/ (4 + 2K2). Over all angles, the power of the

fundamental harmonic within the spectral bandwidth is:

Pn=1,all angles =
πeγ2INu

3ε0λu

K2(
1 + K2

2

)2 (3.5)

The total power, over all angles, wavelengths, and modes of an undulator is given by [87]:

Pt =
πeγ2INuK

2

3ε0λu
(3.6)

Table 3.2 presents a comparison of a typical undulator at the Advanced Photon Source

(APS) and a short period (1 mm period) undulator of the same total length in a lower energy

accelerator with similar operating conditions. We see that the power in the central cone of

the mesoundulator is very low, but that nearly all the power of the beam is concentrated

in the fundamental harmonic, whereas the conventional undulator has significant power in

higher harmonics, which is often filtered out and is wasted. From the equations above it

seems that a low energy electron beam (low γ) coupled with a short period undulator (low

K) would produce orders of magnitude less useful power than conventional wigglers in use

today. However, the large increase in the number of periods and concentration of power in

the first harmonic work together such that the mesoundulator produces only one order of

magnitude less photons, not several orders of magnitude.
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APS Undulator Mesoundulator
Energy [GeV] 7.0 0.98

γ 13700 1920
Average current [mA] 100 100
Beam size (x,y) [µm] 320, 50 320, 50

Beam divergence (x,y) [µrad] 23,7 23,7
Undulator period [mm] 33 1.0
Undulator length [m] 2.4 2.4

K 1.0a 0.037
Radiation wavelength [nm] 0.13 0.13
Frequency bandwidth [%] 1.4 0.04

Central cone angle [microradian] 12.8 10.6
Total power, central cone, n=1 [W]b 12 0.03

Total power, all angles, n=1 [W]c 345 23.33
Total power, all angles, all harmonics [W]d 780 23.36

Brilliance [(photons/s)/mm2 mrad2 (0.1% BW)]: 4.4× 1018 4.7× 1017

Table 3.2: Comparison of undulator comparison for synchrotron radiation production.
Note a: this is the undulator parameter that corresponds to the total power in the central
cone in the table; the K value for this undulator can increase up to 2.76, resulting in a total
power of 5914 W as calculated by Eq. 3.6.
Note b: computed with Eq. 3.4.
Note c: computed with Eq. 3.5.
Note d : computed with Eq. 3.6 and verified with the software SPECTRA [4].

34



3.3 Simulations

3.3.1 Thermal

Since the mesoundulator is inherently a low-K device, the magnetic field, and therefore

the current density, needs to be optimized considering the thermal constraints of the device.

Thermal simulations performed in COMSOL Multiphysics are presented in Fig. 3.7, showing

the steady-state temperature rise of the mesoundulator as a function of current density

assuming that the back plane of the silicon die is held at room temperature. We see that at

J = 1× 109 A/m2 the temperature rose only about 6 K, but thermal runaway occurs at only

marginally higher current densities. Consequently, a current density of J = 1× 109 A/m2

was used for the magnetic field simulations. The thermal response of the coil design was

very similar and so is not shown here.

Figure 3.7: Plot showing the maximum temperature within the die for the serpentine design
at each current density.

3.3.2 Magnetic field simulations

Various magnetic field simulations were carried out to characterize the expected mesoundu-

lator performance. All simulations were performed with a gap of 0.3 mm between the pole

tips, a current density of J = 1× 109 A/m2, and with standoff distances of 50 µm and

1500 µm for the coil and serpentine designs respectively. Unfortunately, all attempts at 3D
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Figure 3.8: 3D COMSOL simulation showing the magnetic field in the center of the gap
between two pole tips as a function of current density for the coil and serpentine designs.

modeling with the actual magnetization curve of MuMetal were unsuccessful due to solver

convergence issues, so a constant relative permeability of µr = 80000 was assumed. The

magnetic field in the yoke was monitored to make sure that it did not reach the saturation

magnetization. The maximum field in the middle of the gap is shown in Fig. 3.8, which

is about 0.15 T for J = 1× 109 A/m2. As the magnetic material did not saturate for this

range of current densities the linear dependence of field on current is expected.

The longitudinal variation, i.e., along the beam axis, is important to undulator design

and is shown for both designs in Fig. 3.9. This 3D result matches well with the 2D result

shown in Fig. 3.4. We see that, as before, the fields of the coil and serpentine designs match

well except for the outer two periods on both ends. This is due to the unpaired currents

concept described in a previous section.

The transverse profile of the magnetic field in the gap above one of the central pole tips is

plotted in Fig. 3.10 across the pole tip width, 0.5 mm. We see that the transverse magnetic

field profile of the coil design is symmetric, but due to the 3-sided excitation of the serpentine

coils the magnetic field profile is not symmetric. The next section discusses this phenomenon

further.

36



Figure 3.9: 3D COMSOL simulation showing the longitudinal variation of magnetic flux
density for coil and serpentine designs in the gap center.

Figure 3.10: Transverse variation of magnetic flux density for the coil and serpentine designs
in the gap center between two pole tips.
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3.3.3 Strong focusing configuration

A potential drawback of the serpentine is that the traces are asymmetric with respect to a

single pole, in the sense that the pole has currents on only three of the four sides. This results

in a magnetic field gradient across the gap region, superimposed over the dipole field, whose

magnitude is inversely proportional to the distance between the yoke and side trace. To

reduce this effect, one could lengthen the meandering path so that the side currents are far

away from the yoke, and thus minimize their influence, or one could put traces on both sides

of the wafer as discussed in Fig. 3.3c. Alternately, one could use this transverse gradient as

built-in strong focusing of the electron beam.

Electron beam focusing is needed to maintain the optimal small electron beam size inside

the undulator. In most cases, this focusing is accomplished by quadrupoles placed between

undulator sections in a “lumped” focusing scheme. While this works for many applications,

there are some applications that require strong focusing along the entire length of the un-

dulator, not just between segments. One example is the VISA FEL [88], where the design

called for additional magnets in the undulator bore to superimpose a quadrupolar field with

a gradient of 33 T/m upon the oscillating undulator dipole fields [89]. This built-in focusing

field fulfills a similar distributed focusing function. In practice this could be visualized as

a series of short undulator sections that have alternating gradient polarities that forms a

pseudo-FODO lattice, focusing the beam inside the undulator itself and reducing the need

for external quadrupoles to focus the beam. Pole tip saturation could negatively impact the

effect of such a focusing mechanism.

Varying the distance between the side traces of the serpentine undulator and the undu-

lator yoke should change the gradient of the quadrupole field. This distance is shown by

the arrow in Fig. 3.11a. The results of varying this standoff distance from 0 to 3 mm are

shown in Fig. 3.11b, including a table that shows the dipole and quadrupole components of

the transverse magnetic field. We see when the side trace is close to the yoke that the slope

38



Standoff distance Magnetic field gradient [T/m] Dipole field [T]
0 µm (red) 46 0.233

500 µm (green) 42 0.239
3000 µm (black) 6 0.241

Figure 3.11: a) schematic of serpentine standoff distance. b) Plot showing the magnetic field
along the dashed line from part (a), in the mid-plane of the full mesoundulator. Each curve
is for a different side current trace standoff distance; the legend has units of microns. The
table gives the dipole and quadrupole field strengths of selected standoff distances.

of the magnetic field is large, resulting in a gradient of 46 T/m within the central 0.2 mm

area, but the gradient decreases to 6 T/m at a standoff distance of 3 mm. We can also see

that the dipole field suffers somewhat at small standoff distance but that the value recovers

quickly. The data are somewhat noisy because of meshing difficulties in the high-aspect ratio

3D mesoundulator structure.

3.4 Fabrication

The mesoundulator fabrication process is shown in Fig 3.12. The fabrication process of the

single-coil and serpentine coils is the same; indeed, the two devices were fabricated on the

same wafer. The trace width is determined by the photolithography mask design and the

trace thickness is determined by the deep reactive ion etching (DRIE) step. It is desirable to

have the thickest traces possible since they allow more current through the device, but the

39



Figure 3.12: Mesoundulator fabrication process. 1) Deposit silicon oxide via LPCVD to
act as a hard mask, 2) Etch hard mask and silicon to the desired depth, then deposit
LPCVD silicon oxide again for electrical insulation. 3) Deposit electroplating seed layer and
electroplate copper. Polish copper to be flush with silicon. 4) Fabricate holes for pole tips,
either using laser machining (which introduces a taper as shown) or DRIE, then electrically
isolate the sidewalls with PECVD silicon oxide.

electroplating step become increasingly more difficult and defect prone as the aspect ratio

increases. Therefore, a 1:4 height/width ratio (50 µm depth, 200 µm width) was deemed

appropriate for the proof-of-concept serpentine device.

The yokes were laser cut (Oxford Lasers) from 0.5 mm thick sheets of Mu-Metal pur-

chased from Magnetic Shield Corporation. Laser cutting damages the magnetic properties

of the nearby material [90], which can be “healed” via annealing (performed by Magnetic

Shield Corporation). The magnetic properties of a single square coupon (3 mm x 3 mm x 0.5

mm) of laser-processed yoke material were characterized along one of the long axes before

and after annealing by measuring the MH curve using a vibrating sample magnetometer
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Figure 3.13: The magnetication curve for a single square piece of yoke material, before
annealing and after annealing. This was measured using a VSM.

(Lakeshore VSM model 7304), as shown in Fig. 3.13. We see that the maximum magne-

tization increased from 0.89 T to 1.1 T, and the relative permeability also increased from

µr = 900 to 1100). It is curious that the maximum magnetization increased, and it is likely

this is due to changes in the VSM experimental setup. However, the clear improvement in

permeability validates the usefulness of the annealing step in restoring magnetic properties.

The peak magnetization and relative permeability are not in line with the magnetization

and permeability values provided by the manufacturer of 0.8 T and 106, respectively, but

these discrepancies could be in part due to limitations of the VSM [91]. These curves have

not been adjusted for demagnetization, which is inherent in all VSM measurements; such a

correction can be problematic [92] but always results in a higher permeability. There may

also be small imperfections in size measurement, composition, and VSM calibration that

could cause errors.

The copper traces are made using typical microfabrication techniques in a silicon wafer.

A 2 µm thick wet thermal oxide was grown at 1100 oC (Tystar Titan II) for a hard mask and

patterned using photolithography. All lithography was done using the following process:

1. spin AZ 1529 positive photoresist at 4000 RPM for 30 seconds,

2. 50 second soft bake at 90 C,

3. 112 J/cm2 exposure,
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4. development in AZ Developer (typically ∼ 60 s),

5. descum using Matrix Asher for 60 second at 50 C at 100 watts.

After etching the hard mask (STS Advanced Oxide Etcher), the photoresist was removed

with acetone and the deep silicon etch was performed (Plasmatherm DSE III FDRIE). This

is the step that defines the thickness of the embedded copper trace, which was 50 µm for the

device shown here but could be made deeper to fabricate taller traces to handle more current.

A 1 µm wet thermal oxide was then grown to serve as electrical isolation. A seed layer

consisting of 30 nm titanium for adhesion, 300 nm copper, and 30 nm titanium to protect the

copper from oxidation was then sputtered (CVC 601). Before electroplating the capping layer

of titanium was removed by dipping in 1% hydrofluoric acid for approximately 30 seconds

until the copper was exposed, then immediately prepared the wafer for electroplating. We

used the Technic Elevate Cu 6320 commercial bath at a current density of 50 A/m2. This

is a relatively low current density that results in slow plating (∼ 7µm/hr), but also lower

stress deposits and better step coverage (also called “high throw”). As the electroplating

coats the entire wafer in copper, chemical mechanical polishing (Logitech CDP, AlumTX

100 slurry) was used to grind and polish the copper down to silicon level. This process

of etching trenches, depositing seed layers, electroplating, then polishing is known as the

Damascene process. At this point the copper traces are finished. A wafer processed to this

point, with traces only on one side, is shown in Fig. 3.14 alongside the laser-machined yoke.

If desired, one could repeat this process on the backside of the wafer to roughly double the

magnetic field in the undulator gap. I will note, however, that I have had problems with the

backside etch step in other, similar processes because the copper traces on the front side of

the wafer change the cooling distribution across the wafer. This causes incomplete etching

of the passivation layer, causing micromasking that leads to unacceptable roughness at the

trench bottom. It may be possible to avoid this issue by etching both trenches before any

seed layer deposition or electroplating step, but this process flow has not been tested.
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Figure 3.14: a) fabricated yoke next to a quarter. b) fabricated wafer ready for final yoke
hole drilling step.

The yoke holes were fabricated using laser machining (LPKF Protolaser U4). This tool

scans the laser beam over a scan field with a high precision mirror, with positioning accuracy

of 20 µm. However, if the entire sample is larger than a single scan field, then the table itself

will move the sample to a new scan field. The table positioning accuracy is much worse

than the laser positioning accuracy. This is important to take into consideration because the

spacing of the laser drilled holes may not be uniform across the device if the device is larger

than a single scan field.

The desired hole had dimensions of 350 µm x 550 µm, which is just large enough for

the 330 µm x 500 µm yoke pole pieces. This only leaves about 50 µm between the copper

traces to position the laser beam, but good alignment was achieved as shown in Fig. 3.15a.

Fig. 3.15b is a closer view of a laser drilled hole, showing smooth sidewalls. However,

only 17 periods fit inside a single scan region. Consequently, the last two holes were drilled

from the adjacent scan field which involved a coarse stage movement. We see the resulting

misalignment in Fig. 3.15c. The left hole was in the scan from which the majority of the

holes were drilled. The right hole was drilled from the adjacent scan field. We can see that

the left hole is centered between the copper traces, but the right hole is adjacent to the right

trace. This misalignment means that the yoke cannot be optimally inserted as can be seen
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Figure 3.15: a) scanning electron microscope image of wide area of mesoundulator. b) close-
up on sidewalls of another laser-drilled hole. c) two laser drilled holes from adjacent scan
fields, showing the resulting fabrication errors. d) since the last period (on the left) was
laser-drilled from an adjacent scan field the yoke cannot be fully inserted on that side.
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Figure 3.16: a) backside of PCB, with the yoke and electrical wirebonded connections visible.
b) the frontside of the PCB. This is the part that is “inside” the undulator gap.

in Fig. 3.15d, where the right side is slightly more inserted than the left.

After laser machining, 800 nm of PECVD oxide was deposited on the wafer frontside

to electrically insulate the drilled yoke holes and the copper traces. The copper pads are

also insulated after this step; the oxide must be etched off the pads using a lithography and

buffered oxide etch prior to wire bonding. The silicon die is mounted with the copper traces

facing the yoke to 1) more easily facilitate electrical connections via wirebonding and 2) seat

the copper coils near the base of the pole tips. The mounted devices are shown in Fig. 3.16.

Wirebonding facilitated electrical connection from the PCB to the mesoundulator. Each

wirebond can only handle about 250 mA of steady current, so a large number of wirebonds

is needed to use high currents. As shown in Fig. 3.17, only few wirebonds adhered to some

pads (seen in (a)), while other pads permitted many more connections (seen in (b)). These

devices were fabricated simultaneously on the same wafer, so the most probable cause is the

unoptimized oxide etch step to remove the pad oxide.
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Figure 3.17: a) on this pad, most wirebonds popped off as they were applied, leaving only a
few viable wirebonds. b) On other pads, many wirebonds adhered without issue.

3.5 Experimental measurements

There are multiple methods to characterize an undulator:

1. Pulsed wire: the low K value makes this measurement difficult.

2. Electron beam test: the low K value ensures that any beam modulation would be very

small. The total optical power is given by Pt = πeγ2INuK2

3ε0λu
, which assuming PEGASUS-

like parameters [93] and a single mesoundulator segment of 18 periods results in a power

output of ≈ 100µW, which may not exceed background noise such as bremsstrahlung

[94].

3. Hall Probe: the narrow 0.3 mm gap precludes scanning the fully assembled mesoundu-

lator but scanning one half of the device is feasible.

Therefore, half of a serpentine undulator was scanned with a Hall probe to characterize

the magnetic field. Because the device was mounted on a thermally resistive PCB, the

maximum current that could be applied to one undulator half was 1 A (J = 1× 108 A/m2).

The magnetic field sensor was positioned so that it was nearly touching the silicon die, which

means that the distance from the sensor to the pole tips was about 1.15 mm. The results
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are shown in Fig. 3.18. The left column (a,c,e) are the experimentally measured values for

Bx, By, and Bz, while the right column (b,d,f) are the simulated data from COMSOL for

the same geometry. Referring back to the coordinate system in Fig. 3.1, the Bx field is

horizontal in the gap, By is the sinusoidal dipole wiggler field, and Bz is the longitudinal

field (to pass flux between adjacent pole tips, for example). Qualitatively, the plots show

many of the same features, such as modulation in both By and Bz (the Bz component will

be canceled on axis when both undulator halves are present), and that the magnetic field is

roughly the correct order of magnitude. We can also see the yoke tips clearly in the By and

Bz data as brighter spots along y = 0.

Fig. 3.19 shows data taken along the black dotted lines from Fig. 3.18. We again see that

the experimental and simulated devices share many of the same features: A bulge in Bx,

oscillations of approximately the same magnitude in Bx and Bz, and large changes in mag-

netic field near the ends of the undulator, near 0 mm and 26.2 mm. Disagreements between

experiment and simulation can be attributed to misalignments in the magnetic measurement

system and fabrication imperfections, including the yoke misalignment discussed earlier.
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Figure 3.18: Magnetic field measurements (left column, parts a,c,e) and simulations (right
column, parts b,d,f) of one-half of a serpentine mesoundulator with a yoke. The current was
1 A and the distance from pole tips to sensor was approximately 1.15 mm. The dashed lines
correspond to data shown in Fig. 3.19.
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Figure 3.19: Lineouts of the magnetic field from Fig. 3.18

The same scans were performed without the yoke, shown in Figs. 3.20 and 3.21. We

immediately note that while the data still do not match simulation perfectly in the yokeless

case either, the agreement is much better. As before we compare experimental data and

simulation lineouts in Fig. 3.21, which shows improved agreement as compared to the yoked

case. This is intuitive - the yoke is known to be misaligned, and by design the yoke dominates

the magnetic field contributions. We can also see the effect of the yoke in the wiggle amplitude

of the By field. In the experimental data of the yoked and unyoked case the average peak to

trough variation is approximately 0.03 and 0.005 mT, respectively, and the simulation data

also show approximately a factor of 10 difference between the yoked and unyoked cases.
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Figure 3.20: Magnetic field measurements (left column, parts a,c,e) and simulations (right
column, parts b,d,f) of one-half of a serpentine mesoundulator without a yoke. The current
was 1 A and the distance from pole tips to sensor was approximately 1.15 mm. The dashed
lines correspond to data shown in Fig. 3.20.
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Figure 3.21: Lineouts of the magnetic field from Fig. 3.20

3.6 2.7 mm short period hybrid undulator

Hybrid undulators are a very common undulator type, and so it is useful to investigate

the ramifications significantly shortening the period. In this work a 2.7 mm undulator was

conceptualized and tested. In the interest of cost, commercially available permanent magnets

(PMs) from K&J Magnetics were used, of dimensions 1/2” x 1/4” x 1/32”. A 0.5 mm as-

rolled (i.e., unannealed) permendur sheet from Goodfellow Corporation was cut using a

waterjet form 5.3 mm x 7 mm rectangular pole tips. These dimensions were optimized using

RADIA simulations. The waterjet cutting technique does not produce as much heat as other

cutting methods, especially for hard alloys such as vanadium permendur, and so preserves

the magnetic properties of the material better without annealing. In this case, however,

because of the amount of hard work that occurs during the rolling process, the magnetic

properties are quite poor - we measured the permeability to be approximately 6 using the

VSM (the maximum permeability for vanadium permendur is typically cited as µr ≈ 1E4).

The PMs and permendur pole tips were assembled in a 3D printed mold, shown in Fig.

3.22a. Spacers of various thicknesses were used to change the gap, and field measurements

were performed with a FW Bell 5180 Hall probe mounted on an automated scanning stage,

shown in Fig. 3.22b.
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Figure 3.22: Experimental setup of 2.7 mm hybrid undulator

The longitudinal scans are shown in Fig. 3.23. The Hall probe is approximately 1.5 mm

thick, which limited the minimum gap size. We see, however, that the scans performed at gap

sizes above the probe thickness agree well with RADIA simulations. This gives confidence

that if the gap were to be reduced λu/4 ≈ 0.7 mm, the magnetic field in the gap would reach

around 1.2 T, for which the K value is 0.3.

Figure 3.23: Left: picture of several periods of a hybrid undulator, labelled with the various
features. Right: experimental setup of 2.7 mm hybrid undulator with a 1.6 mm gap.

Correcting field errors is commonplace and necessary for undulators with cm-scale peri-

ods. The ability to correct field errors may be even more crucial with short period undulators

because a) the effects manufacturing errors and material inhomogeneities become more pro-

nounced and b) it is simply more difficult to make adjustments on millimeter scales versus
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centimeter scales [90, 95]. Indeed, Papadichev and Rybalchenko [96] demonstrated a 2.7

mm hybrid undulator similar to that shown here (except our undulator is stronger due to

permendur plates - our undulator would produce 0.75 T at 1 mm gap, whereas the undulator

of Papadichev and Rybalchenko only produces 0.5 T at the same gap). In the referenced

work they demonstrated a form of shimming, which is simply to shunt flux from adjacent

poles. This technique is not very flexible, however. They also suggested moving individual

pole tips as a solution to correct trajectory errors, but such a technique would also be very

difficult to implement.

Figure 3.24: Left: schematic of top undulator half with a single shimmed pole piece. Right:
The experimentally measured shimming effect, compared with RADIA simulations.

The shimming method presented here is different. The pole tips of most hybrid undulators

are smaller in size than the permanent magnets around them. We show that inserting a soft

magnet in the space behind the pole tip, between the PMs as shown in Fig. 3.24a is a tunable

shimming method. The shimming gap, or the distance between the shimming piece and the

pole tip itself, can be adjusted to proportionally change the field in the undulator gap. The

results of this experiment are shown in Fig. 3.24b. With no shim the field underneath the

corresponding pole tip is at the maximum, and the field decreases as the as the shimming

gap decreases. The magnetic field was reduced from 0% to 31%. For large shimming gaps

the shimming effect matched the RADIA simulations well; the deviation of small shimming
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gap behavior from simulation is likely due to imprecise measurement of the actual shimming

gap. Normally, such shimming would also affect neighboring poles, but our data was too

noisy to see a clear trend. If shims were used on neighboring pole tips one would expect

coupling between the spacers themselves; this would certainly modify the shimming effect

across the undulator, but not the overall efficacy of the technique.

3.7 Conclusion

This section showed modeling and experimental results for an electromagnet undulator with

a 1.2 mm period. Due to fabrication and manufacturing errors the point-for-point agreement

was poor, but the overall behavior, including wiggle amplitude, was close to expected. Future

work would be to improve the fabrication, especially the laser-drilling of the yoke slots, using

coils on both sides of the wafer, and mounting on a thermally conductive substrate to use

higher currents. It would also be profitable to explore the use of pulsed power. Without

pulsed power the maximum possible undulator parameter value is around 0.02; with pulsed

power, it may be possible to extend this by a factor of ten.

It was also shown that permanent magnet undulators can, even at the single-mm period

level, achieve significant undulator parameter values. The demonstrated 2.7 mm period

undulator with fields projected to exceed 1 T at the optimum 0.7 mm gap, possesses a K

value around 0.3. Additionally, tunable field tuning that is suitable for large-scale undulator

integration was demonstrated experimentally. Future work could include designing the end

periods for trajectory correction, fabrication with a metal mount (probably using precision

wire electrical discharge machining), and more precise magnetic measurements.
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CHAPTER 4

Brief exploration of alternate quadrupole

configurations

In this section two different current-dominated quadrupole devices based on microengineer-

ing processes (related more to conventional fabrication than microfabrication) are presented.

Both devices are treated theoretically, simulated, fabricated, and experimentally character-

ized.

4.1 Intraundulator focusing via current sheets

4.1.1 Background

X-ray free electron lasers (XFELs) require a well-focused electron beam throughout the

undulator section. This is typically accomplished through “lumped” focusing that uses

quadrupole magnets placed between undulator segments. There are times, however, when

lumped focusing is not adequate and “distributed” focusing, where the beam is continually

focused inside of the undulator without dependence on quadrupoles between undulator seg-

ments, must be used. Examples of situations that may require a distributed focusing scheme

include long-wavelength FELs [97] and small gap undulators. Maintaining a small beam size

inside a small gap with a high energy electron beam can be challenging - if the undulator

has a small period, and therefore using lower energy electrons, the space charge induced di-

vergence making beam size maintenance even more difficult, especially for a lumped element

focusing system. In this case, distributed focusing can be useful solution to keep the beam
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Figure 4.1: Concept of two current sheet quadrupole lining the inside of an undulator (mag-
netic field direction shown with arrows), including the current feed down the front face of
the undulator. The two copper current sheets would have the same magnitude and direction
of current for a quadrupole field configuration.

focused at all points in an undulator. Passing current through flat current sheets lining the

inside of the undulator can provide such integrated, distributed focusing in a tunable fashion.

I have termed this device the two current sheet quadrupole (TCSQ), as shown in Fig. 4.2.

Lining in-vacuum short period undulators with conductive sheets is already standard prac-

tice to reduce beam impedance in the small gap [98, 99, 100], and so this work proposes to

pass current through these pre-existing conducting sheets to produce a quadrupolar focusing

field. For small gap devices (approximately 1 mm) we see a path towards gradients of around

50 T/m. Though this is a smaller gradient than other distributed focusing approaches, this

new approach is very simple to fabricate and install in very small gap devices where other

distributed focusing approaches would be very difficult to implement.

Many different distributed focusing designs have been proposed in the past. Undulators

have built-in “natural” or “weak” focusing [101] (in both dimensions for helical undulators,

but only the vertical direction for planar undulators), but this is usually not sufficient to
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focus the beam to the required extent. One can enhance the sextupole focusing effect by

shaping the undulator pole tips [102, 103, 104]. Quadrupole focusing has been demonstrated

(often with gradients ≥ 50 T/m) by using:

• permanent magnet blocks placed in or near the undulator gap [88, 103, 105],

• longitudinally wedge-shaped permanent magnet blocks [106, 107],

• trapezoidal blocks [108],

• moveable undulator magnets [109],

• canted gap [110], or

• novel very high gradient (800 T/m) designs such as the twisted undulator [111].

Previous research suggested that sextupole focusing was superior to quadrupole focusing

[101, 102], but other numerical results suggest that quadrupole focusing is more effective

[112]. However, numerous experiments have successfully used both quadrupole and sextupole

focusing elements.

4.1.2 The two current sheet quadrupole (TCSQ)

The proposed two current sheet quadrupole (TCSQ) can be simply modeled as two current

sheets as seen in Fig. 4.2. This is identical to the yokeless MPQ discussed in Chapter 5.

This device was briefly mentioned in Chapter 2 where we calculated:

• the gradient of a single current volume in Eq. 2.17

• the gradient at the very center of the two-plate device, which is the same as the TCSQ

in Eq. 2.18

• the gradient at the center of a very long two-plate device (i.e., L2 � W 2 + (H + g)2,

which is likely true for any envisaged usage) in Eq. 2.19
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Figure 4.2: Diagram of the two current sheet quadrupole (TCSQ), with the geometry pa-
rameters labeled.

We will use the gradient at the center of the long TCSQ (Eq. 2.19), so we restate it here

for convenience:

dBy

dx center,max
=

2µ0J0
π

[
arctan

(
2H + g

W

)
− arctan

( g
W

)]
(4.1)

We will see that it is useful to minimize Eq. 4.1 with respect to W to find a critical width

at which the gradient is maximum, which is calculated to be

Wc =
√
g(g + 2H) (4.2)

We see that if the gap is much greater than the thickness of the conducting sheet the

critical width is approximately equal to the gap. Calculating the critical width without the

assumption of long length must be done numerically by minimizing Eq. 2.18 with respect to

W .

4.1.3 Investigation of gradient

We can re-parameterize the TCSQ gradient (Eq. 4.1) in terms of two scaled variables, H/W

and g/W ; a contour plot of the resulting equation is found in Fig. 4.3. The current density

for this plot was chosen to be J = 1× 107 A/m2; the maximum gradient obtained at this

current density is B′ = 4π = 12.57 T/m. As the TCSQ gradient depends linearly on current
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density this plot can be scaled for any current density. To use the plot to predict device

performance, one would compute the scaled variables H/W, g/W , find the relevant contour

on the plot, and multiply the contour value by the appropriate factor to scale the reference

current density (1× 107 A/m2) to find the gradient of a “long” TCSQ.

Figure 4.3: Normalized log-log plot of maximum center point gradient in two plate
quadrupole with J = 1× 107 A/m2. The star corresponds to a device with g = 0.75 mm,
W= 1 mm, and H = 50 µm.

We can take the example of a 3 mm period undulator with a typical 0.25 λu (0.75 mm)

gap. Copper sheets of 10s microns can easily be manufactured, so let us use H = 50 µm

as the thickness and W=1 mm as the width. Naturally this narrows the usable gap by 100

µm to 0.65 mm, which is substantial in light of the already narrow gap, but this example

is simply illustrative of the concept. This set of parameters is marked on Fig. 4.3 as a star

and will achieve 0̃.5 T/m field gradient. While this is a relatively low gradient, the current

density was also relatively low. It may be possible to increase the current by a factor of

10 for room temperature copper without leading to much heating, and a factor of 100 for

cryogenically cooled copper. Thus there exists a path for gradients exceeding 50 T/m using

two current sheets in this type of configuration. This plot does not address homogeneity
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of the magnetic field gradient, however, so this will be addressed further in the following

section.

4.1.4 Gradient homogeneity

Gradient uniformity is important for beam focusing elements. The field quality of the TCSQ,

like other quadrupole magnets, is highly dependent on geometry. As the TCSQ is described

by only a few parameters (gap, current sheet height, width, and length), it is relatively

straightforward to explore the parameter space. For this analysis the device has a gap of 3

mm, conductor thickness of 0.1 mm, and J = 1× 107 A/m2 current density. As previously

stated, this is a conservative current density.

Figure 4.4: Dependence of the TCSQ gradient on width with H = 0.1 mm, gap = 3 mm,
and J = 1× 107 A/m2. a) 1% good field region width as a function of width on the left
axis and the center gradient plotted on the right axis. b) transverse gradient profiles as a
function of width, where only half the curve is shown because of symmetry across the y-axis.
Note that the color of the points in part (a) corresponds to the same-colored curves in part
(b).

Using Eq. 2.17 we calculated the 1% good field region and center gradient values for a

wide range of conducting sheet widths. The 1% good field region (dots) is plotted on the left
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y-axis in Fig. 4.4a and the gradient (line) is plotted on the right y-axis. There are several

noteworthy characteristics of this plot. First, the gradient peaks at a critical width around

3 mm, which matches the expected value from Eq. 4.2 of Wc = 3.1 mm, then continuously

declines after that. The starred point corresponds to the good field region size at the critical

width in Fig. 4.4a. The width of the good field region, as a function of device width, also

has a peak value. After this peak value, the size of the good field region drops rapidly but

recovers at very large widths. The problem is at large widths the gradient is quite low. The

color of the dots in Fig. 4.4a correspond to the full transverse gradient profile in Fig. 4.4b,

where we can clearly see this evolution. Very dark blue dots/profiles signify a wide good

field region, whereas a light blue denotes a narrow good field region.

We see, therefore, that there exists a region that possesses both a reasonably sized good

field region and relatively high gradient. In my experience this width tends to be around

2Wc but the precise width needs to be found from simulation.

We observe a similar behavior with a variable gap and fixed width. In this example let

W = 4 mm, H = 0.1 mm, and J = 1× 107 A/m2). We plot the gradient profiles in 4.5a,

where the dashed line corresponds to the largest good field region point in 4.5b. Again, the

good field region width is maximized, along with the gradient, when the chosen width is

about twice the gap.
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Figure 4.5: Dependence of the TCSQ gradient on the gap with H = 0.1 mm, W = 4 mm, and
J = 1× 107 A/m2. a) transverse gradient profiles as a function of width at different gaps.
The largest gap (6 mm) has the lowest gradient, whereas the smallest gap (0.1 mm) has the
largest gradient. The dashed curve possesses the largest 1% good field region. Only a limited
extent in x is shown because the gradient near the edges of small-gap spikes significantly;
for example, the gradient of the g = 0.1 mm device reaches 2.2 T/m at x=1.9 mm. The
required axis rescaling obscures the clear trend shown here in the device center, which is of
most interest. b) the points show the 1% good field region width as a function of gap (left
axis) and the dashed black line shows the gradient as a function of width (right axis).

The behavior of the gradient as a function of conductor thickness behaves as expected.

As the conductor thickness increases the gradient increases, but the good field region size

does not change appreciably. These results are shown in Fig. 4.6.
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Figure 4.6: Dependence of the TCSQ gradient on the conductor height with a gap of g = 3
mm, width W = 4 mm, and J = 1× 107 A/m2. a) transverse gradient profiles with different
conductor thicknesses H. b) 1% good field region width as a function of conductor thickness.

Finally, the full multipole spectrum of this device was calculated as a function of width

in Fig. 4.7. Both axes show the multipole amplitude; the quadrupole n = 2 multipole

amplitude (dashed line) corresponds to the right y axis, whereas all higher order multipole

amplitudes (solid lines) correspond to the left y axis. We see that all multipoles eventually

decay with increasing device width, but that higher order multipoles decay more rapidly

than lower order multipoles. We see that the higher order multipoles (solid lines, left axis)

become very small when W ≈ 2Wc ≈ 2g, but the n = 2 quadrupole moment (dashed line,

right axis) remains relatively large.
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Figure 4.7: Harmonic analysis of TCSQ as a function of width for a device with g = 3 mm,
H = 0.1 mm, and J = 1× 107 A/m2. The quadrupole moment corresponds to the right
axis; all other harmonics correspond to the left axis. The dot-dashed line corresponds to
the width of the device with the largest good field region as calculated from the transverse
gradient profiles.

4.1.5 Experimental demonstration

A series of TCSQ devices with different widths were constructed using 3D printed mounts

and adhesive copper tape (50 µm thick) to validate these simulations. The length (3.5

inches, ≈ 89 mm) was chosen to be much larger than the width or gap. The mounts had

printed alignment marks that helped precisely align the copper tape strips. The gap was

set by precision aluminum spacers between the two halves of the mount. Fig. 4.8 shows the

two separated halves of the mount with copper tape, and the fully assembled device in the

bottom inset.

The magnetic field was measured by a custom three-axis Hall probe designed for low field

measurements that was fixed to a 2D scanning stage, and the center gradient and good field

region width were calculated. The measured magnetic fields were somewhat noisy (due to

inherent magnetic sensor noise and the unshielded test setup) to complicate the calculations,
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Figure 4.8: Picture of 3D printed mounts with copper tape installed. The insert shows the
assembled device.

so the magnetic field data was smoothed during data post-processing.

The experimental results, compared with simulation, are shown in Fig. 4.9. The device

parameters were copper sheet thickness of approximately 50 µm, a gap of approximately 2.5

mm, and a series of device widths from 1.25 to 8.25 mm. The current density was fixed

at J = 1.92× 107 A/m2, which was chosen to produce manageable heating in the largest

devices. Fig. 4.9a shows simulations of the transverse gradient profiles over the width

range, and Fig. 4.9b shows the experimentally measured transverse gradient profiles of the

same widths. The comparison of these two data plots shows good qualitative agreement

despite the presence of data artifacts (especially for smaller width devices) stemming from

fabrication and alignment imperfections. Fig. 4.9c shows the 1% good field region width of

the simulations in Fig. 4.9a (cyan-blue hue scale) and the measured data in Fig. 4.9b (yellow-

red hue scale). Again, the lighter colors correspond to small good field region widths, and

darker colors correspond to larger good field region widths. We see that the experimentally

measured good field region width replicated the expected peak structure, showing an optimal

good field region width around 5 mm, which is roughly twice the gap and critical width. This

comparison is highly dependent on the quality of the magnetic field data, and thus on the

sensor - the match between simulation and experiment would improve with a better magnetic

field sensing setup. Lastly, we see in Fig. 4.9d that the center gradient as a function of width

and note that it generally matches the simulated curve well, especially for wider devices for
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which alignment errors are proportionally smaller.

Figure 4.9: a) Simulated transverse gradient profiles, b) experimentally measured transverse
gradient profiles, c) good field region width (simulated and measured), and d) gradient at
the TCSQ center (simulated and measured). In all cases the TCSQs had a gap of 2.5 mm,
current density of 1.92E7 A/m2, copper thickness of approximately 50 µm, and the device
widths were varied from 1.25 mm to 8.25 mm.

4.1.6 Benefits of cryogenic operation

This technology would likely work best with cryogenic undulators [113] because:

1. The cryogenic electrical resistivity of the most commonly used conductor, copper, is

several orders of magnitude smaller than the electrical resistivity at room temperature,

which substantially decreases the amount of power dissipated by the conductor.
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2. The thermal conductivity also increases, though usually by less than an order of mag-

nitude, within a wide cryogenic temperature range. This means that heat can flow

freely to the thermal ground held at a low cryogenic temperature.

Not all properties become better at low temperatures; the specific heat generally decreases

with temperature but only by roughly one order of magnitude. However, the combined

improvements in electrical resistivity and thermal conductivity is larger than the decrease in

specific heat.

The heating of the current sheets, and resultant demagnetization effects on the ferromag-

netic elements of the undulator, must be taken into account in the design, as any heating will

decrease the undulator magnetic field due to reversible (if the temperature does not get too

high) magnetization loss. One may be tempted to consider superconducting current sheets

to circumvent this heating issue. However, superconductors exclude magnetic fields, which

would largely (and unacceptably) neutralize the dipole fields of the undulator.

4.1.7 Conclusion

We confirmed experimentally that there exists an optimum current sheet width that produces

both a high gradient and large region of uniform gradient. This device could be useful

in upcoming short period, small gap undulators as a distributed focusing element. The

most likely application would be for cryogenically cooled undulators that can tolerate some

heating from normal-conducting current sheets. With such modalities the current density

could possibly reach J = 1× 109 A/m2 and gradients larger than 50 T/m.
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4.2 Monolithic quadrupole

4.2.1 Theory - conformal mapping derivation

As we saw in the last section, the field produced by two flat current sheets is impure and has

higher order multipole content. In this section we will use conformal mapping to analytically

predict a better current-dominated geometry to produce a quadrupole field. Conformal map-

ping is inherently two-dimensional, leaving the consideration of length or edge effects to other

techniques. General solutions of various geometries using conformal mapping techniques are

given by Beth in such references as [114, 115]. The notation and approach described here is

more reminiscent of that shown by Halbach [116].

In this example we desire to find the optimal current sheet geometry. We first specify the

field that we want on a line. We choose the line along x at y = 0 and specify the desired field

to be Bx = 0, By = B′x, where B′ is the field gradient. We then construct the analytical

function B∗(z) through analytic continuation:

B∗(z) = By − iBx = B′z

where i =
√
−1 and z = x+iy. By definition, the complex potential F = A+iV , where A

and V are the magnetic vector and scalar potentials, respectively. As the current sheets are

considered in this model to be infinitely long in the z direction, we need only consider the z

component, Az, in the x, y plane. By derivation, it can be shown that F ′(z) = dF
dz

= −iB∗(z).

Through direction integration we find F to be

F = −1

2
B′z2 = −1

2
B′(x2 − y2)− iB′xy = A+ iV

where the last equation comes from the definition of F . In general, the shape of soft iron

pole tips corresponds to a constant scalar potential; a corresponding rule is that the shape
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of a current sheet should correspond to a constant vector potential, which we will call A0.

Therefore,

A = Re{F} = −1

2
B′(x2 − y2) = A0

Solving for y in terms of A0 gives

y =

√
2A0

B′
− x2 (4.3)

The first term with A0 cannot be smaller than the largest value of x2, which is x2 =

(W/2)2, which places a limit on the values of A0. The actual value of A0 is not of concern.

The maximum value of x is half the device width W , which gives

A0 ≥
B′

2

W 2

4

Substituting this into Eq. 4.3 and taking the equality gives

y =

√
W 2

4
− x2 (4.4)

which is simply the equation for a circle of diameter W .

4.2.2 Theory - magnetostatic derivations

Equation 4.4 specifies the bore region inside a conductor with otherwise constant current

density should be circular to generate a quadrupole field. Since the outer part is not specified,

we will take the outer geometry to be a rectangle. We do this for two reasons: 1) ease of

fabrication and 2) simplicity of calculation. We will revisit this choice of geometry later. The

device can be visualized as shown in Fig. 4.10a, and the 2D computation of the magnetic

field done in COMSOL Multiphysics is shown in Fig. 4.10b for a device of width (W ) of 4
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mm, height (H) of 2 mm, and a bore diameter (or gap, g) of 1 mm. The gradient for this

device is 257 T/m with a current density of J = 1× 109 A/m2.

The first group to consider this type of device was Sarma et al., whose contributions will

be discussed in context in a later section. They did not show any experimental validation of

their designs, but experimental validation will be shown here.

Figure 4.10: a) prototypical device in three dimensions, with a current flowing in the direction
of the arrow. b) 2D magnetic field amplitude of device, with arrows showing the direction of
the magnetic field. We see the characteristic form of a quadrupole field in the bore region.
The scale bar unit is Tesla.

The conformal mapping approach does not give us a way to calculate the gradient of the

device, so we turn to the direct integration of Maxwell’s equations. Magnetic field gradients

superimpose linearly. This geometry can be equivalently represented by the superposition

of a rectangular (in the cross-section) block and a cylindrical current volume, with opposing

currents.

We previously derived the gradient of a volume current in Chapter 2 to be Eq. 2.17. By

allowing L→∞ and evaluating at the origin yields the gradient in the center of the current

block:
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dBx

dy CB

= −8µ0J0
4π

atan

(
W

H

)
(4.5a)

dBy

dx CB
=

8µ0J0
4π

atan

(
H

W

)
(4.5b)

The magnetic field inside a solid cylinder with uniform current density in the +z direction

is easily found using Ampere’s law to be

Bx(x, y) = −µ0J

2
y

By(x, y) =
µ0J

2
x

and so the gradients inside the cylinders of current are calculated to be

dBx

dy C

= −µ0J

2
(4.6a)

dBy

dx C
=
µ0J

2
(4.6b)

Therefore, to find the gradient at the center of a rectangular copper block with a circular

bore region, we can simply superimpose these two gradient results, i.e., Eqs. 4.5 and 4.6

with the currents going in opposite directions. Therefore, we obtain

dBx

dy
=

2µ0J

π

(
π

4
− arctan

(
W

H

))
dBy

dx
=

2µ0J

π

(
arctan

(
H

W

)
− π

4

)
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From the trigonometric identity arctan(1/x) = π/2 − arctan(x) we see that these two

expressions are equivalent. Therefore, the gradient is analytically calculated via

B′ =
dBy

dx
=
dBx

dy
=

2µ0J

π

(
arctan

(
H

W

)
− π

4

)
(4.7)

We plot this equation in Fig. 4.11 over a variety of H/W for a current density of

J = 1× 107 A/m2. As this is an iron-free magnetostatic device, one can simply scale the

gradient for a given H/W for the desired current density.

Figure 4.11: Gradient of device as a function of H/W at a current density of J =
1× 107 A/m2.

Equation 4.7 was verified with a wide variety of geometries in COMSOL. We note a few

significant features of this device as a result of Eq. 4.7.

1. For H/W = 1, the magnetic field gradient in the center is zero. Higher order fields

may still be present, however.

2. For H > W , the gradient is positive (for a current directed in +z)

3. For H < W , the gradient is negative (again, for a current directed in +z)
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4. The gradient is explicitly independent of bore size. Notably cos 2θ magnets also share

this characteristic. Both magnet types are implicitly dependent on bore size, however;

bigger bores require larger amounts of current to reach the same gradient.

5. The maximum gradient (i.e., for H � W ) is B′max = µ0J/2. From Fig. 4.11, one can

achieve 50% of the maximum gradient with H/W ≈ 2.4 and 90% with H/W ≈ 12.7.

4.2.3 Finite Element Simulations

While the device will have a strong quadrupole field by design, higher order multipole field

components may also be present. A COMSOL study of the multipole fields of this device

is presented in Fig. 4.12. These simulations were performed in two dimensions so all units

should be considered arbitrary. Additionally, all skew moments are zero and so are not

plotted.

As a first simulation, the height and width of the device were fixed and the bore diameter

changed from 1 mm to 3 mm, shown in Fig. 4.12a. As predicted, there is no change

whatsoever due to different bore sizes, besides the required current.

The results of fixing the bore size at 1 mm and changing the ratio H/W are shown in Fig.

4.12b. The quadrupole moment increases with H/W , and that the gradient with H/W = 2

is equal but opposite in sign as when H/W = 0.5. The octupole moment (n = 4) behavior

requires more explanation. We see that for H/W = 1, 2, 3, 4, the relative strength of the

moment decreases with larger H/W value. We see that the octopole moment for H/W = 0.5

is much larger than that of H/W = 2, despite the quadrupole moment being the same. This

phenomenon arises because the H/W = 0.5 device is much smaller, physically, than the

H/W = 2 device, which can be seen by the large difference in the H ∗W product of these

two devices. We investigate this phenomenon in 4.12c, where the ratio H/W is constant but

the size of the device, given by H ∗W , is changed linearly. This study confirms that small

H ∗W lead to higher order multipoles with relatively larger amplitudes.

73



Figure 4.12: Geometry effects on field components, calculated in 2D in COMSOL Multi-
physics at a reference radius of 98% of the bore radius in all cases. a) Effect of bore size
(H=3 mm, W=4 mm, bore=1, 3 mm). b) Effect of H/W ratio. c) Effect of H ∗W product.
d) Harmonics of elliptical copper design and elliptical iron (constant µr = 4000) design.
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We then simulated a conductor with an elliptical cross-section and circular bore. We

show the results for several major axis total widths in Fig. 4.12d. As expected, larger W/H

leads to strong quadrupole moments. For the devices made of copper, the higher order

harmonics are vanishingly small, which means that the quadrupole field is intrinsically very

pure. This result was previously shown by Sarma et al. previously [117]. For the largest

device we changed the device material from copper to iron with a relative permeability of

µr = 4000, which boosts the quadrupole field by roughly a factor of 3. In this case higher

order harmonics do exist, but still at low levels. It seems that using iron as the device

material, which conductivity is roughly 5 times lower than copper, would only be useful in

a setting where the amount of current is limited by the power supply. The field is also not

as pure as the copper conductor device, though the design could likely be optimized further.

Additionally the effects of saturation were not taken into account; simulations attempting

to quantify this did not converge sufficiently well to have confidence in the field data, but

one could expect saturation to play a big role in field quality because it significantly changes

the field distribution in the conducting material, which does not happen if the conductor is

non-magnetic.

A preliminary investigation of the effect of bore misalignment on the field quality is shown

in Fig. 4.13; the normal components are in part (a) and the skew components are in part

(b). The device had an elliptical cross-section of major axis length W = 12mm and minor

axis length W = 6 mm. The 2 mm radius bore was then offset by a distance dx, dy in the

x,y directions respectively, by 0.25, 0.5, 0.75, and 1 mm steps. The corresponding effect on

the harmonic fields, however, is not proportional to the displacement magnitude but rather

the ratios dx/W and dy/H as shown in the legends. This device is wider than it is tall,

and we see that for horizontal bore displacements, i.e., dx 6= 0, a normal (vertical) dipole

moment is obtained, the strength of which is proportional to the displacement size. Indeed,

it can be shown that the dipole field is given by Bx ≈ B′dy or By ≈ B′dx for the skew

and normal components, respectively. We see the same behavior for vertical displacement,
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Figure 4.13: Effect of bore displacement in x (dx) and y (dy) from center of elliptical cross-
section with major and minor diameters of H and W in the y and x directions respectively.
The square markers show the zero displacement case, the “x”, dot markers show the case
of displacement in the x, y directions respectively, and the star marker shows the effect of
simultaneous displacement in x and y. a) normal field components, which shows that only
displacements in x, not y induce a non-zero normal dipole moment proportional to the size of
the displacement, and b) skew field components, which shows that only displacements in y,
not x, induce a skew dipole moment. The simulation with displacements in both directions
also shows both a normal and skew dipole moment. Therefore, bore displacements only
induce dipole moments, not higher order multipoles.

except that a skew dipole field (horizontal) is generated. We can also see that for the case

of dx/W = dy/H (for example, the orange x in (a) and purple dot in (b) for dx/W =

dy/H = 4.2E − 2), the normal dipole moment is the same magnitude as the skew dipole

moment. As a last example to show that these dipole moments can be superimposed, we

simulated a device with a horizontal and vertical displacement of 0.1 mm, which is shown on

the plots as a green star. We see that this configuration has both normal and skew dipole

fields as well as a non-degraded normal quadrupole field. It is notable that 1) no other higher

harmonics are generated and 2) that the quadrupole strength does not suffer as a result of

bore displacement.

The first device that we investigated (with a rectangular cross-section) is practically
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trivial to build and test, so we present experimental results in the next section using that

device.

4.2.4 Experimental verification

The rectangular cross-section device was fabricated as a proof-of-concept. The dimensions of

the copper block were 1/2” x 1/4” x 1”, with a 4 mm bore size. Due to machining issues, the

bore hole was misaligned by 0.5 mm and 0.15 mm in the vertical and horizontal directions,

respectively. The current-carrying leads were chosen to be screws that are inserted a distance

of only a few threads to maximize the current going in the z direction instead of the x and y

directions. Some of the holes were not properly threaded, so the holes were filled with solder

paste, the screw leads inserted, then the solder reflowed using a heat gun. The final device is

shown in Fig. 4.14a, and the same device connected and ready to be scanned (using the same

setup used elsewhere in this dissertation) is shown in Fig. 4.14b. Although the bore size is 4

mm, the magnetic field probe size constrains the transverse range to 1.75 mm. The current

was constrained by the heating of the leads, not the device, to 20 A (J = 3.3× 105 A/m2 in

the device); the resistive losses of the device at this current are less than 1 W and so does

not heat up appreciably.

Figure 4.14: a) Monolithic quadrupole device, with attached screw leads. b) Mounted device
for scanning.
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Two-dimensional measurements of the magnetic field (all three components) were con-

ducted in the xz plane, and the results are shown in Fig. 4.15. Fig. 4.15a shows the device

coordinates. The orange plane shows the plane on which data was measured. It also shows

the device extents using black lines and the approximate locations of the screw leads using

red lines. These black and red lines are used in the data graphs that follow. Figs. 4.15b-d

show the Bx, By, Bz components of the magnetic field respectively. We can see in Fig. 4.15b

that the horizontal dipole component, Bx, is constant across the bore of the device (i.e., the

x direction). In Fig. 4.15c we see a substantial variation of By with respect to x, which is

the gradient we simulated. In Fig. 4.15d we see the measured Bz fields. We note that in the

ideal case, where all current is directed in the z direction, there would be no component of

Bz. However, the curved nature of the current in the leads causes current flow in the x and

y direction nearby, leading to non-zero Bz magnetic field component in their vicinity. In all

data sets we see good agreement between locations of field roll-off and the locations of the

leads and device extents.
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Figure 4.15: a) Model of device, with the specified coordinate system. The plane on which
the data were measured is denoted by orange. The black and red lines denote the device
edges and locations of screw leads, respectively. The other figures are the measured b) Bx,
c) By, and d) Bz components of the magnetic field in mT. One-dimensional lineouts along
the magenta lines in parts b,c are shown in Fig. 4.17b.

The main figure of merit that is most important for this work is the gradient, dBy

dx
, which is

shown in Fig. 4.16. We see some of the features already discussed, which is good uniformity

across the bore and expected field roll off near the leads. The noise in the graph comes

from the low magnetic fields, in addition to stage movement uncertainties (our stage is not

encoded).
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Figure 4.16: Gradient (dBy

dx
) of the device in units of T/m. A one-dimensional lineout along

the magenta dashed line is shown in Fig. 4.17a

One-dimensional lineouts along the magenta lines from Fig. 4.15 and Fig. 4.16 are

shown in Fig. 4.17. The experimentally measured data is plotted with simulated data

from a RADIA. The RADIA model is substantially similar to the actual device in that the

dimensions of the block, bore, and bore offset are the same. The main difference is that all the

current is directed in the z direction since RADIA is not capable of modeling the screw leads

correctly. While this is a significant difference, the overall behavior will not be drastically

affected. First, we compare the variation of the experimentally measured transverse gradient

along the device axis with the RADIA simulation. We see fairly substantial deviation. From

Eq. 4.7 we expect a gradient of 0.076 T/m, which is between the maximum simulated and

experimental measurement values of 0.093 T/m and 0.053 T/m respectively. The RADIA

model does not match this value because of length effects; if the RADIA model is made very

long the simulated gradient matches the analytical model.

As the bore is transversely offset, we also expect dipole components in both transverse

directions, which are plotted alongside RADIA simulation predictions in Fig. 4.17b. We

see relatively good agreement with the horizontal Bx component. This component arises

from the large vertical bore displacement. The smaller horizontal displacement leads to a

non-zero By offset, which is also shown. The general sign and magnitude of the measured

data do match RADIA simulations, despite a lack of point-to-point agreement.
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Figure 4.17: a) Experimentally measured and simulated (via RADIA) gradient of the mono-
lithic quadrupole. The black vertical lines show the edges of the device, and the red vertical
lines show the approximate locations of the electrical leads. b) The measured and simulated
(via RADIA) transverse dipole fields of the monolithic quadrupole.

4.2.5 Further considerations

Elliptical conductors, with a circular cross-section, create pure quadrupole fields, but did

not prove this assertion. I discovered after performing this work this type of device was first

proposed by Sharma et al. in a series of papers. Their work was based on direct integration

of the Biot-Savart law and numerical geometry optimization, not conformal mapping. They

found the general gradient due to two superimposed ellipses, with opposite current directions

of the same magnitude, to be

G = µ0J
ad− bc

(a+ b)(c+ d)
(4.8)

where a and d are the major axis lengths of the two ellipses, with b and c being their

respective minor axis lengths. It is interesting to note that unlike the formula for the rectan-

gular cross-section, which depended only on H/W , that this formula depends on all semi-axes

of both ellipses. However, they also showed that the magnetic field inside this conductor,
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and an entire class of related configurations, is a pure quadrupole field. They proposed to

approximate the difficult-to-fabricate elliptical geometries with easy-to-fabricate rectangular

coils using numerical optimization. Initially they did this analysis for cos(θ) dipoles [118],

but extended their work to quadrupoles [117], sextupoles [119], and combined function mag-

nets (such as the device experimentally demonstrated here, which has superimposed dipole

and quadrupole fields) [120].

As all current-dominated devices, this device requires high currents to achieve useful

magnetic field gradients. For example, the prototypical device first presented with a gradient

of 257 T/m (W=4 mm, H = 2 mm, g = 1 mm, J = 1× 109 A/m2 ) requires a current of

7214 A. The resistive power dissipation per length is P/` = ρAJ2, where P is the total

power loss, ` is the length, A is the cross-sectional area of the conductor, J is the current

density, and ρ is the conductor resistivity. At room temperature, a copper device has a

resistivity of approximately 17× 10−9 Ωm and a power loss per length of 122 kW/m, which

is very large. The resistive power loss can be reduced by operating normal conducting copper

devices cryogenically, which can reduce the resistivity by several orders of magnitude, but

using superconductors is the most promising technological platform for this type of device.

Indeed, this was the conclusion of Sarma et al. [120]:

It should be mentioned that it is not hard and fast that the coil should

be superconducting only, to generate the required combined type fields. Room

temperature coils will also generate the same type of field. However, the field

generated by room temperature coils is too feeble to be of much use for accelerator

applications. So we have emphasized the use of these coils in superconducting

magnets.

It is clear that a superconducting magnet is the only viable option for a large bore magnet.

Depending on the required gradient, it might be possible to use a normal conducting copper

material for a small bore device due to improved thermal characteristics.
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One interesting extension of this work is to realize that a single conductor block could be

machined to be a monolithic magnet system with multiple magnets in series. For example,

Fig. 4.18 shows a possible monolithic design for a quadrupole triplet. The red (blue)

segments have negative (positive) field gradients for the current direction specified by the

yellow arrow. Additionally, the length of the middle quadrupole is approximately twice that

of the outer quadrupoles, which yields a total focusing configuration. The insets show the

cutaway view of these devices. Consideration should be given to the nature of the transition

between quadrupole segments. Two possibilities are shown in Fig. 4.18. In Fig. 4.18a

there is a “linear” transition between quadrupole segments. At the middle of this transition

the cross-section is a circle, which has zero magnetic field, and so there are no edge effects

in transitioning between different “magnets” in the monolithic system. In addition, higher

order multipoles are reduced during the transition because H ∗W is relatively larger during

the transition than in the main focusing sections. If higher order multipoles were desired,

one could rotate the cross-section, keeping the area constant, as shown in Fig. 4.18b. The

fabrication of this design would also be much more difficult, so there are not any foreseeable

uses for this type of system.

One of the main sources of multipole components in accelerator magnets is due to the

coils in the entrance and exit regions of the magnet. The monolithic quadrupole design

shown in Fig. 4.19 avoids this problem. The current is fed into the red regions around the

periphery of the yellow flange region. The flange would be designed sufficiently large to allow

the current density to be uniform before entering the monolithic quadrupole. The symmetry

of the current in the flange results in zero magnetic field at the magnet entrance, and so this

configuration could result in very low higher order multipole content.
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Figure 4.18: Quadrupole triplets used for total focusing. The insets show a cutaway view of
the device. Red sections have negative gradients, blue sections have positive gradients for
the current direction shown by the arrow. The +, - show the sign and relative strength of the
quadrupole segment. a) The transition between segments goes through the equal semi-axis
length point, which has a gradient of 0 T/m. This transition does not introduce multipoles.
b) The transition between quadrupole segments is achieved by rotating the quadrupole field,
which introduces many normal and skew higher order multipoles.

Figure 4.19: Monolithic quadrupole with zero (limited by fabrication error) higher order
multipoles. Yellow regions have zero field, blue region has a pure quadrupole field. Gray
transitional regions also have pure quadrupole fields.
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CHAPTER 5

Microfabricated Panofsky Quadrupole

This chapter forms the basis of a manuscript that will be submitted soon to the journal Phys-

ical Review Accelerators and Beams. Thank you to my coauthors Sophie Crisp, Alexander

Odie, Pietro Musumeci, Rob Candler, and James Rosenzweig.

5.1 Introduction

The current emphasis on smaller and cheaper accelerator systems requires a corresponding

effort to develop more compact magnet beam optics. To this end, we present in this work

a microfabricated Panofsky-like quadrupole as shown in Fig. 5.1, characterized through

theory, simulation, and experiment. The benefits of such a device over other microfabricated

quadrupole designs are the ease of fabrication, that it can be fabricated with an arbitrary

length (from less than a millimeter to 100s millimeters), and the adjustable gap. The device

can provide high quality magnetic gradients greater than 100 T/m.

Figure 5.1: Model of the MPQ (with the indicated materials) focusing an electron beam. To
focus this electron beam, the current in both copper sheets is directed in the −z direction.
We use the indicated coordinate system throughout this manuscript.
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Conventional electromagnet quadrupoles with soft iron pole tips typically have a circular

bore. The gradient can be analytically derived to be B′ = 2µ0NI
r2

, where µ0 is the permeability

of free space, NI the number of amp-turns exciting each pole tip, and r is the bore radius.

The ideal pole tip shape, determined from conformal mapping [116], assumes infinitely long

poles and so will always be contaminated with higher order multipoles. Rectangular aperture

quadrupoles, often known as Panofsky quadrupoles (PQs) [121], are composed of current

sheets surrounded by a soft iron yoke as shown in Fig. 5.2a (both opaque and semitransparent

regions) and do not suffer from such machining limitations. Draper et al. [122] showed

theoretically that this geometry creates a pure dipole or quadrupole field (i.e., no higher order

multipoles), depending on coil excitation, across the entire bore region. The gradient of a

PQ is proportional to 1/dg [121], where the gap dg is the small dimension of the rectangular

aperture. There are two major drawbacks of the PQ compared to conventional quadrupoles.

First, as a current-dominated magnet that also has magnetic material, the field quality is

very sensitive to conductor location [123]. The other drawback is the magnetic field strength

is ∼4x lower than a conventional quadrupole with the same bore size and NI. As such, PQs

have typically been used only where wide apertures are required, such as in spectrometers

[121, 124], beam injection [125], and beam extraction [126]. More novel interpretations such

as the twin-aperture PQ [127] and tunable combined function PQ [128, 129, 130] show the

versatility of this magnet type. The highest gradient of any of these PQs was 15 T/m.

Despite the apparent drawbacks associated with using PQs, there are a few important

advantages in favor of using microfabricated Panofsky quadrupoles (MPQs) as compact

quadrupole magnets. First, the 1/dg scaling of the gradient is beneficial as the device size

(and therefore the gap) is decreased. Second, while the microfabrication of conventional

quadrupoles [79] is very difficult and suffers from low yield and reliability, the fabrication of

the MPQ is very simple by comparison and has a robust construction. Third, the magnetic

length of the microscale conventional quadrupole is limited to ∼1 mm, but the magnetic

length of the MPQ is limited only by substrate size (typically greater than 100 mm). There-
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Figure 5.2: a) Depiction of PQ and its magnetic field contours. The current sheets are orange
and are surrounded by the gray magnetic yoke. The microfabrication layers are delineated
with dashed lines. The semitransparent regions of the PQ are not present in the MPQ
design. b) the magnitude of the PQ transverse magnetic field with side currents and yokes
(solid lines) and without (dashed lines). All appreciable variation is at the edges of the bore
region.

fore, the inherently lower gradient of the MPQ can be compensated by longer length.

Table 5.1: Simulated device parameters

J (A/m2) current density 1× 108

dCu (µm) copper thickness 50
dyk (µm) yoke thickness 50, 300
dSi (mm) distance between copper and yoke 0.6
W (mm) device width 2
dg (mm) gap between MPQ halves 0.1

The PQ can be visualized in a series of layers as shown in Fig. 5.2, which makes it

amenable to microfabrication processes. A possible processing flow could be to form the 1)

bottom magnetic yoke, 2) bottom thin copper trace, 3) side traces and yoke, 4) top thin

copper trace, and 5) top magnetic yoke. The third layer thickness, which could exceed

100 µm, is the most problematic because electroplated films thicknesses greater than a few

hundred microns often suffer from stress-induced delamination [131]. One could consider a

hybrid device where most of the MPQ is microfabricated and the third layer is conventionally

machined, but such approaches would have many issues to address in how to align, mount,

and electrically insulate the various individual parts. The solution explored in this work is less
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complicated: design the device width be much larger than other dimensions, such that the

side traces and yoke can be omitted because they contribute little to the field in the magnet

center. This device is also shown in Fig. 5.2a as only the opaque (not semitransparent) parts.

We confirmed this hypothesis using a COMSOL Multiphysics simulation of the magnetic field

magnitude of a device with parameters shown in Table 5.1. The results are shown in Fig.

5.2b, where we see the magnetic field of the devices with and without side currents and yokes

differ only near the device edges. Note the extreme aspect ratio in the figure. A consequence

of this result is that the top and bottom halves can be fabricated separately (even on the

same silicon substrate), then assembled in the correct configuration with a mounting fixture.

5.2 Theory

Hand and Panofsky derived an expression to predict the gradient of the original rectangular

aperture quadrupole using the standard assumptions that the device is very long and the

permeability of soft magnetic material is very high.

We can use standard Ampere’s Law,
∮
~H · d~l =

∫∫
J · dA = Ienclosed, to get a first order

approximation of the magnetic fields of this geometry. The derivation using this technique for

a standard Panofsky quadrupole is presented in the appendix; here we derive the magnetic

field gradient of the MPQ using a similar technique.

The main assumptions are three-fold. We assume:

1. The device width is much larger than the bore width, such that W � g; this means

that the magnetic field in the bore does not depend on y.

2. ~H ≈ 0 inside the yoke, which requires that the soft magnetic material have very high,

field-independent permeability.

3. The device length is very long, such that there are no three-dimensional effects.
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Figure 5.3: MPQ labeled with relevant parameters and the integration path used in the
gradient derivation.

We note that the second condition comes from boundary conditions. Consider the inter-

face between vacuum, interface 1, and a soft magnetic material, interface 2. In the absence

of magnetic charge the normal component of the magnetic flux density is continuous across

the interface, so ~Bn1 = ~Bn2 → µ1
~Hn1 = µ2

~Hn2. We then see that ~Hn2 = µ1
µ2
~Hn1 ≈ 0 since

µ2 � µ1.

We define the contour path of the integral along the dashed line shown in Fig. 5.3. The

left and right vertical lines are located at x and x + ∆x respectively. Naturally, Hy(x) 6=

Hy(x+ ∆x) from assumption 1 above, so the contour integral gives

∮
~H · d~l

= 2Hy(x)dSi + 2Hy(x)dCu +Hy(x)g − (2Hy(x+ ∆x)dSi + 2Hy(x+ ∆x)dCu +Hy(x+ ∆x)g)

= 2It
∆x

W

where It is the total current in one of the current sheets. Rearranging the equation gives
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Hy(x+ ∆x)−Hy(x)

∆x
=

2It
W (g + 2dCu + 2dSi)

After taking the limit that ∆x goes to 0 gives and converting to a magnetic flux density

we arrive at the following expression for the magnetic field gradient:

dBy

dx
= B′ =

2µ0It
W (g + 2dCu + 2dSi)

=
2µ0JdCu

g + 2dCu + 2dSi
(5.1)

Where It = J · dCu ·W is the total current. Other parameters are explained in Table

5.1. This expression is equivalent to that derived by Hand and Panofsky if dSi = 0, as was

the case for the original Panofsky quadrupole. The same result can be derived by instead

directing one side of the loop far away (along which ~H is approximately zero) instead of

through the device at a nearby location and taking a limit to form the derivative like was

shown here. One observation is that W enters Eq. 5.1 only from converting current density to

current; we show later in this section that there is a more complicated relationship between

B′ and W not reflected in either of these expressions.

We investigated the limits over which this formula is valid using COMSOL. The sim-

ulations were 2D, as is the magnetic circuit analysis used to derive Eq. 5.1. The nominal

parameters for the analysis are shown in Table 5.1. We used several different yokes. The

“ideal” yoke has a fixed, high relative permeability of 8500 (corresponding to the measured

low field permeability of the electroplated permalloy [92]). Magnetic saturation is not in-

cluded in a constant permeability model and so the yoke thickness makes little difference –

this was verified in simulations not shown here. We also simulated yokes with the measured

MH curve of the electroplated permalloy with thicknesses of 50 and 300 µm to show satu-

ration effects. We include a “yokeless” MPQ - this is the exactly as the two current sheet

quadrupole (TCSQ) device derived in Chapter 2 and described in more detail in Chapter 4.
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Figure 5.4: a) Comparison of theory and simulation of the gradient dBy/dx in the center
of the MPQ as a function of width. b) Transverse magnetic field gradient profile for a
yoked (points) and yokeless (solid lines) MPQ for different widths. The parabolic nature
of the yokeless gradient curves is somewhat obscured by the nature of the semilog plot. c)
Normalized real multipole content of the MPQ (nominal parameters, except the gap was 1.5
mm) as a function of width.

We first investigated the relationship of gradient and device width in the case of constant

current density, shown in Fig. 5.4. As Eq. 5.1 does not depend on W in the case of constant

current density, we expect the relationship of B′ and W to be constant, but FEM simulations

in Fig. 5.4a show very different behavior. We see for large widths, the gradient matches

Eq. 5.1 except for where the thin yoke saturates (around W = 5 mm). At very small device

widths, where the “large width” assumption is invalid, the behavior resembles that of the
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yokeless MPQ. The transition point between these two behaviors is around W = 1 mm

for this geometry. To explain the formation of the peak in Fig. 5.4a, we have plotted the

transverse gradient profile at several widths of the yokeless (dots) and yoked (lines) MPQ

in Fig. 5.4b. We plot the gradient at positive x values only because of symmetry. Consider

first the large width W = 5 mm device. There is a large peak in the gradient near the device

edge at x = 2.5 mm. As the device width decreases this peak also moves to smaller x values.

The gradient is constant over much of the device interior, and both the interior gradient and

the edge gradient increase for as the device width decreases. However, the interior gradient

increases faster than the edge gradients. At some width, in this case around W = 0.25 mm,

the interior gradient and edge gradients are equal, creating a region of relatively uniform

gradient across most of the device. At even smaller widths the interior gradient increases

even further past the edge gradients, leading to a bulge in the gradient in the device center.

We previously found the critical width for two copper sheets, at which this maximum gradient

occurs, to be Wc =
√
g(g + 2dCu) (Eq. 4.2). For g = 0.1 mm and dCu = 50 µm we calculate

Wc = 0.14 mm, which matches Fig. 5.4a,b. At even smaller widths, however, the largeness

of the gap compared to the device width affects performance and the gradient approaches

zero.

This behavior and previous assumptions of device width naturally lead to the question

of how wide the MPQ needs to be to generate a good quality quadrupole field. The PQ

has a pure quadrupole field, so this is also the goal for the MPQ. We show the normalized

absolute values of the even-order multipoles as a function of width in Fig. 5.4c. We used

the nominal device parameters for the simulation, but with a gap of 1.5 mm due to excessive

numerical noise at smaller gaps. The distribution of higher order multipoles depends on the

geometry, such as dSi, g, and dCu, but in all cases the higher order multipoles were suppressed

as the width increased. For example, if dSi = 0.6 mm the width/gap ratio W/g needs to be

approximately 4 to suppress the n = 4 harmonic to less than 1%, while if dSi = 0 then only

W/g = 2.5 is required to achieve the same level of harmonic suppression.
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Figure 5.5: Comparison of theory and simulation for the magnetic field gradient, dBy/dx,
at the center of the MPQ while changing the a) gap dg, b) copper thickness dCu, c) silicon
thickness dSi at J = 1× 108 A/m2 and d) silicon thickness at J = 1× 109 A/m2. The ideal
material is assumed to have a fixed relative permeability of 8500 (i.e., no saturation), while
the real material utilizes experimentally measured MH curves.
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We also investigated in Fig. 5.5 the effects of varying the gap (part a), copper thickness

(part b), and silicon thickness (parts c-d) in the case of constant current density. We see

good agreement in general; the few instances of poor agreement stem from either a) breaking

the derivation assumptions that lead to Eq. 5.1 or b) magnetic saturation. For example,

we see that all FEM results depart from the analytical expectation in Fig. 5.5b for large

copper thicknesses because of violating the derivation assumptions of large width compared

to other device dimensions. Magnetic saturation is evident in the simulation when 1) the ideal

material model (fixed permeability) behavior differs from that of the models that incorporate

“real” magnetic material properties, or 2) when the behaviors of the models with thin and

thick yoke material are different. Both indications are prominent in Fig. 5.5d, which features

the same device as Fig. 5.5c but with a higher current density of J = 1 × 109 A/m2. The

ideal yoke model tracks perfectly with the analytical 2D result, showing that any deviation

does not come from violating derivation assumptions. We also see, however, that the thin 50

µm yoke is saturated for all dSi, but the thick yoke does not fully saturate until dSi < 100µm,

where both of these models fail to match up to the prediction of Eq. 5.1.

The MPQ can also be operated in dipole mode. Dipole mode requires the currents to be

of the same magnitude but in opposite directions (for quadrupole mode, the currents are the

same magnitude and the same direction). The dipole field can be derived using magnetic

circuit analysis to be

Bx = µ0JdCu = µ0
I

W
(5.2)

The dipole field does not depend on the gap because it was assumed that the width was

much larger than the gap (or the silicon thickness dSi) - this was verified using FEMM in

simulations not shown here. Interestingly, one can use conformal mapping to derive the

profile of current sheets to generate a pure dipole field, and one solution is two wide, flat

current sheets as described here. In addition, it is assumed that dSi is relatively smaller
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than other dimensions. As an example of field magnitudes that can be expected, for J =

1× 109 A/m2 and dCu = 50 µm, Bx = 6.3 mT.

The MPQ can generate dipole and quadrupole fields simultaneously by simply superim-

posing the currents. For instance, if one determines that the desired quadrupole field can

be obtained with 20 A and the desired dipole field can be obtained by using 5 A, one can

generate both fields by using 25 A in one copper sheet and 15 A in the other sheet. In

general, the effective quadrupole and dipole currents can be extracted from the currents in

the top (Itop) and bottom (Ibot) MPQ halves:

Ieq,dipole =
Itop − Ibot

2
(5.3a)

Ieq,quad =
Itop + Ibot

2
(5.3b)

(5.3c)

A final observation about the dipole mode of the MPQ is that, due to the geometry, the

dipole mode can only generate a Bx component, leading to a vertical y displacement; the

MPQ cannot generate a By component that would allow for horizontal beam steering.

5.3 Three-dimensional magnetic simulations with leads

The MPQ has symmetrical electrical leads to facilitate current flow into the quadrupole active

region. We first used asymmetrical leads, but found that the beam focused and rotated,

so symmetrical leads were adopted despite the more difficult fabrication integration. The

previous simulations do not consider the effect of these, or the leads inside the PCB, on the

quadrupole performance. In this section we present RADIA [132] simulations to provide a

more complete view of device behavior. The device parameters for this section are the same
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Figure 5.6: Analysis of device and PCB together using nominal parameters, except with
a gap of 1.5 mm. a) harmonic analysis of MPQ with leads at a 0.5 mm reference radius.
b) Longitudinal variation of center gradient (left axis) and cumulatively integrated center
gradient (right axis). The overlaid graphic of the bottom MPQ half shows the PCB leads in
tan; all other colors are the device and device leads as fabricated on the silicon die.

as for the previous section simulations, except the gap is set to 1.5 mm to better compare

with experimental results shown in the next section.

Figure 5.6a shows the integrated magnetic field harmonic components. The quadrupole

moment (n=2) has a value of 0.0153 T. The effective length is computed to be 4.1 mm,

despite the active region measuring physically to be 6.7 mm long. This is due in part to

the curved nature of the leads. The current is directed completely in the z direction only

over about 1 mm; the current in rest of the device also has some x component due to the

curved nature of the leads, which effectively reduces the amount of current traveling in the

z direction. We see non-zero multipoles at every even order and a non-zero skew dipole

moment (n = 1), indicating the presence of a dipole magnetic field in the x direction. The

presence of even multipole harmonics is expected from the 180-degree symmetry. The skew

dipole is not present in simulations of the two straight current sheets (the configuration

shown in Fig. 5.2b) as seen in Fig. 5.4c, so this skew dipole moment can be attributed to

the device and PCB leads.
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Figure 5.6b shows the gradient in the device center as a function of z (red solid line,

left axis), with the same curve cumulatively integrated (dashed blue line, right axis). The

device is overlaid with the same scale as the z axis. The cumulatively integrated curve shows

the relative contributions of each part of the device to the integrated gradient. The initial

value is 0 T, and the final value is 0.0153 T, matching the value already shown in Fig. 5.6a.

We see that all of the positive contributions to the integrated gradient happens inside the

device active region. We also see, however, that the integrated gradient decreases slightly in

the vicinity of the device and PCB traces. This, in addition to the curved leads, makes the

calculated effective magnetic length smaller.

The MPQ does not have a theoretical guarantee of perfect field quality across the bore

region like the conventional Panofksy quadrupole because it lacks a continuous yoke and side

current windings. We simulated two devices using RADIA and use focal length variation

to quantify the field quality. The first device has a small aperture (1 mm width, 0.1 mm

gap) and the second device has a larger aperture corresponding to the experimental device

(2 mm wide, 1.5 mm gap). For the small aperture, the focal length variation from the center

value is +10%/-23%, with a 1% good field region size of 0.33 mm x 0.06 mm. For the large

aperture device the focal length variation from the center across the entire bore is, at worst,

+27%/-33%, and the size of the 1% good field region is 0.5 mm x 0.25 mm. As expected, the

field quality and relative size of the good field region are much better in the small aperture

device than the large aperture device. This is mostly due to the larger W/g ratio. Once

conclusion, therefore, is that one could expect to see beam aberrations if the gap is too large.

5.4 Experimental work

5.4.1 Fabrication

The fabrication process flow for this device is shown in Fig. 5.8a. First, the silicon is

electrically insulated by depositing 300 nm silicon nitride on both sides of the 0.6 mm
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Figure 5.7: Device focal length in millimeters with a current of 20 A (J = 2× 108 A/m2) for
the a) small aperture (1 mm width, 100 µm gap) devices and b) large aperture (2 mm wide,
1.5 mm gap) devices. The colormap shows the focal length across the device aperture, and
the contour lines show the 1%, 5%, and 10% “good focal length” regions.

thick wafer using low-pressure chemical vapor deposition (Tystar Titan II). We sputter an

electroplating seed layer of 40 nm titanium and 300 nm copper (CVC 601) on the wafer

backside. We use thick film photoresist (AZ 50XT) to define the yoke region and electroplate

the permalloy yoke to a height of 50 µm using a process previously developed by our group

[92]. We then sputter an electroplating seed layer on the front side, use thick film photoresist

to define the copper trace region, then electroplate copper (Technic Elevate Cu 6320) to a

height of 50 µm. The wafer is diced, and the devices are mounted on a PCB for testing

as shown in Fig. 5.8b. Electrical interface from device to PCB is done with thick copper

sheets to handle 10s A of current (Fig 5.8b). The PCB-mounted devices are aligned on their

respective aluminum mount pieces, then brought together as shown in Fig. 5.8c.

We note that decreasing the distance between the copper conductor and yoke, i.e., reduc-

ing dSi, is important to achieve the maximum gradient according to Eq. 5.1. We attempted

to reduce dSi by etching trenches in the silicon for both the copper and permalloy, elec-

troplating into the trenches, then using chemical mechanical polishing (CMP) to planarize

the surface. This results in the device shown in Fig. 5.9a. For film thicknesses of 50 µm

and a wafer thickness of 0.6 mm, this would result in dSi=0.5 mm instead of dSi=0.6 mm.

However, all these attempts failed. When the trenches were etched using deep reactive ion
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Figure 5.8: a) fabrication flow showing the side and top/bottom views of fabrication steps of
1) electrical insulation, 2) yoke electroplating, and 3) copper electroplating on the opposite
side, with the yoke extents shown by dashed lines. b) MPQs mounted on PCBs. The yellow
scale bar is 1 cm. The region of the quadrupole is shown by a yellow box for each half of the
MPQ, and the inset is an optical microscope image of the right device’s active region. The
dotted yellow line across the device has a length of 2 mm. c) the fully assembled MPQ in
the aluminum mount, with the beam propagation direction shown by the orange arrow.

etching (DRIE), the second trench etch consistently fell victim to micromasking. This hap-

pens because the metallic films on the wafer backside drastically changed the wafer cooling

profile; this causes incomplete etching of the passivation layer, which leads to micromasking

and etch failure. We successfully etched the trenches using KOH etching [133] to make the

device shown in Fig. 5.9b (note the characteristic 54.7 degree etch angle), but the surface

quality was not as good as the well-etched DRIE trenches [134, 135]. More significantly, the

permalloy film stress near the trench edges is significantly different than the rest of the film

[136], which results in film delamination. Notably we didn’t have this problem with the first

device etched via DRIE because a) the copper films have lower intrinsic stress, and b) we

plated over the entire wafer instead of just in the trenches; the permalloy bath does not have

enough metal ions to plate the entire wafer with 50 µm of permalloy. For these reasons we

decided to circumvent the surface quality and edge stress issues by using through-mold elec-

troplating for this proof-of-concept device as shown in Fig. 5.9c, though this has the largest

dSi and lowest gradient. To reduce the copper-yoke separation to approximately zero, one

could imagine a device shown in Fig. 5.9d, fabricated by etching a deep trench with either
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Figure 5.9: MPQ half device fabricated via a) DRIE, b) KOH etching, c) through-mold
plating (represents actual device), and d) ideal device fabricated via DRIE.

DRIE or KOH etching, partially filling it with electroplated permalloy, then filling the rest

of the trench with copper, followed by a final planarizing step. This device would inher-

ently have the fabrication challenges of the other failed attempts, however, and so was not

attempted.

5.4.2 Thermal characterization

Thermal simulations were performed using COMSOL for three different “devices” and com-

pared with experimental measurements obtained from a thermal camera (ThermalExpert

TE-Q1 Pro) using the right PCB-mounted device from Fig. 5.8b. The first modeled device

is that of the MPQ fabricated in PCB material, i.e., with copper traces embedded directly

into PCB material. The second is of the MPQ fabricated on silicon and mounted on a PCB

board as demonstrated in this work. In both cases, the PCB is “mounted” on a thermal

reservoir held at 293 K. One example of a constant temperature thermal reservoir could be

an actively cooled metal block. The third situation is that of a MPQ fabricated in silicon

and mounted directly to the thermal reservoir. The maximum steady state temperature of

the devices as a function of current is plotted in Fig 5.10. We see that the all-PCB de-

vice can tolerate the least amount of current per unit temperature change, followed closely

by the MPQ mounted on a PCB. The PCB-fabricated device performs poorly because of

the typically small (∼1 W/(m K)) thermal conductivity of PCB material at room temper-

ature. The silicon-fabricated, PCB-mounted device performs slightly better as the silicon
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Figure 5.10: Steady-state COMSOL thermal simulations at room temperature of devices
fabricated in 1) PCB (FR4) material, 2) silicon mounted on PCB, and 3) silicon mounted
on a cooled metal mount, compared with the experimental device (similar to device 2). The
top x-axis is simply a scaled version of the bottom x-axis.

has a much higher thermal conductivity (∼100 W/(m K)) and spreads the generated heat

over a wider area, but still suffers from high PCB thermal resistance. The MPQ mounted

directly on a metallic mount can tolerate approximately 10 times more current than the

PCB-mounted MPQ because there is no thermally resistive PCB material. We see that

the fabricated device tolerates slightly more current than the corresponding simulated PCB-

mounted silicon-fabricated device, which we attribute to the large copper electrical leads

soldered to the device. These leads can dissipate substantial heat but were not included in

the COMSOL model. Another small source of error could be air convection, which also was

not included in the COMSOL model, but this is unlikely because the thermal conductivity

of air (∼0.025 W/(m K)) is much smaller than that of PCB material.
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5.4.3 Direct field measurement via Hall probe

We first used a Hall probe to map the magnetic field in the MPQ. The gap was set to 5.6 mm

to accommodate the Hall probe thickness, and the total current through each MPQ half was

20 A (2× 108 A/m2). We measured B′ = dBy/dx, the transverse gradient, along the z axis,

which is the beam propagation direction. The experimental results match magnetostatic

simulations from RADIA within 10% which is shown in Fig. 5.11. The integrated gradient

for this low-current, large-gap configuration is 0.0048 T, the maximum gradient is 1 T/m,

so the effective length is 4.8 mm.

Figure 5.11: Measured gradient (dBy/dx) along z-axis at x = y = 0 at a current of 20 A
(2× 108 A/m2) and a 5.6 mm gap.

5.4.4 Electron beam measurement

Focusing of a relativistic electron beam was performed at the UCLA Pegasus beamline [137].

The electron beam from the radiofrequency photoinjector [138] is accelerated to an energy

of 3.2 MeV (γ = 7.24), focused by the MPQ, then imaged on a screen 0.5 m downstream

by a Princeton Instruments PI-MAX 3 camera. Solenoidal focusing was used to collimate

the beam, but no other focusing magnets were used. The MPQ gap was set to 1.5 mm

for the beamline experiments. At least five images were taken for each current value, both

before and while the MPQ was powered. We parameterized each shot by fitting with a

two-dimensional Gaussian distribution model and averaged the parameters for each group of
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shots. The beam displacement in x and y is calculated as the beam centroid shift between

shots with the MPQ powered and not powered. The beam size radius was taken to be twice

the standard deviation of the fitted Gaussian curve, 2σ, in x and y directions.

For the first experiment (Fig. 5.12a-b) the current in both MPQ halves was equal and in

the −z direction (for clarity the current magnitude is plotted). As shown in Fig. 5.12a, the

beam was fully focused in the x direction at a current of 22 A to 335 µm. The beam size

in the y direction continually increased with the current magnitude as expected. The solid

lines show the least-squares parabolic fit [139]; the data was well-approximated by a beam

envelope (as represented in Eq. 2.13) with the following values for the second-order beam

moments: σx0 = 1.12 mm, σx0x′0 = −8.9× 10−7 m, σx′0 = 8.6× 10−4, σy0 = 0.98 mm, σy0y′0 =

−4.3× 10−8 m, σy′0 = 8.6× 10−4. This leads to calculated emittances of 0.38 and 0.84 µm-

rad in the x and y directions respectively, which are reasonable values for the beamline. The

focal length as a function of current, as calculated by RADIA, was f = 8.65/I[A] for the

uncompensated case and f = 13.56/I[A] for the compensated case. The calculated gradient

at 40 A was 11.2 T/m.

While the RADIA simulation predicted a small vertical displacement as seen in Fig. 5.12b

(which also matches with the skew dipole moment calculated in Fig. 5.6), the measured

displacement in the same subfigure was much larger. We found experimentally that the

displacement can be compensated by using approximately four times more current in the

top MPQ half to superimpose a dipole field as suggested in a previous section. We show

the beam size and displacement in this compensated scenario in Fig. 5.12c,d. Without

compensation, the vertical beam displacement was over 3 mm at 40 A (Fig. 5.12b) but with

current compensation, the displacement was reduced to less than 0.15 mm (Fig. 5.12d).

The data in Fig. 5.12c seem to suggest that the minimum beam size was achieved near the

maximum current value of 40 A in the top MPQ half, which would be reasonable because the

equivalent quadrupole current would have been 25 A (per Eq. 5.3), but as this is only just

above the 22 A focusing current found in the uncompensated experiment and the number of
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Figure 5.12: Beam size and beam displacement as a function of current magnitude. a-b)
beam size and displacement, respectively, where the current in both halves was the same.
c-d) compensated experiment, where the top half used four times as much current as the
bottom half to cancel the beam displacement. The error bars, most too small to see, denote
one standard deviation of at least five measurements.
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Figure 5.13: RADIA simulations without (solid lines) and with (dashed lines) extra 100 mm
long leads on the back of device, showing the effects on the overall beam displacement in
both x and y directions. The inset shows the device with the extra leads.

data points are low, a claim to have found the minimum beam size is tenuous.

We found after doing scans of the individual device halves, and finding good agreement

with RADIA predictions, is that the most likely candidate for the anomalous beam deflection

is that some electrical connection wires to the bottom half of the MPQ, approximately

100 mm long, may not have been routed away sufficiently from the beam axis during the

experiment. We show in Fig. 5.13 the effect such wires could have on the beam with a current

of 22 A, in both the x (horizontal) and y (vertical) directions. The effect on focal length is

minimal and so is not shown here. We see that the total displacement is nearly 1 mm at 22

A (gray line), whereas the experimentally measured displacement was nearly 2 mm at the

same current. However, we do not know the exact location or angle of these wires during

the experiment which introduces large uncertainties for this simple example. However, we

believe that the vertical deflection could be explained in large part or completely by these

extra wires, and that the current compensation of the device was sufficient to cancel the

effects of these extra wires.

We also investigated the effect of 1) displacing the top half of the MPQ horizontally (i.e.

in the x direction) with respect to the bottom half of the MPQ without shifting the beam
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propagation axis and 2) changing the yaw angle, i.e., rotating the entire device around the

y axis. The current was 22 A in both MPQ halves. The results are shown in Fig. 5.14.

In both figures the solid lines correspond to the beam displacement on the left y-axis, and

the points correspond to the focal length on the right y-axis. We see in Fig. 5.14a that the

displacement of the top MPQ half has a pronounced effect on both the beam displacement

and focal length. The beam displacements in x and y are both significant as well. Changing

the yaw angle, as shown in Fig. 5.14b, does not contribute significantly by itself to either

focal length degradation or any beam shift, at least for the small range investigated here,

though it can serve to couple and modify the effects of other misalignments and so should

not be ignored.

Figure 5.14: RADIA simulations showing the effect of a) displacing the top half and b)
changing the yaw angle (i.e., rotation around the z axis) on the beam size and focal length.
The insets show the type of misalignment under study.

5.5 Future designs

There are several other ways in which a second generation MPQ could improve substantially

on the proof-of-concept shown here.

Using through-silicon vias would improve the field quality of the MPQ significantly.
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Figure 5.15: a) RADIA simulation showing the gradient in the center of the 2 mm wide
MPQ as a function of current density and gap with dSi = 5 µm, dCu = 50 µm and dyk = 300
µm.

Such vias route the current to the backside of the substrate instead of to the sides, which

mostly eliminate harmful fringing entrance fields as shown by the hand-assembled quadrupole

multipole calculation in Fig. 5.18b. Ensuring conductor and yoke flatness by using chemical-

mechanical polishing would also aid in reducing field errors.

The gradient could be substantially increased by reducing dSi. The gradient in the center

of the device as a function of gap and current, with dSi = 5 µm and dyk = 300 µm, is shown

in Fig. 5.15. We see that while the maximum gradient that we showed experimentally was

11.2 T/m, the maximum possible gradient at higher (but possible) current densities and

narrow gaps approaches 600 T/m if dSi is small.

As a concrete example of how reducing dSi improves the efficiency and utility of the

MPQ, consider a fairly typical small bore (8 mm) quadrupole magnet used in the undulator

section of the Linac Coherent Light Source [140] that has a maximum integrated gradient

of 3.6 T and consumes 27 W in the magnet coils. This equates to 0.13 T/W, or 0.13 T of

integrated gradient per watt of power. The total power consumption of both halves of the

MPQ, not including extraneous wiring, was measured to be approximately 0.34 W at 10

A. With nominal parameters in Table 5.1, we calculate the integrated gradient via RADIA

simulation to be 0.043 T, and so the integrated gradient per watt of power expended is also
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calculated to be 0.13 T/W for the MPQ. That is with large dSi, however; with dSi = 0

the integrated gradient is 0.27 T at 10 A. The power loss would be the same (0.34 W),

which leads to 0.79 T/W, which is approximately six times higher than the conventional

quadrupole.

5.5.1 Microengineered quadrupole

One criticism is that the MPQ could be simply fabricated through methods other than

microfabrication. To address this valid concern, we assembled an MPQ-like device with

dSi ≈ 0 but with copper tape and discrete yoke pieces. We fabricated the yoke by waterjet

cutting a 0.5 mm thick sheet of as-rolled vanadium permendur (Goodfellow Inc.) into 2

mm x 10 mm rectangles. Using vanadium permendur instead of electroplated permalloy

has several advantages over electroplated permalloy: higher permeability (10,000 instead of

8500), larger thickness (0.5 mm instead of 0.05 mm), and higher saturation magnetization

(2.1 T, instead of 0.8 - 1.1 T), so the potential for high gradients is maximized by this

material choice.

After the yokes were machined, they were mounted and aligned on repurposed pieces of

the original MPQ mount with high thermal conductivity double-sided tape. Adhesive copper

tape was used as the conductor. It was cut to 2 mm wide using a Cri-cut craft machine. The

copper tape thickness is 50 µm on average. No insulation was provided between the copper

tape and yoke because that would substantially increase the distance between the yoke and

copper sheet. Although the yoke and copper tape are in direct electrical contact, the lack of

insulation should not cause any issues because 1) the adhesive contact between copper and

yoke is not an ideal electrical connection and 2) the resistivity of vanadium permendur is

roughly 10 times that of copper, meaning that little current would pass into the yoke even

with good electrical contact. We used 4 mm spacers to maintain a constant gap, resulting

in a 2.8 mm gap between the copper sheets. A picture of the device is shown in Fig. 5.16

We measured the magnetic field with the two-dimensional scanner described elsewhere
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Figure 5.16: Picture of assembled quadrupole.

and compared the results with RADIA simulations of the same structure. The current was

set to 5 A (J = 5× 107 A/m2) and the results are shown in Fig. 5.17. In Fig. 5.17a we

see the transverse field at z = 0 and that it matches well with the RADIA simulation. We

note that the quadrupole has “good” characteristics only if the implicit assumptions are

satisfied, i.e., the gap is small compared to the gap. In this case the gap is not small to

other dimensions, and so 1) the transverse gradient is not uniform and b) the measured and

simulated gradient (∼ 1.3 T/m) does not reach the 2D value (2.1 T/m) predicted by Eq.

5.1. Figure 5.17b shows the variation of the central gradient along the device axis, where

again we see good agreement between simulation and experiment. In Fig. 5.17 we also

plotted the simulations using the nominal MPQ silicon thickness of 0.6 mm, where we see

that reducing the distance from 0.6 mm to 50 µm (a rough estimate of the adhesive layer

thickness) increases the gradient by nearly a factor of 2.

One advantage of this device over the as-fabricated MPQ is the vertical current leads that

should contribute negligibly to the field in the gap. The full as-simulated device with leads is

shown in Fig. 5.18a, where the permendur yokes are red and everything else is copper. The

simple lead-free device, which intuitively has the lowest harmonic level, is composed of those
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Figure 5.17: a) Measured transverse field gradient at z = 0 compared with simulation of
the hand-assembled device and the MPQ with the same parameters but with dSi = 0.6 mm.
b) Transverse gradient along beam axis, compared with simulation of the hand assembled
device and MPQ.

parts of Fig. 5.18a contained within the yellow box, or in other words, only the two parallel

copper sheets and their yokes. The multipole content was calculated for both devices and is

shown in Fig. 5.18b, which shows virtually no difference between the two structures. This

makes sense, because one would not expect the leads to contribute much magnetic field to

the region inside the gap.

There are some concerns about the performance of this type of device. First, there are

many sources of manufacturing error to which we can attribute field errors, such as thickness

variation of the copper tape, cutting of both copper tape and yoke, and misalignment. These

difficulties are engineering issues, not fundamental physics issues. As with the MPQ, the

device performance is limited by its thermal characteristics. There are two main issues.

The first is that even “high thermal conductivity” adhesive and tape is very thermally

resistive compared to metal or silicon, and there are two layers of such adhesive in this

device. These layers do not exist in the MPQ, so we anticipate that this device cannot

handle the high current densities that the MPQ allows. Secondly, heat generated by the

copper current sheets must be dissipated directly through the yoke and raise the yoke’s
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Figure 5.18: a) the two structures under consideration as constructed in RADIA. The lead-
free model is contained within the yellow rectangle and is composed of only the two parallel
copper sheets and yokes. The full model includes all the leads shown. b) the calculated
multipoles of both RADIA models.

temperature. High temperatures negatively impact the magnetic properties of the yoke, and

therefore the gradient.

5.6 Conclusion

We present the design, fabrication, and characterization of a microfabricated Panofsky-style

quadrupole. We successfully demonstrated focusing of a 3.2 MeV electron beam. While

the focal length was longer, and the vertical displacement larger, than expected, we showed

through RADIA simulations that small misalignments due to hand assembling of the device

could plausibly account for these errors. We showed that an MPQ-like device can be fab-

ricated using more conventional techniques; however, we expect the thermal response to be

worse than the MPQ while retaining the alignment challenges of the microfabricated MPQ.

We also provide several design improvements that would be beneficial in a second-generation

device.
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CHAPTER 6

Final conclusion

This work builds on the substantial work of others using microfabrication to make miniature

accelerator components, with the ultimate goal of more compact, cheaper, and accessible

accelerators.

To this end we microfabricated two electromagnet devices. The first was a 1.2 mm

electromagnet undulator that incorporates a thick, laser-machined yoke to increase the field.

The second was a Panofsky-like quadrupole that has a simple fabrication process and has

the possibility of achieving 100s T/m field gradients if engineered appropriately, along with

arbitrary length that is limited only by the substrate size.

We also investigated several devices that used more conventional fabrication techniques,

but are still “miniature” in nature. We demonstrated a Panofsky-like quadrupole similar to

the microfabricated version that had a superior geometry with vertically aligned leads and

small conductor-yoke distance, but the thermal behavior is worse than the microfabricated

version which somewhat mitigates the other advantages. We also showed that current-

carrying sheets can line the inside of an undulator to produce a quadrupole field, and that

the field quality can be optimized by modifying the geometry. We also showed that a single

conductor block can be machined into a quadrupole - the gradients are low, but it has

potential for ultra-low field harmonics.

We expect that devices such as these, but more importantly the ideas that they embody,

will continue to be developed and eventually put into use in future compact accelerators in

a variety of applications in medicine, industry, and basic research.
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APPENDIX A

Appendices

A.1 Standard Panofsky quadrupole derivation, 2D

The derivation of the gradient formula depends on a few insights:

• Hy only depends on x, not y, for a wide-bore device, or even a narrow-bore device near

the center, so Hy is constant along vertical lines.

• From boundary conditions ~H is very small in soft magnetic material because of the

very high permeability, and so ~H ≈ 0.

Because of this, soft magnetic material dimensions according to the model are

not important; due to real-life effects such as saturation, however, the soft magnet

dimensions can become important and this analysis will break down.

• The total enclosed current depends on the integration path.

With these facts in hand the contour integral evaluates to

∮
~H · d~l = −HydCu −Hyg −HydCu − (≈ 0) = −I + 2I

W/2− x
W

Solving for Hy gives

Hy =
By

µ0

=
I

g + 2dCu

(
1− 2

W/2− x
W

)
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Figure A.1: Standard Panofsky quadrupole. Orange denotes conductors, gray is soft mag-
netic material in the yoke, and dashed lines are integration paths. Dimensions are noted,
though dimensions of soft magnetic material do not appear in this analysis.

The gradient that is dBy

dx
, which is computed to be

dBy

dx
=

2µ0I

W (g + 2dCu)
(A.1)

This expression can be reduced to the expression found in the original Hand and Panof-

sky paper provided that the cross-sectional area of the side windings is the same as the

top/bottom windings. In this case, WdCu = a/4, where a is the total cross-sectional wind-

ing area.
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A.2 Mesoundulator pole tip shaping

Assuming some excitation of the mesoundulator, either through current-carrying wires or

permanent magnets, one can specify a desired magnetic field along a line and derive the

proper pole tip shape to achieve such a field through conformal mapping. Conformal mapping

is a very useful technique of complex analysis used throughout engineering, see for example

Ref. [141]. This analysis is strictly two-dimensional in that it ignores three-dimensional end

effects and fringing fields. This is not intended to be a complete derivation, but hopefully

sketched enough for the reader to understand on a high level how this is done. A helpful

resource on magnet design specifically is given in Ref. [116].

We first start with a few definitions. Note the the standard definition of i =
√
−1.

• In the z-plane, z = x+ iy.

• In the w-plane, w = u(x, y) + iv(x, y).

• The complex potential F = A+ iṼ .

• The analytical function B∗(z) = Bx(x, y) − iBy(x, y), which is simply the complex

conjugate of the complex function B(z).

• The relationship between an analytical function (in the following section this is B∗(z))

and the complex potential F is F (z) = idF
dz

.

• Any parameter with a tilde is considered to be multiplied by the vacuum permeability.

Example: for a coil excitation current I, Ĩ = µ0I.

The concept of an “analytical function” is rooted in complex analysis, and simply means

that the function is differentiable. The consequence is that once the analytical function, such

as B∗(z), is specified along a line in the domain, the values of the function at any point in the

domain are specified. B∗(z) is analytical because it satisfies the Cauchy-Riemann equations.
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In turn, the Cauchy-Riemann equations are automatically satisfied by the Laplace equation,

which ultimately is the equation that is being solved here.

For this analysis we need only consider one quarter of a period, as shown in Fig. A.2a.

The procedure is as follows:

1. specify the desired magnetic field along the midline (y = 0) of the undulator,

2. find the complex potential F in a perfect dipole, because the undulator is a series of

dipole magnets,

3. find the complex potential F for the undulator from the desired magnetic field,

4. equate the complex potentials, which completes the dipole field mapping onto the

problem of the undulator. This equation will yield a condition that will determine the

pole tip shape that yields the desired magnetic field along the middle of the undulator.

We desire a perfectly sinusoidal field in the middle of the undulator so Bx(x, 0) =

0, By(x, 0) = −B0 cos(kux), where B0 is the maximum magnetic field in the gap region

and ku = 2π/λu, where λu is the undulator period. The analytical function B∗(z) becomes

B∗(x, 0) = B∗(z) = +iB0 cos(kuz) (A.2)

We can now determine the potential of a window-frame dipole magnet shown in Fig.

A.2b. Applying the integral form of Ampere’s law and taking appropriate approximations

for the specified geometry By(x, y) = −µ0I/h = −Ĩ/h means we can define an analytic

function with the complex variable w = u(x, y) + iv(x, y) as

B∗(w) = Bx − iBy = +iĨ/h (A.3)

and the complex potential F (w) as
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Figure A.2: a) concept sketch over a quarter period of the undulator. The points indicated
are mapped onto the points shown in (b). H3 is half of the gap, and the iron (or soft iron pole
tip) is held at a magnetic scalar potential Ṽ0. The pole profile is shown here as a sketch only.
The midplane potential is Ṽ = 0 by symmetry. b) concept sketch of the first quadrant of a
window-frame dipole magnet, with the specified current excitation. The half-gap distance is
h.
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B∗(w) = i
dF

dw
→ F (w) = −i

∫
Ĩ

h
dw =

Ĩ

h
w (A.4)

We now find the complex potential of the desired undulator. Using Eq. A.2, we find that

the complex potential for the undulator field is given by

B∗(z) = i
dF

dz
→ F (w) = −i

∫
iB0 cos(kuz)dz =

B0

ku
sin(kuz) (A.5)

We now map the perfect dipole field from the window frame magnet into the desired

undulator field. This is done by setting the complex scalar potentials equal, F (w) = F (z).

The result is:

Ĩ

h
w =

B0

ku
sin(kuz) (A.6)

Solving this equation for w yields

w =
B0h

Ĩku
sin kuz =

B0h

Ĩku
ŵ

Then,

ŵ = sin(kuz) =
eikuz − e−ikuz

2i
→

e2ikuzŵ − 2ieikuz − 1 = 0→

eikuz = iŵ ±
√

1− ŵ2

The last step resulted from application of the quadratic formula. The mapping that we

desire requires the positive root, and so we see that a point-to-point mapping with the same

complex potential F and analytical magnetic field B∗ comes from the equation
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z =
iw +

√
1− w2

iku
(A.7)

where we trivially replaced ŵ with w.

Now, recall that F = A+ iṼ . Therefore, in general the imaginary part of F corresponds

to Ṽ . Recall further that for the window frame magnet F (w) = Ĩ
h
w, so any point with the

same v corresponds to the same Ṽ and thus are iso-scalar potential surfaces. We therefore

take the imaginary part of w and set it equal to a constant C. Using the identity sin(z) =

sin(x+ iy) = sin(x) cosh(y) + i cos(x) sinh(y), and realizing that the prefactor of w is simply

a multiplicative constant, gives

cos(kux) sinh(kuy) = C (A.8)

To summarize what has been done to get to this point, we specified a desired field

profile, which is a perfectly sinusoidal dipole field. We obtained the scalar potential F (w)

of a uniform dipole field by using a window dipole magnet, and through conformal mapping

required the spatial variation of the dipole field to be the desired field. We then computed

the map between domains and realized that the equipotential surface is easily obtained from

F (w). We knew from definition that Im(F ) = Ṽ , but it turns out in the window frame

magnet case that Im(F (w)) ∝ Im(w). Therefore, taking the imaginary part of w and setting

it equal to a constant yields the equipotential condition.

Here it is important to state that the constant C as derived here is C = B0h
Ĩku

. It is not clear,

however, how to determine a set of self-consistent parameters so directly calculating C is not

a useful practice. At its core, the equation can only indicate the location of equipotentials.

Therefore, we choose C such that the x and y values match the undulator parameters of

period and gap, respectively. We show in Fig. A.3 the pole shapes were found using Eq. A.8

for a variety of C over a quarter of an undulator period. One can easily see that the gap

increases for larger C values and that the pole shape does change over the range considered
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here.

One can see in Fig. A.3 that there is practically no space to the right side of the pole tip

for the excitation coils. The only solution is to truncate the pole tip extent to allow for the

insertion of excitation coils. This will unfortunately introduce some harmonic content. To

make matters worse, we found that the CAD software did not allow us to define the pole tip

profile with an arbitrary function, e.g. Eq. A.8. We set the gap to 300 µm and found that

with a period of 1.2 mm that C ∼ 0.87. We found that at the pole profile, within a small

distance from the pole tip, is well-approximated by an arc. For C = 0.87, the best radius of

curvature for the arc is ∼250 µm. An arc with this radius of curvature, with the longitudinal

extent actually fabricated, superimposed on each of the lines plotted in Fig. A.3. We can

see that the agreement is quite good for C = 0.87 and for a range of C both above and below

0.87, which means that the curved tips could have satisfactory performance over a range of

gaps.
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Figure A.3: Pole tip profiles for various C. The solid lines are calculated from Eq. A.8. The
dashed lines have a curvature radius of 250 µm and extend over the pole tip region of the
fabricated mesoundulator yokes.
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