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Government. While this document is believed to contain correct information, neither the
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necessarily constitute or imply its endorsement, recommendation, or favoring by the
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California. The views and opinions of authors expressed herein do not necessarily state or
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University of California.
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Intréduction

The method outlined here provides a means of dedqcing the magnitude
of the field vectors E and H in a cavity resonator.by measureﬁent of the
perturbation in frequency reéulting from an adiabatic perturbation in
vstdred eﬁergy of the system which occurs when a foreign body is introduced
into the cavity. If the body is sméll, ana its material constitution and
geometry are such that the energy perturbation is readily calculable, the.
method provides a means by which the_fieldsfin the deep interior of a
cavity may be explored without the introduction of additional perturbing
elements other than a small dielectric thread providing support for the
body._ It is only in certain highly restricted cases that the interior of
a cavity may be explored.by means of electric and magnetic probe dipoles
which girectly sample the field,‘ The use of such a device is restricted
by the need for éomé éort of waveguide (ﬁtransmission line") for removal of
the output of such a device in order that it be compared with a standard.
The intrdducfion of a probe into the field in general produces'very large
perturbations in tﬁe very fields to be measured. In sohe cases there are
surfaces in which it is possible to introduce a probe without causing ex-
cessive perturbation; in general, however s@ch sﬁrfaces either do not exist,

¢

o :
are of insufficient number, or are so curved as to make impossible the

exploration of the fields:with~a-prdﬁé: In some cases the bounding surface of
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a cavity may be resolved into a set of cqnstant'coérdinate surfaces of an
orthogonalicédrdinafe éystem of practical utilityolf Probe dipoles ﬁay then
be used to explere the fields immediately adjacent to.thé'cavity surface, the
.fields within being deduced from these observed at th‘e-.bqundariese Since such
cases are'rafeiy.enéounferéd in particié acceiergfof 6av£ties, it may be readily
seen that the frequency pérturbatioﬁ method‘is a.powerful experimental tool.
This method provides direct-meaéurement of electric fiela, and hence complements
the probe magnetic dipole method in cases where both éan be used.  One disad-
vantage of the perturbation method is that magnetic field is deduced by taking
the difference-between two functions having vaiues over most of the.range of
- the independent variables. -These values are of so nearly the séme mégnitude
;that the difference is in general less than either by an'order;offmagnitude or
:moreo  This situation is a result of the‘relationship betweén,thé-maximum vaiues
of E and H which makes any experiment for diréct:measurement.of E hdave much de-
creased sensitivity as an H-measuring method.

In the discussion to follow the_unité to Be-uéed will be rationalized MKS

with charge as the fourth dimension.

Principle of the Method

This method 1nvolves a relatlonshlp between frequency of resonance and
energy stored at resonance in a harmonlc oscnllat,or° It 1s assumed that the
relatlonshlp may be descrlbed by a 11near dlfferentlal equatlon w1th constant

coefflclents in the range of varlable of 1nterest§ thus

%+ gk +Q% = ae”WY, : T (2.1)

Remarks pertéining to this problem may be foﬁnd in Stratton, "Electromagnetic
Theory" (McGraw, 1941), -pp 349 and 392-3, The matter will not here bé pursued
further. o .
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where x is a coordinaté;of whatever nature requireq-to describe
the excursions of some physical quantity from a mean value
g ié the damping constant
N2 is the stiffness constant
A is a parameter, the amplitude of the apﬁlied driving force
of angular frequency w _

It is understood that the driving.function is‘physicaliy the real part
of Ae_iwt, £l is the angular frequency of free vibrations in the undamped
Ease (g = 0).

Since interest here is in the steady state, oﬁe may write the particular
ihﬁegfal'bf (201) whose time;dependehce is harmoﬁic in the same frequeﬁcy as
the driving force, i.e. let x = XOQu) e'iwt; then perfofming the substitution
it yields | |

R A S o (2.2)

Ao @R -w?) -iwg

!

‘X:Qg) is the "admittance~function" of thé system. One.can of course recognize

A L . |
immediately this function as descriptive of an absorption-dispersion phenomenon,

the dispersion-function, real part of X (), vanishing for w =.n , the resonance
frequency in the case without dissipation. Thée maximun of the absorption-

function differs from. by terms of order ;%Z'Where Q is defined as
. Q . P
_ Energy stored in system at resonance” .
Energy lost per period at resonance

(2.3)

Q=

Energy stored in the system is maximum at frequency () = s at which frequency
energy flows only into the system, just replenishing the losses due to damping.

Vibrations ‘thus have constant amplitude, as determined by energy available
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-.from the source, as though it*héd nd’damping'at 311;2;
.-At«thisvppint_laws;bf dynamiCSgare'éppliedofilf ;T - is the‘kihetic_energy' 
per unit mass, one may use the ﬂmnilair'felaﬁibniv  7§ o o
T:sf%((i)zo | .:' o e R 9%
At resoﬁance | | | | .
x =k cosQit, ‘>_  _ L 'V T (2.5)
K being a constant. | |
Then | _
T.v=%2ﬂ-2 s.i.n2_()..vt,' .
ﬁhere T is a maximum for.Nt = n/2, the position: of négtral displaégment»
?(maxi&ﬁm velocity)s Then - B | o N | )
Since energy of the system is resonant vibration is cbnstént, U, is< just gtéred-
energy of the syétem° Thus, the storéd ehergy at resbnance ;fua vibrating
systeﬁ\whose resonant frequenéy is regarded as variabieﬂis; fbrﬂﬁibratiéns of
amplitude indqpendent,of resonant frequency, pro?ortional’tévthe»Square of‘the
‘ resonan# frequency;.“ _ ' | |
Letting k =%§\,(206) may'be-rewritteh_as )
U =kn? - o S S (2
Since the existence of steady state cbnditions is being aésumed, énly adiabatic

changes in the variables will be allowed. A pefturbatibn in energy may be

_23Further enlargement on these facﬁs may- be found in Page, "Ihtroductioh’to
Theoretical Physics"; pp 70 et seq., in particular p. 80, and in Rayleigh,
"Theory of Sound", Volume I, pp 43 et. seq., in particular p. 47 -
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represented bj differentiation of (2.7),3
bU=26060. - L |  (2.8)
- Now one divides (2.8) by (2.7)

16U _6n A S (2.9)
20U f : v

If one observes the natural frequency of the system'the adiabatic performance.

of work thereon can be‘detected by ohanges in frequency according to (2.9).

o ' ~ . Ca . L

-Application to the-Electromagnetic Case

One may now consider adaptation of ﬁhe effect noted above_to the case of
an electronagnetic cayiﬁj reSOnato;Q, Since one seeks to determine the fields as
pointffunctions of space the desirability of using a bodyvhaving a size very
small compared to the Cavity.is obvious. Likeiy Candidates are small physioal.
_ electrmc and magnetlc dipoles. In the 1nterest of 31mp11c1ty and to eliminate
_ anlsotroplc effects Spheres are chosen as de31rable shapes. Since the linear
dlmen31ons of an electromagnetlc oscillator are of the order of wavelength
A =£%,'the "characterlstlc length" is ac<A.r-Thls last condition 1mp11es the
scattering of‘only relatively smali amounts of energy (i.e.,'insures only

localized field perturbation) since the self-oscillation frequency of the di-

pole is as many orders removed from the actual freqhenCy-u as a is from A .

e

3 It is important to recognize that what is really being done here 1s to
differentiate (2.7) totally -

5U =2knsn+n? §x

and impose the condition Sk = 0, i.e. that the amplitude of vibration be
“constant. This imposes a llmltatlon on the physical nature of the driving -

source that is not unduly difficult to meet in practice, namely that the
Aamplltude of its output be independent of small perturbatlons in frequency.
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The opportunity now arises for defi§ing a satisfactery'apanXimation'te the
'perturbing'effect by means of a static solu.tioﬁ° OnlyAthé case'where the per-
turbing body is a sphere of radius a will be dispussedo Two cases will be
separately but simultaneously dealt with: (1) the materlal of the sphere is a
perfect dielectric? with electric ﬁermitt1v1ty €= k € o magnetlc permittivity
p" (free’spéee.value), and coﬁduetivity &= og (2) the magnetlc (1sotrop1c)

body for which p = km p/, ‘6 = € o and § = 0. The solutlons may be found ea511y

for these cases; the respectlve dlpole moments 1n a unlform field ar‘el""5
' p = hﬁaBI ke -1 ¢ E for dieleetric Spﬁere S (3.1)
_ R L R
' N
m = Lma3 Em;:;lv H ' for ﬁagnetie sphere. I - (3.2)
k, + 2 . ' S o :

" - Now the case may be examined of a Sphefe hasing sufficiently‘1arge7conductivity
;that fleld penetratlon at the frequency being con31dered is negllglbleo The
statlo solutlon is stlll valld in this case. The requlrement is met at fre-
l'quen01es of 108 ‘ “1 by metals of geod conductivityv107 oﬁms"’l mer_l;: For

the electric field the dipole moment is given by

p=inade, B (33
T

“which is éxsetiy the result if ke‘werevallowed‘to'approach.infinity in (3.1).

4 Stratton, locy cite. Sec. 3.24 (magnetic case may ea511y be deduced from
analogy to the electr*c case. ) ‘

5 Smythe, Static and Dynamlc Electrlcltyo Sec. 12.03 (p. 420) (In these
equatlons merely let the diagonal tensor (i) be a scalar, iceo, let
R u3 fo ) Note the use of e.m.u. Ey Smytheo

6 Stratton, loc. cit., Sece 3;24, p. 205.

7 Stratton, loc. cit., Sec. 3023, p. 205 (rework)
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For the magnetic case we find the corréct result if, for frequencies of in-
terest we allow the permeability kn; to approach zero as the ponductivity be-
comes very large.sA Bearing these facts in mind, once more the value zero in
both cases wi'll be temporarily aséighed to cbnductivity.

One can write, ,for' an arbitrarily shaped body having characteristic length
ac<<A '_anc.l <.;Eo'n5titu'ti.ve parameters Q,e, o, that the perturbation"inv energy ofi
the "oﬁsc':»i.l.lating‘ égx}ity rééulting. is just ‘the energy of the 'd.ipble homénts in
the fields § and M_I-l, é.sSumiﬁg that sLEk“a& Ek’ k- a,.nd"j ils' any coordinaﬁe
Cindices. DA -

U=1/2(p . E+m . B) o B - (3en)
‘ 'Assmning the validity of the stativc'apprc;xiﬁxation and making the bociy a sphere

of radius a

, k, - 1 k-1 | |
, 86U = 2na3 |—— € E2 + -2 T Ho H2; (3.5)
ky, + 2 ° Kk, + 2 J
. Imposing (2.9) - 2nv )
na¥ k-1 ko1 - .
bv =+ Fe RTINS - (3.6)
3] il{ + 2 o , km + 2

For the metal sphere the result is obtained by evalua.tihg, the limit of (3.6)

as ke-—vw and km——ﬂO,

| 3 [ ' .
fv - ": Y (eo o8 3 HZW (3.7)
For the dielectric sphere k = 1 and
61/ = na-v ‘ ke -1 € E2 (3-8)
U (kg + 2 ° . )

Smythe, loc. cit., Sec. 11.05, pp. 396-8.
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Merely let the constant

naty

U

= c. B N KON

One is only concerned with its constancy during the performance of a sequence

~ of observations.

Subject to the limitations mentioned previously, observations with a

metallic sphere denoted by‘subscript "1"1 will be con31deredo' Observations

w1th a dielectrlc sphere will be denoted by subscrlpt "2" ‘ Each Sphere has

been made in turn to occupy the 'same region in space, leading to the generation

. of two point-functions on the same domain; thus

- 2 2 C : '
b O, B -gE) R
§v =clfe=Ye w2 G
2 ke + 2/ ° :
From ’3,11) ’

c e E2 51) (}1:-?5—]2_-) | - Lo o ,._(Bevl2)v.

Substituting (3.12)into (3.10) yields ° S SN

H=K ( . 1 .51) i | L Gy

’

~and from (3.11)

(ke - 1) 2 SRR R 'I . ~$?°¥é) .

One then has two equationsiin three variables, kes E, ~and Hj K1 and K, are

dependent constants whose magnitude is ‘decided by the energy—level of the
system. Given an equation of condition on any one of these three‘variables,

the solution is unique'for all three. The most obvious,sort of condition

5
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equation is one whichvspecifies the value of ke'which is usually a parameter.
It is obvious that such a condition may be arrived at experimentally.

It is not necessary to rely on indi;ect information, but rather one may
find k, if either E or His known at any point;.in general'it is possible
.'ﬁo find some ﬁéint nggiin the neighbofhood of a boundry at which H vanishes.
For this poinﬁ \

ko +2 _ &4
ke - 1 )

(3.15)

Information Division
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