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PROPERTIES OF SOLUTIONS TO THE
CAMASSA-HOLM EQUATION ON THE LINE IN
A CLASS CONTAINING THE PEAKONS

FELIPE LINARES, GUSTAVO PONCE, AND THOMAS C. SIDERIS

Dedicated to Professor Nakao Hayashi on the occasion of his 60th birthday.

ABSTRACT. We shall study special properties of solutions to the
IVP associated to the Camassa-Holm equation on the line related
to the regularity and the decay of solutions. The first aim is to
show how the regularity on the initial data is transferred to the
corresponding solution in a class containing the “peakon solutions".
In particular, we shall show that the local regularity is similar to
that exhibited by the solution of the inviscid Burger’s equation
with the same initial datum. The second goal is to prove that
the decay results obtained in [14] extend to the class of solutions
considered here.

1. INTRODUCTION

This work is concerned with the non-periodic Camassa-Holm (CH)
equation

O + KOy + 3udpu — 0,0°u = 20,udu + udu, t, x, x €R. (1.1)

The CH equation (1.1) was first noted by Fuchssteiner and Fokas
[12] in their work on hereditary symmetries. Later, it was written
explicitly and derived physically as a model for shallow water waves
(k > 0) by Camassa and Holm [5], who also studied its solutions.
The CH equation (1.1) has received considerable attention due to its
remarkable properties, among them the fact that it is a bi-Hamiltonian
completely integrable model for all values of k£ € R, (see [1], [5], [8],
[21], [22], [23] and references therein).

By omitting the right hand side in (1.1), the CH equation reduces
to the so called Benjamin-Bona-Mahony equation [2], also deduced in
the context of water waves.
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The case k = 0 in (1.1), called the reduced Camassa-Holm RCH (see

23]),
Opu + 3udyu — 0,02u = 20,udu + udu, t, v € R, (1.2)

has motivated a great deal of research. It appears as a model in non-
linear dispersive waves in hyperelastic rods [9]. The RCH equation
possesses “peakon” solutions [5]. In the case of a single peakon this
solitary wave solution can be written as

u(x,t) = ce” T >0 (1.3)

The multi-peakon solutions display the “elastic” collision property that
reflect their soliton character. Thus, the CH equation and the Korteweg-
de Vries equation

du+ud,u+Pu=0, t xeR. (1.4)

exhibit many features in common.

The initial value problem (IVP) as well as the periodic boundary
value problem associated to the equation (1.1) has been extensively
examined. In particular, in [19] and [24] the local well-posedness (LWP)
of the IVP was established in the Sobolev space

H*(R) = (1-8)*L*(R),

for s > 3/2. The peakon solutions do not belong to these spaces, see
Corollary 2.17. However,

o(x) = e ¥l € WH(R),

where W>°(R) denotes the space of Lipschitz functions.

In [26] Xi and Zhong proved the existence of a H'-global weak solu-
tion for the IVP for the RCH equation (1.2) for data uo € H*(R).

More recently, Bressan and Constantin 3] and Bressan-Chen-Zhang
[4] established the existence and uniqueness, respectively, of a H' global
solution for the RCH equation (1.2). More precisely, this solution u =
u(z,t) is a Holder continuous function defined in R x [0,7] for any
T > 0 such that:

(i) for any t € [0,T], u(-,t) € H'(R),
(ii) the map ¢ — u(,t) is Lipschitz continuous from [0, T to L*(R),

and
(iii) it satisfies the equation (1.2) in L*(R) for a.e. ¢ € [0,T].

In the periodic case, de Lellis, Kappeler, and Topalov [10] obtained
existence, uniqueness and continuous dependence results analogous to
what we shall prove here for the case of real line, in Theorem 1.1. Both
proofs rely on the formulation of the IVP as an ordinary differential
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equation in H'(R)NW1>(R), although our formulation also allows us
to examine propagation of regularity, in Theorem 1.8.

The CH equation (1.1) does not have the finite propagation speed
property. In fact, if a non-trivial datum ug € H*(R), s > 3/2, has
compact support, then the corresponding solution w(-,¢) of the RCH
equation (1.2) cannot have compact support any other time ¢ # 0. An
even sharper result in this direction is given in Theorem 1.10 of [14].
However, one has that formally the RCH equation (1.2) for u = u(x,t)
can be rewritten in terms of

m =m(z,t) = (1 — )u(x,1),
as

om~+ud,m—+20,um=0, t,zeR. (1.5)
Therefore, if the data vy € H*(R),s > 2, has compact support, then
m(-,t) = (1 — 9?)u(-,t), which satisfies the equation (1.5), will have
compact support on the time interval of existence of the H2-solution.
This is similar to the case of the incompressible Euler equation, and

the relation between the velocity and the vorticity.
Our first goal here is to establish the local well-posedness of the IVP

associated to the CH equation (1.1), for a data class which includes the
peakon solutions:

Theorem 1.1. Given ug € X = HY(R) N WL°(R), there exist a
nonincreasing function T = T(||ug||x) > 0 and a unique solution u =
u(z,t) of the IVP associated to the CH equation (1.1) such that
u € Zr = C([-T,T): H' (R)) N L®([-T, T]: Wh=(R))
n Cl((_Ta T) : L2<R>)> (16)
with

sup [lu(,t)]x = sup (Jul- D2+ [ul-1)]l1,00) < elluollx,
[-T.7] [-T.T]

for some universal constant ¢ > 0. Moreover, given B > 0, the map
ug +— u, taking the data to the solution, is continuous from the ball
{uo € X ¢ ||uwol|x < B} into Zp(g).

Remark 1.2. This result shows that, for data in the space X, the so-

lution of the CH equation is as regular as the corresponding solution

associated to the IVP for the inviscid Burgers’ equation
ou+ud,u=0, t,zreR.

It will be established in Theorem 1.8 hat that this still holds for “local
regularity”.
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Remark 1.3. The strong notion of local well-posedness commonly used
(see [16]) does not hold in this case. In addition to existence and
uniqueness, this notion of LWP requires that the solution satisfy the so
called persistence property, namely that if ug € Y, then u € C([0, 7] :
Y') and that the map taking data to the solution is locally continuous
from Y to C([0,7] : Y). In particular, this strong version of LWP
guarantees that the solution flow defines a dynamical system in Y. In
our case, by assuming that vy € X = H'(R) NW*°(R), we prove that
the solution flow defines a dynamical system only in H*(R).

This is necessary if one wants to have a class of solutions which
includes the peakon solutions (1.3). To see this, observe that if

u$(z) = ce” "l e X = HY(R) NnWY(R), ¢>0,
then the corresponding solution u¢(z,t) = cel*=l € Z, characterized
in (1.6), has the property that
ut ¢ C([0,7*] : Wh*(R)), for any T* > 0. (1.7)
This follows by noticing that for any h > 0
10,uc(+, h) — B,u(-,07)]| oo > c.
Similarly, for initial data
ug (z) = ce e X = HYR) N WH(R), j=1,2, ¢ >c>0,
one has solutions u%(z,t) = c;el*=4* j =1,2. It is easy to check that
[ug' — ug[|100 = €1 — 2,
and that for any h > 0
18, (- ) — B, (-, 1)
> |0, u ((erh) ™, h) — 0pu((c1h) ™, h)| > ¢1. (1.8)
Hence, the continuous dependence in W1>°(R), that is, the continuity

of the map from W*°(R) into C([-T,T] : Wh*°(R)), fails in any time
interval [0, T for any 7" > 0.

Remark 1.4. The proof of Therorem 1.1 is based on a contraction prin-
ciple argument for a system written in Lagrangian coordinates. The
loss of the persistence and the continuous dependence in WH*(R) de-
scribed in (1.7) and (1.8) is a consequence of the return to the original
unknowns in Eulerian coordinates.

Remark 1.5. An examination of the proof shows that if ||ug||x+|x| < B,
then the existence time can be taken as a nonincreasing function 7'(B)
and the solution depends continuously both on the initial data uy and
the parameter k.
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Remark 1.6. From the continuous dependence in Theorem 1.1, one
has that the solution deduced in that theorem is the limit in the
L>([-T,T] : H'(R))-topology of solutions corresponding to ug € H*(R),
s > 3/2. This is consistent with the comments in [9] and [23| concern-
ing the realization of the peakon as a limit of smooth solutions.

Remark 1.7. As in [10], Theorem 1.1 is valid in the spaces
H**(R)NW'*(R), se(l,1+1/p) pe(l,00),

see the definition in (2.1) and [17]. As mentioned above, these spaces
also contain the peakons (see Corollary 2.17).

To state our next result on propagation of regularity, we introduce
the following notation. For ug € X, let u € Zr be the local solution
given by Theorem 1.1. Since u € C([-T,T]; W), the system

dx(s,t)
dt

defines a one parameter family of homeomorphisms ¢ — x(-,t), for
(s,t) € R x [-T,T]. For any open set y C R, we define the family of
open sets

=u(x(s,t),t), x(s,0) =s,

Q= {x(s,t) : s €Qo}, te[-T,T).

Theorem 1.8. Let up € X and let u € Zp be the corresponding local
solution. Let 9 C R be open. With the notation above, we have:

(a) If

uolo, € H7P(Q), (1.9)
for some p € [2,00) and j € Z, with j > 2, then
u('7t>|9t S Hj’p(Qt>7 (110)

for any t € [-T,T].
(b) If
uglq, € CIT,
for some j € Z, with j > 1, and § € (0,1), then
u(-,t)|q, € CTT,
for any t € [-T,T].

Remark 1.9. The result in Theorem 1.8 part (a) holds for fractional
values j of the derivative in (1.9) and (1.10). However, to simplify the
exposition we do not consider this case.

We recall the following unique continuation and decay persistence
property results obtained in [14]:
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Theorem 1.10 ([14]). Assume that for some T > 0 and s > 3/2,
uwe C([0,T]: H*(R))

is a strong solution of the IVP associated to the RCH equation (1.2).
If for some a € (1/2,1), up(x) = u(x,0) satisfies

lug(x)] =o(e™) and |Oyuo(x)| =0 ), as xToo, (1.11)
and there exists t, € (0,7 such that
|u(z,t1)] = o(e™), as x T oo,
then u = 0.
Theorem 1.11 ([14]). Assume that for some T > 0 and s > 3/2,
uwe C([0,T]: H*(R))

is a strong solution of the IVP associated to the RCH equation (1.2).
If for some 6 € (0,1), up(z) = u(x,0) satisfies

[uo(@)],  |0suo()| = O(e™™), as @1 oo,

then
u@, 1), |Gz, ) = O(™®), as z1 oo,
uniformly in the time interval [0,T].

As a consequence of Theorem 1.1 we shall obtain the following im-
provements of Theorems 1.10 and 1.11:

Theorem 1.12. Assume that for some T > 0, u € Zp is a solution of
the IVP associated to the RCH equation described in Theorem 1.1.
If up(z) = u(z,0) satisfies

lup(z)| = o(e™™), and |Oyup(x)] =O0(e™*") as x1 oo,
for some o € (1/2,1), and there exists t, € (0,7 such that
u(z, tr)] = o(e™),  as T oo,
then u = 0.
Theorem 1.13. Assume that for some T > 0
ueC(-T,T): H(R)) N L=([-T,T):W"*(R)) N C*((-T,T): L*(R))
1s a solution of the IVP associated to the RCH equation described in

Theorem 1.1.
If ug(z) = u(z,0) satisfies that for some 6 € (0,1)

[uo ()], |Bpuo(z)| = O(e™™) as a1 oo,

then
lu(z,t)],  |Opu(z,t)] = O(e™) as z 1 oo,
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uniformly in the time interval [0, 7.

Remark 1.14. Since the class of solutions considered in Theorem 1.12
contains the peakons is clear that Theorem 1.12 is an optimal version
of Theorem 1.10. We observe that with minor modifications Theorem
1.13 applies to solutions of the CH equation (1.1). However, we do not
know whether or not the result in Theorem 1.12 can be extended to
solutions of the CH equation (1.1).

Remark 1.15. As it was pointed out in [23| for the CH equation (1.1)
with x # 0 the presence of the linear dispersive term xd,(1 — 9?)~'u
prevents the existence of non-smooth solitary waves. However, The-
orem 1.8 shows that even in this case there is not improvement of
regularity of the solution either in the H*P-scale or in the C**%-scale.

Remark 1.16. In [15] Isaza, Linares, and Ponce initiated the study of
the propagation of regularity for dispersive equations considering the
KdV equation (1.4). They established the following result.

Theorem 1.17 ([15)). If uy € H¥* (R) and for some | € Z, | > 1
and xg € R

T

[ / 0 o) P < oo,
0

then the solution u = u(x,t) of the IVP associated to (1.4) provided by
the local theory in [18| satisfies that for any v > 0 and & > 0

sup / (Ou)?(z,t) dr < c,

0<t<T ote—uvt
for 3 =0,1,...,1 with c = ¢(I; Hu0|]3/4+’2; | Ok o || £2((wo,000); Vs €5 T)-
In particular, for allt € (0,T], the restriction of u(-,t) to any interval
of the form (a, o) belongs to H'((a,o0)).
Moreover, for any v >0, >0 and R > 0

T ro+R—vt
/ / (0L )2 (2, t) dadt < c,
0 T

o+e—vt

with ¢ = c(l; |Juo| | aé;u0||L2((x0,oo)); vie; R;T).

3/4t 2

Comparing Theorem 1.8 with Theorem 1.17 and those in Kato [16],
one can conclude that solutions of the CH equation, contrary to those of
the KdV equation, do not gain regularity regardless of the smoothness
and the decay of the data.
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Remark 1.18. Theorems 1.8, 1.12 and 1.13 extend to solutions of the
IVP associated to the Degasperis-Procesi (DP) equation [11]

Opu + 4udyu — 0,0%u = 30,ud?u + udiu, t, v € R. (1.12)

In this case, the proof is simpler since the DP equation can be written
as

Opu + ud,u = —0,(1 — 02) 1 (3u?/2),
where the right hand side of the equations can be regarded as a “lower
order term”. This is not the case with the CH equation which can be
written as

O+ udpu = —0,(1 — 03 Hku + u? + (0,u)?/2).
Thus, we have:

Theorem 1.19. Under the same hypothesis, the conclusions in Theo-
rems 1.1, 1.8 and 1.12 hold for solutions of the IVP associated to the
DP equation (1.12).

Remark 1.20. In [6] and [7] Constantin and Escher (see also [19]) de-
duced conditions on the data uy € H*(R) which guarantee that the
corresponding local solution u € C([0,7] : H*(R)) of the IVP associ-
ated to the RCH (1.2) blows up in finite time by showing that

lim [[dz (-, £)loo = 0,

corresponding to the breaking of waves. Observe that H!'-solutions of
the CH equation (1.1) satisfy the conservation law

E(u)(t) = / (u? + (Opu)?)(z, t)dx = E(up),
so that the H'-norm of the solutions constructed Theorem 1.1 remains
invariant within the existence interval. This highlights a sharp differ-
ence between the blow up of the CH equation and that of the invis-
cid Burgers’ equation. Although in both cases the L°°-norm of the
z-derivative becomes unbounded at the critical time, for the CH equa-
tion the H'-norm remains bounded and for Burgers’ equation the H/2-
norm becomes unbounded.

The rest of this work is organized as follows: Section 2 contains some
preliminary results to be used in the coming proofs. The statements
on existence, uniquenss, and continuous dependence given in Theorem
1.1 will be proven in Section 3 in a series of results. Section 4 contains
the proof of Theorem 1.8 on propagation of regularity, and Section 4
the proofs of Theorems 1.12 and 1.13. Since the proof of Theorem 1.19
is quite similar to those previously given it will be omitted.
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2. PRELIMINARIES

2.1. Notation and definitions. The standard Sobolev spaces are de-
fined by

H*"(R) = (1—-0*)"V2IP(R), se€R, 1<p< oo, (2.1)
with
H*(R) = H**(R).
We define the Sobolev space
Wh=(R) = {f € L*(R) : f' € L*(R)},

where the derivative is taken in the sense of distributions, and the class
of Lipschitz functions
< oo} .

Lip = {f € L>(R) : sup
51#£52
For notational convenience, define the functional spaces
X =HY YR)NW'"(R), Y =L*R)NL®R), X=X xX xY.

The basic Lagrangian quantities and their natural spaces are:

f(s1) = f(s2)

S1 — 52

&(s,t) € CH[-T,T) : X) displacement
z(s,t) = s+ &(s,t) deformation
z(s,t) € CH[-T,T] : X) velocity

w(s,t) € CY[-T,T):Y) velocity gradient

and the corresponding Fulerian quantities are:

s(z,t) reference map, i.e. s(x(s,t),t) =s

S&(x,t) =n(x,t) = s(x,t) —x reference map displacement

u(z,t) = z(s(z, t),t) velocity

Opu(z,t) = w(s(z,t),t) velocity gradient

The convolution kernel for (1 — 9,)~! is denoted by
G(z) = L exp(— o).

2.2. Lipschitz functions and W (R).

The proofs of the following statements are not difficult and will be
omitted.

Lemma 2.1. Let f € WH(R) and define

_ /0 " P(o)do
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Then
h(s) = f(s)+c forallseR,
and
1f(s1) = f(s2)] SN f'llpoe [81 = 52|, for all s1,52 €R.
Lemma 2.2. If f € W'*°(R), then
St a) - (9

ol
lim " = f'(s), a.e.

Lemma 2.3. If f € Lip, then f is differentiable almost everywhere,
i.€.

lim fls+a) = f5) =g(s), a.e.

a—0 a

and g = [ in D'. As a consequence, if f € Y NLip and g € Y, then
feX.

2.3. Deformations.
Lemma 2.4. If¢ € Y, with 1 +essinf{’ > p > 0, and z(s) = s+£(s),
then
p(s2 — s1) < (s2) — x(s1) < (L+ [|€] o) (52 — 1),
for all sy > sy, x(s) is strictly increasing, and x : R — R is a homeo-

morphism.
Finally, we have

p<a(s) S1H]E e a

Lemma 2.5. If¢ € Y, with 1 +essinf &’ > p > 0, then x(s) = s+£(s)
has a strictly increasing inverse function s : R — R which satisfies
(L1 o) ™ (2 = @1) < s(2) = s(21) < p~ (22 — 21),
for all xo > xq,
s'(x) = (z'os(x))™  a.e.,
and
A+1El=) " <5 @) <p7h ae

Lemma 2.6. Let £ €Y, with1+essinf§’>p>0 and define x(s) =
s+ &(s). If f € LY(R), then foxz € L'(R

/’fox da—/ il

and || f o x|, < P’l 111
Similarly, if s(x) is the inverse function, then fos € L'(R),

/fos (x)dx:/oof(s)ds
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and || fo sl < (L4 [ oe) (11l 1

Corollary 2.7. Let £ € Y, with 1 + essinf&’ > p > 0, and define
z(s)=s+&(s). If felP, 1 <p<oo, then fox € L? and

1f ozl <p P11 £l -
Similarly, if s(x) is the inverse function, then fos € LP and
£ o8l < (U4 1E ML) P N F Il o -
Definition 2.8. We define the displacement domain
O,={(e€X:1+4essinfl >p}, 0<p<l

Given & € O,, set x(s) = s+ &(s), and let s(x) be the inverse function
described in Lemma 2.5. Define the mapping S&(x) = s(x) — x.

Lemma 2.9. The mapping S in Definition 2.8 satisfies
S:0,—=X

and
151 < Clo, 1E€']] poo) €N x -
Proof. Let n = S¢. Then by Lemmas 2.5 and 2.6 we have the following;:

n(z) = =§os(x),

170l e = Nl oo s N7 e < 07 11N e
and

ll e < (U 1E T L) M€l 2> N lle < 72 1€ 2

Lemma 2.10. If§; € 0,, j = 1,2, then
1561 = S&ll e < p7 161 = &2l e

and

156 = S&ll 2 < OO+ 1€l e + N1€]1 ) ll€L = &2l -

Proof. Set n; = S¢; and s;(z) =z +n,(z), j=1,2.
Fix z, and assume that s;(z) > sg(z). Then by Lemmas 2.4 and 2.9

p () = ma(2)) = p (s1(x) = s5(2))

1 1
§§(x1 os1(x) —x1 0 59(x)) + 5(@ 0 51(7) — 79 0 53())

:%(52 0 53(x) — &1 0 82(x) — & o s1(2) + & 0 51(2)).
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If s1(x) < sa(x), then a similar inequality holds with the subscripts 1
and 2 interchanged. Therefore, we have that

p I (@) = ma(e)] < 16 0 s1(x) — &0 51(2)] + 51640 5a(x) — 0 ()]
From this it follows that
p11S& = S&llpe = p llm — 2l < (161 — &2ll e -
Also by Corollary 2.7 we have that
p [[S&=S&|[r2 = p [Im — m2l 2

<& osi—&osillpe+[[&1052 =& o sl
<A+ 17l e) 2 160 = all o + (1 + 11€5 ] o) 2 1161 — Eall 2
SO+ 1€ oo + 18301 0) 2 162 = &2l 2 -

O

Lemma 2.11. Let f € L*(R). With the notation of Definition 2.8, the
mapping
E— fos
is locally uniformly continuous from O, into L*(R).
Proof. Choose any B > 0, and define the bounded set
N={c€0,: ¢l < B
Let & € N, and set
zj(s) =s+¢&(s) and sj(x) =x+95¢(z), j=1,2.

If ¢ € C°(R), then by Lemma 2.6, the mean value theorem, and
Lemma 2.10, we have

Ifos1 = fosal: <C(B) [If = ¢llp2 + Clo, B) 18]l (1€ — &l g2 -

Let € > 0 be given. Since C5°(R) is dense in L*(R), we can choose ¢
depending only on f and B so that the first term is smaller than /2.
So if

1€ — &l 2 <6,
then by choosing ¢ sufficiently small, the second term is also smaller
than £/2. This proves uniform continuity on N. U

Lemma 2.12. The mapping D,S : O, — L*(R) is continuous.
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Proof. Let £ € N, as in the proof of Lemma 2.11, and set
zj(s) =s+&i(s) and sj(x) =2+ 5¢(z), j=1,2.
Then by Lemma 2.5,

D,S¢;(x) = si(x) — 1= I 1 — 5/ OSJ( )

) 0 55() ) osj( x)

Therefore, by Lemma 2.4 and the fact that 2(s) = 1+ j(s), we see
that

|DySE1(2)—DySE (7))

:‘—fiosl( x) xh 0 so(x) + & o so(x) 7 0 51(x)
7 0 81(x) 74 0 s3()

_ | =€iosi(@) + & o sa(x)
x) 0 s1(x) xh o sa(x)
<p?|&1 0 s1(x) — & 0 s9(x)]
From this and the triangle inequality we get
1D2S€ = DuS&all 2 < p72([1€1 0 51— &1 0 sl 2+ (€1 0 52 — &5 0 52| 12).
By Corollary 2.7, the second term is estimated by
€5 052 = & 0 sall 2 < o216 = &0 -

Since & € L?, continuity at & now follows by Lemma 2.11. U
Lemma 2.13. Let £ € O,, define x(s) =s+&(s). If M €Y, then

s z(s)
/_ exp(2(0)) M(0)'(0)do = / exp(y) M (s(y))dy

o0 —00

and
/ " exp(—(0)) M0} (0)do = / " exp(—y)M(s(y))dy.
s xz(s)
Proof. Define
h(z) = / exp(y) M(s(y))dy.

—00

By the Lebesgue Differentiation Theorem,
—h
h'(z) = lim Mz +a) = hz)

a—0 a

= exp(z)M(s(x)), a.e.

By the chain rule,
d

TN (s)) = exp(a(s)) M(s)a'(s),  ae.
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By the same idea as Lemma 2.1

S

h(z(s)) :/ exp(z(0))M(o)x'(0)do.

—00

2.4. Properties of the kernel.
Lemma 2.14. If £ € O, and x(s) = s +£(s), then
G'(z(s) — x(0)) = —G(z(s) —z(0))sgn(s —0), s #o0,

and
G(z(s) —z(0)) < G(p (s — ).

Proof. The results follow by definition and Lemma 2.4. O
Lemma 2.15. Let £ € 0, j = 1,2, and set x;(s) = s +&;(s). Then

|G (21(s) — 21(0)) — Gl22(s) — 22(0))]
< Glp(s =) - (1&6(s) = &a(s)| + [&1(0) = &2(0)])

and

|G (21(s5) — 21(0)) — G'(22(5) — 22(0))]
< G(p(s —0)) - ([&(s) = &(s)] + [&1(0) — &(0)]),
for all s,0 € R.

Proof. Assume, without loss of generality, that s > 0. By Lemma 2.4,
zi(s) —xj(c) > p(s — o) > 0. (2.2)
Then by the mean value theorem, we have

G(71(s) — 21(0)) — G(z2(5) — 72(0))

= Lo A [(6(5) + &(s) + (E(0) ~ &),

where A lies between
—(z1(s) —21(0)) and  — (22(s) — 22(0)).
Therefore, by (2.2), we get 1 exp A < G(p(s—0)), and the first inequal-

ity follows. The second inequality follows from the first and Lemma
2.14. O

We will now briefly discuss the claim made in Remark 1.7.

Proposition 2.16. If f € LP(R), p € (1,00), and there ezists xy € R
such that f(zg) and f(xy) are deﬁned and f(xd) # f(zy), then f &
H'YPP(R).
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Proof. This is a direct consequence of the following characterization of
the spaces H*P(R™) established in [25]: Given s € (0,1), p € (1, 00),
and f € LP(R"), then f € H*P(R") if and only if

fa+y) —f@),

|y |t

D f(x) = lim
i) 10 Jly|>e

is defined in LP(R™). In this case
1£llsp = 1L = 322 Flly ~ 1 £llp + D° £l

Corollary 2.17. For any p € (1,00)
exp(—|z]) € H**(R), se (0,1+1/p)
but
exp(~|al) ¢ HH /P2 (R).

For further details see Chapter 3 in [20].

We end this section proving a result useful in the remainder of this
paper.
Lemma 2.18. Let f € L'R) and a,b € R. Recall that G(z) =
5 exp(—|z).

(a) If for some j € ZT and p € [1,0)

fliap) € H?(a,b), (2.3)
then for any e >0
G* flap € HP((a+2,b—¢)), (2.4)
and
(b) if for some j € Z* and 6 € (0, 1]
flap) € C*(a,b), (2.5)
then
G * flap) € C7(a,b). (2.6)

Proof. For any € > 0 let p. € C§°(R) with ¢.(z) > 0,

e-(x) =1, x € (a+2¢/3,b—2¢/3), supp(yp:) C (a+¢/3,b—¢/3).
Define
v(z) = Gx f(x) = Gx (fe)(x) + G (f(1 = po))(x) = v1(z) 4 va(x).

Since, 0,G € L'(R) it is easy to see that assuming (2.3) (resp. (2.5)),
vy satisfies (2.4) (resp. (2.6)).
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By observing that vo € C*(a + €,b — ) one obtains the desired
result. O

It is clear that by using Young’s inequality the result in Lemma 2.3
part (a) extends to the case where a = —o00 or b = co.

The result in Lemma 2.18 extends to fractional values of j in (2.3)
and (2.4). However, to simplify the exposition we restrict ourselves to
jEeELT.

3. THE INITIAL VALUE PROBLEM

Here we will establish the local well-posedness for the IVP associated
to the CH equation, that is,

Owu + KkOyu + 3udyu — 0,0%u = 20,ud?u + udu, t, z, Kk € R,
u(z,0) = ug(x).
(3.1)
The proof of Theorem 1.1 will be given in several stages.
We first prove some estimates for the nonlinear terms appearing in
the equation in (3.1). For this aim we will use the notation and esti-

mates from the previous section. To simplify the presentation, define
the nonlinear functions

M(z,w) = 2kz + 2> + %w2, k € R,
N(z,w) = M(z,w) — w’.
Recall the definition of O, in Definition 2.8. Given
(&, z,w) €0, x X xY,
we shall consider the deformations of the form

2(s) = s +&(s),

and we define the nonlinear mappings
Rz 0)(s) = - [ G'lals) - 2(o) MGz w)(o)e'(0)do

Fy (& z,w)(s) = — /_OO G(z(s) — x(0))M(z,w)(o)x' (o)do + N(z,w)(s).

3.1. Estimates of nonlinear mappings.
Lemma 3.1. If (z,w) € Y XY, then
1M (2, 0) | oo + IV (2, 0) | oo S 2l oe + 20700 + 0] 7
1M (2, w)l| 2 + [IN(z, )l 2 S 12l 2 + 120 2] e + w0l g2 1wl oo
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and
2 2
M (z, w)lly + [Nz w)lly S lzlly +[I2]ly + [lwlly -
Proof. This follows directly from the definitions of M, N, and Y. 0O
Lemma 3.2. If (z;,w;) €Y xY, j=1,2, then

[ M (21, w1) — M (2, wa)ly + ||V (21, w1) — N(z2, w2)|ly
S (4 lzlly + llz2lly) l2r — 2201y
+ (llwrlly + [Jwzlly) lwr — wsl]y -

Proof. Similar to Lemma 3.1. O
Lemma 3.3. If ({,z,w) € O, x X XY, then

[F1(Es 2, w)(s)] + [ Fa (&, 2,w) ()]
S/ G(p(s = 0))[M(z,w)(0)|do [|'[| oo + [N (2, w)(s)],

1S, 2, w) oo + [1F2(E 2, 0)]| 1o
S P NG 1Mz w) oo 2] e + N (2, w0) ] e

and

118, 2, w2 + [[F2(8, 2, w) [ 1
S o7 NG 2 1M (2, w) | 2 12| oo + 1N (2, 0)] -

Moreover, Fj : O, x X xY =Y, j=12.

Proof. The first inequality follows from the definitions of Fj, j = 1,2,
and Lemma 2.14.

The other two inequalities follow from the first one using Young’s
inequality.

The final statement follows from these and Lemma 3.1. 0

Lemma 3.4. Let ({,z,w) € O, x X xY. Then

d%Fl(f, z,w)(s) = (Fa(& 2,w)(s) + w?(s)) 2'(s), a.e. and in D'
The map
(572711}) = F1(€>Z7w>

takes O, x X xY into X.
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Proof. By definition of F} and Lemma 2.14, we can write
F1(§, 2, w)(s) = Fu(s) + Fia(s),

where
Fu(s) =3 [ " exp(—a(s) + 2(0)) M (z, w) (o) (0)do,
Fisls) = / " expla(s) — 2(0)) M(z,w) (o) (0)dor

and x(s) = s+ &(s), as usual.
Since

expa(0) < expaexp ] € L' (o0, s]),

we may write

Fii(s) = %exp(—x(s)) /S expx(o)M(z,w)(c)x'(0)do.

By Lemmas 2.1 and 3.1, F}; € Y N Lip. By the chain rule, we have

d
o5 oxp(—z(s)) = —exp(—a(s))2(s), ae.,
and by the Lebesgue Differentiation Theorem, we have
d S
7 expz(o)M(z,w)(o)x' (0)do
S —00
—tim 2 [ expa(o) Mz w) () (0)d
= lim — S expx(c)M(z,w)(c)x' (0)do

= expz(s)M(z,w)(s)x'(s), ae.
Thus, by the product rule, we get
Fi1(s) = (= F11(s) + (1/2) M (z,w)(s))2'(s), a.e.
Similarly, we have Fj5 € Y N Lip, and
Fio(s) = (Fia(s) + (1/2) M (z,w)(s))2'(s),  a-e.
Therefore, F} € Y N Lip, and

iFl(& zw)(s) = (=Fu(s) + Fia(s) + M(z,w)(s))z'(s)

ds
= (Fy (&, z,w)(s) +w?(s))z'(s), ae.

Since F] € Y, by Lemma 3.1, we obtain from Lemma 2.3 that F] is the
derivative in the distributional sense and F} € X. O
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Lemma 3.5. Let & € O, and set x;(s) = s+ &(s), j = 1,2. Then
for k =1,2, we have

| By (81,2, w) (s) — Fr(&a, 2,w)(3)|

< Jeu(s) — &als |/ G(s — o) |M(z,w)(0)| 2 (0)do
n / Glp(s — 0)) [6a(0) — &(0)] [M(2,w)(0)] 24 (0)do
" / " Glpls — 0)) IM(z, w)(0)] [14(0) — 24(0)| do,

o0

and

d
‘%[Fl(ggl,z,w)(s) — Fi(22, z,w)(s)]

S [Fa(&1, 2, w)(s) = Fa(&a, 2,w) ()] 2/ (s)

+ (| Fa(&2, 2, w)(s)] + w?(s)) [€1(s) — &5(s)].
Proof. This follows by Lemmas 2.15 and 3.4. O
Definition 3.6. Define the space
X={v=({zw) e X xXxY},
with the norm
Vil = lEllx + ll2llx + llwlly -
Theorem 3.7. Define the mapping
F(& z,w) = (2, F1 (& z,w), F3(€, z,w)).
Then F : 0, x X xY — X s locally Lipschitz.

Proof. Lemmas 3.2 and 3.5 yield the result. 0

3.2. Local existence. We first construct a solution in Lagrangian co-
ordinates.

Theorem 3.8. Given B > 0, define
N(p, B) = {vo = (0, 20, wo) € X : § € O, [|volly < B}

There exists a time T > 0, depending only upon p, B, and B — ||Vol|y,
such that the system

has a unique solution v € CY([-T,T| : N(p, B)).
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If 2{(s) = wo(s)(1 +&(s)) a.e., then
V(1) = (60 1), 2(, 1), w(-, 1))

satisfies

Osz(,t) =w(-,t) (1 4+ 0:&(-,t)), in C([-T,T]:Y). (3.2)
Proof. Since & € O,, we can find p such that

p < p <1+ essinf¢&.

Define the set
N={v=(€zw)eX:1tesinte > p, [v—volly < B — [volly)-
Then N # ) since vy € N, N is closed in X, and N C N(p, B). Apply

the contraction mapping principle to the operator

Sv(.t) = vol) + [ F(v(.)ir,

on the set C([-T,T],N), with T sufficiently small.
The last statement follows from

O J(s,t) = —w(s,t)J(s,t), J(s,0)=0,

where
J(s,t) = 0sz(s,t) — w(s,t)0sx(s,1).
U

3.3. Solution of the Camassa-Holm equation (3.1). Next, we es-
tablish the regularity of the local solution in Eulerian coordinates.

Theorem 3.9. Let uy € X, and define
vo = (0, up,up) € 0, x X x Y.
Choose any B > ||vol|y, and let
v = (£ z,w) € CY[-T,T] : N(p, B))

be the corresponding solution from Theorem 3.8. Let x(s,t) = s+£(s,t)
and let s(z,t) = x + SE(x,t) be the inverse function. Define

u(z,t) = z(s(z,t),1).
Then
S&ue O(-T,T): H)YnCY([-T,T] : L?),
0,58, 0,u € L=([-T,T] : Y),
Ors +udys =0, on Rx[-T,T], (3.3)
s(x,0) =z, z€eR,
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and
O+ udyu + G x M(u,d,u) =0, on Rx[-T,T], (3.4)
u(z,0) = up(x), = €R.
Proof. We shall prove the following statements sequentially:
S¢,ue C([-T,T) : L?),
0,5, 0,u € L=([-T,T):Y),
0,S¢,0,u € C([-T,T] : L?),
S¢ e CY[-T,T): L*) and (3.3) holds,
u€ CY[~T,T): L*) and (3.4) holds.

A~~~ T/~ I/~ I/~
© 00 = O Ot
~— — —t ~— “~—

Since v € CY([-T,T] : N(p, B)), we have that

sup D ([|976C, D[ + 9=, )l + 19FwCD)ly) < B

FTT] =01

Throughout the proof, generic constants may depend on B and p.
Let t,t; € [-T,T]. By Lemma 2.10, we have that

IS¢, 1) = SEC D2 < ClIEC 1) = EC D[ 2 -

This proves (3.5) for S¢.
Using the definition of u and the fact that z € C*([-T,T] : L?), we
have

t1
u(z,ty) — u(z,t) :/ Oz(s(x, ty), 7)dr + z(s(x,t1),t) — z(s(x,t),t).
t
Using Lemma 2.1, Corollary 2.7, and Lemma 2.10, we obtain
Ju(, t1) = ul-, 1)l

t1
< / 1825, £1), 7)o dr + 1902, Dl o 15 11) — (- D)l
t

S/t (1 1€ Cot)ll o) 1002 ) 2 dr + CISEC, 1) = SEC, )2
<O(t =t +1€C,t) = €6 D) 12)-

So (3.5) now follows for w.
By Lemma 2.9, we have

1056 (- D)y < [1S€C Dl x < C,
which proves (3.6) for 0,.5¢.
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Since 2(+, 1), s(-,t) € W1 we use Lemma 2.2, the chain rule, Lemma
2.5, and (3.2) to obtain

Opu(z,t) = O52(s(x, 1), 1) (Os(s(m, 1), 1))

= w(s(z,t),t) ae. (8.10)

Now by Corollary 2.7, we have

10au(-, O)lly = llw(s(, 1), )lly < Cllw(,H)lly < C.
This verifies (3.6) for 0,u.
Since ¢ € C([-T,T] : O,) and D,S : O, — L? is continuous
by Lemma 2.12, we see that 9,5¢ € C([-T,T] : L?*). Since w €
CY[-T,T): L?), we also obtain that

Opul@,t) = w(s(z,t),t) € C([=T,T]: L*),
exactly as was shown above for u(z,t) = z(s(x t),t). This establishes
(3.7).
Next, we prove (3.8).
Generally speaking, given a function f(x,t) on Rx[—T7,T] and h # 0,
we define

flx+h,t)— f(z,t)

Rmf(xvt; h) = h - axf(xﬂ t)
and
Ref(a i) = LN ZT@D g 5

We define R, f(z,t;0) = R f(x,t;0) =

0)=0
Since v € C([-T,T] : O, x X x Y), we have in particular that
e CY[-T,T):Y) and z € C}([-T,T)] : L*). Therefore,

[ReECo 8 D) o + IR C 3 )| oo — 0, a8 B — 0, (3.11)

and
|Rz(-,t; h)|| ;2 =0, as h—0.

Since the derivative of an H' function exists strongly in L?, we have
that

IRz(,t: 1)l 2 — 0 and | RuSE(, th)|l,2 — 0, ash — 0. (3.12)

Having shown that u € C([-T,T] : H'), we have thatu € C'([-T,T] :
L>). Since we also have that 0,5¢ € C([-T,T] : L?), it follows that

udys = u(l + 9,9¢) € CO([-T,T] : L?).
Therefore, we can prove (3.8) by showing that
lim ||RSE(x, t;t —t)]| 2 — O,
t1—t
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using
08 = —u0,Ss.
In the sequel, we shall write n = S¢, as before, in order to simplify the

notation.
Given z € R and t,t; € [T, T], we have

s(x,ty) = s(xy,t), with = x(s(x, t1),1).
Again, to simplify the notation, we also set
s1 = s(x,t1) = s(xq,t), s = s(x,t) (3.13)
so that
1 = x(81,t), x = x(s,1).
So we can write
s(x,ty) — s(z,t) = s(xy,t) — s(z,t)
=1 —x +n(@,t) — (1)
=[(1 4+ 0un(z,t)) + Ruen(z, t; 21 — 2)]|(21 — )
= [0p8(z,t) + Ron(z, t; 21 — )] (21 — ).
Next, we write
r1 —x =a(s(x,ty),t) — x(s(x, ty),t)
= x(s1,t) — z(s1,t1)
= §(s1,t) — &(s1, 1),
from which we see that
21 — 2| <|[EC, ) = €0, Ol = 0, as ¢ =t
By (3.12), it follows that
|Ren(z,t; 21 — )|, = 0, as ¢ —t.
Continuing from above, we have that
E(s1,t)—=E&(s1,t1) = —(0&(s1,t) + R&(s1,t;t1 — 1)) (t1 — 1)
=— (2(s,t) + z(s1,t) — 2(s, 1) + Re&(s1, t;t1 — t)) (¢ — t).
Recalling the definitions introduced above, we have

1 — T 1 — X

Z(x,t;ty —t) =

t) =
ty —t +ul,t) ty —t

= z(s(z,t1),t) — z(s(x, 1), t) + Ri&(s1,t;t1 — 1).

An easy estimation of

+ z(s,t)

Rty — 1) / (0E(x,7) — Bt (a,1))dr

T —t



24 FELIPE LINARES, GUSTAVO PONCE, AND THOMAS C. SIDERIS

yields
1Z( 5t =)o S CJ2(5 D)l e+ sup (|02(, 7)) < C.

|T—t|<|t1—1|
By Corollary 2.7, we have
12 ttn =)l 2 < [2(s( 1), 1) = 2(s(5 ), Ol o+ REC E 8 = )] 12
So, using Lemma 2.11 and (3.11), we have that
L [|Z (80 = 1|2 = 0.
Altogether, we find that
[Res(-s 6t = )2 < [[Ram(5 85 tn = 1)l 2 lul, )] 1
2, 6t = Ol 2 1025 )] Lo
FlBan( sty = )l 2 [|2(2, 6581 = )] oo
S C([Ren(titr = Ol 2 + 12 (2, 500 = )] 12)-
This tends to 0 as t; — t, thereby proving the statement (3.8).

We now turn to the verification of (3.9). Formally speaking, we
expect that

Opu(x,t) = Opz(s(z,t),t) + Os2(s(x, 1), t)0ps(x, t). (3.14)

We first show that the expression on the right is indeed a function
in C([-T,T], L?).

Using the change of variables in Lemma 2.13, we have

Oz(s(x,t),t) = F1(§, z,w)(s(x,t),t)
—— [ Gl )M (s(0.0). 6 w(s(a: ). )iy

o0

-/ " G — ) M(uly, 1), Dyuly, ))dy (3.15)

=— G'O:M(u, Opu)(z,t)
= —vu(z,t).
By Lemma 3.2, the map
u = M(u, Oyu)

is continuous from C([-T,T] : X) to C([-T,T] : L?). Convolution
with G’ is continuous on L2, so it follows that

v=G"* M(u,0,u) € C([-T,T] : L?).
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By (3.3) and (3.10), we have that

Osz(s(x,t),t) Ops(x,t) = Osz(s(x,t),t) (u(x,t)0ps(z,t))

= u(z,t) Oyu(x,t). (3.16)

Since uw € C([-T,T] : L*) and d,u € C([-T,T)] : L*), we have that
udyu € C([=T,T] : L?).
Therefore, in order to prove (3.9), it is enough to show that

tllllglt |Reu(, t;t1 — )| = 0,

with Oyu = —ud,u — v. By (3.15) and (3.16), this will also rigorously
establish (3.14).
We shall examine the expression

u(z, t1) —u(z,t) =z(s(x, t1),t1) — 2(s(x, ), 1)
=z(s1,t1) — 2(s,1t) (3.17)
=(z(s1,t1) — 2(s1,t)) + (2(s1,t) — 2(s,1)),
where we have used the notation (3.13).

Since z € CY([-T,T)] : X), the first pair of terms in (3.17) has the
form

z(s1,t1) — 2z(s1,1)

= Ouz(s,t)(t1 — t) + /t 1(8tz(31, T) — Opz(s,7))dT
+ /t l(atz(s,T) — Oyz(s,t))dr (3.18)

1 t1 S1
= {@z(s,t) + / / 0s0v2(0, T)dodr
th—tJ) Js
1 1

/t (By2(s,7) — 8tz(s,t))d7'}(t1 —9).

t]__t t

_I_

Since by (3.13)
s1— s =(0s(x,t) + Res(z, t;t1 — 1)) (81 — 1),
the second group of terms in (3.17) can be written as

z(s1,t) — z(s,t) =(0s2(s,t) + Rsz(s,t;81 — 5))(s1 — s)
=(052(s,t) + Rsz(s,t;51 — ) (3.19)
X (Ops(x,t) + Res(, t;t1 — 1)) (81 — 1),
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Using (3.15) and (3.16), we obtain

t) — (e, t
Rou(, b4, — ) =281 —ul@, )

+v(z,t) + udyu(z,t)

-t
~u(z,ty) —u(z,t) (3.20)
B ti—t

— Opz(s(x,t),t) — 0sz(s(x,t),t) Opz(s,t)
We now combine (3.17), (3.18), (3.19), (3.20) to derive
RtU(.T,t;tl —t) = Al —+ ...+A5,

t1 S1
Ay L / / 0s0yz(0, T)dodr
t S

Tt —t

t1
_ /(8tz(s,r)—8tz(s,t))dr
th—t),

Az = Oys(x,t) Rsz(s,t;81 — 8)
Ay = 052(s,t) Rys(x, t;t —t)
As = Ryz(s,t;81 — 8) Rys(x, t; 6 — ).
Therefore, the task of proving (3.9) reduces to showing
}fl—nn:HAjHLQ =0, 7=1,...,5. (3.21)

where

Ay

Since s € C([-T,T] : L?),
[Al[2 < Clls( ta) = s(, )]l 2 = 0,
as t; — t.
By Corollary 2.7, we have

”‘AQHL2 < | S|u\p | ||atz(5('7t)v T) - atz(s('7t)vt)||L2
T—t|<|ti—t
<C(p) sup  |0z(-,7) = Bz ( D)2
IT—t|<[t1—|
which tends to 0, as t; — ¢, since 0,z € C([-T,T] : L?).

Since w € C([-T,T] : H') c C([-T,T] : L*), by the Sobolev
Lemma, we have that v is uniformly bounded. By (3.6), we have that
0y8 = 1+ 9, is uniformly bounded. Therefore, by (3.3), we have that
Ois = —u0d,s is uniformly bounded. By Corollary 2.7 and (3.12), we
have that

[Roz(s(, 1), 8 W)l 2 < Cp) [[Rez (-, 85 1)[| 12 — 0,
as h — 0. Since S¢ € C([-T,T] : L*), we have that
51 = sllpoe = [ls( 1) = ()l o = [1SEC5 1) = SEC )| oo — 0,
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as t; — t. It follows that
tlllinﬁ ||R5Z(S('7 t)? ;51 — S)||L2 = 0.
Therefore, we have shown that (3.21) is valid for j = 3.

Since 05z € C([-T,T):Y) C C([-T,T] : L*>), we have that 0,z is
uniformly bounded. In proving (3.8), we showed that

Jim | Res (11 = )] 2 = 0.

Thus, we obtain the desired conclusion (3.21) for j = 4.
Finally, since 0;s is uniformly bounded, as noted above, and since
s € CY([-T,T] : L?), we have that
t1
/ (Ops(z, T) — Ops(x, t))dT
t
< C0zll oo @xi-riyy < C-

So using (3.12), we have that (3.21) holds for j = 5.
This concludes the proof of (3.9) and the theorem.

| Res(a, t;t — 1)] =

Now we establish uniqueness of solutions in the Eulerian frame.

Theorem 3.10. If
uwe C([-T,T): H)YN L>([-T,T) : W) nCY([-T,T] : L*)
solves the initial value problem (3.4) with ug € X, then u is unique.

Proof. The function u is continuous on R x [=T', T, and u(-,t) is Lips-
chitz for each t € [T, T]. By the existence and continuous dependence
theorems for ODEs, the problem

0i&(s,t) = u(s + &(s,t),t), &(s,0)=0 (3.22)

has a unique solution ¢ € CY([-T,T] : C(R)).
Since u € L>®([-T,T] : W), we have that, for h # 0,

|hHE(s + R t) — &(s,1)]|

hl/o [u(s +h+&(s+h,7),7) —u(s+&(s,7),7)]dr

< .

/0 19zt(c, 7| oo [+ [RTHECs + By 7) = E(s, 7] d

It follows from Gronwall’s inequality that

W e(s + hyt) — £(s,8)]| < € ( eI df) L 32)
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which proves that £ € L®([-T,T] : Wh*). From (3.22), we can now
also say that
0 € O([-T,T) : CR)) N L®([-T,T] : WH=).
Now define

z(s,t) = s+ &(s,t)

z(s,t) = u(x(s,t),t)

w(s,t) = dyu(x(s,t),t)

t
ys.t) =exp [ (s
0
for (s,t) € R x [-T,T]. Note that

and

Oy = wy. (3.25)
These functions have the following regularity properties:
2z € C([-T,T): C(R)) N L=([-T,T) : W),
Osz,w € L*([-T,T] : L™),
yeC(-T,T): %),
Oy € L>=([-T,T] : L*).
We claim that
0sx(s,t) = y(s,t). (3.26)
A simple calculation gives
Oy Rsx(s,t; h) = w(s,t)Rsx(s, t; h)
+ Rou(z(s,t), t; Asx(s, t; h)) Agz(s, t;h)/h, (3.27)
in which (as in the proof of Theorem 3.9)

R.x(s,t;h) = {g—l[m(s + h,t) —x(s,t)] — y(s,t), Z i 8
Rou(z, t; k) = {lgl[U(zﬁ + k,t) — u(x,t)] — Opu(x,t), IZ i 8

and

Asar(s,t:h) = (s + h,t) — a(s, ).
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Since w € L™, there exist constants p, C' such that
0<2p<uy(s,t)=exp /tw(S,T)dT <C, ae.s,
0
for all t € [T, T, and

Rsx(0,t;h) =0,
it follows from (3.27) and Gronwall’s inequality that

t
[ R (-, ; h)||Loo§‘/lleU(x(-,T),T; Asz (7 h)) Asa (75 0) /B oo d |
0

By (3.23), we see that Agz(s,t;h) = O(h), uniformly for (s,f) € R x

[T, T]. Therefore, since u € L>®([—T,T] : W), we also have that
Ryu(x(s,t),t; Agz(s,t;h)) = O(h),

uniformly for (s,t) € R x [T, T]. As a consequence, we conclude that

lim || Ry (- 15 = 0,

which verifies the claim.
Having verified that

1 + essinf 0,&(+, t) = essinf Osx(+,t) = essinf y(+,t) > p,
we can apply Corollary 2.7 to obtain
z € L>®([-T,T): H') and w e L®([-T,T]: L?).
Thus, we also get that
t
£(s,t) = / 2(s,7)dT € L=([-T,T] : H').
0

Thus, (&, z,w)(-,t) € O, x X x Y, for t € [-T,T].
By the chain rule, we have

0i2(s,t) = (Opu + udyu)(x(s, ), t),

and since u solves (3.4), we see that
t
2(s,t) = 2(s,0) +/ Ovz(s, T)dr
0

— up(s) — /0 G % M(u, ) (2(s, 7), 7)dr.

Using Lemma 2.6, we can change variables to get

2(,1) = up(s) + /0 Fu(E, 2, w)(s, 7)dr. (3.28)
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Therefore,
Oz = F1(&, z,w),
and then by Lemma 3.4,
0,052 = (Fy(€, z,w) + w?)0s. (3.29)
From (3.25), (3.26), and (3.24), we see that
W Oy _ 010sx Oz

y y v
From (3.29), (3.25), and (3.26), this yields

010z 0,201y
oy
Observing that

w(s, 0) = dzu(x(s,0),0) = ug(x(s,0)) = ug(s),
we find that

@tw

<F2(€7Z7w> + U}2> - ’LU2 - F2(£7Z7w>‘

w(s, t) = ug(s) +/0 Fy (& z,w) (s, m)dr, te[-T,T). (3.30)

Combining (3.24), (3.28), and (3.30), we obtain that
v(s,t) = (&(s,t), 2(s,t),w(s, ) € C([-T1,17): 0, x X xY)

solves the integral equation
t
Vs ) =v(s,0)+ [ F(v(s.m)ir te 1.1,
0

where F was defined and shown to be locally Lipschitz on O, x X x Y
in Theorem 3.7. Thus, we can use Gronwall’s inequality to see that v
is the unique solution on [—7", 7. Since z(-,t) is a homeomorphism for
every t € [T, T], by Lemma 2.4, we conclude that u is unique, as well.

O

3.4. Continuous dependence on initial conditions.

Theorem 3.11. Let ¢ > 0 be giwven. Fiz initial data ugy € X, and
choose B > ||ug1|| . There exists a 0 < 6 < B — ||up1||y such that for
all

upe € Ny ={v € X : |lupy — v||x < 0}
the corresponding solutions
uj € C([-13, ) - H) N CY([-T3, T3] : L?), j =12,
of the initial value problem (3.4) constructed in Theorem 3.9 satisfy

‘SFP(HW('J) —uz (- )| g+ || Opua (-, 1) — Opua(-, 1) || 12) <&,
{<T
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where T' = min{Ty,T5}.

Proof. In this proof, generic constants may depend on p, B, and T =
min{Tl, TQ}
Given ug; € X and uge € Ny, with § < B — ||ug || i, define
vo; = (0, uoj, up;)-
Since [|vo;|l, = [Juojllx < B, we see that
vo; EN(p,B) ={v=({zw)eX:£€0,, vl < B}
Let
V; = (gj,Uj,'lUj) € Cl([—T, T] . N(p, B))
be the corresponding solutions from Theorem 3.8. This means that

Sup<H0’“€J Ol + 1082 C D)l + [|0Fws (- IIY)<B (3:31)

[t|<T

and §;(-,t) € O,, t € [-T,T),for j =1,2and k =0, 1.
Since the vector field F is locally Lipschitz, we obtain from Gron-
wall’s inequality that

ISlup [vi(-, 1) = va(-, t)[ly < C[vor — Voally = C |luor — uez||x < CO.
t|<T

This implies that

supz(naksl ke )l + [ 0) — O )

\t|<Tk 1.9

(3.32)

By Lemma 2.10 and (3.32), we have
sup [|SE1 (-, 1) — S&(- 1) 2

M=t (3.33)
< C sup [l6(+) — &0 )2 < C5.

[t|<T

The rest of the proof will rely on the following statement.

Claim 3.12. Define the set
N={£€0,: ¢l < B}
Let f € C([-T,T): L*). The map
g(?ﬂ = f(8(7t)7t)
is uniformly continuous from C([—T,T] : N) into L>([-T,T] : L?).
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To prove the Claim 3.12, let ¢/ > 0 be given. Since [—T', T is compact
and f € C([-T,T] : L?), the map

is uniformly continuous from [—T,T| to L?. So we may choose a > 0
such that

t,7t € [_Ta T]7 |t/ - t| <« lmphes ”f(7 t,) - f(a t)”LQ < 5,/46107

where the constant Cj will be defined below.
Define a partition

tk:—T—f—kZAt, k:(),l,...,n,

where At = 27T /n < . Then for any ¢ € [T, T, there exists a t) such
that [t —t| < o

Let &1,& € C([—T,T] : N). By Lemma 2.11, there exists ¢’ > 0 such
that the inequality

sup || f(s1(-8), k) — f(s2(, ), te)l ;2 <€'/2, k=0,1,...,n. (3.34)

t|I<T

holds, provided that
sup [|&1(, 1) — & )] < 0" (3.35)

[tI<T
Now, with t € [T, T fixed, we have
1f(s1(-58),8) = f(s2(,8), 8) 22
< ”f(sl('vt)vt>_f(51('7t)7tk)HL2
+ ||f(31('7t)7tk) - f(SQ('7t)vtk)||L2
+ ||f(52<'7t)>tk) - f(52<'7t)7t)”L2 :

By Corollary 2.7, there exists a constant Cy depending only on B such
that

Hf(sj('7 t)’ t) - f(sj('v t)? tk)||L2
S CollFCot) = G tr)ll e (3.37)
< /4, for 7=1,2, k=0,1,...,n.
Therefore, if (3.35) holds, then the estimates (3.36), (3.37), (3.34)
imply that
Hf(51(7t>7t) - f(82<'7t)7t>”L2 < g/7 forall te [_Tv T]
This completes the proof of the Claim 3.12.

(3.36)

By (3.31), we see that &; € C([-T,T] : N).
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By the definition of u;, we have

Jur (-, £) — ua (- 2)| 2
< ||Zl(51('7t)7t) - Z1(82<'7t)7t)||L2 + ”21(82<'7t)7t> - ZQ(‘S?('vt)?t)HL? :

Since u; € C([-T,T] : L?), the Claim 3.12 and (3.33) imply that the
first term satisfies

[z1(s1(-,8),8) = 21 (s2(:, 1), D) > = 0(0).
From Corollary 2.7, the second term is estimated by
[21(s2(:, 1), 1) — 22(s2(:, £), E) | 12 < C'f|21(+58) — 22(, E)| 2 < C6.
This proves that

sup [lui(+,t) — ua(-,t)|| 2 = 0(3).
t<T

Since Q,u;(-,t) = w;(s;(-,t),t) and w; € C([-T,T); L?), the same
argument as above yields

sup [0z (1) = aua(-, )| 2 = 0(0).
t|l<T

Therefore, we have that

sup [lui (-, ) = ua(,8)[| g1 = 0(0)- (3.38)

t|<T
For the time derivatives, we use the PDE (3.4) to obtain
10vur (-, 1) = Opua (-, )| 2 < [luaBrun (1) — uadrua (-, )| 1
+ |G« M (uy, Opun)(-, t) — G % M (ug, Opuz) (-, t)]| 2 -

These terms are easily estimated using the Young inequality, Lemma
3.2, Theorem 3.9, and (3.38), with the result that

sup [[Qpus (-, 1) — Qpua (-, 1)|| 2 = 0(9).

[t|<T

This completes the proof. O

Taken together, Theorems 3.8, 3.9, 3.10, and 3.11 imply Theorem
1.1.
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4. PROPAGATION OF REGULARITY
Proof of Theorem 1.8 part (a). We consider p € C§°(R), such that

pla) 20, supp(p) (1.1, [ pla)de =1,
and define p.(z) = 1p(%) for € € (0,1). For ug € X let
ug(z) = pe * up(x).
Thus, u§ € H*(R) for any s € R and for € € (0,1)
[ugllx < luollx-

We denote by u® = wu®(x,t) the corresponding solution of the IVP
associated to the RCH equation (1.2) provided by Theorem 1.1. By
Theorem 1.1 there exist K > 0 and 7' = T'(||ug||x) > 0 (independent
of € € (0,1)) such that

sup  sup ||u(t)]|lx < 2¢||lu|lx = K. (4.1)
e€(0,1) te[-T.T)

In particular,

T
/ |00 (-, )]0 dt < c,
T

with ¢ independent of €. Using the a priori energy estimate, see [17],
one has that for any 7" > 0 and any s > 0

T
sup [l (-, )z < calluSlaz exp( / 10t (- ) edt),
te[-T.,T) =T

this combined with (4.1) allows us to extend the solution u® of the IVP
for the RCH equation (1.2) obtained in [19] and in [24] to the time
interval [T, 7] such that

u* € C([-T,T]: H*(R)), forany se&R.
To simplify the exposition we shall assume that
M) = (0,uf)?, and Q= (a,b), a, bER, a<b.

It will be clear from our argument that this does not entail a loss of
generality.

Case j = 2:
For each € € (0,1) the function 9?u® satisfies the equation

0,0%U° 4 uF 0,0 + o0, ufO*uf — 0,G * M (uf) = 0. (4.2)
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By hypothesis it follows that
Ul(atep-e) € H*((a+e,b—¢)),
with norm independent of . Multiplying the equation (4.2) by
p 102 (a(s, 1), )P (0P (x(5,1) 1),
and using that
01 (02uf (x(s,1),1)) = 0,0%us (x(s, 1), 1) + ud,0%us (z(s,t),t)
one gets

d b—e
E |6’§u5(:1:(s, t)? t)lpdS
a-+e

b—e
< ¢y / |8xu68§u5(:c(s, t),1)] \ang(x(s, t),t) |p’1ds
a+e (43)

b—e

+ / |0,G * (8xu)2(x(s,t),t)H@gug(a:(s,t),t)\p_lds
a+e

= A, + A,.

One sees that
A< ol [ 100,00
ate
and using that quantity |0z/0s (s, )| is bounded above and below uni-
formly in ¢t € [T, T] and ¢ € (0, 1) that
Ap < CHassGlel(avcu‘f)2||1(/bE |07 (2 (s, £), 1) [Pds) P~/

a+te
b—e

< C”arung(/ 020 (x(s, 1), 1)|Pds) P~ D/P.
a+e

Inserting these estimates in (4.3) it follows that

b—e
S 18t 0. opds)

a+te
- (4.4)

< cH@qu(ﬂHoo(/ |03 (2 (s, 1), 1) [Pds) /P + ¢ Qu®3,
a+e

From (4.4) one concludes, using (4.1), that for any € € (0, 1)

b—e b
sup ([ 102l 45) 7 < Clluols (| 10Eua(a)Pde) ).

[_TvT] a+e
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Combining this estimate with the fact, provided by Theorem 1.1, that
uw® — uwin C([-T,T): H'(R)) and some weak covergence arguments it
follows that

sup ( / 02ulx(s, £), 1) Pds) < C(uo | x: / uo(x) Pdz) 7).

[7T7T}

Finally, using that the quantity |0z/0s(s,t)| is bounded above and
below uniformly in ¢ € [=T, T one obtains the desired result

b(t) b
sup (/ |0§U(567t)|”d8)1/pSC(IIUon;(/ g () [Pd)'/P),

(=TT Ja(t)
where
a(t) = z(a,t), and  b(t) = x(b,t).
Case j = 3:
Using that

2Gx f=GCGxf— [,

it follows that for each e € (0, 1) the function 92u® satisfies the equation
8@31&5 + usﬁgﬁ;’us + céazusﬁgus (45)

+ 320U + (0,u)? — G x M (uf) = 0. '

We observe that reapplying the previous argument for the case j = 2
one can handle the first three terms in (4.5). The fourth term in (4.5)
was estimated in the previous step, and the final two term are bounded
when estimated in the LP(R)-norm. Hence, reapplying the argument
given in the case j = 2 one gets the desired result.

Case 7 > 3:

Writing the equation for du® one observes that this has three kind
of terms, the first ones appear as :

0,07 uf + uf 0,00 + c}@mueaius
which can be estimated using the argument provided in detail for the

case J = 2, the second ones are terms involving derivatives of order less
than j, i.e. product of terms of the form

Olu®  with 1=2,...,7—1,

which have been previously estimated, and finally each term in the
third group have one of the following form

(0puf)?, G Mu), 0.Gx* M(u)
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which can be estimated in the whole real line. Hence, the result for the
general case follows the argument previously described. U

Proof of Theorem 1.8 part (b). To simplify the exposition as in
the proof of part (a) we shall assume

M(u) = (0,u)* and Q= (a,b).

It will be clear from our proof below that these assumptions do not
represent any loss of generality.

Case: Oyuol(ap) € C(a,b).

From the proof of Theorem 1.1 in Lagrangian coordinates we have

w(s,t) = wp(s) — /0 w? (s, 7)dT + q(s,1),

where
w(s,t) = dyu(x(s,t),t),
and A
os,t) = /0 /_ Gla(s,7) — )w(s(y, 7), Py dr.  (4.6)
Since

w e C([-T,T) : L*(R) N L=(R)),
it follows that
q=q(s,t) eCY([-T,T): X)
=CY[-T,T) : H'(R) n WH*(R)).
We recall the hypothesis wo|(q) € C(a,b) and consider the sequence

(4.7)

Wni1(s,t) = wo(s) + /0 w? (s, 7)dT + q(s,1), neZt. (4.8)
with
wi(z,t) = wo(s) + q(s,t) € C([-T,T] : C(a,b)).

Thus, w, € C([-T,T] : C(a,b)) for each n € Z* with w,, converging
to w = w(x,t) in the L®(R x [-T,T])-norm. Hence,

we C([-T,T]: C(a,b)).

Since
amu(:v, t) = w(s(m, t)a t)7

with s = s(x,t) the inverse of

x(s,t) =s +/O z(s, T)dr, (4.9)
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thus .
x(s,t) —s= / 2(s,7)dr € CH[-T,T) : X),
and it follows that '
O,u € C([-T,T] : C(z(a,t),x(b,t)))
which yields the desired result.
Case: dyupl(p € C%a,b), 0 € (0,1).

Since by hypothesis wy = wy(s) € C([-T,T] : C%a,b)) from (4.7)
one gets that
wi(a,t) = wols) + qs,7) € C(-T, T) - C*(a b)),

and from (4.8) that w, € C([-T,T)] : C%a,b)) for each n € Z* with
w,, converging in the L>([-T,T] : C%(a,b))-norm, since

sup [|wn1(t)[lcoap <llwollco(ap)
—TT]

+ T sup [Jwn(t)eo sup [Jwn()llco,p)
[~T.T] [-T,T]

+ sup |lq(t)llcom),

[_TvT]
and
sup [[(wpi1 — wn) ()] coan)
[7T’T}
<T(sup |Jwn(t)]loo + sup [Jwp1(t)lo0)x
[~T,T] [~T,T]
sup [[(wn — wn—1)(®)llcoap);
[_TvT}
with
T sup ||wy(t)]|eo < eT'||wolloo < eTlugllx < 1/2.
[—T,T]
Hence,
we C([-T,T] : C%a,b)).
Since

Opu(x,t) = w(s(z,t),1t),
with s = s(z,t) as above, see (4.9), it follows that
Opu € C([=T,T] : C%(x(a,t), x(b,t)))
which yields the desired result.
Case: dyupl(ap) € WH™(a,b).
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Combining the hypothesis Oswy(s) € C([-T,T] : L*(a,b)) with
(4.6)—(4.7) it follows that
85w1(8, t) = asw()(s) + asQ(Sa t) S C([_Ta T] : LOO(a’ b))
Also, since for each n € ZT,n > 2
t
st (5,1) = Dutwo(s) + 2 / WDt (s, )T + Dsg(s,1),  (4.10)
0
it follows, using the previous steps, that d,w, € C([-T,T] : L*>(a,b))
with Osw, converging in the L>((a,b) x [=T,T])-norm. Hence,
Osw € C([-T,T] : L*=(a,b)). (4.11)
Since
Opu(z,t) = w(s(x,t),t),
with s = s(x,t) as above it follows that
O*u € O([-T,T] : L=(z(a,t),2(b,1))) (4.12)
which yields the desired result.
Case: dyupl(ap) € C(a,b).

Now we have that

0sq(s,t) :/0 /_OO 0,G(z(s,7)—y)w*(s(y, 7), 7)0sx (s, T)dy dr, (4.13)

with t
0sx(s,t) = exp (/ w(s,7)d7> :
0

Thus, from the previous step (4.11)
Osr € CH[-T,T) : Wh>(a, b)),
and by (4.13)
q € CH[-T,T): W**®(a,b)) — C*([-T,T] : C*(a,b)). (4.14)

Combining the hypothesis dswy(s) € C([-T,T] : C(a,b)) and (4.14)
one gets that

Osw (z,t) = Oswy(s) + 0sq(s,t) € C([-T,T) : C(a,b)).

By the iteration (4.10) Osw,, € C([-T,T] : C(a,b)) for each n € Z*
with Osw,. Moreover, by using the previous step, dsw, converges in
L>((a,b) x [=T,T]). Hence,

osw e C([-T,T] : C(a,b)). (4.15)
As before we use that

Opu(x,t) = w(s(z,t),t),
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with s = s(x,t) the inverse function of

z(s,t) = s+ /tz(s,r)dT,
0
which from (4.12) satisfies that
v — I, € O([-T,T) : W**®(a,b)).
This allows to conclude that
O*u € C([-T,T): C(x(a,t), x(b,t)))
which yields the desired result.
Case: O, (ap) € C(a,b), 6 € (0,1).

Since from previous step

x(s,t) —s = /0 z(s,7)dr € C*([-T,T] : C*(a,b)), (4.16)

combining (4.15) and Lemma 2.18 it follows that for any € > 0

a(s.1) / / — ) (s(y, 7), T)dy dr

e CY([-T,T] : 02(a—|—5 b—¢)).

Thus from the hypothesis d,wo(s) € C([-T,T] : C%(a,b)) one gets
that for any € > 0

Oswy (z,t) = Oqwo(s) + 0sq(s,t) € O([=T,T] : C%(a +¢,b — ¢)).

By the iteration (4.10) d,w, € C([-T,T] : C%(a + ¢,b — ¢)) for each
n € Z* with O,w, which using the previous steps converges in the
L*([~T,T): C%a +¢e,b—¢))-norm. Hence,

daw € C([-T,T] : C%a+e,b—¢)).
As before we use that
Opu(z,t) = w(s(x,t),t),

with s = s(z,t) the inverse function of
t
x(s,t) =s +/ z(s, T)dT,
0
which satisfies (4.16). This allows to conclude that

O*uc C([-T,T): C(x(a+e,t),x(b—¢,t))

for any € > 0 which yields the result, in this case.
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It is clear that the previous argument for Oyug|wp) € C*%a,b)
works, with slight modifications, for the cases: d,up|p € W>*(a,b)
and 9,uo|(ap) € C*(a,b).

Once these steps have been established, we consider the cases :
8xu0|(a7b) c 02+0(a,b), c%uol(a,b) S Wg’oo(a,b) and 8$u0|(a7b) c 03(a, b).
From the previous steps one observe that for any € > 0

x(s,t) —s € CH[-T,T): C*(a +¢,b—¢)),
and
q € CY[-T,T): C*(a+¢e,b—¢)).
At this point, the argument follows a familiar pattern described in
details above.

The general argument is similar so it will be omitted.
O

5. PROOF OF THEOREM 1.12 AND THEOREM 1.13

Proof of Theorem 1.13. As in the proof of Theorem 1.8 we consider
p € C°(R) such that

p(x) =20, supp(p) C (-1,1), /p(x)dx =1,
and define p.(z) = 1p(%) for € € (0,1). For ug € X set
65(2) = po + o).
Thus, uf € H*(R) for any s € R. Let u® = u®(x,t) the corresponding
solution of the IVP associated to the RCH equation (1.2) provided by
Theorem 1.1.
As was mentioned in Remark 1.14 the same argument works for the

CH equation. By Theorem 1.1 there exist K > 0 and T' = T'(J|uol|x) >
0 (independent of € € (0, 1)) such that

sup  sup |lu(t)|[x < 2cllugllx = K.
e€(0,1) t€[-T,T]

and
u® e C([-T,T): H*(R)), forany seR.
Next, for each m € Z* we define

1, rz <0,
pm(r) =< €,z € (0,m],
e/ x> m,

with 6§ € (0,1). Notice that
0 < ¢ (7) < pm(@).
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As in the proof of Theorem B given in [14] combining energy es-
timate, Gronwall’s lemma and the fact that if f € L*(R) N L*=(R),
then

lim [ f]l, = [ flls,
ploo

one finds that for any ¢ € [0, T]

|4 () @m oo + 10207 () Prmlloe < 6TK(H“890mHoo + 1|02 Pm || o

T (5.1)
+ [ om0, G 5 MO ) + pndEG o Ml (7)) ).
A simple calculation shows that for any m € Z* one has that
o 1 4
—lz—yl
Om (T / e ——dy < —. 5.2
( ) —00 (pm(y) 1-46 ( )
Hence, using (5.2) as in [14] one gets that
|0m02G * f2()] < cllemfllooll floo- (5.3)
Similarly, using that 92G = G — § one has that
| 0m@2G * f2(2)] < cllemfllooll flloc- (5.4)

Therefore, inserting (5.3)-(5.4) in (5.1) and then using (4.1) it follows
that for any t € [0, 7]

[u* () mlloo + [[00u" () omll o < 6TK(||U390mHoo + [10rugPml oo
T (5.5)
[ (ot (Ve + im0 () ).

Taking limit in (5.5) as m 1 oo one has for any t € [0, 7]
[l (£) € lloo + 1000 (2) €™ [l
< e (||u§ max{1; e} || + [|0puf max{1; e’ }|) (5.6)
< ce™ (||ug max{1; e’ }||oo + ||0ztio max{1; e }|s).

Finally, taking the limit as € | 0 in (5.6) using the continuous depen-
dence in Theorem 1.1 and passing to subsequence for each ¢t we obtain
the desired result

sup [|u®(t) e”[loo + [[0pu" ||
te[0,7

< ceTK(Huo max{l;eex}Hoo + ||Opup max{1; eex}|\oo).
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Proof of Theorem 1.12. Once that Theorem 1.13 is available the
proof of Theorem 1.12 follows the argument given in [14]| which for a
matter of completeness we sketch here.

Integrating the equation

Oyu 4+ udyu + 0,G * M(u) =0,
where M (u) = u* + 3(9,u)?, it follows that

(@, h) — uo(z) + /0 wdu(z, 7)dr + 0,G /O M)z, 7)dr. (5.7)

By hypothesis one has that
U(ﬂf,tl) - UO(Z') ~ 0<€_I) as I T 00,

and by combining the hypothesis (1.11) and Theorem 1.13
t1
/ udyu(x, 7)dr ~ o(e”®) as x 7T oc.
0

Defining
) = [ M)
by Theorem 1.13 it follows thatO
0<u(z)~ole™) as z 1 co. (5.8)
Hence,

1 o
0. xnla) = —5 [ sgula ~ y)uty)dy

—00

1 * 1 >
= —56_36/ euly)dy + éex/ e Yu(y)dy = Ey + Es.

Using (5.8) one sees that

E, = o(l)ex/ e Hdy ~ o(1)e™™ ~ o(e™™).
Finally, we observe that if u % 0 one has that

/ eu(y)dy >c >0 for z>1,

which implies that
c
= 506_5”, for = > 1.
This combined with the previous estimates inserted in (5.7) yields a

contradiction. Therefore, 4 = 0 and as a result ©v = 0, which is the
desired result.
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