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ABSTRACT OF THE DISSERTATION
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Professor Christina Kim, Chair

We study the relationships between several families of parabolic partial differential equa-
tions as we take limits of physical parameters. We first consider the porous medium
equation with a drift term, and how it relates to Hele-Shaw equations with drift and
equations describing congested crowd motion . We use viscosity solution arguments to
prove that the porous medium equation solutions converge to the Hele-Shaw solutions,
provided the drift is strictly subharmonic. Next, we prove that the porous medium equa-
tion also converges to a congested crowd motion model by exploiting the gradient flow
structure. The combination of these results leads to a proof that, provided the initial
data is a patch, or characteristic function, the crowd motion evolves with Hele-Shaw

dynamics.

Next, we consider the heat equation on a bounded domain with no-flow Neumann
boundary conditions. We show that we can approximate the solution by writing the
equation on all of R™ by introducing a convection term that pushes mass back inside the
domain. As we take the strength of the convection to infinity, we obtain locally uniform

convergence to the heat equation solution, with an optimal error rate. This is done

i



by building suitable barriers to control the solution behavior. We then generalize the
result to quasi-linear parabolic differential equations with oblique boundary conditions

by applying approximation arguments and viscosity techniques.
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CHAPTER 1

Introduction

We set out to prove convergence between several families of partial differential equations
as we take limits of parameters. The first set of partial differential equations we consider
consists of the Hele-Shaw equation and porous medium equation. Hele-Shaw flow with

a convex drift term ® is modeled as follows:

—Au(-,t) = AP in  {u>0};
(HS)

V=-Vu-v—V&-U on J{u>0}

Here V' is the free boundary velocity of the set {u > 0} and 7 is the outward normal.
u(z,t) models the density of a fluid, which occupies the moving region {u > 0}; a
diagram of the positive phase is displayed in Figure 1.1. Our interest was in proving
that the solution to Hele-Shaw flow can be realized as a limit of solutions to the porous

medium equation with corresponding drift,
(PME — D)y, pr=V-[V(p™)+ pV)],
as the porosity scalar m — oo.

Our results also prove a relationship of Hele-Shaw flow to the crowd motion model
proposed in [RV11] and [MRS10]. These papers consider crowds that move with a desired

velocity given by a prescribed V&, with constraint p < 1 representing maximal crowding.



V=-Vuvv—-Vob. v

equilibrium profile

s(x) = (C = (x))+

Figure 1.1: Evolution of the positive phase of Hele-Shaw flow, converging toward the

equilibrium

By exploiting the relationship of the gradient flow structures of (PME-D),,, and the crowd
motion model, we prove that the crowd location must in fact be equal to the positive

phase {u > 0} in the case that the initial density is a characteristic function.

The second set of equations we consider starts with a quasi-linear second order parabolic

equation with zero oblique boundary data given by a prescribed vector field vj:

(

u; — F(D*u, Du,u,x) =0 in Q x (0,00);
(Fy) Vu - 0y(z) =0 on 09 x (0,00);
u(z,0) = up(x) in Q.

\
In this case, we prove that we can approximate the boundary conditions by solving the

equation on a bigger domain " with Dirichlet conditions, using a penalizing drift term.



This gives the equation

p

v, — F(D*v, Dv,v,2) — NV - [vA(z,t)V®] =0 in Q' x (0,00);
(Pv) v=>0 on 99 x (0, c0);

v(z,0) = vo(x) in Q.

\
The approximation is valid in that the solutions v converge uniformly as we take N — oo,

with the rate of convergence

Ju — UHLOO(Qx[o,T]) < CTN™Y3,

We prove that this rate is in fact sharp for our approximation by considering the size

N®(z

of the stationary solution e~ ) near 9. This was inspired in part by the Orhnstein-

Uhlenbeck process, which has probability density f satisfying

ft = Q[xf]:c + O-Qfa::v/Q‘

The elliptic case was proven in [BGJ13], where the penalty term is written in non-
divergence form as NVv-V®. This form makes the standard viscosity solution arguments
work in a rather straightforward fashion. However, that form cannot work for parabolic
PDEs since the scheme no longer conserves mass. The required addition of a NvA®
term creates substantial problems for the standard viscosity argument, which is why we

were required to construct barriers by extension.

An almost identical penalization scheme was used in [L.S84] to prove the existence of
solutions for stochastic differential equations with reflecting or oblique boundary condi-
tions. In this setting, the penalization scheme is used to prove existence for the Skorokhod
problem of finding a solution to a reflecting ordinary differential equation. There is also

an extensive body of literature on the fictitious domain method, a similar scheme tailored



to the finite element method, They were used in [GPW92| and [BBZ10] for alleviating

difficulties arising from complicated interface conditions.

Both of these projects made extensive use of viscosity solution techniques and the
comparison principle to show convergence. That is, by constructing suitable barrier
functions, we could show that the approximating solutions must be near the original

functions.



CHAPTER 2

Quasi-static evolution and congested crowd transport

We consider the relationship between Hele-Shaw evolution with drift, the porous medium
equation with drift, and a congested crowd motion model originally proposed by Maury,
Roudneff-Chupin and Santambrogio. We first use viscosity solutions to prove that the
porous medium equation solutions converge to the Hele-Shaw solution as m — oo pro-
vided the drift potential is strictly subharmonic. Next, using of the gradient flow struc-
ture of both the porous medium equation and the crowd motion model, we prove that
the porous medium equation solutions also converge to the congested crowd motion as
m — oo. Combining these results lets us deduce that in the case where the initial data
to the crowd motion model is given by a patch, or characteristic function, the solution
evolves as a patch that is the unique solution to the Hele-Shaw problem. While proving
our main results we also obtain a comparison principle for solutions to the minimizing

movement scheme based on the Wasserstein metric, of independent interest.

2.1 Introduction

Let € be a compact set in R? with locally Lipschitz boundary, and let ®(x) : R? — R

be a C? function which satisfies

(A1) A® >0 in R



For €y and ® as given above, we consider a function u : R — R, u(z,t) > 0 solving the

following free boundary problem:

~Au(,t) =A® in {u>0};
(HS)

V=-0u—0,2 on 0f{u>0}

Here v, is the outward normal vector of the set Di(u) := {x : u(z,t) > 0} at = €
I't(u) := 0D¢(u), and V denotes the outward normal velocity of D;(u) at x € I'y(u). The
strict inequality in (A1) is given to rule out the scenario where A® = 0 in {u(-, Tp) > 0}

in (HYS) for some time Ty > 0, which necessitates u(-,Tp) to be identically zero.

In terms of u, v = —Vu/|Vu| and thus one can write down the second condition of
(HS) as
uy = |Vul> + Vu - V®  on d{u > 0},

given that |Vu| # 0 at the boundary point. Note that the free boundary velocity V' may
be positive or negative depending on the behavior of ® on I'(t). Consequently D;(u) may
expand or shrink over time (see Figure 1). Indeed formal calculations based on (H.S)
yield that D;(u) preserves its volume over time. The initial data u(z,0) = ug is the

unique function satisfying

—Auy = AP in the interior of €y, ug=0 on QOC. (2.1.1)

Note that, due to (A1), ug is positive in Qy and thus (2.1.1) is well-defined. Still, even
starting from a smooth domain €y, the solution of (HS) can develop finite-time singu-
larities as its support goes through topological changes such as pinching and merging,
and thus it is necessary to consider a notion of weak solutions. We will use the notion
of viscosity solutions for (HJS), see section 2 for definitions and properties of u. Let us

mention that the usual variational inequality formulation for weak solutions of Hele-Shaw



flow, introduced by [EJ81], does not apply here due to the non-monotonicity of solutions

in time variable.

In the context of fluid dynamics, the problem (HS) describes a flow in porous media.
Indeed if we denote by u = u(x,t) the density of a fluid and define the velocity of the
fluid as

U=—-Vd—Vu, (2.1.2)

where V& is the external velocity field given by ®, then (2.1.2) and the incompressibility
condition

V-U=0 (2.1.3)

yields (HS).
When ® = 0 and there is a fixed boundary in the positive phase through which the fluid
is injected, (2.1.2) and (2.1.3) yield the classical one-phase Hele-Shaw problem [Hel98|.

In this article however, our goal is to derive (HS) from a model problem in crowd motion

with hard congestion, as described below.

2.1.1 A model in congested crowd motion

Let us recall the transport problem with density constraint, introduced in [MRS10]-
[RV11]. Formally the problem can be written as the following: we look for a solution

p:RYx [0,00) — [0,00) satisfying

pr+ V- (pVP®) =0if p <1, and p <1 for all times. (2.1.4)

The density constraint is natural in many settings, and it describes motion of con-

gested individuals. We refer to the articles [MRS10,RV11, San12] for applications and



mathematical formulations of the problem (2.1.4). More rigorously, the problem can be
written as

pe+V-(pu) =0, u= PV, (2.1.5)

where P is the projection operator and C, is the space of L*-admissible velocity fields
which do not increase p on the saturated zone {p = 1}. We refer to [RV11] for further
description of C,,. Due to the low regularity of the velocity field u and the non-continuous
dependence of the operator Pg, with respect to p, classical methods to study transport

equations do not apply to (2.1.5).

In [RV11], the authors study the connection between the PDE (2.1.5) with p.., which
is the gradient flow of the following functional E., with respect to the 2-Wasserstein

distance:

s p(2)P(x)dx  for o <1
B = Jpa p(2)2() ol (2.1.6)

+00 for ||pl|e > 1.
Further, they prove that when & is A\-convex, the gradient flow solution p., is a weak
solution for (2.1.5). However, the full characterization of the solution and further qual-
itative properties of the solution remain open due to the lack of available methods to
study (2.1.5). The connection between p., and (H.S) has been hinted, but only formally

in the context of particle velocity.

o Our contribution: In this article, our main focus is on establishing the connection
between the free boundary problem (HS) and the gradient flow of E in the setting of
patches, i.e. when the initial data is given as a characteristic function of a compact set
o, which we denote by xq,. Note that since ® is assumed to have a positive Laplacian,
solutions tend to aggregate and thus we expect that the gradient flow p(-,t) will stay

as a characteristic function at all times ¢ > 0.



(PME-D), | equal a.e.

Theorem |[.2

Figure 2.1: This diagram is a summary of the results of Theorems 2.1.1 and 2.1.2. Here
Poo denotes the gradient flow solution in the continuum limit, which in particular is a

solution of (2.1.5).

We show that the preservation of patches is indeed the case, and moreover the gradient
flow solution ps(+,t) indeed coincides with the characteristic function of the set €2, which
evolves according to our problem (H.S) with the initial support €y (see Theorem 2.1.2
below). This result enables us to characterize the evolution of p., in a unique way and
also helps to understand the geometric behavior of po.. A summary of our results is

shown in Figure 2.1.

In our analysis, the main challenge is the low regularity of p.., since a priori we only
know that it is in Cy ([0, T, Po(R?)) (for the definition of Cyy, see the end of Theorem
2.4.1(b)). Thus it is rather difficult to directly study the geometric property of pu..
Instead of trying to directly show the link between the free boundary problem (H.S) with
the gradient flow p.,, we use an approximation with degenerate diffusion. It has been

formally suggested in [MRS10] and [San12] that one could consider approximating the



gradient flow of F,, by the unconstrained gradient flow problem with the energy

Enlp] = / (%pm + pCI)) dz. (2.1.7)

It is well known (for example, see [Ott01]) that the gradient flow p,, associated with E,,

solves the porous medium equation with drift

pr — V- (V(p™) +pVP) =0. (2.1.8)

Let us denote p,, as the viscosity solution to (2.1.8) with initial data xq,. We will prove
that as m — oo, p,, on the one hand converges to xq, locally uniformly, and on the other
hand converges to p(-,t) in 2-Wasserstein distance. Thus it follows that yq, and pe
must be equal to each other almost everywhere. The main ingredients of the proof consist
of stability results from viscosity solution theory and optimal transport theory, both of
which rely strongly on the convexity-type conditions on ®. We also obtain comparison

results and qualitative rates of convergences; see section 1.2 for precise statements.

2.1.2 Summary of results

We are now ready to state our main results. The relevant assumptions, besides (A1) in

the introduction, are stated in the beginning of section 4.

Theorem 2.1.1. Let Qg be a compact set in R with locally Lipschitz boundary, and

consider the initial data uy as given in (2.1.1). Then the following holds:

(a) (Theorem 2.3.4) Assuming (A1), there exists a unique family of compact sets
Q; in RY starting from Qo such that any viscosity solution u of (HS) satisfies
{u(-,t) > 0} = Q for allt > 0. Furthermore, let p,, denote the viscosity solution

to (2.1.8) with initial data xq,. Then as m — 0o, p,, converges to p := xq, locally

10



uniformly in R\OS; at each time t > 0.

(b) (Theorem 2.4.2) Assume (A2) and (A3’), and consider py € P2(RY) with || polee <
1 and [ po®dx < M. Let py,(x,t) denote the viscosity solution of (2.1.8) with initial
data po. Then there exists ps € Cyw ([0, T]; P2(RY)) such that for any T > 0, as
m — 00, pm(+, 1) converges to pso(-,t) in 2-Wasserstein distance, uniformly in t for
t € [0, 7], with the following convergence rate:

C(M, T, ||A®||
sup WQ(ﬂm(t)vaO(t)) < ( 1|/|24 || )
t€[0,T] m

Combining Theorem 2.1.1 (a) and (b), we immediately draw the following conclusion

for the identification of p..

Theorem 2.1.2. [Characterization of poo] Let Qo, pso and p as given in Theorem 2.1.1.
If (A1), (A2) and (A3’) hold and if po = Xq,, then pe = p a.e.

As a by-product of our analysis, we also show that a version of comparison principle
holds between solutions to the discrete Jordan-Kinderlehrer-Otto (JKO) steepest descent

scheme:

Theorem 2.1.3 (Comparison principle, see Theorem 2.5.1). Let ¢ satisfy (A3). For
2 < m < oo, consider the two densities por € Paar, (RY), poz € Paas(RY) (Pang, is as
defined in section 2.5.1) with the property My < My and pyn < poz a.e. (In the case
m = oo, we require in addition that ||poill < 1 fori=1,2). For given h > 0, let p1, ps

be the respective minimizers of the following schemes:

1
pi = argmin | E,[p] + =—W3(p, poi) fori=12, (2.1.9)

pEP2 11, (RY) 2h

Then p1 < ps a.e..

11



This comparison result is new in the context of Wasserstein distances and might be
of independent interest (see section 2.5.1 for more discussions). As a consequence one
obtains geometric properties of the discrete solutions such as the confinement property

(Corollary 2.5.1).

Lastly, making use of this confinement result, for strictly convex ® (but not necessarily
uniformly convex), we have the following result concerning the long time behavior of p,

starting from general initial data:

Theorem 2.1.4 (Convergence to the stationary solution, see Theorem 2.5.2). Let 2 <
m < oo. Let ® be strictly conver and satisfy (A2) and (A3’). Assume the initial
data py € P2(RY) has compact support, and in addition satisfies ||pollse < 1 in the case
m = oo. For2 <m < oo, let p,, be given as the gradient flow for E,, with initial data
po, as defined in Theorem 2.4.1(b). Then as t — 00, pm(-,t) converges to the unique

global minimizer pg of E,, exponentially fast in 2-Wasserstein distance.

2.1.3 An outline of the chapter

In section 2 we introduce the notion of viscosity solutions for (HS) and state basic
properties of solutions. This part is largely parallel to [Kim03]. In section 3 we show
Theorem 2.3.4. A key ingredient in this section is Theorem 2.3.3, which identifies prop-
erties of the half-relaxed limits of p,, as m — oco. We point out that such convergence
is previously known without the presence of the drift ( [GQO1], [Kim03]), but the pres-
ence of the drift and the resulting non-monotonicity of the support {p(:,t) > 0} causes
new challenges. In particular the weak formulation used in [GQO1] based on variational
inequalities no longer applies, and thus we proceed with the viscosity solutions approach

similar to those taken in [Kim03]. The argument presented in Theorem 2.3.3 is of inde-

12



pendent interest: it presents a strong stability argument which would apply to a general
class of non-monotone free boundary problems. Let us point out that the assumption
(A1) not only justifies (HS) but also ensures the non-generacy of solutions of (H.S) near

the free boundary which leads to stability properties (see e.g. the proof of Theorem 2.3.3.)

In section 4 we introduce the corresponding discrete-time schemes with free energy
E,, and E., respectively, and we study the convergence of the discrete solutions (and
continuous gradient flow solutions) as m — oo. There are new difficulties in handling
the singular limit m — o0, since the discrete solutions p,, , corresponding to free energy
(2.1.7) are not necessarily less than 1. Lemma 2.4.2 ensures that p,,, can be approx-
imated with a density less than 1 which is close to the original solution in W5 distance
and has similar energy F,,. This approximation as well as estimates between p,,; and
Poo,h, Obtained in Proposition 2.4.3 enable us to prove Theorem 2.4.2. Finally, by combin-
ing the uniform convergence results obtained in Theorem 2.3.4 and Theorem 2.4.2, we
conclude with Theorem 2.1.2. Let us mention that the I'-convergence approach ( [Dal93]
- [Ser11]) may apply here to derive the convergence of p,, to po in 2-Wasserstein distance.
On the other hand our approach is more quantitative and thus provides, for example,

convergence rates in terms of m.

Finally, in section 5, for any fixed 2 < m < oo, we present a comparison principle
between solutions p,, ;, of the discrete-time scheme corresponding to free energy £, when
® is semi-convex (Theorem 2.5.1). As mentioned above this result is new for the (discrete)
gradient flow solutions in the setting of Wasserstein distances. As applications of the
comparison principle, we discuss some confinement results and the long time behavior of

pm for convex @ in section 5.2 (Theorem 2.5.2).

13



2.1.4 Remarks on possible extensions

For simplicity of the presentation we did not consider the most general setting our ap-
proach could handle. Below we discuss some situations where our approach (partially)

extends.

1. Our approach would apply, with little modification, to the problem confined in a
convex domain ¥ C R? with Neumann boundary data. On the other hand our
approach would not apply, at least in its direct form, if one puts an exit (e.g.
Dirichlet) condition on parts of 9. The challenge is in showing the convergence
of discrete solutions, due to the fact that the A-convexity of the associated energy
no longer holds. On the other hand, the analysis in section 2 and 3 should still go
through to yield that the solution of (2.1.8) converges to the solution of (HS) in

domain X, with corresponding boundary conditions.

2. In the case that A® is not necessarily positive, and for general initial data 0 <
po < 1, the results in sections 4 and 5 are still valid and one can conclude that the
solutions p,, of (2.1.8) uniformly converges to a limiting profile p,, in 2-Wasserstein
distance. In this case, the jammed region {p(:,t) = 1} no longer satisfies finite
speed of propagation and may nucleate at times. Due to this reason further char-

acterization of p,, beyond as a weak solution of (2.1.5) remains open.

14



2.2 On the continuum solutions

In section 2 and 3 we assume that ® satisfies (A1). As mentioned before, we do not
expect classical solutions to exist globally either for (HS) or (2.1.8). Hence to investigate
qualitative behavior of solutions we begin by introducing the notion of weak solutions for
(HS), in our case the wviscosity solutions. This notion of solutions is particularly useful
when we are interested in the stability properties of interface problems. Let us point
out that solutions of (HS) may be discontinuous due to the quasi-static nature of the
evolution, and due to the singularity of the free boundary. Therefore in the definition
of viscosity solutions we need to consider semi-continuous functions, in contrast to the
definitions of viscosity solutions in section 3. We introduce a definition using comparison

with smooth functions similar to the one in [Kim03] and [Poz13].

Definition 2.2.1. A nonnegative upper-semicontinuous function u defined in QQ = R% x
[0,00) is a viscosity subsolution of (HS) with compactly supported initial data ug if the
following hold:

(a) u=1up att =0 and {up > 0} = {u(z,t) > 0} N {t =0};

(b)) {fu>0}n{t<7}Cc{u>0}tn{t <7} for everyr >0 ;

(c) For every ¢ € C**(Q) that has a local mazimum of u— ¢ in {u> 0} N{t <to} at

(w0, t0),

(i) if (xo,to) € {u > 0}, —Ad(xo,tg) < AdP(z0), and

(i) if (xg,to) € 0{u > 0}, u(xo,to) =0, and if |Vé(xo,to)| # 0, then
min(—A¢ — A, ¢, — [Vé|? — Vo - V) (o, to) < 0.
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Note that the condition (c)(ii) is to ensure that limits of viscosity solutions are viscosity
solutions, since the boundary can collapse in a limit and then boundary points of the

limiting functions becomes interior points of the limit.
Definition 2.2.2. A nonnegative lower-semicontinuous function v defined in Q := R% x
[0,00) is a wviscosity supersolution of (HS) with initial data vy if the following hold:

(a) v=uvy att =0,

(b) For every ¢ € C*1(Q) that has a local minimum zero of v — ¢ in R x (0,1, at

(ZL'(), tO);

(i) if (xo,to) € {v >0}, —Ad(x0,t9) > AD(x), and

(i) if (xo,t0) € Of{v > 0}, v(xo,to) =0 and if

IVo(xo,t0)| # 0 and {¢ > 0} N {v > 0} N B(xg,to) # 0 for some ball B (2.2.1)

then

max(—A¢ — AD, ¢, — |[Vo|* — Vo - V) (z0,t9) > 0.

The condition (2.2.1) is to ensure that ¢ touches v from below in a non-degenerate

way.

Let us define, for a function A in @), the upper and lower semi-continuous envelopes of

h:

h*(z,t) :==lim  sup h(y,s), h.(z,t) :=lim inf h(y,s). (2.2.2)

0 {z—yl,|t—s|<c} =0 {Jz—yl,|t—s|<c}
Definition 2.2.3. u is a viscosity solution of (HS) with initial data ugy if u. and u* are

respectively viscosity sub- and supersolutions of (HS) with initial data ug.
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We will discuss several properties of viscosity solutions which will be used in the main

theorem of the article.

2.2.1 Inf- and Sup-convolutions

Next we introduce regularizations for viscosity solutions of (HS), which is by now stan-
dard for free boundary problems (see e.g. [CV99]). Given a viscosity subsolution u and
r > 0, we define

u, = sup u(y,7) fort>r, (2.2.3)
By (z,t)

and likewise given a viscosity supersolution v, and r,§ > 0 with § << r, we define

v, = inf w(y,7) fort>r. (2.2.4)

Yr
By st ($,t)

These are called the sup- and inf- convolutions, respectively, and serve to smooth out vis-
cosity solutions to help analyze the speed of the free boundary. The following properties

of w, and v, are direct consequences of their definitions.

Lemma 2.2.1. (a) @, is a viscosity subsolution of (HS). Moreover, at each point

(xo,t0) € O{@, > 0} there exists a space-time interior ball B such that
B C {i, > 0} and BN {u, =0} = {(w0,t0)}.

(b) v, is a viscosity supersolution of (HS). Moreover, at each point (zo,t) € 0{v, > 0}

there exists a space-time exterior ball B such that

B C {u, = 0} and BN {y, > 0} = {(x0,t0)}

Let e,41 denote the vector (0, ...,1) in ). The following two lemmas will prove useful in

our analysis later. The first lemma can be proven with a parallel proof to that of Lemma
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2.5 in [Kim03] and thus we omit the proof. The second lemma is more interesting and
involves ruling out the case of local total collapse of the solution, that is, the solution
completely vanishing at a given time. The proof relies on (A1) to build a quadratic

barrier subsolution.

Lemma 2.2.2 ({u, > 0} cannot expand with infinite speed). Suppose (xg,ty) € 0{w, >

0}. Then the corresponding interior ball cannot have its outward normal as e,i1 at

(ZE(), to)

Lemma 2.2.3 ({v, > 0} cannot shrink with infinite speed). Suppose (zo,ty) € 0{v, >
0}. Then the corresponding exterior ball cannot have its outward normal as —e,.1 at

(l‘o,to).

Proof. 1. Suppose that {v, > 0} has an exterior ball with outward normal —e,; at a
point (zg,tp). Then at (x,t1), v will have an interior ball By centered at (z,ty) where

t; —to = r — 0ty and B; has outward normal e, at (zg,t1).

2. Fix a number X satisfying

1
A< ;o oA<1, A<<r—tp.
5 MAaX B, (20,t0) | VP 0

3. We define
w(a, t) == v (Az + 20, N*(t — 1) + 1) .

This serves to map the cylinder
Co:={(m,t): |z —m| < A\t; — N <t <t}

to the cylinder C':= {|z| < 1} x[0, 1]. Then w is a viscosity solution of a re-scaled version
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of (HS):

Aw + N2AP; =0 in  {w>0};

V=-0w-X,® in 0{w>0},
where @, is a rescaled and recentered version of . By our choice of A\, the bottom of C'
is strictly contained in Bj, and so by lower semi-continuity we can find ¢ > 0 satisfying
w>eatt=0.
4. We construct our barrier. Define
¢ = a(l —t/5—1%/2),

where we choose o > 0 so that @ < min(infc A®y,¢€). Then —Ap = a < APy, and on
the bottom of C, ¢ < € < w. On the sides of C, v < 0 < w, so ¢ < w on the parabolic

boundary of C'. However, ¢(0,1) =4a/5 > 0 = w(0,1), so they eventually cross.
5. We examine their crossing. To this end, we define T" to be the first crossing time
of ¢ and w:
T := inf{t > 0] there exists x € C s.t. w(z,t) — ¢(z,t) <0}
Then we can find a sequence (x,,t,) with ¢, | T" and
W(xp, tn) — @(Tn, t,) < 0.

Now we are in a compact set so we can suppose that z,, — = € C, and since w is lower

semi-continuous, we must have that
w(@,T)— e, T)=—-p<0.
Then (Z,T") must be in the parabolic interior of C'.
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The fact that this is a local minimum of w — ¢ follows since it is the first time w and

¢ cross. We are done now because —Ap(z,T) = a < A®y(z,T) and
o1 — |Vo|* = AVp - V&, = —a/5 — a*2* — dax - V&, <0,

where the final inequality comes from our assumption on A. O

2.2.2 Comparison principle

The central property of the viscosity solution theory is in the comparison principle, which
we state below. The proof is mostly parallel to that of [Kim03], and thus we only sketch

the outline of the proof.
We say two functions u,v : R — RY are strictly separated, denoted by u < v, if
w<vin{u>0} and {u> 0} is a compact subset of {v > 0}.
Theorem 2.2.4. Let u and v be respectively viscosity sub- and supersolutions of (HS).

If u(-,0) < v(-,0) then u(-,t) < wv(-,t) for all t > 0.

Sketch of the proof

1. Due to the fact that uy < wp, applying Definition 2.1 (a)-(b) and the semi-

continuities of u and v, we have u,(-,7) < v,(-,7) for sufficiently small > 0.

2. We claim that @, < v, for all times bigger than r, which yields our theorem. Hence

suppose not, and define
to := sup{t : u,(+,s) < v.(+,s) for s <t} < c0.

One can then proceed as in [Kim03|, using the above lemmas to exclude the possibility

that u, and v, cross over each other discontinuously in time, to show that at ¢t = ¢, there
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is a point x( such that

(20, to) € i@, > 0} N v, > 0}.

Moreover, there exists an interior ball By to {u, > 0} and an exterior ball By to {v, > 0}
at (xg,to) such that
By N Byn {t <t} = (w0,10).

Let (v,my) be the interior normal to the interior ball By and (v, m2) be the exterior
normal to the exterior ball By at (zg,ty), with |v| = 1. Due to the Lemmas 2.2.2 and
2.2.3, my and my are both finite. In particular at ¢ = ¢, both the sets {u, > 0} and
{v, > 0} have the interior space ball By N {t = ty} with interior normal v. Since a,
crosses v, from below at (zg,y), we have m; > my. Moreover at (zo, to), the support of
U, propagates faster than normal velocity m;, and the support of v, slower than normal
velocity mo. Formally speaking, we would like to claim from the fact that u, and v, are

respectively sub- and (strict) supersolutions of (H.S) that
\Va,| > my + p and |V, | < mg + p, where p = V®(xg,1) - v. (2.2.5)

From the claim, we deduce a contradiction since u, < v, at t =ty and m; > mo.

3. To prove (2.2.5) in the viscosity sense, we can use appropriate barriers to compare
with %, and v,, to measure the growth of these functions at zy. This part of the proof
is parallel to that of Theorem 2.2 in [Kim03]. Indeed the barriers corresponding to our
problem (HS) are constant multiples of the ones constructed in Appendix A of [Kim03].
OJ

Remark 2.2.1. Let us point out that, due to the restriction on the strict separation of
the initial data, the above comparison principle does not immediately yield the uniqueness

of the solutions for (HS). Later in the chapter we will derive the uniqueness result
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(see Theorem 2.3.4), by showing that L'-contraction holds between the characteristic

functions of the positive sets of the viscosity solutions.

2.3 Approximation by degenerate diffusion with drift

As in section 2 we continue to assume (A1l). Let p be a weak, continuous solution of

(2.1.8), as given in [Vaz06]. We define the pressure variable u by
ui=——-mop™ (2.3.1)
Then u formally solves
(PME-D), uy = (m — Du(Au + A®) + |Vul* + Vu - V.
In [CV99] (for & = 0) and in [KL10] it was shown that w is a viscosity solution of (PME-

D),,. For completeness we review the definitions. First we define a classical solution of

(PME-D),, as a nonnegative function u € C*!({u > 0}) that

(a) solves (PME-D),, in {u > 0},

b) has a free boundary I' = d{u > 0} which is a C*! hypersurface, and

(b) y yDp :

(c) T evolves with the outer normal velocity |Vu|+n-V®, where 7 is the inward normal

of I'.

We then use the classical solutions as test functions to define viscosity solutions of

(PME-D),y..

Definition 2.3.1. A non-negative continuous function u defined in Q := R x (0, 00) is

a viscosity subsolution of (PME-D),, if for every ¢ € C*Y(Q) that has a local mazimum
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zero of u — ¢ in {t < tg} at (xg,to),
(61 — (m = 1)p(A¢ + AD) — [Vo|* = V¢ - VO)(x0,t0) < 0.
Definition 2.3.2. A continuous function v : Q@ — Ry is a viscosity supersolution of
(PME-D),, if:
(a) For every ¢ € C*Y(Q) that has a local minimum zero of v—¢ in {v > 0}N{t < to}
at (.770, to),

(60 = (m = 1)p(A¢ + A®) — |[Vg|* — V- V@) (20, to) = 0.

(b) Any classical solution of (PME-D),, that lies below v at time t; > 0 cannot cross v

at a later time.

Finally, u is a viscosity solution of (PME-D),, with compactly supported initial data ug
if it is both a viscosity subsolution and supersolution of (PME-D),, and both u(-,t) and
{u(-,t) > 0} uniformly converge to uy and {uy > 0} as t — 0, respectively, in uniform

norm and in Hausdorff distance.

Let us point out that the above definitions, based on comparison with classical solu-
tions, are essentially in the same spirit as the definition of viscosity solutions of (HS)

introduced in section 2.

2.3.1 Properties of u,, at the free boundary

Next we show that the support of (PME-D),, solutions have bounded jumps.

Lemma 2.3.1. Suppose u,, is a solution to (PME-D),, in RY. Then for K > 0, there

exist constants rmax, T > 0 only depending on K,d, and ® near x' such that the following
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holds for any ro < Tmax: suppose uy(-,t') = 0 in B, (2') and u,, < K on the parabolic

boundary of Bay,(x') x [t',t' +T]. Then we have that w,, =0 in B, (") x [t',t' + T).

Proof. 1. We may assume that (2/,¢) = 0. Now to prove this theorem, first we construct
a supersolution of (PME-D),, in By, (0) x [0, T] where T is yet to be determined. We start
by constructing u(r) on Ba,,(0) satisfying u(rg) = K and u(r) = 0 for r < ry/2. We take
ro small enough so that supg, ) |[V®(z) — VO(0)| < 1. Define a = supp, ) AP(z).
Then we solve that Au = —a in the annulus By, (0)\B,,/2(0). This yields u given by

-2 4D if d 2
Clnr —ar?/4+D ifd=2.

We proceed assuming d > 2; the d = 2 case is similar. We choose C' and D so that
u(ro) = K, u(rg/2) = 0:

4o K +3arg/8d

K + 3arg/8d

D =K +arj/2d+ T
By taking derivatives it can be seen that u has the largest derivative at r4/2, and we

then estimate:

u'(ro/2) < C(d, K) /1o + C(d, ®)drg.

Further, we notice that «/ > O(1/r&™") and so if we take 7, small enough we have
u'(r) > 1 when r¢/2 < r < 4ry. Then this entails that u(r) > u(rg) = K if r € [rg, 410,
and we are done finding ry,., which is the largest value of ry that makes the desired

estimates hold.

2. Now let us define
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where R(t) is a function to be determined with R(0) = 1, 1 < R(¢) < 3/2. Then by

construction of wu,
At = R(t)*(Au)(R(t)r) = —aR(t)* < —a <0.

Further straightforward computation yields that u; > 2|Va|? holds if

R(t)  _W(R(t)r)
R(t)2>2 P

To this end, let us choose R(t) = 1/(1 — Lt), where

. v (R(t)r)

8
L:=C(N,o,K)/ri=— sup u/(r)>2 sup
T0 refrg/2,4r0] r€[ro/2,8r0/3] r

3. Lastly we define
v(z, t) = a(x + bt, ),

where b = V®(0,0). We claim that v is a (PME-D),, supersolution in By, (0) x
[0,T(d,®, K)] for any choice of m. To see this, note that

v —b- Vo >2|Vo> > (m— 1)u(Av + AdD) + Vo] + [Vol%.
Now if rg < rmax, we have that
Vo2 = Vo - (VO — b) > |Vo|(|Vu| = |6 — V®| > [Vo|(|Vo] — 1).

Since we know that |Vou| = /(r) > R(t)u’ > v’ > 1, the above quantity must be positive.
Thus
vy > (m — Dv(Av + A®) + |[Vu]* + Vv - VO,

and since v, > |Vu|* + b- Vv in general this holds at the boundary too. Thus v is a
classical free boundary supersolution, and so by Lemma 2.6 in [KL10] it is a viscosity

supersolution.
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Lastly, T is chosen so that both |b|T < 2ry/3 and T < 1/(3L), and lastly so that
T < r/(12]b]). The first condition ensures that the bounds on @ in By, s3 hold for v in
By, and the second ensures that R(t) < 3/2. The last one ensures that if |z| < r(/4,
|z + bt < || +r0/12 < r/3 < ro/2R(t) and hence

v(x,t) = u(R(t)(z + bt),t) = 0 in |z| < ro/4.

Now by construction w,, < v on the parabolic boundary of By, (0) x [0,7(d, ®, K)], so

we can apply a comparison principle, Theorem 2.25 in [KL10], to find that
Um < v in By, (0) x [0,T(d, ®, K)].

Then observing the properties of v, we are done. O

Our next lemma shows that we can construct a (PME-D),, subsolution that is almost

a supersolution.

Lemma 2.3.2. Fix ¢ > 0, m > 0, a number v, a point x’', and vector fi. Then if
v > V&(2') -1, there exists a positive constant n depending on € so that we can construct
a classical subsolution S of (PME — D)., in E, = B,(z") x [-n,n] with (z’,0) on its
free boundary with outward normal @ , which moves with normal velocity . Further, S

will “almost” be a supersolution near (x',0) in the following sense:

v >|VS|+ VS - V& —¢ at («/,0).

Proof. Recall that the Barenblatt profiles are given by

(C(t+ 1) — K|z — zol*)+

B(z,t;7,C) = T

)

where C' > 0 and A = ((m —1)n+2)~!, K = A\/2, and they are solutions of (PME),,. C

and 7 are parameters that control the free boundary speed and initial support.
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Now we change variables so that 7 is colinear with 2/, and take zo = 0 . Then it
suffices to take xy = 0. We start with B(x,t): a Barenblatt solution with initial support
Br(0), and initial free boundary advancement speed £ where R and £ will be determined

later. We fix r(t) = p — vt, with p, v as yet unspecified. Then we define

S(z,t)= sup B(y,t) = B((1 —r(t)/|z])z,t) in E,,
YEB, (1) (z)

where 7 is for now much smaller than R/2.

Note that

S, =B, —1'(t)VB- |$—| — B, +7'(t)|VB| = B, — v|VB].
s

Moreover in E,, since n < R/2, then E, is bounded away from the origin and we get

1/|xz| < 2/R. Thus we find that

oS OB
= - = BlO(1/R).
o, a%&u\v |O(1/R)

Thus V.S = VB + O(u) and since |VB| does not vary fast in E, we can repeat and find
AS = AB + O(p). Using that B is a (PME),, solution then gives

S, = B, —v|VB| = (m — 1)SAS + |[VS|> = v|VS| + O(p).

Next let us define
S(z,t) = S(z + bt,t), where b= V®(a’,0).

Then S, = S, + V.S - 5, and we conclude that
Sy = (m—1)S(AS+A®) + |[VSP?+ VS VP — (m — 1)SA® — v|VS| + O(p).
Now in E, S(z,t) < 2nsupg, |VS|=0(n), so (m —1)SA® = O(n). Therefore
Sy = (m —1)S(AS + A®) + |[VS|? + 7/ (1)|VS| + VS - V& + O(u) + O(n).
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At this point we have to start picking our parameters carefully. First, we can assume
that e is small enough so that e < infg, n{s-0) |[V.S|/6 for some small value of . Then we
take

v=e¢/3, E=~y—b-2'+v>0.

Now we take 7, u small enough so that in F,,

[O(p) +OM)| < e inf |VS[/3,

E,n{S>0}

and we set R = |2'| — p =1 — u. Now we refine 7 so that

sup |VS|— inf }|VS]<6

E,n{S>0} Epn{$>0

inf |VS|.
{5>0}

n

Then our choice of v gives us the estimates

€ infEnm{S>0} |VS|

S| >
1| Vs| > SEENE T

while also

€su \ inf VS| +
V|VS‘ S pEnﬂ{§>0} | ’ < E(ln Enm{s>?0)} ‘ ’ 6) _ €E r%nf |v5‘/3+€2/3 S €
n{S>0} E.

inf |VS|/2,
A{S>0}

n

where we used our assumption on € small. Thus we find that

e inf |VS| < #@)|VS|+O@m) +O@rE) <0,

E,n{S>0}

and so finally

(m—1)S(AS+AD)+|VS+VS-Vd—c inf |VS| <8, < (m—1)S(AS+AD)+|VSL+VS-VD.

E,n{S>0}

Then we are done, since it is clear that (2/,0) is on the free boundary of S and the free

boundary has initial velocity ~.
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We remark that the definition of viscosity supersolutions of (PME-D),, only applies in
{v > 0} in order to make the viscosity solution notion be equivalent to the idea of weak
solutions. This has the consequence of needing extra effort to analyze the behavior at
the free boundary, which is provided by the following lemma. Its proof is analogous to

Lemma 1.7 in [Kim03], with the difference in the construction of barriers.

Lemma 2.3.3. Let v be a viscosity supersolution (subsolution) of (PME-D),,, and sup-
pose that ¢ is a smooth function where v — ¢ has a local minimum (maximum) zero in

{v >0} at (xg,ty) € O{v > 0} with ty > 0. If ¢ satisfies (2.2.1) at (xo,to), then

(60 = [Vo|* = Vo - V) (w0, t0) > (<) 0. (2.3.2)

Proof. First note that the subsolution case by definition is trivial as discussed above,
since ¢(zg,tp) = 0. Thus we proceed to the supersolution case. We may set to = 0 after

a translation.

Let us fix constants r,d > 0 and prove the lemma for the inf-convolution of v,

W(z,t)= inf o(y,7).

B, _st (I,t)

Then the lemma follows by taking 6 — 0 and then r — 0.

Now suppose that for a smooth ¢, W — ¢ has a local minimum in {W > 0} at (z,,0) €
O{W > 0}, with ¢ satisfying (2.2.1). By perturbing ¢ we may assume that the minimum
is strict. Let H be the hyperplane tangent to {¢ > 0} at (z¢,0), with (v,~) the inward
normal to H with |v| = 1. Note that v > —oo from Corollary 2.16 in [KL10]. Let
a = |Vo|(xp,0) = ¢,(x0,0) > 0. Towards a contradiction, we assume that (2.3.2) fails,
and so it follows that for some o > 0

y=V, = ¢—(w0, 0) < (a—o0o)+v-VOo(xg). (2.3.3)
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Hence ~ is finite. Moreover we have

Wiz, t) > ¢(x,t) in B,(xy) x [—n,0] for n << 1. (2.34)

Due to the regularity of ¢, there exists a space ball By interior to the set {z : ¢(z,0) >
0} with zg € 0By. We define ~; as follows:

v+ o/4 if v > V®(zg) - v
M=
a/24+VO(xg)-v otherwise.
Then we use the result of Lemma 2.3.2 to find a classical subsolution S of (PME — D),,
in a neighborhood B, (z¢) x [—7, 7] that firstly has initial support inside By, secondly has
advancing speed v, at (z0,0), and lastly has a parameter 0 < ¢ < min(c/4,a/4) such
that S satisfies
11 > VS| +v-V® — ¢ at (z0,0). (2.3.5)

This condition helps us to show that it initially lies under ¢.

We now claim that S lies under W in B, (z) x [—7, 0] for sufficiently small i , which will
yield the desired contradiction to the fact that S is a subsolution and W is a supersolution,

since S will cross W at (g, 0).

Due to (2.3.3) and (2.3.5), we have

a—9 ify>Vo(xg)-v

|V S|(z0,0) < (2.3.6)
3a/4 otherwise

< a=|V¢|(zo,0). (2.3.7)

On the other hand, observe that the support of S propagates with the normal speed
faster than that of ¢ at (x¢,0) due to (2.3.5). Due to the regularity of ¢ and S and their
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ordering at ¢t = 0 it then follows that
{S§ >0} C {¢ >0} in B,(xg) x [—n,0] (2.3.8)

if n is sufficiently small. From the above two inequalities it follows that S < ¢ in
B, (x) x [—n, 0] if n is sufficiently small. We can now conclude using the fact that ¢ < W
in that neighborhood.

2.3.2 Characterization of the half relaxed limits of u,, as m — oo

Let €y and ug as given in the introduction, and let u,, be the unique viscosity solution
to (PME-D),, with the initial data uy. Recall that w,, is given as the pressure variable
of p,, by (2.3.1), where p,, assumes the corresponding initial data (mT’luo)l/(m_l). Let

us then define

ui(x,t) = inf sup um(y, $);
n>0 m>n
|(J?,t)—(y,8)‘<1/n
ug(z,t) = sup inf um(y, $).

n>0 m>n
[(z.t)—(y,5)|<1/n

Note that the {u,,} are uniformly bounded in m, as a consequence with comparison with
stationary solutions of the form (C'— ®(x)) with sufficiently large C' > 0. Hence u; and

Uy are both finite.

Since we cannot guarantee that the support of u; traces those of u,,, we need to define

an auxiliary function. Let us define the function

n(z,t) = lim sup X{supp(um)} (¥, 5),

(y,8)—=(x,t)
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and the closure of the support of 7:

Q={(x,s) :n(x,s) >0}, Q) :=QnN{s=t}.

Finally, let us define the largest subsolution of the Poisson equation —Aw = A® sup-

ported in €:
iy := [sup{v : R x (0,00) — R such that — Av < A® and v = 0 outside of Q}]*.
Here f* denotes the upper semicontinuous envelope of f, as defined in (2.2.2).
Note that then u; = 0 outside of €2 and for each ¢ > 0, @ satisfies
~Aty(-,t) < A® in RY —Ady(-,t) = Ad in the interior of (t).

This auxiliary function u; is indeed the new component of the proof compared to the

corresponding theorem in [Kim03]. We point out that @, is positive in the interior of

Q(t) due to (A1).

Theorem 2.3.3. Let uy, us and uy be as given above, and let ® satisfy (A1). Then uy
is a viscosity subsolution of (HS) in @, and uy is a viscosity supersolution of (HS) in Q

with initial data ug.

Proof. First note that wusy is lower semicontinuous by its definition. Likewise, u; is upper

semicontinuous.
A. uy is a supersolution:

1. Suppose we have a smooth function ¢ and uy — ¢ has a local minimum at (zo, ty) in
{ug > 0} N {t < to}. By adding e(t — tg) — €(x — x9)* + ¢ to ¢ one may assume that the
minimum is zero, and is strict in C,. N{us > 0}, where C, := B,(z) X [to — 1, to] for small

r > 0.
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If (xo,t0) is in {ug > 0}, by lower-semicontinuity of uy, we can make r smaller and
assume that C, C {ug > 0}. On the other hand if (z¢,%y) € 9{us > 0}, we can assume
that (2.2.1) holds for ¢. In particular, |V¢| # 0 so that us — ¢ > 0 in C, N {ug > 0}¢
away from (zo,tp). Thus in either case we can find that us — ¢ has a strict local minimum

zero in all of C,.

2. We now claim the following: if r is sufficiently small, along a subsequence u,,, — ¢ has

a minimum at points (z,,,t,) € C, with (z,,,t,) = (o, t0) and (,, t,n) € {u, > 0}.

To show this, define (zy,,t,) = argming (um — ¢); we can assume that the sequence

only ranges over m that achieve the infimum of us at (xg,ty). Let (2/,¢") be a limit point

of {(zm,tm) }m-

First let us show that upon further refinement of our sequence we have (z,,t,) €
{ty, > 0}. Clearly this is true if (x,to) € {uy > 0}, and thus suppose (z¢,t) € O{uy >
0} and (x,,, t,,) lies outside of the support of u,,. Then we can assume that (2.2.1) holds
for ¢, so in particular we can assume that |V¢| # 0 in C,.. This rules out the possibility
that (2, t,) lies in the interior of C,. Also, in this case ¢(zo,tp) = 0, and so we can
find @ > 0 so that ¢ < —a < 0 on 9C, N {uy > 0}°. This rules out the possibility that
(T, tm) lies on the boundary of C,.. Thus we conclude that (z,,t,) € m for

sufficiently large m.

Next let us verify that (2/,t") = (x¢,ty). By definition for arbitrary (y, s) in C,

(ttm — &) (Y, 8) > (U — O) (T, L) (2.3.9)

Since (T, tm) — (2/,t'), for each n there is M(n) so that [(z,,,t,) — («/,t')| < 1/n if
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m > M, and we may assume that M (n) > n. Then

i f m matm > . f m ) > i f m Y *
[z ) —(y,s)|<1/n [(z't)—(y,5)|<1/n

Taking sup,, on both sides we find liminf,, oo (T, t) > us(a’,t’). Then, taking

liminf of both sides of (2.3.9) as (y,s) — (xo,t9) and m — oo, we find

(u2 — @) (o, to) = (u2 — @) (2, 1),
which contradicts that (g, t) is the strict minimum of uy—¢ in C,.. This proves our claim.
3. To finish showing that uy is a viscosity supersolution, take ¢ and (x,,,t,,) as given

above. When (xg,ty) € {us > 0}, a straightforward computation using the properties of

Uy, as viscosity solutions of (PME-D),, gives
_A(b(an tO) > Aq)(ﬂ?o, tO)a

as needed. Next suppose (xg,tg) € 0{us > 0}, and that (2.2.1) holds for ¢. Suppose

towards a contradiction that there is o« > 0 so that
max(—Ag¢ — A, ¢, — |Vo|* — Vo - V®)(wg,t0) = —a < 0. (2.3.10)

Let us define ¢, := ¢ + C(m) so that (um, — ¢m)(Tm, tm) = 0. Since (2, tm) — (20, to),
(2.3.10) yields that

((¢m)t - (m - 1)¢m(A¢m + A(I)) - ‘v¢m’2 - v¢m ' V(I)) (xmatm) < 07

which contradicts with the fact that u,, is viscosity solution of (PME-D),,. Thus we have
(T, tm) € O{uy, > 0}. But then the inequality

((m)e — IV Oml> = Vo, - VO) (T, ty) < —a/2 <0
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contradicts Lemma 2.3.3, which applies since ¢ is smooth and so satisfies (2.2.1) at

(T, ty) for large m.

B. 1y s a subsolution

The subsolution part of our theorem is harder to prove, since a smooth test function
touching @, at a free boundary point (z, to) from above in Q cannot be extended smoothly
to outside of 2 so that the order is preserved. Thus the proof of B requires a careful study
of the behavior of the free boundary of 4y, which is achieved by studying the properties
of uy and u,,. First note that Definition 2.2.1 (b) is satisfied due to Lemma 2.3.1. We

proceed to show the property given in Definition 2.2.1 (c).

1. It is straightforward from the definition of Q(t) that
{uy (-, t) > 0} C Q(1). (2.3.11)

Parallel arguments to the supersolution case yield that —Awu; < A® in {u; > 0} in the

viscosity sense. Thus it follows that

wy < diy. (2.3.12)

Suppose that we have a smooth function ¢ and @; — ¢ has a strict local maximum at
(xo,t0) in QN {t < tp}. As mentioned before @, satisfies —Aw;(-,¢) < AP, indeed with
equality in the interior of €2(¢). Thus to check that @; is a subsolution, it is enough to
consider the case when zy € 0Q(ty) and u;(xo,ty) = 0. Note that in this case (2.3.12)
yields that u; — ¢ also has a local maximum at (z¢,%y) in Q@ N {t < ¢4}. Now suppose

towards a contradiction that
a = min(—A¢ — AD, ¢, — |Vo|* — V¢ - VO)(zg,t0) > 0.
Then since ¢ and ¢ are smooth, it follows that for a small r > 0

min(—A¢ — Ad®, ¢, — |Vé|> = V¢ - V®) > 2a/3  in C, := B,(z0) X [to — 7, t0].
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2. Let T" be the parabolic boundary of C,. We claim that ' N Q C {¢ > dp} for some
do > 0.
To see this, suppose the claim is false: this means that we can find (y, s) € I'NQN{¢ > 0}°.
But then ¢(y,s) <0 and so (a3 — ¢)(y, s) > —é(y, s) > 0 which violates the assumption

that u; — ¢ is strictly negative in I' N C,.

3. Now we proceed to show that u,, < ¢ on the relevant part of the parabolic boundary,

that is, there exists some € > 0 independent of m such that
Um < ¢ — € on I' N supp(u,,) for sufficiently large m. (2.3.13)

To show (2.3.13), suppose not. Then we can find (zx,tx) € I' N supp(uy,,) where
Upny, (Thy tk) = Gy, t) — 7, and by compactness we can assume (zy, t) — (2/,¢') € TNQ.
Then we have that for each n, there is K'(n) so that |(zy, tx) — (2/,t')| < 1/n and my > k

if kK > K(n), where we can assume K(n) > n. Then

SUD U, (Tg, tr) < sup up(y, s) < sup ur(y, s).
k>K(n) k>K(n) k>n
|z ) —(y,s)|<1/n [(z',t)—(y,8)|<1/n

Taking the infimum over both sides, we find
uy (@', t") > Hmsup nm, (Tx, tp) > limsup ¢(zx, ty) = ¢(', 1) > o,
k—o00 k—o0

which contradicts that u; — ¢ < 0 on I'N €.

4. Now we define
&(xz,t) = ¢(x + v, t), where v = ————
Here v > 0 is chosen small enough to satisfy first that

min(—A¢ — A®, & — |VE? — VE- V) > 2a/3+ O(v) > a/3 in C,,
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Figure 2.2: The motivation for &: it crosses u; at an earlier time than ¢ does

and secondly that for m large, u,,, < & on I'Nsupp(u,,). This is possible since {—¢ = O(7)

and u,, — ¢ is bounded away from zero on I' N supp(u,y,).

This justifies the following definition:
T = sup{t : (uy, — &)(x,t) <0 for all x € {u,,(-,t) >0} NC,}.

Then 7, will be the first crossing time of u,, and ¢, provided they cross (since u,, is

continuous, we need not worry about jumps inside its support).

5. We now wish to show that, along a subsequence, u,, crosses £ in C,.. To do this, we

first prove that there is a subsequence {my} so that

Cs N {t < to} Nsupp(tm, ) # 0 for all 6 > 0.

To show this first observe that, since u;(xg, tg) = 0, there exists M so that

sup Um(y,s) < 1. (2.3.14)
m>M
[(@o,y0)—(y,s)|<1/M
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Now assume towards a contradiction that there is a § where our claim fails; we can take
§ small enough so that § < M~!. We use Lemma 2.3.1 to derive our contradiction. First,
we use the theorem to find positive numbers 7., 7" that depend on K = 1, the behavior
of ® near (xg,tp), and dimension, and we may assume 7' < §/8. Now set ry a number
smaller than min(ryayx, 0/8) and p = min(7/8,7¢/8). By definition of 2, we can find
(«',t") within distance p of (zg,ty) where n(z’,t) = 1. Thus we can find a subsequence

{my}72, all bigger than M and points (Ym, , Sm,) € SUPD Uy, Within distance p of (2/, ).

Consider a specific my. Then by the assumption that w,, = 01in Cs N {t < ¢y}, since
ro and Tp are chosen much smaller than 0, we find u,,, = 0in B, (') N {t =to — T/2}.
Further, by (2.3.14),

Um, < 1 on the parabolic boundary of Ba,,(z") x [t',t' + T].
Thus we apply Lemma 2.3.1 to find that
U, = 0e Br0/4(I,) X [t[) — T/2, to + T/Z],

and by the size of ry, we have that y,,, € B, (2') and s,,, < to+ T7/2. This yields
U, = 0 in a neighborhood of (Y, ., sm,). This is a contradiction, so we find our claim

holds for every my, giving us our desired subsequence.

6. We will use the subsequence from the previous step to show that 7, < ;. Indeed

note that, for |a|, 8 > 0,

E(xo+ato—B) = —y|Vo(xo,to)| + a- V(o to)

—Bi(xo, to) + O(lal* + % + af + 7).

Thus there exists § = §(y) > 0 so that if |a|*+ 32 < 6% then (2o +a, to— 3) < 0. Due to

the previous claim we can now find points (Y, , Sm,) € Cs N{t < to} Nsupp(u,y,, ), hence
(umk - 5)(ymk’ Smk) > 0.
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Thus 7, < s, < 0.

7. Consequently there exists a crossing point (zp, , Tm,) € Cr N {t < to} N supp(um,)
where (U, — &)(Zm,,, Tm,) = 0. Further, since u,,, —& < 0 on I' N supp (s, ) from step

3, we have that (z,,,, Tm,) is on the parabolic interior of C,. Then we have that
min(—A¢ — A®, & — [VE[* = VE- V) (T, Ty ) > /3,
which forces that (2, , Tm, ) € 0{um, > 0}. But then the inequality
(& — |VE)? = VE- VO] (2, Tiny) > 0

contradicts Lemma 2.3.3, which applies since £ is smooth and thus satisfies (2.2.1) at

(wmk7 ka ) ‘
C. 1y, us converges to ug at t =0

[t is not hard to check via comparison with radial barriers of (PME),,, based on the
local Lipschitz geometry of 0Q, that Q(t) and {us(-,t) > 0} converges to € in Hausdorff
distance as t — 07. From this fact and that uy solves —Awuy = A® in the interior of
Qo, we have lim, (-, 7) = ug from the definition of @;. On the other hand s, satisfies
—Auy > A® in {us > 0} N {t > 0} and thus we have liminf, ,ous(-,7) > ug. Since

us < 1y by definition, it follows that us(-, 7) converges to ug as 7 — 0 as well. O

2.3.3 Convergence of u,, as m — oo

Now let us fix a compact set Qg in R? with Lipschitz boundary, and let u, be as given in
(2.1.1). Let u,, be the viscosity solution of (PME),, with initial data ug. If we knew that
{u,} locally uniformly converges to a function u as m — oo, then Theorem 2.3.3 would

yield that u is a viscosity solution of (HS). Unfortunately we do not know whether such

39



convergence is true: due to the quasi-static nature of (HS), u may not be continuous
over time and this may complicate the convergence of u,,. Thus we take the alternative
approach to show the convergence of the support of {u,, > 0} (see Theorem 2.3.4 (b)).
The proof relies on the fact that {u,,} has a stability property obtained from the L!
contraction of the corresponding density function p,, given by (2.3.1). Using this stability
as well as the comparison principle (Theorem 2.2.4) we will obtain that the support of
U, converges to the set €2;, which is characterized as the unique support for solutions of
(HS). From this result we then obtain the uniform convergence of p,,, to the characteristic

function of ; away from the boundary of €, (Corollary 2.3.1).

Theorem 2.3.4. Take Qy and ug as given above and let ® satisfy (A1). Then the
following hold:

(a) There exists a unique evolution of compact sets {;}io such that any viscosity

solution u of (HS) satisfies Q; = {u(-,t) > 0} for each t > 0.

(b) For each t > 0, the Hausdorff distance dg (S, {um(-,t) > 0}) goes to zero as m —

00, and limsup,, . Uy (-, t) is uniformly bounded.

Proof. 1. The proof is based on the L'-contraction property (see e.g. section 3.5 of

[Vaz06]), which states that for two weak solutions py, ps of (2.1.8), the L' norm of their

m—1
i

differences decreases in time. In terms of the pressure variable p; = —"< ;" ", this reads

1/(m—1 1/(m—1 1/(m—1 1/(m-—1
1y = D g < 1YY = 0y T 0 ey (2.3.15)

Let us fix the initial data ug and vy so that ug < vy. For each m, let u,, and v,, be
respectively the viscosity solutions of (PME-D),,with their respective initial data ug and
vg. Let us consider ui, us, @ as given in Theorem 2.3.3, and let vy, vy, ¥; denote the

corresponding functions given in Theorem 2.3.3 defined with {v,,} instead of {u,,}.
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Since ug < vy, Theorem 2.2.4 applies to u; and vs, and so using Theorem 2.3.3 yields
that

up < uy < vy

On the other hand, (2.3.15) yields that

g = ol ) )y < g™ = 0 ) 0

m m

The above inequality and the fact that u,, < v,, and u; < vy imply that

[{va(-,1) > O} ={an (- 1) > 03] < Timsup | (uy, "D =0/ D) (1) |1, < [{vo > 0} —={ug > O}.
m—ro0
(2.3.16)

2. Take ug as given above, and let us consider
V(x,t) ;= (inf{v : v is a viscosity supersolution of (HS) with ug < v(+,0)}).
and
U(x,t) := sup{u : u is a viscosity subsolution of (HS) with u(-,0) < ug}.

Here f, denotes the lower semicontinuous envelop of f, as defined in (2.2.2). Due to
Theorem 2.2.4, U (V') then has the property of being below (above) any viscosity super-

solution (subsolution) of (H.S) with initial data w.
Let us consider a sequence of initial data v,,, and UBL, ,, such that
(a) vy " < up < vy " for each n;

b) vE uniformly converges to ug and {vZ, > 0} converges {ug > 0} uniformly in
0,n 0,n

Hausdorff distance.
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Such v(jfn can be constructed using the fact that 02 is locally Lipschitz. Now let uf"
and u2i” be the corresponding versions of %, and u, with the initial data U(jf’n. Then due

to Theorem 2.3.3 and the definition of U and V we have

;" <U <V <uj™ for any n.

Using these approximations of initial data, the fact that {V'(-,¢) > 0} is open, and
(2.3.16), we conclude that

Q= (V(1) > 0} = {U( 1) > 0} (2.3.17)

Now for any viscosity solution u of (HS) with initial data ug, we have U < u < V. This

yields that {u(-,t) > 0} = €, and we showed (a).

3. By Theorem 2.3.3 and the definition of U and V', we have

Hence we have

0y = {ua(~ ) > 0} = {@(~ ) > 0}

The above inequality and the fact that u, is a viscosity subsolution of (HS) with initial

data ug yield (b). O

In terms of p,, = (2=1u,,)/(m=1 the convergence results can be stated as follows:

Corollary 2.3.1. Let ()0 be the family of compact sets in R? as given in Theo-
rem 2.3.4, and let p,, solve (2.1.8) with initial data py(-,0) = (Z=Lug)/m=1 . Then for

each t > 0,

(a) limsup pp, < 1;
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(b) {pm(-,t) > 0} uniformly converges to Qy in Hausdorff distance;

(¢) pm(:,t) locally uniformly converges to 1 in Int(§), and to 0 in (Q4)C.
The same result holds for p,, with initial data xq,-

This concludes our analysis on the limiting profile of p,,. In the next two sections
we study the gradient flow solution p,, of the crowd transport equation (2.1.4). Among
other things, we show that p,, converge to p,, as m — oo in the Wasserstein distance

(see Theorem 2.4.2), and hence p, must coincide with xg,.

2.4 Convergence of the gradient flow solution as m — oo

2.4.1 Definition of the gradient flow solution and the discrete scheme
For section 4 we introduce more assumptions:

(A2) indf ® is finite, and without loss of generality we assume indf d =0.
R R

(A3) @ is semi-convex, i.e. there exists A € R such that D*®(z) > A(Id)gxq for all

x € R%.

(A3’) In addition to (A3), ||[A®||. < C for some finite C.

The semi-convexity assumption (A3) guarantees the well-posedness of the discrete-
time JKO solution. When we prove convergence results as m — oo, we will replace (A3)

by the stronger assumption (A3’). It ensures that A®(x) cannot be too large, which
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makes it possible for us to obtain some quantitative estimates on the difference between
pm and po, for large m. (A2) is a technical assumption, and will be used explicitly in the
proof of Lemma 2.4.1 in section 2.4. The assumption (A1) will be only used in section 4
to link ps, with the free boundary problem (H.S), and in section 5 to obtain convergence

results as ¢t — oo.

We denote by Py (R?) the space of Borel probability measures on R? with finite second
moment, i.e., the set of probability measures p(z) such that [, p(x)|z|*dz < co. For a

probability density p € Py(RY), we define its “free energy” E,,[p] as
Enlp] = Snlp] +/ p(x)®(x)dx for 1 <m < oo, (2.4.1)
R4

where [, p(2)®(z)dz corresponds to the potential energy of p, and Sy,[p] is its “internal

energy”, given by

1
Snlp) = / —p™(x)dx for 1 <m < oo, (2.4.2)
Ra T
while S is defined as
0 for [[pl| Lo (may < 1
Sulp] == (2.4.3)

+o00  otherwise.

Next let us introduce the following discrete-time scheme (also called a minimizing
movement scheme) introduced by [JKO98|. We consider a time-step h > 0, and initial
data py € Po(R?) satisfying [|po||erey < 1. For 1 < m < oo, the sequence (pf ,)nen is

recursively defined by p)), , = po and

. 1 .
anfii € argmin {Em[p] + %Wf(pm’h, p) Lp € PQ(Rd)} s (244)

where Wy(-,-) is the 2-Wasserstein distance (for definition, see e.g. [AGS06].) We then

define p,, 5(x,t) as a function piecewise constant in time, given by

Pmp(,t) = pp, (x) for t € [nh, (n +1)h). (2.4.5)
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Under the assumption in (A3) that ® is semi-convex, one can check that for all m > 1,
the free energy F,,[p] is A-convex along the generalized geodesics with respect to 2-
Wasserstein distance, where A is as given in (A3) (For the definition of generalized
geodesics and A-convexity, we refer to Section 2.6). One can then apply the theory of
gradient flow solution developed in [AGS06], which gives the following existence and

uniqueness results of the discrete solution, as well as a convergence result as h — 0.

Theorem 2.4.1 ( [AGS06]). Let 1 < m < oo and suppose ¢ satisfies (A3). Moreover
suppose Ey,[po] < 0o, where E,, be as given in (2.4.1). Then for given h > 0 the following
holds for the sequence (pjy, ,)nen as defined in (2.4.4):

(a) Ezistence & Uniqueness for discrete solutions (Section 2-3 of [AGS06]): Let X be as
defined in (A3), and let hy = —% for A <0, hg = oo for A > 0. Then for 0 < h < hyg,

P 18 uniquely defined for all n € N.

(b) Uniform convergence as h — 0 (Theorem 4.0.7 — 4.0.10 in [AGS06]): Assume that ®
satisfies (A2) in addition to (A3), and consider initial data py such that E,,[po] < A
for some constant A. Let pm,p be as defined in (2.4.5). Then for any T > 0 and
step size 0 < h < 1, there exists some py(t) (and ps(t) in the case m = o0o) in

Cw ([0, T], P2(R?)) such that
Wo(pmn (1), pm(5 1)) < CO)VWARe™ for all t € [0,T),

where X is given by (A3). Here we say p € Cyw ([0, T]; Po(R?)) if p(-,t) € Py(RY) for

each 0 <t <T and

p(-,t) = p(-, to) weakly in Po(R?) as t — to in [0,T].
Moreover, for finite m, p,(z,t) coincides with the viscosity solution of (2.1.8).
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(c) Contraction in Wasserstein distance (Theorem 4.0.4 (iv) in [AGS06]): For a given
m, consider the initial data por, poz € P2(RY), with E,,[py] < oo fori = 1,2. Let
p1(x,t) and ps(x,t) denote the limit solutions as defined in part (b), with initial data
po1 and poe respectively. Then we have the following stability result, where X\ is as

given in (A3):

Wa(pr(,1), pa(-,1)) < e Walpor, poz) for all t > 0.

The above theorem yields the gradient flow solutions p,,(-,t) and poo(-,t). In this
section, our main goal is to prove that as m — 00, p,(+,t) converges to poo(+, t) uniformly
in t € [0,7] in 2-Wasserstein distance. Convergence rates will also be obtained in terms
of m. Although the rate is not optimal, to the best of our knowledge, our result is the
first that gives some explicit convergence rate as the exponent m — oo in the porous

medium equation. More precisely, our main theorem in this section is as follows:

Theorem 2.4.2. Let ® satisfy (A2) and (A3’), and consider py € Po(RY) satisfying
Ipolloe <1 and [ po®dr < M. Let p,(t) and pso(t) be as given in Theorem 2.4.1(b) with
the initial data py. Then for any T > 0, we have

lim sup Wa(pm(t), poc(t)) = 0.

M=% 40,77
More precisely, we have the following convergence rate:

C(M,T,||A®||«
sup Wa(pm(t), poo(t)) < ( 1|/|24 |-
te[0,T] m

We point out that under the additional assumption (A1) and the assumption that py =
X, We can combine the results in Theorem 2.4.2 with Theorem 2.3.4, and immediately
obtain that p., must coincide with xq, almost everywhere, which gives Theorem 2.1.2.

Without these two additional assumptions, Theorem 2.4.2 still holds, but our approach
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fails to yield the connection between p., with the free boundary problem (HS). Thus a
further characterization of p,, beyond as a weak solution of (2.1.5) remains open in the

general context.

The rest of this section will be devoted to proving Theorem 2.4.2. In section 2.4.2,
we consider the discrete JKO scheme (2.4.4) for FE,, and F., respectively, with the same
initial data ||pollcc < 1. We show that if we run the JKO scheme for one step only,
then their Wasserstein distance is small. Once we have the one-step estimate, we are
finally ready to prove Theorem 2.4.2 in section 2.4.3, which says the Wasserstein distance
between the continuous gradient flow solutions p,, and p. also goes to zero as m — oo,

with an explicit rate in terms of m.

2.4.2 One-step estimate for large m

We consider the initial data py € Pa(R?Y) satisfying ||pollc < 1 and with finite potential
energy, and let h be some fixed small time step. Then for any 2 < m < oo, we define p,,

(and jio in the case m = 00) as follows:

) 1
[ 1= argmin | E,,[p] + W3 (po, p) | - (2.4.6)

pEP2(RY) 2h
Our main result in this subsection is Proposition 2.4.3, which says that the Wasserstein
distance between p,,, and fio is of order O(m~'/8) for large m. To show that we first

establish the following two technical lemmas concerning i, for 2 < m < oco.

Lemma 2.4.1. Let 2 < m < oo, and let ® satisfy (A2) and (A3), and consider the
initial data py € Po(RY) satisfying ||pollc <1 and [ p® < M. Letting p,, be defined as
in (2.4.6), the following estimate holds (where ay := max{a,0}):

M+1
/ (o, — 1)y dx < 2 + :
R4

m
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Proof. Our proof is based on the following crude estimate: % fRd (o)™dx < M + 1.
This inequality directly comes from the fact that E,,[u,] < En[po], together with the
assumption (A2) that inf & > 0:

1 1
/ — (po)"dx < / poPdx +/ —(po)"dr < M + 1, (2.4.7)
R Rd Re TN

d m

which upon rearranging gives

/d(um)mdx <m(M +1). (2.4.8)

Note that for m > 2, we have

/{Mm>1}(ﬂm)mdm > /{um>1} (1 +m(pm — 1) + W(Mm _ 1)2>dx. (2.4.9)

Combining the inequalities (2.4.8) and (2.4.9) together, we have

2(M +1) < 4(M+1).

m— 1 m

/ (ftm — 1)} dz <
R4

Finally, note that |[{z : pn(zr) > 1}| < 1, and so the Cauchy-Schwarz inequality yields

that
M4+1

m

/ (i — 1) pdz < 2
R4

The following lemma says that for large m, we can find a probability density fi,, that
is close to u,, in Wasserstein distance, has maximum density bounded by one, and has

potential energy not much larger than .

Lemma 2.4.2. Let ® satisfy (A2) and (A3’). Under the conditions of Lemma 2.4.1,

there exists a probability density fi, € P2(RY), such that | || oo ey < 1,

M+1
/Rd/]mCDdxg/Rdum@derQHAQDHm mats (2.4.10)
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and fiy, is “close” to p,, in the sense that

5 2(M + 1)4/4

Proof. Due to the previous lemma, [o,(pm — 1)1dz < 2 % for all 2 < m < oo and
h > 0. We denote by a := 2,/ for short, and note that a is small for large m. Next

m

we will give a explicit construction of fi,,, such that it satisfies all the requirements.
We begin with breaking p,, into the sum

fm () = pi (@) + pir (),
where

(o) 2= min{pn (o). 1=}, 2(2) = (pale) — (1 - a)) .

The idea is to construct fi,, by keeping p! and modifying p2,. We first make the

observation that p?, only contains a small amount of mass: more precisely,

/ p2 (z)dr < 2a. (2.4.12)

This is due to the following two facts. First, due to Lemma 2.4.1, the mass of yu,, above
1 cannot exceed a. Second, we claim |{y,, > 1 —a}| < 1. To show the claim, suppose
not, then we have [min{u,,,1 —a}dr >1—a. As aresult, [ ppde > (1 —a)+a=1,
where the (1 — a) corresponds to the mass below (1 —a), and a corresponds to the mass

squeezed between (1 — a) and 1 due to our (false) assumption.

Let us now construct /i, as follows:

fim () = i () + (g % p,) (@), (2.4.13)

where * denotes convolution and g(z) := $X5(0,r), where R(d) is the dimensional constant
chosen such that [, g(z)dz = 1. Note that although R(d) depends on d, we indeed have
R(d) <1 foralld>1.
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We claim that fi,, constructed in (2.4.13) satisfies all the requirements stated in the
theorem. First note that the facts [¢g =1 and g > 0 imply that /i, is nonnegative and
has the same mass as f,,. To show that ||fin |l < 1, it suffices to check ||g * 12 |00 < a.
Since the mass of y?, is less than 2a, this inequality is a direct consequence of Young’s
inequality:

1
g * tlloe < Nltmlhllglloe < 2a- 5 =@

Next we verify that the inequality (2.4.10) holds, which is equivalent to

/(g*u§)¢dxg/ 12.Ddz + | AD| .
R4 R4

This can be rewritten as
[ @ |(o+ #)w) = o) o < |20
Since p2, has mass less than 2a, it suffices to show that
‘@B(x,R(d)) O(y)dy — <I>(a:)‘ < %HACDHOO for all z € RY,

where we used the fact that R(d) < 1 to get the right hand side, and note that |A®||
is finite due to (A3’). The proof of this inequality is similar to the proof of the mean

value property for harmonic functions, and hence is omitted here.

Finally it remains to show (2.4.11), which is equivalent to
W (i, fim) < V/2a. (2.4.14)

We now heuristically describe a transport plan, which is not necessarily optimal. First,
we keep the mass of ! at its original location, so that no transportation cost is induced.
Second, for for every “particle” located at = in p?,, the transport plan is to distribute it
evenly in the disk B(z, R(d)). (Again recall that R(d) < 1 for any dimension d > 1.)
Since the mass of p2, is no more than 2a, the total cost of the transportation plan is

bounded by 2aR(d)?, which immediately implies (2.4.14). O

20



Now we are ready to state the following one-step estimation, which controls the Wasser-

stein distance between p,, and fio:

Proposition 2.4.3. Let ¢ satisfy (A2) and (A3’), and consider the initial data py €
Po(RY) with ||pollee < 1 and [ po®dx < M. Let X be as given in (A3), and A\~ =
—min{0, A}. For any 0 < h < 55—, let pu, and pis be as defined in (2.4.6) for the cases

m finite and m = oo respectively. Then the following inequality holds:

Wa(ptm; fioo) < —7 C(M).

ml/8
Proof. Let us fix M and d. Suppose the statement is false. Then for an arbitrarily large

Ag > 0, there exist m > 2, 0 < h < such that

1
52[A%]

Wo(fim, o) = Am ™8, where A > A,. (2.4.15)

To get a contradiction, we will construct a new probability measure n € Py(R?) with
7] Loe (may < 1 such that the following inequality holds if Ay is chosen to be sufficiently
large:

1
2h

1

2hW22(;00,

Epln) + in(Poaﬁ)}Jr{Eoo[ﬁ] + in(Poﬂl)] < [Em[um] +

2
2h 2h W2 (100, Mm):| + |:Eoo [/’LOO] +

(2.4.16)
This means that  would beat at least one of the minimizers in (2.4.6) for some m (m

may either be finite or +00), contradicting the definition of p,, and fis.

The probability density 7 is constructed as follows. Let fi,, be the probability density
constructed in Lemma 2.4.2, and we denote by T, the optimal transport map such that

(Ton)4p0 = flm. Similarly, let 7o, be the optimal transport map such that (Tx)4p0 = fleo-
Then 7 is defined as

0= (%Tm + %ﬂo)#ﬂo- (2.4.17)
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7 is thus the midpoint between fi,, and ., on their generalized geodesics, as defined in

Sec 9.2 of [AGS06].

Next we will prove that n satisfies the inequality (2.4.16). This is done by proving the
inequalities (2.4.18)—(2.4.20):

1
Smli] + Socln] < Sinlpm] + Saclpoe] + — (2.4.18)
CIM)(JAP[ls — ) 2A%)
2 ddr < m®d o ®d — 4.19
/Rdn v /Rdlu x+/}Rdu v vm m1/4\2 )
L R 1. C(M) — A2/8
7 Ws (po:m) < o WVs (Pos fm) + Vs (Pos foo) + — (2.4.20)

If Ay is chosen to be a sufficiently large number depending only on M and d, since
A > Ap, the sum of these three inequalities implies (2.4.16) (where we make use of the

assumption that A < 32%), thereby yielding a contradiction.

To show (2.4.18), it suffices to prove that ||| < 1, since then Sy,[n] = = [n™de < +

and S [n] = 0. It was first shown by McCann in [McC97] that that the LP norm with

p > 1 is convex along the generalized geodesics, and thus
2[1nllp < [ llp + [l1toc]lp for all p > 1.

Sending p — oo in the above inequality yields ||7]|l < 1, since both || fim|eo and || tteo oo

are bounded by 1.

(2.4.19) comes from the semi-convexity of ® given by (A3) (which is a consequence of
(A3’)). Let A € R be as given in (A3). Proposition 9.3.2 in [AGS06] yields that [ p®dx

is a A-convex functional of p along any generalized geodesic, and thus

1
2/ 77(I>da:§/ ﬂm<1>dx+/ oo ®dr — = AXWE (i, fhoo)
R R4 R4 4

C(M)||A®|oo

X (2.4.21)
< ®d wo®dr + L2 S AW (i, fhoo)s
_/Rdu $+/Rdu T+ =T 1MW (fims o)
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where the last line comes from (2.4.10). Next let us estimate W3 (jim, fioo). Due to our

assumption (2.4.15) in the beginning of this proof and the inequality (2.4.11), we have
WZ(ﬂma ,Uoo) S WZ(,Umy Hoo) + WZ(,Umv ﬂm) S Amil/s + C(M)mil/él-

We take the square of the above inequality and apply the inequality (a+ 0)? < 2a? + 2b?,
and obtain

W2 (fims plos) < 2A2m~ Y4 4 C(M)m~=Y2,
Plugging this inequality into (2.4.21) yields (2.4.19).

Finally it remains to show (2.4.20). Due to Lemma 9.2.1 of [AGS06] WZ(po,-) is

1-convex along generalized geodesics, and thus

1 i 1 1.
W3 (po,n) < §W§(po, fim) + §W§(po, floo) — ZWZQ(um, lhso)- (2.4.22)

Now, by the triangle inequality, we have

1 N 2 1 1 N 2
1., 1.5 1., C(M)
< 5W2 (po, ) + 5 W2 (po, o) = 5 W2 (s pioe) + 57 (1 Walim, o))

1 1 C(M)— A?/8
< 5Wa(pos tim)* + 5Ws (P, froo) + —— 77—

For the second inequality we used the fact that Wa(pm, fim) < C(M)m~/* due to
Lemma 2.4.2 as well as that W (pg, i) < C(M) for all m and h (otherwise p, would
fail to be a minimizer of W,,). For the third inequality we use the assumption that

Wt ftos) = Am~Y%. Finally, dividing both sides of the above inequality by h yields
(2.4.20). O
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2.4.3 Convergence of the continuum solutions as m — oo

In this subsection, we give a proof of Theorem 2.4.2. The proof is done by combining
the one-step estimation results in section 2.4.2 with the convergence results for discrete

solutions as h — 0.

Proof of Theorem 2.4.2. 1. Note that the assumptions on py, immediately imply
that E,,[po]) < M + 1 for all 2 < m < oo. This enables us to apply Theorem 2.4.1(b):
For all time steps h satisfying 0 < h < hg (where hy is a small constant depending on

M, T,||A®||), we have
Wo(pm(t), prn(t)) < CNVMe Vb =: CVh for all t € [0,T], (2.4.23)

and this inequality holds for both finite m and m = oo. For notational simplicity, the
various constants C' appearing in this proof may depend on M, ||A®||, T, and the value

of C' may differ from line to line.

2. Now we fix the small time step h such that 0 < h < hg, and our goal is to show that
Wa(pmn(t), pson(t)) < CVh for all t € [0,T] when m > Ch™'2. (2.4.24)

Before we prove this inequality, let us point out the proof is finished once we obtain this:
by combining (2.4.24) with the inequality (2.4.23) (and note that (2.4.23) holds for both

finite m case and m = o), one immediately has
Wa(pm(t), pac(t)) < CVR for all t € [0,T]  given that m > Ch™'2,
which concludes the proof and would give the rate Wa(pu (1), peo(t)) < Cm~Y /2 for
te0,7].
3. To prove the inequality (2.4.24) in step 2, note that it is equivalent to prove

T
Wa(plhy s e n) < CVR - for all n < 7 (2.4.25)
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’]72 (]2 d;;

Figure 2.3: Ilustration of the tree structure.

From now on we will denote pj, , by p, (and denote pf_ , by p&) for notational sim-
plicity. Proposition 2.4.3 then shows that Wy(pl , pl ) is small for sufficiently large m.

To deal with the case n > 1 we consider the tree structure as illustrated in Figure 2.3.

Here for n > 2, n™ is defined as below:

1

2hI/VQQ(pgol,p)} for n > 2.

n" := argmin {Em[p] +
pEP2(R?)

We point out that for n > 2, ||p"!|. < 1 holds by definition, and in addition we have
[ pt®de < [ po®dr < M. Hence by taking pZ' as the initial data, the one-step

estimate in Proposition 2.4.3 yields that
Wa(p,n™) < 6 := C(M)m~Y8 for all n > 2. (2.4.26)
Let us denote d,, := Wa(pl, p), which satisfies

dn < Wo(ph,n™) + Wa(n", pos) < Walpp,n™) + 6, (2.4.27)
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where § is as defined in (2.4.26). Now it remains to control Wy(p,n"). Note that

prand n" are minimizers given by the discrete-time scheme (2.4.4) with the same free

n—1
o

n—1

" To estimate d,,

energy functional E,,, but with different initial data p and p
in terms of d,,_;, we use Lemma 4.2.4 of [AGS06] which states that the Wasserstein
distance between two discrete solutions does not grow too fast. More precisely, it gives

the following inequality

Wi (pr, ") < e M W (o, o) + h(Ewmlpl '] — Emlpn])]

(2.4.28)
<e M (&) + han_1),
where A~ := —min{\, 0}, with \ as given in (A3). We denote a,,_1 := E,[p% ]—En[p"],
which satisfies the following properties:
an >0 for alln € N*, and Y a, < M+ 1. (2.4.29)

n=0

Finally, we plug (2.4.28) into (2.4.27) to obtain the following family of inequalities:

J

6—2)\’h /di_l + ha'n—l + 0 forn= 2’ 37 .. (2430)

4. We next focus on the inequality (2.4.30), and our goal is to show that dr < CvVh

dy

IN

dn,

IN

for § sufficiently small (more precisely, § < h3? would be enough). By taking the square

of (2.4.30) and applying the inequality 2ab < ha® + %, we obtain

- 1
2 < (1+h)e™ Md2_, +ha,—1) + (1 + E)52
< (1+Ch)d?_, + h(2an_1 + 2h), 2.4.31)
n—1

=bn—1
where in the last line we let § < h3/2 so that (1+%)52 < 2h%. Also note that b, := 2a,,+2h

satisfies 7" b, < 2(M +T+1). Now by dividing by (1+Ch)™ on both sides of (2.4.31)
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and summing the inequality from 2 to n, we obtain that

dp < dj(1+ Ch)"™ + ) hby(1+ Ch)"™* for all n.
k=1

Hence as a result, we see that Wg(prTn/ h, pgh) = dpyp, satisfies

dpn < \/eCTh3 +2(M + T + 1)eCTh < CVh (2.4.32)

as long as 6 < h%? (recall that § = C'm~"/®, hence it is equivalent with m > h~'2), and

so we are done. O

2.5 Comparison principle and long-time behavior for gradient

flow solutions

2.5.1 Comparison principle for the discrete-time solutions

In the beginning of section 2.4, we have defined the discrete-time scheme (2.4.4) for
the porous medium equation with drift (2.1.8). Since the comparison principle for the
viscosity solutions of (2.1.8) is well-known (see e.g. [KL10]), it is natural to ask whether
the comparison principle holds for the discrete-time solutions generated by (2.4.4) as well.
In this section we prove that this is indeed true, but the proof is quite different from the
continuous case. In fact comparison principle-type results have been shown between
discrete gradient flow solutions with L? distances, for instance in [Cha04], [GK11], etc.
The novelty in our result is that we address the discrete gradient flow solutions with W5

distances, for which nonlocal perturbation arguments are necessary.

In order to define the scheme for two ordered initial data, we need to consider non-
negative measures which do not necessarily integrate to 1. We denote by Py 4(R?) the

set of non-negative measures which integrate to A > 0 and have finite second moment.
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We also generalize the Wasserstein distance W5 as follows: For two regular measures

p1, p2 € Paa(RY), we define Wy(py, po) as

Wilprp2) = jnf ] [T(2) = ol p(a)de.

Next we state the comparison result.

Theorem 2.5.1. Let ® satisfy (A3). For 2 < m < oo, consider the two densities
po1 € Poar, (RY), poa € Poar, (RY) with the property My < My and po; < poa a.e. (In the
case m = oo, we require in addition that ||po;i|lee < 1 fori=1,2). For given h > 0, let

p1, p2 be the respective minimizers of the following schemes:

1
pi == argmin F;(p) := argmin |E,[p] + —W5(p, po:) fori=1,2. (2.5.1)

PEP2 nr, (RY) PEPa nr, (RY) 2h

Then p; < po almost everywhere.

Remark 2.5.1. The proof of above theorem does not directly use the semi-convexity of

®, except to guarantee the existence of the p;.

Before we prove Theorem 2.5.1, we first state and prove the following simple lemma,
which can be informally stated as follows: Given that p; is the minimizer for the discrete
scheme in (2.5.1) and 7} is the optimal map between py; and py, if a part of pg; is forced

to be transferred by the map T, then T} is still the optimal map for the rest of pg;.

Lemma 2.5.1. Let 2 < m < oo, and let h and py1 be as giwen in Theorem 2.5.1. We
denote by p1 the minimizer of Fy as given by (2.5.1), and let Ty be the optimal mapping
such that Ty#po1 = p1. Consider an arbitrary functionn : R? — R such that 0 < n(z) < 1

for all x € R, and let p(x) := T1#((1 — n)po1). Then Ti#(npe1) minimizes
1 1
= — m D )d — W2
F(p) /Rd <m(30+p) +p ) z + 5 Wi (npos, p)

among all p € PQM(]Rd), where M = f]Rd Npo1dex.
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Proof. Suppose that the minimum of F is achieved by another measure j € P, i (RY),
such that F(p) < F(Ty#(npo1)). We denote by T the optimal map such that T#(np) = .
The claim is then that we can find a better transfer plan of py; than p; in (2.5.1), yielding

a contradiction. We construct the transfer plan as follows.

First, we separate pg; into two parts: npg; and (1 — n)pg;. Then we use T) to push
forward (1 — n)po1, and use T to push forward npg;. The resulting measure would be

equal to ¢ + p. Then it follows that

Filo+) = [ (oot A"+ (o +5)8)do + oW <p01,<go+p>>

g/Rd (l(w+ﬁ)m+(gp+ﬁ)<b)dar+ —W3(npor, p) + Ly (L =m)po1, )

2h oh 2

= F(p) + /<p<1>d:c+2hw2(( = N)po1, )

< F(Ti#(np)) + /Rd e®dx + %Wf((l — 1) pot; )

= Fi(Tv#p) = Fi(p),
(2.5.2)

which contradicts the fact that p; is the minimizer of (2.5.1) and so we are done. O

Proof of Theorem 2.5.1. First we point out that once we prove the comparison result
for all

2 < m < oo, it will be automatically true for the case m = oo as well, due to the one-step
estimate in Proposition 2.4.3. To see this, let us denote by p; ,,, the minimizer p; when the
free energy is E,,. Then Proposition 2.4.3 gives us p; m — pic as m — 0o in Wasserstein
distance. Therefore if we know that py,, < p2,, a.e. for all 2 < m < oo then it directly

follows that pi o < p2.o a.e.

Due to the above discussion, it suffices to prove the comparison principle for any fixed
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m satisfying 2 < m < oo. Let T; denote the optimal map such that T;#py; = p; for
i = 1,2. We prove by contradiction and suppose Q := {p; > p2} has non-zero measure.
We first claim that

T QN Q)] > 0, (2.5.3)

which directly follows from the inequality below:

/ pordx = / pidz  (since Ti#po1 = p1)
71 () Q

1

> [ peodx  (from the definition of © and the assumption that |Q2| > 0)

S~

pozdz  (since To#poz = p2)

I
S

T, ()

pordzr  (since po1 < poz).

v
S

I (0)
(2.5.4)

Let Q5 = {x € RY : pi(z) > po(x) + 6}, and let 45 = {z € R? : p(Ti(z)) <
2, p2(To(z)) < 3}. Since Ussofds = Q and UssoAs = RY, (2.5.3) yields that
‘(Tfl(Qg) N A(;)\Tgl(Q)’ > 0 for sufficiently small § > 0. (2.5.5)
From now on we fix § such that the above inequality is true, and denote

B = (T () N As)\T3 ().

By definition of the set B, it immediately follows that 77 maps B into the set where

pet+0 < pp < %, while T, maps B into the set where p; < py < %. (Note that these

inequalities hold in the a.e. sense). These facts are illustrated in Figure 2.4.

Let p. := €po1xB, where 0 < € < 0 is a sufficiently small number to be determined

later. Let o1 := Th#(po1 — pe) = (1 — €)p1xr (B), then by applying Lemma 2.5.1 to the
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Toupoz = p2

=\

T5(B) T,(B)
\TIMI/V

Figure 2.4: Illustration of the set B,T)(B) and T»(B). Recall that T; is the opti-
mal map between py; and p; for ¢ = 1,2. Moreover, the set B is chosen such that

Ty(B) C {} > p1 > py + 8}, while T5(B) C {p; < p» < 1}.

optimal plan 77 in comparison to 75, and subtracting #gp{” on both sides, we arrive at

the following inequality:

/ (%(@1 + Th#tp)™ — %‘PT) dr + E[T]
R (2.5.6)

1 1
S/ (_(901 + TQ#pe)m - _9071”> dzr + E[TQ],
Rd \TN m

where

1
BT = /R ((T#0)® + ST — 2Pp)dr, i =12

Next we state a simple algebraic inequality without proof. For all real numbers a and

b satisfying 0 < b < a < % and m > 2, we have

1 1
a™ b < —(a+b)™ — —a™ < a™ b+ Ch (2.5.7)
m m
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where the constant C' only depends on m and . Using (2.5.7), (2.5.6) yields that

/ O N Ty#p)dx + E[Th] < / OV N (To#p)dr + E[Ty) —|—/ C(m,d)e* padx
R4 R4 TQ(B)
1
< / O N To#tpe)dr + E[Ty] + C(m, 8)e®  (since py < 5 in Ty(B))
Rd
< [ o (Tttp)dn + BT+ Cm,0) (since 1 < py)
R4

< / oy N (Ty#tpe)dr + E[Ty) + C(m, §)e?
Rd

(2.5.8)
where the last inequality holds since p; < ps in To(B), and supp(Te#p.) C To(B).

Similarly, we define ¢y := To#(po2 — pe), and note that ps is the minimizer to (2.5.1).
We then apply Lemma 2.5.1 to the optimal plan 75 in comparison to 7T, and an argument

parallel to that above yields the following inequality for @s:

/ AN Tyt ) + B[T] < / A (Tytp)da + BTy + Cm, §)é
R4 Rd

< /Rd Py H(Ti#pe)dz + E[T1] + C(m,8)e*  (since pa < py)

(2.5.9)

Note that in the set T5(B), po is bounded above by %, hence ¢y is just smaller than p

by order € in this set, namely ps < @5 + €/0 in Ty(B). Combining this with the fact that

the integral of Th#p. is also of order €, and the assumption that m > 2, we have the
following:

[ todie < [ e Tt o + Clm,5)E (2.5.10)

(2.5.10) provides us a link between the RHS of (2.5.8) and the LHS of (2.5.9), and so we

arrive at

/ O N T#pe)da §/ Py (Ty#p.)dz + C(m, §)e?. (2.5.11)
RY Rd

Next we show that (2.5.11) leads to a contradiction if € is chosen to be small enough.

First, recall that ¢, = (1 — €)pixr (B), and p1 > po + 9§ in T7(B). Hence if we let € be
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sufficiently small, we would have ¢; > ps + % in T1(B). Then we have

o
/ o N (Ti#pe)da 2/ (p2+§)m_1(T1#pe)dw
R4 Rd

> [ (s Gy oy (25.12)

m— 0 m—
> [ o @)+ ) ol
R

which contradicts (2.5.11) when we fix ¢ and let € be sufficiently small. This concludes
the proof. n

Remark 2.5.2. By sending the time step h — 0, the comparison principle for discrete
solutions immediately leads to a comparison principle for gradient flow solutions. Also,
although we only prove the comparison principle for the energy [ p™dx with 2 < m < oo,
the proof can indeed be easily extended for 1 < m < oo, and also the case when the

entropy part is given by [ plog pdz.

2.5.2 Confinement result and long-time behavior.

In this subsection, we show some applications of the comparison principle for discrete JKO
solutions. The first application is the following confinement result for discrete solutions

(hence continuous gradient flow solutions as well), given that & — +oo as |z| — oo.

Corollary 2.5.1. Let 2 < m < oo and let ®(z) satisfy (A3) and the additional as-
sumption that im0 ®(x) = 400. Assume the initial data py € L>®(R?) has compact
support, and if m = oo we assume in addition that ||po||ec < 1. Then the support for the
discrete solution pj,, ;, will stay bounded for all n, where the bound of the support does not

depend on n or h.

Proof. o Case 1: 2 < m < oco. For any A > 0, let us look for the global minimizer pa

of the energy F,, as defined by (2.1.7) among P; 4(R?). Due to [CJM01, Lemma 6], the

63



global minimizer p,4 is given by

pa = (mT‘lwA - <1><x>>+)ﬁ,

where C}y is chosen such that the total mass of p, is equal to A. Observe that for any
A > 0, such p4 is also a stationary solution for the discrete JKO scheme, and it has a

compact support.

Therefore for any py € L>(R?) with compact support, one can choose A to be suffi-
ciently large such that py < ps a.e. Then one can apply Theorem 2.5.1 and obtain that
Pmn < pa a.e., hence the support of py, , stays within the support of ps for all time

steps.

o Case 2: m = oco. In this case, we first point out that for any mass size A > 0, the
global minimizer of E, among P, 4 is given by some characteristic function xg,, where

Sy is the level set of the function @, i.e.
Sy = {ZL‘ € ]Rd : (I)($) > CA},

and Cy is chosen so that yg, has mass A. Moreover, since g, is the global minimizer

of E, it must be a stationary solution as well.

Recall that py has compact support, ||pollec < 1, and ®(z) — oo as |z| — oo. Therefore
if we let A be sufficiently large, we will have supp py C Sa, which implies that py < xg,-
Since xgs, is a stationary solution, the comparison result in Theorem 2.5.1 immediately

implies that supp pf,;, C Sa for all n and h, and we are done. m

Lastly we briefly discuss the long time behavior of the gradient flow solution p,, for
2 < m < oo, when ® is bounded below in RY, and D?*®(x) is positive definite for all z. In
this case, one can easily obtain that the global minimizer for F., in Pg(Rd) is ps = X0,

where O = {z € R?: ®(x) < O}, and C is chosen such that yo has mass 1.
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Theorem 2.5.2. Let 2 < m < oo. Let ® satisfy (A2) and (A3’), and in addition
assume that D?®(z) is positive definite for all x. Assume the initial data py € Pa2(RY)
has compact support, and in addition satisfies ||pollcc < 1 in the case m = oco. For
2 <m < o0, let p, be given as the gradient flow for E,, with initial data po, as defined
in Theorem 2.4.1(b). Then ast — 00, pm(-,t) converges to the unique global minimizer

ps of B, exponentially fast in 2-Wasserstein distance.

Proof. 1f ® is uniformly convex in R?, then there exists some A > 0, such that D?®(z) >
M for all x € R, In this case we can directly apply the contraction result in Theorem
2.4.1(c) between ps(z,t) and pg(x) (where pg is the global minimizer for the free energy

Enlp] in Po(RY)), which gives

Wa(poo(- 1), ps () < Walpo, ps)e™,

and hence the 2-Wasserstein distance between p.(z,t) and pgs(z) decays exponentially
fast in ¢.

On the other hand, if D?>®(z) is positive definite for all z, but ® is not uniformly convex,
we will make use of the confinement result in Corollary 2.5.1. As long as pg is compactly
supported, the proof of Corollary 2.5.1 shows the support of p(+,t) will stay in some
compact set O 4 for all time, and indeed one can find an O 4 such that it is independent
of m for all 2 < m < oo. This confinement result allows us to apply the contraction

result in Theorem 2.4.1 (c), which gives that

WQ(ﬂOO('v t)? pS(')) S W2<p07 pS)e_)\t7

where A = inf{\ : D2®(z) > A for all z € O4} is a strictly positive constant depending

on py and . O]

Finally we remark that for finite m and p,,, the corresponding result is shown in

[CJMO1], where they use entropy dissipation methods. We suspect the convergence rate
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to be exponential in stronger norms instead of Wasserstein distance, but this issue is not

pursued here.

2.6 Prior results on gradient flows

We now state some results from [AGS06], concerning the existence and uniqueness of the

discrete solution pj, , as defined in (2.4.4), and the convergence as the time step h — 0.

The key step leading to these results is the A-convexity of E,,[p] for all 1 < m < oo
along the generalized geodesics. Thus we first digress a little bit to state some definition
and results from the optimal transport theory (see e.g. section 9.2 in [AGS06]). Recall
that p € Py(R?) is regular if u € LP(R?) with some p > 1.

Definition 2.6.1 (generalized geodesics). Let the reference measure p't € Py(R%) be
reqular. Let p?, i € Py(RY); then we can find two optimal transport maps t* and t3
such that t'yp* = p' and W3, p') = [ga [t'(x) — z?dp’ () for i =2,3. The generalized

geodesics joining p? to p? (with base ') is defined as

pi 7t = (87 upt where 770 = (1 -t +tt*, te€[0,1]. (2.6.1)

Using the notion of generalized geodesics, one can define a notion of semi-convexity

(or A-convezity) for energy functionals on Py(RY):

Definition 2.6.2 (\-convexity along generalized geodesics). Given X\ € R, a functional
E is called M\-convex along the generalized geodesics iof for any pi, pe and us satisfying

the conditions in Definition 2.6.1, the following inequality holds

A
Bl ) < (1~ 1)Blps) + tBlps] — 511~ 1 /R 42— £32dpy for all 0 <t <1,
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where p273, 2 and t* are as defined in Definition 2.6.1.

The following Lemma is a direct consequence of [AGS06, Sec 9.3], which says that as
long as ® is semi-convex, the functional F,, would be convex for all 1 < m < oco. Since
the case m = oo is not directly covered in the book, we provide a short proof below for

the sake of completeness.

Lemma 2.6.1 ( [AGS06]). Let ® satisfy (A3) , and let E,, : Po(R?) — R be as defined

as in (2.4.1). Then E,, is A-convex along general geodesics for all 1 < m < oco.

Proof. Due to (A3), Proposition 9.3.2 of [AGS06] gives the A-convexity of the functional

fRd pPdxr along generalized geodesics.

For a finite m > 1, let S,,, be given by (2.4.2). One can directly apply Proposition 9.3.9
in [AGS06] to obtain the convexity of S, along generalized geodesics. Since the sum of
two A-convex functionals is still A convex, we obtain the A-convexity of F,, for any finite

m > 1.

It remains to check that the functional S, defined in (2.4.3) is also A-convex along
generalized geodesics. To do this, let p?, i = 1,2,3 be as given in Definition 2.6.1. It
suffices to show that if ||u!||pe < 1 for i = 2,3, then ||u?73||p~ < 1for all 0 <t < 1 as

well. Note that due to the A-convexity of S, for all m > 1, we obtain
1772 < min{]|ge? ]| o, 1|} for all m > 1,
and sending m — oo immediately yields the desired result. O
Once we have the A-convexity of E,,, Lemma 9.2.7 in [AGS06] guarantees that the

Assumption 4.0.1 in [AGS06] is satisfied, which leads to the existence, uniqueness and

convergence results in Theorem 2.4.1.
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CHAPTER 3

Approximating parabolic PDEs with oblique

boundary data

We consider solutions of a quasi-linear parabolic PDE with zero oblique boundary data
in a bounded domain. Our main result states that the solutions can be approximated by
solutions of a PDE in the whole space with a penalizing drift term. The convergence is

locally uniform and optimal error estimates are obtained.

3.1 Introduction

Consider the following parabolic problem with oblique boundary data:

/

u; — F(D*u, Du,u,x,t) =0 in € x (0,00);

(Fy) Du - v(x,t) =0 on 0N x [0,00);

u(z,0) = up(x) in Q.

Here Q C R” is a bounded C? domain, uy € C(Q), ¥ € R" is smooth, and F is a

quasi-linear operator with smooth coefficients given by

F(D?*u, Du,u,z,t) = Z q“(u, x, g, + 0(Du,u, z,t). (3.1.1)

4,3
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We use D and V interchangeably to denote the spacial gradient. We assume that
q”(z, x,t) satisfies a uniform ellipticity condition, that is, there exists constants 0 < A\ < A

such that for all (z,z,t) € R x R x [0, 00),
Mdpsn < (¢7) < Aldyyr. (3.1.2)

For a given matrix M, we write M and M~ to denote its positive and negative parts,
that is, M = M+ — M~ with M+ M~ >0 and MTM~ = 0. Using this notation, (3.1.2)

is equivalent to the condition
P (M) <> ¢z 2, t)My; < PH(M),
where P* are the extremal Pucci operators defined by
PHM) = Atr(MT) = Xtr(M™), P (M) := Xtr(M~) — Atr(M™). (3.1.3)
We also assume that ¢ (z,x,t) and b(p, z, x,t) are smooth and
¢” and b are uniformly Lipschitz with respect to p, z in R" x R. (3.1.4)
We assume that ©/(x,t) given in the boundary condition of (F,) is a smooth vector field

which satisfies

v(x,t) - U(x) > co, (3.1.5)

for some ¢y > 0, where 7(z) denotes the outward normal vector of Q at z € 9.

As we show in Lemma 3.5.3, for a given ¥(x,t) satisfying (3.1.5) by possibly adjusting
the size of A and A, one can always find a symmetric matrix A(z,t) defined on R" x [0, 00)

that is smooth, satisfies (3.1.2) and

U(x,t) = A(x,t) - U(x) on S
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With this representation of ¥ using A, our goal is to approximate the above problem by
introducing a penalizing drift. First let us discontinuously extend F' onto all of R™ by

taking

F(D?v, Dv,v,z,t) if x € Q
F(D*v, Dv,v,x,t) =

V- (A(z,t)Vo) if v € Q°.

Now consider

vy — F(D*v, Dv,v,z,t) — NV - [vA(z,t)V®] =0 in R" x (0, 00);
(P)

v(x,0) = vo(x) in R".

Here vy is an extension of uy to R™ to be defined in (3.2.11). & is a potential whose
gradient is zero inside of €2 and is proportional to the inward normal of €2 outside of €.
More precisely, we start with d(x, ) which is C? provided z is in an outer ball of 2, and
we consider a smooth extension d(z) onto all of R™ that goes to infinity as |z| — oo.
Then we write

®(z) = d(z)? (3.1.6)

See Theorem 3.4.1(a) for the well-posedness of (Py) with the discontinuous operator F.

Alternatively one can consider a regularized version of F' (see section 4).

The approximating problem (Py) can be viewed in the framework of stochastic par-
ticles, where the added drift represents an external force that pushes back the particles
which diffused out of the domain 2. In the context of stochastic differential equations,
relevant results have been established in the classical paper of Lions and Snitzman [L.S84],
where a similar method of introducing a drift term was used to derive existence of solu-

tions to the Skorokhod problem.
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Showing the validity of this approximation is the goal of the chapter. The main result

is the following:

Theorem 3.1.1. Let u and v respectively solve (P,) and (Py) as given above, and let vy
be given by (3.2.11). Then for any T > 0, v uniformly converges to u in Q x [0,T] as

N — o0o. Moreover we have
lv(z,t) — u(z,t)| < CN~Y3 in Q x [0,T], (3.1.7)

where C' depends only on n, \, A\, T and the regularity of the coefficients and the domain
Q.

While (Py) is a natural approximation of the original problem (P,), the convergence
result does not appear to be previously proven, even for the case of the heat equation

with Neumann boundary data. Let us briefly discuss the main challenges in the analysis.

Remarks

1. It is not clear to us whether the above theorem holds with the original F' in (Py)
without extending it to have a diffusion term that corresponds to the boundary conditions
given A(x,t) outside of 2. For our analysis this extension was necessary for the rather
technical reason of constructing an appropriate barrier of the form e V® f. based on the

stationary solution of the divergence-form equation outside of €2.

2. The rate in (3.1.7) is optimal in some sense for our choice of ® in (3.1.6), which we
show in Section 5.1. ® is chosen to have cubic growth for the technical reason that ®

then is C? across 0. See Theorem 3.5.3 for a result on different choices of potentials.

3. The result is limited to quasi-linear PDEs of the form (3.1.1). This is due to

the nature of our argument, which is based on approximating (F,) by switching the
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operator F' near the boundary of © with the diffusion operator associated with A(z,t),
as explained in the outline of the chapter below. To guarantee stability of such an
approximation we need uniform regularity of the approximate solutions. This corresponds
to the regularity of parabolic PDEs with leading coefficients discontinuous in one variable;
see Theorem 3.4.1. It remains open whether the theorem holds for general nonlinear

operators that go beyond (3.1.1).

o Heuristics and difficulties

For the elliptic case, arguments from the standard viscosity solution theory were applied

in [BGJ13] to prove that the solution of
—F(D*v, Dv,v,x) — NVv - (A(z)V®) =0 in R” (3.1.8)

uniformly converges to the stationary version of (P,) for nonlinear, uniformly elliptic F.
Heuristically, this result can be justified by observing that NV® approximates a singular
measure concentrated on the boundary of 2 with the normal direction, thus leading
to the boundary condition Vv - A(x)7 = 0. However, for the parabolic problem the
above approximation fails, due to additional challenges created by the time variable. For
example, we prove in Theorem 3.5.1 that for F' = Au, replacing the divergence-form drift
term in (Py) by the non-divergence drift term in (3.1.8) causes the solution to converge to
zero over time as N — oo. On the other hand, the zeroth order term NoV - (A(x,t)V®)
in (Py) causes a problem in the above heuristics to yield the oblique boundary condition
in the limit N — oo. Indeed the standard viscosity theory argument fails to show the
approximation of (P,) with (Py), due to the zeroth order term in the divergence-form
drift in (Py). Thus one concludes that there is a delicate balance between the two terms
coming out of the penalizing drift term in (Py), which must be handled carefully. The

main observation that enables our analysis is that the solution of (Py) outside of € can
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be bounded by the quickly vanishing barriers of the form e=V?f, where f is a smooth
function. Our actual argument is built on estimates for the barriers (see section 2.1.1)
and does not involve direct estimates on v, which suffices for our convergence result,
but further asymptotic analysis on v may reveal information on the dynamics of the

penalizing drift leading to the boundary condition in ().

o Qutline of the chapter

Due to the difficulties described above, we were not able to produce a direct argument
to show Theorem 3.1.1. Instead, we prove the theorem first for linear operators where the
diffusion matches the boundary flux condition in Section 3.2, and then build on these

results to address the general case in Section 3.4.

The general idea in Section 3.2 is to use the comparison principle, by testing against
barriers created by extending a particular perturbation of the true solution for (F,). To
illustrate the construction of barriers done in Section 3.2, we first carry out the argument
in one dimension in Section 3.2.1, in the special case where F' = Au and A = 1. Then
we proceed to the more general linear case in higher dimensions in Section 3.2.2, still
in the case where F' and A correspond. One important ingredient in the proof is a
decomposition argument which eliminates the zeroth order term in the penalizing drift
in (Py), as shown in (3.2.2) and (3.2.13). In Section 3.3 we will show results from basic
numerical experiments which verify the rate of convergence for the heat equation in one

dimension.

In section 3.4, we introduce an additional approximation to let us utilize the results
of the previous section to prove the main theorem. Roughly speaking, we will interpo-

late the diffusion term of F' in (P,) with the one matching the boundary condition near
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0Q); see (P,) in Section 3.4. We then consider approximating the modified problem with
the penalizing drift term. The important estimate in this section is the uniform rate
of convergence between (P,) and its penalizing approximation (P, ) which is indepen-
dent of r (see Theorem 3.4.2), based on the uniform regularity of solutions of (P,) (see
Lemma 3.4.1). The uniform regularity estimate for (P,) draws from the result of Kim and
Krylov [KK07b], and is of independent interest. We finish with remarks and examples

in Section 3.5.

3.2 PDEs of divergence form

We first consider the case when F' is in linear, in divergence form and matches the co-

normal boundary condition, in the following way:

;

u— V- (A(z,t)Vu) =0 in Q x (0,00);
(D) Vul A(x, )7 =0 on 0 x (0,00);

u(z,0) = up(x) in Q.

\

For simplicity we rescale so that A = 1, so that
Idpsn < A(z,t) < Aldpyp, for all z € R™ ¢ > 0. (A1)

In this case, the approximating problem is written as

vy — V- [A(z,t)Vv] = NV - [vA(z,t)VP] =0 in R" x (0,00);
(D)

v(z,0) = vo(x) on R™

Here ®(z) is defined in (3.1.6), and vy is an extension of uy onto R™ which will be defined

in more detail in Section 3.2.2. We will prove
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Theorem 3.2.1. Suppose §) is C? and that A is C%, symmetric, and satisfies (A1). Then

if u solves (D) and v solves (Dy) with initial data vy given in (3.2.11), we have that
HU — /UHLOC(QX[O,T]) < C(Uo, Q, A)TNil/d
3.2.1 The heat equation in one dimension

Before handling the problem in multiple dimensions, we illustrate the proof technique on

a simpler example, the one dimensional heat equation with Neumann data:

)
Ut = Ugy n (av b) X [07 00)7
(H) ug(a,t) = ug(b,t) =0 forall t > 0;
u(z,0) = ug(x) for all z € [a, b].
(

We define the approximating problem

U = Ugg + N &, + Nv®,, in R x (0,00);

(Hy)
v(x,0) = vo(z) for all x € R.
Here vy is defined as
(
up () if z € [a, b]
vo(z) == o (b)eNe@ fr>Db (3.2.1)
up(a)eN*@ if x < a,
\
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and ® is defined as follows:

|z — al? ifz<a
®(z):=14 o ifa<z<b
|z —b)? if x> 0.

\
In words, ® grows cubically outside the original region, which makes it C? at the bound-

ary.

Theorem 3.2.2. Assume uy € C([a,b]), and let u and v solve (H) and (Hy) respectively
with initial data ug and vy. Then for any T > 0, v uniformly converges to u in [a, b]x[0, T

as N — oo. In particular we have that for all T > 0,

lu = ll i<z < Cluo, a,b)(T + )N,

For the proof we will perturb the true solution and then extend it to get super- and
subsolutions of (Hy) on all of R. The super- and subsolutions will serve as barriers to
show that v is close to u in . For the specific vy given by (3.2.1), the minimal size of

the perturbation can be estimated by the barriers and we obtain the rate of convergence.

Building a supersolution

The first step is to create a supersolution to extend u off €2, taking the form

o(z,t) = f(z,t)e N2@), (3.2.2)
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Without loss of generality, we will only show the details of the extension to the right of
x = b. Note that ¢ satisfies

Pt — Paa — N@xq)x - ngq)zx - eiNq)(ft - fmm + 2foq)x - N2fq)g26
4 NfB,, — Nfod, + N2fd2 - N fcbm)

=e M (ft - fm" + foq)z) .
Thus we need only verify that

We want ¢ to match u at the boundary, and go above it to the left, that is, (¢, —us)|e=p <
0. This would let us create a supersolution extension by taking the infimum of ¢ and w.
However, since u, = 0 at b, this requires ¢, = f, < 0 which makes (3.2.3) difficult to

satisfy. To avoid this, consider

ue(z,t) = u(z, 1) + b5o‘ e(r — (a+1b)/2)° + blOa

et.

Here a := [Juy(D, -)|| L([0,00)), and € is a perturbation parameter. Then u. will satisfy the

heat equation except with boundary condition wu, ,(b,t) = 10ae/2 = Seav.

Now we construct f so that it matches u, at the boundary. For simplicity, we assume

b = 0 and write

(x—€)?+¢é

f(x,t) == u(0,t) + « .

+ aex.

A sample ¢ is shown in Figure 3.1. The cubic term in f is designed to help for x small,

while the linear term will help for larger . We calculate:

fe(x,t) = ues(0,t) = ue(0, ) + 10ear/(0 — a),

f2(0,t) = e(Ba + ) < ue4(0,1).
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Figure 3.1: A sample u, u., and ¢, where Q = [0, 1].
Then fi(x,t) > =2« if € < (b — a)/10.

Now for = € [—¢, €/2], we find

3(z —€)? —
M+oz6>0, fm:6ax ¢
€ €

fx:a

< —3a.

Thus we find
ft_f$$+Nf:cq)$> —2a + 3o > 0.

Next, if © > €/2, we find
fe =3a(r — €)?/e + ae > ae, fee = 6a(z —€) /e < 6ax/e.
This gives the result
ft = foe + Nfo®, > —2a — 6ax /e + 3r°aeN

> (Na€® /4 — 2a) + ae 'z (22’ N — 6) .
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Then if N > 8¢~3, both terms will be positive in this region, letting us conclude that ¢

is a supersolution of (Hy) on [—¢, 00) X [0, 00).

The full supersolution

Our final supersolution will be as follows:

ue(z,t) ifa<x<0
w(x,t) = (3.2.4)

o(x,t) if £ > 0.

This is a supersolution of (Hy) because it can be written as the infimum of a smooth
extension of u, and . This works since they touch at x = 0 and are ordered appropriately

because as shown above, u,,(0,t) > f,(0,t). Then for x > 0,
w(z,0) > u(0,8)e V@ > 44(0)e V@ = o(z,0).

Since we can extend w in an analogous way to the left of a, applying the comparison

principle ensures that v < w in R x [0, 00) and hence v < u, in [a, b] x [0, 00).

The proof of Theorem 3.2.2

From the supersolution u. constructed above setting N = 10e3, we obtain v < u, <

u+CTe <u+ CTN~/3. Next, we construct a subsolution as follows. Let

33
g(x,t) =u_(0,t) — aw — Qez.
€

Then we have that g, = —f, and ¢,, = —f.z, and so by similar estimates we find
Y(z,t) = g(x,t)e™V®@ will be a subsolution on [—¢, 00) x [0,00). This lets us extend

u_e to a subsolution w on all of R x [0, 00). Then by construction, w < v at ¢t = 0. Hence
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w < v for all time by the comparison principle, so in particular u_. < v in [a, b] x [0, 00).

This lets us conclude that for (z,t) € [a,b] x [0, 00),
u,e(x,t) < U(l’,t) < u€<£li',t).
Thus provided N > 10[(b — a)/10]73, we have

lu = vl L @xfo,00)) < Cluo, a,b)(T +1)N"12,

0

Remark 3.2.1. Perhaps the most natural choice for vy is vog = ug inside 2 and zero
outside. In this case the convergence rate can be obtained in L' norm. Observe that
for w as given in (3.2.4), v < w < u+ CNY3T +1) in Q x [0,T]. Moreover, since
0 <wv<w one can show that fR\QU(ZL’,t)dl’ < CON-Y3. The above estimates as well as

conservation of mass yields that

[o(-,t) — (-, )| L1y < CNY3T +1).

3.2.2 The general linear divergence form equation

Now we consider the divergence form parabolic equation (D), and the approximating
problem (Dy). Generalizing the extension process used in the one-dimensional case
requires using the distance function, which is only smooth if we are close to €). To this
end, we will require an intermediate domain €2’ that contains €. For v a lower bound on

the radius of interior and exterior balls to 9€2, we define ' as

O ={z:d(z,Q) < do}, (3.2.5)
_1 il A Z
where dy = 5 min {7, NIV (A A 1>} : (3.2.6)
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Figure 3.2: An illustration of how S functions

Then we have that d(x, Q) is C? inside ', so we can find a C? extension d(z) that matches
d(z, ) inside ', and goes to infinity as |z| — oco. Before we prove Theorem 3.2.1, we
prove two lemmas that will help us extend u off 2. We define the mapping S : ' — 0Q

to tell us what boundary point our extension takes data from. We define S in formula as

S(z,t) == —d(x,t)A(z,t)Vd(x).

Here d(xz,t) is defined so that S(x,t) € 99, and in the case A = Id,y, simply equals
d(x). In words, S maps z to the closest point in  in direction —A(x,t)Vd(z), whereas

the closest point is actually in direction —Vd(z); see Figure 3.2.

Our first lemma shows basic properties of S, d, and ci; the proof employs basic geometry

and the implicit function theorem.

Lemma 3.2.1. Suppose that (3.2.5) holds and A is C*. Then in ', the distance function
d(z,9Q) is C2, S(x,t) is well defined, and d < d. Further, for x € Y\Q, AVd|, ¢
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Ts(e.y0Q. Lastly, d is also C?, and hence S is C* as well, with

Vd(S(z,t))T [1 — d(z,t)VA(z, ) Vd(z) — d(z, t) Alz, t)DQd(x)]
Vd(S(z, )T) Az, 1) Vd(z)

Vd(z,t)T = (3.2.7)
Proof. The regularity of the distance function is proven in [GT01]. For the second part,
consider a point z € Q'\Q. Then since x is contained in an exterior ball of 2, we must
have that there is a unique nearest point y € 02 at distance d, and at y, there is an
interior ball B, (z). We show that starting at x, going in direction —AVd we will wind up
in this interior ball, which will show that S(x,t) is well-defined. The worst case scenario
is when the angle between Vd and AVd is maximal, and we note we can get an upper

bound since it satisfies

cosf = vd'Avd >
~|Vd||AVd| —

1
A

We wish to show that a ray starting from z, deflected by a maximal 8, will hit B,(z)
provided d is small enough. Projecting into the plane containing Vd and AVd, we can

consider this in two dimensions; see Figure 3.3. Solving for the intersection, we find that

the distance from where we hit B, (z) is given by

d(d + 27)A
d = (d+2v) ~ C(v, N)d (3.2.8)
d+7++/(d+7)*—d(d+ 27)\2
for d small. Then in particular we hit if
(d+7)? —d(d + 27)A* > 0, (3.2.9)

and it can be checked this is equivalent to requiring

d<ﬁ<A—M).

Thus S(x,t) is well-defined if we hit B,(z), which is guaranteed if Q' satisfies (3.2.5).
Also, since d < d'/|AVd|, we find d < C(A, Q).
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Figure 3.3: Calculating an upper bound on d

Next, we check that AVd|, € T +00Q. Consider the line from x along AVd to where
it hits B,(z). If AVd € Ts(;4)052, then there would be an interior ball B, (w) that is
perpendicular to AVd at S(z,t). We claim d(w,z) < d(z,z), which would contradict
that y is the nearest point to  since then d(z,Q) < d(w,z) — v < d(z,z) — v = d(z,y).

This claim follows by showing that
d(z,w)? = d(x,S(x,t))* +9° < (d+7)? = d(z, 2)*.

But since d(z, S(z,t)) < d < d(d+ 2v)A/(d+ ) by (3.2.8), this is ensured if

d2(d + 2v)2A?

A1) < (d+7)* =~+* =d(d+27).

Rearranging this yields that we need
d(d +27)A* < (d+7)?,
which is the same as (3.2.9), and hence true by our assumptions on the maximal size of

d.
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Finally, we use the implicit function theorem to show that d is continuous. This is

because it can be given implicitly as the solution A to
flz,t, ) =d(z — NA(z,t)Vd(z,Q),Q2) = 0.

Then for a given (zg,%p), a minimal solution A must exist since the solution space is

non-empty and everything is continuous. Then we compute that

% = —Vd(zy — MA(z0, 10) V(o))" A(zo, to) V(o).

It can be proven that (3.2.9) implies that at the first point of contact to 2 along AVd,
the angle to ) is not tangent, and hence % # 0. Thus we find an implicit solution
exists as we vary around (x, t) around (o, to), there is locally a solution d(z, ), and since

everything else in f is C?, so is d. Then (3.2.7) follows from the implicit function as

well. O

Lemma 3.2.2. We can control the size of the directional derivative of S in the drift
direction AVd in the following sense:
|DSAV| < d(z),
(zt)
for allt >0 and xz € Q'\S.

Proof. We remark that as we move slightly in direction AVd, S is affected by both A
and Vd changing. Since those changes are small, the deflection of S will be proportional

to the length we have to travel to get back to 99, which is proportional to d < d.
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Fix z and t. Define n := A(z,t)Vd(z)/|A(z,t)Vd(z)|. As proven in Lemma 3.2.1,

Vd(S(z,t))" [I — d(z,t)V Az, ) Vd(z) — d(z,t) A(z, t)D?d(:c)}
Vd(S(z, )T A(z, t)Vd(z) "
VA, t)Vd + Az, t)D*d(x)
Vd(S(z, )T Az, )Vd(z) ”]

Vd(z,t)"n =

1 -
= amovae Y@ {w(sg,t))
1

A, H V()]
Here ( is defined this way for brevity and VAVd is the matrix whose (7,7) entry is

+ Bd(z, t).

(Va)TVd. We Taylor expand the quantities in S in direction 7 to find

d(z + hn,t) = d(x, ) + Bdh 4+ O(h?),

" (. )V ()|
Vd(z + hn) = Vd(x) + hD*dn + O(h?),

(A(x + hn,t)) = Az, t) + h(VAn) + O(h?).
Calculating the directional derivative directly yields
S(x+ hn,t) — Sz, t) =z + hn — d(x + by, 1) A(x + by, )Vd(z + hny) — 2 + d(z)A(z)Vd(z)
= hn — (d + ﬁ + hﬂd) (A + h(VAR))(Vd + hD?dn) + dAVd + O(h?)
—h (n — dAD%dn — 1 — Bdy — J(VAn)w> +O(R).
Dividing by h and taking the limit as A — 0, we see that

DSAVd = —|AVd| (CZAD%zn + Bdn + J(VAn)Vd) . (3.2.10)

Then by Lemma 3.2.1, AVd|, ¢ Ts(,052, that is, it is not tangent to 9 at the point
S(z,t). Thus by compactness, we find Vd(S(z,t))" A(z,t)Vd(z) can be bounded away
from zero, and so 8 < C'(A,Q). Then factoring out d from (3.2.10) and using that d < d

from Lemma 3.2.1, we find

IDSAVd| < C(A,Q)d < C(A,Q)d.
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With this lemma in hand, we are ready to prove Theorem 3.2.1. We define vy as
follows:
up () in Q
vo(z) = (3.2.11)
e~ N@ () up(S(x,0)) in Q°.

Here p(z) : R™ — [0,1] is a smooth function that is one when d(x,Q) < dy/2 and zero

when d(x,) > dy. This smoothing factor p is necessary since the map S is only defined

when d(z, Q) < d.

3.2.2.1 Proof of Theorem 3.2.1

Proof of Theorem 3.2.1. We proceed in a similar fashion to the heat equation case, with
the difference being more care is required in the extension process. In particular, the
extension used previously now only works on €2, and we have to patch it to another

solution to create a supersolution on all of R™.

First, we perturb u to u. which has a small positive slope at the boundary. We proceed

by considering the signed distance function

d(x,Q°) if v € Q
h(z) =
—d(z,Q) ifx € Y\Q,

defined in a neighborhood of 99 where this is C2. We extend & to a C? function & on all
of 2, and define

uc(x,t) == u(x,t) + Soel (—B(x) + IV - (AVR) || Lo (x 0,00t + HBHLoo(m) . (3.212)
where € > 0 is a perturbation parameter and « is a constant to be chosen later. Then u,
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will be a supersolution of (D) satisfying u. > u and at 0f2,
Vul A7 = Vu AV — 5aeAVAT A7 = 5ae AT A7 > Sael\.
We look for a supersolution of the modified equation (Dy) on @'\ of the form
oz, t) = f(x,t)e V@), (3.2.13)
Let us calculate how this transforms the equation in detail. We have that

o = fieN?,
Vo =eN(Vf—-NfVD),

_NV - (pAVD) = ¢ Ve <_ NVfTAV® + N2 fVOTAVD —~ N> ai®,, — NS a?;%) :

1, 1,J

-V (AVSQ) = e N® Z [a?l(fx] - qu)%)}
iJ
+ Zaij |:f$1$] - Nf:vjcbxi - Nfa:iq)ivj B qu)wixj + Nqu)xi@””i]
i,J

=e " 2NV fTAV® — N*fVOTAVD)

NS (N, = L) + @I (NP, = fo,)].

irj
Summing these, we find
0 — V- [AVp — NpAVD| = eV ( fi + NVfTAVD — Z[a;‘g fu, + a” fx,.xj]>
ij

=. e_N(p(ft — M),

where M is defined this way for brevity. Then we set

(d(z) —€)3 + €

f(z,t) :=u(S(z,1t),t) + «

+ aed(x),
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where S(z,t) is the mapping onto 92 defined above. We calculate:

n
ft = Ueyt + E ue,a}isi,ta
=1

d _\2
Vi =vul'DS + SQMVdT + aeVd?,

Du. 05,08 ou. 0*S d(z) — d(z) — €)?
fxixj _ Z > U l k Z U k + 6awd%dw] + « (3M + €> dmizja

x0xy, Oz; Ox; Oxy, Ox;0x; € €

V® = 3d(x)*Vd.

Then we can find C(u, A, Q) so that the following bounds hold for e small:

g 0%u, 0S5, 05y ou, 0%Sy . Ou, OS,
% vy___°- - "
[; 0,0z, Oz Ox; Z Oxy, 0z ;0 ”Zk @, Ozy, Oz,

< C(u,Q, A),

(3.2.14)

Uey = Uy + 5ael||V - (AVA)|| 1o (@xfo.00)) = — U] Lo @axo.00)) = —C(u, A, Q),
(3.2.15)

i Uy, Si ¢ — DaeA i B, Si

i=1 i=1

< C(u, A, Q) + aeC(u, A, Q). (3.2.16)

n
E ue,misi,t -
=1

Then in particular we find that f; > —2C — aeC, so

fr=Mf = fi+ NVTAVO =Y [al fo, + a" fr0)]

.3

> —2C — aeC + NVfTAVE - C(u, Q, A) = ) ala {3

1]

v 60\ ) DGy ava - Y ava [SM + e] Ay,

€ — €
7/7]

Now let us examine the VfT AV® term more carefully. Applying Lemma 3.2.2, we have

VTAV® = 3d(z)* (a[3(d(z) — €)*/e + €]Vd" AVd — Vu.DSAVd)
> 3d(z)* (3a(d(z) — €)*/e + ae — Cd) .
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Then the inner polynomial has a minimum at d = e+C'¢/6a, where it achieves the value of
e(a—C?/12a—C). Thus provided o > 3C(u, 2, A), we have NV fTAV® > 3Nead(z)?/2.

Then this assumption on « yields the bound

fi—Mf>—-a—aeC+ g]\fecwl(az:)2 — 6&MVCZTAVCZ
) — o

€

+ e} > (0 dy, + ady,y,). (3.2.17)

1,]
Now suppose —¢ < d(x) < €/2. This lets us use the estimate —(d — €)Vd? AVd > €/2 to
bound (3.2.17) by

fi = Mf>—a+3a/2+ O(e).
Thus it follows that ¢ is a supersolution here if € is small.
Next, suppose €/2 < d(z) < dy. Then we simplify (3.2.17) to get

fi— Mf>—-a—aeC+ ;Neozd2 —6aAd/e — C[3ad*/e + €]

= a(Nd%/2 — 1~ eC) + = (Nd% — 6Ad — 3Cd> — C¢?) .
€

Then setting N = 12(Cdy + A + 1)e~3, both terms will be positive, and so ¢ will be a

supersolution over all of '\ x [0, c0).

3.2.2.2 Creating the full supersolution

As in the one dimensional case, we define

ue(x,t) if x € Q
w(zx,t) =

~—

o(x,t) ifze\Q.
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We need to check that w is in fact the infimum of the two supersolutions u, and ¢.
This is because at 02 by construction we have p(z,t) = u.(S(z,t),t) = u.(x,t), while
Vu,. - AV > baeA and

Vo A =V f - Av = Vul DSADV + daei’” Av < dae.

Then since —Av points inside (2, it follows that ¢ > u. immediately inside €2, so w is in
fact a supersolution. Note again that this infimum procedure works even though wu, is

only defined inside €2, since it crosses  exactly at 0.

Now we extend w again from €’ to all of R™. To do this, consider a stationary solution

() = 2||ucl| e @axpeone T

Then at 0, n > w and at 0%, if € < dy/2, we have

() = 2||ucl| L= @axpeone T,

d3
w(z,t) = @(x,t) > a8—06_N¢(“).
€

Thus w starts off below 7 and provided € < djo(16||uc|| Lo=(90x[0,00))) > W must cross n
before 0€Y'. Thus by taking another infimum, w can be extended to be a solution on all

of R™.

Lastly we check the ordering of w versus v at the parabolic boundary. At ¢t = 0, the

ordering is clear inside {2, and since
f(,0) = uc(S(x,0),0) = p(x)uc(S(z,0),0) = p(x) |uo(S(x,0)) + 5aeh|hl| o) |

it follows that ¢(z,0) > vy(z) outside 2. Also, n(z) > vo(x) by construction, so w(z,0) >

vo(x) as well. Thus we can apply the comparison principle to deduce that

v(x,t) <w(x,t) in R" x [0,00).
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Since w(z,t) = u.(x,t) € Q, we see that in [0, T,

v(z,t) —u(z,t) < e(T+1) S NY3(T +1).

Now we construct the subsolution of (Dy) via a parallel procedure. As in the one-
dimensional heat equation case, define

(d(z) —€)3 + €

g(z,t) == u_(S(z,t),t) — « — aed(z).

This crosses the zero solution inside €', since for € small, g(x,t) < 0 when d(z,Q) =
do/2. Then by taking a supremum with the zero stationary solution, we can extend
g(z, t)e‘Nq’(””) to a subsolution on all of R™ that equals u_, in €2 and starts below vy. Thus
employing the comparison principle lets us deduce that v(x,t) > u_(x,t) in Q x [0, 00),

and so we conclude that in  x [0, 77,

lv(x,t) —ul(x,t)| < N_1/3(T—|— 1).

3.3 Finite difference approximation results

In this section we present the results of applying the Crank-Nicolson finite difference
method to implement the approximation technique. First we consider the heat equa-
tion on [0, 1] with initial data ug(z) = cos(2mx) + 1, which admits solution u(z,t) =
g4t cos(2mz) + 1. We ran the scheme with 300 spacial panels and 2000 temporal pan-
els, with zero Dirichlet conditions at the boundary of ' = [—1,2]. We ran the experiment
for t € [0,0.3]. The true solution is shown in Figure 3.4, and two approximate solutions

are shown in Figures 3.5 to 3.6.
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uatt=0 x

uat t=0.015
watt =0.09 -eeeeeeen
0 0.2 0.4 0.6 0.8 1

Figure 3.4: The true solution w at various time points

Estimates of the rate of convergence as we vary N are shown in Table 3.1, which

/3. To remove the inaccuracy of the underlying

are close to the analytic result of N~
numerics, for each N we ran the scheme with varying space and time panels, and found
that for all N tried, 6400 spacial panels and 102400 time panels ensured the results were
stable for fixed N. Note that the L* errors were approximately constant in time, and so

it sufficed to use the final error.

The big advantage this method has for numerics is that it allows one to run finite
difference schemes on domains with general geometry, which normally would require finite
element methods. Since the routine winds up being done over a box, spectral methods
can be used. Also, unlike the finite element methods, this method can be generalized
to handle non-linear terms on the interior, at the expense of losing the converge rate

estimate.
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v at t =0.015

vatt=0.09 -

v at t =0.015

vatt =0.09 -t

Figure 3.5: The approximating solution v with N = 100

0.5

1.5

Figure 3.6: The approximating solution v with N = 1000
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N ||u — UN“LOO([—LQ}X{t:O.S}) p estimate

8192 0.0438889 0.2922126913041514
16384 0.0356576 0.2996465089723717
32768 0.0288452 0.30587833655159546
65536 0.0232513 0.3110198856649859
131072 0.018688 0.3151992014544745
262144 0.0149858 0.31851607677867955

Table 3.1: Estimates of the rate of convergence N7 as we vary N

3.4 PDEs of non-divergence form

Building on the previous constructions of barriers, we are now ready to address the general
problem given in the introduction in Theorem 3.1.1. Let u solve (FP,), and let v solve
(Py). To use the barrier argument from the previous section, the boundary operator F’
must correspond to the operator V-(AVv) in a neighborhood of 0€2. This necessitates the
introduction of two auxiliary problems which feature a regularized operator F,.. Towards

this, we define

Q. ={reQ:d(z,00) >r}
Now take a smooth function f(z) which is zero for x < 1 and one for z > 2, and write
g(z) = f(rd(z,00)).
Then we define

F.(D*u, Du,u, z,t) := g(x)F(D*u, Du,u,z,t) + (1 — g(2))V - (A(x,t)Vu), (3.4.1)

94



which is smooth, satisfies (3.1.2), equals F' in Qy,, and equals V - (A(z,t)Vu) outside of
Q..

Next let w and v solve the two auxiliary problems:

r
wy — F(D?*w, Dw,w,z,t) =0 in Qx[0,T];

() (A(z,t)Vw) - 7 =0 on 99 x [0,T];

w(z,0) = up(x) in  ,
and
o — F.(D?*0, D0, 0, x,t) — NV - [0A(2,6)V®] =0 in R" x [0, 00);
0(x,0) = vo(x) in R™.
The proof of Theorem 3.1.1 proceeds by showing that as r — 0, the solutions of the
auxiliary problems (P,) and (P, ) converge to the solutions of the original problems,

uniformly in N. Then since the barriers constructed for the divergence form PDEs apply

to the auxiliary problems, this will finish the proof (see Figure 3.4).

As a preliminary step, we will develop uniform estimates for w independent of r, using

the following particular cases of Theorems 2.5 and 2.8 in Kim-Krylov [KKO07b]:

Theorem 3.4.1. Let us denote x = (x1, ..., z,) € R" and define
Lu = a”(z,t)u;j + b(z,t) - Du + c(z, t)u,

where the {a”} satisfy (3.1.2), are continuous with respect to (x1,...,Tn_1), and mea-
surable with respect to the x, variable. Also, assume b and c satisfy (3.1.4). Then the

following holds for 2 < p < oo and T > 0:
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(Px) (Fy)

N — o0
rd0 r 0
Lemma 3.4.3 Lemma 3.4.2
P, P,
(Poy) - (P

Theorem 3.4.2

Figure 3.7: How the different problems and their solutions relate as we vary the param-

eters.

(a) For any f € LP(R" x [0,T1), there exists a unique u € W2 (R™ x (0,T]) such that
up — Lu = f in R™ x (0,T] with u(-,0) = 0. Moreover

[ullyzr gaxpozm) < CIF llLe@exor)-

Here C depends only on n,p, T, X\, A, the bounds for b and c, and the mode of

continuity of the {a™} with respect to (x1, ..., T, 1).

(b) Let H be the half space {x = (x1,...,x,) € R" : x,, > 0} and let | € H. Then for a
given f € LP(H x (0,T]) there exists a unique v € W2'(H x (0,T1]) satisfying

w—Lu=f in H x (0,7},

[-Du=0 on OH x (0,T7;

u(z,0)=0  in H,

\

with the estimate
lullwzr rxory < ClFlraxom)-

Here C' depends only on n,p,T,l,\, A, the bounds for b and ¢, and the mode of

continuity of the {a”} with respect to (x1,...2,_1).
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The following lemma is essential to deduce an estimate, uniform in r, for the conver-

gence of the solutions of (P, ) to those of (P,).

Lemma 3.4.1. Let F(D?u, Du,u,x,t) be given as in (3.1.1), satisfying (3.1.2) and
(3.1.4), and let w solve (P,). Then for a given T > 0, the following holds for 0 <t < T':

(a) For any 0 < a < 1, w(-,t) is uniformly CY* in Q with respect to r;
(b) wy is bounded in  x [0,T];

(c) The restriction of w(-,t) on 9Q is uniformly C*' with respect to r.

Proof. 0. In this proof C' denotes various constants which are independent of r. Since
w is C2 up to Q x (0, T, it suffices to get a uniform bound on the derivatives of w with

respect to r.

1. Let us first consider the case when v is constant and the domain is a half space, i.e.

when

Q=H={z=(21,....,x,) : x, > 0}.

In this case, with compactly supported ug, Theorem 3.4.1(b) as well as Morrey’s inequal-
ity yield (a) for linear PDEs. For F given as in (3.1.1) one can use Schauder’s fixed
point theorem with the map V : W[}’O(QT) — Wg’l(QT) with sufficiently large p, where

u := W(v) solves
(

uy — 3¢9 (0, 2, t)ug e, + b(Dv,v,2,t) =0 in Qx (0,T];

\ 7-Du=0 on 90 x (0,T);
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The argument for smooth, non-constant ¢ is parallel to the constant case, which re-
lies on introducing a local change of coordinates to change the problem to a Neumann
problem, as written in the proof of Theorem 2.8 in [KKO07b]. Also, see Remark 2.10
in [KKO07a].

To generalize from H to €2, we can apply a local change of coordinates such as in [Eval0]

p. 337-339, which maps {z : d(z,0Q) = r} to {z,, = r}, to reduce to the half-space case.

2. Note that W := w, satisfies
Wi =37, a? (w, 2, )Wij + 00" (Dw, w, 2, t) - DW + B(x,t)W 4 C(x,t) =0 in  Qx (0,T];

(A(z,t)DW) -V = —(A¢(x,t)Dw) - ¥ on 0N on 00 x (0,7).

We write a¥ := g(x)q” 4+ (1 — g(z))a” as the second order matrix of F, and likewise for
b". Here
B(z,t) :== Z 0,a" (w, x,t)wy; + 00" (Dw, w, x,t),

i?j
and

C(x,t) = Z(af,j)t(w,x, t)w;j + by (Dw,w, x,t).
i,
Due to the uniform sz’l estimates obtained in step 1, we have that B and C' are uniformly

bounded with respect to r in LP(2x [0, T]) for any 2 < p < oo. Setting p = n+1, [Kry76]
yields the uniform L* bound for W.

3. It remains to show (c). For simplicity, we will only show (c) in the case that 2 is
locally a half space, that is, we will show (c) in By /2(0) when

For general domains one can take a local change of coordinates as before to reduce to

the half-space case.
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Let us choose a boundary point o € 92N By/2(0) and a time ¢ = t,. To show (c), it is
enough to show that there exists M > 0 which is independent of r such that for x € 02

and t < ty, we have
|w(z,t) — w(wo, to) — Dw(wg, to) - (v — x0)| < M (2 — 10)* — C(t — t0) (3.4.3)

in S := (02 N Bs(xg)) X [to — T,to]. To this end we will build a supersolution and a

subsolution of (P,) and compare it with w in a parabolic neighborhood of S.

We first construct a supersolution of (F,) to show that in S,
w(z,t) — w(zo, to) — Dw(wo, to) - (2 — x0) < M(x — 30)? — C(t — t0). (3.4.4)
Next, fix a € (0,1). Due to (a) and (b) we know that
w(z,t) < w(zo, to) + Dw(z, to) - (x — x0) + Clo — x|t — C(t — to) (3.4.5)

in (Bs(xg) NQ) X [to — T, 0], where C, §, and 7 are constants independent from the choice

of r.

Let us denote (x — zg)r := (x — x9) — (x — x0) - €1, and consider the function

A
h(z) := ol <\(:U — $O)T’2 — X(n + D)|(z — o) - €1|2) — C10%(x — xp) - €1 + CC10%,

where C is a constant depending only on A(z,t) and ||[Dwl|ce, and a is a constant that
is much smaller than §. We work on ¥, a strip neighborhood of xq which is narrow in
the direction of —e; = v/

Y= B(g($0) N {l(l‘ — l’o) : Ijl S CL} N €.
Now let us define

h(z,t) := h(x) + w(xo, to) + Dw(xg, to) - (x — z9) — Co(t — to)
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where (Y is to be chosen later. We claim that h satisfies
hi — F.(D*h, Dh, h,z,t) > 0in ¥ X [to — 7, t] (3.4.6)
if 0 and 7 are chosen small enough, but independently of r. To see this, observe that
PT(D?*h) < —2AC6* .
This fact along with (3.1.2) and (3.1.4) yields
hi — F.(D?*h, Dh, h,z,t) > —Cy+ g(z)b(Dh, h,z,t) + 20C5*
> 2AC6* — O(|Dh| + |h| + |z — xo| + |t — to]).
From the definition of A one can check that, in X x [tg — 7, to] with small 7, |h| < C and
|Dh(x)| < 2C6* + 2%0(5“‘% — (10 < O™ (3.4.7)

Hence due to (a), |Dh| < |Dw| + |Dh| < C 4 C§%, and thus |Dh|,|h| < C. Thus we

conclude that & satisfies (3.4.6) if 6 and 7 are sufficiently small.

Moreover, due to (3.1.5) we have

[A(z,t)Dh(z,1)] - (—e1) = [A(z,t)(Dh+ Dw(zo,t0))] - (—e1)
= [A(z,t)(Dh+ Dw(z,t) + [Dw(xo, to) — Dw(w,t)])] - (—e1)
> [Ale,t)(C"Hz = z0) — C16%)] - (=€) — [|A]|[[ Dwl|oe
> Cio"A — [l A[[[Dwlica — Al G

> 0on (02NX) X [ty — T, to],

where the last inequality holds if C} is chosen sufficiently large with respect to || A|| and
| Dw||ca-
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The above arguments let us conclude that & is a supersolution of (P,) in ¥ x [ty — 7, to).
Now let us compare w and h on the parabolic boundary of the domain ¥ x [ty — 7, to]

excluding 0€2. Observe that on (0X\00) x [ty — T, %o, due to (3.4.5) we have

h(z,t) —w(x,t) > C3*Y(z — z0)r|* — Clz — x|+ — CL6Y|(z — x0) - ey |+
+C8% — C5*A(n + 1)|(z — x0) - 12/

207

since |(x — zg)r| ~ d and |(x — ) - e1] < a on IX\OS2. Moreover
ﬁ—w(x,t) >Cor—Cd*>0o0n XN{t=1ty— 7},
if 7 is chosen to be larger than 0* and if C5 is sufficiently large. Therefore, we conclude

that w < hin ¥ x [ty — 7, to], which yields (3.4.4).

A parallel argument can be used to provide the lower bound.

Let us point out that the barrier constructed in the proof of Theorem 3.2.1 only relied
on the C1! spacial bounds of u and L> bounds of u, restricted to 9 to get the bounds
given in Equations (3.2.14)-(3.2.16). This is because the supersolution constructed in
Theorem 2.1 was built off the behavior of the true solution w along the boundary. In
addition, the space-time C' bound on u lets us use Taylor series to show that this
supersolution in fact has the right ordering against u. at the boundary. Thus Lemma 3.4.1
lets us create a supersolution extension on the full domain that is uniformly close to w
with respect to r, by taking an infimum of the candidate function and the (perturbed)
true solution, which cross at 9€2. We can then apply the comparison principle to © and

w as before and conclude:
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Theorem 3.4.2. Let © and w respectively solve (P, n) and (P,). Then for any T > 0
we have

sup |0 —w| < C(Q,ANT)N"Y3 (3.4.8)
Qx[0,T]

Next we prove by barrier arguments the following:

Lemma 3.4.2. Let u solve (P,) and w solve (P,.). Then

A
Hu - w|’L°°(Q><[0700)) < O(Q’ Uo, Co, X)(l + eLt)Ta

where L is the Lipschitz constant for F given in (3.1.4).

Proof. 1. Before we begin, we remark that we will later require that the spacial operators
F and F, be decreasing in the zero-th order term. We can assume this by applying the
transform U := e "u, W := e "w. Then we find that U satisfies
Uy =e My, — LU = e " F(D*u, Du,u, x,t) — LU
= e MR (M DU, " DU, MU, 2, t) — LU
=: G(D*U,DU, U, x,t),

where now G is still uniformly elliptic for ¢ € [0, 7] and in particular is decreasing in the

U argument. Likewise, W satisfies

W, = e " E.(e"D*W, ™ DW, "W, 2, t) — LW

—. G,(D*W, DW, W, x,1).
Denote the problems that U and W solve (P,) and (P,). Note that U(-,t) € C>*(Q) due
to [LT86].
2. Let us define

M = max (max(G,(D*U, DU, U, z,t),1)),

0<r<1,zeQ\Q2,,0<¢<T
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which is independent of r and finite due to the regularity of U. Let d,.(x) denote the
distance function d(x,Qs,) and its smooth extension by d(z), where |d| < 1 and d(z) =
d,(z) in a small neighborhood of Q\Qy,. Let

SUPaqx[0,7) |17(ZE, t) |

Co:=2
0 )\CO )

where ¢ is given in (3.1.5). Now consider

wy(z,t) := Uz, t) + 2CoMr + CoMrd(z) in Q.

Note that on any level set of d, in 2\, the sum of the tangential second derivatives
of d, amounts to the mean curvature of its level set and the normal second derivative of

d, is zero. Thus, due to (3.1.4), given that r is small enough,

G, (D*wy, Dwy, wy, x,t) < G,.(D?U, DU, U, z, t)+O(Mr[|| D*d|| oo 4| Dd|| oo +1]) in Q\ Q.

(3.4.9)
From (3.4.9) and the fact that Dd, = v(z) + O(r) on 052 we deduce that
(
(wo); — G(D*wsq, Dwy, wy, x,t) > —Cy M, in Q. x (0,7];
(we)¢ — Go(D?*wy, Dwy, wo, x,t) > —M — CyMr in  (Q\Qy) x (0,77;
Vws - 0(x,t) > 2sup |[v]|Mr/A on 90 x (0,7T];
wy(x,0) = Uz, 0) + 2CoMr 4+ CoMrd(z) > U(z,0) + CoMr in Q.

\

Here (] is a constant independent of . Now define

h(z) == Md2(z).
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We will show that the function defined by

Wo + ClMT't in QQT
(- t) = (3.4.10)

Wo — )\_1h + ClMT't in Q\QQT

is a supersolution of (F,) if r is sufficiently small. To this end we develop estimates on h.
Note that D?d, is bounded in Q\Qy, since 99, is C? for r small. From these facts and
that d, < 2r in Q\€,, it follows that

D?*(d?) = 2d,D?*d, + 2Dd,(Dd,)" > 2Dd,.(Dd,)" — O(r)(Id,xy)-
Thus since |Dd,| = 1, we have
(D*(d7))" > 2= O(r) and (D*(d}))~ < O(r).

It follows from the uniform ellipticity of G, with respect to r that h satisfies

;

PH(D2h) > 2AM — AO(r) in  Q\Qy;
\ |Dh| = M|Dd,|d, <2Mr on 0Q;

0<h<16Mr? in  Q\Qy,.

\

Then since G, is decreasing in the zero-th term, we find that in €,

wy = C1Mr + (wy)y > GT(DZwQ, Dwsq, wsy, x,t)

> G (D*W, D, W, ,t).
On the other hand, in 2\, we find

W, = CyMr + (wq); > Gr(D*wsy, Dwy, wo, x,t) — M
> G (D*(wy — A7'h), Dwsy, wy, z,t) +2M — M — O(r)

> G, (D*W, D, w,z,t) + M — O(r).
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Next,
(Dwy — A"'Dh) - #(x,t) > 20" Fsup [§)|Mr — 2Mr|g|A "t > 0.

Thus w is a supersolution of (P,) in  x (0,77 if r is small. Moreover, if r is sufficiently
small,

w(x,0) > U(xz,0) + Mr — 16X Mr? > U(xz,0) = W(z,0).

Thus it follows from the comparison principle for solutions of (P,) that
W < in Q x [0, 77,

Then computing

ety < = e Hu + 2C,Mr + CoMrd(z) — Nth + Cy Mrt
shows that w < u+ Ce*Tr in Q x [0, T].

A lower bound can be obtained with parallel arguments. O

Corollary 3.4.1. For v solving (P, ) and u solving (P,),

0 —u| < C(T)(r+N7Y3)  inQx[0,7).

Lastly we show the following:

Lemma 3.4.3. For fized N, ¥ locally uniformly converges to v in € x [0,00) as r — 0.

Proof. Let v, = © be the solution of (P, y) associated with F,. Since N is fixed, v, is
uniformly C** in space with @ > 1/2 and hence has a subsequential limit we denote by
vg. We claim vy is a viscosity supersolution of (Py); the subsolution case is analogous.
Suppose it is not, and so we can find a smooth function ¢ that crosses vy from below at

some point (zg, ty) that satisfies

o1 — F(D*¢, D, x,t) — NV - [pA(2,1)VP] < —6 < 0, (3.4.11)

105



and by smoothness of ¢ and F' we can assume this holds in a neighborhood of (zy, ty).

Note that we must have zy € 0€) to not get an immediate contradiction, since otherwise
vo and v, have the same equation for r small. Then we can find points (z,,t,.) — (xq, o)
where ¢ — v, has a local maximum with value z,. These points must all lie in Q\Qy,., as
outside v, and vy satisfy the same equation. The goal is to push the crossing point into

Q9,.. Using v as the minimal radius of interior balls of €2, let

oz — x,
= - —— + 5(t — t,.) /4.
O = o ToE—t)/

Then ¢, will still be a subsolution near (xg, to), but now ¢ — v, has a strict local maximum

at (x,,t,).

Next, consider the region B 7 (x,) X [t, —7,t,]. Then if 7 and 7 are small enough, this
region will be contained in the region where ¢ — vy has a local maximum and (3.4.11)
holds. We are going to use the fact that v, is uniformly C1® in space, independent of r.
For r small, x, must lie within distance v of z(, in which case it has a unique nearest

boundary point we denote by y,. For 7. the outward unit vector at y,, let
h(z,t) == ¢, (x,t) — 20CT*(x — ;) - Uy,

where C' is larger than the sum of the uniform C'® norms of v, and ¢,. Next, since

Dy, = Dv, at (x,,t,), by the uniform C" regularity of v, we have

(or — v) (2, t,) = /(DgoT — Dv,)(s,t.) - ds + 2,
_ / (Dyy — Dvy)(5,4,) — (Dior — D) (s 1)) - ds + 2
> - / (oslene + lgrllcra)ls — 2| ds + 2

> —Cla — z,|"™ + z,.
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This lets us compute that

(h —v,)(x, — 5rij,, t,) > =5 Cr!te 4 2, 4+ 20 - 5Crit>

> 2.+ THCrite,
On the other hand, if (z — z,) - ¥, > —3r, we have

(h—v,)(x,t,) < (o, —v)(,t,) +20-3-Cr'te

<z, + 60CrTe,

Thus the maximum of h — v, in B sz(z,) x [t, — 7,t,] occurs in {(z — =,) - ¥ < —=3r}.
Further, if r is small enough, it must occur on the parabolic interior because on the

spacial edge of the parabolic boundary,

_qor
4 n

)
h—v, < —H—QOCTa(x—xT)-D} <

D + 40Cyr <0

This is because @ > 1/2, and on the temporal edge, ¢, was not modified.

Now it remains to prove that this maximum occurs inside €),,. This is because of the
square root scaling we used. That is, y, must have an interior ball B, (z.) C § that

contains x,. Then {2y, must contain B,_o,(x]). We assume for simplicity the worst case

scenario where x, = y,, that is, z, is on 0€2. Now we show that
B () N {(x = 2,) - T < =3r} C By_gp ().

This follows because the hyperplane {(z — ;) 7, < —3r} intersects B (x,) with width
V1 — 9r? and it intersects B,_o, () with width

V(v =2r)? = (v = 3r)2 = /2ry = 512,

as can be seen from Figure 3.8. This width is larger provided r < /4, and by the

definition of 7, the hyperplane is perpendicular to the line between z, and z..
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<~

Byar(27)

3r
2r

Figure 3.8: Showing {(z — z,) - , < —3r} is contained in y,

conclude the following:

Theorem 3.4.3. Let v and u respectively solve (Py) and (P,).

sup |v —u| < C(T)N~/3,

Qx[0,7]

108

This entails that ¢, — v, has a local maximum inside €25,., where ¢, is a subsolution of

the same equation as v,.. Thus we are done, since this contradicts that v, was a viscosity

Theorem 3.4.2, Corollary 3.4.1 and Lemma 3.4.3 enable us to compare v and v and

Then we have, for any



3.5 Additional remarks

3.5.1 Examples in one dimension

First we verify that the full divergence-form drift is necessary in (Py).

Theorem 3.5.1. Let v(x,0) be the characteristic function of Q = [0,1], let () =

d*(z,[0,1]) and let v(z,t) solve the following equation with initial data v(x,0):
Uy — Vg — N®Lv, =0 in R x (0, 00). (3.5.1)

Then for any & > 0, there are Ny and Ty that only depend on § so that for N >
No,v(x,To) < 6 in [0,1].

The solution u of (H) with a = 0,0 = 1 and uy = v(z,0) is the stationary solution
u = 1. Thus the above theorem demonstrates in particular that v does not converge to

win R" x [0,7] as N — oo, if T' is chosen large.

Proof. Fix § > 0. Note that ¢(x) := e~ V®@® is a supersolution to (3.5.1), and thus v < ¢.
Set Ny so that ¢(z) < ¢ for x € {—1,2}, and let us compare v(z,t) with a barrier h(z,t)
in [—1,2] x [0, Ty], where

h(z,t) =1+4+6/2—6(x —1/2)* — 6t.

Here Ty = 6! — 13/4 satisfies h(x,Ty) = § for x € {—1,2}. Since hy — hy, > 0 and
h,®, <0, it follows that A is a supersolution of (3.5.1), and since h > § in {—1, 2} x [0, Tp]
it follows from the comparison principle that v < h in [—1,2] x [0, Tp]. Thus v(z,Tp) <
h(z,Ty) < 40.
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Next we prove that for this penalization scheme and choice of initial data (3.2.11), the

convergence rate of N~1/3

given in Theorem 3.1.1 is optimal. The rate is connected to
the cubic growth of ® = d(x, Q). The idea is that O(N~/3) mass leaks out as seen by
the size of mass on the outside of the stationary solution e"V®®_  Our attempt to add
additional mass in vy need not exactly cancel the mass loss, as the following example

shows. Consider v solving (Hy) in R x (0, 00) with initial data

(

cos(2mz) +1 ifx €[0,1]

?Jo({E) = 2€Na:3 ifr<0 (352)

2~ N(@—1)° if 2> 1.

\

With this v we have the following theorem:

Theorem 3.5.2. Let u(x,t) solve (P,) in [0,1] x (0,00), with initial condition uy(z) =

cos(2mx) + 1. Then with v as above, Then there ezists a time T so that for all N,

sup |u(z,t) —v(z, t)| > CN~Y3,
[0,1]%[0,7]

Proof. Note that u — 1 and v — Ce ™ N® exponentially as t — oo, and since ® is

a uniformly convex potential except in a compact set, this rate is uniform in N. By

conservation of mass, we must have that

0 0 0 o
C { / N dp 1+ / e~ Na—1)? dx} =1+ / 2N dy + / 2e~N@E=1? gy,
— 00 1 —00 1

Then denoting I = f;* e du, we have that I e N dp = N713] so
144N
14 2NBLC

Thus since u(z,t) — 1, we find that in [0, 1], as t — oo,

-1/3 —-1/3
LHANTSL ) N
14+ 2N-1/3] 1+ 2N-1/3]

Then we can find a time 7', independent of N, so that v(z,T) —u(x,T) > N~Y/3[/2. O

v(x,t) —u(z,t) > C—1=
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3.5.2 Stability of the drift potential

Here we consider the potential whose gradient does not exactly line up with © near the
boundary. For simplicity we will restrict this to the case of the heat equation and only
work in ; the divergence case is similar. We will write our new drift as the old drift

plus a perturbation term W, that is, we deal with the equation

;

v =Av+ NV - (uV®P)+ NV - (vVV¥) in

(Hy) uo () in €.
v(x,0) = vo(z) :=

uo(S(z))e  N@@+HI@) i ON\Q

\

Here S(z) = z — d(z)Vd(z) in the case A = Id.

Theorem 3.5.3. Suppose 2 is C?, Q' satisfies (3.2.5) and further d(Q, ) < 1. Also,
suppose |VU| < d(x,Q)>. Then if u solves (D) with A = Id (that is, the heat equation),

and v solves (HYy ), we have

||u — U||LOO(Q><[D7T]) < C(u, Q)(T + 1)N_1/3.

Proof. The proof is essentially the same as in Theorem 3.2.1, with the main difference

being we apply the transform
pla,t) = fla,t)e NE@HVE),

Then using the fact that |[VV| is an order smaller than |V®| makes it so that the extra

terms in the transform are not problematic in the extension process. O
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3.5.3 Constructing A(z,t)

Lemma 3.5.1. Consider a C* domain Q and smooth vector field #(z,t) satisfying (z,t)-
U(x) > co for all x and t, where U is the outer unit normal to Q at x. Then there ezists

a symmetric C* matriz A(x,t) satisfying the property that
Az, t)U(z) = 0(x,t) for all x € 0.

Moreover, A satisfies the ellipticity condition (Al).

Proof. We start by considering an orthonormal basis of 7, (0€2) written as {vi(z), ..., v,—1(2)},

where the v; are O in z. After a rescaling ¥ can be written as
n—1
U(x,t) = v(x) + Z a;(x, t)v;(z
=1
where the o; are C* and bounded. Then we define S as

S(z) = (V(x),v1(),...,0_1(x)).

Now we consider A of the form SBS~!, where

1 ap Qo Qp—1
o c 0 0
B = 9 0 ¢ 0
0 0
an,-1 0 0 ... c

Here c is a constant to be chosen large. We claim that if ¢ is large enough, all the eigen-

values of B and hence A will be uniformly positive. This is because cofactor expansion
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gives that

n—1

det(B = AI) = (L= N)(e =)+ Y _(~1)af(c— A"

=1

=(c—=N"2{(1-=N(c—A +Z ]

B -1
=(c—N\)"2 |\ —2)\c+c—|—z ]

Then this has eigenvalues A = ¢ and writing [ := """ ( 1)ia?

2c+ \/4c® — 4(c + b)
2

A=

Thus taking ¢ large with respect to S ensures that all eigenvalues can be bounded by
/\0 < )‘z (fL’) <A

for all ¢ and = € 0§2. Thus A satisfies the ellipticity condition, is symmetric, and is
smooth. O]

3.5.4 Why the method of viscosity solutions fails

We demonstrate why the standard viscosity solution technique fails for the heat equation
in one dimension. We define u to be a viscosity subsolution of Equation 3.2.1 if for all

smooth ¢ touching u from above,
—Ap <0in £,

min (gpt — Agp, 8_(,0) < 0 on 0f2.

ov
Then consider a sequence of approximating viscosity solutions vy, and we investigate

whether

v = limsup vy
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is a viscosity subsolution of Equation 3.2.1. To this end, we suppose ¢ is a smooth

function touching v from above at 02, and

o — Ap >0 and g—(é > 0. (3.5.3)

Then by definition of v, eventually the vy will touch ¢ nearby along a subsequence, and

so we can deduce that
ot —Ap — NV -V — NpAd < 0. (3.5.4)

Then we should have that Vo-V® = 322V -7 > 0. Thus we do not reach a contradiction,
since the NV - VO term has the wrong sign to make Equations (3.5.3) and (3.5.4)

inconsistent.

However, note that if we instead considered the equation
or—Ap+ NVyp -V <0

we would have gotten a contradiction: the first two terms are positive, and so is the

second since 0p/dv > 0. This corresponds to the approximating equation of
vy —Av+ NVov -V =0,

which converges to the heat equation with Neumann conditions in the trivial sense: the

convergence we get would be to the zero solution as N — co.
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CHAPTER 4

Closing Remarks

4.1 Future work

In terms of immediately extending my doctoral research, first, when in the heat equation
case of (P), we were very interested in understanding the convergence from the perspec-
tive of stochastic particles, as seen in the Ornstein-Uhlenbeck process. However, after
using the comparison principle techniques directly we finally neglected this perspective.
I would like to continue investigating that perspective starting by considering techniques
based off those of [CR10]. We did an initial attempt at this, but ran into trouble with the
growing penalization parameter N. However, it seems possible to proceed by creating

estimates of the probability of particles being outside €2 as a function of N.

Second, it is an open question whether the results from Chapter 3 can be extended
to the case of fully nonlinear operators. Also, it is of interest whether the techniques
presented in Section 3.2.2 can be generalized to handle equations not in divergence form,

possibly by modifying the drift term to look similar.
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4.2 Conclusion

In this thesis we have proven the convergence of two singular limits of fundamental
parabolic differential equations. In Chapter 2 we proved that porous medium equation
solutions converge to Hele-Shaw solutions in the presence of drift. The drift term forces
solutions to aggregate, which allowed us to prove that the support of the Hele-Shaw

solutions follows a congested crowd motion model.

In Chapter 3, we proved that we can approximate quasi-linear parabolic differential
equations with no-flux Neumann or oblique boundary conditions by considering a version
on R™ with a penalizing drift that pushes mass back in. This technique of extending a
problem to a larger domain is common in numerical analysis, and our proof technique

shows potential to apply to many similar schemes.

116



[AGS06]

[BBZ10]

[BGJ13]

[Cha04]

[CIMO1]

[CR10]

[CV99]

[Dal93]

[EJ81]

[Eval0]

[GK11]

REFERENCES

Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows: in metric
spaces and in the space of probability measures. Springer, 2006.

J Bedrossian, J. H. von Brecht, S. Zhu, E Sifakis, and J. M. Teran. “A second
order virtual node method for elliptic problems with interfaces and irregular
domains.” Journal of Computational Physics, 229(18):6405-6426, 2010.

Guy Barles, Christine Georgelin, and Espen R. Jakobsen. “On Neumann
and oblique derivatives boundary conditions for nonlocal elliptic equations.”
arXiw:1302.5568, 2013.

Antonin Chambolle. “An algorithm for mean curvature motion.” Interfaces
and free boundaries, 6(2):195-218, 2004.

JA Carrillo, Ansgar Jingel, PA Markowich, Giuseppe Toscani, and Andreas
Unterreiter. “Entropy Dissipation Methods for Degenerate ParabolicProb-
lems and Generalized Sobolev Inequalities.” Monatshefte fir Mathematik,
133(1):1-82, 2001.

José A Carrillo and Jesis Rosado. “Uniqueness of bounded solutions to ag-
gregation equations by optimal transport methods.” In European Congress of
Mathematics Amsterdam, 14—18 July, 2008, pp. 3—-16, 2010.

Luis Caffarelli and Juan Luis Vazquez. “Viscosity solutions for the porous
medium equation.” In Proceedings of Symposia in Pure Mathematics, vol-
ume 65, pp. 13-26. American Mathematical Society, 1999.

Gianni Dal Maso. “Introduction.” In An Introduction to I'-Convergence, pp.
1-7. Springer, 1993.

CM Elliott and Vladimir Janovsky. “A variational inequality approach to
Hele-Shaw flow with a moving boundary.” Proceedings of the Royal Society of
Edinburgh: Section A Mathematics, 88(1-2):93-107, 1981.

L.C. Evans. Partial Differential Equations. Graduate studies in mathematics.
American Mathematical Society, 2010.

Natalie Grunewald and Inwon Kim. “A variational approach to a quasi-static
droplet model.” Calculus of Variations and Partial Differential Equations,
41(1-2):1-19, 2011.

117



[GPWO92] Roland Glowinski, T. W. Pan, Raymond O. Wells, Jr., and Xiaodong Zhou.

[GQO1]

[GTO1]

[Hel98]
[JKO98]

[Kim03]

[KKO07a]

[KKOTh]

[KL10]

[Kry76]

[LS84]

[LT86]

[McC97]

“Wavelet and Finite Element Solutions for the Neumann Problem Using Fic-
titious Domains.” J. Comp. Phys, 126:40-51, 1992.

O Gil and F Quirés. “Convergence of the porous media equation to Hele-
Shaw.” Nonlinear Analysis: Theory, Methods & Applications, 44(8):1111—
1131, 2001.

David Gilbarg and Neil S. Trudinger. Elliptic Partial Differential Equations
of Second Order. Springer-Verlag, 2001.

HS Hele-Shaw. “Flow of water.” Nature, 58:520, 1898.

Richard Jordan, David Kinderlehrer, and Felix Otto. “The variational for-
mulation of the Fokker—Planck equation.” SIAM journal on mathematical
analysis, 29(1):1-17, 1998.

Inwon C Kim. “Uniqueness and existence results on the Hele-Shaw and the
Stefan problems.” Archive for rational mechanics and analysis, 168(4):299—
328, 2003.

Doyoon Kim and N. V. Krylov. “Elliptic differential equations with coefficients
measurable with respect to one variable and VMO with respect to the others.”
SIAM Journal on Mathematical Analysis, 39(2):489-506, 2007.

Doyoon Kim and N. V. Krylov. “Parabolic equations with measurable coeffi-
cients.” Potential Analysis, 26(4):345-361, 2007.

Inwon C Kim and Helen K Lei. “Degenerate diffusion with a drift potential:
a viscosity solutions approach.” Dynamical Systems, 27(2):767-786, 2010.

N. V. Krylov. “Sequences of convex functions and estimates of the maxi-
mum of the solution of a parabolic equation.” Siberian Mathematical Journal,
17(2):226-236, 1976.

P.L. Lions and A.S. Sznitman. “Stochastic Differential Equations with Re-
flecting Boundary Conditions.” Comm. Pure Appl. Math., 37:511-537, 1984.

Gary M. Lieberman and Neil S. Trudinger. “Nonlinear oblique boundary value
problems for nonlinear elliptic equations.” Transactions of the American Math-
ematical Society, 295(2):509-546, 1986.

Robert J McCann. “A convexity principle for interacting gases.” advances in
mathematics, 128(1):153-179, 1997.

118



[MRS10]

[Ott01]

[Poz13]

[RV11]

[San12]

[Ser11]

[Vaz06]

Bertrand Maury, Aude Roudneff-Chupin, and Filippo Santambrogio. “A
macroscopic crowd motion model of gradient flow type.” Mathematical Models
and Methods in Applied Sciences, 20(10):1787-1821, 2010.

Felix Otto. “The geometry of dissipative evolution equations: the porous
medium equation.” Comm. Partial Differential Equations, 26:101-174, 2001.

Norbert Pozar. “Homogenization of the Hele-Shaw problem in periodic spa-
tiotemporal media.” arXiv preprint arXiv:1305.4079, 2013.

B Maury-A Roudneff-Chupin-F and Santambrogio-J Venel. “Handling con-
gestion in crowd motion models.” Journal: Net. Het. Media, 6(3):485-519,
2011.

Filippo Santambrogio. “A modest proposal for MFG with density constraints.”
Networks € Heterogeneous Media, 7(2), 2012.

Sylvia Serfaty. “Gamma-convergence of gradient flows on Hilbert and metric
spaces and applications.” Discrete and Continuous Dynamical Systems A,
31(4):1427-1451, 2011.

Juan Luis Vazquez. The Porous Medium FEquation: Mathematical Theory:
Mathematical Theory. Oxford University Press, 2006.

119





