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SPONTANEOUS~FISSION INERTIAL-MASS FUNCTIONS IN THE ACTINIDE REGION

J.Rmmnm*

Lawrence Berkeley Laboratory T
University of California
Berkeley, California 94720

February 1974

Abstract

Recently obtaiﬁedl) deformation-energy surfaces, based on the droplet
modelz) and thé modified-oscillator single-particle modél3), have been used to
establish spohtaneous-fission potential barriers for evén-even nuclei with 2
between 92 andv106; Effgcts of axially asymmetric shapes in the deformation
region around the first saddle point4)_as well as of reflexion asymmetric
shépes for large values of 221) have been taken into account. Furthermore,
the effect of}P6 deformationss) have been included in the,ground—staté energies,
The recently discovered6) double~hump structure of the éecond barrier for U
and Pu isotopes has also been, taken into account.

Following the semi-empirical method introduced in ref. 7), we use
these barriers in connection with the experimental spontaneous—fission half—livesg),
to determine a smooth inertial-mass funcfion. The established mass function
reproduces the half-lives equally good as previously7) put it is shifted somewhat
towards larger Valﬁes. |

As an alternative we have used theoretical éranking-model inertial-mass
parametersg) to calculate the spontaneous-fission half-lives. It is found that
when renormélized by a factor of around 0,60 these inertial masses give results
similar'to those COrfesponding to the smooth inertial function, This important
finding supports the consistency of the theoretical approach and justifies the
use of the method for predicting spontaneous-fission half-lives'for so far

unobserved nuclei.

*
Lawrence Berkeley Laboratory, Berkeley, California 94720.
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1. Introduction

Recentlyl), improved deformation-energy surfaces heve been obtained
for nuclei in the actinide region. Our initial semi-empirical study of the
séontaneoue—fission inertial-mass funetions7) was based on somewhat older
material and it.wbuld be deeirable to perforﬁ a similar analysis for these
new results. As was pointed out in ref. 7), the determinea fission inertial-
mass functions may to some extent absorb possible overall errors in the
theoretical bairiers. Hence if is necessary to redetermine the inertias
before making half-life predictions on the basis of the new barriers. Such a
redetermination would also give- an indication of the uncertainties associated
with the semi-empirical mass functions and provide .us wi£h a check of our
previous results. This is very important for the application of the method
for making half—life predictions for more distant nuclear regions as for
example the super—ﬁeavy elements. Furthermore, the analysis will constitute
an important check of the established theoretical fissien berriers and may
indicate possible deficiencies in this material.

In section 2 we deecribe how the spontaneous-fissien potential barriers
are established from the available theoreticel material. Subsequently, in
section 3, we éresent the results of the numerical half-;ife calculations
together with a discussion 6f the importance of the various possible types of
corrections to the barriers, In section 4.we describe how a similar analysis
may be carried through on the basis of theoretical cranking-model inertial-mass

parameters. Finally, in section 5, the results of the investigation are

summarized.



o LBL-2385

2. The Theoretical Fission Barriers

In fig. 1 we have indicated which nuclei we haﬁe considered. They form
a group of 43 even-even nuclei with 2 between 92 and.106. .Among these, 34
nuclei have so far been observed and, except for the th Rf isotopes, rather
accurate spontanedus—fission half-lives determineds). These half~lives are
displayed in fig. 2.

The deforﬁatioh-energy surfaces upon which this ipvestigation is based
are those obtained by Mgllerl) in the Spring of 1973. For the madroscopic
part of the deformation ehergy the newly released droplet model2)lhas been
used. The shape functionals B have been obtained by exact integration in
the € parametrization. The microscopic-correction energy is based on the
modified—oscillator single-particle model3) with potential parameters corre-
sponding to A = 242, The pairing strength is assumed independent of deformation,
G "V const,

According to the semi-empirical method introduced in ref. 7) the
fission barrief is established from the knowledge of the stationary points
together with one or more additional points outsidé the last saddle point.
Thus, we have extracted the following information.

I T
E4V

N

I) Ground state: €

The ground-state energy VI may be subject to a correction due to P6
) - 5 .
deformations, as calculated by Moller ) for the A = 255 parameters. (This

should be good enough.)
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A
A) First saddle: Eg ei v

The saddle—point energy VA is subject to a correction due to;Y
deformations, as obtained by»LarSson4) employing a three-diﬁensibnal variation
in (€2€4Y) space.. These calculations use the droplet model and G "V const.

For most‘(i.e. al; but the Rf and 106 isotopes) of the nuclei consideredithere.
is also é secondary minimum; in that case we also extréct_thé following thfee

sets of information.

c . II
II) Second minimum: E;I Eil v

Since we have not in this investigation studied the isomeric half-lives

it is not important to consider corrections to this point.

- B) Second saddle: Eg EZ VB

In the calculation of these values, reflexion asymmetric shapes have

been taken into account by performing an (€,, €,.) variationl).

4,
X) Exit region: Eg'ez e

In accordance with ref, 7) we choose Eg = 1.0, EZ = 0,14.

The energy'Vx is sensitive to the asymmetry € and we have studied in

35

particular the two possibilities of €35 = 0 or 635 equal to whatever yields

the minimum value for V' for €4 fixed to the prescribed value.

For the (Rf and 106) nuclei without a secondary minimum we choose

some (i.e. three) points along the 824 path beyond the first saddle. The results

are not very sensitive to the actual choice.
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Recent theoretical calculations6) indicéte a more complicated structure
of the second-barrier region for the U and lighter Pu isotopes. The
modified-oscillator resultsl), supported by the folded-Yukama model6), suggest
that the second barrier for these nuclei has two humps separated by a shallow |
minimum. We havebalsb taken this possibility into account in the established
barriers.

As deSéribed in ref. 7) and illustrated in fig. 3, the one—dimensiohal
fission-barrier potential is obtained by first.transforming'the € points to
the fission coordinate r (the fragment separation) and subsequeﬁtly splininé
appropriate polynomials through the characteristic points described above.

In the present investigation we have disregarded the influence of €, distortions
on the r coordinate, since'it has proven of minor importance to the ground-
state fission half—lives7). Before evaluating the penetration integral we

have added a groﬁnd-state.vibrational energy of EVib = 0.5 MéV, as indicated‘

in fig. 3.
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3. The Numerical Calculations

Following ref. 7) we employ the following type of smooth trial

inertial-mass function

3
- -7 Ro)_/d)

: 17 _
Br—u(1+k-i—§-e (1)

Here U is the reduced mass of the final two-fragment system and d is the inertia
associated with a rigid separation; R, is the nuclear radius, R, =rg o Al/3.
Thus, we have two-édjustable_parameters, namely the amount k of non-rigid
inertia and thé width d of this.part of the mass‘function. The irrotational-
flow inertial function is obtained for k = c = 1, where'c = d/do, d = R°/2.452
beinQ the width of this function, We shall at first kéep c fixéd to this
value of unity'but will study ﬁhe-variation of this paraheter_as well later
on. In fig, 4 we have shown B, for the ensuing optimum value of the parameter
set (k,c). | |

With the trial function corresponding to c=1 we ﬁave calculated the
spontaneous-fission half-lives for the cpﬁsidered gréup at nuclei, with
particular attention to the_effeét of the various types of correction to the
‘fission barriers. Figﬁres 5—8‘show the results of a stepwise inciusion of
the various refinements. |

First ﬁe héve taken the barriers obtained when only refinements
considered in ref. 7) aré included. This means ground state without P6
correction, first saddle with Y correction, second saddle with Pig correction

and exit energy without P correction. The results of this basic run'are

35

- displayed in fig. 5. There is rather bad agreement with experiment, the
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average logarithmié deviation in the best case being A = .4.0. The average
behavior is somewhat wrong gnd the isotopic Variation for the lighter eleﬁents
U - Cf is very bad. The best inertial-mass fuhction is obtained for k = 8.0
which is somewhat larger than the §a1ue of k = 6.5'obtainéd in ref. 7), As
already pointed out in'that reference, such a renormalization may be expected
when a new set of barriers is used in the fit.

Figure 6 shows the similar results after the exit energy v has been

35

fit considerably. Notice that the erroneous average behavior has improved and

corrected for P deformation. As is seen, this modification improves the

that especially the isotopic variation for Cm and Cf has improved. For the

252’254’256Fm, the penetration integral is unaffected

hgévier nuclei, except
by this modific;tion.. The best fit A = 2.8 is obtained for k = 10;0. The
chsiderable improvement of the fit (more than a factor of 15) indicates the
importance of tﬁe reflexion asymmetry in the exit region. In the following;,
we have, theréfore, kept this correction throughout. | ”

The effect of the subsequent inclusion of E6 grbund—state corrections
is ghown in_fig. 7. The fit improves to A = 2.4 aé obtained for k = 8.0.

2
44,246,

Notice the very good agreement fér the light Fm isotopes (two of them, '
were not included in our previous studies). It is seen that this modification
does not influence the lighter elements:véry much, in particuiar it‘does not
rémove the bad isotopic variation. ‘But there is an gppreciable improvement

and we shall keep the P_ corrections from now on.

6
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Finally, the possibility of a triple-~hump barrier has been considered.

24

This concerns only the U and Pu isotopes (except for 4Pu). We have

modified the second barrier of these nuclei according to the results obtained
by MBllerl) and the resulté are displayed in fig. 8. There is a remarkable

. o , 24 .
improvement for all of these isotopes except 2Pu. These isotopes are now

2
42,244, _

in good agreement with experiment, and only the two isotopes
now badly reprodﬁced. We shall return to this point later'on.' The best
inertia is still k = 8.6 for which parameter we obtain A = 1.9, This is
a ratber satisfactory agreement for the 32 nuclei included in the fit,-

- For the barriers obtained with the modifications described above we
have also studiéd the effect of varying the slope of'the inertial-mass functions,
as described by the width parameter c. We have established a contour plot of

7a). It exhibits a very similar structure, with a

A(k,c) as was done in ref.
"narrow valley extending ub-rigﬁt. The whole structure ié, however, displaced
towards larger values of ‘k ‘and the valley bottom now féllows a line through

the points (5.0,0;6) and (8.0,1.0) (previously this minimum line was ¢ = 0.15 k).
As previously7) the optimal position of (k,c) in this Valiey is not very well
determined, but this time the shallow minimum is positioned rather close to

c =1, the hydrodynémical slope. This supports the preference of this value éS

made in ref. 7a) on the basis of the isomeric half-lives. The optimal parameter

set is thus very close to (k.= 8.0, ¢ = 1.0).
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4., Microscopic Inertial-Mass Parameters

As an altérnative to the smooth inertial-mass function used above we
have employed the microscopic inertial-mass parameters calculated by Sobiczewskig).d
That will glsovprovide a check of the consistency of the whole theoretical .
approach, SobiczeWskig) has céléulated the inertial-mass parameters BQQ in a
modified cranking model., The subsgquent fransformation t@ B€€ was done byb
using the microscppically calculated Qalues for ﬁhé quadrupole moments Q(€).
This is more consistent than the usual assumption of a'duadrﬁpole moment
corresponding to a uniform charge distribution. We use thé results obtained
for a constant pairing interaction, G 'V const.

Thé;e'mass parameters were calculated along a path in the (6284) piane
and are given in the form of é table with 82 = 0,0(0,1)1.0, Frém this material
we generate continuous inertial-mass functions by linear inter (extra)polation.

- A problem arises, however, for 82 > 1.0, sinée such a presgription may lead

to negative values of the inertia for lérge €,e We have,>£herefore, introduced
an arbitrary minimum inertial mass-3< below which the inertial function is

not permitted to come.: As'discussed~bélow, we have investigated the sensitivity
of the results of'the,Value chosen for B<.

The theoretical_inertial-mass'parameters are expected to: yield correctly
the variation with deformation and particle number, but overestimate the
absolute values. We have, therefore, introduced one overall renormalization
factor p for these mass parameters and subsequently fitted this one parameter
to the experimental material. From our previous investigations7), we expect
thié factor to be around one half. 1In fig. 4 we have, as an illustration( shown

v . ' ) '
the employed microscopic inertial-mass function for 36.Pu corresponding to the

obtained optimal renormalization factor. The'tnansformation to the r coordinate

is performed as described in ref. 7).
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Figure 9 shows thé resultsvof this calculation. As is seen, the
ovefall reproduction of the experimental half—iives is good (A = 2.06). _The
best fit is obtained for a‘renormalization factor of p = 0.6. We have tried
three different Qalues‘for B<: d,flOO and 200 and the resuits are somewhat
sensitive to the cﬁoice, especially for the lighter elements which have a
considerablé barrier extending into the involved region.‘ The results are best
for B, = 200 whiqh value also corresponds most to the Obtained‘smooth inertia
in this region, c.f. fig. 4. It seems as if the employed microscopic inertial
functions are too steep, being unfeasonably small for large valges of r (in
fact smaller than the irrotationa;'or even ‘the rigidvinertias) andjhaving a

tremendous peak near the spherical shape. This ;attér peak does not come into
play,_however, becéﬁse the employed zero~point énergy of 0.5 MeV shifts éhe
enfrance value of r sufficiently outwards. |

Comparing ngQ these results withlthe ones for £he smooth inértia, we
find that on the whole the systematics of the deviaﬁionslare quite similér to
each other. This fact cén be considered an indication of certain minor errors
associated with the established theoretical fission bafriers. In particular,

242,244

we notice the same drastic discrepancy for Pu, indicating that the

theoretical barriers used for these two isotopes are incorrect; this discrepancy
~can probably be removed to a considerable extent when more accurate maps of
the complicated second-barrier region for these nuclei are available. (The

244,246

same type of discrepancy seems to be present for - Cm but to a much less

extent.)
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5. Conclusions

The analysis presented here supports the method introduced in ref. 7).
That investigation.concluded that the most reasonable smooth inertial-mass
function is of the hydrodynamical type (i.e; ¢ = 1), with a renormalization
factor of k = 6.5. The present investigation supports the hydrodynamical-type
mass function, but finds a somewhat larger overall value, k ='8.0. This is, of
course, very important for the applicatién to half—life predictions for distant
nuclei, as for example the super-heavy region.

With the determined inertial-mass function it ié possible to repgoduce
the 32 experimental spontaneous-fission half-lives to within a factor of 80
on the average. As explained in the analysis, there are indications of the

242'244Pu being incorrect. If these two nuclei are disregarded

barriers of
" the fit improves considerably, A' = 1.4. This corresponds to a factor of 25
whiéh ié similar to our previous fit7). These half—l}&es are shown in fig. 2
together with those calculated for the.sd'far'unobserved‘nuclei we have studied.
As an interesting alﬁérnative, we havé also calcu;ated the spontaneous-
fission half—liQes on the basis.éf éompletely theoretical fission inertial-mass
parametersg),~modified with one overall renormalization factor p. The best fit
is obtained for p = 0.60 and the results are rather similar to those obtained
with the smooth inertial-mass function. This finding is an important check

of the consistency-of the theoretical approach and justifies the applicétion

of the method to half-life predictions for so far unobserved nuclei.
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Figure Captions

Fig. 1. The even-even nuclei consideged in this investigation. The so far
observed nuclei are shaded.

Fig._2; Spontaneous~fission half-iives. vFull.circles:‘experimental values 8).
dpen circles: calculated with the determined smooth inertial-mass function -
k = 8.0, ¢ = 1.0).

Pig. 3. 'Illustration of the redﬁction from the multi-dimensional fission problem
to a one-dimensional barrier penetration,

Fig. 4. Inertial-mass functions for 236Pu. The smooth curve is the determined -
mass function corresponding to (k ; 8.0, ¢ = 1.0) thle the kinked curve
represents the optimally renormalized cranking-model mass fuhction (p = 0.60).,
The various choices of the minimuﬁ inertia B, are shOWn'énd the entrance
"and exit values r. and r, are indicated.

Fig. 5. Results of the basic run when no barrier modifications have been made
apart from what was done in ref. 7). The figure’is.a 1§garithmic plot of
the differences between calculated and experimental spontaneous—-fission
half-lives. The mass function used cofresponds to k = 8,0 (and ¢ = 1 as
in the following three figures).

Fig. 6. As fig..5 but including reflexion-asymmetry corrections of the exit
énergies v¥. For the best value k = 10.0.

Fig. 7. As_figa 6 but including also P corrections of the ground-state energies
VI° For the best value k = 8.0,

Fig..8. As fig., 7 but including also triple-hump barriers forlthe U and Pu
isotopes, except for 244Pu° For the best value k = 8,0,

Fig. 9. As fig. 8 but using instead the renormalized cranking-model mass functions

corresponding to the best choice p = 0.60, B, = 200.
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