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Abstract

Relational Reasoning for Multi-Agent Systems

by

Jiachen Li

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Masayoshi Tomizuka, Chair

Multi-agent interacting systems are prevalent in the world, from purely physical systems
to complicated social dynamic systems. The interactions between entities or components
can give rise to very complex behavior patterns at the level of both individual and the
whole multi-agent system. The involved entities in these systems need to interact with each
other and their behaviors tend to have mutual influence. They need to perceive and behave
compliant to the physical environment as well. This brings the necessity of effective reasoning
on the agent-agent and agent-context relations/interactions. This especially plays a significant
role in safety-critical applications such as autonomous driving and social robot navigation.

Technically, it is challenging to model the dynamics of multi-agent interacting systems due to
the internal heterogeneity of agents, uncertainty and multi-modality in the future behavior,
evolution or change of the context, etc. The fundamental research question to address in
this dissertation is how to model the multi-agent relations and interactions in a unified,
generalizable framework with an effective relational representation.

The focus of this dissertation is 1) to design a multi-agent behavior modeling framework
with relational reasoning in dynamically evolving uncertain environments for heterogeneous
agents; 2) to design a generic importance estimation framework with relational reasoning for
scene understanding.

This dissertation is divided into two parts. Part I focuses on the multi-agent prediction and
tracking problems. In Chapter 2, a hierarchical time-series prediction model is introduced
for situation and behavior recognition based on probabilistic graphical models, which can
be applied to the scenarios with a single autonomous agent or under a fixed multi-agent
setting. In Chapter 3, deep generative modeling techniques are employed to learn the
data distribution, which can generate more diverse and realistic prediction hypotheses. In
Chapter 4, a graph representation is further leveraged to capture spatio-temporal interaction
patterns, which is a natural way to represent multiple agents in the scene and their relations.
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Different from the method discussed in Chapter 4 where the graph topology is determined by
distance-based heuristics, in Chapter 5 we propose to learn a latent relational graph structure
from observation data, which can evolve over time to enable dynamic relational reasoning.
An accurate prediction model plays a significant role in multi-target tracking frameworks,
especially in highly dynamic and interactive scenarios. In Chapter 6, a unified tracking and
prediction framework based on a modified sequential Monte Carlo method is discussed, which
can adopt any of the above prediction models as the implicit proposal distribution. Part II
addresses another related downstream problem (i.e., importance estimation) of relational
reasoning under a multi-agent setting. In Chapter 7, a hybrid attention inference network is
presented to recognize relative importance of objects in the scene based on observation data,
which enables dynamic key information selection. In Chapter 8, we further investigate how
to inject human knowledge by proving human annotations with a self-supervised learning
pipeline, which enables the model to learn from unlimited, unlabeled data.
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Chapter 1

Introduction

1.1 Multi-Agent Systems: An Overview

Multi-agent interacting systems are prevalent in the world, from purely physical systems
to complicated social dynamic systems. The interactions between entities or components
can give rise to very complex behavior patterns at the level of both individual and the
whole multi-agent system. The involved entities in these systems need to interact with each
other and their behaviors tend to have mutual influence. They need to perceive and behave
compliant to the physical environment as well. This brings the necessity of reasoning on the
agent-agent and agent-context relations/interactions. More specifically, the model is expected
to reason on the interaction patterns between entities, or the relative importance of a certain
entity with respect to another one. If the model can recognize the underlying relational
structures, it will provide an informative intermediate representation for downstream problems
(e.g., prediction, tracking, decision making, motion planning).

In this dissertation, we cover three typical instances of multi-agent systems: 1) physical
systems where multiple entities (e.g., particles) interact with each other and move under the
physical law, which can be very large-scale with complex dynamics; 2) intelligent transporta-
tion systems where different types of traffic participants need to share the same space and
coordinate with each other when they have conflicts; 3) human teams/crowds where people
need to interact with each other and behave compliant to the social norms. These systems
share a similar property: the involved entities tend to have mutual influence on each other’s
behavior, which may result in highly complicated system dynamics or behavior patterns.
Therefore, recognizing the relations and modeling the interactions between interactive agents
in a multi-agent system play a significant role in various downstream tasks (e.g., tracking,
prediction, importance estimation).

Technically, it is challenging to model the dynamics of multi-agent interacting systems. The
fundamental research question to address in this dissertation is how to model the multi-agent
relations and interactions in a unified, generalizable framework with an effective relational
representation. Due to the broadness of application domains and complexity of multi-agent
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interaction, the following aspects need to be considered when addressing the fundamental
question.

• Internal heterogeneity of agents

There may exist internal heterogeneity in a group of autonomous agents, which leads
to distinct behavior and interaction patterns. Therefore, adopting a homogeneous
behavior model for all the entities in the system may not be sufficient. For example,
in the domain of intelligent transportation systems, the vehicle behavior is strictly
constrained by road geometry and its kinematic model, while the pedestrian behavior is
much more flexible. Even for the same type of traffic participants, the agents may also
have different behavior styles/traits. Therefore, it is necessary to consider the internal
heterogeneity of agents in behavior model design.

• Flexibility and scalability

There may exist different number of interactive agents in a multi-agent system, which
requires the relational reasoning models or behavior models to be flexible with agent
number fluctuations or agent appearance/disappearance. Moreover, the model needs
to be scalable to be applied to large-scale multi-agent systems (e.g., complex particle
systems, human crowds). Therefore, it is necessary to find out a unified representa-
tion/formulation for multi-agent systems with flexible, large numbers of agents.

• Uncertainty and multi-modality

There may exist uncertainty or multi-modality in multi-agent interactive behaviors. In
the domain of intelligent transportation systems, a human driver may have different
intentions in mind and choose a certain exit to leave an intersection or roundabout,
which leads to multiple potential modes in the driving behavior. Even with the same
intention, the velocity/acceleration could be uncertain in a reasonable range. In the
domain of team-based sports games (e.g., basketball games), a player may either pass
the ball to other team members or shoot at the basket, which brings a large uncertainty
for behavior modeling. Therefore, it is necessary to take into account all the potential
modes and model the uncertainties.

• Generalizability and adaptability

The designed model may be applied to various settings or situations, which requires a
good generalizability and adaptability. On the one hand, the model is desired to be
generalizable to the multi-agent systems with different number of agents or various
situations. On the other hand, the model is desired to be adaptable to evolving
situations. More specifically, it is necessary to capture dynamic interaction/relation
patterns as the multi-agent system evolves over time.

The focus of this dissertation is 1) to design a multi-agent behavior modeling framework
with relational reasoning in dynamically evolving, uncertain environments for heterogeneous
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agents; 2) establish a methodology to model multi-agent relations/interactions to address the
fundamental problem.

1.2 Relational Reasoning and Interaction Modeling

There exist many techniques for modeling the relations and interactions between interacting
agents, such as game theoretical modeling and deep learning methods. In this dissertation, we
focus on the latter to design generic, highly flexible, and generalizable models for relational
reasoning and interaction modeling in multi-agent systems.

In the context of multi-agent systems within the scope of this dissertation, there exist
two major types of relations/interactions between different components in the system: agent-
context and agent-agent.

• Agent-context: The autonomous agents need to interact with the environmental context
(e.g., walls, road boundaries, traffic lights/signs), which are usually static objects with
semantic meanings. The agents need to follow the restrictions brought by the context
and avoid collision with obstacles.

• Agent-agent: The autonomous agents need to interact with each other when they share
a common space. There can be cooperative and competitive behaviors in different
scenarios or settings.

The agent-context relations/interactions has been widely studied in the area of behavior
prediction, decision making and motion planning, etc. In this dissertation, we mainly
investigate how to model agent-agent relations/interactions in the following sections.

1.3 Relational Feature Representation

An effective and generalizable feature representation plays a significant role in multi-agent
relational reasoning and interaction modeling. The existing deep feature representations can
be basically divided into three categories: grid-based representation, entity-based representation
and graph-based representation. An illustrative diagram of each category in the context of
traffic scenarios is shown in Figure 1.1.

In the grid-based representation, the state information (e.g., position, velocity) of in-
teracting agents is typically encoded into a rasterized grid map. However, the grid-based
representation is not aware of individual entities, so it can only model interactions implicitly.
In the entity-based representation, the agent information is encoded individually and explicitly,
which results in a feature embedding for each entity. Then, a certain feature aggregation
strategy (e.g., concatenation, pooling, attention) is applied to fuse the information of multiple
interacting agents to generate an interaction-aware feature embedding for downstream tasks.
Although this representation is aware of individual objects, the model performance highly
depends on the choice of aggregation strategies.
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(a)

(b)

(c)

Figure 1.1: Relational feature representations of interactive agents: (a) Grid-based represen-
tation; (b) Entity-based representation; (c) Graph-based representation.

In this dissertation, we mainly employ a graph-based representation where each node repre-
sents a certain agent and the edge between a pair of nodes represents the relation/interaction
of those two agents, which is a natural and uniform representation of the scene. The node
attribute encodes agent state information and the edge attribute encodes relations among
different agents. Graph neural networks are widely applied to process the graph information
and extract relational feature embeddings. The node function and edge function are shared
across the whole graph, which can handle flexible number of agents in the scene and bring
the property of permutation invariance. The node/edge functions can be implemented with
deep neural networks, which can capture highly flexible relation/interaction patterns and
incorporate arbitrary inductive biases. With message passing over the graph, we can model
arbitrary relations among nodes with flexible numbers. Higher-order interaction can be
modeled by multiple rounds of updates.
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1.4 Dissertation Contributions and Outline

This dissertation aims to establish a set of generic approaches to model the relations and
interactions between autonomous agents or interactive entities in a multi-agent system,
which can be applied to a variety of domains (e.g., physical systems, human crowds, traffic
participants) and downstream tasks (e.g., prediction, tracking, importance estimation).

The remainder of the dissertation is divided into two parts according to the type of
downstream tasks. Part I focuses on behavior prediction and motion tracking for autonomous
agents with an emphasis on interaction modeling under a multi-agent setting. Part II focuses
on object importance estimation for scene understanding with an emphasis on relational
reasoning. Each chapter is intended to be self-contained with sufficient background, technical
details and empirical results. The relationship among different chapters are shown in Figure
1.2. Some of the work in this dissertation has been published in [99, 96, 100, 93, 104, 98, 102]
or under review in [101]. The other related work that is not included in this dissertation has
been published in [94, 97, 13, 120, 118, 119, 121, 20, 36].

1.4.1 Part I: Prediction and Tracking

Chapter 2

Accurate and robust recognition and prediction of traffic situation plays an important role in
autonomous driving, which is a prerequisite for risk assessment and effective decision making.
Although there exist a lot of works dealing with modeling driver behavior of a single object,
it remains a challenge to make predictions for multiple highly interactive agents that react to
each other simultaneously. In this chapter, we propose a hierarchical time-series prediction
model (HTSPM), which consists of a behavior recognition module and a state evolution
module. Both modules in the proposed model are generic and flexible so as to be applied to
a class of time-series prediction problems where behaviors can be separated into different
levels. Instead of only focusing on forecasting trajectory of a single entity, we jointly predict
continuous motions for interactive entities simultaneously. Moreover, due to the decoupling
property of the layered structure, our model is suitable for knowledge transfer from simulation
to real world applications as well as among different traffic scenarios, which can reduce the
computational efforts of training and the demand for a large data amount. The proposed
method is applied to a numerical case study as well as on-road vehicle behavior recognition
and prediction in highway scenarios.

Chapter 3

Effective understanding of the environment and accurate trajectory prediction of surrounding
dynamic obstacles are critical for intelligent systems such as autonomous vehicles and wheeled
mobile robotics navigating in complex scenarios to achieve safe and high-quality decision
making, motion planning and control. Due to the uncertain nature of the future, it is desired
to make inference from a probability perspective instead of deterministic prediction. In
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this chapter, we propose a conditional generative neural system (CGNS) for probabilistic
trajectory prediction to approximate the data distribution, with which realistic, feasible and
diverse future trajectory hypotheses can be sampled. The system combines the strengths of
conditional latent space learning and variational divergence minimization, and leverages both
static context and interaction information with soft attention mechanisms. We also propose
a regularization method for incorporating soft constraints into deep neural networks with
differentiable barrier functions, which can regulate and push the generated samples into the
feasible regions. The proposed system is evaluated on several public benchmark datasets for
pedestrian trajectory prediction and a roundabout naturalistic driving dataset collected by
ourselves. The experimental results demonstrate that our model achieves better performance
than various baseline approaches in terms of prediction accuracy.

Chapter 4

Due to the existence of frequent interactions between autonomous agents and uncertainty
in the scene evolution, it is desired for the prediction system to enable relational reasoning
on different entities and provide a distribution of future trajectories for each agent. In this
chapter, we propose a generic generative neural system (STG-DAT) for multi-agent trajectory
prediction involving heterogeneous agents. The system takes a step forward to interaction
modeling by incorporating relational inductive biases with a dynamic graph representation
and leverages both trajectory and scene context information. We also employ an efficient
kinematic constraint layer applied to vehicle trajectory prediction. The constraint not only
ensures physical feasibility but also enhances model performance. The proposed system is
evaluated on three public benchmark datasets for trajectory prediction, where the agents
cover pedestrians, cyclists and on-road vehicles. The experimental results demonstrate that
our model achieves better performance than various baseline approaches in terms of prediction
and tracking accuracy.

Chapter 5

Multi-agent interacting systems are prevalent in the world, from purely physical systems to
complicated social dynamic systems. In many applications, effective understanding of the
situation and accurate trajectory prediction of interactive agents play a significant role in
downstream tasks, such as decision making and planning. In this chapter, we propose a generic
trajectory forecasting framework (EvolveGraph) with explicit relational structure recognition
and prediction via latent interaction graphs among multiple heterogeneous, interactive agents.
Considering the uncertainty of future behaviors, the model is designed to provide multi-modal
prediction hypotheses. Since the underlying interactions may evolve even with abrupt changes,
and different modalities of evolution may lead to different outcomes, we address the necessity
of dynamic relational reasoning and adaptively evolving the interaction graphs. We also
introduce a double-stage training pipeline which not only improves training efficiency and
accelerates convergence, but also enhances model performance. The proposed framework is
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evaluated on both synthetic physics simulations and multiple real-world benchmark datasets in
various areas. The experimental results illustrate that our approach achieves state-of-the-art
performance in terms of prediction accuracy.

Chapter 6

Accurately tracking and predicting behaviors of surrounding objects are key prerequisites
for intelligent systems such as autonomous vehicles to achieve safe and high-quality decision
making and motion planning. However, there still remain challenges for multi-target tracking
due to object number fluctuation and occlusion. To overcome these challenges, we propose a
constrained mixture sequential Monte Carlo (CMSMC) method in which a mixture repre-
sentation is incorporated in the estimated posterior distribution to maintain multi-modality.
Multiple targets can be tracked simultaneously within a unified framework without explicit
data association between observations and tracking targets. The framework can incorporate
an arbitrary prediction model as the implicit proposal distribution of the CMSMC method.
An example is the hierarchical time-series prediction model presented in Chapter 2. The
proposed framework is applied to a numerical case study as well as on-road vehicle tracking
in highway scenarios. The proposed approaches are evaluated from multiple aspects, which
demonstrate great potential for intelligent vehicular systems and traffic surveillance systems.

1.4.2 Part II: Importance Estimation

Chapter 7

Motion forecasting plays a significant role in various domains (e.g., autonomous driving,
human-robot interaction), which aims to predict future motion sequences given a set of
historical observations. However, the observed elements may be of different levels of im-
portance. Some information may be irrelevant or even distracting to the forecasting in
certain situations. To address this issue, we propose a generic motion forecasting framework
(RAIN) with dynamic key information selection and ranking based on a hybrid attention
mechanism. The general framework is instantiated to handle multi-agent trajectory prediction
and human motion forecasting tasks, respectively. In the former task, the model learns to
recognize the relations between agents with a graph representation and to determine their
relative significance. In the latter task, the model learns to capture the temporal proximity
and dependency in long-term human motions. We also propose an effective double-stage
training pipeline with an alternating training strategy to optimize the parameters in different
modules of the framework. We validate the framework on both synthetic simulations and
motion forecasting benchmarks in different domains, demonstrating that our method not
only achieves state-of-the-art forecasting performance, but also provides interpretable and
reasonable hybrid attention weights.



CHAPTER 1. INTRODUCTION 8

Chapter 8

Accurate identification of important objects in the scene is a prerequisite for safe and
high-quality decision making and motion planning of intelligent agents (e.g., autonomous
vehicles) that navigate in complex and dynamic environments. Most existing approaches
attempt to employ attention mechanisms to learn importance weights associated with each
object indirectly via various tasks (e.g., trajectory prediction), which do not enforce direct
supervision on the importance estimation. In contrast, we tackle this task in an explicit way
and formulate it as a binary classification (”important” or ”unimportant”) problem. We
propose a novel approach for important object identification in egocentric driving scenarios
with relational reasoning on the objects in the scene. Besides, since human annotations are
limited and expensive to obtain, we present a semi-supervised learning pipeline to enable the
model to learn from unlimited unlabeled data. Moreover, we propose to leverage the auxiliary
tasks of ego vehicle behavior prediction to further improve the accuracy of importance
estimation. The proposed approach is evaluated on a public egocentric driving dataset (H3D)
collected in complex traffic scenarios. A detailed ablative study is conducted to demonstrate
the effectiveness of each model component and the training strategy. Our approach also
outperforms rule-based baselines by a large margin.
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G2<latexit sha1_base64="54HfiYrktY0wvHhz1JRJ6Chc6rQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxg2s/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVjzLHy7LtZu8jgKcwhlcgAdXUIN7qEMDGDzBM7zCmzNxXpx352MxuubkOyfwB87nD6h8kgI=</latexit><latexit sha1_base64="54HfiYrktY0wvHhz1JRJ6Chc6rQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxg2s/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVjzLHy7LtZu8jgKcwhlcgAdXUIN7qEMDGDzBM7zCmzNxXpx352MxuubkOyfwB87nD6h8kgI=</latexit><latexit sha1_base64="54HfiYrktY0wvHhz1JRJ6Chc6rQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxg2s/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVjzLHy7LtZu8jgKcwhlcgAdXUIN7qEMDGDzBM7zCmzNxXpx352MxuubkOyfwB87nD6h8kgI=</latexit><latexit sha1_base64="54HfiYrktY0wvHhz1JRJ6Chc6rQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoQpcV7APaoWTS2zY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4qaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxbea3Jqg0j+Sjmcboh3Qo+YAzaqzkd0NqRoyK9G7Wq/ZKZbfizkFWiZeTMuSo90pf3X7EkhClYYJq3fHc2PgpVYYzgbNiN9EYUzamQ+xYKmmI2k/noWfk3Cp9MoiUfdKQufp7I6Wh1tMwsJNZSL3sZeJ/Xicxg2s/5TJODEq2ODRIBDERyRogfa6QGTG1hDLFbVbCRlRRZmxPRVuCt/zlVdKsVjzLHy7LtZu8jgKcwhlcgAdXUIN7qEMDGDzBM7zCmzNxXpx352MxuubkOyfwB87nD6h8kgI=</latexit>

G3<latexit sha1_base64="k+J6riXAgyAViENzRJzgWMRAlFc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0ocsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt5nfHHNtRKQecRJzP6QDJfqCUbSS3wkpDhmV6d20e9Etld2KOwNZJl5OypCj1i19dXoRS0KukElqTNtzY/RTqlEwyafFTmJ4TNmIDnjbUkVDbvx0FnpKTq3SI/1I26eQzNTfGykNjZmEgZ3MQppFLxP/89oJ9q/9VKg4Qa7Y/FA/kQQjkjVAekJzhnJiCWVa2KyEDammDG1PRVuCt/jlZdI4r3iWP1yWqzd5HQU4hhM4Aw+uoAr3UIM6MHiCZ3iFN2fsvDjvzsd8dMXJd47gD5zPH6oAkgM=</latexit><latexit sha1_base64="k+J6riXAgyAViENzRJzgWMRAlFc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0ocsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt5nfHHNtRKQecRJzP6QDJfqCUbSS3wkpDhmV6d20e9Etld2KOwNZJl5OypCj1i19dXoRS0KukElqTNtzY/RTqlEwyafFTmJ4TNmIDnjbUkVDbvx0FnpKTq3SI/1I26eQzNTfGykNjZmEgZ3MQppFLxP/89oJ9q/9VKg4Qa7Y/FA/kQQjkjVAekJzhnJiCWVa2KyEDammDG1PRVuCt/jlZdI4r3iWP1yWqzd5HQU4hhM4Aw+uoAr3UIM6MHiCZ3iFN2fsvDjvzsd8dMXJd47gD5zPH6oAkgM=</latexit><latexit sha1_base64="k+J6riXAgyAViENzRJzgWMRAlFc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0ocsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt5nfHHNtRKQecRJzP6QDJfqCUbSS3wkpDhmV6d20e9Etld2KOwNZJl5OypCj1i19dXoRS0KukElqTNtzY/RTqlEwyafFTmJ4TNmIDnjbUkVDbvx0FnpKTq3SI/1I26eQzNTfGykNjZmEgZ3MQppFLxP/89oJ9q/9VKg4Qa7Y/FA/kQQjkjVAekJzhnJiCWVa2KyEDammDG1PRVuCt/jlZdI4r3iWP1yWqzd5HQU4hhM4Aw+uoAr3UIM6MHiCZ3iFN2fsvDjvzsd8dMXJd47gD5zPH6oAkgM=</latexit><latexit sha1_base64="k+J6riXAgyAViENzRJzgWMRAlFc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0ocsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt5nfHHNtRKQecRJzP6QDJfqCUbSS3wkpDhmV6d20e9Etld2KOwNZJl5OypCj1i19dXoRS0KukElqTNtzY/RTqlEwyafFTmJ4TNmIDnjbUkVDbvx0FnpKTq3SI/1I26eQzNTfGykNjZmEgZ3MQppFLxP/89oJ9q/9VKg4Qa7Y/FA/kQQjkjVAekJzhnJiCWVa2KyEDammDG1PRVuCt/jlZdI4r3iWP1yWqzd5HQU4hhM4Aw+uoAr3UIM6MHiCZ3iFN2fsvDjvzsd8dMXJd47gD5zPH6oAkgM=</latexit>

G0
3<latexit sha1_base64="7QEA85UYmj4z5/NwfEgw0igzHUg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyooMuiC11WsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLS8srqWnG9tLG5tb1T3t1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRT3ZhxTP8IDwUJGsLHSQzfCZkgwT28mx72zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n05TT9CRVfoolMo+YdBU/b2R4kjrcRTYySylnvcy8T+vk5jw0k+ZiBNDBZkdChOOjERZBajPFCWGjy3BRDGbFZEhVpgYW1TJluDNf3mRNE+rnuV355XaVV5HEQ7gEE7AgwuowS3UoQEEFDzDK7w5T86L8+58zEYLTr6zD3/gfP4ADuqSNA==</latexit><latexit sha1_base64="7QEA85UYmj4z5/NwfEgw0igzHUg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyooMuiC11WsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLS8srqWnG9tLG5tb1T3t1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRT3ZhxTP8IDwUJGsLHSQzfCZkgwT28mx72zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n05TT9CRVfoolMo+YdBU/b2R4kjrcRTYySylnvcy8T+vk5jw0k+ZiBNDBZkdChOOjERZBajPFCWGjy3BRDGbFZEhVpgYW1TJluDNf3mRNE+rnuV355XaVV5HEQ7gEE7AgwuowS3UoQEEFDzDK7w5T86L8+58zEYLTr6zD3/gfP4ADuqSNA==</latexit><latexit sha1_base64="7QEA85UYmj4z5/NwfEgw0igzHUg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyooMuiC11WsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLS8srqWnG9tLG5tb1T3t1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRT3ZhxTP8IDwUJGsLHSQzfCZkgwT28mx72zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n05TT9CRVfoolMo+YdBU/b2R4kjrcRTYySylnvcy8T+vk5jw0k+ZiBNDBZkdChOOjERZBajPFCWGjy3BRDGbFZEhVpgYW1TJluDNf3mRNE+rnuV355XaVV5HEQ7gEE7AgwuowS3UoQEEFDzDK7w5T86L8+58zEYLTr6zD3/gfP4ADuqSNA==</latexit><latexit sha1_base64="7QEA85UYmj4z5/NwfEgw0igzHUg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyooMuiC11WsA9ox5JJM21oJhmSjFKG/ocbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ncLS8srqWnG9tLG5tb1T3t1rapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQWj68xvPVKlmRT3ZhxTP8IDwUJGsLHSQzfCZkgwT28mx72zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqcES1n05TT9CRVfoolMo+YdBU/b2R4kjrcRTYySylnvcy8T+vk5jw0k+ZiBNDBZkdChOOjERZBajPFCWGjy3BRDGbFZEhVpgYW1TJluDNf3mRNE+rnuV355XaVV5HEQ7gEE7AgwuowS3UoQEEFDzDK7w5T86L8+58zEYLTr6zD3/gfP4ADuqSNA==</latexit>

G0
2<latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit>

G0
1<latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit>

X1<latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit>

X2<latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit>

X3<latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit>

X4<latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit>

X5<latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit>

X6<latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit>

X7<latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit>

X8<latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit>

X9<latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit>

X10<latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit>

X11<latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit>

X12<latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit>

�X5:9<latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit>

�X10:14<latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit>

H1<latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit>

H2<latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit>
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ṽh3<latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit>

ṽf3
<latexit sha1_base64="SNKPS/9zayYX6k3jsJlxHBhTLQc=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgETyVRQY9FLx4r2A9oY9lsJu3SzSbsbiol5H948aCIV/+LN/+N2zYHbX1h4eGdGWb29RPOlHacb2tldW19Y7O0Vd7e2d3brxwctlScSopNGvNYdnyikDOBTc00x04ikUQ+x7Y/up3W22OUisXiQU8S9CIyECxklGhjPfY04wFm47yfhRd5v1J1as5M9jK4BVShUKNf+eoFMU0jFJpyolTXdRLtZURqRjnm5V6qMCF0RAbYNShIhMrLZlfn9qlxAjuMpXlC2zP390RGIqUmkW86I6KHarE2Nf+rdVMdXnsZE0mqUdD5ojDlto7taQR2wCRSzScGCJXM3GrTIZGEahNU2YTgLn55GVrnNdfw/WW1flPEUYJjOIEzcOEK6nAHDWgCBQnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AABhktI=</latexit><latexit sha1_base64="SNKPS/9zayYX6k3jsJlxHBhTLQc=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgETyVRQY9FLx4r2A9oY9lsJu3SzSbsbiol5H948aCIV/+LN/+N2zYHbX1h4eGdGWb29RPOlHacb2tldW19Y7O0Vd7e2d3brxwctlScSopNGvNYdnyikDOBTc00x04ikUQ+x7Y/up3W22OUisXiQU8S9CIyECxklGhjPfY04wFm47yfhRd5v1J1as5M9jK4BVShUKNf+eoFMU0jFJpyolTXdRLtZURqRjnm5V6qMCF0RAbYNShIhMrLZlfn9qlxAjuMpXlC2zP390RGIqUmkW86I6KHarE2Nf+rdVMdXnsZE0mqUdD5ojDlto7taQR2wCRSzScGCJXM3GrTIZGEahNU2YTgLn55GVrnNdfw/WW1flPEUYJjOIEzcOEK6nAHDWgCBQnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AABhktI=</latexit><latexit sha1_base64="SNKPS/9zayYX6k3jsJlxHBhTLQc=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgETyVRQY9FLx4r2A9oY9lsJu3SzSbsbiol5H948aCIV/+LN/+N2zYHbX1h4eGdGWb29RPOlHacb2tldW19Y7O0Vd7e2d3brxwctlScSopNGvNYdnyikDOBTc00x04ikUQ+x7Y/up3W22OUisXiQU8S9CIyECxklGhjPfY04wFm47yfhRd5v1J1as5M9jK4BVShUKNf+eoFMU0jFJpyolTXdRLtZURqRjnm5V6qMCF0RAbYNShIhMrLZlfn9qlxAjuMpXlC2zP390RGIqUmkW86I6KHarE2Nf+rdVMdXnsZE0mqUdD5ojDlto7taQR2wCRSzScGCJXM3GrTIZGEahNU2YTgLn55GVrnNdfw/WW1flPEUYJjOIEzcOEK6nAHDWgCBQnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AABhktI=</latexit><latexit sha1_base64="SNKPS/9zayYX6k3jsJlxHBhTLQc=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgETyVRQY9FLx4r2A9oY9lsJu3SzSbsbiol5H948aCIV/+LN/+N2zYHbX1h4eGdGWb29RPOlHacb2tldW19Y7O0Vd7e2d3brxwctlScSopNGvNYdnyikDOBTc00x04ikUQ+x7Y/up3W22OUisXiQU8S9CIyECxklGhjPfY04wFm47yfhRd5v1J1as5M9jK4BVShUKNf+eoFMU0jFJpyolTXdRLtZURqRjnm5V6qMCF0RAbYNShIhMrLZlfn9qlxAjuMpXlC2zP390RGIqUmkW86I6KHarE2Nf+rdVMdXnsZE0mqUdD5ojDlto7taQR2wCRSzScGCJXM3GrTIZGEahNU2YTgLn55GVrnNdfw/WW1flPEUYJjOIEzcOEK6nAHDWgCBQnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AABhktI=</latexit>

ṽf2
<latexit sha1_base64="uOJzFj55Nep8PbYpH+VEuZCjje8=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY9OKxgm2FNpbNZtIu3WzC7qZSQv6HFw+KePW/ePPfuG1z0NYXFh7emWFmXz/hTGnH+bZKa+sbm1vl7crO7t7+QfXwqKPiVFJs05jH8sEnCjkT2NZMc3xIJJLI59j1xzezeneCUrFY3Otpgl5EhoKFjBJtrMe+ZjzAbJIPsrCRD6o1p+7MZa+CW0ANCrUG1a9+ENM0QqEpJ0r1XCfRXkakZpRjXumnChNCx2SIPYOCRKi8bH51bp8ZJ7DDWJontD13f09kJFJqGvmmMyJ6pJZrM/O/Wi/V4ZWXMZGkGgVdLApTbuvYnkVgB0wi1XxqgFDJzK02HRFJqDZBVUwI7vKXV6HTqLuG7y5qzesijjKcwCmcgwuX0IRbaEEbKEh4hld4s56sF+vd+li0lqxi5hj+yPr8Af7NktE=</latexit><latexit sha1_base64="uOJzFj55Nep8PbYpH+VEuZCjje8=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY9OKxgm2FNpbNZtIu3WzC7qZSQv6HFw+KePW/ePPfuG1z0NYXFh7emWFmXz/hTGnH+bZKa+sbm1vl7crO7t7+QfXwqKPiVFJs05jH8sEnCjkT2NZMc3xIJJLI59j1xzezeneCUrFY3Otpgl5EhoKFjBJtrMe+ZjzAbJIPsrCRD6o1p+7MZa+CW0ANCrUG1a9+ENM0QqEpJ0r1XCfRXkakZpRjXumnChNCx2SIPYOCRKi8bH51bp8ZJ7DDWJontD13f09kJFJqGvmmMyJ6pJZrM/O/Wi/V4ZWXMZGkGgVdLApTbuvYnkVgB0wi1XxqgFDJzK02HRFJqDZBVUwI7vKXV6HTqLuG7y5qzesijjKcwCmcgwuX0IRbaEEbKEh4hld4s56sF+vd+li0lqxi5hj+yPr8Af7NktE=</latexit><latexit sha1_base64="uOJzFj55Nep8PbYpH+VEuZCjje8=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY9OKxgm2FNpbNZtIu3WzC7qZSQv6HFw+KePW/ePPfuG1z0NYXFh7emWFmXz/hTGnH+bZKa+sbm1vl7crO7t7+QfXwqKPiVFJs05jH8sEnCjkT2NZMc3xIJJLI59j1xzezeneCUrFY3Otpgl5EhoKFjBJtrMe+ZjzAbJIPsrCRD6o1p+7MZa+CW0ANCrUG1a9+ENM0QqEpJ0r1XCfRXkakZpRjXumnChNCx2SIPYOCRKi8bH51bp8ZJ7DDWJontD13f09kJFJqGvmmMyJ6pJZrM/O/Wi/V4ZWXMZGkGgVdLApTbuvYnkVgB0wi1XxqgFDJzK02HRFJqDZBVUwI7vKXV6HTqLuG7y5qzesijjKcwCmcgwuX0IRbaEEbKEh4hld4s56sF+vd+li0lqxi5hj+yPr8Af7NktE=</latexit><latexit sha1_base64="uOJzFj55Nep8PbYpH+VEuZCjje8=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCpJEfRY9OKxgm2FNpbNZtIu3WzC7qZSQv6HFw+KePW/ePPfuG1z0NYXFh7emWFmXz/hTGnH+bZKa+sbm1vl7crO7t7+QfXwqKPiVFJs05jH8sEnCjkT2NZMc3xIJJLI59j1xzezeneCUrFY3Otpgl5EhoKFjBJtrMe+ZjzAbJIPsrCRD6o1p+7MZa+CW0ANCrUG1a9+ENM0QqEpJ0r1XCfRXkakZpRjXumnChNCx2SIPYOCRKi8bH51bp8ZJ7DDWJontD13f09kJFJqGvmmMyJ6pJZrM/O/Wi/V4ZWXMZGkGgVdLApTbuvYnkVgB0wi1XxqgFDJzK02HRFJqDZBVUwI7vKXV6HTqLuG7y5qzesijjKcwCmcgwuX0IRbaEEbKEh4hld4s56sF+vd+li0lqxi5hj+yPr8Af7NktE=</latexit>

ṽf1
<latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit>

MMD

||
<latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit>

||
<latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit>
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Part I

Prediction and Tracking
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Chapter 2

HTSPM: Hierarchical Time-Series
Prediction Model

2.1 Introduction

Accurate and efficient recognition and prediction of future traffic scene evolution plays a
significant role in autonomous driving which is a prerequisite for risk assessment, decision
making and high-quality motion planning. Although a lot of research efforts have been
devoted to the driver behavior recognition and prediction, most of them only focused on a
single entity [78, 199, 55, 184, 205] while the information on surrounding vehicle is obtained
from onboard sensor measurement and utilized as prior knowledge when making predictions.
In recent years, more attention has been paid to model the interaction among multiple
agents. A review on motion prediction and risk assessment was provided in [90] where the
behavior models are classified into three categories: physics-based, maneuver-based and
interaction-aware models. While the first two types are crucial for motion planning and
control purpose, the models involving more interaction factors are important for the threat
warning system and the decision making module in the Advanced Driver Assistant System
(ADAS) as well as in fully autonomous vehicles [41, 30, 60, 86].

There remain several limitations and challenges when modeling human-like interactions:
1) It is hard to collect real-world driving data containing strong interactions among multiple
traffic participants; 2) There is no ground truth for the driver intention since the human
desire can vary from time to time. Therefore, it is desired to have an effective and robust
recognition and prediction framework which takes into account uncertainty in human behavior
and does not require a large amount of data.

In this work, we design a hierarchical framework which consists of a behavior recognition
module and a state evolution module. Both modules in the proposed model are generic and
flexible so as to be applied to a class of time-series prediction problems where behaviors
can be separated into different levels. Instead of only focusing on forecasting trajectory of a
single entity, we jointly predict continuous motions for interactive entities simultaneously.
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Figure 2.1: Typical traffic scenarios that lead to strong interaction among vehicles: (a)
highway entrance; (b) roundabout; (c) uncontrolled T-intersection. The figures come from
the bird-view of several road modules of the driving simulator developed by the authors.

The proposed method is applied to a numerical case study as well as on-road vehicle behavior
recognition and prediction in highway scenarios.

2.2 Related Work

2.2.1 Driver Behavior Recognition and Prediction

Driver behavior recognition and vehicle trajectory prediction problems have been extensively
investigated in literature. Widely used probabilistic models include Hidden Markov Model
(HMM) [85, 183, 166], Gaussian Mixture Regression (GMR) [96, 99], Mixture Density Network
(MDN) [206], Gaussian process (GP) [85], dynamic Bayesian network (DBN) [71], Rapidly-
exploring Random Tree (RRT) [6], Variational Auto-Encoder (VAE) [89, 120], Generative
Adversarial Network (GAN) [95, 93, 97] and multiple model approaches [157]. In this paper,
we propose a hierarchical probabilistic model structure that can incorporate any of the above
models for tracking and prediction. Moreover, instead of modeling each entity individually,
we treat multiple interactive agents as a whole system and model the joint distribution of
their future behaviors and motions.
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2.2.2 Layered Hidden Markov Model

Layered Hidden Markov Model (LHMM) has a hierarchical architecture which consists of
multiple layers of standard HMM. This layered representation is of great advantages when
modeling multi-level activities such as human motions. To the best of our knowledge, the
concept of LHMM was first proposed in [135] to recognize human states in an static office
environment. In [1], the method was further applied to human motion intention recognition
where the high-level complicated tasks are divided into several low-level primary sub-tasks.
The results revealed much better performance for LHMM than a canonical one-layer HMM.
In [166], a Monte Carlo Layered HMM capable of online learning was proposed to predict
robot leader’s motions, which is used to improve tracking accuracy.

This layer-structured model is suitable for dynamic situation modeling due to the fact
that a multi-agent highly interactive process can be decomposed into certain stages, which
will be explained in detail in Section III. Moreover, a novel formulation and interpretation
for the model is provided.

2.3 Method: HTSPM

In this section, we present a hierarchical prediction model for time-series problems which
consists of two modules: recognition module and evolution module. The recognition module
aims at solving a probabilistic classification problem while the evolution module aims at
propagating the current state to the future.

Consider a general nonlinear discrete-time state space system with equality and/or
inequality constraints on the state which can be formulated as

xk = qk−1(xk−1, ek−1,vk−1),

zk = hk(xk,wk),

xk ∈ Sxk ,

(2.1)

where the subscript k denotes the time step, x, e, z,v,w denotes the state vector, the
exterior information, the measurement vector, the process noise and the measurement noise,
respectively. Note that the random variable e is involved in our work since the state evolution
can be affected by exterior factors, which rarely emerges in the canonical formulation. Sxk

denotes the feasible state set satisfying all the constraints. q(·) represents the process model
(a.k.a. system dynamics model) and h(·) represents the measurement model. The process
model and measurement model can be time-invariant or time-variant and the noise value
can be sampled from arbitrary distributions. Mathematically, the proposed model is used to
approximate the state transition distribution

f̂(xk|xk−1, ek−1) =
∑

B

∫

uk−1

∫

zk
f̂(xk|xk−1,uk−1)

×f̂(uk−1|xk−1, ek−1, Bk−1)f̂(Bk−1|zk)duk−1dzk,

(2.2)
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where B denotes behavior class set elements.

2.3.1 Recognition Module

The recognition module aims at obtaining the posterior probabilities of classes f̂(Bk−1|zk)
where Bk−1 is a discrete random variable representing the class at time step k − 1. In many
applications, it is reasonable to make an assumption that f̂(Bk−1|zk) ≈ f̂(Bk−1|zk−T :k) where
zk−T :k = (zk−T , ..., zk) and T is a properly chosen period length according to specific problem
setups since the most recent several observations have far more significance than the past
ones when deciding the current behavior class probabilities. There is no limitation on the
specific architecture of recognition model provided it provides posterior class probabilities.
Although there exist many widely used probabilistic classifiers that can be directly employed
in this module, we propose a Deep Hidden Markov Model (DHMM) which has advantages
over existing ones in multiple aspects.

The DHMM has a multi-layer architecture, which is shown in Figure 2.2. Each layer
is composed of a group of canonical Hidden Markov Models (HMM). In general, the l-th
layer HMM take in the outputs of the (l − 1)-th layer and extract meta features which are
used as observations for the (l + 1)-th layer HMM. For instance, the first-layer HMM take
in the lowest-level observations such as raw sensor measurement of state as well as exterior
information and extract meta features which are utilized as observations of the second-layer
HMM. Since there may be additional factors of different levels affecting the recognition
results, they are incorporated into the meta features at proper levels. This information
extraction and message passing mechanism applies to both training and recognition phases.
After extracting the meta features of the last layer, there is a Softmax layer calculating the
posterior probabilities. In this work, we use the observation log-likelihood of each layer HMM
as the meta features. An alternative for meta features are the class indices with highest
likelihood which results in degeneracy into deterministic recognition except the output layer,
which is suitable when large distinctions exist among different classes. This can also reduce
computational efforts. In this work, we used the former in all the experiments.

Training Phase

The whole training trajectories are divided into proper segments at different levels and
properly labeled. The DHMM is trained from the first layer to the last layer successively.
More specifically, assuming that there are hl classes in the l-th layer, then hl HMM are trained
with log-likelihood sequences obtained from the (l− 1)-th layer output using the Baum-Welch
algorithm (a.k.a Forward-Backward algorithm) [190]. In order to choose the best hidden state
number, we can use the Bayesian information criterion (BIC) as a performance indicator by
pre-fitting a Gaussian mixture distribution to the training feature sequences.
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Recognition Phase

Given a new observation sequence, we also use a bottom-up procedure similar to the training
phase to obtain the posterior class probabilities. The implementation details are summarized
in the first half of Algorithm 1, where Tl is the period length for the l-th layer which needs
to be tuned properly for different problems and application scenarios. If it is too large, the
extracted meta feature sequence will have a short length, which passes less observations to
future layers; if it is too small, the quality of current-layer output will decrease. In practice, a
possible issue is the observation sequence likelihood obtained by different class HMM may be
in different number scales, which will lead to a class with an absolute dominant probability
(≈ 1) at all time. Therefore, it is recommended to incorporate a set of calibration parameters
αh, h = 1, 2, ..., hl to make equal probabilities for each class at the initial time step and keep
the same parameter values afterwards.

We select several popular probabilistic classifiers as baseline models and make comparisons
in the numerical case study.

• Standard Hidden Markov Model (HMM): Instead of partitioning the high-level
behaviors into multiple stages like DHMM, HMM classifier treats the entire trajectory
as a whole. In the training phase, the whole sequences are utilized to train the HMM by
Baum-Welch algorithm. In the recognition phase, a segment of historical information
are fed to HMM to obtain the likelihood and normalized into probabilities.

• Gaussian Discriminant Analysis (GDA): The essence of GDA is to obtain a
linear decision surface for Linear Discriminant Analysis (LDA) or a quadratic decision
surface for Quadratic Discriminant Analysis (QDA) through proper transformations
of raw features which can distinguish among categories and perform classification in
the transformed space according to some distance metric such as Euclidean distance.
While LDA assumes that all the classes share the same covariance matrix, QDA fits a
particular covariance matrix for each class. The feature matrix consists of historical
observation information and the labels are behavior indices.

• Gaussian Naive Bayes (GNB): NB is a typical probabilistic classifier which employs
Bayes’ theorem and assumes that features are mutually independent [194]. In this work,
we assume that the feature likelihood to be Gaussian distribution, which establishes a
GNB.

The advantages of the proposed DHMM over above baseline models are four folds:

• Compared with the models which only take raw observations as input features, our
model is able to extract multi-level features and robust to measurement noise and
sensor failures.

• Compared with other deep models such as deep neural networks, our model requires a
significantly less amount of training data and computational cost as well as maintains
interpretability from a probability perspective.
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• Thanks to the layered representation and decomposability between layers, DHMM has
potential knowledge transferability among similar tasks. It will reduce much training
efforts if we can utilize several parameters directly or finetune from well-trained models
for new tasks.

• The training and recognition processes can be parallelized since the learning and
inference of HMM are independent within a layer.

2.3.2 Evolution Module

The evolution module is designed to obtain the conditional state transition distribution given
a certain behavior pattern f̂(xk|xk−1, ek−1, Bk−1) which is demonstrated in Figure 2.2(b-1)
where the exterior information has effects on the state directly. When the exterior information
and behavior pattern affect the state indirectly through an action term, the conditional
distribution can be further extended to f̂(xk|xk−1,uk−1)f̂(uk−1|xk−1, ek−1, Bk−1) which is
presented in Figure 2.2(b-2). The detailed procedures of evolution phase can be found in
the second half of Algorithm 1. In this work, we demonstrate three learning-based state
evolution models and compare their performance in the experiments.

• Conditional Gaussian Mixture Regression (CGMR): The driver behavioral
model proposed in the authors’ previous work [96] is adapted and generalized as
CGMR which is based on a Gaussian mixture model (GMM). The conditional Gaussian
mixture distribution is a linear combination of multiple Gaussians with the form
f(ζ i) =

∑N
g=1 π

i
gN (ζ i|µig,Σi

g) where i is the behavior class index,
∑N

g=1 π
i
g = 1, µig

and Σi
g are the mean and covariance of the g-th Gaussian distribution, and ζ i is the

training dataset for the i-th behavior. In each training sample, the input and output
are stacked into a column vector which is denoted as ζ i = [ I i | Oi ]T , where I i denotes
the conditional variables and Oi denotes the predicted variables. The dimensions of the
two variables are arbitrary. For instance, in Fig. 2(b-2) the ek−1, Bk−1 and xk−1 can be
treated as conditional variables while uk−1 and xk can be treated as the corresponding
predicted variables. The training and prediction method are identical to [96].

• Conditional Probabilistic Multi-Layer Perceptrons (CP-MLP): MLP is a sub-
class of deep neural network which consists of a directed acyclic feed-forward architecture
[29]. The network input is historical state information and the output are the actions
in a certain length of time horizon. To improve generality, an L2-regularization term
is added in the loss function and dropout layers are incorporated. However, since
canonical MLP is a deterministic model, we add a noise term sampled from normal
distribution to the network input to incorporate uncertainty during both training and
test process. We train a P-MLP for each behavior class, which establishes a set of
CP-MLP.
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Algorithm 1: HTSPM Prediction Algorithm

Require:
1. The number of layers L and well-trained HMM of all layers
HMM-l-h (l = 1, ..., L;h = 1, ..., hl);
2. The test raw observation sequence;
3. The last step particle hypotheses {x(j)

k−1, j = 1, ..., Np}.
Ensure:

The current particle hypotheses {x(j)
k , j = 1, ..., Np}.

1: Recognition phase:
2: obs← raw observation sequence;
3: len← Length(obs);
4: for l = 1, 2, ..., L do
5: for h = 1, 2, ..., hl do
6: for i = 1, 2, ..., len− Tl do
7: Llh.append(Likelihood(HMM-l-h, obs[i : i+ Tl]));
8: end for
9: end for

10: Ll ← concatenating Llh;
11: obs← Ll; len← Length(obs);
12: end for
13: probability ← Softmax(obs);
14: Evolution phase:
15: for j = 1, 2, ..., Np do

16: Sample B
(j)
k−1 from probability;

17: Sample u
(j)
k−1 from f̂(uk−1|xk−1, ek−1, B

(j)
k−1);

18: if u
(j)
k−1 not feasible then

19: Resample from proposal distribution;
20: else
21: x

(j)
k ← F(x

(j)
k−1,u

(j)
k−1);

22: end if
23: end for
24: return {x(j)

k , j = 1, ..., Np}
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Figure 2.3: The hierarchical representation of driver behaviors. In daily driving situations,
there are three common behaviors that can be arranged to get to any destination accordingly:
lane keeping, lane change and turning. These behaviors can also be decomposed to more
primary actions such as speed adjustment and steering which also have composing elements.
Each behavior level corresponds to a layer and each behavior class at a certain level corresponds
to an HMM.

• Conditional Probabilistic Long Short-Term Memory (CP-LSTM): LSTM is a
widely used variant of recurrent neural network (RNN) which is suitable for time-series
data modeling and can effectively avoid gradient explosion and vanishing issues [54].
The network takes in a sequence of historical state and gives out a sequence of future
actions. Similar to CP-MLP, a noise term is also appended to the input features to
involve uncertainty. The CP-LSTM has a similar architecture to CP-MLP except that
the first hidden layer is replaced with a LSTM layer.

2.3.3 Application Scopes

The proposed hierarchical time-series model is especially suitable for recognition and prediction
of complicated events consisted of multi-level sub-stages, such as driver behaviors and human
activities; or classification problems in which the high-level category has several sub-classes,
such as in natural language processing. An illustration of exemplar application scenarios
specifically for driver behaviors can be found in Figure 2.3. The proposed method is validated
and discussed in the following case studies.
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Figure 2.4: The diagram of hierarchical behavior representation in the numerical case. There
are four high-level behaviors I, II, III and IV which are composed of three of the five stages A,
B, C, D and E while each of these stages can also be separated into two of the six sub-stages
(1)-(6). The order of stages and sub-stages are fixed in each high-level behavior.

Table 2.1: The function g(k) for each sub-stage.

Sub-stages g(k) Sub-stages g(k) Sub-stages g(k)

(1) 1.5 (2) 1.5cos(0.1k) (3) -0.75
(4) 3sin(0.1k) (5) -3 (6) 3

Table 2.2: The Semantic Labels of DHMM (Numerical Example)

Index Stage Index Stage Index Stage

HMM-1-1 (1) HMM-1-6 (6) HMM-2-5 E
HMM-1-2 (2) HMM-2-1 A HMM-3-1 I
HMM-1-3 (3) HMM-2-2 B HMM-3-2 II
HMM-1-4 (4) HMM-2-3 C HMM-3-3 III
HMM-1-5 (5) HMM-2-4 D HMM-3-4 IV

2.4 Case Study I: Multivariate Dynamic System

In this section, we use a general numerical case to demonstrate the effectiveness and accuracy
of the HTSPM prediction framework. In particular, we compare the recognition and prediction
performance of the proposed HTSPM with widely used probabilistic classifiers and canonical
state evolution models, respectively.
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2.4.1 Problem Formulation

In this example, we set a fixed prediction entity number and each entity is assigned one of the
four high-level behaviors shown in Figure 2.4. The training, validation and test trajectories
for the i-th entity are generated by a nonlinear state space model with state constraints

xi1,k = xi1,k−1 + 2xi2,k−1∆T + xi3,k−1∆T 2 + vi1,k−1,

xi2,k = xi2,k−1 + xi23,k−1∆T + vi2,k−1,

xi3,k = xi3,k−1 + gi(k − 1) + vi3,k−1,

zi1,k = xi1,k + wi1,k, wi1 ∼ N (0, 0.5),

zi2,k = xi2,k + wi2,k, wi2 ∼ N (0, 0.5),

xi2,k ≥ 0, −10 ≤ xi3,k ≤ 10,

xi1,0 ∼ U[0, 20], xi2,0 ∼ U[10, 20], xi3,0 ∼ N (0, 0.1),

vi1 ∼ N (0, 0.5), vi2 ∼ U[−1, 1], vi3 ∼ U[−0.1, 0.1],

(2.3)

where ∆T is the period length between two time steps, vj,k−1 (j = 1, 2, 3) is process noise, wk is
measurement noise, U[·, ·] and N (·, ·) denotes uniform and Gaussian distribution respectively
and g(k) is a manually defined function whose detailed forms for each sub-stages (1)-(6)
are provided in Table 2.1. This process model is nonlinear with non-Gaussian noise. The
generated state trajectories of four behaviors can be spatially distinguished in the state space.
We do not endow any physical meanings to states for generalization purpose.

2.4.2 Experiment Details and Results

We demonstrate the validity and effectiveness of the proposed framework and models by the
following experiments. The experiment details are provided and results are analyzed.

Under this problem formulation, the DHMM has three layers corresponding to the
three stage levels whose semantic labels are presented detailedly in Table 2.2. Figure 2.5
demonstrates the recognition results of each layer in DHMM for four cases in different behavior
classes which possess a good interpretability. The comparisons of recognition results between
DHMM and widely used probabilistic classifiers are shown in Figure 2.6. Detailed analysis
can be found in the captions.

2.5 Case Study II: Highway Ramp Merging

In this section, a typical highway ramp merging scenario is investigated to validate the
effectiveness and accuracy of the proposed approach. The data source, experiment details are
presented and results are analyzed.
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2.5.1 Problem Statement

Among various highway ramps with different road curvature, the schematic diagram can be
simplified as Figure 2.7. The gray car represents the merging vehicle while the red car stands
for the car in the main lane with which the merging agent has major interaction. The yellow
car is the leading vehicle which affects the available gap for the merging car. There are two
potential interaction outcomes: the red car yields the gray car; or the opposite. The goal
is to obtain the posterior probability of each outcome and the joint distribution of future
trajectories of the two entities given a sequence of historical information.

d3
kd2

k

d1
k

Figure 2.7: A simplified diagram of highway ramp merging process.

2.5.2 Data Collection and Pre-processing

Our training data and test data come from two sources: virtual simulation and real-world
driving dataset. We developed a driving simulator based on Unity3d for data collection
and visualization where a steering wheel and two pedals for acceleration and braking are
used to collect human inputs for each involved driver. The position, velocity and yaw angle
information of all the agents in the scene can be recorded in real time. We collected 128
interaction events in total with balanced distribution of two situations.

We also adopted the Next Generation Simulation (NGSIM) US I-80 Freeway dataset as
naturalistic driving data which is available online [23]. We selected 100 interaction events
in total. Since the original data is noisy which results in highly fluctuating velocities and
accelerations, we applied an Extended Kalman filter (EKF) to smooth the trajectories. For
both simulation data and real-world data, we randomly selected 80% as the training set and
the others were used as test set.

2.5.3 Experiments and Results

There are two potential situations in this scenario: the merging agent cuts in ahead of or
behind the main lane agent, corresponding to the two gaps shown in Figure 2.7. A complete
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Table 2.3: The Semantic Labels of Two-Layer Hidden Markov Model

Index Situation Stage

HMM-1-1 Main/Merge lane car yields Ambiguity
HMM-1-2 Main lane car yields Preparation
HMM-1-3 Main lane car yields Merging
HMM-1-4 Main lane car yields Car following
HMM-1-5 Merge lane car yields Preparation
HMM-1-6 Merge lane car yields Merging
HMM-1-7 Merge lane car yields Car following
HMM-2-1 Main lane car yields —
HMM-2-2 Merge lane car yields —

merging process can be typically partitioned into four stages:

• Ambiguity: The two cars advance in their own lanes without strong interaction with
each other;

• Preparation: At this stage, the two agents are getting closer and the one willing to
yield tends to decelerate to avoid collision and provide more space for the other one
which may accelerate or keep a constant speed;

• Merging: At this stage, the merging agent cuts into one of the possible gaps;

• Car following: The interaction terminates and the yielding one starts car-following-like
behavior.

The motion patterns and vehicle states in the Ambiguity stage have no obvious distinctions
between the two situations since the two agents have not made decisions on whether to yield
or not. However, there exist large differences in the other three stages (e.g. in the merging
stage and car following stage, the relative longitudinal positions in the two situations are
opposite).

Our experiment contains two parts. The proposed model is first trained and tested with the
simulation dataset to demonstrate the recognition and inference performance; then we sample
a set of future trajectories to approximate the joint distribution of the two vehicles’ states.
The well-trained LHMM is also tested on the real-world dataset with or without finetuning
to illustrate the transferability. The details are introduced in the following subsections.
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Table 2.4: State Features and Action Labels

Notations Descriptions

State
features

y1
k Longitudinal position of the main lane car
y2
k Longitudinal position of the merging car
d1
k Lateral distance of two cars
ẏ1
k Longitudinal velocity of the main lane car
ẏ2
k Longitudinal velocity of the merging car
ÿ1
k Longitudinal acceleration of main lane car
ÿ2
k Longitudinal acceleration of main lane car

Action
labels

∆x1
k→k+1 Traveled lateral distance of main lane car

∆x2
k→k+1 Traveled lateral distance of merging car

ẏ1
k+1 Longitudinal velocity of main lane car
ẏ2
k+1 Longitudinal velocity of merging car

Virtual Simulation

In this part, we assume that the available gap between the main lane vehicle and the leading
vehicle is large enough for the merging vehicle to cut in which implies that the leading car
has little influence on the interaction process.

The whole trajectories of each interaction event were divided into four segments corre-
sponding to four stages based on the road information and vehicle states. We trained 7
first-layer HMM individually using the segmented feature sequences. Then we obtained the
log-likelihood sequences of both situations from the inference output and fed them to the
second layer HMM as training observation sequences. The labels of each HMM are shown in
Table I, where HMM-i-j refers to the j-th HMM in the i-th layer. In order to obtain the
conditional distribution of actions f(ak|SEk), we trained a Gaussian Mixture Model with the
state features and action labels listed in Table 2.4.

Three typical test cases are used to demonstrate the performance of the proposed approach.
The inference results of the first-layer HMM are shown in Figure 2.8 (a-1), (b-1) and (c-1).
We can see that in the first-layer inference output, the observation likelihood of HMM-1-1 is
the highest at the early stage for all the test cases, which implies vague decisions of two agents
corresponding to the Ambiguity stage. Afterwards, the likelihood of HMM-1-2, HMM-1-3 and
HMM-1-4 tend to dominate in the “main lane car yields” cases successively while HMM-1-5,
HMM-1-6 and HMM-1-7 tend to dominate in the “merge lane car yields” cases successively,
which implies that the first-layer HMMs are able to capture different evolution patterns of
the raw feature sequences in both situations.

Moreover, we compared the performance of the two-layer HMM with a standard HMM
classifier and Quadratic Discriminant Analysis (QDA), which is illustrated in Figure 2.8 (a-2),
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Figure 2.8: The DHMM inference output for three test case: (a) The main lane car yields the
merging car; (b) The merging car yields the main lane car; (c) The merging car tends to cut
in ahead of the main lane car while the main lane car does not yield. (a-1), (b-1) and (c-1)
show the first-layer HMM inference output; and (a-2), (b-2) and (c-2) show the probability
output of the second-layer HMM for ”main lane car yields”.

(b-2) and (c-2). We can see that for all the cases our model is able to recognize the true
interaction result earliest among the three models. On the other hand, there is much less
fluctuation in the probability output of our model than the other models, which implies that
our model is more robust to the raw feature fluctuations and observation noise from the
sensor measurement. The reason is that while the inference output of standard HMM and
QDA are very sensitive to raw feature evolution, our model are sensitive to meta feature
evolution, which reduces the effects of raw feature noise.

An occupancy heatmap is provided in Figure 2.9 to illustrate the predicted distribution of
future trajectories generated by the GMM. The ground truth trajectory is located near the
mean of the distribution, which implies that our model is able to make accurate long-term
prediction.
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Figure 2.9: An illustrative heat map of long-term dynamic scene evolution. It contains
predictions of the same case from the same initial state with different propagation length.
The red line is the ground truth of the merging vehicle and the blue line is the ground truth
of the main lane vehicle.

Simulation to Real World Transfer

In this part, we investigate the capability of knowledge transfer of the proposed model. In
the NGSIM dataset, since the distances among vehicles are relatively small and the traffic
speed is low, the influence of the leading vehicle cannot be ignored. Therefore, we added the
position and velocity information of the leading vehicle into the raw feature sequences.

Since the road geometry and vehicle speed range in the NGSIM dataset are different from
the simulation data, the first-layer HMM has to be retrained. For the second-layer HMM,
three model setups were evaluated: 1) directly employ the well-trained second layer HMM
without finetuning the parameters; 2) employ the well-trained parameters as the initial values
and finetune the second-layer HMM; and 3) train the two-layer HMM from scratch using the
NGSIM dataset. It took 112 iterations in average for the EM algorithm to converge when
training the model from scratch but only 35 iterations when finetuning the pre-trained model.
The inference results of two test cases are demonstrated in Figure 2.10. We can see that the
transferred model with finetuning has comparable performance to the model trained from
scratch with much less computation cost.
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Figure 2.10: The comparison of inference results among three model setups. (a) a ”main
lane car yields” case; (b) a ”merging car yields” case.

2.6 Case Study III: Highway Lane Changing

In this section, we apply the proposed framework and hierarchical time-series prediction
model to solve real-time vehicle motion prediction problems in a highway lane keeping and
lane changing setting. We investigate a highway scenario as an illustrative example in which
we only consider lane keeping and lane change behaviors due to the restriction of road
geometry. The data source, experiment details, results and comparisons of different models
are illustrated and discussed.

2.6.1 Problem Statement

We consider two observation perspectives: from the ego vehicle or from traffic surveillance
systems. For the ego vehicle, the surrounding environment information is provided by onboard
sensors which covers a certain range. It aims at tracking surrounding objects as well as
forecasting their future behaviors. For surveillance systems, the traffic situations can be
obtained by camera based monitors. Unlike the setup in numerical case, the number of
prediction targets around the ego vehicle or within the monitor area may fluctuate as time
goes by. We make a reasonable simplification for situation representation with a group of
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Car 1 Car 2

Car 5

Car 3

Car 4

Ego Car 0 

Figure 2.11: A simplified representation of highway scenario. The gray car represents the ego
autonomous vehicle with onboard sensors detecting its surrounding objects and the red car
is object of study which may have interactions with the green ones and be affected by the
motions of leading yellow ones.

six cars which is shown in Figure 2.11, where we assume that only the red car can make a
left lane change (LCL) or right lane change (LCR) while surrounding cars maintain the lane
keeping behavior. This is a reasonable assumption since it is rare in realistic driving scenarios
that two or more vehicles change lane simultaneously under this representation. Our goal is
to make probabilistic predictions for their future behaviors.

2.6.2 Data Source and Pre-processing

The Next Generation Simulation (NGSIM) dataset is employed as the data source for
extracting training, validation and test trajectories of vehicles, which can be found on [23].
The original dataset provides the estimated vehicle position, velocity, acceleration and other
environment information extracted by image processing techniques from videos recording
the traffic flow on a approximately 640 meters highway in California, USA. However, in
some cases there is large detection noise and error especially on velocity and acceleration
information which leads to unsmooth or unfeasible motions as indicated in [22]. Therefore,
we applied an Extended Kalman Filter (EKF) to smooth and calibrate vehicle trajectories
before experiments. We randomly selected 1,000 lane keeping cases and 200 lane change cases
and split them into 70% as training data, 10% as validation data and 20% as test data.

2.6.3 Vehicle Motion Models

In this work we investigate and compare two types of vehicle motion models: pure kinematic
model and proposed hierarchical time-series model.



CHAPTER 2. HTSPM: HIERARCHICAL TIME-SERIES PREDICTION MODEL 30

Table 2.5: The Semantic Labels of DHMM (Vehicle Behavior Prediction)

Index Behavior Stage

HMM-1-1 Lane Keeping (LK) Car following
HMM-1-2 Lane Change Left (LCL) Preparation
HMM-1-3 Lane Change Left (LCL) Deviation
HMM-1-4 Lane Change Left (LCL) Adjustment
HMM-1-5 Lane Change Right (LCR) Preparation
HMM-1-6 Lane Change Right (LCR) Deviation
HMM-1-7 Lane Change Left (LCL) Adjustment
HMM-2-1 Lane Keeping (LK) —
HMM-2-2 Lane Change Left (LCL) —
HMM-2-3 Lane Change Right (LCR) —

Pure Kinematics Models

In most of the vehicle tracking and motion prediction literature, kinematic models are naturally
employed as the state transition model to propagate particle hypotheses. A comparison study
of various motion models and their state transition equations are presented in [156]. The
simplest models are constant velocity model (CVM) and constant acceleration model (CAM)
which are linear models treating all 2D motions as translations in both longitudinal and
lateral directions without considering rotations. More complicated models such as bicycle
models also consider the yaw rate. However, the yaw rate can be assumed to be zero, which
is reasonable in highway scenarios due to small yaw angle variations.

Hierarchical Time-Series Prediction Model

There are three high-level behaviors in the studied scenario. The recognition module is a two-
layer DHMM whose semantic labels are introduced in Table IV. Lane Keeping (LK) behavior
only consists of Car Following stage; Lane Change Left (LCL) and Lane Change Right (LCR)
behaviors both consist of Preparation, Deviation and Adjustment stages successively. All of
the six vehicles are taken into account to obtain the distribution of red car’s future high-level
behaviors.

The evolution module consists of three independent models corresponding to three
behaviors respectively which are trained separately. Each behavior model forecasts motions
of a portion of the six entities according to relevance. Specifically, the LK model considers
Car 0 and Car 3 while the LCL model and LCR model consider Car 0, Car 1, Car 2 and
Car 0, Car 4, Car 5, respectively. The recognition module determines the proportion of
sampled trajectories by each model in the evolution module.
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Behavior-unconditional Learning Based Models

Behavior-unconditional models treat all the entities as a whole system and predict the joint
distribution of their motions. The objective is thus to capture the multi-modality of data
distribution raised by multiple behavior patterns, which is much harder to achieve due to
the demand for large representation capacity. To allow for a fair comparison, these models
should have more complicated architectures than the evolution module of HTSPM.

2.6.4 Experiments Details and Results

For the recognition module of HTSPM, we decided the number of hidden states of each
HMM according to BIC score. Since the Baum-Welch algorithm can reach different solutions
with diverse initialization, we trained each HMM multiple times and selected the model with
highest final BIC score. For the evolution module, the CGMR has 10 mixture components;
the CP-MLP consists of four hidden fully-connected layers with 64 units followed by a leaky
ReLU activation function; the CP-LSTM has the same architecture as CP-MLP except that
the first fully-connected layer is replaced with a LSTM layer. For the behavior-unconditional
models we increased the model capacity. The GGMR has 30 mixture components; the P-MLP
and P-LSTM also consist of four hidden layers but with 192 units. We trained all the models
multiple times and selected the ones with smallest prediction error on the validation set.
Moreover, we chose CAM from vehicle kinematic models as a baseline.

We adopted a unified input feature representation for models of the same type. Specifically,
for behavior-conditional models (i.e. CGMR, CP-MLP and CP-LSTM ) the feature contains
a sequence of historical relative positions of only model-related surrounding vehicles with
respect to the middle red vehicle {xi(k − T : k), yi(k − T : k), i = 0, ..., 5} as well as their
absolute advancing velocities {vi(k − T : k − 1), i = 0, ..., 5}, where T is history horizon;
while for behavior-unconditional models (i.e. GGMR, GP-MLP and GP-LSTM ), the feature
covers the same information of all the six vehicles.

Quantitative Analysis

We sampled 100 particle hypotheses for each entity to make predictions in all the experiments.
Table 2.6 provides the ADE value comparisons of vehicle position prediction using both
HTSPM and baseline models. It is shown that employing proposed HTSPM can achieve the
lowest prediction error. The DHMM+CP-LSTM has superiority over the others in most time
steps, which implies that recurrent neural network is more capable of learning long-term
dependencies. Although the CAM can achieve acceptable performance in the first second,
the error increases greatly as prediction horizon expands, which indicates pure kinematic
models are only suitable for short-term predictions.



CHAPTER 2. HTSPM: HIERARCHICAL TIME-SERIES PREDICTION MODEL 32

T
ab

le
2.

6:
A

D
E

V
al

u
e

C
om

p
ar

is
on

s
of

V
eh

ic
le

P
os

it
io

n
P

re
d
ic

ti
on

C
a
se
s

P
re
d
ic
ti
o
n

H
o
ri
zo
n
(s
)

D
H
M
M

+
C
G
M
R

(m
)

D
H
M
M

+
C
P
-M

L
P

(m
)

D
H
M
M

+
C
P
-L
S
T
M

(m
)

G
G
M
R

(m
)

G
P
-M

L
P

(m
)

G
P
-

L
S
T
M

(m
)

C
A
M

(m
)

L
a
n
e
K
ee
p
in
g

(L
K
)

1
.0

0
.1
2
/
0
.1
1

0
.2
1
/
0
.2
0

0
.1
8
/
0
.2
1

0
.1
9
/
0
.2
5

0
.3
3
/
0
.3
0

0
.3
2
/
0
.3
1

0
.4
1
/
0
.3
9

2
.0

0
.9
3
/
0
.9
9

0
.6
8
/
0
.6
5

0
.7
2
/
0
.6
2

1
.0
1
/
0
.9
7

0
.8
0
/
0
.7
4

0
.7
6
/
0
.7
4

1
.9
1
/
1
.3
3

3
.0

2
.2
1
/
1
.6
7

1
.1
4
/
1
.3
6

1
.1
3
/
1
.3
8

2
.3
3
/
1
.6
9

1
.2
6
/
1
.4
8

1
.2
9
/
1
.4
2

3
.3
6
/
2
.9
0

4
.0

3
.3
7
/
2
.2
9

1
.6
9
/
2
.2
0

1
.6
5
/
2
.3
1

3
.6
8
/
2
.3
4

1
.8
1
/
2
.3
2

1
.7
8
/
2
.2
9

4
.6
5
/
3
.6
3

5
.0

4
.0
5
/
3
.8
3

2
.9
1
/
3
.3
3

2
.9
0
/
3
.0
4

4
.4
1
/
3
.8
8

3
.0
3
/
3
.4
5

3
.1
4
/
3
.2
8

5
.8
8
/
5
.0
2

L
a
n
e
C
h
a
n
g
e
L
ef
t

(L
C
L
)

1
.0

0
.3
6
/
0
.1
3

0
.3
1
/
0
.2
2

0
.2
9
/
0
.2
4

0
.4
2
/
0
.2
8

0
.4
1
/
0
.3
4

0
.3
8
/
0
.3
5

0
.5
1
/
0
.4
2

2
.0

0
.9
9
/
1
.0
6

0
.9
6
/
0
.8
7

0
.9
1
/
0
.8
3

1
.1
5
/
1
.0
4

1
.1
1
/
0
.9
9

1
.1
4
/
0
.9
8

2
.3
9
/
1
.5
1

3
.0

1
.9
8
/
1
.7
9

1
.7
9
/
1
.8
2

1
.6
9
/
1
.5
7

2
.1
1
/
1
.9
3

1
.9
1
/
1
.9
4

1
.8
3
/
1
.9
0

3
.7
3
/
5
.6
4

4
.0

2
.8
9
/
2
.8
6

2
.6
1
/
2
.4
1

2
.9
1
/
2
.6
9

3
.2
6
/
2
.9
4

2
.7
3
/
2
.9
8

2
.7
1
/
2
.9
8

6
.6
5
/
3
.7
7

5
.0

4
.6
3
/
4
.2
3

3
.8
2
/
3
.7
8

3
.7
4
/
3
.5
8

5
.3
7
/
4
.1
1

4
.0
4
/
3
.9
0

3
.9
5
/
3
.7
3

7
.6
8
/
5
.3
6

L
a
n
e
C
h
a
n
g
e
R
ig
h
t

(L
C
R
)

1
.0

0
.2
9
/
0
.2
3

0
.2
7
/
0
.1
8

0
.2
4
/
0
.2
5

0
.4
9
/
0
.4
5

0
.3
8
/
0
.3
5

0
.3
5
/
0
.3
7

0
.5
9
/
0
.4
6

2
.0

0
.8
3
/
1
.1
2

1
.0
2
/
0
.8
6

0
.9
7
/
0
.8
1

0
.9
1
/
1
.0
8

1
.1
4
/
0
.9
7

1
.0
9
/
0
.9
2

2
.2
3
/
1
.4
9

3
.0

1
.9
4
/
1
.6
6

1
.7
3
/
1
.8
4

1
.6
8
/
1
.6
4

2
.1
5
/
1
.6
8

1
.8
3
/
1
.9
5

1
.7
9
/
1
.9
8

3
.5
8
/
2
.7
1

4
.0

3
.0
1
/
2
.5
2

2
.5
8
/
2
.4
1

2
.4
4
/
2
.5
6

3
.2
8
/
2
.8
2

2
.7
4
/
2
.6
7

2
.7
8
/
2
.7
0

6
.2
3
/
3
.6
8

5
.0

4
.5
8
/
3
.9
2

3
.7
6
/
3
.6
1

3
.7
1
/
3
.8
2

5
.0
5
/
4
.3
1

3
.9
1
/
3
.8
2

3
.8
4
/
3
.7
9

7
.2
1
/
5
.5
4



CHAPTER 2. HTSPM: HIERARCHICAL TIME-SERIES PREDICTION MODEL 33
(a
)

(b
)

(c
)

(d
)

(e
) (f)

(g
)

(h
) (i) (j) (k) (l)

F
ig

u
re

2.
12

:
V

is
u
al

iz
at

io
n

of
p
re

d
ic

ti
on

re
su

lt
s

of
se

le
ct

ed
ty

p
ic

al
ca

se
s

of
L

C
L

an
d

L
C

R
b

eh
av

io
rs

u
si

n
g

th
e

D
H

M
M

+
C

P
-

L
S

T
M

m
o
d

el
.

T
h

e
co

lo
re

d
so

li
d

li
n

es
ar

e
sa

m
p

le
d

fu
tu

re
tr

a
je

ct
or

y
h
y
p

ot
h

es
es

an
d

th
e

b
lu

e
sc

at
te

rs
ar

e
gr

ou
n

d
tr

u
th

tr
a
je

ct
or

ie
s.

Ti
m

e 
(s

)
Ti

m
e 

(s
)

Ti
m

e 
(s

)

ADE (m)

ADE (m)

ADE (m)

F
ig

u
re

2.
13

:
T

h
e

ab
la

ti
ve

an
al

y
si

s
of

p
re

d
ic

ti
on

ac
cu

ra
cy

of
m

id
d

le
ve

h
ic

le
p

os
it

io
n

in
te

rm
s

of
A

ve
ra

ge
D

is
ta

n
ce

E
rr

or
(A

D
E

)
u
si

n
g

d
iff

er
en

t
le

ar
n
in

g-
b
as

ed
st

at
e

ev
ol

u
ti

on
m

o
d
el

s
w

it
h

d
iff

er
en

t
re

co
gn

it
io

n
re

su
lt

s.



CHAPTER 2. HTSPM: HIERARCHICAL TIME-SERIES PREDICTION MODEL 34

Qualitative Analysis

The prediction results of several test cases are visualized in Figure 2.12 to demonstrate the
model performance. In the first column of figures, it can be seen that our model is able to
make multi-modal trajectory predictions considering uncertainty both on the behavior and
motion level. In Figure 2.12(a), the red car is predicted to make a left lane change according
to its heading tendency. However, due to the small gap between the green and yellow cars
on the target lane and their relative velocities, it is also possible and reasonable for the red
car to change its mind to continue the lane keeping behavior, which is also captured by the
proposed model. Figure 2.12(b) and Figure 2.12(c) show two chronological time steps in the
same test case where at first the red car may choose all three possible behaviors while after a
moment the probability of LCL increases due to the large gap on its left, small gap on its
right and low relative velocity of its leading car, which demonstrates the online evolution of
prediction results. The second column of figures mainly show the later stage of lane change
where only one of the three behaviors dominates the future trajectories, where the variance
of samples is still maintained to present different driving patterns.

Ablative Analysis

We also conducted an ablative analysis to demonstrate the relative importance of recognition
and evolution module through comparing the prediction errors under four model settings:

• GT + Behavior-conditional Model: We directly use the state evolution model
corresponding to the ground truth behavior. This can be treated as an upper limit of
prediction performance of evolution module.

• DHMM + Behavior-conditional Model: This is just to use the complete proposed
HTSPM with state constraints.

• DHMM + Behavior-conditional Model (no constraints): This is to use the
proposed HTSPM but without considering constraints on the vehicle state.

• Behavior-unconditional Model: This is the learning-based baseline model without
classification on behaviors.

• Behavior-unconditional Model (only middle car): This model does not consider
the surrounding vehicles and make predictions for the middle car with only its historical
trajectories, which is used to illustrate the significance of considering interactions among
entities.

Figure 2.13 shows the ADE values of prediction for the above model settings. We find
that models considering adjacent vehicles outperforms those only focusing on the middle
vehicle, implying that the motions of surrounding cars have significant influence on the target
vehicle. The DHMM+Behavior-conditional Model leads to further improvement, suggesting
the effectiveness of behavior recognition prior to motion forecasting. Both factors become
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more remarkable as prediction horizon extends. It is also shown that incorporating kinematic
constraints on vehicle state can achieve better prediction accuracy than otherwise despite
that the improvement is not significant, which indicates that there are not many violations
of constraints in the output action of proposed models. Moreover, from the performance
of ground truth behavior model we observe some space for improvement if the recognition
module becomes more powerful.

2.7 Chapter Summary

In this chapter, a generic learning-based hierarchical time-series prediction model (HTSPM)
was put forward and applied to a numerical case study and real-world on-road vehicle behavior
prediction tasks in highway scenarios. The results show that the DHMM in recognition
module of HTSPM can better capture the behavior distribution than other probabilistic
classifiers in terms of response time and robustness. Multiple state evolution models including
learning-based ones and pure kinematics-based ones were compared under the framework
settings. An ablative analysis was also conducted to demonstrate the significance of the
recognition module. Future research directions include enhancing the capability of both
recognition module and evolution module and applying the proposed framework to more
complicated scenarios with more interactions and mutual reactions such as roundabout and
unsignalized intersections.
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Chapter 3

CGNS: Conditional Generative
Neural System

3.1 Introduction

It is desired for a multi-agent prediction system to satisfy the following requirements to
generate diverse, realistic future trajectories.

• Context-aware: The system should be able to forecast trajectories which are inside
the traversable regions and collision-free with static obstacles in the environment. For
instance, when the vehicles navigate in a roundabout (see Figure 3.1(a)) they need to
advance along the curves and avoid collisions with road boundaries.

• Interaction-aware: The system needs to generate reasonable trajectories compliant
to traffic or social rules, which takes into account interactions and reactions among
multiple entities. For instance, when the vehicles approach an unsignalized intersection
(see Figure 3.1(b)), they need to anticipate others’ possible intentions and motions as
well as the influences of their own behaviors on surrounding entities.

• Feasibility-aware: The system should anticipate naturalistic and physically-feasible
trajectories which are compliant to vehicle kinematics or dynamics constraints, although
these constraints can be ignored for pedestrians due to the large flexibility of their
motions.

• Probabilistic prediction: Since the future is full of uncertainty, the system should
be able to learn an approximated distribution of future trajectories close to data
distribution and generate diverse samples which represent various possible behavior
patterns.

In this work, we propose a generative neural system that satisfies all the aforementioned
requirements for predicting trajectories in highly interactive scenarios. The system takes
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(a) (b)

Figure 3.1: Typical urban traffic scenarios with large uncertainty and interactions among
multiple entities. The shaded areas represent the reachable sets of possible trajectories.
(a) Unsignalized roundabout with four-way yield signs; (b) Unsignalized intersection with
four-way stop signs.

advantage of both explicit and implicit density learning in a unified generative system
to predict the distributions of trajectories for multiple interactive agents, from which the
sampled hypotheses are not only reasonable and feasible but also cover diverse possible
motion patterns.

The main contributions of this work are summarized as follows:

• A Conditional Generative Neural System (CGNS) is proposed to jointly predict future
trajectories of multiple highly-interactive agents, which takes into account the static
context information, interactions among multiple entities and feasibility constraints.

• A block attention mechanism and a Gaussian mixture attention mask are proposed
and applied to historical trajectories and scene image sequences respectively, which are
computationally efficient.

• An effective strategy for soft constraint incorporation into deep neural networks is
presented.

• The latent space learning and variational divergence minimization approaches are
integrated into a unified framework in a novel fashion, which combines their strengths
on distribution learning.
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• The proposed CGNS is validated on multiple pedestrian trajectory forecasting bench-
marks and is used to solve a task of anticipating motions of on-road vehicles navigating
in highly-interactive scenarios.

3.2 Related Work

In this section, we provide a brief overview on related research and illustrate the distinction
and advantages of the proposed generative system.

3.2.1 Trajectory and Sequence Prediction

Many research efforts have been devoted to predict behaviors and trajectories of pedestrians
and on-road vehicles. Many classical approaches were employed to make time-series prediction,
such as variants of Kalman filter based on system process models, time-series analysis and
auto-regressive models. However, such methods only suffice for short-term prediction in simple
scenarios where interactions among entities can be ignored. More advanced learning-based
models have been proposed to cope with more complicated scenarios, such as hidden Markov
models [99, 206], Gaussian mixture regression [96, 99], Gaussian process, dynamic Bayesian
networks, and rapidly-exploring random tree. However, these approaches are nontrivial to
handle high-dimensional data and require hand-designed input features, which confines the
flexibility of representation learning. Moreover, these methods only predict behaviors for a
certain entity. A few works also took advantage of both recurrent neural networks [3, 73] and
generative modeling to learn an explicit or implicit trajectory distribution, which achieved
better performance [97, 120, 95]. However, they either leveraged only static context images
or only trajectories of agents, which is not sufficient to make predictions for the agents that
interact with both static and dynamic obstacles. In this paper, we propose a conditional
generative neural system which can leverage both historical scene evolution information
and trajectories of multiple interactive agents and generate realistic and diverse trajectory
hypotheses.

3.2.2 Soft Attention Mechanisms

Soft attention mechanisms have been widely used in neural networks to enable the capability
of focusing on a subset of input features, which have been extensively studied in the field of
image captioning [195], visual object tracking [81] and natural language processing. Several
works also brought attention mechanisms into trajectory prediction tasks to figure out the
most informative and related obstacles [151, 150, 179, 15]. In this paper, we put forward a
block attention mask mechanism for trajectories to extract the most critical features of each
entity as well as a Gaussian mixture attention mechanism for context images to extract the
most crucial static features.
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3.2.3 Deep Bayesian Generative Modeling

The objective of generative models is to approximate the true data distribution, with which
one can generate new samples similar to real data points with a proper variance. Generative
models have been widely employed in tasks of representation learning and distribution
approximation in literature, which basically fall into two categories: explicit density models
and implicit density models. In recent years, since deep neural networks have been leveraged as
universal distribution approximators thanks to its high flexibility, two deep generative models
have been widely studied: Variational Auto-Encoder (VAE) [75] and Generative Adversarial
Network (GAN) [42]. Since in trajectory forecasting tasks the predicted trajectories are
sampled from the posterior distribution conditioned on historical information, the two models
were extended to their conditional versions which results in conditional VAE (CVAE) [89] and
conditional GAN (CGAN) [130, 151]. In this paper, we combine the strengths of conditional
latent space learning via CVAE and variational divergence minimization via adversarial
training.

3.3 Problem Formulation

The objective of this paper is to develop a deep generative system that can accurately forecast
motions and trajectories for multiple agents simultaneously. The system should take into
account the historical state information, static context and interactions among dynamic
entities.

Assume there are in total N entities in the observation area, which may vary in different
cases. We denote a set of trajectories covering the history and prediction horizons (Th and
Tf ) as

Tk−Th:k+Tf = {tik−Th:k+Tf
|tik = (xik, y

i
k), i = 1, ..., N} (3.1)

where (x, y) is the 2D coordinate in the pixel space or world space. The latent random variable
is denoted as zk, where k is the current time step. The sequence of context images up to
time step k is denoted as Ik−Th:k. Our goal is to predict the conditional distribution of future
trajectories given the historical context images and trajectories p(Tk+1:k+Tf |Tk−Th:k, Ik−Th:k).
The long-term prediction is realized by propagating the generative system multiple times
to the future. To simplify the notations in the following sections, we denote the condition
variable as C = {Tk−Th:k, Ik−Th:k}, the sequence of predicted variables as Y = {Tk+1:k+Tf}.

3.4 Model Design: CGNS

In this section, we first provide an overview of the key components and the architecture of the
proposed Conditional Generative Neural System (CGNS). The detailed theories and models
of each component are then illustrated.
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3.4.1 System Overview

The architecture of CGNS is shown in Figure 3.2 where there is a deep feature extractor
(DFE) with an environment attention mechanism (EAM) as well as a generative neural
sampler (GNS). First, the DFE extracts deep features from a sequence of historical context
images and trajectories of multiple interactive agents to obtain both the information of
static and dynamic obstacles, where the EAM tells which areas and dynamic entities should
be paid more attention to than others when predicting the trajectory of a certain entity.
The above information is utilized as the input of GNS which takes advantage of a deep
latent variable model and a variational divergence minimization approach to generate a
set of feasible, realistic and diverse future trajectories of all the involved entities. All the
components are implemented with deep neural networks thus can be trained end-to-end
efficiently and consistently.

3.4.2 Environment-Aware Deep Feature Extraction

We take advantage of both context images and historical trajectories of interactive agents
to extract deep features of both static and dynamic environments. In order to figure out
the most crucial parts to consider when forecasting behaviors of certain agents, we propose
a soft block attention mechanism applied to trajectories and a Gaussian mixture attention
mechanism applied to context images. The details are illustrated below.

The historical and future trajectories are constructed as matrices which are treated as 2D
images. The former is fed into a convolutional neural network (CNN) and an average pooling
layer to obtain a contractable attention mask over the whole trajectory matrix, which is
then expanded to the same size as the trajectory matrix by duplicating each column twice
corresponding to coordinates x and y. The original trajectory matrix is multiplied by the
block attention mask elementwisely. This mechanism is not applied to the future trajectory
matrix since it is unreasonable to have particular attention on the future evolution. The
context image sequences are also fed into a CNN followed by fully connected layers to obtain
a set of parameters of the Gaussian mixture distribution, which is used to calculate the
context attention mask. The elementwise multiplication of original images and attention
masks is fed to a pre-trained feature extractor, which is the convolution base of VGG-19 [164]
in this paper. The interaction-aware features and context-aware features are concatenated
and fed into a recurrent layer followed by fully connected layers to obtain a comprehensive
and consistent feature embedding.

3.4.3 Deep Generative Sampling

The GNS is composed of an encoder E and a generator G. The goal of encoder is to learn a
consistent distribution in a lower-dimensional latent space, from which the latent variable
can be sampled efficiently. The generator aims to produce trajectories as real as possible.
An auxiliary discriminator D is adopted, which aims to distinguish fake trajectories from
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groundtruth. The generator G and discriminator D formulates a minimax game. The three
components can be optimized jointly via conditional latent space learning and variational
divergence minimization.

Conditional Latent Space Learning (CLSL)

The conditional latent variable model defined in this paper contains three classes of variables:
condition variable C, predicted variable Y and latent variable z. We aim to obtain the
conditional distribution p(Y |C). Given the training data (C, Y ), the model first samples z
from an arbitrary distribution Q. Our goal is to maximize the variational lower bound, which
is written as

log p(Y |C)−DKL[Q(z|C, Y )||p(z|C, Y )] =

Ez∼Q[log p(Y |z, C)]−DKL[Q(z|C, Y )||p(z|C)].
(3.2)

where p(z|C) = N (0, I). This process can be realized with a Conditional Variational Auto-
Encoder which consists of an encoder network E to obtain Q(z|C, Y ) and a decoder (generator)
network G to model p(Y |z, C). The loss function can be formulated as a weighted sum of
the reconstruction error and KL divergence:

LG,ERC = E
tk+1:k+Tf

,zk∼Q

[
‖tk+1:k+Tf −G(Ck, zk)‖2

]
, (3.3)

LEKL = E
tk+1:k+Tf

[DKL(E(Ck)||p(zk))] , (3.4)

where zk ∼ N (0, I). The optimal encoder and generator can be obtained by

G∗, E∗ = arg min
G,E

λ1LG,ERC + λ2LEKL. (3.5)

Variational Divergence Minimization (VDM)

Given two conditional distributions Pdata(Y |C) and PGNS(Y |C) with absolutely continuous
density function pdata(Y |C) and pGNS(Y |C) which denotes the real data distribution and its
approximation with GNS, the f -divergence [133] is defined as

Df (Pdata || PGNS) =

∫

Y
pGNS(Y |C)f

(
pdata(Y |C)

pGNS(Y |C)

)
dY, (3.6)

where f : R+ → R is a convex and lower-semicontinuous function with f(1) = 0. A lower
bound of f -divergence can be derived with the convex conjugate function f ∗

Df (Pdata || PGNS)

≥ sup
T∈T

(∫

Y
pdata(Y |C)T (Y |C))dY −

∫

Y
pGNS(Y |C)f ∗(T (Y |C))dY

)

= sup
T∈T

(EY∼Pdata
[T (Y |C)]− EY∼PGNS

[f ∗(T (Y |C))]),

(3.7)
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where T is an arbitrary class of mapping T : Y → R. In order to minimize the variational
lower bound in (3.7), we can formulate a minimax game of pGNS(Y |C) and T (Y |C), which
are parameterized by θ and φ, respectively. Then the optimal θ∗ and φ∗ can be obtained by

θ∗, φ∗ = arg min
θ

max
φ

EY∼pdata(Y |C)[Tφ(Y |C)]

− EY∼pθ(Y |C)[f
∗(Tφ(Y |C))].

(3.8)

In this work, we propose to minimize the Pearson-χ2 divergence between Pdata+PGNS and
2PGNS

Dχ2
Pearson

=

∫

Y

(2pGNS − (pdata + pGNS))2

pdata + pGNS

dY. (3.9)

Since (3.9) is intractable, we leverage the adversarial learning techniques with a generator
G and a discriminator D implemented as deep networks. The adversarial loss functions are
derived as

LGVDM =
1

2
Ezk∼p(z)[(D(G(Ck, zk)))

2], (3.10)

LDVDM =
1

2
Etk+1:k+Tf

[(D(tk+1:k+Tf )− 1)2]

+
1

2
Ezk∼p(z)[(D(G(Ck, zk)) + 1)2],

(3.11)

To discriminate the effect of latent space learning, we also involve two additional terms LG,EVDM

and LD,EVDM where the input zk are sampled from the encoded latent distribution. Thus, the
optimal encoder, generator and discriminator by variational divergence minimization can be
obtained as

E∗, G∗, D∗ = arg min
G,E

max
D

λ3(LGVDM + LDVDM) + λ4(LG,EVDM + LD,EVDM). (3.12)

3.4.4 Soft Constraint Incorporation

In order to make generated samples compliant to feasibility constraints of vehicle kinematics,
we propose to incorporate a differentiable barrier (indicator) function I(·) in the loss function,
which enables soft constraints in deep neural networks via pushing predicted trajectories to
the feasible regions. In this work, we denote the empirical upper bounds on the absolute
values of accelerations ak+1:k+Tf and path curvatures κk+1:k+Tf as amax and κmax, respectively.
Then the feasibility loss can be calculated as

LG,EF = α1Eak+1:k+Tf



k+Tf∑

t=k+1

max (0, sgn(|at| − amax))




+ α2Eκk+1:k+Tf



k+Tf∑

t=k+1

max (0, sgn(|κt| − κmax))


 ,

(3.13)
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where sgn(·) refers to the sign function and at,κt can be calculated with the predicted
waypoints. This loss term is not applied to human trajectory prediction.

3.4.5 Conditional Generative Neural System (CGNS)

We leverage both CLSL and VDM in the proposed system, which provides complementary
strengths. The objective function of the whole system is formulated as

LCGNS = λ1LG,ERC + λ2LEKL + λ3(LGVDM + LDVDM) + λ4(LG,EVDM + LD,EVDM) + λ5LG,EF , (3.14)

which can be trained end-to-end. In practice, due to the existence of reconstruction loss, the
generator tends to improve faster than the discriminator, which may result in unbalanced
training. Therefore, we compensate the unbalance by training the discriminator multiple
times in each iteration.

3.5 Experiments

In this section, we validate the proposed CGNS on three benchmark datasets for trajectory
prediction which are available online and solve a task of probabilistic behavior prediction for
multiple interactive on-road vehicles in a roundabout scenario. The model performance is
compared with several state-of-the-art baselines.

3.5.1 Datasets

• ETH [142] and UCY [87]: These datasets include bird-eye-view videos and image
annotations of pedestrians in various outdoor and indoor scenarios. The trajectories
were extracted in the world space.

• Stanford Drone Dataset (SDD) [148]: The dataset also contains a set of bird-eye-
view videos and the corresponding trajectories of involved entities, which was collected
in multiple scenarios within a university campus full of pedestrians, bikers and vehicles.
The trajectories were extracted in the pixel space instead of the world space.

• INTERACTION Dataset (ID) [209]: The raw dataset was collected by a drone
with camera and our testing vehicle equipped with LiDAR. The trajectories were
extracted by visual detection. We visualized the real trajectories in our simulator to
obtain the bird-eye-view images, where the static context information came from the
Google Earth.

3.5.2 Evaluation Metrics and Baselines

We evaluate the model performance in terms of average displacement error (ADE) defined as
the average distance between the predicted trajectories and the ground truth over all the
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involved entities within the prediction horizon, as well as final displacement error (FDE)
defined as the distance at the last predicted time step. To allow for fair comparisons with
prior works, we predicted the future 12 time steps (4.8s) based on the previous 8 time steps
(3.2s) for ETH and UCY in the Euclidean space. We used the standard training and testing
split for SDD and make predictions in the pixel space. For our own dataset ID, we predicted
the future 10 time steps (5s) based on the historical 4 time steps (2s) in the Euclidean space.

We compared the performance of our proposed system with the following baseline ap-
proaches on multiple datasets: Constant Velocity Model (CVM), Linear Regression (LR),
Probabilistic LSTM (P-LSTM), Social LSTM (S-LSTM) [3], Social GAN (S-GAN and S-
GAN-P) [45], Clairvoyant attentive recurrent network (CAR-Net) [150], SoPhie [151] and
DESIRE [89].

3.5.3 Implementation Details

Since the whole system consists of differentiable functions approximated by deep neural
networks, it can be trained end-to-end efficiently. The detailed model architecture and
hyper-parameters are introduced below.

In the deep feature extractor, the CNNI contains one conv-layer with kernel size 5× 5 and
zero padding to keep the same dimension. The CNNII contains three conv-layers with kernel
size 3×3 and the FCI contains two layers with 64 hidden units. The CNNIII is the convolution
base of pre-trained VGG-19 whose weights are fixed during training. The GRUI, GRUII, FCII

and FCIII all have 128 hidden units. The Encoder FCIV has three fully-connected layers with
256, 128 and 64 hidden units, respectively. The dimension of encoded latent space is two.
The Generator GRUIII has 128 hidden units. The Discriminator GRUIV has 128 hidden units
and FCV has three layers with 128, 128 and 1 units, respectively. In all the experiments,
we set λ1 = 5.0, λ2 = λ3 = λ4 = λ5 = 1.0 and α1 = α2 = 1000. The Adam optimizer was
employed with a learning rate of 0.002. Moreover, we found that the Gaussian mixture in the
context image attention mask does not lead to obvious improvement in terms of prediction
accuracy and diversity than a single Gaussian in this task. Therefore, we utilized the latter
to reduce model complexity and show the corresponding results.

3.5.4 Quantitative Analysis

ETH and UCY Dataset

To allow for fair comparisons with multiple baseline approaches which only leverage historical
trajectory information, we deactivated the branch of context feature extraction in our system
to illustrate its superiority on prediction accuracy based on the same input as prior works.
The ADE and FDE of the proposed CGNS and baseline models in Euclidean space are
compared in Table 3.5.2. Some of the reported statistics are adapted from the original papers.

It can be seen that the CVM performs the worst as expected since the constant velocity
approximation is insufficient for a crowded scenario with highly interactive agents. The LR
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performs slightly better in most scenarios than CVM but achieves the smallest error on the
HOTEL dataset. A possible reason is that the human trajectories in this dataset tend to
be more straight and smooth, which brings an advantage for linear fitting methods. The
P-LSTM and S-LSTM provide an improvement with similar accuracy due to the exploitation
of recurrent neural networks. The S-GAN and Sophie achieve a bigger progress thanks to the
implicit generative modeling of trajectory distribution. Our approach makes a step forward
on prediction accuracy, which implies the effectiveness of latent space learning.

Stanford Drone Dataset

We also compared the ADE and FDE of the CGNS and baseline models in pixel space, which
is shown in Table 3.1. Similarly, the linear method LR performs the worst and the ordinary
P-LSTM and S-LSTM give a slightly better accuracy. The CAR-Net makes a step forward
by utilizing a physical attention module. The S-GAN and DESIRE provide better results
than the above baselines since they solve the task from a probabilistic perspective by learning
implicit data distribution and latent space representations, respectively. Our approach
achieves the best performance in terms of prediction error, which implies the significance and
necessity of leveraging both context and trajectory information. The combination of CLSL
and VDM also contributes to the enhancement.

INTERACTION Dataset

We finally compared the model performance on our roundabout driving dataset in Table
3.2. The SoPhie, CAR-Net and DESIRE are not involved since their codes are not publicly
available. It is shown that the linear models CVM and LR have similar performance to
advanced learning-based models for short-term prediction since the velocity and yaw angle of
vehicles cannot vary much in a short period due to kinematics feasibility constraints. However,
as the prediction horizon increases, their performance deteriorates much faster. A potential
reason is that due to the curving roads within the roundabout area, the vehicles tend to
advance along the curving lines to avoid collisions, which is not able to be captured by linear
approximations. The P-LSTM and S-LSTM provide similar results, which implies that the
social pooling mechanism has little effects on feature extraction in this scenario. Our CGNS
is able to achieve the smallest prediction error among baseline models in most cases especially
for long-term prediction.

3.5.5 Qualitative Analysis

We provide a qualitative analysis of the prediction results on our INTERACTION dataset.
To illustrate the effectiveness of the attention module, we visualize the context image masks
and trajectory block masks of several typical testing cases in Figure 3.3. Detailed analysis can
be found in the caption. The distribution of generated future trajectories is approximated by
the kernel density estimation, which is visualized in Figure 3.4. We can see that the system
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Figure 3.4: The visualization of sampled future trajectory hypotheses with CLSL+VDM
training strategies. The red dashed lines denote groundtruth trajectories.

can generate smooth, feasible and realistic vehicle trajectories, which evolve along the road
curves. The groundtruth is located at the most dense part of the distribution in most cases.
In general, our proposed CGNS can achieve better generation performance in terms of realism
and diversity.

3.5.6 Ablative Analysis

We conduct an ablative analysis on the RD dataset to demonstrate relative significance of
each component in the proposed CGNS. The ADE and FDE of each model setting are shown
in Table III. We notice that using the T + CLSL and T + VDM achieves similar performance
in terms of prediction error while T + CLSL + VDM provides a notable improvement.
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Moreover, it is demonstrated that the complete system T + I + CLSL + VDM does not
lead to obvious improvement compared with three partial systems for short-term prediction
while its superiority becomes more remarkable as the forecasting horizon increases. This
is reasonable since the static context has little effect on driver behaviors in a short period.
More specifically, since the trajectory segment within a short period can be approximated by
a linear segment, learning the road curvature from context images does not provide much
assistance for prediction. As the forecasting horizon increases, however, the restriction of road
geometry on vehicle motions cannot be ignored any more, which results in larger performance
gain of leveraging context information.

3.6 Chapter Summary

In this chapter, we propose a conditional generative neural system for long-term trajectory
prediction, which takes into account both static context information through images and
dynamic evolution of traffic situations through trajectories of interactive agents. We also
incorporate attention mechanisms to figure out the most critical portions for predicting
motions of a certain entity. The system combines the strengths of both latent space learning
and variational divergence minimization to approximate the data distribution, from which
realistic and diverse trajectory hypotheses can be sampled. The proposed system is validated
on various benchmark datasets as well as a roundabout driving dataset collected by ourselves.
The results show that our system can achieve better performance than various baseline models
on most datasets in terms of prediction accuracy.
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Chapter 4

STG-DAT: Spatio-Temporal Graph
Dual-Attention Network

4.1 Introduction

In order to navigate safely in dense traffic scenarios or crowded areas full of vehicles and
pedestrians, it is crucial for autonomous vehicles or mobile robots to forecast and track future
behaviors of surrounding interactive agents accurately and efficiently [90]. For short-term
prediction, it may be acceptable to use pure physics based methods. However, due to the
uncertain nature of future situations, the system for long-term prediction is desired to not
only allow for interaction modeling between different agents, but also to figure out traversable
regions delimited by road layouts as well as right of way compliant to traffic rules. Figure
4.1 illustrates several traffic scenarios where interaction happens frequently and the drivable
areas are heavily defined by road geometries. For instance, at the entrance of roundabouts
or unsignalized intersections, the future behavior of an entering vehicle highly depends on
whether the conflicting vehicles would yield and leave enough space for it to merge. In
addition, for vehicle trajectory prediction, kinematic constraints should be satisfied to make
the trajectories feasible and smooth.

There have been extensive studies on the prediction of a single target entity, which consider
the influences of its surrounding entities [56, 14, 3, 45]. However, such approaches only care
about one-way interactions, ignoring the potential interactions in the opposite way. Recent
works have tried to address this issue by simultaneously forecasting for multiple agents [27,
26, 212]. However, most of these methods employ concatenation or social pooling operations
to blend the features of different agents without explicit relational reasoning. Moreover,
they are not able to model higher-order interactions (indirect influences) beyond adjacent
entities. In this work, we take a step forward to model the interactions explicitly with a
spatio-temporal graph representation and attention-based message passing rules. Our model
enables permutation invariance and mutual effects between pairs of entities.

In the literature of deep learning methods, the soft attention mechanism is widely adopted
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Figure 4.1: Typical traffic scenarios with large uncertainty and interactions among multiple
entities. The left column is adopted from [204]. The upper figure in the first column was
captured in a highway ramp merging scenario, where lane change behavior with negotiation
happens frequently. The lower figure was captured in a roundabout and an unsignalized
intersection scenario, where yielding and stopping behaviors happen frequently. The other
two columns shows the occupancy density maps and the velocity fields of the scenarios, which
are generated based on the training data to provide statistical context information.

in modeling spatial relations due to its flexibility and interpretability. The temporal relations
are usually modeled by recurrent neural networks, which naturally attenuate the effects of
distant history information. One of the most related work is Social Attention [179]. However,
in some cases the earlier information may be also important. Therefore, in order to figure out
which of the other agents have the most significant influence on a certain agent, as well as
the relative importance of different time steps, we propose a spatio-temporal graph attention
mechanism which is applied to both topological and temporal features.

Besides the trajectory prediction task, the proposed approach can also be incorporated into
multi-target tracking frameworks, due to its property of permutation invariance and flexibility
on agent numbers. More specifically, it can serve as the process (prediction) model in the
prior update of recursive Bayesian state estimation. The model has advantages in handling
occlusion issues and missing observations, due to its capability of long-term prediction. In
this paper, we adopt the multi-target tracking framework proposed in [100] and compare the
performance of tracking with our model and other widely used models.

This work is a significant extension of our prior work [120] where we presented a modified
Wasserstein generative modeling method. This is adopted as the basis of training the proposed
model in this paper. The method in [120] was only able to predict interactive behaviors of
two vehicles in a single scenario, while the proposed approach is able to handle multiple,
heterogeneous agents in different scenarios simultaneously.

The main contributions of this work are summarized as follows:

• We propose a multi-agent, generative trajectory forecasting system with relational
reasoning on heterogeneous, interactive agents. The system is applied to predict
pedestrian and vehicle trajectories across different scenarios.
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• We propose a spatio-temporal dual-attention mechanism for representation learning
on spatio-temporal dynamic graphs, which can figure out relative significance of the
information about different surrounding agents at each time step.

• We incorporate an efficient kinematic constraint module similar to [120] to ensure
physical feasibility for vehicle trajectory prediction. This constraint layer can not
only smooth the trajectories and reduce prediction error, but also enhance the model
robustness to noisy data.

• We validate the proposed system on multiple trajectory forecasting benchmark datasets.
The approach achieves state-of-the-art prediction accuracy. The model also proves to
enhance the multi-target tracking performance.

4.2 Related Work

In this section, we provide a concise literature review on related research and illustrate the
distinctions and advantages of the proposed generative trajectory prediction approach, which
can also be leveraged by multi-object tracking frameworks to enhance tracking performance.

4.2.1 Interaction-Aware Trajectory Prediction

Extensive research has been conducted on trajectory prediction of humans and autonomous
agents (e.g. on-road vehicles, mobile robots, etc). Early literature mainly introduced physics-
based or rule-based approaches, such as state estimation techniques based on kinematic
models. These methods do not consider mutual influence between intelligent agents and they
are only able to perform well in short-term prediction tasks with limited model flexibility [115,
155]. As machine learning techniques are studied more extensively, people began to employ
learning-based models for prediction purpose, such as hidden Markov models [183], Gaussian
mixture models [206], dynamic Bayesian network [71], and inverse reinforcement learning [172].
In recent years, researchers have proposed various learning-based prediction models, which
enables more flexibility and capacity to capture underlying interactive behavior patterns [33,
89, 149, 196, 111, 122, 93, 110, 61, 170, 65, 14, 146, 98, 197, 151, 207, 20, 140, 188, 145]. The
prediction hypotheses can be directly obtained from the model outputs. However, with an
end-to-end fashion, physical feasibility constraints are usually ignored in these methods, which
may result in implausible forecast. In this paper, we address multi-agent interaction modeling
and introduce a probabilistic prediction system based on a deep generative framework. Our
approach also explicitly considers the feasibility constraints of vehicles.

4.2.2 Relational Reasoning and Graph Networks

In general, the objective of relational reasoning is to reason about different entities and
their relations from observed structured or unstructured data, such as image pixels [185],
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words or sentences [113], human skeletons [77] and interactive navigating agents [203, 119,
19, 109, 121]. Popular techniques for relational reasoning and interaction modeling in earlier
literature include, but are not limited to, social pooling mechanism [3], convolutional pooling
mechanism [27], soft attention mechanism [179], etc. Recently, graph networks have proved to
be effective for relational reasoning on graph-structured data, where there is no restriction on
the message passing rules. In traffic scenarios, a typical representation of the whole scene is
to formulate a graph, where nodes are agents and edges are their relationships. Most existing
works focused on the approximation function parameterized by deep neural network due to
its high flexibility, which leads to graph neural networks (GNN). In this paper, we present a
graph neural network with both topological and temporal attention mechanisms to capture
underlying interaction patterns and jointly predict future behaviors.

4.2.3 Deep Generative Models

Our approach is also related to deep generative models, which have been widely applied to
representation learning and distribution approximation tasks [42, 75]. One of the advantages
of generative modeling lies in the data distribution learning without supervision. Coupled with
highly flexible deep networks, deep generative models have achieved satisfying performance
in image generation, style transfer, sequence synthesis tasks, etc. Despite the variational
auto-encoder, a highly flexible latent variable model with encoder-decoder architecture, tries
its best to make the posterior of the latent variable and its prior (usually a normal distribution)
as similar as possible, the two distributions do not match well in many tasks. Hence, it
breaks the consistency of the model. Also, although generative adversarial networks have
achieved satisfying performance on image generation tasks, it usually suffers from mode
collapse problems, especially when applied to sequential data under the conditional setting.
In order to mitigate these drawbacks, The Wasserstein auto-encoder (WAE) [177], proposed
from the optimal transport point of view and combined with information theory, encourages
the consistency between the encoded latent distribution and the prior distribution. A variant
of variational auto-encoder was proposed in [211] and a modified approach was proposed in
our previous work [120]. In this paper, we adopt the similar Wasserstein generative method
in [120] as the basis of model training, and significantly extends pair-wise prediction to
multi-agent prediction.

4.3 Preliminaries

In this section, we first provide a high-level summary of basics of graph neural networks.
Then, we concisely introduce the Wasserstein generative modeling proposed in [120].
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4.3.1 Graph Neural Network

The graph neural network is a type of deep learning models which are directly applied to
graph structures. It naturally incorporates relational inductive bias into the model design. In
the context of graph neural network, most graphs are attributed (with node attributes and/or
edge attributes and/or global attributes). Generally, there are three basic operations in graph
representation learning with GNN: edge update, node update and global update [9]. Note
that the global update is optional, which is applied only if the graphs have global attributes.
More formally, denote the graph with n nodes as G = {V , E}, where V = {vi, i ∈ {1, ..., n}}
is a set of node attributes and E = {eij, i, j ∈ {1, ..., n}} is a set of edge attributes. Denote u
as the global attribute. Then, the three update operation can be written as

e′ij = φe(eij, vi, vj, u), ē′i = ρe→v(E ′i),

v′i = φv(ē′i, vi, u), ē′ = ρe→u(E ′),

u′ = φu(ē′, v̄′, u), v̄′ = ρv→u(V ′),

(4.1)

where E ′i = {e′ij, j ∈ N(i)}, E ′ =
⋃
E ′i, V

′ = {v′i, i = 1, ..., n}, and N(i) is the neighbors of
node i. φe(·),φv(·) and φu(·) are neural networks. ρe→v(·), ρe→u(·) and ρv→u(·) are aggregation
functions with the property of permutation invariance.

In this work, it is natural to represent intelligent agents as nodes, and their relation as
edges. We only apply edge update and node update, since there is no global attribute in our
setup.

4.3.2 Wasserstein Generative Modeling

The Wasserstein distance is defined in a metric space (χ, ρ):

Wρ(Q,P ) = sup
||f ||Lip≤1

∫
f(dQ− dP ), (4.2)

where ||f ||Lip is the Lipschitz constant of the function f . By the Kantorovich-Rubinstein
duality, we can formulate Eq. (4.2) as an optimal transport problem, which is given by

Wρ(Q,P ) = inf
M

∫
ρ(x, x′)dM = inf

M
EM [ρ], (4.3)

where M(x, x′) is the coupling distribution of x ∼ P , x′ ∼ Q, which is a probability measure
for χ× χ.

Define

pG(x) :=

∫

z

pG(x|z)pz(z)dz,∀x ∈ χ. (4.4)

Following the WAE [177] with the assumption that pG(x|z) is deterministic, we have

inf
M∈P(PX ,PG)

EM [ρ(X, Y )] = inf
Qz=Pz

EpEq(z|x)[ρ(X,G(Z))], (4.5)
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where X ∼ PX , Z ∼ Q(Z|X) and Qz is the marginal distribution of Z. We relax the
optimization problem as:

min
Q(Z|X)∈Q

EPXEQ(Z|X)[ρ(X,G(Z))]

s.t.

{
Ep(x)[DKL(Q(Z|X)||P (Z))] ≤ ε1,

D(QZ , PZ) ≤ ε2,

(4.6)

where ε1 and ε2 are pre-defined constants. Then, the dual optimal problem is formulated as

max
α,β

min
Q(Z|X)∈Q

EPXEQ(Z|X)[ρ(X,G(Z))]

+αEp(x)[DKL(Q(Z|X)||P (Z))] + βD(QZ , PZ),
(4.7)

where α and β are chosen from a proper range.
After some algebra derivations, we obtain the following equivalent optimization problem





max Iφ(x, z)

s.t.

{
DKL[pφ(z)||p(z)] ≤ ε1,

DKL[pφ(x, z)||pθ(x, z)] ≤ ε2.

⇔





min
0<1−α<β

− (1− α)Iφ(x, z)

+(β + α− 1)DKL[pφ(z)||p(z)]

+DKL[pφ(x, z)||pθ(x, z)],

(4.8)

where Iφ(x, z) is the mutual information between x and z.
Please refer to our prior work [120] for more details on the derivation. The goal of both

WAE and vanilla variational auto-encoder (VAE) is to learn the data distribution. According
to the numerical experiment results in [120], the vanilla VAE tends to learn a distribution
with smaller variance and have mode collapse issue; while WAE is better at capturing the
true data distribution. Also, WAE is able to learn a better latent representation than VAE
due to the regularization terms.

4.4 Problem Formulation

The objective is to predict future trajectories for multiple interactive agents, based on their
historical states and context information. The prediction system can be also incorporated
into any multi-target tracking frameworks. Without loss of generality, we assume N agents
are navigating in the observation area, which are divided into M categories. In this work,
the involved agents include vehicles, pedestrians and cyclists. We denote a set of agent
trajectories as

T1:T = {τ 1:T
i |τ ki = (xki , y

k
i , v

k
i , ψ

k
i ), T = Th + Tf , i = 1, ..., N}, (4.9)
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where Th is the history horizon and Tf is the forecasting horizon. (xki , y
k
i ) is the position, vki is

the velocity, and ψki is the heading angle of agent i at time k. The coordinates can be either
in the world space or image pixel space. We also denote a sequence of context information
(raw images, semantic maps or the tensors which includes other relevant information) as

C1:T
g = {c1:T , T = Th + Tf} (global),

C1:T
l = {c1:T

i , T = Th + Tf , i = 1, ..., N} (local),
(4.10)

which indicates components in the high-definition maps (e.g. road geometries, road lanes,
drivable areas, traffic signs, etc). The future information is accessible during training. We
aim to approximate the conditional distribution p(TTh+1:Th+Tf |T1:Th ,C1:Th). The number
of involved agents can be flexible in different cases. In the multi-target tracking tasks, the
prediction model is iteratively applied.

4.5 Method: STG-DAT

In this section, we first provide an overview of the key modules and the architecture of the
proposed generative trajectory prediction system. The detailed model design of each module
will then be further illustrated.

4.5.1 System Overview

The detailed architecture of STG-DAT is shown in Figure 4.2, where a standard encoder-
decoder architecture is employed. There are three key components: a deep feature extractor,
an encoder with spatio-temporal graph generation and dual-attention network, and a decoder
with a kinematic constraint layer. First, the feature extractor takes in both history and future
information and outputs state, relation, and context feature embeddings. The information
contains the trajectories of the involved interactive agents, and a sequence of context density
maps and mean velocity fields. The scene images or semantic maps can also be included, if
they are available in the dataset. Since the neural networks have the capability of extracting
highly flexible features, we choose multi-layer perceptron (MLP) to generate state and relation
embeddings and convolutional neural network (CNN) to generate context embedding. The
extracted features are utilized to generate a spatio-temporal graph for both the history and the
future, respectively. The node attributes are updated by a spatio-temporal graph attention
mechanism. Then, the updated node attributes are transformed from the feature space into a
latent space by an encoding function according to the derivation of the conditional generative
modeling. Finally, the decoder based on the recurrent neural network generates feasible
and human-like future trajectories for all the involved agents. The number of agents can be
flexible in different cases due to the weight sharing and permutation invariance of the graph
representation. All the components are implemented with deep neural networks, thus they
can be trained end-to-end efficiently and consistently.
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3

<latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit><latexit sha1_base64="CXY4T5StJOB9WPUvNO8ybU0QAPo=">AAAB9XicbZDLSsNAFIZPvNZ6q7p0M1gEVyVRQZdFNy4r2Au0sUwmJ+3QyYWZSaWEvIcbF4q49V3c+TZO2yy09YeBj/+cwznze4ngStv2t7Wyura+sVnaKm/v7O7tVw4OWypOJcMmi0UsOx5VKHiETc21wE4ikYaewLY3up3W22OUisfRg54k6IZ0EPGAM6qN9djTXPiYjfN+NrzI+5WqXbNnIsvgFFCFQo1+5avnxywNMdJMUKW6jp1oN6NScyYwL/dShQllIzrArsGIhqjcbHZ1Tk6N45MgluZFmszc3xMZDZWahJ7pDKkeqsXa1Pyv1k11cO1mPEpSjRGbLwpSQXRMphEQn0tkWkwMUCa5uZWwIZWUaRNU2YTgLH55GVrnNcfw/WW1flPEUYJjOIEzcOAK6nAHDWgCAwnP8Apv1pP1Yr1bH/PWFauYOYI/sj5/AANtktQ=</latexit> ṽ f
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1

<latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit><latexit sha1_base64="q+IeTgXpjWvKUZvqK+bF2Rc1X9k=">AAAB9XicbZBNS8NAEIYn9avWr6pHL8EieCqJCHosevFYwX5AG8tms2mXbjZhd1IpIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr58IrtFxvq3S2vrG5lZ5u7Kzu7d/UD08aus4VZS1aCxi1fWJZoJL1kKOgnUTxUjkC9bxx7ezemfClOaxfMBpwryIDCUPOSVorMc+chGwbJIPstDNB9WaU3fmslfBLaAGhZqD6lc/iGkaMYlUEK17rpOglxGFnAqWV/qpZgmhYzJkPYOSREx72fzq3D4zTmCHsTJPoj13f09kJNJ6GvmmMyI40su1mflfrZdieO1lXCYpMkkXi8JU2BjbswjsgCtGUUwNEKq4udWmI6IIRRNUxYTgLn95FdoXddfw/WWtcVPEUYYTOIVzcOEKGnAHTWgBBQXP8Apv1pP1Yr1bH4vWklXMHMMfWZ8//UiS0A==</latexit>
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|| <latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit> || <latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit> || <latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit>

|| <latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit> || <latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit><latexit sha1_base64="EvV9MJ8yeAT6zDdPSYzkrDbbXFs=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoaf+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npCpXksH804QT+iA8lDzqix1sNk0itX3Ko7F1kFL4cK5Kr3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FiUNELtZ/NNp+TMOn0Sxso+acjc/T2R0UjrcRTYzoiaoV6uzcz/ap3UhNd+xmWSGpRs8VGYCmJiMjub9LlCZsTYAmWK210JG1JFmbHhlGwI3vLJq9C8qHqW7y8rtZs8jiKcwCmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Vi0Fpx85hj+yPn8Ac2qjYY=</latexit>
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4.5.2 Feature Extraction

The feature extractor consists of three parts: State MLP, Relation MLP, and Context CNN.
The operations below are applied at each time step, and a sequence of state, relation, and
context feature embeddings can be obtained.

• State MLP : It embeds the position, velocity, and heading information into a state
feature vector for each agent. Different types of agents use distinct state embedding
functions and the same type of agents share the same one. In this paper, we consider
three types: vehicles, cyclists and pedestrians. The state embedding (SE) of agent i at
time k is obtained by

SEk
i = MLPs(τ

k
i ). (4.11)

• Relation MLP : It embeds the relative information between each pair of agents into a
relation feature vector. We differentiate the edges with opposite directions between the
same pair of nodes. The relative information can be either the distance and relative
angle (in a 2D polar coordinate), or the differences between the positions of the two
agents along two perpendicular axes (in a 2D Cartesian coordinate). We use the latter
in this work, since it is simpler to compute and the performance is comparable to the
former one. More specifically, consider a pair of agents i and j. When calculating the
relation embedding associated with edge eij in a Cartesian coordinate, we set agent i
as the origin and its heading as the positive direction. The relative position, velocity
and heading angle of agent j with respect to agent i can be calculated and denoted as
φkij. The relation embedding (RE) is obtained by

REk
ij = MLPr(φ

k
ij). (4.12)

• Context CNN : It extracts spatial features for each agent from a local occupancy density
map (H ×W × 1) as well as heuristic features from a local velocity field (H ×W × 2)
centered on the corresponding agent. The reason of using occupancy density maps
instead of real scene images is to remove redundant information and efficiently represent
data-driven drivable regions. This information provides a prior knowledge of common
driving behaviors at specific areas of the scene. The context embedding (CE) of agent i
at time k is obtained by

CEk
i = CNN(cki ). (4.13)

4.5.3 Encoder with Graph Dual-Attention Network

After obtaining the extracted features, a history spatio-temporal graph (HG) and a future
spatio-temporal graph (FG) are generated to represent the information related to the involved
agents. Here, the state features and context features are concatenated to serve as the (agent)
node attributes, whereas the relation features serve as edge attributes. The HG and FG
contain different time steps, and they are processed in a similar fashion with the graph
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dual-attention network. In a specific case, the number of nodes (agents) in both HG and
FG is assumed to be fixed, which implies the same agents appear in the whole horizon. The
edges are eliminated at a certain time step if the Euclidean distance between two agents is
larger than a threshold d. Therefore, the graph connectivity and topology at different time
steps may vary.

The proposed graph dual-attention network consists of two consecutive layers: a topological
attention layer which updates node attributes from the spatial or topological perspective,
and a temporal attention layer which outputs a high-level feature embedding for each node.
The temporal attention layer summaries both the topological and temporal information and
figure out relative significance of the information at each time step. Following the notation
in Section III, assume there are totally n nodes (agents) in a graph, we denote a graph as
G = {V , E}, where V = {vi ∈ RDn , i ∈ {1, ..., n}} and E = {eij ∈ RDe , i, j ∈ {1, ..., n}}. Dn

and De are the dimensions of node attributes and edge attributes.

Topological Attention Layer

The inputs of this layer are the original spatio-temporal graphs. The output is a new set
of node attributes V̄ = {v̄ki ∈ RD̄n , i ∈ {1, ..., n}, k ∈ {1, ..., T}, T = Th + Tf}, which can
capture local structural properties. The topological attention coefficients αkij (showing the
significance of node j w.r.t. node i) are calculated by

αkij =
exp (−Aij(λ

∥∥vki − vkj
∥∥2

+ µ
∥∥ekij

∥∥2
))

∑
p∈N(i) exp (−Aip(λ

∥∥vki − vkp
∥∥2

+ µ
∥∥ekip

∥∥2
))
, (4.14)

where N(i) is the first-order neighbor nodes (including i). Aij is a prior attention coefficient
which provides inductive bias from prior knowledge, λ and µ are weight parameters to
adjust the relative importance of node attributes and edge attributes for computing attention
coefficients. The underlying intuition is that the agents, with similar node attributes to the
objective agent or with small spatial distance, tend to have more correlation thus should be
paid more attention to. In this work, we set Aij = 1 implying no prior attention bias, while
more exploration on incorporating prior knowledge is left for future work. Then the node
attributes are updated by

v̄ki =
∑

j∈N(i)

fact(α
k
ijWnv

k
j ), (4.15)

where fact(·) is an activation function, and Wn is learnable parameters. The above procedures
are applied to each time step, and the weight matrices are shared across different time steps.
We also employ the multi-head attention mechanism [178] to boost model performance by
adjusting λ and µ, where the node attributes obtained by using different attention coefficients
are concatenated into a whole vector. The above message passing procedures can be applied
multiple times to capture higher-order interactions with an additional edge update procedure
following the form of Eq. (1). More specifically, the updated edge attributes can be computed
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by
ēkij = MLP

([
v̄ki , v̄

k
j , e

k
ij

])
. (4.16)

Temporal Attention Layer

The input of this layer is the output of the topological attention layer, which is a set of
node attributes V̄ = {v̄ki ∈ RD̄n , i ∈ {1, ..., n}, k ∈ {1, ..., T}}. The output is a set of highly

abstract node attributes Ṽ = {ṽi ∈ RD̃n , i ∈ {1, ..., n}}. These attributes will be further
processed by the downstream modules. The temporal attention coefficients βki is

βhki =
exp (fact(v̄

k>
i w))∑Th

k′=1 exp (fact(v̄k
′>
i w))

, (1 ≤ k ≤ Th)

βfki =
exp (fact(v̄

k>
i w))

∑Th+Tf
k′=Th+1 exp (fact(v̄k

′>
i w))

, (Th + 1 ≤ k ≤ Th + Tf )

(4.17)

where w ∈ RD̄n is a weight vector parameterizing the attention function. Then the node
attributes are updated by

ṽhi =

Th∑

k=1

fact(β
hk
i w

>v̄ki ), ṽfi =

Th+Tf∑

k=Th+1

fact(β
fk
i w

>v̄ki ). (4.18)

The multi-head attention mechanism can also be employed by learning different w and fusing
the information by averaging or concatenation operations.

Feature Encoding

For each agent, the history and future node attributes are concatenated and mapped by an
encoding function fenc to obtain a latent variable zi, which is given by

zi = fenc([ṽ
h
i ||ṽfi ]). (4.19)

The underlying intuition is that, during the training phase, the latent variable is able to
encode the future information conditioned on the given history information, and it is trained
to be consistent with the prior distribution by a regularization term in the loss function.
During the testing phase, although the future information is not available, it can be implicitly
obtained by sampling the latent variable from the prior distribution.

4.5.4 Decoder with Kinematic Constraint

We impose a kinematic constraint layer after the decoder gated recurrent unit (GRU) to
enforce feasible trajectory prediction. The same types of agents share the same GRU unit,
while different types use distinct ones. This is reasonable since the behavior patterns, speed
ranges and traversable areas may be diverse among different types.
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Figure 4.3: The diagram of the kinematic bicycle model adopted from [79]. The model
equations are provided in Eq. (4.20).

The bicycle model is a widely used nonlinear model to approximate the kinematics of
vehicles, which is shown in Fig. 4.3. Here we adopt the discretized form, which is given by





x(k + 1) = x(k) + v(k) cos(ψ(k) + β(k))∆T,

y(k + 1) = y(k) + v(k) sin(ψ(k) + β(k))∆T,

ψ(k + 1) = ψ(k) +
v(k)

lr
sin β(k)∆T,

v(k + 1) = v(k) + a(k)∆T,

β(k + 1) = β(k) + β̇(k)∆T,

(4.20)

where (x, y) are the coordinates of the center of mass, ψ is the inertial heading and v is the
speed of the vehicle. β is the angle of the current velocity of the center of mass with respect
to the longitudinal axis of the car. lf and lr denote the distance from the center of mass
of the vehicle to the front and rear axles, respectively. The state of vehicles at time step k
is denoted as s(k) = [x(k), y(k), φ(k), v(k), β(k)]>, and the control input at time step k as
u(k) = [a(k), β̇(k)]>. Eq. (4.20) can be expressed as s(k + 1) = f(s(k),u(k)).

The prediction system is expected to provide the position distribution of each agent at
each time step. The distribution of the control input u(k) is assumed to be a multi-variate
Gaussian distribution at each time step, which is parameterized by the output of the GRU
cell. We provide an illustrative example for the agent i. The inputs of the gated recurrent
unit (GRU) are the node attribute ṽi at the first step and zero paddings for the following
steps. The outputs are the raw u(k) at each step which are truncated by a saturation function
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in order to restrict the control actions in the feasible range. Then the kinematic cell takes
in the current state and action, and outputs the state at the next step. This procedure is
iterated until the prediction horizon is reached. If lr is not a prior knowledge or cannot be
observed during testing, then we can approximate it with a constant based on the statistics
of training data.

In order to propagate the uncertainty to future time steps, two options are available with
tradeoffs. The details are introduced in the following.

• Nonlinear system with Monte Carlo sampling:
We can approximate the distribution of position by a set of Monte Carlo samples, which

is highly flexible without any restrictions on the nonlinear dynamic system. The particle
samples are propagated by the nonlinear bicycle model. The prediction accuracy tends to be
improved as the number of particles increases. However, the number of samples may need to
be adjusted according to real-time requirements. If the explicit probability density function
of the state variable is required, the kernel density estimation technique can be employed in
a non-parametric way.

• Linearized system with Gaussian assumption:
Since u(k) follows Gaussian distribution, we can obtain an analytic distribution of position

by linearizing the bicycle model at the current state. It is easy to show that the position
distribution is also a Gaussian distribution. This is simple to implement and computationally
efficient, while the flexibility is very limited. This restriction leads to lower prediction accuracy
in general, especially when the real distribution is multi-modal.

For a nonlinear system with Gaussian assumption, the expectation and covariance of
the state variable can be propagated in a fashion similar to the prior (prediction) update of
extended Kalman filter [163]. We can linearize the system around the current state s(k),

s(k + 1) = Df s(k)s(k) + Dfu(k)u(k) (4.21)

u(k) ∼ N (µu(k),Σuu(k)) (4.22)

where Df s(k) and Dfu(k) are the Jacobian matrices defined as below,

Df s(k) =




1 0 −∆Tvy(k) ∆Tvx(k) −∆Tvy(k)
0 1 ∆Tvx(k) ∆Tvy(k) ∆Tvx(k)

0 0 1
∆T

lr
sin β(k) ∆T

v(k)

lr
cos β(k)

0 0 0 1 0
0 0 0 0 1



,

Dfu(k) =




0 0
0 0
0 0

∆T 0
0 ∆T



,

(4.23)
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<latexit sha1_base64="BXCmorphnXWFacYSw81zSphA9tI=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgMqEoQEowVLIxFog8pDZXj3LRWnYdspxCifgALv8LCAEKsfAAbf4PTZoCWI/n66NxzZd/jxpxJZZrfxsLi0vLKammtvL6xubVd2dltySgRFJo04pHouEQCZyE0FVMcOrEAErgc2u7wMu+3RyAki8IblcbgBKQfMp9RorTUq1Tt7h3zQDHuQTYa99gxfsjL/a2lrzSvjnaZNXMCPE+sglRRgUav8tX1IpoEECrKiZS2ZcbKyYhQjHIYl7uJhJjQIemDrWlIApBONllmjA+14mE/EvqECk/U3xMZCaRMA1c7A6IGcraXi//17ET5507GwjhRENLpQ37CsYpwngz2mACqeKoJoYLpv2I6IIJQpfMr6xCs2ZXnSeukZml+fVqtXxRxlNA+OkBHyEJnqI6uUAM1EUWP6Bm9ojfjyXgx3o2PqXXBKGb20B8Ynz+qdZqz</latexit><latexit sha1_base64="BXCmorphnXWFacYSw81zSphA9tI=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgMqEoQEowVLIxFog8pDZXj3LRWnYdspxCifgALv8LCAEKsfAAbf4PTZoCWI/n66NxzZd/jxpxJZZrfxsLi0vLKammtvL6xubVd2dltySgRFJo04pHouEQCZyE0FVMcOrEAErgc2u7wMu+3RyAki8IblcbgBKQfMp9RorTUq1Tt7h3zQDHuQTYa99gxfsjL/a2lrzSvjnaZNXMCPE+sglRRgUav8tX1IpoEECrKiZS2ZcbKyYhQjHIYl7uJhJjQIemDrWlIApBONllmjA+14mE/EvqECk/U3xMZCaRMA1c7A6IGcraXi//17ET5507GwjhRENLpQ37CsYpwngz2mACqeKoJoYLpv2I6IIJQpfMr6xCs2ZXnSeukZml+fVqtXxRxlNA+OkBHyEJnqI6uUAM1EUWP6Bm9ojfjyXgx3o2PqXXBKGb20B8Ynz+qdZqz</latexit><latexit sha1_base64="BXCmorphnXWFacYSw81zSphA9tI=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgMqEoQEowVLIxFog8pDZXj3LRWnYdspxCifgALv8LCAEKsfAAbf4PTZoCWI/n66NxzZd/jxpxJZZrfxsLi0vLKammtvL6xubVd2dltySgRFJo04pHouEQCZyE0FVMcOrEAErgc2u7wMu+3RyAki8IblcbgBKQfMp9RorTUq1Tt7h3zQDHuQTYa99gxfsjL/a2lrzSvjnaZNXMCPE+sglRRgUav8tX1IpoEECrKiZS2ZcbKyYhQjHIYl7uJhJjQIemDrWlIApBONllmjA+14mE/EvqECk/U3xMZCaRMA1c7A6IGcraXi//17ET5507GwjhRENLpQ37CsYpwngz2mACqeKoJoYLpv2I6IIJQpfMr6xCs2ZXnSeukZml+fVqtXxRxlNA+OkBHyEJnqI6uUAM1EUWP6Bm9ojfjyXgx3o2PqXXBKGb20B8Ynz+qdZqz</latexit><latexit sha1_base64="BXCmorphnXWFacYSw81zSphA9tI=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgMqEoQEowVLIxFog8pDZXj3LRWnYdspxCifgALv8LCAEKsfAAbf4PTZoCWI/n66NxzZd/jxpxJZZrfxsLi0vLKammtvL6xubVd2dltySgRFJo04pHouEQCZyE0FVMcOrEAErgc2u7wMu+3RyAki8IblcbgBKQfMp9RorTUq1Tt7h3zQDHuQTYa99gxfsjL/a2lrzSvjnaZNXMCPE+sglRRgUav8tX1IpoEECrKiZS2ZcbKyYhQjHIYl7uJhJjQIemDrWlIApBONllmjA+14mE/EvqECk/U3xMZCaRMA1c7A6IGcraXi//17ET5507GwjhRENLpQ37CsYpwngz2mACqeKoJoYLpv2I6IIJQpfMr6xCs2ZXnSeukZml+fVqtXxRxlNA+OkBHyEJnqI6uUAM1EUWP6Bm9ojfjyXgx3o2PqXXBKGb20B8Ynz+qdZqz</latexit>

u0
<latexit sha1_base64="5Zz0vktTqXl979qywGd26y0a6FE=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboDdy61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wcixJG7</latexit><latexit sha1_base64="5Zz0vktTqXl979qywGd26y0a6FE=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboDdy61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wcixJG7</latexit><latexit sha1_base64="5Zz0vktTqXl979qywGd26y0a6FE=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboDdy61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wcixJG7</latexit><latexit sha1_base64="5Zz0vktTqXl979qywGd26y0a6FE=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboDdy61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wcixJG7</latexit>

u1
<latexit sha1_base64="JHmn8emRdfYm+THxb4liqgoHaCg=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboD9y61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wckSJG8</latexit><latexit sha1_base64="JHmn8emRdfYm+THxb4liqgoHaCg=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboD9y61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wckSJG8</latexit><latexit sha1_base64="JHmn8emRdfYm+THxb4liqgoHaCg=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboD9y61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wckSJG8</latexit><latexit sha1_base64="JHmn8emRdfYm+THxb4liqgoHaCg=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DWAwOHc+7lnjlRxpnSnvftVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5LfzuE5WKpeJBTzMaJngkWMwI1lYKggTrcRTnZvboD9y61/DmQKvEL0kdSrQG7lcwTIlJqNCEY6X6vpfpMMdSM8LprBYYRTNMJnhE+5YKnFAV5vPMM3RmlSGKU2mf0Giu/t7IcaLUNInsZJFRLXuF+J/XNzq+DnMmMqOpIItDseFIp6goAA2ZpETzqSWYSGazIjLGEhNta6rZEvzlL6+SzkXDt/z+st68Keuowgmcwjn4cAVNuIMWtIFABs/wCm+OcV6cd+djMVpxyp1j+APn8wckSJG8</latexit>

uT�1
<latexit sha1_base64="6jUngxm0amTXbYm04vZxVH0pixg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFNy4r9AVtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PDIPj7pqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3ud+d0alYpFo6XlMvRCPBQsYwdpIQ9sehFhP/CBNsqe0deVmQ7vq1JwF0DpxC1KFAs2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhkkisaYTPGY9g0VOKTKSxfJM3RhlBEKImme0Gih/t5IcajUPPTNZJ5TrXq5+J/XT3Rw66VMxImmgiwPBQlHOkJ5DWjEJCWazw3BRDKTFZEJlphoU1bFlOCufnmddK5rruGP9WrjrqijDGdwDpfgwg004AGa0AYCM3iGV3izUuvFerc+lqMlq9g5hT+wPn8AgXiTjg==</latexit><latexit sha1_base64="6jUngxm0amTXbYm04vZxVH0pixg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFNy4r9AVtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PDIPj7pqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3ud+d0alYpFo6XlMvRCPBQsYwdpIQ9sehFhP/CBNsqe0deVmQ7vq1JwF0DpxC1KFAs2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhkkisaYTPGY9g0VOKTKSxfJM3RhlBEKImme0Gih/t5IcajUPPTNZJ5TrXq5+J/XT3Rw66VMxImmgiwPBQlHOkJ5DWjEJCWazw3BRDKTFZEJlphoU1bFlOCufnmddK5rruGP9WrjrqijDGdwDpfgwg004AGa0AYCM3iGV3izUuvFerc+lqMlq9g5hT+wPn8AgXiTjg==</latexit><latexit sha1_base64="6jUngxm0amTXbYm04vZxVH0pixg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFNy4r9AVtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PDIPj7pqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3ud+d0alYpFo6XlMvRCPBQsYwdpIQ9sehFhP/CBNsqe0deVmQ7vq1JwF0DpxC1KFAs2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhkkisaYTPGY9g0VOKTKSxfJM3RhlBEKImme0Gih/t5IcajUPPTNZJ5TrXq5+J/XT3Rw66VMxImmgiwPBQlHOkJ5DWjEJCWazw3BRDKTFZEJlphoU1bFlOCufnmddK5rruGP9WrjrqijDGdwDpfgwg004AGa0AYCM3iGV3izUuvFerc+lqMlq9g5hT+wPn8AgXiTjg==</latexit><latexit sha1_base64="6jUngxm0amTXbYm04vZxVH0pixg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFNy4r9AVtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WNza3tnfJuZW//4PDIPj7pqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadef3ud+d0alYpFo6XlMvRCPBQsYwdpIQ9sehFhP/CBNsqe0deVmQ7vq1JwF0DpxC1KFAs2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhkkisaYTPGY9g0VOKTKSxfJM3RhlBEKImme0Gih/t5IcajUPPTNZJ5TrXq5+J/XT3Rw66VMxImmgiwPBQlHOkJ5DWjEJCWazw3BRDKTFZEJlphoU1bFlOCufnmddK5rruGP9WrjrqijDGdwDpfgwg004AGa0AYCM3iGV3izUuvFerc+lqMlq9g5hT+wPn8AgXiTjg==</latexit>

· · ·<latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit> · · ·<latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit><latexit sha1_base64="UPokKVheDhmbefXjKuY8gEj6EYo=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNZtOu3WTD7kQoof/BiwdFvPp/vPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08ahuVacZbTEmluwE1XIqEt1Cg5N1UcxoHkneC8e2s3nni2giVPOAk5X5Mh4mIBKNorXafhQrNoFpz6+5cZBW8AmpQqDmofvVDxbKYJ8gkNabnuSn6OdUomOTTSj8zPKVsTIe8ZzGhMTd+Pt92Ss6sE5JIafsSJHP390ROY2MmcWA7Y4ojs1ybmf/VehlG134ukjRDnrDFR1EmCSoyO52EQnOGcmKBMi3sroSNqKYMbUAVG4K3fPIqtC/qnuX7y1rjpoijDCdwCufgwRU04A6a0AIGj/AMr/DmKOfFeXc+Fq0lp5g5hj9yPn8ArlmPLw==</latexit>

s0
i<latexit sha1_base64="6dM4mDXu/PPEOzvr1Q1H5OX3RnU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpNm2tBMZkjuKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WAqDrvvtFNbWNza3itulnd29/YPy4VHTRIlmvMEiGem2Tw2XQvEGCpS8HWtOQ1/ylj+5zfzWI9dGROoBpzHvhXSkRCAYRSv1uyHFsR+kZtZ3B2JQrrhVdw6ySrycVCBHfVD+6g4jloRcIZPUmI7nxthLqUbBJJ+VuonhMWUTOuIdSxUNueml89QzcmaVIQkibZ9CMld/b6Q0NGYa+nYyS2mWvUz8z+skGFz3UqHiBLlii0NBIglGJKuADIXmDOXUEsq0sFkJG1NNGdqiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDhGV7hzXlyXpx352MxWnDynWP4A+fzB6LIkpU=</latexit><latexit sha1_base64="6dM4mDXu/PPEOzvr1Q1H5OX3RnU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpNm2tBMZkjuKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WAqDrvvtFNbWNza3itulnd29/YPy4VHTRIlmvMEiGem2Tw2XQvEGCpS8HWtOQ1/ylj+5zfzWI9dGROoBpzHvhXSkRCAYRSv1uyHFsR+kZtZ3B2JQrrhVdw6ySrycVCBHfVD+6g4jloRcIZPUmI7nxthLqUbBJJ+VuonhMWUTOuIdSxUNueml89QzcmaVIQkibZ9CMld/b6Q0NGYa+nYyS2mWvUz8z+skGFz3UqHiBLlii0NBIglGJKuADIXmDOXUEsq0sFkJG1NNGdqiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDhGV7hzXlyXpx352MxWnDynWP4A+fzB6LIkpU=</latexit><latexit sha1_base64="6dM4mDXu/PPEOzvr1Q1H5OX3RnU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpNm2tBMZkjuKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WAqDrvvtFNbWNza3itulnd29/YPy4VHTRIlmvMEiGem2Tw2XQvEGCpS8HWtOQ1/ylj+5zfzWI9dGROoBpzHvhXSkRCAYRSv1uyHFsR+kZtZ3B2JQrrhVdw6ySrycVCBHfVD+6g4jloRcIZPUmI7nxthLqUbBJJ+VuonhMWUTOuIdSxUNueml89QzcmaVIQkibZ9CMld/b6Q0NGYa+nYyS2mWvUz8z+skGFz3UqHiBLlii0NBIglGJKuADIXmDOXUEsq0sFkJG1NNGdqiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDhGV7hzXlyXpx352MxWnDynWP4A+fzB6LIkpU=</latexit><latexit sha1_base64="6dM4mDXu/PPEOzvr1Q1H5OX3RnU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpNm2tBMZkjuKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WAqDrvvtFNbWNza3itulnd29/YPy4VHTRIlmvMEiGem2Tw2XQvEGCpS8HWtOQ1/ylj+5zfzWI9dGROoBpzHvhXSkRCAYRSv1uyHFsR+kZtZ3B2JQrrhVdw6ySrycVCBHfVD+6g4jloRcIZPUmI7nxthLqUbBJJ+VuonhMWUTOuIdSxUNueml89QzcmaVIQkibZ9CMld/b6Q0NGYa+nYyS2mWvUz8z+skGFz3UqHiBLlii0NBIglGJKuADIXmDOXUEsq0sFkJG1NNGdqiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDhGV7hzXlyXpx352MxWnDynWP4A+fzB6LIkpU=</latexit>

s1
i<latexit sha1_base64="jGgzGiO4/CJR2B9TjZUcWabwi2c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpPeaUMzmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8ie3md96RKV5JB/MNMZeSEeSB5xRY6V+N6Rm7AepnvW9AR+UK27VnYOsEi8nFchRH5S/usOIJSFKwwTVuuO5semlVBnOBM5K3URjTNmEjrBjqaQh6l46Tz0jZ1YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDgGV7hzXlyXpx352MxWnDynWP4A+fzB6ROkpY=</latexit><latexit sha1_base64="jGgzGiO4/CJR2B9TjZUcWabwi2c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpPeaUMzmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8ie3md96RKV5JB/MNMZeSEeSB5xRY6V+N6Rm7AepnvW9AR+UK27VnYOsEi8nFchRH5S/usOIJSFKwwTVuuO5semlVBnOBM5K3URjTNmEjrBjqaQh6l46Tz0jZ1YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDgGV7hzXlyXpx352MxWnDynWP4A+fzB6ROkpY=</latexit><latexit sha1_base64="jGgzGiO4/CJR2B9TjZUcWabwi2c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpPeaUMzmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8ie3md96RKV5JB/MNMZeSEeSB5xRY6V+N6Rm7AepnvW9AR+UK27VnYOsEi8nFchRH5S/usOIJSFKwwTVuuO5semlVBnOBM5K3URjTNmEjrBjqaQh6l46Tz0jZ1YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDgGV7hzXlyXpx352MxWnDynWP4A+fzB6ROkpY=</latexit><latexit sha1_base64="jGgzGiO4/CJR2B9TjZUcWabwi2c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AP6IpPeaUMzmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8WHBtXPfbKaytb2xuFbdLO7t7+wflw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8ie3md96RKV5JB/MNMZeSEeSB5xRY6V+N6Rm7AepnvW9AR+UK27VnYOsEi8nFchRH5S/usOIJSFKwwTVuuO5semlVBnOBM5K3URjTNmEjrBjqaQh6l46Tz0jZ1YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiSrYEb/nLq6R5UfUsv7+s1G7yOopwAqdwDh5cQQ3uoA4NYKDgGV7hzXlyXpx352MxWnDynWP4A+fzB6ROkpY=</latexit>

s2
i<latexit sha1_base64="YhXWP0YFP339dCWeGvRT0qtTqo0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+4C+yKR32tBMZkgyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnhw/Flwb1/121tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFTbpxoFl9gw3Ahsxwpp6Ats+ZPbzG89otI8kg9mGmMvpCPJA86osVK/G1Iz9oNUz/rVAR+Uym7FnYOsEi8nZchRH5S+usOIJSFKwwTVuuO5semlVBnOBM6K3URjTNmEjrBjqaQh6l46Tz0j51YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiirYEb/nLq6RZrXiW31+Wazd5HQU4hTO4AA+uoAZ3UIcGMFDwDK/w5jw5L86787EYXXPynRP4A+fzB6XUkpc=</latexit><latexit sha1_base64="YhXWP0YFP339dCWeGvRT0qtTqo0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+4C+yKR32tBMZkgyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnhw/Flwb1/121tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFTbpxoFl9gw3Ahsxwpp6Ats+ZPbzG89otI8kg9mGmMvpCPJA86osVK/G1Iz9oNUz/rVAR+Uym7FnYOsEi8nZchRH5S+usOIJSFKwwTVuuO5semlVBnOBM6K3URjTNmEjrBjqaQh6l46Tz0j51YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiirYEb/nLq6RZrXiW31+Wazd5HQU4hTO4AA+uoAZ3UIcGMFDwDK/w5jw5L86787EYXXPynRP4A+fzB6XUkpc=</latexit><latexit sha1_base64="YhXWP0YFP339dCWeGvRT0qtTqo0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+4C+yKR32tBMZkgyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnhw/Flwb1/121tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFTbpxoFl9gw3Ahsxwpp6Ats+ZPbzG89otI8kg9mGmMvpCPJA86osVK/G1Iz9oNUz/rVAR+Uym7FnYOsEi8nZchRH5S+usOIJSFKwwTVuuO5semlVBnOBM6K3URjTNmEjrBjqaQh6l46Tz0j51YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiirYEb/nLq6RZrXiW31+Wazd5HQU4hTO4AA+uoAZ3UIcGMFDwDK/w5jw5L86787EYXXPynRP4A+fzB6XUkpc=</latexit><latexit sha1_base64="YhXWP0YFP339dCWeGvRT0qtTqo0=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+4C+yKR32tBMZkgyShn6H25cKOLWf3Hn35hpZ6GtBwKHc+7lnhw/Flwb1/121tY3Nre2CzvF3b39g8PS0XFTR4li2GCRiFTbpxoFl9gw3Ahsxwpp6Ats+ZPbzG89otI8kg9mGmMvpCPJA86osVK/G1Iz9oNUz/rVAR+Uym7FnYOsEi8nZchRH5S+usOIJSFKwwTVuuO5semlVBnOBM6K3URjTNmEjrBjqaQh6l46Tz0j51YZkiBS9klD5urvjZSGWk9D305mKfWyl4n/eZ3EBNe9lMs4MSjZ4lCQCGIiklVAhlwhM2JqCWWK26yEjamizNiiirYEb/nLq6RZrXiW31+Wazd5HQU4hTO4AA+uoAZ3UIcGMFDwDK/w5jw5L86787EYXXPynRP4A+fzB6XUkpc=</latexit>

sT�1
i

<latexit sha1_base64="d7NLys24F394Rr6cnW0Mv56nhhg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSURQZdFNy4r9AVtLJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39gH1Y7KkokoW0S8Uj2fKwoZ4K2NdOc9mJJcehz2vWnt7nffaRSsUi09CymXojHggWMYG2koV0dhFhP/CBV2UPaOnezIRvaNafuzIFWiVuQGhRoDu2vwSgiSUiFJhwr1XedWHsplpoRTrPKIFE0xmSKx7RvqMAhVV46z56hU6OMUBBJ84RGc/X3RopDpWahbybzpGrZy8X/vH6ig2svZSJONBVkcShIONIRyotAIyYp0XxmCCaSmayITLDERJu6KqYEd/nLq6RzUXcNv7+sNW6KOspwDCdwBi5cQQPuoAltIPAEz/AKb1ZmvVjv1sditGQVO0fwB9bnDwTFlGg=</latexit><latexit sha1_base64="d7NLys24F394Rr6cnW0Mv56nhhg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSURQZdFNy4r9AVtLJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39gH1Y7KkokoW0S8Uj2fKwoZ4K2NdOc9mJJcehz2vWnt7nffaRSsUi09CymXojHggWMYG2koV0dhFhP/CBV2UPaOnezIRvaNafuzIFWiVuQGhRoDu2vwSgiSUiFJhwr1XedWHsplpoRTrPKIFE0xmSKx7RvqMAhVV46z56hU6OMUBBJ84RGc/X3RopDpWahbybzpGrZy8X/vH6ig2svZSJONBVkcShIONIRyotAIyYp0XxmCCaSmayITLDERJu6KqYEd/nLq6RzUXcNv7+sNW6KOspwDCdwBi5cQQPuoAltIPAEz/AKb1ZmvVjv1sditGQVO0fwB9bnDwTFlGg=</latexit><latexit sha1_base64="d7NLys24F394Rr6cnW0Mv56nhhg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSURQZdFNy4r9AVtLJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39gH1Y7KkokoW0S8Uj2fKwoZ4K2NdOc9mJJcehz2vWnt7nffaRSsUi09CymXojHggWMYG2koV0dhFhP/CBV2UPaOnezIRvaNafuzIFWiVuQGhRoDu2vwSgiSUiFJhwr1XedWHsplpoRTrPKIFE0xmSKx7RvqMAhVV46z56hU6OMUBBJ84RGc/X3RopDpWahbybzpGrZy8X/vH6ig2svZSJONBVkcShIONIRyotAIyYp0XxmCCaSmayITLDERJu6KqYEd/nLq6RzUXcNv7+sNW6KOspwDCdwBi5cQQPuoAltIPAEz/AKb1ZmvVjv1sditGQVO0fwB9bnDwTFlGg=</latexit><latexit sha1_base64="d7NLys24F394Rr6cnW0Mv56nhhg=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSURQZdFNy4r9AVtLJPppB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39gH1Y7KkokoW0S8Uj2fKwoZ4K2NdOc9mJJcehz2vWnt7nffaRSsUi09CymXojHggWMYG2koV0dhFhP/CBV2UPaOnezIRvaNafuzIFWiVuQGhRoDu2vwSgiSUiFJhwr1XedWHsplpoRTrPKIFE0xmSKx7RvqMAhVV46z56hU6OMUBBJ84RGc/X3RopDpWahbybzpGrZy8X/vH6ig2svZSJONBVkcShIONIRyotAIyYp0XxmCCaSmayITLDERJu6KqYEd/nLq6RzUXcNv7+sNW6KOspwDCdwBi5cQQPuoAltIPAEz/AKb1ZmvVjv1sditGQVO0fwB9bnDwTFlGg=</latexit>

[x1
i , y

1
i ]

<latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit>

[x1
i , y

1
i ]

<latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit><latexit sha1_base64="h8DVuXVpCt2VtnmEfZ3+ufQTmCQ=">AAAB9HicbZC7TsMwFIZPyq2UW4GRxaJCYkBVgpBgrGBhLBK9SGmoHNdprTpOsJ2KKOpzsDCAECsPw8bb4LQZoOVItj79/zny8e/HnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449vcr8zoVKxSNzrNKZeiIeCBYxgbSTPfXpw+uwszW+vX63ZdXtWaBmcAmpQVLNf/eoNIpKEVGjCsVKuY8fay7DUjHA6rfQSRWNMxnhIXYMCh1R52WzpKToxygAFkTRHaDRTf09kOFQqDX3TGWI9UoteLv7nuYkOrryMiTjRVJD5Q0HCkY5QngAaMEmJ5qkBTCQzuyIywhITbXKqmBCcxS8vQ/u87hi+u6g1ros4ynAEx3AKDlxCA26hCS0g8AjP8Apv1sR6sd6tj3lrySpmDuFPWZ8/3dKRfw==</latexit>

[xT
i , yT

i ]
<latexit sha1_base64="qcu1n6HgOkNiWoOGedkXLnabXzA=">AAAB+nicbZC7TsMwFIZPyq2UWwojS0SFxICqBCHBWMHCWKTepDREjuu0Vh0nsh0gCn0UFgYQYuVJ2Hgb3DYDtBzJ8qf/P0c+/oOEUals+9sorayurW+UNytb2zu7e2Z1vyPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHw99bv3REga85bKEuJFaMhpSDFSWvLNqvt4l7cmPj3N5rfnmzW7bs/KWgangBoU1fTNr/4gxmlEuMIMSek6dqK8HAlFMSOTSj+VJEF4jIbE1chRRKSXz1afWMdaGVhhLPThypqpvydyFEmZRYHujJAayUVvKv7nuakKL72c8iRVhOP5Q2HKLBVb0xysARUEK5ZpQFhQvauFR0ggrHRaFR2Cs/jlZeic1R3Nt+e1xlURRxkO4QhOwIELaMANNKENGB7gGV7hzXgyXox342PeWjKKmQP4U8bnD16ulA4=</latexit><latexit sha1_base64="qcu1n6HgOkNiWoOGedkXLnabXzA=">AAAB+nicbZC7TsMwFIZPyq2UWwojS0SFxICqBCHBWMHCWKTepDREjuu0Vh0nsh0gCn0UFgYQYuVJ2Hgb3DYDtBzJ8qf/P0c+/oOEUals+9sorayurW+UNytb2zu7e2Z1vyPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHw99bv3REga85bKEuJFaMhpSDFSWvLNqvt4l7cmPj3N5rfnmzW7bs/KWgangBoU1fTNr/4gxmlEuMIMSek6dqK8HAlFMSOTSj+VJEF4jIbE1chRRKSXz1afWMdaGVhhLPThypqpvydyFEmZRYHujJAayUVvKv7nuakKL72c8iRVhOP5Q2HKLBVb0xysARUEK5ZpQFhQvauFR0ggrHRaFR2Cs/jlZeic1R3Nt+e1xlURRxkO4QhOwIELaMANNKENGB7gGV7hzXgyXox342PeWjKKmQP4U8bnD16ulA4=</latexit><latexit sha1_base64="qcu1n6HgOkNiWoOGedkXLnabXzA=">AAAB+nicbZC7TsMwFIZPyq2UWwojS0SFxICqBCHBWMHCWKTepDREjuu0Vh0nsh0gCn0UFgYQYuVJ2Hgb3DYDtBzJ8qf/P0c+/oOEUals+9sorayurW+UNytb2zu7e2Z1vyPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHw99bv3REga85bKEuJFaMhpSDFSWvLNqvt4l7cmPj3N5rfnmzW7bs/KWgangBoU1fTNr/4gxmlEuMIMSek6dqK8HAlFMSOTSj+VJEF4jIbE1chRRKSXz1afWMdaGVhhLPThypqpvydyFEmZRYHujJAayUVvKv7nuakKL72c8iRVhOP5Q2HKLBVb0xysARUEK5ZpQFhQvauFR0ggrHRaFR2Cs/jlZeic1R3Nt+e1xlURRxkO4QhOwIELaMANNKENGB7gGV7hzXgyXox342PeWjKKmQP4U8bnD16ulA4=</latexit><latexit sha1_base64="qcu1n6HgOkNiWoOGedkXLnabXzA=">AAAB+nicbZC7TsMwFIZPyq2UWwojS0SFxICqBCHBWMHCWKTepDREjuu0Vh0nsh0gCn0UFgYQYuVJ2Hgb3DYDtBzJ8qf/P0c+/oOEUals+9sorayurW+UNytb2zu7e2Z1vyPjVGDSxjGLRS9AkjDKSVtRxUgvEQRFASPdYHw99bv3REga85bKEuJFaMhpSDFSWvLNqvt4l7cmPj3N5rfnmzW7bs/KWgangBoU1fTNr/4gxmlEuMIMSek6dqK8HAlFMSOTSj+VJEF4jIbE1chRRKSXz1afWMdaGVhhLPThypqpvydyFEmZRYHujJAayUVvKv7nuakKL72c8iRVhOP5Q2HKLBVb0xysARUEK5ZpQFhQvauFR0ggrHRaFR2Cs/jlZeic1R3Nt+e1xlURRxkO4QhOwIELaMANNKENGB7gGV7hzXgyXox342PeWjKKmQP4U8bnD16ulA4=</latexit>

f(s0
i ,u

0
i )<latexit sha1_base64="05y/WMEbBtFt/axsoPw3IfDIbHs=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5TpveXS03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6Z9ng4=</latexit><latexit sha1_base64="05y/WMEbBtFt/axsoPw3IfDIbHs=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5TpveXS03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6Z9ng4=</latexit><latexit sha1_base64="05y/WMEbBtFt/axsoPw3IfDIbHs=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5TpveXS03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6Z9ng4=</latexit><latexit sha1_base64="05y/WMEbBtFt/axsoPw3IfDIbHs=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5TpveXS03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6Z9ng4=</latexit>

f(s1
i ,u

1
i )<latexit sha1_base64="b8b+i8Ktpfu0fRZNYBJokF8n+VY=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5Tpve3S03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6manhA=</latexit><latexit sha1_base64="b8b+i8Ktpfu0fRZNYBJokF8n+VY=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5Tpve3S03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6manhA=</latexit><latexit sha1_base64="b8b+i8Ktpfu0fRZNYBJokF8n+VY=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5Tpve3S03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6manhA=</latexit><latexit sha1_base64="b8b+i8Ktpfu0fRZNYBJokF8n+VY=">AAACEnicbZBNS8NAEIY39avWr6hHL4tFaEFKIoIei148VrAf0Maw2W7apZtN2N0IJeQ3ePGvePGgiFdP3vw3btIUtHVg4Zl3ZtiZ14sYlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa6zeveBCElDfqemEXECNOLUpxgpLblmfRAgNfb8xE9rc5Tpve3S03ka52ndNatWw8oDLoNdQBUU0XLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSyiCWJEJ4gkakr5GjgEgnyU9K4YlWhtAPhX5cwVz9PZGgQMpp4OnObE25WMvE/2r9WPmXTkJ5FCvC8ewjP2ZQhTDzBw6pIFixqQaEBdW7QjxGAmGlXaxoE+zFk5ehc9awNd+eV5tXhR1lcASOQQ3Y4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TFrLRnFzCH4E8bnD6manhA=</latexit>

f(sT�1
i ,uT�1

i )
<latexit sha1_base64="AKpTn+KebffxLLvzEq55n9AA9hQ=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBl0Y3LCr1BG8NkOmmHTiZhZiKUkOdw46u4caGIO3Hj2zhpU9HWHwY+/nMOc87vRYxKZVlfRmFpeWV1rbhe2tjc2t4xd/daMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZG11m9fU+EpCFvqHFEnAANOPUpRkpbrmn3AqSGnp/4aWWGMr1LGqd26tKTmRX/WMeuWbaq1kRwEewcyiBX3TU/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kcloKj7TTh34o9OMKTtzfEwkKpBwHnu7MVpXztcz8r9aNlX/pJJRHsSIcTz/yYwZVCLOcYJ8KghUba0BYUL0rxEMkEFY6zZIOwZ4/eRFaZ1Vb8+15uXaVx1EEB+AQVIANLkAN3IA6aAIMHsATeAGvxqPxbLwZ79PWgpHP7IM/Mj6/AdWToVI=</latexit><latexit sha1_base64="AKpTn+KebffxLLvzEq55n9AA9hQ=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBl0Y3LCr1BG8NkOmmHTiZhZiKUkOdw46u4caGIO3Hj2zhpU9HWHwY+/nMOc87vRYxKZVlfRmFpeWV1rbhe2tjc2t4xd/daMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZG11m9fU+EpCFvqHFEnAANOPUpRkpbrmn3AqSGnp/4aWWGMr1LGqd26tKTmRX/WMeuWbaq1kRwEewcyiBX3TU/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kcloKj7TTh34o9OMKTtzfEwkKpBwHnu7MVpXztcz8r9aNlX/pJJRHsSIcTz/yYwZVCLOcYJ8KghUba0BYUL0rxEMkEFY6zZIOwZ4/eRFaZ1Vb8+15uXaVx1EEB+AQVIANLkAN3IA6aAIMHsATeAGvxqPxbLwZ79PWgpHP7IM/Mj6/AdWToVI=</latexit><latexit sha1_base64="AKpTn+KebffxLLvzEq55n9AA9hQ=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBl0Y3LCr1BG8NkOmmHTiZhZiKUkOdw46u4caGIO3Hj2zhpU9HWHwY+/nMOc87vRYxKZVlfRmFpeWV1rbhe2tjc2t4xd/daMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZG11m9fU+EpCFvqHFEnAANOPUpRkpbrmn3AqSGnp/4aWWGMr1LGqd26tKTmRX/WMeuWbaq1kRwEewcyiBX3TU/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kcloKj7TTh34o9OMKTtzfEwkKpBwHnu7MVpXztcz8r9aNlX/pJJRHsSIcTz/yYwZVCLOcYJ8KghUba0BYUL0rxEMkEFY6zZIOwZ4/eRFaZ1Vb8+15uXaVx1EEB+AQVIANLkAN3IA6aAIMHsATeAGvxqPxbLwZ79PWgpHP7IM/Mj6/AdWToVI=</latexit><latexit sha1_base64="AKpTn+KebffxLLvzEq55n9AA9hQ=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBl0Y3LCr1BG8NkOmmHTiZhZiKUkOdw46u4caGIO3Hj2zhpU9HWHwY+/nMOc87vRYxKZVlfRmFpeWV1rbhe2tjc2t4xd/daMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZG11m9fU+EpCFvqHFEnAANOPUpRkpbrmn3AqSGnp/4aWWGMr1LGqd26tKTmRX/WMeuWbaq1kRwEewcyiBX3TU/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kcloKj7TTh34o9OMKTtzfEwkKpBwHnu7MVpXztcz8r9aNlX/pJJRHsSIcTz/yYwZVCLOcYJ8KghUba0BYUL0rxEMkEFY6zZIOwZ4/eRFaZ1Vb8+15uXaVx1EEB+AQVIANLkAN3IA6aAIMHsATeAGvxqPxbLwZ79PWgpHP7IM/Mj6/AdWToVI=</latexit>

[evi, zi, x
T�1
i , yT�1

i ]
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Figure 4.4: The diagram of the recurrent decoder with kinematic constraint layer. The
recurrent process consists of two phases: burn-in phase and prediction phase. In the burn-in
phase, the history groundtruth is used as the input of GRU at each step for initialization
purpose. In the prediction phase, the output position at the last step will serve as the input
of the next step. The iteration continues until the prediction horizon is reached.

where γ(k) = φ(k) + β(k), vx(k) = v(k) cos γ(k), and vy(k) = v(k) sin γ(k). Then we have
the distribution of s(k + 1), which is expressed as

s(k + 1) ∼ N (µs(k + 1),Σss(k + 1)), (4.24)

where
µs(k + 1) = Df s(k)µs(k) + Dfu(k)µu(k),

Σss(k + 1) = Df s(k)Σss(k)Df s(k)> + Dfu(k)Σuu(k)Dfu(k)>,
(4.25)

with the initial condition s(0) ∼ N (µs(0),Σss(0)).

4.5.5 Loss Function and Training

In this part, we demonstrate the loss function of our model, which is based on the optimization
formulation of Wasserstein generative modeling aforementioned in Section III. In order to keep
consistent with Section III, we use the same notations: x denotes the predicted trajectories,
z denotes the latent variable, and y denotes the condition variable.

The optimization problem can be formulated in the same way as in [120], which is written
as

min
θ,φ,s.t.0<1−α<β

− Epφ(z|x,y)[log pθ(x|z, y)]]

+ αEp(x|y)[DKL[pφ(z|x, y)||p(z|y)]]

+ βD(pφ(z|y), p(z|y)).

(4.26)
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The detailed derivation can be found in [120]. Since the whole system is fully differentiable,
we can train the network in an end-to-end fashion by the Adam optimizer [74]. The loss
function is given by

L = γEj∈{1,...,Nb}

∥∥∥τTh+1:Th+Tf
j − τ̂Th+1:Th+Tf

j

∥∥∥
2

+ αEp(x|y)[DKL[pφ(z|x, y)||p(z|y)]

+ βMMD(pφ(z|y), p(z|y)),

(4.27)

where
pφ(z|x, y) = N (MLP(ṽh, ṽf ), I),

ṽh = GDAT(FE(y)), ṽf = GDAT(FE(x)),

y = {T1:Th ,C1:Th},
x = {TTh+1:Th+Tf ,CTh+1:Th+Tf}.

(4.28)

FE is the deep feature extractor and GDAT is the proposed graph dual-attention network. γ
is a weight parameter to adjust the relative importance of the reconstruction loss, Nb is the
total number of training agents, DKL is Kullback-Leibler divergence, and MMD is maximum
mean discrepancy. If γ � α, β, then the loss function degenerates to the mean squared error
loss. The whole model is trained in an end-to-end fashion.

4.6 Experiments

In this section, we validate the proposed method on three publicly available benchmark
datasets for trajectory prediction of traffic participants. The results are analyzed and
compared with state-of-the-art baselines.

4.6.1 Datasets

Here we briefly introduce the datasets below.

• ETH [142] and UCY [87]: These two datasets are usually used together in literature,
which include bird-eye-view videos and annotations of pedestrians in both indoor and
outdoor scenarios. The trajectories were extracted in the world space (unit: meters).

• Stanford Drone Dataset (SDD)[148]: The dataset also contains a set of bird-eye-
view images and the corresponding trajectories of involved entities. It was collected in
multiple scenarios in a university campus full of interactive pedestrians, cyclists and
vehicles. The trajectories were extracted in the image pixel space.

• INTERACTION Dataset (ID)[204]: The dataset contains naturalistic motions of
various traffic participants in a variety of highly interactive driving scenarios. Trajec-
tory data was collected using drones and traffic cameras. The high-definition maps
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of scenarios and agents’ trajectories are provided. We consider three types of scenar-
ios: roundabout (RA), unsignalized intersection (UI) and highway ramp (HR). The
trajectories were extracted in the world space (unit: meters).

4.6.2 Global Context Information

In order to provide better global context information, we designed two different representations,
namely occupancy density map and mean velocity field. After constructing such global context
information offline, we did decentralized online localization for the corresponding target agent
and obtained their local context information, which was used in both training and testing
phases.

Occupancy Density Map

The density map describes the normalized frequency distribution of all the agents’ locations.
For a specific scene, we first split our map into a number of bin areas, which are 1m×1m
squares. Without loss of generality, we denote this histogram as B, and all the agents in
different frames as a set {ok,p}, where p is the agent index and k is the frame index. We
obtained the global representation of density by calculating Bi,j =

∑
t,k φ(ok,p, i, j), where

i, j are the indices of the histogram and φ(ok,p, i, j) is an indicator function which equals 1 if
ok,p is located in the bin area indicated by index i, j and 0 otherwise. Then we normalized
this density map by dividing all bin values by the sum of the values in this histogram and
used this normalized histogram as our occupancy density map.

Mean Velocity Field

Similarly, we also created a map of velocity field which contains 1m×1m square areas. We
denote the whole map as V F and the bin item indexed by i, j as V F (i, j). The V F (i, j) is a
two-dimensional vector representing the average speed along vertical and horizontal axes of
all the agents in this area. More formally,

V F (i, j)x =
1

N

∑

k,p

φ(vk,p, i, j)v
x
k,p,

V F (i, j)y =
1

N

∑

k,p

φ(vk,p, i, j)v
y
k,p,

(4.29)

where N is the number of points located at the bin area (i, j).

4.6.3 Localization for Local Context Information

After obtaining the global context offline, our model utilized a decentralized method to do
localization for each agent during training and testing. Given the location and the moving
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Figure 4.5: The pipeline of data preprocessing. The raw data was first down-sampled to be
compatible to our experiment setup.

direction of the current agent at the current time step, we obtained a local context centered
on this agent along its moving direction from the global context. All the agents share the
same size of the local context map.

4.6.4 Evaluation Metrics

We evaluate the model performance in terms of average displacement error (ADE) and final
displacement error (FDE), which are exactly the same as [3, 45, 80]. ADE is defined as the
average distance between the predicted trajectories and the groundtruth over all the involved
entities within the prediction horizon. FDE is defined as the deviated distance at the last
predicted time step. For the ETH, UCY, and SDD dataset, we predicted the future 12 time
steps (4.8s) based on the historical 8 time steps (3.2s). For the ID dataset, we predicted the
future 10 time steps (5.0s) based on the historical 4 time steps (2.0s).

4.6.5 Baseline Methods

• Probabilistic LSTM (P-LSTM) [95]: The backbone of the model is the same as an
encoder-decoder architecture with vanilla LSTM. In order to incorporate uncertainty in
the model, a noise term sampled from the normal distribution is added in the input,
which results in a probabilistic model.

• Social LSTM (S-LSTM) [3]: The trajectories are encoded with an LSTM layer,
whose hidden states serve as the input of the proposed social pooling layer, which
handles interaction modeling implicitly.

• Social GAN (S-GAN) [45]: The model introduces a generative adversarial learning
scheme into S-LSTM to further improve performance.
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• Social Attention (S-ATT) [179]: The model is based on the architecture of Structural-
RNN [66], which deals with spatio-temporal graphs with recurrent neural networks.

• DESIRE [89]: The model is a deep stochastic inverse optimal control framework based
on conditional variational auto-encoder with RNN encoders and decoders. A ranking
module for sampled trajectories was introduced to indicate their likelihood.

• Social-BiGAT [80]: The model is a graph-based generative adversarial network, which
is based on a graph attention network. A recurrent encoder-decoder architecture is
trained via an adversarial scheme.

• Trajectron [65]: The model combines tools from recurrent sequence modeling and
variational deep generative modeling to produce a distribution of future trajectories.

4.6.6 Implementation Details

A batch size of 64 was used and the models were trained for 100 epochs with early stopping
using the Adam optimizer with an initial learning rate of 0.001. The models were trained on
a single NVIDIA TITAN X GPU. We used a split of 70%, 10%, 20% as training, validation
and testing data, respectively. During the testing phase, the data processing time for a single
time step is around 8ms in average. According to our setting, we predict the future 10 time
steps which needs around 80ms (equivalent to 12.5Hz).

The details of our model architecture are introduced in the following.

• Deep Feature Extractor (FE): The State MLP and Relation MLP both have three
hidden layers with 128 hidden units. The Context CNN adopts the same backbone
structure of ResNet18 [51], which is trained from scratch.

• Graph Dual-Attention Network (GDAT): The dimensions of node attributes and
edge attributes are 64 and 16, respectively. These dimensions are fixed in different
rounds of message passing. The activation functions in the attention mechanism are
LeakyReLU.

• Encoding Function: The encoding function is a three-layer MLP with 128 hidden
units. The dimension of latent variable is 32.

• Decoding Function: The decoding function is a GRU recurrent layer with 128 hidden
units.

4.6.7 Quantitative Analysis

• ETH and UCY Datasets: The comparison of the proposed STG-DAT and baseline
methods in terms of ADE and FDE is shown in Table 4.1. Some of the reported statistics
are adopted from the original papers. All the baseline methods deal with interaction
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Table 4.1: ADE/FDE (meters) Comparisons (ETH & UCY datasets).

Scenes S-LSTM S-GAN CGNS
Social-
BiGAT Trajectron STG-DAT

ETH 1.09 / 2.35 0.81 / 1.52 0.62 / 1.40 0.69 / 1.29 0.48 / 0.93 0.38 / 0.77
HOTEL 0.79 / 1.76 0.72 / 0.61 0.70 / 0.93 0.49 / 1.01 0.29 / 0.54 0.25 / 0.39
UNIV 0.67 / 1.40 0.60 / 1.26 0.48 / 1.22 0.55 / 1.32 0.44 / 0.93 0.41 / 0.82

ZARA1 0.47 / 1.00 0.34 / 0.69 0.32 / 0.59 0.30 / 0.63 0.35 / 0.68 0.23 / 0.50
ZARA2 0.56 / 1.17 0.42 / 0.84 0.35 / 0.71 0.36 / 0.75 0.36 / 0.70 0.21 / 0.46

AVG 0.72 / 1.54 0.58 / 1.18 0.49 / 0.97 0.48 / 1.00 0.46 / 0.94 0.30 / 0.59

Table 4.2: ADE/FDE (pixels) Comparisons (SDD dataset).

S-LSTM S-GAN CGNS DESIRE Trajectron
STG-DAT
(same node) STG-DAT

33.19 / 56.38 24.81 / 38.62 15.60 / 28.20 19.30 / 34.12 17.38 / 31.46 14.55 / 23.54 13.25 /
21.94

modeling in a specific way. The S-LSTM employs a social pooling mechanism to model
the interactions between entities. The S-GAN improve the performance by introducing
deep generative modeling. The CGNS combines conditional latent space learning and
variational divergence minimization to further enhance the generation capability. The
Trajectron adopts a graph-structured model with sequence modeling. Both Social-
BiGAT and our method leverage the trajectory and context information, but in different
ways. Our model can achieve better performance owing to the explicit interaction
modeling with graph neural networks and more compact distribution learning with
conditional Wasserstein generative modeling. In general, our approach achieves the
smallest ADE and FDE across different scenes. The average ADE/FDE are reduced by
34.8%/37.2% compared to the best baseline (Trajectron).

• Stanford Drone Dataset: The comparison of results is provided in Table 4.2, where
the ADE and FDE are reported in the pixel distance. Note that we also included cyclists
and vehicles in the dataset besides pedestrians. In general, the relative performance of
baseline methods is consistent with the observation on the ETH/UCY datasets. Our
approach achieves the best performance in terms of prediction error, which implies the
superiority of explicit interaction modeling and necessity of leveraging both trajectory
and context information. In order to show the effectiveness of distinct node embedding
functions for different types, we provide an ablative result by treating all the agents as
the same type, which leads to an increase on the prediction error. For the full model,
the ADE/FDE are reduced by 15.1%/22.2% with respect to the best baseline (CGNS).

• INTERACTION Dataset: We finally compare the model performance on the real-
world driving dataset in Table 4.3. For fair comparison, we only involved the baseline
approaches whose codes are publicly available and can be adapted to the same setup as
our approach. Although we trained a unified prediction model on different scenarios
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Table 4.3: ADE/FDE (meters) Comparisons (ID dataset).

Baseline Methods

Scenes Time P-LSTM S-LSTM S-GAN S-ATT CGNS Trajectron

RA

1.0s 0.13 / 0.15 0.16 / 0.20 0.13 / 0.16 0.14 / 0.17 0.11 / 0.16 0.09 / 0.13
2.0s 0.27 / 0.35 0.25 / 0.39 0.22 / 0.35 0.23 / 0.39 0.21 / 0.32 0.18 / 0.30
3.0s 0.58 / 0.83 0.52 / 0.80 0.45 / 0.72 0.53 / 0.77 0.44 / 0.68 0.40 / 0.61
4.0s 0.87 / 1.35 0.84 / 1.33 0.70 / 1.19 0.78 / 1.25 0.69 / 1.03 0.64 / 0.98
5.0s 1.36 / 1.88 1.29 / 1.80 1.13 / 1.51 1.22 / 1.69 1.01 / 1.45 0.95 / 1.32

UI

1.0s 0.11 / 0.20 0.12 / 0.17 0.11 / 0.16 0.12 / 0.18 0.11 / 0.14 0.10 / 0.14
2.0s 0.28 / 0.49 0.25 / 0.48 0.24 / 0.40 0.26 / 0.43 0.24 / 0.38 0.23 / 0.35
3.0s 0.45 / 0.88 0.41 / 0.83 0.39 / 0.77 0.41 / 0.80 0.38 / 0.76 0.36 / 0.72
4.0s 0.83 / 1.64 0.77 / 1.47 0.74 / 1.31 0.75 / 1.39 0.70 / 1.18 0.69 / 1.10
5.0s 1.34 / 2.36 1.31 / 2.20 1.21 / 1.98 1.29 / 2.06 1.06 / 1.90 1.01 / 1.84

HR

1.0s 0.07 / 0.11 0.06 / 0.10 0.06 / 0.08 0.06 / 0.09 0.05 / 0.08 0.05 / 0.07
2.0s 0.21 / 0.39 0.19 / 0.35 0.17 / 0.31 0.17 / 0.32 0.16 / 0.29 0.15 / 0.27
3.0s 0.55 / 1.02 0.49 / 0.92 0.43 / 0.81 0.45 / 0.84 0.40 / 0.75 0.38 / 0.70
4.0s 0.90 / 1.58 0.81 / 1.43 0.71 / 1.26 0.74 / 1.31 0.66 / 1.17 0.62 / 1.09
5.0s 1.51 / 2.57 1.36 / 2.31 1.20 / 2.04 1.25 / 2.12 1.12 / 1.90 1.04 / 1.77

STG-DAT

Scenes Time T T + C−ATT T + C T + C + K

RA

1.0s 0.07 / 0.11 0.09 / 0.13 0.08 / 0.13 0.06 / 0.10
2.0s 0.19 / 0.31 0.22 / 0.34 0.16 / 0.29 0.14 / 0.25
3.0s 0.35 / 0.57 0.43 / 0.66 0.31 / 0.54 0.26 / 0.47
4.0s 0.58 / 0.92 0.70 / 1.05 0.51 / 0.83 0.42 / 0.71
5.0s 0.90 / 1.25 1.08 / 1.56 0.85 / 1.17 0.68 / 1.01

UI

1.0s 0.06 / 0.10 0.09 / 0.16 0.08 / 0.14 0.07 / 0.11
2.0s 0.20 / 0.32 0.23 / 0.36 0.19 / 0.30 0.16 / 0.28
3.0s 0.37 / 0.65 0.41 / 0.71 0.34 / 0.59 0.30 / 0.55
4.0s 0.60 / 0.98 0.72 / 1.19 0.55 / 0.91 0.49 / 0.83
5.0s 0.97 / 1.69 1.22 / 1.91 0.88 / 1.50 0.77 / 1.26

HR

1.0s 0.04 / 0.07 0.05 / 0.07 0.04 / 0.07 0.04 / 0.06
2.0s 0.14 / 0.25 0.15 / 0.27 0.13 / 0.24 0.12 / 0.22
3.0s 0.35 / 0.66 0.37 / 0.70 0.34 / 0.64 0.31 / 0.58
4.0s 0.58 / 1.02 0.61 / 1.08 0.56 / 0.99 0.51 / 0.90
5.0s 0.97 / 1.65 1.03 / 1.75 0.95 / 1.61 0.86 / 1.46
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simultaneously, we analyzed the results for each type of scenario separately. In the
HR scenarios, the results of baseline methods are comparable while our model achieves
the best performance. The behavior patterns of vehicles in HR scenarios are relatively
easy to forecast, since most vehicles are doing car following without highly interactive
behaviors. In the RA and UI scenarios, however, the superiority of the proposed system
is more distinguishable due to frequent interactions. The P-LSTM performs the worst
since it predicts future trajectories for each agent individually without considering
their relations. Although all the other baseline approaches incorporate interaction
modeling by different strategies which further reduce the prediction error, our model
still performs the best. This implies the advantages of graph dual-attention network for
interaction modeling, as well as kinematic layer for feasibility constraints. By using our
full model T + C + K, the 5.0s ADE/FDE are reduced by 28.4%/23.5%, 23.8%/31.5%
and 17.3%/17.5% in RA, UI and HR with respect to the best baseline (Trajectron),
respectively.

We also tested the tracking performance using our approach and baseline methods, which
is shown in Table IV. The constant velocity model (CVM) and constant acceleration
model (CAM) are widely used linear vehicle kinematics models with a constant velocity /
acceleration assumption. These models are employed frequently in multi-target tracking
literature. A Gaussian noise term is injected at each time step to model uncertainty. It
shows that tracking with learning-based models performs consistently better than CVM
and CAM due to the ability of interaction-aware prediction. Our approach STG-DAT
achieves a significantly higher accuracy.

4.6.8 Qualitative and Ablative Analysis

We qualitatively evaluated on prediction hypotheses of typical testing cases on the SDD
dataset and ID dataset in Fig. 4.6 and Fig. 4.7, respectively. Although we jointly predict
all the agents in a scene, we show predictions for a subset for clearness. It shows that our
approach can handle different challenging scenarios (e.g. intersection, roundabout) and
diverse behaviors (e.g., going straight, turning, waiting, stopping) of vehicles and pedestrians.
Generally, the ground truth trajectories are close to the mean of predicted distribution and
the model also allows for uncertainty.

We also conducted comprehensive ablative analysis on the ID dataset to demonstrate
relative significance of context information, dual-attention mechanism and the kinematic
constraint layer for vehicle trajectory prediction. The descriptions of compared model settings
are provided below:

• T: This is the model without the kinematic layer, which only uses trajectory information.

• T+C−ATT: This is the model without the dual-attention mechanism or the kinematic
constraint layer. We used equal attention in this model setting instead.

• T + C: This is the model without kinematic constraint layer.
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Figure 4.6: Qualitative results on the SDD dataset. The green mask represents the predicted
distribution and the yellow, blue and red lines represent historical observation, groundtruth
and a trajectory hypothesis sampled from the distribution with the smallest error, respectively.

• T + C + K: This is the whole proposed model including all the components.

The ADE/FDE of each model setting are shown in the lower part of Table 4.3.

• T versus T + C: We show the effectiveness of employing scene context information. T
is the model without the kinematic layer, which only uses trajectory information, while
T + C further employs context information. The models directly output the position
displacements (∆xk,∆yk) at each step, which are aggregated to get complete trajectories.
We can see little difference on prediction errors over short horizons, while the gap
becomes larger as the horizon extends. The reason is that the vehicle trajectories within
a short period can usually be well approximated by a constant velocity model, which
are not heavily restricted or affected by the static environmental context. However, as
the forecasting horizon increases, the effects of context constraints cannot be ignored
anymore, which leads to larger performance gain of leveraging context information.
Compared with T, the 5.0s ADE/FDE of T + C are reduced by 5.6%/6.4%, 9.3%/7.7%
and 2.1%/2.4% in RA, UI and HR scenarios, respectively. This implies that the context
information has larger effects on the prediction in RA and UI scenarios, where the
influence of road geometries cannot be ignored. The context information does little
help to HR scenarios, since most vehicles go straight on highways. In Figure 4.7, the
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T T+C T+C+K

T T+C T+C+K

Figure 4.7: Qualitative and ablative results on the ID dataset. The green mask represents
the predicted distribution and the yellow, blue and red lines represent historical observation,
groundtruth and a trajectory hypothesis sampled from the distribution with the smallest
error, respectively.

predicted distribution of T + C is more compliant to roadways to avoid collisions and
the vehicles near the “yield” or “stop” signs tend to yield or stop. However, T generates
samples which are outside of feasible areas or violating traffic rules.

• T + C−ATT versus T + C: We show the effectiveness of the proposed dual-attention
mechanism. T + C−ATT uses equal attention coefficients in both topological and
temporal layers. According to the statistics reported in Table 4.3, compared with equal
attention, employing the dual-attention mechanism to figure out relative importance
within the topological structure and along different time steps can reduce the 5.0s
ADE/FDE by 21.3%/25.0%, 27.9%/21.5% and 7.8%/8.0% in RA, UI and HR scenarios,
respectively. The improvement in RA and UI are more significant due to frequent
interactions.

• T + C versus T + C + K: We show the effectiveness of the kinematic constraint layer.
Different from T which directly output position displacement, the outputs of the GRU
unit in T + C + K are control actions, which are aggregated by the bicycle model to
obtain complete trajectories. According to Table III, employing the kinematic constraint
layer to regularize the learning-based prediction hypotheses can further reduce the 5.0s
ADE/FDE by 20.0%/13.7%, 12.5%/16.0% and 9.5%/9.3% in RA, UI and HR scenarios,
respectively. Due to the restriction from the kinematic model, unfeasible movements
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can be filtered out and the model is unlikely to overfit noisy data or outliers. Moreover,
the improvement in RA and UI is more significant than in HR. The reason is that most
vehicles go straight along the road in HR, whose behaviors can be well approximated by
linear models. However, there are frequent turning behaviors in RA and UI which need
constraints by more sophisticated models. We also visualize the predicted trajectories
in Figure 4.7, where the ones in T + C + K are smoother and more plausible.

4.7 Chapter Summary

In this chapter, we propose a generic system for multi-agent trajectory prediction named
STG-DAT, which considers context information, trajectories of heterogeneous, interactive
agents and physical feasibility constraints. In order to effectively model the interactions
between different entities, we design a graph dual-attention network to extract features from
spatio-temporal dynamic graphs. The Wasserstein generative modeling is employed as the
basis of training the whole framework. The STG-DAT is validated by both pedestrian and
vehicle trajectory prediction tasks on multiple benchmark datasets. The experimental results
show that our approach achieves the state-of-the-art prediction performance compared with
multiple baseline methods. Moreover, the proposed prediction model can be easily adopted
by multi-target tracking frameworks, which empirically proves to enhance tracking accuracy.
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Chapter 5

EvolveGraph: Dynamic Relational
Reasoning with Evolving Interaction
Graphs

5.1 Introduction

Multi-agent trajectory prediction is critical in many real-world applications, such as au-
tonomous driving, mobile robot navigation and other areas where a group of entities interact
with each other, giving rise to complicated behavior patterns at the level of both individuals
and the multi-agent system as a whole. Since usually only the trajectories of individual
entities are available without any knowledge of the underlying interaction patterns, and
there are usually multiple possible modalities for each agent, it is challenging to model such
dynamics and forecast their future behaviors.

There have been a number of existing works trying to provide a systematic solution to
multi-agent interaction modeling. Some related techniques include, but not limited to social
pooling layers [3], attention mechanisms [179, 80, 58, 168, 93], message passing over graphs
[47, 154], etc. These techniques can be summarized as implicit interaction modeling by
information aggregation. Another line of research is to explicitly perform inference over the
structure of the latent interaction graph, which allows for relational structures with multiple
interaction types [77, 4]. Our approach falls into this category but with significant extension
and performance enhancement over existing methods.

A closely related work is NRI [77], in which the interaction graph is static with homogeneous
nodes during training. This is sufficient for the systems involving homogeneous type of agents
with fixed interaction patterns. In many real-world scenarios, however, the underlying
interactions are inherently varying even with abrupt changes (e.g. basketball players). And
there may be heterogeneous types of agents (e.g. cars, pedestrians, cyclists, etc.) involved
in the system, while NRI cannot distinguish them explicitly. Moreover, NRI does not deal
with the multi-modality explicitly in future system behaviors. In this work, we address the
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problems of

• extracting the underlying interaction patterns with a latent graph structure, which is
able to handle different types of agents in a unified way;

• capturing the dynamics of interaction graph evolution for dynamic relational reasoning;

• predicting future trajectories (state sequences) based on the historical observations and
the latent interaction graph;

• capturing the multi-modality of future system behaviors.

The main contributions of this work are summarized as:

• We propose a generic trajectory forecasting framework with explicit interaction modeling
via a latent graph among multiple heterogeneous, interactive agents. Both trajectory
information and context information (e.g., scene images, semantic maps, point cloud
density maps) can be incorporated into the system.

• We propose a dynamic mechanism to evolve the underlying interaction graph adaptively
along time, which captures the dynamics of interaction patterns among multiple agents.
We also introduce a double-stage training pipeline which not only improves training
efficiency and accelerates convergence, but also enhances model performance in terms
of prediction accuracy.

• The proposed framework is designed to capture the uncertainty and multi-modality of
future trajectories in nature from multiple aspects.

• We validate the proposed framework on both synthetic simulations and trajectory
forecasting benchmarks in different areas. Our EvolveGraph achieves the state-of-the-
art performance consistently.

5.2 Related Work

The problem of multi-agent trajectory prediction has been considered as modeling behaviors
among a group of interactive agents. Social forces was introduced by [53] to model the
attractive and repulsive motion of humans with respect to the neighbors. Some other learning-
based approaches were proposed, such as hidden Markov models [100, 206], dynamic Bayesian
networks [71], inverse reinforcement learning [172]. In recent years, the conceptual extension
has been made to better model social behavior with supplemental cues such as motion
patterns [208, 200] and group attributes [198]. Such social models have motivated the recent
data-driven methods in [3, 89, 45, 196, 49, 207, 56, 117, 14, 212, 122, 151, 170, 146, 93,
38, 61, 125, 120]. They encode the motion history of individual entities using the recurrent
operation of neural networks. However, it is nontrivial for these methods to find acceptable
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future motions in heterogeneous and interactively changing environments, partly due to their
heuristic feature pooling or aggregation, which may not be sufficient for dynamic interaction
modeling.

Interaction modeling and relational reasoning have been widely studied in various fields.
Recently, deep neural networks applied to graph structures have been employed to formulate a
connection between interactive agents or variables [179, 122, 80, 153, 210, 12]. These methods
introduce nodes to represent interactive agents and edges to express their interactions with
each other. They directly learn the evolving dynamics of node attributes (agents’ states)
and/or edge attributes (relations between agents) by constructing spatio-temporal graphs.
However, their models have no explicit knowledge about the underlying interaction patterns.
Some existing works (e.g. NRI [77]) have taken a step forward towards explicit relational
reasoning by inferring a latent interaction graph. However, it is nontrivial for NRI to deal
with heterogeneous agents, context information and the systems with varying interactions. In
this work, we present an effective solution to handle aforementioned issues. Our work is also
related to learning on dynamic graphs. Most existing works studied representation learning
on dynamically evolving graphs [138, 72], while we attempt to predict evolution of the graph.

5.3 Problem Formulation

We assume that, without loss of generality, there are N homogeneous or heterogeneous agents
in the scene, which belongs to M (≥ 1) categories (e.g. cars, cyclists, pedestrians). The
number of agents may vary in different cases. We denote a set of state sequences covering the
historical and forecasting horizons (Th and Tf) as X1:T = {xi1:T , T = Th + Tf , i = 1, ..., N}.
We also denote a sequence of historical context information as C1:Th = {c1:Th} for dynamic
scenes or fixed context information C for static scenes. In the scope of this paper, we define
xit = (xit, y

i
t), where (x, y) is the 2D coordinate in the world space or image pixel space. The

context information includes images or tensors which represent attributes of the scene. We
denote the latent interaction graph as Gβ, where β is the graph index. We aim to estimate
p(XTh+1:Th+Tf |X1:Th ,C1:Th) for dynamic scenes or p(XTh+1:Th+Tf |X1:Th ,C) for static scenes.
For simplicity, we use C when referring to the context information in the equations. More
formally, if the latent interaction graph is inferred at each time step, then we have the
factorization of p(XTh+1:Th+Tf |X1:Th ,C) below:

∫

G
p(G0|X1:Th ,C)p(XTh+1|G0,X1:Th ,C)

Tf−1∏

β=1

p(Gβ|G0:β−1,X1:Th+β,C)p(XTh+β+1|G0:β,X1:Th+β,C).

5.4 Model Design: EvolveGraph

An illustrative graphical model is shown in Figure 5.1 (left part) to demonstrate the essential
procedures of the prediction framework with explicit dynamic relational reasoning. Instead of
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G
0 2

<latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit><latexit sha1_base64="sfs0PI+LJ/AyOmbk5vp5wtU509k=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqswUQZdFF7qsYB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7G15nffqRKMynuzSSmfoSHgoWMYGOlh16EzYhgnt5MT/u1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVQYolMo+YdBM/b2R4kjrSRTYySylXvQy8T+vm5jw0k+ZiBNDBZkfChOOjERZBWjAFCWGTyzBRDGbFZERVpgYW1TJluAtfnmZtGpVz/K780r9Kq+jCEdwDGfgwQXU4RYa0AQCCp7hFd6cJ+fFeXc+5qMFJ985hD9wPn8ADWaSMw==</latexit>

G
0 1

<latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit><latexit sha1_base64="32RAqQdrdQA7H7r0Chdyi9o/2C8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFdlRkRdFl0ocsK9gHtWDLpbRuayQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0nfnNR1SaR/LejGP0QzqQvM8ZNVZ66ITUDBkV6c3kpOt1S2W34k5BFomXkzLkqHVLX51exJIQpWGCat323Nj4KVWGM4GTYifRGFM2ogNsWyppiNpPp6kn5NgqPdKPlH3SkKn6eyOlodbjMLCTWUo972Xif147Mf1LP+UyTgxKNjvUTwQxEckqID2ukBkxtoQyxW1WwoZUUWZsUUVbgjf/5UXSOKt4lt+dl6tXeR0FOIQjOAUPLqAKt1CDOjBQ8Ayv8OY8OS/Ou/MxG11y8p0D+APn8wcL4pIy</latexit>

X
1

<latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit><latexit sha1_base64="vjU/Itrk8Pxwb+Xglh+MGs9vS5A=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKe7OBN6g33KY7B1klXkkaUKI9qH/5w4RlMUrDBNW677mpCXKqDGcCZzU/05hSNqEj7FsqaYw6yOeZZ+TMKkMSJco+achc/b2R01jraRzaySKjXvYK8T+vn5noOsi5TDODki0ORZkgJiFFAWTIFTIjppZQprjNStiYKsqMralmS/CWv7xKuhdNz/L7y0brpqyjCidwCufgwRW04A7a0AEGKTzDK7w5mfPivDsfi9GKU+4cwx84nz/5c5Gg</latexit>

X
2

<latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit><latexit sha1_base64="DDxlERvrtI1Fqo/VOr+o/RtYxSk=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpNOoe5Y/XNWat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB+veRoQ==</latexit>

X
3

<latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit><latexit sha1_base64="mHcHTLFQs+gA+Cea9jryYY08s14=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/sl+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKo1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/HuRog==</latexit>

X
4

<latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit><latexit sha1_base64="7IC57u8yvuJPcqEg1bqJSPMUKTQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/aNSat0UdZTiDc7gED66hCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwB/f+Row==</latexit>

X
5

<latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit><latexit sha1_base64="JO6HflqJvCxMne1/3CyQ0BvWeu4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kD/4ORpA==</latexit>

X
6

<latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit><latexit sha1_base64="mynWUtrfUt+kxTKMQvFKzoY0Zks=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaQYxHQoecQZNVby/ZiaURjl3Wn/ql+tuXV3DrJKvILUoECzX/3yBwnLYpSGCap1z3NTE+RUGc4ETit+pjGlbEyH2LNU0hh1kM8zT8mZVQYkSpR90pC5+nsjp7HWkzi0k7OMetmbif95vcxEN0HOZZoZlGxxKMoEMQmZFUAGXCEzYmIJZYrbrISNqKLM2JoqtgRv+curpH1R9yx/uKw1bos6ynACp3AOHlxDA+6hCS1gkMIzvMKbkzkvzrvzsRgtOcXOMfyB8/kDARaRpQ==</latexit>

X
7

<latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit><latexit sha1_base64="qHw/KQTY9n/ae8AxtmhYQlWB5Sc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEN4OMyyQ1KNnyUJgKYmKSF0BGXCEzYmYJZYrbrIRNqKLM2JoqtgRv9cvrpHNV9yx/uK41b4s6ynAG53AJHjSgCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBApqRpg==</latexit>

X
8

<latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit><latexit sha1_base64="yzs5vWXElGOwerEvcBwA6Qj2vrw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi2GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMevNhY1ituXV3AbJOvILUoEBrWP3yRzFLI5SGCap133MTM8ioMpwJnFf8VGNC2ZSOsW+ppBHqQbbIPCcXVhmRMFb2SUMW6u+NjEZaz6LATuYZ9aqXi/95/dSEjUHGZZIalGx5KEwFMTHJCyAjrpAZMbOEMsVtVsImVFFmbE0VW4K3+uV10rmqe5Y/XNeat0UdZTiDc7gED26gCffQgjYwSOAZXuHNSZ0X5935WI6WnGLnFP7A+fwBBB6Rpw==</latexit>

X
9

<latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit><latexit sha1_base64="FOdoTLneUg0OVjqtCtG47Bbb2vo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7AOaUCbTm3boZBJmJkIJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMMWyxRCSqG1KNgktsGW4EdlOFNA4FdsLx3czvPKHSPJGPZpJiENOh5BFn1FjJ92NqRmGUd6f9m3615tbdOcgq8QpSgwLNfvXLHyQsi1EaJqjWPc9NTZBTZTgTOK34mcaUsjEdYs9SSWPUQT7PPCVnVhmQKFH2SUPm6u+NnMZaT+LQTs4y6mVvJv7n9TITXQc5l2lmULLFoSgTxCRkVgAZcIXMiIkllClusxI2oooyY2uq2BK85S+vkvZF3bP84bLWuC3qKMMJnMI5eHAFDbiHJrSAQQrP8ApvTua8OO/Ox2K05BQ7x/AHzucPBaKRqA==</latexit>

X
1
0

<latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit><latexit sha1_base64="HGh5F1ilWfCt5QNNWZVn2G57ZdQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz18l9u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCwY5MX</latexit>

X
1
1

<latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit><latexit sha1_base64="6ZAEVkRjq3Y6Nwo0Ki2kAMNTYSY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURoS6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPcz1819u+E0nQXQOnFL0oASHd/+Go1jkkZUaMKxUkPXSbSXYakZ4TSvjVJFE0xmeEKHhgocUeVli+A5OjfKGIWxNE9otFB/b2Q4UmoeBWayiKlWvUL8zxumOrz2MiaSVFNBlofClCMdo6IFNGaSEs3nhmAimcmKyBRLTLTpqmZKcFe/vE56l03X8PurRvumrKMKp3AGF+BCC9pwBx3oAoEUnuEV3qwn68V6tz6WoxWr3DmBP7A+fwCx6JMY</latexit>

X
1
2

<latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit><latexit sha1_base64="KCgToyp77P2FH17b2TtEGczz6xo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpgi6LblxWsA9oQ5hMJ+3QySTMTIQa8iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuy38/iOVisXiQc8T6kV4IljICNZG8u36KMJ6GoTZIPczt5X7dsNpOgugdeKWpAElOr79NRrHJI2o0IRjpYauk2gvw1IzwmleG6WKJpjM8IQODRU4osrLFsFzdG6UMQpjaZ7QaKH+3shwpNQ8CsxkEVOteoX4nzdMdXjtZUwkqaaCLA+FKUc6RkULaMwkJZrPDcFEMpMVkSmWmGjTVc2U4K5+eZ30Wk3X8PvLRvumrKMKp3AGF+DCFbThDjrQBQIpPMMrvFlP1ov1bn0sRytWuXMCf2B9/gCzbZMZ</latexit>

�
X

5
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<latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit><latexit sha1_base64="I4NDBfBW09c3sWRSucLDO5sH+7g=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXJVEFB+roi5cVrAPaEKZTCft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtBwYO59zLPXP8mFGpbPvbKC0sLi2vlFcra+sbm1vm9k5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oOvfbD0RIGvF7NY6JF6IBpwHFSGmpZ+65N4Qp5IZIDf0g7WS99PTyIuuZVbtmT2DNE6cgVSjQ6Jlfbj/CSUi4wgxJ2XXsWHkpEopiRrKKm0gSIzxCA9LVlKOQSC+d5M+sQ630rSAS+nFlTdTfGykKpRyHvp7Mc8pZLxf/87qJCs69lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa6soouwZn98jxpHdccze9OqvWroo4y7MMBHIEDZ1CHW2hAEzA8wjO8wpvxZLwY78bHdLRkFDu78AfG5w/BzpXq</latexit>
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4
<latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit><latexit sha1_base64="WSEFnVbmxvoGElf0Jcggtaj9uNU=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJpKC4KurCZQV7gSaEyXTSDp1cmJkIJcSNr+LGhSJufQt3vo2TNgtt/WHg4z/nMOf8fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XVR7z5QIVkc3atJQt0QDyMWMIKVtjzz0LmhXGEnxGrkB1kv9zLburQbuWfWrLo1FVoEu4QalGp55pcziEka0kgRjqXs21ai3AwLxQinedVJJU0wGeMh7WuMcEilm00vyNGJdgYoiIV+kUJT9/dEhkMpJ6GvO4tN5XytMP+r9VMVXLgZi5JU0YjMPgpSjlSMijjQgAlKFJ9owEQwvSsiIywwUTq0qg7Bnj95ETpndVvzXaPWvCrjqMARHMMp2HAOTbiFFrSBwCM8wyu8GU/Gi/FufMxal4xy5gD+yPj8AaHCllY=</latexit>

H
1

<latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit><latexit sha1_base64="7K/dEtxbErT6+QEWLy77eYKjmWg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbT29zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEaTMbpl42rNbcujsHWiVeQWpQoDWsfg1GkiQRFYZwrHXfc2Pjp1gZRjjNKoNE0xiTKR7TvqUCR1T76Tx1hs6sMkKhVPYJg+bq740UR1rPosBO5in1speL/3n9xITXfspEnBgqyOJQmHBkJMorQCOmKDF8ZgkmitmsiEywwsTYoiq2BG/5y6ukc1H3LL+7rDVuijrKcAKncA4eXEEDmtCCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QOs+JKc</latexit>

H
2

<latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit><latexit sha1_base64="g2dQqvTL3QowRcpxPJR8/dNQuzA=">AAAB9XicbVBNSwMxFHypX7V+VT16CRbBU9ktgh6LXnqsYFuhXUs2zbah2eySZJWy7P/w4kERr/4Xb/4bs+0etHUgMMy8x5uMHwuujeN8o9La+sbmVnm7srO7t39QPTzq6ihRlHVoJCJ17xPNBJesY7gR7D5WjIS+YD1/epP7vUemNI/knZnFzAvJWPKAU2Ks9DAIiZn4QdrKhmkjG1ZrTt2ZA68StyA1KNAeVr8Go4gmIZOGCqJ133Vi46VEGU4FyyqDRLOY0CkZs76lkoRMe+k8dYbPrDLCQaTskwbP1d8bKQm1noW+ncxT6mUvF//z+okJrryUyzgxTNLFoSAR2EQ4rwCPuGLUiJklhCpus2I6IYpQY4uq2BLc5S+vkm6j7lp+e1FrXhd1lOEETuEcXLiEJrSgDR2goOAZXuENPaEX9I4+FqMlVOwcwx+gzx+ufZKd</latexit>

H
3

<latexit sha1_base64="DNYhZDlZhP7CkRnH7rhIKfLQVu8=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyowKuiy66bKCfUA7lkyaaUMzmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlldW9/YLG2Vt3d29/YrB4dtHSWKshaNRKS6PtFMcMlahhvBurFiJPQF6/iT29zvPDKleSTvzTRmXkhGkgecEmOlh35IzNgP0kY2SC+yQaXq1JwZ8DJxC1KFAs1B5as/jGgSMmmoIFr3XCc2XkqU4VSwrNxPNIsJnZAR61kqSci0l85SZ/jUKkMcRMo+afBM/b2RklDraejbyTylXvRy8T+vl5jg2ku5jBPDJJ0fChKBTYTzCvCQK0aNmFpCqOI2K6Zjogg1tqiyLcFd/PIyaZ/XXMvvLqv1m6KOEhzDCZyBC1dQhwY0oQUUFDzDK7yhJ/SC3tHHfHQFFTtH8Afo8wewApKe</latexit><latexit sha1_base64="DNYhZDlZhP7CkRnH7rhIKfLQVu8=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyowKuiy66bKCfUA7lkyaaUMzmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlldW9/YLG2Vt3d29/YrB4dtHSWKshaNRKS6PtFMcMlahhvBurFiJPQF6/iT29zvPDKleSTvzTRmXkhGkgecEmOlh35IzNgP0kY2SC+yQaXq1JwZ8DJxC1KFAs1B5as/jGgSMmmoIFr3XCc2XkqU4VSwrNxPNIsJnZAR61kqSci0l85SZ/jUKkMcRMo+afBM/b2RklDraejbyTylXvRy8T+vl5jg2ku5jBPDJJ0fChKBTYTzCvCQK0aNmFpCqOI2K6Zjogg1tqiyLcFd/PIyaZ/XXMvvLqv1m6KOEhzDCZyBC1dQhwY0oQUUFDzDK7yhJ/SC3tHHfHQFFTtH8Afo8wewApKe</latexit><latexit sha1_base64="DNYhZDlZhP7CkRnH7rhIKfLQVu8=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyowKuiy66bKCfUA7lkyaaUMzmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlldW9/YLG2Vt3d29/YrB4dtHSWKshaNRKS6PtFMcMlahhvBurFiJPQF6/iT29zvPDKleSTvzTRmXkhGkgecEmOlh35IzNgP0kY2SC+yQaXq1JwZ8DJxC1KFAs1B5as/jGgSMmmoIFr3XCc2XkqU4VSwrNxPNIsJnZAR61kqSci0l85SZ/jUKkMcRMo+afBM/b2RklDraejbyTylXvRy8T+vl5jg2ku5jBPDJJ0fChKBTYTzCvCQK0aNmFpCqOI2K6Zjogg1tqiyLcFd/PIyaZ/XXMvvLqv1m6KOEhzDCZyBC1dQhwY0oQUUFDzDK7yhJ/SC3tHHfHQFFTtH8Afo8wewApKe</latexit><latexit sha1_base64="DNYhZDlZhP7CkRnH7rhIKfLQVu8=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyowKuiy66bKCfUA7lkyaaUMzmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+T4seDaOM43WlldW9/YLG2Vt3d29/YrB4dtHSWKshaNRKS6PtFMcMlahhvBurFiJPQF6/iT29zvPDKleSTvzTRmXkhGkgecEmOlh35IzNgP0kY2SC+yQaXq1JwZ8DJxC1KFAs1B5as/jGgSMmmoIFr3XCc2XkqU4VSwrNxPNIsJnZAR61kqSci0l85SZ/jUKkMcRMo+afBM/b2RklDraejbyTylXvRy8T+vl5jg2ku5jBPDJJ0fChKBTYTzCvCQK0aNmFpCqOI2K6Zjogg1tqiyLcFd/PIyaZ/XXMvvLqv1m6KOEhzDCZyBC1dQhwY0oQUUFDzDK7yhJ/SC3tHHfHQFFTtH8Afo8wewApKe</latexit>
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C <latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit>
C <latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit><latexit sha1_base64="pDzNUmhOgKEUAKR9vKKK/D7VwBI=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRa7cVnBPrANZTKdtEMnkzBzI5TQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4JJI/c7T1wbEasHnCbcj+hIiVAwilZ67EcUx0GYNWaDStWtuXOQVeIVpAoFmoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP5oln5NwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbzxM6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQllW0J3vLJq6R9WfMsv7+q1m+LOkpwCmdwAR5cQx3uoAktYKDgGV7hzTHOi/PufCxG15xi5wT+wPn8AayykOc=</latexit>
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end-to-end training in a single pipeline, our training process contains two consecutive stages:

• Static interaction graph learning: A series of encoding functions are trained to
extract interaction patterns from the observed trajectories and context information,
and generate a distribution of static latent interaction graphs. A series of decoding
functions are trained to recurrently generate multi-modal distributions of future states.
At this stage, the prediction is only based on the static interaction graph inferred from
the history information, which means the encoding process is only applied once and
the interaction graph does not evolve with the decoding process.

• Dynamic interaction graph learning: The pre-trained encoding and decoding
functions at the first stage are utilized as an initialization, which are finetuned together
with the training of a recurrent network which captures the dynamics of interaction
graph evolution. The graph recurrent network serves as a high-level integration which
considers the dependency of the current interaction graph on previous ones. At this
stage, the prediction is based on the latest updated interaction graph.

5.4.1 Static interaction graph learning

Observation Graph

A fully-connected graph without self-loops is constructed to represent the observed information
with node/edge attributes, which is called observation graph. Assume that there are N
heterogeneous agents in the scene, which belongs to M categories. Then the observation
graph consists of N agent nodes and one context node. Agent nodes are bidirectionally
connected to each other, and the context node only have outgoing edges to each agent node.
We denote an observation graph as Gobs = {Vobs, Eobs}, where Vobs = {vi, i ∈ {1, ..., N}}∪{vc}
and Eobs = {eij, i, j ∈ {1, ..., N}}∪{eic, i ∈ {1, ..., N}} . vi, vc and eij , eic denote agent node
attribute, context node attribute and agent-agent, context-agent edge attribute, respectively.
More specifically, the eij denotes the attribute of the edge from node j to node i. Each
agent node has two types of attributes: self-attribute and social-attribute. The former only
contains the node’s own state information, while the latter only contains other nodes’ state
information. The calculations of node/edge attributes are given by

vself
i = fma (xi1:Th

), i ∈ {1, ..., N}, m ∈ {1, ...,M}, (5.1)

vc = fc(c1:Th) or vc = fc(c), (5.2)

e1
ij = f1

e ([vself
i , vself

j ]), e1
ic = f1

ec([v
self
i , vc]), (5.3)

vsocial-1
i = f1

v ([
∑

i 6=j
αije

1
ij , e

1
ic]),

∑
i 6=j

αij = 1, (5.4)

v1
i = [vself

i ,vsocial-1
i ], e2

ij = f2
e ([v1

i , v
1
j ]), (5.5)

αij =
exp (LeakyReLU(a>[Wvi||Wvj ]))∑

k∈Ni exp (LeakyReLU(a>[Wvi||Wvk]))
, (5.6)
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where αij are learnable attention coefficients computed similar as [178], fma (·), fc(·) are
agent, context node embedding functions, and fe(·), fec(·) and fv(·) are agent-agent edge,
agent-context edge, and agent node update functions, respectively. Different types of nodes
(agents) use different embedding functions. Note that the attributes of the context node are
never updated and the edge attributes only serve as intermediates for the update of agent node
attributes. These f(·) functions are implemented by deep networks with proper architectures.
At this time, we obtain a complete set of node/edge attributes which include the information
of direct (first-order) interaction. The higher-order interactions can be modeled by multiple
loops of equations (5.4)-(5.6), in which the social node attributes and edge attributes are
updated by turns. Note that the self-attribute is fixed in the whole process.

Interaction Graph

The interaction graph represents interaction patterns with a distribution of edge types for
each edge, which is built on top of the observation graph. We set a hyperparameter L to
denote the number of possible edge types (interaction types) between pairwise agent nodes to
model agent-agent interactions. Also, there is another edge type that is shared between the
context node and all agent nodes to model agent-context interactions. Note that “no edge”
can also be treated as a special edge type, which implies that there is no message passing
along such edges. More formally, the interaction graph is a discrete probability distribution
q(G|X1:Th ,C1:Th) or q(G|X1:Th ,C), where G = {zij, i, j ∈ {1, ..., N}} ∪ {zic, i ∈ {1, ..., N}} is
a set of interaction types for all the edges, and zij and zic are random variables to indicate
pairwise interaction types for a specific edge.

Encoding

The goal of the encoding process is to infer a latent interaction graph from the observation
graph, which is essentially a multi-class edge classification task. We employ a softmax function
with a continuous approximation of the discrete distribution [123] on the last updated edge
attributes to obtain the probability of each edge type, which is given by

q(zij |X1:Th ,C) = Softmax((e2
ij + g)/τ), i, j ∈ {1, ..., N}, (5.7)

where g is a vector of independent and identically distributed samples drawn from Gumbel(0, 1)
distribution and τ is the Softmax temperature, which controls the sample smoothness. We
also use the repramatrization trick to obtain gradients for backpropagation. The edge type
between context node and agent nodes zic, without loss of generality, is hard-coded with
probability one. For simplicity, we summarize all the operations in the observation graph and
the encoding process as q(z|X1:Th ,C) = fenc(X1:Th ,C), which gives a factorized distribution
of zij.
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Decoding

Since in many real-world applications the state of agents has long-term dependence, a recurrent
decoding process is applied to the interaction graph and observation graph to approximate
the distribution of future trajectories p(XTh+1:Th+Tf |G,X1:Th ,C). The output at each time
step is a Gaussian mixture distribution with K components, where the covariance of each
Gaussian component is manually set equal. The detailed operations in the decoding process
consists of two stages: burn-in stage (1 ≤ t ≤ Th) and prediction stage (Th+ 1 ≤ t ≤ Th+Tf ),
which are given by

ẽijt =
∑L

l=1
zij,lf̃

l
e([h̃

i
t, h̃jt ]), MSGi

t =
∑

j 6=i
ẽijt , (5.8)

• 1 ≤ t ≤ Th (Burn-in stage):

h̃it+1 = GRUi([MSGi
t,x

i
t,vc], h̃

i
t), wi,kt+1 = fkweight(h̃

i
t+1), (5.9)

µi,kt+1 = xit + fkout(h̃
i
t+1), p(x̂it+1|z,xi1:t, c) =

∑K

k=1
wi,kt+1N (µi,kt+1, σ

2I), (5.10)

• Th + 1 ≤ t ≤ Th + Tf (Prediction stage):

h̃it+1 = GRUi([MSGi
t, x̂

i
t,vc], h̃

i
t), w

i,k
t+1 = fkweight(h̃

i
t+1), µi,kt+1 = x̂it + fkout(h̃

i
t+1), (5.11)

p(x̂it+1|z, x̂iTh+1:t,x
i
1:Th

, c) =
∑K

k=1
wi,kt+1N (µi,kt+1, σ

2I), (5.12)

Sample a Gaussian component from the mixture based on wi
t+1, Set x̂it+1 = µi,kt+1,

(5.13)

where MSG is a symbolic acronym for “message” here without specific meanings, h̃it is the
hidden state of GRUi at time t, wi,kt+1 is the weight of the kth Gaussian distribution at

time step t + 1 for agent i. f̃ le(·) is the edge update function of edge type l, fkweight(·) is a

mapping function to get the weight of the kth Gaussian distribution, and fkout(·) is a mapping
function to get the mean of the kth Gaussian component. Note that the predicted x̂it is
needed in equation (5.11). In the previous decoding step, we only have its corresponding
distribution p(x̂it|z, x̂iTh+1:t−1,x

i
1:Th

, c) from the previous step. We first sample a Gaussian
component from the mixture based on the component weights wit+1. Say we get the kth

component, then we set x̂jt as µj,kt , which is the trajectory with maximum likelihood within
this component. We fix the covariance σ as a constant. The nodes (agents) of the same type
share the same GRU decoder. During the burn-in stage, the ground-truth states are used;
while during the prediction stage, the state prediction hypotheses are used as the input at
the next time step iteratively. For simplicity, the whole decoding process is summarized as
p(XTh+1:Th+Tf |G,X1:Th ,C) = fdec(G,X1:Th ,C).

We provide an illustrative diagram of the decoding process, which is shown in Figure 5.2.
In this figure, without loss of generality we demonstrate the decoding process for only one
node in a five-node observation graph to illustrate how the decoding process works. Figure
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Figure 5.2: An illustrative diagram of the decoding process.

5.2(a) shows the observation graph, we choose the node on the right as an example. Figure
5.2(b) shows the process of using MLPs to process a specific edge, where zij,l, l = 1, 2, ..., L
denotes the probability of the edge belonging to a certain edge type l. The processed edges
are shown in red. Figure 5.2(c) shows the sum over every incoming edge attribute of this
node. Then we input the result into the decoding GRU. The decoding GRU outputs several
Gaussian components and their corresponding weights. We sample one specific Gaussian
component based on the weights. Then we use the µ of the sampled Gaussian distribution as
the output state at this step. µ is used as the input into the next decoding step (if it’s not
the burn-in step). We iterate the decoding process several times until the desired prediction
horizon is reached.

5.4.2 Dynamic Interaction Graph

In many applications, the interaction patterns recognized from the past time steps are likely
not static in the future. Instead, they are rather dynamically evolving throughout the
future time steps. Moreover, many interaction systems have multi-modal properties in its
nature. Different modalities afterwards are likely to result in different interaction patterns. A
single static interaction graph is neither sufficiently flexible to model dynamically changing
situations (especially those with abrupt changes), nor to capture all the modalities. Therefore,
we introduce an effective dynamic mechanism to evolve the interaction graph.

The encoding process is repeated every τ (re-encoding gap) time steps to obtain the latent
interaction graph based on the latest observation graph. Since the new interaction graph
also has dependence on previous ones, we also need to consider their effects. Therefore, a
recurrent unit (GRU) is utilized to maintain and propagate the history information, as well
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as adjust the prior interaction graphs. More formally, the calculations are given by

q(zβ|X1+βτ :Th+βτ ,C) = fenc(X1+βτ :Th+βτ ,C), (5.14)

q(z′β|X1+βτ :Th+βτ ,C) = GRU(q(zβ|X1+βτ :Th+βτ ,C),Hβ) (5.15)

where β is the re-encoding index starting from 0, zβ is the interaction graph obtained from
the static encoding process, z′β is the adjusted interaction graph with time dependence, and
Hβ is the hidden state of the graph evolution GRU. After obtaining G ′β = {z′β}, the decoding
process is applied to get the states of the next τ time steps,

p(XTh+βτ+1:Th+(β+1)τ |G′β,X1:Th , X̂Th+1:Th+βτ ,C) = fdec(G′β,X1:Th , X̂Th+1:Th+βτ ,C). (5.16)

The decoding and re-encoding processes are iterated to obtain the distribution of future
trajectories.

5.4.3 Uncertainty and Multi-Modality

Here we emphasize the efforts to encourage diverse and multi-modal trajectory prediction and
generation. In our framework, the uncertainty and multi-modality mainly come from three
aspects. First, in the decoding process, we output Gaussian mixture distributions indicating
that there are several possible modalities at the next step. We only sample a single Gaussian
component at each step based on the component weights which indicate the probability
of each modality. Second, different sampled trajectories will lead to different interaction
graph evolution. Evolution of interaction graphs contributes to the multi-modality of future
behaviors, since different underlying relational structures enforce different regulations on the
system behavior and lead to various outcomes. Third, directly training such a model, however,
tends to collapse to a single mode. Therefore, we employ an effective mechanism to mitigate
the mode collapse issue and encourage multi-modality. During training, we run the decoding
process d times, which generates d trajectories for each agent under specific scenarios. We
only choose the prediction hypothesis with the minimal loss for backpropagation, which is
the most likely to be in the same mode as the ground truth. The other prediction hypotheses
may have much higher loss, but it doesn’t necessarily imply that they are implausible. They
may represent other potential reasonable modalities.

5.4.4 Loss Function and Training

In our experiments, we first train the encoding / decoding functions using a static interaction
graph. Then in the process of training dynamic interaction graph, we use the pre-trained
encoding / decoding functions at the first stage to initialize the parameters of the modules
used in the dynamic training. This step is reasonable since the encoding / decoding functions
used in these two training process play similar roles and their optima are supposed to be
close. And if we train dynamic graphs directly, it will lead to longer convergence time and is
likely to be trapped into some bad local optima due to large number of learnable parameters.
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It is possible that this method may accelerate the whole training process and avoid some bad
local optima.

In the training process, our loss function is defined as follows:

LS = −Eq(z|X1:Th
,C)




N∑

i=1

Th+Tf∑

t=Th+1

K∑

k=1

wi,kt log pi,kt (xt|z,X1:Th , X̂Th+1:t−1,C)


 (Static), (5.17)

LD = −Eq(z′
β(t)
|X1+βτ :Th+βτ

,C)




N∑

i=1

Th+Tf∑

t=Th+1

K∑

k=1

wi,kt log pi,kt (xt|z′β(t),X1:Th , X̂Th+1:t−1,C)


 (Dynamic),

(5.18)

where q(·) denotes the encoding and re-encoding operations, which return a factorized dis-
tribution of zij or z′ij . The pi,kt (xt|z,X1:Th , X̂Th+1:t−1,C) and pi,kt (xt|z′β(t),X1:Th , X̂Th+1:t−1,C)
denote a certain Gaussian distribution.

5.5 Experiments

In this work, we validated the proposed framework EvolveGraph on one synthetic dataset
and three benchmark datasets for real-world applications: Honda 3D Dataset (H3D) [141],
NBA SportVU Dataset (NBA), and Stanford Drone Dataset (SDD) [148].

For the synthetic dataset, since we have access to the ground truth of the underlying
interaction graph, we quantitatively and qualitatively evaluate the model performance in
terms of both interaction (edge type) recognition and average state prediction error. For the
benchmark datasets, we evaluate the model performance in terms of two widely used standard
metrics: minimum average displacement error (minADE20) and minimum final displacement
error (minFDE20) [14]. The minADE20 is defined as the minimum average distance between
the 20 predicted trajectories and the ground truth over all the involved entities within
the prediction horizon. The minFDE20 is defined as the minimum deviated distance of 20
predicted trajectories at the last predicted time step. We also provide ablative analysis (right
part of Table 2-4), analysis on double-stage training, analysis on the selection of edge types
and re-encoding gap, and additional qualitative results in supplementary materials.

5.5.1 Datasets

Synthetic Particle Simulations

We designed a synthetic particle simulation to validate the performance of our model. In this
simulation, we have n particles in an x-y plane and all the locations of particles are randomly
initialized on the y > 0 half plane. The movement of these particles contains two phases,
corresponding to two interaction graphs. Initially, particles are rigidly connected to each
other and form a ”star” shape. More specifically, there is a virtual centroid and each particle
is rigidly connected to the centroid. it is equivalent to using a stick to connect the particle
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and the virtual centroid. And the distance between a certain particle and the centroid keeps
the same. The particles are uniformly distributed around the centroid, which means the angle
between two adjacent ”sticks” is 2π

n
. In the first phase, particles move as a whole, with both

translational and rotational motions. The velocity and angular velocity of the whole system
are randomly initialized in a certain range. Once any one of the particles reaches y = 0 (the
switching criterion), the movement of all the particles will transfer to the second phase. In
the second phase, particles are no longer connected to each other. The motion of one particle
will by no means affect the motion of the others. In other words, each particle keeps uniform
linear motions once the second phase begins. We generated 50k sample in total for training,
validation and testing.

Benchmark Datasets

• H3D [141]: A large scale full-surround 3D multi-object detection and tracking dataset,
which provides point cloud information and trajectory annotations for heterogeneous
traffic participants (e.g. cars, trucks, cyclists and pedestrians). We selected 90k samples
in total for training, validation and testing.

• NBA: A trajectory dataset collected by NBA with the SportVU tracking system, which
contains the trajectory information of all the ten players and the ball in real games.
We randomly selected 50k samples in total for training, validation and testing.

• SDD [148]: A trajectory dataset containing a set of top-down-view images and the
corresponding trajectories of involved entities, which was collected in multiple scenarios
in a university campus full of interactive pedestrians, cyclists and vehicles. We randomly
selected 50k samples in total for training, validation and testing.

5.5.2 Baseline Methods

We compared the performance of our proposed approach with the following baseline methods.
Please refer to the reference papers for more details.

For Synthetic Particle Simulations

• Corr. (LSTM): The baseline method for edge prediction in [77].

• LSTM (single) / LSTM (joint): The baseline methods for state sequence prediction in
[77].

• NRI (static): The NRI model with static latent graph [77].

• NRI (dynamic): The NRI model with latent graph re-evaluation at each time step [77].
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For Benchmark Datasets

• Social-LSTM [3]: The model encodes the trajectories with an LSTM layer whose hidden
states serve as the input of a social pooling layer.

• Social-GAN [45]: The model introduces generative adversarial learning scheme into
S-LSTM to improve performance.

• Social-Attention [179]: The model deals with spatio-temporal graphs with recurrent
neural networks, which is based on the architecture of Structural-RNN [66].

• Gated-RN [19]: The model infers relational behavior between road users and the
surrounding environment by extracting spatio-temporal features.

• Trajectron++ [152]: The approach represents a scene as a directed spatio-temporal
graph and extract features related to the interaction. The whole framework is based on
conditional variational auto-encoder.

• NRI [77]: The model is formulated as a variational inference task with an encoder-
decoder structure. This is the most related work.

• STGAT [62]: The model is a variant of graph attention network, which is applied to
spatio-temporal graphs.

• Social-STGCNN [132]: The model is a variant of graph convolutional neural network,
which is applied to spatio-temporal graphs.

5.5.3 Implementation Details

For all the experiments, a batch size of 32 was used and the models were trained for up to
20 epochs during the static graph learning stage and up to 100 epochs during the dynamic
graph learning stage with early stopping. We used Adam optimizer with an initial learning
rate of 0.001. The models were trained on a single TITAN Xp GPU. We used a split of 65%,
10%, 25% as training, validation and testing data.

Specific details of model components are introduced below:

• Agent node embedding function: for each different node type, a distinct two-layer
gated recurrent unit (GRU) with hidden size = 128.

• Context node embedding function: four-layer convolutional blocks with kernel
size = 5 and padding = 3. The structure is [[Conv, ReLU, Conv, ReLU, Pool], [Conv,
ReLU, Conv, ReLU, Pool]].

• Agent node update function: a three-layer MLP with hidden size = 128.
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Table 5.1: Comparison of Accuracy (Mean± Std in %) of Interaction (Edge Type) Recognition.

Corr.
(LSTM)

NRI
(dynamic)

EvolveGraph
(static)

EvolveGraph
(RNN

re-encoding)

EvolveGraph
(dynamic) Supervised

No Change 63.2±0.9 91.3±0.3 95.6±0.2 91.4±0.3 93.8±1.1 98.1±0.4
Change — 71.5±3.1 64.1±0.8 75.2±1.4 82.3±3.2 94.3±1.5

• Edge update function: for both agent-agent edges and agent-context edges, a distinct
three-layer MLP with hidden size = 128.

• Encoding function: a three-layer MLP with hidden size = 128.

• Decoding function: a two-layer gated recurrent unit (GRU) with hidden size = 128.

• Recurrent graph evolution module: a two-layer GRU with hidden size = 256.

Specific experimental details of different datasets are introduced below:

• Synthetic simulations: 2 edge types, re-encoding gap = 1, encoding horizon = 20.

• H3D dataset: 5 edge types, re-encoding gap = 5, encoding horizon = 5.

• NBA dataset: 6 edge types, re-encoding gap = 4, encoding horizon = 5.

• SDD dataset: 4 edge types, re-encoding gap = 5, encoding horizon = 5.

5.5.4 Synthetic Simulations: Particle Physics System

We experimented with a simulated particle system with change of relations. Multiple particles
are initially linked and move together. The links disappear as long as a certain criterion
on particle state is satisfied and the particles move independently thereafter. The model is
expected to learn the criterion by itself, and perform edge type prediction and trajectory
prediction. Since the system is deterministic in nature, we do not consider multi-modality in
this task.

We predicted the particle states at the future 50 time steps based on the observations of 20
time steps. We set two edge types in this task, which correspond to ”with link” and ”without
link”. The results of edge type prediction are summarized in Table 1, which are averaged over
3 independent runs. No Change means the underlying interaction structure keeps the same
in the whole horizon, while Change means the change of interaction patterns happens at
some time. It shows that the supervised learning baseline, which directly trains the encoding
functions with ground truth labels, performs the best in both setups and serves as a ”gold
standard”. Under the No Change setup, NRI (dynamic) is comparable to EvolveGraph (RNN
re-encoding), while EvolveGraph (static) achieves the best performance. The reason is that
dynamic evolution of interaction graph leads to higher flexibility but may result in larger
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Tim
e Step 54
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Figure 5.3: Visualization of latent interaction graph evolution and particle trajectories. (a)
The top two figures show the probability of the first edge type (”with link”) at each time
step. Each row corresponds to a certain edge (shown in the right). The actual times of graph
evolution are 54 and 62, respectively. The model is able to capture the underlying criterion
of relation change and further predict the change of edge types with nearly no delay. (b) The
figures in the last row show trajectory prediction results, where semi-transparent dots are
historical observations.

uncertainty, which affects edge prediction in the systems with static relational structures.
Under the Change setup, NRI (dynamic) re-evaluates the latent graph at every time step
during the testing phase, but it is hard to capture the dependency between consecutive graphs,
and the encoding functions may not be flexible enough to capture the evolution. EvolveGraph
(RNN re-encoding) performs better since it considers the dependency of consecutive steps
during the training phase, but it still captures the evolution only at the feature level instead
of the graph level. EvolveGraph (dynamic) achieves significantly higher accuracy than the
other baselines (except Supervised), due to the explicit evolution of interaction graphs.

We also provide visualization of interaction graphs and particle trajectories of random
testing cases in Figure 5.3. In the heatmaps, despite that the predicted probabilities fluctuate
within a small range at each step, they are very close to the ground truth (1 for ”with link”
and 0 for ”without link”). The change of relation can be quickly captured within two time
steps. The results of particle state prediction are shown in Figure 5.4. The standard deviation



CHAPTER 5. EVOLVEGRAPH: DYNAMIC RELATIONAL REASONING WITH
EVOLVING INTERACTION GRAPHS 89

0 10 20 30 40 50
Time Steps

0.00

0.05

0.10

0.15

0.20

0.25

Pr
ed

ict
io

n 
Er

ro
r

Legend
EvolveGraph (dynamic)
EvolveGraph (RNN encoding)
NRI (dynamic)
LSTM (single)
LSTM (joint)

Figure 5.4: Average prediction error of particle state.

was calculated over 3 runs. Within the whole horizon, EvolveGraph (dynamic) consistently
outperforms the other baselines with stable performance (small standard deviation).

5.5.5 H3D Dataset: Traffic Scenarios

We predicted the future 10 time steps (4.0s) based on the historical 5 time steps (2.0s).
The comparison of quantitative results is shown in Table 5.2, where the unit of reported
minADE20 and minFDE20 is meters in the world coordinates. Note that we included cars,
trucks, cyclists and pedestrians in the experiments. All the baseline methods consider the
relations and interactions among agents. The Social-Attention employs spatial attention
mechanisms, while the Social-GAN demonstrates a deep generative model which learns the
data distribution to generate human-like trajectories. The Gated-RN and Trajectron++ both
leverage spatio-temporal information to involve relational reasoning, which leads to smaller
prediction error. The NRI infers a latent interaction graph and learns the dynamics of agents,
which achieves similar performance to Trajectron++. The STGAT and Social-STGCNN
further take advantage of the graph neural network to extract relational features in the
multi-agent setting. Our proposed method achieves the best performance, which implies
the advantages of explicit interaction modeling via evolving interaction graphs. The 4.0s
minADE20 / minFDE20 are significantly reduced by 20.0% / 27.1% compared to the best
baseline approach (STGAT).

We also provide visualization of results. Figure 5.5(a) and Figure 5.5(b) show two random
testing samples from H3D results. We can tell that our framework can generate accurate and
plausible trajectories. More specifically, in Figure 5.5(a), for the blue prediction hypothesis
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Figure 5.5: Qualitative results of testing cases of H3D dataset. Dashed lines are historical
trajectories, solid lines are ground truth, and dash-dotted lines are prediction hypothesis.
White areas represent drivable areas and gray areas represent sidewalks. We plotted the
prediction hypothesis with the minimal ADE, and the heatmap to represent the distributions.
(a) Intersection; (b) Roundabout.

at the left bottom, there is an abrupt change at the fifth prediction step. This is because
the interaction graph evolved at this step (Our re-encoding gap τ was set to be 5 in this
case). Moreover, in the heatmap, there are multiple possible trajectories starting from this
point, which represent multiple potential modalities. These results show that the evolving
interaction graph can reinforce the multi-modal property of our model, since different samples
of trajectories at the previous steps lead to different directions of graph evolution, which
significantly influences the prediction afterwards. In Figure 5.5(b), each car may leave the
roundabout at any exit. Our model can successfully show the modalities of exiting the
roundabout and staying in it. Moreover, if exiting the roundabout, the cars are predicted to
exit on their right, which implies that the modalities predicted by our model are plausible
and reasonable.

5.5.6 NBA Dataset: Sports Games

We also predicted the future 10 time steps (4.0s) based on the historical 5 time steps (2.0s).
The comparison of quantitative results is shown in Table 5.3, where the unit of reported
minADE20 and minFDE20 is meters in the world coordinates. Note that we included both
players and the basketball in the experiments. The players are divided into two different types
according to their teams. The basketball players are highly interactive and behaviors often
change suddenly due to the reaction to other players. The baselines all consider the relations
and interactions among agents with different strategies, such as soft attention mechanisms,
social pooling layers, and graph-based representation. Owing to the dynamic interaction
modeling by evolving interaction graph, our method achieves significantly better performance
than state-of-the-art, which reduces the 4.0s minADE20 / minFDE20 by 22.1% / 18.1% with



CHAPTER 5. EVOLVEGRAPH: DYNAMIC RELATIONAL REASONING WITH
EVOLVING INTERACTION GRAPHS 92

respect to the best baseline (Social-STGCNN). Qualitative results and analysis can be found
in Section 7.3 in the supplementary materials.

Figure 5.6 show some visualizations of testing results on the NBA dataset. First, we tell
that in such cases the ball follows a player at most times, which implies that the predicted
results represent plausible situations. Second, most prediction hypotheses are very close to
the ground truth, even if some predictions are not similar to the ground truth, they represent
a plausible behavior. Third, the heatmaps show that our model can successfully predict most
reasonable future trajectories and their multi-modal distributions. More specifically, in the
first case of Figure 5.6, for the player of the green team in the middle, the historical steps
move forward quickly, while our model can successfully predict that the player will suddenly
stop, since he is surrounded by many opponents and he is not carrying the ball. In the second
case of Figure 5.6, our model shows that three pairs of players from different teams competing
against each other for chances. the defensing team is closer to the basket. and the player
carrying the ball is running quickly towards the basket. Two opponents are trying to defend
him. Such case is a very common situation in basketball games. In general, not only does
our model achieve high accuracy, it can also understand and predict most moving, stopping,
offending and defensing behaviors in basketball games.

5.5.7 SDD Dataset: University Campus

We predicted the future 12 time steps (4.8s) based on the historical 8 time steps (3.2s).
The comparison of quantitative results is shown in Table 5.4, where the unit of reported
minADE20 and minFDE20 is pixels in the image coordinates. Note that we included all the
types of agents (e.g. pedestrians, cyclists, vehicles)in the experiments, although most of them
are pedestrians. Our proposed method achieves the best performance. The 4.8s minADE20 /
minFDE20 are reduced by 26.1% / 26.8% compared to the best baseline approach (STGAT).

5.5.8 Ablative Analysis

We conducted ablative analysis on the benchmark datasets to demonstrate the effectiveness
of heterogeneous node types, dynamically evolving interaction graph and two-stage graph
learning. The best minADE20 / minFDE20 of each model setting are shown in the right parts
of Table 5.2, Table 5.3 and Table 5.4. The detailed descriptions of each model setup are
provided as follows:

• SG (same node type): This is the simplest model setting, where only a static
interaction graph is extracted based on the history information. The same node
embedding function is shared among all the agent nodes.

• SG: This setting is similar to the previous one, except that different node embedding
functions are applied to different types of agent nodes.
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Figure 5.6: Qualitative results of testing cases of the NBA dataset. The upper figures are
the visualization of predicted distributions, and the lower figures are the best prediction
hypotheses. The line colors indicate teams and blue lines are the trajectories of basketball.
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• RNN re-encoding: The interaction graph is re-encoded every τ time steps using an
RNN encoding process. Note that this is different from our model, since the RNN
encoding process only captures evolution of node attributes without explicitly modeling
the dependency of consecutive underlying interaction graphs.

• DG (single stage): This is our whole model, where the encoding, decoding functions
and the graph evolving GRU are all trained together from scratch.

• DG (double stage): This is our whole model with double stage interaction graph
learning, where the encoding, decoding functions trained at the first stage are employed
as an initialization in the second stage.

We conducted the ablative analysis in the following perspectives:

• SG (same node type) v.s. SG: We show the effectiveness of the distinction of agent
node types. According to the prediction results in Table 2, Table 3 and Table 4, utilizing
distinct agent-node embedding functions for different agent types achieves consistently
smaller minADE20 / minFDE20 than a universal embedding function. The reason is
that different types of agents have distinct behavior patterns or feasibility constraints.
For example, the trajectories of on-road vehicles are restricted by roadways, traffic rules
and physical constraints, while the restrictions on pedestrian behaviors are much fewer.
Moreover, since vehicles usually have to yield pedestrians at intersections, it is helpful
to indicate agent types explicitly in the model. With differentiation of agent types, the
4.0s minADE20 / minFDE20 are reduced by 4.7% / 5.8% on the H3D dataset, 8.6%
/ 5.8% on the NBA dataset. The 4.8s minADE20 / minFDE20 are reduced by 8.9% /
9.9% on the SDD dataset.

• SG v.s. RNN re-encoding v.s. DG (double stage): We compare the performance
of our method and SG / RNN encoding baselines. It is shown that the improvement
of RNN re-encoding is limited and the prediction errors are slightly smaller than
SG. Although both RNN re-encoding baseline and our method attempt to capture
the potential changes of underlying interaction graph at each time step, our method
achieves a significantly smaller prediction error consistently. A potential reason is
despite that the RNN re-encoding process is iteratively extracting the patterns from
node attributes (agent states), its capability of inferring graph evolution is limited.

• DG (single stage) v.s. DG (double stage): We show the effectiveness and necessity
of double-stage dynamic graph learning. It is shown that the double-stage training
scheme leads to remarkable improvement in terms of minADE20 / minFDE20 on all three
datasets. During the first training stage, the encoding / decoding functions are well
trained to a local optimum, which is able to extract a proper static interaction graph.
According to empirical findings, the encoding / decoding functions are sufficiently good
as an initialization for the second stage training after several epochs’ training. During
the second training stage, the encoding / decoding functions are initialized from the
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first stage and finetuned, along with the training of graph evolution GRU. This leads
to faster convergence and better performance, since it may help avoid some bad local
optima at which the loss function may be stuck if all the components are randomly
initialized. With the same hyperparameters, the single-stage / double-stage training
took about 25 / 14 epochs to reach their smallest validation loss on the NBA dataset
and 41 / 26 epochs on the H3D dataset. Compared to single-stage training, the 4.0s
minADE20 / minFDE20 of double-stage training are reduced by 12.0% / 15.5% on the
NBA dataset and 9.4% / 12.2% on the H3D dataset. The 4.8s minADE20 / minFDE20

are reduced by 13.7% / 13.9% on the SDD dataset.

5.5.9 Analysis on Edge Types and Re-encoding Gap

We also provide a comparison of minADE20 / minFDE20 (in meters) and testing running
time on the NBA dataset to demonstrate the effect of different numbers of edge types and
re-encoding gaps. In Figure 5.7(a), it is shown that as the number of edge type increases, the
prediction error first decreases to a minimum and then increases, which implies too many
edge types may lead to overfitting issues, since some edge types may capture subtle patterns
from data which reduces generalization ability. The cross-validation is needed to determine
the number of edge types. In Figure 5.7(b), it is illustrated that the prediction error increases
consistently as the re-encoding gap raises, which implies more frequent re-identification of
underlying interaction pattern indeed helps when it evolves along time. However, we need to
trade off between the prediction error and testing running time if online prediction is required.
The variance of minADE20 / minFDE20 in both figures are small, which implies the model
performance is stable with random initialization and various settings in multiple experiments.

5.6 Chapter Summary

In this work, we present a generic trajectory forecasting framework with explicit relational
reasoning among multiple heterogeneous, interactive agents with a graph representation.
Multiple types of context information (e.g. static / dynamic, scene images / point cloud density
maps) can be incorporated in the framework together with the trajectory information. In order
to capture the underlying dynamics of the evolution of relational structures, we propose a
dynamic mechanism to evolve the interaction graph, which is trained in two consecutive stages.
The double-stage training mechanism can both speed up convergence and enhance prediction
performance. The method is able to capture the multi-modality of future behaviors. The
framework is validated by synthetic physics simulations and multiple trajectory forecasting
benchmarks for different applications, which achieves state-of-the-art performance in terms
of prediction accuracy. For the future work, we will handle the prediction task involving a
time-varying number of agents with an extended adaptive framework. EvolveGraph can also
be applied to find the underlying patterns of large-scale interacting systems which involve a
large number of entities, such as very complex physics systems.
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Figure 5.7: The comparison of minADE20 / minFDE20 (in meters) and testing running time
of different model settings on the NBA dataset. We trained three models for each setting to
illustrate the robustness of the method. (a) Different numbers of edge types; (b) Different
re-encoding gaps. The testing running time is re-scaled to [0,1] for better illustration.
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Chapter 6

CMSMC: Generic Mixture Tracking
and Prediction Framework

6.1 Introduction

Effective tracking of surrounding objects and inference of their future motions are critical for
intelligent systems (e.g. autonomous vehicles and industrial robotics) to achieve safe and
high-quality decision making, motion planning and control. Although single-target tracking
problems have been well studied in literature, it still remains a challenge for multi-target
tracking due to multi-modality and selection of data association methods. The tracking
performance is also dependent on the prediction quality of state evolution models. In simple
scenarios where each entity behaves independently or with few interactions, state transition
models based on pure kinematics or dynamics can be accurate enough to make a short-term
forecasting. In many real-world applications where highly-interactive agents exist, however,
these models are not sufficient due to the inherent uncertainty of future behaviors and
interdependency among multiple entities. Also these models may be even not available due to
the essential complexity such as pedestrian behaviors. Above all, it is desired to have a unified
framework for tracking multiple agents and predicting their future motions simultaneously,
which takes the uncertainties and interactions into account.

Many studies on multi-target tracking have been conducted in recent decades, which can
be classified into two main categories. One category employs deep learning and computer
vision techniques to track objects by real-time detection on images and videos [165, 28], where
the bounding boxes of tracking targets can be obtained. The other category estimates the
state distribution of tracking targets through Bayesian inference methods. Kalman filter (KF)
[106] is a widely used estimator for linear systems while Extended Kalman filter (EKF) [115,
70] and Unscented Kalman filter (UKF) [201] are utilized in nonlinear systems. However, in
practice the state distribution cannot be well approximated by simple multivariate Gaussian
distribution. The sequential Monte Carlo (SMC) method (a.k.a. particle filter) [7, 46, 155,
175] thus has superiority over KF variants since no assumption on system model and state
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distribution is made. There are also research lying in the intersection of both categories [155],
in which Bayesian filters are utilized to provide a heuristic for forecasting the positions of
bounding boxes in future frames. In this paper, we only focus on tracking methods based on
recursive Bayesian state estimation where observation sequences can be obtained by sensor
fusion.

There are two popular solutions for multi-target tracking with SMC method. One is using
multiple instances of single object tracking where each entity is assumed to be independent.
However, independence is not an appropriate assumption for interactive targets. The other is
using dynamic state space extension to model the joint distribution of all the objects’ states.
However, the dimension of state space will blow up as target number increases. To overcome
the challenges and deficiencies of existing methods, we propose a uniform framework which
makes a bridge for multi-target tracking and multi-agent prediction. Instead of assuming
each tracking target behaves independently, we take the interactions into consideration to
enhance tracking.

The main contributions of this work are summarized as follows:

• We propose a constrained mixture sequential Monte Carlo (CMSMC) method in which
a mixture representation is incorporated in the estimated posterior distribution to
maintain multi-modality. Multiple targets can be tracked simultaneously within a
unified framework without explicit data association between observations and tracking
targets. Any form of prediction models can be employed as the implicit proposal
distribution of CMSMC method.

• We propose to employ the prediction model as an implicit proposal distribution of
CMSMC method and formulate a unified tracking and prediction framework, which is
able to handle occlusions and sensor failures.

6.2 Related Work

In real-world tracking problems, there are commonly linear or nonlinear constraints on the
estimated states. For instance, there are upper limits for the absolute value of acceleration
and steering angle raised by dynamics feasibility restriction for vehicle tracking; the positions
and velocities are also limited in proper ranges due to traffic rules. To enable incorporation
of constraints, a constrained version of KF and its variants was proposed to handle linear or
linearized systems [169]. The constrained particle filter was also investigated to cope with
nonlinear systems with complicated constraints through an acceptance/rejection procedure
[84]. In [158], an additional optimization technique is employed to further improve the
efficiency and robustness. The concept of mixture tracking was first proposed in [180] and
applied to football player tracking in a sequence of video frames.

In this work, we modify the original formulation of mixture tracking and generalize it to
be adapted to general nonlinear discrete-time systems. Also, we add a constraint handling
step in the mixture sequential Monte Carlo method to enhance tracking and prediction
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performance as well as to suggest potential constraint incorporation strategies. This step
does not affect the theoretical convergence properties.

6.3 Constrained Mixture Sequential Monte Carlo

In this section, we first present the theory of recursive constrained Bayesian state estimation
with a mixture model representation. Since it is intractable and hard to obtain a closed-form
estimated distribution, the constrained mixture sequential Monte Carlo approach is proposed
to approximate the prior and posterior state distributions. The convergence analysis and
practical implementation guides are provided.

6.3.1 Recursive Constrained Mixture Bayesian State Estimation

Consider a general nonlinear discrete-time state space system with equality and (or) inequality
constraints on the state which can be formulated as

xk = qk−1(xk−1, ek−1,vk−1),

zk = hk(xk,wk),

xk ∈ Sxk ,

(6.1)

where the subscript k denotes the time step, x, e, z,v,w denote the state vector, the exterior
information, the measurement vector, the process noise and the measurement noise, respec-
tively. Note that the random variable e is involved in our work since the state evolution
can be affected by exterior factors, which rarely emerges in the canonical formulation. Sxk

denotes the feasible state set satisfying all the constraints. q(·) represents the process model
(a.k.a. system dynamics model) and h(·) represents the measurement model. The process
model and measurement model can be time-invariant or time-variant and the noise value can
be sampled from arbitrary distributions.

The recursive state-constrained Bayesian estimation consists of two steps:

Step 1: Prior (Prediction) Update:

f(xk|zk−1) =

∫

ek−1

∫

xk−1∈Sxk−1

[f(xk|xk−1, ek−1)f(xk−1, ek−1|zk−1)]dek−1dxk−1, (6.2)

Step 2: Measurement Update:

f(xk|zk) =
f(zk|xk)f(xk|zk−1)∫

xk∈Sxk
f(zk|xk)f(xk|zk−1)dxk

, (6.3)

where f(·) represents the probability density function and zk = (z1, · · · , zk) represents the
measurement up to time step k. The initial state distribution is set to be f(x0|z0) which is
adaptive to the initial measurement.
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The above formulation works well for estimating unimodal distributions which is widely
used in single object tracking. However, it does not perform well in multi-modal distribution
estimation as well as in multi-object tracking problems since the estimated distribution tends
to degenerate to be unimodal along time (e.g. due to particle weight degeneracy in SMC).
Therefore, the mixture model formulation is utilized to maintain multiple modalities, which
requires no distribution parameterization assumptions. The posterior state distribution can
be written as

f(xk|zk) =
M∑

m=1

πm,kfm(xk|zk), (6.4)

where M denotes the component number of the mixture model, πm,k denotes the m-th

component weight at time step k and
∑M

m=1 πm,k = 1. Assuming that the posterior state
distributions for each mixture component at time step k − 1, i.e. fm(xk−1|zk−1) has been
obtained from the last measurement update and the exterior information ek−1 is independent
from xk−1, we can calculate the new prior state distribution by

f(xk|zk−1) =
M∑

m=1

πm,k−1

∫

ek−1

∫

xk−1

[fm(xk|xk−1, ek−1)

×fm(xk−1|zk−1)fm(ek−1|zk−1)]dxk−1dek−1.

(6.5)

When a new measurement is taken in, the prior state distribution is substituted into (6.3),
which leads to

f(xk|zk) =

∑M
m=1 πm,k−1fm(zk|xk)fm(xk|zk−1)∑M

n=1 πn,k−1

∫
xk∈Sxk

fn(zk|xk)fn(xk|zk−1)dxk
. (6.6)

The new posterior distribution and mixture weight for the m-th component can be obtained
through following equations:

fm(xk|zk) =
fm(zk|xk)fm(xk|zk−1)∫

xk∈Sxk
fm(zk|xk)fm(xk|zk−1)dxk

, (6.7)

πm,k =
πm,k−1

∫
xk∈Sxk

fm(zk|xk)fm(xk|zk−1)dxk
∑M

n=1 πn,k−1

∫
xk∈Sxk

fm(zk|xk)fm(xk|zk−1)dxk

= πm,k−1fm(zk|zk−1)/
M∑

n=1

πn,k−1fn(zk|zk−1).

(6.8)

The above recursive process can be applied to each individual component which only interacts
with others by the adaptive adjustment of component weights in each iteration.
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6.3.2 CMSMC Approximation

In order to approximate the constrained mixture state estimation recursion, we propose
a constrained mixture sequential Monte Carlo approach which can adopt arbitrary state
evolution models as implicit proposal distribution. The CMSMC approximation is represented
by six sets of variables: state vector x, particle normalized weight w, particle unnormalized
weight w̄, the component identity c that indicates which component the particle pertains
to, and the feasibility indicator I which reveals whether the state vector of this particle is
inside the feasible region. We set I = 1 for feasible particles while I = 0 for unfeasible ones.
A self-contained particle state formulation is defined as

p
(i)
k = [x

(i)
k w

(i)
k w̄

(i)
k c

(i)
k π

(i)
k I(i)

k ], (6.9)

where the subscript k denotes the time step and the superscript (i) denotes the particle
identity.

Rather than only estimate the state vector at the current time step, the proposed CMSMC
method is able to estimate the whole state profile, which gives

f̂(xk(i)|zk−1) =
M∑

m=1

fm(xk(i)|xk−1(i), ek−1, zk−1)fm(xk−1(i), ek−1|zk−1), (6.10)

where xk(i) = (x
(i)
1 , · · · ,x(i)

k ) represents the whole trajectory of the i-th particle. Since the
algorithm complexity will increase much if a marginalization process is implemented to obtain
f̂(xk|zk) from f̂(xk|zk), a widely used simplification [155] is employed as

f(xk|zk) ≈ f̂(xk|zk) =
M∑

m=1

πm,k
∑

i∈Cm

w
(i)
k δ(x

(i)
k − xk),

M∑

m=1

πm,k = 1,
∑

i∈Cm

w
(i)
k = 1, m = 1, ...,M,

(6.11)

where δ(·) denotes the Dirac delta function and Cm denotes the particle identity set corre-
sponding to the m-th component. The details of the CMSMC procedure are introduced
below, where we denote Np as the total amount of particles.

Initialization

The initial particles are randomly sampled from the feasible regions of initial state distribution
f(x0|z0) with equal weight 1/Np, which automatically guarantees that the state constraints
are satisfied.
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Sxk

Figure 6.1: An illustrative diagram of incorporating state constraints. (The whole state
space is represented by the cube and the feasible region is represented by a polytope which is
restricted by four linear inequality constraints and one nonlinear inequality constraint. The
red points and yellow points signify the feasible particles and unfeasible ones which may be
rejected or assigned a zero weight, respectively.)

Prior (Prediction) Update & Measurement Update

The sequential importance sampling (SIS) technique [155] is employed in this step. We
incorporate a proposal distribution fpm(xk|xk−1, ek−1, zk) for each component from which the
new particles are sampled and obtain that

f(xk|zk−1) =
M∑

m=1

πm,k−1

∫

ek−1

∫

xk−1∈Sxk−1

[fpm(xk|xk−1, ek−1,

zk)
fm(xk|xk−1, ek−1)

fpm(xk|xk−1, ek−1, zk)
fm(xk−1, ek−1|zk−1)]dek−1dxk−1.

(6.12)

Here we provide two strategies of incorporating constraints:
(i) For the m-th mixture component, sample a new state vector xk for each existing

particle from the proposal distribution fpm(xk|xk−1, ek−1, zk) only once and check whether

xk ∈ Sxk is satisfied. Set I(i)
k to be unity if xk ∈ Sxk ; otherwise, set I(i)

k to be zero. Then
calculate the new weights for the particles by

w̄
(i)
k = I(i)

k · w
(i)
k−1

fm(x
(i)
k |x

(i)
k−1, ek−1)fm(zk|x(i)

k )

fpm(x
(i)
k |x

(i)
k−1, ek−1, zk)

, (6.13)

w
(i)
k = w̄

(i)
k /

∑

j∈Cm

w̄
(j)
k . (6.14)

The posterior distribution of the m-th component can be properly approximated by the new
particle set.

(ii) An alternative strategy is similar to (i) except that the new state vector xk needs
re-sampling until xk ∈ Sxk is satisfied. The corresponding particle weight is updated by (6.15)



CHAPTER 6. CMSMC: GENERIC MIXTURE TRACKING AND PREDICTION
FRAMEWORK 103

instead of (6.13)

w̄
(i)
k = w

(i)
k−1

fm(x
(i)
k |x

(i)
k−1, ek−1)fm(zk|x(i)

k )

fpm(x
(i)
k |x

(i)
k−1, ek−1, zk)

. (6.15)

After obtaining the new particle weights, the component weights can be maintained
accordingly by

πm,k =
πm,k−1

∫
xk∈Sxk

fm(zk|xk)fm(xk|zk−1)dxk
∑M

n=1 πn,k−1

∫
xk∈Sxk

fm(zk|xk)fm(xk|zk−1)dxk

≈ πm,k−1

∑

i∈Cm

w̄
(i)
k /

M∑

n=1

πn,k−1

∑

j∈Cn

w̄
(j)
k .

(6.16)

There can be a particle re-sampling step for each component like canonical sequential Monte
Carlo methods to avoid weight degeneracy if necessary.

Reclustering

Due to the long-term evolution of particles, the particle belonging to one component may
become spatially close to another component, which requires a re-clustering step. Without
loss of generality, in this work we employ the k-medoids approach where k equals the number
of components. This does not change the estimated posterior distribution thus not affect the
convergence analysis.

Mixture Component Weight Update

Since particles may transfer among different components, the component weights need to be
updated to maintain the same distribution by

f̂(xk|zk) =
M∑

m=1

π′m,k
∑

i∈C′m

w′
(i)
k δ(x

(i)
k − xk),

π′m,k =
∑

i∈C′m

π
c
(i)
k ,k

w
(i)
k , w′

(i)
k = (π

c
(i)
k ,k

/π′
c
(i)
k ,k

)w
(i)
k .

(6.17)

6.3.3 Convergence Analysis

Many research efforts have been devoted to investigate the theoretical convergence properties
of canonical sequential Monte Carlo methods such as [24, 83]. This subsection provides
a concise convergence analysis of the proposed CMSMC method based on the following
propositions for canonical SMC adapted from [83] where the exhaustive proofs can be found.

Proposition 1. If the state transition distribution f(xk|xk−1) is continuous and for ∀k,
0 < f(zk|xk) ≤ C(k, zk) <∞ is satisfied, then for ∀k and ∀zk, ||f̂(xk|zk)− f(xk|zk)||1 → 0
as the particle number Np →∞.
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Proposition 2. Under the conditions in Proposition 1, the approximated distribution by
particles f̂(xk|zk) converges to the true posterior distribution at the rate of 1/

√
Np.

Due to the decomposability of mixture components in the CMSMC formulation, the
convergence property can be evaluated at component level. The state transition distribution
can be calculated as

f(xk|xk−1) =
M∑

m=1

πm,k−1

∫

ek−1

fm(xk|xk−1, ek−1), (6.18)

which is continuous and the likelihood value fm(zk|xk) is bounded. Moreover, the reclustering
process does not essentially modify the particle representation. Therefore, the convergence
property in Proposition 1 also applies.

6.3.4 Practical Implementation Guides

Constraint Incorporation

The two constraint incorporation strategies have advantages on different aspects. Therefore,
the choice should be made according to emphasis on the performance in a particular problem.
The first strategy can guarantee the feasibility of the nonzero-weighted particles as well as
keep the least computational cost since there is no multiple sampling process for a particular
particle. This works well if the proposal distribution is properly chosen and the constraints
are not hard to satisfy. Otherwise, there will be more and more rejected particles along time
which results in a significant reduction of particle amount and low estimation quality even
divergence. Under such situations, the second strategy which maintains a constant size of
the particle set is the better choice despite larger computational cost.

There is another intuitive strategy which only samples the new particles once and pushes
the unfeasible ones to the boundary of the feasible region. However, this is very hard to
implement, especially when the boundary is highly nonlinear. Moreover, it may result in a
high density around the boundary which leads to a large deviation to the true distribution.

Proposal Distribution

In order to obtain a approximated posterior distribution, the optimal proposal distribution is

fpm(xk|x(i)
k−1, ek−1, zk) = fm(xk|x(i)

k−1, ek−1, zk), (6.19)

which has no influence on the particle weight variance. However, it is usually difficult
to properly sample from this distribution and the weight update process brings much
computational cost. A widely used alternative is

fpm(xk|x(i)
k−1, ek−1, zk) = fm(xk|x(i)

k−1, ek−1), (6.20)
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which is easy to sample from and can significantly simplify the weight update equation (6.13)
and (6.15) into

w̄
(i)
k = I(i)

k · w
(i)
k−1fm(zk|x(i)

k ), (6.21)

w̄
(i)
k = w

(i)
k−1fm(zk|x(i)

k ). (6.22)

In this work, we employed this proposal distribution in all the experiments.

Resampling Strategy

In order to avoid weight degeneracy, the particles need to be resampled when necessary. A
straightforward way is to resample at each iteration. However, this is only suitable for offline
implementation since it may ruin the real-time capability of the algorithm due to the large
computational cost. A better choice is to use the effective number criterion [155] where

Neff,k =
Np

1 +
Σ(w

(i)
k )

[µ(w
(i)
k )]2

≈ 1
∑Np

i=1(w
(i)
k )2

. (6.23)

If Neff,k is less than a proper threshold Nth, then the resampling process applies. A comparison
study of the resampling algorithms is provided in [31]. In this work, we utilized systematic
resampling in all the experiments.

Real-time Capability

The real-time performance of proposed CMSMC approach is mainly dependent on the follow-
ing factors: i) common: particle amount, resampling frequency and constraint incorporation
strategy; ii) problem-specific: target number, model complexity and proposal distribution
sampling efforts. It is natural that more particles lead to a better approximation of distri-
butions. However, in many cases it is likely that when the particle amount is large enough,
adding particles will increase computational cost but bring little performance improvement.
Therefore, a tradeoff on particle amount should be made by choosing the best setup through
multiple experiments. Another consideration is to dynamically adjust particle number such
as reduce particles after convergence and add particles when they tend to diverge or the
tracking accuracy tends to decrease.

Divergence Alert

In real-time applications, it is crucial to set up a divergence alert mechanism to decide
whether to adjust particle amount or even reinitialize the algorithm. There are two efficient
divergence indicators: the effective number Neff and raw likelihood values of particles. If they
are less than properly chosen thresholds, the divergence alert will be activated.
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Figure 6.2: The diagram of CMSMC-based tracking and prediction framework.

6.4 Generic Tracking and Prediction Framework

In this section, we propose a generic tracking and prediction framework based on the
constrained mixture sequential Monte Carlo approach, whose flow diagram is illustrated
in Figure 6.2. The framework has a closed-loop structure which falls into three stages:
initialization, particle update and mixture update. A summarized implementation procedure
of the framework can be found in Algorithm 2.

The framework has two function modes: tracking mode and prediction mode. In each
iteration of the tracking mode, there is a “measurement missing assertion” step through
setting a proper distance threshold to check whether the new measurement of tracking targets
are lost due to complete occlusion or sensing failure. If so, the current step is treated as a
prediction problem thus without measurement update.

In the real-world applications, the number of tracking targets may fluctuate along time
due to object emergence and disappearance as well as merging and splitting. Therefore,
an adaptive adjustment mechanism is required so that the difference between component
number and true target quantity is minimized. Therefore, a “Remove & Add & Merge” step
is employed to adaptively adjust the component number, which is introduced in detail below.
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Algorithm 2: CMSMC-based Tracking and Prediction

Require:
1. Function Mode (FM): tracking (0) or prediction (1);
2. Mixture Update Mode (MUM): fixed component number (0) or adaptive
component number (1);
3. Initial component number M0;
4. Initial particle amount for each component nc;

the total particle amount is Np = M0nc accordingly;
1: StopF lag ← 0; k ← 1;
2: Initialization: draw initial particles {x(i)

0 : i = 1, ..., Np} according to a
known f(x0|z0) with equal weights;

3: while StopF lag = 0 do
4: Prior Update: sample x

(i)
k from the proposal distribution

x
(i)
k ∼ fpm(xk|x(i−1)

k−1 , ek−1, zk) using one of the constraint incorporation strategies;
5: if FM = 0 then
6: Measurement Update: calculate the unnormalized particle weights by (6.13) or

(6.15) and normalized weights by (6.14); If Neff,k < Nth, resample by the
systematic resampling algorithm or any other proper strategies;

7: end if
8: if MUM = 1 then
9: Adjust the component number adaptively as illustrated and obtain the new

component number M ′; M ←M ′;
10: end if
11: Recluster the particles and calculate the new component weights by (6.17);

k ← k + 1;
12: end while

(i) Remove: the components are removed if the corresponding weights are less than πth or
the mean point is outside the observation area;

(ii) Add : the component number will increase by one if the amount of particles assigned
to a certain measurement in the last iteration is less than Nmth which we treat as a new
target emergence. New particles are drawn around the new target;

(iii) Merge: the two components are merged when their distance is less than dth. We
employ the distance metric proposed in [48] for component m and n

dist(m,n) =

∫
[f̂m(x)− f̂n(x)]2dx∫

f̂m(x)2dx +
∫
f̂n(x)2dx

. (6.24)

Since the mixture representation is non-parametric which makes the distance metric intractable
to evaluate, we fit a Gaussian distribution to each component and obtain the approximated
means µ̂m and variances Σ̂m which are then substituted into (6.24). The distance metric is
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approximated by

dist(m,n) ≈ |4πΣ̂m|−
1
2 + |4πΣ̂n|−

1
2 − 2N (µ̂m|µ̂n,Σm+Σn)

|4πΣ̂m|−
1
2 + |4πΣ̂n|−

1
2

. (6.25)

6.5 Case Study I: Multivariate Dynamic System

In this section, we use the same numerical case as in Section 2.4 to demonstrate the effectiveness
and accuracy of the CMSMC-based tracking and prediction framework. Please refer to the
details of the multivariate dynamic system in Section 2.4. The superiority of CMSMC method
is demonstrated by a comparison with EKF and UKF. We use the prediction model HTSPM
introduced in Section 2.3.

6.5.1 CMSMC v.s. EKF/UKF

To illustrate the advantages of proposed CMSMC method, we compared its tracking perfor-
mance with EKF and UKF. Since linearization process is necessary for EKF, we adopted a
differentiable state equation

x1,k = x1,k−1 + 2x2,k−1∆T + x3,k−1∆T 2 + v1,k−1,

x2,k = x2,k−1 + x2
3,k−1∆T + v2,k−1,

x3,k = x3,k−1 + v3,k−1,

(6.26)

which is an approximation of the original state space model. We used 100 particles for each
mixture component in CMSMC and there were four tracking targets corresponding to four
different high-level behaviors. The performance comparisons are provided in Figure 6.3. It is
shown in Figure 6.3(a) that the UKF and CMSMC have comparable accuracy on state mean
values while EKF has a larger error especially during highly nonlinear stages, which indicates
that using a first-order approximation at the current state (which is only employed in EKF)
is not sufficient for estimating a general highly nonlinear system. Apart from mean values,
covariance is another critical indicator when evaluating an approximated distribution. To be
comparable with CMSMC, we sampled the same amount of particles using the estimated
means and covariance matrices of EKF and UKF and computed the Mean Absolute Error
(MAE) which is shown in Figure 6.3(b). The results indicate that CMSMC can achieve the
smallest MAE and the most stable tracking performance, which shows that CMSMC has
greater advantages when handling nonlinear systems with non-Gaussian noise. The particles
of CMSMC are visualized in Figure 6.3(c) which achieves a smooth and coherent tracking
performance.

6.5.2 HTSPM v.s. Other State Evolution Models

The HTSPM consists of the aforementioned DHMM and four independent state evolution
models corresponding to four high-level behaviors I, II, III and IV. We compared the tracking
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Table 6.1: MAE Value Comparisons of Tracking Performance for Numerical Case Study.

Model x1 x2 x3

DHMM + CGMR 1.43 0.51 0.71
DHMM + CP-MLP 1.15 0.38 0.57

DHMM + CP-LSTM 0.91 0.16 0.24
GGMR 2.98 0.74 1.12
P-MLP 1.67 0.61 0.88

P-LSTM 1.33 0.35 0.62
SSM 1.89 0.81 0.96

performance of proposed HTSPM with other state evolution models based on the CMSMC
framework in terms of the average of MAE values over the tracking horizon, which is
presented in Table 6.1. The Global Gaussian Mixture Regression (GGMR), P-MLP and
P-LSTM are unified models which are trained without separating different behaviors, which
means a single model is able to make predictions of all the behavior classes. The SSM refers
to the aforementioned approximated state space model (6.26). For both conditional and
unconditional models, the GMM has 20 mixture components and the neural network has
three hidden layers each with 64 units followed by a ReLU activation function. The input
noise is sampled from a three-dimensional normal distribution.

It can be seen that in general HTSPM can achieve lower MAE than the corresponding
behavior-unconditional versions, which illustrates the significance of recognition module. The
reasons are two folds. On the one hand, the behavior-unconditional models need to learn
a much more complex data distribution than behavior-conditional ones due to the variety
of motion patterns, which demands a more sophisticated architecture with larger learning
capacity. On the other hand, there tends to be mode collapse in behavior-unconditional
models since the optimization algorithm usually gets stuck at local optimums and provide an
averaged output of training cases which leads to undesired minimization of the loss functions.
Among the compared models, using LSTM achieved the lowest tracking error which implies
it is better at learning time dependencies of time-series. Moreover, note that overall learning-
based models can achieve better tracking accuracy than the approximated state space model,
which indicates high practicability and superiority of learning-based models in real-world
applications where true system models are unavailable.

6.6 Case Study II: On-Road Vehicles

In this section, we apply the proposed tracking and prediction framework to solve real-time
vehicle tracking problems in a highway scenario. We adopt the HTSPM presented in Section
2.3 as the prediction model in the tracking framework. We also use the same dataset and
experimental settings as Section 2.6. The details are omitted to avoid repetition.
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Table 6.2: ADE Value Comparisons of Tracking Performance of Vehicle Positions and
Velocities

Model Position (m) Velocity (m/s)

DHMM + CGMR 0.046 / 0.028 0.636 / 0.541
DHMM + CP-MLP 0.041 / 0.021 0.547 / 0.488

DHMM + CP-LSTM 0.038 / 0.024 0.582 / 0.473
GGMR 0.051 / 0.033 0.941 / 0.557

GP-MLP 0.043 / 0.029 0.812 / 0.617
GP-LSTM 0.044 / 0.031 0.847 / 0.656

CAM 0.082 / 0.067 1.936 / 1.614

For multi-target tracking, we sampled 100 initial particles for each tracked vehicle from a
Gaussian distribution with the mean at initial observations. The particle state contains vehicle
positions x, y and velocities ẋ, ẏ except that accelerations ẍ, ÿ are additionally considered
when using CAM. The comparisons of tracking performance in terms of Average Distance
Error (ADE) are illustrated in Table 6.2 where the first column corresponds to middle
car while the second one corresponds to the average of five surrounding cars. The bold
numbers indicate best performance. It is shown that learning-based vehicle motion models
can achieve much lower tracking errors than pure kinematic model. Moreover, with the
behavior recognition module on top of evolution module, the HTSPM is more capable of
capturing the true vehicle state evolution distribution.

6.7 Chapter Summary

In this chapter, a generic multi-target tracking and multi-agent probabilistic behavior predic-
tion framework based on constrained mixture sequential Monte Carlo (CMSMC) method is
proposed, which can track multiple entities simultaneously without explicit data association
with a unified representation and predict the joint distribution of their future motions or
states. A generic learning-based hierarchical time-series prediction model (HTSPM) was
also used to serve as an implicit proposal distribution in the prior update of Bayesian state
estimation. The proposed framework and models are validated by a numerical case study.
The results show that the proposed CMSMC method can achieve better tracking accuracy
than variants of KF in terms of both mean and variance of posterior distribution.
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Importance Estimation
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Chapter 7

RAIN: Reinforced Hybrid Attention
Inference Network

7.1 Introduction

Motion forecasting has been widely studied in various domains, such as physical systems,
human skeletons, and multi-agent interacting systems (e.g., traffic participants, sports players,
etc). The problem is formulated as to predict future states or trajectories based on historical
spatio-temporal observations. However, the observed information may be of different levels
of significance and in some situations not all the information is relevant for the forecasting.
Moreover, the key information may be varying as the situation evolves, which motivates the
forecasting approach to dynamically adjust its attention to different subsets of observations.
Here we provide two illustrative real-world examples where key information is naturally
selected based on either spatial relations or temporal dependencies. An on-road vehicle
usually only needs to pay attention to the traffic participants that are interacting or having a
conflict with itself, so only a subset of observations are indeed relevant when predicting its
future behavior. For human motion forecasting, it is observed that humans tend to repeat
their motions, which motivates dynamic attention to different segments of previous motions
given the current observation.

Attention mechanisms have been widely adopted to learn the relative importance of
elements. There are two major types of attention mechanisms in literature: soft attention and
hard attention [195]. The soft attention is usually performed by applying a score function to
input features followed by a softmax function to obtain the attention weights in the range of
[0, 1]. These operations are fully differentiable which can be trained by back-propagation with
typical gradient-based optimizers. However, the softmax function tends to assign non-zero
attention weights to irrelevant or unimportant elements, which dilutes the attention given
to the truly significant information [179, 159]. In contrast, the hard attention mechanism
can force the model to only pay attention to the relevant information while discard the
others entirely to reduce information redundancy. The hard attention weights can be only
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Figure 7.1: A high-level diagram of the proposed general prediction framework with key
information/element selection and ranking, which consists of two major parts: an RL-based
hard attention mechanism to discriminate key information from complete observations and a
soft attention mechanism to further figure out relative significance of the key information.
The whole procedure can be iteratively applied over time with a sliding window to enable
dynamic selection of key information to adapt to evolving situations.

binary: 0 (discarded) or 1 (retained). However, the hard attention is not differentiable
due to the argmax operation, which needs to be optimized by reinforcement learning (RL)
algorithms (e.g., deep Q-learning [131], policy gradient [191]). Recently, some alternatives to
the traditional hard attention have been proposed based on the approximation of evidence
lower bound (ELBO) [124], which can be trained end-to-end.

The general idea of selecting the most important information/elements with hard attention
has been applied to several different domains, such as computer vision and natural language
processing. Wu et al [193] introduced a key frame selection framework based on multi-agent
reinforcement learning for video based human activity recognition. Wang et al [181] presented
a framework for informative view selection from multiple indoor cameras to recognize human
actions. Gao et al [37] proposed a hard and channel-wise attention network for graph
representation learning. Shen et al [159] illustrated a reinforced self-attention network to
figure out sparse dependencies between tokens in a sentence.

However, the efficacy of hard attention in motion forecasting tasks, to the best of our
knowledge, still remains largely unexplored so far. Besides, many existing works including
the aforementioned ones, pre-define a fixed number of elements to pay attention to, which
may be unsatisfactory in the scenarios where the amount of key information/elements is
varying. For example, the motion of a certain entity in an interacting system may be affected
by a varying number of entities at different time, thus a fixed number of selected elements
may be redundant or insufficient in different situations. To address this issue, we propose a
reinforcement learning based hard attention mechanism for motion forecasting, which does
not enforce any constraints on the amount of key elements. It is even possible in some
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situations that no element or all the elements are selected based on their significance. In
the multi-agent setting with a graph representation, learning hard attention can also be
treated and interpreted as graph structure/topology learning [35, 108]. Since the selected key
information may be still at different levels of importance, we propose to employ soft attention
as a ranking mechanism to further discriminate relative importance.

To the best of our knowledge, we are the first to propose a hybrid attention based
framework for motion forecasting, which is illustrated in Figure 7.1. The main contributions
of this work are summarized as follows:

• We propose a general motion forecasting framework (named RAIN) with dynamic key
information/element selection and ranking via a hybrid attention mechanism.

• We propose an effective double-stage training pipeline with an alternating training
strategy to improve different modules in the framework alternatively.

• We instantiate the general framework and propose a novel graph-based model for
multi-agent trajectory forecasting. We also demonstrate the general idea on human
skeleton motion forecasting, where a state-of-the-art model [189] is employed as a part
of our framework. We validate the proposed framework on both domains and our
method achieves the state-of-the-art performance consistently.

7.2 Related Work

7.2.1 Trajectory/Motion Forecasting

Many research efforts have been devoted to motion forecasting in various domains. Here we
particularly provide a brief review of literature on physical systems, highly interactive traffic
scenarios and skeleton based human motions, which are closely related to this work.

Physical systems

Learning the dynamics of physical systems involving multiple interacting elements have
been studied in some recent works, either from simulated trajectories [8, 58, 77, 98] or from
generated videos [187, 168, 82], where graph neural network is used to model interactions.
Some of them assume a known graph topology based on prior knowledge, while the others
infer the underlying structure explicitly or implicitly. Our approach falls into the second
category, where we propose a novel fashion of relational inference based on reinforcement
learning.

Traffic scenarios

A number of works attempt to forecast future trajectories or behaviors of heterogeneous
traffic participants (e.g., pedestrians, vehicles, cyclists) [118, 62, 36, 80, 192, 93, 143, 121,
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19, 14, 119]. In order to model the relations or interactions between different entities, many
information aggregation techniques have been developed, including but not limited to, feature
concatenation [93], attention mechanisms [179, 104, 62, 80], social pooling [3, 27], message
passing across graphs [98, 62, 20], etc. Moreover, recent works are also putting more emphasis
on environmental modeling to leverage physical and semantic constraints such as road layout
and traffic rules in driving scenarios [38, 173, 143].

Human motions

Recurrent neural networks are widely utilized in human motion forecasting [66, 43, 34]. Recent
works also proposed to adopt feed-forward methods for effective encoding of long-term motion
history [126, 92]. Besides, attention mechanisms were also employed due to its flexibility and
efficacy. In [174], Tang et al adopted a frame-wise attention mechanism to summarize the
pose history. In [189], Mao et al proposed a motion attention based method, which achieved
the previous state-of-the-art performance. In this paper, we apply our hard attention module
on top of their soft attention model [189] to illustrate the efficacy of our proposed hybrid
attention based framework.

7.2.2 Attention Mechanisms

Attention mechanisms have been widely used in deep neural networks due to their efficacy and
efficiency for sequence modeling and information fusion. Existing works have demonstrated
the superiority of attention in a broad range of domains, such as natural language processing
[139, 159, 186], image captioning [195, 182, 5], saliency detection [114, 213], time-series
modeling [32, 144], human activity recognition [161, 18, 167]. Most of these papers either
solely apply soft attention to obtain contextual embeddings or solely apply hard attention
to select important elements. The only exception is [159] in which a hybrid attention was
presented to figure out sparse dependencies between sequential tokens in a sentence. However,
their method can only be applied to sequence modeling, which is hard to generalize to the
motion forecasting task of multi-agent interacting systems. For the motion forecasting task,
some existing works only adopt soft attention to weight the complete observed information
[179, 93, 62, 104, 80, 189], while our method can discriminate the most relevant elements via
the hybrid attention.

7.3 Problem Overview

Since the proposed approach can be widely applied to various domains, we introduce the
problem formulation in a general way. Define a multivariate dynamic system

Xt+1:t+Tf = f(Xt−Th+1:t,C), (7.1)

where Xt = {xit, i = 1, ..., N} denotes the system state at time t and C = {ci, i = 1, ..., N}
denotes optional context information or external factors. N is the total number of variables
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which have a specific meaning in different domains. The goal of this work is to approximate
the conditional distribution p(Xt+1:t+Tf |Xt−Th+1:t,C), where Th and Tf denote the history
and prediction horizon.

For a multi-agent interacting system, the variables refer to the involved homogeneous /
heterogeneous interacting entities, where the state may include position, velocity, etc. For
a multivariate time series such as human motions, the variables refer to a set of human
skeletons, where the state may include joint coordinates or relative angles.

In this work, we instantiate and apply the proposed general prediction framework il-
lustrated in Figure 7.1 to both multi-agent systems with spatially interacting agents (e.g.,
physical systems, traffic participants), and multivariate time series with temporal dependency
(e.g., skeleton-based human motions). For long-term prediction of multi-agent interacting
systems, we propose a novel, complete model architecture based on graph representation in
Section 7.4. For multivariate time series (i.e., human motions), we present an effective way
to build our proposed hard attention module on top of a state-of-the-art soft attention based
model for human motion prediction [189] in Section 7.6.

7.4 Multi-Agent Interacting System: Model

7.4.1 Model Overview

An illustrative diagram is shown in Figure 7.2 to introduce the pipeline and three major
components: graph message passing module (GMP), RL based hard attention module
(RL-HA) and soft graph attention based motion generator (SGA-MG), which cooperate
closely to improve the final prediction performance. More specifically, for the prediction of a
certain target entity, GMP collects information from other entities across graph G. RL-HA
discriminates the key relevant elements from the complete observations and provides SGA-MG
with an inferred relation graph G ′ with only selected edges, which is a natural generalization of
the traditional hard attention to graph representation. SGA-MG uses soft attention weights
to rank the relative importance of key information and generates future trajectories. The
prediction together with the ground truth provides rewards to RL-HA during the training
phase to guide the improvement of the RL edge selector. GMP is pre-trained to collect
contextual information across the whole graph. SGA-MG is pre-trained with a fully connected
topology in order to improve training efficiency and stability as well as to enable informative
initial reward.

7.4.2 Graph Message Passing

It is natural to represent a multi-agent system with N entities as a fully connected (FC)
graph G = (V , E), where V = {vi, i = 1, ..., N} and E = {eij, i, j = 1, ..., N}. vi denotes
node i’s attribute and eij denotes the edge attribute from sender node j to receiver node i.
The node attribute consists of a self-attribute to store the individual information, a social-
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<latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit>

x̂
t+

2
<latexit sha1_base64="u2vhcozvcEk+89j5Xcn91crkxfI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCIJSkCLosunFZwT6gCWEynbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3xd+N17JhWPozuYJMwNyTDiAacEtOSZh86IQOaEBEZ+kD3kuZfBWSP3zJpVt6bAi8QuSQ2VaHnmlzOIaRqyCKggSvVtKwE3IxI4FSyvOqliCaFjMmR9TSMSMuVm0/w5PtHKAAex1C8CPFV/b2QkVGoS+nqyCKrmvUL8z+unEFy6GY+SFFhEZ4eCVGCIcVEGHnDJKIiJJoRKrrNiOiKSUNCVVXUJ9vyXF0mnUbc1vz2vNa/KOiroCB2jU2SjC9REN6iF2oiiR/SMXtGb8WS8GO/Gx2x0ySh3DtAfGJ8/qEyWfg==</latexit><latexit sha1_base64="u2vhcozvcEk+89j5Xcn91crkxfI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCIJSkCLosunFZwT6gCWEynbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3xd+N17JhWPozuYJMwNyTDiAacEtOSZh86IQOaEBEZ+kD3kuZfBWSP3zJpVt6bAi8QuSQ2VaHnmlzOIaRqyCKggSvVtKwE3IxI4FSyvOqliCaFjMmR9TSMSMuVm0/w5PtHKAAex1C8CPFV/b2QkVGoS+nqyCKrmvUL8z+unEFy6GY+SFFhEZ4eCVGCIcVEGHnDJKIiJJoRKrrNiOiKSUNCVVXUJ9vyXF0mnUbc1vz2vNa/KOiroCB2jU2SjC9REN6iF2oiiR/SMXtGb8WS8GO/Gx2x0ySh3DtAfGJ8/qEyWfg==</latexit><latexit sha1_base64="u2vhcozvcEk+89j5Xcn91crkxfI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCIJSkCLosunFZwT6gCWEynbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3xd+N17JhWPozuYJMwNyTDiAacEtOSZh86IQOaEBEZ+kD3kuZfBWSP3zJpVt6bAi8QuSQ2VaHnmlzOIaRqyCKggSvVtKwE3IxI4FSyvOqliCaFjMmR9TSMSMuVm0/w5PtHKAAex1C8CPFV/b2QkVGoS+nqyCKrmvUL8z+unEFy6GY+SFFhEZ4eCVGCIcVEGHnDJKIiJJoRKrrNiOiKSUNCVVXUJ9vyXF0mnUbc1vz2vNa/KOiroCB2jU2SjC9REN6iF2oiiR/SMXtGb8WS8GO/Gx2x0ySh3DtAfGJ8/qEyWfg==</latexit><latexit sha1_base64="u2vhcozvcEk+89j5Xcn91crkxfI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCIJSkCLosunFZwT6gCWEynbRDJw9mbsQSs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c/xEcAWW9W0sLa+srq1XNqqbW9s7u+befkfFqaSsTWMRy55PFBM8Ym3gIFgvkYyEvmBdf3xd+N17JhWPozuYJMwNyTDiAacEtOSZh86IQOaEBEZ+kD3kuZfBWSP3zJpVt6bAi8QuSQ2VaHnmlzOIaRqyCKggSvVtKwE3IxI4FSyvOqliCaFjMmR9TSMSMuVm0/w5PtHKAAex1C8CPFV/b2QkVGoS+nqyCKrmvUL8z+unEFy6GY+SFFhEZ4eCVGCIcVEGHnDJKIiJJoRKrrNiOiKSUNCVVXUJ9vyXF0mnUbc1vz2vNa/KOiroCB2jU2SjC9REN6iF2oiiR/SMXtGb8WS8GO/Gx2x0ySh3DtAfGJ8/qEyWfg==</latexit>
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<latexit sha1_base64="3Fpc86V99oGh8TBTfucFF80u6rU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkIiiuim5cVugL2hAm00k7dPJg5kYsMQt/xY0LRdz6G+78GydtFlo9MHA4517umePFgiuwrC+jtLC4tLxSXq2srW9sbpnbO20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8CpswiZkTkGHIfU4JaMk19/oBgZHnp/eZm8JJ0x0d25eQuWbVqllT4L/ELkgVFWi45md/ENEkYCFQQZTq2VYMTkokcCpYVuknisWEjsmQ9TQNScCUk07zZ/hQKwPsR1K/EPBU/bmRkkCpSeDpyTytmvdy8T+vl4B/4aQ8jBNgIZ0d8hOBIcJ5GXjAJaMgJpoQKrnOiumISEJBV1bRJdjzX/5L2qc1W/Pbs2r9qqijjPbRATpCNjpHdXSDGqiFKHpAT+gFvRqPxrPxZrzPRktGsbOLfsH4+Aa4TJXi</latexit><latexit sha1_base64="3Fpc86V99oGh8TBTfucFF80u6rU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkIiiuim5cVugL2hAm00k7dPJg5kYsMQt/xY0LRdz6G+78GydtFlo9MHA4517umePFgiuwrC+jtLC4tLxSXq2srW9sbpnbO20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8CpswiZkTkGHIfU4JaMk19/oBgZHnp/eZm8JJ0x0d25eQuWbVqllT4L/ELkgVFWi45md/ENEkYCFQQZTq2VYMTkokcCpYVuknisWEjsmQ9TQNScCUk07zZ/hQKwPsR1K/EPBU/bmRkkCpSeDpyTytmvdy8T+vl4B/4aQ8jBNgIZ0d8hOBIcJ5GXjAJaMgJpoQKrnOiumISEJBV1bRJdjzX/5L2qc1W/Pbs2r9qqijjPbRATpCNjpHdXSDGqiFKHpAT+gFvRqPxrPxZrzPRktGsbOLfsH4+Aa4TJXi</latexit><latexit sha1_base64="3Fpc86V99oGh8TBTfucFF80u6rU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkIiiuim5cVugL2hAm00k7dPJg5kYsMQt/xY0LRdz6G+78GydtFlo9MHA4517umePFgiuwrC+jtLC4tLxSXq2srW9sbpnbO20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8CpswiZkTkGHIfU4JaMk19/oBgZHnp/eZm8JJ0x0d25eQuWbVqllT4L/ELkgVFWi45md/ENEkYCFQQZTq2VYMTkokcCpYVuknisWEjsmQ9TQNScCUk07zZ/hQKwPsR1K/EPBU/bmRkkCpSeDpyTytmvdy8T+vl4B/4aQ8jBNgIZ0d8hOBIcJ5GXjAJaMgJpoQKrnOiumISEJBV1bRJdjzX/5L2qc1W/Pbs2r9qqijjPbRATpCNjpHdXSDGqiFKHpAT+gFvRqPxrPxZrzPRktGsbOLfsH4+Aa4TJXi</latexit><latexit sha1_base64="3Fpc86V99oGh8TBTfucFF80u6rU=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkIiiuim5cVugL2hAm00k7dPJg5kYsMQt/xY0LRdz6G+78GydtFlo9MHA4517umePFgiuwrC+jtLC4tLxSXq2srW9sbpnbO20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPF17nfumFQ8CpswiZkTkGHIfU4JaMk19/oBgZHnp/eZm8JJ0x0d25eQuWbVqllT4L/ELkgVFWi45md/ENEkYCFQQZTq2VYMTkokcCpYVuknisWEjsmQ9TQNScCUk07zZ/hQKwPsR1K/EPBU/bmRkkCpSeDpyTytmvdy8T+vl4B/4aQ8jBNgIZ0d8hOBIcJ5GXjAJaMgJpoQKrnOiumISEJBV1bRJdjzX/5L2qc1W/Pbs2r9qqijjPbRATpCNjpHdXSDGqiFKHpAT+gFvRqPxrPxZrzPRktGsbOLfsH4+Aa4TJXi</latexit>

x̂
t�

T
h
+

3
<latexit sha1_base64="v9Z1cmFstntSfBaFWGKnsk4+EOA=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJVNBl0Y3LCr1BE8JkOmmGTi7MnIglBNz4Km5cKOLWl3Dn2zhps9DqDwMf/zmHOef3Es4kmOaXVllYXFpeqa7W1tY3Nrf07Z2ujFNBaIfEPBZ9D0vKWUQ7wIDTfiIoDj1Oe974uqj37qiQLI7aMEmoE+JRxHxGMCjL1ffsAENmhxgCz8/u89zN4KTtBsdnuavXzYY5lfEXrBLqqFTL1T/tYUzSkEZAOJZyYJkJOBkWwAinec1OJU0wGeMRHSiMcEilk01vyI1D5QwNPxbqRWBM3Z8TGQ6lnISe6iyWlfO1wvyvNkjBv3QyFiUp0IjMPvJTbkBsFIEYQyYoAT5RgIlgaleDBFhgAiq2mgrBmj/5L3RPG5bi2/N686qMo4r20QE6Qha6QE10g1qogwh6QE/oBb1qj9qz9qa9z1orWjmzi35J+/gGVbiX7w==</latexit><latexit sha1_base64="v9Z1cmFstntSfBaFWGKnsk4+EOA=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJVNBl0Y3LCr1BE8JkOmmGTi7MnIglBNz4Km5cKOLWl3Dn2zhps9DqDwMf/zmHOef3Es4kmOaXVllYXFpeqa7W1tY3Nrf07Z2ujFNBaIfEPBZ9D0vKWUQ7wIDTfiIoDj1Oe974uqj37qiQLI7aMEmoE+JRxHxGMCjL1ffsAENmhxgCz8/u89zN4KTtBsdnuavXzYY5lfEXrBLqqFTL1T/tYUzSkEZAOJZyYJkJOBkWwAinec1OJU0wGeMRHSiMcEilk01vyI1D5QwNPxbqRWBM3Z8TGQ6lnISe6iyWlfO1wvyvNkjBv3QyFiUp0IjMPvJTbkBsFIEYQyYoAT5RgIlgaleDBFhgAiq2mgrBmj/5L3RPG5bi2/N686qMo4r20QE6Qha6QE10g1qogwh6QE/oBb1qj9qz9qa9z1orWjmzi35J+/gGVbiX7w==</latexit><latexit sha1_base64="v9Z1cmFstntSfBaFWGKnsk4+EOA=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJVNBl0Y3LCr1BE8JkOmmGTi7MnIglBNz4Km5cKOLWl3Dn2zhps9DqDwMf/zmHOef3Es4kmOaXVllYXFpeqa7W1tY3Nrf07Z2ujFNBaIfEPBZ9D0vKWUQ7wIDTfiIoDj1Oe974uqj37qiQLI7aMEmoE+JRxHxGMCjL1ffsAENmhxgCz8/u89zN4KTtBsdnuavXzYY5lfEXrBLqqFTL1T/tYUzSkEZAOJZyYJkJOBkWwAinec1OJU0wGeMRHSiMcEilk01vyI1D5QwNPxbqRWBM3Z8TGQ6lnISe6iyWlfO1wvyvNkjBv3QyFiUp0IjMPvJTbkBsFIEYQyYoAT5RgIlgaleDBFhgAiq2mgrBmj/5L3RPG5bi2/N686qMo4r20QE6Qha6QE10g1qogwh6QE/oBb1qj9qz9qa9z1orWjmzi35J+/gGVbiX7w==</latexit><latexit sha1_base64="v9Z1cmFstntSfBaFWGKnsk4+EOA=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJVNBl0Y3LCr1BE8JkOmmGTi7MnIglBNz4Km5cKOLWl3Dn2zhps9DqDwMf/zmHOef3Es4kmOaXVllYXFpeqa7W1tY3Nrf07Z2ujFNBaIfEPBZ9D0vKWUQ7wIDTfiIoDj1Oe974uqj37qiQLI7aMEmoE+JRxHxGMCjL1ffsAENmhxgCz8/u89zN4KTtBsdnuavXzYY5lfEXrBLqqFTL1T/tYUzSkEZAOJZyYJkJOBkWwAinec1OJU0wGeMRHSiMcEilk01vyI1D5QwNPxbqRWBM3Z8TGQ6lnISe6iyWlfO1wvyvNkjBv3QyFiUp0IjMPvJTbkBsFIEYQyYoAT5RgIlgaleDBFhgAiq2mgrBmj/5L3RPG5bi2/N686qMo4r20QE6Qha6QE10g1qogwh6QE/oBb1qj9qz9qa9z1orWjmzi35J+/gGVbiX7w==</latexit>

x̂
t�

T
h
+

2
<latexit sha1_base64="lLIPnqnkDPs5ax3NYMvIQFPi9hs=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJiqDLohuXFXqDJoTJdNIMnVyYORFLCLjxVdy4UMStL+HOt3HSZqHVHwY+/nMOc87vJZxJMM0vrbK0vLK6Vl2vbWxube/ou3s9GaeC0C6JeSwGHpaUs4h2gQGng0RQHHqc9r3JdVHv31EhWRx1YJpQJ8TjiPmMYFCWqx/YAYbMDjEEnp/d57mbwVnHDU6buavXzYY5k/EXrBLqqFTb1T/tUUzSkEZAOJZyaJkJOBkWwAinec1OJU0wmeAxHSqMcEilk81uyI1j5YwMPxbqRWDM3J8TGQ6lnIae6iyWlYu1wvyvNkzBv3QyFiUp0IjMP/JTbkBsFIEYIyYoAT5VgIlgaleDBFhgAiq2mgrBWjz5L/SaDUvx7Xm9dVXGUUWH6AidIAtdoBa6QW3URQQ9oCf0gl61R+1Ze9Pe560VrZzZR7+kfXwDVDOX7g==</latexit><latexit sha1_base64="lLIPnqnkDPs5ax3NYMvIQFPi9hs=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJiqDLohuXFXqDJoTJdNIMnVyYORFLCLjxVdy4UMStL+HOt3HSZqHVHwY+/nMOc87vJZxJMM0vrbK0vLK6Vl2vbWxube/ou3s9GaeC0C6JeSwGHpaUs4h2gQGng0RQHHqc9r3JdVHv31EhWRx1YJpQJ8TjiPmMYFCWqx/YAYbMDjEEnp/d57mbwVnHDU6buavXzYY5k/EXrBLqqFTb1T/tUUzSkEZAOJZyaJkJOBkWwAinec1OJU0wmeAxHSqMcEilk81uyI1j5YwMPxbqRWDM3J8TGQ6lnIae6iyWlYu1wvyvNkzBv3QyFiUp0IjMP/JTbkBsFIEYIyYoAT5VgIlgaleDBFhgAiq2mgrBWjz5L/SaDUvx7Xm9dVXGUUWH6AidIAtdoBa6QW3URQQ9oCf0gl61R+1Ze9Pe560VrZzZR7+kfXwDVDOX7g==</latexit><latexit sha1_base64="lLIPnqnkDPs5ax3NYMvIQFPi9hs=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJiqDLohuXFXqDJoTJdNIMnVyYORFLCLjxVdy4UMStL+HOt3HSZqHVHwY+/nMOc87vJZxJMM0vrbK0vLK6Vl2vbWxube/ou3s9GaeC0C6JeSwGHpaUs4h2gQGng0RQHHqc9r3JdVHv31EhWRx1YJpQJ8TjiPmMYFCWqx/YAYbMDjEEnp/d57mbwVnHDU6buavXzYY5k/EXrBLqqFTb1T/tUUzSkEZAOJZyaJkJOBkWwAinec1OJU0wmeAxHSqMcEilk81uyI1j5YwMPxbqRWDM3J8TGQ6lnIae6iyWlYu1wvyvNkzBv3QyFiUp0IjMP/JTbkBsFIEYIyYoAT5VgIlgaleDBFhgAiq2mgrBWjz5L/SaDUvx7Xm9dVXGUUWH6AidIAtdoBa6QW3URQQ9oCf0gl61R+1Ze9Pe560VrZzZR7+kfXwDVDOX7g==</latexit><latexit sha1_base64="lLIPnqnkDPs5ax3NYMvIQFPi9hs=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCGJJiqDLohuXFXqDJoTJdNIMnVyYORFLCLjxVdy4UMStL+HOt3HSZqHVHwY+/nMOc87vJZxJMM0vrbK0vLK6Vl2vbWxube/ou3s9GaeC0C6JeSwGHpaUs4h2gQGng0RQHHqc9r3JdVHv31EhWRx1YJpQJ8TjiPmMYFCWqx/YAYbMDjEEnp/d57mbwVnHDU6buavXzYY5k/EXrBLqqFTb1T/tUUzSkEZAOJZyaJkJOBkWwAinec1OJU0wmeAxHSqMcEilk81uyI1j5YwMPxbqRWDM3J8TGQ6lnIae6iyWlYu1wvyvNkzBv3QyFiUp0IjMP/JTbkBsFIEYIyYoAT5VgIlgaleDBFhgAiq2mgrBWjz5L/SaDUvx7Xm9dVXGUUWH6AidIAtdoBa6QW3URQQ9oCf0gl61R+1Ze9Pe560VrZzZR7+kfXwDVDOX7g==</latexit>
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G <latexit sha1_base64="r5SQBr3a9pgt6fp87npaCKTb2+w=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3LX+4rDVuijrKcAKncA4+XEED7qEJLaCg4Ble4c1B58V5dz4WoyWn2DmGP3A+fwB5bpFd</latexit><latexit sha1_base64="r5SQBr3a9pgt6fp87npaCKTb2+w=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3LX+4rDVuijrKcAKncA4+XEED7qEJLaCg4Ble4c1B58V5dz4WoyWn2DmGP3A+fwB5bpFd</latexit><latexit sha1_base64="r5SQBr3a9pgt6fp87npaCKTb2+w=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3LX+4rDVuijrKcAKncA4+XEED7qEJLaCg4Ble4c1B58V5dz4WoyWn2DmGP3A+fwB5bpFd</latexit><latexit sha1_base64="r5SQBr3a9pgt6fp87npaCKTb2+w=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl0ocsK9gFtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeMBHcoOd9O6W19Y3NrfJ2ZWd3b/+genjUNirVlLWoEkp3Q2KY4JK1kKNg3UQzEoeCdcLJbe53npg2XMlHnCYsiMlI8ohTglbq9WOCY0pEdjcbVGte3ZvDXSV+QWpQoDmofvWHiqYxk0gFMabnewkGGdHIqWCzSj81LCF0QkasZ6kkMTNBNo88c8+sMnQjpe2T6M7V3xsZiY2ZxqGdzCOaZS8X//N6KUbXQcZlkiKTdPFRlAoXlZvf7w65ZhTF1BJCNbdZXTommlC0LVVsCf7yyaukfVH3LX+4rDVuijrKcAKncA4+XEED7qEJLaCg4Ble4c1B58V5dz4WoyWn2DmGP3A+fwB5bpFd</latexit>

G0 <latexit sha1_base64="u6Jk3V78CFt/EXZQd6sHqfc2W24=">AAAB83icbVBNS8NAFHypX7V+VT16WSyip5KIoMeiBz1WsLbQlLLZbtqlm03YfRFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+R++4lrI2L1gJOE9yI6VCIUjKKVfD+iOGJUZrfT03615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvUyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PG87ll+f1FrXBd1lOEIjuEMPLiEBtxBE1rAIIFneIU3J3VenHfnYz5acoqdQ/gD5/MH3feRjg==</latexit><latexit sha1_base64="u6Jk3V78CFt/EXZQd6sHqfc2W24=">AAAB83icbVBNS8NAFHypX7V+VT16WSyip5KIoMeiBz1WsLbQlLLZbtqlm03YfRFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+R++4lrI2L1gJOE9yI6VCIUjKKVfD+iOGJUZrfT03615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvUyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PG87ll+f1FrXBd1lOEIjuEMPLiEBtxBE1rAIIFneIU3J3VenHfnYz5acoqdQ/gD5/MH3feRjg==</latexit><latexit sha1_base64="u6Jk3V78CFt/EXZQd6sHqfc2W24=">AAAB83icbVBNS8NAFHypX7V+VT16WSyip5KIoMeiBz1WsLbQlLLZbtqlm03YfRFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+R++4lrI2L1gJOE9yI6VCIUjKKVfD+iOGJUZrfT03615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvUyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PG87ll+f1FrXBd1lOEIjuEMPLiEBtxBE1rAIIFneIU3J3VenHfnYz5acoqdQ/gD5/MH3feRjg==</latexit><latexit sha1_base64="u6Jk3V78CFt/EXZQd6sHqfc2W24=">AAAB83icbVBNS8NAFHypX7V+VT16WSyip5KIoMeiBz1WsLbQlLLZbtqlm03YfRFK6N/w4kERr/4Zb/4bN20O2jqwMMy8x5udIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY3+R++4lrI2L1gJOE9yI6VCIUjKKVfD+iOGJUZrfT03615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvUyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvL5PG87ll+f1FrXBd1lOEIjuEMPLiEBtxBE1rAIIFneIU3J3VenHfnYz5acoqdQ/gD5/MH3feRjg==</latexit>

x̂
t+

1
<latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit><latexit sha1_base64="mZXL52BEfBAZ7I+7jU/2nomNo+w=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglASEXRZdOOygn1AE8JkOmmHTiZh5kYsMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydIOFNg299GZWl5ZXWtul7b2Nza3jF39zoqTiWhbRLzWPYCrChngraBAae9RFIcBZx2g/F14XfvqVQsFncwSagX4aFgISMYtOSbB+4IQ+ZGGEZBmD3kuZ/BqZP7Zt1u2FNYi8QpSR2VaPnmlzuISRpRAYRjpfqOnYCXYQmMcJrX3FTRBJMxHtK+pgJHVHnZNH9uHWtlYIWx1E+ANVV/b2Q4UmoSBXqyCKrmvUL8z+unEF56GRNJClSQ2aEw5RbEVlGGNWCSEuATTTCRTGe1yAhLTEBXVtMlOPNfXiSds4aj+e15vXlV1lFFh+gInSAHXaAmukEt1EYEPaJn9IrejCfjxXg3PmajFaPc2Ud/YHz+AKbHln0=</latexit>
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2
<latexit sha1_base64="Ntps0K85kx9wZOZAZQLOuytcVIA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJakCLosunFZoS9oQ5hMJ+3QyYOZG7GG4K+4caGIW//DnX/jpM1CqwcGDufcyz1zvFhwBZb1ZZSWlldW18rrlY3Nre0dc3evo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43uc797h2TikdhC6YxcwIyCrnPKQEtuebBICAw9vz0PnNTOGu549N65ppVq2bNgP8SuyBVVKDpmp+DYUSTgIVABVGqb1sxOCmRwKlgWWWQKBYTOiEj1tc0JAFTTjpLn+FjrQyxH0n9QsAz9edGSgKlpoGnJ/OsatHLxf+8fgL+pZPyME6AhXR+yE8EhgjnVeAhl4yCmGpCqOQ6K6ZjIgkFXVhFl2Avfvkv6dRrtua359XGVVFHGR2iI3SCbHSBGugGNVEbUfSAntALejUejWfjzXifj5aMYmcf/YLx8Q1YbpUh</latexit><latexit sha1_base64="Ntps0K85kx9wZOZAZQLOuytcVIA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJakCLosunFZoS9oQ5hMJ+3QyYOZG7GG4K+4caGIW//DnX/jpM1CqwcGDufcyz1zvFhwBZb1ZZSWlldW18rrlY3Nre0dc3evo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43uc797h2TikdhC6YxcwIyCrnPKQEtuebBICAw9vz0PnNTOGu549N65ppVq2bNgP8SuyBVVKDpmp+DYUSTgIVABVGqb1sxOCmRwKlgWWWQKBYTOiEj1tc0JAFTTjpLn+FjrQyxH0n9QsAz9edGSgKlpoGnJ/OsatHLxf+8fgL+pZPyME6AhXR+yE8EhgjnVeAhl4yCmGpCqOQ6K6ZjIgkFXVhFl2Avfvkv6dRrtua359XGVVFHGR2iI3SCbHSBGugGNVEbUfSAntALejUejWfjzXifj5aMYmcf/YLx8Q1YbpUh</latexit><latexit sha1_base64="Ntps0K85kx9wZOZAZQLOuytcVIA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJakCLosunFZoS9oQ5hMJ+3QyYOZG7GG4K+4caGIW//DnX/jpM1CqwcGDufcyz1zvFhwBZb1ZZSWlldW18rrlY3Nre0dc3evo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43uc797h2TikdhC6YxcwIyCrnPKQEtuebBICAw9vz0PnNTOGu549N65ppVq2bNgP8SuyBVVKDpmp+DYUSTgIVABVGqb1sxOCmRwKlgWWWQKBYTOiEj1tc0JAFTTjpLn+FjrQyxH0n9QsAz9edGSgKlpoGnJ/OsatHLxf+8fgL+pZPyME6AhXR+yE8EhgjnVeAhl4yCmGpCqOQ6K6ZjIgkFXVhFl2Avfvkv6dRrtua359XGVVFHGR2iI3SCbHSBGugGNVEbUfSAntALejUejWfjzXifj5aMYmcf/YLx8Q1YbpUh</latexit><latexit sha1_base64="Ntps0K85kx9wZOZAZQLOuytcVIA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJakCLosunFZoS9oQ5hMJ+3QyYOZG7GG4K+4caGIW//DnX/jpM1CqwcGDufcyz1zvFhwBZb1ZZSWlldW18rrlY3Nre0dc3evo6JEUtamkYhkzyOKCR6yNnAQrBdLRgJPsK43uc797h2TikdhC6YxcwIyCrnPKQEtuebBICAw9vz0PnNTOGu549N65ppVq2bNgP8SuyBVVKDpmp+DYUSTgIVABVGqb1sxOCmRwKlgWWWQKBYTOiEj1tc0JAFTTjpLn+FjrQyxH0n9QsAz9edGSgKlpoGnJ/OsatHLxf+8fgL+pZPyME6AhXR+yE8EhgjnVeAhl4yCmGpCqOQ6K6ZjIgkFXVhFl2Avfvkv6dRrtua359XGVVFHGR2iI3SCbHSBGugGNVEbUfSAntALejUejWfjzXifj5aMYmcf/YLx8Q1YbpUh</latexit>
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3
<latexit sha1_base64="KgkHN6OcXj9XTZS6+pRPtWlLn+M=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJVNBl0Y3LCn1BG8JkOmmHTh7MTMQSs/BX3LhQxK2/4c6/cdJmodUDA4dz7uWeOV7MmVSW9WWUFhaXllfKq5W19Y3NLXN7py2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vg69zt3VEgWhU01iakT4GHIfEaw0pJr7qX9AKuR56f3Weam6qTpjo7PMtesWjVrCvSX2AWpQoGGa372BxFJAhoqwrGUPduKlZNioRjhNKv0E0ljTMZ4SHuahjig0kmn+TN0qJUB8iOhX6jQVP25keJAykng6ck8rJz3cvE/r5co/9JJWRgnioZkdshPOFIRystAAyYoUXyiCSaC6ayIjLDAROnKKroEe/7Lf0n7tGZrfnterV8VdZRhHw7gCGy4gDrcQANaQOABnuAFXo1H49l4M95noyWj2NmFXzA+vgEvfJYu</latexit><latexit sha1_base64="KgkHN6OcXj9XTZS6+pRPtWlLn+M=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJVNBl0Y3LCn1BG8JkOmmHTh7MTMQSs/BX3LhQxK2/4c6/cdJmodUDA4dz7uWeOV7MmVSW9WWUFhaXllfKq5W19Y3NLXN7py2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vg69zt3VEgWhU01iakT4GHIfEaw0pJr7qX9AKuR56f3Weam6qTpjo7PMtesWjVrCvSX2AWpQoGGa372BxFJAhoqwrGUPduKlZNioRjhNKv0E0ljTMZ4SHuahjig0kmn+TN0qJUB8iOhX6jQVP25keJAykng6ck8rJz3cvE/r5co/9JJWRgnioZkdshPOFIRystAAyYoUXyiCSaC6ayIjLDAROnKKroEe/7Lf0n7tGZrfnterV8VdZRhHw7gCGy4gDrcQANaQOABnuAFXo1H49l4M95noyWj2NmFXzA+vgEvfJYu</latexit><latexit sha1_base64="KgkHN6OcXj9XTZS6+pRPtWlLn+M=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJVNBl0Y3LCn1BG8JkOmmHTh7MTMQSs/BX3LhQxK2/4c6/cdJmodUDA4dz7uWeOV7MmVSW9WWUFhaXllfKq5W19Y3NLXN7py2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vg69zt3VEgWhU01iakT4GHIfEaw0pJr7qX9AKuR56f3Weam6qTpjo7PMtesWjVrCvSX2AWpQoGGa372BxFJAhoqwrGUPduKlZNioRjhNKv0E0ljTMZ4SHuahjig0kmn+TN0qJUB8iOhX6jQVP25keJAykng6ck8rJz3cvE/r5co/9JJWRgnioZkdshPOFIRystAAyYoUXyiCSaC6ayIjLDAROnKKroEe/7Lf0n7tGZrfnterV8VdZRhHw7gCGy4gDrcQANaQOABnuAFXo1H49l4M95noyWj2NmFXzA+vgEvfJYu</latexit><latexit sha1_base64="KgkHN6OcXj9XTZS6+pRPtWlLn+M=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiCGJJVNBl0Y3LCn1BG8JkOmmHTh7MTMQSs/BX3LhQxK2/4c6/cdJmodUDA4dz7uWeOV7MmVSW9WWUFhaXllfKq5W19Y3NLXN7py2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473vg69zt3VEgWhU01iakT4GHIfEaw0pJr7qX9AKuR56f3Weam6qTpjo7PMtesWjVrCvSX2AWpQoGGa372BxFJAhoqwrGUPduKlZNioRjhNKv0E0ljTMZ4SHuahjig0kmn+TN0qJUB8iOhX6jQVP25keJAykng6ck8rJz3cvE/r5co/9JJWRgnioZkdshPOFIRystAAyYoUXyiCSaC6ayIjLDAROnKKroEe/7Lf0n7tGZrfnterV8VdZRhHw7gCGy4gDrcQANaQOABnuAFXo1H49l4M95noyWj2NmFXzA+vgEvfJYu</latexit>

x
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1
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attribute to store other entities’ information, and a context-attribute to include the agent’s
context information. More formally, we have vself

i = fms (xit−Th+1:t), vneighbor
i = fmn (xit−Th+1:t),

vcontext
i = fc(c

i), where m ∈ {1, ...M}, M is number of agent types. fms and fmn are state
embedding functions, and fc is context embedding function. Different state embedding
functions corresponding to certain agent types are applied to heterogeneous agents.

Since the relationship between a pair of agents is not only determined by their own
behaviors but also affected by other agents in the scene, it is not sufficient to use only a pair
of self node attributes to determine the existence of an edge. Therefore, we apply a round of
message passing to collect the contextual information across the FC graph G by

αij =
exp

(
MLP

([
vself
i ||vneighbor

j

]))

∑
k∈Ni exp

(
MLP

([
vself
i ||vneighbor

k

])) , (7.2)

vsocial
i = fv

(∑
j∈Ni

αijv
neighbor
j

)
, (7.3)

where fv is the social attribute update function and || denotes the concatenation operation.
Ni denotes the set of one-hop neighbors of node i. MLP refers to multi-layer perceptron.
The complete node attribute is

vi = fenc

([
vself
i , vsocial

i , vcontext
i

])
. (7.4)

7.4.3 Hard Attention: Key Information Selection

As shown in Figure 7.1, the RL-based hard attention module serves as a key information
selector, which takes the complete history observations as input and discriminates the truly
relevant information while totally discard the rest. More specifically, in the context of
multi-agent system, the RL-HA module is expected to figure out truly influencing factors
when predicting the motions of a certain agent. In other words, the goal is to assert the
existence of each edge in the FC graph based on the observations so that the redundant
information is discarded in the prediction.

The selection of key edges naturally fits into a reinforcement learning framework. The
definition of observations, actions and reward functions are elaborated in the following, while
the training procedures are left to Section 7.4.6.

Observations

The observation O of RL-agent at RL-step η (≤ TRL) includes a pair of node attributes vi
and vj as well as the current edge selection status sij (0: “retained” or 1: “discarded”). TRL

is the upper bound of RL-steps. The observation Oη is obtained by Oη = [vi, vj, sij,η]. Note
that the dimension of Oη only depends on the dimension of node attributes, which enables
the applicability to the systems with varying numbers of entities. The policy network of
RL-agent takes the observation Oη as input and decides the action at the current RL-step.
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Actions

There are two possible actions for the RL-agent: “staying the same” (action 0) and “changing
to the opposite” (action 1). At each RL-step, the RL-agent makes decision for each edge in
the FC graph. The policy can be written as a = π(O). We do not enforce any constraints on
the selection of edges, i.e., there is no lower/upper bound on the number of selected edges.
The actions of RL-agent may change the topology of the inferred graph G ′ after each RL-step,
which further influence the SGA-MG module.

Rewards

In general, the reward indicates how good the action taken by the RL-agent is with respect
to the current situation. In our method, the reward is designed to indicate the performance
of motion forecasting in various aspects. The acquisition of high rewards depends on the
collaboration of all the modules in the framework.

The reward consists of three parts: regular reward Rreg, improvement reward Rimp and
stimulation/punishment Rsti/Rpun. More specifically, the regular reward is the negative mean
squared error of future predictions calculated by

Rreg,η = − 1

N

N∑

i=1

t+Tf∑

t′=t+1

||xit′ − x̂it′,η||2. (7.5)

The improvement reward encourages the decrease of prediction error via applying a sign
function to the error change between consecutive RL-steps, which is obtained by

Rimp,η = sign(Rreg,η −Rreg,η−1). (7.6)

The reason of applying a sign function instead of directly using the raw improvement is
to avoid reward vanishing when improvement becomes smaller towards convergence. The
stimulation/punishment is applied when there is a large improvement or deterioration in
terms of a certain metric, which is given by

Rsti,η = Ωs, Rpun,η = −Ωp, (7.7)

where Ωs and Ωp are manually defined positive constants. These rewards depend on the
metrics in specific domains.

Then the whole reward is calculated by

Rη = Rreg,η + βimpRimp,η + βstiRsti,ηI(sti) + βpunRpun,ηI(pun), (7.8)

where βimp, βsti and βpun are hyperparameters and I(·) is an indicator function to indicate
the occurrence of large improvement or deterioration.
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7.4.4 Soft Attention: Key Information Ranking

After finalizing the key information (edges) by the RL-HA module, the soft graph attention
mechanism [178] is applied over the inferred graph G ′ to further determine the relative
significance of the selected key information at each time step. Here we take time step t as
an example to illustrate the soft graph attention mechanism. Note that unlike the one-shot
state embedding in GMP, here we construct a spatio-temporal graph to incorporate the state
information with a stepwise embedding strategy.

In order to avoid confusion on notation with the RL-HA section, here we denote i-th node
attribute at time t as

v̄i,t = [v̄self
i,t , v̄social

i,t , vcontext
i ], (7.9)

where the context attribute vcontext
i is obtained in Section 7.4.2, the self-attribute v̄self

i,t and

the intermediate attribute v̄neighbor
i,t are introduced in Section 7.4.5, and the social attribute

v̄social
i,t is calculated by the graph soft attention mechanism as follows

ᾱtij =
exp

(
MLP

([
v̄self
i,t ||v̄neighbor

j,t

]))

∑
k∈Ni exp

(
MLP

([
v̄self
i,t ||v̄neighbor

k,t

])) ,

v̄social
i,t = f̄v

(∑
j∈Ni

ᾱtijv̄
neighbor
j,t

)
,

(7.10)

where ᾱtij are learnable attention weights. We also use multi-head attention to stabilize
training [178].

7.4.5 Spatio-Temporal Motion Generator

The motion generator consists of two LSTM networks (E-LSTM/G-LSTM) with the soft
graph attention in between. The E-LSTM takes in agent state information and outputs v̄self

i,t

at each time step, while the G-LSTM takes in the complete node attribute v̄i,t and outputs
the predicted change in state ∆x̂it at the current time t, which is used to calculate the state
x̂it+1 with the system model (e.g., discrete-time linear dynamics). More specifically at time t,

Embedding: v̄self
i,t = E-LSTMs(xit; h

s,i
t ), (7.11)

v̄neighbor
i,t = E-LSTMn(xit; h

n,i
t ), (7.12)

Generation: ∆x̂it = G-LSTM(v̄i,t; h̃
i
t), (7.13)

x̂it+1 = fsystem(xit,∆x̂it) + ε, (7.14)

where hs,it , hn,it , and h̃it are the hidden states of E-LSTM and G-LSTM respectively, ε ∼
N (0,Σ) is a random noise to incorporate uncertainty, and fsystem is the system model. Note
that the whole generation process is divided into two stages: burn-in stage (from t− Th + 1
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to t) and prediction stage (from t+ 1 to t+ Tf ). At burn-in stage, the true state is fed into
E-LSTM while at prediction stage, the last prediction is fed instead.

If the topology of the inferred graph G ′ is assumed to remain static over time, we can use
one-shot generation to obtain the complete future trajectory. Otherwise, we can first generate
the trajectory segment within a certain future horizon τ < Tf , and push the predicted
segment into the observations. This process can be iteratively propagated to generate the
whole trajectory. We set τ = 2 in Figure 7.2.

7.4.6 Framework Training Strategy

Since the RL-HA module is not differentiable, we cannot use an end-to-end fashion to train
the whole model. Therefore, we propose an alternating training algorithm to improve RL-HA
and the other modules separately. There are two training stages: pre-training stage and
formal-training stage. In the pre-training stage, we pre-train the parameters of GMP module
with an auto-encoder structure by unsupervised learning, where GMP serves as the encoder
together with an auxiliary decoder. The decoder is discarded after the GMP is well trained.
In addition, we pre-train the SGA-MG module with a fully connected topology to enable
informative initial reward for the RL-HA module. The pre-training is necessary for the
convergence of formal-training stage. In the formal-training stage, the pre-trained parameters
of GMP are fixed to serve as a feature extractor, and we perform alternating optimization of
RL-HA and SGA-MG modules: (a) train the RL-HA module with fixed parameters of GMP
and SGA-MG with Double Deep Q-Learning (DDQN) method [50]; (b) finetune SGA-MG
with fixed parameters of GMP and RL-HA using back-propagation methods.

Pre-Training Stage: GMP Module

We employ a standard encoder-decoder structure to pre-train the GMP by unsupervised
learning, with the purpose of enabling informative and effective feature extraction in the
GMP module. In the auto-encoder structure, the GMP module serves as the encoding
process to generate latent embeddings for each node. And an auxiliary decoding function is
trained to reconstruct the history information with the latent embeddings. After the model
is well-trained, the GMP module is able to extract good representation of the observation
information.

The loss function is the standard mean squared error reconstruction loss, which is calculated
as

LGMP =
1

NTh

N∑

i=1

t∑

t′=t−Th+1

||xit′ − x̂it′||2. (7.15)

After convergence, we save the parameters of the GMP module and discard those of the
decoder, since we only use GMP in the following formal-training stage.
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Algorithm 3: Double-Stage Training Algorithm

Input: history Xt−Th+1:t, true future Xt+1:t+Tf , context C, hyperparameters Nft, Ns,
E

Initialize the parameters in GMP (φ), RL-HA (ψ) and SGA-MG (θ);
/* Pre-training Stage */

Pre-train GMP by unsupervised learning with (7.15);
Pre-train SGA-MG by supervised learning with (7.16);
/* Initialize RL */

Initialize the replay buffer D;
Initialize the RL-step index i← 0;
/* Formal-training Stage */

for epoch ← 1,2,...,E do
Generate rollout ξ with φ, ψ, θ;
Add rollout ξ into replay buffer D;
i← i+ 1;
/* Train RL-HA */

if i > Ns then
Sample a rollout ξ′ from D;
Update policy and ψ with DDQN;

end
/* Finetune SGA-MG */

for m← 1, 2, ..., Nft do
Sample a case of Xt−Th+1:t and C;
Use GMP to obtain node attributes on G;
Use RL-HA to generate G ′;
Use SGA-MG to generate X̂t+1:t+Tf ;

Compute loss by equation (7.16);
Update θ by back-propagation;

end

end
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Figure 7.3: The diagram of the auto-encoder structure for pre-training the GMP module,
which consists of an encoding procedure and a decoding procedure.

Pre-Training Stage: SGA-MG Module

In order to enable informative initial reward for the RL-HA module, we pre-train the SGA-MG
module with a fully connected topology. The model architecture is the same as in Figure 7.2
except that the GAT is applied to a fully connected graph. The loss function is a standard
mean squared error loss, which is calculated as

LSGA-MG =
1

NTf

N∑

i=1

t+Tf∑

t′=t+1

||xit′ − x̂it′ ||2. (7.16)

Formal-Training Stage

In the formal-training stage, we initialize the GMP and SGA-MG with pre-trained parame-
ters. Then we perform an alternating training strategy to train the RL-HA and SGA-MG
alternatively until convergence. The detailed pseudo-code of the training pipeline of the
whole framework is provided in Algorithm 3.

7.5 Multi-Agent Interacting System: Experiments

In this work, we validated the proposed hybrid attention approach on the datasets in multi-
agent systems in different domains, including a synthetic physics motion dataset and a
real-world driving dataset (nuScenes [11]).

For the mixed particle simulation, since we have access to the ground truth of the particle
charging state (i.e., positively/negatively-charged or uncharged), we can quantitatively and



CHAPTER 7. RAIN: REINFORCED HYBRID ATTENTION INFERENCE NETWORK125

qualitatively evaluate the model performance in terms of both attention learning and mean
square error (MSE) of particle position prediction.

For the nuScenes driving dataset, we employ three widely used metrics: minimum average
displacement error (minADE20), minimum final displacement error (minFDE20) and miss
rate (MR) in trajectory prediction [89]. We report the results for vehicles and pedestrians
separately. We also provide ablative analysis on these datasets.

7.5.1 Datasets and Evaluation Metrics

Mixed Particle Simulation

In the mixed particle system, there are two types of particles: charged particles and uncharged
particles. The charged particles are uniformly sampled to carry positive or negative charges
qi ∈ {±q}, which interact with each other via Coulomb forces, which is given by

Fij = C · (qi · qj) ·
ri − rj
||ri − rj||3

, (7.17)

where C is a constant. These charged particles may either attract or repel each other,
although the forces may be weak when the distance in between is large. However, the motions
of uncharged particles are totally independent since there is no force applied to them. They
move straight with a constant velocity the same as the random initialization. In this paper,
we have 3 charged particles and 3 non-charged ones in each case. We generated 8k samples
for training, and 4k samples for validation and testing, respectively.

The simulation process of charged particles is mainly adopted from NRI [77]. In order
to prevent the force divergence issue when two particles move with a very small distance,
we adopt the same strategy as suggested in [77] to avoid numerical issues, which is to clip
the forces to some maximum threshold. Despite that this is not exactly physically precise,
the generated trajectories are not distinguishable to human observers and do not affect the
conclusion of the paper.

The evaluation metric for trajectory prediction in this experiment is the mean squared
error, which is calculated by

MSE =
1

NTf

N∑

i=1

t+Tf∑

t′=t+1

||xit′ − x̂it′ ||2. (7.18)

nuScenes Dataset [11]

The nuScenes dataset is a widely used large-scale driving dataset with a full set of sensor
suite, which was collected in Boston and Singapore. It provides the point cloud information,
trajectory annotations of heterogeneous traffic participants (e.g., cars, pedestrians and
cyclists), as well as the map information. We processed the original data into segments
with a length of 6 seconds to construct our dataset (2 seconds as history and 4 seconds as
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future). We generated about 8k samples for training, and 2k samples for validation and
testing, respectively.

We adopt the standard evaluation metrics in trajectory prediction, which include minADEK ,
minFDEK and miss rate (MR). In this paper, we use the same K = 20 as most baselines.
The MR(@dm) is calculated by

MR(@dm) =
1

N

N∑

i=1

I
(

min
k
||xi,kt+Tf − x̂i,kt+Tf ||2 > d

)
, (7.19)

where I(·) denotes an indicator function to indicate whether the current case is a failure case,
and d is a manually defined threshold.

7.5.2 Baseline Methods

Ablative Baselines

• Ours (true+soft): This is the model that only applies soft graph attention to the true
relation graph. Note that this model is only used for the experiments on mixed particle
simulation since the true relation graph is not accessible in real-world scenarios and
dataset.

• Ours (full+soft): This is the model that only applies soft graph attention to a fully
connected relation graph.

• Ours (ELBO+soft): This is the model where only the RL-HA module is replaced by
an ELBO based module with other modules not changed, which is trained end-to-end.
The purpose of this ablation setting is to provide a baseline based on an alternative
way to obtain hard attention.

• Ours (hybrid, static): This is the model that applies both RL hard attention to obtain
the inferred relation graph and soft attention to figure out relative importance. The
inferred relation graph remains static during the whole prediction horizon and the
model performs one-shot prediction.

• Ours (hybrid, dynamic): This model setup is very similar to Ours (hybrid, static). The
difference is that the model performs iterative prediction with a fixed horizon of sliding
window. The inferred relation graph is dynamically evolving over time.

• Ours (hybrid): This model setup is only used for human motion prediction. The RL
hybrid attention and soft attention work together to extract informative history features
for the motion generator in [189].
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For Mixed Particle Simulation

• Corr. (LSTM): The baseline method for edge recognition used in [77].

• LSTM (single) / LSTM (joint): The baseline methods for state sequence prediction in
[77].

• NRI: The NRI model with static latent interaction graph [77].

• DNRI: A model for neural relational inference with dynamic interaction graphs [44].

• Supervised: Since the true relation graph is accessible in the simulation data, we can
use supervised learning to train a binary classifier to infer the existence of the edges in
the graph. The ground truth labels include 0 (w/o edge) and 1 (w/ edge).

7.5.3 Implementation Details

In this section, we introduce the details of model architecture, hyperparameters and specific
experimental settings for each dataset. We trained the models for 100 epochs for both particle
simulation and nuScenes dataset. They shared the same model architecture and specific
details of model components are introduced below:

• GMP: The state embedding functions fms , fmn , node attribute update function fv, and
the encoding function fenc are all three-layer MLPs with hidden size = 64. During the
pre-training stage, the decoding function is also a three-layer MLP with hidden size =
64. The context embedding function fc is a four-layer convolutional block with kernel
size = 5. The layer structure is [[Conv, ReLU, Conv, ReLU, Pool], [Conv, ReLU, Conv,
ReLU, Pool]]. The context embedding is only applied to the “traffic scenario”, where
the context information is the projected point cloud images.

• RL-HA: The maximum RL-step η is set to 10. In the total reward, the hyperparameters
are βimp = βsti = βpun = 0.01. We also set Ωs = Ωp = 1.0. In the “traffic scenario”, we
define a “success case” where the end-point error is less than the miss rate threshold
and a “failure case” as the opposite. The stimulation reward is applied when the
current case changes from “failure case” to “success case”, and the punishment reward
is applied for the opposite situation.

All the coefficients and thresholds in reward function were decided empirically. Rreg/Rimp

reward the overall improvement of prediction while Rsti/Rpun are mainly related to
endpoint prediction. We found that increasing the weights of Rsti/Rpun could improve
both minADE and minFDE in a certain range while overly large weights could have
negative effects on minADE. The miss rate thresholds should be specifically decided for
various types of agents.
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• SGA-MG: The Embedding LSTM (E-LSTM) and Generation LSTM (G-LSTM) both
have a hidden size of 128. For the particle simulation, we performed one-shot prediction
with a static inferred relation graph; for the nuScenes dataset, we performed progressive
forecasting with a sliding window of 2 seconds (10 frames) with dynamic relation graphs.

In all the experiments, we used a batch size of 32 and the Adam optimizer with an initial
learning rate of 0.001 to train the models with a single NVIDIA Quadro RTX 6000 GPU.

7.5.4 Synthetic Simulation: Mixed Particle System

We applied our approach to a simulated physical system with mixed charged and uncharged
particles, where the charged ones are randomly assigned positive or negative charges with a
uniform distribution. The particles with the same charge repel and the ones with opposite
charges attract according to the fundamental law of electricity. The uncharged particles
perform uniform motion independently. The proposed hybrid-attention based prediction
model is expected to learn the relations between particles and forecast their long-term motions.

The goal of RL-based hard attention mechanism is to infer whether there is a force
between a pair of particles, which is essentially a binary classification task. The recognition of
the force type (repel or attract) will be handled implicitly by the soft attention counterpart.
The relation recognition results of different approaches are compared in Table 7.1, where
the standard deviations are calculated based on three independent runs. It shows that the
supervised learning method which directly trains a binary classifier with ground truth labels
performs the best in terms of all the evaluation metrics. However, the accessibility of true
relation labels is highly limited in real-world tasks. Among the approaches that do not
require true labels during training, our method achieves the highest recognition accuracy,
which improves by 6.8% over the strongest baseline DNRI and 4.7% over the ablative baseline
Ours (ELBO+soft). Based on the experiments, end-to-end training with ELBO tends to be
more stable and converges faster than RL in general, but it did not achieve a better final
performance. The accuracy alone cannot sufficiently prove the superiority due to the data
imbalance of the two classes. Therefore, we also compared the precision, recall and F1-score.
Our method achieves consistently better results on these metrics.

We further predicted the particle positions at the future 50 time steps given the historical
observations of 30 time steps. The comparison of mean squared error (MSE) of different
methods is provided in Figure 7.4. The solid lines and shaded areas represent the average
value and standard deviation of three runs, respectively. Ours (true+soft) attains the smallest
MSE consistently over the whole prediction horizon due to access to the true graph structures,
which serves as a performance upper bound. Ours (hybrid) achieves a smaller MSE than Ours
(full+soft) / Ours (ELBO+soft) and even approaches the performance of Ours (true+soft),
which indicates that the RL-based hard attention mechanism indeed helps on the relation
recognition, which further improves prediction performance. Ours (hybrid) also outperforms
NRI and DNRI where the interaction graph is encoded to a latent space.
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Table 7.1: Evaluation (Mean±Std in %) of Relation Recognition (Mixed Particle System).

Accuracy Precision Recall F1-score

Corr. LSTM [77] 71.85±0.39 54.52±0.24 60.17±0.16 57.21±0.33

NRI [77] 85.47±0.98 78.57±0.59 64.71±0.66 70.97±0.51

DNRI [44] 87.54±1.66 82.48±0.91 67.23±0.78 74.08±0.83

Ours (ELBO+soft) 89.31±0.46 87.29±0.21 73.52±0.30 79.82±0.25

Ours (hybrid) 93.52±1.25 92.34±0.87 80.55±0.92 86.04±0.74

Supervised 97.48±0.23 95.24±0.09 89.55±0.14 92.31±0.11
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Figure 7.4: Mean squared error (MSE) in predicting future positions of mixed particles.

We also visualize the predicted trajectories and attention maps of typical cases in Figure
7.5 with descriptions in the caption. The results show that the RL agent can figure out truly
relevant agents with a high accuracy and the soft attention counterpart further determines the
relative significance of the selected entities. However, applying soft attention alone on fully
connected graphs sometimes assigns trivial weights or even large weights to irrelevant agents
as shown in the “Soft Attention” columns, which weakens interpretability and performance of
the model. We address two interesting cases in (e) and (f), where the RL agent only selects a
subset of interacting agents or even an empty set, but the system still generates very good
prediction. The reason is that the distance between the interacting particles is too large,
which leads to the ignorance of the weak forces by the RL agent. Particularly in (f), all the
particles perform nearly uniform motions which results in an empty hybrid attention map.
This demonstrates the capability of distinguishing key information of the hard attention
mechanism.
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7.5.5 nuScenes Dataset: Traffic Scenarios

We validated our RAIN framework on the nuScenes dataset, which handles long-term
prediction of heterogeneous traffic participants (i.e., vehicles and pedestrians). We predicted
the future 4.0s (20 frames) given the history observations of 2.0s (10 frames). The comparison
of quantitative results is shown in Table 7.2 (vehicles) and Table 7.3 (pedestrians). Note
that we simultaneously included both types of agents during training, while reported the test
results separately as done in [152].

Table 7.2: Comparison of minADE20 / minFDE20 (Meters) and Miss Rate@2.0m (MR, %) of
Vehicle Trajectory Prediction.

Method 1.0s 2.0s 3.0s 4.0s MR

NRI [77] 0.19/0.23 0.37/0.57 0.58/1.00 0.82/1.52 27.1

DNRI [44] 0.17/0.20 0.33/0.49 0.50/0.87 0.71/1.33 22.4

STGAT [62] 0.16/0.19 0.31/0.47 0.48/0.83 0.68/1.27 20.6

S-STGCNN [132] 0.18/0.21 0.34/0.52 0.53/0.92 0.75/1.41 24.7

Ours (full+soft) 0.07/0.10 0.17/0.41 0.40/0.82 0.63/1.28 21.0

Ours (ELBO+soft) 0.04/0.07 0.16/0.42 0.40/0.79 0.61/1.24 16.1

Ours (hybrid, static) 0.05/0.09 0.15/0.40 0.38/0.77 0.58/1.17 11.3

Ours (hybrid, dynamic) 0.06/0.09 0.14/0.38 0.37/0.75 0.54/1.12 9.5

Table 7.3: Comparison of minADE20 / minFDE20 (Meters) and Miss Rate@1.0m (MR, %) of
Pedestrian Trajectory Prediction.

Method 1.0s 2.0s 3.0s 4.0s MR

NRI [77] 0.10/0.13 0.22/0.32 0.35/0.58 0.48/0.82 28.5

DNRI [44] 0.09/0.12 0.20/0.31 0.32/0.53 0.44/0.78 25.6

STGAT [62] 0.08/0.11 0.18/0.27 0.29/0.48 0.40/0.71 17.8

S-STGCNN [132] 0.12/0.15 0.23/0.37 0.35/0.61 0.48/0.88 27.9

Ours (full+soft) 0.07/0.11 0.15/0.22 0.24/0.40 0.32/0.56 13.2

Ours (ELBO+soft) 0.04/0.06 0.13/0.20 0.21/0.39 0.30/0.56 12.9

Ours (hybrid, static) 0.06/0.08 0.12/0.20 0.19/0.36 0.29/0.54 11.7

Ours (hybrid, dynamic) 0.05/0.08 0.11/0.18 0.17/0.34 0.26/0.51 9.8

All the learning-based baseline methods consider the relation modeling via certain tech-
niques. It is shown that Ours (hybrid, dynamic) achieves the smallest error and lowest miss
rate in both vehicle and pedestrian prediction. We also present extensive ablation results.
Ours (full+soft) achieves lower prediction error than STGAT with a similar model structure,
especially in vehicle prediction. The reason is that the vehicle kinematics model is incor-
porated into the motion generator to propagate the vehicle state, which can guarantee the
feasibility of generated trajectories. Ours (hybrid, static) and Ours (ELBO+soft) outperforms
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Figure 7.6: The visualization of testing cases in the nuScenes dataset. The light blue dots are
history observations, dark blue dots are ground truth, and red dots are predictions with the
minimum ADE. The black circles indicate the target agent and gray arrows indicate hybrid
attention. The targets only attend to the agents with arrows selected by hard attention and
darker colors imply larger weights. In the last case, there is no arrow, which implies that the
model infers that the target is not influenced by any agent in the scene at the current frame.

Ours (full+soft), which implies the effectiveness of hard attention on selecting important
agents. In particular, Ours (hybrid, static) achieves smaller prediction errors than Ours
(ELBO+soft), which implies the advantage of RL based hard attention over the ELBO based
method. Ours (hybrid, dynamic) further reduces the error owing to the dynamic recognition
of key elements, where the margin of improvement becomes larger as the prediction horizon
increases.

The visualization of agent trajectories and hybrid attention weights in several typical test
scenarios is provided in Figure 7.6. It is shown that our method can learn reasonable attention
weights to exploit the key information, and generate plausible and accurate prediction
hypotheses.

7.6 Human Skeleton Motions: Model

In this section, we address the application of our method to capture long-term temporal
dependency in skeleton based human motions. Instead of selecting important or relevant
entities introduced in Section 7.4, here we propose to utilize the RL-HA module to discriminate
key information over the whole history horizon. It can be either frame-wise selection or
segment-wise selection. We demonstrate an illustrative case study of the latter based on a
state-of-the-art model proposed in [189].

More specifically, the model in [189] is employed as the soft attention based motion
generator in our framework. The proposed RL hard attention mechanism is built on top
of it, and they work as a whole to generate future human motions. First, an encoding
function is applied to extract contextual representation of each history frame. Then, the
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RL-HA module discriminates the key motion segments from history observations, and the
soft attention mechanism further outputs relative significance of the selected segments for
the current prediction.

Similar to RAIN for the multi-agent interacting systems, we also employ a double-stage
training pipeline, including a pre-training stage and a formal-training stage. In the pre-
training stage, we pre-train the parameters of a contextual encoder and the soft attention
based motion generator. In the formal-training stage, we train the RL-HA module and
finetune the motion generator alternatively.

We denote the complete history motions as Xt−Th+1:t and the future motions as Xt+1:t+Tf .
We have the same assumption as [189] that Th > Ts +Tf where Ts is the length of the motion
segments used to compute attention weights.

7.6.1 Pre-Training Stage

First, we use an auto-encoder structure to train an encoding function that can extract the
contextual information from the complete history motion sequence. More formally, the
auto-encoder can be written as

Z = Encoding(Xt−Th+1:t), (7.20)

X̂t−Th+1:t = Decoding(Z), (7.21)

where Encoding and Decoding functions are neural networks. The loss function of training
the auto-encoder is the standard mean squared error reconstruction loss, which is calculated
by

MSE =
1

JTh

J∑

j=1

t∑

t′=t−Th+1

||xjt′ − x̂jt′ ||2, (7.22)

where J is the number of relative angles between joints in a skeleton. For the soft attention
based motion generator, since the authors of [189] released their official code and pre-trained
models, we directly load their pre-trained parameters in the formal-training stage.

7.6.2 Formal-Training Stage

In the formal-training stage, we alternatively train the RL-HA module and the motion genera-
tor. We define the motion segments in the same way as [189]. More specifically, we first divide

the complete motion history Xt−Th+1:t into Th−Ts−Tf +1 segments {Xi:i+Ts+Tf−1}t−Ts−Tf+1
i=t−Th+1 ,

each of which contains Ts + Tf consecutive frames of human poses. We use the same setting
as [189], where the motion generator exploits the past Ts frames to predict the future Tf
frames. The first Ts frames of each segment is used as a key, and the whole segment is then
the corresponding value. The query is defined as the latest segment Xt−Ts+1:t.
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RL-HA Module

In the domain of forecasting human skeleton motions, the RL-HA module is expected to select
the key history motion segments for the current prediction based on the latest observation
segment. Then the soft attention mechanism in [189] will further rank the relative importance
of the selected key segments, which is employed by the motion predictor to generate future
motions.

The selection of key segments naturally fits into a reinforcement learning framework. The
definition of observations, actions and reward functions of the RL-agent are elaborated in the
following.

Observations: The observation O of RL-agent at RL-step η (≤ TRL) includes a tuple of
key, query, contextual information Z as well as the current segment selection status si (0:
“retained” or 1: “discarded”). TRL is the upper bound of RL-steps. The observation Oη is
obtained by

Oη = [fk(Xi:i+Ts−1), fq(Xt−Ts+1:t), Z, si,η] , (7.23)

where fk and fq are mapping functions modeled by neural networks. Note that the dimension
of Oη only depends on the dimensions of key, query and contextual information, which enables
the applicability to the scenarios with varying numbers of history motion segments. The
policy network of RL-agent takes the observation Oη as input and decides the action at each
RL-step.

Actions: There are two possible actions for the RL-agent: “staying the same” (action 0)
and “changing to the opposite” (action 1). At each RL-step, the RL-agent makes decision for
each history motion segment. The policy can be written as a = π(O). We do not enforce any
constraints on the selection of motion segments, i.e., there is no lower / upper bound on the
number of selected segments. The actions of RL-agent may change the key motion segments
after each RL-step, which further influences the soft attention based motion generator.

Rewards: The reward consists of two parts: regular reward Rreg and improvement reward
Rimp. More specifically, the regular reward is the negative mean squared error of future
predictions calculated by

Rreg,η = − 1

J

J∑

j=1

t+Tf∑

t′=t+1

||xjt′ − x̂jt′,η||2. (7.24)

The improvement reward encourages the decrease of prediction error via applying a sign
function to the error change between consecutive RL-steps, which is obtained by

Rimp,η = sign(Rreg,η −Rreg,η−1). (7.25)

The whole reward is obtained by Rη = Rreg,η + βimpRimp,η, where βimp is a hyperparameter.
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Alternating Training Strategy

The contextual encoding function is initialized with well-trained parameters in the pre-training
stage and fixed in the formal-training stage. The soft attention based motion generator is
initialized with the pre-trained model in [189]. We perform alternating optimization of RL-HA
and motion generator (MG) modules: (a) train the RL-HA module with fixed parameters
of MG with Double Deep Q-Learning (DDQN) method [50]; (b) finetune MG with fixed
parameters of RL-HA using back-propagation methods.

7.7 Human Skeleton Motions: Experiments

7.7.1 Dataset

The Human3.6M dataset [63] is a widely used skeleton-based human motion dataset for
pose estimation and motion forecasting, which includes 15 different activities performed by
7 professional actors. The human skeleton information is provided in two representations:
3D joint positions and joint angles. The skeleton has 32 joints, the 3D coordinates of which
can be computed by applying the forward kinematics. As in [189], we also down-sample the
motion sequences to 25 frames per second, and remove the global rotation, translation and
constant angles. In this work, we chose relative angles between joint to represent the skeleton
state.

7.7.2 Implementation Details

We trained the models for 50 epochs on the Human3.6M dataset. We adopted exactly the
same experimental settings as [189]. More specifically, during training, we trained the model
to predict the future 10 frames based on the history 50 frames and the attention weights
are calculated based on the latest observation sequence with 10 frames. During testing, we
enabled progressive long-term prediction with a sliding window to generate future 25 frames.

Specific details of model components are introduced in the following:

• Encoding / Decoding (pre-training stage): They are three-layer MLPs with hidden size
= 128.

• RL-HA: The maximum RL-step η is set to 10. In the total reward, the hyperparameter
is βimp = 0.01.

• Motion Generator: We adopted the same model architecture and hyperparameters as
in [189].
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Segment 19 Segment 20

Segment 29 Segment 30

Current  Observation Sequence Current Forecasting Sequence

(d) Discussion

Segment 27 Segment 28

Segment 29 Segment 30

Current  Observation Sequence Current Forecasting Sequence

(c) Smoking

Segment 1 Segment 5 Segment 0 Segment 4

Segment 3 Segment 4

Segment 5 Segment 6

Current  Observation Sequence Current Forecasting Sequence

Segment 13 Segment 14

Segment 15 Segment 16

Current  Observation Sequence Current Forecasting Sequence

(a) Walking (b) Eating

Segment 17 Segment 30 Segment 2 Segment 6

Figure 7.7: The visualization of human skeleton motion forecasting of four typical actions
with hybrid attention maps. The black skeletons at the bottom are the latest observation
sequences which are used to calculate current attention weights. The purple-green skeletons
are the prediction hypotheses of our method. The blue-red skeletons are the ground truth. In
our experimental setting, for each case there are 31 available history motion segments with a
length of 10 frames for the RL hard attention module to select and the soft attention is only
applied to the selected segments. In the hybrid attention maps, darker colors indicate larger
attention weights. White color means the corresponding motion segment is not selected as
key information. Best viewed in color.
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7.7.3 Results and Analysis

We adopted the same experimental setting as the baseline approaches for fair comparison,
which is to forecast the future 25 frames based on the past 50 frames. The model was trained
to only predict 10 frames during the training phase, while the prediction was recursively
applied by using predictions as new observations during the testing phase. The forecasting
results are shown in Table 7.4. Among the baselines, HisRepItself [189] yields the previous
state-of-the-art performance, which also serves as an ablation model with only soft attention
on the motion history. In general, the results show that Ours (hybrid) achieves the best
performance both in average and for most actions in terms of both short-term and long-
term forecasting accuracy. In particular, Ours (hybrid) outperforms HisRepItself in average,
indicating the additional benefits brought by the hard attention mechanism.

It is shown that Ours (hybrid) achieves the smallest MAE in most actions as well as
in average compared with baselines. The action “Directions” is an interesting exception
where HisRepItself outperforms our method. A potential reason is that in the “Directions”
action, there is no clear pattern of the temporal dependency between the current observation
and previous motions, which makes it hard for the RL-agent to discriminate and select the
appropriate history motion segments to pay attention to.

We also visualize the prediction of human skeletons and the learned hybrid attention
weights in typical testing cases in Figure 7.7. It shows that our method can accurately
forecast the human motions. More specifically, we visualize the top four motion segments
with the largest four hybrid attention weights in each case (i.e., the motion segments in
the first two rows). It shows that these segments have similar patterns with the current
observation sequence and thus are selected as key information, which implies that the learned
hybrid attention is reasonable and interpretable. We also visualize some irrelevant segments
that are discarded by the model (i.e., the motion segments in the third row). It can be
easily found that these segments are dissimilar to the latest observation sequence, thus are
unimportant for the current prediction.

In addition, in case (a), (b) and (c), the learned hybrid attention is sparse, which implies
that the model is able to effectively discriminate and only focus on the key information.
An interesting exception is case (d), where most history segments are selected. A potential
reason is that most history segments in this case are very similar to the current observation
sequence, which leads the model to take them all into account for current prediction.

7.8 Chapter Summary

In this chapter, we present a generic motion forecasting framework with key information
selection and ranking procedures. The former is realized by a reinforcement learning based
hard attention mechanism for the purpose of discriminating relevant information for the
prediction from complete spatio-temporal observations. The latter is fulfilled by a soft
attention mechanism for the purpose of determining relative importance of the selected key
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elements. These dual procedures can be applied recurrently to dynamically adjust the focus
of the model as the situation evolves over time. A double-stage training pipeline with an
alternating training strategy is employed to train different parts of the model, which proves
to be effective and stable in the experiments. The general framework is instantiated and
applied to multi-agent trajectory prediction and human motion forecasting, which achieves
state-of-the-art performance in terms of a wide range of evaluation metrics in different
domains.
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Chapter 8

IOS2: Important Object Identification
with Semi-Supervised Learning

8.1 Introduction

The autonomous agents that navigate in complex, highly dynamic environments need to
accurately identify the most important objects in the scene which are relevant to their
decision making and motion planning. In particular, autonomous vehicles should be able
to figure out which dynamic objects (e.g., vehicles, pedestrians, cyclists) and static objects
(e.g., traffic lights, stop signs) are critical to perceive the environment, detect potential
risks, and determine the current action given their specific intentions/goals. Human drivers
tend to focus on a subset of important surrounding objects when driving in a dense area.
Similarly, the limited onboard computational resources can be allocated more efficiently on
the perception and reasoning of the identified important objects. Moreover, this function can
also enable the advanced driver-assistance systems to warn the drivers about risk objects in
dangerous situations.

Existing related works can be mainly divided into three categories. First, some works
focus on predicting the driver’s gaze by imitating human drivers [127, 137]. The gaze
information can be obtained by mounting a camera on the driver’s head. However, most of
these methods only provide pixel/region-level attention without indicating the importance of
each object/instance. Driver gaze tends to be sequential and limited to a single region at a
certain moment, while there may be multiple important objects out of the focused region
simultaneously. Moreover, human drivers may not always pay attention to the truly important
objects, thus degrades the reliability of the information. Second, some works attempt to train
an attention-based model with specific tasks such as trajectory forecasting [179] and end-to-
end driving [25, 2], in which there is no explicit supervision on the learned attention. Third,
some recent works attempt to identify important objects by providing explicit supervision
on the object importance with human annotations to inject human knowledge, in which the
models are trained by standard supervised learning [39, 209]. However, these approaches
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demand a large amount of labeled data. Our proposed method lies in this direction of research,
but we propose to utilize semi-supervised learning techniques to reduce human efforts and
enable the model to learn an unlimited amount of unlabeled data. Different from [39, 209]
which only consider dynamic traffic participants, we also include traffic lights/signs in the
driving scenes to enable semantic reasoning of the environment.

Learning object importance from human-labeled data can be naturally formulated as a
binary classification problem, where each object is classified as important (1) or unimportant
(0). However, since the importance of a certain object is not totally independent from others
(e.g., the importance of a certain object may decrease given the existence of another object),
it is necessary to reason about the relation among entities before the final classification.
Therefore, we leverage a graph representation and message passing operations to extract
relational features.

Moreover, since the behavior of ego vehicle may be influenced by the important objects,
it may in turn provide helpful cues for important object identification. For example, if
the ego vehicle is waiting before a green light, there is likely at least one important object
which prevents it from moving forward. Therefore, we propose to use auxiliary tasks of ego
behavior prediction to provide additional supervision signals for the importance classification.
Equipped with the auxiliary branches, our framework is able to identify important objects in
the scene and infer the ego behavior simultaneously.

The main contributions of this work are summarized as follows:

• We propose a novel method for important object identification in the egocentric driving
scenarios with relational reasoning on the objects in the scene.

• We propose to employ a modified semi-supervised learning algorithm with a ranking-
based strategy for the pseudo-label generation to enable the model to learn from
unlabeled datasets in addition to a human-labeled dataset. To the best of our knowledge,
we are the first to apply a modified semi-supervised learning algorithm to important
object/people identification for autonomous driving.

• We propose to leverage the auxiliary tasks of ego vehicle behavior prediction to pro-
vide additional supervision signals and further improve the accuracy of importance
estimation.

• We validate the proposed method on a public urban driving dataset with a detailed
ablative study and comparison with baselines, which demonstrates the effectiveness of
each model component and the training strategy.
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8.2 Related work

8.2.1 Important Object/People Identification

Identifying important individuals automatically from a set of entities has attracted increasing
research efforts in recent years, which can be applied to a wide range of application domains.
While many visual saliency detection approaches have been proposed to solve various computer
vision tasks such as visual question answering [5, 202], scene understanding [171], video
summarization [68], most of them only provide pixel-level importance estimation without
being aware of individual object instances. Some recent papers put more emphasis on
the object/instance-level importance estimation and their applications. In [107], Li et al.
proposed a framework for automatically detecting important people in still images of social
events. In [162], Silver et al. introduced an algorithm to select a small set of important
objects from large problem instances for a particular goal in planning problems. In the
autonomous driving domain, Li et al. [91] presented a model to identify risk objects for risk
assessment via causal inference. Gao et al. [39] proposed a method to estimate importance
of traffic participants in egocentric driving videos, and Zhang et al. [209] further considered
the interactions among the involved entities. However, most of these models are trained by
supervised learning which demand a large amount of labeled data.

8.2.2 Semi-supervised Learning (SSL)

Learning from partially labeled data has emerged as an exciting research direction in deep
learning, especially in classification problems [215, 69, 57]. It enables the models to effectively
learn from a labeled data together with an unlimited amount of unlabeled data, reducing
the efforts of human annotation and enlarging learning resources [136]. The typical SSL
methods can be broadly divided into the following categories: consistency regularization [176],
proxy-label methods [88], generative models [76], and graph-based methods [64]. However,
these SSL methods were primarily proposed for the standard classification tasks where the
object instances are classified independently without considering their relations. In this work,
we propose a modified strategy for pseudo-label generation and reason about the relations
between objects.

8.2.3 Relational Reasoning and Graph Neural Networks

In order to identify the important individuals in a given scene, the model should learn to
recognize their relations. Relational reasoning on a group of entities has a wide range of
applications such as trajectory forecasting [20], interaction detection [214], object detection
[59], dynamics modeling [153], human-robot interaction [16]. In recent years, graph neural
networks [9, 178] have attracted significantly increasing research efforts in various fields,
which are suitable for tackling relation modeling and extraction [4, 98]. In this work, we
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employ a graph neural network to model the relations among objects in the driving scenes,
which improves the performance of important object identification.

8.3 Problem Formulation

The important object identification is formulated as a binary classification problem with a
semi-supervised learning pipeline. Consider a labeled egocentric driving dataset that contains
|L| labeled frontal image sequences L = {ILi,t, i = 1, ..., |L|, t = −Th + 1, ..., 0}, where for
image sequence ILi,t there are NLi detected objects {xLj , j = 1, ..., NLi } at the current frame
t = 0 and the corresponding importance labels yLj . We set yLj = 1 for “important” class and
yLj = 0 for “unimportant” class. We also have a set of unlabeled frontal image sequences
U = {IUi,t, i = 1, ..., |U|, t = −Th+1, ..., 0}, where for image sequence IUi,t there are NUi detected
objects {xUj , j = 1, ..., NUi } at the current frame t = 0 without importance labels. In this
paper, we aim to design an importance classification model ŷ = fθ(xj) where xj ∈ Ii,0 to
learn from the augmented training set L ∪ U . In other words, we care about the objects
existing at the current frame, and the model fθ takes in the information of all the detected
objects and predicts their importance with respect to the ego vehicle. Besides, we have access
to other onboard sensor measurements (e.g., point cloud, velocity, acceleration, yaw angle)
and the current ego driving intention IE (i.e., going forward, turning left, turning right).

8.4 Method

An illustrative model diagram is shown in Figure 8.1 to demonstrate the essential components
and procedures of the important object identification approach. The model consists of three
modules: (a) a deep feature extraction module which extracts object features from the
frontal-view visual observations and the ego vehicle state information; (b) an importance
classification module which takes in the extracted feature embeddings and reasons about
relations between the objects in the scene and identifies the important ones; and (c) an
auxiliary ego behavior prediction module which enhances important object identification by
providing additional supervision. We employ a modified semi-supervised learning algorithm
to enable the model to learn from a combination of labeled and unlabeled dataset, which
achieves better performance compared with standard supervised learning on the labeled
dataset. The details of each component are elaborated in the following sections.

8.4.1 Deep Feature Extraction

We assume that the bounding boxes of objects (i.e., traffic participants, traffic lights, stop
signs) in the driving videos can be obtained by a detection and tracking system in advance.
The depth images can be obtained by projecting the point cloud to the frontal camera
view. The segmentation maps are obtained by applying DeepLabv3 [17] to the RGB images.
The depth images and segmentation maps have the same size as the original RGB images,
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which are concatenated along the channel axis. The state information (i.e., position, velocity,
acceleration) of the ego vehicle can be obtained from the synchronized 3D LiDAR SLAM
and CAN bus.

Visual Features: The visual features vj,V of a certain object consist of appearance
features vj,A extracted from RGB images, and depth/semantic features vj,DS extracted
from depth images and semantic segmentation maps. The appearance features contain the
information of both the appearance and the local context of objects. We adopt the ResNet101
[51] pre-trained on the ImageNet dataset with Feature Pyramid Networks [112] on top as the
backbone of Visual Feature Extractor I to obtain the features at all frames, which are fed
into Sequence Encoder I to obtain the final features vj,A. We use Visual Feature Extractor II
(i.e., ResNet18) trained from scratch to extract the depth/semantic features at all frames,
which are fed into Sequence Encoder III to obtain the final features vj,DS. To extract the
feature of each object from vj,A and vj,DS, a ROIAlign [52] pooling layer is added before
feeding into sequence encoder. The final visual feature of each object is concatenated by
vj,V = [vj,A,vj,DS] along the channel dimension. Similar procedures are applied to extract
the global context information from the whole image. The global feature is denoted as
vglobal = [vglobal,A,vglobal,DS].

Bounding Box Features: The location and scale of the object bounding boxes in the
frontal-view images can provide additional indications of the size and relative positions of
the objects with respect to the ego vehicle, which may influence their importance. We
represent this information by (

xj,t
W
,
yj,t
H
,
wj,t
W
,
hj,t
H

) where xj,t, yj,t, wj,t and hj,t denote the center
coordinate, width and height of the bounding box. The stack of this vector along the time
axes is fed into Sequence Encoder II to obtain the bounding box feature vj,B.

Ego Vehicle Features: We extract the ego state features vego from a sequence of state
information (i.e., position, velocity, acceleration) with the Ego State Feature Encoder.

8.4.2 Importance Classification on Relation Graph

After obtaining the ego state features (vego), global features (vglobal) and object features
(vj, j = 1, ..., Ni) in the image sequence Ii, we can construct a fully-connected object relation
graph where the node attributes are the corresponding object features. In order to model the
mutual influence and relations among individuals, we apply a message passing mechanism
over the graph, which consists of an edge update (v → e) and a node update (e→ v):

ejk = fe ([vj,vk]) , v̄j = fv

(∑
j 6=k

ejk

)
, (8.1)

where ejk is the edge attribute from the sender node k to the receiver node j, v̄j is defined
as the relation features of node j, and fe(·)/fv(·) are the edge/node update functions (i.e.,
multi-layer perceptrons) which are shared across the whole graph. Note that the edges
between the same pair of nodes with opposite directions have different attributes since their
mutual influence of object importance may not be symmetric. The message passing procedure
is applied multiple times to model higher-order relations in our model.
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Since the importance of a certain object with respect to the ego vehicle at the current
frame not only depends on its own state but also the global context, object relations and the
ego vehicle intention, we generate a comprehensive object feature oj = [vj, v̄j,vglobal,vego, IE],
which is fed into the classifier (i.e., multi-layer perceptron) to obtain its importance score
sj ∈ [0, 1] (i.e., the probability that the object is important). During training phase, sj is
used to compute loss directly for labeled objects and generate pseudo-labels for unlabeled
ones. During testing phase, sj is used to predict importance by arg max(1− sj, sj).

8.4.3 Ranking-Based Pseudo-Label Generation

Pseudo-label generation is generally a crucial step in semi-supervised learning algorithms. In
our task, a naive way is to use the learned importance classifier at the last iteration directly
to assign pseudo-labels for the objects in the unlabeled data samples by arg max(1− sj, sj).
However, in most cases only a small subset of objects are important, the naive version of
pseudo-label assignment may lead to an data imbalance issue (i.e., assigning an ”unimportant”
label to all the objects) which degrades the model performance. In order to mitigate this
problem, we adopt a modified ranking-based strategy similar to [57], which encourages the
model to identify relative importance.

First, we label the objects with a raw importance score sj larger than a threshold α1 = 0.8
as important objects. Similarly, those with a raw importance score sj smaller than a threshold
1 − α1 are labeled as unimportant objects. If all the objects in a certain case are labeled,
there is no further operation and the data sample is appended to the training set. Second, in
order to consider the relative importance of the rest objects, we calculate a set of ranking
scores s̄j via dividing the raw scores sj by their maximum. Then we label the objects with a
ranking scores s̄j greater than a threshold α2 = 0.8 as important ones while the others as
unimportant ones. This ranking strategy can not only incorporate relational reasoning in the
pseudo-label generation process, but also mitigate data imbalance issue to some extent. We
denote the pseudo-label of object xUj as ỹUj .

8.4.4 Auxiliary Tasks: Ego Vehicle Behavior Prediction

Since the behavior of ego vehicle can be affected by the existence of important objects, it
could in turn enhance the identification of important objects. Therefore, we propose to
predict the ego vehicle behavior at two levels as parallel auxiliary tasks to provide additional
supervision signals. Since the ego information is always available without the requirement of
human annotations, the auxiliary tasks are trained by supervised learning with ground truth
for both labeled and unlabeled datasets. First, we predict the high-level action of the ego
vehicle AE at the current frame with the Ego Action Classifier (EAC), which is formulated
as a classification problem. The ego actions can be stop, speed up, slow down or constant
speed. The ground truth actions are automatically obtained by setting thresholds on the
speed and acceleration of the ego vehicle. Second, we also forecast the low-level trajectory of
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the ego vehicle TE in the future 2 seconds with the Ego Trajectory Generator (ETG), which
is formulated as a regression problem.

The EAC and ETG share the same input, which is a feature embedding including the ego
intention, ego state features, important object features and global features while discarding
the information of unimportant objects. The intuition is that the ego behavior is only
influenced by the important objects, which serves as a regularization to encourage the model
to identify the correct ones. If some important objects are mistakenly discarded, the predicted
ego behavior may change accordingly which results in a discrepancy from the true behavior.
The corresponding loss can help improve the importance classifier. However, since hard
assignment is not differentiable, we employ the Gumbel-Softmax technique [67] to obtain the
gradient approximation for back-propagation. More formally, we denote the weight associated
to object xj as zj which can be drawn as

zj =
e((log(sj)+gj,1)/τ)

e((log(sj)+gj,1)/τ) + e((log(1−sj)+gj,0)/τ)
, (8.2)

where gj ∈ R2 is a vector of i.i.d. samples drawn from a Gumbel(0, 1) distribution and τ
is the softmax temperature which controls the smoothness of samples. This distribution
converges to one-hot samples from the categorical distribution as τ → 0. Then the important
object features vimp is

vimp =
1

Ni

Ni∑

j=1

zjvj (training) (8.3)

vimp =
1

N̂i

Ni∑

j=1

arg max(1− sj, sj)vj (testing), (8.4)

where N̂i is the total number of predicted important objects. The combined feature for ego
behavior prediction [vimp,vego,vglobal, IE] is used to predict the ego action AE and trajectory
TE.

8.4.5 Loss Function and Training

The proposed model can be trained either by supervised learning on the labeled dataset L or
by semi-supervised learning on the combined (labeled and unlabeled) dataset L+ U . The
former one serves as an ablative baseline. The detailed loss functions and training procedures
of both settings are elaborated below.

Supervised Learning: The loss function LSL consists of two parts: importance classifi-
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cation loss Limp and auxiliary loss Laux. More specifically, the loss is computed by

LLSL = LLimp + λLLaux = − 1

|L|

|L|∑

i=1

1

NLi

NLi∑

j=1

lCE(yLj , s
L
j )+

λ


− 1

|L|

|L|∑

i=1

lCE(AEi, ÂEi) + β||TEi − T̂Ei||2

 , (8.5)

where lCE(·, ·) denotes the binary cross-entropy (CE) loss. λ and β are used to adjust the
ratio between different losses.

Semi-Supervised Learning: The loss function LSSL consists of two parts: labeled data
loss LL and unlabeled data loss LU . More specifically, the loss is computed by

LSSL = LLSL + γLUSL, wj =
exp sUj

∑NUi
j=1 exp sUj

, εi = 1− H(w)

H(m)
, (8.6)

LUSL =
1

|U|

|U|∑

i=1

εi

NUi∑

j=1

wjlMSE(ỹUj , s
U
j )

+λ


− 1

|U|

|U|∑

i=1

lCE(AEi, ÂEi) + β||TEi − T̂Ei||2

 , (8.7)

where lMSE(·, ·) denotes the mean square error (MSE) loss [10, 134], γ is used to balance
the ratio between labeled and unlabeled data loss, w = (w1, ..., wNUi ), m = (1/NUi , ..., 1/N

U
i )

with the same dimension as w, and H(·) is the entropy function. εi and wj are the weights
associated to i-th unlabeled data case and the j-th objects in a certain case, respectively.
The weight γ is initialized as 0, which implies that the unlabeled dataset is not used at the
beginning of training. It increases to a maximum value over a fixed number of epochs with
a linear schedule [10, 134] since the model becomes more accurate and confident thus can
generate more reliable pseudo-labels as training goes on. The effects of unlabeled dataset
increases as the number of epochs becomes larger.

Object Weighting: We apply a weighting mechanism on the loss of each object based
on the corresponding predicted importance score sUj to strengthen the effect of important
ones while weaken that of unimportant ones.

Unlabeled Data Weighting: The basic assumption of our task is that a small subset
of objects in the scene are significantly more important to the ego vehicle than the others
in most scenarios. In some situations, however, the model may predict vague and similar
importance scores for all the objects in unlabeled scenarios. Such cases contribute little
to important object identification thus their effects should be weakened. More specifically,
we obtain the weight εi by leveraging the entropy function H(·) to indicate the similarity
between importance scores of different objects. A set of more similar scores will lead to a
smaller weight associated with the corresponding training case.
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8.5 Experiments

8.5.1 Dataset and Preprocessing

We experimented with a public driving dataset to validate our model: Honda 3D dataset
(H3D) [141]. The dataset provides the information collected by a full sensor suite (e.g., camera,
LiDAR, radar) mounted on a testing vehicle that navigates in complex driving scenarios
with highly interactive traffic participants and the annotated bounding boxes of detected
objects in the frontal-view images. Note that in this work we directly used the ground
truth bounding boxes provided in the dataset instead of including an upstream detection
module. The purpose is to focus on the important object identification while minimizing the
influencing factors from the upstream perception task.

Dataset Statistics: We have 7,517 labeled cases for supervised learning and 4,241
unlabeled cases for semi-supervised learning. The ratio of going forward/turning left/turning
right is around 4:1:1. The labeled cases are randomly split into training/testing datasets with
a ratio of 7:3.

Object Importance Annotation: In order to obtain the binary importance labels of
the object in each bounding box, a group of annotators (i.e., experienced drivers) were asked
to watch the egocentric driving videos and imagine themselves as the driver of ego vehicle. A
segment of ego future trajectory was also provided to the annotators for intention annotation.
For each video segment, the important objects and ego intention were annotated at a frequency
of 2Hz. We define the important objects as the ones that can potentially influence the ego
vehicle behavior given a certain ego intention/goal, which includes dynamic/static traffic
participants, traffic lights and stop signs. Generally, the traffic lights and stop signs related
to the ego vehicle are labeled as important objects since they provide crucial semantic
information of the environment. The static/dynamic traffic participants that are located at
the potential future path of the ego vehicles are important. The parked vehicles close to the
ego vehicles are generally labeled as important objects since they may start to move and
merge into the ego lane.

To demonstrate the consistency and validity of the annotations, we compute the intra-class
correlation coefficient (ICC) [160], which is widely used for the assessment of consistency or
reproducibility of quantitative measurements made by different observers measuring the same
quantity. The ICC for ego intention annotations is 0.941, and the ICC for important object
annotations is 0.934. According to the guideline in [21], an ICC score between 0.75 and 1.00
indicates “excellent”, which implies the consistency of our annotations.

8.5.2 Evaluation Metrics and Baselines

We adopt the standard metrics for binary classification problems (i.e., accuracy, F1 score) to
evaluate the performance of important object identification. To the best of our knowledge,
our work is the first to consider the influence of traffic lights and stop signs for this specific
task, thus no existing baseline is available to compare against directly. Instead, we conduct
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Table 8.1: The Ablative Baseline Model Settings

Model Ego
Intention

Relation
Graph

Auxiliary
Task

Ranking
Strategy

Pseudo Loss
Weighting

Ours-S-1 X – –
Ours-S-2 X – –
Ours-S-3 X X – –
Ours-S X X X – –

Ours-SS-1 X X X
Ours-SS-2 X X X
Ours-SS-3 X X X X
Ours-SS X X X X X

Figure 8.2: The comparison of model performance with different α1 and α2.

a detailed ablative study to demonstrate the effectiveness of each model component, and
compare our approach with some rule/heuristics based methods.

The different model settings are elaborated in Table 8.1. Ours-S denotes our model trained
only on labeled data by standard supervised learning. Ours-S-X denotes a variant of Our-S
without certain model components or input information. Ours-SS denotes our model trained
both on labeled and unlabeled data by semi-supervised learning. Ours-SS-X denotes a variant
of Our-SS without certain model components. The check marks (X) indicate containing the
corresponding information or component. The dashes (–) indicate ”not applicable”. We also
implement four rule-based baseline methods. B-1 selects the object with the largest bounding
box. B-2 selects the object closest to the image center. B-3 selects the object closest to ego
vehicle. B-4 selects the union of the important objects obtained by above three methods.
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8.5.3 Implementation Details

For all the experiments, a batch size of 32 was used and the models were trained for up to 100
epochs with early stopping. We used Adam optimizer with an initial learning rate of 0.0001.
The models were trained on a single NVIDIA Quadro V100 GPU. We set the thresholds for
pseudo-label generation as α1 = 0.8, α2 = 0.8 and the softmax temperature as τ = 0.1. In the
loss functions, we set λ = 0.5, β = 1.0, γ is initialized as 0.001 and exponentially increases at
each iteration to its maximum value 1.0. Specific details of model components are introduced
below:

• Sequence Encoder I/II/III and Ego State Feature Encoder: a single-layer
LSTM with hidden size = 128 followed by a three-layer MLP with hidden size = 128.

• Edge/Node Update Functions fv(·)/fe(·): a three-layer MLP with hidden size =
128.

• Importance Classifier: a three-layer MLP with hidden size = 256.

• Ego Action Classifier and Ego Trajectory Generator: a three-layer MLP with
hidden size = 64 followed by a three-layer MLP with hidden size = 256.

8.5.4 Results and Analysis

We conducted a detailed ablation study with quantitative and qualitative results to demon-
strate the effectiveness of each model component in the supervised learning setting and
effectiveness of the ranking-based pseudo-label generation in the semi-supervised learning
setting. We also compared our method with some rule/heuristics-based baselines. The
numerical comparisons of performance are provided in Table 8.2. Some testing scenarios are
visualized in Figure 8.3, 8.4, 8.5.

Rule-based baselines

We demonstrate the advantages of our method over simple rule-based methods in Table
8.2. We can observe a large drop in performance by using various heuristics to identify
the important objects, which implies that fixed rules are not sufficient to capture complex
relations and relative importance of objects in the scene.

Ego Intention

In a certain scenario, the important objects may be distinct with different ego driving
intentions. We evaluated the model performance on the scenarios with different ego intentions
separately to illustrate its effectiveness on H3D dataset. Comparing Ours-S-2 and Ours-S-3
in both tables, the accuracy and F1 score improve with ego intention by a large margin
consistently in the scenarios with various ego intentions. More specifically, leveraging the
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ego intention improves accuracy by 5.5% and F1 score by 10.2% in average. The intention
information can guide the model to pay attention to specific regions thus helpful for important
object identification. In order to qualitatively illustrate the influence of ego intention, we
visualize the predicted important objects with both ground truth and manipulated intentions
in Figure 8.4. The results show that our model can not only correctly identify the important
objects with the true intention, but also generate reasonable predictions for manipulated
intentions with which the attention may be paid to the objects in different corresponding
regions.

Relation Graph

The relation graph is a critical component to aggregate the information of different objects
and model their relations/interactions, which helps to discriminate relative importance of
multiple objects. In Ours-S-1, the relation graph is skipped and the relation features v̄j is
removed from oj, which leads to a decrease in performance compared with Ours-S-3, which
implies the effectiveness of graph learning. The information aggregation of different objects
boosts the model accuracy by 2.5% and F1 score by 6.1%.

Auxiliary Tasks

The comparison between Ours-S and Ours-S-3, Ours-SS and Ours-SS-3 can illustrate the
effectiveness of the auxiliary tasks. The results show that adding auxiliary tasks during
training improves accuracy and F1 score in both supervised learning and semi-supervised
learning, which implies that the ego behavior indeed provides useful information and additional
supervision. In Fig. 8.3, it shows that our model can predict accurate ego actions at the
current frame in various scenarios with specific intentions.

Semi-Supervised Learning

The comparison between Ours-S and Ours-SS shows that the performance of our model
improves by a large margin through learning from additional unlabeled data samples with
semi-supervised learning. The accuracy and F1 score improve by 5.5% and 3.2%, respectively.
The ablative results in Table 8.2 also illustrate the benefits brought by ranking-based strategy
for pseudo-label generation and entropy-based loss weighting. In Fig. 8.5, the naive strategy
tends to label all the objects in the scene as “unimportant” due to the data imbalance issue
while the ranking-based strategy can mitigate this issue and generate reasonable pseudo-labels.

Effect of the Proportion of Labeled Training Data

We further demonstrate the effect of the proportion of labeled training data on the semi-
supervised important object identification in Table 8.3. More specifically, we compare the
performance of the models trained on 30%, 60% and 100% of the labeled dataset and the
whole unlabeled dataset.
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(a) True: slow down; Predicted: slow down; Intent: forward (b) True: speed up; Predicted: speed up; Intent: left turn

(c) True: speed up; Predicted: speed up; Intent: right turn (d) True: slow down; Predicted: slow down; Intent: right turn

Figure 8.3: Testing scenarios with true ego vehicle intentions (Ours-SS). The green/blue
boxes indicate the true/predicted important objects. Our model can identify the correct
important objects and predict accurate ego actions. In (a), the model recognizes adjacent
objects as important due to potential interactions. In (b), since the light for “turning left” is
green, the vehicles in the opposite direction are not important thus the ego vehicle can speed
up. In (c), the model identifies the important objects in the intended path of ego vehicle. In
(d), since the ego intention is “turning right”, the model predicts the objects in the right part
of the image as important ones and still predicts the ego action correctly and keeps the ego
vehicle safe.
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(a) True intent: forward; Predicted: speed up; True: speed up

(b) Manipulated intent: left turn; Predicted: speed up

(c) Manipulated intent: right turn; Predicted: speed up

Figure 8.4: Testing scenarios with manipulated ego vehicle intentions (Ours-SS).

The results show that training on more labeled data can boost the overall model per-
formance, which can also enable the semi-supervised models to generate more reasonable
and accurate pseudo-labels for unlabeled scenarios and further enhance performance. It is
observed that Ours-S30% achieves comparable performance to Ours-SS30%. A potential reason
is that with only 30% of the labeled dataset the model could not learn well enough to generate
sufficiently accurate pseudo-labels, which weakens the advantages of learning from unlabeled
dataset or even brings negative effects. As the amount of labeled data increases, the model
performance improves by a larger margin with semi-supervised learning.
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(a) True intent: forward (b) True intent: forward (c) True intent: forward

Figure 8.5: Visualization of generated “important” pseudo-labels (yellow boxes) with the
ranking-based strategy (Ours-SS). The naive strategy labels all the objects as “unimportant”
in these scenarios.

Effect of Thresholds α1 and α2

In the pseudo-label generation process, the thresholds α1 and α2 are determined empirically.
The comparison of model performance with different α1/α2 combinations is shown in Fig.
8.2. In particular, α1 = 0.5 performs the worst when α2 is fixed at 0.8, which implies that
the naive threshold (i.e., 0.5) is not good for generating pseudo labels since the prediction
confidence may not be high enough which results in noisy pseudo labels.

8.6 Chapter Summary

In this paper, we present a novel approach for important object identification in autonomous
driving. We propose to incorporate human knowledge as direct supervision to recognize
important objects. Since it is expensive to obtain human annotations for a large amount
of data, we propose a semi-supervised learning pipeline to enable the model to learn from
both labeled and unlabeled datasets. In order to consider the relations between objects
when inferring their importance, we employ a graph neural network to extract relation
features. Moreover, we propose to leverage the action/trajectory information of the ego
vehicle to provide additional supervision signals as auxiliary tasks to improve the model
performance. The model is validated on the H3D dataset with egocentric videos, 2D bounding
box annotations and point clouds. The quantitative and qualitative results demonstrate the
effectiveness of each model component, the ranking-based pseudo-label generation strategy
and loss weighting strategies for semi-supervised learning.
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Chapter 9

Final Words

In this dissertation, we investigated a wide range of generic approaches to model the relations
and interactions between autonomous agents or entities in a multi-agent system, which can
be applied to a variety of domains (e.g., physical systems, human crowds, traffic participants,
robot swarms). We also explored the solutions to typical downstream tasks (e.g., prediction,
tracking, importance estimation) under a multi-agent setting with relational reasoning.

In Part I, we focused on the multi-agent prediction and tracking problems. In Chapter
2, we introduced a hierarchical time-series prediction model for situation and behavior
recognition based on probabilistic graphical models, which can be applied to the scenarios
with a single autonomous agent or under a fixed multi-agent setting. This prediction approach
has a hierarchical structure, which is particularly designed for a dynamic process consisting
of multiple clearly defined sub-stages. When it is applied to a general dynamic system, the
number of sub-stages will become a hyperparameter to tune to achieve the best performance.
In Chapter 3, we employed deep generative modeling techniques to learn the data distribution,
which can generate more diverse and realistic prediction hypotheses. In Chapter 4, we further
leveraged a graph representation to capture spatio-temporal interaction patterns, which is a
natural way to represent multiple agents in the scene and their relations. The graph topology
is determined by human-defined heuristics (e.g., distanced-based), which is a straightforward
way to impose inductive biases to the relational structure. However, the heuristics may
not be applicable in all situations, which may lead to undesired outcomes. For example, a
distant coming vehicle in the opposite direction may prevent the car from turning left in
the intersection, but it might be ignored with a small distance threshold when modeling its
influence. Therefore, in Chapter 5 we proposed to learn a latent relational graph structure
from observation data instead of pre-defining the graph topology, which can evolve over time
to enable dynamic relational reasoning.

An accurate prediction model plays a significant role in multi-target tracking frameworks,
especially in highly dynamic and interactive scenarios with heterogeneous agents. In Chapter
6, we discussed a unified tracking and prediction framework based on a modified sequential
Monte Carlo method, which can adopt any of the above prediction models as the implicit
proposal distribution.
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In Part II, we addressed another related downstream problem (i.e., importance estimation)
of relational reasoning under a multi-agent setting. In Chapter 7, we discussed a hybrid
attention inference network to recognize relative importance of objects in the scene based
on observation data, which enables dynamic key information selection. Compared with the
approach proposed in Chapter 5, this method emphasizes more on estimating the importance
of a certain entity with respect to another one instead of recognizing their specific relations,
which is more applicable when the interaction types are hard to define. In Chapter 8, we
further investigated how to incorporate human knowledge from human annotations with a
self-supervised learning pipeline, which enables the model to learn from both labeled data
and unlimited, unlabeled data.

There are many potential directions for future work, which are listed below.

• To demonstrate interpretability of learning-based models

In recent years, many learning-based methods (especially deep learning methods)
have been proposed to solve multi-agent motion prediction and interaction-aware
decision making problems for autonomous systems, which can achieve promising model
performance in terms of various aspects. However, it is not trivial to understand
and interpret the end-to-end models. In this dissertation, we tried to investigate and
improve the model interpretability by visualizing or analyzing latent/intermediate
representations. For example, the attention weights can be visualized to illustrate the
relative importance of surrounding agents or feature elements, which enables a post-hoc
interpretation of the model. In future work, more theoretical studies and analysis can
be further conducted.

• To improve data efficiency of learning-based models

Learning-based models (especially supervised deep learning methods) usually demand
a large amount of training data for supervision. However, in many cases the data
is expensive to collect and requires abundant human annotations. Therefore, in this
dissertation we investigated potential solutions to leverage unlimited unlabeled data
through the semi-supervised learning techniques. In future work, it is promising to
explore approaches that have less reliance on human-annotated data and the ability
to draw conclusions even with limited experience. Common sense reasoning or human
prior knowledge could be incorporated for behavior modeling and decision making.

• To enhance generalizability and enable continual learning

Many learning-based approaches achieve promising performance when the testing data
are drawn from an underlying distribution that is the same as or very similar to training
data distribution. However, there are often unseen or out-of-distribution testing cases
not covered in the training dataset, which may result in a significant decrease in testing
performance. Meanwhile, it is also possible that new data is collected in a streaming
way. In future work, it is desired to investigate how data-driven methods can generalize
better under unseen settings and learn from new data in a continuous way.
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• To improve computation efficiency and scalability

There may be a large number of autonomous agents communicating and interacting
with each other in real-world multi-agent systems. For example, mobile robots share the
space with human crowds; robot swarms collaborate together and communicate with
each other to get a task done. Therefore, it is necessary to improve the computation
efficiency and scalability of method to tackle large-scale multi-agent systems. In this
dissertation, we have explored effective and efficient graph representations to represent
multi-agent scenarios, in which node and edge functions are shared across the whole
graph. In future work, we will how to further improve the computation efficiency and
enhance scalability in a more systematic way.

• To integrate perception, prediction and decision making in a unified framework

Perception, prediction and decision making are three major tasks for autonomous navi-
gation. Effective perception of the context environment and accurate future prediction
of the interactive agents in the scene serve as an important prerequisite for safe and high-
quality decision making of autonomous agents. In this dissertation, we have explored
the perception aspect with an emphasis on semantic scene understanding and important
object identification. We also investigated a wide range of intention/motion prediction
methods, which can achieve state-of-the-art performance in terms of prediction accuracy.
In future work, we will explore decision making algorithms in a multi-agent setting and
design a unified framework that incorporates the perception, prediction and decision
making modules.

With the development of technology, it may no longer be a fantasy to have intelligent and
autonomous robots that think, behave and interact with the world in the way that human
beings do, so that they can better serve, assist and collaborate with people in their daily lives
across work, home and leisure.
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