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Abstract

Ranked Enumeration over Circuits

via Implicit Representations

by

Jiayin Hu

Keywords: ranked enumeration, d-DNNF circuits, implicit representation, enumera-

tion delay

We study the problem of enumerating the satisfying assignments of smooth multi-

valued d-DNNF circuits in sum order. We measure the cost in terms of a preprocessing

phase and the delay between consecutive answers, charging for both the size of the

circuit and the number of variables. Producing each answer as a complete assignment

takes time linear in the number of variables. We propose an algorithmic framework that

avoids this cost by producing answers in an implicit representation. After preprocessing

quasilinear in the size of the circuit, the delay for tree-shaped circuits is logarithmic in

the number of answers already produced and independent of the number of variables.

For general circuits, preprocessing incurs an additional factor of the number of variables,

and one further term remains in the delay, logarithmic in the number of variables. An

answer can be recovered explicitly from its implicit representation in additional linear

time.
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Chapter 1

Introduction

§ 1.1 Background

For query evaluation in databases, a fundamental challenge is that the size of intermedi-

ate or final query output can far exceed the size of the input database [7]. For complex

join queries, fully materializing the answer set is often too slow and requires too much

memory. This motivates representing the answer set in a compressed form, thereby

allowing evaluation tasks to be solved efficiently without fully unpacking the answers.

A simple example conveys the idea. Consider the Cartesian product of 𝐴 = {𝑎1, . . . , 𝑎𝑛}

and 𝐵 = {𝑏1, . . . , 𝑏𝑚}. Listing the answers explicitly takes 𝑛 ·𝑚 tuples. Instead, read 𝑎𝑖

as the assertion the first component takes value 𝑎𝑖, and likewise for 𝑏 𝑗; the answers are

exactly the satisfying assignments of (𝑎1 ∨ · · · ∨ 𝑎𝑛) ∧ (𝑏1 ∨ · · · ∨ 𝑏𝑚), an expression

of size 𝑛 + 𝑚. Nothing is lost, since every tuple can be recovered by picking one from

each side.

Each answer is a satisfying assignment of a formula built from the query and the

database: deciding whether a query has an answer is satisfiability, and counting its
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Chapter 1 Introduction

answers is model counting. Knowledge compilation [21] studies representations of

Boolean functions on which such tasks become tractable, and its tools have since been

adapted to the database setting. It represents functions by circuits: rooted DAGs whose

gates are labeled by ∧, ∨, or a literal. A circuit represents the answer space without

loss, and can be exponentially smaller than the answer set itself [34]. Crucially, circuits

with certain structural properties (e.g., d-DNNFs) let query tasks such as counting,

enumeration [24] or sampling [19] be performed by traversing the circuit, so their cost

is governed by the size of the circuit rather than by that of the answer set.

When the size of a query answer is large enough, producing all the answers at once

is expensive and consumes too much time. Enumeration avoids this by outputting

the answers one by one. An enumeration algorithm first runs a preprocessing phase,

whose cost is measured in the size of the input, and then produces the answers in

sequence; the quality of an enumeration algorithm is measured by the delay, the time

that elapses between two consecutive outputs. The ideal is linear preprocessing and

constant delay [9, 25]. Producing answers in an arbitrary order, however, is not always

satisfactory. This motivates ranked enumeration, where a ranking function assigns a

score to each answer, and the answers must be returned in the designated order given

by the score.

These tasks have both been studied on circuits. Amarilli et al. [2] showed that the

satisfying assignments of a d-DNNF circuit can be enumerated with linear preprocessing

and constant delay. Ranked enumeration on circuits was also studied [1], where the

answers are produced in order of score with logarithmic delay.

2



§1.2 Motivations

§ 1.2 Motivations

Let us look at the algorithm of Amarilli et al. [1] more closely. They consider ranked

enumeration over smooth multivalued d-DNNF circuits on a variable set 𝑋 , under subset-

monotone ranking functions. After O(|𝐶 |) preprocessing, where |𝐶 | denotes the circuit

size, their algorithm returns the 𝑘-th ranked assignment with a delay of 𝑂(log 𝑘).

This deserves a second look: in the enumeration phase, each answer is produced by

a recursive descent through the circuit, and every priority-queue operation along this

descent is charged once per variable in the worst-case scenario. Accounting for |𝑋 |

explicitly, the delay is therefore 𝑂( |𝑋 | log 𝑘), and the stated 𝑂(log 𝑘) delay holds only

under the assumption that the size |𝑋 | of the variable set is a constant. The assumption

is acceptable in the setting they target: monadic second-order logic (MSO) with first-

order free variables. It is still a limitation, because |𝑋 | can be part of the input in other

settings, such as for MSO with second-order free variables.

This dependence on |𝑋 | appears unavoidable at first, as simply materializing an answer

requires specifying a value for each of the variables, imposing an Ω( |𝑋 |) cost. However,

the lower bound can be bypassed by avoiding a full answer. If two answers agree on

most variables, one can be described by the variables on which it differs from the other,

together with its values there. This is the paradigm exploited by Eppstein for the 𝑘

shortest paths problem [26], where the 𝑘-th path is stored implicitly as a sequence of

deviations from a shortest path tree. The idea of enumerating the implicit representation

of each solution has also been used in formal language [6] and combinatorial generation

problems [5]. We adopt a similar discipline for ranked enumeration over circuits: an

answer is encoded by its deviations from a reference answer.

3



Chapter 1 Introduction

For the 𝑘-th answer we return an implicit representation from which its score is

available exactly at no additional cost, and the explicit answer can be materialized with

some extra cost on demand.

§ 1.3 Results

As in the problem of Amarilli et al. [1], we study ranked enumeration of the satisfying

assignments over a smooth multivalued d-DNNF circuit, with |𝑋 | treated as part of the

input. We restrict the ranking function to sum order: every input gate carries a score,

and the score of an assignment is the sum of the scores of the gates it uses. An output

is a representation from which the score is available at no cost and the assignment is

materialized in time 𝑂( |𝐶 |) on demand.

Within this setting, we distinguish two types of circuits based on their structure: tree-

shaped circuits, whose underlying graph is a tree, and general circuits, in which one gate

may feed several others. Tree-shaped circuits enjoy simpler algorithms because each

gate has a unique parent. General circuits allow gates to be shared, requiring algorithms

to track additional information at the expense of higher preprocessing and delay costs.

Our results are as follows.

Theorem 1.3.1. The satisfying assignments of a smooth multivalued d-DNNF circuit

𝐶 over 𝑋 under a sum order can be enumerated in nondecreasing order of score, each

answer being output as an implicit representation from which its score is read off in

constant time and the assignment itself is materialized in time 𝑂( |𝐶 |) on demand:

• after preprocessing in time and space 𝑂( |𝐶 | · log |𝐶 |), the 𝑘-th answer is produced

with delay 𝑂(log 𝑘), if 𝐶 is tree-shaped;

4



§1.3 Results

• after preprocessing in time and space 𝑂( |𝐶 | · |𝑋 | · log |𝐶 |), the 𝑘-th answer is

produced with delay 𝑂(log 𝑘 + log |𝑋 |) if 𝐶 is a general circuit.

The time to obtain the first 𝑘 answers, TT(𝑘), is defined as the preprocessing time

plus the sum of the first 𝑘 delays [36, 38]. The algorithm of Amarilli et al. [1] gives

TT(𝑘) = 𝑃′+𝑂(𝑘 · |𝑋 | log 𝑘), where the enumeration term is the bound discussed in § 1.2

and 𝑃′ = Ω( |𝐶 |). We do not state an upper bound on 𝑃′, since it leaves the representation

of the explicit assignment stored at each gate unspecified. Copying gives 𝑂( |𝐶 | · |𝑋 |);

sharing by reference avoids this, but shifts the cost to materializing complete assignments

during enumeration. Their algorithm abstracts away from variable-size dependencies.

For tree-shaped circuits, our algorithm gives TT(𝑘) = 𝑂( |𝐶 | · log |𝐶 | + 𝑘 log 𝑘) for the

first 𝑘 implicit answers, saving a factor of |𝑋 | on every answer produced. For general

circuits, it gives TT(𝑘) = 𝑂( |𝐶 | · |𝑋 | · log |𝐶 | + 𝑘(log 𝑘+ log |𝑋 |)), where |𝑋 | contributes

an additive log |𝑋 | instead of multiplying log 𝑘 in enumeration.

Organization. Chapter 2 reviews enumeration paradigms and the application of cir-

cuits in database theory. Chapter 3 introduces the notations for circuits and the problem.

Chapter 4 develops the algorithmic framework and the data structures that both algo-

rithms share. Chapters 5 and 6 are dedicated to tree-shaped and general circuits,

respectively.
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Chapter 2

Related Work

§ 2.1 Enumeration and its Variants

The answers to a query may be far more numerous than the database itself, so rather than

returning them as a single block, enumeration algorithms and their advanced variants,

ranked enumeration and direct access, produce them one at a time and let the caller

stop after any number. Algorithm complexity is analyzed in terms of preprocessing,

performed before enumeration begins, and delay, the time interval between outputting

any two consecutive answers.

2.1.1 Enumeration

An enumeration algorithm must produce each answer exactly once; however, the output

order is arbitrary. For conjunctive queries, the central question has been which queries

admit linear preprocessing and constant delay. Bagan et al. [9] showed that free-connex

acyclic queries do, and that for self-join-free queries this condition is also necessary,

subject to hypotheses from fine-grained complexity. Later work has revisited this picture

6



§2.1 Enumeration and its Variants

for conjunctive queries with negation [13, 14], for unions of conjunctive queries [17],

and in a dynamic setting where the instance is subject to updates [10].

Another line restricts the class of structures, so that an entire logic becomes tractable.

Bagan [8] enumerates the answers to an MSO query over structures of bounded

treewidth, with linear preprocessing and delay linear in the size of each answer. For

queries of fixed arity, the delay was brought down to a constant [28].

2.1.2 Ranked Enumeration

Ranked enumeration adds a ranking function on answers and requires the enumeration

to follow the order. Tziavelis et al. [36, 38] study this for conjunctive queries under a

class of ranking functions that includes sum of weights; for free-connex queries, they

reach the 𝑘-th answer in time 𝑂(𝑛 + 𝑘 log 𝑘). Deep and Koutris [23] obtain logarithmic

delay for ranking functions whose value can be computed incrementally as an answer is

assembled. Other work covers projections [22], join predicates other than equality [37],

and probabilistic databases under updates [11]. Outside the relational setting, Bourhis

et al. [12] study ranked enumeration for monadic second-order queries on words.

2.1.3 Direct Access

A relevant problem is direct access, which asks for the answer at a given position in the

order without producing those preceding it. Since direct access allows for retrieving the

𝑘-th answer on-demand, it inherently supports ranked enumeration by accessing answers

in increasing order of 𝑘. Carmeli et al. [18] focus on conjunctive queries, identifying

the queries and output orders for which optimal enumeration is achievable after linear

7



Chapter 2 Related Work

preprocessing; matching lower bounds are established by Bringmann et al. [15].

§ 2.2 Circuits in Database Theory

The above-mentioned enumeration algorithms operate on the database directly. A differ-

ent approach is to first compile the answers into a circuit, and then execute enumeration

over that representation instead. Tractable circuits, developed in knowledge compila-

tion [21], separate these concerns: all query-dependent work goes into compiling a

circuit of a designated class, and the enumeration algorithm then operates on the circuit

alone. Database theory has used such circuits in two ways, differing in what the circuit

represents [4].

The Boolean provenance of a Boolean query treats each fact of the instance as

a variable: a valuation selects a subinstance, and the function records whether the

query holds on it. Its variables are the facts, and its models are subinstances, not

answers. Probabilistic query evaluation then amounts to weighted model counting

over this function, which is tractable on circuits in suitable classes [1]. Olteanu and

Huang [32] compiled provenance into ordered binary decision diagrams. Jha and

Suciu [27] studied which queries admit provenance representations of polynomial size,

and characterized several such classes. Amarilli et al. [3] gave a construction for monadic

second-order queries over trees and over instances of bounded treewidth, producing a

provenance circuit in linear time. On the systems side, ProvSQL [35] maintains

provenance circuits inside PostgreSQL and passes them to existing compilers.

The second use represents the answers rather than the facts. Factorized representa-

tions [34, 33] build the answer relation from singleton relations using union and product

8



§2.2 Circuits in Database Theory

alone, and give size bounds in terms of structural parameters of the query. Their

f-representations are trees, while their d-representations allow a subexpression to be

named and referenced several times, and are thus DAGs.

2.2.1 Enumeration on Circuits

Once the answers are represented by a circuit, the specifications of Section 2.1 can be

addressed on the representation, and the resulting algorithms apply to any query language

that compiles into the class. Amarilli et al. [2] did this for enumeration, obtaining linear

preprocessing and output-linear delay on d-SDNNF and recovering earlier results for

conjunctive queries and for monadic second-order queries as instances. Muñoz and

Riveros [30] obtain comparable guarantees for nested documents through a related

structure developed independently.

Ranked enumeration on circuits was studied by Amarilli, Bourhis, Capelli and

Monet [1], who enumerate the satisfying assignments of a smooth multivalued d-DNNF

in the order given by a subset-monotone ranking function. This is the setting of the

present thesis, and their algorithm is the starting point for ours; the comparison is made

in Chapter 1. Capelli and Irwin [16] study direct access on circuits and apply it to

conjunctive queries with negation.

9



Chapter 3

Preliminaries

§ 3.1 Multivalued Circuits

A multivalued circuit 𝐶 over a variable set 𝑋 is a rooted directed acyclic graph (DAG)

with each vertex labeled as a gate. The root without outgoing edges is the output gate 𝑟

of 𝐶. Each gate without incoming edges is an input gate assigned a pair ⟨𝑥 : 𝑑⟩ where

𝑥 ∈ 𝑋 and 𝑑 ∈ dom𝑥 (the domain of the variable 𝑥). Every other gate is labeled as either

∧ (AND -gate) or ∨ (OR -gate). The set of AND -gates (resp. OR -gates) in 𝐶 is denoted

AND (resp. OR).

The gate 𝑔′ is an input of the gate 𝑔 if there is a directed edge 𝑔′ → 𝑔; 𝑔 is

an output of 𝑔′. The set of inputs of a gate 𝑔 is denoted inputs(𝑔), and we write

[inputs(𝑔)] = (𝑐1, . . . , 𝑐𝑛) for its inputs ordered according to an arbitrary but fixed

order. To make each gate meaningful, we assume AND -gates and OR -gates both have

at least two inputs (or they can be removed from the circuit directly in linear time).

A gate 𝑔′ is reachable from 𝑔 (equivalently, 𝑔 reaches 𝑔′) if 𝐶 contains a directed

path from 𝑔′ to 𝑔; in particular, every gate reaches itself via the path of length zero.

10



§3.1 Multivalued Circuits

Reachability is taken against the direction of the edges, so that the gates reachable from

𝑔 are exactly those gates feeding into 𝑔, directly or transitively. We say that 𝑔′ lies below

𝑔 or that 𝑔 lies above 𝑔′ if 𝑔′ is reachable from 𝑔.

We write gates(𝑔) for the set of gates reachable from 𝑔 (below 𝑔), 𝐶𝑔 for the subcircuit

rooted at 𝑔, i.e., the subgraph of 𝐶 induced by gates(𝑔), and vars(𝑔) ⊆ 𝑋 for the set of

variables 𝑥 that occur in the label of some input gate in gates(𝑔). Then 𝐶𝑔 is itself a

multivalued circuit with output gate 𝑔 and variable set vars(𝑔).

Observation 3.1.1. 𝐶 is a finite DAG, so every gate reaches at least one input gate;

hence, vars(𝑔) ≠ ∅ for every gate 𝑔. Moreover, since 𝐶 has a single root 𝑟, every gate is

reachable from 𝑟.

Observation 3.1.2. Let 𝑔1, 𝑔2 be gates of 𝐶 with vars(𝑔1) ∩ vars(𝑔2) = ∅. Then

gates(𝑔1) ∩ gates(𝑔2) = ∅.

Assignments. Let 𝑋′ ⊆ 𝑋 . An assignment over 𝑋′ is a set 𝜏 of pairs ⟨𝑥 : 𝑑⟩ with 𝑥 ∈ 𝑋′

and 𝑑 ∈ dom𝑥 , containing exactly one pair for each 𝑥 ∈ 𝑋′. We write vars(𝜏) = 𝑋′, and

𝜏(𝑥) for the unique 𝑑 such that ⟨𝑥 : 𝑑⟩ ∈ 𝜏.

Two assignments 𝜏, 𝜏′ are compatible, written 𝜏 ≃ 𝜏′, if 𝜏(𝑥) = 𝜏′(𝑥) for every

𝑥 ∈ vars(𝜏) ∩ vars(𝜏′); equivalently, the union 𝜏∪𝜏′ is an assignment as well, in which

case 𝜏 ∪ 𝜏′ ∈ Assign(vars(𝜏) ∪ vars(𝜏′)). This extends to sets of assignments by the

natural join: for 𝑅 ⊆ Assign(𝑌 ) and 𝑆 ⊆ Assign(𝑍), 𝑅 ⊲⊳ 𝑆 = { 𝜏 ∪ 𝜏′
�� 𝜏 ∈ 𝑅, 𝜏′ ∈

𝑆, 𝜏 ≃ 𝜏′ } ⊆ Assign(𝑌 ∪ 𝑍).

Every gate 𝑔 of 𝐶 accepts a set of assignments ⟦𝑔⟧ ⊆ Assign(vars(𝑔)), defined

11
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inductively by

⟦𝑔⟧ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{︁
{⟨𝑥 : 𝑑⟩}

}︁
if 𝑔 is an input gate ⟨𝑥 : 𝑑⟩,

⟦𝑐1⟧ ⊲⊳ . . . ⊲⊳ ⟦𝑐𝑚⟧ if 𝑔 ∈ AND, [inputs(𝑔)] = (𝑐1, . . . , 𝑐𝑚),⋃︁𝑚
𝑖=1⟦𝑐𝑖⟧ if 𝑔 ∈ OR, [inputs(𝑔)] = (𝑐1, . . . , 𝑐𝑚).

We write ⟦𝐶⟧ := ⟦𝑟⟧ and call its elements the satisfying assignments of 𝐶. We assume

vars(𝑟) = 𝑋 , which is without loss of generality because we may discard variables that

do not occur in any input gate; the satisfying assignments of 𝐶 are then total.

Definition 3.1.3. In this thesis, we focus on a multivalued circuit 𝐶 with the following

structural properties:

• (a) Decomposability: For every AND -gate 𝑔 in 𝐶, the variable sets of its inputs

are pairwise disjoint. Formally, vars(𝑐1) ∩ vars(𝑐2) = ∅ for all 𝑔 ∈ AND and all

𝑐1, 𝑐2 ∈ inputs(𝑔) with 𝑐1 ≠ 𝑐2. We say every AND -gate 𝑔 is decomposable.

• (b) Determinism: For every OR -gate 𝑔 in 𝐶, no assignment is accepted by two

different inputs. Formally, for all 𝑔 ∈ OR and all 𝑐1, 𝑐2 ∈ inputs(𝑔) with 𝑐1 ≠ 𝑐2,

𝜏1 ≄ 𝜏2, for all 𝜏1 ∈ ⟦𝑐1⟧, 𝜏2 ∈ ⟦𝑐2⟧, i.e., there is some 𝑥 ∈ vars(𝑐1) ∩ vars(𝑐2)

with 𝜏1(𝑥) ≠ 𝜏2(𝑥). We say every OR -gate 𝑔 is deterministic.

• (c) Smoothness: For every OR -gate 𝑔, all of its inputs share the same variable

set, i.e., vars(𝑐𝑖) = vars(𝑔) for all 𝑔 ∈ OR and all 𝑐𝑖 ∈ inputs(𝑔). We say every

OR -gate 𝑔 is smooth.

By default, we assume circuit 𝐶 satisfies the structural properties in Definition 3.1.3.

12
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Observation 3.1.4. Let 𝐶 satisfy Definition 3.1.3, let 𝑔 be a gate of 𝐶 and, if 𝑔 is not an

input gate, let [inputs(𝑔)] = (𝑐1, . . . , 𝑐𝑚).

1. (Decomposability) If 𝑔 ∈ AND, any 𝜏𝑖 ∈ ⟦𝑐𝑖⟧ and 𝜏 𝑗 ∈ ⟦𝑐 𝑗⟧ with 𝑖 ≠ 𝑗 are

compatible, so the join is a product: (𝜏1, . . . , 𝜏𝑚) ↦→
⋃︁

𝑖 𝜏𝑖 is a bijection from∏︁
𝑖⟦𝑐𝑖⟧ onto ⟦𝑔⟧. Conversely every 𝜏 ∈ ⟦𝑔⟧ decomposes uniquely as 𝜏 =⋃︁
𝑖 𝜏|vars(𝑐𝑖) with 𝜏|vars(𝑐𝑖) ∈ ⟦𝑐𝑖⟧. Moreover, no gate is reachable from both 𝑐𝑖

and 𝑐 𝑗 with 𝑖 ≠ 𝑗, i.e., gates(𝑐𝑖) ∩ gates(𝑐 𝑗) = ∅, and the subcircuits 𝐶𝑐𝑖 , 𝐶𝑐 𝑗 are

vertex-disjoint.

2. (Determinism) If 𝑔 ∈ OR, then ⟦𝑐𝑖⟧ ∩ ⟦𝑐 𝑗⟧ = ∅ for 𝑖 ≠ 𝑗, so ⟦𝑔⟧ =
⨄︁𝑚

𝑖=1⟦𝑐𝑖⟧:

every 𝜏 ∈ ⟦𝑔⟧ is accepted from exactly one input of 𝑔.

3. (Smoothness) vars(𝜏) = vars(𝑔) for every 𝜏 ∈ ⟦𝑔⟧, i.e., ⟦𝑔⟧ ⊆ Assign(vars(𝑔)).

The circuits we focus on are exactly the smooth d-DNNF circuits of Darwiche and

Marquis [21], transposed to the multivalued setting.

§ 3.2 Subcircuit Sharing in a Circuit

In a DAG, a gate 𝑔 may have more than one output, in which case 𝑔 is shared: a single

copy of subcircuit 𝐶𝑔 is used by all outputs of 𝑔. Sharing propagates downwards: every

gate in gates(𝑔) is then also used by several outputs of 𝑔, even if it has a single output

itself. Sharing is what makes a DAG more succinct than a tree [34], and it is also the

property that separates the two enumeration algorithms in this thesis. We therefore

distinguish the two settings.

13
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Lemma 3.2.1. Let 𝑔 be a gate of 𝐶 and let 𝑐1 ≠ 𝑐2 be two of its inputs. If gates(𝑐1) ∩

gates(𝑐2) ≠ ∅, then 𝑔 ∈ OR. Consequently, if two distinct paths of 𝐶 have the same

endpoints, then every gate at which these paths diverge is an OR -gate.

Proof. The first statement is the contrapositive of Observation 3.1.4(1).

For the second statement, let 𝑝1 ≠ 𝑝2 be directed paths from 𝑔0 to ℎ, and let 𝑔 be a

gate where they diverge, say 𝑝1 continues to 𝑐1 and 𝑝2 to 𝑐2 with 𝑐1 ≠ 𝑐2. Both paths

reach ℎ, so ℎ ∈ gates(𝑐1) ∩ gates(𝑐2) and the first statement applies. □

Definition 3.2.2. A circuit 𝐶 is tree-shaped if every gate other than the output gate 𝑟

has exactly one output, i.e., if the underlying DAG is a tree rooted at 𝑟. When no such

restriction is imposed, we call 𝐶 a general circuit.

Observation 3.2.3. If 𝐶 is tree-shaped, then gates(𝑐1) ∩ gates(𝑐2) = ∅ for every gate

𝑔 and all 𝑐1, 𝑐2 ∈ inputs(𝑔) with 𝑐1 ≠ 𝑐2.

In a tree-shaped circuit, each gate is reached from 𝑟 by a unique path, while in a general

circuit, this fails. The two cases are therefore treated separately: Chapter 5 exploits the

uniqueness of paths, while Chapter 6 must address how each gate is reached.

§ 3.3 Problem Statement

Each assignment ⟨𝑥 : 𝑑⟩ (with 𝑥 ∈ 𝑋 , 𝑑 ∈ dom𝑥) in an input gate has a score 𝜔(⟨𝑥 :

𝑑⟩) ∈ ℝ. The score of an assignment 𝜏 ∈ Assign(𝑋′) is the sum of the scores of its

elements,

𝜔(𝜏) =
∑︁
⟨𝑥:𝑑⟩∈𝜏

𝜔(⟨𝑥 : 𝑑⟩).

14



§3.3 Problem Statement

We rank assignments in nondecreasing order of score and call this the sum ordering; it

is a special case of subset-monotone rankings [1].

Definition 3.3.1. The ranked enumeration problem takes as input a smooth multivalued

d-DNNF 𝐶 with output gate 𝑟, together with a score 𝜔(⟨𝑥 : 𝑑⟩) ∈ ℝ for each one-

variable assignment. It must enumerate all the assignments in ⟦𝐶⟧ without duplicates

in nondecreasing order of score (ties broken by any fixed rule).

An enumeration algorithm consists of a preprocessing phase, run before the first

satisfying assignment is produced, and an enumeration phase, producing the satisfying

assignments one after the other. Delay measures the time between two consecutive

outputs, or between the last satisfying assignment and the announcement of the end of

the enumeration.

Ranking in nondecreasing order is without loss of generality: due to the additivity of

the weight function, replacing 𝜔 by −𝜔 exchanges the two orders and swaps min with

max throughout, so the algorithms can be applied to the reversed ranking.
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Chapter 4

Algorithmic Framework

§ 4.1 Idea from Eppstein’s Algorithm

Recall the outline of Eppstein’s algorithm [26] for the 𝑘 shortest paths between the

designated start 𝑠 and target 𝑡 in a weighted digraph. First, it computes a shortest-path

tree towards 𝑡, labeling every vertex 𝑣 with its shortest distance 𝑑(𝑣) to 𝑡. Every 𝑠–𝑡

path then decomposes as the tree path plus a sequence of sidetracks (edges that leave

the tree). A sidetrack 𝑒 = (𝑢, 𝑣) with weight 𝑤(𝑒) carries the nonnegative “detour cost”

𝛿(𝑒) = 𝑤(𝑒) + 𝑑(𝑣) − 𝑑 (𝑢), and the cost of a path equals the shortest-path cost plus the

sum of the detour costs of its sidetracks. Enumerating paths in nondecreasing cost thus

reduces to enumerating the sequences of sidetracks in nondecreasing total detour cost,

which Eppstein’s algorithm organizes with heaps.

The same decomposition idea drives the algorithms to enumerate satisfying assign-

ments over the circuit. The single cheapest satisfying assignment/weight is easy to

obtain by a single pass from the input gates to the output gate: at each OR -gate one

simply keeps a cheapest branch, and these local choices compose into a global cheap-
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est assignment, which is the analogue of the all-cheapest path. Every other satisfying

assignment can then be found as this cheapest one modified at some of the OR -gates,

where it takes a branch other the cheapest (deviation). The cost of a deviation measures

how much is lost by taking that branch instead of the cheapest one available. The weight

of an assignment is the score of the cheapest assignment plus the costs of its deviations,

so ranked enumeration becomes the enumeration of sets of deviations in nondecreasing

total cost.

One structural difference keeps Eppstein’s construction from carrying over directly.

In Eppstein’s problem, one enumerates every path, a sequence of edges, along which

the sidetracks themselves naturally fall into a sequence. In our setting, however, an

assignment corresponds to an upward tree: at each OR -gate it selects a single input, but

at each AND -gate it combines independent assignments over disjoint sets of variables

into a single assignment over their union [2]. Each input of an AND -gate admits its

own deviations, independently of the others. Deviations therefore combine across the

inputs of an AND -gate, in addition to accumulating along a single branch as in the path

setting.

§ 4.2 Implicit Representation and Champions

Fix a circuit 𝐶 with output gate 𝑟 holding the structural properties of Definition 3.1.3

(decomposability, determinism, and smoothness). For a gate 𝑔, recall that ⟦𝑔⟧ ⊆

Assign(vars(𝑔)) is the set of satisfying assignments of the subcircuit rooted at 𝑔, and

⟦𝐶⟧ = ⟦𝑟⟧.
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4.2.1 Implicit Representations

An assignment is described explicitly by listing its variable-value pairs; alternatively,

it can be represented by recording, at each OR -gate it reaches, which input branch it

takes.

Definition 4.2.1. A branch choice 𝛽 assigns to each OR -gate 𝑔 an input, 𝛽(𝑔) ∈

inputs(𝑔). Given 𝛽, the trace trace(𝑔, 𝛽) is defined by recursion on 𝑔:

trace(𝑔, 𝛽) = {𝑔} ∪

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if 𝑔 is an input gate,⋃︁
𝑐∈inputs(𝑔) trace(𝑐, 𝛽) if 𝑔 ∈ AND,

trace
(︁
𝛽(𝑔), 𝛽

)︁
if 𝑔 ∈ OR,

and the reconstruction rec(𝑔, 𝛽) ∈ Assign(vars(𝑔)) collects the labels of the input gates

in trace(𝑔, 𝛽) to represent the explicit assignment. We write trace(𝛽) and rec(𝛽) for

trace(𝑟, 𝛽) and rec(𝑟, 𝛽), and say that the gates in trace(𝛽) are visited by 𝛽.

Only the values of 𝛽 at the visited OR -gates enter the recursion, so an assignment is

determined by the restriction of 𝛽 to these gates, which is the implicit representation of

rec(𝛽).

Observation 4.2.2. Let 𝛽 be a branch choice. Every gate of trace(𝑔, 𝛽) is reached from

𝑔 by a unique path inside trace(𝑔, 𝛽).

Observation 4.2.3. For every gate 𝑔, reconstruction induces a bijection between the

satisfying assignments in ⟦𝑔⟧ and the implicit representations rooted at 𝑔. In particular,

every satisfying assignment of 𝐶 has a unique implicit representation, so enumerating

implicit representations enumerates ⟦𝐶⟧ exactly once.

18



§4.2 Implicit Representation and Champions

By Observation 4.2.3, every 𝜏 ∈ ⟦𝐶⟧ is rec(𝛽) for some branch choice 𝛽, written

𝛽𝜏, unique at the OR -gates it visits. So, enumerating branch choices is equivalent to

enumerating assignments, reconstructing an explicit assignment only when needed.

Computing rec(𝛽) by the recursion visits each gate in trace(𝛽) once, so takes

O(| trace(𝛽) |) time; in general O(| trace(𝛽) |) can be O(|𝐶 |). The number of input

gates in trace(𝛽) is exactly |𝑋 |, and since no gate has a single input, the AND -gates

in trace(𝛽) are fewer than its input gates. However, the number of OR -gates is not

controlled by |𝑋 |: an OR -gate may have an OR -gate as an input, and such a chain of

OR -gates contributes one gate to trace(𝛽) without contributing any input gate. Call a

directed path of 𝐶 whose gates are all OR -gates an OR-chain, and write 𝜆 for the max-

imal number of gates on an OR-chain; we then have | trace(𝛽) | = O(|𝑋 | · 𝜆), because

following 𝛽 maps each OR -gate of trace(𝛽) to a non-OR -gate, with at most 𝜆 OR -gates

mapped to the same gate. In particular, reconstruction takes O(|𝑋 |) time when 𝐶 has

no chain of OR -gates, i.e., when 𝜆 = 1.

Definition 4.2.4. Fix a linear order on inputs(𝑔) for every gate 𝑔. For a branch choice 𝛽

and a gate 𝑥, we denote by ≺𝑥,𝛽 the depth-first order induced by trace(𝑥, 𝛽): for distinct

gates 𝑔1, 𝑔2 of trace(𝑥, 𝛽), let 𝑔 be the last gate common to the paths from 𝑥 to 𝑔1 and

to 𝑔2, which are unique by Observation 4.2.2; then 𝑔1 ≺𝑥,𝛽 𝑔2 if 𝑔1 = 𝑔, or if 𝑔1 and 𝑔2

are reachable from distinct inputs 𝑐1, 𝑐2 of 𝑔 respectively, with 𝑐1 preceding 𝑐2 under the

fixed linear order. We say that 𝑔2 comes after 𝑔1 when 𝑔1 ≺𝑥,𝛽 𝑔2.

This order plays a structural role in the following chapters. A trace is obtained from

another by changing the branch choice at some of its gates, and a linear order on its

gates lets any such set of changes be written as an increasing sequence, which is unique

since a set admits exactly one increasing enumeration. Depth-first order is used because
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it groups the gates below a gate 𝑔 together: every gate coming after 𝑔 is either below

𝑔 or comes after all gates below 𝑔. Changing the branch choice at 𝑔 replaces the gates

below 𝑔 and leaves all other gates of the trace unchanged.

4.2.2 Optimum score and champion

Definition 4.2.5. For a gate 𝑔, the optimum score 𝜔∗(𝑔) is the least score of a satisfying

assignment of the subcircuit rooted at 𝑔:

𝜔∗(𝑔) = min
𝜏∈⟦𝑔⟧

𝜔(𝜏).

Proposition 4.2.6. The optimum score satisfies

𝜔∗(𝑔) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜔(⟨𝑥 : 𝑑⟩) if 𝑔 is an input gate ⟨𝑥 : 𝑑⟩,∑︁
𝑐∈inputs(𝑔) 𝜔

∗(𝑐) if 𝑔 ∈ AND,

min𝑐∈inputs(𝑔) 𝜔
∗(𝑐) if 𝑔 ∈ OR .

Proof. By induction on 𝑔. If 𝑔 is an input gate, ⟦𝑔⟧ contains only the singleton

assignment ⟨𝑥 : 𝑑⟩, so 𝜔∗(𝑔) = 𝜔(⟨𝑥 : 𝑑⟩). If 𝑔 is an AND -gate, decomposability gives

⟦𝑔⟧ =⊲⊳𝑐 ⟦𝑐⟧ over pairwise disjoint variable sets, and scores add under ⊲⊳; minimizing

each score for each input independently yields 𝜔∗(𝑔) = ∑︁
𝑐 𝜔
∗(𝑐). If 𝑔 is an OR -gate,

then ⟦𝑔⟧ =⋃︁
𝑐⟦𝑐⟧, so 𝜔∗(𝑔) = min𝑐 min𝜏∈⟦𝑐⟧ 𝜔(𝜏) = min𝑐 𝜔

∗(𝑐). □

The recurrence is evaluated in one pass in topological order, in time 𝑂( |𝐶 |). At each

OR -gate we select one score-minimal input as a champion input.

Definition 4.2.7. Fix an order on elements in [inputs(𝑔)] for every OR -gate 𝑔. The

champion input 𝑐∗(𝑔) is the 𝜔∗-minimal input, ties broken by that order. We have
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𝜔∗
(︁
𝑐∗(𝑔)

)︁
= 𝜔∗(𝑔).

Taking the champion input everywhere in a d-DNNF 𝐶 gives a specific branch choice,

whose reconstruction is the cheapest satisfying assignment.

Definition 4.2.8. Champion choice 𝛽∗ sets 𝛽∗(𝑔) = 𝑐∗(𝑔) at every OR -gate 𝑔. We write

𝑇𝑔 := trace(𝑔, 𝛽∗) for the champion trace of 𝑔, the gates reached from 𝑔 by expanding

every AND -gate and following the champion input at every OR -gate; thus champion at

𝑔 is 𝜏∗(𝑔) := rec(𝑔, 𝛽∗), collecting the labels of the input gates; in particular, the global

champion at 𝑟, i.e., 𝜏∗(𝑟).

Remark. The algorithm stores both 𝜔∗ and 𝑐∗, taking O(1) space and time per gate; it

never caches any 𝜏∗(𝑔), leading to O(|𝑋 |) time to construct and O(|𝑋 |) space to store.

Additionally, the optimum score 𝜔∗(𝑔) is unique, whereas a score-minimal assignment

may not be; 𝜏∗(𝑔) is the specific representative determined by the tie-breaking order of

Definition 4.2.7.

§ 4.3 Deviation

A deviation takes a non-champion branch at an OR -gate; its cost measures how much

more that branch costs than the champion input.

Definition 4.3.1. A deviation 𝑑 is a pair (𝑔, 𝑐) where 𝑔 is an OR -gate and 𝑐 ∈ inputs(𝑔)

with 𝑐 ≠ 𝑐∗(𝑔); it records taking the non-champion branch 𝑐 at 𝑔. We write source(𝑑) =

𝑔 and target(𝑑) = 𝑐 and call them source (gate) and target (gate) of 𝑑 respectively. Its

cost is

dev(𝑔, 𝑐) := 𝜔∗(𝑐) − 𝜔∗(𝑔) ⩾ 0.
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dev(𝑔, 𝑐) is nonnegative because 𝜔∗(𝑔) = min𝑐′∈inputs(𝑔) 𝜔
∗(𝑐′) ⩽ 𝜔∗(𝑐).

Definition 4.3.2. For 𝜏 ∈ ⟦𝐶⟧, define deviation set

Dev(𝜏) :=
{︁
(𝑔, 𝛽𝜏(𝑔))

�� 𝑔 ∈ trace(𝛽𝜏) ∩ OR and 𝛽𝜏(𝑔) ≠ 𝑐∗(𝑔)
}︁
.

Dev(𝜏) lists only the places where 𝜏 differs from the champion. At an OR -gate

where 𝜏 takes the champion branch, nothing is recorded; a deviation is recorded only

where 𝜏 takes a branch other than the champion branch. The global champion 𝜏∗(𝑟) has

an empty deviation set, and every other assignment 𝜏 is described by the set Dev(𝜏),

recording the branches at which it departs from the champion.

Definition 4.3.3. Let 𝐷 be a set of deviations containing at most one pair for each

OR -gate. The induced branch choice 𝛽𝐷 is given by 𝛽𝐷(𝑔) = 𝑐 if (𝑔, 𝑐) ∈ 𝐷, and

𝛽𝐷(𝑔) = 𝑐∗(𝑔) otherwise. We call 𝐷 well-formed if every 𝑔 with (𝑔, 𝑐) ∈ 𝐷 is visited by

𝛽𝐷.

Lemma 4.3.4. 𝜏 ↦→ Dev(𝜏) is a bijection from ⟦𝐶⟧ onto the set of well-formed deviation

sets, with inverse 𝐷 ↦→ rec(𝛽𝐷).

Definition 4.3.5. A deviation record is either ⊥ or a pair ⟨𝑠′, 𝑑⟩ where 𝑠′ is a deviation

record and 𝑑 a deviation. We write 𝜎(𝑠) for the sequence of deviations obtained by

following 𝑠 back to ⊥. Records are immutable and shared between states, so extending

one takes constant time.

Lemma 4.3.6. For every 𝜏 ∈ ⟦𝐶⟧,

𝜔(𝜏) = 𝜔∗(𝑟) +
∑︁

𝑑∈Dev(𝜏)
dev(𝑑).
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Figure 4.1: A smooth d-DNNF circuit with scores on the input gates. Red edges mark
the edges connecting to a champion input; 𝜔∗ is the optimum score at a gate.

Intuitively, the champion is the cheapest assignment possible, with a baseline of score

𝜔∗(𝑟). Any other 𝜏 is more expensive only because it departs from the champion at

some OR -gate, and each deviation 𝑑 carries a nonnegative cost dev(𝑑); summing these

costs onto the baseline recovers the score of 𝜏. The champion’s sum of costs is empty

and its score is exactly 𝜔∗(𝑟). This is an analogue of Eppstein’s decomposition of a

path into a shortest path with a sequence of sidetracks.

This decomposition helps optimal-first enumeration. Since 𝜔∗(𝑟) is fixed, producing

assignments in nondecreasing score is equivalent to generating deviation sets in nonde-

creasing total cost, starting from the empty set. Building on this reduction, the following

data structures and algorithms are developed to perform the full enumeration.

§ 4.4 Persistent Meldable Heap

Figure 4.1 shows a small circuit whose champion assignment is (𝑥:0, 𝑦:0) of score 0.

This answer is collected from the trace = {𝐶, 𝐴, 𝑋, 𝑌1, ⟨𝑥:0⟩, ⟨𝑦:0⟩}. Ask the question
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Chapter 4 Algorithmic Framework

the enumeration will keep asking: starting from the champion, what can be changed

in one step, and at what cost? At 𝑋 , we can switch to ⟨𝑥:4⟩ costing 4; at 𝑌1, switch to

⟨𝑦:6⟩ costing 6; at 𝐶 there is also the switch away from the champion input 𝐴 to input

𝐵, which does not collect data from 𝑌1 and switches to the ⟨𝑦:2⟩ below gate 𝑌2, costing

𝜔(𝐵) − 𝜔(𝐶) = 2. Collecting these at 𝐶 gives three one-step departures, of costs 2, 4

and 6. Reading the figure this way already fixes what the structure at a gate has to do.

• Ordered access. The enumeration wants the cheapest departure first, so a gate’s

departures cannot sit in a list: they must be ordered by cost. At 𝐶 the order is

2, 4, 6.

• Combination. A gate does not compute its departures from scratch. At an

AND -gate, they are those of all inputs taken together: at 𝐴, those of 𝑋 and

those of 𝑌1. By decomposability the inputs have disjoint variable sets, so they

do not affect each other. At an OR -gate they are those of the champion inputs,

together with one new entry per non-champion input: at 𝐶, those of 𝐴 plus “take

𝐵 instead”. Note that the deviations below 𝐵 do not appear at 𝐶: switching to 𝐵

and then deviating inside is two steps. Either way, the operation needed is a union

of collections already built, plus O(1) fresh entries.

• Costs carry over unchanged. The entry of 𝑋 costs 4 at 𝑋 , and still 4 at 𝐴 and

at 𝐵, although 𝜔(𝐴) = 0 and 𝜔(𝐵) = 2. This is no accident: at an AND -gate the

optima of the inputs add up to the optimum of the gate, and at an OR -gate the

optimum of the gate is that of its champion input. The union therefore never has

to rebuild the key for anything.

• Operands must survive. (1) In the heap-building phase, 𝑋 feeds both 𝐴 and
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§4.4 Persistent Meldable Heap

𝐵, so its collection is combined twice, and what 𝐴 does while building its own

must leave that of 𝑋 intact for 𝐵. (2) In enumeration, an answer may depart at

𝑋 and then depart at 𝑌1 as well: taking the second departure means consulting

the collection at 𝑌1, unchanged, long after 𝐴’s collection was assembled out of

it. The first reason is particular to general circuits with subcircuit sharing; the

second applies to both.

The first requirement asks for a heap, the second and third for a meldable one, and

the fourth for a persistent one. We use leftist heaps [20] [29, Section 5.2.3] to satisfy

the conditions. The following two features guarantee the complexity of our algorithms:

• A persistent Meld of two leftist heaps of size 𝑛 takes O(log 𝑛) time; it rewrites

only the nodes on the merged right spine and shares the rest, so the operands

survive at no extra cost [31, Section 3.1].

• A leftist heap is a heap-ordered binary tree, so every node has at most two children.

We benefit from the second property in the enumeration phase. Heap order says that

the key of a node is at least the key of its parent, so the entries are already arranged in

a tree in which every root-to-node path has nondecreasing cost. That is enough to visit

them in nondecreasing order without deleting anything: begin at the root, and each time

an entry is taken, its at most two children become new candidates. The technique is

similar to Eppstein’s [26] though it also uses other special structures. Two things follow:

each entry taken adds a constant number of candidates, and the heap is only ever read,

which is what lets one heap be shared across the branches of the enumeration.

Two questions are deliberately left open here. First, an answer may depart from the

champion in several places at once: in Figure 4.1, one may change both 𝑋 and 𝑌1,
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Chapter 4 Algorithmic Framework

reaching the assignment of score 10, which is no entry of any heap we currently have.

Meanwhile, combining departures raises the problem of generating each combination

once only: changing 𝑋 then 𝑌1 and changing 𝑌1 then 𝑋 must not both be produced. That

is the reason we need the order of Definition 4.2.4. Second, once a departure has been

taken, which further departures are still available depends on where one now is: after

switching to take ⟨𝑦:2⟩ below 𝐵 as a deviation, we should have an approach to obtain

the deviation on top of the committed deviation. Both questions will be addressed

differently for tree-shaped and for general circuits; we will return to them in Chapter 5

and Chapter 6.
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Chapter 5

Ranked Enumeration on Tree-shaped Circuits

A tree-shaped circuit has no sharing of subcircuits: every gate has a single output. The

assignments accepted by gate 𝑔 come from the subcircuit rooted at 𝑔 and do not require

knowing how the gate was reached, whether in a tree or in a DAG. What may differ is

the part that remains above 𝑔: the sibling branches of the AND -gates above 𝑔, and the

deviations they offer. In a tree-shaped circuit these are fixed once the circuit is specified,

since 𝑔 is reached from output gate 𝑟 by a unique path.

§ 5.1 A Small Example

Let us begin with a small tree-shaped circuit. For the circuit of Figure 5.1a, what the

preprocessing phase builds is the structure of Figure 5.1b. Its topmost entry is the

deviation (𝐶, 𝐵), of cost 3 relative to the champion. From an entry, the enumeration

follows a solid blue edge (heap edge) to replace the last deviation by another one,

and a dashed black edge (cross pointer) to append a further deviation. Every set of

deviations reachable in this way represents an answer, and the answers are produced in

nondecreasing order of score. The rest of this chapter makes both the construction and
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⋀

<x: 0>

⋁ ⋁X1
ω*: 0

Y1
ω*: 0

A
ω*: 0 ⋀

⋁

⋁

B
ω*: 3

C
ω*: 0

<x: 4> <y: 0> <y: 6> <y: 2> <y: 9>

Y2
ω*: 
2

<x: 1>

⋁X2
ω*: 1

<x: 2>

(a)

4: (X1, <x: 4>)

1: (X2, <x: 2>)6: (Y1, <y: 6>)

7: (Y2, <y: 9>)

3: (C, B)

6: (Y1, <y: 6>)

7: (Y2, <y: 9>)

(b)

Figure 5.1: (a) A tree-shaped circuit over 𝑋 = {𝑥, 𝑦}, with 𝐶 = 𝐴 ∨ 𝐵, 𝐴 = 𝑋1 ∧ 𝑌1 and
𝐵 = 𝑋2 ∧ 𝑌2; each gate is labeled 𝜔∗. The three available deviations cost +4
at 𝑋1, +6 at 𝑌1, and +3 at 𝐶 (switching the whole subcircuit from 𝐴 to 𝐵).
(b) Sketch map of the deviations of Figure 5.1a held in heaps ordered by
cost (we ignore persistency here). An entry 𝛿 : (𝑔, 𝑐) records the deviation
at gate 𝑔 towards its input 𝑐, of cost 𝛿.

the enumeration precise.

§ 5.2 Continuation and Deviation Heap

Suppose all deviations of 𝐶 were collected in a single heap, keyed by cost, one entry per

deviation. Its minimum would be the cheapest single deviation, hence the second-best

assignment overall; the heap children of that entry would give the candidates for the

third, and so on. In this way, the assignments whose deviation set has size one are

produced in the correct order.

However, assignments with more deviations are not reached. After taking a deviation

(𝑔, 𝑐) at an OR -gate 𝑔, the assignment is no longer the global champion, and the

deviations that remain available fall into two categories: those inside 𝐶𝑐 exposed by

following 𝑐, and those at the gates the trace still has to visit after 𝑔.
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§5.2 Continuation and Deviation Heap

Three components are therefore needed. First, an order on the gates, so that after

some gate is meaningful. Second, a heap for each gate, holding the deviations available

below that gate together with those that come after it; those already passed are excluded,

which is what makes the deviations of a set occur in a fixed order. Third, a pointer on

each entry leading to the heap of the deviations that remain available once that deviation

is taken. Each entry of the resulting heaps stands for one deviation that may be added

to the deviation set.

Throughout this chapter, we write ≺ for ≺𝑟,𝛽 of Definition 4.2.4. Since 𝐶 is a tree, the

paths from 𝑟 are those of 𝐶 itself and ≺ does not depend on 𝛽: it is one fixed order on

the gates of 𝐶.

Definition 5.2.1. Let 𝛽 be a branch choice. The continuation of 𝑔 ∈ trace(𝛽) is

Cont𝛽 (𝑔) := {ℎ ∈ trace(𝛽) \ trace(𝑔, 𝛽) | 𝑔 ≺ ℎ},

the gates of trace(𝛽) that come after the whole of trace(𝑔, 𝛽). For simplicity, we write

Cont(𝑔) for Cont𝛽∗ (𝑔).

The order ≺ is linear on the gates of 𝐶, and it is in fact the depth-first order on

the gates of 𝐶. However, trace(𝛽) depends on 𝛽: taking a non-champion input at an

OR -gate brings the gates of the corresponding subcircuit into the trace, together with

the deviations they carry. The continuation of 𝑔 contains the gates of trace(𝛽) that come

after the whole of trace(𝑔, 𝛽).

Definition 5.2.2. Let 𝛽 be a branch choice and 𝑔 ∈ trace(𝛽). The deviations available at

𝑔 are the pairs (ℎ, 𝑐) where ℎ is an OR -gate in trace(𝑔, 𝛽)∪Cont𝛽 (𝑔) and 𝑐 ∈ inputs(ℎ) \

{𝑐∗(ℎ)}. The deviation heap 𝐻𝛽 (𝑔) contains one entry 𝑒 per available deviation (ℎ, 𝑐),
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Chapter 5 Ranked Enumeration on Tree-shaped Circuits

consisting of its cost 𝑒.𝛿 = dev(ℎ, 𝑐) as key, the deviation itself 𝑒.𝑑 = (ℎ, 𝑐), and a

cross pointer to 𝑒.𝑐𝑟𝑜𝑠𝑠 = 𝐻𝛽′ (𝑐) where 𝛽′ = 𝛽𝐷∪{(ℎ,𝑐)} and 𝐷 is the deviation set of

𝛽. Moreover, for a set 𝑌 of gates we write 𝐻𝛽 (𝑌 ) for the heap of the deviations at the

OR -gates of 𝑌 . We write 𝐻 (𝑔) for 𝐻𝛽∗ (𝑔).

Remark. Note that the two parts of trace(𝑔, 𝛽) ∪ Cont𝛽 (𝑔) play different roles. The

first is what lies below 𝑔, and Algorithm 1 always expands it along the champion; the

second is what remains outside, and it is the algorithm’s second argument. Only the

latter depends on 𝛽 in the calls the algorithm performs, whereas the first is always 𝑇𝑔.

Within a heap, the children of an entry offer alternatives to it to explore deviation

sets of the same size. The cross pointer instead leads to the heap of the deviations that

remain available once that deviation is taken, searching the deviation sets with one more

element.

§ 5.3 Preprocessing

5.3.1 Bottom-up Construction

The preprocessing consists of two bottom-up passes over 𝐶. The first evaluates the

recurrences of § 4.2.2, producing 𝜔∗(𝑔) and 𝑐∗(𝑔) for every gate. The second is

Algorithm 1 to build the deviation heaps.
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§5.3 Preprocessing

Algorithm 1 Deviation heap construction
1: function BuildHeap(𝑔, 𝐻cont)
2: if 𝑔 is an input gate then
3: return 𝐻cont ⊲ no choice here; only the continuation remains
4: else if 𝑔 is an AND -gate with inputs (𝑐1, . . . , 𝑐𝑚) then
5: 𝐻 ← 𝐻cont
6: for 𝑗 = 𝑚 downto 1 do
7: 𝐻 ← BuildHeap(𝑐 𝑗, 𝐻) ⊲ Cont(𝑐 𝑗) = {𝑐 𝑗+1, . . . , 𝑐𝑚} ∪ Cont(𝑔)
8: return 𝐻

9: else if 𝑔 is an OR -gate with inputs (𝑐1, . . . , 𝑐𝑛) and champion 𝑐∗ then
10: 𝐻 ← BuildHeap(𝑐∗, 𝐻cont) ⊲ deviations from Cont(𝑔) and 𝐶𝑐∗

11: for all 𝑐 ∈ {𝑐1, . . . , 𝑐𝑛} \ {𝑐∗} do
12: 𝐻𝑐 ← BuildHeap(𝑐, 𝐻cont)
13: 𝑒𝑐 ←

(︁
dev(𝑔, 𝑐), (𝑔, 𝑐), 𝐻𝑐

)︁
⊲ deviation entry; 𝑐𝑟𝑜𝑠𝑠 pointer to 𝐻𝑐

14: 𝐻 ← Meld(𝐻, {𝑒𝑐}) ⊲ meld the entry into the heap
15: return 𝐻

We briefly describe the calls along the champion choice, so we have 𝛽 = 𝛽∗ and the

subscript is omitted. Calls at other inputs will be covered by Lemma 5.3.1. At output

gate 𝑟, the initial call is BuildHeap(𝑟, ∅) for Cont(𝑟) = ∅.

At an input gate no deviation is available and the argument is returned unchanged.

At an AND -gate, the continuation of 𝑐 𝑗 consists of Cont(𝑔) together with 𝑐 𝑗+1, . . . , 𝑐𝑚

and the gates below them. The inputs are processed from the last to the first in the fixed

order, so that the heap passed to the call at 𝑐 𝑗 has accumulated the deviations contributed

from 𝑐 𝑗+1, . . . , 𝑐𝑚.

At an OR -gate 𝑔, the entries created are those of the deviations available at 𝑔 itself;

the entries of Cont(𝑔) are already present in 𝐻cont and are inherited through Meld. The

champion input receives 𝐻cont unchanged, since 𝑔 has a single champion input. Each

remaining input 𝑐 receives the same argument, and the resulting heap is stored as the

pointer of 𝑒𝑐: it collects the deviations that remain available once (𝑔, 𝑐) is taken, i.e.,
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Chapter 5 Ranked Enumeration on Tree-shaped Circuits

those inside 𝐶𝑐 and those on Cont(𝑔).

Note that all heap operations are persistent: Meld returns a new heap and leaves its

arguments unchanged. Heaps built earlier remain the same and available to the entries

that point to them.

Remark. In the calls performed by Algorithm 1, we always go along the champion

trace, so Cont𝛽 (𝑔) = Cont(𝑔) throughout and the heap built at 𝑔 depends on 𝑔 alone.

Figure 5.2 gives an example. The branch choice is carried in the statement only so that

the cross pointer can be named: the heap reached once (𝑔, 𝑐) is taken is 𝐻𝛽′ (𝑐) for the

branch choice 𝛽′ recording the new deviation.

⋀

<x: 0>

⋁ ⋁X
ω*: 0

Y
ω*: 0

A
ω*: 0

<x: 4> <y: 0> <y: 6>

(a)

⋀

<x: 0>

⋁ ⋁X1
ω*: 0

Y1
ω*: 0

A
ω*: 0 ⋀

⋁

⋁

B
ω*: 3

C
ω*: 0

<x: 4> <y: 0> <y: 6> <y: 2> <y: 9>

Y2
ω*: 
2

<x: 1>

⋁X2
ω*: 1

<x: 2>

⋁ Z
ω*: 0

<z: 0> <z: 1>

⋀D
ω*: 0

①②③

(b)

Figure 5.2: Circuit in (a) contains only one AND -gate. The continuation of gates in
subcircuit 𝐶𝑋 is {Y, ⟨𝑦:2⟩}.
Circuit in (b) has a more complex structure. For the gates in the subcircuits
𝐶𝑌2 and 𝐶𝑌1 , the continuation is the same, set marked with ①. For the gates
in 𝐶𝑋2 , their continuation is the union of sets ① and ②. For gates in 𝐶𝑋1 , the
continuation is the union of sets ① and ③.
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5.3.2 Correctness

Lemma 5.3.1. For every branch choice 𝛽 and every 𝑔 ∈ trace(𝛽) with trace(𝑔, 𝛽) = 𝑇𝑔,

the call BuildHeap(𝑔, 𝐻𝛽 (Cont𝛽 (𝑔))) returns 𝐻𝛽 (𝑔), and the heap stored in the entry

of a deviation (𝑔, 𝑐) created at that call is 𝐻𝛽′ (𝑐) for 𝛽′ = 𝛽Dev(𝛽)∪{(𝑔,𝑐)}.

Proof. By induction on 𝑔.

If 𝑔 is an input gate, trace(𝑔, 𝛽) = {𝑔} carries no deviation, so 𝐻𝛽 (𝑔) = 𝐻𝛽 (Cont𝛽 (𝑔))

and the argument is returned unchanged.

Let 𝑔 ∈ AND with inputs (𝑐1, . . . , 𝑐𝑚). The hypothesis trace(𝑔, 𝛽) = 𝑇𝑔 gives

trace(𝑐 𝑗, 𝛽) = 𝑇𝑐 𝑗 for every 𝑗, so the lemma applies at each input. By Definition 5.2.1,

Cont𝛽 (𝑐 𝑗) = Cont𝛽 (𝑔) ∪
⋃︁

𝑗′> 𝑗 trace(𝑐 𝑗′ , 𝛽), and these sets are pairwise disjoint by

decomposability, so melding their heaps yields one entry per deviation of the union.

The backward loop ( 𝑗 = 𝑚 down to 1) ensures that when 𝑐 𝑗 is processed, the deviations

of the later inputs have already been accumulated into the heap, which is therefore

𝐻𝛽 (Cont𝛽 (𝑐 𝑗)); by induction the call at 𝑐 𝑗 returns 𝐻𝛽 (𝑐 𝑗). No deviation occurs at

𝑔 itself, and trace(𝑔, 𝛽) = {𝑔} ∪ ⋃︁
𝑗 trace(𝑐 𝑗, 𝛽), so the heap returned after the last

iteration covers trace(𝑔, 𝛽) ∪ Cont𝛽 (𝑔), that is, it is 𝐻𝛽 (𝑔).

Let 𝑔 ∈ OR. The hypothesis gives 𝛽(𝑔) = 𝑐∗(𝑔), so trace(𝑔, 𝛽) = {𝑔}∪trace(𝑐∗(𝑔), 𝛽);

the two subtrees have the same successors and Cont𝛽 (𝑐∗(𝑔)) = Cont𝛽 (𝑔). The first call

therefore receives the right argument and returns 𝐻𝛽 (𝑐∗(𝑔)) by induction, a heap cov-

ering trace(𝑐∗(𝑔), 𝛽) ∪ Cont𝛽 (𝑔). Melding the entries 𝑒𝑐 for 𝑐 ≠ 𝑐∗(𝑔) adds exactly the

deviations occurring at 𝑔, each once; they were not present before, since 𝑔 is in neither

of these two sets. The result covers trace(𝑔, 𝛽) ∪ Cont𝛽 (𝑔), that is, it is 𝐻𝛽 (𝑔).

Then we identify the heap stored in 𝑒𝑐, i.e., the value of BuildHeap(𝑐, 𝐻𝛽 (Cont𝛽 (𝑔))).
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Write 𝛽′ = 𝛽Dev(𝛽)∪{(𝑔,𝑐)}. The choices 𝛽 and 𝛽′ differ only at 𝑔, so trace(𝑔, 𝛽) is replaced

by {𝑔}∪ trace(𝑐, 𝛽′) and the gates coming after the whole of either subtree are the same;

hence Cont𝛽′ (𝑐) = Cont𝛽 (𝑔), and the call receives 𝐻𝛽′ (Cont𝛽′ (𝑐)). Moreover Dev(𝛽)

carries no deviation inside 𝑇𝑐, by the hypothesis trace(𝑔, 𝛽) = 𝑇𝑔, so trace(𝑐, 𝛽′) = 𝑇𝑐

and the lemma applies at 𝑐. Induction gives 𝐻𝛽′ (𝑐), as Definition 5.2.2 requires. □

5.3.3 Complexity

Proposition 5.3.2. For a tree-shaped circuit 𝐶, 𝜔∗, 𝑐∗ and all deviation heaps are

computed in time and space O(|𝐶 | log |𝐶 |).

Proof. The first pass evaluates one recurrence per gate, in time O(|𝐶 |). Since 𝐶 is tree-

shaped, Algorithm 1 recursively processes the circuit strictly top-down, so BuildHeap

is called once per gate. Each call performs one Meld per non-champion input of an

OR -gate, so O(|𝐶 |) melds in total. Every heap holds at most one entry per deviation of

𝐶, so its size is O(|𝐶 |). Each single Meld() on the leftist heap costs O(log |𝐶 |) time and

allocates O(log |𝐶 |) for the copy of persistent nodes. Therefore, both time and space

are O(|𝐶 | log |𝐶 |). □

§ 5.4 Enumeration

For every gate, Algorithm 1 gives the heap of the deviations available from that gate

onwards (according to the≺-order). The champion has empty deviation set and is output

first. Every other assignment has a non-empty deviation set, and by Lemma 4.3.4 it is

determined by that set. Next, it remains to enumerate the well-formed deviation sets in

order of total cost.
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5.4.1 State and Enumeration

Definition 5.4.1. A state is a triple (𝜋, 𝑢, 𝑠), where 𝑠 is a deviation record (we write

𝜎(𝑠) for the deviation sequence), and 𝑢 is an entry recording the last deviation of 𝜎(𝑠).

The total cost of the deviations 𝜋 =
∑︁

𝑑′∈𝜎(𝑠) dev(𝑑′) serves as the key for ordering and

is used to compute the total score.

The enumeration phase takes 𝜔∗, 𝑐∗ and the deviation heaps produced by the prepro-

cessing of § 5.3 as input.

Algorithm 2 Ranked enumeration on a tree-shaped circuit
1: procedure Enumerate(𝑟)
2: output

(︁
𝜔∗(𝑟), ⊥

)︁
⊲ champion; empty deviation record

3: 𝑄 ← ∅
4: if 𝐻 (𝑟) ≠ ∅ then
5: 𝑢← FindMin(𝐻 (𝑟))
6: Push(𝑄,

(︁
𝑢.𝛿, 𝑢, ⟨⊥, 𝑢.𝑑⟩

)︁
)

7: while 𝑄 ≠ ∅ do
8: (𝜋, 𝑢, 𝑠) ← PopMin(𝑄)
9: output

(︁
𝜔∗(𝑟) + 𝜋, 𝑠

)︁
⊲ (Replace) another deviation in place of 𝑢

10: for all 𝑢′ ∈ {𝑢.left, 𝑢.right} \ {⊥} do
11: Push(𝑄,

(︁
𝜋 − 𝑢.𝛿 + 𝑢′.𝛿, 𝑢′, ⟨𝑠.prev, 𝑢′.𝑑⟩

)︁
)

⊲ (Append) descend into the deviation heap after 𝑢
12: if 𝑢.cross ≠ ⊥ then
13: 𝑣← FindMin(𝑢.cross)
14: Push(𝑄,

(︁
𝜋 + 𝑣.𝛿, 𝑣, ⟨𝑠, 𝑣.𝑑⟩

)︁
)

The champion is emitted first, with the empty deviation record and score 𝜔∗(𝑟);

thereafter a priority queue 𝑄 keyed by 𝜋 drives the search. Popping the cheapest state

outputs its deviation record; the state then spawns its successors by following the tree

structure of the leftist heaps and its cross pointer.
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Replace (𝑢.left, 𝑢.right). The entry 𝑢 sits in a leftist heap, itself a heap-ordered binary

tree; its two children are the next-cheapest deviations that could have been chosen in

place of 𝑢. Replacing 𝑢 by such a child 𝑢′ keeps the length of the record unchanged,

with the total deviation cost changing by −𝑢.𝛿 + 𝑢′.𝛿 ⩾ 0.

Append (𝑢.cross). Committing to 𝑢, we descend into the deviations that remain avail-

able once 𝑢.𝑑 is taken: those inside 𝐶𝑐 and from Cont(𝑔). 𝑢.cross is the heap of the

subcircuit entered by taking the deviation 𝑢.𝑑. They are collected in 𝑢.cross by Algo-

rithm 1. Its minimum 𝑣 is the cheapest among them; pushing it extends the record by

one element with added cost 𝑣.𝛿 ⩾ 0.

5.4.2 Correctness

Observation 5.4.2. We extend ≺ to deviations: 𝑑 ≺ 𝑑′ if source(𝑑) ≺ source(𝑑′). On

a well-formed deviation set, ≺ is linear. The deviations recorded in a state increase for

≺. This follows from an invariant: at every point of the generation, all deviations in

the current heap come after all deviations already recorded. It holds initially for 𝐻 (𝑟),

where nothing is recorded yet. Replace keeps the current heap and exchanges 𝑢 for

another entry in it. Append commits the current deviation and moves to the heap of its

cross pointer, whose deviations come after it. A deviation sequence generated in our

algorithm is therefore determined by the set of deviations it records, and we write 𝜎(𝑠)

for either without distinction.

Lemma 5.4.3. For every state (𝜋, 𝑢, 𝑠) obtained by Algorithm 2, 𝜎(𝑠) is well-formed,

and 𝜋 =
∑︁

𝑑∈𝜎(𝑠) dev(𝑑).
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Proof. By induction on the number of moves performed to reach the state. Together, we

track the deviation heap where 𝑢 sits. There is a deviation set 𝐷 with 𝜎(𝑠) = 𝐷 ∪ {𝑢.𝑑}

and a gate 𝑥 such that 𝑢 is an entry of 𝐻𝛽𝐷 (𝑥).

Initially, 𝜎(𝑠) is empty, and the first element added is 𝑢.𝑑 = (𝑔, 𝑐) with 𝑢 having the

minimum cost in 𝐻 (𝑟) = 𝐻𝛽∗ (𝑟). By Definition 5.2.2, source(𝑢.𝑑) ∈ trace(𝛽∗), so 𝜎(𝑠)

is well-formed, and 𝜋 = 𝑢.𝛿 = dev(𝑢.𝑑). 𝑢 sits in 𝐻𝛽𝐷 (𝑥) where 𝐷 = ∅ and 𝑥 = 𝑟.

For the step, let (𝜋, 𝑢, 𝑠) satisfy the claims, and write 𝑢.𝑑 = (ℎ, 𝑐). By Definition 5.2.2,

every entry 𝑒 of 𝐻𝛽𝐷 (𝑥) satisfies source(𝑒.𝑑) ∈

𝑡𝑟𝑎𝑐𝑒(𝑥, 𝛽𝐷) ∪ Cont𝛽𝐷 (𝑥), and these gates are contained in trace(𝛽𝐷).

Replace takes an entry 𝑢′ of 𝐻𝛽𝐷 (𝑥) and yields 𝜎′ = 𝐷 ∪ {𝑢′.𝑑}. The deviations at

the gates above source(𝑢′.𝑑) are those in 𝐷 and remain unchanged, so source(𝑢′.𝑑) ∈

trace(𝛽𝜎′) and 𝜎′ is well-formed. The new cost 𝜋− 𝑢.𝛿+ 𝑢′.𝛿 is the sum over 𝜎′. 𝑢′ sits

in 𝐻𝛽𝐷 (𝑥) with the same 𝐷 and 𝑥.

Append takes the minimum 𝑣 of 𝑢.cross, which is 𝐻𝛽𝜎(𝑠) (𝑐), and yields 𝜎′ = 𝜎(𝑠) ∪

{𝑣.𝑑}. Every entry 𝑒 of that heap satisfies source(𝑒.𝑑) ∈ {𝑐} ∪ Cont𝛽𝜎(𝑠) (𝑐) ⊆

trace(𝛽𝜎(𝑠)). The choices above source(𝑣.𝑑) are those recorded in𝜎(𝑠); hence source(𝑣.𝑑) ∈

trace(𝛽𝜎′) and 𝜎′ is well-formed. The new cost is 𝜋+𝑣.𝛿. 𝑣 sits in 𝐻𝛽𝐷 (𝑥) with 𝐷 = 𝜎(𝑠)

and 𝑥 = 𝑐. □

Lemma 5.4.4. Every non-empty well-formed deviation set is 𝜎(𝑠) for exactly one state

(𝜋, 𝑢, 𝑠) obtained by Algorithm 2.

Proof. Let 𝐷 be non-empty and well-formed, with elements 𝑑1 ≺ · · · ≺ 𝑑𝑛.

Existence. Since 𝑑1 must be ≺-least in 𝐷, no deviation of 𝐷 occurs above source(𝑑1),

so source(𝑑1) ∈ trace(𝛽∗) and 𝑑1 is an entry of 𝐻 (𝑟). The initial state records the

minimum of 𝐻 (𝑟), and Replace moves exchange this single deviation for any other entry
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of the heap; hence {𝑑1} is generated. Take a generated state with 𝜎(𝑠) = {𝑑1, . . . , 𝑑𝑖} and

entry 𝑢 recording 𝑑𝑖. Since 𝑑𝑖+1 comes after 𝑑𝑖 and source(𝑑𝑖+1) is in trace(𝛽{𝑑1,...,𝑑𝑖+1}),

it comes from an entry of 𝑢.cross by Definition 5.2.2, reached by one Append followed

by Replace moves.

Uniqueness. Let deviation record 𝑠 be obtained with 𝜎(𝑠) = 𝐷. By Observation 5.4.2,

the deviations were recorded in the order 𝑑1, . . . , 𝑑𝑛. The state generation must perform

𝑛 − 1 Append moves with the 𝑖-th move committing 𝑑𝑖 exactly. The Replace moves can

traverse from the minimum of a heap to a fixed entry. The heap we use is a binary tree,

so this path is unique. The whole generation is therefore determined by 𝐷. □

Lemma 5.4.5. The cost of a state is at least the cost of the state it was generated from.

Proof. Replace changes cost by −𝑢.𝛿 + 𝑢′.𝛿, which is nonnegative since 𝑢′ is a child of

𝑢 in a heap ordered by cost. Append changes cost by adding 𝑣.𝛿 = dev(𝑣.𝑑) ⩾ 0. □

Theorem 5.4.6. Algorithm 2 outputs the assignments of ⟦𝐶⟧ in nondecreasing order of

score, each exactly once.

Proof. The champion rec(𝛽∗) is output first, with score 𝜔∗(𝑟). By Lemmas 4.3.4

and 5.4.4, the states generated by Algorithm 2 are in bijection with ⟦𝐶⟧ \ {rec(𝛽∗)}.

Every obtained state is eventually pushed and popped, since a state is pushed when the

state it is generated from is popped, so each assignment is output exactly once. Its score

is 𝜔∗(𝑟) + 𝜋 by Lemma 5.4.3.

For the order, recall the priority queue 𝑄 is keyed by 𝜋, so the state popped at any

iteration has minimum cost among those in 𝑄. Let Σ be the state popped at some

iteration and Σ′ the state popped at the next one. Either Σ′ was already in 𝑄 when Σ was

popped, and then 𝜋(Σ) ⩽ 𝜋(Σ′) because Σ has the minimum cost of 𝑄; or Σ′ was pushed
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by Σ and still 𝜋(Σ) ⩽ 𝜋(Σ′) by Lemma 5.4.5. The costs of consecutively popped states

are therefore nondecreasing. □

5.4.3 Complexity

Theorem 5.4.7. After preprocessing, Algorithm 2 outputs the 𝑘-th assignment with

delay O(log 𝑘) in the implicit representation.

Proof. Each pop generates at most three successors: at most two by Replace and at

most one by Append. Hence after 𝑘 pops at most 3𝑘 states have been pushed, and 𝑄

has size O(𝑘). Producing the 𝑘-th output performs one PopMin and at most three Push

operations on a queue of this size, each in O(log 𝑘) time. Reading the children of an

entry or the root of a heap and updating the cost take constant time. So does extending a

deviation record, which shares its prefix instead of copying it. The delay of the implicit

representation is therefore O(log 𝑘). □
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Chapter 6

Ranked Enumeration on General Circuits

A general d-DNNF, which does not forbid gate sharing, cannot guarantee that the

continuation of a gate is fixed by the gate itself. A shared gate can be reached along

different paths from the output gate of the circuit, and what must be satisfied after it

depends on the path; a gate no longer has only one continuation, but several. This

chapter recovers ranked enumeration in this setting. We must rebuild the algorithm that

supplies each gate with its appropriate continuations for the search along diverse paths.

§ 6.1 Owner and Local Continuation

In a tree-shaped circuit the continuation of a gate is determined by the gate alone,

because the gate is reached in a single way. In a DAG, it is different: a gate below a

shared gate is reached from the root by several paths, and what remains to be completed

above it differs from one path to the other. Therefore the deviation heaps of Chapter 5

can no longer be attached to gates.

The deviations available at a gate nevertheless split in two. Those taken inside the

champion traversal below a gate never depend on how the gate was reached, while those
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§6.1 Owner and Local Continuation

taken outside it do.

Recall the champion trace in Definition 4.2.8. Champion traces are nested: if 𝑥 ∈ 𝑇𝑜

then 𝑇𝑥 ⊆ 𝑇𝑜, both being generated by the same rules. By Observation 4.2.2, they also

keep the tree-shape, even though 𝐶 is a DAG. So, every gate of 𝑇𝑜 is reached from 𝑜

by a unique path inside 𝑇𝑜. Sharing is thus invisible from the inside of a champion

trace, because sharing originates at OR -gates (Lemma 3.2.1) and a champion trace only

retains a single input at each of them. The order of Chapter 5 can therefore be defined

similarly on each champion trace separately, giving one order per owner instead of a

single global one.

Definition 6.1.1. The owner set𝑂 is defined inductively: 𝑟 ∈ 𝑂; and if 𝑜 ∈ 𝑂, 𝑔 ∈ 𝑇𝑜∩OR

and 𝑐 ∈ inputs(𝑔) \ {𝑐∗(𝑔)}, then 𝑐 ∈ 𝑂. An owner is thus the output gate of 𝐶, or the

target of a deviation available in the champion trace of an owner.
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Figure 6.1: (a) shows a general circuit, where gate 𝑋 is an input for both gate 𝐴 and gate
𝐵.
(b) shows the champion traces for the owners in owner set. Owner set
𝑂 = {𝐷, 𝐵, ⟨𝑥:4⟩, ⟨𝑦:6⟩, ⟨𝑦:9⟩, ⟨𝑧:3⟩}. Each element 𝑜 in𝑂 has one champion
trace 𝑇𝑜, e.g., 𝑇𝐷 = {𝐶, 𝐴, ⟨𝑥:0⟩, ⟨𝑦:0⟩, 𝑍, ⟨𝑧:0⟩}.

To make it clear, the trace of an assignment is patched together from champion traces.

It follows 𝑇𝑟 until the first deviation, continues in 𝑇𝑐 for the target 𝑐 of that deviation, and
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so on. Each deviation leaves the champion trace it occurs in and enters that of a new

owner. Figure 6.1 shows a general circuit, and how owners and their champion traces

are organized. It is worth mentioning that the deviations available in 𝑇𝐵 come into play

only once the deviation (𝐶, 𝐵) has been taken, and the same holds for any champion

trace.

In Chapter 5 the continuation of a gate collected the gates of the trace coming after

the whole subtree below it. The same definition applies inside a champion trace, and

there it depends on the owner. In Figure 6.1, gate 𝑋 , inside 𝑇𝐷, has as its continuation

the champion traces starting at gate 𝑌1 and gate 𝑍.

Definition 6.1.2. For an owner 𝑜, write ≺𝑜:=≺𝑜,𝛽∗ for the depth-first order of Defini-

tion 4.2.4 on the champion trace 𝑇𝑜. It records the order in which a traversal starting at

𝑜 will visit the gates of 𝑇𝑜. The local continuation of 𝑔 ∈ 𝑇𝑜 is

Cont𝑜(𝑔) := { ℎ ∈ 𝑇𝑜 \ 𝑇𝑔 | 𝑔 ≺𝑜 ℎ },

the gates of 𝑇𝑜 visited after all the gates of 𝑇𝑔.

Equivalently, Cont𝑜 is given from top-down by

Cont𝑜(𝑜) = ∅,

Cont𝑜(𝑐 𝑗) = Cont𝑜(𝑔) ∪
⋃︂
𝑗′> 𝑗

𝑇𝑐 𝑗′ 𝑔 ∈ AND,

Cont𝑜(𝑐∗(𝑔)) = Cont𝑜(𝑔) 𝑔 ∈ OR

where 𝑐1, . . . , 𝑐𝑚 are the inputs of an AND -gate 𝑔 in their fixed order. An AND -gate

passes each input the local continuation of the gate together with the champion traces of

the later siblings; an OR -gate passes its champion input that continuation unchanged.
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Definition 6.1.3. For an OR -gate 𝑔, the champion path from 𝑔 is the sequence 𝑔, 𝑐∗(𝑔),

𝑐∗(𝑐∗(𝑔)), . . . obtained by repeatedly following a champion input. The optimum exit

exit(𝑔) is the first non-OR -gate on this path:

exit(𝑔) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑐∗(𝑔) if 𝑐∗(𝑔) ∉ OR,

exit(𝑐∗(𝑔)) otherwise.

Observation 6.1.4. For an OR -gate 𝑔 ∈ 𝑇𝑜 we have Cont𝑜(𝑔) = Cont𝑜(exit(𝑔)).

A chain of OR -gates contributes nothing to the local continuation, and the continua-

tions along such a chain need to be recorded only once, under the key exit(𝑔). Distinct

chains have distinct optimum exits. Writing Cont(𝑜, exit(𝑔)) for the heap of the de-

viations available on Cont𝑜(𝑔), Observation 6.1.4 makes this table well-defined; § 6.2

computes it.

§ 6.2 Preprocessing

The preprocessing phase produces two structures. The obstacle they address is that in

a general circuit what remains after a gate depends on how the gate was reached, and

a gate is reached in many ways; recording all of them is costly. The circuit is covered

by champion traces, and the two structures describe each of them separately. The first

structure attaches to every gate 𝑔 the deviations available in 𝑇𝑔; the second attaches to

every owner 𝑜 and every OR -gate 𝑔 ∈ 𝑇𝑜 the deviations available on Cont𝑜(𝑔).

Similarly to Chapter 5, 𝜔∗ and 𝑐∗ are still computed according to the recurrence in

§ 4.2.2 in one bottom-up pass, in time 𝑂( |𝐶 |); the values exit(𝑔) can be obtained in the

same pass, each in constant time by reading exit(𝑐∗(𝑔)).
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6.2.1 Local Deviation Heap

Definition 6.2.1. For a gate 𝑔, the deviations available in 𝑇𝑔 are the pairs (ℎ, 𝑐) with

ℎ ∈ 𝑇𝑔 ∩ OR and 𝑐 ∈ inputs(ℎ) \ {𝑐∗(ℎ)}. The local deviation heap 𝐻 (𝑔) contains one

entry 𝑒 per deviation, recording 𝑒.𝑑 = (ℎ, 𝑐) and its cost 𝑒.𝛿 = dev(ℎ, 𝑐) as a key. For

simplicity, we call it the local heap when no ambiguity arises.

The local deviation heaps are computed in a single pass in topological order in

Algorithm 3, following the decomposition of 𝑇𝑔 at each gate: an AND -gate collects the

heaps of its inputs, an OR -gate inherits that of its champion input and adds one entry

per remaining non-champion input.

The arrays 𝑆𝑔 computed by Algorithm 3 are retained for Algorithm 4, which reads

𝑆𝑔 [𝑖+1] when descending into the 𝑖-th input of an AND -gate 𝑔. They amount to one

heap root per edge of 𝐶, so the additional space is O(|𝐶 |); the heaps themselves are

persistent and share their nodes with 𝐻.

Algorithm 3 Build local deviation heaps
1: for each gate 𝑔 in topological order do
2: if 𝑔 is an input gate then
3: 𝐻 (𝑔) ← ⊥
4: else if 𝑔 is an AND -gate with inputs (𝑐1, . . . , 𝑐𝑚) then
5: 𝑆𝑔 [𝑚+1] ← ⊥
6: for 𝑖 = 𝑚 down to 1 do
7: 𝑆𝑔 [𝑖] ← Meld(𝐻 (𝑐𝑖), 𝑆𝑔 [𝑖+1]) ⊲ deviations of 𝑇𝑐𝑖 , . . . , 𝑇𝑐𝑚
8: 𝐻 (𝑔) ← 𝑆𝑔 [1]
9: else if 𝑔 is an OR -gate with inputs (𝑐1, . . . , 𝑐𝑛) then

10: 𝐻 (𝑔) ← 𝐻 (𝑐∗(𝑔))
11: for all 𝑐 ∈ inputs(𝑔) \ {𝑐∗(𝑔)} do
12: 𝑒𝑐 ←

(︁
dev(𝑔, 𝑐), (𝑔, 𝑐))

13: 𝐻 (𝑔) ← Meld(𝐻 (𝑔), {𝑒𝑐})
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Lemma 6.2.2. Algorithm 3 computes 𝐻 (𝑔) for every gate 𝑔, together with 𝑆𝑔 [𝑖] =

𝐻
(︁⋃︁

𝑗⩾𝑖 𝑇𝑐 𝑗
)︁

at every AND -gate 𝑔 with inputs (𝑐1, . . . , 𝑐𝑚).

Proof. By induction along the topological order.

If 𝑔 is an input gate, 𝑇𝑔 = {𝑔} carries no deviation and 𝐻 (𝑔) = ⊥.

If 𝑔 ∈ AND, then 𝑇𝑔 = {𝑔} ∪⋃︁
𝑗 𝑇𝑐 𝑗 , and the 𝑇𝑐 𝑗 are pairwise disjoint by decompos-

ability, so every deviation available in 𝑇𝑔 is available in exactly one 𝑇𝑐 𝑗 . The backward

iteration gives 𝑆𝑔 [𝑖] = Meld(𝐻 (𝑐𝑖), 𝑆𝑔 [𝑖+ 1]), hence 𝑆𝑔 [𝑖] = 𝐻 (⋃︁ 𝑗⩾𝑖 𝑇𝑐 𝑗) by induction,

and 𝐻 (𝑔) = 𝑆𝑔 [1].

If 𝑔 ∈ OR, then 𝑇𝑔 = {𝑔} ∪ 𝑇𝑐∗ (𝑔) , so the deviations available in 𝑇𝑔 are those of 𝑇𝑐∗ (𝑔)

together with the pairs (𝑔, 𝑐) for 𝑐 ≠ 𝑐∗(𝑔). The algorithm melds exactly one entry for

each of the latter into 𝐻 (𝑐∗(𝑔)), and they were not present before, since 𝑔 ∉ 𝑇𝑐∗ (𝑔) . □

6.2.2 Local Continuation Table

Definition 6.2.3. For an owner 𝑜 and an OR -gate 𝑔 ∈ 𝑇𝑜, set local continuation table

Cont(𝑜, exit(𝑔)) := 𝐻 (Cont𝑜(𝑔)), the heap of the deviations available on Cont𝑜(𝑔). By

Observation 6.1.4 this does not depend on which OR -gate of a champion path the key

comes from.

The continuation table is computed by a traversal of each champion trace, from the

owner downwards, carrying the local continuation as a parameter. Local continuation

grows at AND -gates by the champion traces of the later siblings, and is unchanged along

a champion path of OR -gates. New owners are spawned at the OR -gates encountered

on the way.
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Algorithm 4 Continuation table
1: Built← {𝑟}; Spawned← ∅
2: BuildCont(𝑟, 𝑟, ⊥)

3: procedure BuildCont(𝑜, 𝑔, 𝐻𝐴)
4: if 𝑔 is an input gate then
5: return
6: else if 𝑔 is an OR -gate then
7: Cont(𝑜, exit(𝑔)) ← 𝐻𝐴 ⊲ one key per champion path of OR -gates
8: 𝑥 ← 𝑔

9: while 𝑥 is an OR -gate and 𝑥 ∉ Spawned do
10: Spawned← Spawned ∪ {𝑥}
11: for all 𝑐 ∈ inputs(𝑥) \ {𝑐∗(𝑥)} do
12: if 𝑐 ∉ Built then
13: Built← Built ∪ {𝑐}
14: BuildCont(𝑐, 𝑐, ⊥) ⊲ new owner with empty continuation
15: 𝑥 ← 𝑐∗(𝑥)
16: BuildCont(𝑜, exit(𝑔), 𝐻𝐴) ⊲ Cont𝑜 is unchanged along the chain
17: else
18: Let (𝑐1, . . . , 𝑐𝑚) be the inputs of the AND -gate 𝑔

19: for 𝑖 = 1 to 𝑚 do
20: BuildCont(𝑜, 𝑐𝑖, Meld(𝐻𝐴, 𝑆𝑔 [𝑖+1]))

Lemma 6.2.4. Every call BuildCont(𝑜, 𝑔, 𝐻𝐴) performed by the algorithm satisfies

𝑜 ∈ 𝑂, 𝑔 ∈ 𝑇𝑜 and 𝐻𝐴 = 𝐻 (Cont𝑜(𝑔)).

Proof. By induction on the calls. The initial call is BuildCont(𝑟, 𝑟,⊥), and Cont𝑟 (𝑟) =

∅. A call BuildCont(𝑐, 𝑐,⊥) inside the while loop has 𝑐 ∈ 𝑂 by Definition 6.1.1, since

𝑐 is a non-champion input of an OR -gate of 𝑇𝑜, and again Cont𝑐 (𝑐) = ∅.

The remaining calls keep 𝑜 and satisfy the recurrences of Definition 6.1.2. At an

OR -gate 𝑔 ∈ 𝑇𝑜 the call is on exit(𝑔), which is in 𝑇𝑜 because the champion path from 𝑔

is contained in 𝑇𝑜; the parameter is unchanged, which is correct by Observation 6.1.4.

At an AND -gate 𝑔 ∈ 𝑇𝑜 with children 𝑐1, . . . , 𝑐𝑚, all children lie in 𝑇𝑜, and the call on 𝑐𝑖
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carries Meld(𝐻𝐴, 𝑆𝑔 [𝑖 + 1]). By Lemma 6.2.2, 𝑆𝑔 [𝑖 + 1] = 𝐻
(︁⋃︁

𝑗>𝑖 𝑇𝑐 𝑗
)︁
, so this heap is

𝐻
(︁
Cont𝑜(𝑔) ∪

⋃︁
𝑗>𝑖 𝑇𝑐 𝑗

)︁
= 𝐻 (Cont𝑜(𝑐𝑖)) by the recurrence for AND -gates. The union is

disjoint, so each deviation occurs once. □

Lemma 6.2.5. On termination, Cont(𝑜, exit(𝑔)) = 𝐻 (Cont𝑜(𝑔)) for every owner 𝑜 and

every OR -gate 𝑔 ∈ 𝑇𝑜.

Proof. Every owner is the subject of exactly one call BuildCont(𝑜, 𝑜,⊥): Built admits

each gate at most once, and the gates it admits are exactly those of Definition 6.1.1,

because the while loop spawns precisely the non-champion inputs of the OR -gates of

𝑇𝑜. Within such a call the recursion moves downward through 𝑇𝑜, jumping from each

OR -gate 𝑔 directly to exit(𝑔). By Observation 6.1.4, the OR -gates skipped share the

key and the value written at 𝑔. Therefore, every OR -gate of 𝑇𝑜 is covered, and the value

written is 𝐻𝐴 = 𝐻 (Cont𝑜(𝑔)) by Lemma 6.2.4. □

Observation 6.2.6. The owners spawned at an OR -gate 𝑔 are the gates of inputs(𝑔) \

{𝑐∗(𝑔)}, independently of the owner whose champion trace contains 𝑔.

Spawned exploits this: a champion path of OR -gates is walked once over the whole

run of the algorithm, not once per owner containing it. It affects neither which owners are

created nor the values written into the table, both of which are settled by Lemma 6.2.5.

6.2.3 Complexity

Proposition 6.2.7. Algorithm 3 and Algorithm 4 together run in time and space O(|𝐶 | ·

|𝑋 | · log |𝐶 |).

Proof. A persistent meld for the local deviation heaps takes O(log |𝐶 |) time and creates

O(log |𝐶 |) nodes by using leftist heaps.
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Algorithm 3 performs one meld per edge, hence O(|𝐶 |) in total.

In Algorithm 4, each owner is the subject of one call BuildCont(𝑜, 𝑜,⊥), and there

are at most |𝐶 | owners. The recursion started at 𝑜 leaves every OR -gate at once for

its optimum exit, so it visits only the AND -gates and input gates of 𝑇𝑜; contracting the

OR -gates leaves a tree in which every internal gate has at least two children and the

leaves are one per variable of vars(𝑜), since rec(𝑜, 𝛽∗) ∈ Assign(vars(𝑜)). Each owner

thus accounts for O(|𝑋 |) melds. Spawned guarantees that the while loops walk each

OR -gate of 𝐶 once overall without performing a meld.

In total, O(|𝐶 | · |𝑋 |) melds are performed, which gives the stated bound. □

Note that𝑆𝑔 and Cont addO(|𝐶 |) andO(|𝐶 |·|𝑋 |) pointers besides the heap operations.

§ 6.3 Continuation Heap

6.3.1 Orders on General Circuits

Definition 6.3.1. For a well-formed deviation set 𝜎, write ≺𝜎:=≺𝑟,𝛽𝜎 for the depth-first

order of Definition 4.2.4 on trace(𝛽𝜎). Similar to Chapter 5, we extend the order to

deviations: 𝑑 ≺𝜎 𝑑′ if source(𝑑) ≺𝜎 source(𝑑′). A well-formed set contains at most

one of them, so ≺𝜎 is linear on 𝜎.

≺𝜎 depends on the deviations taken: taking 𝑐 at an OR -gate 𝑔 replaces the whole of

trace(𝑔, 𝛽) by trace(𝑐, 𝛽′), so the gates compared below 𝑔 are not the same before and

after.

Observation 6.3.2. Let 𝜎 be a well-formed deviation set, 𝑜 a gate of trace(𝛽𝜎) and

𝑥 ∈ 𝑇𝑜 such that no deviation of 𝜎 has its source gate on the path from 𝑜 to 𝑥 inside 𝑇𝑜,
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except possibly at 𝑥. That path is also the path from 𝑜 to 𝑥 in trace(𝛽𝜎), and for every

𝑦 ∈ 𝑇𝑜 ∩ trace(𝛽𝜎) outside 𝑇𝑥 ,

𝑥 ≺𝑜 𝑦 if and only if 𝑥 ≺𝜎 𝑦.

Moreover, if no deviation of 𝜎 has its source in Cont𝑜(𝑥), then Cont𝑜(𝑥) ⊆ trace(𝛽𝜎).

Proof. The choices 𝛽∗ and 𝛽𝜎 agree at every OR -gate carrying no deviation of 𝜎, hence

along the same path from 𝑜 to 𝑥 except possibly at 𝑥.

Let 𝑦 ∈ Cont𝑜(𝑥) ∩ trace(𝛽𝜎) and 𝑔 the last gate common to the paths from 𝑜 to 𝑥

and to 𝑦. Taking 𝑟 instead of 𝑜 as the starting gate merely adds the same path prior to

paths from 𝑜 to 𝑥 and from 𝑜 to 𝑦, so 𝑔 and those two inputs leading to 𝑥 and 𝑦 are the

same, giving the same order. □

Lemma 6.3.3. Let 𝜎 and 𝜎′ = 𝜎 ∪ {𝑑} be well-formed deviation sets such that

source(𝑑′) ≺𝜎′ source(𝑑) for every 𝑑′ ∈ 𝜎. Then ≺𝜎 and ≺𝜎′ induce the same or-

der on 𝜎, i.e., 𝑑1 ≺𝜎 𝑑2 if and only if 𝑑1 ≺𝜎′ 𝑑2, for all 𝑑1, 𝑑2 ∈ 𝜎.

Proof. 𝛽𝜎 and 𝛽𝜎′ differ only at source(𝑑), so the two traces agree outside the subtree

rooted at source(𝑑). Let 𝑑′ ∈ 𝜎, then source(𝑑′) cannot be in that subtree: otherwise

it would be reachable from source(𝑑) inside the subtree then come after it, contrary to

the hypothesis. □

6.3.2 Continuation Heap

Recall the question raised at the end of Chapter 4: after a deviation is committed, which

deviations become available? In Chapter 5 the answer came in two parts. Committing

(𝑔, 𝑐) opened the subtree (subcircuit) of 𝑐, and left the gates after 𝑔 still to be visited; the
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heap of the first was built during preprocessing, and the parameter 𝐻cont in Algorithm 1

carried the second.

The same two parts appear here, but only the first can be attached to a gate directly.

The gates after 𝑔 depend on how 𝑔 was reached from 𝑟, and a gate is reached in more

than one way. However, fixing one trace restores the answer and the continuation can be

assembled during the enumeration. Such a trace follows champion inputs except at the

gates carrying a deviation, so it is patched together from champion traces, each of them

left unfinished where a deviation was taken. The deviations available are then those of

the champion trace just entered, together with those of the unfinished parts, one part

per champion trace involved. Which champion traces are still unfinished can be read

off from 𝜎: they are the ones entered at a gate on the path to the last deviation.

Consider the circuit of Figure 6.2 and the deviation set 𝜎 = {(𝐶, 𝐵), (𝑋, ⟨𝑥:4⟩)}. Its

trace leaves 𝑇𝐷 at 𝐶 for 𝑇𝐵, then leaves 𝑇𝐵 at 𝑋 for 𝑇⟨𝑥:4⟩, which is a single input gate.

Two champion traces are thus left unfinished, each at the source of the deviation that

leaves it: 𝑇𝐷 at 𝐶, and 𝑇𝐵 at 𝑋 .

Cont𝐷(𝐶) = {𝑍, ⟨𝑧:0⟩}, Cont𝐵(𝑋) = {𝑌2, ⟨𝑦:2⟩}.

Each offers one deviation, (𝑍, ⟨𝑧:3⟩) of cost 3 and (𝑌2, ⟨𝑦:9⟩) of cost 7, held in the

table entries Cont(𝐷, exit(𝐶)) and Cont(𝐵, exit(𝑋)). The enumeration must hold both

at once and be able to produce the cheaper one. Note that it comes from the outer of the

two traces: the unfinished parts cannot simply be resumed innermost first; they must be

ordered by cost. This is the role of the continuation heap.

Lemma 6.3.4. Let 𝜎 be a non-empty well-formed deviation set, 𝑑 its greatest element

for ≺𝜎, and 𝑃 the path from 𝑟 to source(𝑑) in trace(𝛽𝜎). Call 𝑑′ ∈ 𝜎 active if source(𝑑′)
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Figure 6.2: The circuit of Figure 6.1a, with only the champion traces 𝑇𝐵 and 𝑇⟨𝑥:4⟩
marked, for clarity. Red arrows denote the deviations taken. The re-
gions ① and ② are Cont𝐷(𝐶) and Cont𝐵(𝑋). Once the deviation set
{(𝐶, 𝐵), (𝑋, ⟨𝑥:4⟩)} has been taken, the deviations (𝑍, ⟨𝑧:3⟩) and (𝑌2, ⟨𝑦:9⟩)
are the ones still available in these two regions.

lies on 𝑃, and let 𝑑′1, . . . , 𝑑
′
𝑘
= 𝑑 be the active deviations in the order in which their

source gates occur along 𝑃. Set 𝑜1 = 𝑟 and 𝑜𝑖+1 = target(𝑑′
𝑖
), then the gates of trace(𝛽𝜎)

coming after source(𝑑) are

𝑇𝑜𝑘+1 ⊎ Cont𝑜𝑘 (source(𝑑′𝑘)) ⊎ · · · ⊎ Cont𝑜1 (source(𝑑′1)),

and no deviation of 𝜎 has its gate in any of these sets.

Proof. As 𝑑 is the greatest element of 𝜎, a gate comes after source(𝑑) if and only

if it comes after the source of every deviation of 𝜎. Throughout, note that Cont𝑜(𝑥)

consists of gates in branches of AND -gates above 𝑥 other than the one containing 𝑥, so

by decomposability it is disjoint from the subcircuit at 𝑥.

(1) Each source(𝑑′
𝑖
) is reached from 𝑜𝑖 inside 𝑇𝑜𝑖 . The deviations of 𝜎 whose source

lies on 𝑃 are exactly the active ones, so 𝑃 carries no deviation strictly between 𝑜𝑖 and

source(𝑑′
𝑖
). Along that portion of 𝑃, 𝛽𝜎 takes the champion input at every OR -gate,
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hence the portion lies in 𝑇𝑜𝑖 .

(2) Cont𝑜𝑖 (source(𝑑′
𝑖
)) does not contain any source of a deviation. Suppose some

𝑑′′ ∈ 𝜎 occurred in Cont𝑜𝑖 (source(𝑑′
𝑖
)). Well-formedness gives source(𝑑′′) ∈ trace(𝛽𝜎),

then (1) and Observation 6.3.2 yield source(𝑑′
𝑖
) ≺𝜎 source(𝑑′′). source(𝑑′′) is out-

side 𝑇source(𝑑′
𝑖
) , and hence also outside trace(source(𝑑′

𝑖
), 𝛽𝜎). As source(𝑑) lies in

trace(source(𝑑′
𝑖
), 𝛽𝜎), source(𝑑) ≺𝜎 source(𝑑′′), contradicting the maximality of 𝑑.

Therefore, the gates of 𝑇𝑜𝑘+1 carry no deviation coming after source(𝑑).

From right to left. The gates of 𝑇𝑜𝑘+1 are those of the champion trace entered at

source(𝑑), and hence come after source(𝑑). For 𝑖 ⩽ 𝑘, the gates of Cont𝑜𝑖 (source(𝑑′
𝑖
))

lie in trace(𝛽𝜎) and come after source(𝑑′
𝑖
) by (2) and Observation 6.3.2; they are outside

trace(source(𝑑′
𝑖
), 𝛽𝜎), and source(𝑑) lies in trace(source(𝑑′

𝑖
), 𝛽𝜎), so they come after

source(𝑑).

From left to right. Let 𝑦 ∈ trace(𝛽𝜎) come after source(𝑑), and let 𝑔 be the last gate

common to 𝑃 and to the path from 𝑟 to 𝑦.

If 𝑔 = source(𝑑) then 𝑦 lies in trace(source(𝑑′
𝑖
), 𝛽𝜎). No deviation of 𝜎 occurs there,

all its gates coming after source(𝑑), so that subtree is 𝑇target(𝑑) = 𝑇𝑜𝑘+1 .

Otherwise 𝑔 lies strictly before source(𝑑) on 𝑃, and the two paths leave 𝑔 by distinct

inputs. The input leading to 𝑦 follows the one leading to source(𝑑), since source(𝑑) ≺𝜎

𝑦. Let 𝑖 be the index with 𝑔 on the portion of 𝑃 from 𝑜𝑖 to source(𝑑′
𝑖
); then 𝑔 ∈ 𝑇𝑜𝑖 by

(1). The path from 𝑔 to 𝑦 carries no deviation of 𝜎 by (2). Therefore that path takes the

champion input at every OR -gate, so 𝑦 ∈ 𝑇𝑜𝑖 ; and 𝑦 comes after source(𝑑′
𝑖
) and must

be outside 𝑇source(𝑑′
𝑖
) , i.e., 𝑦 ∈ Cont𝑜𝑖 (source(𝑑′

𝑖
)).

Disjointness is obvious by definition and decomposability. □

Definition 6.3.5. A continuation entry 𝛾 = ContEntry(𝐿, 𝑜, 𝑅) records a local heap
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𝛾.heap = 𝐿 taken from the table Cont, the owner 𝛾.owner = 𝑜 it belongs to, and a heap

𝛾.rest = 𝑅 of continuation entries. Its key is 𝛾.𝛿 = 𝐿.𝛿, the least cost in 𝐿, i.e., the cost

of the root deviation of 𝐿. A continuation heapH is a heap of continuation entries.

An entry is created when a deviation is committed at a gate 𝑥 of 𝑇𝑜: the traversal

leaves 𝑇𝑜 for the champion trace of the target, and the entry keeps what is left of 𝑇𝑜,

namely Cont(𝑜, exit(𝑥)). Its third field holds the entries of the traces left even earlier.

Melding onto that field rather than onto H therefore continues from a heap containing

neither the entry itself nor any created after it.

§ 6.4 Enumeration

A state of the enumeration must record where in the circuit the next deviation may be

taken. In Chapter 5 a single heap entry sufficed, because the deviation heap attached to

a gate already covered everything that remained. Here the two halves of Definition 6.1.2

are stored apart: the champion trace of the current owner is covered by the tables of

§ 6.2, while the champion traces the assignment has already left behind must be carried

along. A state therefore holds, besides its deviation record, a heap of entries, one for

each such trace.

6.4.1 State and Enumeration

Definition 6.4.1. A state is a tuple (𝜋, 𝑢, 𝑜,H , 𝛾, 𝑠) where 𝑠 is a deviation record, 𝜋 is

the total cost of 𝜎(𝑠), 𝑢 is an entry recording the last deviation of 𝜎(𝑠), 𝑜 is the owner

whose tables 𝑢 was taken from, H is a continuation heap, and 𝛾 is the entry of H that

𝑢 was taken from, or ⊥ if 𝑢 was taken from 𝐻 (𝑜).
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Algorithm 5 Ranked enumeration on a general circuit
1: procedure Enumerate(𝑟)
2: output

(︁
𝜔∗(𝑟), ⊥

)︁
⊲ champion; empty deviation record

3: 𝑄 ← ∅
4: if 𝐻 (𝑟) ≠ ⊥ then
5: 𝑢← FindMin(𝐻 (𝑟))
6: Push(𝑄, (𝑢.𝛿, 𝑢, 𝑟, ⊥, ⊥, ⟨⊥, 𝑢.𝑑⟩))
7: while 𝑄 ≠ ∅ do
8: (𝜋, 𝑢, 𝑜,H , 𝛾, 𝑠) ← PopMin(𝑄)
9: output

(︁
𝜔∗(𝑟) + 𝜋, 𝑠

)︁
// (a) replace the last deviation within the same local heap

10: for all 𝑢′ ∈ {ℓ(𝑢), 𝑟(𝑢)} \ {⊥} do
11: Push(𝑄, (𝜋 − 𝑢.𝛿 + 𝑢′.𝛿, 𝑢′, 𝑜, H , 𝛾, ⟨𝑠.prev, 𝑢′.𝑑⟩))

// (b) replace it by one taken from another continuation entry
12: if 𝛾 ≠ ⊥ and 𝑢 = 𝛾.node then
13: for all 𝛾′ ∈ {ℓ(𝛾), 𝑟(𝛾)} \ {⊥} do
14: 𝑤← 𝛾′.node
15: Push(𝑄, (𝜋 − 𝑢.𝛿 + 𝛾′.𝛿, 𝑤, 𝛾′.owner, H , 𝛾′, ⟨𝑠.prev, 𝑤.𝑑⟩))

// commit 𝑢: keep only the champion traces outside the current one
16: 𝑅← 𝛾.rest if 𝛾 ≠ ⊥ elseH
17: 𝐿← Cont(𝑜, exit(source(𝑢.𝑑)))
18: if 𝐿 ≠ ⊥ then
19: H ′← Meld(𝑅, ContEntry(𝐿, 𝑜, 𝑅))
20: else
21: H ′← 𝑅

// (c) continue in a champion trace already left behind
22: if H ′ ≠ ⊥ then
23: 𝛾∗ ← FindMin(H ′); 𝑤← 𝛾∗.node
24: Push(𝑄, (𝜋 + 𝛾∗.𝛿, 𝑤, 𝛾∗.owner, H ′, 𝛾∗, ⟨𝑠, 𝑤.𝑑⟩))

// (d) continue in the champion trace of the target
25: if 𝐻 (target(𝑢.𝑑)) ≠ ⊥ then
26: 𝑣← FindMin(𝐻 (target(𝑢.𝑑)))
27: Push(𝑄, (𝜋 + 𝑣.𝛿, 𝑣, target(𝑢.𝑑), H ′, ⊥, ⟨𝑠, 𝑣.𝑑⟩))

Algorithm 5 outputs the champion first, with empty deviation record and score 𝜔∗(𝑟);

thereafter a priority queue 𝑄 keyed by 𝜋 drives the search.
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Replacing the last deviation, (a) and (b). The deviations that may take the place of

the last one form the union of the local heap 𝑢 was taken from with the local heaps of

the other entries ofH . Move (a) explores that union within one local heap, following its

heap children; move (b) moves to another entry, whose least deviation is 𝛾′.node. Both

keep the length of 𝜎(𝑠). The guard 𝑢 = 𝛾.node restricts (b) back to the least deviation

of the current entry; without it, an entry could be reached both directly and after a

move (a), and the same deviation set would be produced repeatedly.

Committing the last deviation, (c) and (d). Committing 𝑢 keeps 𝑢.𝑑 and appends a

further deviation. The traversal now enters the champion trace of target(𝑢.𝑑), whose

deviations are held in 𝐻 (target(𝑢.𝑑)); move (d) takes the least of them. What remains

of the trace being left, namely Cont(𝑜, exit(source(𝑢.𝑑))), becomes a new entry, and

move (c) takes the least deviation offered byH ′. The new entry is melded onto 𝑅 = 𝛾.rest

rather than ontoH . The entry 𝑢 was taken from is thereby replaced: what it still offered

after source(𝑢.𝑑) has passed to the new entry. The entries created after it disappear

altogether, since the deviations they hold come before source(𝑢.𝑑).

Lemma 6.4.2. Let (𝜋, 𝑢, 𝑜,H , 𝛾, 𝑠) be a state generated by Algorithm 5 and let H ′ be

the heap computed at its commit step. With the notation of Lemma 6.3.4 applied to 𝜎(𝑠),

the entries of H ′ are in bijection with the indices 𝑖 ⩽ 𝑘 such that Cont𝑜𝑖 (source(𝑑′
𝑖
))

carries a deviation; the entry of index 𝑖 has 𝛾.heap = Cont
(︁
𝑜𝑖, exit(source(𝑑′

𝑖
))
)︁

and

𝛾.owner = 𝑜𝑖, and its field 𝛾.rest holds the entries of the indices below 𝑖.

Proof. By induction along the generation path. In the initial state 𝜎(𝑠) is a singleton,

so 𝑘 = 1 and 𝑜1 = 𝑟; the commit step melds the entry of Cont(𝑟, exit(source(𝑑))) onto

H = ⊥, which is the claim.
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For the step, let 𝜎 = 𝜎(𝑠) with greatest element 𝑑 = 𝑢.𝑑, and assume the claim for the

state at hand.

Move (d) appends a deviation of 𝑇target(𝑑) . Its gate lies below source(𝑑), so the path

𝑃 of the new set extends the old one and its active deviations are those of 𝜎 together

with 𝑑. The successor carries H ′, which holds the indices up to 𝑘 by assumption, and

its own commit step melds onto it the entry of the index 𝑘 + 1, as claimed.

Move (c) appends the least deviation of an entry 𝛾∗ ofH ′, of index 𝑗 say. Its gate lies

in Cont𝑜 𝑗
(source(𝑑′

𝑗
)), hence outside 𝑇source(𝑑′

𝑗
) , so the new path leaves the old one at

source(𝑑′
𝑗
): the active deviations of the new set are 𝑑′1, . . . , 𝑑

′
𝑗−1 together with the new

one, those of index 𝑗 and above being no longer active. The successor carries 𝛾 = 𝛾∗,

whose field rest holds the indices below 𝑗 by assumption, and its commit step melds

onto that, as claimed.

Moves (a) and (b) replace 𝑑 without committing it, so H is unchanged. By

Lemma 6.3.4 applied to 𝜎 \ {𝑑}, the new deviation is drawn from the same union

as 𝑑: move (a) from the same local heap, move (b) from another entry 𝛾′. The active

deviations of the new set are those of the index the new deviation belongs to, together

with those of smaller index, which are held by the field rest of the entry carried by the

successor; that entry is 𝛾 for move (a) and 𝛾′ for move (b). □

6.4.2 Correctness

Both groups of moves rest on the same question: once part of a deviation set has

been fixed, which deviations may still be added to it? Two conditions are required. A

deviation must keep the set well-formed, and it must come after those already fixed;

otherwise, the same set would be assembled in several orders. The next lemma states
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that the deviations satisfying both are exactly those the algorithm has.

Lemma 6.4.3. Let (𝜋, 𝑢, 𝑜,H , 𝛾, 𝑠) be a state generated by Algorithm 5 and let H ′ be

the heap computed at its commit step. Write 𝜎 = 𝜎(𝑠) and 𝜎𝑑 = 𝜎 ∪ {𝑑}. The following

are equivalent:

1. 𝜎𝑑 is well-formed and 𝑑′ ≺𝜎𝑑 𝑑 for every 𝑑′ ∈ 𝜎;

2. 𝑑 occurs in 𝐻 (target(𝑢.𝑑)), or in the local heap of an entry ofH ′.

Moreover the two parts of (2) are disjoint, as are the local heaps of distinct entries of

H ′.

Proof. Assume (1). By Lemma 6.3.3 the orders ≺𝜎 and ≺𝜎𝑑 agree on 𝜎𝑑 , so source(𝑑)

comes after every gate of 𝜎 in ≺𝜎, in particular after source(𝑢.𝑑). By Lemma 6.3.4,

source(𝑑) is then an OR -gate of 𝑇𝑜𝑘+1 or of some Cont𝑜𝑖 (source(𝑑′
𝑖
)). In the first case

𝑑 occurs in 𝐻 (target(𝑢.𝑑)) by Definition 6.2.1, since 𝑜𝑘+1 = target(𝑢.𝑑). In the second,

Cont𝑜𝑖 (source(𝑑′
𝑖
)) carries a deviation, so it has an entry inH ′ by Lemma 6.4.2, whose

local heap is Cont
(︁
𝑜𝑖, exit(source(𝑑′

𝑖
))
)︁
= 𝐻 (Cont𝑜𝑖 (source(𝑑′

𝑖
))) by Lemma 6.2.5 and

contains 𝑑.

Conversely, a deviation occurring in one of those heaps has its gate in the correspond-

ing set of Lemma 6.3.4, hence in trace(𝛽𝜎) and after source(𝑢.𝑑). The set 𝜎𝑑 is then

well-formed, the choices above source(𝑑) being those recorded in 𝜎, and the orders

agree on 𝜎𝑑 by Lemma 6.3.3, so 𝑑′ ≺𝜎𝑑 𝑑 for every 𝑑′ ∈ 𝜎.

Disjointness is that of Lemma 6.3.4, transported by Lemma 6.4.2. □

Lemma 6.4.4. The deviations recorded in a state occur in increasing ≺𝜎(𝑠)-order. A

sequence of deviation records is therefore determined by the set of deviations it records,

and we write 𝜎(𝑠) for either without distinction.
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Proof. By induction along the generation path.

Moves (c) and (d) append a deviation supplied by Lemma 6.4.3, so one coming after

every deviation recorded in the order ≺𝜎′ of the extended set. By Lemma 6.3.3 the

earlier deviations keep the order there, so the extended sequence is increasing for ≺𝜎′ .

Moves (a) and (b) replace the last deviation by another one available after 𝜎(𝑠) \{𝑢.𝑑};

the resulting sequence is again increasing for the order of its own set.

A linear order has a unique increasing enumeration, so the record is determined by

the set. □

Lemma 6.4.5. For every state generated by Algorithm 5, 𝜎(𝑠) is a well-formed deviation

set and 𝜋 =
∑︁

𝑑∈𝜎(𝑠) dev(𝑑).

Proof. The initial state records a deviation 𝑑 from the entry of 𝐻 (𝑟), where source(𝑑)

must be in 𝑇𝑟 = trace(𝛽∗) and 𝜋 = dev(𝑑). Lemma 6.4.3 gives the well-formedness by

induction along the generation path. The costs are from the recorded deviations, added

at moves (c) and (d) and replaced by moves (a) and (b). □

Lemma 6.4.6. Every non-empty well-formed deviation set is 𝜎(𝑠) for exactly one state

generated by Algorithm 5.

Proof. Let 𝐷 be non-empty and well-formed, with elements 𝑑1 ≺𝐷 · · · ≺𝐷 𝑑𝑛.

Existence. We show by induction on 𝑖 that some generated state has 𝜎(𝑠) =

{𝑑1, . . . , 𝑑𝑖}. As 𝑑1 is≺𝐷-least, no deviation of 𝐷 lies above source(𝑑1), so source(𝑑1) ∈

𝑇𝑟 and 𝑑1 is an entry of 𝐻 (𝑟); the initial state records the least entry of 𝐻 (𝑟), and

move (a) exchanges it for any other entry of that heap. For the step, take a state with

𝜎(𝑠) = {𝑑1, . . . , 𝑑𝑖}; by Lemma 6.4.3 the deviation 𝑑𝑖+1 occurs in 𝐻 (target(𝑑𝑖)) or in

the local heap of an entry of H ′. In the first case one move (d) followed by moves (a)
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reaches it; in the second, one move (c) reaches the least entry of H ′, moves (b) reach

the entry containing 𝑑𝑖+1, and moves (a) reach 𝑑𝑖+1 inside it.

Uniqueness. Let 𝑠 be generated with 𝜎(𝑠) = 𝐷. By Lemma 6.4.4 the deviations were

recorded in the order 𝑑1, . . . , 𝑑𝑛, so the generation performed exactly 𝑛−1 commits, the

𝑖-th committing 𝑑𝑖. Each commit is followed by a move (c) or a move (d), and not both:

by Lemma 6.4.3 the deviation 𝑑𝑖+1 lies either in 𝐻 (target(𝑑𝑖)) or in the local heap of

an entry of H ′, and these are disjoint. Which move is used is therefore determined by

𝑑𝑖+1. The moves between two consecutive commits are then determined as well. After

a move (d) only moves (a) may follow, since 𝛾 = ⊥; after a move (c) the guard allows

moves (b) only before any move (a), so the segment consists of moves (b) followed by

moves (a). Moves (b) travel from the root ofH ′ to the entry holding 𝑑𝑖+1, and moves (a)

from the root of a local heap to 𝑑𝑖+1 itself; both heaps are binary trees, so each path is

unique. The generation is therefore determined by 𝐷. □

Lemma 6.4.7. The cost of a state is at least the cost of the state it was generated from.

Proof. Move (a) changes the cost by −𝑢.𝛿 + 𝑢′.𝛿 ⩾ 0, since 𝑢′ is a heap child of

𝑢. Move (b) changes the value by −𝑢.𝛿 + 𝛾′.𝛿, where 𝛾′ is a heap child of 𝛾. This

change is nonnegative: the guard guarantees 𝑢 = 𝛾.node and the heap property ensures

𝛾.𝛿 ⩽ 𝛾′.𝛿. Moves (c) and (d) commit a new deviation and change 𝜋 by adding a

nonnegative cost. □

Theorem 6.4.8. Algorithm 5 outputs every assignment of ⟦𝐶⟧ exactly once, in nonde-

creasing order of score.

Proof. The champion rec(𝛽∗) is output first, with score 𝜔∗(𝑟). By Lemmas 4.3.4

and 6.4.6, the states generated by Algorithm 5 are in bijection with ⟦𝐶⟧ \ {rec(𝛽∗)},
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and by Lemma 6.4.5 the state of 𝜏 carries 𝜋 = 𝜔(𝜏) − 𝜔∗(𝑟). Every generated state

is pushed, and every pushed state is eventually popped, so every assignment is output

exactly once with its score.

Lemma 6.4.7 and the same argument as in Theorem 5.4.6 establish that the outputs

are in nondecreasing order of score. □

6.4.3 Complexity

Proposition 6.4.9. Every continuation heap at every point during the execution in

Algorithm 5 holds at most |𝑋 | continuation entries.

Proof. By Lemma 6.4.2, the entries correspond to indices 𝑖 for which

Cont𝑜𝑖 (source(𝑑′
𝑖
)) carries a deviation. These sets and the variable sets they carry

are both pairwise disjoint. So there are at most |𝑋 | entries. □

Theorem 6.4.10. After the preprocessing of Proposition 6.2.7, Algorithm 5 outputs

the 𝑘-th assignment with delay O(log 𝑘 + log |𝑋 |) in the implicit representation.

Proof. Each iteration performs one PopMin and at most six Push operations, so after

𝑘 outputs 𝑄 holds O(𝑘) states and each queue operation costs O(log 𝑘). The commit

step performs one Meld on a continuation heap, which holds at most |𝑋 | entries by

Proposition 6.4.9 and costs O(log |𝑋 |). All remaining work is constant: the table lookup

Cont(𝑜, exit(source(𝑢.𝑑))), the reads of heap roots and children, the cost updates, and

the extension of a deviation record. □
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Chapter 7

Conclusion

§ 7.1 Summary

This thesis studied ranked enumeration of the satisfying assignments over smooth mul-

tivalued d-DNNF circuits under a sum ordering, measuring delay in terms of both the

circuit size and the number of variables.

The starting point of the algorithm was Eppstein’s observation that the 𝑘 shortest

paths of a graph need not be stored as paths: each can be recorded as a sequence of

deviations from a shortest one. Chapter 4 transferred this idea to circuits. An answer

is represented implicitly by a set of deviations, and the enumeration manipulates these

implicit representations rather than the explicit assignments.

Chapter 5 developed the tree-shaped case. Deviation heaps are built bottom-up, and

enumeration traverses the deviation heaps connected by cross pointers. The resulting

delay is logarithmic in the number of answers already produced and independent of the

number of variables, after preprocessing in O(|𝐶 | log |𝐶 |) time.

Chapter 6 extended the framework to general circuits, where a gate can be reached
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along more than one path from the output gate. Deviations and continuations are

recorded locally in terms of owners and champion traces; the price is an additional

structure, the continuation heap, manipulated during enumeration. The delay becomes

O(log |𝑋 | + log 𝑘) and preprocessing is O(|𝐶 | · |𝑋 | log |𝐶 |).

These bounds hold for implicit output. An application that materializes every answer

in full regains the dependence on |𝐶 | as a traversal of the circuit is needed; the gain

holds when only a few of the 𝑘 answers need to be materialized.

§ 7.2 Future work

Several directions remain. The first is a lower bound for the general case: whether the

additional logarithmic term is inherent or a consequence of the continuation mechanism

used here. The second is to widen the ranking. Only the sum ordering is treated in this

algorithm, and whether the results extend to other orderings is open. Finally, the results

are stated for circuits rather than for the queries that produce them. Applications such

as monadic second-order queries with free second-order variables, where the number of

variables grows with the data, are reached only through a compilation step whose cost

is not accounted for here. How the two costs combine is left open.
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