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Bent S~renser. ~ 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

April 1969 

UCRL-18834 

Abstract: Neutron J=O states in even-U nuclei are calculated with a pair-

ing force, using the boson expansion method. All regions of isotopes which 

are close to a fairly good shell-closure are covered, and a comparison is 

made betweer. calculated and experimental two-nucleon transfer cross-

sections. In general we find a remarkably good agreement, even for the 

ground state mass systematics, suggesting that for the isotopes under 

consideration the simple pairing interaction is the dominant producer of 

ground state correlations. A lack of agreement with experiments in certaiL 

regions is proposed to be connected with couplings to definite other 

degrees of freedom under the influence of predominantly particle-hole 

interactions. 

t Work performed under the auspices of the U.S. A~omic Energy Commission. 

tt On leave fron Niels Bohr Institute, University of Copenhagen, Denmark. 
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1. Introduction 

The picture we are going to present develops around a closed neutron 

shell IJ
O

• The basic ingredients in the description are the pairing type 

(seniority zero) levels in the neighbouring even nuclei N -2 o 
We here aSS1.Une tbat in each of these nuclei there is one branch of levels' 

which carry the main part of pairing correlations, and that these branches 

can be built out of two definite operators, one of which describes a 

correlated set of J=O hole-pairs (with respect to the closed shell NO) 

and the other a correlated set of J=O particle-pairs. These two branches' 

are characterized by two boson operators, and + cl ' which apart from 

Pauli principle corrections are collective two-hole and two-particle operators. 

In a similar manner we describe the remaining set of two-hole and two-

particle states, WIlich we denote non-collective branches. We now describe 

pairing states in any nucleus N '-2q o or NO+2p by superimposing appropriate 

numbers of the collective and non--collective boson operators. In this proces::. 

we distinguish between collective and non-collective bosons by performing an 

additional diagonalization of the residual parts of the pairing force which 

acts among the collective bosons and on the other hand neglecting such 

aUharmonicties for the non-collective bosons. Details of the formalism will 
I 

be given in sect. 2. In fig. 1 we have sch~~atically shown some of the states 

obtained in this way. Heevyiines indicate states formed entirely out of 

collective boson quanta, thin lines states formed directly by acting with the 

calculated non-collective quanta on the closed shell, while dashed lines 

indicate states built of both collective and non~collective quanta. The 

excited, collective states are usually called pair (or pairing) vibrations, 

r' " 
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and in the absence of anharmonic correlations the two·-nucleon transfer cross-

sections among ttiem would obey the selection rules discussed by Bes and 
I 

Broglia (Be 66)., It should be mentioned, that the cross-sections leading to 

non-collective states often are of the same order of magnitude as those 

I 
involving collective states~ so that a detailed calculation often will be 

I 
necessary in order to distinguish the collective ~tates in a given experiment. 

I 
We will now anticipate some of the possible shortcomings of the 

description givel above. First of all the truncation of the boson expansion~ 
I 

may cause inaccurate description of superfluid nuclei or transitional regions. 
I 

For superfluid sequences of isotopes the ground state energies will lie on 

a parabola, which means that there are large deviations from the harmonic 
I 

energies (linear raise of the ground state energies to both sides of NO). 

Definite examples in sect. 4 will show that the fourth order boson description 

is able to describe superfluid systems, but that the energies become gradually 
I 

poorer as one goes away from NO. 

From evidence in lighter nuclei it has been suggested that one should 

use an isoscalar pairing interaction acting among J=Q, T=l pairs (Bo 68), 

which would on the other hand not affect the heavier nuclei, where the 

strong alignment of isospin implydecoupling of proton and ,neutron pairing 

states plus the absence of proton-neutron pairing correlations. An iso-

vector component of the pairing average field would explain the difference in 

I 

the proton and neutron pairing strengths usually assumed. One can then view 

the parabolic energy behaviour of ground state energies of superfluid nuclei 

as arising from the rotation in isospace of a pairing distorted system which 

is directed in isospace. 
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The spectra of lighter nuclei show definite deviations from isospin

independence, both in ground state and excitation energies. In a phenomenological 

description of these effects one might consider interactions among the boson 

quanta, which contain both isoscalar and isovector Ct
l
·t

2
) parts. This 

leads to anharmonic spectra and to splitting of isospin multiplets of the 

form l.iET = (al +a
2 

T(T+l)). Experimental evidence for the T-splitting of 

pair vibrational levels does roughly support the T(T+l) rule, although it is 

not followed very accurately (S!6 69). 

In sect. 3 we will discuss the type of interaction which may give the 

observed isospin structure. It is pointed out that the splitting of the pair 

vibration implied by an isoscalar pairing interaction is small and not of 

the form T(T+l). The simplest interaction which can give the T(T+l) 

splittings is a monopole force acting on T=l particle-hole pairs in 

partially filled shells (which are already formed by pair excitations). From 

the assumption of such an interaction it also becomes clear, why the isospin 

structure gets destroyed for heavy nuclei, where proton-holes and neutron

particles (or vice versa) no longer occupy the same orbits, thereby restricting 

the T=l, J=O interaction to connect only pairs separated by two major 

shells. 

The interplay between pairing and particle~hole forces has another 

aspect, which is also revealed by experimental evidence on J=O states. One 

has in a number of cases observed low-lying 0+ states which get fair to very 

strong two-nucleon transfer strengths. These states are lower in excitation 

energy chan possible for pairing states (this conclusion is only definite 

in closed neutron shells where such states can not be confused with 
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non-collective pairing states), and in many cases the ·excitation energy is 

close to twice that of the lowest collective multipolestat~ (often 3- at 

doubly closed major shells, otherwise 2+). There are two ways in which such 

a "two-phonon'! state can get two-nucleon transfer cross-section. One is 

through inelastic effects, which are appreciable when collective multipole 
I 

transitions are involved (As 68), the other is through admixtures of the 

ground state (with its pairing structure) or the excited pairing states with· 

large cross-sections. The presence of admixtures are necessary in some cases, 

where the cross-sections to the "non-pairing" states are extremely large. 

The classification of these states as i'two-phonon" states is in a few cases 

impossible, possibly pointing to the co-existence of different shapes or 

structures. It may here be either the ground state or the excited state, 
\ 

which has a large parentage to the N-2 and N+2 ground states. Experimental 

evidence of this is contained in the survey in sect. 4. Fig. 2 shows 

schematically some of the deviations from the pure pairing picture, which 

has been discussed above. 

2. The Boson Method 

The formalism employed in our calculation is identical to the one 

described in sect. 7 of S¢ 67, except that we have often defined the 

collective bosons by means of TDA rather than RPA, which is necessary since 

we are considering some neutron shells which are so "bad" closed shells that 

the system is super fluid , in which case RPA fails to describe the collective 

boson. Since we are also going further away from the closed'shells than the 

single step described in S¢ 67, a brief outline Of the theory is rereated 

here together with the additional formulae. 
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The neutron Hamiltonian consists of a single particle part and a 

pairing interaction 

L A 
G L AA + 

H = j E. B. II jj I A. A., n J J J J 
(2.1) 

j jj' 

where 

+ - + + + ( _)j+m B. = (a. a.)O' A. = (a. a.)O' a. = a. 
J J J J J J Jm J-m 

(2.2) 

and 

j = (2j+l)1/2 . 

We now choose a neutron closed shell I CS) as a reference vacuum and define 

particle and hole operators with respect to this vacuum by 

04, . I CS) ::: 0, 
J 

{ 
-A. 

J 

J,~ = + 
J A. 

J 

{ -B. 
~. = J 

J 
B. 

J 

for j ~ CS 

for j > CS 

for j ~ CS 

for j > CS 

Since the monopole, seniority zero states of 

entirely by combining J=O boson operators 

(2.3) 

even systems can be described 

satisfying 
+ 

[bj,bj,J = 0jj" We shall include only such operators in the boson expansions 

of the two 

t, 
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fermion operators of eq. (2.3), obtaining in fact independent expansions 

for each j-value (Br 68) 

A+. = x10 b+. 31 + + elf + x. b. b
j 

b. + ..• '. 
J J J J J 

21 + ' 
= y. b. b. , 

J J J 

(2.4) 

where the coefficients (see siD 68, which also explains why the expansion 

o parameter y should be zero for seniority zero) are 

10 ~ x = )12, 
A 

2/j 

The Hamiltonian eq. (2.1) now becomes 

(2.6) 

with 

H = 2( L + L Ej b; bJ ) 
G L jj' 

+ 
E. b j b

j - bb ' 
0 J 2- j j 

j> j~ j ,j '> 
or j, j'~ 

(2.7) 

G L AA + + 
HI = -- jj' b. ,b., + h.c. (2.8) 

2 J J 
j> 

j f~ 

A 

L 
A 

G L L + + G '~ + + + 
H2 = - bj b

j 
b j b. , - - (A b. , b., b j b j , 2 A 

2 j J j' J J 
j ,j '> j> 

,or j ,j'~ j ,~ 
(2.9) 

., + 
b+ <+ 

+ .J.. b b j , b. ) + h.c. 
A j J J 
-, 

v 
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where sixth order and higher terms have been neglected and the coefficients 

31 . x. approximated 9orrespondingly for conslstency. 
J 

The normal mode bosons are now defined by canonical transformations 

+ L r (j) b: L sn(j) b. c = n n J J 
(2.10) 

j> j~ 

+ L rm (j) 
+ L s (j) b. c = b. m J m J 

(2.11) 

j~ j> 

where 

L rn (j) rn,(j) - L sn(j) sn' (j ) = 0 nn' 
j> j~ 

(2.12) 

L rm(j) rm,(j) - L sm(j) sm' (j) = 0 
nun ' 

j~ j> 

L rn(j) S (j) - L rm(j) s (j) = 0 m n 
j> j~ 

The transformation may be defined by the requirement that HO+Hl be diagonalized 

(RPA) 

HO + HI = L wn c: cn + L Ufu c: cm 
(2.13) 

n m 

" 
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[ + [ + 
(2.14) HO = W c c + W c c n n n m m 111 

n m 

As discussed in s(6 69a RPA is a bad starting point for the boson expansions 

whenever the system is close to being superfluid. When the system is well 

non-superfluid one should obtain approximately the same results starting 

from RPA or TDA. An example of this is given together with the discussion of, 

Si~isotopes (see sect. 4). One might question whether in the case of 

transitional or superfluid nuclei the collective branch of excitations defined 

by the TDA bosons is a fair approximation to the correct one (comprising 

mainly ground states). Surprisingly enough this is so to a large extent, 

according to the comparison with an exact solution made for the two-level 

model (Br 68) and a comparison with BCS wave 'functions discussed in sect. 4 

for Sn-isotopes. For these reasons we have employed the TDA representation, 

eq. (2.14), in most cases. 

The bosons characterizing the collective branch of excitations 

(ground states and pair vibrations) are the two·-particle boson 
+ 

c 
n 

and the 

two-hole boson + c with lowest energies 'wand w. We shall in the 
m n m 

following denote these bosons (with energies 

the non-collective ones by primes (l1N=2) 

(t.N=--2) after ordering them according to increasing energies WI" WI'" 

and 

It is assumed that the non-collective states (in the even neighbour 

isotopes to the closed shell) are well enough given by the normal mode 

bosons, whereas non-harmonic correlations must be included for the collective 

, 
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branches. We thus introduce the normal mode bosons in the residual inter-

action (H
l

+H
2 

for TDA or just H2 for RPA) and keep only the collective 

bosons 

+ + + + + + + + H = Bl Cl 
c

l 
+ B2 c

2 c2 
+ Al c

l 
c

2 +A2 cl c
l 

c
2 c

2 res 

+ + + + + + + + + + 
+ A3 cl cl c2 cl + A4 c2 c2 cl c2 + A5 cl cl cl cl + A6 c2 c 2 

+ + 
(2.15) + A7 c

l 
c

2 
c

l 
c
2 

+ h.c. 

The coefficients Bl , B2 , AI' ... ~ A7 are for the RPA case given by S~ 67. 

The same expressions hold in TDA whe~ the proper transformation (2.10) to 

(2.12) is used, except that 

j> 

because of the presence of HI 

j ,.;;;; 

in H res 

The collective eigenstates of the nucleus with neutron number 

+ 2p-2q, where NO is the closed shell, are given in the form 

IN ,a ) =L 
n 

<p (N ,a) 
n 

(c~)n+p (c;)n+q 

I(n+p)!' /(n+q) !' 
10 ) 

(2.16) 

N=N o 

where 10) is the common vacuum of c
l

· and. 'c
2 

and n is extended to 

the maximum number consistent with the number of configurations included. 

If the total degeneracies of all included levels above and below the closed 

~ 

;'1 
v 

c2 c2 

shell are DI and D2 , we thus extend n from zero to D
I
/2 or D

2
/2, whichever is 

smallest, for the eigenstates of the closed shell nucleus N=N
O

' Using the basis states 



... 
, I 

In} = 

(c~)n+p 

I(n+p) I' 

(c~)n+q 

I(n+q) r 
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10 } (2.18) 

where for a given Neither p or q is zero, we can evaluate the matrix 

elements of each term in eq. (2.15), which are needed for the diagonalization, 

(nlc~clln) = n+p 

(nlc~ c2 1n ) = n+q 
(2.19) 

(n+llc~ 
+ . 

(n+l)1/2 1/2 
c2ln) = (n+l+p+q) 

+ + + c~ln ) (n+l)1/2(n+2)1/2(n+l+p+q)1/2(n+2+p+q)1/2 (n+2I c
1

c
l c2 = 

( n+ll c~ + + 
clln) (n+p) (n+l)1/2(n+l+p+q)1/2 cl c 2 = 

I 

(n+llc; 
+ + 

c2ln) 
1/2 . 1/2 c

2 
c

l = (n+q) (n+l) (n+l+p+q) 

I + + 
clln) (n+p) (n-l+p) (n c

l c l cl = 

(nl c; 
+ 

c2ln) (n+q) (n-l+q) c 2 c2 = 

( nlcr 
+ 

clc2ln) n(n+p+q) c 2 = 

The collective correlations are supposed tounderlie the non-collective 

excitations, which then are given by c~, INO'O} and c~, INO'O) rather than 

by c;' , I 0) and c;, I 0) • 

We now turn to the two-neutron transfer operator 

(2.20) 
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which is transformed to the boson picture under the same approximations as 

for the Hamiltonian 

where the coefficients involving collective bosons are given in S~ 67 t) 

and the non-collective ones are 

(2.22) 

We are describing the L=O transfer reactions between the pairing 

states in terms of the structure factors GS (Gl 65) arising from the expansion 

of. the radial part of the reaction amplitude on a basis characterized by 

harmonic oscillator quantum numbers. Assuming zero relative angular momentum 

for the transferred neutron pair (in a (t,p) or (p,t) reaction) we have 

L 
nej 

N=2n+Q-S 

Q . 
( fiT. Ii) ( -) ~ A J ( NO ; SO ,0 I ne ,ne ,0 ) 

J Q v'2' 
(2.23) 

-h 
1N"ote that D3 = D4 = D5 = D6 = 0 for TDA normal mode bosons. 

i\ 
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where N is the radial quantum number of the relative motion of the two 

neutrons to be transferred, S that 'of the center--of-mass motion, <, , I , ,) 
a Moshinsky bracket and ~N the overlap between the relative motion in the 

triton and in the nucleus. Assuming a Gaussian wave function in the triton 

and oscillator wave functions in the nucleus one may estimate (Gl 65) 

(2.24) 

where V ~ A-l / 3 fm- 2 and n ~ 0.242 fm-l. 

The structure coefficients GS may be entered in a DWBA calculation 

in order to obtain the differential cross section 

0 i + f (e) = I L GS(i,f) p~WBA(e) 12 
s 

(2.25) 

but since we will consider several cases where either no experiments have 

been performed or several experiments have been done at different projectile 

energies, we will in general not go through the DWBA calculation but simply 

quote 

0
i

+
f 

ex: L Gs (i,f)2 

S 

(2.26) 

which represents the probability of the reaction taking place at any spatial 

separation. One could alternatively choose the probability for, the reaction 

taking place at a definite radius R, assuming the amplitude PS(R,e) to be 

independent of S except for the alternating phase, 
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We have tried both estimates and compared them with integrated DWBA cross 

sections for a few cases, and we find that cr of eq. (2.26) is the best f, 

estimate, although both fail in cases of peculiar kinematics and generally 

should not be considered as more than order-of-magnitude estimates. 

In order to evaluate the nuclear matrix element < fiT. Ii} in eq. 
J 

(2.23), we evaluate the matrix elements of each term of eq. (2.21) for the 

collective basis states in eq. (2.18). For neutron numbers N ~NO-2 we 

get 

<q-l,n'+llc~lq,n } = (n+l)1/2 . 

< q-l,n' Ic2Iq,n) = (n+q)1/2 

< q-l,n'+llc~ + 
cllq,n) n(n+l)1/2 cl = 

<q~l,n'lc; c2 c2 jq,n ) = (n+q-l) (n+q) 1/2 (2.28) 

< q-l,n'+llc~ c; c2lq,n ) = (n+q) (n+l)1/2 

<q-l,n'+2Ic~ c~ c;lq,n) = (n+q+l)1/2(n+l)1/2(n+2)1/2 

< q-l,n' Ic~ c
2 

jq,n ) 1/2 cl = n(n+q) ., ~~ 

<q-l,n'-1Ic 2 c2 cllq,n) = nl / 2(n+q)1/2(n+q_l)1/2 , 
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and for N ~N 
. 0 

we get 

,'!, (p+l,n'jc~jp,n ) = (n+p+l)1/2 

, (p+l,n'-ljc2 jp,n) = n 1/2 

(p+l,n' jc~ c~. cljp,n ) = (n+p) (n+p+l) 1/2 

+ 
c

2 
c2 jp,n ) (n_l)nl / 2 (2.29) ( p+l,n'-ljc 2 = 

(p+l,n' jc~ + 
c

2
jp,n) 1/2 

c
2 

= n(n+p+l) . 

( p+l,n'+llc~ + 
c;lp,n) (n+l)1/2(n+p+l)1/2(n+p+2)1/2 cl = 

< p+ 1 ,n ' -11 c ~ cl c2Ip,n) = 1/2 n (n+p) 

(p+l,n'-2I c2 c2 cllp,n) = nl / 2(n_l)1/2(n+p)1/2 

In the cases where we have performed a DWBA calculation, the har-

monic oscil;tator wave functions entering into the expansion given in eq. 

(2.25) have been matched with Hankel functi.ons of correct asymptotical 

behaviour, using a computer code written by N. K. Glendenning. 
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3. Influence of Residual Interaction 

The neutron pairing force with constant matrix element within a 

certain subspace is certainly a crude approximation to the full interaction 

and presumably also to the part of the full interaction which is effective 

in correlating the neutron pairing states of even-N nuclei. By comparing the 

fairly reliable boson calculation based on only the pairing force to experimental 

evidence we hope to learn about the mechanism of producing neutron J=O 

states, not only by pointing out the regions of agreement, but also by con-

sidering in detail the possible causes for lack of agreement. This will be 

done during the separate discussion of each region of isotopes in sect. 4, 

but we shall in this section formulate briefly the mechaniqms of additional 

correlation invoked in various cases. 

Considering the importance of the isospin Cluantum number for lighter 

elements, one should here use an isospin invariant formalism, which for the 

pairing force would imply a Hamiltonian 

L A Ii G L 
AA + - 00 

H = E. j 4" Bj (00) - 4- jj I 13 (Aj(l) Aj,(l))OO (3.1) 
J 

j jj' 

where 

+ + 1 + 1 T=l,MT Aj (ll'-1T) = (aj (t=2") a j (t=2"))J=O,O 

(3.2) 
+ 1 - 1 00 . .: 

B. (00) = (a j (2") a j (2") ) 00 J 
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and 

In analogy to the procedure in sect. 2 we can apply the boson expansions in 

the combined angular momentum and isospin space, obtaining a Hamiltonian 

similar to eqs. (2.13) - (2.15) except for couplings of isospin. For like 

quanta this lead~ to an isospin dependence of the form 

1 = 36 
(3.4) 

T 

and similar for bosons. This may account for the observed splittings of 

T=O and T=2 states in the nuclei AO ± ·4 (where the AO ground state has 

T=O) ,the T=O, 2, 4 splittings in AO ± 8 etc. For A =56 
0 

we get around 

5 MeV splitting of the pairs of like bosons coupled to T=O and T=2 (using 

the same G as in the neutron calculation), which is a considerable fraction 

of the experimentally observed splitting, so that it may be expected that the 

pairing force is to a large extent responsible for this effect. For the unlike 

quanta the only type of coupling implied by the pairing interaction is of the form 

or the analogous with c
l 

and c
2 

interchanged, both of which only through higher 

order admixtures in the wave functions split the T-members of the pair vibrational 

states, and not very likely produce splittings proportional to T(T+l) (as the 

observed ones roughly are). 



-18- UCRL-18834 

We thus hav;e to look for a non-pairing interaction as the source of 

the isospin structure of levels involving coupled, unlike boson quanta 

and The simplest interaction which will give the desired T·-spli tting 

is a particle-hole monopole interaction, i.e. a force which is not important 

for a closed shell nucleus before another interaction begins to excite particles 

and thereby produce unfilled j-shells. In order that this interaction can 

split the T-members of the pair vibration, the particle-hole pairs must be 

T=l 

(3.6) 

jj' 

In the collective boson representation we get a term proportional to 

((c~ ~l)~ (c; ~2)~)~ = L W(llll;IT) ; ((c~ c;); (c I ~2);)O 
T 

which gives the pair vibrations a splitting propor"tional to (4-T(T+l)). 

At the same time the like bosons get an additional splitting of the same 

form, which judging from the splittings of the pair vibrations compared to 

those of equal quanta generally are of the same order of magnitude, although 

definite variations can be observed from case to case. Around A=56 one 

would need 4-5 MeV splitting of the T=O and 

monopole interaction. 

2 states in A ± 4 o from the 

For a particle-hole force of the type corresponding to eq. (3.6) the isospin of 

the particle-hole pair tells whether proton-neutron interaction is present 

or not. If the B~(TM) operators have T=O only proton. p-h pairs or 
J 

•• 
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neutron p-h pairs are correlated, whereas for T=l also proton-particle 

and neutron-hole pairs (or vice versa) get correlated. In heavy nuclei 

with large isospin alignment only the M=O part of the interaction in eq. 

(3.6) can be effective, so that it no longer produces any isospin structure. 

A detailed investigation of the simultaneous action of the pairing 
I 

and monopole T=l forces is planned for a forthcoming communicationJ and we 

will in the discussion of the experimental spectra in sect. 4 only qualitatively 

estimate whether the picture given above is relevant or not. 

We shall now try to estimate the role played by the surface multi-

pole vibrations IATI) = 2+, 3-, ... which usually appears as the lowest 

excited states in even nuclei. Although the vibrational bands are known 

usually to possess large anharmonicities (S~ 69a), we can get a qualitative 

idea of the influence of the 0+ members of these bands on the pairing states 

by assuming the harmonic waVe functions 

10+ ) 

The particle-hole basis employed here (or its equivalent in the boson space, 

cf. s~ 67 ) has a certain overlap with the J=O basis for the pairing states . 
A 

If the particle-hole vacuum 10) corresponds to a closed neutron shell 

is different from zero, and otherwise we have 

or (o+lc:, INO-2,0) * O. In fig. 3 we illustrate the influence of these over

laps on the two-nucleon L=O transfer reactions. The total transfer strength 

which in the pairing picture went to the excited pairing state (collective or non-

collective according to whether the nucleus is a neutron closed shell or not) is now 

\ 
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shared with the two-phonon multipole state. If further the multipole force 

has produced ground state correlations, as it has if the 

are non-zero (RPA), then the ground state has the form 

'" 10 } 
php'h' 

<P 's ph 

10 } 

of eq. (3.8) 

which means that part of the paired structure of the ground state is destroyed 

so that the ground-to-ground state transfer cross sections is reduced. The 

figure illustrates this in two steps, assuming first that the multipole 

states do not produce ground state correlations (TDA, <Pph=O in eq. (3.8)). 

The transfer strength to the multipole 0+ state is thus proportional to 

L 1jJph 1jJp 'h' and a recoupling coefficient, and this strength is take'n from 

the pairing type configuration (at a closed shell), or from the 

simplest non-collective states (below the closed shell) or 

(above the closed shell). In the figure the closed shell pair-

+ + I } . ing state is assumed to have the structure c
l 

c
2 

0 ,otherwlse the strength 

is taken from several pairing states containing this component. We can now 

add the multipole ground state correlations to the picture, which eq. 

(3.9) shows to first order implies an admixture of the uncorrelated ground 

state and the TDA 0+ two-phonon state. For this reason the strength 

missing in the ground state has in fig. 3(c) been added to the two-phonon 

0+ state. It should also be mentioned that two-phonon multipole states of 

collective nature can be reached by a two-step process combining the transfer 

process with an inelastic scattering (As 68), and that the two-phonon states 

in this way can get of the order of 10% of the ground state cross section. 
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The admixture of the ground state and the two-phonon TDA-state is also of 

this order of magnitude,' whereas the overlap of the two-phonon state with 

the pairing states except for extraordinary situations only can be expected 

to be a few percent. 

All together the picture outlined above seems to be able to explain 

small transfer cross sections to the non-pairing 0+ states (at most around 

20% of the ground state). Such are observed in many isotopes, but in addition 

there are a number of cases where excited states whose main source does not 

seem to be the pairing interaction have been observed, and which nevertheless 

gets cross-sections comparable to or larger than the ground state. We feel that 

these transitions have to be explained in terms of rather sudden changes in 

the structure of neighbouring isotopes. It could thus be that the description 

given above truly represents the nucleus A, but that the ground state of A-2 

has a larger parentage with some other 0+ state than with the pairing ground 

state, in which case the (t,p) cross sections would change drastically. The 

structure differences between neighbouring isotopes may e.g. be due to 

differences in the quadrupole type ground state correlations, which are 

likely to occur a) when going from a major closed shell to the A ± 2 iso

topes and b) when permanent deformation occurs. A kirtd of coexistence. has 

to be assumed in order to provide the parentage relation necessary for large 

transfer cross-sections. A similar change in pairing distortion and co

existence of superfluid and normal phases is possible. That, however, can 

not be sufficiently well described by the boson expansions truncated at 

fourth order, as further discussed in appendix 2. 
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A weak coupling between pairing and quadrupole quanta. has 

interesting implications for certain J=2 or 4 levels with pair vibrational 

structure (Bo 68), and although the study of these excitations are outside 

the scope of the present. investigation, it should be mentioned that the boson 

method (including two-particle and two-hole J=2 operators) provides a 

natural basis for analysing such states. 

~\ 
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4. Comparison Between Fourth Order Boson Calculation 

and Experiments 

The calculations of neutron pairing states has been performed around 

major'as well as some minor shell closings NO and in some cases also 

for various proton numbers, reflecting the interactions with protons only 
I 
I 

through the neutron.average potential. Before comparing the experimental 

levels and transfer cross sections with the calculated ones, we have sub-

tracted the Coulomb energy, which of course is not included in the calcul~tion. 

In doing so we have assumed a Coulomb energy (Be 36) 

E 
c 

In the Ca-region there is evidence against the N~ependence of E 
c 

(4.1) 

(00 66), but the groUnd state energies predicted by the pairing calculations 

are not reliable enough to provide conclusive distinction between eq. (4.1) 

and the assumption of zero Coulomb energy difference between 40ca and 48ca , 

although the trend would be slightly better given if R 
c 

decreased slightly through the increasing-N Ca-isotopes. 

were constant or 

_ In order to ease the reading of the figures, a term proportional to 

N-NO has been subtracted from the energies of each isotope, so that the ground 

state energies of the isotopes NO ±:2 become equal, in the experimental 

as well as in the theoretical spectra. For each .isotope we give the 

experimental spectrum to the right, and at each level the (p,t) and (t,p) 

intensities are given for the reactions leading to this level from the 

! : 
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ground state of N+2. or N-2 (arrow pointing left or right), similarly for 

the calculated levels (left) using eq. (2.26). Transitions to excited states 

are quoted relative to the ground state transition and below the ground states 

relative ground state transitions are given when possible. ';['he experimental 

absolute values are normally very inaccurate for a number of reasons 

including in some cases unobservable e=oo maxima or otherwise incomplete 

angular distributions. The dependence on kinematics is not included in the 

estimate eq. (2.26). This can be an important factor as several cases where 

experiments have been performed at different incident energies will show. The 

results of every experiment are labelled at each level. Ina few cases where 

we wanted to emphasise a particular point in the discussion, a DWBA calculation 

of the cross-sections and angular distributions were performed. 

The paratl).eters of the boson calculation are the neutron pairing 

strength G and the neutron single particle energies. The pairing strength 

is assumed to be of the .form (Bo 69) 

G = Go (1 _ G N-Z) 
A 1 A (4.2) 

in consistency with the occurence of a symmetry energy term in the empirical 

mass formula and the similar parametrization of the optical model potential 

depth. Gl was fixed at 0.75 and GO was· taken as 23 MeV except for slight 

variations related to the number of single particle levels included. 

The single particle levels were at first extracted from single-

stripping experiments by means of the sum rule method (Fr 61), whenever data· 

was available, but in most cases these energies were later .varied, since they did 

not reproduce the energies of known non-collective pairing states which We 

·1 
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felt was a necessary re~uirement for the present type of calculation. 

Formally, we are also not interested in the "bare:" single-particle levels, 

but rather in the energies associated with a self-consistent average field 
..t. 

produced by all non-pairing parts' of the two-nucleon interaction. I In 

a few cases we have employed such potentials obtained by a Hartree-Fock 

calculation (see e.g. Ca-isotopes), but the status of the present generation 
I 

of HF calculations is such, that the extremely model-dependent single 

particle energies obtained from this source should probably only be taken as a rough 

guidance. In regions where the single particle strength is distributed 

over a number of complex states, we have relied on variational searches with 

the aim of fitting odd mass spectra, again adding corrections dictated by 

the available evidence of pairing states in the even isotopes; and in these 

cases by readjusting the critical energy difference between filled and unfilled 

levels, to which the odd-even mass difference is critical. 

The final single-particle energies employed are listed in table 2 

of appendix 1, where also the. pairing strengths G (table i) and the collective 

boson Hamiltonians (table 3) are given. 

It follows now a separate discussion of each region of isotopes. When 

no other source is mentioned, the experimental ground state energies are 

taken from Ma 65 and information on excited 0+ states from Aj 68, 

li' 

t 
For non-superfluid systems the pairing force does not contribute to the 

average field, and for superfluid systems only in higher orders. 

/. 
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En 67 or Le 67 when not from quoted two-nucleon stripping experiments. The 

boson states are shown with heavy lines if they are built entirely of collective 

quanta, thin full lines if they are formed by one non-collective boson operator 

operating on the closed shell and dashed lines if they correspond to one of 

the other possibilities sketched in fig. 1. In some cases the non-pairing 
\ 

structure discussed in sect. 3 are indicated in a special column in the middle 

between the calculated and experimental spectrum. Unless otherwise stated 

the TDA normal mode representation has been used in the calculations. 

He-ISOTOPES 

In fig. 4, 4He has been used as closed shell. The
4
He(p,t) experiment 

has been performed at E = 49.5 MeV (Gr 68). 
p 

2 
The calculated He system con-

sists of two protons without any correlation, since only neutron interaction 

is included. The T=O . 4H h~ h h b h d b ( 3H ) resonance In e, w lC as een reac e y p, e 

(Ce 65), may be interpreted as the T=O member of the pair vibration triplet. 

8 The T-splitting increases the discrepancy for the He ground state which pre-

sumably is lowered by strong multipole forces (tldeformationtt). 

C-ISOTOPES 

12 In fig. 5, C has been used as closed shell. The (p,t) reaction 

on 12C has been performed at an incident energy of 155 MeV (Ba 65), an 

energy at which there is very little structure in the angular cross sections 

to the excited states (yet a state at 5.6 MeV is assigned 0+), at 50 MeV 

(Gr 66) where a level seen at 7.2 MeV is the only one not known to be J*O 

and at 43 and 52 MeV (~e 67), which seems to rule out the· 0+ assignment for 

a 5.3 MeV level believed to be identical to the 5.6 MeV level 

mentioned above. The suggestion of a 5.03 - 5.29 - 5.60 triplet 
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suggested from (3He ,t) (Ma 66) appears to be rUled out (Br 68a). Further 

experiments at 50 MeV (Ne 67),54.9 MeV (Ta 67) and 20 - 54 MeV (Co 67) see 

no 0+ states except the ground state. 14 
The C(p,t) reaction has been done 

at 18.5 MeV (Le 63) and 47.5 (Ga 69, Ce 68), in which experiment the T=2, 

0+ level is observed and a level at 17.77 MeV may be associated with the 

T=l 0+. Both states are weakly excited. The reaction 12C(t,p) has been 

performed at Et = 5.5 MeV (Ja 60), assigning the 6.58 MeV level 1- and 

suggesting a 0+ at 7.01 MeV, at 0.4 - 1.2 MeV (Ku 62) and at 11 MeV (Mi 64), 

supporting the 6.58 MeV, 1- assignment but disfavouring the 7.01, 0+ assign-

ment. Newer evidence from other sources (Aj 69) firmly suggests 0+ for the 

16 6.58 MeV level but leaves the 7.01 MeV level unassigned. The C ground 

state has been observed in (t,p) experiments at E
t 

= 6 MeV (Hi 61) and 

Et = 12 MeV (Mi 64). 
. 12 
The C ground state is believed to be quadrupole 

deformed, and the 7.65 MeV 0+ state a possible S-vibration or coexisting 

spherical state (Ba 69). 

The calculated ground state energies appear to be in good agreement 

with the experimental ories, and so is the first nono-collective state in 

14C. In order to settle the 0+ assignment of the 6.58 MeV state we per-

formed a DWBA analysis with the GS-coefficients of the pairing calculation. 

The results which are shown in fig. 6, strongly disagree with the earlier 

plane wave calculation which led to the l~ assignment, and there seems to 

be no doubt of the correctness of the 0+ assignment. 

. . . 12 . . ( ) The strength of the pair vlbration In C should be seen In p,t , so 

we conclude that its strength is shared by several states and tentatively 

suggests ru1 isospin splitting which incorporates the .observed T=2 and 
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(presumably) T=l 0+ states together with the hi;ghest lying of the T=O states. The 

lowest excited 0+ state is close to twice the 2+ energy and it may not be 

worthwhile to discuss the lowlying spectrum in terms of deformed and spherical 

multipole surfaces in view of the few particles involved. If the extremely 

large T-splitting suggested above is correct, one would also expect a 

considerable shift of the T=2 ground state of 16C• That this is not I 

observed may well be connected to the fact that the 16C ground state has 

particles in the s-d shell, thus presumably being far from made up of two 

identical quanta. For this reason the boson energy of 16Ccannot be completely 

trusted. However, since the collective boson has only an amplitude 0.85 for 

the particles being in the OPl/2 orbit, it may yet provide a fair description 

of the nuclei with four or mor~ particles outside the closed OP3/2 shell. It 

is a general fact that the structure of the collective boson branch may 

be expected to change each time one passes a considerable gap in the single 

particle spectrum. Formally this will appear as strong couplings between 

collective and non-collective branches, which has not been taken into account 

in the present calculation. 

O-ISOTOPES 

In fig. 7, 160 has been used as closed shell. The 140 ground state 

is seen in (p,t) at E = 43.7 MeV (Ce 64) and E = 50 MeV (Ne 67), the p , p 
16 o ground state at E = 17.6 MeV (Le 63). The excited levels are seen 

p 

in (p,t) at E = 43.7 MeV (Ce64a). As expected the deforrp.ed 0+ level at 
p 

6.06 MeV does not carry any (p,t) strength. A number of T=l states are 

observed between 14 and 18 MeV, and one 0+ assignment has been made 

,,i 
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(Ch 67). The spin assignment of the excited 0+ state in 
14

0 (Aj 69) is 

made from another member of the isospin mult~plet (Re 69). The reaction 

160 (t ,p) was studied at E
t 

= 5.5 (Ja:60), and at 10 MeV (Pu 62 L the 

ground state transition further at 0.7 ~l.l MeV.(K~ 63) and 1.2-1.6 MeV 
_ 16 . lS . 

(Ko 67). ReactlOns (t,p) on both .0 and 0 (first performed by (Ja 59)) has been 
I 

performed at E
t 

= 2.0 -2.6 MeV (Ja60a),at 6 MeV (Hi 62), at 10 MJV 
, 

(Mi 64) and at 5.5 MeV (Mo 65). The relative ground state cross sections 

quoted are presumably r.ather inaccurate. 

The pairing calculation give good agreement for ground states and 

non-collective pairing excitations. The weak transition to the first 

't dOt t ' lSO' '1 1· db· 't t b eXCl e + s a e In lS eaSl y exp alne y assumlng l 0 e a 

two-phonon quadrupole state (cf: sect. 3). A line is inserted in the middle 

column at twice the 2+ energy. In 160 we have tentatively proposed the 

non-pairing type ·of isospin splitting. If the trend of the' observed ground

to-ground transitions is correct, we will have to assume that the 2°0 

ground state has correlations other than pairing, which might also compensate 

the increase in energy caused by the isospin dependent pairing or monopole 

.force. In an earlier study of the oxygen transfer reactions (Do 67) the 

structur'e coefficients were. calculated from shell-model wave functions 

including deformed configurations. Unusual optical parameters were needed 

to explain the angular distributions. Presumably the wave functions contain 

too little pairing type correlation, since the ratios of cross sections to 

exci ted states and to ground states are too large . The pairing calculation 

do somewhat better, and after the kinematics are introduced in DWBA the relative 

lS 16) , ground state transition ratio O(t,p)/ O(t,p reduces to 1.1. 
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Ne-ISOTOPES 

The 18Ne closed shell has been used in fig. 8, the 24Ne closed shell 

in fig. 9. The 20Ne (p,t) experiment has been performed at 

(Ec 68), the 22Ne (p,t) experiment at E = 43.7 MeV (Ce 64a). 

E =50 MeV 
p 

20 The Ne ground 

state is deformed and one of the excited 0+ states around 7 MeV is probably a 

S-:-vibration. Since a pairing-type two particle state is· present in this 

region, one might expect that the S-vibration is the state which does not 

receive (p,t) strength. However, this could also be a coexisting spherical 

state and in that case most likely the pairing state. The ground state energies 

calculated from the almost superfluid N=14 subshell suggest that the structure 

of 18Ne is different from the other three, presumably of small deformation. 

This is further supported by the observation of a weak 0+ state in (p,t) at 

approximately twice the 2+ energy. The N=14 calculation appears superior to 

that based on N~8 in predicting the ground-to-ground transitions to be strong 

in the middle of the shell as compared to both closed shell ends, as one 

would expect. 

Mg-ISOTOPES 

The closed shell used for the presentation in fig. 10 is 26Mg which 

is superfluid and presumably also deformed. The (p,t) pick-up reaction lead-

" t 22Mg h b f d t E 50 M V (G 68) th 1 d" t lng 0 as een per orme a =. e _ a , e one ea lng 0 
p 

24Mg at E = 28 MeV together with the (a,6He ) reaction at E~ = 40 MeV (Ri 64), 
p , u. 

further (p,t) atE = 38.7 MeV eGa 64), at E = 20 - 54 MeV (Co 67), at 
p p 

E = 50 MeV (Gr 67), at E = 42.1 MeV (Mc 67) and at E = 45.0 MeV (Ce 69). 
p p p 

The (t,p) reaction leading to 26~.g has been reported at E
t 

= 5.95 MeV 
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(Hi 61a, no angular distributions) and E
t 

= 11 MeV (Hi 65), the one leading 

28 ' 
to Mg at E

t
= 10 MeV (Mi 64a) and at E

t 
= 3.5 MeV (Mo 67, only 

grourid state). 

The situation is here different from that of C or 0 in that the 

closed shell nucleus has isospin T=l. 
" 24' 22 

The ground states of: Mg and ' Mg 

are thus only the lowest isospin possibilities, so that an isospIn splitting 
. . 

interaction can account for the deviations of ground state energies which 

are calculated with only neutron pairing. The T=2 state in 24Mg which is 

rather strongly excited in (p,t) must relate its structure either to the ground 

state of that nucleus or to: the non-"collective, but strongly (p, t) favoured 

exci ted state. 
. 24. 

Several of the weak or in transfer'non-observed Mg levels 

can then be interpreted as the,T~components of 'the pair vibration, especially 

since the lowest excited 0+ state has no E2 transition to the 2+. The three 

" 26 28 
exci ted levels obseryedin Mg are all T=l and those ih Mg all T=2. One 

, possibility is to associate the T=l member of the 26Mg pair vibration with 

the highest experimental state and accounting for the large strength to the 
... 

lowest excited state by assuming large,Cluadrupole admixtures between this 

and the ground state. The same sharing of strength is again found in 28Mg , 

except that the combined mixing in target and final nucleus makes the (t,p) 

strength even more .distributed. In each of the two nuclei tpere is still a 

0+ level unaccounted for. The 28Mg pair vibratibnis.not supposed to play 

an important role, but the coupling of (d3/2)~=0 configu~ations (the so-called 

non-collective 28Mgexcitation) the the 26Mg B-vibration (denoted IQ) in 

fig. 10) and to the, 24Mg ground state cart provide two states in the right energy 

. I .. 26 . (' ) 28 . . b reglon. n thlS plcture the Mg t,p Mg ground state transltlon would 'e 

reduced with respect to the value in the pure pairing picture. 
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definite discrepancies, the most conspicuous being the absence of'the strong 

38 . 34 
non-collective state from the Ar(p,t) data and the large shift of the Ar 

ground state. The latter might be explained by introducing the isospin splitting 

of 6N = -2 bosons, but it then appears strange, that no similar splitting is 

observed for the 6N = 2 bosons. 

Ca-ISOTOPES 

Both the N=20 and the N=28 closed shells have been used for calculations. 

40 . 
Fig. 15 uses Ca as clos ed shell. In contrast to other regions of the 

periodic table the Coulomb energy in the Ca-isotopes seem not to follow the 

trend given by eq. (4.1), but rather to be the saJlle for all the isotopes 

(00 66 and later Stanford data quoted by Sc 69). In fig. 15 a constant 

Coulomb energy has been assumed, but the comparison with ground state energies 

corrected for a Coulomb energy of the form (4.1) is given in fig. 16. 

40 .. 
The reaction Ca(p,t) has been investigated at E = 39.8 MeV (Ha 66), 

.p 

reporting an.excited 0+ state at E = 4.36 MeV. The saJlle reaction has been 
x 

studied at 50 MeV (Da 67), where no excited 0+ state is seen, but a 2+ 

. 42 48 is assigned at roughly the saJlle energy. The (p,t) reactl.ons on Ca to Ca 

have been perfbrmed at 40 MeV (Ba 64), the 42,44C·a (p.,t) at 25.6 ·MeV (Sm 69) 

and at E = 18 MeV that on 48Ca (Pe 68), 44Ca and 42Ca (Pe 67), the 42ca(p,t) 
p 

reaction further at 42 MeV (Garvey and Cerny as quoted by·Ce 68). The isotope 

5
0Ca has been seen in (t,p) studies at 

7.5 MeV (Wi 66) and together with 42Ca 

E
t 

= 3.2 MeV (Sh 64), 12.0 MeV (Hi 66), 

48 
to Ca at E

t 

(Bj 67). The 40Ca (t,p) reaction was already studied 

and together 1fith 44ca (t,p) at E
t 

= 7.5 MeV (Wi 67), 

= 10.1 - 12.08 MeV 

atE
t 

= 7.2 MeV (Mi 64a) 

disagreeing with Bj 67 only 



. 
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in the 0+ assignment of the, 6.7 MeV level. The 0+ assignments of excited 

levels in 50Ca made by Hi 66 is not confirmed by Bj 67. Some of the data 

I 
have been DWBA analysed by Ba 68 and Br 68b. 

38 The lowest non-collective state calculated in Ca should be extremely 

strong in (p,t) so we conclude that the weak observed state (if the spin 

assignment is correct) is a two-phonon <luadrupole state, which agree~ 

perfectly with its position. The lowest excited state in 40Ca is supposedly. 

deformed (Ge 67), and the third excited 0+ state agrees in energy with a two-
, I 

phonon octupole state. The two remaining excited 0+ states could be the 

T=O and T=2 members of a split pair vibrat'ion. No candidate for the T=l 

member is present in the rather detailed (p,t) data available, but although 

the state close to twice the octupole vibrational energy has a reasonable 

position, its strength is much too small for being interpreted as the T=l 

part of the pair vibration. Probably the interplay with <luadrupole deformed 

states destroys the simple pairing picture. The fact that the deformed state 

gets a third of the ground state cross section implies a considerable deformed 

42 ( ) component in the Ca ground state, accounting for the weakness of the p,t 

cross section to the pair vibration. An alternative interpretation of the 

5·20 MeV 0+ state as an 8p - 8h configuration (Ge 69) re<luired 7% of a 

similar parent component in 42Ca . If the first excited 0+ state in 42Ca is 

deformed its (t,p) intensity re<luires around 10% of the parent configuration in 

40ca , i.e. less ground state correlations than in 42Ca but still an appreciable 

amount. The corresponding configur~tion is not present in the 44Ca ground 

42 
state, judging from the weak (p,t) transition to'the excited Ca state. As 

110 
one ~:::oes mvay from Ca the pair vibration rapidly increases its energy, but 

I , 
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an extremely strong non-collective state in 42Ca can be identified in this 

nucleus and its analogue in 44Ca . This is of course the state which trans

forms into the pair vibration in 46Ca and 48Ca (based on the 48ca core). 

Some fractionation of its strength may be present in 42Ca and 46Ca . In 

42Ca there is one other non-collective pairing state present, and the two I 

remaining states seen (possibly .only one) must be other states (B-vib~ations 

etc.) which mix with the pairing states. All together it is evident that 

the presence of complex core excited states in the closed shell nucleus on which 

we build our pairing calculation causes major disturbances in the pairing 

scheme. This is also beared out by the sequence of ground state energies. 

We have tried to vary the single particle energies, an example of 

which is given in figs. 16 and 17. A set of single particle energies is here 

introduced, which is taken directly from a (spherical) Hartree-Fock calculation 

(Pa 68) except for the closed shell gap, which is still from the odd-even 

mass differences. As seen in fig. 16 the fit to ground state energies is 

slightly improved, but on the other hand the position of the lowest non

collective states in 38Ca and 42Ca (fig. 17) disagree with experiment. In 

order to avoid the influence of the deformed admixtures in the 40Ca and 42Ca 

ground states on the comparison for the remaining isotopes, we have also in 

fig. ·16 given the calculated ground state energies referred to 44Ca and 46qa , 

both for the calculation based en the HF single particle energies and that 

based on s-p energies adjusted from one-particle stripping experiments to 

reproduce non-collective two-particle and two hole 0+ states. However, with 

this gauge we still get fine agreement for the 42Ca ground state energy, while 

the 48Ca and especially the 38Ca ground state would be implied to have 

additional correlation. 

j' 
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One additional piece of evidence comes from the ratios of ground 

state intensities and their absolute cross sections which are all known t). 

None of the calculated sequences of relative cross sections reproduce the 

experimental trend, and if we adjust the stripping interaction to give the 

46 
absolute value of the Ca(t,p) cross-section correctly for the calculation 

shown in fig. 15, it is 50% too large when theHF basis is used. On the 

40 . 
other hand the Ca(t,p) cross section then becomes 50% and 30% too small, 

r 

respectively~ in the two calculations mentioned. 

The strong and rather continuously varying ground-to-ground cross 

sections supports the claim of correlations in the ground states, but on 

the other hand excludes any abrupt change in the structure of the ground 

. 40 38 states. As. an exceptlon the measured Ca(p, t) Ca ground state cross 

section is only 21% of the 42Ca(p,t)38Ca cross section (fig. 15), which indicates 

. . f 40Ca d 38· f a maJor dlf erence between the an' Ca ground state wave unctions. 

The experimental value is rather uncer.tain, since the two experiments are 

performed under different conditions, but the qualitative indication is 

38 that the Ca ground state may be in fair agreemerit with the pairing wave. 

40 
function, contrary to the Ca ground state. The ground state admixtures in 

the pairing wave functions are nearly the same in all the isotopes, namely 

around 0.25 - 0.30 (in amplitude)of the n=l (see eq. (2.18)) or 2p2h 

configurations and 5% of the. n=2 or 4p4h configurations. 

tOur discussion is based on the absolute cross-sections coming from the 

relative data of Bj 67 in conjunction with the elastic triton scattering of 

some targets under the same conditions reported byGl 67. 
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48 + In fig. 18 we uSe Ca as a closed shell. Here the c
l 

boson 

2 + -2 
contains 0.94 (amplitude) of P3/2' the c 2 boson 0.91 of f7/2' leading to 

a total amount of ground state correlation ~hich is 0.40 (still amplitude) 

in 118Ca and about 0.55 in 46Ca and 50Ca . The amount of ground state 

1 t ' ,46c , l' n t 'th 't (B 66) th t f 50c ' corre a lon ln a lS agreemen Wl experlmen. e .a, a o' a 

in agreement with the. predicted one from Br 68b although our ground state 

energy is 300 keV.closer to experiment. The ground state correlation pre

dicted for 48Ca is in agreement with Pe 68, which quote a total amplitude 

-2 2 
0.5 of admixtures, and as far as the f7/2 P3/2 component concerns, we pr~dict 

0.32 as comp'ared to 0.3 to 0.42 (Pe 68), both in contradiction to an earlier 

given vElue of 0.17 (Co 66). 'l'he calculated ground state energies (fig. 18) 

are in reasonable agreement with the experimental ones in the region 40Ca 

50 40 to Ca. There are small deviations for Ca and for the difference between 

48 
Ca and its two neighbours. Correcting for the latter difference by adding 

48 
a little amount of correlation in the Ca groun?- state we would get an in-

creasing shift when approaching 40ca , as might be expected in view of the 

anticipated admixtures of deformed components. The pair vibration in 48Ca 

is too high, and a lower-lying 0+ state is unaccounted for. This might be a 

deformed state, in which case the extra ground state correlation is explained~ 

On the other hand there is no particular reason to expect a deformed state in 

48Ca.· 46 
The similar lowlying state in Ca has the exact energy and small transfer 

cross section which would be expected for a two-phonon quadrupole state mixing 

slightly with the pairing degree of freedom and so has the lowest (possible) 

50 . 
0+ excited state in Ca. The claim that the 46Ca state should be deformed 

(Mc l'0) is thus not quite convincing. Further a deformed 48Ca state which mixes 

Ii 
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with ground state or pair vibrational state to get the observed (t,p) 

strength would push these states apa:rt, contrary to the fact that both excited 

46 . 50 
0+ states are below the sum of the Ca and the Ca energies. It should 

be mentioned that the fourth order boson method with pure pairing force 

inevitably predicts the pair vibration to be above the sum of the neighbouring 
I 

ground state energies. A speculative suggestion explaining the two excited 

48Ca levels is to assume in this nucleus a coexistence of normal and superfluid 

phases, such that the lowest excited 0+ state has the main superfluid component 

and the higher 0+ state has small average pairing distortion. A support for 

this idea comes from the potential energy surface (shown in appendix 2), 

which is very flat in the region ~ = 0 to ~ = 3, thus making important the 

higher order terms that are needed in order to produce a second equilibrium 

with ~ * O. Such terms are not considered in the present calculation and they 

may arise from other sources than the model pairing interaction. The presence 

of a second minimum will automatically lower the 0+ excitation energies, and 

the sharing of strength will remove strength from the ground state. In order 

to explain the large ratio of the 48ca (t,p) to 46Ca (t,p) cross sections one 

will further have to assume that the coexistence of normal and superfluid 

. 46 48 50 phases are present both In Ca and Ca but not in Ca. A phenomenological 

search for simple shell model wave functions which can explain the sharing of 

strength between the three 48Ca s~ates (Ko 69), finds no solutions which agree 

·th th . tll··t f 46~48c . d ttl t· Wl e experlmen a lml s or a groun s a e corre a lons. 

The ground state energies seem not to leave any room for isospin interaction 

between the boson quanta, and all states. excited by the (t,p) reaction above 

40 ' 
Ca must of course have the srune isospin as the corresponding ground state. 

_nJ 
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As with the 40Ca core, we have also here tried a calculation with 

single particle energies derived from a Hartree-Fock calculation (Pa 68), 

shown in fig. 19. The amount of ground state correlation is now increased. 
, 

The ground state energies are much poorer, the 48Ca pair vibration a little 

better and the overall variation of ground-to-ground cross section closer 

to the experimental one. This may, however, not be significant, since the 

values calculated with the first set of single particle energies (fig. 18) 

just leaves room for the inclusion of deformed 
,4o 42 

components In Ca and Ca, 

thereby decreasing the cross sections involving these isotopes" and allowing for 

48 similar reductions due to residual correlations around Ca. 

None of the calculations have completely accounted for the sharing of 

t th b t 1 1 1 t 't t' 'around 5 MeV l'n 42Ca s reng e ween severa eve s a eXCl a lon energles 

and in 46Ca . The dashed 42Ca states indic~ted in fig. 18, of which some 

correspond to non-collective states and the pair vibration in fig. 15, at 

least show qualitatively that a large number of 0+ states can be expected. 

Also in 46Ca several states are predicted, although not quite as many as 

are seen experimentally. Additional possibilities are numerous, such as 

e.g. coupling the lowest 44ca 2+ to the quantum creating the lowest 50Ca 2+ state 

48 
from the Ca core. Some amount of admixture seems to be required if the 

fairly large (t,p) cross sections, which several of these states receive, 

shall'be explained. A particular problem arises for the third and fourth 
, 16 

excited ,state in 4 Ca, which are so close to ea~h other, that they could not 

have been separated if much mixing were present. It is most likely that 

f th t ' '" 1 "t h ,48C one 0 ese sta es lS the palr vlbratlon owered slmllar ot e one In a 

and the other one non-collective, in which case only higher order mixing can 

take place (one state is 2h, the other at least 2p4h). 
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In order to compare the pairing wave functions with the 50Ca 

wave functions of Br 68b, which are calculated using the Hamada-Johnson 

G-matrix as effective interaction, we have calculated absolute cross sections 

46 48 "-
for the ' Ca( t ,p) ground state reactions at E

t 
= 11. 97 MeV(Bj 67), using 

the same optical model parameters as Br 68b and adjusting the stripping 

interaction (zero range limit of Vo exp(-BR2 )) to give the correct 46ya (t,p) 

-2 cross section(implying Vo = - 50 MeV and B = 0.2 fro ,the oscillator 

-1/3-2 ) parameter was A· fro . In units of this integrated cross section the 

48 
Ca(t,p) cross section becomes 1.621 for the pairing boson wave functions 

and 0.738 for the H-J wave function (assuming here similar to Br 68bthat 

no groUnd state correlations are present in 48Ca , otherwise the number would 

be still smaller). The experimental number is 2.54 ± 0.06. It seems very 

unlikely that the prediction of the H-J wave function for the 48ca(t,p) 

cross section can be correct, since that would require a considerable 

change in the stripping interaction quoted above, which already uses parameters 

which approximately fits the two-nucleon transfer cross-sections in other 

medium hea~J nuclei (e.g. the Zr transitions considered in fig. 28). One 

may conclude that the H-J type 50Ca wave function lacks pairing type 

correlation but that the amount of pair correlation in our 50Ca (or in the 

48 . 
Ca or both) ground state is too large. It is interesting that the 

pairing and H-J 50Ca wave functions considered here have the same amount of 

P~/2 configuration. 
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Ti-ISOTOPES 

In fig, 20 the isotope 50Ti has been us'ed as a closed shell. The 

44Ti to 48Ti ground states have been observed in (p,t) experiments at 

E = 40 MeV (Ba 64 and ~a 64a), those of 46Ti and 48Ti further at E '= 28 MeV 
p p 

(Ri 64a), The T=2 state in 44Ti was seen with E = 38,7 MeV (Ga 64), 
p 

The 50Ti (t,P) reaction has been studied at E
t 

= 7.5 MeV (Wi 66) and the 

46Ti , 48Ti(t,p) reactions at 9.64 and 1l.14 MeV (Hi 67). 

As expected the picture is very similar to that of theCa.;..isotopes. 

I t · ul t 0+ t t' ; 50T, tl b 1 th n par 1C ar a very s rong s a e 1S seen 1n '1, apparen y e ow 'e 

pair vibrations, The position of this lowest excited 0+ state is well above 

what would be expected for a two-phonon quadrupole state (in fact there are 

weak states present in the (t,p) data which may be candidates for that), and 

a jeformed state can not get the huge amount of transfer strength unless 

the structure of the 48T, d 1 groun state is similar, which appears to be 

ruled out by the nearly harmonic quadrupole vibrational spectruin in 
48

T
, 
1. 

So it is tempting also here to suggest that the excited 50Ti state is a 

superfluid state similar in structure to the 48Ti ground state. Like in Ca 

the ground state energies seem to indicate a change in structure as the N=20 

closed shell is approached, so a detailed study of the (p,t) reactions in 

this region would be very desirable. The T=2 t t ' 44T, , l'k I' to s a e 1n 1, 1S 1 e y 

be a pair vibration built on the 42Ti core (similar in structure to the lowest 

non-collective state in 48Ti ). The third excited 0+ state in 48Ti may 

be the pair vibration, lowered in energy by the same mechanism whi_ch' 

describes toe coexistence in 50Ti . The pairing type of coexistence is only 

expected to occur at shell closures, since the inverted coexistence - superfluid 

ground state and normal excited state - is not possible with a pairing force, 

, i 
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which implies aV /a~ < 0 for every system with superfluid ground state. pot 

On the other hand, no matter what the structure of the potential energy is 

at low excitation ener~ies, it is possible (and for the truncated boson 

expansion a fact) that highly excited states all have ~ ~ O . 

A t t I f f "t d t t h b b d" 50T " (" t t o a 0 our eXCl e s a es ave een 0 serve In l In con ras 

to two in 48Ca ). Having described the two lowest as superfluid and pair 

vibrational, it is possible to associate the remaining, weaker states with 

quadrupole degrees of freedom. The energy of the 2+ state in 52
Ti is 

1. 05 MeV (Wi 66) , and that of the 48Ti 2+ state 1.56 MeV, combining to a 

0+ state in 50Ti at around 6.6 MeV. This state is excited via a two-step 

process and therefore rather weak. Slightly higher will come the states 

combining the two-phonon quadrupole state of 52
Ti with the ground state of 

48T" d " l an Vlce versa. The former of these will be strongest in the (t,p) 

reaction. All of thepe states will be affected by anharmonic quadrupole 

coupling effects. Similar structures can be formed in 48Ti , but are 

probably higher in energy than the range covered by the quoted experiment. 

Isospin splitting may affect particularly the pair vibrational states by 

lowering them and shifting strength to the higher T-members, which can not 

be observed in the (t,p)-experiments. 

It should be mentioned that Hartree-Fock calculations of. 44Ti to 

50
Ti (Pa 68) predict systematic prolate quadrupole deformations. However, 

these authors suggest that the HF minima may not be very stable towards 

pair correlations, a remark which should apply to most shallow HF minima. 

Unfortunately, the quoted ~gument (Pa 68) is based on non-superfluid 

44Ti wave functions, but it is almost certain that similar conclusions will 
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emerge from the appropriate Hartree-Bogliubov calculations, thus reconciling 

the remarkable success of the mass predictions of the present pairing 

calculation with the picture offered by ordinary HF method. 

Cr-ISOTOPES 

Fig. 21 uses 52
Cr as closed shell. The 52Cr (p,t) experiment has 

54 E = 40 MeV (Ba 64a) and together with Cr(p,t) at p . been performed at 

17.5 MeV (Wh 67). The 50,52 ,54Cr (t,p) reaction has been studied at 

Et = 12 MeV (Ch 68). The intensities quoted in the figure from the latter 

experiment are ratios at 5°, whereas the (p,t) data lacks forward angles 

and hence are quoted at the "second maximum". This may make a difference, 

e.g. the (t,p) cross section to the first excited 0+ state in 52
Cr is 

only 0.5 of the ground state transition if quoted at the second maximum as 

compared to 1.17 at forward angles. Further the (t ,p) angular distributions 

are rather state dependent. 52 The low value quoted for the Cr(p,t) cross 

section (E = 17.5) may thus be partly due to kinematics, as also suggested 
p 

from the fact that the (rather uncertain) cross section from the 

experiment is about 5 times larger (in absolute value). 

E = 40 MeV 
p 

That a significant change in cross section occurs when passing from 

mainly p-shell configurations to mainly f-shell configurations is beared out 

by the calculation, predicting a reduction by a factor of two. The excitation 

spectra are similar to the corresponding Ca and Ti cases, except for the fact 

that the first excited 0+ state in 52
Cr lies in the region of the two-

phonon quadrupole vibration. It is thus conceivable that the latter state gets its 

strength from the pair vibration rather than from the ground state, due to 
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-2 2 
the common f7/2 P3/2 component. Otherwise the large (t,p) and sma:ll (p,t) 

strength of the pair vibration would be unaccounted for. As the figure 

indicates, both non-collective pairing states and states with quadrupole 

type correlations may be candidates for the two highest observed states. 

Isospin splitting would be another mechanism for removing (t,p) strength 

from the pairing states, but in. order to investigate the effect of that the 

(p,t)-experiments above N=28 will have to be carried to higher excitation 

energies. 

The remarks on ground state deformations made under Ti also apply 

here. 

Fe-ISOTOPES 

54 In Fig. 22 Fe has been used as closed shell. The reactions 

54,56,58Fe (p,t) have been studied at E = 40 MeV (Ba 64a), the two latter 
p 

ones further at 28 MeV (Ri 64a) and 58Fe (p,t) at 22 MeV (Ba 63). The T=2 

52 . 
state in Fe has been looked at with E = 38.7.MeV (Ga 64)·and 40 MeV p . 

(quoted by Ce 68 and Ce 69). The (t,p) experiments are pe~formed at Et = 12 MeV 

(on 54Fe , Co 66a, on 56Fe , Co 67a). The ground state (p,t) data of Ba 64a 

does not include the forward angles, which gives rise to the big ratio 

58Fe /56Fe ofRi 64a. If the ratios were considered at the second maximum, 

the two experiments agree. It thus appea·rs as .if the ratio obtained from 

the (t,p) experiments are more trustworthy. The performance of the (p,t) 

experiment leading to the closed shell nucleus suggests itself. 

The calculation does not reproduce the ground state energies very 

well, and it appears as if some of the isotopes may be deformed (e.g. 
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56Fe and not 58Fe ). The T=2 state in 52
Fe is naturaliy explained as the 

T=2 component of the lowest non-collective state (a T=l 2-hole pair coupled 

to the T=l 54Fe ground state). The impressive amount of 0+ levels in 

56Fe and 58Fe includes multipole vibrational states etc. 

Ni-ISOTOPES 

Calculations based on both the 56Ni and the 68Ni closed shells have been 

performed, the results being compared with experiment in figs. 23 and 24. 

The 58Ni (p,t) experiments have been performed at i = 28 MeV (Ho 65), 
p 

at 50 MeV(Da 68) and at 45 MeV (Garvey and Cerny, Ga 69a). Further this 

reaction was studied together with 60,62Ni (p,t) 

and Ko 64) and together with 60,62,64Ni (P,t) at 

at E = 28 MeV (Ri 64a 
p 

E = 40 MeV (Ba 64a) and 
p 

at 28 MeV (Da 68a). The 58,60,64N·( ) t· . t" t d l t,p reac lons are lnves 19a e at 

E
t 

= 12.12 MeV (Da 69). 

There are several indications that 56Ni is not a :lgood" closed shell. 

'The form of the pairing interaction in e~. (4.2) makes it comparatively 

stronger in T=O nuclei, in fact making 56Ni superfluid witQ tQe chosen parameters, 

Hartree-Fock calculations using Yale-Shakin potentials (Pa 68) predicts either strong 

prolate deformation or almost zero (slightly oblate) deformation. A 

calculation using Hamada-Johnson G-matrix 'elements as effective interaction 

(Wo 68) predicts 46% of 2p2h and 38% of 4p4h components. One of their 

excited states in the 5 MeV region has 81% 4p4h, which would fit with the 

lowest 0+ excited state, if the 60Ni ground state remains spherical. A 

DWBA analysis of some of the (p,t) data using pairing interaction has been 

presented by Ba 68. The T=0,1,2 triplet at 6.7 to 10 MeV excitation 
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energy gave rise to the proposal'of isospin structure of the pair vibration by 

Bo 68. 

The calculation' based on 56Ni is shOl-rn in fig. 23. The single 'particle 

energies are adjusted from experimental ones, but very similar resu).ts are 

obtained with a set of Hartree-Fock energies ,vhich simulate the deformed solution 

mentioned (this set is denoted "quas i--deformed" by Pa 68). Ho,rever, the ground 

state energies do not follow the experimental ones, and in order to find the 

region of discrepancy we have in the middle columns (dashed lines) added a term 

60 62 I . 56 
linear in Nl so that Ni and Ni ~e exactly reproduced rather than Ni 

a!ld 58Ni. Thereby we actually obtain reasona.ble agreement except for a 1-2 MeV 

discrepancy at N=28 and 30. We _thus conclude that these two isotopes contain 

non-pairing type correlations, which explains why basing the energy scaling on 

forcing the pairing states to reproduce these two isotopes leads to completely 

wrong ground state sequences. Actually the pairing wave function of the 56Ni 

ground state contain 0.84 (in ~plitude ) of the closed shell configuration, in 

contrast to the effective interaction calculation mentioned above. Assuming the 

weak excited 0+ state to be mainly 4p4h, the pairing spectrum appears quite 

reasonable, exhibiting the isospin splitting of the pair vibration and 

sharing of its total (p,t)-strength, which is only about a quarter of the 

ground state cross section due to the superfluidity of the ground state. If 

this splitting is of the nature discussed in sect. 3, it will also increase 

the energy of the N=32 (and higher) isotope by a couple of MeV. Introducing 

further the isospin independent pairing force Bo 69, see eq. (3.1), this will 

raise the T=2 ground state, of 60Ni by an estima.ted 2.5 !·!eV, altogether bringing' 

it close to the experimental value. Until decisive evidence on the structure 

.i' 
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of 56Ni becomes available, the two interpretations presented appear equally 

tt t ' 'th t 'd 60N, t 66N, , 1 d 1.-. t a rac l ve, el er 0 conSl. er l. 0 l as maln y governe uy a neu ron 

"f d 2 2h t t' 't th 58N ' d 56
N, d t t palrlng oree an p componen s en erlng In 0 elan l groun s a e 

wave functions or, alternativEly, to view the nuclei around 56Ni as governed 

by an isospin independent pairing force plus some T-splitting interaction, 

which presumably will have to decrease in magnitude when adding parttcles to 

the closed shell, since the isospin shifts do not increase as rapidly as 

T(T+I) . 

The lowest 0+ excited states in the isotopes above N=28 are apparently 

identical to the two-phonon quadrupole vibrations, and the combinations of 

non-collective pairing states give enough candidates for the remaining states. 

The predictions for the ground state intensities are rather good, thus 

supporting the pairing picture as far as ground state correlations are concerned, 

and at the same time disfavouring the HJ-effective force 56Ni wave function, 

which can hardly be expected to connect with a conventional 60Ni ground state 

wave function without abrupt lowering of at least one of the two-neutron transfer 

cross sections. The claim that the 60Ni wave function must have a large com-

ponent of the pairing wave function is based on its pretty harmonic multipole 

spectra and the presumption that large ground state admixtures would imply 

I h "t,"f) arge an armonlCl les .. 

It should be pointed out that the boson calculation reproduces the 

rise of the ground-to-ground cross sections when going from 'a major shell 

~ENidence in the opposite direction maybe offered by the observation of large 

static quadrupole moments in quadrupole vibrational states exhibiting almost 

harmonic spectra, but in these cases the cross-over E2 transitions are extremely 

weak, suggesting that the ground states do not receive much admixtures. 
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closing towards the middle of the shell and the subsequent decrease when 

approaching the next gap in the single particle spectrum (in this case at' 

N=40). The harmonic treatment of the pair quanta of course cannot reproduce 

this systematic trend. 

In fig. 24 the calculation is based on the (unknown) 68Ni isotope, 

thereby providing a more reliable set of non-collective pairing excitations 

for the upper end of the series of known isotopes. However, approaching 

N=32 the calculated transfer cross sections become extremely small, due to 

a complete change in the boson wave functions. This change is caused by' 

the emptying of two single-particle levels and the corresponding action of 

the exclusion principle through the boson expansions, which happens in the 

truncation employed to,cause a failure to describe nuclei with more than 

six holes in the N=40 core. Such a failure may be expected to occur 

accidentally when several shells of low degeneracies are bordering the closed 

shell nucle~s, but far from always as e.g. the calculation based on 56Ni shows. 

Zn-ISOTOPES 

In fig. 25 70Zn has been used as closed shell. The (p,t) reaction 
64 ' 

on Zn to 70Zn have been studied at E = 40 MeV (Ba 64a) and 17.5 MeV (Mc 66), 
p 

= 55.17 MeV (Ya 67), the 64,66Zn (t,p) reactions at 68 
Zn(p,t) further at E 

, P 

Et = 12 MeV (Gl 69 and Hu 68) . Since 70Zn is superfluid, N=40 is not a good 

closed shell in this Z-region, and it is interesting to see whether the 

fourth order boson calculation is able to describe this series of superfluid 

isotope's. In fact, the similarities of the wave functions of corresponding 

states in different isotopes and the approximate constancy of the transfer 
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cross-sections are features of the calculation, although the quadratic increase 

in ground state energies when going away from the "closed shell" is not quite 

reached. Of course, the "pair vibrations U become weak and must interact with 

the non-collective states, since the definitions of collective and non-collective 

would partly interchange if another liclosed shell" was employed. 

Sr-ISOTOPES 

88 In fig. 26, Sr has been used as closed shell. 

reaction has been studied at E = 49.5 MeV (Da 68a). The only excited 0+ 
p 

states observed can be associated with the two-phonon quadrupole vibrations. 

The quoted ground state transition ratio is preliminary since the thickness 

86 
of the Sr target used has not yet been accurately measured. 
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Zr-ISOTOPES 

, 90 92 ( ') In fig. 27 we use . Zr as closed shell. The Zr p,t has been 

studied at E = 22 MeV (Ba 63), 92 .94 ,96Zr (p,t) at the same energy (Go 63) 
p 

and 90-96Zr (p, t) at 40 MeV lBa 64}. A more exotic two-neutron transfer 

reaction,(15N,17N), has been applied to the isotopes 90,92,94Zr at 15N 

energies ranging from 70 to 120 MeV (Po 63). No excited 0+ states were 

identified in any of these experiments. The 90Zr (p,t) reaction has been 
I 

studied at E = 
P 

55 MeV (Ta 69), at 31 MeV' (Ba 69a) and together with 

92-96zr (p,t) at 38 MeV (Ba 69b). The96Zr( t ,p) has been studied at 

E
t 

= 20 MeV (Bl 69) together with 90-94zr (t,p) (Be 68 and Fl 69)~ 

The calculated ground state energies are generally good, probably 

indicating that N=50 is a very good closed shell. The lowest excited 0+ 

state observed inmost isotopes is likely to be a proton excitation mixing' 

slightly with the ground state. In 88Zr there is further evidence for the two-

phonon quadrupole state. The large jump in the 2+ energy occurring in 

96zr seems to indicate a change in structure, supported by the sudden shift 

of (t,p) strength from the ground state to the first excited 0+ state, which 

may be the lowest non-collective pairing state, which decreases in energy as 

moving away from the closed shell. At the same time we expect the assumption 

of independence l'Of the collective and non-collective branches to become less 

valid so that these will mix and share (t,p) strength (96Zr ), eventually 
I 

producing only one pairing state with (t,p) strength in 987.r where no excited 

0+ state has been identified below 4 MeV. It should be beared in mind, that 

there 'is a 1. 3 MeV energy gap between the Id
5

/ 2 shell closed at 96Zr and 

the 2s1 / 2 and then again 1.3 MeV to the next shell, which might imply that 
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96 98 the Zr and Zr ground states are closer to being pure shell model states 

than to the pairing wave functions. 

Three 0+ states are seen in 92
Zr (p,t) at 90Zr excitation energies 

between 4 MeV and 5.5 MeV. The two-phonon octupole state in 90Zr is 

expected at approximately the same energy as the pair vibration, but of course 

with less transfer strength unless they mix. Further the two-phonon quadrupole 

and 25-pole vibrations are ex~ected in this region, and if our single-particle 

energies are correct no non-collective pairing states can occur below 8 MeV. 

The DWBA calculation shown in fig. 28 shows that the expected (p,t) strength 

of the pair vibration is 45% of the ground state (rather than the 73% from 

the sim~le estimate (2.26)). One is thus tempted to suggest that the strength 

of the pair vibration is fractionated among three states, indicating a strong 

mixing between the pairing degree of freedom and the other two, which most 

likely are the quadrupole and octupole fields. 

In an attempt to understand the difference between the relative ground 

state transitions derived from the (t,p) and (p,t) experiments, we have 

performed a DWBA calculation of both using.the pairing wave functions, the 

results of which is shown in fig. 28. One should note the large difference 

in the 90Zr (p,t) angular distributions obtained with incident energies 

31 MeV and 38 MeV. This explains why one cannot expect the (p,t) experiments 

at 38 MeV to give results approximately related by time-reversal to the 20 MeV 

(t,p) experiments. Inmost other regions of nuclei a similar difference in 

energies would not make any drastic difference. The calculated. ratios of total 

ground state (t,p) cross sections for final nudei 92:94:96:98 are 1.00:1.27:1. 28 : 

1.11 as compared with the experiment~l 1.00:1.40:1.55:1.50. The calculated 

ratios of total ground state (p,t) cross sections for final nuclei 

88:90:92:94 are 1.04:1.00:1.19:1.11 as compared with the experimental 
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intensity ratios 0.6:1.0:1.3;1.0. In contrast to the simple estimates 

given on fig. 27 the DWBA values reproduce the earlier decrease of the (p,t) 

than the (t,p) cross sections. The calculated cross sections shown in fig. 

28 agree quite well with the experimental ones with the exception of the 

96Zr (t,p) which is slightly underestimated and 90Zr (p,t), which is much too large. 

The over-estimation of this transition is likely to lead to a simila~ error 

in the (p,t) cross section to the pair vibrations. For that reason the 

actual strength of this state in 90Zr may already be exhausted by the 

observed 5.45 MeV level. The DWBA value for the (p,t) cross section to the 

92
Z . 'b t' . 23%' f th d t t r palr Vl ra lon lS ~ 0 e groun s a e. If this nUlTlber is to be 

further reduced by the ratio between calculated and experimental 90Zr (p,t) 

cross sections, it may explain why the 92
Zr pair vibration has not yet 

been recognized. 

Cd-ISOTOPES 

In fig. 29 we use ll4Cd as a closed shell. The 110-116Cd (p,t) 

experiments have been carried out at E = 40 MeV (Ba 65a and Ba 64), 
p 

llOCd(t,p) at E
t 

= 10 MeV (Mi 64a) and 110-116Cd(t,p) at 11.14 MeV (Hi 67a). 

The single partlcle energies used in the pairing calculation are predominantly 

from a least square fit to the odd~A spectrUlTl (Be 68a). 
I 

Again we see the fair ability of the fourth order boson calculation 
, 

in a nUlTlber conserving basis to describe a series of superfluid nuclei, 

including the concentration of transfer strength in the ground'state transitions. 

Only if the p-n correlation energy stays constant one can neglect the protons 

in calculating the ground state energies. High-lying non-collective states 
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are predicted which involves excitation of pairs from the next lower (or 

higher) major shell, to which the superfluidity does not reach, so that lar~er 

cross sections may again be expected. The structure of the Hpair vibration" 

is not qualitatively different from that of low lying non~collective states. 

In the same region two-phonon quadrupole vibrations are Fresent, which again get 

transfer strength either by the mechanisms described in sect. 3 or b~ two

step processes i~volving ine~astic excitation to (or from) the 2+ state. 

Sn-ISOTOPES 

116 ° 120 Both Sn (flg.' 30) and Sn (fig. 3'1) have been used as closed 

shell. There have been reported (p,t) experiments at E = 40 covering 112Sn 
p 

to 124Sn (Ba 65a, 116-120Sn (p,t) also reported in Ba 64), 120Sn(p,t) at 

. 118 
20 MeV (Ho 67), Sn(p,t) at 55.15 MeV (Ya 68) and all Sn isotopes at 

E = 30 MeV (Ca 67). p 
ll6 ll8 The ' Sn(t,p) has been investigated at E = 12 - 13 

t 

MeV (Bj 68a) and the 122,12~n(t,p) at 20 MeV (Be 68). 

Th f th h . ° 1 to 1 ° from 114Cd to' e reason· or e c anges In slng e par lC e energles 

116Sn (cf. table 2) is the difference in proton correlations, which in the 

pairing calculation should be reflected in the average field. 

The ground state energies above the 116Sn shell closure are very well 

reproduced, somewhat better than the ones below. At 108Sn a jump occurs 

indicating a complete change in structure. The ground state transitions 

are reasonable, considering an estimated ± 15% inaccuracy in the experimental 

values, but for, the large-N isotopes the calculated values drop unphysically .. 

The predicted excited 0+ energies are in agreement with the experimental ones in the 

region around the assumed closed shell, so are the (t,p) strengths, but some 
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of the (p, t) strengths appear to be too large. In this region of isotopes 
I 

we have also indicated the strong non-collective states involving the next 

lower or higher major shell. 

The calculation starting from 120Sn (fig. 31) shows similar agreement 

for the ground state energies, best at the higher isotopes ~ and th.e calculated 

i 
transfer cross sections are fairly constant in all cases as expected for a set 

of superfluid isotopes, although the detailed fluctuations in the experimental 
, , ! 

1 d d H t 1 t f 114S t 126S "t"' va ues are not reprouce. owever~ a eas rom non, ~ ~s 

within experimental er.rors to consider the cross sections as constant. The 

calculated transitions to excited states are in better agreement with the 

n6 '. . 
available data than those of the Sn calculation. The position of the 

If7/2 and, 2P3/2 levels have been adjusted in such a way that the non-collective 

states involving mainly these conf:;Lgurations have the energies in 124Sn 

and 126Sn corresponding to the two strong states observed in the (t,p) 

reactions. 

In order to exhibit the ability of the fourth order boson method to 

deal with with superfluid systems, we have calculated the occupation numbers 

120 
of the various single particle ,levels in the Sn ground state 

where for the NO nucleus 

+ < c c ) =L 
n 

2 
n ¢ n 

(4.3) 

(4.4) 
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in the notation of sect. 2. These we compare in fig. 32 with the corresponding 

numbers 
2 I 

v. of the BCS ground state wave function. 
J 

A discussion of the 116,118sn(t,p) reactions in terms of the BCS 

model plus harmonic correlations are given in Br 68c. 
i 
I 

Te-ISOTOPES 

In fig. 33, 134Te has been used as a closed shell. Although this 

isotope has been produced (Fe 62), no mass determination is available. 

We include Tein our survey because lP,t) experiments are planned at the Oak 

Ridge National Laboratory. ~espite the N=82 shell closure, the calculation 

predicts 134Te to be superfluid. Similar (t,p) experiments on Ba-isotopes are 

in progress at Los Alamos Scientific Laboratory. The known excited 0+ 

states are two-phonon quadrupole states. 

Ce-ISOTOPES 

In fig. 34, 140 Ce has been used as a closed shell. This N=82 nucleus 

seems to provide an excelient opportunity to look for pair vibratiOnal 

degrees of freedom, but no two-nucleon transfer experiments have yet been 

performed. Both (p,t) and (t,p) experiments are planned at Los Alamos 

Scientific Laboratory. The excited state observed in 140ce (Ch 65) is 

mainly a two-proton quasi-particle configuration. 

Nd-ISOTOPES 

I f · 35 142Nd h b dId h 11 T1:1e 148,150Ndfp.t\ n :<.g., as een use as case s e • \.. _ 1 

reaction has been studied at E = 40 MeV CMa 66a). 
p 
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The calculated ground state energies are in remarkably good agreement 

.. t 1 148 150 d 1" Th" " with the experlmen a ones, yet Nd and Nd are deforme nuc el. lS lS 

probably due to the cancellations of tvTO contributions to the ground state 

energy, one coming directly from the deformation and one from a simultaneous 

discontinuous change in superfluidity, both of which would be incorporated in 

a Hartree-Boguliubov 'calculation. Comparing the experimenta,l groUl1d state cross 

sections with the calculated ones, it appears that t4e strength going to the 

first excited 0+ state in 148Nd is entirely taken,from th~ pairing ground 

state. The excited state in 142Nd is a two-proto! quasi-particle state. It 
, I 

is not clear at present what becomes of the pair vibration in deformed nuclei, 

but if no significant gap exists. in the relevant Hartree:...Fock spectrurp, one 
, I 

would expect it to be absent. In quadrupole transitional regions the spherical 

pair vibration may exist as a coexisting level. 

Sm-ISOTOPES 

I f " 6 144 1 d 1 The 150 ,15 2Sm(p'.t) n 19. 3 , ? Sm has been used as c ose shel. _ 

experiments were first performed at E = 40 MeV (Ma 66a) , more recently together p " 

with 154Sm(p,t) at 55 MeV (Is 67), and together with 144,148,154Sm (p,t) at 

Ep = 50 MeV (Ga 67'). The 150Sm(t,p) reaction was studied at E
t 

=12 MeV (Hi 

65a) and together with 144,148,152 ,154Sm(t,p) at the same energy (Bj 66).' 

Because of lack of experimental evidence the predictions of the 

pairing model for the closed shell nucleus cannot be discussed. The onset of 

quadrupole deformation for increasing neutron number naturally destroys the 

pairing picture. Judging from the ground state energies, the admixture of 

deformed component's starts already in 148Sm . This is in agreement with the 

experimental quadrupole moment of the 2+ state and with a 
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calculation of the potential energy for_this nucleus as function of quadrupole 

deformation (S~ 69a) which, however, disagrees with a calculation based on 

the adiabatic assumption (Ku 68)). Despite the change in ground state energies, 

the l48Sm and l50Sm wave functions appear to be mainly given by the pairing 

148 150 . 
ground states, as the correctly predicted Sm(t,p) to Sm ground state 

cross section suggests. On the other hand, increasing (p,t) cross section to 

lOl-rlying excited 0+ states suggests that these nuclei are very soft and 

presumably transitional. The highest 0+ state in l48Sm is a candidate 

-for the sphericai pair vibration. A similar strong state is observed in 

l50Sm and l52Sm , but in these cases the large parentage to the N+2 ground 

states suggests that these excited states are more quadrupole deformed than 

the respective ground states. Other lowlying excited states are strongly 

excited by the (t,p) as well as (p,t) reactions, including the B-vibrations. 

This is to be expected since these states are two-quasi-particle states in 

the deform!,,!d representations, which means that they may be reached by two--

nucleon transfer processes in the same way the quadrupole one-phonon vibration 

is reached in spherical nuclei. Viewed from the spherical representation 

both the deformed ground states and the two-quasi-particle collective states 

have large compon'ents of the spherical pairing ground states, which enables 

us to understand that the sum of. the cross sections to these ImTlying 

deformed states add up to approximately the cross section predicted for the 

corresponding spherical pairing ground state. 

The clearest indication of the transitional character of 150Sm are 

the two first excited 0+ states, which are strong in (p,t) but of which 

one is not seen at all in (t,p). Adding the similarity between the l48Sm 
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and 150Sm ground states it appears that 150Sm is an exam;'le of coexistence of 

If 

the type discussed in fig. 2c. 

Pb-ISOTOPES 

In fig. 37 208pb is used as closed shell. At E = 40 (p, t) reactions , p 

208 I 204 206 208 . 208 
on Pb (Sm 67) and ' , Pb (Re 61) have been studled, the Pb (p ,t) 

reaction further at 22,MeV (FI 67, Ho 67a and Br 67, Ig 68) and at 20 MeV 

(Ho 67a and Br 67), the 210pb (p,t) reaction at 20.5 MeV (Ig 68). The 

204pb (t,p) reaction has been studied at E
t 

= 11.95 MeV (Bj 67a) and 20 MeV 

(F167), the 206pb (t,p) reaction at 12 MeV (Bj 66a) and at 20 MeV (Ig 68). 

Finally the 208pb (t,p) reaction at E
t 

= 13 MeV (Bj 68) and 20 MeV (Ig 68). 

The gropnd state energies below N=124 are not well reproduced by 
i 

the boson calculation, reflecting the change in structure occuring between 

206Pband the isotopes below because of the low degeneracy of the 2Pl/2 

level. This change of structure will in the boson picture be caused by 

+ interaction between the chosen collective ,'c2 boson (containing a sub-
I 

stantial 2p~~2 component) and the non-collective (lili = -2) bosons, an 

interaction which has been neglected in the present calculation. As, however, 
I 

the single particle levels below N=126 are rather close together and the 

collective branch therefore contains considerable components other than 

2Pl/2' the exclusion principle acts through the bos~:m expansion of the 

interaction and we still expect the structure of at least the isotopes fairly 

close to N=126 to be reasonably well described, which we think is indicated 

by the agreement between calculated and experimental (p,t) ground state 

transitions. 



-60- UCRL-18834 

Two non-collective states in 206pb and the pair vibration in 208pb 

are found in both (t,p) and (p;l:;) experiments. The assumption in our 

model, that the non-collective pairing states do not mix with the corresponding 

ground states is very strongly supported in 206pb by an inelastic proton 

scattering experiment (Va 67), which do not see the 1.16 MeV or 2.32 MeV 
I 

i 
states, implying for both states a maximum differential cross sectio~ of 

\ 

208 . 
5 ~b/st. In Pb further a 0+ state is seen above the pair vibration. This 

state has an energy of a harmonic two octupole phonon vibration but then has to 

mix with ground state or pair vibration. A non~collective state is expected 

at approximately the same energy, so qoth interpretations seem possible. Half 

an MeV higher in excitation energy the 2+ states have been observed (Ig 68), 

which may be interpreted as combinations of the 2l0pb ground state with the 

206pb quadrupole vibration (2_ 0+) and the 204pb ground state with the 210pb 

quadrupole vibration (0 2+) (cf. Bo 68), so we expect around 6.6 MeV to see 

a 0+ state formed out of the two quadrupole vibrations (2_ 2+). Candidates for 

this state are present in the partially analysed Los Alamos data (Ig 68). 

The 208pb pair vibration was the first to be recognized as such 

(Br 67a). Other calculations of 0+ states have studied the reactions 

. 204 206 208 
Pb(t,p) (Br 67b), Pb(t,p) (s\ti 67), Pb(t,p)(Ri 68 and Gl 68) and 

208 
Pb(p,t) (Gl 67a and Gl 68). 

U-ISOTOPES 

The calculation shown in fig. 38 uses 228U as closed shell. The 

236,238 () . ( 6) U t ,p reactlons have been studied at E
t 

= 12.05 MeV· Mi 3. 

These isotopes are the most superfluid which have been included in the present 

survey and the boson calculation must be considered as rather inaccurate, 
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exemplified by a 3.66 MeV shift of the 228U ground state from its TDA 

energy due to anharmonicities. Evidence for rotational spectra are present 

. 230-240U J..n • 
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5. Conclusions 

We believe in the calculations presented in the preceeding survey to 

have demonstrated the importance of pairing type correlations in the structure 

of even-N nuclei, both in explaining the ground state energy systematics 

and in describing excited 0+ states, of which the collective pair vibrations 
I I 

have attracted special attention ever since their existence was first: anticipated 

(Bo 64). It is further clear that the consideration of anharmonic effects is 

necessary if a comparison is to be made with experimental energies and two-

nucleon transfer cross sections. 

We have found evidence for a number of deviations from the picture 

provided by the neutron pair~ng calculation, most of which are mentioned in 

sect. 3. The isospin structure is mainly found for Z ~ 20, bilt the magnit~de 

of splittings, both between like and unlike quanta, are of little regularity 

and suggests that the residual interaction responsible for these effects, 

i.e. mainly the p-n interaction, cannot be described by a constant J=O 

matrix element similar to the n-n pairing interaction. 

Couplings between collective and non-collective pairing branches 

are found to be i~portant in some regions, which just means that one has to 

use a more exact diagonalization of the pairing force than the one used in 

the presentca:lculation. 

Various kinds of coexistence have been proposed. The coexistence of 

a superfluid ground state and normal excited states is trivially present in 

most of the cases being discussed, namely whenever the· closed shell nucleus 

is normal, the neighbouring nuclei superfluid and the energy of the excited state 

above the energy gained by distorting the nucleus. If the shell is large 

enough to allow addition or subtraction of many neutrons in such a way that 
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the pair vibration gets lower than the energy associated with the superfluidi ty, 

then this state will loose its collectivity. In a few cases (48ca etc.) the 

opposite coexistence, that hetween a normal ground state and a superfluid 

excited state, is an open possibility. One would in such cases not expect 

the pairing force with constant matrix element to be able to describe these 

higher .order effects accurately. In transitional regions a further coexistence 

between spherical and deformed pairing states can be. expected. 

The very collective surface multipole vibrations are in several 

cases close in energy to the pairing excitations and it is likely that they 

borrow transfer strength by admixture. 

We summarize in fig. 39 the systematics of the positions of pair 

vibrations at major neutron shell closures. 

The stimulating influence of Prof. A. Bohr made me write in 1965 

the computer program used for the present calculation. At that time it was 

not clear whether the pair vibrations required a description including 

anharmonicities but the same source of inspiration caused the initiation of a 

still increasing number of experiments directed at testing the validity of the 

assumptions made concerning the structure of pairing states. I am very 

grateful toward the large number of experimentalists which so readily furnished 

me with unpublished or preliminary data. 
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Appendix 1. Parameters and Boson Hamiltonians 

Table 1 gives the neutron pairing strengths G and table 2 the 

single particle states and energies for each closed neutron shell considered. 

In table 3 we give the calculated boson Hamiltonians, in order that one may 

understand the type of ~harmonicity present and judge the convergen6e of 

follows eqs. ( 2 .13 )1 or the fourth order expansion. The parametrization 

(2.14) and (2.15), except that 1 
B' = B + - w 1 121 .and B' = B + 1 w 2 2 "2 2· The 

quantities 2B' 
1 

and 2B' 
2 

give the energies associated with the normal mode 

bosons (which in the harmonic approximation were wI and W
2

) and the 

coefficient Al measures the amount of RPA type ground state correlation 

(although RPA could not be used if Al is large, the condition being that 

P2 of eq. (A. 11) in appendix 2 stays positive) The remaining coefficients 

specifies the types of anharmonic correlations between several collective 

boson quanta. 
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Table 1 

Pairing strengths G 

NO-nucleus G NO-nucleus G 

4He 4.00 54
Fe 0.35 

12 
C 1.80 56Ni 0.411 

160 1.125 68Ni 0.293 

18Ne 0.95 70Zn 0.36 

24Ne 0.60 88Sr 0.22 

26Mg 1.0 90Zr 0.234 

28Si 0.9 114Cd 0.178 

32s 0.719 
116

Sn 0.178 

38Ar 0.55 
120Sn 0.163 

40Ca 0.575 134Te 0.143 

40Ca (HF) 0.55 140Ce 0.143 

48ca 0.38 142Nd 0.143 

48ca (HF) 0.40 144Sm 0.1.6 

50Ti . 0.419 208pb 0.086 

52Cr 0.30 228u 0.095 



Table 2 

Single particle levels and energies 

4
He OSl/2 OP3/2 OP1/2 

e: -10.78 10.78 15.38 

12 . 
C OSl/2 OP3/ 2 OP1/ 2 Od5/ 2 . 181/ 2 

e: -20.5 -6.89 6.89 11.1 12.7 

160 OSl/2 OP3/ 2 OP1/ 2 Od5/ 2 ls1/ 2 Od3/ 2 Of7/2 

e: -33.47 -9·7 -5· 75 5·75 6.01 10.77 18.21 i 
0\ 
0\ 

18Ne 
I 

e: -33.0 -9.0 -5.5 5·5 6.3 10.9 18.5 

24Ne OP 3/ 2 OP1/ 2 Od5/ 2 lsl/2 Od3/ 2 Of7/2 

e: -14.0 -10.0 -2.0 2.0 3.0 10.0 

26Mg 

e: -14.0 -9.0 -2.328 2.328 3.33 " 10.5 
~ 
0 

28Si 
~ 
t-' 
I 
f-' 

-18.0 -4.35 4.35 6.1 8.0 
0:> 

e: -12.0 0:> 
w 
-I="' 

(continued) 



Table 2 Continued 

32S Od5/ 2 181/ 2 Od3/ 2 . Of7/2 l P3/ 2 

E: -6.0 -~.22 3.22 5.82 6.0 

38Ar Od5/ 2 181/ 2 Od3/ 2 Of7/2 lP3/ 2 lP1/ 2 Of5/2 
_. 

E: -5.42 -4.3 -2.625 2.625 2.75 3.7 5·7 

40Ca Od5/ 2 181/ 2 Od3/ 2 Of7/2 l P3/ 2 lP1/ 2 

E: -9.27 -6.11 -3.62 3.62 5.5 6.0 

E:(HF) -7·7 . -5.5 -3.62 3.62 4.2 5.0 
.. 

48Ca: 
0'\ 

Od5/ 2 181/ 2 Od3/ 2 Of7/2 lP3/ 2 lP1/ 2 Of5/2 Og9/2 
.-.;j 

• 
\ 

E: -4.5 -4.27 -4.25 -2.4, 2.4 4.5 4.8 . 7·0 

E:(HF) -5.9 -4.2 -4.3 -2.4 2.4 3.76 3.6 6.0 

50Ti Od3/ 2 181/ 2 Of7/2 lP3/ 2 lP1/ 2 Of5/2 Og9/2 

E: -4.05 ..;.3.85 -2.283 2.283 3.65 5·37 5.6 

52Cr 

·-5.02 -4.8 -2.045 2.-045 2.175 2.665 4.0 c:::: 
E: (") 

~ 
t-< 

54Fe 
• f-J 
co 
co 
LA> 

..;.6.66 -5.11 -2.16 2.16 3.0 2.6 3.2 .\7 
E: 

(continued) 



Table 2 Continued 

56Ni Od5/ 2 181/ 2 Od3/ 2 Of7/2 1P3/2 Of5/2 1P1/ 2 Og9/2 

E: -5·9 -5· 7 -4·9 -2.4 2.4 4.15 4.3 7.35 

68Ni Of7/2 Of5/2 1P3/2 1P1 / 2 Og9/2 1d5/ 2 281 / 2 1d3/ 2 Og7/2 

E: -5·5 -4.95 -3.7 -2.0 2.0 3.4 4.95 6.05 6.15 

70Zn 1P3/ 2 Of5/2 1P1/ 2 Og9/2 1d5/ 2 281/ 2 

E: -2.3 -1.3 -1.2 1.2 1.7 3.2 

88Sr Of7/2 Of 5/2 1P3/ 2 1P1/2 Og9/2 1d5/ 2 2s1/2 1d3/ 2 og7/2 Oh11/ 2 
I 
0\ 

I 
co 
I 

E: -4.45 -3.2 -2.6 -2.4 -2.35 2.35 4.0 5.5 5.6 7.5 

90Zr 

E: -4.5 -3·95 -2.8 -2.45 -2.4 2.4 3·7 5.0 5.1 7.5 

114Cd 
1P1/ 2 Og9/2 1d5/ 2 2s1/2 Og7/2. 1d3/ 2 OhU / 2 1f7/2 2p3/2 2P1/ 2 

E: -8.15 -6.15 -1.65 -0.9 -0.6 0.6 1. 55 5·0 5.1 7.0 

116Sn c::. 
0 ---.. !:d 

E: I -8.6 -6.5 -2.0 -0.8 -0.6 0.6 2.0 6.4 6.5 8.6 t:-' 
I 
I-' 
co 
co 
w 

(continued) 
.j:::"" 

.. 



Table 2 Continued 

120Sn 1Pl/2 Og9/2 Id5/ 2 2s1/ 2 Og7/2 Id3/ 2 Oh11/ 2 1f7/2 2P3/ 2 2P1/ 2 · 

E -9.5 -7.4 -3.0 -0.8 -1. 3 -0.6 0.6 3·5 3.6 7.6 

122Te Id
5

/ 2 - og7/2 2s1/ 2 Ohll/ 2 Id3/ 2 1f7/2 Oi13/ 2 Oh9/2 2P3/ 2 1f5/2 

E -4.56 -3.87 -3.35 -2.12 -1.84 1.84 2.47 3.34 3.62 4.22 

122Te 2Pl / 2 ,Oil1 / 2 I g
9/ 2 

E 4;78 7.89 8.79 

140Ce 
: 

, Id5/ 2 Og7/2 2s1/2 Oh11/ 2 Id3/ 2 If7/2 Oi13/ 2 Oh9/2 2P3/ 2 1f5/2 
0'\ 
\0 
I 

E -4.7 -4.0 -3·5 -2.37 -1.79 1. 79 2.7 3·5 3.8 4.4 

142Ne 

E -4.7 -4.0 -3·5 --2.4 -1.85 1. 85 3.15 2.11 4.2 4.73 

144Sm 

E· -5.05 -4.3 ~2.25 -3·5 -1. 2.::; 1. 85 ':i 1 ~ 1.95 2.05 -4.8 
-' -'- ,/ 

140 
2P1 / 2 Ce " c::: , 0 

~ 
t-t 

5.0 E I 
f-' 
co 

142Ne 
co 
LV 
.t="' 

E 4,7 

(continued) 



144Sm 

E: -4.7 

208 
Pb Oh9/2 lf7/2 Oi13/ 2 

E: -4.65 -3.55 -3.05 

208 
Pb 2d5/ 2 3s1/ 2 197/2 

E: 3.5 4.2 4.8 

228 
'u lf7/2 Oi13/ 2 2P3/ 2 

E: -6.31 -5.76 -4.9 

228u 3s1/ 2 197/2 2d3/ 2 

E: 1.89 2.49 2.59 

Table 2 Continued 

2P3/2 lf5/2 2Pl / 2 199/2 

-2.15 -2.0 -1. 716 1. 716 

2d3/ 2 

4.9 

lf5/2 2pl/2 199/2 Oill / 2 

-4.76 -3.83 -0.39 0.39 

Oill / 2 OJ 15/ 2 

2.74 3.28 

OJ 15 / 2 2d5/ 2 

1.03 1.19 

I -.:r . 
0 
I 

~ 
~ 
t-l 
I 
I-' 
CD 
CD 
LA) 

.r=-



" 

Table 3 

Boson Hamiltonians 

w w B' B' Al A2 A3 A4 A5 A6 A7 
1 2 1 2 

4He 11.47 17.56 5·73 8.78 6.69 0 -1.25 -3.35 2.09 2.00 0 

12C 9.78 9.96 4.89 4.98 5.10 0 -0.93 -1.19 1.18 0.94 0 

160 . 5.34 9.98 2.67 4.99 3.91 0 -0.33 -1.39 0.65 0.69 0 

18Ne 6.28 9.74 3.14 4.87 3.13 0 -0.29 -1.13 0.56 0.58 0 

24Ne 2.77 2.04 1 .. 39 1.02 2.01 0 -0.42 -0.31 0.40 0.32 0 I 
~ 

26Mg f-' 
1.93 1.19 0.97 0.60 4.07 0 -0.60 -0.58 0.62 0.55 0 I 

28Si ,TDA 6.08 5.67 3.04 2.84 3.94 0 -0·51 -0.58 0.60 0.49 0 

288i ,RPA 3.99 3.60 3.79 3.84 -3.16 1.51 -3.45 -3·72 1.29 1.36 3.01 

328 3.45 5.37 1. 72 2.69 2.56 0 -0.25 -0.81 0.44 0.46 0 

38Ar 0.97 3·59 0.48 1.79 3.31 0 -0.20 -0.50 0.29 0.33 0 

40Ca 4.20 5.76 2.10 2.88 2.54 0 -0.22 -0.47 0.31 0.34 0 

40Ca(HF) 3.93 5.72 1.96 2.86 2.68 0 -0.21 -0.46 0.28 0.33 0 

48Ca 3.46 2.42 -0.18 0.26 
c:::: 

1.73 1.21 2·53 0 -0.32 0.22 0 n 
~ 

48 
t-< 

0.26 0.23 0 J 
Ca(HF) 2.88 2.43 1. 44 1.22 3.05 0 -0,'25 -0.23 f-' 

CP 
CP 
LV 

(continued) .j:"" 



Table 3 Continued 

WI W
2 B' 1 

B' 
2 Al A2 A3 A4 A5 A6 A7 

50Ti 2.87 2.40 1.44 1.20 2.63 0 -0.28 -0.24 0.29 0.23 0 

52Cr 2.19 2·72 1.10 1.36 2.04 0 -0.13 -0.22 0.17 0.16 0 

54Fe 1.63 2.74 0.81 1.37 2.52 0 -0.13 -0.27 0.18 0.19 0 

56Ni 3.17 2.48 1.59 1.24 2·75 0 -0.30 -0.23 0.28 0.24 0 

68Ni 1.66 3.48 0.83 1. 74 1.65 0 -0.09 -0.43 0.17 0.23 0 

70' Zn -0.34 0·77 -0.17 0.39 2.46 0 -0.15 -0.24 0.19 0.19 0 
I 

88Sr 
~ 

3.69 2.32 1. 85 1.16 2.05 0 -0.21 -0.08 0.15 0.12 0 I\) 
I 

90Zr 3.63 2.41 1.81 1.20 2.29 0 -0.21 -0.10 0.16 0.13 0 

114Cd 10.45 0.10 0.22 0.05 1.34 0 -0.13 -0.10 0.13 0.10 0 

116Sn 0.60 0.12 0.30 0.06 1.12 0 -0.15 -0.09 0.13 0.10 0 

120Sn 0.05 0.41 0.02 0.20 1.29 0 -0.09 -0.11 0.09 0.11 0 

134Te 1. 76 2.60 0.88 1. 30 2.30 0 -0.06 -0.12 0.09 0.08 0 

140
Ce '- 1.81 2.17 2.77 1.09 1.39 0 -0.07 -0.12 0.09 0.10 0 

142Nd 1.97 2.87 0.98 1.43 1.91 0 -0.06 -0.12 0.08 0.10 0 c:: 
0 
!:d 

144
Sm 

t-i. 

1. 33 3.02 0.66 1.51 1.88 0 -0.05 -0.19 0.09 0.12 0 I 
i-' 
OJ 

208pb ,RPA 2.11 
OJ 

2.63 1~1l 1.38 -0.07 0.05 -0.16 .-0.19 0.09 0.10 0.11 w 
-I="" 

228u -0 .. 44 0.22 -0.22 0.11 1.08 0 -0.03 -0.09 0.06 0.06 0 
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Appendix 2. Potential Energy Surfaces for the Collective 

J 
I I 

Pairing Degree of Freedom 

We define the pairing distortion operator by 

(A.I) 

I 
so that its e;pectation value ~ coincides with the distortion (gap) parameter 

employed in the ~efinition of the pairing distorted (quasi-particle) average 
! i 

field. Performing the boson expansion on the right hand side of (A.I) and 
I 

retaining only the collective bosons and only first order terms, we get 

6= - (A.2) 

where 

(A.3 ) 

It is tempting to look at the consequences of assuming that ~ is the 

variable which describes the collective pairing states in'the same sense as 

the surface parameters a.;;)J describes the collective multipole particle-hole 

excitations. Following the analogy we shall assume that (A.2) rather than 

(A.I) defines 6 ,thereby removing non-collective boson terms from it. If the 

pairing average potential is distorted (I::. * 0), the system will be characterized 

by a single phase. angle ¢ (Bo 69), so that we can define an intrinsic 

coordinate system with a real deformation parameter 
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-2itf.. A /::,.' = 'e 'f' LJ . (A.4) 

Quite generally the transformation of any operator to the intrinsic 

system is given by the gauge angle ¢ and the particle addition number n 

carried by the operator 

F' = e-ni¢ F 
n n 

(A. 5) 

Introducing the pairing momentum operator' rr satisfyi~g 

r6,'j(] = i (A.6) 

we can express the boson operators by 

(1\.+ 2..-+) 
U - 2ial J( .' 

Using (A.7), (A.4) and the corresponding 

(A.8) 

we can now express ,the collective boson Hamiltonian (2.15) and collective 

part of (2.14) in the intrinsic coordinate system, 

H = T(/::'" ,TI') + V(/::"') intra 
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Assuming for si,mplici ty the TDA normal mode representation we may write the 

potential energy 

(A.10) 

where, 

(A.ll) 

The sign of P2 tells whether 11=0 is a minimum or a maximum. In order to 

have a possible coexistence of separate potential valleys, higher than fourth 

order terms will have to be included in V(I1), which similarly would require 

a more refined boson calculation than the one presented aboVe. 

Typical examples of the potential energy surfaces (A.10) corresponding 

to cases considered in sect. 4 are given in figs. 40 to 43. Besides clearly 

exhibiting the concepts of superfluidity and non-superfluidity we observe ih 

fig. 43 the second possibility of coexistence mentioned in sect. 5, namely where 

the depth of the superfluid minimum is so that the ground state will be mainly 

confined here but the pair vibration is at a sufficiently high energy to be 

less affected by the potential raise at 11=0. This is the reason why the pair 

vibration can at all be expeeted to exist for non-magic isotopes. As soon as 

one goes away from a non-superfluid closed shell nucleus, a BCS gap will appear 

and hence the ground state be superfluid. However, near to the closed shell the 
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depth of the superfluid V(~) minimum is so small that it is not felt 

above some excitation energy. 

An investigation of the intrinsic Hamiltonian (A.9) in the adiabatic 

approximation is being made by Broglia and Kumar (Br 69). 
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Figure Captions 

Fig. 1. Schematic display of the hieraki of neutron pairing states. An 

energy term linear in N-N
O 

has been added in order to make the ground 

state energiis of NO-2 and NO+2 equal. 

I 
Fig. 2. Schematic display of some distortions of the pure neutron pairing 

I 

i 
states. a: Isospin structure. b: Coupling to "two-phonon" multipole 

states. c: ICoexistence of spherical (8) and deformed (D) states with 
I 

indication of strong two-nucleon transfer possibilities. 
I 

Fig. 3. Sharinglof t,p (figures to the left) and p,t (figures to the right) 

strengths between pairing and multipole states in a fictitious closed 

I 
shell nucleus. (a) Pure pairing picture, (b) the multipole states does 

I 
not produce ground state correlations (TDA) and (c) ground state 

I 

correlations1present (RPA). The same picture holds in a non~closed-shell 
I 

nucleus, except that the role of the pair vibration !pv) is played 

by a set of non-collective pairing states. 

Fig. 4. He-isotbpes. The symbols used in this and the.following figures 

are explained in sect. 4. 

Fig. 5. C-isotopes. 
18 . .. 

Experimental 0 cross sections are from Ja 60. 

Fig. 6. DWBA differential cross sections for the reaction,12C(t,p) at 

Et = 11. 0 MeV leading to the ground state arid the 6.58 MeV level of 14C. 

The experimental points are from Mi 64 and the calculated ones used 

G-coefficients for eq. (2.25) extracted from the boson wavefunctibns, 

(Go' Gl , G2 ) = (-0.0387, -0.4501, 0.2528) for the ground state and 

(0.0340, 0.2663, 0.3765) for the transition leading to the non-collective 

pairing excitation predicted at 8.07 MeV. The proton optical model 

parameters are from Pe 63. 
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Fig. 7. O-isotopes. The labelled experiments are a (Ja60), b (Ja 60a)~ 

c (Mi 64) and d (Mo 65). 

Fig. 8. Ne-isotopes. Calculation based 
18 .. 

on Ne. 

Fig. 9. Ne-isotopes. Calculation based on 24Ne . 

Fig. 10. Mg-isotopes. The labelied experiments are a (Ce69) , b (Co 67 at 

E = 20 MeV), c (Co 67 at E = 54 MeV) and d (Gr 67). In the middle p . p . . 

column quadrupole 0+ states are denoted Q, otherwise the notation follows 

fig. 1. 

Fig. ll. Si-isotopes. The experimental labels are a (Ha 67), b (Ha 69) and 

c (Ha 67a). 

Fig. 12. Comparison between calculated spectra and transfer cross sections 

in Si-isotopes, obtained either from the TDA representation (employed 

in fig. 11) or from the RPA representation. 

Fig. 13. S-isotopes. 

Fig. 14. Ar-isotopes. 

Fig. 15. Ca-isotopes. 
. 40 

Calculation based on Ca. Key to experimental 

labels: a (Ce 68), b (Ba 64), c (Mi 64a), d (Wi 67), e (Bj 67); 

f (Pe 68) and g (Da 67) and (Sm 69). The relative ground state intensities 

labelled e are based on the full angular range 0° ~ 180°, most of the others 

are ratios at a fixed angle or averages of short angular ranges. 

Fig. 16. Comparison of experimental Ca. ground state energies minus either 

-1/3 . constant 9r A varying Coulomb eriergy with various calculated 

energies. A term linear in N has been added to the calculated energies, 

so that either the energies of N=l8and N=22 become equal (cases labelled 'I) 

or so that the energies of N=24 and N=26 coinCide with the experimental 

ones with constant Cculomb energy (cases labelled II). 
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Fig. 17. Ca-isotopes. Two calculations based on 40Ca , using different single 

particle energies, cf. table 2 of appendix 1. 

Fig. 18. Ca-iso~opes. Calculation based on 48ca . For explanation of labels 

on experimental cross sections see caption to fig. 15. 40 The Ca(p,t) 

48 
experimental absolute intensity (0.31) is normalized to Ca(p,t), whereas 

the 42,44Ca(p,t) intensities labelled g are not normalized to any other. 
I 

Fig. 19. Ca-isotopes. Two calculations based on 48ca , using different single 
I 

particle energies, cf. table 2 of appendix 1. 

Fig. 20. Ti-isotopes. Labelling: a (Ba 64) and b (Ri 64a). States listed 

in middle columns are built of certain basic quanta of which the one 

denoted 2+ c~eates the lowest 2+ state in 52Ti from the 50Tiground state, 

2 similarly land 48Ti 2+ state, whereas 2~ creates the 46Ti 2+ state from 

the 48Ti ground state. Finally (2+)~ is t;o quadrupole-phonon 0+ states in 

the N-isotope. 

Fig. 21. Cr-isotopes. Label a refers. to ~lli 67. The two-phonon quadrupole 

states are denoted Q_(N=26), Q (28) and Q+(30), the corresponding 2+ 

quanta 2_(N=26) and 2+(30). 

Fig. 22. Fe-isotopes. Labelling: a (Ga 64), b (Ce 66), c (Ce 67), d 

(Ba 64a) and e (Ri 64a). 

Fig. 23. Ni-isotopes. Calculation based on 56Ni . Labels: a (Ho 65), 

b (Da 68a), c (Ri 64a), d (Ga 69a), e (Da 69) and f (Ba 64a). The 

ground state ratios quoted by a and c are ratios of the second maxima. 

At this particular angle they agree with the references from which ratios 

of integrated cross sections are quoted (b and f, the latter integrated 

over the interval 5° ~ SCM ~ 40°). The dashed lines in middle columns 

are ground state energies from the same calculation which gives the left 

columns, but with a different term proportional to N subtracted. 
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Fig. 24. Ni-isotopes. Calculation based on 68Ni . Labelling follows fig. 23. 

Fig. 25. Zn-isotopes. Labels: a(Ba 64a),b (Mc 66), and c (Ya 67). The 

ground state cross sections labelled b are ratios of second maxima and 

presumably not reliable. 

Fig. 26. Sr-isotopes. The spin assignment of the excited 86Sr state is by 

us. The state is not resolved from a nearby known 2+ state, but the 

triton angular distribution is characteristic of mixed L = 0 and 2 

transfer. 

Fig. 27. Zr-i sot opes. Labels: a (Ba 69a), b· (Ba 69b), c (Be 68), d (Ba 64) 

and e (Bl 69). Regarding the disagreements between the ground state 

transitions of the experiments band c, which are rather close to each 

other in proton and triton energies, a detailed discussion is given in 

fig. 28, and in the text. The ground state cross sections labelled 

c contain some corrections quoted by Fl. 69. The 1. 51 MeV .level in 38zr . 

is also observed by Ta 69, with 14% of the ground state intensity. 

Fig. 28. Angular distributions for Zr(p, t) experiments at E = 38 MeV (Ba 69b) , 
.p 

at 31 Me'! (Ba 69a)' and Zr (t ,p) experiments atE
t 

=20 MeV (Be 68 and Bl 69). 

The calculated curves' are results of a DWBA calculation, using modified 

form factors whose radial parts are harmonic oscillator wave functions 

(with V = A-l / 3 fIn) matched with Hankel functions. The optical model 

parameters were the same in all cases, for protons V = 51.4'MeV, W = 2.59 

MeV, WD = 7.5 MeV, r = 1.17 fIn, r' ,= 1.31 fIn, r = 1.2 fIn, a = 0.73 fIn, c . 

a' = 0.65 fm (Sa 67) and for trHons V = 170.1 MeV, W = 19 MeV, r = 1~15 fIn, 

r' = 1.52 fIn, r = 1.4 fIn, a = 0.74 fro, a' = 0.76 fm (Dr 69). All 
c 

calculated cross sections are in the absolut.e units, they are not 
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normalized to the experimental ones and the stripping interaction was 

the same in all cases. The structure factors were calculated with the 

pairing wave functions corresponding to fig. 27. 

Fig. 29. Cd-isotopes. 

Fig. 30. Sn-isotopes. The closed shell is 116Sn . Labels: a (Ya 68), I 

( ) ( ( 124. . 
b Br 68c ,c Ho 67), d Be 68, the spin assignments in Sn lsfrom 

other sources, the dashed lines indicate the first strong states involving 

higher shells, not necessarily 0+ level~) and e (Ba 65a). 

Fig. 31. Sn-isotopes. The closed shell is 120Sn . The ground state transition 

n6 118 . 122 124 . . 
ratios for the ' Sn(t,p) and for the ' Sn(t,p) experlments are 

normalized independently. For further explanation see the caption to 

fig. 30. 

Fig. 32. 120 Occupation numbers N. for the Sn ground state calculated with 
J 

the parameters of the boson calculation (bars), cf. fig. 30, compared to 

2 ' the filling parameters v. of the BCS ground state (curve). 
J 

Fig. 33. Te-isotopes. 

Fig. 34. Ce-isotopes. 

Fig. 35. Nd-isotopes. Since the resolution in the (P.t) experiments was 

poor, most of the angular distribution were not pure L = O. For this 

.leason the cross sections are very inaccurate. 

Fig. 36. Sm-isotopes. Labels: a (Ma 66a). b (Is 67) and c (Ga67). The 

uncertainty in the 142Sm mass (Ga 67) is indicated by vertical lines. 

Fig. 37. Pb-isotopes. Labels: a (Bj 67a, Bj 66a), b (Re 67), c and d 

(Ho 67a and Br 67 at E = 20 and 22 MeV, respectively). e (Fl 67) . p 

and f (Ig 68). The ratio of 208pb(t) 206 ( ) ,p to Pb t,p at E
t 

= 20 MeV and 

GCM = 30° is 0.25 (Ig 68). The angular distribution of the latter reaction is 
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" 208 ( ) , , ' not yet available, but the , Pb t,p cross, section shows a 3rd maximum 

around eCM = 50°, which has as large an intensity as the, 30° maximum~ 

Since this is not so in the -earlier 206pb (t,p) experiment (a't E
t 

= 12 MeV), 
, " 210 ' 

we think that a change in the Pb angular distribution has been caused 

by the decrease in Q-value, and tentatively increase the ratio from 0.25 

to 0.40, estimated by assuming that the 206pb (t,p) angular distribution is 

the same at Et =12 and 20 MeV; DWBA calculations shew that the ratio of 

total cross sections can be expected to be twice the ratio taken at 

e = 30° (2. max.). 

Fig. 38. U-isotopes. 

Fig. 39. Excitation energies of pair vibrations at the most stable neutron 

closed shell nuclei. The open triangles correspond toT = 0, 1, and 2 

experimental 0+ levels which may be interpreted as split pair vibrations. 

Fig. 40. Potential energy surface for 208pb . 
" , 

Fig. 41- Potential surface for 
120,' 

energy Sn. 

Fig. 42. Potential surface for 
48 ' 

energy Ca. 

136 Fig. 43. Potential energy surface for Ce., The parameters are the same 
140 ' ',,",' 

as for the Ce' calculation. 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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