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ABSTRACT OF THE DISSERTATION
An Information-Theoretic Exploration of Generalization and Data Value
by

Mohamad Rida Rammal
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2025
Professor Suhas N. Diggavi, Chair

In recent years, there has been a strong push towards developing increasingly large neural
networks, often with billions of parameters and trained on massive datasets, due to their
impressive performance in various machine learning tasks. Despite their widespread success,
our understanding of why these models perform so well, and which data contribute the
most to that performance, remains limited. Information theory offers foundational tools for
quantifying the information content in data, framing learning as the process of extracting
that information. Given this close relationship, we investigate two key problems from an
information-theoretic perspective: (1) the generalization of machine learning algorithms and
(2) data valuation for generative models. Specifically, we introduce a new class of generalization
bounds based on the leave-one-out conditional mutual information, study its properties, and
evaluate it in practical scenarios. Moreover, we propose a novel data valuation function
for language models, based on intuitive ideas of what makes data valuable and inspired by
distribution testing. We demonstrate that our proposed function is computationally efficient,

possesses several desirable theoretical properties, and evaluate it on real-world datasets.
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CHAPTER 1

Introduction

Neural networks, and in particular language models, have proliferated in the recent years.
These models have entered the mainstream due to their excellent performance on a diverse
range of machine learning tasks including classification, natural language processing, speech
recognition, computer vision, data generation, and forecasting. Despite this popularity,
little is understood about the inner workings of deep learning models due to their opaque,
black box nature. We investigate two important problems in machine learning from an
information-theoretic perspective: (1) the generalization of deep learning models and (2) the
value of data acquisition for large language models. We will discuss these problems in more

detail below.

Information theory is the mathematical study of the quantification, processing, and
transmission of information. It has its strongest ties to communication theory, where it
addresses two fundamental questions: What is the optimal rate of data compression, and what
is the optimal transmission rate for communication? However, information theory intersects
with many other fields, not least of which are computer science and machine learning. For
example, information theory plays a crucial role in areas such as data representation (e.g.,
variational autoencoders and generative models), model evaluation (e.g., Kullback-Leibler
divergence), and feature selection (e.g., mutual information). Given this close relationship,
we chose information theory as the primary language with which we investigate the problems

of generalization and data valuation.

Despite being over parameterized and capable of learning any reasonably sized dataset

with perfect accuracy, deep learning models still provide state-of-the-art results on a vast array



of machine learning tasks. In classical machine learning, generalization is often understood
through the bias-variance tradeoff: overparameterized (complex) models tend to fit training
data better but typically at the expense of worse generalization to unseen data. Conventional
machine learning wisdom would indicate that deep learning models should have difficulty
generalizing to unseen data, but they defy this expectation. We propose a novel generalization
measure based on leave-one-out conditional mutual information. This measure is interpretable,
is computationally more tractable than existing alternatives, and most importantly improves
when the learning algorithm is assumed to be interpolating i.e. achieves 0 training error on

the training set.

Additionally, the rapid proliferation of large language models has raised concerns over
the unauthorized use of copyrighted material in training data. Large language models are
trained on vast amounts of text, which can sometimes include proprietary and copyrighted
data [25]. As data owners restrict access to certain datasets and offer licenses for their use, a
natural question to answer is the following: How can a model owner assess the value of a
dataset they are considering acquiring? We consider a hypothetical scenario involving two
individuals: Alice and Bob. Alice owns a language model, while Bob possesses a dataset that
Alice may acquire (or purchase) from him. Our goal is to assess the value of this dataset
to Alice within the context of this transaction, which we refer to as the "acquisition value".
We argue that data is less valuable if the model could have plausibly generated it on its
own. Starting from that intuition, we introduce a novel data valuation function inspired by
distribution testing. We demonstrate that our proposed function is computationally efficient

and possesses several desirable theoretical properties.

Finally, we apply information theory to the study of 3D orientation estimation in a wireless
communication setting. Orientation plays a critical role in many fields, including robotics
and aerospace. We address the problem of estimating the orientation of symmetric objects
equipped with configurable backscatter tags. These tags reflect incoming signals and can
be configured to have two distinct reflection coefficients. By analyzing the reflected signals,

we aim to determine the 3D orientation of the object. The design of the tags’ reflection



coefficients can be represented as a binary code, indicating whether and when each tag reflects.
Our objective is to find the optimal codes for accurate 3D orientation estimation. To this
end, we propose two design criteria and provide a mathematically rigorous analysis of the

performance when the designed codes are used.

1.1 Contributions and Outline

The contributions of this dissertation are aimed at enhancing the challenges described above,
with the goal of applying an information theoretic point of view for better understanding of
black-box deep learning models, particularly for generalization and data valuation. In the
following, we provide a detailed description of the contributions made towards addressing

these challenges.

In Section 2, we define the notation used throughout this dissertation and provide the

necessary background for supervised and unsupervised learning.

Information-Theoretic Generalization Bounds. In Chapter 3, we investigate general-

ization bounds targeting deep learning models. Our contributions are as follows:

e We introduce a novel information theoretic bound based on leave-one-out conditional
mutual information (100-CMI). The bound improves under assumptions of interpolation.
The main intuition behind the bound is to ask the counterfactual question "If I were
to remove one sample at random from the training set, how well would we be able to

determine which sample was the one that was removed?"

e We show that the bound is easily interpretable and computationally efficient. Moreover,
we show that bounding this quantity is enough to bound the amount of memorization

in a deep network, and in turn its generalization.

e We connect our bound to several empirical quantities and other generalization theories,

such as stability of the optimization algorithm and the flatness of the loss landscape at



convergence.

e We provide the function-space counterpart to the bound i.e. the bound which looks at
the activations of the network as opposed to the weights. This leads to a tighter bound

through the data processing inequality.

e We run experiments which show that our bounds gives non-vacuous gaurantees on
real-world image classification tasks. We also study its dependency on the size of the

datasets and the hyperparameter.

Data Acquisition Value Function. In Chapter 3, we study the problem of data acquisition
value for generative models, and in particular language models. Our contributions are as

follows:

e We introduce a novel value function: the Uniform-Marginal and Independence (UMI)
value function, constructed from intuitive ideas of what makes data valuable, and
satisfying desirable properties for a value function. The UMI value function disentangles
the challenging task of statistical testing for high-dimensional data into two simpler

problems: univariate distribution testing and random variable independence testing.

e We demonstrate that the f-divergence between the marginal and uniform distributions
establishes a lower bound for the f-divergence between the data model and language

model.

e Experiments are conducted to illustrate the effectiveness of the proposed UMI function
in detecting data generated by the model, and its behavior on data present in the

training set, and new unseen data.

e We study its relationship to training outcomes by computing model performance when

the training data is selected according to the UMI function.



Code Designs for 3D Orientation Estimation In Chapter 3, we study the problem of
code designs for 3D orientation estimation of an object equipped with configurable backscatter

tags. Our contributions are as follows:

e We propose two novel analytic code design criteria that depend on channel knowledge.

e We also develop a lower bound on the worst-case error, which quantifies the systems
performance with respect to channel parameters such as the number of antennas and

the number of tags used.

e We numerically investigate the performance of our designed codes with respect to a
baseline orthogonal code. In some cases, our designs provide an order of magnitude

improvement in error performance.

e We provide a comprehensive numerical exploration of the systems performance, including
the impact of multipath, and the robustness of the design criteria against imperfect

channel knowledge. We show that our codes do not require precise channel knowledge.

We provide a conclusions and potential directions for future work in Chapter 6. Finally,

we provide proofs and additional experiments in the Appendix.

Tying the various themes The common theme across these different topics is the
usefulness of information theory in wide range of topics. Through applying information theory
to the study of non-vacuous bounds for machine learning generalization, data acquisition
value function for generative models, and 3D orientation estimation for objects exhibiting
symmetries, we demonstrate that the utility of information theory and its various tools is not
restricted to communication, but also stretches out to other disparate topics such as machine

learning, and coding.



CHAPTER 2

Background and Preliminaries

In this chapter, we define the notation and state some basic definitions that will be used
throughout the thesis. We also present the background for supervised learning Section 2.2.1,

and unsupervised learning in Section some background on the definitions that will be used

2.1 Preliminaries

R* and C* are the sets of real-valued and complex-valued k—dimensional vectors, respectively.
We use bold lowercase letters & to denote vectors matrices and bold upper case letters A to
denote matrices. A" and A denote the transpose and conjugate transpose of the matrix
A. A~ denotes the inverse of the matrix A. If x is a vector with n elements, then diag(a)
denotes the n x n square matrix with the elements of @ on its main diagonal; ||| is the
standard Euclidean norm on vectors, and ||-|| is the Frobenius norm on matrices. (:,-) is

the dot product between two vectors.

We denote with [n] the set {1,...,n}. We use non-bold uppercase letters to denote
random variables, and non-bold lowercase letters to denote a specific value the random
variable takes. If X is a random variable, then px is the probability distribution of X,
and E,.,, [z] denotes the expected value of X. For a pair of random variables X and Y/,
Px,y) and pxpy are the joint and product distributions, respectively. If p and ¢ are two

probability densities over R? such that p is absolutely continuous with respect to ¢ (p < q),



the Kullback-Leibler Divergence from p to ¢ is defined as:

p() log (p—x)) . (2.1)

q(z)

KL(p [ o) = [

R4

The Mutual Information between two random variables X and Y, and the conditional mutual

information of X and Y given a third random variable Z are respectively given by:

](X; Y) = KL(Z?(X,Y) || pXPY)- (2-2)
[(X:Y | Z) =E.op,[I(X;Y ] 2)]. (2.3)
———
I(X;Y|Z==z)

2.2 Background

2.2.1 Supervised Learning

Let Z" = {Z,...,Z,} € Z™ be a collection of n independent and identically distributed
samples drawn from some unknown distribution P. We consider the setting of supervised
learning where Z = X x Y i.e., each sample is composed of a feature vector and a label. Let
A: Z" W C RE be a possibly stochastic training algorithm, where W is a set of weights
(e.g., weights in a neural network). Given a loss function ¢ : W x Z — R, the empirical risk
for weights w on Z" is given by L(w, Z") = 1/n S l(w, Z;), and the "true" loss is given
by L(w) = Ezp [¢(w, Z")]; i.e., the average loss w incurs on random samples drawn from P.

Our goal is to find a w* € W such that w* = arg min,e)y £(w). Since we do not have
access to the data-generating distribution P, computing the true loss is infeasible. However,
we do have access to a set of samples Z™, and one approach is empirical risk minimization
where we find the w € W that minimizes £(w, Z"). If the difference £(w) — L(w, Z") is
small, then the true loss of an empirical risk minimizer would be nearly optimal within the

considered hypothesis class. Therefore, it is of great interest to study the generalization gap



which we formally define as:
gen(A) = ‘EA,%W [E(A(z”)) ~ LAY, z”)] ‘ . (2.4)

2.2.2 Language Models

Language models are models of the natural language. They take as input a sequence of tokens
Z1m = (21,...,2,) drawn from some vocabulary V. The models then output a probability
distribution over the next token in the sequence py, (- | 21.,), where the probability distribution
is parameterized by the weights of the model w. State-of-the-art language models typically
have a maximum context length L, in which case the probability of the current tokens depends
only on the previous L tokens i.e. if n > L, then py (- | Z1.n) = pw(: | Tn—r+1.). A typical
value for L is somewhere between 512 and 4096 tokens, but can be as large as 100, 000 or

more.

Language models are trained on unlabeled data (unsupervised learning). Let X™ =
{X1,..., X} € Z™ be a collection of n independent and identically distributed samples
drawn from some unknown distribution Q, where Q is a probability distribution over U,,cnV™,
the set of finite-length sequences of V. Each sample Z; is a sequence of tokens of finite size
n;. Language models are trained by finding the set of parameters which minimize the w*
which minimize the negative log-likelihood of the training data data i.e. we find the set of

weights w* which minimize

L(w) = — Zlog (Pw(@i1m,) = — Y ilog (Pw(@ij | Tiz-1) - (2.5)

i=1 j=1



CHAPTER 3

Conditional Mutual Information Bounds for

(Generalization

3.1 Introduction

Generalization in classical machine learning models is often understood in terms of the bias-
variance trade-off: over-parameterized models fit the data better but are more likely to overfit.
However, the push for ever larger deep network models, driven by their remarkable empirical
generalization, has spurred a race for the development of new theories of generalization
with two main objectives: (1) guiding the practitioners in designing over-parameterized
architectures and training schemes that would generalize better and (2) providing provable

bounds on the performance of the model after deployment.

In this context, information theoretic bounds on generalization [2,26,31,17,56,70,82]
are particularly appealing. They capture the intuitive idea that models that memorize
less about the training set will generalize better. In particular, since they deal with the
amount of information stored in the weights rather than the number of weights, they are
especially adaptable to over-parameterized models |2, 3,33]. However, the bounds are often
vacuous in realistic settings, require modified training algorithms, or are black box bounds
that are difficult to compute and/or to relate to relevant properties of the network/training
algorithm. To remedy this problem, we ask whether it is possible to develop a bound that is:
(a) realistically tight for standard training algorithms used in deep learning; (b) interpretable,

meaning that they can be rewritten in terms of quantities the practitioners can control during

the training process and that may guide toward the design of better training algorithms, (c)



that applies out-of-the-box to standard training algorithms.

As a step in this direction, we introduce a new class of information theoretic bounsd
based on leave-one-out conditional mutual information (loo-CMI). The bound arises from
the counterfactual question “If I were to remove one sample at random from my training set
and train the model from scratch on the dataset with that one sample missing, how well
would I be able to infer which of these sample was the one that was removed?”. We show that
the conditional mutual information between training output and the identity of the dropped
sample bounds the amount of memorization in the network, and thus its generalization
(Theorems 3.2.1 and 3.2.2). Our bound is easy to interpret and connects to the empirical
quantities, the stability of the optimization algorithm (Section 3.3.4) and the flatness of the
loss landscape at convergence (Section 3.3.5). Moreover, we provide a variation of the bound
in the function space in which case replace the weights of the network with the activations
of the network 3.2.2). This leads to a tighter bound for networks with more parameters
than training sample because many sets of parameters that the model can have can lead to

identical prediction functions.

Our loo-CMI bound falls in the general class of conditional mutual information bounds,
introduced by [70]. However, while standard CMI bounds iterate over all the subset of
samples of size N (2V subsets for a dataset of 2N samples) in order to compute the bound,
our loo-CMI bound only needs to iterate over N possible samples to remove, leading to an
exponential reduction in the cost to estimate the bound. Moreover, our strategy of removing
a single sample is easy to relate to the stability of the training path to slight perturbation of
the training set, thus giving a clear connection between generalization and the geometry of
the loss landscape (Figure 3.1).Empirically, we show that our bound can be computed and is
non-vacuous for state-of-the-art deep networks fine-tuned on standard image classification
tasks (Table 3.1). We also study the dependency of the bound on the size of the dataset

(Figure 3.2), and the hyper-parameters (Figure 3.3).

10



3.1.1 Problem Formulation

We restate the problem formulation here for convenience. Consider a collection of n in-
dependent and identically distributed samples drawn from some unknown distribution P
ie. 7" ={7Z,...,Z,} € Z", where Z; ~ P. In this chapter, we consider the setting of
supervised learning where each sample Z; = (X;,Y;) is composed of each sample is composed

of a feature vector X; and a label Y;.

A learning algorithm is a possibly stochastic function A : Z® — W C R¥ which takes
as input a dataset and outputs parameters w)V, the a set of all parameters (e.g., weights
in a neural network). Given a loss function ¢ : W x Z — Ry, the "true" risk is given by
L(w) = Ez.p [l(w,Z")]; i.e., the average loss w incurs on random samples drawn from P.
Moreover, the empirical risk for weights w on Z™ is the average loss incurred on the training
dataset L(w, Z") = 1/n S lw, Z;).

The goal of the learning algorithm is to find parameters w* € VYW which minimize the true
loss, then w* = argmin, ey L£(w). However, we do not have access to the data-generating
distribution P, and hence computing the true loss is infeasible. However, we do have access
to a set of samples Z", and one approach is to settle finding the set of parameters w € W
that minimizes the empirical risk £(w, Z"). If the difference £(w) — L(w, Z") is small, then
the true loss of an empirical risk minimizer would be nearly optimal within the set of all
parameters WW. The difference between the true risk and the empirical risk for w € W is

called the generalization gap, and is formally defined as:
gen(A) = [Eanpn [L(AG") = £(A(="),2")]|. (3.1)

This chapter studies upper bounds on the generalization gap gen(.A). We leverage information-
theoretic quantities for this purpose, specifically the mutual information. The mutual

information between two random variables X and Y given by the Kullback-Leibler divergence
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between the joint distribution of X and Y, and the product distribution of X and Y

[(X§ Y) = KL (pX,Y H pxpy) .

Moreover, the conditional mutual information between X and Y conditioned on a third

variables Z is given by:

I(X;Y | Z) = Baup [I(X;Y | 2)]. (3.2)

I(X;Y|Z=2)

We now give an overview of prior conditional mutual information bounds present in the

literature.
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3.1.2 Conditional Mutual Information Bounds

We start by recalling the main results on Conditional Mutual Information (CMI) bounds that
we return to later. Let Z2" € Z"%2 he a dataset with 2n samples drawn from a distribution
P, grouped into n pairs. Let S ~ S = Uniform ({0, 1}") a uniform random binary vector of
size n. S selects one sample from each pair in Z2" to form Z% € Z" given by (Z2); = ngH.
In this setting, the bound of Steinke and Zakynthinou [70] arises from asking the following
question : “if a model is trained with a subset of samples chosen through the random binary
indexing vector S, how much information does the output of the algorithm provide about S7”
Here, the Shannon Mutual Information is useful because it is a measure of the amount of

‘information’ obtained about one random variable after observing another random variable.

Theorem 3.1.1 (Theorem 2, [70])
Let £ : W x Z — [0,1] be a bounded loss function. Let A be a possibly stochastic training
algorithm. Let W = A(Z2) be the output of A given the dataset Z%, then

gen(A) < \/ %I(W; S| 2. (3.3)

Haghifam et al. [26] improved Theorem 3.1.1 by moving the expectation over 72" outside
the square root, and by measuring the information the output of the algorithm provides on
random subsets of the indexing vector S. Harutyunyan et al. [31] further improved the bound

by moving the expectation over the random subsets outside the square root.

Theorem 3.1.2 (Theorem 2.6, [31])
Let £ : W x Z — [0,1] be a bounded loss function. Let m € [n] and let V ~V be a random
subset of [n] of size m. Let W = A(Zg) be the output of A given the dataset Zs, then

2
gen(.A) S ]EZZ"N'P%L,UNV\/EI(W; S»U | 2271'). (34)

One appealing aspect of the CMI bounds is that they work for any training algorithm and

any model, including over-parameterized networks trained with Stochastic Gradient Descent
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(SGD). However, computing the bounds requires iterating over all possible 2%V values of S.
Moreover, the bound is difficult to interpret since the value of W = A(Z2) for different values
of S can vary significantly and in unpredictable ways for large non-convex models. Taking
inspiration from leave-one-out cross validation, we propose different CMI bound which avoids
both problems by removing a single sample from the dataset. As we shall see, it allows for

interpretable expressions, faster computation, and a connection to notions of stability.

14



3.2 Leave-One-Out Conditional Mutual Information

Let Z" = {Z1,Zs,...,Z,} € 2" be a dataset of n i.i.d. samples drawn from P. Let
U ~ U = Uniform([n]) be uniform random variable taking values over the indices of the
samples in Z. U removes a single sample from Z" to form Z",' = Z"\ Zy, the dataset
without the U™ sample. Let W = .A(Zf{]l) be the output of the algorithm, then we define

the pointwise leave-one-out conditional mutual information as:
loo-CMI(A, z") = I(W; U | 2"). (3.5)

In this setting, loo-CMI(.A, z™) measures the amount of information that the output of the
algorithm W reveals about U, the index (identity) of the left-out sample. As it is the case for
the conditional mutual information terms in Theorems 3.1.1 and 3.1.2, loo-CMI is bounded.
Specifically, loo-CMI is upper bounded by the entropy of U, H(U) = log(n). Hence, it does
not suffer from the same issues as information stability bounds [56,52]. Moreover, the output
of an algorithm is not significantly affected by the inclusion or exclusion of one sample when
the input consists of thousands of other samples, so we expect loo-CMI to be small for large
values of n. We use (3.5) to derive a bound on the generalization of error in expectation

(Theorem 3.2.1).

3.2.1 Generalization Bounds Based on loo-CMI

loo-CMI is deeply intertwined with leave-one-out cross validation, so before we derive bounds
on the generalization through loo-CMI, it is helpful to first obtain a probabilistic upper bound
on the leave-one-out cross validation error (loo-cv). loo-cv measures the difference in loss
between the samples which the algorithm trained on, and the sample that was left out. We

begin with a precise definition of loo-cv and provide a probabilistic bound on it.

1
n—1

Z Uw, z;) — L(w, 2z,). (3.6)

iFU

loo-cv(w, 2", u) =
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Lemma 3.2.1

Let 0 : W x Z — [0,1] be a bounded loss function, then for allt >0, w € W, and z" € Z,

n t2c2 n
Ey [exp (t - (loo-cv(w, 2", u)))] < exp ek Cp = T (3.7)
n —_
To derive the generalization bounds included in this paper, we make heavy use of Lemma

3.2.1. We begin with a generalization bound in expectation.

Theorem 3.2.1
Let A: Z"1 — W be a training algorithm. Let £ : W x Z — [0, 1] be a bounded loss function,

then

gen(A) < %EanPn V/100-CMI(A, zn), (3.8)

where ¢, is given in (A.1). The bound in (3.8) guarantees a good generalization error
when loo-CMI(A4, z") is small; i.e., when the output of the algorithm W tells us little about
the identity of the sample that was removed from the training dataset. If a parametric
learning algorithm ends up memorizing the samples in the training set, the generalization gap
could be large, and so would loo-CMI as we can determine U by checking which sample was
not memorized by the algorithm. On the other extreme, a learning algorithm which outputs
a constant parameter regardless of the training set does not have a generalization gap, and
in this case loo-CMI would equal 0 as W provides no information about U. We note that
bound of Theorem 3.2.1 most closely resembles the bound of Theorem 3.1.2 when m = 1.

The latter bound is given by:

1 & ~
gen(A) < ~ D B pan /2 (W S; | 227). (3.9)

i=1
Recalling the setting of Section 3.1.2, (3.9) is computed by first going through every possible
value of S € {0,1}". For every value of S and for each i € [n], one fixes S = (51, 52,...,5,)
excluding S; which varies uniformly over {0,1}. In other words, the i® component of the

training set Zg is equally likely to be either ZM or Zi’g. The right-hand-side of (3.9) then
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bounds the generalization using the information that the weights contain about S;. In other
words, the question asked is: “can the output of the algorithm help us determine which
one of Z;; or Z; 2 was present in the training set?". On the other hand, we ask a different
question, "can the output of the algorithm help us determine the index of the sample that
was removed?”. This subtle change leads to an exponential reduction in the cost of computing
the since we only need to iterate over the values of U € [n], as opposed to S which can take

2™ possible values.

3.2.2 Extension To The Function Space

The previous bounds used the output of the algorithm, the weights, to bound the generalization
error. A different approach studied in [31] is to assume that given a training dataset and
a test sample, the algorithm outputs a prediction on the test sample. In other words, we
assume the algorithm is a possibly stochastic function h : Z"! x X — R which takes a
training set z, a new unlabeled sample .., and outputs a possibly stochastic prediction
h(z, Tpew) on the new sample. The set of predictions R can be different than the set of labels
Y (e.g., class probabilities in multi-class classification tasks). Unlike bounds with respect to
the weights, this approach is applicable to both parametric algorithms (e.g. neural networks)
and non-parametric algorithms (e.g. k-nearest neighbors). In the former case, the output of
the algorithm A specifies a prediction function g € {g, : X — R | w € W} from a class of
functions parameterized by the weights i.e. h(2, ZTnew) = ga(z)(Tnew)-

We redefine the loss to be a non-negative function ¢ : R x Y — R, that measures the
distance between the predictions and the ground-truth labels. Given ¢ and a training set
Z™, the true loss of an algorithm h is given by L(h, Z") = E y)p [((R(Z™,2"),y")], and the
empirical loss is given by L(h, Z") = 1/n Yo U(h(Z™, X;),Y;). The generalization gap of h
is then defined as:

gen(h) = \Eh,znm [Z(h, 2 — L(h, z”)} ] . (3.10)

Recalling the setup of Section 3.2, we define the pointwise functional leave-one-out conditional
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mutual information floo-CMI as:
floo-CMI(h, 2") = I (h ("', 2") ; U|2"). (3.11)

While loo-CMI measures the reduction in uncertainty about U after having known the weights,
floo-CMI measures the reduction in uncertainty after having known the predictions made on
whole dataset (including the prediction on the removed sample). We derive a bound with

respect to floo-CMI(h, 2™) using a proof that closely resembles the proof of Theorem 3.2.1.

Theorem 3.2.2

Let 0 : R x Y — [0,1] be a bounded loss function. Let U be a uniform random variable over

[n], then
gen(h) < “LE,upnr\/Aoo-CMI(R, 27), (3.12)
V2
where ¢, is given in (A.1). As pointed out in [31], for a parametric algorithm A with

prediction function h, U—A(2";')—h(2"', X) is a Markov chain. By the data-processing
inequality, we have that floo-CMI(h, z™) < loo-CMI(A, 2™). Since the bounds of Theorems
3.2.1 and 3.2.2 differ only through loo-CMI and floo-CMI, the bound of Theorem 3.2.2 is

sharper.

3.3 Computing The Bounds

3.3.1 Computable Upper Bounds to loo-CMI and floo-CMI

To evaluate and interpret the bounds for a parametric algorithm A with prediction function
h, we require a computable closed-form expressions for loo-CMI and floo-CMI. However,
obtaining a closed form expression is a difficult task in most cases. To see the reason behind

this difficulty, note that loo-CMI can be written as:

100-CMI(A, 2") = I(W;U | 2") = Byt [KL(pw | om0 || Pw | 29)] (3.13)
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where py |» = Eyu [pW‘Zn,u] is a mixture distribution. Since one of the terms in the
Kullback-Leibler divergence of (3.13) is a mixture distribution, it is unlikely to obtain a closed
form expression for the conditional mutual information for most commonly encountered
continuous distributions (e.g., Gaussian distributions [1&]). To find a computable and
interpretable bound on the generalization error, we propose upper bounds on the conditional

mutual information which can be interpreted and evaluated.

Theorem 3.3.1
Let A be a parametric algorithm with prediction function h. Let U, Z™, W be defined as before.
Let U’ be an identical independent copy of U and W' = A(z5 "), then

100-CMI(A, 2") < —Eys [InEygs [exp (=KL(pw om0 | P 2n0))]] (3.14)

floo-CMI(h, 2") < —E,y [lnEu/Nu [exp (—KL(ph(zﬁll,x) I ph(zr_l;}w)))” . (3.15)

One can alternatively upper bound loo-CMI by E,, 1/ v/~1s [KL(pw luzn || P u/,zn)} through
the convexity of the Kullback-Leibler divergence (similarly for floo-CMI). However, since
the function (—1In) is strictly convex, it is easy to show that the bound of Theorem 3.3.1 is
strictly tighter through Jensen’s inequality. Moreover, we opt to use this bound as it allows

for interpretable and computable expressions (Corollary 3.3.1).

3.3.2 Geometry Aware Synthetic Randomization

Theorems 3.2.1 and 3.2.2 are valid in theory, but the outputs of algorithms used in practice
are deterministic given a fixed input, and so we do not have a distribution of weights or
predictions. This means that (3.5) and (3.11) are degenerate. Even if we vary the random seed
for neural networks trained with SGD, and run the algorithm for each dataset and random
seed, we obtain a set of discrete distributions with unequal supports. Hence, the right-hand
side of (A.45) would be infinite. We alleviate this issue by taking measures similar to the
ones made in [26,30, 18], and also previously in related contexts in |2,3,20]. In particular, we

add noise to the output of a deterministic algorithm, and use the now stochastic algorithm to
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Figure 3.1: Visualization of the quantity involved in the bound. We plot a section
of the loss landscape (contour lines) of a ResNet-18 trained on MIT-67 using the technique
of [13]. In orange and blue we show the projection of training paths obtained by removing
two different samples from the dataset. Equation (3.17) bounds the test error as a function of
the distance between the final points of the two paths, normalized by amount of noise added
(displayed by the cloud around the final weights). Note that if the loss landscape is flat we
can add more noise, therefore obtaining a better bound (Section 3.3.5). If the optimization
algorithm is stable, the two paths will remain close at all times, which will also improve the
final bound (Section 3.3.4).

bound the information in the weights and predictions. We avoid adding isotropic Gaussian
noise for the weight-based bounds, as changing the values of some weights may have little
effect on the loss compared to others. Therefore, we add noise while taking into account the

geometry of the loss landscape.

Specifically, let A be deterministic algorithm, and let Asx(z"') = A(2";') + N, where
N ~ N(0,%). A choice of ¥ that would incorporate the notion that weights have a varying
effect on the loss is ¥ = diag(ay, . . ., akx) with ag > 0 for all £ and «; not necessarily equal to
a; for i # j. Similarly, we can add noise to predictions made by a deterministic algorithm as
ho (2"t x) = h(2";', x) + M, where M ~ N(0,02I). The generalization bounds derived for
As or h, are not directly applicable to A and h, but if certain Lipschitz continuity or convexity
assumptions hold for the loss function /¢, it is possible to derive bounds for deterministic

algorithms from the bounds of their noisy versions (Theorem 3.3.2 and section A.1.6). We
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begin by applying Theorem 3.3.1 to get interpretable expressions for the conditional mutual

information terms.

Corollary 3.3.1
Let A be a deterministic algorithm with prediction function h. Let w_; = A(z";') and

th

h_; = h(zfi_l,x”) be the output and predictions respectively when i sample is removed from

the training set. Using Theorem 3.3.1, we obtain

loo-CMI( Ay, z") < In(n) — — Z]n <Z o3 (woi—w_;)TE" (w—i_w—j)> 7 (3.16)

7j=1

floo-CMI(h,, 2")) < In(n) — —Zln <Ze 3lh—i=hsI*/o? ) . (3.17)
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3.3.3 Connections to Stability and Bounds For Deterministic Algorithms

It is easy to see the connection between classical definitions of stability and the right-hand
side of (3.16), (3.17). After all, to compute the right-hand side of (3.16) and (3.17), one only
needs to know how the weights and predictions of the algorithm change when two datasets
differ by one sample. Based on the observation that components of the weight might have
differing degrees of effect on the loss, and the right-hand side of (3.16), we introduce the
idea of "relative" weight stability. Moreover, we also use classical definitions of functional
stability, and here we find it useful and intuitive to define two notions of stability: one with
respect to the samples that the two datasets share, and one with respect to any other sample.

The definitions are as follows.

Definition 3.3.1
Let 2"~ 1 27=1 € Z™ be datasets such that 2"~ 1 and 2"~ differ by at most one sample. Letting
a=A(z""1) — A(Z"Y), then we say that a deterministic algorithm A has € weight stability

relative to positive semi-definite matriz ¥ if a’ X ta < €.

Definition 3.3.2

Let 271 271 € Z" be datasets such that 2"~ ' and 2"~ differ by at most one sample, and
without loss of generality, assume they differ at the first sample 1.e. z1 # Z21 and 2z, = 2y
for all k # 1. Let h be prediction function h : Z" 1 x X — R?, then we say that h has
B-train stability if |h(z"", z,) — h(Z"Y, 2) |17 < B2 for all k # 1. Moreover, we say that
By-test stability if ||h(z"2, ') — h(2"2, 2)||> < B2 for all ' € X.

Given bounds on the noisy version of a deterministic algorithm, one can derive bounds on
the deterministic algorithm itself by making certain Lipschitz continuity assumptions on the
loss function. Moreover, we show that given relative weight stability and functional stability
of deterministic algorithm, we can add an optimal amount of noise to find a bound on the
deterministic algorithm. The following technique is used by [31, 48] for the case of isotropic

noise. We generalize this result for arbitrary values of the noise covariance.
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Theorem 3.3.2
Let A: Z"1 = W be a deterministic algorithm, and let £ : W x Z — R, be the loss that

a set of weights incur on a sample. If {(w,-) is L-Lipschitz in the weights, then if A has
e-weight stability relative to a positive semi-definite 22, then gen(A) < y/4c,eLy/tr(X).

Theorem 3.3.3
Let h : 2" x X — R? be a deterministic prediction function. Assume that h has (-train

stability and [y -test stability. Assume the loss function { : R x Y is L-Lipschitz continuity in
the first coordinate, then gen(A) < \/4an\/nd(nB2 +2032).

3.3.4 Bounds For Stochastic Gradient Descent

As we have seen, the quality of our information bound depends on the stability of the
optimization algorithm. Stochastic Gradient Descent is the most commonly used method
in machine learning, and it is therefore interesting to study the stability of SGD and how
it translates into generalization from an information theoretic point of view. Assuming the
gradient updates are y-bounded for some v > 0 (see appendix for definition), then one can
bound ||Jw_; — w_;|| with respect to the number of iterations of SGD [28], and obtain a bound
on the generalization through the right-hand-side of (3.16). In particular, we derive the
following bound which show how training for a shorter time 7" and having more bounded

updates v both contribute to generalization.

Lemma 3.3.1
Let the gradient update rule be y-bounded. Suppose we run SGD for T steps, and we use the
same starting value for the weights, then gen(Ay2;) < \/@.

g

3.3.5 Local interpretation of the bound

The bound in Corollary 3.3.1 depends on non-local quantities as it requires retraining the
model a linear number of times on subsets of the data. Ideally, one wants to bound the

generalization without having to retrain. We now provide a qualitative approximation of the
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bound using local quantities, in order to connect the bound with the geometry of the loss
function. Assume that the training algorithm minimizes the loss A(z") = arg mingew (2", w),

and let w* = A(z") be the minimum to which the algorithm converges, and similarly let

w*, = A(z";1). Using influence functions [41], we can approximate:
* * 1 —1 *
w', —w'~ —H :V,l(z,w") = g, (3.18)
n

where H,, is the hessian of the loss, V,f(z;, w*) is the gradient of the loss on z; for w*,
and we have introduced the per-sample gradient at convergence rescaled by the hessian
g = %H;,}wa(zi,w*).

Using this notation we can approximate:
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where in (%) we have assumed X~' = H,«, which is the optimal variance of the noise

(Section 3.3.2).

From (3.21) we see that converging to a flat minimum, that is, having a small norm of
the hessian H, -, is expected to correlate to better generalization. This is in accordance
with several empirical results connecting convergence to flat minima to better generalization
[11,20,34]. It should be noted that flatness by itself cannot explain generalization, since we
can reparameterize the network to have identical predictions (and hence generalization) but
arbitrarily large hessian [17]. Indeed, in (3.21) we see that the role of the hessian is mediated
by the similarity of the (re-scaled) per-sample gradients at convergence, which can change

under reparameterization. In particular, studying flatness by itself is not enough.
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3.4 Related Work

Over the past several years, there has been a significant line of research in using information
theory both to interpret the behavior of DNNs [2,3,64] and to derive generalization bounds
[8,26,31,47,56,70,82], with the earliest works on this line from [1,56,82]. Many of them develop
information stability bounds which involve the mutual information between the output of the
algorithm and the samples [,17,56,82] which could degenerate, e.g., if the data is continuous.
This was observed in |70], which then proposed a new bound based on the conditional mutual
information (see Theorem 3.1.1) which is non-degenerate. This work was further extended
by [26,31]. In particular [31] developed bounds based on prediction outputs rather than the
algorithm outputs, and its combination with the conditional mutual information framework
made it the state-of-the-art in terms of information-theoretic generalization bounds. The two
issues identified in our work related to this is one of computability (as the [31] bound might in
principle require computation exponential in the size of the dataset) and interpretability; this
is the main focus of our work. In particular, our loo-CMI framework can not only be computed
more efficiently, but also connects to classical leave-one-out cross validation measures used
extensively in practice (see Theorem 3.2.1). Another aspect introduced in [31, 18] is the
application of CMI bounds to deterministic algorithm outputs (as one can only run a finite
number of runs of even a randomized algorithm on a dataset). We use this viewpoint in our
work, but using a geometry-aware method (see Theorem 3.3.2), which takes into account the
loss landscape in the algorithmic output space. There has also been a line of work connecting
SGD to generalization including earlier works in [27] and more recently its connection with
information theoretic bounds [18,52]. We apply these ideas to the framework of loo-CMI (see
Lemma A.1.7). The connection to classical notions of algorithmic stability can also be made

using the loo-CMI framework (see Theorem A.1.6).
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3.5 Experiments

Model and datasets. We now study the behavior of our loo-CMI and floo-CMI bounds
on real-world image classification tasks. In particular, we fine-tune an off-the-shelf ResNet-
18 model pretrained on ImageNet on a set of standard image-classification tasks (see also
Table 3.1): Oxford Flowers [19], MIT-67 [51], Oxford Pets [51]. On all datasets we fine-tune
for 10 epochs using stochastic gradient descent with learning rate n = 0.05, momentum

m = 0.99, batch size B = 256, and weight decay A = 0.0005.

Non-vacuous bounds. In Table 3.1, we compute the loo-CMI and floo-CMI bounds using
(3.8) and (A.39). We show that while the former bound is vacuous, the floo-CMI bound
provides non-vacuous generalization bounds on all datasets. This is significant, as obtaining
non-vacuous bound for large-scale models remains a challenging problem. The failure of the
bound based on loo-CMI is expected here, since loo-CMI looks directly at the information
contained in the weights of the network without considering how this information is used.
In large models with millions of parameters, most of the information in the weights do not
significantly affect the predictions and should ideally be discarded. This is indeed done by
the floo-CMI bound.

Effect of the dataset size. To show how the quality of the bound changes for different
sizes of the dataset, we subsample randomly and without replacement n samples from each
dataset. In Figure 3.2, we plot the resulting generalization gap alongside our generalization
bounds as the size of the subsample varies (in terms of fractions of the dataset). We observe
that the generalization bound becomes tighter as the size of the training set grows. This is

not surprising as we expect the model to become more stable for larger datasets.

Synthetic randomization. In Section 3.3.2, we introduced artificial Gaussian noise N (0, 3)
in order to obtain better bounds. Increasing the noise variance X in the loo-CMI bound, or o

in floo-CMI, improves the bound on the CMI, but also increases the test error of the model.
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Dataset Train Error Test Error loo-CMI floo-CMI

MIT-67 [5] 0 0.339 9.65 0.397
Ox. Flowers [19] 0 0.254 6.92 0.435
Ox. Pets [71] 0 0.134 8.51 0.291

Table 3.1: Generalization bounds on image-classification tasks. We report the train
and test error (fraction of wrong predictions) and our generalization bounds on several image
classification dataset (o = 0.1).

MIT-67 Oxford-Pets Flowers-102
Bounds 0.5 Bounds 0.6 Bounds
0.55 —— FLOO-CMI bound —— FLOO-CMI bound —— FLOO-CMI bound
Generalization Gap Generalization Gap Generalization Gap
0.4 0.5
0.50 :
s s g
5 0.45 503 5 0.4
0.40 0.2
S . 0.3
0.35 . B
0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0
Dataset Fraction Dataset Fraction Dataset Fraction

Figure 3.2: floo-CMI bound and dataset size. For different datasets, we plot of the
floo-CMI bound as the fraction of samples used in training increases. We observe that larger
datasets have better generalization bounds. This is expected as stability improves with larger
datasets.

MIT-67 05 Oxford-Pets Flowers-102
Bounds : Bounds Bounds
0.7 — FLOO-CMI bound —— FLOO-CMI bound —— FLOO-CMI bound
Test Error 0.4 Test Error Test Error
0.6 ' 0.6
2 03 k g
505 5 — |5 T~
0.4 ]
0.4 0.2
031 _ \ 01 0.2
0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4
Sigma Sigma Sigma

Figure 3.3: Effect of varying o. Increasing the value of ¢ in (A.39) improves the floo-CMI
bound (blue line) but also makes h, increasingly different from A (as shown by the increased
test error, orange line), thus making bounding the generalization of the original algorithm A
given h, more difficult. For this reason, we want to use intermediate values of o.

Hence, we need to select a value of ¥ and o that provides a good trade-off between the two.

In Figure 3.3, we show how changing the noise variance affects each term.
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3.6 Conclusion

In this chapter, we introduced a bound based on a new information-theoretic measure, i.e.,
leave-one-out conditional mutual information and analyzed its properties. loo-CMI bounds
reduce the computational costs compared to prior CMI bounds, connects to several empirical
quantities and generalization theories. It leads to non-vacuous bounds for several deep
learning applications in image classification. There are several open questions including,
whether it is possible to (i) obtain tighter bounds using the leave-one-out framework for
general learning algorithms; (ii) further reduce the computational cost of computing loo-CMT*
and (iii) obtain deeper understanding the effect of loss landscape and dynamics of learning

algorithms on learning performance using the information-theoretic lens.

'We point to [6], which we were made aware of at the end of the review process. In particular, this work
reduces the cost of computing the leave-one-out error in the kernel regime, although it does not directly
connect to the loo-CMI framework of our paper, it might be possible to combine them to make progress on
this question.

28



CHAPTER 4

Statistical Methods for Data Acquisition Value

4.1 Introduction

In recent years, large language models (LLMs) have surged in popularity, thanks to their
exceptional performance across a wide range of natural language processing tasks. However,
this rapid growth has also raised concerns about the unauthorized use of copyright-protected
material in developing these language models. As data owners restrict access to certain
datasets and offer licenses for their use, a natural question arises: How can a model owner

assess the value of a dataset they are considering acquiring?

To explore this, we consider a hypothetical scenario involving two individuals: Alice and
Bob. Alice owns a language model, while Bob possesses a dataset that Alice may acquire (or
purchase) from him. Our goal is to assess the value of this dataset to Alice within the context
of this transaction, which we refer to as the "acquisition value". While Alice could use the
dataset for various purposes—such as training or evaluation—we do not assume any specific
use case at this stage. Instead, we begin with the premise that the dataset is relevant to Alice,
and our objective is to determine its value to her within the transaction. It is important
to note that this differs from the typical data valuation problem, which focuses on fairly

allocating credit for a model’s performance among the training data [23,35,37,39,80,83].

One approach for determining acquisition value might involve training the model on the
dataset (often multiple times) to assess its impact on performance. However, training large
language models can be prohibitively expensive and time-consuming, and the results may

vary significantly depending on the training method. A dataset might be considered valuable
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with one algorithm but less so with another due to variability in outcomes and the specific
task on which the model is evaluated. In this work, we propose an intuitive methodology
that efficiently quantifies the acquisition value of data for language models efficiently through

statistical means, rather than relying on optimization or extensive training.

The main intuition behind our approach arises from replacing the challenging question,
"what makes data valuable?" with the closely related but more manageable "What data is not
worth acquiring?" For a generative model, such as a large language model, there is a natural
answer to the latter question: data that can be generated by the model itself. Referring back
to the earlier scenario, if Bob’s dataset was generated by Alice’s model, we would assign a low

acquisition value to the data, as Alice can generate it herself without needing to acquire it.

We posit that the acquisition value of data decreases if it can be plausibly generated by
the model itself. Our primary focus is then to assess how challenging it would be for Alice
to generate this dataset independently, effectively measuring its informativeness or novelty
from the model’s perspective. The remaining question is how to quantitatively assess this

plausibility.

In this framework, we view the language model as a token predictor denoted by p(:|z1.,),
where 1., = (x1,...,x,) represents the history or context of tokens used to predict the next
token x,,1. Here, each token is drawn from a vocabulary V. As the owners of the language
model being used for data valuation, we have access to this probability distribution p(-|xy.;).
Consequently, the plausibility question revolves around assessing the statistical disparity
between the model and the data. The greater this disparity, the more valuable the data. This
perspective aligns with the classical framework of distribution testing, where the goal is to
determine whether a given sequence of data is generated from a specified model (see [79] and

references therein).

However, language models present two significant challenges: (i) the state space is massive;
the alphabet size of tokens (the number of possible values tokens can take), |V|, is typically
in the tens of thousands. A typical context length L, the maximum number of tokens the

model can remember at any given time, can also be somewhere in the several thousands,
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necessitating methods which are computationally efficient. Moreover, (ii) to provide any
performance guarantees with such a large state space, the length of data sequences needs to
be enormous, often much larger than |V\L. This necessitates methods capable of operating
effectively with much smaller data sequences, as obtaining single datapoint sequences with

these lengths is unrealistic.

To address this, we develop a measure of value using Rosenblatt’s transformation, which
is a mapping that converts continuous random vectors from any distribution into uniform
random variables [55]. Specifically, suppose Y = (Y7,...,Y;) ~ F is a continuous random
vector distributed according to the cumulative distribution function (CDF) F, then Z; =
F(Y; | Yi.i-1) ~ U is a sequence of independent and identically distributed random variables
with the standard uniform distribution over (0, 1). Because Rosenblatt’s transformation is only
valid for continuous random variables, we first convert our discrete input tokens x1,...,x,
into continuous variables yq,...,y,. We then apply this transform using a continuous

representation of probability distribution p(:|z1.;) output by the model.

We prove that if the sequence of tokens x; were indeed generated from the model, then
the obtained sequence of variables after transformation Z; are independent and uniform.
Using this we develop an efficient method for data value for language models by using a
distribution distance function between the empirical distribution of Z1,..., Z, with the i.i.d.,

U distribution.!

Rosenblatt’s transformation disentangles the difficult task of statistical testing for complex
data (text data for language models in particular) into two simpler problems: testing for
uniform distribution and marginal distribution, and independence testing. We then propose
the Uniform-Marginal and Independence (UMI) value function which consists of the two
aforementioned tests. The UMI value function is computationally efficient, and requires a

relatively small number of tokens for accurate tests (statistical efficiency).

We show that statistical distance (f-divergence) between the marginal and uniform

distributions lower bounds the statistical distance between the distribution provided by the

'We need to also add an independence test for this; see details in Section 4.3
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language model and the true data generating distribution (see Theorem 4.3.3) . Moreover,

we show that the two distances are exactly equal in the simpler univariate case (see Theorem

13.2).

In Section 4.4, we conduct experiments to illustrate the effectiveness of the proposed UMI
function in detecting data generated by the model, and its behavior on other categories of
data (training data, unseen data). We also study the relationship between the UMI function

and training outcomes.

4.2 Preliminaries

4.2.1 Setup

We consider language models that take as input a sequence of tokens z1., = (x1, ..., z,) drawn
from a vocabulary V. Given z7.,, the models outputs a probability distribution over the next
token in the sequence p(- | z1.,). Modern language models usually have a maximum context
window L. This refers to the maximum amount of tokens that the model can "remember"
in a single interaction. In other words, the probability distribution p(- | x1.,) depends on
the previous L tokens only: p(- | 1.,) = p(- | Zn—r+1.m). A typical value for L is somewhere

between 512 and 4096 tokens.

We consider a dataset D = {ds,...,dy} composed of multiple samples. Each sample or
datapoint consists of a sequence of tokens of possibly variable length. Our goal is to find a
measure of value for the dataset D as a whole assuming that our knowledge is represented
through a language model, i.e., the transition probability distribution p it determines. In
other words, we would like to find a value function V' : D +— R~ which maps the dataset to

a non-negative number and satisfies a number of desirable properties.
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4.2.2 Properties of a Desirable Value Function

We argue that a good value function V' should possess several key properties and that it
should align with some of our intuitive notions about valuable data. Specifically, we are

looking for a function which satisfies the following criteria:

Additivity: Given a dataset D = {dy,...,dx}, the value function V' of the dataset should
be additive in terms of the data points, i.e., V(D) => " V({d;}). Assuming V ({d}) >0
for all d, this would immediately imply that if D; and D, are two datasets such that D; C Do,
then V(D;) < V(D).

Remark on Duplicates: We assume that d; # d; for i # j, meaning that our dataset
contains no duplicates. Duplicates are typically considered errors in language datasets, so we
include a deduplication step prior to applying our value function (one can also use algorithms
such as bloom filters to remove near-duplicate datapoints). This is a standard step in data

filtering pipelines [14].

Baseline: We require a quantifiable criterion for determining when a data value reaches
zero, establishing a baseline against which we can make comparisons. Additionally, as
previously outlined, we would like this to be a statistical property rather than one based on

optimization or training.

Efficient: V should be computationally feasible even for large vocabularies and context
sizes. Moreover, V' should prioritize sample efficiency, enabling evaluation for sequences of

tokens regardless of length without the necessity for excessively lengthy datapoints.

4.2.3 Overview of the Solution

As previously mentioned, our approach stems from a shift in perspective: instead of focusing
on what makes data valuable, we pivot towards identifying the data that does not carry value.
In the context of a generative model, data generated internally holds no value or relevance to
the model’s owner. This then serves as the foundation of our approach. By initially focusing

on identifying data generated by the model, we establish a starting point for developing a
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value function. To identify data generated by the model, we make use Rosenblatt’s probability

integral transform, see (4.3).

In particular, we are given a sequence of tokens z, ..., z,, where each token maps to

a unique integer in the set {1,...,|V|}. To prepare for Rosenblatt’s transformation, which

requires continuous variables, we construct a sequence of continuous variables zi,..., %,

using the transformation z; = x; — u;, where u; is a standard uniform random variable

independent of z;. Our language model provides a sequence of probability mass functions

over the next token p(:|z;_r.;_1), one for each token in the input. We can transform these

discrete probability functions provided by the model into continuous representations given by
&l

F(@ @)=Y p0lwran)+@=[2)p(E] |2 ri). (4.1)
j=1

Finally, we evaluate the continuous y;’s at their corresponding continuous distribution
functions to obtain the new sequence z; = F (yi | zi—1:i-1). We prove that if the sequence of
tokens were generated by the language model, then the z;’s must necessarily be independent

and identically distributed ¢ random variables (see Theorem 4.3.1).

To obtain our value measure, we compare the actually obtained distribution of the z;’s to
what their distribution would have been generated by the model i.e., the uniform distribution.
Specifically, let G be the distribution of the z;’s, then we compute D;(G||U), where D (G||U)
is the f-divergence between the two distributions G and U/.> Moreover, since Theorem 4.3.1
guarantees both uniformity and independence of the z;’s, we employ independence testing to

address edge cases where the z;’s are uniform but lack independence.

4.2.4 Alternatives

In this section, we explore two other potential candidates we have considered for our value

function, namely one centered on compression and the other on identity testing. We explain

2 f-divergence is a generalization of Kullback-Leibler divergence [13]; see Definition 4.3.1. For numerics,
we use the more familiar Kullback-Leibler divergence and total variation distance.
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why we chose our method over these alternatives and discuss the insights gleaned from them

that steered us towards our proposed approach.

Compression: In information theory, prediction is often viewed from the lens of compres-
sion. If you can compress some data down to a small size, then it likely does not contain much
new information beyond what you already knew (and vice versa). In particular, arithmetic
coding is a technique which attains near-optimal compression rates when coupled with an
accurate model (distribution) of the data. Large language models, coupled with arithmetic
coding, have been shown to excel at compressing text data [15,741]. The compression approach
provides a concrete measure of data value: compress the dataset with arithmetic coding and

use the compressed size (in bits or nats) as the measure.

Let x1., = (x1,22...,x,) be a token sequence generated by a distribution ¢ over V. It
can be shown that any compression scheme corresponds to a distribution r over V", where
the number of nats used to compress x1., is 1/7(z1.,). A standard result asserts that the
expected compressed data size L per input token is bounded below by H(q) + KL(q||r), where
H is the entropy rate and KL(q||r) is the Kullback-Leibler divergence between ¢ and r [13].

Therefore, defining the value function as V(D) = L — H(q) ensures non-negativity,
additivity, and a well-defined baseline since V' (-) = 0 when r = ¢q. However, computing
H(q), the true entropy rate of the token sequence X", is non-trivial for large alphabet sizes.?
In particular, the min-max regret analysis of universal data compression shows that the
estimation gap goes down as O(|V|¥/n) [63,81], where the token sequence is generated by
an (unknown) L-order Markov chain; which means that for sources with large memory L

and token alphabet size, we need an extremely long sequence to obtain a good estimate,

something that is often not feasible.

Identity Testing: Identity testing, also known as goodness-of-fit, deals with the following
hypothesis testing problem: Given an explicit description of a probability distribution p,

samples from an unknown distribution ¢, and bound e > 0, distinguish with high probability

3Note that compressing using a language model is like compressing with some 7, gives an upper bound to
the unknown entropy rate.
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between hypothesis p = ¢ and hypothesis ||¢ — p||;, > € whenever ¢ satisfies one of these
conditions [1,9,16,78]. Identity testing presents a potential method of answering the question

'Is this data valuable?” where the threshold for "valuableness" is dictated by the constant e.

However, the sample complexity required to solve the identity testing problem severely
diminishes the practical utility of this method, especially in the context of large language
models where p can be well approximated by a high-order Markov chain. In this setting,
identity testing requires datasets containing most of the states in the chain, a demand that far
exceeds the feasibility of any realistic dataset. Specifically, the requisite number of samples
needed to solve the identity testing problem scales as Q (V/e?) [79]. Nevertheless, we
leverage some insights from distribution testing to propose our own approach for measuring

value.

4.3 Value function and its properties

The hardness of the identity testing problem for complicated sources, e.g., natural languages,
originates from the dependency among the samples and the ever-changing next token proba-
bilities as the context grows. To this end, we propose to use Rosenblatt’s transformation [55]
which decouples the dependency among tokens and transforms the changing probabilities
into the fixed uniform distribution. Rosenblatt’s transformation serves as an extension to the
probability integral transform (PIT), originally designed for univariate i.i.d. samples. It can
be viewed as iteratively applying the PIT using the chain rule in probability (see Appendix
B.1.1).

Theorem 4.3.1 (Rosenblatt’s transformation [55])
Let X = (X1, Xs, ..., Xy4) be a continuous d-dimensional random vector with a joint density

function

flxr, . xa) = fi(x) fa(wa | 21) - fa(@a | 1.a1)- (4.2)

Let Fi(-|z1.4-1) be the conditional cumulative distribution function corresponding to the con-

ditional density function f;(-|x1,_1). The random variables Zy, ..., Z; given by Rosenblatt’s
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transformation

Zl == Fl(X1)7
Zy = F(Xi | X1i1), 1=2,...,d,

are independent and identically distributed following standard uniform distribution U.

Theorem 4.3.1 establishes that Rosenblatt’s transformation provides an effective and
unified approach for testing the plausibility of data. For example, given a random sequence
X = (Xi,...,X4) and a reference distribution F™ we can obtain Z = (Z,...,Z;) by
Rosenblatt’s transformation of X according to F™ as in Equations (4.3). X follows the
reference distribution F™f if and only if the random vector Z follows the uniform distribution
over the d-dimensional hypercube [0, 1]%; otherwise, it will not. We thus have an equivalent

statement for the identity hypothesis testing:

Hy: X ~ Ff Hy: Z ~ Unif([0,1]%)
- (4.4)

Hy: X o Fret H, : otherwise

Note that the testing on the right-hand side can be further decomposed into two terms:
first, testing the closeness, which can be measured by any f-divergence, of the averaged
marginal distributions of Z1,...,Z,; to standard uniform distribution U. Second, testing
the independence among 71, ..., Z;. Both of these are simpler and more standard tests in
statistics. Motivated by this, we propose the Uniform-Marginal and Independence (UMI)

value function that encapsulates both tests.

4.3.1 The Components of the Value Function

From Discrete to Continuous. Rosenblatt’s transformation in Eq (4.3) can only be applied
to continuous random variables.* However, given that the token vocabulary and probability

mass functions generated by the language model are discrete, we adapt by transforming both

4Continuity is required everywhere except on a set of Lebesgue measure 0, commonly referred to as almost
everywhere.
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1.00 ——

0.00 ———

X
Figure 4.1: The CDF of X, which takes values in {1,2,3} with probabilities (1/2,1/4,1/4),
and the interpolated CDF F of the continuous X.

into continuous forms. Since disparate discrete outcomes are mapped to disjoint intervals on
the real line, our choice of transformation will have no effect on what the value function is

trying to capture (see Theorem 4.3.2).

Let X be a random variable taking values in the discrete set [k] = {1,...,k} with a
probability mass function p. We construct a continuous random variable X that takes values
in the range (0, k) through the following procedure: draw the discrete random variable X
according to p, draw a uniform random variable U, and set X = X — U. In other words, X
will uniformly assume a value in the range (X — 1, X'). The probability density function of
X will be then given by f(y) = p([y]) for 0 < 2 < k. The CDF of X, F, will be the linear
interpolation of F', the CDF of the original variable X (Figure 4.1).

Comparing Against the Uniform. We employ f-divergences to quantitatively assess the
disparity between the resultant marginal distribution post-Rosenblatt’s transformation and
the uniform distribution. f-divergences represent a diverse set of functionals which include
measures such as total variation distance and Kullback-Leibler divergence. Additionally, we
establish theoretical results linking the f-divergence between model and data distributions to

that of the marginal and uniform distributions. We formally define f-divergences below.
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Definition 4.3.1

Let P and Q be two probability distributions over R? such that P is absolutely continuous
with respect to Q (P < Q), and let f:(0,00) — R be a convex function with f(1) =0, then
f-divergence Dy(-||-) is a functional that maps the pair of distributions into a non-negative

number. It is given by

Dy(P | Q) = Eq [f (%)} | (45)

where dP/dQ is the Radon-Nikodym derivative of P with respect to Q.

For simple cases (all the cases studied in this work fall into this category), absolute
continuity means Supp(P) C Supp(Q), and dP/dQ is just the likelihood ratio of the two
distributions. We obtain the total variation distance when f(z) = 1/2|x — 1| and the

Kullback-Leibler divergence when f(z) = xlogx.

Independence Testing. Theorem 4.3.1 does not only assert a sequence of uniform random
variables, but also guarantees their independence. However when dealing with tokens that
were not generated by the model, there is a possibility of encountering variables with a nearly
uniform marginal distribution that are nonetheless dependent. The goal of independence

testing is to detect such cases.

To give an example of the tests we have used, we describe the maximum-of-¢ test [10].
Given a sequence of input numbers zq, 23, ..., zm:, we divide the sequence numbers into m
groups of ¢ elements each, that is, (2ji, ..., 2j+¢—1) for 0 < j < m. We find the maximum of
each group to obtain yi,...,v,. We then apply a Kolmogorov-Smirnov test to the values
Y1, - .., Yn with the distribution function F(x) = z* for 0 <z < 1.° For a sequence Zi, ..., Z;
of independent variables with a common distribution function G(z), the probability that
max(Zy, ..., Z;) < z is the probability that Z; < z for 1 < ¢ < ¢, which is just the product of
the individual probabilities G(2)G(z) - -- G(z) = G(z)" (see Appendix B.2 for a discussion on

other independence tests).

5The Kolmogorov-Smirnov test is used to test whether a sample came from a reference one-dimensional
probability distribution.
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Algorithm 1 Maximum-of-¢ Test

1: Input: Sequence of numbers, 73, Zs, ..., Z,
2 Group size, t =2,3,...

3: p-value, p > 0

4: for i =1 to HJ do

5. Find V; = max{Z;, Zi11,- -, Zeive-1}

6: end for

7: Apply the Kolmogorov-Smirnov test to Vi, ..., V|»| with distribution F'(z) = 2*
8: if the p-value > p then

9:  Return True

10: else

11:  Return False

12: end if

4.3.2 The UMI Value Function

Given a sequence of tokens (xy,...,z,), we first calculate a sequence of probability mass
functions p(- | x1.;-1) using our language model. We compute the continuous versions of
the tokens 71, ...,%, by taking Z; ~ Unif(x; — 1, z;), and the continuous CDFs F(-|x1:i_1)
corresponding to p(-|z1,_1). Note that z; = [#;], so we can equivalently write F/(:|Zy, ..., %)
without ambiguity. Given the continuous random vector (Z1,...,#,) and reference CDF F,

Rosenblatt’s transformation can be applied as

Zi = F(j:z | $1:i—1),
A

= 3700 nan) + (3= LE )17 |2,

Z;
= " | ric1) + wip(; | 2ria), (4.6)

j=1
where u; = ¥; — x;. We then conduct marginal distribution test and independence tests on
(z1,...,2,). For the marginal distribution test, we first calculate the empirical distribution
given by G, = 1/n3 " 1z<,, where 1 is the indicator function. We can compute its
interpolated version G,, by linearly interpolating the adjacent jumps in G,. The difference

between G,, and the reference standard uniform distribution ¢/ is measured via an f-divergence,
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Dy(Galltd) [53]-

If the computed f-divergence D (G, ||U) < ¢ for some small constant, indicating a near-
uniform marginal distribution, we run multiple independence tests to make sure our data
does not fall into the edge case where the marginal is uniform, but the z;’s lack independence.
If the independence tests fail, we assign a fixed value of o > 0 to the datapoint. Both ¢ and

a are user-defined hyperparameters (see Appendix B.3.3 for a discussion on how to choose

them).

Let Indep(Z) be the result of the independence test, returning True if the test passes and
False if it fails. The Uniform-Marginal and Independence (UMI) value function can then be

written as:

UMI(21:0) = a + Llndep(Z)va(uHén)ze(Df(u”én) —a). (4.7)

It is easy to see that the proposed UMI value function satisfies the desired properties
discussed in the previous sections. In particular, our approach requires no training, relying

solely on evaluating the model for the given input sequence.

4.3.3 Analysis

We relate the f-divergence between the marginal distribution of z and uniform distribution

with the f-divergence between the data distribution and the language model.

4.3.3.1 1IID Case

Let P and ) be two probability distribution over the finite set of tokens V, and let F}, and
F’p (resp. F, and Fq) be the cdf corresponding to P (()) and its continuous counterpart,
respectively. Suppose X, is a r.v. distributed according to F, and Xq according to Fq. Let
Z = Fp(Xq) be the Rosenblatt’s transformation of Xq by a possibly mismatched CDF Fp
and let GG be its CDF. Note that G = U if P = (). We show below the equivalence of their

f-divergences, which indicates the measure under the marginal distribution of Z can indeed
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quantitatively capture the distance between the distributions in the token space.

Theorem 4.3.2

Let P, Q and G be as described above, then for any f-divergence, we have
D(QIIP) = D¢(GUh). (4.8)

Remark: The empirical distribution G, satisfies ||G,, — G||o0 < (2/ % with probability
at least 1 — § by Dvoretzky—Kiefer—Wolfowitz inequality [19,16]. By the continuity of G,

(2/5)

we can similarly obtain that |G, — G| < 2 with probability at least 1 — §, for the

interpolated G,, used in the calculating the value.

4.3.3.2 Markov Case

The stochasticity of Language can be approximated via m-gram Markov model [60] and
the approximation is more accurate for larger m. We illustrate the proposed method with

measure D f(énHU ) gives a sufficient condition for distinguishing Markov sources.

Let P and @ be two transition kernels for m-gram Markov chains over the finite token set
V. Suppose the Markov processes determined by P and () converge to their unique stationary

distributions, and denote by p> and ¢* their stationary distribution over V'™, respectively.

Let (X,+)e>1 (and (X, ¢)¢>1) be a Markov processes generated according to P (respectively
Q). Let Y, ; = X, + — Uy, where U, is standard uniform random variable independent of (X, ;)
(Similarly for Yy ). For t > m, define Z, = Fy, ,1x, ,_ .y (Yo Xgt—mie—1), where Fy. x, s
is the cumulative distribution function of Y}, conditioned on (X, ;—sm, ..., Xps—1). Since P is

a transition kernel for m-gram Markov chain, we know Fy. , x is independent of ¢ and

p,t—m:it—1

we can thus denote it by Fy,,, which is determined by P.

Theorem 4.3.3

Let Gy be the cumulative distribution function of Z;, then lim;_,o " ZT L G- (+) exists and
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converges to lejmevm (2 1m) Fy k(| T1:m) almost surely. We also have that

t
00 o1
> ¢ (@m) D@l | P( 1)) > Dy (gggo > GT(~)HU> BNCEY
T1.,EV™ T=1

This theorem implies that the divergence measure we use in the proposed algorithm is an

asymptotically sufficient condition for checking the difference between two Markov models P

and Q.

4.4 Experiments

4.4.1 UMI in Action

Model and datasets. We now study the behavior of the UMI function on real-world
large language models and datasets. In particular, we employ OLMo-1B [24] as our language
model which is trained on the open Dolma dataset [66]. We use € = 0.05 and « = 0.1
as the hyperparameters for the UMI function, and the Kullback-Leibler divergence as our
f-divergence (See Appendix for additional evaluations of the UMI function using LLaMA2-
7B [72]).

We evaluate our value function over three distinct categories of data: (1) data generated by
the model using known and unknown sampling method, (2) random data consisting of tokens
and (ascii) characters generated uniformly at random, (3) real-world datasets consisting of

tokens from the model’s training dataset and new unseen data.

Sampling Methods. In our analysis, we focused on multinomial (standard) sampling,
where the next token is chosen according to the probability distribution provided by the
model. However, practitioners use many other sampling methods to generate text from a
language model. Thankfully, this does not change the conclusions of our analysis as all other
sampling methods can be reduced to multinomial sampling on some transformed probability

distribution e.g., greedy sampling, where the next token is always chosen to be the one
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Dataset Avg. Size | UMI Value(sta)
Known Sampling Method 170 0.001(0.005)

Unknown Sampling Method 174 ‘ 0.006(0.03)

Random Characters 815 ‘ 0.026(0.073)
Random Tokens 1000 ‘ 0.56(0.11) ‘
Training Data 790 0.009(0.048)
MMLU (Unseen Data) 126 0.122(0.075)

Table 4.1: Evaluating the UMI function on real-world data. We report the average
values returned by the UMI function, along with the standard deviation, for different categories
of data, as well as the average number of tokens in the datapoints tested within each category.

with the highest probability, can be considered to be a multinomial sampling method with
a distribution which places a probability of 1 on the token with the highest probability as
predicted by the model.

Value of data generated by the model. The UMI function consistently assigns a very
small acquisition value to the data generated by the model, regardless of the sampling method
used or whether the sampling method is known. Specifically, we applied top-p sampling
(p = 0.95) and top-k sampling (k = 5), but calculated the UMI function assuming standard
multinomial sampling. This shows that the UMI function remains robust even when the

specific sampling method and parameters are unknown.

Value of random data. We report the values returned by the UMI function when given
sequences consisting of uniformly sampled ascii characters and uniformly sampled tokens. For
the sequence of random ascii characters, we obtain a low value. Interestingly, the model was
able to recognize that it was given a random sequence of characters and assigned near-uniform
probabilities on the set of ascii characters. It is highly likely that the model was trained on

such random sequences.

On the other hand, the UMI function assigned a high value to the sequence of random
tokens. This is consistent with our expectations, as we anticipated a large statistical distance
between the model’s distribution and the i.i.d. uniform distribution over tokens. We note

that this does not imply that the random tokens are useful for any particular purpose, but
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rather that this sequence of tokens is very unexpected and novel from the model’s perspective.
In fact, an unusually high value as given by the UMI function could indicate an issue with

the data as it did here.

Value of the training data. We report the values returned by the UMI function on a
portion of OLMo-1B’s pre-training dataset (see Appendix for additional details). We find
that the UMI function assigns a higher value to the training data compared data generated
by the model, but lower than data the model has not seen. This is expected, as otherwise it

would indicate that the model had memorized the data it was trained on.

Value of unseen data We report the value of the value function on MMLU benchmarking
dataset [32] which was not part of the model’s pre-training dataset. The UMI returned a
value that was higher than that of both the training dataset and the data generated by the

model.

Value when the context is unknown. Language models are often used by first
presenting them with a prompt and then receiving a response. It is not uncommon to run
into situations where we only have access to the model’s response, without knowledge of the
prompt it was given. Therefore, we study the behavior of our value function when it is only
provided with the model’s response. In particular, given a prompt z;., and response Tp41.p4;,
we evaluate our UMI function only on z,11.p4; for 7 < n. We observe that the UMI function
discerns that the tokens originate from the model despite the missing prompt (or context)

and assigns it a small value (see Figure B.1 in the Appendix).

4.4.2 UMI and Training

We fine-tune LLaMA2-7B on the ViGGO dataset |38], which comprises approximately 5,000
text-to-data examples in the video game domain. Given text data in conversational form, the
goal is to extract the underlying data (meaning representation). We evaluate each sample in
the training set using the UMI function (with the total variation distance as our f-divergence)

and rank those samples according to their computed values.
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Training Set # of Samples | Accuracy
Full Training Dataset 5103 0.762
Selected by UMI 2551 | 0.757 |
Selected by CE 2551 | 0.728 |
Random Selection 2551 ‘ 0.694 ‘

Table 4.2: Generalization Performance and UMI We report the test accuracies obtained
after fine-tuning LLaMA2-7B on training datasets selected according to different criteria.

We then compare the test accuracy of the fine-tuned model across four different training
datasets: (1) the full training dataset, (2) the top 50% of the most valuable samples according
to UMI, (3) the top 50% of samples with the highest cross-entropy loss, and (4) a random
selection constituting 50% of the training set (repeated 5 times). For all datasets, we fine-tune
for 100 epochs using AdamW with a learning rate of n = 0.002, running average coefficients

B =1(0.99,0.999), and weight decay A = 0.001.

We find that the dataset selected according to their value as computed by UMI offers the
best performance among the considered selection criteria, closely matching that of the full

training dataset.

Estimating the f-divergence.

It is important to note that obtaining unbiased estimates of the f-divergence between
a reference distribution and an unknown distribution using samples from the unknown
distribution is a nontrivial task, highly dependent on the choice of f-divergence. However,
since the reference distribution is the standard uniform distribution in this case, the problem
becomes easier. In particular, when the reference distribution is U, the Kullback-Leibler
divergence simplifies to the differential entropy h(g) of the unknown distribution, for which
we use a nearest neighbor estimator [22,65]. Specifically, given the samples z,. .., z, and a
small fixed positive integer k, we can obtain a consistent (asymptotically unbiased) estimate

using:

. 1 & k
H=— l — Ly In(k 4.10
n; H(ank,i) 1Y n( )7 ( )
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where p; 1, is the distance between z; and it’s kth nearest neighbor, L,_; = Zf:_ll 1/i is the
(k — 1)th term of the harmonic series, and v ~ 0.5772 is euler’s constant. Moreover, when
the reference distribution is I/, the total variation distance simplifies to fol |g(x) — 1|, which

can also be readily estimated since integration is a linear operator.

4.5 Related Works

Although this work focuses on a different problem—acquisition value—there has been sig-
nificant research in data valuation over the past several years. This line of work aims to
identify the training samples that most contribute to a model’s performance as measured on
a specific task and has largely focused on discriminative models. In [23], the 'data Shapley’
is introduced for the purpose of data valuation, where the value of a datapoint is the impact
on the performance of the model when that datapoint is removed from the training set.
Similarly, [37] defines the consistency score (C-score) of a datapoint as the expected accuracy
on a held-out datapoint given training sets sampled from a data distribution. However, to
estimate the data Shapley and C-score of datapoints, the model needs to be trained multiple
times. To reduce computational costs, [35] introduces more efficient algorithms when the
learning algorithm satisfies certain assumptions, and suggests estimating the data Shapley

through influence functions when the loss function is smooth.

[50] introduces the complexity-gap-score, a training-free quantity which acts as a proxy
for the impact of individual datapoints in the optimization and generalization of classification
deep neural networks. [33] avoids retraining by computing the data diversity, a data-dependent
characteristic of the data itself, and connects the diversity to the learning performance. [30]
estimates the performance of a network through a generalization bound that does not require
training to compute, which is then used to find the value of a datapoint. [39] estimates the
generalization performance of a training set by measuring the class-wise Wasserstein distance
between the training and the validation sets. In [31], the authors introduce a method for

data valuation specifically for generative models, where the value of a training datapoint is
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determined through its similarity to a generated sample, effectively measuring the contribution

of that training point to the generated output of the model.

4.6 Conclusion

In this chapter, we introduced the theoretically-grounded UMI value function, based on
Rosenblatt’s transformation. We analyzed this function and proved that it exactly matches
the distribution distance between the model and the data in the i.i.d setting, and lower
bounds the distribution distance in the Markovian setting. We evaluated our function on
real-world datasets, and have showed its effectiveness in capturing the statistical distance
between the model and the data. There are several open questions, including whether it is

possible to integrate the semantic information of the dataset into our measure.
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CHAPTER 5

Codes for 3D Orientation Estimation

5.1 Introduction

3D orientation tracking is an important function in many domains, e.g., in robotics, aerospace,
and medicine. Orientation can be estimated using many methods, e.g., inertial sensors can
be mounted on the object whose orientation has to be measured. Orientation can also be
measured using computer vision based methods [12,58,69]. Each of the existing methods
have their own pros and cons. For example, inertial sensors may not be suitable for many
Internet-of-Things applications, e.g., tracking packages where the solutions have to be very
cost-effective. Additionally, the performance of computer vision methods depends on light

conditions, and can be difficult for objects that exhibit symmetries.

Wireless sensing has emerged as an interesting alternative sensing modality. Radio-
frequency based methods can be useful when visible light wavelengths are not effective, e.g.,
cases with poor visibility or non-line-of-sight scenarios. In particular, backscatter arrays
have been recently used for geo-location and 3D orientation estimation [61,67,08,77]. Using
backscatter arrays is philosophically akin to “painting the faces" of an object, making it a
promising option for the orientation detection of symmetric objects such as a solid cube.
In this work, we study 3D orientation estimation with the help of configurable backscatter

arrays.

In order to aid with the estimation task, one can design the backscatter response to

received signals. Specifically, we design the backscatter responses by changing their reflection

This work is supported in part by NSF grants 1955632, 2146838, 1956297, 2146838.
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coefficients. Changing reflection coefficients is possible by switching between different tag
load impedances [7,71]|. For example, a tag can switch between two different load impedances
using a multiplexer controlled by a microcontroller (see Fig. 2 in [7]). The design of reflection
coefficients can be captured as a binary code specifying what or when the backscatter tags
reflect. The problem of finding the best code for the estimation task was first formulated and
explored in [10], where we proposed a heuristic code design criterion and had a preliminary

exploration of the systems performance.

Related work: In [10], we suggested a heuristic design criteria aimed at maximizing the
average-case performance, but did not make attempts to assess its performance. Furthermore,
we only considered the average-case error of the system, and did not study the worst-case
error, explored in this work. In [77], the authors propose a method for estimating the 3D
orientation of an object by measuring the relative phase offset between RFID tags, and
aggregating the outputs of multiple 2D estimators. In [01], RFID tags are mounted on
carpet pads to measure the 2D orientation of objects in an indoor environment. In [30], a
2D orientation-aware RFID approach is proposed for tracking a target. In [12], the authors
track the inclination of objects using UHF RFID tags and a statistical estimator based on
the received signal strength. The aforementioned works do not but do not explore the design
of backscatter responses and its effect on the estimation problem. In [21], the authors use
orthogonal codes (see Section 5.5 for a definition) to distinguish the tags from each other
and the environment. [75,76] use RFID tags to estimate the direction of arrival (DoA). In
addition, many other works have considered the use of passive RFID tags for localization and
orientation estimation [5,59,85,87]. However, as far as we know, no past work has considered

optimal code design for 3D orientation sensing.

In this chapter, we revisit the problem and expand our understanding in the following ways.
First, we introduce two novel analytic code design criteria that take channel parameters as
input, and compare their performance with respect to a baseline channel-oblivious orthogonal
code. We also derive a lower bound on the worst-case error. This lower bound gives guarantees

on the estimation accuracy in terms of the channel parameters including the number of
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antennas and the number of tags placed on the object. We provide a comprehensive numerical
exploration of the systems performance under different circumstances including when channel

knowledge is not precise, multipath is present or missing. !

By numerically evaluating the performance, we observe the following. Our design criteria
yield codes that offer significant advantages over the channel-oblivious orthogonal code for
both the average and worst-case error performance (see Section 5.2.3 for precise definitions).
In some cases, our designed codes offer an order of magnitude reduction in estimation error.
We also find that precise channel knowledge at the transmitter is not critical; Our design
criteria are robust against channel estimation errors, retaining a significant amounts of
improvement when computed with SNR values greater than or equal to 10dB. Furthermore,
our numerical results suggest that multipath offers SNR gain but not multipath-diversity
gain; this means that when one fixes the total energy received across paths, the performance

does not improve when multipath is present.

Organization: Section 5.2 describes the channel model and formulates the estimation
problem. Section 5.3 describes the main results, including the two code design criteria.
Section 5.5 provides the various numerical results. Finally, Section ?? provides proofs for the

theorems and lemmas shown in Section 5.3.

5.2 Problem Formulation

5.2.1 System Model

We consider an object that can freely rotate around a specific point in space. For ease
of computation, we use the 3D coordinate system in which the point the object rotates
around is 0 = [0,0,0]7 € R3. We assume a system having K full-duplex antennas (capable
of simultaneously transmitting and receiving in the same frequency band) with position

ant ant

vectors £§™ ...z € R3 and N backscatter tags placed on the object with position vectors

!Note that our method is not necessarily appropriate for real-time orientation estimation in the wild as it
requires some calibration.
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Y Antenna

Figure 5.1: The components of the considered system. The object along with the tags, rotate
around a specific point (in this case, the center of the sphere). The full-duplex antennas
interrogate the configurable tags and receive back the reflected signal. We then use the
received signal to infer the orientation.

x8, ... 23 € R? (see Figure 5.1).

We specify the orientation of the object using a rotation matrix @ € SO(3) C R3*3,
where SO(3) is the 3D rotation group. If the object has tags with positions xe ,wgf}g
on it, and a rotation @Q is applied to the object, the tags would have the new positions
Qx®, ..., th]sg (see Figure 5.2). In this framework, we specify the original orientation of

the object using the 3 x 3 identity matrix I5.

Each backscatter tag can be configured by setting its state to a value ¢ € {0,1}. The state,
in turn, determines the reflectivity of the tag. For instance, we may choose to correspond a
state of 0 to a reflectivity of 40.5 and a state of 1 to a reflectivity of —0.5. In this scenario,
tags reflect regardless of their state. On the other hand, we may choose to correspond a state
of 0 to a reflectivity of 0 (does not reflect), and a state of 1 to a reflectivity of 1 (reflects) i.e.
the state determines the on-off condition of the tag. In addition, the state of each tag can
either remain constant (passive) or change over time (active). We study the performance of

both options.

The orientation of the object determines the position of the tags, and the states of the
tags set their reflectivities. Hence, the orientation and tag states determines the channel
model, and in turn the received signal. We use the received signal to estimate the orientation
of the object. Our goal is to analyze the performance of this system, and find the best set of

tag states for the estimation task. We describe our channel model next.

We use the following free-space line-of-sight propagation formula [73] between points
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Figure 5.2: Rotation of the object about the z-axis. When the object rotates, the tags rotate
along with it. The new positions of the tags produce a different received signal. While the
tags are equidistant from the point of rotation in the figure, this does not have to be the case.

T1,To € R?)i
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e — 5.1
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where A is the wavelength. In other words, suppose xr, and xr, are the position vectors of
an isolated transmitter and receiver, and st and sg,_ the transmitted and received signals,
respectively, then

SR, — STXU(wa7 wa). (5.2)

We now specify the matrices involved in our channel model. Let H g be the K x N matrix
of the line-of-sight responses between the tags and antennas when the object is in orientation
Q,ie. (Hg)kn = n(xd™, Qxi®). Let A be the symmetric K x K matrix of inter-antenna
line-of-sight responses with Ay = n(xi™, ). Let B be the symmetric N x N matrix of

the inter-tag channel responses when the object is in orientation Q. In other words,
(BQ)nw = n(Qy*, Q%) = (%, ). (5.3)

Applying the same rotation to any two tags does not change the distance between them,
so we can drop Q from the subscript of Bg and use B instead (see Figure 5.3). Now, let
s; € CK¥ and s, € CV be the vectors of the transmitted signals at the antennas and tags
respectively at time ¢, and ¥, € CX and ¥, € CV be the vectors of the received signals at

the antennas and tags respectively at time ¢. The relationship between these vectors is given
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Vel | A Hal s (5.4)

(4 H, B | |s
As we have mentioned before, each backscatter tag can be configured by setting its state
to a value i € {0, 1}, which in turn determines its reflectivity r; € C. Hence, the reflectivities
can be expressed in terms of the states assigned to the tags. Letting s;, € {0,1} be the
state of the n™ tag at time ¢, ¢; = (s41, .- ., St.y) be the codeword at time ¢ (a codeword is a

vector of states), and r(-) be the mapping from codewords to reflectivity vectors, we define

the matrix of reflectivities at time t as:
R, = diag(r(c;)) € RV, (5.5)

Using the fact that the tags reflect the incident signals, the transmitted signal at the tags
is given by s, = R,¥,. We note that the tags also contribute an additive term. A typical
RFID reader can easily filter out this component by the receiver’s ac-coupling capacitor
or DC-offset compensation loop [7] [71]. Thus, we ignore this constant term in our model.
Substituting the value of s, in (5.4), and adding the complex Gaussian noise terms w; € C*

and w} € CV, we obtain the following equations:

‘Ilt = ASt + HQRt\Il; + wq¢ (56)

¥, = H,s,+ BRY, + w, (5.7)

Solving the above equations, we obtain that the received signal is given by ¥, = As; +
HgR,(I — BR))™ (Hgst + w;) + w;. We assume that the noise term involving wj is
dominated by w;, and hence we ignore the former. Since the first term in the previous

expression does not depend on Q, we can subtract it at the receiver? yielding a modified

2We are eliminating full-duplex self-interference, e.g., see [57].
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Figure 5.3: The matrices associated with the model. For instance, A, corresponds to the
free space loss from antennas k to antenna (.

noiseless and noisy signals f(Q; c;), y(Q; c;) € CX given by:

f(Q;c,) = HoR,(I — BRt)_ngst, (5.8)

y(Q;c) = f(Q;¢r) + w. (5.9)

5.2.2 Codes

The expression in (5.8) is the noiseless channel output when using a codeword ¢;. Based
on numerical simulations, we have observed that a single codeword often only allows us to
detect some orientations, and not others. Specifically, all tag arrays we came across had
the following property: for every codeword ¢ € {0, 1}", there exists some @, Q' such that
Q # Q' and f(Q;c) =~ f(Q';c) (see Figure 5.5 in Section 5.5 for such an array). In other
words, for every codeword, there is a pair of orientations that the codeword makes almost

indistinguishable based on the received signal.

Therefore, using different codewords over time is a natural extension to the model as a
new codeword could fill in the gaps left by the ones used previously. Based on this intuition,
we define a code C = [c;---er] € {0,1}¥*T to be a binary matrix where each column
corresponds to the codeword at a specific time ¢ (See Figure 5.4). Given the code C, we

denote the concatenated noiseless and noisy channel outputs as (using F' instead of f and Y
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instead of y):

FQC)=[f(Qier) - F(Qier)|eC™T, (5.10)
Y(Q;C)=F(Q;C)+W ¢ CK*T, (5.11)

where W = [w; - -~ w;] € CF*T is complex Gaussian noise.

5.2.3 Performance Measures

We consider estimation over a finite uniform subset of orientations @ C SO(3), and use the

loss function #(Q, Q’), equal to the Frobenius norm between the two rotation matrices i.e.,

0Q.Q) = 1Q - Q'lly- (5.12)

Letting C € {0,1}"*T be any code, the expected value of the error of C when the ground-

truth orientation of the object is Q € Q is given by:

£(Q.C)=Ew [0 (Q(¥Y(Q:0)).Q)|. (5.13)

where Q (Y (Q; C)) is the minimum distance decoder to the grid of orientations Q i.e., the
MMSE estimator of @ given Y (Q; C). Assuming a uniform prior over the orientations in Q;
i.e., the object is equally likely to be in any of the orientations in O, the expected value of

the error of code C' (w.r.t. to the orientations) is given by:

1
L0 =g ppa(eNel (5.14)
QcQ
Now, a code that minimizes the average error (w.r.t. to the orientations) could still provide
poor performance for a particular orientation. In other words, the performance of a code C

might vary from one orientation to the next. For this reason, we study the worst-case error

as it delivers guarantees on the performance across every orientation. We define worst-case
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Figure 5.4: An illustration of coding over time (left) and its corresponding code (right).
Different colors denote different states (reflectivities) of the tag, and different patterns of the
states denote different codewords.

error (over all possible orientations in Q) as:

M(C) =max L(Q,C). 5.15
(€)= max £(Q.C) (5.15)

We believe that both quantities are of interest for designing an orientation estimation
system and hence, we suggest criteria for minimizing either depending on the application’s

particular requirements.

5.3 Theoretical Analysis

Our goal is to find the best code for the estimation task. However, £(C) in (5.14) and
M(C) in (5.15) are intractable. One route we could take is to investigate tractable upper or
lower bounds on the errors, and minimize those bounds as a proxy for minimizing the errors

themselves.
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5.4 Design Criterion For The Average Error

As a proxy for the average error £(C'), we minimize an upper bound to it. We obtain the
upper bound on the average error by replacing the probability of misestimating the actual
orientation of the object by a tractable quantity. The proof of the following result is given in

Section C.1.1.

Theorem 5.4.1
Assuming complex white Gaussian noise, the average error L(C') given in (5.14) is upper

bounded by:

|1F(Q;C) - F(Q50)|p :
UC) = erfc Q. Q). (5.16)
Q,QZ’EQ ( 2V20 )

where 0(Q, Q') is given in (5.12), erfc is the complement of the Gaussian error function, and

o 18 the standard deviation of the noise.

Hence, the design criteria for minimizing the average error is simply given by the op-
timization problem mingc U(C'). We can infer the following intuition from U(C') in (5.16):
good codes should map orientations that are far apart (in terms of €) to channel outputs
that are also far apart. Moreover, since erfc(z) is tightly upper bounded by exp(—z?), U(C)
implies that the distance between channel outputs | F(Q; C) — F(Q'; C)|| has an inverse

exponential relationship with the average error.

5.4.1 Codes For the Worst-Case Error

Whereas we optimize an upper bound for the average error in Section 5.4, we obtain a lower
bound on the worst-case error M(C') using Le Cam’s method [62], and minimize the bound to
obtain a code for the worst-case performance. The proof of the following theorem is provided

in Section C.1.2.

Theorem 5.4.2
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Assuming complex white Gaussian noise, the worst-case error M(C) giwen in (5.15) is lower

bounded by:

V(C) = max exp< (5.17)

Q,Q'e€Q

|F(@Q;C) - F(Q' c>|r§> 0(Q.Q)
202 4 ’

where 0(Q, Q") is given in (5.12).

Hence, the design criteria for minimizing the worst-case error is given by the optimization
problem ming V(C'). V(C) corroborates the observations from Theorem 5.4.1, and relates
the worst-case error to the model only through the distances between channel outputs.

V(C) again implies that the worst-case error has an inverse exponential relationship with

IF(Q:C) — F(Q';C)llp-

5.4.2 Minimax Bound

Unlike Theorem 5.4.2 which suggests a design criteria for the worst-case error using Le Cam’s
method, the following theorem uses the same tools to quantify the worst-error error decay
with parameters including the number of antennas K, the number of tags N through the
Frobenius norm of X", and the number of samples through the variance 0% (as the effective
variance of the noise is 0?/n when provided with n samples). It also reflects the effect of

code design on the error.

Theorem 5.4.3 (Minimax Bound)

The worst-case error is bounded as:

3212 \252 D?

C)> e (5.18)
27K (| X2 S Byl (e

where Et = (I — BRy)™! and D is an approzimate range between the tagged object and the

antennas.
The bound indicates that placing the tags far away from the antennas leads to a larger
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error. This is clear as the farther away the tags, the weaker the signal we receive due to
attenuation. Moreover, it implies an inverse quadratic relationship between the number of
antennas and the error. This is again logical because we would be able to receive more power
from the reflected signal with more antennas. The bound also reflects the effect of code design
I”.

through the term || By||% ||r(c,)||*. For instance, if tags can each have one of two states with

corresponding reflectivities 0 and 1 (on or off), then the bound favors most tags to be "on"

through the term ||r(c;)|”.

5.4.3 Structure of the optimal codes

Finding the codes that minimize U(C') and V(C) is a combinatorial optimization problem
that requires an exhaustive search. Performing an exhaustive search has a running time of
O(2NT) if wish to look for the best coding matrix of size T. Hence, for our purposes, finding
the best code using brute-force is intractable except for cases when the number of tags NV,

and the size of the coding matrix T, are very small.

Therefore, we introduce the idea of code proportions which is essential in reducing the
search space. We show that our performance measures depend only on the code through
particular proportions of each codeword (see Theorem 5.4.4), therefore reducing the search
space to only those proportions. We begin by carefully defining this idea. Let C = [¢; - - - 7]

be any code, then we define the proportion of code configuration ¢ € {0,1}" in C as

T

1
Te= ) leer (5.19)

t=1

where 1., is the indicator of the event {¢ = ¢;}. In other words, 7. is the number of
occurrences of ¢, normalized by T, the size of the code. Moreover, let ¢V, . .. ,c(QN) be an
enumeration of the codewords in {0, 1}, then we define the vector of code proportions as
T = |m),- - 77rc(2N)]T. It is straightforward to see that if two coding matrices share the

same size T, and the same proportions vector 7, then they are permutations of one another.

In what follows, instead of directly using the coding matrix C, we search for the optimal
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coding scheme through the proportions vector .

The following theorem allows us to analyze the effect of C on the average and worst-case
errors through the proportions vector w. Moreover, we show that the derived bounds in
(5.16) and (5.17) can be written in terms of 7. The proofs of the following results is given in

Section C.1.6.

Theorem 5.4.4
Assuming independent and identically distributed noise, L(C') and M(C') only depend on

coding matriz C' through the proportions vector 7.

Lemma 5.4.1
If we fix T, the size of the code C, then we can write the minimization of U(C') and V(C) in

term of 7 respectively as:

Ury = 3 efe (\/T<7T’g(Q’QI)>)9(Q,Q’), (5.20)

802
Q.Q'cQ
T(m9(Q,Q"))

202

V() = max exp (—

Q.Q'cQ > 0(Q.Q), (5.21)

where g(Q, Q') € R*" is given by 9(Q,Q"); = || £(Q; cV) — £(Q';¢)].

Theorem 5.4.4 and Lemma 5.4.1 allow us to write our design criteria as optimization
problems with respect to the proportions vector 7. In (5.20) and (5.21), g(Q, Q') represents
the link between the design criteria and the channel model. This implies that our design
criteria will depend on the channel model only through the distances between channel outputs
for different values of the orientation. In other words, the design criteria for the average-case

and worst-case errors are respectively given by:

min Y erfe (\/T“”ZE‘?’Q»)G(Q,Q’)

21\]
TR Q@0

N (5.22)
s.t. Zm =1,7>0.
i=1
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g e R
Figure 5.5: An example of a simulation setup. The tags (given by the red dots) are in
a tetrahedron configuration, while the antennas (given by the black dots) are in a square
configuration. Reflectors are denoted by the blue dots.

min max exp
TFER2N Q7QIE Q

2N
s.t. Zm =1,7>0.
i=1

(_T (m,9(Q.Q"))
202

) Q. Q)
(5.23)

5.5 Numerical Simulations

5.5.1 Simulation Setup

We use N = 4 backscatter tags that we place randomly within a sphere around the center.
The 4 tags can each have two states, with reflection coefficients —0.5 and 0.5, encoded as
0 and 1, respectively. We arrange K = 4 full-duplex antennas in a 1m x 1m square on a
plane 4m away from the center of the object (see Figure 5.5 for a sample arrangement).
Each antenna emits an identical signal s, = 1 for all k = 1,..., K. We use a wavelength
A = 0.005m, and generate a set of orientations Q with |Q| = 4096 by uniformly sampling the

ranges of the euler angles and computing the rotation matrices that correspond to the angles.

To find the solution of (5.22) and (5.23), we use the well-known trust-region method
(TRM) [26]. The trust-region method first defines a region around the current solution, and

approximates the original objective function using a quadratic model. TRM then takes a
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Figure 5.6: The average (top) and worst-case (bottom) errors versus SNR for the tag array
in Figure 5.5. At an SNR value of 10dB, the designed code for the average error is nearly 8x
more accurate than the channel-agnostic orthogonal code. Meanwhile, the designed code for
the worst-case error is nearly 10x more accurate.

Figure 5.7: Probability density histograms for the average error (top) and worst-case error
(bottom) ratios when using the orthogonal code and the designed code at an SNR of 10dB.

step according to what quadratic model depicts in the region. Computing the quadratic
approximation to the original objective function grows more computationally demanding as
we increase the size Q. However, instead of decreasing the size of Q, we chose to keep Q as
is and use a uniform subset of the orientations in Q to solve (5.22), (5.23). In particular,
for our simulations, we used a set of orientations @ C Q of size 200. The optimization
problem requires 5 to 10 minutes to converge on a personal machine. ~ We define SNR as

the recewved signal-to-noise ratio, the received signal strength at each antenna, divided by the

noise power. In other words SNR = 10log;, (“52”3), where F is the noiseless signal and o2
is the noise variance. We test each value of SNR = 0,1,...,12 dB, with trials for each of
the 4096 "ground truth" orientations in Q. As a measure of distance, we use the polar and
azimuthal angles in the polar coordinate system (r,6, ). All things considered, the measure

of distance we use in our trials is given by:
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£]0.9),0.9)| = 0 -0+ (p - @)% (5:24)

where (6, ¢) are the ground truth angles, and (0, $) are the estimated angles. To obtain
an estimate £(C) of the average-case error £(C), we average the value of the error over
the trials, and compute root-mean-square error (RMSE). The performance of a code varies
across different orientations. Hence, unique to average error trials, we have included the
variance of each coding method at an SNR value of 10dB. The variance indicates how much
the performance varies from the total average across the different tested orientations. On
the other hand, to obtain an estimate M (C) of the worst-case error M(C'), we average the
500 trials for each of the considered orientations, and then take the maximum over all the

orientations in Q. In these simulation trials, we use codes of size T' = 24, and compare the

performance of the following methods:

e REP_OPT: The best repetition code (all T = 24 codewords used are the same). This

method is equivalent to the design criteria suggested in [10].

e ORTHOGONAL: The code where each of the vectors in the standard basis {ey, ..., es}
is used 6 times. Note that e; is the vector components whose are all zero, except for a

1 in the i** component.

e AVERAGE DESIGN: The method we suggested to minimize the average error. This
is the coding scheme that minimizes the upper bound of the average error i.e. w* =

arg min, U ().

e MINIMAX DESIGN: The method we suggested to minimize the worst-case error.
This is the coding scheme that minimizes the lower bound of the worst-case error i.e.

™ = arg min, V(7).
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5.5.2 The Average and Worst-Case Errors

The results shown in Figure 5.6 suggest that channel knowledge at the receiver provides
significant benefits over orthogonal codes. For the average error, the code we designed,
AVERAGE DESIGN, lead to the best performance out of the considered methods, with the
code produced by the method we suggested for the worst-case error, MINIMAX DESIGN,
trailing behind as a close second. In particular, for the tetrahedron tag configuration
shown in Figure 5.5, the average error when using the code produced by the optimization
problem min, U(7) is approximately 8x lower than the error when using orthogonal code.
Furthermore, the performance obtained when using the best static code is consistently the
worst out of the considered methods. This corroborates the intuition that lead us to introduce
the idea of different codes over time. Moreover, the results shown in Figure 5.6 (bottom)
suggest that channel knowledge for code design once again provides benefits for the worst-
case error. For the tetrahedron array of Figure 5.5, the worst-case error produced by the
optimization problem min, V() is approximately 10x lower than the error produced when

using orthogonal codes.

In order to test the effectiveness of the designed criteria on tag arrays different from the
one shown in Figure 5.5, we randomize the positions of the tags (within a sphere of radius
0.25m), compute the designed codes according to the methods of AVERAGE DESIGN and
MINIMAX DESIGN, and calculate the average and worst-case error ratios obtained when
using orthogonal codes versus the designed codes. We perform these steps for a total of 100
times, and produce the density histogram shown in Figure 5.7. In many of the 100 trials, the
designed codes offered more a significant improvement over the channel oblivious orthogonal

code for the average error (Figure 5.7 top) and worst-case error (Figure 5.7 bottom).

5.5.3 Multipath

Suppose we now add M reflectors with positions =il ...z € R? to our system. We treat

reflectors as virtual sources. For an antenna with position x¢™, tag with position /%9, and
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ref
m

reflector with position x'¢', the ray can take several possible paths: (1) the path that starts
at the antenna, passes through the reflector, and ends at the tag, and back the same path,
(2) from the antenna to the tag through the LoS path, and then back along the path of the

reflector and vice versa. To capture these paths in our model, we define

ant .ref . tag ant . ,ref ref . tag

")/(wk y Loy s Ly ):n(wk » Loy )n(wrrmwn ) (525)

Let Dgq,, be the K x N matrix of the multipath only channel responses between the tags

and antennas in the presence of ', i.e.

(D@m)kn = (@™, 2y, Qa,®). (5.26)

The matrices involved in our channel model remain largely the same, except for H g which is
now replaced by Eq = Hg + Dg, where Dg = Zn]‘le Dy, ,, The noiseless channel model is

thus extended to:
fn(Q;c)) = EqR(I — BR,) 'E{s;. (5.27)

In our trials, we use 10 multipath components placed 1m away from the object. Based
on observations, and the results of Figure 5.8, multipath does add a small diversity gain.

Moreover, given a fixed transmit power, multipath does also offer an SNR gain at the receiver.

5.5.4 Robustness

Computing the codes schemes suggested by our design criteria requires channel knowledge.
However, we are not likely to have perfect channel knowledge, and so we test the performance
of our design criteria when computed using imperfect channel estimation. We introduce
channel estimation errors through several methods: (1) adding isotropic noise to channel
outputs, (2) adding noise to the inter-tag channel response matrix B, (3) misestimating the

reflections coefficients of the tags.

The simplest of introducing channel estimation errors is adding isotropic noise to the
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channel outputs in different orientations. Specifically, instead of using F(Q; C) to compute

the suggested coding scheme, we use

F/(Q:C) = F(Q:C) + Wa, (5.28)

where W g is white Gaussian noise, and W is independent of W g for every Q' # Q. We
tested the following values of the SNR = 5, 10, 15dB, with 50 trials each, and then averaged
the performance. In particular, the results of Figure 5.9 indicate that our designed codes
retain nearly all even when computed with channel estimation errors greater than or equal to
10dB. The figures also indicate that the design criteria maintain considerable improvement

over channel oblivious codes when computed with channel estimation errors less than 10dB.

On the other hand, we can add channel estimation errors by adding noise to the the
inter-tag channel response matrix B (see Equation (5.3)). The noise used is normalized
by the entries of B. The results of Figure C.1 indicate that misestimating B has a minor
effect on the performance when B is misestimated with errors less than or equal to 10dB.
Moreover, we add channel errors by misestimating the reflectivity of the tags (e.g. estimating
the reflectivity as +0.4, —0.4 when the actual reflectivities are +0.5, —0.5). We measure the
misestimation of tag reflection coefficients using the relative absolute error i.e., if we assume
true reflectivities 0.5, —0.5 and a relative error of 10%, then we compute the codes under the

assumption that the reflectivities are {(0.4, —0.4), (0.6, —0.6), (0.4, —0.6), (0.6, —0.4) }.

5.6 Conclusion

Active backscatter tags can be very useful when estimating the 3D orientation of objects
if tag responses are carefully designed. In this work, we suggested two design criteria, and
developed a bound showing how different system parameters affect performance. Through
numerical simulations, we exhibited the effectiveness of the suggested designs, and their
robustness in the face of imperfect channel knowledge. There are several open questions

remaining including designs for more complicated or time-varying environments. Additionally,
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Figure 5.8: The average (top) and worst-case (bottom) errors for the designed codes in the
cases of line-of-site only and multipath.
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Figure 5.9: The average (top) and worst-case (bottom) errors of the designed codes for
different levels of channel estimation errors.

an exploration of the effectiveness of non-coherent coding in such scenarios is a potentially

interesting direction.
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CHAPTER 6

Conclusion and Future Work

In this dissertation, we have studies the problems of deep learning generalization, data
valuation for generative models, and 3D orientation estimation from an information-theoretic
perspective. Through the development of novel algorithms inspired from theory and rigorous
mathematical analysis, we have demonstrated that the usefulness of information theory is
not constrained to the communication only, but extends farther to include various disparate
topics and fields. In this chapter, we reiterate the contribution made in this dissertation and

discuss directions for future work.

6.1 Information-Theoretic Generalization Bounds

In chapter 3, we introduced a bound based on the new information-theoretic measure of
leave-one-out conditional mutual information. Bounds based on the leave-one-out conditional
mutual information reduce computational costs, connect to other quantities present in
the generalization theory literature such as stability, and improve under the interpolation
assumption. We found that it provides non-vacuous guarantees in the image classification
tasks we evaluated it on. There are several open questions and future directions. For instance,
we ask whether it is possible to maintain the tighter bound that interpolating algorithms enjoy
under weaker assumption on the learning algorithm, or even for general machine learning
algorithms. Moreover, we ask whether it is possible to remove the need for retraining the
model when computing the bound. For some machine learning algorithms such as linear
regression, one can obtain the channel output when one datapoint is removed or added

without having to quickly without having to train from scratch. Moreover, while not directly
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applicable here, some works [6] reduce the cost of computing the leave-one-out error in
the kernel regime. Furthermore, we ask if it is possible to obtain tighter bounds on the

deterministic versions of the stochastic algorithms primarily considered in our work.

6.2 Statistical Methods for Data Acquisition Value

In chapter 3, we introduced the Uniform-Marginal and Independence (UMI) value function.
The UMI function targets situations in which a model owner is considering acquiring (or
purchasing) a dataset from a dataset owner or data vendor. The UMI function does not
make any assumptions about the intended use for that function (whether it is training,
evaluation or anything else). Our value function only looks at the difficulty of obtaining the
dataset using the data generating model (in this case, the language model). We provided a
rigorous theoretical analysis for the UMI function, and showed its clear connection to the
statistical distance between the model distribution and the distribution which generated the
aforementioned dataset. There are several open questions remaining relating to the data
valuation in general and the UMI function specifically. We ask whether the additive property
of the UMI function in ?7? is really best choice, and whether a different function should be
used. We also ask whether it is possible to obtain rigorous guarantees on the statistical
complexity (number of samples needed) for the UMI function. Moreover, we ask whether it

is possible to integrate the semantic information of the dataset into our measure.

6.3 Codes for 3D Orientation Estimation

In chapter 5, we showed that active backscatter tags can be used to great effect for 3D
orientation estimation when the tag responses (codes) are designed. We proposed two design
criteria which depend on the needs of the intended application (worst-case vs. average case).
Our numerical simulation demonstrated the effectiveness of the proposed design criteria, and

their robustness when channel knowledge is imperfect. There are multiple open questions.

70



We ask whether it is possible to design effective codes for time-varying environments, and
whether it is possible to reduce the complexity of the optimization problem under these
conditions. Moreover, it is sometimes expected the transmitters have no knowledge of the
state of the channel, so an exploration of non-coherent coding is another potential future

direction.
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Appendix A

Omitted Details From Chapter 3

A.1 Proofs

A.1.1 Proof of Lemma 1

We begin by restating the result of Lemma 3.2.1.

Lemma. Let £ : W x Z — [0, 1] be a bounded loss function, then for all ¢ > 0, w € W, and

ez,

2.2
Euy [exp (t - (loo-cv(w, 2", u)))] < exp (%) , Cp = n T (A.1)
-
Proof: To show this, let £ € [0,1]" and ¢ > 0. For u € [n], we define:
1
lou) = U — Uy A2

If we obtain a bound on E,. [exp(t - f(¢,u))] for every ¢ € [0,1]", then we also obtain a

bound on E, . [exp (¢ - (loo-cv(w, 2™, u)))] for all 2" € 2", w € W. Now,

n—1+4

Ey [exp(t- f(4,u))] = %exp ( t Z&) Zexp (—ct;) =: %g(ﬁ). (A.3)

where ¢ := tc, = t(1 + ﬁ) Since the maximum of g must be at a stationary point, then

dg() _ 't t N~ et ety
o —n_lexp (n_lizlﬁz) (izle ne , (A.4)
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Setting (A.4) to 0, then we must have that for all j € [n]
Ze‘cgi —ne % = 0. (A.5)

=1

Hence, for all j, we must have that z; € {0,1,In(b)/c}, where

1 n
b= = —cli A6
n;e (A.6)

Let m be the number of ¢; that are 0, and & the number of ¢; that are 1. Solving for b using
(A.6), we get that

m + ke™¢
b= ——. A7
m+k (A7)

We find that b depends on ¢ only through the number of Os and 1s in ¢. Writing ¢(¢) with

respect to m, k and b, we obtain

g(l) =nexp (n i 1k: + m; h ln(b)) ) (A.8)

Hence, finding the maximum of ¢(¢) is equivalent to finding the solution for the following

optimization problem.

max ! b+ K In(b) (A.9)

mk>0 n — 1 n

st. m+k<n.

Since m and k are bounded non-negative integers, we can find the solution of the above
maximization through a brute-force search. However, we can relax the constraints of (A.9),

and allow m, k to take non-integer values over [0, n]. Using the method of Lagrange multipliers,
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we have that:

min max L(m, k, \) = min max

A>0 m,k>0 A>0 mk>0 \n — 1 n

( t m+k

The partial derivative of (A.10) with respect to m and k are given by:

k(1 —ec) In(b)
n(m + ke=c) no
t m(l—e¢)  In(b)
n—1 n(m+ ke n

Vil =

ViL =

Setting the partial derivatives of (A.11) and (A.12) to 0 yields

l—e€—ce €

m =
c—1+4+e¢
1_ —C
m+k = (u—l> k.
c—1+e°

Substituting these expressions in (A.10), we see that we now need to find

t k(1 (1—ec) In 1—e
>0 n—1 c—1+ec c

max
1 dec

s.t. k< e-re n
c(l—e )

k+ ln(b)—)\(m—i-k—n)).

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

Since 1 + =<9 1 <1_276> > 0 for all ¢ > 0, this expression is maximized by the largest

c—14e~¢

value k can take. Hence, the we obtain our maximum for

k' = (—1+C(1_—06_C)> n,

m*=n—k,
1—e¢

C

b* =
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Plugging into our expression, we have

g(0) §n<1_6_c>exp <—1+ ‘ ) (A.15)

c 1—ec¢

Recalling that E,. [exp(t - f(¢,u))] = 1/ng(¢), we obtain

By [exp(t - f(0,1))] < exp (—1 + 5 _Ceic + log (1 _ce_c)) (A.16)

Using the Taylor expansion of the exponent in the right-hand side of (A.16), we have that:

c 1—e* c?
-1 1 < —. Al
+1—e—c+0g( c )_8 (A.17)
Finally, we obtain
Eu [exp (t - (loo-cv(w, 2™, u)))] < Eyy [exp(t - f(4,u))] (A.18)
2
< exp(%). (A.19)

Recalling that ¢ = tc,,, we obtain the desired result.

A.1.2 Proof of Theorem 3.2.1

We begin restating the Theorem®.

Theorem. Let A : Z"' — W be a training algorithm. Let £ : W x Z — [0, 1] be a bounded

loss function, then

gen(A) < %Eanm V/100-CMI( A, z7), (A.20)

We state a series of lemmas and definitions that are essential for the proof.

Lemma A.1.1

We corrected a typo in the original paper where a /- was missing over the 2 in the denominator
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Let z" € Z™, and let w € W, then

E, s [loo-cv (2", w,u)] = 0.

Proof. We have that:

n - By [loo-cv (2", w,u)] = ( ! Zﬁ(w, zi) — (w, Zu)) ;

Il
3
= =
]
™ .
)
B
N
]
=

S
&

Lemma A.1.2
Let A: Z" 1 — W be a training algorithm, then

gen(A) = |Egznmpr uas [loo-cv(z", Az, w)]|

Proof.
gon(A) = [Bazn-ipns | L(A(2 (A(z"*),z“-l)} ,
) S [Ez o [L(AG,2)] = E(AGE, 2]
(B s [ £(A —2<A<z:1>,zﬁ;1>ﬂ,

= |E 4 2nmprums [lo0-cv (2", u, A(2",))] |-

Definition A.1.1
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(A.24)
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(A.30)



We say that a random variable X ~ Py is o®—subgaussian if:
20

E.py [texp(x — Epop,[2])] < exp (T) : (A.31)

Lemma A.1.3 (Lemma 1, [32])
Let A, B be arbitrary random variables. Let A', B' be independent copies of A, B such that
Par g = PaPpr. Suppose f(A', B') is o®-subgaussian, then

|Ear[9(A B) —Exp[g(A, B)]]| < /20%1(A; B). (A.32)

Now, fix Z" = 2", and let A = A(z"}') and B = U, and let
f(A, B) =loo-cv(z", A, B). (A.33)

Using Lemma A.1.1, Eq p f(A’, B') = 0. Moreover, we use f(A’, B') is o?-subgaussian with

02 = ¢ /4 using Lemma 3.2.1. This gives us that:

2
B g umts [loo-cv (2", A(z"0Y), )] | < % (WU | 20, (A.34)

—Uu

where W = A(2"'). Taking the expectation over 2" on both sides, we get that:

2
Eunpn [Eaums [loo-cv(A(2"1), 2% u)] | < Eonpn %" (WU | zn). (A.35)
Since ¢(-) = |-| is a convex function, then
gen(A) = |Eqznmpruay [loo-cv(A(z",1), 2", u)]| (A.36)
< Eonnpr |Esues [loo-ev(A(z"1), 2", )] | (A.37)

C
< R JT(W U | 27). A.38
<GB IWSU ) (A.39)
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A.1.3 Proof of Theorem 3.2.2

We begin by restating the Theorem?.

Theorem. Let £ : R x Y — [0, 1] be a bounded loss function. Let U be a uniform random

variable over [n], then

gen(h) < “LE,npn+/Roo-CMI(R, 27), (A.39)

V2
This proof is nearly identical to the proof of Theorem 3.2.1. Here, we use the prediction
function instead of the weights. We use the alternate definition of the loss £: R x Y — [0, 1].
Let g € R"™ be a set of prediction, then we also use an alternate definition of the leave-one-out

cross validation where

1
loo-cv(2", g, u) = ——= > £(9i,ys) = UGus Yu)- (A.40)
iFU
Lemma A.1.4
Let 2™ € Z™, and let g € R", then
Ey [loo-cv(2", g,u)] = 0. (A.41)

Lemma A.1.5
Let h: Z"1 x X — R be a training algorithm, then

gen(A) = |]Eh7zn,\/79n7u~u [loo—cv(z", h(z"t 2™), u)} ‘ ) (A.42)

Now, we use Lemma A.1.3 with A = h(z",', 2"), B = U, and

f(A, B) =loo-cv(z", A, B). (A.43)

2We corrected a typo in the original paper where a /- was missing over the 2 in the denominator
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The proof then follows in the exact same way as it did for Theorem 3.2.1, and we get the

desired result:

gen(h) < 2 Mn\/f 2 ), U | 2m). (A.44)

A.1.4 Proof of Theorem 3.3.1

We begin by restating the Theorem.

Theorem. Let A be a parametric algorithm with prediction function h. Let U, Z™ W be

defined as before. Let U’ be an identical independent copy of U, then

loo-CMI(A4, ") < —E,i [ln Eow e [exp <_KL(pW|Zn7u | pW|zn7u/))H

, (A.45)
floo-CMI(h, 2") < —Eyys [m By [exp (-KL(ph(ﬁ@) [ ph(zﬁ;},@))ﬂ . (A.46)

We begin by proving a more general result. Let W ~ Py, U ~ Py be arbitrary random
variables. Suppose w € W and u € U. Let g(u’) be any probability distribution over U, then

we define

B(q(u'), u) = /W p(wlu) /u o(u') In (w) du'duw. (A4T)

p(w[u)p(u’)

We begin with the following lemma.

Lemma A.1.6

I[(W;U) < Eyop, [®(q,w)]. (A.48)
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Proof. We note that

00,0 = [ plutn) [ atym (ZEI00 ) e (A49)
_ /W p(w|u) /u o(w') In (%) du'dw. (A.50)
e b
> [ sttt (Bag, |2 ) du (A.52)

where the last inequality follows from the concavity of In and Jensen’s inequality. Continuing

from (A.52), we obtain

d(q,u) > — /Wp(w\u) In (Eu/NpU [% > dw (A.53)

=— wlu) In o plwlw)p(w’) o | dw

N /wp( il </uq( )p(wIU)Q(u’)d )d (A5

=— wlu) In p(w]uw)p() o ) dw

_ /Wp( )1 </M S ) (A.55)

=— wlu) In p(w) w

—— [ stolom (F ) (50

= KL(p(w[u) || p(w)). (A.57)
Since I(W;U) = Eywp, [KL (p(w|u)||||p(w))], we obtain the result of the lemma. O

To find a tight bound, we minimize ®(q(u’), u) with respect to the probability distribution
q(u'). Since ¢(q(v',u) is an upper bound to KL (p(w|u)||||p(w)) for any ¢(u’), the infimum of
® with respect to g(u') is still an upper bound. Since we are trying to find the infimum with

respect to a probability distribution, the Lagrangian is given by

B(q(u)) = /W p(wl|u) /u g(u) In (M> du/dw + A ( /u g(u)du’ — 1) . (A58)

p(wlu)p(u)
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We "differentiate" with respect to ¢(u’), and obtain

0% (q(u)) _ /Wp(w‘u) In (w) dw—+1+ M\ (A.59)

dq(u) p(w|u’)p(u)
Setting (A.59) to 0, and solving for ¢(u') for every u’' € U, we obtain

p(ul)e_KL(p(w‘u)” Hp(w|u’))
~ [ p(@)e KEwlllpwin) dg

q"(u') (A.60)

To find the expression for ®(¢*(u’), u), note that:

KL(g"() || p(a)) = — In ( / p(u ) KLptI) 'p<w“’>>du') - /u ¢ (YKL (p(awlu) || pluofe!)) et

(A.61)
Plugging in the above into ®(¢*(u’),u), we obtain
(g (u'),u) = / ¢ (u")KL(p(wlu) || p(wlu))du’ + KL(g" () || p(u')) (A.62)
u
— —In ( / (e KLl | p(w|u’>>du/) (A.63)
u
= —InEy.p, [efKL(pm\u) Hp(wlu’))] (A.64)

Finally, taking the expectation with respect to U and using Lemma A.1.6, we obtain that
I(W;U) < —Eyup, [-InEyep, [KL(pw ) || o w)]] - (A.65)

We apply the above to I(W;U|z") and I(h(z";',2™),U | 2") to obtain the expressions of
Theorem 3.3.1.

A.1.5 Proof of Theorem 3.3.2

We begin a restatement of the theorem and the following lemma:

Theorem. Let A : Z"' — W be a deterministic algorithm, and let £ : W x Z — R, be the
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loss that a set of weights incur on a sample. If ¢(w, ) is L-Lipschitz in the weights, then if A
has e-weight stability relative to a positive semi-definite 3, then gen(A) < \/4c,eLq/tr(X).

Lemma A.1.7
Let A: Z"1 — W be a deterministic algorithm Let the loss £ : W x Z — R, be L-Lipschitz

in the weights. Let 33 be a positive definite matrix, then

gen(A) < gen(Ayx) + 2L+/tr(X). (A.66)
Proof. We have that:
gen(A) = [Eanpn [L(A(=") = £(AG"), 2] |. (A.67)
= EA,Z"NP",Z’GP 6("4(2”)7 Z/) - %;é('/uzn)a Zz)] ' : (A68)
i / / 1 - n
= EA,z"wP”,z’EP f(-*“z(zn), < ) +0 = E Z (E(Az(z )a Zz) + 52‘) | ) (A'69)
L i=1
| n / 1 - n / ]' -
< ]EA,Z”N’P",Z’G’P E(AE<Z )7 Z ) - ﬁ ; (K(A(Z )7 Zl)) + |6 | + ﬁ ; |52| ) (A7O)
/ ]' -
< gen<“42) + ]EA,Z"NP",Z’EP |5 | + E Zl |5z|] ) (A71)

where 0" = 0(A(2"),2") — U(Ax(z"), 2') and §; = L(A(2"), z;) — £(As(z"), ;). Recalling that
As(z") = A(z") + N where N ~ N(0,%), we have that [0'| < L|N| (also for |d;]). This

gives us that:

/ 1
gen(.A) < gen(Ag) + ]EA,z"NP",z’EP |(5 | + ﬁ ZZI |(51|] s (A72)
= gen(Ay) + 2L [|N||, (A.73)
< gen(Ayx) + 2L+/tr(2), (A.74)

where the last inequality follows from the fact that for N ~ N(0, %), E[||N]||] < tr(X). O
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Now, suppose A has e-weight stability relative to ¥, and let o > 0, then using (3.8) and

(3.16), we have
Cn€

gen(Agzy) < — (A.75)

200

Hence, for all o > 0, we have that:

gen(A) < CQL; + 2Lan/tr(X). (A.76)

Finding the minimum of the above with respect to a;, we obtain:

gen(A) < 2\/ % 2LV/tr(D), (A.77)

= \/4dcpel/tr(X). (A.78)

A.1.6 Proof of Theorem A.1.6

We begin with a restatement of the theorem, and the following lemma where proof is identical

to the lemma used in Section A.1.5.

Theorem. Let h: 2" x X — R? be a deterministic prediction function. Assume that h has
[-train stability and f;-test stability. Assume the loss function ¢ : R x ) is L-Lipschitz
continuity in the first coordinate, then gen(A) < \/4an\/nd(nﬁ2 +20%).

Lemma A.1.8
Leth: Z"7'xX — R C RY be a deterministic prediction function. Let the loss { : RxY — R,

be L-Lipschitz in the predictions. Let 02 be a positive definite matriz, then

gen(h) < gen(hy) 4+ 2Lovnd. (A.79)

Now, for a prediction function h with S-train stability and [(;-test stability, we have that

he
gen( 20 - 20
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Hence, we have that

/ 2 2 2
gen(h) < o ng 25 +2LovVnd. (A.81)
o

Optimizing the right-hand-side of the above over o, we obtain the desired result:

gen(h) < \/ dc, Ly /nd(nf, + 257). (A.82)

A.1.7 Proof of Lemma A.1.7

We restate the lemma?, and we provide a definition and a lemma used in the proof.

Lemma. Let the gradient update rule be y-bounded. Suppose we run SGD for T steps, and
we use the same starting value for the weights, then gen(A,27) < \/@.

lea

Definition A.1.2 (Definition 2.4, [28])
An update step G is said to y-bounded if for all w € W,

IGw) — w] < V. (A.83)
Lemma A.1.9 (Lemma 2.5, [28])
Let Gy,...,Gr and G', ..., G be two arbitrary sequences of updates. Let wy = wj (same
initial weights), and let 0, = ||w; — w}|| where w, and w; are defined recursively through

w1 = Gi(wy) and wy,, = Gy(wy). If Gy and G} are y-bounded, then

Ser1 < 00+ 20/7. (A.84)

Let G, ..., Gr be the sequence of updates made when SGD is used with the dataset zﬁi_l,
and let G, ..., G be the sequence of updates made when SGD is used with the dataset zf]_.l.
If the previous updates are y-bounded, then Lemma A.1.9 gives us a bound on ||w_; — w_j|

if we use T iteration of SGD, and we obtain the desired result.

3We corrected a typo in the original paper where a 2 was a denominator instead of an exponent for 7.
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A.2 Additional Experiments

We fine-tune an ImageNet pre-trained ResNet-18 model on MIT67, Oxford Flowers and
Oxford Pets datasets. In order to compute the information bounds we use the results in
corollary 3.3.1. We compute w_;/h_; by removing sample i from the training set and re-
training from scratch. For all the experiments we remove 10 samples one at a time across 3

random seeds and use corollary 3.3.1 to compute the information bounds. We used 2 NVIDIA

1080Ti GPUS and the experiments take 1-2 days.

0.8 MIT-67 Oxford-Pets Flowers-102
! Bounds Bounds
—— FLOO-CMI bound —— FLOO-CMI bound ¥
0.7 Generalization Gap Generalization Gap 1.01
0.6 '
= 0.6 = = Bound:
g g g 0.81 — FLOOOVLg‘M\Sbound
w 05 w 0.4 w Generalization Gap
0.6
0.4 0.2
0.4
0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0

Figure A.1: We repeat the same experiment as in fig. 3.2 but with a larger size for the number

Dataset Fraction

Dataset Fraction

of samples to estimate the information bounds

Dataset Fraction

MIT-67 Oxford-Pets Flowers-102
Bounds Bounds 1.0
0.7 —— FLOO-CMI bound —— FLOO-CMI bound :
Test Error Test Error \
0.6
0.6 0.8
] s g
4 0.5 & 0.4 D 0.6
0.41
Bounds
\ 0.2 04 —— FLOO-CMI bound
0.31 Test Error
01 02 03 04 01 02 03 04 01 02 03 04
Sigma Sigma Sigma

Figure A.2: We repeat the same experiment as in fig. 3.3 but with a larger size for the number

of samples to estimate the information bounds
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Appendix B

Omitted Details From Chapter 4

B.1 Proofs

B.1.1 Univariate Probability Integral Transform

We include the following theorem and its proof for completeness.

Theorem. Suppose X is a real-valued random variable with a continuous distribution (cdf)
Fx, then the random variable defined as Y := Fx(X) is uniformly distributed on the range
(0,1).

Proof. We define the generalized inverse of the cdf Fx as
Fi'(y) = inf{z : Fx(x) > y}.

When Fly is strictly increasing, the generalized inverse coincides with the standard
definition of the inverse i.e. Fy'(y) = <= Fx(z) = y. However, if F is constant on
some interval, then the standard definition fails. The generalized inverse takes care of this by

assigning to Fiy'(y) a single value. Now, let 0 < y < 1, then
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Pr(Y < y) =Pr(Fx(X) <y)
= Pr(Fy'Fx(X) < Fx'(y))
= Pr(X < Fx'(y))
= Fx (Fx'(v))

e e e T
O
[ N O
~— ~—  ~—  ~— =

The justification behind the second line second line is Fi' is always strictly increasing.
The justification behind the third line is a bit tricky. If Fy is strictly increasing, then
Fy'Fx(z) = z. However, if Fx is constant on some interval I = [a,b], then F'Fx(z) # x
for all z € '\ {a}. But since P(X < z) = P(X < a) for all x € I, this ends up making no
difference. O

B.1.2 Proof of Theorem 4.3.2

Proof. The proof uses two properties of f-divergences which we state and prove.

Lemma B.1.1
Let X and Y be any two random variables. Let Pxy = PxPyx and Qxy = QxQy|x be any

two joint distributions, then

Dy (Pxy || Qxy) > Dy (Px || Qx)- (B.6)
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Proof. We have

Dy (Pey | Qxy) = Ex~ay Byayx [f (%ﬂ (B.7)
> Exqy [f <EY~QY|XC(11QP§%§>} (B-8)
2]
= D/(P || Q) (B.10)
We use the convexity of f and Jensen’s inequality in Eq. B.8. In Eq. B.9, we use
N v o Il e et ®1)
- o) [RB uan (B.12)
=208 [rxwn(a) (B.13)
- Zq’ig; (B.14)
0

Lemma B.1.2
Consider a channel that produces Y given X based on the conditional law Py|x. Let Py and
Qy denote the distributions of Y when X is distributed as Px and QQx respectively, then for

any f-diwvergence, we have

Dy(Py || Qy) < Dy(Px || @x). (B.15)

Proof. Let Pxy = PxPy|x and Qxy = QxPy|x. Since the two joint distributions share the
same conditional law, we get that Ds (Px || Qx) = Ds (Pxy || Qx,y). Now, we use Lemma

B.1.1 to obtain the result. O
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We obtain Eq. 4.8 by applying Lemma B.1.2 twice. Once with X as the token and
Y = F,(X) which gives D;(G|Ud) < D(Q||P), and another time with the roles of X and Y
reversed to obtain D;(Q||P) > D;(G||U). Note that we can reverse the roles of X and Y as
we can recover the original token through [ﬁp_l(ﬁ’p()? ))W Combining the two inequalities,

we obtain the desired result. O

B.1.3 Proof of Theorem 4.3.3

Proof. Since Markov chain { X, } converges, we know that for any x;.,,, € V™, lim;_, % Zizl 1(z1m =

Xyrttr4m) = ¢°°(T1.m) almost surely. It thus follows that

1 1
lim > G.() = lim t ;pr|m('|Xq,T+1:T+m>

t—o00

t t
= tli)r& % Z Z Z FYp|m<"-r1:m)]-(x1:m = q,‘r+1:7+m)

T7=1 1. EV™ T7=1

— Z By (| Z1:m) (% Z 1(x1m = q,¢+1:r+m)> :

T1.mEV™ =1

We then have lim; oo 2370 G, (1) = > erevm (T 1m) By, (+[21:m) -

Df( Z qoo(xlzm)pr|m(-|x1;m)||u>S Z ¢ (@1:m) Dg (Fyyjm (-2 1:m) 1A

xl:mevm xl:mevm

= 3 @) DHQCr1) [P (l1m)),

T1:m evm

where the first relation is by Jenson’s inequality and the second relation is calling the equality

from the memory-less case. m

B.1.4 Proof of Transformation Change

Lemma B.1.3

Let v € [k], uw € (0,1), y = & —u, p(- | ©14-1) a probability mass function over [k]|, and
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F( | £1.5_1) be defined as in 4.0, then
F(y ‘ xl:ifl) = Up(I | 1’11171) + F(I ’ xl;i—1)~ (B16)

Proof. Using the definition of F(y; | 21._1) and the fact that |y| =2z — 1 and [y] =z , we

have
Ly
F(y | z1i1) ZP Jl o) + (v — LyDp(Ty] | #1i-1) (B.17)
=F(x—1]|x1-1) Fup(z | x14-1). (B.18)
This proves our assertion. 0

B.1.5 Multivariate PIT

To extend this theorem to the case of multivariate random variables, a straightforward
application of the multivariate cumulative distribution function will not work. To see why,
consider the continuous random vector X = (X, Xs). Let F; be the marginal distribution
function of X; for + = 1,2, and F' the joint distribution function. Let x1, 2o be any two real

numbers, then

F(z1,29) = Pr(Xy < 21, Xo < 1), (B.19)
=Pr(F(X;) < 21, F(Xs) < F(xg)), (B.20)
= C(F(xy), F(x2)) (B.21)

where C'(uy,usz) is the distribution function of (Uy, Us) = (F1(X1), Fo(Xs)). C' is referred to
as a copula in probability theory because it joins or "couples" the joint distribution function
F' to its marginal distribution functions Fj, F5. While both U; and U, have a marginal
uniform distribution, U; and U, are generally not independent, and their joint distribution

rests entirely on the joint distribution of X; and X,. For instance, if X = (Z,27) for
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some continuous random variable Z, then the corresponding copula can be shown to be

C(uy,uz) = minf{uy, us}.

B.1.6 Estimating the Kullback-Leibler

B.2 Statistical Tests

B.2.1 Testing Uniformity

B.2.1.1 Kolmogorov-Smirnov

Given n observations Uy, - -- , U,, we find first compute the empirical cumulative distribution
function
1 n
F,(X)=— 1y, <o B.22
X =52 s (B.22)

The Kolmogorov—Smirnov statistic for a given cumulative distribution function F'(x) is then

D, = sgp|Fn(x) — F(x)| (B.23)

The Wiener process W; is the characterised by the following properties:

Wy = 0 almost surely

W has independent increments: for every t > 0, Wy,, — Wy, u > 0 are independent of

the past values W, s <t

W has Gaussian increments: W, — W, is normally distributed with mean 0 and

variance u i.e. Wy, — Wy ~ N (0, u).

W has almost surely continuous paths: W; is almost surely continuous in ¢.

Define the Brownian bridge as the stochastic process whose probability distribution is the

conditional probability distribution of a standard weiner process subject to W; = 0, so that the
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process is pinned to the same value at both ¢ =0 and t = 1 i.e. By := (W | W, =0), t € [0,1]
or in other words:

Bt - Wt - th (B24)

Define the random variable K = sup,¢(y 1| B(t)|. This random variable has what is called

the Kolmogorov distribution:

S V21 o~ (2k—1)%2/(82?)

Pr(K <az)=1-2) (-1 te 2 = 2= (B.25)
k=1

T
k=1

Theorem B.2.1
Under null hypothesis that the sample comes from the hypothesized continuous distribution
F(a),

\/ﬁDn’HT“%K (B.26)

The goodness-of-fit test or the Kolmogorov—Smirnov test can be constructed by using the
critical values of the Kolmogorov distribution. This test is asymptotically valid when n — oc.

It rejects the null hypothesis at level « if

VnD, > K., (B.27)

where K, is found from Pr(K < K,) =1 — a.

B.2.1.2 Chi-Squared Test

Let [p1,...,px] be a discrete distribution over the categories {1,...,k}. Let Y3,...,Y, ben
samples from a discrete distribution taking values over {1,...,k}. Let (Oq,Os,...,O,) be the

count number of samples from a finite set of given categories. They satisfy Zle O; =n.

The null hypothesis is that the count numbers are sampled from a multinomial distribution
Multinomial(n; pq, ..., px). That is, the underlying data is sampled IID from a categorical

distribution Categorical(py, ..., p,) over the given categories. The Pearson’s chi-squared test
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statistic is defined as

V.= Z & ;p?piy (B.28)

Theorem B.2.2
Under the null hypothesis V ~ x3_, i.e. a chi-squared distribution with v =k — 1 degrees of

freedom.

It is important to note that the chi-squared test is designed for discrete random variables.

Let d be some positive integer, and define the new sequence Y7, ...,Y, as
; = |du;] (B.29)

This is a sequence of integers that purports to be independently and uniformly distributed
between 0 and d — 1. The number d is chosen for convenience; for example, we might have
d = 64 = 2° on a binary computer, so that Y,, represents the six most significant bits of
the binary representation of U,. The value of d should be large enough so that the test is

meaningful, but not so large that the test becomes impracticably difficult to carry out.

B.2.2 Independence Testing
B.2.2.1 Poker test (Partition test)

The “classical” poker test considers n groups of five successive integers, {Y5;, Y541, ..., Y544}
for 0 < j < n, and observes which of the following seven patterns is matched by each

(orderless) quintuple:

o All different: abcde
e One pair: aabced

e Two pairs: aabbc
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Three of a kind: aaabc

Full house: aaabb

Four of a kind: aaaab

Five of a kind: aaaaa

A chi-square test is based on the number of quintuples in each category. A simpler version of
this test which is almost just as good is to count a number of distinct values in the set of five.

In which case,

e 5 values = all different;

4 values = one pair;

3 values = two pairs, or three of a kind;

2 values = full house, or four of a kind;

1 value = five of a kind.

This breakdown is easier to determine systematically. In general, we can consider n groups
of k successive numbers, and we can count the number of k-tuples with r different values. A

chi-square test is then made, using the probability

Pr = (B.30)

d(d — 1)--C-Zk(d—r+ 1){1;}’

where {’;} is the stirling number of the second kind. The value of p, is usually very low for

r =1 and r = 2, so we usually lump those together before applying the chi-squared test.

B.2.2.2 Permutation Test

Divide the input sequence into n groups of t elements each i.e. V; = max(Uy;, Ugjt1, ..., Upjri—1)

for 0 < j < n. The elements in each group can have t! possible relative orderings; the number

94



of times each ordering appears is counted, and a chi-square test is applied with £ = ¢! and

with probability 1/t! for each ordering.

In order to perform this test, we need a method of indexing permutations. The set {0, 1,2}
can be permuted 3! = 6 ways. Those 6 permutations and their lexicographic ranks are:

e 0—(0,1,2)

e 1—(0,2,1)

e 2—(1,0,2)

e 3—(1,2,0)

e 4—(2,0,1)

e 5—(2,1,0)

Calculating sequential indexes for permutations is done by computing the Lehmer code of the
permutation, and then converting that Lehmer code to a base-10 number. Like that base-10
number, a Lehmer code is just a sequence of digits; However, each digit has a different base.

Technically, it’s a mixed-radix numeral system known as a factorial number system.

First, let o be a permutation of n numbers {0,...,n — 1}. For example, if n = 3, we can

represent o as

01 2
o= (B.31)

1 20

This means that o places in the Oth position what used to be in the 1st position, in the 1st
position what used to be in the 2nd position, and in the 2nd position what used to be in the
0th position. So ¢((0,1,2)) = (1,2,0) and 0((2,0,1)) = (0,1,2). A more compact notation of
the above is 0 = (0, ..., 0,-1) which just include the second row of the above representation.

The Lehmer code of a permutation L(o) = (L(0)g, ..., L(0),—1) is given by:

Lo)i=|{j >i:0; <o} (B.32)
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In other words, L(c); counts the number of terms to the right of o; in (09,...,0,-1)
which are smaller than it, and the number is between 0 and n — i — 1; A pair of indices (3, j)
with ¢ < j and 0; > 0 is called an inversion of o, and L(¢); counts the number of inversions
(i,7) with 4 fixed and varying j. For example, L((1,2,0)) = (1,1,0). Moreover, we can easily
convert the Lehmer code into the permutation index. The index of the permutation is then

Z?;ol L(o)i(n —i—1)! e.g. the index of (1,2,0) is 1(2!) 4+ 1(1!) + 0(0!) = 3.

We can find the Lehmer code in linear time. Let b = 00---0b be a binary number with n

bits and let o = (0y, ...,0,_1) be our permutation, then for i =0,...,n — 1, we
1. We flip bit the o;th bit of b
2. Right-Shift b by n — o; to get /.

3. Count the number of 1s in ¥’ and subtract it from o; to get the Lehmer code L(0);.

Proof of correctness: Say we are at position ¢ in the loop. Until now bit j of b is 1 iff j
is to the left of o;. We you shift b by n — o; positions to the right, and what would be left is

the first o; bits of b corresponding to the numbers 0, ..., 0; — 1.

B.2.2.3 Serial Correlation Test

We may also compute the following statistic:

CnUU A U0 + .. UnsUni + U iUs) — (Up + Ui + ...+ Upt)®

C
n(U3+U+...+U2)) — (U + Ui + ...+ Upr)”

(B.33)

This is the “serial correlation coefficient,” a measure of the extent to which U;;; depends on
Uj. Correlation coefficients appear frequently in statistical work. If we have n quantities

Uo,Uy,...,U,_1 and n others V, Vi, ..., V,_1, coefficient between them is defined to be:

o nS(UV) — (R UNE V)
JOZ U= (Z0)2) (1S V2 = (S V))?)

(B.34)
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When C' is zero or very small, it indicates that the quantities U; and V; are uncorrelated (a
weaker notion than independence), whereas a value of +1 indicates total linear dependence.
Therefore it is desirable to have C' close to zero. In actual fact, since UyU; is not completely

independent of U;Us, the serial correlation coefficient is not expected to be exactly zero.

In other words, we are finding the correlation between (U, Uy, ..., U,_1) and (Uy, ..., U,_1,Up).
We can also compute the correlation coefficient between (Uy, Uy, ..., U,_1) and any cyclically
shifted sequence (U,,...,U,_1,Uy,...,U;—1). A naive approach to computing the cyclic
correlations takes O(n?). However, one can use the Fast Fourier Transform to find all these

correlations in O(nlogn).

B.2.2.4 Serial Test

More generally, we want pairs of successive numbers to be uniformly distributed in an inde-

pendent manner. We can also use the chi-squared test to test for independence (somewhat).

To carry out the serial test, we simply count the number of times that the pair (Ys;, Y2;41) =
(q,r) occurs, for 0 <= j < n; these counts are to be made for each pair of integers (g, r) with
0 < q,7 < d, and the chi-square test is applied to these k = d* categories with probability
1/d? in each category.

As with the equidistribution test, d may be any convenient number, but it will be somewhat
smaller than the values suggested above since a valid chi-square test should have n large
compared to k. A common rule of thumb is to take n large enough so that each of the
expected values np; > 5 i.e. the expected number of occurrences of each categorical outcomes
is five or more; preferably, however, take n much larger than this, to get a more powerful test.

Hence, here we need n > 5d2.

B.2.2.5 Gap Test

Another test is used to examine the length of “gaps” between occurrences of U; in a certain

range. Let o and 8 be two real numbers with 0 < a < # < 1, and suppose U; € [a, 3), then
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we want to consider the lengths of consecutive subsequences U, Uj.1, ..., Uj4, in which Uj,
lies between o and 3 but the other U’s do not. This subsequence of r + 1 numbers represents

a gap of length r.

The classical gap test considers the sequence Uy, ..., U, to be cyclic sequence with U, ;
identified with U;. If m of the numbers Uy, ..., U, fall into the range [a, (), there are n gaps

in the cyclic sequence. We have the following theorem:

Theorem B.2.3
Let t be some positive integer. Let G, be the counts of the gaps of length r for 0 <r <t —1,
and Gy the count of gaps of length > t. Define p =3 — «, and let

pr=p(1=p), for0<r<t-—1 (B.35)

pt = (1—p)". (B.36)

then as n — oo, V = Zle % follows a chi-squared distribution with t degrees of

freedom.

The gap test is often applied with & = 0 or = 1 in order to omit one of the comparisons
in the algorithm. The special cases (a, ) = (0,1/2) or (1/2,1) give rise to tests that are

sometimes called “runs above the mean” and “runs below the mean,” respectively.

B.2.2.6 Maximum-of-¢ Test

For 0 < j < n,let V; = max(Uy;, U1, - . ., Ujri—1). Let F(x) be the cdf of U;, we now apply
the Kolmogorov—Smirnov test to the sequence V), Vi, ..., V,_1, with the distribution function
Fraz(z) = F(2)t, 0 <2 <1

To verify this test, we must show that the distribution function for the V; is F,,..(2) =
F(x)". The probability that max(Uy, Us, ..., U;) < z is the probability that Pr(U; < z,Us <
z,...,U <z)=F(z)F(x) - F(z) = F(2)".
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B.2.2.7 Runs Test

consider the sequence of ten digits “1298536704”. Putting a vertical line at the left and right

and between X, and X ; whenever X; > X, we obtain

1129]8/5|367|04|

This shows that run ups. Unlike the other tests, we should not apply a chi-squared test
to the run counts, since adjacent runs are not independent. A long run will tend to be
followed by a short run and vice versa. We can use other statistics to take this into account.
However, a simple and more practical test is the following: If we “throw away” the element
that immediately follows a run, so that when X is greater than X,; we start the next run

with X, the run lengths are independent, and a simple chi-square test can be used.

Proposition B.2.1

For a sequence of iid continuous random variables, the probability of run of length k starting

s given by
k
= B.37
PE= 1) (B:37)
For a run of length k, we need a k + 1 random variables X, ..., Xp.1. If the sequence

were iid, then we would have (k + 1)! possible orderings each with the same probability. The
number of these orderings that give us a run of length k is exactly k. Since the number in

the kth position must be the unique maximum of Xy, ..., Xzi1.

B.3 Additional Experimental Details

B.3.1 Additional Details

We evaluate the UMI function on the training data contained within https://olmo-data.

org/dolma-v1_5r1/cc_en_head/cc_en_head-0000. json.gz.
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https://olmo-data.org/dolma-v1_5r1/cc_en_head/cc_en_head-0000.json.gz
https://olmo-data.org/dolma-v1_5r1/cc_en_head/cc_en_head-0000.json.gz

Data Avg. Size | Value
Generated by top-p 1000 0.0092

Generated by top-k 1000 ‘ 0.0163 ‘
Different Temp. T 1000 | 0.0185 |

Random Tokens 2499 ‘ 0.2617 ‘
Random Characters 1000 ‘ 0.194 ‘

Table B.1: Evaluating the value function for Llama2-7B We report the values given by
the UMI value function for different categories of data, alongside the average sequence sizes
within each category.

0.10 — UM'(I1)+l:jJ+:A)
UM'(-"CL:;)-HJ)

200 400 600 800 1000
Figure B.1: UMI value function when the prompt is not given.
B.3.2 Temperature

Recall that the logits z; produced by the language model (one for each token in our vocabulary)

are transformed into probabilities through the softmax function given by:

Pi= = (B.38)
Zj:l e

The temperature T is a parameter used to adjust the output probabilities. A high temperature
(T > 1) flattens the probability distribution bringing it closer to a uniform distribution.
Meanwhile, a small T" exacerbates any leads high probability tokens have making the prob-
ability distribution sharper. In other, temperature can be interpreted as the confidence a

model has in its most likely responses. With temperature adjustment, the new probabilities
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are given by
zi/T
€

]:

B.3.2.1 Sampling Methods

We give a brief description of the most common sampling methods used in text generation

using language models.

Greedy Sampling: The next token is always chosen to be the highest probability token,
as predicted by the model. While simple and fast, this sampling method is prone to producing
sentences with low probability. This occurs because we might select a high-probability token

initially, only to encounter subsequent tokens of considerably lower probabilities.

Beam Search: This method addresses the shortcomings of greedy sampling by maintain-
ing a fixed number of potential sentences (sequences of tokens of some fixed length) called

beams. It then chooses the sentence with the highest probability.

Top-k: This method restricts our selection of the next token to the top k tokens with
the highest probability, where k is a hyper-parameter. Since k is fixed, this method does not
dynamically adjust the number of candidates based on the probability distribution. As a

result, some very unlikely tokens may be selected among those top k candidates.

Top-p: This method addresses the issues of top-k sampling by selecting as candidates

the most probable tokens until their combined probability surpasses a specified threshold p.

As mentioned before, we can reduce each of the above sampling method to multinomial
sampling methods with a modified probability distribution. For example, we can consider
greedy sampling to be a multinomial sampling method with a distribution which places a

probability of 1 on the token with the highest probability as predicted by the model.
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B.3.3 On the choice of ¢ and «

Our choice for € was guided by bounds on the statistical distance between the uniform distribu-
tion and its empirical distribution such as the one provided by the Dvoretzky-Kiefer—Wolfowitz
inequality (see the remark on page 6) which gives |G, — G|l < \/%, and (2) our own
observations on the size of the statistical distance when we compute apply Rosenblatt’s
transformation on data on data generated by the model. A value of € that is too small would
make us miss those cases that are uniform but dependent. If we made € too large, then we
would flag many samples that do not have a marginal uniform distribution. The value of w is
one based on intuition that the value assigned to samples that are uniform and dependent
should be larger than those that are uniform but independent (w > €), and less than those

that are not uniform.
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Appendix C

Omitted Details From Chapter 5

C.1 Proofs

C.1.1 Proof of Theorem 5.4.1

Let Y = F(Q,C)+W beasin (5.11). {Q(Y) = Q'} is the event that our estimator outputs
a different orientation Q' when the object is in orientation Q. We can rewrite the average

error in terms of events of this form.

L) =Y Ew [6Q(Y), Q). (1)
QcQ
=Y > r(er)-Q)6Q.Q). (€2)
Qe Q'#Q

The probability of the event {@(Y) = Q'} is a difficult quantity to compute outside of cases
when @ is very small. Therefore, we wish to upper bound it with another probability that is

easier to compute. Recall that

QY) = argmin [Y — F(Q,C) . (C.3)

Given the functional form of the estimator, a necessary but insufficient condition for our esti-

mator to output Q' is for the received signal Y to satisfy |Y — F(Q; C)|| > |[Y — F(Q'; C)]||.
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Given this relationship between the events, we have that:

(QY)Q'} C
{IY = F(Q;O)|, > IY — F(Q;C)| }. (C.4)

The latter is event that our noisy channel output is closer to the noiseless channel output
corresponding to Q' than the noiseless channel output corresponding to Q. Combining (C.2)
and (C.4) with the monotonicity of the probability function (P(A) < P(B) for all events

A C B), we obtain an upper bound on the average error.

L) = Y P(QY)=Q)0Q.Q), (C.5)
o

SO P(IY —F(Q:C)lp > Y - F(Q;0)|)

QcQ

Q+Q (C.6)

0(Q.Q").

IN

In other words, we use the standard pairwise error probability to develop an upper bound to
the average error. Combining (C.6) with the following standard lemma [15], which provides
the form for the probability of the event in the right-hand-side of (C.4), we obtain the desired

result.

Lemma C.1.1
Let Y ~ CN(0,0%I,,), and let a € C", then

1 a
POV > 1Y - al) = grte (19 ©7)

where erfc is the complement of the Gauss error function.
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Figure C.1: The average (top) and worst-case (bottom) errors of the designed codes for
different levels of channel estimation errors.
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Figure C.2: The average (top) and worst-case (bottom) errors of the designed codes for
different levels of channel estimation errors.

C.1.2 Proof of Theorem 5.4.2

Let C € [m]¥*T be a coding matrix, and let P be the family of distributions given by

P ={CN(F(Q;C),0’I);Q € Q}. (C.8)

The probability distributions in P can be parameterized by their orientation. Let P, P’ € P be
distributions with @ and Q' as their corresponding orientations, then Le Cam’s method [62]

asserts that:

M(C) > Q(QT’Q/) (1-TV(P,P)), (C.9)

where TV(P, P') is the total variation distance [11]. The Kullback-Leibler divergence [29] is
a different and widely used measure of discrepancy between two probability distributions. It
has many desirable properties, and it’s an upper bound for many other popular discrepancy
measures. Through Pinsker’s inequality [I1], one can upper bound the total-variation

distance through the Kullback-Leibler divergence. The total-variation distance between two
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probability distributions P and P’, the Kullback-Leibler divergence, and Pinsker’s inequality

are respectively given by:

TV(P,P) = /CKT |P(z) — P'(z)| dz. (C.10)
KL(P||P') = /CKT P(z)log ]Z((?)dm. (C.11)

1P~ Play < \/5KLCPIIP). (€.12)

M(C) > @ (1—TV(P,P'), (C.13)
> % (1 - %KL(PHP’)) , (C.14)

> Y99 oy (KL (PP, (C.15)
e, (_ IFQ:0) - F@ c>||§> | c.16)

(C.14) follows from Pinsker’s inequality, and (C.15) follows from the inequality 1 — 2 < e™".
For two independent Gaussians P = CN(p,0%I) and P’ = CN (i, 0*I) with the same
co-variance matrix, the Kullback-Leibler divergence is given by ||p — p/||” /202 [14], and
therefore, we obtain (C.16). Since (C.16) holds for every P, P’ € P, we can take the maximum
over every pair of distributions (equivalently, every pair of orientations Q, Q" € Q), which

gives

T Qe 202

M(C) > max exp (‘ |F(Q;C) — F<Q’5C)Hiﬂ>

6Q.Q) (17
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C.1.3 Proof of Theorem 5.4.3

Letting P be the same family of distributions as in (C.8), P and P’ distributions in P with
Q and Q' as their corresponding distributions, then we can start with Equation (C.14) which

was obtained with Le Cam’s method and Pinsker’s inequality. In other words, we start with:

M(C) > @ (1 - ,/%KL(FHP/)) : (C.18)

where KL(P||P’) is the Kullback-Leibler Divergence. We obtain (C.18) using Pinsker’s
inequality [14]. For two independent Gaussians P = CN(w,0?I) and P’ = CN (g, 0*I) with

the same covariance matrix, KL(P, P') = || — /||, /202. Hence,
0(Q, Q' 1 ,
me) = "L (1 L ir@o)- POl ) (©19)

Now, let R; be the diagonal matrix of reflectivities when using code configuration ¢;, then

recall

f(Q;c;) =HqoR,(I — BR,) 'H(s,, (C.20)
= Hq(I - BR)) 'R .H(s,, (C.21)
= Ho(I — BR) 'diag {Hs:} (), (C.22)

where r(¢;) is the column vector of reflectivities corresponding to code ¢;. We wish to bound

1£(Q;c) — F(Q';¢r)ll, so we use the inequality || Asx:| < || A4l ||x¢] with @, = r(e;) and

A, =Hq(I — BR,) 'diag{Hgs:}

— Hgo (I — BR,) 'diag{Hg s}

Lemma C.1.2

If D is an approximate range between the tagged object’s hinge point and the aperture, then
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forallte{1,...,T}

0(Q.Q"). (C.23)

K a ~
4l < (e ) 1l | B,

Letting 0 = /0(Q, Q"), we have that:

IF(Q:C) - F(Q;O)| 5 (C.24)
= \ Z 1£(Q;e) — £(Q's el (C.25)
< \ > A ()] (C.26)

T % N 5
<90 Z (27?)\172 HXtagHFHBt F”T(Ct)H) ; (C.27)
=1

= ,

Ay

where (C.26) follows from the inequality ||Az|| < ||A|| ||z||, and (C.27) follows from Lemma

C.1.2. Hence, a lower bound on the worst-case error is given by:
52
M(C) > — 1—— ZA : (C.28)

To obtain a tightest bound, we have to find the maximum of the right-hand side with respect

to §. Maximizing (C.28) with respect to d is equivalent to finding:

max 2° (1 — z) (C.29)

(C.29) attains it’s maximum value at x = 2/3. This gives us that:

32 2)\2 2D4
M(C) 2 T g (C.30)
21K ”X HFZt:IHBtHFHT(Ct)”Q
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C.1.4 Proof of Lemma C.1.2

For ease of computation, we drop the t subscript for now, and define B= (I — BR;)™! with

bij = Bm, and fIQ = I—IQB with ;Lf?] = (I:IQ)” Taking s; = 1, we have that:

2

K N | K
A =D 3 | h2uh — h2.hd (C31)
k=1 n=1 | i=1
K N K
S S8 - i ca
k=1 n=1 i=1
Using Cauchy-Schwartz inequality, we arrive at:
0@ @@l |5 IPNS @@ @@l
Rnd = hEnd| < B 3 |nRind: - ndin: (C.33)
b ) b k) 2 b b b b
=1
Assuming we operate in the far-field region, we can approximate h with
g _ e Fmmed®ll, a(B)lr-el, (C.34)
Y ||xemt — szag H2 47D ’

where D is an approximate range between the tagged object’s hinge point and the aperture.

Hence, we can make the following approximation:

2 1 \*
- (47TD)

(27 ant tag ant tag
¢ (30) ([ =@xiee |+ xemt—@xiee] )

Q;Q Q Q'
hk,lhi,n - hk,lhi,n

e () (@il +lbem-@xil,) | (g
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Using 1 — e=* < z, we can further upper bound (C.35) by:

2

A
ant tag” H ant tag”
47TD (ka QXl 2 + Xi an 2

- = @, = [~ @) (a0

()

Using the triangle and matrix norm inequalities in (C.36), we obtain

Q1 Q Q1Q
hk,lhi,n - hk,zhz’,n

Cca [ X2 (et + et

47D

6(Q,Q"). (C.37)

Combining (C.37) and (C.32), and summing over the indices of the tags and antennas, we

obtain the desired result.
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C.1.5 Proof of Lemma 5.4.1

Let C € RY*T be a code of size T, and let 7 be its corresponding proportions vector, then

|F(Q;C) - F(Q: Ol (C.38)
=Y 1£(@ie) - F(Q5elly (C.39)
=3 Y Leellf(@:0) - £(Q50) (C.40)
t=1 ce{0,1}V
= 3 Y leelf(@o) - F(@:0). (C.41)
ce{0,1}N t=1
-7 Y 2N L@ - F@:e)]. (C42)
ce{0,1}V t=1
=T Y m|f(@e)-F(Q;0), (C.43)
ce{0,1}V
=T(m9(Q,Q)). (C.44)

Substituting (C.44) in the expressions of U(C') and V(C'), we obtain the expressions in (5.20)
and (5.21).

C.1.6 Proof of Theorem 5.4.4

Suppose C = [¢; -+ - er| and C' = [¢] - - - ¢ are two coding matrices with the same relative
weight vectors. In other words, 7. = 7/, for every code configuration c. If the counts of the
different configurations are the same, then there exists some permutation 7 on {1,...,7}

such that ¢, = ¢; for all t. We show the errors do not depend on the ordering of the code

111



configurations due to the iid nature of the noise. To see this, let Y = F(Q; C) + W, then

QYY) (C.45)

=Q(F(Q:C)+W), (C.46)

= argmin | F(Q: C) - F(Q':C) + W, (C.A7)
T

—argmin}_ | £(Qie) = f(Q3e) +wi”, (C.48)
t=1
T

= arg HC}},HZ 1£(Q: ) — F(Q'ser) +won || (C.49)
t=1
T

= arg ng,nz 1£(Q;¢) — F(Q:¢,) + w7, (C.50)
t=1

=Q(F(Q;C)+W'), (C.51)

where w; is the ™ K-sized block of W, W' is the vector with w}, = w,¢), and Y’ =
F(Q;C") + W'. Since the elements of W independent and identically distributed, we get
that W and W' are also identically distributed. Combining the previous statement with the
fact that W and W’ are permutations of one another, we can replace any expectation with

respect to W with an expectation with respect to W’. Hence,

L(C) = > Ew [0@(Y), Q)] (C.53)
QcQ

=Y Ew [0Q(Y).Q)]. (C.54)
QcQ

= > Ew [0Q(Y),Q)] . (C.55)
QcQ

= £(C"). (C.56)

(C.54) follows from the earlier computation, and (C.55) follows from the our earlier discussion.

Repeating the exact same computation with ZQEQ replaced with maxgecg shows that
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M(C) = M(C') i.e. C and C' share the same worst-case performance. Hence, we get
that C and C’ share the same errors, and that our performance measures depend only on
the coding matrix through the relative weight vector. It is worthwhile to note that this
property of the errors is not unique to Gaussian noise, but is valid for any noise vector whose

components are independent and identically distributed.
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