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· .. 
Measurements that are of limited accuracy, are incomplete, or • · · 

.. 
·-r~quire a finite time to make do not generally pe~it one to construct . .. 

', .. • 
.. ',·. 

a wavefunction for describing a physica,l system. The use of such · . : . ' ' ~ ~ .. ; . ·'· 

'·. 

·partial information to predict the results of subsequent meas~rements : .>: ... ·· 
'I 

is studied·here. There are several practical applications·of this . .; .. · 

problem, including the use of the autocorrelation·functfon for a·· 
.· .. 

particle counter ·in .. ~. sea ttering experiment~ .·.:,:· :. : · 
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I. INTRODUCTION 

It is cu~tomary in the pedagogica.l development of quantum mechanics · ... -

and field theory to mention'the limitations on correlated measurements 

of observables at different space-time points. Little attention has 
. ·8 

been given, however, to actual experiments for making such observations, 

or their usefulness. In this paper and in a subsequent one, we shall 
·,· 

discuss both of these subjects from a general point of view and w1 th ·. 

particular applications to scattering processes. :! . 
This work is an outgrowth from a recent paper on the correlated 

:1 . 
counting rate of two detectors recording particles scattered from a 

1 . . 
· · target. There it was shown that by such an observation both the 

magnitude and phase of a scattering amplitude can be determined. Such 

an observation of spatial correlations is only one of a much broader 
I 

class of experiments to measure time and space-time correlations in a 

particle 1 beam. For example 1 as we shall show in a subsequent paper 1 the ·.-

·.time-dependent, au1D-cai:'relation function for a single counter can provide 

information on the coherence of, say1 a laser beam.2 If a beam has been 

. scattered, the auto-correlation function yi.elds a measure of relaxation 

processes in the target. 

In th:ts·paper we make some general comments on the theory of 

measurement for quantum-mechanical systems and illustrate the theory 

with some conceptually simple examples: (a) measurement of the spin of 

either one of two interacting particles at a time_ t
2 

folloWing the 

measurement of ~e spin of ·one. of them a:t an earlier time t 1, and (b) 

the theoey of :tntenai ty correlations of .. the Hanbury .BroWn ... Twiss var~ety •. 
. ··. 

} .· . 

. ,.-
. ' · .. 

. . 

' . 

-- ·-·"--~·~ .... --~-- ~.:_: ·--..-- . -- --- ·-·· ~ ... __ ;. -·---- ··1'"···--..,..,.:..-"·:---· ----~·-·--~·-·- --.................... ~....:.~-·--:..__ __ .. .:.... _______ .. 
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II. MEASUREMENT OF TIME CORRElATIONS 

We consider now some gen~ral questions pertaining to the. theory 

of measurement when several observations are made in sequence on a given 

system. We imagine that the system being studied is described by a 

Hamiltonian, H, and that a time t = 0 it has been prepared in a state 
I 

w( o) = ·"'o .• At any time t > 0, the undisturbed system Will develop in 

time according to the Schrodinger equation and be described by the state 

l'( t) 1 where 

v(.t) = -1Ht 
e *o 

Suppose now that at a particular time t 1 > 0 an observation is made·.
1
of 

the state of the system. As is well known, we must interpret the re.sults 

of this.observation in a statistical sense.3 We imagine that an ensemble 

of such systems has been prepared at the refere.nce time t = 0 1 each in 
4 . . 

state w0, , · and consider a set of measurements on the members of the 

ensemble at a later time t 1 • 
I . • 

We begin to describe the results of the observation at t 1 · in 

rather loose terms which will be. made more precise as we proceed. The 

measurement of some set of observables for a given system Will yield the 

re~ult that the system at time t 1 is in a state A corresponding to 

an eigenvector ~ (1;he particu~r states A. are characteristic of the 

observation of interest). If the measurement is repeated many times on 

different systems· of the ensemble, we find the state A o~curring with 

probability P(A1 t 1) given by < •• ' 

P(A, t 1) t:l (v< t 1>, ~ vc t 1)) , 

. where eA · is the projection operator onto the state. A • .> 
. ~ ' ' 

. ' I 

< ·, 
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S~nce ·the Schrodinger equation is of first order in time · 
. .., 

~' '. . . ' ,; _... . . . :.. 
. · .. f 

• ', .••t' 

der1vatives 1 for times t > t
1

, the wave function.of those systems:·in_ 
' ,· '·' .· .... •: .... 

.• . :· , : _,r· 
.. ·- ··-

. ·: .. ~·_ ~: .;, . ::· .-

the ensemble which were found to be in the state. A is :· . . .. · · · · · ~ · ·, . . . .. , 

"':.· .. .:f.. ·. 
' .. 

en. exp[ .. iH(t 

. where .CA is a normalization constant. 

... 

··: ,. ' ,· .· . . . •;. 

(2.3) ..•... ;._ 
.• ' l ,_ •. ~ 

·;·, 

•.'; 
• r•! 

' I ~ 

•••. ,r. 

• ' . • • • ~ I --.-

'.• : . 
., 
·,. 

··' 
.·· ... -·; 

\ . . } 

Following each subsequent .·. , .. ·: ~ 1
: 

.·.; '-·'-'.. 

' ·· . · ~ .. ·observation which may be made on the sys tem1 new )'lave functions can be
1

, · •. - .< .: :· . .- · · · 
. ~ : ' " • • '' .: • ' I \ . .. •'·· 

constructed in a similar manner. . :· . . 
. . u ., . 

.··.' 
.. ·. ·. 

... This idealized description of a sequence or operations seems ~~-· ::.-:·;::.> ,··: 
' ' . ' . :_ . . :.· • ~! -~ ; 

.. 
( 

i ... , 

. ··. 

.. 
·' 

; . ..... ' ~- : .. : ': :. · .. :-. : .'. . 
. . · · . restrictive to be of interest for most practical applications. For a. ·: \ ·. · .. \. 

.... 

. . .. 

·::' . ·., :-:•\ ,,, 
.• .. '. ;.,1 ' ' ' '· 

... .. .. variety or reasons, observations on any but the. simplest systems will.·._.·~>··::.:-··~· .. : 
:• . . ' ·. :.' ·. - ~. ' ~ :, . . . . ' 

;-" .... 

,. '. 

. ,. 

~ . : 

: ~ . . 
not determine a specific-eigenstate. If the measurement involves a ·· ·· . 

I . :. ;; 

quantity that has a continuous spectrum, no precise dete~nation is '··. 
·.f .. 

. : •. ' 
possible~ Similarly if there is a degeneracy, one can say only that ... · .. ·. 

one has some l:i,near combination of the degenerate eigenvectors (we·-

return-to this point below). This is related to the case where the 
" 

observation is incomplete in the sense that only a fraction of all 

dynamical variables characterizing the system are ordinarily observed • 

Thus the fact that a particle in a counter is within a certain macro-

scopic volume at at certain time may be determined--its momentum and 

spin orientation often not being observed. The~e is no difficulty in 
. . 

. . . ~. 

(', 

describing _su~ J?artial .Q.bservationa 0!1 : 'i( t 1); On~. again merely construct.s 
. . . ~ . . 

·' . . 

~-.... 

. :·· : ~:. 
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v{t1) to predict the results of the measurements over the ensemble. 

It is onlY when one vishes to use the results of an incomplete measure-

ment at time tl to ~redict the'outcome of subsequent observatio~ at 

time t 2 that the theory becomes somewhat subtle. 
I 

It is conventional to say that a measurement takes place at ~ 

particular time, t 1 • In practice, any mechanical or electrical 

equipment has a finite response time; a signal recorded at time t 1 . is 

a filtered re.sponse of impulse.s received at times earlier than t 1 •. 
:I 

It may not be possible to define precisely sequential observations on.a .· 

system or even the intervals between such measurements. This difficulty. 
'I 
' ,. 

is particularly acute when there is an inherent reason for requiring 

prolonged observation. for example, suppose we wish to first measure 

the energy and then the spin orientation with respect to an arbitrary 

axis of a particle With a magnetic moment.placed in a magnetic field. 

If the time interval between the measurements were quite long, there 

would be no problem and the simple theory reviewed above would apply. 

The principle of complementarity, however, would preclude the simultaneous 

determination of both quantities. In the intermediate (and often more 

practical) case in which the second observation follows the first by an 

(effectively) finite time, the simple theory does ~ot seem to apply. 

Let us suppose that an instantaneous observation is made on a 

given system in the ensemble at a time t 1 • The observation is that 

of the .physical characteristic associated with' the (Hermitian)oper'-tor . . 

J 1 • Since in general J 1 does not represen~a ~~lete set ot 

'.". 

-----------=-------·- -- ....... --- -· 

. •'" :· 
,. .. · .. 

. .. 

' .. 

,_ ·- ~T -

. ' ·' . 
#,_ • •• • 

. . ; ... 

•: . 
" .... 

. , 

'I 
I 
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' commuting operators for the system, observation of Jl does not 

yield a precise specification of the state of the system~ The set of 

operators that must be a.d.ded ·to J 1 to make the customary comple~ set 

· will be called ¢ • 

We a·ssume that ·the operators (J
1

, ¢) have a complete set' of 
. . . · ..... ~ . 

• · The · e:J.genvaluea of · · J 
1 

lfill be called 131\. and we · eigenvectors, c.o . . . 

... ··write 
I ',• I 

:· ..• I, 

··,,-., ·.· 

.· .... 
,, ':-· 

where the (Al, 
,\,ll 

.. 

are the eigenvectors corresponding to the eigenvalue! l. · .. 

•' 

{3'11. ; • the index 1.1 may run over a fixed set of values characterizing 
;I 

f3A o It is a postulate of th~ theory. 
..... 
. . ·::· • :.· .:~:.: .. the degeneracy of the .eigenvalue 

'; . l • ~ '· ,. 
·,. ~-' . 
'. j • ••• ' 

' ~,; ' .-.:,: ', • ' ' o ' I ' 

of measurement that the observation made on the system will yield one 
, I 

~ . . . 
:- . . · ·' · ... . of the ei_genvalues 

... ,· 

,.I: • 

_:: · .. 

~ :. ' 

. ... ': 
1 · .... 

:' .. . .. ~ . ·. ' 

. . . . ' ~' . ' : . ~. ' .. 
~A. as the numerical value of the physical property 

,. 
. .:·. ·. · ·: .. · .. : ·: :: .. :, associa~d with J 1 •. (For ease of writing we frequently refer to both 

' · ... · . ~ . ' ' . 
·: '-··. ·.the physical property and the operator associated, with it sim,Ply as J 1 ._" ;· ... ~ .. 

·, .'::'./ ·· .. '-·~:·.-
·. > We also speak of that physical property and the operator as "hav~ng the . 

. :· . 

. :.: '· .. 

..... 

I':· value f3A." when we me·an in a more strict sense that the observed state '',• ···. 
'. 

f3A.: ··) .·Because. the observation_ .... :·:·· · ·.: 
...... . . . ; . . . 

·is one for which J
1 

·has the eigenvalue 

is incomplete, as a result of the .observation.ve can only say .that at . . . .. 
.·.:· " 

.·,.·. 

time t 1 1 the system lies in th~··· subspace· o:f') the · projection operator · 
'• ,. ,:I .. ,; ·.· . ,·· . 

.. 
. (2.5). : . 

. ·: . 

·, .. :-. 
· .. 

. '.·. 
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We nov come to the fundamental question: To what extent do th~se. ::· ;)·.( .. , ~:{·: f 

portions or the wave function that are "not obserV-ed" remember their ·. =-,.)·;. ~~-~··<>t ·, ( 
:,heritage? There are certainly circ~stances in which all memory of the.·,- ........ L· ;f 

. ,.. . ·' . . . '; ~ •,. }· 

:.·.·;. ·.··; ,:,;· ·.:. i 
state prior to the measurement are erased, in .which case we. would .say · · . · ,···, · . .. : .' i:· ··-:. i 

. . . , . . . ·. ·.. . ·. . : ·' .:-.. ·.: . ( .. ·I . 
. that' 'the wave function v,_ ( tl) is given b/ ·. '•.. ··.· · .. : . .-::: · . . if : : r 

,. . .' . .~:. ~.: ·. . ' ·, . ' . . . . . . ' ~:( ,: :. ;', . 

. ·:',_·: .. 
. ' . 

· t1 .. :.;; .• ; ... :>··~L··. .·. 
,· · .. ·. · _: where the a are arbitrary, except f'or the nornialization condition.\.\ .·:i ·.:'~: ..... ·, 

1-L : \ . . : ·:·; ,.: . :::: . ' · . 

. :: .. ·· .. •:: .. ::::::~t::~v;0:u::~::i:e:::::a:no:s:::o:~m: be 1\;' >t'J;; 
".:· -· ::.:. ::. :.:.·<··· . : . . ·· ,: ... : .... l 

' . ' ............. illustrate this, let us imagine that the wave function v describes ~· · .. '· · '-. :~ : ·. ~ .: ' 

Ahead of the target ~ !?'.-.· '. i · .. ·· ·~::: .. :; .'.!.energetic particles scattered by a small target. 
•' ,' 

. :.· ·.··is placed a counter to monitor the incident beam and to determine the· · :· ·-.'::;.: .:_. f·/: · 
• ;,'1 • ' • • -· .• · ,·:;"'. ,_,· 

': ··: ,·.··precise time at which ea~h· particle is. scattered. 'The scattered particles_';(.:;.~·~:.'::·:.· 
'· ,.. I . , ·~ .: , . :.: 

, . ·. ·.. ·are detected by a counter telescope; so designed that each scattered·:··>·.:' .. ·<~··;_::·.·:::.·1 

particle entering the telescope is counted by each of a sequence of. :: ::r {/' } : ... I 
single counters in the:telescope. Now, the observation or a count at;;·.· .. :.·· .... _.:·>,'.'f 

time t 1 in the first detector of the telescope provides information·.:·.·<.·:~:··.: .. ·;.>-:,·:.:! 
concerning the magnitude and direction of the counted par~icle (since : .. :. :-.;:_:--~._,. ··i:·.·! 

. ' ' 
:· • ~, ·I 

' ~ ' : : 1-

, :: ... :i. '· .. · ;_ · .. lr 
\ : ~ .. 

it traveled in a known time from the target to the telescope) •. This 
. . 

knowledge is incomplete., however,: since the· spin orientation is not 
I 

' . ) observed~ : .In spite of .this, .it ·is obvious , that the available information . · 

perm1ts .. o~e::~ ... P~~~~·:·t~·.1;~~' ~t.:passa~-.-~t.'~~ ~tic~ bugb-~he . .'; , 

.. ·--· 

. ! 
., .· . l~ i 
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I ,; : ~ ' , . '· 

', ' . . ', 

:.. . 
"· ... ' 

'' 

·, . 

···remaining counters of the telescope., Equation (2.6) would not permit us 

to make this prediction, however. By erasing the information that the 

particle bad traveled to the telescope from the 'target, it is not possible 

.I. 

· · .. · ......... even to predict. that' the direction of its velocity is such that it will 

pass through t.he re~ining counters. We must conclude., therefore, .that 
I 

.. · ;.·, with arbitrary. a 1 Eq., (2.6) cannot take account· of information that 
.: ~ 

may be available from previous observations on the s·ystem. 
··' .. • 

Another possible way of specifying vhat one means by a partial 

' . . . 
. .... , 

.. ·. 
.. ; . ~ . 

•. 
' .· t: : 
:. •' 

'. ,,·. 
'.; .... -. . . · ··'. 

.... ,, -' 

t •• •• , ' 

. . · : .: . · .. m'easurement of a system might be to require that, since one is measuring .... , . · .. 
''' I ',!I : o,' :1 ' ' 

.... ·<.··;'··· .. : ··'~ ... ' .. J 1 Which COmmutes with the Other OperatOrS ¢ 1 the expec~tion Valu~' .' ·~·,.· . 

. . ·'.·:~: >· ··::.::. <:· ;.:·.-,::::.::: of the ¢• s should. be the same before and after the measurement. Th.~s. . .·· ::-: .. : . 
,', ~·' ~ •' \.' ' ' ,' •', ,I ... :' {:· : : ; ' •• '• • 

.. ···.::·:·.;:·.:.:: ... <:/:;.::·~::.:cannot be a generally correct conclusion. C~nsider t:e measurement or.i·.·-:.- .. ;::·~::.·.·.· .. · 
~. ·:~ : .... · · · ..... :.·:--::.··:'.':the square of the total angular-momentum operator.,. J It is clear '~· .:. :· ........ ,. 
. · .. ··i/."<. ·.,X~·/·,·;,-.. . · ~.· .. ,_ .... ~:.· : . 

. . :. ; ... :·. :: ... ,': ~.; ·:· .. :· :.' ·. :· tba t a measuremen~ of the z .. component of the an~lar momentum., · J z 1 ·• ....... · · · .. 

, · :~·_: .. ':.',.f·.: :.·:· .. : ··.:/. <.:>.<. immed~a~ly afterward must give zero probability for eigenvalues. of '.-.. ··:· ·.:.'~ :)·.·:.. ··. 
: ·: .: :' ~·~ ·-.:..·> .... ···.<· . . ; 2 ; .. \ ·:; 

... ·. ~. ·. ·, F:: .·; .: . J > J1 1where j(j+l) is the eigenvalue of J .given by the first · · ·.· .:; 
.; .··, \., '·:·· ... ·:.:.-·:··.··· ' Z . . , . ,. I 

' • I :' .• : .' ' • .' • ,• •."• • :·· 

· .. ,\ · .. ': .. ·.·· .'. .. meas~rement, whereas before the measurement this would not generally 
' . . . ' .. . . .. .. • ~. · ...... : . . .. ·;-

·,·. ·· ... ,. ·· .. ·be the case. Thus., E!ven though J 1 _and ¢ commute, the values taken· : ._.·:;·.··::· .. ·· 
.:.; ... · .. ,·' ···.· ..... 

·; ; ·.:: · .. · ... 
· . .': 

' ..... 

.. ,. 
'"· . 

., 

,··.' 
'-' .. 

.. · 

~ .• ~ 

·, 

·: . • ~.: I , . by the ¢ may be influenced by a. measurem~nt of J 1 • 
··' .: .···. ·.-·:: .. 

It is not clear that there is a UJ1,1Versal answer to the question :·.:-:· 
' .. ;. ·... ,· . 

posed above-·.:.that is1 to what extent does previous information persist :~· ;:-<· ·- ;: 
after a new observation is made?. We shall tentatively adopt here an 

. . . 
answer to this question/which we state in a .Physically· appea·ling form 

'. ·.• ~ . ;: 
.. ' ·'.. . ..... 

:."·.· . . . . ; ~ ' 

.. ; · .•. ··, ·.-:;.:;:< .'.): .. 

· .. suggest~d tQ us 'by Wi~e~~5 , Tbi~ ·is an assertion t~t,·;- su~je~~ to , . 
1 

•. ·:· ;· .. , • 

• T I ! I • ". 

wba~V:C~ ~~~·tr~~~a,:~:;,~ =.~po~~4 .. ~Y·. ~::_~b·s~ryat1on.·~r/~;,;:' at· time 

.• .. ' 
! . ·-: .~. ' ,·, 

;. :-: ~ . 

'·.· .. ' .. :' '( .. 



' ·· .. · . .. 
:· 

l. 

0. ,, 

·. 

. . 

'.; :' \ 

0 ' 
. ' .. 

~ , ~ A t 

' ~. 0. ' .. 
• I 

. ":':.: :.· 

· ... . · ., .. ~-~0<[•' ;,0 -~·f·: 
.. . .. .. , 0 • UCRL-lll44. f, • 

0 • il . 
' • 0 

.·; - ., . ' 

• 1 't •. 

. ; 's I 
~· 0 • l 

0 .! .. .. 
00 •• 0 ~o.. I 

.. : 0 .-:~· 0 : I 
. , . ···~~-- . . .. y.:·. 

'. -8-" 0 

'. ~ ' 

. ··\ 

t
1 1 .the wave function 'fA ( t 1) is that vbich provides maximum overlap~ 

. '• . ~~ ' 

. · . .. J~ ,-: 
·, 

., . 

. .· .' , ... 
• • . '~ . . . . 

(2.7) .· .. : 
,•: .,; .. ". ,· '. ·. 
: -~>·· i/·:, . . 

with the prior wave function v(tl). ~tis, _we consider the statement 

that d be maximized with respect to vari~tions of VA 1 subject to 

those constraints imposed by th;e observation at t
1 1 as a variational 

This principle is interpreted as 

l • ,•,. 

. . . . . ~ ; ... , ' 

. ' . . 

applying also to 'the case that J
1 

represents a set of observables and .. : .. :.'· · 
. :\ :.; . : • .. -~~- t'. /· 

to the case that the observation is of limited accuracy, from which can . . .'>: .-
• 

0 

0 6 0 •• 1· .... 

be determined only that the system is in some domain of states.. l1 .,.· · :,.:·.·. ·· 
•• f I~ ') ,'t' 

0

;",. o : .. ' .... ·~ • 

We shall call this the principle of least interference. To .. see·":".·:.;_/ .. 
0 

: ·: • . 
how 1 t is to be applied in a given si tu.ation, we return to the precise' ': · ·: : _·,_. . . . : 

·' • • • : t. ;: • .: ~ • 

observation of a single observable J 1 , as described by OEq. (2.4). . ., .. :· ... · .···;., 
. . 

:. '· •••. • -> f ~. 

I 1 Y'·'i ·using thJ most gene_ral to:nn (2.6) for tA(t
1

). compatible with the_ 

: . . :· .:observed .eigenvalue.: ~A·,·· we obtain from Eq. (2.7)'::. ·, ,.. . . 
! f ; • 4,. f' • ' • • • , .' j • •• . \ I • "·~,. I 1 . ~ ,. I 

·, . . :. . ·:· 
'• I 

....... , , . .· ;.. I 
.. ·•• I 

~ t .. ' ( .· ~.· : t ' 

·. '. 

~ , ,. . . . . (· . 

/Y -~I \' ,._·:~ -~.av lal).. ;~ v(tl)\ . . L .. ~ .. -~· ~~.... . ~ 
II "' . ' . • . • . 
,..; y •• ·:.: .• ·• • • '": 

where 
,·· ': .. l.:;·;:-.-.: ... . . 
f' • • 'I • • ,?i• o 

. 2. :·. . . 

\ ·. Ia 1. · .:/1 .-.·. L.:-.. ~ ·: 
~ ' : ; . .,.. 

.-, .. 
,· 

..... 
. ~- ,• .... , 

' • o )' ~ I o 

. . .· . 
I ! ,:, 
: ~,· 

·.· , 

. . 

, ._ r I 

·, • I .. ~· 

On. ~ng1 say 
1 

:·.the . a * ~ maximize · ff 
1 

··_we_ . obtain:.:;::~::':~.: . ,. · :~~ ·! .. 

.. . . · /:~;of;\<~;~ *[~(~ .. a· N \ N /!~:\:a ·.];'::(:;,:::}:(•;_-: .: .. ·'.·'.· (2.10) 
· \,. .· · ~ .. 'T,:L.· '· 1-1· L .. ·v ·"'~) ~·~···.·J··.- .. . ~ '., ..... ;· .. ·~····': · 

• 041. ""' ' '' ~I :,. • 

'•i 

" I 

·I 
' 

·.·. 
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where TJ is a Lagrange 111Ult:tpl1er intr,Oduced to satisfy Eq. (2.9) and 

. NV ( 'f( t 1) 1 , "\; y) • 
'• .. 

From Eq. '(2•10) ve obtain 

.. a~ • 

~d from Eq •. (2.9) we obtain 
·. . . ~ .. ... 

' ... ..... . 

.·. . . 
. . . 

. . '· . . . . . . ~ '," . 
... 

· . ,· · · · .. Thus, ·we have 

'i' •. l .... 
r, • J.' 

... 
. :· .. ... so that 

'. •,' 

. Here: 

defined by th~ equation 

·= 

---

.. • 

I . :· .. 
·"·' . 

' . ': .. 

. ... ' . ·-~ 

.. .. ',· .. ~. . . 

•, .·: ·.· ... 
. ·', ... 

~ ' • ~I ! \ ' 

.. ·. '" 
'.:· • 0 •• 

.··· .. · ... ··: .· . 
. '\~ . . ·: .. 
·~·: . 

· .. . . . ~ . 

.. ; . '. .... ' 

·~ . -:: ' . " ~ ..... 

·; .. 
'•. I 

.... I. 

•· .. 
~,. . : 

'· . · .. ... 

. • . 

: . ·.·: ... :; 

(2.11) 

'·.' 

,- ~ ., . 

. ·.ll 
. '· , . 

.. , 

.., 

(2.12) 

( 2.13) . 

•' 
·,~ 

. f 

. ';. 
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• .•r 

) ': :··.·· .· 
·.:.· :' .... :. 

·. 

' • ' ' • '\ • ' ~ o ',' : ; I ,• 

~ . ~ . , .. , - .: -. •. 

· .. .. 
-10-. 
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: ":' 

.. 
~ . . ' . : . 

For tiJ~?es · t. ?' t 1 1 the wave function· 't'A ( t) tor the sys.tem 

! • 

·, 'I 

: .. '· !,, ........ I 

... 
.. ' 

i'. bas ~ forrr? ~ · · . :·. ·.· :·. ,··: · ··:: j::· •• 't ... '! 
, ~ 0 0 o f I~~ 

.. 
••• < ...... .... . . 

•• •. < .-· .. 
.· 

.. . 

~ exp(-iH{t 

As an extreme illustration of the use of 
I 

.. ·• .. .. >. Eq. (2.14) for subsequent measurements at times 

defined by 

•' · .... 
-.. . 

~--.. .... . 
(2.14) ·. -~. · ... 7• : 

'. '. . . . ~., . .. .. · . . . . 
, ~ 0 , 1 I • ., • f 

' 
' . . ' ,. 

• • • t .. ••• '<. , .. 

t > t 1 1 we. imagine . . ·: 
"'' t; '.... • 

'· · . . : . . ·.-·:. that t describes twO completely ihde,ten~ent systems, each in separated._.~·:.·.· 
• • • t l • ,;, . -.' •• 
_.: ... ·. . .; -

' . . · '. laboratories, isolated from each other. An observation made on one of 
• ·: 0 :- ~ 

; I ' ' 

... "- . . .• ..... ".j . 
, . these, call it our J 1 1 .evidently does not influence the second sys~.- .~. ·:. ·· · ·. i 

. · ....... ·. 
:.··~ : · :·.This is precisely what our prescription, Eq. {2.14) 1 says since E.. acts- · ,. . ··. 
' . . ': · .. 

. ~. ··.' ~ ·. 
. ·. ::. -~ :· · ·· as the identity operator on the variables of the second system~. 

-,... I ·· .. ~· .. ·.:: II ..... 
• t • ' 

I 

•: I ~ • .. ~: •_, ', 

\ · .. _ In Section III we ·give some less extreme examples to show the ,. :. . ·. 
.... , 

·.·: · .. ,, . 
·· · ~plausibility of the presc:dption1 Eq. {2.14),.at least for an important o 't &. o .. ( I . ' ' 

~ . ,, . - l •• '. •• • :· ·, 

.'"1,: .... 
·: ·. · . ·. :. ·, ·:"- .- . class of measurements. · ··- :;: .. . . l 

.. . :· ·, 
•·. 

: . . , - . . . . I .. . , .. . 
Now at a later time t 2 > t

1 
we observe a quantity J 2 o.n those ... · ... 

·:~ :· • : . . I' ,.·· ·.~ :. ·(~· ~~~- I 

· .;· .... members ~f the original ensembl~ of systems ~or which J 1 was found to~-·:.'.:>_. _-'.-'.; '. 

have the value. ~"- at time t 1 • . Since J 2 does not necessarily ' · - .. · · : 
~ .· I 

.. . ' . 
•. ••• 'l commute wi~h J

1 
we must expect in general to supplement J 2 with a .. • 

. ·. :.-· ~. · .. : ... new ~e~ of commuting_ observabies1 !f, in .order to have a complete 
'\-. • • • ," • ., I • ) • • • '\ 

~· • • ! • 

.. .. 

specification of states. The e~genvalues ·.or_,-_.J2 _·:.will be_. ~lled b.f. '· 
.~ o I 0 • I ' 

~ • ..J ' 

and the e_igenvect:ors . w t;m 1 so that · .:·. -~) · · ·· ,· .. . .' .. 

.·· 

.. ' 

w .t.,m 

• • .. • "! .'· • . . . : , 
~ f ' .• • 

, • •• f 

•.'' • .... ,1 r. · .. 
1 •f 

, .•. i; . •. { 2.15) 
·, 

and the index m hs:~he range of values.cbaracteristic ot the degeneracy 

. :. 
·~· 
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.. n .. 

space that corresponds to the eigenvalue b' is 

m 

with the sum extending over. all s~tes f~r which the eigenvalue of J 2 
0~ 6 

The probability that on tbe .. second observation at time t 2 the 

value of J 2 Will be b .f. is 

• ( 2 •. 17) 

Evidently, the Joint probability over the ensemble that J 1 ha.s the 
1
\i 

value ~A at ~ime t 1 ~ that J 2 has .the value bt. at time t 2 is 

( 2.18) 

where P(A1 t 1). is given by the expectation value ~f EA in the state 

t(t1) 1 Eq. (2.13). It is clear that similar considerations could be 

made for the observation of a third observable .. J
3 

·at a time t
3 

> t 2 • 

To writ'e Eq. (2.18) out in detail, it is convenient to introduce 

Heisenberg operators, 

-iHT· e I 

. . 
etc. Then, using Eqs. (2~14) and (2.17) 1 we obtain. 

·., P(',t2 I "·~) · •. ·. lc,/ (v(t1), ~ G;.<t2 :'_:1>~ t(t1>) ·. · 
' ' : ~ • .. • • • • • • < • • ... 

' . ' . . .. . 
! ••••• ··, 

... 

... '.• . ... '· .. 

. ' . . . . 
' . 

• . 

. . . ,., 

:.",·-··. ,, . ' 
·i ' # 

: ... 

. .. :'.· ... ·· 
. ·. . '..:::. . . . . . . . 

., . ,· 
.-. . . .. .. ~ . 

.-. ' 

t •• 



j• 

. , 

..... 
·'· 

. 
t ··r 

\, ... . . . . 
.... .. ' 

·' "-; ... 

·'. 
. h . /• 

' .. 

: _,·.' ... 
-12- .. 

... 
,. . . ~ 

l'".' <> l • 

·This and Eq. (2.13) permit us to vrite Eq• (2 .• 18) as 
. l. 

' 

UCRL-lll44 
. ~· 
··_t 

(2.19) . 

• 

The complete distribution function, Eq. (2.18). 1 describing the 

values of ·J1 at time t 1 and J2 at time. t 2 .is generally difficult'· 

to measure. A simpler measurement is that of the average value of . J 2 1 

given that the first measurement of -J1 yielded the eigenvalue ~A for 

the first observable, mean value 

' 
• I ~ 

'I 

' ' ' . 

,,-:.· 

I,·. 

... , 

t ; ol 

t •••• · 

. • ... ... 
..·· :; 

.) 

··. ·: ; : of J 2 at time t 2 

J 1 • This implies that we calculate the 

for those members of the original ensemble 
. . !I ., .t ••• 

which• 1 .•..... 
I 
I· 

,, .. were found to have the value 
.. · ... 

~A. for 

I. 

Ill 

at time Thus .we compute· :·. 

.· . ' 

. . 

· . 

. ' .. · 

,:·l 
I 

(2.20) .: ·. 

t 1) ~ V(t1~ , . . :• . ' ·. 
·,' J 

' •. ., . r 

The .. :···· :·/:' 1 

!-

•.' 

.·.-

..... 
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.· ' 
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. ' ··. o I II . ' . 

' .. 
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. . 
~ -. .· . : . . 

~ ~ . :" . . ': 
• .. I .. ' ··-·. ' ·~ 

. '- I ·.' .. . . ... , ' 

i•; • 
,·, 

··· .. , . 
'r 

~. ~-~ . . ·, ' . 
'': • f • -

. · .··. I';: .. ~ .. 
. ',' . ...... , . 

· ... 
0 f ',' I ' . ·.·· ...... .. ,, 

' .· .. · 

\ . 

lt 
' 

. . .. , 

. . , . . . .• . .. . ·,·.·. •. •.-. . . . 
,I # ~ • ~ 

'· . o o 0 I o 

• '• 't • r ' .~ , • • ' • 'I .. ' • ' ' ' 1 

'. :· :· :.': ' :· :>:·::' 
' ..... • ... 

• ~o• 
' ·,., . 

... ,. . 

. ' 
\ •' 

•' •I 

.... . 

·-.. · ... . ·4::. ·.; 

... _., . ,. 
' ' 

·.· 
.· 

·,. 
may be placed on either side or the square ~ra~ket .·,.·' .. ·. 

is to be real. 

In deriving the final form of' _Eq. ( 2.-21) we have supposed that 

the sum on t extends over all possible values~ The sum on A may or · 

• .. 

.. ' , •' 
I 
~ 
(, 

'I o 'o o o ~. • ]t 
'I .._ • o ,. :~! 

•' 
,. 
!' ., . .. 

!• 
I • 

-t~ I 

may not extend over all values depending on the details of' the observation.·'·'·. \ .. 
.. J .. 

The_. ca~e ·_in. which J 1 { t 1 ) a~d J 2{ t 2) . · commute is evidently of :, ·. · .:r~., 
. . 

special inte~est •. We may then think of' making a single observation of.· 
''I 

... both J1{~1>.:·.~ ·.J2(t2)._,- The .corr~latio~ ~ctio~ :<~·21). simplifie~ · 
• •._ ,.. .; • • • fl, , I < 

;; 

· ·;. :considerabli in this· case:, .. particularly.· if we sum .over· all states A·· · .. 
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,• ·, • I 

. -- .. : . -~ . . . , 
.... ,: 

1·· 

·' . .. . . . , 
, . ,... . : . : ·' .. 

,. 

l . .' -•• . ·: :· : . ... . ·' .... . •• r . 

. . . . . · .... ' . · .. , 
•' . ·.· 

·"' ''• . 
, ·~ ' . 

):_· UCRL-lll44 :. . . . . 
. -··.·.·':'";' 

. .. ' . .. 
' 

. ' 
• I ·;-- ~ ; o ' o 

... , 

.· 
... 

(2.22) .. :·;··: 

as being a single .. . . ~ ,.. . 
!. 

. r 

. .. 
We mentioned earlier that under many conditions the observations . . . . 

. . -. made on a system may be ~ inaccurate to determine specific eigenvalues 

. _'.· . of such observables as J 1 and .J2 • In this case Eq. (2.21) must b.e 
• • • '' ' , I! 
· .; .. modified. For example, if the only information obtained from the first . . . 

.. . . . me~surement is that the value of. J 1 . is o~7 _o~. ~.set .. s~A) .. of .eigeny~ues . .... ;·:- ··.·. ~ 
' , f ~ , • ', t I 

1 
, • • , I • ',' • 

: . .. 

~A , we' introduce the proJe.ction ·operator ... · · 4 
· : • • '. • .·• · ... 

• l ·, 
~ ... , 

r • • • 

. . . . -~ ... : 
' .. , .. . ~ . . .... :. "'\ 

~s(A) = 

• -~ ~ • 1 

. · .. ·· · . where the sum on A extends over the set 
r· 

s(A); We again make the 
.. 
. . 

fundamental assumption of least interference and ~btain ~on following 

precisely the ~rgument leading to Eq. (2.14)] 

( 2.23) 

The arguments leading from Eq. (2.14) to the final form of the correlated 

measurement ( J2(;2) .J1(t1) ) 1 Eq. (2.21) 1 are now modified by replaci~ 

EA. by Es(A) ·• . ~~. ~i·~~·in place of Eq~ (2.2~) the re.sult . . . ·, · . 

. . . 

r 
.: ·' 

• • I. I ; •. . . . . • . • 

< 32<t2l J:(tl):<~, ~· [.~) Es(>.)(tl,~·~J2(t2l;~cx)~9}-~l(tl)~0 ' ·' ... 

. . ::· .. ·:.·. ·. :::. .. : ... , ... ,.. ':· .... · .. ,· ·. '. '. ., ·: .. : (2.24). 
• • : • • ,- • • .~ 0 • • '. ' ••• 

where the sum :runs .oyer nonoverlapping sets .. s(A) • · · , 

________ · . ___ ·_._:_i_· :_:~-'-\.i;1~~::-l~\ii):~"t.;\~,;··;,:/.t:~·r"\,/iE~~;:i:;r{:~;.:.; --~:·;, :. L .. : •. ·. ~ ~~ 
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,, . ' 
When the ensemble of.systems is not in a pure state at t = o, · 

' ' ..... 
. · but distributed over a set of states, ve must perform a further ensemble . . ' . . . .. 

<lilo •, ... ' 

' . . . 
;'' ·.·average over .the '¥o. ··in: Eq. (2.21) or .(2 .. 24) •. For e~ple, Eq. (2.24) 

:,· is then ·"!!''· . :' •• 
. ~. . . ~ .. . 

• • • • '# ' I ', 

"t • : • 

. . . ~ . 
.. ' . 

. ·· .. · 1 • • ~ • 

. ·r:-:: ·:· ·. .. 
• • ' I . ·'· . . '.·· 

.: ~~ ... 
. •' ,' • • 'r _. . • ' • • • .' ~. . : 

.. :. ... 

· >. ···> · · · · · :: ··::: where p 

. .. 

~2(t2) Es()..)(tl)J Jl(tl) 

(2.25) 

is. the density matrix for.the ensemble at t ·= o.· It is.this 
; \J 

.. . 
. . ... : .' ~ .' 

·', 
.. • ~ •• J 

""~ .. : ... . 
'·' 

' ~ . : :; 

I . ' r • 

< • 

'·;'. 

.. 

.···:.·.· 

., -· ·.· . ·~ : 

: ' :_· ',; ·( ' :' ' : .' : . > 0 
. : : . ..-.. · ·· .: .. .·· · latter form which we shall require in a subsequent paper for· the descd.p~ion >" .. ; ·' 

.. ::.~. :<: . .'·:>:<·:::: >:·~ .. :·: . of scattering experiments. ." · . . ·. ~ .. : · .. ~l~~ ... ··.· .... ·· ·:.·.· ... _':._.:· .. ·· .... '':·:·.: _::··.·.:. 
: .. · •. ' ~:. ·. ·~::. . . . :. ~·· ~- ~. . . 

• ·.:;: :/ .. ·:· ;. : ·. _::::. ·. · ~ , Returning ~ow to Eq •. ( 2 .21) 1 let us imagine that J 2:· was · . ·. · , '( : .. ~; .:·.·· .. 

· ' .' ;: . ·.· .... :·< .. \ :.~; . me~sured at a _·time. t 2 pri9.r to t 1 1 the time at which J 1 was '· ',\ ~ . '· 
...... ; . : . . 

·. 
. ~ . 

. ' 

. ; .. 
··, 

. ,• ,. ~ . 
. • • . . • t,, 

,· .. 
''' 

'·: .. : 
. . ~ .. , ; '>. ,' ' . ,: ,' . 

. ' , .. 

. ·· . . , ·! . 
. . ·· ..... 'of, 

: ':- · .. 
. .• 

When We WiSh too COnSider both kindS Of Observations 1 1 t: iS COnVenient tO. :·. · : .... · ,' .. 
•' '• 

·introduce the time-ordered correlation function defined by :·· .; 
~ . . 

. . . . . / ... : . . . . ~- ~-· . 

': ::· ( _T[J2(~2)J1(·t~),J_.): ''.~ ·' .. (. T[Ji( t1)J~( t 2
) }··.-~):.·. ·; .>·\\':~~:·:_.:· . 

',• .. ·:·~_::.;~ ... : .. >~·:·:::;.(::{.::.:::-:;~.:~~~· .· .· .. ,··. ::::~· ::.:··:;--·:· .. :>· . . : ... , 
, . : .· · .;::·.:.:.-::·,.·:·'.-;:-:-,.-~· ... · •· .. .-< J 2(t2 )J1(t1).) 1 ... :for ...... . :: .t2 > t 1 -., ·: . 

.·. 

'· 

. ····· ... '• ·· ... · ··.·, .. ... :· ... · .. .. . . · . . . .. · . . ,, ~· 

'. . .. . . .... .. ·. . ~ . . ,·' ~ . 
'· ' . 

\ . 

: .. ' 

. ··.·. . .. : 
• ~! . 
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We note that when J 1(t1) and J 2(t2) commute, ~d the sum on 

t in Eq. (2~26) runs over all states, Eqs. (2.19) and (2.26) are.identical. 

In this case neither observation interferes with the other, so the order 

in which these are made is irrelevant. '· 

We have mentioned that because of the delayed transient response . .I. 
I . ', ' . ·~ :. 

of all electrical and mechanical apparatus, the recorded observation will · · · /i ' 
-·.. I . 

. ·'• not correspond to an instant of time, but will be smeared over an i~terval •. ··: ·; · . 

Our expre.ssions for the correlated measurements must be corrected for · 

this before they will correspond to the recorded observations. To do 
t! 

this, let us suppose that the basic observation of J 1 is relayed to 
I 

t~ recording device via a linear transducer having the response funct~on · 

L
1 

( T) • By this we mean that an input signal f( t' ) 

t 

Output = J d t' L1 ( t - . t' ) f( t • ) • 

-oo 

be re'gistered ·as .. ... 

The corresponding response function for. ~2 _is written as L2(-r). · 

., . 

. ,·, 

,,. . 

. .. . . 

," ', I 

... 
• .. 

' 

.· , .. 

We may therefore represent the two measurements by the "filtered operators".- .'. · · l 
' .. ···. 't . . . . . . 

~ ; 6 ' 1. ~ ;•. . ~~ ., . ' . ~ ·. . 

~~(t~) .• ; L:,dT~~(t~- T~) J~(Ti ::. \ :. 
'· 

: . ~ .~. ~ r ( o • 

•· l . . . 
t2 ... -

~2(t2) .• J dT2 ~(t2 T2~ J2(T2) 
.. 

I • 

•CD 

. . 

where the Heisenberg operat~rs J 1 and . J 2 continue .to correspond. to 
·. : .... · ·. :·: ,. .. . .· '· . 

. . ~ ~ ' ... - . ( "instantaneous 'observables. '' . . '"': ;~ . ' 
r ,t',, ... ·· .. 

' ~ .. 

. . . ' . . ~ ~.·. . . . ~ . . . . . 

. · ... ·.: .. ·:.·.· .. ·:. ;·_:·:··-~.·.\.·> _ _.:~ .. : .. ·· . .-.·_. ·.~ ... ~:_._:_-~.~.:.: ...... :. . i.. : . ·: 'r:'• .... : :·. : . ..-. . . 
,. ... . ~·~ .~.: /.' ~ ~- ~ .. ~ ~~ ... ~:<.~: ~ .... 0 

.. ) t 4 I O_ ~ I f, 1 ' t ~ -, 0 0
-0 I '.,I • 0 •' 0 • 

' • ... ' 'j. • ·, I ~ I t ' • •• t, •, o' ' ;,. ' • ',:.'' •, • • 0 ' ' .... : . . : ·-· .. · .. ··,_ ~~-· .· . :' ~ ,.., .. ·:· ' ; . . - .. ·. . ' ... 
o '~~ .. • "o ·.,. • •:, o ot• • •. : : ;• :.:' •• o .. I 

' • '•., • , • • • ~,' • ... • 'I • • • ,,.: •"' :• •.;,: ! .. ,. ~·-=.· -.· t '; ' .I,' · .. '~ ,_. ·~.. : . . ·~ . 
\ '_ ... , •• ·'; .•. • : ~'.· : •• •• .1. ':.. • 0. ~ . . . . . . . . . ... . . .. . ~-· . ' ' .. : . 
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Application of the principle of least interference to the 

. .. ~ '• 
'·, . ... 
. ... 

. •· . .... -·· 

:. .. ·.· .·.· .,··-: . 

' .·. '~ : ·. 
_ ... __: 

'I .. -: ~ ·· ·. · .· . · · observation of these quanti ties may be less than straightforward. · 
~ . • .; • • . . . • ( f' 

• ' ' t •t ' .' '· ~ I • 

&i .• '.. . : .... ·, · • . l. f ._:_:~.: ·_:, • 

. . :--- :,. ·. ·. First, the. technical problem of formulating the correct constraint ·., ... ·-.• ··. 

~ ... ·.· .... ··:.:·:::·.::,J·:· ... ·::·: :associated with the observation of1 say, lfl, may be formidable. 

• ·· .. : ·· .. ·:~. · .. : ::· . .'.···.Second, when· lt
2 

- t
1

1 is less than the ttansient response time ·6Td 
• • ' • • '. •• • J •• ~ • 

_, •• 1 '! ·':_·. ·' 
. I . • • ' 

' . . . . . ~:. ~ .. ·.· 
• ~ •• #. -: • : • .· .... 

: · ; .'. ·.::: :· :'or the measuring apparatus, so that T
1 

and T2 e~tend over overlappi~- .. 

: ·.· ·' ·.:· ·. '.' · ...... :. 'intervals· in Eq. (2.28) 
1

· the mutual inte~ference of the two observations.::'. ·-~.:. 

~···.:.· ;c/;·.:.: ... ;·.;:~·:_·:·;'.'. cari be difficult to describe. ..·.;·. ,_·:.,. '· · 
:.·,:··-~~~-- /'- ':"'-~·-<·:,~---.·· . : :·-;· ·_·. · ... :: 

.II - • .-i . . . ~- - : I . ; \ . ·. . ~ ::_ .. 
_. ··· . \: ·· ·. ·-<. • .• ·· .. ~·· There are several special cases, however1 for which observatiOn . · ~- .. ·::: ···.< .!;: 

' • .· /·i.·;:; ·~<. ': '·'; of the two quanti tie~ ( 2.28) may be easil;y discussed. The simplest i~ ,· :: .··;. (.; .'.: :· 
. . :· ~ ··;·~~::: ... :.::.:> '! <-:.: . .' . . \ i :. o:~· · .. :.::·.·; -~ :;-
',.: ·\:J ;;:~ :'; · :'::· ~:.:·,. that for which the response time. ATd 01: the •detector_~ or measuring, ·1.' <,: .. ·. ,; ··:~~-. 

'. •• :, ~ .:· , •• •. :::·· :·: :.:. ... "!. •·. : .. '. ~-. ~: 

· ···:: ... ':.:;." . · .. ·· · ··;_ · apparatus, is much less than the relaxation time or the system being . • -··:·: .:·· .... ·- ·' 
.. :._:.·::,:.:.:·, .. :·.' >;._::,:~;;'· ~.···:·; ·.:·· 
· ;. :· ·.:. , , ,; .. : studied. . As long as I t 2 .. t 1 1 is significantly larger than ATd 1 . . . :···, . l:i 

• ," ,· ,.', J. I :',.• ',. .:• .'' . ; •' ·' •• 

. ~ . . : . . . ; .... 
. . :· ·.,. ·. ·,. : .-· ~ :·' . . this is i,n effect an instantaneous observatio~ _to which 'We· c.an app:cy· ·. ·. · · :· 7 .· : ; ;, • 

. ~ . ' • ·' ' • • . • •'' I '' ' ' ~ :I ' : • 

·.<-.:.:,<:): ·::~·_.:):·,;::·:. the theory developed above. In particular, we may use Eqs. (2.14) 1 .:.: .. ·.•·. _: ·-~. :._·:::: 

. . t ··:, · . .': 
. ,'·.', .. ·.·.;.j. ·: (2.18), and (2.21) with the understanding that in these equations t}:le. ., .. , · 

·.•', ' ' .•' ,•' •,";• 'I 

····~:I .. i'.·<······ ::·::r: .. ~.d:tJ2AT~i:.::::la:: l~:ol:;_ o:::·:;:·:, iJ;_ 
. :_:: ·,.;·' ." -: · .. ·;·. :. system, we may take ~he projection operators EA and ~ . to be· _.::·_·:. ··. ·, .. 

-··· ... ; ,. 
-· ..... 

: .. · 

. ,.· ·. . . ' ' '• ... ~ · .. 
. . ; ·., 

: :. \... .· ·. :: ., . 
-!· ·~. 

. . ~ ' . . . 

.. . •, .· ... .. . . ~ 
I':{·.'. • 

I o, ,_,. . 

'•·' _ .. 

··' 

\· 

unmodified by the transient response •.. Then the correlation function· . - ~ . 

corresponding tO Eq._ ( 2. 21) or ( 2. 27) ·may: be 'written in the. concise ·form.· 

· .. , 

.. 
> . ' ~: 

. : 
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·.· . 

.·. 

f 
. ~ , I 

I 

, t 
' . . . ... ' .' ~ 

I 
~ I: I f I 

:- .. 
ft. 

where the time-ordered correlation function was defined by Eq. (2.27). ·: .. :\ :·. 
.. 

'I 
• I • ~, . : .... 

.... _ 

A second special case to which the principle of least inter-· 

ference may be easily applied is the following._ The fUndamental 

I . 
· · have response times very fast compared with relaxation times in S • 

and system relaxation times. We assert that in spite of 

· :: ·<· .:·; ·this we can agai~ represent the· measured correlation of the two 

. : . · .. ~·, l 
.· . . .. 

·.- \ ' • ,..· • p .. 
·' ... , .. 

t".: .... .. 

. . -.... 

t·l ·:I . . : .~ .. 

. . : 
! 

• 
~ r . 

. , . 

. ' 
' ... 

· . ·,:.::::.~.: .. ·.<.observations by Eq. (2.29). 
•.••• ~ •, • ·, • ~ -~ • :·; • t ,..: •• : • 

' ' .. ~ .. ~:: . 
tl .. · '' .. '. ,. . . . 
,i . : .... ; . . : 

' ·•• . . .' · ~- .·• ;; ·l, : • • •• The reason for this is that we might have 
. . . . . . . 

used fast recorders .. ,,'· ·· . 
:. · .. ' 

·, 

•' 

••' ...... ·. •, . . ,. . . . ~ 

• f ,. ~- ; 

.. . •' ~ .. '~ 
. ·.' .... 

' .. 

... · ,· 

in parallel w1 th the narrow-band devices and have recorded (say on a 

The integrations 

. . . ,• 
' . .. ' ~ . . .. . 

t • • •• • • • ~ ' 

·. ~- . . . i' 
I . .. :, .. ' 

• \t 'I~ ,~ f ,. 

implied in Eq. (2.29) could then be done numerically. The final result 
I 

·,.: . 
·· .· . must agr~e with that recorded by the narrow-band device. ·· .... : . .: . I 

~ \ \·: ... ' i 

., ... 

I \ .. ~ . . . ~ 

As a third and somewhat· more complicated example, let us suppose · ~- · ~ .. 'I· 
f,', 

I 0 • '1.• f I ' 0 ' t' 
1 

: 

that we are observing particles, scattered by a specific targe~ and that ·; ,. · · .. .' ·:. 1 

we e.re i:J.terested in ~bserving relaxation processes in this target. .:·: ·~· . .. : :~ :_·:;;·!. . . . . :. ~ ... 

The relaxation times .in the target will.be characterized by the interval 
i 

6Tt , while fluctuations ·1~ the particle b.eam itself will have a 

characteristic t~e 6Tb ~ We 

been so designed 'that 

. . . . ·~Tb'·. ~~.-~:.~-r~·~ _<< 6Tt.:, 
• : \ ' \ • " •.' ~ '", .. I • • \ • •;; o • o · .. ,. 

'· ... \ 

l ' •:: •• 

. ~· :::::·~')/;·;:.<":.,., ..... 
· .. :--:;. ·.:· ... _;··~·: /\ .:::·.~ ~- . 
• • '. •' •:·;·.~~~·>>. • r ". :. • 

' o .. , • ~~ \ o .. ,' I 

___...__ ---·- ----
< •• 

shall suppose · that the experiment has · 
. ''··· ... 

; : ~ .. :.'.;,.:·::,:i:.:(,j/'; :: .. :: : .• : ..... .. 

. .. . . . . . ·-. .: ... : , .. :. ::·,~ ~. ; 
• I :· • ~· . / .:·. . • • } ' ., • • .. ,' • 

.·' .. . . 
. · ... · .. 
' .. 

.. -. 
·.. ~ '" . . . : ,·. . ·, '· ~ . ~·. \. 

~·. . 
• 1. -··,. • ...... :., • •• • • 

-~ f_·..:.~~...:.:.:_.'-;;- --- _: ___ , ·_;...:.; __ · . ~ 

. . ' -~ ' , ··. \ 

' ' . 
•. '· ·..,. ... 

·, .: . . 

I· 

. • I 

I 
.\ 
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wher_e ~T d · again represents the response time of the detector. It is· 

. . ,· .. :eVident from th~ double inequality (2.30) that we can filter out the 
~ • • ,· ' 1 • . . .... 

... ... high-frequency beam fluctuations and observe only those of the target • ,. . ,I·.·. .. 
· . ·_ : ·.; ·: ··: -: · The response· functions .. L

1 
~~ L

2 

-
in Eq. (2.28) ·are assumed to 

.. ,, 
des'cribe the effect of these filters • . ,· . 

· .. 
'• . 

... . ..... -· 
. ~ · .... · 

' o I I I 

j : • •••• 

. ~ ... .-. . ... 

: .. ,. 
·.'. ~ . ·' 

. .. '·.· . 
Equation (2.29) may be used to describe the correlation function··: . .. • ·. 

• ••• 'l I.·,' I .. ' . · .. 
. .... . . ·; : ... ~ . '•' . 
. ·:· '.• . for this experiment • To see this, we note from the first inequality 

. ·. 

·~ :.:. ·:: ·::;_:·:·>; · (2.30) that during a single response time ~Td ~scattered ~articles 

· :· ·· · ··:::;_: ·. ·.· ._; -~ ·.:. ·,will be detected. Thus, random fluctuations in· the ·particle ·fluxes ~11 ' ... 

' . ' 

: :'; > ; . be small and for .an ensemble a~rage the ~ • a and J • 8 will be eq"'[ t~t;. , 

... · .. · .... · · ··: :.:·,.· The fourth example that we consider is of ·some inherent· \ · · >: .... · 
::: ~ •• f :~ .. i • •. ' :-· 

·:-... ···.: .··.: . · <··'; complexity. We suppose that we are specifically studying fluctuations·_~--:.: ._::<:·. ·;; 

... 
' ... ..... . 

~, .' I . '' 

. ' .. : ... ~ :~ . . . . 

, ... · ... 

•. '~ ·: . : : : . 

. . : '.:/· >: ~ 
. ....... ·. ' ·'1'· 

in a beam of scattered particles, but that we'.are- unable to build a 

.· _.. ·: · .. ' :· . -~ --~ . . ... detector !that can meet the condition 6Td << ~Tf , where ~Tf . is a 

characteristic p~riod of the fluctuations being studied. 

; . ·:· .... . ::·;; 
.<_ !>.' : .. • '. ;·;~~: 

In this ease· ,- · · .... ·: · ;:_:: 
"' ·.·... . . . ( ·~·. · .. '1 ·j,.: ?\\ 
i .- .. : .. :, . . · .. we construct a composite detector, a~ illustrated ·in Fig. 2. At the 

. :_>_::;;·.:;t~ . !',. " . .. 
. I 
'• 

. '. ~ . . . . .. 
\ .. ' .... · . ·. ," 

,·. 
. . .. 

. • •: 

·. ~ . ._; . . . . -: .·. 
.• • '4 

;_ • . 
... ·· ... ··· .... 

~: .. ... , . ' '· . :· 
.· .... •. . .. -~ . 

' ,;. . .' ~ . '· 

' .. 

... 

··:. 

... . , .. 

~. ·'~ I i" ', '.:." .: ;.' 

: : £.;·; 
center of the detector is placed a small· seatterer s , having known 

scattering properties. Particle counters are mounted on. the walls of 
.· ... j'' 

This "large d.is~e~" .-.,· ·;;;)::: :; the detector, which are a large distance from s • 

is defined by the eondi tion that the particle ... :f'lux operators J 2(_T
2

) 

and J
1

(T1 ) at any pair of counters commute. 

The beam of particles is first scattered at the target ~ , 

which is the· sy~tem being studi~d.·, Some of .these Will enter the 

detector and ·be. ~es~t~red at ... s·":. into counters 'on the walls. ·To .· 
•f •• . ': • ' • • • \. . • .. • • • • • : ••• 

. . . . . ~ . ~ ~ . ; . . .. . ... .'.; .· : ... ·. : ·. J • 
. .. '. 

-~ '. l . .... 
; : ~"'. . 

. .· ·. ·,'· .. 

.. ""'.: ... :. 

' ' 

:·· . ... . . , ' ... -: ~ ' . . . .... 
r • I~ • ." . • '.: .'.:• • '~ ·.: ... • ' .• '"·.'. ' ' . '. '• ' '\ ; ' :,.·,-" 

..;. :·~:" ··~ ''.<.''~: ... : .: .. ~ : :.' . ·.:' ... 
•' ·. 

,· •' .. 
r, ..... 

. ~ . 
. • ... 

.r:· ·: 

'. • , r; •'.. . . ~ ..... 
,' .", 1"1 ' '• • '' :• I • ~ ' 

.... ;· t :: •• •. ~ ~- .'·~ •• • _: : .· :: ·.··· ... · .. :~. 

·.· ~:., ... · ,' ....... · 
. ' .. · .·,· 

. ., .. · .. ;;, '. ·.~. \ 
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analyze this experiment, we treat the beam, target, and scatterer _s 

as a dynamical system described by the Schrodinger equation. The 

counters on the walls are considered to be the "classical" portion of 

the measuring apparatus, since their particle-current operators commute. 

With this arr~gement we can study space-time correlations on a scale 

determined by the small scatterer s , but use only "classical" detectors. 

To see this, le~ us first replac~ the instantaneous particle-flux 
. . 

operators J:r and. J2 by the filtered operators r(tl) and 72(t2) 

in Eqs. (2.4) 1 (2.5) 1 (2.15), and (2.16). The filtered.flux operators• 

are supposed to represent the actual characteristics of the counters , 
q 

used in the detector. Because of the explicit time dependence,·we shall 

now vrite' the projection operators (2.5) and (2.15) as ~(t1) and ~t(t2), 
respectively •. Since ~1(t1) .and· ~(t2) comm~te, we have 

I 

. [ ~(tl)l ~(tl)]. IC [ ~l(tl), Jt<t2)]• . 

e: (~~it,), Ei\(t1 )] = [J"2(t2),· 8',(t2 )] 

= ( 6 t ( t2) 1 r,_ ( tl) ) = 0 • 

The wave fUnction in the Heisenberg representation, following a 

specific observation of the· twq commuting quantities 

is (according to Eq. (2.12)] 

. '· 
·­.. . . 

' .. 

,'' t 
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' I;.· • 

., 
( . . . . ,·. 

. . since the two observations commute. Here < • ... ·· •' 

,_ .. 

.... (2.33) .... : .· ,'; 
! ~ ·' > :' :: .. 

; . . .. . . ... 
. /. · : . is the joint probability over the ensemble Qf systems of finding that··:· · · . ... ·. 

·. . . . . .-: 9--l ( t 1 ) and J-2( t 2 ) . have the respective eigenvalues ~~~-- and b, .". _··: '·, __ ': "·. _: ··.' 

· ·- : .... The correlation function for· this observation is [compare Eqs •. (2.21) · ·. · .· ·:: ···: 
\ . . .· 

' . 

·. ·· . :·. · ·and (2.22)] . · 
. . -· .. :' 

' . . . '• .· . . . ~ 
. . . . : ~: . 

\ ....... ( ~ '..... . . ' L . bt ~A P( t, t2;~ A, tl) 
t,A . !i ,. ··.· 

• • ~ • •• J .. . ,·,:. ~'. ' . 
~ ' . . . . ' \ 

.. '• .. : 6. E(o), "A(tl) .~(t2) J2(t2),.(tl) ~(o~ ' .: ; 

.. ·.· : ... . .. . ' . '' _, :· ·-:.: ... :_: . ,\, '· ~ -· 
. .. · .. ' 

;. 

· .. · '· ·.:.· 
.-. ·· .... .. . . 

c.' • .. ' . .· .. . ' . . . -·-:· .. 
~ I ' • • ·, ' t • : ' ', • 

~·: . . . ' . • . ~ , . - . 
' .. . ' !'. . . . . ~. -

.: :.. . ; :· .' .. 
' . •, .. . . . 

. I .. · .. ,, .. ~ . -~ 

: .. . .. 
• : ,t 

. ·. ·•·•· i,' •..• '.··. 
' .. ' I , '; • ~ • ,.' • 

• '& ~ E(o), if' t2) ffl<tll "A c tll teo~ ' 
.. , .... 

. . . . ' .. )· 

''I '.• ' o • •. ',•,' ·. •. -· ... ' .. : ~ . 
. ... :· c:~.>_·: ..... ···:··:: _. ·:_ . - . .·. .· . . 

( 2. 34) . ; · .. ·:: '.:.; 
. •' · .... -· . . . ; 

. . ~ . . " ... ~ 

· . :. ·. · ·.. ·:. ·where in the las~ step we have surtm1ed over all 
·:: 

t • . Now if we either 
. . ~ 

-·· . ,. 

'"· . ' . . . . ' 

· · sum also over all. >. or if the operator · Ji. satisfies the con~itio~ 
. . .. . . 8 

(which in fact is ordinarily satisfied for particle .detectors· ) . . . . . . ' . . . 

. · ... 
~ .• 

. . ~. . : ·. . . .· ... ~ .· ., . ·,". ·:. 

"" ..... ' 
( 2.35) ·.1 

. ·~. 
we obtain:·: 

.,, 
' ' ; 11 .. 

· .. ~; 
·•· t 

. ' 
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which is eq~ivalent to Eq. (2.29) for this case. In a subseque~t pape~ 

ve shall show how Eq. (2.36) may be used to study the target. T 

Fig. 2. 

of 

We now describe some simple illustrations of the general theory . ' ' 

developed in· this section • 

. .. 

'' ' . . . ~ . ·: 
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III e EXAMPLE OF 'IWO COUPL'E:D SPINS 
I .. 

· We consider a system of two nonidentical spin-i particles 

interact~ng through a sp~n-spin ·rorce described by the Hamiltonian 

H = (3.1) 

.. 
: . I ; •, • 

. .. . : . .' 
.:. _', .. 

> I ,· 

. . . . ' . . • . 

.. . 

·; ;, . . ' ',: . ~· 
, .. 

.... :' 
. ·., 

The parameter· et may depend on the distance between the particles, but ·· · · 
.. ·,. ·· ... : ' 

. :' 

shall not be concerned with this here~ Th~ eigenstates of H ~11· .. . ·.:·. ~' 
.· .. 
·.··:._:·.'·.::·.be cal~ed X~ ~d XV (:v = 1, · 0

1 
-1) where ... .. . \

1
- ••. > • ·•·· .. :· ... ' •. • 
I i : . • 

. '. 

:··. ·.·:., 

: ·. ·.·· 
· .. 

··H X = 0 .. 

and '·-.- .·- .. - ____ ., ... 

A~ any time t the state of the system is described by 

v< t) . = 

I 

' ~ . . . : 
' . ·.·. 

. ·.· . l! ·~ .: .. :;·<·:.> . · . 
(3.2~ ..... ·., ... 

, i ~: I . • • ' • ' 'r 'I 

•' .· ·''· ;. 

. ·, ·: . 

' .. 
·. 

... 
'· 

. ·. 

Projection operators _for particle 1 to have its spin parallel or · .... 
. . . . · ,. 

.· .. 

. ' .. ' t . 

1: 
I ... 

antiparallel to_the z-axis are . '-~ 

1 + (1) 
- az ·.·' •,' . 

2 
., . . (3.4) . . ·.: .. . .',· = 

··.' ... , .. 

(1) 
where a is the usual Pauli.· spin operator .for particle 1. Suppose 

.· z : .. (l) 
·now we measure ·at a time _t1 t~e operator E+ and then at a'later 

. •· .. 

:· . 
. (1).. ' . . 

time t 2 ·· the. operat<)r . E _ c _In the notation of the previous section, ·. · 
. . (l) ' . ·. ( l) . . 

•• • •, t 

we have .J1 ·'~~E,.:.".y<·;·:::·~··.and .. _J2'.c.~ ..... :.··We have. then_:·~or (J
2

(.t
2

)J
1

('t
1

)) .·. · 

'.· . . ,. 

. : ! ,'" 

'· .. 

... ;.: 
I ,, '' •'•,, 

. .. ' ~·: 
.. ,' 

. ' •':. -~;··./· .... · . ·. 
·· ... ,· 

.· 
· ... . .'. 

! '·. 

. .' 

.. ; 
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It is obvious by inspection that in the limit t 2 ~ t 1 
we have 

(J2(t2)J1(t
1
)) ~ 0 1 which is p~sically r~asonable, since the f~~st 

measurement ~creed the spin of particle 1 to be up, and surelr we ·must 

require this to be true just after the measurement. . The complete 

expressio~ for (J2(t2)J1(t1)). is eas.ilr evaluated a~d we find 

2 
(J2(t2 )J1(t1)) = ~ la0 exp(-1E0t

1
) + a0 exp[-1E1t

1
ll. I 

II .. 
I 

Considerations based on this same physical system of two coupled· 
I 

spins serve to clarify further some of. the remarks made in connection 

with our1 basic prescription for the wave functionfbllowing a partial 

measurement, E_q. (2.12). In particular,· the effect on operators not 

.·measured in the first instance (called~ in Section II) may be studied 

by imagining first forcing the spin of particle 1 into a definite state, 

.. 
' 

,. 
I· 

: t • 

·~ \ ' 

-; . 
,,.· 

• ' ~. • • 0 

.I 
•i 

·;; I 
.. · .. I 

-. 
.. 

I. 

. I 
I 

I: ',• 

.. I · .. .. I 
I 

• I .. I 
. •.'· I 
• i ' .. .... I 

. . I 
.. .-:·I 

. · ... -:.I 
I 

.·.· I . . .... r 
(1) . ·. 

say spin-up, so we .take for. J 
1

, as· before E+ , and then ask for the · · ·. ;. ·I 
.. I 

expectation value over the ensemble of the z-component of particle 2 

at a later time. In such a case we have J = a ( 2) 1 and invite . 2 z 
ourselves to consider · : 

..... ·I'· . . 

:- l 
I 



..• 
'·. . ' ....... 
.. -' ... 

. ' '.· j ~ ' t: • 
I-

We find, after an elementary calculation, 

.~ : 
. .·· ... 
.... ; ·.f .. ··· 

. : .:. ~. 

' / < : 

~ . .. 
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'(.. 

... 

2 . 2 

• :'• I • 

' :• .. . . 

-·· .. 

. :.;.,·: _ .... la1 j· .. i ja0 exp(-1E0t 1 ] + a0 ·exp(-1E1t 1 ) I. . 
'.'. il .,4 ... .--:.·.';,•' . ·-.: .. • ••• • • > 

· .. ... 
~ • • • l 

.·· · .• · 
. :· -~ - : • i _; • 

X cos(E1 .. E0) ( t 2 ~. 1;11. • · 
I . 

. •' .· . :•. 
·.·_ ..... . 

~ . : } . 
In the limit as: t 2 ·~ t 1 this quantity is. in general dramatically . 

·, .. . ' . ,.'' ·. •, "' . 

... different from the expectation value·of .az(2)· in the state v(tl) ... ··:<:''· ... ·: -~ 
' ' • ' o • • ' ' ' • • •: : '• • • ,~· • I 

. '' 
. ,, ... · ... before the measurement, namely, .. . ·-

• ~ ,' I • • • • • 

• £ • . r ' • • ••• •,- ' •.' ; ' ', ; ~ : 

.• . 

. · . 
. ' 

·., 
'. f • ' 

Thus, thTre is no question that (¢) before the measurement of J 1 is 0'. 
.,.; 

. . equal to (¢) afterward, even in situations that are not slightly ' · 

-.. •· . 

'.' .. 

.;, . 
. .. 

pathological, as was our example in Section II _of measurements of J 2 

and J '. z 

In spite of this example we maintain that our description of 

consecutive measurements is the reasonable one. To see this we consider 

now a situation where we start off our systemof.two ·spins _in the triplet 

. :-: 

. . • .. 

.. -: 

.. ·;· .. 



'·. 

... 

... 
. ,' •' 

• J . '· 

':·. 

and 

for 

4 r ;· 

.. ' 

.. 
. ' 

I . . 

·~ . 

~ ... · .. ~ . . ... ,. ,", 

'' . 
'•, I 

\. l' 

-26-

~ is·a unit vector, (~a (sine cos¢, sin a sin¢, - . - (2) . . (2) 
J 2 the projection ?perator E+ = (1 + az . )/2 • 

... 

• ' ' I •,.. ~' • ":;-.,·• 

.. . . .. ~:. :; ~.:. 
...... ' r, ., 

: . .;, ~' .... :. ,~· •.. ,:1 

• - • , :· 't •. • a:: .. " ~ ' 
: ' f I s,

1

J~ "'" ~ . <· ._::·.-;· ·:/··: r 
)] d 

. • •. I • <• •' ( 

cos e. an . 7r:· /:.,·:·.~-'· ':.I' 
. "'':,)--, •!",· 

.. . J! • 
. . '; . l ··. I 

j- • ·~~ ~ ,. 'I 
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First,.we find the probability P(2j I l m • . . •. ·Jr. . . · . 
that particle '2 bas .' ····;: -~- · · r 

.... ·.·· .. ;J:.:,·· ... ! 
its spin .up at time t 2 ~hen ~t was found that at time t 1 particle :.1: ,:.~..: .::J:>.~: · 

o t ' o ~ •,• t \ I f ~ 

··: .. ,: ·had its sp'in parallel to i. According to'Eq. (2.17) this is ·.·_.:~.:. ::': y.:/: ·. { .:·.:.·. ·· 

. ' 

. . . ' 
i • •• . ,•. 

P(2 1' I 1 E) . ~ 1 (l) 
= X,E'fl -

which is easily evaluated to give · 

= 2 e 
cos 2 + i 2 e ·. 2 ~r-1 -E~ s n 2 cos 

' 2 

'"·I • o '0 r. ;· : -.... ~ .. -.. :::.::·) . ' l 
I .... '· .. 

.·. \' ·.~J< • ':,' ~:· ._·,:~: ~ 

J 
. ' 

·' • ! 

( ) l1, ;: . · · ·. ·: ~I 
t2 .. tl, :. '.: :: ... ·"\ ' 

' .. . '.I ... . ~ 

~ .... , "' 
(}.16)> ·;:} ,,.._: . 

. . . . ·r. ~ ; . : ~- .... :· , 

·: .. , .. 
., 
... ·,, 

.. 

•. l 

·. 

: .. 

.· .. 
' .. , ........ ::0 ., I. •, I ..... _ .. ;_ j 

, : .. ' ;-. -. .,, I 
; ~ .. 

: · .. ". -·· .. Iri· this case the orientation of spin 2 is not immediately affected by ·. · -'. ·· .· 
·- ·- • -~ .., - '4,', . ., r..., • .• ~ 

i . ' ·... . . 
., ' I l 

That is, the probability ... ;; · ,.: 1 
'·. ·. -~ ~ :::·.~, "~ .. ~·~:" ! 

: · of findi~g the second spin up just .af~er -the measurement is unity, as ... ··. · :. ·· ~ 
. I ·. ," ::': ·· . I 

. the measurement of the orientation of spin 1. 

· . · .. _ we would ex].)ect intu~ ti vely •. 
. . ~ . 

,'1 •• :.-. • ·.'f 

. ·.' ' 

The correlation function (?.21) is found in this case to be 

:. . 2 Q [ 2 Q 2 Q 2 ( El - EO) ( t2 
= :cos '2 cos . '2 + sin 2 cos . . 

2 

: .. ·: : .,: .. I 
: ' =~ . . .• 1.. t 

. .··· 't 
'• 

.:· t 

.'. . i 
L ' ~ 

.: ... ,.-: . . I 
'. ! 

:, i 
. .. 'I . ·. ,: 

I 

As 
. 2 

t 1 1 we find cos 9/2 as the value of the correlation·.· ··. 1 

. . 
·function.- 'This is simply the probability that the initial spin of .· . . . . 

. .. . . . ,. . . . 1\ . 

particle 1 is to be·found along the direction n • 
• ~\ 't - \ •, ' ,. . ... 

~ ~.. . . . . 
'I 

...... ' .. 
I '" 

' . 
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•• • I 

. ', • ... 
. :· . • I' •'' ' ~ 

·.. . .. ~' . 

. ~ ' . 
11 • • " • • · ... ': ~ .. • • • • ' ~ 

For the general state, 

• , , • .. •' , , *(~) ~ 80exp(-1E0t~Jli0 + exp[-~l~l] (alx1 + ~fly_O + a-lx-l); . • · ..• 
. . ' ' . ' <:~~12) ~ ·:. . . 

' . . . . ~· ~= . 
~. . ·... . ~ : . 
. . . 
· ' :··the correlation function is given by 

. . . : . . . \: I ' 

.. ,: 

. .,14 ,. •• (3.·13) . ., . . . . . . . 
. . i •I • 

'; ·. ·-·-:· :' , .. 
I I ... _.,' 

·.: · · . vhere . 

. , 'r ' ~. ·: bl :'=·. cos . ~{cos ~·al .+·sin.~ j; a0 
- sin~~ a0 exp[i(E1 - E0)t~~}, .. ~., .· . 

· .. · .. 

.. . 

... 
. ·'. ' 

: . . . . 

. ! 

' '!,· : . 
. . : • t. 

.. . .. · ·· 0 - 1 { 0 · . · . · e1¢ .. l .. e·i¢ -1} · 
. b = 2l. a + cos ea0 exp[i(E1 - E0)t1 J + sine y'2 ll + sin a 

2 
a . , • 

-. ' .. .. . ; ,, 

'· '·• 

.. 
. .. · 

;._.; : . . .. • .····: 
and the special case. quoted ab9ve, Eq. (3.11), corresponds to the ··.· '• . 

. vanishing of all a'. s except a 1, which is unity G In general, there~ore / ·. · 
... · 

' the observation.of the orientation of spi~ 1 with respect to.the axis 
A . . ·. . . . . 

n has an instaneous effect:on the state of the second spin •. With the ,...... ' . ' . . . . 

.·· interpretation of. an .obser\ra~ion as_ m.aking a·.~e.;tection among 'members of 
. ~ .... : . .· . . ·' __ ... · ..... :-_·.~;...:--·· .. -.-j .. 

an ensemble., thie is ·in no sense surprising·e · · ·, · ·. : ·. :·· '·.:: :. ·: ... · . . ' . . : :. . ' . . ~ . . '. . .... :· . " . '.· •. · '' 

,· ~•: : ·> .......... ·:.::;,:~· ·,:·::.- ·.· ... ·, ,_· ·,, ,!: ':· •:•' • • • • h' ·•' • ~' ': •• :· ~:·•' :' • _; • I ;• .: .·:,_•''' •• ' 
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'· . . IV. CORRELATED INTENSITY MEASUREMENTS 

and Twiss intensity correlation.1° Fano considers a physical system 

" composed of-our atoms-- a, b1 c, and d • 
. . ' . 

' . ment, corresponding to time 
0 •• 0 ! 

.. -~ • f • • ~· 

are each in an excited'state. During the course of the experiment, a . ·,r·: .. ,· .. : ... \ 
_; ·4 .• .~!.' 

and b undergo radiative transitions to their respective ground states.·,: .: -~·: :•. ~·- :· 
0 0 ./ I 0: .. •• •••• :J .-. I 

. I • • •. • ~ • • ~ • If 
' I '1 ~' '\J ' ''I~ 

. : :.. Fano calculates the probability that the· radiation from· a and . b ·will_;·;····; __ · -- :;1: 1 
. i I . .. . '•, .1; I 

. ' '.· ·, · .. ·- l' I 
·photo-ionize both atoms c and d • Even in ·the limit of a small 

1 
:.~.; • 'i·::: )· .. ; 

II ';,; -· . ;;.. . ~t' 'I 
• • • , : .. • • t • ;r • 

probability .that either atom is .ionized,· the ;probability that bqth are:' · _ .:·· ./ ·: ::!.: . 
• ; f • • ~. • ,,.. 1 

. ·.: ; .... ·· ionized does not reduce to the "clas~ical" product of the probabilities · .. · J. '. ·.• ~··. ~ ,· 

. . . /·.' . · . . :· :: r'· ..... ·. ' .. 

0 ••• :<>..:::· ·~ :~.· l~ 
·The experiment is illustrated in Fig. 3. Atom a is located ·: · .. !t. · 1 

! . ~-~ ··~ •. ~·,~· '·1!'.~::' .. .:. ! 

) 0 

. . 
. . · .· 

of ionizing the atoms-individually~ 
. ·."' ... ·· . 

•• 0 

, : at postion .~ , b' is at ~b , etc. The distances R b' R , etc. .. · . .';} ·.·· 
. •. ..-c;r. a . ac . : . ~ ·. . - I 

·.:_··, ·: '··:.- . .'·.between atoms are assumed to be very large compared with the wav~l~n~h··:···.<·· ;.} ... :·· • 

. · .. :· . :· ···:_. of the .emitted•radiation. In the interest of later geometrical·_ .. :,.: __ :. ·:.{. .·.:.-·'1-

•• i 

·' I 

r . '~ . ; . . . • J.~ . . \ i 

simplifications we assume that Rab and Red are much less than Rae , ... · : ::: --.: ' . .' l. 
-: .. 

etc. Also, to avoid irrelevant·complication we ignore all details of 

the atomic processes of r~diation and absorption, lumping these effects 

in unevaluated constants. (The reader who desires a detailed account 

J~. • • 

~l',) i 
... . .. -

,-, • 0. ': ·. ! 
;' I. 

. : : !· 

should refer to F~no's paper.) Finally, we shall suppose the "radiation11 

emitted by either a~m _a _or b to be a particle satisfying_ Bose-Einstein,·.· 

. ' 
i 
·' - , I 

. • I 

or Fermi-Dirac. ·statistics~ . The energy. of· such _a particle will be called 
. . . . . .·. \. .. ; .. . -

€(k) ·1 correspon~·to·a momentum k. :.If the-particle. is a photon ~he. 

. . :.~ :·::\) J:'L,,;·~(;:··.;.::.~::.~•·.:: ... :.'.:•. ; .: ·~ ·. ~; ·.: . ·:: :~::·"~ :·\': . :.{:· f .:;.: ::•: ::-·.,~: .·: : .· .. 
r f '' ,.j f I I • 1- ~· • ~:··:, \,,· :• lo '.:. • ~ :, '' ~' t ·, 

·, •• • •' ..1 :. • ·.' 1_. r .. ,.• • _.. • ~ • • • , • • ., • .-.' 

' 
... •• . . •• 't • • ', j. • •• -· • ; ·:' ••. 

:• ' .. ,- .. . •. .. . . . .. : . . - . ~ 
---'----'---'-- ------·-- -· ~- - ·- --'--- ·--··--· _..:._,__._ - . ---··---·. 

. '•; 
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..··' ., .· 

.. ' 
. energy is e(k) = kcj for a particle of rest mass 

.. · ... 

. . . . 
: : · · .:·. The energy .liberated by the radiative transition and converted into · · · ·.: .. ' 

. . ': · . 
· . . ... kinet~c. energy of' the emitted particle is written as ·e0 .• ' . \ >•I . . . . -.~ . 

The vave function for the particle radiated by ato~ a · is of . 
. ~' 

.. the formll 
1 

. . • I • . · J d3k exp[ik•(x - z' )] 
~ . { ~ f2 _E:_(_k_) -... -.£-~_+ ___ i ~~:--~-. ww • 

. /1. { exp[ -1<( k}tl - exp[ ·1( •o -

x is the coordinate of the radiated particle, 
""' 

1/r 

. . . . . . . 
. . .. ~ 

.: · .. 

~ . . 
. •. / . . .: . 

: .· = ·. 

. .. . . . 
, .. , 

,•. 

. .. ·· ... ·· .. I . . . 
I . 

)t]} . (4.~. 
... 

. . ,. 

,. . . ... 
' _ .... _., 

is the lifetime · . ~ .... 

.· .·: 

,· . •' ·:. · .. 
of the atomic. transition, and 7 is a constant that is proportional to .. · · . 

:·: ·· .. ··. ·, 

... 
. . . ·. 

, ... 

< '•' 

,·. 

• , t' . ' . . 

·. ~ '-: 

... ·. 

.,; 
·'f .• 

f ,·I 
. ~ 

.. , .. ' 
. ' .. . . 

. ·: ! ~ • ' . ·. 
' . . . . .. ~.' 

. :. ' 

.. ·. 

the probability amplitude for the transition. We have ignored the spin, · .. . . ·.· 

if any, of the-radiated particle in Eq. (4.1), which for our present 
\ 

argument is an inconsequential idealizationo 

.· .... 

. ·.·. 
lx · .. z I 
- ...a 

is. large, we readily obtain from · ·. : . :··-'· 
: ... 

Eq. (4.l} , , .··. · 

.. ' ~ 

":':.:· 

., . 
~·.: .. . . . ' ~ •;.~. . ., . 

/a(:£.. t) . : = ·. 0. . for lx-z.l >.vt, ..... 
"" . ..-a. . . . : : -~ : 

fa(~t) • • ; 1 7 P :. exp {1 [ix • A. I • <{p)t]}· exp [~2 t - .!jx - z Ill ', · ';> ... lx .,. .6 lv ~. . . .v .- we. ~ .· ; 
. . ......., . a .· ·. . ~,l 

. . . . ; ( 4. 2) . :•.'{ 

... 
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To describe the radiation emitted by both a and b 1 ve introduce · 

the vave tunction12 

(4.;) 

I 

vhere Jil ancl .~ are the coordinates of the tvo emitted particles, and 

the + or ~ sign is to be used if the radiated particles satisfy 

BoseREinstein.or Fermi-Dirac statistics, respectively. 
!· 

Folloving Fano's analysis, ve might nov calculate from Eq. (4 ... ~) 

the probability that atom c absorbs a radiated particle at time t 1 . 
It 

and atom d . absorbs the other particle at time· t 2 • To do this in '' 

detail, we should have to evaluate the transition amplitudes for absorption. 

We shall avoid this complication by doing a slightly different calculation• · 

To describe this, let us firs~ imagine enclosing'the atoms c 

and d in the respective very small volumes 8 V c and 8 Vd • We 'shall 

then find the probability P(d, t 2; c, t 1) that·one of the radiated 

particles is in 8 Vc at time t 1 and that the other particle is in 

8 Vd at a i~ter time t 2 • The probability that these particles are 

actually absorbed may be obtained· from P(d1 t 2; c,. t 1 ) on multiplication· 

by the respective probabilities of absorption, given that the particles 

are in 8 vc· and 8 vd • 

To evaluate P(d, t 2; c, t 1 ) from Eq. (2.19) ve must first 

construct t~e projection·operators Ec and G;d = Ed 1 which vanish 

unless a particle is in. 8. Vc or 8 .vd, respectively. Then from 

Eq. (2.19) ve obtain 

.. ' 

I 
·I 
I 
I 
i 
i 
' I 
i 
I 

I 
,• 

i 

I 
!· 

' I 
' (. - ; 
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' ' ' .· .- .. 
.. ··. 

•\ 

• ' ( 4.4) 

~ '$· 

. . :·· . f .... 
' ' ... 

. The projection operators Ec and Ed may be constructed in te~ ·.- •. ·· :>· .. '. 

·: · of the · proje~tion operators 

ec(~l) = f. d3y o(xa.'.; y) - -.. . . .c 

ed(~) = J d3y 8(.?52 ... :t) 
d 

, 

J 

·' 

·, .... : ·· . 
. . ; 
' . 

. . ~- ., 
· ... 

' \I' ..... : .·-. .. : . . : ~ 

. ' : I ·•.\ 

\ . . . '·'·· 
· etc., where the integrals extend over the volumes o V c and . o V d:,. il · ... : · ·; ·: 

:1.· . . . ' ' ' 
·; respectivelY,. Then, we have I '• • .. ·· . ;· .. 

E = e (xi) + ec(~) I 

c cw. . ' 

and '( 4.6) •. ',. 

~ ,· . ·. 
I ' 

Ed = ed(k) + ed(~) • . . ~- . . . . 
. . . .... 

: '·; 

'; . :. ~. 
i 

To see that these are projection operators, we note that :, .. ·· ... •. 

Because we have assumed that.the volumes 0 v 
,C 

and . o V d are very . small, .. 

the term 2 ec(~1) ec(~) here is neglig~ble when it appears in the 

integrand 'of Eq. ( 4.4). ·. 
. . ;· ···- ·, . 

In the He1senberg,representation, the operators (4.5) :ar~ of the · · 
·, . . . . . .· . . .· .. . ' . . . . .. · ~ : . : . : . ~ . ' ' . ', . 

form 

'. ·.• ,, 

. , . . ,. : .. '· .. : ~ . . \ :_, .·. . . ./. .. . . 
' • I~ 

. . .. .>.·. •_: : •. ,. _:, __ ... .•- . .. '' . '.: ,·; . 
. .. . . ..·:. ::: .· -~ . . : .•. . . . . ~ ··.: ~-. . ·._.. ,·" ,· 

~ . • : • • •. ' -'! • • . : • • •• ... • . 

. . •, 
'· ,· ;::: . ' 

·' ... , .. ·,: . 
. ' . . .:. :. ··; ·.~. : . . ·:: . 

... 0 ••• 

. ... . ... 

.. 

'~ ; . ·.! ~ .·:~·;·:. ":,·:·.·_:_.~>. ::.·-_:. . '. · ... ' . 
. . . . . . ~ .'· . ·_.:. .. . 

. . ' 
, • t,.. 

' .. 
~ ·, i, ~- • ,.;_, :. • '' ••• ...... > :. !- ·,_· )~, ... 4.· •••••· •• : -~: •. •• , ' •. : ' •• 

~ .. . ., : ,: .. : ... .' , '· . . . ... •. .·· .. ·: . ..... ··- .• 
' ..... . . ~ ' . ' ., ~ ~ . : .. 

·, _•, ', ' ' ~ ~. ' • 'c • ' • 
' ,. ~ . :: ·.-. 

'' · .. :.'·-. :.:--~,'. :.._:. ;' .: ....... 
. ·.·: · ... (·: ·:· . ~- :-·~. ,": . ~·. ···.' ·::·'-: .·· "·::~~ :: -~:·:·· 

' ' , -. .': . ~ '. ~ . ' . . ,:: :'. ·. •, . 
'.'t . 

'· .. : ·. · ..... 
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. ·· .. .. : .. 
' ~. ..- \ ...... ·. 
''· •. 

. . 
0 • .... '. ' . .'/ 

' . . 
exp(iR1t] ec<:J) exp[o ... m1t] 1 . --

(4.7) , .: 0 

. . . 

.... · .... i 
·. i 
I 

•· • I 

etc. 1 where H1 and H2 are the respectiv~Hamiltonians for the 

radiated par~~cles 1 and 2· • Since these. part~cles do _no~ ~~ract, .. . . ·I 
·we have for any times t 1 and 

[•c(~, t~) '.· •c(~, t2)] 

etc. 

a . 0 I 

a 0 I . 

... ". 

Using the commutation relations (4.8L. we obtain· 
I ... 

I 
. ' <{ ·.: 

t ! .· · · · · ·~i · I ... \ :. '1 . . . ·._:_.. t 
.. · · ·I . · : I 

: . ' . ; .. I 
, .... (4 8) .... ·. .·> i 

.· . . .·. ,:. · .• \1. . ·. · ._·:o :·.:. -:·\;· · ·1 
. ·: .... ,/_:_ · .. · : • ·~·· I 

.f •• >· .. :·.-:< 1 
...... I 

.... ·.. .> >.·· ~-<~ ·, _: . f 
. :. ··-.. :.· .: .. [ 

_: / .· f 

.·,.·; . Ec( tl)Ed( t2)Ec( ~l)' = ec(.~·l'· t) ed(~, t2) ::'" ~c(~,. tl)_ ed(~, t2_~ .. · .. :. 

.. 
The "small terms", which :we shall neglect, are of the form ... ,. ,, . 

. ···. ,' 
• • • r • 

' 

ec(~1, t 1 ) ed(~, :t2) ec(~, t 1 ) 1 etc., 

and 

such·terms_all correspond to passage of a given-particle through both· 

volumes 6 V c and o_ V d ; In t~e limit . ~f. sma~ . 8 V c ~d 8 V d· 1 . 

and assuming that'these_are not precisely in_line 'With f!ither·radiating 
• 0 • • •• 1.3. . . . : 0 : • • 

atom, ·these terms _are negligible. ·. . . .. _.· : '-' · · i:: ·. . · · ·::· • · --:" . .'. :. 
0 

• • ,· • • •• •• • • •• • • • • • ' • • ••• l-, • t . . . . • -~ .·· 
. :_. '....... . 

'•' • ··~t .• ·•' . • 'I ' ~ ,• ',' :.' -~ :. • ~.'• .•'· •, ,':': .. : . ' 
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Equation (4ell) corresponds to Fano•s result. It illustrates '' 

the mutual interference of the two ab~orption processes, even in the 

limit of a vanishing ~r~babili~y (i.e., 6 Vc1 6 Vd ~ ~) f_or absorption. 
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to the scattering experiment proposed in Ref. 1. We note that 

expression (4.11) is symmetric in t2 and tl and .so is valid for all 

This is a. consequez:lce of our.use of very .sme.-11 . 

. volumes 0 vc· and 0 vd • 

·rn the second paper of this work we Shall be concerned with 

practical applications of the phenomena studied here to scattering. 
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FIGURE LEGENDS 

Fig. 1. Illustration of simultaneous use of narrow- and broad-band .. 
recording devices. 

. . 
Fig. 2. Analysis qf a scattering experiment,. 

Fig. ;. Illustration of Fane's problem. 
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