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ABSTRACT

We study a random particle method for solving the reaction-diffusion equa-
tion 4, = v u,, + f (u ) which is a one dimensional analogue of the random vor-
tex method in fluid mechanics. Our method is a fractional step method in which
4, = V u,, is solved by random walking the particles while v, = f (u ) is solved
by Euler’s method. For the case when f (u )= u(1- u), i.e. the Kolmogorov
equation, we prove that for At = O (VN ') the numerical method converges

" like InN - YN ! uniformly as the diffusion coefficient v tends to 0. Thus, travel-
ling waves with arbitrarily steep wavefronts may be modeled without an increase
in the computational cost. We also present numerical results that include experi-
ments with second order time discretization and second order operator splitting.
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1. Introduction

In this paper we study a random particle method, due to Chorin [15] for approximating

solutions of the one dimensional reaction-diffusion equation,

Uy =V Uy +f (u )

u (z,0)=1u’(z)

where the foreing function, f (u ), satisfies

= /f(1)=0,
f(u)>0 for 0<u <1,
f'(v) <1 for Oﬁuﬁl.

(1.1a)

(1.1b)

We call this method the random gradient method. Algorithms based on this method have been

used by Sherman and Peskin to solve Nagumo’s equation (50| and the Hodgkin-Huxley Equa-

tions [51]. We prove the convergence of the random gradient method to solutions of the Kol-

mogorov equation,

Uy =V Uy +u (1-u)

u(z ,0)=u’(z)

subject to the constraints

(1.3a)

(1.3b)

(1.3¢)

(1.3d)



lim «°(z)=0. (1.3¢)

2z — +00

Our work follows that of Roberts [47] who proved the convergence of a random particle method

to Burgers’ equation,

Uy 4+ U, = Vi, .

Related theoretical work includes Brenier [9], Cottet and Gallic (20], Hald {32, 33|, Raviart
[44, 45], and Rosen [48]. A review of particle methods which use random walks to model

diffusion may be found in Ghoniem and Sherman [26].

Our interest in the random gradient method is primarily motivated by the fact that it is a
one dimensional analogue of Chorin’s random vortex method [13] for approximating solutions of
the Navier-Stokes equations in two and three dimensions. It is hoped that a thorough examina-
tion of the errors obtained when using the random gradient method will yield a greater under-
standing of the error inherent in using the random vortex method, particularly the error due to
the use of random walks to simulate diffusion. In order to motivate the subsequent discussion it
seems appropriate to list here the most important characteristics that these two methods have

in common.

t) Both are particle methods, with the particles representing point concentrations of
some derivative of the solution. (Gradients of u with respect to # in the case of the

random gradient method, vorticity in the case of the random vortex method.)

t1 ) Both are splitting or fractional step methods. That is, the equation to be solved is
split into two evolution equations, each of which is solved separately. This process is
coupled by using the solution obtained after solving one of the evolution equations as

the initial data for the other.

1ttt ) In both methods one of the fractional steps is the heat equation,



u=v Au . (1.4)

In each instance the numerical solution to the heat equation is obtained by random

walking the particles.

iv ) Finally, in both instances the second of the fractional steps is a nonlinear evolu-
tion equation. In the case of the random gradient method this is simply the ordinary

differential equation (ODE)

w = (u) (1.5)

whereas for the random vortex method it is the Euler equations.

Similar analogies may be drawn between the present method and Chorin’s vortex sheet method

[14] for approximating solutions of the Prandtl boundary layer equations.

Numerical estimates of the convergence rate for the random vortex method were made by
Roberts [46] while a convergence proof for the method in the absence of boundaries may be
found in Goodman [27]. Theoretical work on the vortex method solution of the Euler equations
include Anderson and Greengard (3], Beale and Majda [5, 6], Cottet [19], Greengard 28], Hald

and Del Prete [30], and Hald (31, 34].

It should be noted that in our treatment of the random gradient method particles are not
permitted to divide in two when their strengths surpass some critical value as was originally
proposed by Chorin. This greatly simplifies the convergence proof. In fact, it is interesting to
note that creation of particles is not necessary for convergence, at least when the approximation
to the initial data is taken to be monotonically decreasing as we do here. There are, however,
several good arguments for why the algorithm with particle creation should be more accurate.
Furthermore, the difficulties which arise in trying to prove convergence for the algorithm with

particle creation are very similar to those which arise when trying to prove convergence of the



random vortex method when boundaries are present. In this case particle creation corresponds
to the creation of vorticity, an important phenomenon in fluid flow. Hald [33] has successfully

attacked this problem for a one dimensional diffusion equation with thermal convection.

The main result of this paper may be stated as follows.

THEOREM 1.1 Assume v < 1. Fix T > 0 and choose a time step At > 0 such that
T = k at for some integer k. Let u(z,T) be the solution at time T of equation (1.3) with
initial data «° and let @*(z) be the corresponding ‘computed solut.ion’v with initial data u°.
Denote the number of particles use(i to generate #* by N and assume that at = O (VYN .

Then there exist positive constants C,; and C,, independent of v, At, and N, such that

< (L+T)[eT lw0-all,u+CyVoat +Cp Y|

E [[u(T)-3*ll, < 7 (1.6)

aqd

var (u(T)-d*ll0) < (1+T)[eT lw0-all i+ C voat +C'~"§TNF' (1.7)

Here E denotes expected value and var the variance.

_ In order to prove this theorem several assumptions regarding 4° and #° have been made.
In addition to satisfying the constraints (1.3c-e) it has been assumed that u° is continuously
differentiable on IR and ¥§ € L'(R)N L*(R). The approximate initial data, @°, is a step func-
tion approximation to u° and is required to be monotonically decreasing. This is perhaps the
only ‘unnatural’ restriction on the initial data. We discuss this issue at the beginning of §2.3

and in somewhat greater depth in the remark after the proof of Theorem 4.1.

One of the most important consequences of Theorem 1.1 is that the error is independent

of the diffusion coefficient, or viscosity, v. Thus, solutions with arbitrarily steep wavefronts may



be modeled without any increase in the computational cost. In contrast, a finite difference cal-
culation would require Az << O (Vv) to accurately resolve wavefronts with viscosity v. In this

regard see Sherman and Peskin [51].

This ‘favorable’ dependence on v is what makes random walk methods competitive. In
the absence of some variance reduction technique (for example see Chang [11]) the random walk
algorithm will converge at a rate of O (VN ). This is much slower than, say, a finite difference
method designed to solvé the same problem. However, with a ‘ﬁnite difference method one must
take Az << O (V) in order to accurately resolve the effects due to viscosity whereas a random
walk method automatically concentrates the computational elements in regions of interest.
Furthermore, the random walk introduces no ‘numerical diffusion’. (For a discussion of numeri-
cal diffusion see Sod [53].) Unfortunately, the price one pays for being able to compute at small

v is a convergence rate of VN ..

Our approach is to prove the theorem for v = 1 and then use a simple scaling argument
to demonstrate the validity of the result for arbitrary v < 1. The second term in the sum on
the right hand side of (1.6), C; Vv at, results from bounding the error due to exact operator
splitting. That is, the error that results when (1.4) and (1.5) are solved exactly. We remark that
in [7] Beale and Majda proved that exact operator s:plitting for the Navier-Stokes equations is

O (v at)in LYR") for n =2,3.

The details of the random gradient method are developed in chapter 2; beginning with
some notation (§2.1) and followed by the algorithm itself (§2.2). In §2.3 the class, S, of permis-
sible starting approximations, #°, is defined and several prelimin.ary lemmas are proved.
Chapter 3 is devoted to outlining the proof of Theorem 1.1. Most of the error analysis is writ-
ten in the language of solution operators. This notation is introduced in §3.1 and §3.2. A brief
account of the proof may be found in §3.3, together with a description of how the details are

divided among the chapters 4 through 7. In chapter 8 we put the various parts together and



prove the theorem for v = 1. Then, in §8.3, we remove the restriction =1 and prove

Theorem 1.1 for arbitrary v < 1.



2. A Description of the Random Gradient Method

We begin this chapter with the introduction of some notation and a detailed description of the
algorithm itself. This is followed by a discussion of the difficulties that are encountered for non-

monotonic initial data and the proof of several basic facts that hold for monotonic initial data.

2.1 Step Function Notation We will denote the numerical approximation of some func-
tion, intended to be obtained on a computer, by the symbol * T, Thus, u(z,t) denotes an
approximation to the solution, u (z ,¢ ), of equation (1.1a,b). We will use the term step function

to refer to any piecewise constant function of z € IR that has a finite number of discontinuities.

In the random gradient method # is a step function approximation to u . Consequently,
knowledge of the position of each discontinuity and of the amount of each jump is all that is
required in order to know u. It is convenient to think of 4@ at a given time ¢ as being
represented by N particles, each particle having associated with it a position on the z -axis and
a strength or weight; the p;!.rticle’s position being a point at which u is discontinuous and its’
strength being the amount by which # changes at that point. (The terms weight and strength
will be used interchangeably.) The position of the tth particle at time ¢ = j At will be denoted
by X,-’. and its weight by w,-’.. It is often desirable to write the computed solution after j time

steps as u’ (z ) instead of #(z,j At )- Thus, the computed solution can be written in the follow-

ing way:



It will often be convenient to assume that the particles have been labeled so that for each

X{ <x{ < Xy . (2.3)

IA

Note that this may require a relabeling of the particles at each time step, since random walking
the particles can result in a different ordering of the particle positions. This is simply a nota-
tional convenience and has no effect on the actual details of the convergence proof.! Henceforth,

we will assume that (2.3) holds, usually without comment.

Let @} = @’ (X;j ) denote the value of @’ at the ith particle position. For future refer-

ence we note that, by (2.1) and (2.2),

N .
] = YL HX! -X!)w/ = Y v/ (2.4)
r =1 r 2>t

and, consequently, the strength of the ith particle is given by

W = Lwi- ¥ ow = -l
r>e F2i+1
The variable N will always be used to denote the number of particles present in the flow; with

N being fixed for a given run of the numerical method.

2.2 The Algorithm We begin the random gradient method by determining a step function

approximation, #°, to the exact initial data u°. Given the computed solution, #’, at time j At

the solution at time (7 +1). At is obtained in two distinct steps.

Step I: The first step is the numerical solution of u,==f (u ). For fixed z this is an ODE in ¢

! This is, however, a reflection of the need to keep the particle positions sorted if one wishes to recover the func-
tion values ii(z ) efficiently. See the paragraph following equation (2.7) for further details.



with initial data @’ (2 ). The solution of this equation can easily be obtained using any explicit
ODE solver. In the convergence proof that follows we will assume that Euler’s method is used.
It should be noted, however, that the analysis (Chapter 6) carries through for higher order
Runge-Kutta methods as well. In addition, there are many cases in which v, = f (2 ) may be

solved exactly. We note two such instances that may be of interest:
1) For equation (1.3a,b) we have u, = u (1 — u ) which is the case studied in this paper.

2) If f(u)=-v(z)u (and so f is also a function of z), then equation (1.1a,b) is a one
dimensional Schrodinger equation written in imaginary time, 4, = u,, — v(z ) ». This is a one
dimensional version of the case considered by Alder et al in [1] and (2], although there they
solve the ODE by creating and annihilating particles with fixed strengths rather than by alter-

ing the weights.

When the solution of the ODE is obtained using Euler’s method the value of the inter-

mediate solution, 6j+l, at the point z is given by
7Nz )= &' (z) + at f (¥ (2)). (2.5)

Here At is the time step and the variable ¢ has been used to denote the solution after one half
of a two part fractional step method. Since il isa step function, so is 6’.“; the height of the
step above the point z having been increased or decreased by the amount at f (@’ (z )). This

is equivalent to altering the weights w.-j so that the new weights, w,-j“, satisfy

P z)= 2 H(X{ -z) wi. (2.6)

A simple formula can be derived for the w/*!.

Assume that the particles have been
labeled so that (2.3) holds and define # *' = 6’“(ng ). Then, letting 12,{; +1 = 0, we see that for

eachi¢ =1 ... N,
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JHl __ SiHl i+l
L =V — Y4

=& -l +at] f (&)~ f (8)) (2.7)

=wl +at[f(@)- 1 (@)

This is the formula that is used in practice to determine the new weights. It is apparent
from (2.4) that the N new weights can be calculated in O (V) operations if the particle posi-
tions are stored in the computer so that (23) holds. This necessitates sorting the particles at
each time step, a task which can, at best, only be done in O (NlogN ) operations. This is the
only aspect of the algorithm which is not O (N). While it may be possible to design a sort
which, on the average, takes O (N ) operations (for example, by using the fact that the particles
at the previous time step were already sorted), in actual practice one tends to run out of storage

before time becomes a crucial factor.

Boundary Conditions: Note that #°"' automatically satisfies the boundary condition (1.3e)

since H (X,-j -z)=0 for all z > X;j. Furthermore, by summing over the w/ and using

(1.2a) it is easy to show that Ew,-j =1 = Ew,-"“ = 1. Since step II does not alter the par-

ticle strengths (as will be seen below), it follows that if ) w? = 1, then the sum of the particle
;

strengths is a conserved quantity in the random gradient method. In other words, 4’ satisfies

the boundary condition (1.3d) at each time step if #° does initially.

Step II: It remains to solve the heat equation u, =v u,, with initiai data ' ™', First select N
random numbers n,, 7,, . . ., 1, from a Gaussian distribution with mean 0 and variance 2vAt .
(With regards to generating normally distributed random numbers on a computer see
(36, 38, 40].) The position of the sth particle, X,-j, is then altered by the amount n; to obtain

X" =X/ + ;. Thus,
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_ N : , N . :
WM z) = Y HXI +ni-z) wft = 3 HEXKI - 2) wf* (2.8)

f=1 §=1

It should be noted that there is an error introduced into the computation which is due to
our inability to generate truly random numbers (whatever that means! ([40])) on a computer.
We will neglect this source of error and assume that the n,;. .., n, really are independent and
Gaussian distributed. Since in practice this error is of the same order as computer roundoff
error, our omission will be of no more consequence than the standard practice of ignoring the

effect of roundoff error in a convergence proof.

2.3 Restriction to Monotonic Initial Data In order to prove the convergence of this
method to solutions of (1.3a-e) we have found it necessary to assume that the initial approxima-
tion, 49, is monotonic. This is due to the fact that if one allows particle weights with different
signs, then some realizations of the n, . . ., , will result in ﬁj“(z) < 0 for certain z, in spite
of the fact that i’ (and hence 3’ *') may satisfy 0 < @’ < 1 everywhere. (See fig. 3 of [32].)
Not only are such negative solutions unphysical (in Chapter 5 we will see that solutions of
(1.3a-¢} always lie in [0,1]) but, as we shall demonstrate in Chapter 4, solutions of v, = u (1-u)
with negative initial data blow up in finite time. This can lead to particle strengths which
increase without bound, further degrading the numerical solution. In [32] Hald encountered pre-
cisely the same problem and also found it necessary to assume that the initial data is mono-

tonic. Given these considerations we start by defining the class S of ‘good’ starting approxima-

tions, #°.

DEFINITION 2.1 Let S be the class of all monotonically decreasing step functions, u, which

satisfy #(-o00) = 1 and u#(o0) = 0. T};us, 4 €8 if and only if 4 can be written in the form
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where the weights w,, . . ., wy satisfy
0<w <1, (2.10a)
N
Y ow =1 (2.10b)
i =1

Next, we will show that the random gradient method maps the class S into itself, thereby

avoiding the difficulties outlined above.

LEMMA 2.2 Fix at < 1 and assume that 4’ € S. Let 3! and @’ be given by (2.6) and

(2.8) respectively. Then #/*' € 8 and i’ € 8.

Assumption: Here and for the remainder of this paper f will always be taken to be the func-
tion f (4)=u (1-u). While many of the theorems that follow continue to hold for more

general f , this assumption greatly simplifies several of the proofs.

Proof: To see that 3’ ' € S, use (2.7) to write

N . N , N . ,
Suit = Suf +at B/ @) -1 (i)

=1 =1 f =1

=1+ at (f (&)~ (@}))

I
-

Here we have used 4 = 1, 4} = 0 and f ()= f(0)y=0o0. Furthermore,

wit = w! + at (f (@)~ [ (3l,))

=w/ [L+at (1-(& +il,)) (2.11)
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since w/ (1 + at (1- (if + ui,,)] is the product of two positive quantities. This can be seen
as follows. By assumption, w,-j > 0. Since 0 < 11,?' <1 for all ¢ and since ﬂ,j =1 only if

{1 = 0, we have
1 < 1-(# +ai,) < 1 " (2.12)
Hence, for 0 < at <1,

1+ at (1-(&f +ai.,) >o0.

Finally, w/*' > 0 and ) w/™ =1 together imply /™ <1 for all ¢. Thus, 7T eS as

§=1

claimed.

By using the fact that #'*' € S and noting that an alteration of the particle positions has

no effect on the weights it follows that /€S as well.

It follows immediately that if @° € S, then at all subsequent time steps, 77, i’ €8.

Although this is a trivial consequence of Lemma 2.2 we state it here for future reference.

COROLLARY 2.3 Fix at <1 and assume that a° € S. Then for all y =1,2, ..., we

have 5/ € S and @’ €8,

Assumption: From now on, it will be assumed that the time step, at, always satisfies

at <1.

- One final fact will be established in this section; a bound on the particle strengths, w,-j. By
(2.10a) and Corollary 2.3, w/ < 1 for all i and all j. This is not enough, however, for one
needs to know that N w/ = O(1) as N —oco. If the strengths are initially chosen so that

w) = O (N7'), then this a consequence of the following lemma.



LEMMA 2.4 For i°€S let &/ = Y H (X{ -2) v/

14

be the computed solution at time

T = j at which has been derived from #° by the random gradient method. Then for all

t = 1,..., N the particle strengths, w,’ , satisfy

Proof: It is evident from (2.11) and (2.12) that

Cwit = wi (14 at (1= (3 + i)

< w/ (1+ at).

The inequality in (2.13) follows immediately.

(2.13)
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3. Solution Operator Notation and an Outline of the Error Analysis

The primary purpose of this chapter is to develop a notation with which to discuss the error.
We shall then present an outline of the convergence proof. We begin by assuming that v = 1.
This makes the exposition simpler. We will remove this restriction at the end of Chapter 8 and

show, by a scaling argument, that Theorem 1.1 holds for arbitrary v < 1.

3.1 The Exact Solution Operators The ezact solution operator for the Kolmogorov equa-

tion, Fy, is defined by
Fiu®(z)=u(z,t)

where u (z,¢) is the solution to (1.2a,b) at time ¢ . In other words, F} is a one parameter family
of maps, with parameter ¢, which takes functions on IR to functions on JR such that the initial
value ¥° is mapped onto the corresponding solution of the Kolmogorov equation at time ¢.

Note that if ¢t = j at, then
u(z,t) = Fal u°.

The superscript j has been used here to indicate the jth power of the operator Fa,, t.e. Fa,

composed with itself 5 times.

The reaction operator Ry and the diffusion operator D; are defined similarly. Thus, B, «°

is the solution at time ¢ to the reaction equation (which is an ODE for fixed z ) with initial data

u°,

u, =u(l-u) (3.1a)

u (z,0)=1"(z), (3.1b)
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and D; u° is the solution at time ¢ to the heat equation with initial data u°,

U =1u,, (3.2a)

u (z,0)=u"(z). (3.2b)

3.2 The Approximate Solution Operators We now define approximations, R, and Da,
to the operators Ba and Da:. Let u(z) be an arbitrary piecewise continuous function. The

approzimate reaclion operator, EA,, is defined by
Rau(z)=u(z)+at u(z)(l-u(z)) (3.3)

In other words, for each fixed z € IR, Em u (z ) is simply the Euler’s method approximation,

after one time step, to the solution of the reaction equation (3.1a,b) with initial data u (z).

To define the approztmate diffusion operator, Da,, let & be an arbitrary step function of

the form,

N
a(:)zzH(Xl—z)wl (34)
i=1
Then BA, u is given by
~ N
Dacii(z)= 3} HX;+n-z)w (3.5)
i=1
where My M, - -, 1N, are N independent random numbers chosen from a Gaussian distribution

with mean 0 and variance 2a¢. In the notation of Chapter 2,

3 = Ra df
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~ 541 N =i+l
@’ =Dy’

Thus, the computed solution after j time steps, i’ , may be written in terms of the initial data,

4°, in the following way:
‘l-ij = (EAg EAg )j ﬁo.

For future reference we note that, as a consequence of Lemma 2.2, the operators Ra: and Da

map the space S into itself.

3.3 An Introduction to the Error Analysis We now present an outline of the convergence

proof. Our approach has been greatly influenced by the work of Roberts [47].

As above, let #° € S be a step function approximation to the initial data u°. The L!
difference, at time T = k at, between the exact solution, u, of (1.2a,b) and the approximate

solution, #%, is
Hu(-,T)-a*( ), = I Fak u° - (Das Rac)* @ |l
This error may be divided into three distinct components,

| Fa u® ~ (Day B ) i [, < | Pk u® — (Do Rau )* w0 ||, +

1
(D R )t 40 = (Dac R ) @0 |, + (D Rt )* @° - (Do Rse ) 0. (3.6)

The first term on the right is called the splitting error. It is the error due to the fractional

step or the error due to ezact operator splitting. In Chapter 5 this error is shown to be O (at),

| Fak u° - (Dae Ra )k u° “ < Cat. (3.7)

1
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(For the remainder of this chapter C will denote a generic constant, independent of both N and
at .) Our proof of (3.7) is modeled after Roberts’ use of techniques from the theory of first order
quasilinear partial differential equations (PDE) (Kruzkov [41]) to prove a similar fact for

Burgers’ equation.

The second term on the right is the error due to our approximation of the initial data, u°,
by the step function, #°. In Chapter 4 it is shown that the operators F; and D; are stable in

the L' norm. This implies

| (Dac Ra )* u® - (Dac Rae ¥ i°|], < eT |Ju®—a°ff..
1 1

The third term on the right is the error due to the numerical approximation of the solu-
tions to equations (3.1a,b) and (3.2a,b). That is, it is the error that results from approximating
the exact operators Ra; and Da by the approximate operators B and Da,. Since the effect

of the operator Da is non-deterministic, the bound on this error takes the form

~ o~ -2
P(l(Das R & - (D R a0l 2 10338 ) < 77N (38)

where 7 > 1 is an arbitrary real number. The approach here is to break the error into 2k

pieces,

~ o~ ' k-1 Lo~ —— .
/(Do Rac )* a°~(Das Ras )* a0 ll,<e T Y3 (I Rac i’ ~Rav & |+ |1 D 57 -Dui 57 | ). (3.9)

y=0
In Chapter 6 we show that

1-242

P(IIRs# ~Rai’ || > "CVIN (at)) < N * . (3.10)

This estimate follows from the fact that Euler’s method has local truncation error O ((at)?) and
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that

R’ (s) = Rari? (z) forall |z | > max |X/|.

Chapter 7 is devoted to proving that

1- 27

In IV )<4nN H (3.14)

VN

P(| Dt =~ Dai? |, 2 7C

The proof of this inequality relies heavily on the pointwise estimate
P(|Daii(z)-Daidi(z)| 2Ca) < eWe?

where & > 0 is an arbitrary real number. This is a simple consequence of an inequality for sums
of bounded, independent random variables due to Hoeffding [37]. Such exponential inequalities
are the key to establishing an estimate that is o (1) after summing k = O (at™!) times in (3.9).

If we now set at = ¥/N ~! and use (3.10) and (3.14) in (3.9) we obtain (3.8).
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4. The Exact Solution Operators E; and D;

The purpose of this chapter is to develop some of the basic properties of the operators F,
and D;. The principal result here is that both operators are stable in the L' norm. In §4.3 this |
fact is used to examine the propagation of the error which is induced By approximating the ini-

tial data with a step function.

4.1 The Exact Reaction Operator, B; It is a simple matter to check that the function
defined by
u(z)et

Re(z) = 1+ (et —1)u’(z) (1)

is a solution of the reaction equation (3.1a,b). Observe that equation (3.1a,b) is an ODE in ¢;
the variable z is simply a parameter which selects the particular initial value, 4°(z), to be

used. The L! stability of R, is a simple consequence of having an exact expression for B;u°.

LEMMA 4.1 (L' Stability of B;) Let v and v be measurable functions on IR such that

0<u,v <1and ||u—v”l<oo.Thenforanytimet > 0,

IRu -Rewll, < e lu-vll.

Proof: First note that u > 0 implies 1 + (¢* -~ 1) ¥ > 1 and similarly for v. Thus,

¢ t
| Rew — Rev | = | u: - vi |
1+ (ef ~1)u 1+(ef -1)w

lu —v | ¢!
(P+(ef -Du)1+ (et -1)v)
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< luw-v]et

since the denominator is the product of two terms, each of which is greater than one. This
implies
o0
IR ~-Rivll, = [ |Riu(z)-Riw(z)|dz < ef e -l
-0

Remark: In order to establish a bound of the form

IRw - Rewll, < Ct) llu -vll, (42)

that is valid for all time ¢ > O it is necessary that v, v > 0. This is due to the fact that, if

u < 0, then R;u blows up in finite time. To be more specific, equation (4.1) implies
Riu(z) = -00 as t — In(1-u7'(z))
whenever u(z) < 0.

In the course of proving that the error due to exact operator splitting is small (Chapter 5)
it will be necessary to know how the reaction operator, R;, affects the gradient of a C'! func-

tion. By differentiating (4.1) we find

u, et

(1+(e* -1)u)

(Rfu )z =

This immediately implies

LEMMA 4.2 Let u € C'([R) and assume that 0 < u < 1. Then for any time ¢ > 0,
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lucll, < o0 = [(Ru) M, < e llul,

”u: ”oo < oo = “(Rtu)z ”oo < et ”uz “oo

4.2 The Exact Diffusion Operator, Da: Define the heat kernel, G (z ,t), by

e * (4.3)
Vart

Gz,t)=

Occasionally, when there is no possibility of confusion, we will write G, (z ) instead of G (z,t).

It is a well known fact that the solution of the heat equation (3.2a,b) is given by
u(z,t) = (G, *u’)(z)

-

where * denotes convolution,

[ ]
(G *u%)z) = f G, (z -y )u’(y )dy ..
(For example, see John [39], p. 209.) Thus, Da, u® = Gar*u°. A basic result from the theory of
PDE is that the diffusion operator, D;, maps L?(/R) onto L?([R) for 1 < p < oo (Folland

[24]). We state and prove this fact for p = 1 and p = oo since it will be needed in the sequel.

LEMMA 4.3 Let v be any measurable function of z € [R. Then for any time ¢t > 0,

A

lulll, < oo = NDiull, < e llull,

”u”oo < o = ”Dtu”oo S ct ”u”oo

Proof: Since for any ¢ > 0,
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-{o ng(x Id:l: = .L \/_—t = 1
it follows that
IDew(z)ll, = [ | [ Gz -y)u(y)dy | dz

< [ [ 1G@) lu(z-y)|dyde

[}

= [ 1G)| [ lu(z-y)|dzdy

-0

o0

= [ |1G(y)ldy llull

-0

u ll,.
The proof of the second inequality is similar.

Remark: For any bounded differentiable function u on IR which satisfies u, € L' we have

(G *u), = G,*u,. Consequently, it follows from Lemma 4.3 that
I(Dew): M, € Mu i)

A similar result holds in in the sup norm. These bounds will be needed several times in

Chapter 5.

The L! stability of the diffusion operator, D;, is an immediate consequence Lemma 4.3

and the fact that Dyu - Dyv = Dy(u - v).
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COROLLARY 4.4 (L' Stability of D;) For any bounded measurable functions u, v

defined on IR such that ||u - v ||l < oo and any time ¢t > 0 we have
|Diw ~Devll, £ llu-vll.

4.3 The Error Due to Approximating the Initial Data The L! stability of the operators
Ra: and Da, allows us to analyze the error that occurs as a result of approximating the initial

data, «°, with a step function, #°. This is accomplished by examining the second term on the

right in (3.8),
” (DN RAg )k u® - (DAC RN )k a° ”1

This expression will be bounded in terms of the initial error, || «® - @° ||1 , by repeatedly apply-
ing Corollary 4.4 to functions of the form u = Ra¢(Da: Rac )’ u°, v = Ra:(Dac Rar )’ i° and
Lemma 4.1 to functions of the form u = (Da Rai)’ 4°, v = (DaiRa)? 4°. Since the

hypotheses of Lemma 4.1 require that 0 < u, v < 1 the following lemma will be needed.

LEMMA 4.5 Let u be a measurable function on the real line such that 0 < » < 1. Then

for all time ¢t > O0Oandallz € R, 0 < Rju(z) < 1and0 < Dyju(z) < 1.
Proof: Rewrite (4.1) to obtain

u

Ry = ——m ——.
' (1-u)e™ +u

For 0 € u <1 both the numerator and the denominator are non-negative and hence,

Riu > 0. Similarly, v < 1 impliesu < (1-1u)e™ + u whereby Rju < I.
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For u non-negative,

o0

(Diu)(z)= [ Gi(z —y)u(y)dy

-0

is the integral of a non-negative quantity and therefore, D,u > 0. If 0 < u(z) < 1, then

u(z)| < 1implying
| Diu(z)| = | [ Gi(z—y)u(y)dy | € [ Gi(z-y)|u(y)|dy < [ Gi(z-y)dy =1.

Thus, Dyu(z) < 1.

The main result of this chapter now follows easily.

THEOREM 4.6 Let u and v be bounded measurable functions defined on IR satisfying

0 < u,v < 1. Thenforall at > 0,
”(DA;RAg )"u —(DA;RA; )"v ”l _<_ CkN ||u - v ”1 (44)

Remark: Thus, if ¥ = 4° and v = 4°, where 4° is a step function approximation to u°, then
Theorem 4.6 implies that after k¥ time steps the error due to this approximation is no more
than a constant times the initial error. Furthermore, the constant, ¢ *%, depends only on the

time, T = k At, at which this error is measured.

Proof: The proof is by induction on k. The case k¥ = 0 is automatic. If (4.4) holds for k¥ then

Lemma 4.1 and Corollary 4.4 imply that

“ (DAI Rm )kﬂu - (DAl RA: )k ty ”l = ” DA¢ RAt (D& Rm )k U - DA: Rm (Dm RA: )k v ”1
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< | Rov (Do Ra)* v - R (Das R ) w I,
< e |(DaeRac)*u —(DacRac ) o ||,
< kX Iy _y I
It should be noted that in order to apply Lemma 4.1 in the induction step (to the second line) it

is first necessary to ascertain that 0 < (Da: Rar)f v < 1 and similarly for (Da: Ra: )¥ v . This is

a consequence of Lemma 4.5.
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5. The Error Due to Exact Operator Splitting

This chapter is devoted to proving
| F4 «° - (Dae Ra ) u® II1 < Cat (5.1)

and hence, that the error due to exact operator splitting goes to 0 like At. The key idea,

(Roberts, [47]), is that the function, w, defined by
w(z,t) = Fiu(z)- D Riu®(z)
is a solution of
w, =w, +a(z,t)w + b(z,t) (5.2a)
w(z,0) = v(z) (5.2b)

with w®(z)=0and || 6 (" ,¢ )IIl O (t). In Theorem 5.4 we show that there exists a constant

A > 0 such that solutions of (5.2a,b) satisfy the inequality

lw(- T, < A7 llwll,

T
AT e ()l de : (5.3)
0
at all times T > 0. Thus, by setting T = At it follows that the splitting error after one time
step is O (at?),

||qu°—DArRAr"°”1 = ||w(',At)|| < C(A‘)z-

1

This inequality, together with the L! stability of the operator F (Lemma 5.6), yields (5.1).
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The techniques employed in the proof of (5.3) come from Kruzkov [41]. They have been
used by Roberts [47] to prove the convergence of a particle method with random walks to solu-
tions of Burgers’ equation. Similar results in the L? norm have been obtained by Beale and

Majda (7] for viscous splitting of the Navier-Stokes equations.

Roberts’ work on exact operator splitting (his Chapter 2) and the material here represent
two special cases of the following more general result. Under the appropriate assumptions on
the coeflicients a(z,t), b(z,t) and ¢(z,t) and the function w(z ,t) solutions of the

differential equation (DE)

w, =w,, +aew, +bw +¢

w(z,0) = v(z)

satisfy the L! inequality

lw(- T, < A7 |lvll

T
, + AT {Hb(-,t)llldt.

‘This is a special case of results from [41}.

Chapter 5 is divided into four sections. In §5.1 we begin with a maximum principle for
solutions of the Kolmogorov equation. This is followed by a proof of the existence and unique-
ness of such soiut.ions. The purpose of §5.2 is to prove Theorem 5.4: Under suitable conditions,
solutions of (5.2a,b) satisfy the inequality in (5.3). In §5.3 it is shown that for solutions, u , of
the Kolmogorov equation u% € L* implies ¥, € L™ at any time ¢ > 0. This is then used to
prove that operator Fj, is stable in in the L! norm. These results are brought together in §5.4
to show that the splitting error after one time step is O (at2) and from this, that the inequality

n (5.1) holds.
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5.1 Existence, Uniqueness, and a Maximum Principle Solutions of the nonlinear
reaction-diffusion equation (1.la-e) satisfy a maximum principle in much the same way as do
solutions of linear parabolic DE’s (Bramson [8]). Here we confine ourselves to proving a max-
imum principle for solutions of the Kolmogorov equation (1.3a,b). (See also Aronson and Wien-

berger [4], Fife and Mcleod {23], and Smoller [52].)

LEMMA 5.1 (Maximum Principle) Let « and v be bounded solutions of (1.3a,b) in the
strip 2 = IRX[0,T] with initial data «° and v° respectively. Suppose that v°(z) < u®(z) for

all z € IR. Then for all (z ,¢t) € Q,
v(z,t) < u(z,t).

Remark: It follows from Lemma 5.1 that, if u is a bounded solution to {(1.3a,b) in Q such that

the initial data satisfies 0 < v°(z) < 1forallz € IR, then0 < u(z,t) < 1lin Q.

Proof: Let w = u-v. Then w(z,0) > 0 and
W, = w,, + aw

fora =1-(u+v). Since a and w are bounded in Q, it follows from the maximum principle

for linear parabolic PDE’s (Friedman (25}, p. 43) that w(z,t) > 0in Q.

With the aid of a fixed point theorem one can demonstrate that for some § > 0, there
exists a solution to (1.3a,b) on the interval [0,5]. (For example, see Theorem 11.12 of Smoller
[52], p. 115.) But, in order to extend the solution beyond this interval, one must have some
knowledge of how large the solution is on [0,6]. The maximum principle provides us with this
knowledge. Hence, as a consequence of the maximum principle, it is poésible to show that for

u® € [0,1] there exists a unique bounded solution to (1.3a,b) for all time ¢ > 0.
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Theorem 5.2 (Existence and Uniqueness) Let u° € C([R) and assume that 0 < «° < 1.
Then for all T > 0 there exists a unique solution, u , to the Kolmogorov equation (1.3a,b) on

the strip @ = IRX[0,T].

Proof: First note that there exists 6 > 0 such that for all functions 4° which satisfy
lu°]l o < 1 one can find a solution u(z,t) to (1.3a,b) on IRX[0,6]. This is a consequence of
Theorem 11.12 of Smoller [52], p. 115 (where the Banach space is X = C(IR) N L*([R) with the
sup norm). By the remark after Lemma 5.1 it follows that Il u (-,8) | o < 1. Hence, there exists ,
a solution to (1.3a) on IR X [6,26] with initial data u (z,6). By taking successi\;e intervals, each of
length 8, one can ‘glue’ together avsolut,ion on [0,T]| for any T > 0. This is the content of
Theorem 11.14 of [52]; Uniqueness follows from a Gronwall inequality as, for example, in

Theorem 11.13 of [52], p. 118.

Remark: Actually, Smoller’s theorem only implies the existence of v € C([0,6],X ) (continuous

functions from [0,6] to X) satisfying

u(z,t)= [ G(z-y,0)u(y)dy + [ Gy,t-0)f (u(y,0))dy ds

where f (u)=u(l-u)and G (.z ,t) is the heat kernel (4.3). However, due to the well known
properties of the heat kernel (John [39], p. 209), the right hand side of this expression is a C*®
function on IRX(0,8). It follows that u is in fact a ‘classical’ solution of (1.3a,b). (For further
discussion see the reﬁarks at the top of p. 115 of Smoller [52].) Here and in the sequel ‘solution’

will always be taken to mean a classical solution.
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5.2 An L' Bound on Solutions of w; = w,; + aw + b The sole task of this section is to
prove Theorem 5.4: that, under the proper conditions, solutions of (5.2a;b) satisfy the inequality
n (5.3). This is the cornerstone of the analysis which ultimately leads to the convergence of
exact operator splitting. An essential ingredient in the proof of Theorem 5.4 is a detailed
knowledge of the behavior of solutions to the DE (5.4a,b) below, particularly the fact that for
continuous initial data with compact support these solutions decay exponentially fast as
| z | — oo. This is Lemma 5.3. A more general result may be found in Lemma 4 of Kruzkov

(41], p. 232.

LEMMA 5.3 Fix T > 0 and let = RX|[0,T]. Suppose that a(z,t) € C'(Q) and that a
and e, are bounded in Q. Let ¢°(z) be a continuous function of z € IR such that for some

r > 0,¢°z)=0when |z | > r. Then the following statements hold.

i) There exists a boundéd sqlution, q(z ,é ), in 2 to the problem
L(¢)=: +aq -q =0, (5.4a)
q(z,0) = ¢%z). | (5.4b)
i) Let Cy = sup | ¢°(z)| and A = sup {0,a (z,t)}. Then forall (z,t) € Q
lg(z,t)] < Coet. | (5.5)
iii) Let C, = ¢ 1+AIT+VI+r% Then forall (z,t) € 0,
la(z,t)| < G eV 69

In other words, ¢ — 0 exponentially fast as | z | — co and the rate of decrease is uniform for

t €0,T].
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Proof: ) Let I'(z,¢;y,r) be a fundamental solution of the parabolic DE L (¢ ) = 0 (Friedman
[25], Chapter 1). The .assumptions on the coefficient a and the initial data ¢° guarantee that

there exists a solution of the form
00
qg(z,t)= [T(z,t;9,0)¢°(y )dy
—00

to the Cauchy problem (5.4a,b). For example, this is a consequence of Theorem 12 (p. 25) in
Friedman [25]. Furthermore, the proof of Friedman’s theorem shows that if the function ¢°
(Friedman’s ¢) is assumed to be bounded (instead of exponentially bounded), then the solution

¢ (z ,t) is bounded in Q. (This follows from equation (6.12) on p. 24 of [25].)

t1) The knowledge that ¢ is bounded allows us to use the maximum p.rincipa.l for linear para-
bolic PDE’s to compute the bound (5.5). Consider the function Q (z ,t) = Cg e®*. It is easy to
check that Q(z,0) > ¢(z,0) for all 2z € R and L(Q)=(a(z,t)-A)Q <0 on
Q= IRX(0,T|. Consequently, the function w = Q - ¢ satisfies the differential inequality
L(w) < 0 subject to w(z,0) > 0. From i) we know that ¢, and hence w, is bounded on Q.
| Hence, it follows from Theorem 9 in Chapter 2 (p. 43) of Friedman [25] that w (z ,¢) > 0 for all

(z,t) € Q. Thus,

g(z,t) < Q(z,t)=Cpe?.

The reverse inequality,
Q(zrt) _>_ —Q(z»‘)="co CA‘:

can be shown in a similar manner. The inequality in (5.5) follows immediately.

l.l‘t.} By setting Q (2‘ ot ) — CO e (1+A) +VI4+r2-V1+22

one can obtain (5.6) using the same argument

as in ¢} above.
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The stage is now set to prove Theorem 5.4. Following Roberts ([47], p. 25), we multiply
both sides of (5.2a) by some carefully chosen function, ¢ (z,t), integrate over @ = RX|[0,T],
and then use integration by parts to push the derivatives from w onto ¢ . If ¢ is chosen prop-

erly, the resulting expression yields (5.3) fairly easily.

THEOREM 6.4 Fix T > 0 and let a(z,t) and b (z,t) be bounded, continuous functions on
the strip & = RX[0,T] such that ¢ € C'([R), g, is bounded in £, and b € L'({). Suppose
that w(z ,t) is a solution of (5.2a,b) in RX (0,7 | with w® € L!([R), and assume that w and w,

are bounded in 2. Then w satisfies the inequality in (5.3) for A = sup {0,a(z,t)}.

Proof: Let ¢ (z,t) be a function defined on 2. Multiplying (5.2a) by ¢ and integrating over 2

yields

O w3

o0 o]
fw,q dr dt = f(w,,q + awq + bq )dz dt. (5.7)
-0 -0

ot— N

For motivation, assume that ¢ and ¢, decay exponentially fast as | z | — oo. Then integra-

tion by parts yields

<] oo T oo T oo
qu|‘_T dz = fw°q|‘_o dz +ffw L‘(q)dzdt-{—fqudzdt (5.8)
-00 ~-00 0 -o0 0 -00

where L* (¢ ) = g,, + ag + ¢, . This suggests the following choice for ¢ : Let ¢ be a solution of
L'(g)=0 (5.92)

g(z,T)=¢z) (5.9b)

(note that we are solving backwards in time) where the initial data, ¢°, has yet to be specified.

Hence, the second term on the right hand side of (5.8) disappears.
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The substitution ¢ — ¢ -T transforms the problem (5.9,b) into one of the form (5.4a,b).
Assume, for the moment, that ¢° is continuous and has compact support. Then Lemma 5.3
guarantees the existence of a solution, ¢, to (5.9,b) and a constant C > 0 such that

lq(z,t)] < CeVi***forall (z,t) € Q.

The exponential decay of ¢ in 2 enables us to apply integration by parts once to the term

©0 T oo

T
f f w,, ¢ dz dt in (5.7) to obtain —f f w, ¢, dz dt. However, there is no assurance that g,
0

-0 0 -oc0
behaves nicely enough at infinity to integrate by parts again. To rectify this problem consider
the cutoff function n(z)€ Cg°(R) which satisfies 0 < n(z) <1 for all z, n(z)=1 for

|z | <1,and n{z) =0 for |z | > 2. (Concerning the existence of such functions see Fol-
land [24], p. 18.) Then for any r > 0 the function n"(z) = n(i) satisfies 0 < n"(z) < 1 for
r

allz,n"(z)=1for [z | <r,andn"(z)=n3(z)=0for |z | > 2r. Consequently, the
function ¢ " and its first derivative (¢ n"), have compact support. Thus, after multiplying
(5.2a) by ¢ (z,t) n"(z) and integrating over {2, it is now permissible to integrate by parts twice.

Remembering that L* (¢ ) = 0 we find

oo ) o0 T oo :
qu |,_pn dz = _{o wg |"t=or)' dz + {-'qu n" dz dt (5.10)

o]
+ f (wg n%, + 2wq, 0%, )dz dt.
-00

ot—

In the last term on the right the integrand has compact support and hence integration by parts

can be used to push the z-derivative from ¢, onto n%, w. Since n}, =n},, =0for |z | < r,
(wn% + 2w, n7) is bounded uniformly in ¢, and | g(z,t)| < Ce~V 1+2% this implies

T

oo
f(qu;, +2wq,r]',)dzdt=-f f q(wnl +2w,n})dzdt — 0 as r— oco.
-0 0z >r

Ot—
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Now if we assume that ¢° has compact support, then w(z,T) ¢°(z) € L'(IR). This, together
with the fact that ¢ n” — ¢ as r — oo, allows us to apply the Lebesque Dominated Convergence

Theorem to (5.10) to obtain

T oo

[ w(z,T)(z)dz = [ w’(z)q(z,0)dz + {_f g (z,t)b(z,t)dx dt (5.11)

in the limit as r — oco.

All that remains is to choose the initial data, ¢°, so that ¢° is continuous and has compact

support. To this end introduce ¢(z) € C/°(JR) which satisfies ¢(z) > 0 all z, ¢(z) =0 for

o0
|z | =1, and [ ¢(z)dz =1. For € > 0 define ¢%z) = ¢"'¢(Z). The class {6} eso 1s
, _ €

-00

known as an approzimation to the identity (Folland (24|, p. 14) or as mean functions (Kruzkov

[41], p. 221). Fix R > 0 and let

h(z)={sign(w(z,T)), lz | <R,

0, lz | >R.

The function h(z)=(¢%*h)(z) is smooth, has compact support, and satisfies
sup | h(z)| < 1. Hence, by Lemma 5.3, (5.9,b) can be solved with initial data
¢°(z) = h*(z ). Denote this solution by ¢(z,t). Replacing ¢ by ¢°¢ in (5.11) and taking the

absolute value yields

o o) T o
| Jw(z Thz)dz | < [ |w(z)]| |g(=,0)|dz + [ [ |b(z,t)] | g%(z,t)] deat
-0 —00 0 -o00

00 T o
< e [ |w(z)|de +eAT [ [ |b(z,t)]| dzdt
—00 0 -o00

since, by (5.5), | ¢%(z,t)| < eAT for all (z,t) € Q. Note that h¢ = (¢*h) — h as€ — 0 in
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the L' norm. (For example, see Theorem 0.13 (p. 16) of Folland [24].) Therefore, since

w(z,T) kh(z) € L'(IR), one can apply the Lebesque Dominated Convergence theorem to obtain

R 00 T oo
[lw(@,T)|lde < eAT [ |u(z)]dz +eAT [ [ |b(z,t)] dzde
-R -00 0 -o0

Letting R — oo and using Fatou’s lemma yields (5.3).

5.3 L! Stability of Solutions to the Kolmogorov Equation The next step in the proof of
(5.1) is to show that solutions, u, of the Kolmogorov equation (1.3a,b) are stable in the L'
norm and that 4% € L*(IR) implies u, € L°(IR) at all subsequent times ¢ > 0. Similar state-
ments have already been proved for solutions of the reaction equation (Lemmas 4.1 and 4.2)

and the heat equation (Lemma 4.3 and Corollary 4.4).

We begin with the L™ bound on the gradient, u, . This bound serves two purposes. First,
it will bé used in Lemma 5.6 to show that the difference between two solutions of (1.3a,b)
satisfies the hypotheses of Theorem 5.4. Assuming that their difference at time ¢ = 0 is in L},
this leads to the L' stability of solutions of the Kolmogorov equation. Latér, in Theorem 5.8, it
will be used to show that the function w(z ,t) == Fa, u® — Da, R u° satisfies the hypotheses of

Theorem 5.4 and hence, that the splitting error after one time step is small.

LEMMA 5.5 Let u(z,t) be a solution of the Kolmogorov equation (1.3a,b) with initial data
u® € C'(IR). Assume that 0 < 4%(z) < 1 for all z € R and that || 4% || , < co. Then for any

time ¢ > 0,

N (8, Moo < ef N0 Moo (5.12)

Remark: This bound is essentially a corollary to Lemma 3.2 of Bramson (8] which asserts that,
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if one considers only bounded solutions of (1.3a,b), then the reaction-diffusion equation (1.1a)
with f ' < 1 (and hence the Kolmogorov equation) is stable in the L* norm. This is a conse-

quence of the maximum principle for linear parabolic PDE’s.

Proof: Fix r € R and note that v(z,t)= u(z +r,t) is a solution of (1.3a) with initial data

v*(z ) = u%(z +r ). By the mean value theorem
|w¥(z)-o°(z) | = |w(z)-w(z+r)| < NS lllr|.
Now use Lemma 3.2 (p. 38) of [8] (with € = | r | || 4% || ) to obtain
lu(z,t)-v(z,t)] <e'fluSllelr |
forall z € IR and t > 0. Setting y = z + r yields
lu(z,t)-u(y,t)] <e'lluvSlle]z -y |

for all z € IR and ¢t > 0. But this holds for all y € IR as well since r was arbitrary. The ine-

quality in (5.12) follows immediately.

By restricting ourselves to initial data, «°, which have bounded first derivative, we will
now use Theorem 5.4 and Lemma 5.5 to prove the L' stability of solutions to (1.3a,b). Besides
providing us with some insight into how solutions of the Kolmogorov equation behave, L' sta-
bility is needed in order to derive (5.1) from a bound on the splitting error after one time step.
It is interesting to note that Theorem 5.4, which is central to the proof of this bound on the

splitting error, also has L! stability of the Kolmogorov equation as a consequence.

LEMMA 5.8 (L' Stability) Let « and v be solutions to the Kolmogorov equation (1.3a,b)

with initial data u®, v° € C !(IR). Assume that 0 < u°, ® < 1 with [l u® - ° ||1 < oo and



38
that the derivatives 4%, v% are bounded on [R. Then for any time ¢ > 0,
Hu(- )= o (00l < e llwe—ooll,.
Proof: Let w = v - v. Then w satisfies the equation
w, = w,, +a(z,t)w

with ¢ =1 - (u+v). By the maximum principle, Lemma 5.1, 0 < u,v < 1 and therefore
| a | < 1. Since, by assumption, u% and v% are bounded on IR, Lemma 5.5 guarantees that
u, and v, are bounded on the strip IRX[0,t] for any ¢ > 0. Thus, it follows from Theorem 5.4

that
Nw(-e)ll, <et lw(- 0],

5.4 Convergence of Exact Operator Splitting We are now ready to prove (5.1). This is
accomplished in two steps. The first step, Theorem 5.8, consists of using Theorem 5.4 to show
that the L! norm of the function w(z,t) = F;u° - D,k,ﬁ" is O (t?). If one regards Da; Ra: u°
as a numerical approximation to Fa, u° after one time step of length A¢, then this is simply the
statement that the local truncation error is of order (at)% In other words, our numerical

scheme (approximating Fa, u® by Da¢ Ra: u°) is consistent.

THEOREM 5.8 Let u(z,t) be a solution of the Kolmogorov equation (1.3a,b) with initial

data «® € C'(IR). Assume that 0 < «° < 1 and that 4% € L'(R) N L°([R). Then
| Far u® - Dac Rav w°|l, < C (at)? (5.13)

where C is given by
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C=e3{e® ||uS ||+ 4_V2f;‘} s .. (5.14)

Proof: As indicated at the beginning of this chapter, the idea is to show that the function
w(z,t)=F,u(z)- D, Ru’(z)

satisfies a DE of the form (5.2a,b) on Q = IRX[0,at] with initial data w°(z) =0 and where

the coefficient b (z ,t) in (5.2a) satisfies || b “le) = O (at?). Then (5.13) is a consequence of

Theorem 5.4.

Let u(z,t) = F,u%(z) be the solution to the Kolmogorov equation (1.3a,b) with initial
data u° and let v(z,t) = R,u°(z) denote the solution to the reaction equation (3.1a,b) with

initial data «°. Then
w(z,t)=1u(z,t)-(G*v)(z,t)

where G (z,t) is the Gaussian kernel (4.5) and * denotes convolution. By differentiating w with
respect to ¢ and using the fact that v, = v(1-v) and G, = G,, it is not difficult to show

“ that w satisfies equation (5.2a,b) fora = 1-(u + G*v)and b = G*v?-(G*v )

It follows from Lemma 5.1 that || u (- ,t)ll‘,o < 1 for any time ¢ > 0. Furthermore, by
Lemma 5.5, ||u,(,t)|lo < ef||4% || o Identical estimates hold for v and G *v. For, by
Lemma 4.5, ||v(-,t)|lc < 1 and hence, ||(G*v)[lo, < 1forall ¢ Z‘ 0. (In what follows, we
~will often suppresé mention of the variable ¢.) By Lemma 4.2, [[v, || < ¢’ ]| 4% || & and,
upon writing (G *v), == (G *v,), one finds that ||(G*v), || < ¢! [|4% || Thus, a, a,',

b, w and w, are bounded continuous functions on Q.



40

It remains to show that || b || O (at?). To this end Theorem 5.4 will once again be

L) =
used, this time applied to the function b = G %xv2 - (G *v)? Differentiating b with respect to

t and remembering that v, = v(1 - v ) and G; = G,; one finds that

by = (G *v?),+G *2vv,—2(é*v)[(d*v),,+0 xv, |
= b, +2G *v (G *v),; +2((G *v ), °+2% G xv2-2G xv®
~2(G #0)(G %), 2(G *v)(G xv)+2(G v (G xv?)
= b,y +2[ (G %9, )*+G % v2-G »v3{G xv ) +(G *v )(G *v?) |

— by + 26 +2((Grv, )P+ (Grv)(G*v?) - G o).
Hence, b satisfies the DE
by = b,y +2b + c(z,t) (5.15a)
b(z,00=0 (5.15b)

with ¢ =2 [(G»v,)%2 + (G *v)(G *v?) - G »v?. Noting that v and v, are bounded and con-

tinuous in {2 it follows that b, b,, and ¢ are as well.

For the remainder of this proof, we will assume that 0 < t < At. We claim that

t oo

ff le(z,8)|dz ds < 2Ct e

0 -o0

where C is given by (5.14). This follows from |l ¢( ' ,¢ )"l < 2Ce™ whenever t < At, a fact

which we shall now show. We can use Lemmas 4.2 and 4.3 to obtain
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(G xw 2ll, S NG xo lloo G %0 Il < Hwa oo Noa ll; < e Nug floo 0% 1l

To estimate the remaining portion of ¢ recall that 0 < v < 1 and write

(G *xo)(G*v?) - (G, < [ f_fG(z—y) z-z)|v(z)v¥(y) - v¥(z) | dy dz da

A

J [ [Gl-y)G(z-2)v(z)(v(y)+v(z)) [v(y)-v(z)]|dydzdse

=2 [ [ [Gl-9)Gl=2) | [ols +dy ~2) d0] ly -2 | dy dz da

o0 oo
<2l (-0, [ [CG)G(z)|y-2]dydz
-0 ~00
<o)
where we have used
[o < 2o o)
[ [Gy |y—z|dydz=\/-8—t—.
-0 -0 ﬁ

(To see this, rewrite the integral in terms of polar coordinates and perform the necessary

integration.) Thus,

e (- )l < 2{I(G %o, Pll, + (G *v, (G *9,7) - (G +0,%) ]}

2{c® NuS ll, 145 1o

IA

ML 1)

42t '
=2¢' {e' || uS ||°o+—\/—;—-8‘} Il Il
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and hence, for ¢ € [0,at],

=] ¢
[ le(zs)|dads = [lle(-,8)ll,ds < 2Ct e
-00 0 .

O,

as claimed.

Since b(z,t) is a solution of (5.15a,b) with initial data b(z,0)=0, it follows from
Theorem 5.4 that |[5(-,¢)|[, < 2C¢. This fact allows us to apply Theorem 5.4 once more,

this time to the function w(z,t) on @ = RX[0,at], to obtain
lw(-.ae)ll, < C(at)
This is (5.13).

Continuing to think of Da; Ra: 4° as a numerical approximation to Far v’ we may now use
consistency (Theorem 5.8) together with stability (Theorem 5.6) to prove that for fixed time
T = kat, (Da Ra )"Au° — F%u® as at — 0. The proof proceeds precisely as in the case of
Euler’s method; at a given time step, j, use stability and consistency to reduce the error at
time 7 At into the error at time (7-1)at plus a term of order (at)?. Thus, the error at time
T = k at is the sum of k terms, each of order (At )? plus the error due to the initial approxi-
mation (which in our case is 0). The only difference here is that, in order to use the stability
and consistency results, it is first necessary to show that the functioﬁs they are bein.g applied to
satisfy the appropriate hypotheses. It is at this point that much of our previous effort towards

obtaining bounds on F;4° and D; R;4° and the gradients of these functions is rewarded.

THEOREM 5.9 Let u be a solution of the Kolmogorov equation (1.3a,b) with initial data

u® € C'(R) such that 0 < «° < 1 and 4% € L'([R)N [°(R). Then
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| Fak u° - (Dae Rat )k u® “1 < Cat
where, if we let T = k At, the constant C is given by
C = TedT{eT a8 [+ 4‘/5?} s, 1. (5.16)
Proof: For j =1,... ,n let u? = FA{ u° be the exact solution to the Kolmogorov equation

(1.3a,b) at time ¢ = jat. By the maximum principle, Lemma 5.1, 0 < u’ < 1 for each j
and, since u% € L[°([R), Lemma 5.5 implies that that (u’), € [°([R). Similarly, let
vi = (Das B )f u° denote the function obtained after j time steps from u° via exact operator
splitting. Repeated application of Lemma 4.5 yields 0 < v/ < 1. Furthermore, Lemmas 4.2
and 4.3 together with (Da Rav?), = (Gar*(Rarv?)), == Gar*(Rarv?), imply that
H(v7): oo < ¢72 4% loo and [[(v7), I, < ¢7% ||u% ||, Hence, (v?), € L'(R) N L°(RR).

We can now use the stability of Fa (one must verify, by induction, that (v’ - v»7!) € L)

and Theorem 5.8 to obtain

” FA{ u® - (DAt Rm )j u® ”1 S "FAt uj'l - FA« v/l ”1 + “ FA: vi - DA: RAI it ”1

< e ffui-toypi-t ”1 +Cj_ (at)?

where the constant, C;_j, is given by (5.14) with u° replaced by v’ ~'. Hence,

k-1 _ '
I Fak u° ~(Dat Ra )k u° ”1 < E ¢ (k-1-7)at C; (at )2 < ma.): C; Te T at.
§=0 i<

Now use the L' and L® bounds on (v’ ), found above to obtain

. 4v/3a1 -
r)n?fcj = max e {e® (vi), oo+ 7 F i),




: : 4VZat
=r,n2'f C(J+3)N{C(J+I)At e || o + oo } e, ”1

2Ly e

< e {eT [0S lleo +

The theorem follows immediately.

44



45
6. The Error Due to the Approximate Reaction Operator R

This goal of this chapter is to prove that if &' = (Das Rar)’ @° is the computed solution after

J time steps, then for all real 7 > 1

~ . _842
P(I|Rxi - Buidl |, > 1CVIRN (atR)< N * (6.1)

where the éonstant, C, depends only on the initial data, 4, and the time ¢ = j at. The proof

of this inequality is based on the following two points:

1) Given any L > 0 such that X/ € (-L,L) for all 1, then, by (2.1),

z<-L = @(z)=1 and z >L = #'(z)=0.
This implies Ra u(z) = Ra i(z) for |z | > L and thus, the L' estimate of the error is
reduced to an estimate over the interval (-L,L),

(-L.L)’

L
||RA,§j —Rmij ”l=f IRNG(Z)—RNG(Z)I dz = “RAfﬁ’ —RA;‘EJ. “
-L

2) For fixed z, Em is simply Euler’s method for approximating the solution of an ODE and
hence, the local truncation error is known to be O (at2). This fact can be exploited to obtain a

bound for | Ra:ii(z)~ Raii(z)| which is uniform in z .

Together, 1) and 2) imply

|Rai’ ~Rai’ |l = ||[Raci’ - Bacit? || < const. 2L (at)>
1

{-L.L)

In general, however, the size of the interval (-L,L) cannot be given a deterministic bound.
For the particle positions, X.-’. , are random variables yet L has been chosen so that | X,-j | <L

for all ¥. Consequently, the most that one can hope for is to find the probability that this
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interval is a given size. This is accomplished by examining the movement of the particles, a

task to which we now turn.

8.1 A Probabilistic Bound on the Particle Positions Recall that the position of the th
particle at the jth time step is denoted by X,j and that X.-’. is obtained from X,-"'_1 by adding a
normally distributed random variable, n;/, with mean 0 and variance 2at to X,-j !, Hence,
X,-’. = X,".'l + 1. The movement of the particles is thus governed by the distribution of the

n:’ . This distribution is given by

2

i __ 1 p c—fz _ z
Plns <2)= Vanat _{o W = A mmr)

where ¢ is the probability distribution function for a Gaussian distribution with mean 0 and

variance 1,

Pz)= \/12_”_{;5_? ds . (6.2)

LEMMA 8.1 Let K > 0 be chosen so that X! € (-K,K) for all 1. Then for all &« > 0,

P(X! <-K-a)< ¢(—\/%) , (6.3a)

P(X{ >K+a) (6.3b)

< e

Proof: First write the position of the ¢th particle, X,oj, in terms of its initial position, X2, and

the subsequent random walks, n}, ..., 7,

X/ =xX/"+ n’
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=X/"+n0/" 40/

=X+nt+ ...+
=X+ Y;.
where Y; = n} + ... + n/. Since the the sum of j independent normally distributed ran-

dom variables each with mean 0 and variance 2At is itself a normally distributed random vari-
~ able with mean 0 and variance 25 At it follows that the probability distribution of Y; is given

by

P(Y; <= )=¢(—\/2T?—T-)-.

By assumption, -K < X? < K for all i, whereby
P(X! < K-a)=P(X?+Y; <-K-a)
=P(Y' <—K-X,9—a)

SP(Y; < -a)
-a
=9 V2k at )
The inequality (6.3b) is proved in a similar fashion.

It is well known that ¢(z ) decreases at an exponential rate as z — —oo. This fact allows
us to compute a bound on @(z ) and hence, on the probability that the particles lie outside a

given interval.

LEMMA 6.2 Forany z < 0,
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22 .

ba) S —=c 2. (6.4)

Remark: This is the first of a sequence of bounds for ¢ that can be derived by considering an

asymptotic expansion of @(z ) in powers of % See Feller [22], p. 175 for further details.

Proof: Note that s < z < 0 implies % > 1. Therefore,

2 2 22
ds < 2 -1 2

1 1 ;s
d(z) = \/2_"-{0 < \/—2_1;_{0—;6 ds =

: 3
e 2

as claimed.

6.2 A Probability Inequality for the Error Due to ﬁu We are now prepared to prove a
probability inequality for the error, || Ra: @ - EA, @’ ||l To begin we will establish an inequal-
ity which depends on the parameter a which, as in Lemma 6.1, corresponds to the amount the
particles may have strayed from their initial positions. Then, in the subsequent corollary, we
show how to choose a to ol;tain the inequality stated at the beginning of the chapter, a form

which will be more convenient for later use.

THEOREM 8.3 Let 9° €S, let K> 0 be such that X/ € (-K,K) for all ¢ and let

#' (z) = (Da Ra ) 4° be the step function obtained from #° via the random gradient method

at time T = jyAt. Then for all a > 0,
_al
4T

p (6.5)

i B i V3 2 N V4T
P( ”RAI u) - RAI uJ IILI > —Q——(K + a)(At) ) S :—\/_-7{_'
Proof: Set L = K + a. As indicated in the introduction to this chapter, we prove (6.5) by

bounding || Ra: @’ - Rar @’ || .1 under the assumption that at time T = j At the particles all
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lie entirely within the interval (~L,L) and then estimating the probability that this assumption

is true. Therefore, assume that
L <X <L, i=1...,N. (6.6)

By Corollary 2.3, i’ € S, whereby the w/ satisfy ) w! = 1. Hence, @’ (z)=1for z < -L

and @/ (z) =0 for z > L. Now use (4.1) to write

In other words,

) 1, if 2z <-L,
RA:&J(T)=

0, if z >L.
Similarly, since

~ . N . .
RAg ﬁ’ (2) = E H(X;’ —2) w,~’“

=1

where the w/*! are given by (2.4), and since, by Lemma 2.2, the w/*! satisfy ¥ wit =1, it is

clear that R, 4’ satisfies

~ . 1, if =z <-L,
RA:&J(I)=
0, il z > L.

Consequently,

” RAt ﬁ’ i RA( 17’ “l = ” RA: ﬁj - EA‘ aj ” (-L,L)’
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.

The next step consists of placing a pointwise (in z) bound on the difference
Raci’(z) - Ra i’ (z) and then using this bound to estimate the L! integral over (-L,L). Fix z
and consider R;ﬁ"(z) as a function of t alone, say g (t) =R¢&j(z ). The approximation
EA, ﬁ’.(z) is simply Euler’s method used to approximate the solution, g, of the ODE

g' = g (1 - g) with initial data go = @’ () (see (2.2)). In other words,

Bacitl(z) =il (z) + at @ (z)(1- i’ (2))

= go+ At go(l—go).

It is well known that the error in this approximation after one time step, called the local trunca-

tion error or local diseretization error, is bounded by

| Ravit? (2) - Baii(z) | < max Jlgﬁﬂ-(m)?. (6.7)

0<é<at

(See Conte & de Boor [18], p. 359.) In order to bound g¢'' first note that since ¢ satisfies

9'=g(1-9)

"

9" = g'-299' = 2¢%-3¢%+y.

Corollary 2.3 implies 0 < i’.(z) <1 for all z € R and consequently, by Lemma 4.5,

g(t)= R,u’ (z) satisfies 0 < g(t) < 1forallt. Thus,

3
max " = 293392 + < i.
EE[O'NIIa (€)1 o'g"fg’fl’ 9°-3¢%+9¢ | < ¢
Substituting this estimate into (6.7) yields the pointwise bound

| R (2)- Barid(2)] < 2 (ary?

18
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which must hold for any z € IR since z was arbitrary. Now integrate over z € (-L,L) to obtain
. ~ - L . ~ .
IR’ - o | = [ | R (2) - R (2) ] do
L

V3

< V2
- 18

L
(at)? [dz
L

(at ).

V3
5 L

‘This estimate is valid as long as the assumption (6.6) holds. In other words, the probabil-
ity that the L! error exceeds this estimate is bounded by the probability that at least one of the

particles lies outside (-L,L). Thus, by Lemmas 6.1 and 6.2,
P(IIRx# ~Rai’ || i > 6L(at)* ) < P(Fi X/ ¢ (LL))

< B[P/ <L)+ P(X/ >1)]

V=]

3

4T

<=2 .

avr

The main result of this chapter, equation (6.1), follows from Theorem 6.3 immediately

dpon setting = 37V T VInN for any real 7 > 1.

COROLLARY 6.4 Let u° € S be generated by N particles and let K > 0 be chosen so that

the particle positions, X/, all lie in the interval (-K,K). Let T = j At denote the time and let

V3

C= = (K+3VT). (6.8)



Then for all real ¥ > 1,

P(|Rai’ -Rai’ ||, > 71CVIaN (atP) < N

1-272
4
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7. The L! Coxivergence of the Approximate Diffusion Operator, EA,

In this chapter we prove that if 4° €S and if 47/ = Ba (51;: EA:)"’117°, then for all real

721,

InN 1-27

P(”DA:‘JJ~5Ap5’||12’7c-7ﬁ-)$4]\[ 4

where C depends only on the initial data, 4°, and the time, ¢ = jat. Setting ¥ =1, it fol-

lows that given any ¢ > 0 we can find Ng = Ny(€) such that for all N > N,

P(|Dsv7 - D ||, > ol\;‘%) < e
or, equivalently,
P(IIDx 7 -Dui? |, < c%) > 1-c

Thus, by using sufficiently many particles, one can guarantee that the error due to approximat-
ing Dac by Dac is small with arbitrarily high probability. It is in this sense that the approxi-
mate diffusion operator, Da, converges to the exact diffusion operator, Da:. Hald has proven

similar results in the L2 norm ([33]) and the sup norm ([29)).

There are two fundamental facts about using random walks to solve the heat equation
(3.2a,b) that should be noted here. First, the rate of convergence does not depend on the time
step, At, and hence is exclusively a function of the number of particles, N . Second, the rate of
convergence is O (InN /VN ). (Actually, the rate of convergence is probably O (1/VN ), with
the factor In /N simply being a spurious term introduced by the analysis.) Therefore, since all of
the other sources of error behave like O (at), and since it is considerably cheaper to halve the
time step than to quadruple the number of particles, this quickly becomes the dominant source

of error. This is an essential feature of numerical methods which use random walks to model
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diffusion processes.

The same problem occurs when one uses random sampling to approximate an integral as
in Monte Carlo integration ([21, 36, 49]). There have been many suggestions for improving the
rate of convergence for Monte Carlo methods. For example, one can use equidistributed
sequences instead of randomly chosen numbers to sample the integral ({17, 35, 36]) or one can
use some a priort knowledge of the solution to reduce the variance of the error
([1, 2, 10, 12, 43, 49]). However, in spite of a considerable amount of work improvement of the

convergence rate continues to be difficult.

This chapter is divided into four sections. In §7.1 we begin by introducing some notation.
Following this, in §7.2, we present the basic ideas. In the third section, §7.3, we prove that Da,

converges to Da, pointwise: for all z € IR and all @ > 0,
P(|Davi(z)-Danéi(z)] > aNw) < 2¢2N

where w is an upper bound on the particle strengths. Finally, in §7.4, we use this pointwise
bound, together with the fact that the pointwise error decreases exponentially fast as

[ 2 | — oo, to prove the error estimate in the L' norm.

The results in this chapter are based on the work of Roberts. Most of the reasoning is
idgntical to the arguments in Chapter 4 of [47]. The main difference between Roberts’ conver-
gence proof for the approximate diffusion operator and our own is that in his numerical method
the particle strengths remain constant for all time, whereas in the random gradient method, the
particle strengths are random variables. This difference manifests itself primarily in the proof
of Lemma 7.4 where, in order to establish a pointwise bound on the difference between Dy, v *
and EA. v%, it is first necessary to bound the particle strengths. See the remarks preceding

Lemma 7.4 for further details.
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7.1 The Underlying Probability Space, I In Chapter 8 we will show that

5.8
P(”FAktuo_(DAtRAt)k&o“l270%) < 5TN* 7 (7.1)

where C is a constant, 7 > 1 is an arbitrary real number, and T = k At. Implicit in this
statement is the existence of a probability space (2,Z,u) upon which the error,
| F4 u® - (bA, Ea ) a® ”1’ is a random variable that satisfies (7.1). There is a simple one to

one correspondence between elements of { and a given run of the random gradient method:

1 1
17"""N""’

each w € () corresponds to one realization of the random walks, w={(n
r)f e e r]: }- Most authors generally find it unnecessary to develop the underlying probability
space (for example: Hald {32, 33], Goodman [27]). However, since several of the probability esti-

mates below are estimates over subspaces of (1 rather than {2 itself (each subspace corresponds

to one time step), we choose to go into greater detail here.

Let R denote the real line, B! the standard Euclidean Borel field on R', and u! Gaus-

sian measure on KR!,

1

2
-y
1
S)= 0t g Se B
#1(S) 4rat :';c y v B

' k k £
(Note that u' depends on the time step, at.) Let (Q,5,u) = (II Q,; ,I1Z;,IT #; ) where the

1=1 1= 1=l

Jjth component space, (Q,-,Ej,p]-)=(RN,BN,uN), is simply N -dimensional Euclidean

N
space, RV, with the standard Euclidean Borel field, BY = [I B!, and N-dimensional Gaus-

t =1
. N LA
sian measure y = II n,

1+ =]

wN(S)y = w'(S) - w'(S) ... - u'(Sw)
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for all S= S,xS;x ... xSy € BN .Here N is the number of particles and k is the time step

at which we wish to examine the error; both N and k are fixed.

The component space (2;,X;,u4;) has been chosen so that there is a one to one
correspondence between an element w; € (1; and the N random numbers used at the jth time
step to random walk the particles, 171", ce, 171;','. In what follows, w; will be used to denote a
random variable on 2; whereas (nlJ e e n,i) is (ideally) a specific realization of that variable.

Sometimes, however, it is convenient to ignore this distinction and regard the vector

(q{, ey nlt) as a random variable on the subspace §1;. In practice it should be apparent from
the context whether (r)lJ e r;h’,) denotes the random variable, w;, or a specific realization of
w .

5.

7.2 A Brief Outline of the Argument In order to understand our motivation for construct-
ing the probability space § it is helpful to know how we arrive at (7.1). Recall that the error

at time ¢ = k At can be bounded by

| FAu® - (Dai Rac)* 31l < || FAu® — (D R )t w0,

+ 1l(Das Rau)* w0 - (Do Rau Vi ll, + [l (Das Rae ) ° - (D R Vi |,

1

The first two terms on the right, which were estimated in Chapters 4 and 5, are deterministic in
the sense that they are unaffected by the choice of the random numbers, N, - -7y, at each
time step. Hence, considered as random variables on (), these two terms are constants. The
third term, however, is not constant on 2, since it contains the error due to approximating Da,
by Da: . Using the stability results from Chapter 4 (Lemma 4.1 and Corollary 4.4) we can split

this term into two components,

I (Dac R )k a° - (Em ﬁu )k ° ”l < | Da¢ Ra (Dar R )k_lﬁo - Dar R (BAt EA( )k_lflo ”1
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+ 11D R (Bos B V715 = Dus R (B B 1301
< ¢ (Do Rou )30 - (Das Ras 130,

+ || DarRas@*' - 5At EA: ak! ”1

Proceeding inductively and using

” Da R - - Em EAI ul! “1 < ” DacRa: a4’ - Da, EA: a7t ”1

+ || Da: Eu i’ “EAt ﬁAt ;‘j—l”l

< IRa#i™ - Raii™ Nl + IDai? -Daii? ||,

we find

ll(Dat Rar ) 5° - (BA:_ Ruyall, < jén W= || Doy Ravii ™t - Doy Bavit? ], (7.2)
< e 3 (IRwis Baii 4 | Das? - Bt )

Therefore,

~ o~ k . ~ .
P(ll(Dac Rat)* 4° - (Dac Rac ) il > ek eT) < 3 P(IRa#’™ - Rait’ ||, > ¢)

i=t

: R
+ Y P Das? -Das? I, > €)

y=l1

forall e = ¢, + €, € R.
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The first k£ terms on the right hand side of this inequality can be estimated using the
results of Chapter 6. Let us consider what is involved in estimating terms of the form
P(|| Dacs7 —BAgﬁj ||1 > € ). We first divide the real line into three pieces, (-oo,-L),

(-L,L), and (L,00), where L > 0 is free to be chosen as we wish. Thus,

P(IIDa 67 ~Daill, > €) € P(IDd - D Il ) 2 &)

+ P(l|Da 57 ~ D7 | ) 2 €0) + Pl D67 = Daed? |y > €3)
for any €3, €, satisflying €, = 2¢3 + €,. Here we have used II.. . (LL) to denote the L! norm
on the interval (-L,L) and similarly for || ... || (coo,-L) and || ... ||(L'°°).

The error over the tails, (~c0,-L) and (L,00), can be estimated using ideas very similar to
those used in Chapter 8. We first bound the error over (~co0,-L) (resp. (L,00)) under the assump-
tion that all of the particles lie in the interval (-B,B) C (-L,L) at times (5 -1)at and jat.

Lemmas 6.1 and 6.2 are then used to estimate the probability that this assumption holds.

The bound for the error over the interval (-L,L) is a bit more involved. Observe that the

error, || Dar 97 = Dar 97 ”1' considered as a function of w=(w;,...,w;) € 2, does not
depend on wj,, ..., w, f.c. on the random walks after the jth time step. Furthermore,
v/ = Ra:(Dar Ra ) '@° depends only on w} = (wy, . . ., wj_,), since it is also unaffected by

the random walks taken at the jth time step. Our estimate proceeds in the following way. We
first prove that for each possible realization of ¢/ = ¢/ (w}), (ie. for each fixed

w; € le e XQ,‘_]),

R (I Das? ~Dasi || > ¢) = p; {w; €Q, : |Dai? -Daii? ||

(-L.L) Ly = €

= [H(IIDs3? -Dai? |l -€) dp;

a,
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IA
»

where § depends on N, At, t = jat, and the initial data, #°, but not on w}. Here we have
used F} to denote probability with respect to the subspace ;. Therefore, since the error does
7

not depend on w , Wp , we have

PO

P(1Dacs? - Daciill, > €) = [H(NDad? ~Dai? |l - €s) dp
9]
= o JH(IDx ¥ - Dacd |l - €4) dpy ... day
0, Q

nl

a,,

Thus, ;he problém has been reduced to the following: Given any fixed
v/ = o67(w}) €8, estimate the L' error on (-L,L) between the exact solution of the heat
equation with initial data 97, Ds 7, and the random walk solution, EN 7. As we shall
demonstrate below, it is possible to estimate this error in terms of the pointwise error,

B (| Da ﬁj(z)-ﬁm ¢/(z)] > a), at N points in (-L,L). We now turn to the task of
]

establishing such pointwise estimates.

7.3 Pointwise Estimates In this section we investigate the size of the pointwise error

| Dar 57 (2) - Day 57 (2) | . The principal result will be that
B (|Dai?(z)-Daéi(z)| > aNw ) < 22N
2

holds uniformly for all z € IR where @ is the maximum particle strength for the function 7.



60

We wish to emphasize that this is an estimate over the subspace (2;. In other words, for fixed
37, we examine the pointwise error | Da#7(z) - Da97(2z)| as a function of the random
walks at the jth time step, 171" sy "15 . Furthermore, this estimate holds uniformly for all

possible ¥/ (and hence, for all W} € Q;x ... xQ;_).

Our first step will be to establish that for all z € R, Enj[ﬁm 9/(z)] = Darv 7 (z)
where En) denotes expected value with respect to 171" e e 17‘3. While it is also true that
Eq[ EA, v/(z)] = Dav7(z) (in fact this is a consequence of the equality over Q) at the

moment we are only concerned with the error that is introduced at the jth time step.

LEMMA 7.1 Fix i® €S and let §/ = Ry, (BA. Ea ) -'%°. Then for any z € R,
EQ!IEN 61(1)] =DA16’.(2).

Proof: First, suppose that #7(z) =H(X-z) for arbitrary X € IR. Then, by (3.5),
D7 (z) =H(X + n-z) where n is a Gaussian random variable with mean 0 and variance

2at . The expected value of Daé? (z ) is therefore
-~ 1 o0 ..__'7_2_
ny _ 1at
EQ)[DA‘V (z)] = IV, —_{;H(X+ﬂ—z)e dn

= (Gar*97)(z)

In general, 47 is of the form
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. N
i/ (z)= Y H(X; -z) w;.
i=1
{When no confusion is likely we shall drop the superscripts -1 and j from X,-j_l, n , and w,-j )

In this case Da ¢ 7 (z) is given by

~ . N
Dydi(z)= L H(X; +m -2)
i=1
where n,...,n, are N independent Gaussian random variables with mean 0 and variance

24t . Since both the expected value operator, E , and the diffusion operator, Da,, are linear, it

now follows that

Ea, [ Dad/(2) | = BE[HX: + 0 -2) | w

§ =1

= ﬁ(DA:H(X. + -z))w,-

V=1
= Dar i (2).

Armed with the fact that Eq [ Da v 7(z)] = Dar 57 (z) we can now estimate the size of

the error due to approximating Da ¢/ (z) by 5,_«.,6"(2:). The simplest approach is to use

Chebychev’s inequality ([16], p. 46),

Pzzs) < ERCL

where Z is a random variable, s > 0, #(-s ) = #(s ), and ¢ is a strictly positive and increasing

function on (0,00). Setting Z = | Da 7 (z) - Da ¥ i(z)| and #(s) = &2 we find
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R(1Das(e)-Buii(x)] 24) < 2rlPaiC)) Vi>o
where
”“"(BAtﬁj(z)) = En,-[(bAtﬁj(z)"Enj[BAt'7".(3')] )]
= Ea,[(Da#7(2) - Dat 97 (x) )°]
is the variance with respect to the random walks at the jth time step, n, ..., n, . In order to

estimate the variance first note that H(X; +n; -2)2=H(X; +n -z) and

0 < H(X; +n; =z) < 1. Hence, since max z—zz=—l-,
z €[0,1] 4

var(I:I(X.- +n;-2z)) = E[HX; +9, -2)?|-E[HX; +n; ~2) [

= E[HX; +n -2)]-E[HX; +n -2)J?

< 1
- 4
Furthermore, w; is constant as a function of N, ..., M, and therefore, since the 5,,...,n,

are independent, H(X; + n; ~ z )w; is independent of H(X;s + n;r — z Jw;r for ¢ 3£ ¢'. It fol-

lows that for each fixed z € R,

var(bAtﬁj(z)) = var(i H(Xl + n; —z)w,- )

i=1

N
= Yver(HX; +n; -2) )w?

=1

< %N max w?.
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Thus, if max w2 < CN2 (by Lemma 2.4 this is true (with C = ¢27) for any computed solu-

tion generated from initial data satisfying w) = N!), then for all z € IR and all @ > 0,

C.

F YVa>o.
(4 4

B (|Daii(z)-Dai?(z)] 2 =) <

Similar estimates have been derived by Hald [33] (see his Theorem 1 and the subsequent
remark) and Roberts [47] (Theorem 4.3.1). Unfortunately, this inequality is too crude to use
here, for we rquire an estimate which yields an o (1) bound after adding the pointwise error at
O (N) points and then summing over ¥ = O (at™!) time steps. This problem has been con-
sidered by Roberts in [47]. His solution was to use the following inequality of exponential type

due to Hoeflding [37]. Inequalities of this type may also be found in §19.1 of Lo€ve [42].

LEMMA 7.2 (Hoeflding [37], p. 18) Let Z,,... ,Zy be N independent random variables

satisfying 0 < Z; < 1. Then for any a > 0,

N N
P5 5% - L TER] 2 a) < et

Applying Lemma 7.2 twice, once to the Z; and once to the random variables 1 - Z;, and
then using the fact that for all random variables X and Y

P(|X-Y| >a) < P(X-Y>a) + P(Y-X > a),

we obtain the following more useful form of this inequality.

COROLLARY 7.3 Let Z,,...,Zy be N independent random variables satisfying

0 < Z; £ 1. Then for any o > 0,

1 N 1N .
—_— o — \ > -2Na
P(INE:Z, NE:E[Z,]I a)<2e .

i =1 (==l
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1 satisfies the

By noting that for each fixed z € R, Z; =H(X; +n; —z) w; W~
hypotheses of Corollary 7.3 where ¥ = max w;, we can now derive an exponential bound on
I:‘)‘,( | Dac 97 (z) - Da 57 (z)| > aNw). As was mentioned in the introduction to this chapter
our result diﬂ'e.rs slightly from Roberts ([47], Theorem 4.3.'4) in that his particle strengths are
constant over time whereas, in the random gradient method; they are altered é,t each time step.
This is analogous to the difficulty one encounters when trying to generalize a convergence proof
for the two dimensional vortex method to three dimensions. For, in the vortex method, particle

strengths correspond to vorticity and vorticity is constant along particle paths in two dimen-

sional inviscid flow but not in three dimensional inviscid flow ([3]). !

LEMMA 7.4 Let i® €S, let i/ = Ra (Da Ra )% and let @ = max w . Then for any

z € Rand o > 0,
P (| Duii(z)-Daii(z) | > aNw ) < 2¢2Ne?,
s

Remark : If w) = O (N™!), then this estimate depends exclusively on the parameter a and the
number of particles, N and the time t =j at. For, by Lemma 2.4, N@ is O (¢') for any 7/
which has been generated by the random gradient method from initial data with particle

strengths that are O (N1).

Proof:. By Corollary 2.3 §/ € S. Therefore, w; satisfies 0 < w; < 1 for each ¢ and hence,

0< w; <w.Thus,0 < w; @ ™' < 1. Define

Z; =HX; +n; -2z)w; @ "

'While it is doubtful that the work here will shed much light on the problem of proving convergence for vortex
methods with variable particle strengths, one might achieve such a benefit by adapting Goodman's convergence proof
for the two dimensional random vortex method {27] to a convergence proof for the random gradient method. One of the
principal difficulties that would have to be overcome is how to apply the ideas from Goodman's proof to a method
which has variable particle strengths. Since this is one of the problems that must be solved in order to prove the con-
vergence of a three dimensional random vortex method, it's possible that one might gain some insight by solving this
simpler problem first.
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For each fixed z € IR, the Z; are N independent random variables satisfying 0 < Z; < 1.
Furthermore,

L pusi@E)=21 iz.
Nw N 2

i=1
and hence, by Lemma 7.1,

1 ii(z)= L
Nt_v_DA,v (z)= N2

M=

E [Z].

It now follows from Corollary 7.3 that for any z € IR,

L_IDA.a"(z)—BM"(r) | > a)

E,}(!DA,E"(:)—ENGj(z) | > Noa) = E,_(Nw

]

~R(I1E5Em)- L3z | 5a)

i =1 =1
_ 2
< 2¢ 2N a .

7.4 The L' Convergence of EN We will now use the pointwise estimates from §7.3 to
derive an error bound in the L! norm. The proof is accomplished by dividing the real line int;)
three intervals, (-00,-L), (-L,L), and (L,00), and establishing bounds on each of these intervals
separately. With the exception of the first result, Corollary 7.6, all bounds in this section are

over the probability space (2.

Our first task is to establish a bound for the L! error over the interval (-L,L). To begin,

we divide this interval into N -1 appropriately chosen subintervals, (a;_,,a; ), Then we use the

monotonicity® of the functions Da, ¢/ and Dy 67, to demonstrate that, on each of these subin-

2As Roberts has pointed out ({47]), monotonicity is not necessary here.
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tervals, | Da: 6j(z)=5,;. 37(z)| is no greater than VN ~! plus the maximum value of the
error at the endpoints of the subinterval. Hence, the L! error over (-L,L) is bounded by
2L[V'N ~148], where O is the maximum value of the pointwise error at the a;. Calculation of

the L! error over (-L,L) thus reduces to estimating the size of N pointwise errors.

THEOREM 7.5 Let i° €S and assume that @° is generated by N particles. Let

77 = EA, (Da: ﬁm ) '%° and set & = max w{ . Then for all real a, L > 0,

o= 1 _ oNe
R,J_(”Dmv’ ~Dp o7 ”(—L.L)>2L{W+ an])§2Nc Na? (7.3)

Proof: For the duration of this proof we drop the superscript j from ¥’ and write 5. Observe
that Do v and BA, v are monotonically decreasing functions bounded between 0 and 1. To see
this, first note that by Corollary 2.3, 54, v €8. Thus, 5A. v is a monotone decreasing func-
tion of z satisfying 0 < EA, ¢ < 1. Similarly, by writing Da: ¥ as the convolution of the heat
kernel with ¢ and using the fact that ¥ € 8, it is an easy matter to show that D, ¢ is mono-

tone decreasing with 0 < Da, 0 < 1.

Since Dar v is monotone and 0 < Da, v < 1 it follows that we can find a sequence

4y, d9,..,ay With -L =a, < a5 < ... < ay =L such that

| Daci(a;-1) - Daci(a;) | < \/—‘ﬁ- i=2.., N

(Of course we could use (N -1)"' here instead of VN . But this turns out to be only a tem-
porary gain, since this term will be added to terms of order VN ~! below.) For each j let 8(a;)

denote the absolute value of the diflerence between Das # and Da ¢ at the point a;,

8(a;) = | Do 6(a;) - Das 5(a;) | -
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Now, since Dar 9 and Da¢ v are monotone decreasing functions of z, it follows that for each

z € (a;.1,0;),
Dav(z)- D 9(z) < Dav(aj) “BN v(a;) + Darv(a;) - Do v (a;)
< | Dari(6;4) - Dae 9(a;) | + | Dew i(a;) = Dau 5(a;) |
< | Dacv(a; )~ Daei(a;) | + 6(a;)
< — + max{8(a;1), 8(e; ).
Similarly, one can show that
- (D #(z) = Davi(2)) S —7 + max{#(a; ), 0(a; ).
Hence, for z € (a.,0;),
| Davi(z) - Daci(z) | < T/IT + max{6(a, ), 0(a;)}.
This yields the following estimate for the L' norm over the interval (-L,L):

~ N ~
” DAI v - DA! v " (L.L) = j§2 “ DA‘ v - DA‘ v ”(";-l"])

< 3 (a5 - o)l + max {0(a;.4), da; )} (7.4)

y=2

< 2L[T;V=- + max b(a; ).

The function © = max 6(a; ) is a random variable with which depends on M, - -, 7y The pro-
j
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bability that the error over- the interval (-L,L) is greater than 2L[VN ! + aN@w| can be

estimated in terms of the probability that © > aNiws. To see this, note that by (7.4),
- - 1 - 1 1 _
“ Day v — Dar ¥ ”(—L,L) > 2L{—\/-—N— + an] = 2L[\/—1v— + 6] > 2L[7-1—V——- + an]
<> 8 2> aNv.

Therefore, since 8 > aNw implies | Da9(a;) - Dar9(a;)| = aNw@w for some a;, we can

use Lemma 7.4 to obtain

- N - 1 — . - N - _
1?,}(||DA‘0—DA;vH(_L'L)ZQL[\/]_V_+an])§fr’,)(E]):|DA,v(aJ-)—-DA,v(a]-)|Zan)

N ~
< 2B (| Dai(a;) - Dai(a;) | >Nwar )
i=1 '

< 2Ne-WNa 2

Theorem 7.5 holds for all possible 7. In other words, if we regard ¥/ as a function of
wj = (wy, . .., wj.y), then the bound in (7.3) holds for all w}'€ Q;x ... xQ;_;. Therefore,
using the argument outlined at the end of §7.2, we now obtain a bound over the probability

space 1.

COROLLARY 7.8 Let 9#° €S and assume that #° is generated by N particles. Let

i/ = Ra (5,_\.. Ra )’ 14° and set @ = max w/ . Then for all real numbers a, L > 0,
e ~ .. 1 _ 2N a?
P(|Darsi -=Das7 || Ly > 2Llogr + aNa] ) € 2Ne-2No®, (7.5)

The next step is to prove a probability inequality for the error in the L' norm over the

tails, (-oo,-L) and (L,c0). Note that we are still free to choose L. Let K > 0 be given such
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that at time ¢ = 0 the particles all lie in (-K,K). Let L = K + 28 where 8 > 0 is an arbitrary
parameter. The idea, due to Roberts [47], is to estimate the error as a function of 4 under the
assumption that at time (j-1)Aat or j At the particles remain in the interval (-K-8,K+g). This
reduces the problem to that of finding the probability that the particles are in this interval at

the (5 -1)st and jth time steps, a problem which is easily solved using Lemmas 6.1 and 6.2.

THEOREM 7.7 Let 2° € S. Assume that 4° is generated by N particles and that for some
K > 0 all of these particles lie in the interval (-K,K). Let 5/ = I (BN Ra )’ '%° and denote

the time by T = jAt. For any real number # > 0 set L = K + 24. Then

. - _ﬂ2
- ~ . t = ol 2
P(I1Da 7 - Dauid Nl 2 Yoe ™) < %c T, ()
~ Jar Z JT &
P( I Das? - D i’ ”(L'm) > at | < ANVT ¢ T (7.6b)

44t )
vr = BVr
Proof: We prove (7.6a); the proof of (7.6b) is similar. Let B = K+3. We begin by proving

-p2

| Dar%7 - D57 I (coor-L) > ‘/gc.m = i such that X/ or X/ ¢ (-B,B) (7.7)

where X,-’._l and X,-j are the particle positions for ¥/ and ﬁu 97 respectively. The probability
that some X;’.'l or X} ¢ (-B,B) is then be estimated using Lemmas 6.1 and 6.2. The inequality

in (7.6a) follows immediately. We prove the contrapositive of (7.7). Assume that
-B < X/ X/ < B Vief{l,...,N}. (7.8)
By the triangle inequality,

1Dai? = Bas? I,y S IDawii =1l + N1-Dus |

(_°° (_°°"L).
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Hence, it suffices to show

I1-Das? |l =0 (7.9)
and
ﬁ
IDacv? -1 || oot) < %e o (7.10)

The proof of (7.9) is easy. For, by (7.8), z < -L =-K-28 < -B = -K-# implies

z < X,j for all 1. Therefore, for all z < -L,

~ . N . N
Dati(z)= Y HX! -z)w! = v/ =

=1 =1

where we have used Dy, 57 € S (Corollary 2.3). Therefore,

L
1= D9l iy = J 11-Dus?(e) 1 de =0

To prove (7.10) observe that (7.8) implies -B -z < X/™-z for all z € RR. Thus, since

DacH () is a monotonically increasing function of z that is bounded above by 1,

DaH(-B-z) < DaH(X/"-2) < 1, i=1...,N.

Multiply each side of this inequality by w/ and, using the fact that D, is linear and

Ew,f = ],sumovert = 1,..., N to obtain

DyuH(-B-2) < Davi(z) < 1.
Hence, for all z € R,

0 < 1-Dav’(z) < 1-DaH(-B-12).

Since 1-DaH(-z)=Da(1-H(-z)) and 1-H(-z)=H(z) (when z 5£0), we can
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integrate over (~o00,-L ) to obtain

L
|1 -Daid? ||(_°°_L)=f|1—DA,5j(z)ldz
L .
< [|1-DyH(-B-z)|dz

-#
= [ |1-DaH(-s)]|ds

-00

-8
= [ | DaH(s)| ds

= [[DaH || (<c0-5)-

~

In order to estimate this last quantity, recall the function ¢ defined by 6.2 and note that

DaH(z)= Gar*H(z) = &( ‘;M )- Hence,

I DacH |l ooty = ds dz
Hlwn=1 | 75

-5
| Ve =22
= [ (-B-svaat)e * ds

2r
-8
Sal 2at -2
< = f -se ° ds
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Thus, we have shown

IDas? ~1 0l ) S IDaH llioopy < =

(~o0

This proves (7.10) and hence, (7.7). All that remains is to estimate the probability that

the right hand side of (7.7) is true. By Lemmas 6.1 and 6.2,

P(3i:X/"orX/ ¢ (-BB)) < ﬁ[ P(X!" < K-8 )+ P(X]" > K+8 )]

=1

-8 0 -8
< 2N¢(W) + "N¢('W)

-8
4NV]A£ ¢ 4j AL

S s

where we have used the fact that ¢(z) is an increasing function of z to bound ¢(—2\/_(—T_—_ﬁ_l___-)-zt—)

-8
by ¢(W)'

Combining Corollary 7.6, Theorem 7.7, and an appropriate choice of the parameters o
and A yields the main result of this chapter, a probability inequality for the error in the L'

norm.

THEOREM 7.8 Let 4° € S be generated by N > 3 particles, each with weight w® = N7},

and assume that for some K > 0 all of the particles lie in the interval (-K,K). Let
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bt =§N (ﬁm EA‘ )’ '4° and denote the time by T = jat. Then for any real number

InN 1-427

P(||Da? ~Duilly 2 70 =) S 4N (7.11)
where C is given by
C=2((K+8VT )J(1+2¢T)+ ‘/g J. (7.12)

Proof: Fix "€ R with 7> 1 and let a=3V7InN /\/SN., B=3VvIT InN , and

L = K + 28. Referring now to equation (7.5), we find

aNeNat —an 1 —aN'TY

Furthermore, since 7 and InN are both > 1,

2L[7£]\T-+aNﬁ] = 2(K +6V7T VAN )(7—%—+¥——%Nw)
9 T M
< 27(K+6VT )(1+2 )\/TV'

where we have used Lemma 2.4, together with w® = N~! to deduce that Nw < e¢T. Conse-

quently, (7.5) becomes

IV

P(l| Da5? - D7 | VoK

> 27K +6VT )(1 +2¢7) < 2Nt (7.13)

(-L.L)

We can derive similar estimates for the error over the tails, (~o00,-L) and (L,c0). With our

choice of & and 3 the right hand side of (7.6a,b) becomes
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v -2
4N\/Tc-% _ 4N N* Nl-%7
N 3vVir vihN —

since 4/3vr < 1. To estimate the other quantity that appears in (7.6a,b) use 7 > 1 and

T > 1 to write

var L& var 30 Vai 1
e s mENY 2w

Substituting these two inequalities into (7.6a,b) yields

- vat 1 1- &7

J - —_— 4
P1Da s ~Dus? )27 vz VN s N

- vat 1 1- 27
P(| Dac 57 - D7 [|(Lm)2~/\/;~—N—) < N'TY

Combining these estimates with (7.13) above yields (7.11).
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8. Convergence of the Method

We now use the results from the previous chapters to prove the convergence of the random gra-
dient method. The main result of this chapter is the following. If the hypotheses listed in §8.1

hold, then for any real number 7 > 1,

.;|a-

9
~ o~ -=
PPk - (DaRa* a0 ll, 2 W7 )02 - a° | +Ciat +Cp ‘“N 1 7 (8.1)
where the constants C; and C, depend only %°, 4°, and the time, T = k At. The most impor-
tant hypothesis here is that At = Co/V' N for some constant Cq. This has the effect of balanc-

ing the error due to the time step (temporal discretization) with the error due to the number of

particles (spatial discretization).

This inequality is useful for a couple of reasons. On the one hand, it tells us that the pro-

bability of the error being greater than '7[ eT || u - a® ||l+ClAt +C-2",l'\/n% ] decreases exponen-

_tially as a function of 7. This allows us to find bounds for the expected value and the variance

of the error:

E[IFhw - (DaRBa ) @®ll,] < (1+ T)[eT |40 - @® [l +Ciat +G; I“N]

var (”qu —(DAIRA[ |, ) 1+ T)[eT I -a°l|, +ClAt+CQ lnN 2

Both of these estimates follow from the fact that for any random variable Z > 0 and any real

number ¢ > 0,

E({Z] < a1+§jP Z>ra)).

r=1
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On the other hand, when 7 = 1, the inequality in (8.1) implies that

P Fhu® - (DacRac ) 3 ll, < [T [ w0 - @° || +C,at +02W'] ) = 1- 5—; (8.2)

This estimate may be used to guide our choice of N. For example, say T = 1. Then, if we

wish to obtain accuracy of order ¢, it suffices to choose N so that

InN

1
°I|1+CIT\/I_V——+C2V—1V— = €. (8.3)

eT||u -@

(More particles results in a better initial error.) Now note that the right hand side of (8.2) is an
increasing function of /N and that for N = 1000,

995

1-5TN! =
1000

Thus, if N > 1000 is chosen so that (8.3) holds, then the probability inequality in (8.2) assures

us that better than 99% of the time

| F& v - (Da Rac b0l < e

The estimate in (8.2) is probably not sharp. In fact, in Chapter 9 we present numerical
experiments with an exact traveling wave solution for which the error tends to 0 like 1/VN

instead of InN /VN .

8.1. The Hypotheses Throughout this chapter let T = k At denote the time at which we
wish to compare the computed solution to the exact solution. We shall assume that the follow-

ing hypotheses hold:

Hypothesis A;: In addition to (1.3c-e) the exact initial data, u°, satisfies u® € C'([R),

0 < w(z) < lforallz € R, and v € L'(R)N L°(R) .
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Hypothesis A;: The approximate initial data, 4°, satisfies 2° € S (see §2.3), 4° is generated by

N. > 10 particles, and the initial weights satisfy w? = N7

Hypothesis A;: The computational parameters N and At have been chosen so that for some

constant Cy we have At = Cy/VN .

We also assume that the constant K > 0 has been chosen so that the variation of #? lies

in (-K?K);
|X?] <K i=1,...,N. (8.4)

8.2. A Bound on the Probability Distribution of the Error We prove the probability
inequality stated at the beginning of this chapter in two steps. In the first step (Theorem 8.1)
we use the estimates from Chapters 6 and 7 to establish a probability inequality for the error
due to the approximate operators, ||(DarRa:)* @° - (EA, EA, )k a° ”1 In the second step
(Theorem 8.2) we use the (deterministic) bounds from Chapters 4 and 5 to contrél the remain-

ing sources of error, || FAu® - (Dar Rar )t w°]|, and [[(Da: Rar)* «° = (Dar Rar ) 4° I,

THEOREM 8.1 Assume that hypotheses A;, Ay, and A; hold. Let

TeT
0

Cg == {BICQ2 -+ BQ}

(8.5)

where Blzg(l(-%-?»ﬁ), By=2[(K+6VT )J(1+2e7)+ \/A_t |, and Cy is given by
, T
hypothesis A;. Then for any real number 7 > 1,
~ o~ -89
P( Il(DacRai)* @ - (D Ra ) 80 ll, > 7C, l“N) < 5TN' *

Proof: Let Zj = ” (DAr Ra )’. - (ijm Em )j a° ”1" V,- == ” Racu’!' - ﬁAt ﬁ.j-l “1’ and
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W, = || Dae 57 - BA. i ”1 where 7 is as in Chapter 7. From equation (7.2) we have

k
e S T BN A(V; + W)

i=1

We have Zo = 0 and thus, since ¥ = T VN /Cp and (at)? = C¢/VN ,

InN k 7C; InN
ZI: 2702\4/[1ﬁ == ZI(V]+WJ)27W
=
. 7C; InN 7CoCy In N
> Jisuhthat (V; +W,) 2 7% = 57 Uv

= I jsuchthat V; > YB,(lnN)(at)? or W, > ’YBQ%.

We can now apply Corollary 6.4 and Theorem 7.8 to obtain

k k
P(Z, 2 702% )< LP(V; 27BN )+ BP(W, 2782% )
J=1 1=

1- 272 1-27
< kN * + k4aN *

L - 29
< 5kN

s
4. 4

= 5TN

Using Theorem 8.1 and the bounds from Theorems 4.6 and 5.9, we will now derive the

essential result of this paper, a bound on the probability distribution of the error,

| F& w0 - (Do B 0l

THEOREM 8.2 Assume that hypotheses A;, Ay, and Aj hold. Let C, be given by (5.16) and
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C, by (8.5). Then for all real ¥ > 1,

5 9
~ o~ =-—=
P( | Fhw - (Da Ra )t a0ll, > 7 e” ||uo_a°||l+clu+czg‘§’ [)<sTN* *.

Proof: Applying Theorems 4.6 and 5.9 to equation (3.6) we see that
| Fhu - (D Ba ) i0ll, < Crat + 7 [0 - @ ll, + || (Do B ) @° - (Do Bae ) 0l

Thus, since 7 > 1,

Do Ra V3 . InN
| Fhue - (DaRac ) Ml = (e w0 -a°ll, + Crat +C, “\‘;ﬁ )
implies
’ -0 (P B k= InN
| (Das Rt 0 - (B B 301, 2 70, 2.
It now follows from Theorem 8.1 that
P(IIFA":u°—(5N§At)k&OI|, 2 7(€T ”uo-170”1+01 at +Cg%))

< P(I1(Dx R} 8° -~ (Das R} 31,27 C, g )
<S5TN* *

8.3. The Expected Value and Variance of the Error In addition to telling us how large
the error is likely to be, the bound in Theorem 8.2 also allows us to estimate the expected value
and the variance of the error. To do this we will need the following lemma, a variant of which

may be found on page 41 of Chung [16].
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LEMMA 8.3 Let Z > 0 be a random variable with E [Z] < oo and let a > 0 be an arbitrary

real number. Then

E(Z] <a 1+ iP(ZZra )]

Proof: Since E [Z] is finite we can write

E[Z] < i(r—kl)a P(ra <Z < (r+1)a)

The last inequality follows from the fact that P(Z > ra )= P(Z > 0) =1 when r = 0.

We will now derive a bound on the expected value of the error by setting 7=1, 2, ...

in Theorem 8.2 and applying Lemma 8.3.

THEOREM 8.4: Assume that hypotheses A, A;, and A; hold. Let C, be given by (5.16) and

' Cg by (8.5). Then

E[ | Fhu - (DuRa)al,] < (1+ T)[eTIIu°-ﬁ°|]l+CIAt+CQ—£\;ﬁ£]. (8.6)

Proof: Let
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g (At ,N) =T “ u® - 7° “1+CIAt +C, W (8.7)

Theorem 8.2 and Lemma 8.3 together imply that

~ o~ . 5 o0 -2,
E[|FAuw - (DaRa)f@°ll,] € g(at,N)(1+5TN*Y, N* )

r=]

-8, -2
* is a ratio series with ratio N * < 1. Therefore, since N > 10 (assump-

Note that Y, N

r=1

tion A,), we have

-2 5

5 o -2, . 8 N ¢ 5T N*
5STN*YY N* =5TN* — — < T

r=l 1-N* N4_1

The theorem follows immediately.

The final result in this section is a bound on the variance of the error. The proof, which is

very similar to the proof of Theorem 8.4, is based on the following two points:

1) If Z is a random variable, then
var (2) = E|[2?] -E[2]? < E[Z?%]

2) For all random variables Z > 0 and all real numbers a

THEOREM 8.5: Assume that hypotheses A;, Ay, and A; hold. Let C, be given by (5.16) and

C, by (8.5). Then
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var (I|F&w - (Da B @01l,) < (14 T) [T lu® - @0l +Ciat +C; 3oL I (89)

Proof: Set Z = || Ff u° - (EN Ra )* @° ||1 . As noted above, it suffices to bound E [ Z2]. Let

g(at,N) be defined by (8.7). From Theorem 8.2 we have

5 9

P(2% > "g(at,N)?) = P(Z > 7g(at,N)) < 5TN* *.

Setting ¥ = r foreachr € Z* = {1,2,...} and applying Lemma 8.3 we find

4 o0 -2
E[2%] < g(at,N)?(1+5TN* Y} N * ).
ram]
00 -2 -2
All that remains is to estimate Y, N * . To accomplish thisset b = N *, §=-Inb
r=]
and note that 3 > 0. Then
Yo < b+ [ eV de
r=] 1
9 )
= b [+ e
# B !
2 2
= b +(=+ =)’
(ﬂa ﬂ)
-2
< 2N

where we have used the hypothesis that N > 10 and hence, InN > 2. Thus,

E[2%] < g(at, N)2(1+10TN"' )< (1+ T)g(at,N)2



83

8.4. Dependence of the Error on Arbitrary v We will now remove the restriction v = 1.

For arbitrary v < 1 let u, be the solution of equation (1.3a,b) with initial data uS,. Define

u(z,t)=u(Vvz,t)

Then u satisfies (1.3a,b) with diffusion coefficient 1 and initial data u°(z) = u%(vvz ). Note

that

”azu ”oo=\/l-/ “az uu“oo (89)
and

" az‘“ ”! = ”az uu”l' (810)

The random gradient method scales in the same manner. In other words, let 4, be the
random gradient solution of (1.3a,b) with diffusion coefficient v at time T = k at. Denote the

initial particle positions by X(v), ¢ = 1,..., N. Then for any ¥ > 0,

it (z) = ul(Vur)

is the random gradient solution of (1.3a,b) with diffusion coefficient 1 and initial particle posi-

tions

1

o
X = —=

XJw).

This statement follows immediately from the fact that if n is a Gaussian distributed random

variable with variance 2vat then n/Vv is a Gaussian random variable with variance 2a¢ .

Thus we have

I T) a5 |y = Vo llu(T)-a* |l
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and using (8.6) we find
E lalT) -t ll, = VP E llu(T)-a* I,

<SVE(L+T)| e l|u°—&°||1+ClAt+Cg—}-\;’TN].

It is necessary to investigate the dependence of the constants C, and C, on v. From (5.16), (8.9)

and (8.10) we have

424t
C,=T 3T {cT ||8,u°“°°+—-\/—1—r‘—} ||a,u°||1

4vat
=T {VreT 16, sl + ===} ll0. Sl (8.11)

Thus, the splitting error is O (V). Note that if one is modeling a wave front of the form

9dz) = g(z/Vv) , (8.12)

for some arbitrary C! function g, then even though 9, ¢, = O (u"/z) the constant C, remains

O (1) due to the factor Vv multiplying || 8, uS || o in (8.11) above.

In order to examine the dependence of C; on v let K” be chosen so that

-K¥ < XJ(v) < K¥for all 1. Then K = K¥/Vv satisfies (8.4) and we find

vat |

C, =

K+3VT)+2[(K+6VT )1 +2T)+

«:lé'

=—[‘?’—(%+3\/T)+2[(—\I§_:—+6\/T)(1+2e7)+ \/\/A_;‘_].

9

Hence, C;' = Vv C, is bounded uniformly in v for v < 1 and we have
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E lahT)- i s S +T) VB[ o7 [lu =i lli+ Gy at + Cp gt |

=+T)[ T [[0- a5, + Civv at + CY ;}I'N]'Y]

as claimed. The conclusion that C, is O (v"/?) may be misleading however. For example, with

waves of the form (8.12) one generally chooses the approximate initial data so that

K* = O (V%) in which case Cy = O (1).

Finally we remark that a similar argument applied to (8.8) can be used to establish the

validity of the bound on the variance of the error in (1.7).
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9. Numerical Results In order to compare the theoretical bouﬁds with the actual perfor-——
mance of the method we used the random gradient method to compute a known exact solution.
In addition, we present the results of experiments with a second order solution of the reaction
equation (3.1a,b) and a second order operator splitting (Strang splitting). These experiments
allow us to test the ‘sharpness’ of our theoretical estimates and our understanding of the way

various sources of error behave.

9.1. The Test Problem Let v = 1. Then the Kolmogorov equation (1.3a,b) has a traveling

wave solution of the form

u(z,y)=yg(z -at) (9.1)
with speed
= 2
V8

and wave form
9(z)=(1-(VZ-1)e*/Vo)2.

Our approximation to u® was determined by placing N particles, each with weight w? = N/,

at

For this choice of #° we have

fw-a°ll,=o0(N™). (9.2)

For u given by (9.1) we define the center of the wave at time ¢ to be the point

z, = z,(t) such that
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1
u(z, t)= 3

We measured the error at time ¢ on a grid of 1001 equally spaced‘ points, centered at z, and
spaced a distance Az = 0.02 apart. We measured the error in each of the discrete L', L%, and
L*® norms. Errors in all three norms decreased at roughly the same rate and therefore we

present only the results in the L' norm.

8.2. Numerical Results Table 1 contains the results of a computation with the basic ran-
dom gradien_t methoci described in Chapter 2. Each entry in the tablé is the L! norm of the
error at time T = 1.0 after one run. Note that N increases by 4 as one moves to the right
along a row while At decreases by 2 as oﬂe moves down a column. Further note that, on the
average, the error decreases by 2 as one moves diagonally down one row and right one column.

We conclude that for the present problem, the proper relationship between A¢ and N is

at = O (—=). (9.3)

The relation at = O (VN ') arrived at by theoretical considerations appears to be an
underestimate of the dependence of the error on N. In other words, for At = O (VN ') the
errors that depend on N will decrease twice as fast as the errors that depend on A¢, until even-
tually these latter sources of error dominate all others. The method still converges if we take
at = O (VYN ') but we will be doing four times as much work to get the same results. In
methods such as the vortex sheet method, in which the work is proportional to O (N?), we
would be doing sizteen times as much work. One should be careful when basing their choice of

parameters on theoretical estimates alone.

Note that the errors in Table -1 decrease at a rate remarkably close to
O(at)= O (VN ~'). We interpret this to mean that when At and N are chosen so that (9.3)

holds, the expected value of the error is O (at) = O (VN ~!) and that, for N > 1000, the
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variance of this error is relatively small. Thus, for N > 1000 one obtains reasonable results

with one trial. This corroborates the estimates we made in the introduction to Chapter 8.

First Order Solution.of the ODE 4, = u (1 - u).

- Number of Particles -
| At 1000 4000 16000 64000 256000 1024000

1 0.5504 0.3863 0.4548 0.4394 0.4447 0.4439
2! 0.2287 0.2110 0.2168 0.2192 0.2202 0.2210
4! 0.0995 0.1148 0.0989 0.1056 0.1125 0.1135
8! 0.1116 0.0531 0.0575 0.0579 0.0551 0.0576
167! 0.0976 0.0419 0.0276 0.0359 0.0300 0.0288

327! 0.1034 0.0453 0.0192 0.0256 0.0116 -

Table 1 (L! norm)

Fix At and consider the error as a function of N. Note that at first it decays like VN !
but then eventually levels out. Further note that this ‘plateau’ occurs further and further to the
right as At decreases. The plateau is due to those sources of error, such as the splitting error
and the error due to approximating Ra by EA{, that depend on At alone. Similarly, one can
isolate plateaus that-, depend only N . Since the O (VN ') errors dominateA the O (N7') error in

(9.2), these errors are primarily if not exclusively due to the random walk.

While we know of no way to improve the accuracy of the random walk there are several
ways to obtain a method which is higher order in time. We begin by considering a second order

ODE solver. Define

R wo(z) = i(a) + 5 [/ (8°2) + f (&%) + at f (#°(2)) . (94)
This is simply a second order solution of the ODE (3.1a,b) ([18], p. 364). Table 2 contains the
results of a numerical experiment with ﬁm replaced by E;ﬂd. It is immediately apparent that
there has been an overall decrease in the error. Note, however, that the rate of convergence has

not changed, even as a function of At alone. On the average the errors still decay like O (at).
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Second Order Solution of the ODE.

- Number of Particles -
At 1000 4000 16000 64000 256000
1 0.1034 0.0663 0.0682 0.0634 0.0660
2! 0.0439 0.0275 0.0223 0.0215 0.0230
41 |1 0.0297 0.0189 0.0104 0.0088 0.0095
g1 0.0250 0.0139 0.0063 0.0040 0.0044
167! 0.0273 0.0165 0.0076 0.0036 0.0031
32-! 0.0309 0.0137 0.0078 0.0045 0.0022

Table 2 (L' norm)

We interpret this data in the following way. When Em is replaced by E;ﬂd the (at)? in

(3.10) is replaced by (At )%.! Thus, the dependence of the last term on the right in (3.6) on At is
now O ((at )?) rather than O (at). However, its dependence on N is still O (VN ~!). From (9.2)
we see that the middle term is O (N~!) and hence is presumably negligible compared to the last

term. What remains is the first term, the error due to operator splitting.
Following Strang {54] we now employ the following operator splitting algorithm,

@ = R%Y, Dae R3S 37 . (9.5)

We will refer to this as Strang splitting. We believe that when Strang splitting is used the error

due to exact operator splitting becomes O (Vv (at )?),

“ FAkt TR (Rm/zpm Rm/z)‘t u® ” Ll S C \/; (At )2.

In fact, we think that this can be shown by applying the argument in the proof of Theorem 5:8

to the function

w,(z,t)=Fiu(z)- Ry, Dy Ryjpu®(z).

t This statement is easily proved. We simply use the well known fact that the local truncation error for a second
order ODE solver is O ((at )*) to repiace the right hand side of (6.7) by (af )3 times the appropriate constant.
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In this regard we note Beale and Majda have shown that Strang splitting for the Navier-Stokes

equations is second order accurate (7).

Second Order Solution of the ODE wisth Strang Splitting.

- Number of Particles -

| At 1000 4000 16000 64000 256000
1 0.0545 0.0243 0.0139 0.0083 0.0109

ot 0.0293 | 0.0144 0.0090 0.0057 0.0062
47! 0.0300 0.0140 0.0097 0.0034 0.0028
g1 0.0242 0.0146 0.0064 0.0028 0.0018
167! 0.0266 0.0175 0.0071 0.0026 0.0020
32-! 0.0311 0.0133 0.0083 0.0045 0.0022

Table 3 (L! norm)

In Table 3 we present the results of using this algorithm on the test problem. We note a
further decrease in the error as compared to Tables 1 and 2. This can be explained by the fact
that the first term on the right hand side in (3.8) is now O ((at)?) rather than O (at). In fact,
for At < 1/8 the errors that depend on A¢ appear to be so small there is little further decrease
in the error if one fixes N and lets At go to 0. Ié is important to note that the error still
depends on N like O (VN !). In other words, the overall dependence of the error on N has
not changed. However, now the choice of parameters which results in the first and last terms on

the right in (3.6) decreasing at the same rate is

1
at = O (+4==).
It is important to note that Strang splitting costs no more than first order splitting. One simply,

takes half a time step at the beginning and another half time step at the end,

-y 2nd A 28d R 128 -~
i) = R%: Da(Rar Do )* 'R, 4.

Table 4 contains the data from columns 1, 3, and 5 of Table 3 organized so that the most

efficient way to decrease the errors now lies on the diagonal. Thus, we see that for a given fixed
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N one can now achieve the same level of accuracy as the original method with fewer time
steps. This results in a small savings in computational effort. To decrease the error by four the
original version requires N — 16N and At — At /4 resulting in 64 times as much work.! On
the other hand, the higher order method requires 32 times as much work to achieve one fourth
the error. We remark that for methods in which the work required at each time step is O (N?)

the savings is proportionally smaller.

Second Order Solution of the ODE with Strang Splitting.

- Number of Particles -

at 1000 16000 | 256000 |
1 0.0545 | 0.0139 | 0.0109

2! 0.0293 0.0090 0.0062
47! 0.0300 0.0097 0.0028
gt 0.0242 0.0064 0.0018
167! 0.0266 0.0071 0.0020
32! 0.0311 0.0083 0.0022

Table 4 (The optimal choice of parameters lies on the diagonals.)

Finally, we replacea ﬁm by Ra (it is easy to compute the exact solution of equation
(3.1a,b)) and tried this version on the test problem. In this experment we did not use Strang
splitting. The results are presented in Table 5. For those choices of N and At for which one
expects the errors due to At to be noticeable we note a moderate improvement over the use of
the second order ODE solver without Strang splitting. On the other hand, when the O (VN )
errors dominate, the errors in Table 5 are quite close to those in Table 2. Comparing Table 5
with ‘Table 3 we note the marked difference that the use of Strang splitting makes. We con-
clude that if one is going to go to the trouble of using a higher order solution of the ODE (3.1a),
then one should also use Strang splitting, especially because it results in no appreciable increase

in computational effort.

t Here we have neglected the work required to sort the particles at the end of every time step and assumed the
work at every time step is O (N).
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Ezact Solution of the ODE.

- Number of Particles -

At 1000 4000 16000 64000 256000 1024000
1 0.0756 0.0307 0.0329 0.0267 0.0293 0.0288
2-1 0.0372 0.0199 0.0155 0.0128 0.0144 0.0149
4! 0.0297 0.0175 0.0102 0.0069 0.0074 0.0075
8! 0.0248 0.0141 0.0083 0.0037 0.0039 0.0037
16! 0.0272 0.0166 0.0076 0.0035 0.0031 0.0016
32! 0.0309 0.0137 0.0079 0.0045 0.0022 0.0007

Table 5 (L' norm)

9.3. Conclusions The most obvious conclusion is that the theoretical estimates underesti-
mate the rate of convergence.. One can argue that this is a special test problem and more gen-
eral problems may converge at a slower rate. However, most solutions of (1.3a,b) converge to
traveling wave solutions in time (Bramson (8]) and it seems likely that the method’s behavior
with this particular traveling wave solution is representative of its general behavior when

approximating a traveling wave solution.

We believe that the failure of our analysis to accurately predict the true rate of conver-
gence is largely due to the fact that we divided the overall error into the sum of the errors
made at each time step and bounded each of these errors separately. In this regard we note that
in [33] Hald was able to establish the correct rate of convergence for the method considered
there because he could write down the exact solution at any time ¢. Thus, he simply subtracted
this from the computed solution. This example serves to indicate the perils of using the triangle

inequality too liberally.

The numerical results above clearly demonstrate that for the original version of the ran-
dom gradient method the dependence of the overall error on the fractional step is O (at).
Based on this evidence we believe that the bound in (3.6) is sharp and that our analysis simply

underestimates the dependence of the last term on N . Furthermore, we believe that the conver-



gence proof provides a sharp estimate of the dependence of the error on At .
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