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ABSTRACT OF THE DISSERTATION

A Parking Function Setting for Nabla Images of Schur Functions

by

Yeonkyung Kim
Doctor of Philosophy in Mathematics
University of California, San Diego, 2015

Professor Adriano M. Garsia, Chair

Jim Haglund, Jennifer Morse, and Mike Zabrocki have published papers
introducing symmetric function operators, C operator and B operator, and their
combinatorial interpretations and identities. Their compositional refinement of the
Shuffle Conjecture can be used to represent the image of a schur function under
the Bergeron-Garsia nabla operator as a weighted sum of a suitable collection
of parking functions. First, we express a schur function under nabla operator
with C operator using its definition and fundamental identities about symmetric
functions. Then, the compositional Shuffle conjecture can be used as the expression
of a family of VC,, ---C,, 1, with p = (p1,- - ,px), composition of n, in terms of
a sum of weight of a suitable set of parking functions. Therefore, in this paper,

we express the image of a schur function under nable operator as the difference



between two sum of the weight of certain sets of parking functions. Then, we
introduce injections between those sets of parking functions for a few cases of
schur functions, so that an image of schur functions under nabla operator can be
simply expressed using the complementary set of parking functions. The validity
of these expressions is still conjectural until the compositional refinement of the

Shuffle conjecture is proved.
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Chapter 1

Introduction

First, we begin with basic definitions and their auxiliaries.

1.1 Parking Functions

There is a one-way street with n available parking spaces. We label the
parking spaces, 1 to n, from the entrance to the exit of the street.

Cars 1 to n enter the street one by one in order. They have their own pre-
ferred parking space from 1 to n and some of them may have the same preference.
We represent the preferences as a sequence, for example, a sequence (2,4,1,1,3)
means that there are 5 cars and the first car wants to be parked in space 2, and
the second car wants to be parked in space 4. The third and fourth cars have
the same preference, both of them want to be parked in space 1, and the last car
prefers space 3.

The rule for parking these n cars is following;:

1. Each car goes straight to its preferred parking space.

2. If the parking spot is empty, the car parks there. If not, the car goes further
and parks in the first available spot.

For some preferences some cars cannot park. When all n cars can park,
we call the sequence representing the preferences a parking function, and it was

introduced by Konheim and Weiss in [KW66].



Example 1.1.1. Suppose 5 cars have the preferences (2,1,4,1,4). Then the first
car parks in space 2, the second car parks in space 1, and the third car parks
in space 4. The fourth car’s preferred space is 1, but since it is already filled,
it goes further and parks in space 3, which is the first available spot. The last
car’s preference is space 4, but the third car was already parked there, so it should
park in space 5. All 5 cars have parked, so the sequence (2,1,4,1,4) is a parking
function. However, suppose (3,4, 3, 2) is the sequence representing the preferences
of the 4 cars. Then, the first car parks in space 3 and the second car parks in space
4. The third car goes straight to space 3, but the first car was already parked in
space 3, so it can’t be parked there, but since the space 4 is also filled with the
second car, it cannot park anywhere. Therefore, the sequence (3,4, 3,2) is not a

parking function.

1.1.1 Parking Functions on a Lattice Square

We will represent a parking function by a labeled Dyck path on an n by n
lattice square.

Let us call the main diagonal the straight line straight line from (0,0), to
(n,n), of the n by n lattice square. A Dyck path on an n by n lattice square is a
path from (0, 0) to (n, n) that proceeds only by east or north steps always remaining
weakly above the main diagonal. That is the path may hit the main diagonal, but
never crosses it. To represent a parking function, we put the car numbers in the
cells to the right of every north step in a column increasing manner.

Figure 1.1 shows an example of a parking function with 12 cars in a 12 by
12 lattice square. Notice that there are 4 cars, car 3, car 6, car 8 and car 11, are
stacked in increasing order of their numbers.

Now we will define some statistics for a parking function on a lattice square.

Definition 1.1.1. We define the area of a parking function to be the number of

complete cells between its Dyck path and the main diagonal.

Example 1.1.2. In Figure 1.1, there are 16 complete cells between the Dyck path

and the main diagonal. Therefore, the area of this parking function is 16.



Figure 1.1: A parking function with 12 cars

Definition 1.1.2. We define a diagonal inversion(dinv) as the number of pairs
of two cars, which are not in the same column, satisfying one of the following two

conditions:

e They are in the same diagonal and the car number on the right is larger than

the one on the left.

e The car on the left is on the diagonal one level above the diagonal of the car

on the right. Also, it has a larger number than the one on the right.

We call the number of pairs satisfying the first condition the primary dinv and the

number of pairs satisfying the second condition the secondary dinv.

Example 1.1.3. In Figure 1.1, the pair car 3 and 4 contributes to the primary dinv
since they are in the same diagonal(the main diagonal) and the left car, car 3, is

smaller than the right car, car 4. Similarly, the pairs (6,7), (6,9), (1,7), (1,2), (1,9),



(7,9),(2,9),(8,10),(8,12),(5,10), (5,12) and (10, 12) are contributing to the pri-
mary dinv. Therefore, the primary dinv of this parking function is 13. On the other
hand, the pair (4, 6) contributes to the secondary dinv since the car 6 is on the sec-
ond diagonal, one level above the main diagonal, where the car 4 is, and the left car
6 is larger than the right car 4. The pairs (1, 8),(7,8),(2,8),(2,5), (7,10), (2, 10),
(9,10), (5,11),(10,11) and (9,12) also contribute to the secondary dinv, so the
secondary dinv of PF' is 11. Hence, the dinv of PF is 24.

Definition 1.1.3. Suppose a labeled Dyck path of a parking function hits the main
diagonal at (0,0), (fi, f1), ---,(fr, fr). Then we say the cars from the (f;_; + 1)
column to the f column are in i*" part. We also define the composition of PF,
(comp(PF)), as the sequence (pi, pa, ..., px), where p; counts the number of cars

in 7" part.

Example 1.1.4. In Figure 1.1, the cars 3,6,8,11,1, 5,10 are in the first part and
the cars 4,7,2,12,9 are in the second part. Therefore, the composition of PF is
(7,5) and we write comp(PF) = (7,5).

Definition 1.1.4. We define the diagonal word of a parking function as the word
obtained by reading cars from the top diagonal to the main diagonal. Where,

within each diagonal line, we read cars from northeast to southwest.

Example 1.1.5. For the parking function in Figure 1.1, the diagonal word is
[11,12,10,5,8,9,2,7,1,6,4, 3.

Definition 1.1.5. We finally define the ides as the set of ¢ coming after ¢ + 1 in

the diagonal word.
Example 1.1.6. The ides of the parking function in Figure 1.11s {1, 3,4,6,7,9,10}.

Finally, we can now define the weight of each parking function using these

statistics.

Definition 1.1.6. We set for each parking function PF

w(PF) _ tarea(PF)qdinv(PF) Qides(PF) [X]



where for a subset S C {1,2,...,n — 1}, Qs[X], introduced in [Ges84], denotes

Gessel’s fundamental quasi-symmetric function in the variables X = (z1,29,...) .

QslX)= D TayTay - Ta,

a1<az<---<an
€S — a;<aj+41

Example 1.1.7. The weight of the parking function in Figure 1.1 is

w(PF) =t'% ¢* Q113,467,910 [X].

1.1.2 Parking Functions as a Two-line Array

We also can represent a parking function by a two-line array. First, we
let ¢; be the car number in the i*" row from bottom to top. Next, we let d; be
the number of complete cells in the i*" row, between the Dyck path and the main

diagonal. We can then represent a parkIng function as a two line array by setting

Cit Cp ... Cp
dy do ... d,

Example 1.1.8. The parking function in Figure 1.1 can be represented by a two-

PF =

line array

36 8 11 1 5 10 4 7 2 12 9
012 3 12 2 011 21

To be a parking function representation, the two-line array has to satisfy

three conditions:

1. [e1,¢9,...,¢,] 18 a permutation of 1,2,...,n and d; is a nonnegative integer

for all 4 with d; = 0.
2. Forall1<i<n-—1,d;s; <d;+ 1.

3. If dz = di—l—la then Cit+1 > C;.



We can easily see that the area and dinv can be expressed using ¢; and d;,
area(PF) = Zdi

dinv(PF) = Z x(d; =dj and ¢; < ¢;) + x(di = dj + 1 and ¢; > ¢;)

1<i<j<n

1.2 Symmetric Functions, Macdonald Polynomi-

als and the Nabla Operator

Now, we will introduce Macdonald symmetric functions and Nabla oper-
ator, first introduced by Macdonald in [Mac95] and Bergeron-Garsia in [BG99]
respectively.

We denote the space of symmetric polynomials by A. The subspace of A
consisting of the homogeneous symmetric polynomials of degree n is denoted by
A=". We express symmetric polynomials in terms of the five following classical

bases:

e the power basis {px}arn

the monomial basis {my}rn

the homogeneous basis {hy}xrn

the elementary basis {e)}r-n

the schur basis {s)}r-n

The Plethystic substitution of an expression E is sometimes very useful
when we work with symmetric function identities. For any expression F with the

variables tq,to,t3, ..., B = E[t1,ts,t3,...], we define

For any symmetric function F', we can express it as F' = Q(p1,p2, D3, - - .), where
the polynomial () gives the expansion of F' in terms of power basis. Then we can

define
F[E] = Q(pl[E]7p2[E]7p3[E]v - )



In particular, when we want to express F' as a polynomial in the variables

Z1,%2, ..., Ty, using plethystic notation, we can write
f[Xn], WhereXn:fEl—‘—l‘Q—l—..._'_l»n.

The usual scalar product for symmetric functions, (-,-) is defined by

<8)\7 3u> = X()‘ = :u)'

Also, using

Zy = H 1"ny!

where n; = n;(\) is the number of parts of A equal to 4, the original Macdonald

scalar product, (-,-),+ is defined by

1-—t
(x; g = 2a X(A = 1) ax L — q} .

To work with Macdonald polynomials, we need to introduce further nota-

tion.

A
o~

\ 4

A

Figure 1.2: Standard Young tableau in French notation

Given a partition A and a lattice cell ¢ € A\, we denote the leg, arm, coleg
and coarm of ¢ by [)(c) (or just [ sometimes), ay(c) (or a), ({(c) (or ') and d)(c)
(or a') respectively. The l)(c), I}(c), ax(c) and d)\(c) respectively represents the
number of cells in A which are strictly north, south, east and west of the cell ¢ in
A



To proceed, we need to introduce some further constructs from Ferrers

diagram.
1(\)
= Z l(c) Z Xi(i— 1), I(X\)is a length of a partition A.
CcEA

n(\) = a\(c) ha(g.t) = ] (¢ — 1)
cEX CEA

_ Z tl’(c)qa'(c) ﬁ&(% t) — H (tl(c) _ qa(c)+1)
cEN CEA

Tx(g,t) = "N g wx(q.t) = ha(g, t)hy(q, )
and

Diy(q,t) = MBy(q,t) — 1 with M = (1 —t)(1 — q)

Theorem 1.2.1. For each partition A\, and generic q,t, there exists a unique family

of polynomials { Py(x;q,t)}x such that

1. P)\ = S\ + Zsufux(q,t)

B

2. (P\,Pg: =0 if X+ p.

Given this theorem, the Macdonald integral forms are defined by setting

JulX;q,t] = hu(q,t) Pu(w;q,t)

with

hala.t) =[]0 = a* ).

I
The Macdonald ¢, t - Kotska, K,(g,t) is defined through the expansion

X q7 ZS)\ 1_t K)\,Lb(q7 )



Then we can set

X
H,[X;q.t]=J, L—_t;q,t}

and now we can have

H,[X;q,t] = "W H,[X;q,1/t].

The polynomials H,[X;q,t] can be shown to satisfy the following funda-

mental identities
1. T,wH,[X;1/q,1/t] = H,[X;q,1],
2. Hy[X;q,t] = H,[X;t,q).

Moreover we have

ﬁu‘s =1 forall pu.

Given this, we derive the following basic fact.

Theorem 1.2.2. The polynomial ﬁ#[X;q,t] are the unique symmetric function

basis satisfying the two triangularity conditions

- T X
1. H#:ZS)\ -m:| C)\#(q,t),

A<Zp

~ [ X
2. H”:ZS)‘ 1—_q:| d,\u(q,t).

A>p

Proof. For some coefficients ny,(q,t), we have

Hy[X;q,8] =) s {%} (. 1).

A<p
Thus
X
H,[X;q,1/t] = sy L_—J (g, 1/6)t
A<p
and then we have
H,[X:q1] = ZS/\ X (g, 1/8)tAFw),
w ) Y t—1 AR S)

A<p




10

This proves the first equation with

C)\M(q, t) = nA'u((L 1/t>t‘>\|+n(#)

Next, now we have

HolX;q,0= s, [q)—(—J ot ) = D (1) L)_(

A<p A<pu

from which we derive that

A Xiat] = 3 ()sy [

N>

or better

ﬁu[X;q,t] = Z(—l)p"S)\ [1Xq} e (t,q).

A>p

This proves the second equation with

dyi(a,t) = (=1)Newu(t ).

The uniqueness assertion then follows from an elementary Linear Algebra

result that holds true under such triangularity properties up to a normalization.
m

Finally, the fundamental symmetric functions operator Nabla, V, which was

first introduced in [BG99], is defined as

V H\[X;q,t] = Ty H\[X;q1].



Chapter 2

Plethystic Operators and the
Haglung-Morse Zabrocki

Conjectures

We start this chapter by introducing two operators C, and B,, which are
first introduced in [HMZ11], for a symmetric polynomial P[X] as following:

C.P[X] = <—3)H P [X _ 1_71/‘11 Q=X

Za

where

QzX] = 2" hy[X]

is the generating function of the homogeneous symmetric functions with the al-

phabet X, or

C.P[X] = (—l)al yor [X - 1_—;/(’} zkhk[X]L

k>0

and

B.P[X] = wB*w P[X]

where

BIP[X] =P {X 1 q} Q2X]

“ z

za

11
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Since wP[X] = P[—eX], we also have
B,P[X] = wB’ P|-¢X].

Then

Y
za

B’ wP[X] = P [—eX te q} Q[2X]

z

and we finally have

B,P[X] = P [X te q} O[—e2X]

z

Z(l

Recall that a composition of a parking function PF', comp(PF) is the se-
quence (py,pa, ..., pr), where p; counts the number of cars in i*® part. Also, we
denote a set of parking fucntions with n cars by PJF, and for any composition

p = (p1,p2,...,px) and any symmetric polynomial F[X], we use
Cp F[X] = Cmcm T Cka[X]-

The original Shuffle conjecture was introduced in [HHL*05]. Now, we intro-
duce one of the compositional refinements of the Shuffle conjecture due to Haglund-

Morse-Zabrocki in [HMZ11].

Conjecture 2.0.1. For any composition p = (p1,p2, ..., px) of n, we have

VCpl Cp2 . Cpk]- _ Z tarea(PF) qdinv(PF) Qides(PF)'

PFePF,
comp(PF)=(p1,p2;---,Pk)

For the convenience, we will use plethystic notation for identities of sym-
metric function. The detail of this notation is introduced in [GH96]. The operator
“row adder” for schur function is defined as

S.P[X] = P [X _ 1] Q[=X]

z

where
QX] = 2" h[X]
m>0
is the generating function of the homogeneous symmetric functions with the al-

phabet X.
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Proposition 2.0.3. For any integral vector p = (p1,p2, ..., Dk),

Sp1,p2;.,Pk [X] = Q[Zk’X] H (1 - Z]/zl)

1<i<j<k g2z
where Zy, = 21 + 29 + -+ - + 2.
Proof. 1t is well known that
Sp1,p2;.-pk [X] = Sp1sp2 e Spkl‘
By the definition of the row adder operator S,
1
Splsp21 = SmQ[ZQX] o = |:22(X — —):| Q[ZlX]
Z5 Z1 P02
= Q(—22/21)] Q21 X + 20X]
= (1 — ZQ/Zl)Q[ZlX + ZQX]

After iteration, we can obtain

Splspz"'spkl :Q[ZkX] H (1_Zj/zi>

1<i<j<n

P1 P2 PE
Z1 RNy

Thus, we have

Sp1,p2,es pk[X] = Splsm"'spkl :Q[ZkX] H (1—23'/2’1-)

- P1 P2 Pk
1<i<j<n 2y 2Ty

The device 6; acts on the operator C, = C,,C,, --- C,, as the formula
QiCP = CP—ei

where e; is the coordinate vector with 1 in the i*® position. Using this device, we

have the following theorem.
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Theorem 2.0.4. For any composition (p1,pa,- -, Pk),

Sp1,p2,....pk [X] - (_Q)pl+..'+pk_k H (1 - Qj/qez‘) CP 1

1<i<j<n

where Sy, p,....pu [ X | is the schur function indexed by the composition (py, pa, - .., Pk)-

Proof. By the definition of the operator C,, for any symmetric function F[X],

C.F[X] = (-é)a_l F {X - 1_21/‘1] Q[2X]

z(l
Then we have

(_q>p1+p272 CPl CPQF[X]

= (—q""'C,, F {X ! ;21/(1} Q2o X]

P2
%2

1-1 1-1 1-1
Z1 Z9 21 Zflzg2
1-1 1-1 1-1
—F [X— /a_ /q} QO [—ZQ /q} Q21 X + 2X]
Z1 Z9 Z1 zf1z§2
Using €2 [_Z212/ Q] — 11_—;22//;11’
(_q)p1+p272 Cpl CP2F[X]
1-1 1-1 1—
:F[X— /a_ /q} Qo X 4 x| 222
z1 29 1— ZQ/(]Zl zf1z§2
By iteration, we have
(_q)P1+~~'+Pk—k Cp1 e Cka[X]
k
1-1/q 1—2z;/2
=F|X - —— | QZLX -
Z Zi [ b ] H 1-— z]/qzz P11 Pk
i=1 1<i<j<k 21 R

where Z, = z1 + 29 + - - - + 2.



15

With F[X] =1,
(_q)(Pl—a1)+"'+(17k—ak)—k Cpa, - Cpa 1
1—2/z
H 1—z/z Q[Z, X]
1<idien LT %/4% I S A
1—2/z .
I1 #/ZQ[Z]{X]ZEMZ;Q"'Zkk .
(<idigh L T %/ 4% 2Pt

By the definition of the device §; acting on the operator C, = C,,C,, - -- C,, ,
we have

91% CP = Cplcp2 T sz‘—ai o CP

k

and
al na2 ag _
01 02 e Qk CP - Cpl—a1 sz—az o Cpk_ak'

Thus, we obtain

(= (=01 q) (<0a/)" -+ (~0/0)* Cy -y, 1

i 1 a1+-+ag
= (_Q)pl+‘..+pk_ <—§) Cpl—a1 T Cpk—akl
= (_Q)(pl_a1)+...+(pk_ak)_k CP1—a1 T Cpk_akl

1 — 2/ .
H F—WQ[ZkX]zflz§2~-zkk .
1<i<j<k z]/qzz 2y b2k
Therefore
(—q)Prtre—k H (1—-0;/¢9,)C,1 = H (1 —2;/2)Q 2, X]
1<i<j<k 1<i<j<k R SRl

Then, by Proposition 2.0.3, we have

(=)t H (1 =0;/q0:)Cpl = spy ps.... 50 [X].

1<i<j<k
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Example 2.0.1. Suppose k = 2 and a > b > 1. Then, by Theorem 2.0.4, we have
SaplX] = ()" 7*(1 = 02/q61) C.Cs 1

¥ (C,Cyl — Co11Cp11/q)

)*+72(C,Cyl — Cy41Cp-11/q)

) (e

“073(C11Cpo11 — ¢ C,Co).

(—q
=(—q
=(—q
=(—q

Example 2.0.2. Suppose k =3 and a > b > ¢ > 1. Again, by Theorem 2.0.4, we
obtain
SapelX] = (@) (1 = 02/g61) (1 — 03/q61) (1 — 03/¢02) CoCyCe 1
= (=q)"""**(CCyCel — Co41Cp1Cel/q — CoCpin Comnl/g
— Co41CCe11/q + Co1CyCe11/¢?
+ C42C-1Ce11/¢° + C441Cp1Cenl/¢?
— Cu42CyCo01/¢? )
We can get an idea that by applying V to both sides, we may be able to
get a paking function interpretation of schur functions under V operator assuming

that the compositional refinement of the Shuffle conjecture 2.0.1 holds.

For example, for a = 4 and b = 3, we have
84’3[X} = (—q>5(C4C31 - 05021/(]) = (—q)5 (04031 - 05021/(])
= q4 (C5Cgl — QC4031)

Applying V to both sides gives us
Vsys[X]| = gt (VC5C21 — qVC4C31).
Then, if we assume that the compositional refinement of the Shuffle conjec-
ture 2.0.1 holds, we can get
Vs3] X] = ¢* ( Z garea(PF) (dinv(PF) dees )

PFeI5,2]

—q Z tarea(PF) qdinv(PF) Qides(PF))

PFeTl[4,3]
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where I1[5, 2] is the set of parking functions whose diagonal composition is [5, 2]
and TI[4, 3] is the set of parking functions whose diagonal composition is [4, 3].
Hence, to get the combinatorial image of s, 3[X] under V operator, we need to
construct an injection ¢ from I1[4, 3] to II[5, 2] which preserves the area and ides,

but increases the dinv exactly one, and then identify the complementary collection
I1[5, 2]\ ¢(I1[4, 3]), so that we can have the identity

VS473[X] — q4 Z area(PF) qdinv(PF) Qides(PF)-
PFeT[5,2]\¢(I1[4,3])

Also, Example 2.0.2 suggests that the combinatorial image of s, .[X]| under
nabla operator can be obtained by carrying our an “inclusion-exclusion” process
on the collection of parking functions whose diagonal compositions are the indices
of the operators occured in the equation.

In this work, we will introduce the injections yielding parking function
settings for the nabla image of some cases of schur functions indexed by two-row

or two-column partitions.



Chapter 3

Plethystic Operators Identities
and Their Combinatorial

Interpretation

In this chapter, we will introduce identities between symmetric function
operators and their combinatorial interpretations.
First, we introduce the several different expressions for the definitions of B

operator and C operator. For B operator, we defined as

B,P[X] = P {X +e q} Q[—e2X]

z

za

Also, it may be expressed as

B, P[X] =Y (—1) eqr[X] ho[X (1 — )] P[X].

r>0

Also, for C operator, we defined as

C.P[X] = (—1>a1 P {X _L 1/‘1] Q2X]

q Z Za,
1\ 1—1/q
_ (_5> P {X——Z ]zkhkm .
k>0 z

18



but we may also define as

C.P[X] = —qP [X—Irel _q} Q {e (3) X}

z q

za

_ (—1)a_ S 4 e (X B [X (1 - q))*PIX].

q r>0

Using these definitions, we have various identities of operators.

Theorem 3.0.5. For any integers a,b > 0, letting n = a + b, we have

ByB.1 =) ¢ (e[ X]en—r[X] = er1[Xen—ria [X]).

r=0

Proof. We will use

B:P[X] = P [X 1 q] Q2 X]

z

We have
B;1 =1Q[zX]

sa ha[X]a

and since wl = 1, we have
B.1 = wh,[X] = e,[X].

Now, by the definition of B operator, we have

ByB.1 = Bye[X] = ca {X te— q} Q-exX]|
_ :O er[X]ear [e ; ] Q[—ezX] )
_ ier[X] ear[;(blr Do x] b
S e X1 e (L= )lemsr[X]



20

Since
1 m =
em[l —q] = )
(=)™ hp[l —ql = (=)™ (1 —q) m>0
we have
1 a=r
ea—r[l - Q] =
(—)* " 1-q) a>r
Thus
B,B,1
=3 e X]g g — Deny [X] + ealX]ey[X]
= z_: e[ X" e [X] — _ e[ X])q" " en [X] + ea[X]ep[X]
=S e XN e X] = 3 e alX]g et [X] + e[ X]e[X]

= 2_: qair(er [X]enfr[X] - erfl[X]enfr+1[X]) + ea{X]eb[X] - eafl[X]ebJrl[X]

= Z " (e[ Xen— [ X] — er1[X]en—r1[X])

as desired. O

Theorem 3.0.6. Forn=a+ b and a < b, we have

BbB(l]- - Z qaiTSQr,ln—Qr [X]

r=0
and if a > b, then we have
b 1]
BbBa]. == Z qa_TSQT"lnf%' [X] — Z (qa_r — qr_b_l)SQT’1nf27' [X]

r=0 r=b+1
Proof. From Theorem 3.0.5, the expression e.e,_, —e,_1€,_,+1 may be written as

a Jacobi-Trudi determinant. In other words, if n —r > r, we have

€n—r enT+1]

€rln—r — €r_1Cn—r41 = det
€r—1 €r
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ftn—r=r-—1,

€rln—yr — Cr_1€n—r41 = 0.

If n—r <r—1, then we have

€r—1 €r
€rln—r — Cr_1€p—r41 = — det .
En—r Epn—ri1

Also, note that we have the classical formula

€n—r Cp—r
det [ +1] - 827“7171727‘ [X]

€r—1 €r

Given this formula, if ¢ < b, then we have

BbBa]. - Z qa_rSQ’r’lnf?r [X]

r=0
Suppose a > b. We will divide into two subcases, one is when n is even and the
other is when n is odd. If n is even, n = 2d, then since we suppose a > b, a > d.

Now we can split Theorem 3.0.5 into the two sums
d
B;B.1 = Z ¢“ " (er[X]en—r[X] — er1[X]en—ria[X])
r=0

+ Z q“_s(es[X]en_s[X] - 68—1[X]6n—s+1[XD'

s=d+1

In the first sum, since r < d, n —r > r, so we have

@WMAM—@ﬂm%HﬂmﬂaFHemml

€r—1 €r
Also, in the second sum, since s > d+1, we have s—1>d=n—-d>n—(s—1) =

n — s+ 1. Thus we have

@m%qm—%thﬁmm:—@4%* e l

En—s En—s+1
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Now we have

d a
€n—r Epn—r €s— €s
BB, 1= ¢" " det [ “] =3 g det [ ! ] .
En_

r=0 €r—1 Er s=d+1 s Cn—s+1

If we substitute s by 1 4+ n — r, the determinant in the second sum becomes the
one in the first sum. Also, since d+1 < s <a, wehaved+1<1+4+n—r < a,

and it means b+ 1 < r < d. Therefore, we now have

d d
BbBal — an_'rSQr’lan'r [X] — Z qa_(1+n_r)82r71n727' [X]
r=0 r=b+1

b d
= " sy [X] 4+ ) (¢ = ¢ )sar o [ X,
r=0

r=b+1
Next, suppose n is odd, say n = 2d + 1. For all r < d,
n—r>n—d=d+1>r—+1>r.
If s=d+1, then
es[X]en—s[X] — esa[X]en—on1[X] = eqia[X]ea[X] — ea[ X]eaa [X] = 0.
For all s such that d + 2 < s < a, we have
s—1>d4+1=n—-d—-141=n—-d>n—(s—2)=n—s+2>n—s+ 1.

Thus,

B;B.1 = Z ¢ (er[X]en—r[X] — 1 [X]en—ria [X])



Again, substituting s by 1 +n —7r, d+2 < s < a becomes
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l4+n—a=14+b0<r=14+n—-s<l4n—(d+2)=1+2d+1—-d—2=d,

ie,

I+b<r<d

Therefore, we have

B,B,1 = zd: q“ " det [enr €n7~+1] — zd: ¢ Ldet [enr
r=0 €r—1 Er r=b+1 €r—1
b d
= Z q" " Sgr gn—2r[ X — Z ¢ " sgr yn-2r [ X
r=0 r=b+1

b d
= Z qa77.827‘,1n_2r [X] + Z (qa*T - qribil)SQﬁln—Qr [X]
r=0 r=b+1

as desired.
Now, we will introduce an identity about C operators.

Theorem 3.0.7. For all a < b, where n = a + b,
1 n—2 a 1 a—r
C,Co1=(—= D) saralX).
q —~\q

Proof. For any symmetric polynomial P[X],

C.P[X] = (—é)al P [X ! _Zl/q} Q2 X]

za

Thus, we have

En—r+1
Er
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Then,
a+b—2 _
CbCa]. = (—1) ha |:X - 1—1/q:| Q[ X]
q o 2
1 a+b—2 a 1—1
= (——) hr[X]hafr |:_ /q‘| Q[ X]
q r=0 : 2
1 at+b—2 a
— <__> hr[X]hafr[l Q]ha+b*T[X]/qair'
q r=0
Using
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and since a < bandn=a+b, for all r < a, r <n —r and we have

hr[X]hn—r [X] - hr—l[X]hn—r+1[X] = Sn—'r,r[X]a

n—2 a

>0

thus
1 a—rTr
CbCal = (——) ) Snfr,r[X]
q r=0

as desired.
We can also derive the analogue of Theorem 3.0.7 for the case a > b.

Theorem 3.0.8. For all a > b, where n =a + b,

e ()5 ()
TR (070

This is valid when a = b and it becomes Theorem 3.0.7.

Proof. We will start from

1 n—2 a 1 a—r
C,C,1 = (—5) > (5) (he [ X [X] = ot [X B [X]).
r=0
Suppose n is even, say n = 2d. Since a > b, we also have a > d. Now we have

_1)”_2 i G)_ (he[ XV P [X] = By 1 [ X1 [ X))

C,C,1 = (
q

N <_$ : | G) (el XV ha o X] = hea [ X [X])
_ (—é) [Z ( X - Z (g) S[X]] .
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Substituting s by 1 +n — r, we have

1 n—2 d 1 a—r d 1 a—(n+1-r)
CCil=|—- - Sn—r,r X| — - Sp—rr X
ca-(=) [RG) -2 () A

(TR

)R 06 e

as desired.
Now, suppose n is odd, say n = 2d + 1. Note that we still have a > d. If
r=d+1,thenn—r=2d+1—(d+1) =d, and in this case,

he[ XThn—r [X] = e 1 [X T [ X] = haga [XTha[X] = ha[X]ha 1 [X] = 0.

Thus,
n—2 a 1 a—r
C,C,1 = ~ 2 (5) (P [ X [ X] = B [X Py [X])
1 n—2 d 1 a—r
= _5 ; (5) (hr[X]hnfr[X] - hrfl[X]hnfTH[X])
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Again, substituting s by n + 1 —r,

cca (L[S () e 3 () ]

Therefore, Theorem 3.0.8 is valid in this case.
Suppose a = b. Then, the summation in the second term doesn’t have any

terms and the first term is same as Theorem 3.0.7, so our proof is completed.
O

For By, Es, - -+ , E} given expressions and P[X] a symmetric polynomial, we
set

P(rl,?"2,-~-,7“k)[X] — P[X + E1U1 + EQUQ e Ekuk]

Tl 7‘2-” Tk:
Uy~ Ug™ Uy

The important property is that if

then

QUV[X + Eyuy) = P[X + Fyuy + Eyus)

)
Ug

= prr[x].

T, T2
Uy~ Uy

Using this expression, now we introduce an important identity about the

combination of C operators.

Theorem 3.0.9. For b <a— 1, we have

q(CyC, + Co1Cpi1) = C,Cp 4+ Cp1Cpy.
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Proof. For any homogeneous symmetric function P[X], we have

C.P[X] = <_1)a_lp [X 1= 1/(11 Q1 X]

q 21

::<_1)a_1§:}yqx1559pp¥]

r1>0 1

_ <_1)“1 S PP [X X,

r1>0

a
21

a
21

Thus, using the definition again,

C,C.P[X]

1 a+b—2 1 — q

=(-= P [ X —=hy 10 X + Oz X

) XX ol m“”zg

1\ @2 1

B (__) Z Z PT177‘2 7’2 Z hT’H—a 5 1 - C_I] [ZQX]
q r1>075>0 7 %
1\ otb—2 rita 1

~(-3) T XY sl dhl]
q 120 7220 ¢

Using the fact that
1—q s5>0
hs[l — Q] = )
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we can also write

CbCaP[X]
1 a+b—2 rita
S S ) 0 i
q r1>072>0
1 a+b—2
+ (—a) Z Z pror [X]hrl+a[X]h7’2+b[X]
r1>2072>0
1 a+b—2 ri+reo+a+b 1
= (__) (1 - Q) Z Z PTIJZ[X] Z hT1+1“2+a+b U[X] U—To— th[X]
q r1>01r2>0 u=1+ro+b q
1 a+b—2
; (—-) SN P Xy o[ X s X
q 71207520
1 a—2 ri+ra+a+b X
S ) NCERTD D) DY o Tell) DR ewc o N EY
q r1>07r2>0 u=1+r2+b 1
1 a+b—2
H(o7) T T halx]
q 1207520

Notice that we have used the substitution v = ry + s+ b in the range 1 + 7, +0 <
u<rit+rot+at+bandset s =u—ry—b, givingry+a—s=ri+a—(u—ry—b) =
7’1+7’2+CL+[)—’U,.

Then we can write

r1+ro+a+b
X
Z hT1+r2+a+bfu[X]hu {_1
u=1+ro+b q
ro—+b
X
= Py trotats { } Z Py ra+ato- u }hu [E} :
so we can decompose C,C,P[X] into three terms
1\ ath2 1\ a+o-2
C,C.P[X] = (——) A[P;b,a] + ¢ “B[P;a +b] — (——) C[P;b,a]
q q

with
A[P;b,a] Z Z P Xy o Xy 4 [ X,

T1>0 T2>0
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1+
B[Pa a+ b] (1 - Q) a+b ? Z Z P T2 q hr1+r2+a+b |:X—q:| ’
T‘1>0 T2>0 q
and
ro+b X
ClPbal = (- 0) 3 S PrX10 S hovermsass ol X, H ,
r12>2072>0 u=0 q
1= 22
since

(—1)° (_1>a_2 = g2o(—1)at2,

q
Next, note that we have the identity

q(q2—a + q2—b—1) . (q2—b + q2—a+1) — q(qQ—a + q2—b—1> _ q<q2—b—1 + q2—a) — 07
SO
¢ “B[P;a+b] = 0.
a+b—2
Thus, omitting the common factor (—é) , to prove the theorem, we
need to show that
q(A[P;b,a] — C[P;b,a] + A[P;a—1,b+ 1] = C[P;a — 1,b+ 1])

= A[P;a,b] — C[P;a,bl + A[P;b+ 1,a — 1] = C[P;b+ 1,a — 1].
(3.1)

We can write

A[Pv b7 a] =q Z Z pror [X]thra[X]herrb[X]

r1>07r9>0
E E T1, 7’2

- q P 7‘1 T‘QQ[(Zl + ZQ)X] )
r1>072>0 #2 228

gA[Pia—1,b+1] =¢ Z Z P2 X hyy o1 [ Xy a1 [X]

r1>01r2>0

1
=q Z Z PrL 7‘2 Tl i T2+1Q[(2’1 + ZQ)X]

r1>01r2>0

Y

a b
2172




A[P;a,b] =

Z Z pPr T2

r1>01r2>0

_ZZPW«Q

1= >0 T2>D

7"2+b[X]hr1+a[X]

)

7"1 TQ Q[(’Zl + ZQ)X]
a b

21742

and
AP;sb+1a =1 =Y > P [X]hy, w01 [ Xy s [X]
r12>07r22>0
1 7"2 1
=2 > P e + ) X]
r1>079>0 %2 2§23
Thus
qA[P;b,a] — A[P;a,b] = (¢ —1) Z Z Pro2 e Q[(z1 + 29) X]
r1>079>0 224
1-— 1 1
=(¢—1)P {X +-——1 <— + —)} Q21 + 22) X]
q 21 Z9 Ztlzzg
and
qA[P;a — 1,b+1] — A[P;b+ 1,a — 1]

)Y 3P

r1>201r2>0

:(q—l)P{X—l-ﬂ

q

1 1
1. —)] 0l + )X
21 zZ9 22

21

7'1 7'2 29

—Q[(21 + 22) X]

a,b
21 %3

a b
21742

32



Likewise, we can get

qC[Pb,a] — CIP;b+1,a — 1]
ro+b X
b+1 Z Z pr 7“2 ]qrz Z hr1+r2+a+b—u[X] Ry, |:_:|
r1>07r2>0 u=0 q
ro+b+1 X
b+1 Z Z P 7‘2 ]qm Z h7‘1+T2+a+b—u[X]hu |:_:|
T1>0 T2>O u=0 q
_ b+1 T1, 7“2 ) X
- Z Z P q hr1+7"2+a+b—1”2—b—1[X]hT2+b+1 - .
r1>01r2>0 q
Thus
qC[P;b,al — C[Pb+1,a — 1]
100 (35 5 P s 1)
r1>01r2>0
1-— 1 1
—-vp[x+ 0 (L )] 20+
q 21 2 22 20
Finally
C[P;a,b] — qC[P;a — 1,b+ 1]
X
‘(1-9q) Z Z P X]q" ey [ X ]yt {—}
r1>01r2>0 q
(1—g¢q Z ZP“ T2 i T2Q[<21+ZQ>X]
r1>07r3>0 %2 {28
1-— 1 1
=(l1—q)P [X +——1 (— + —)] Ql(z1 + 22)X]
q 21 22 3(11312)
Recapitulating we have proved that
qA[P;b,a] — A[P;a,b]
1-— 1 1
q 21 ) z%zg

33

(3.2)
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qA[P;a—1b+1] — A[P;b+1,a — 1]

1-— 1 1 3.3
=(¢g—1P [X+—q<—+—)} éQ[(z1+z2)X] : (3.3)
q 21 22 %) 2azb
qC[P;ba] — CIP;b+1,a — 1]
1-— 1 1 3.4
q 21 22 Z2 2azb
and
qC[P;a —1,b+ 1] — C[P;a, b
1-— 1 1 3.9
q 21 22 z%zg

Thus subtracting 3.5 from 3.2 gives
(qA[P; b,a] — A[P;a,b]) — (qC[P;a - 1,b+1] - C|P;a, b]) =0
and subtracting 3.4 from 3.3 gives
(qA[P;a — 1,b+1] — A[P;b+1,a — 1]) — (¢C[P;b,a] — C[P;b+1,a — 1]) = 0.
Now we have the desired conclusion 3.1 which was

q(A[P;b,a] — C[P;b,a] + A[P;a—1,b4+ 1] — C[P;a— 1,b+1])
= A[P;a,b] — C[P;a,bl + A[P;b+1,a — 1] — C[P;b+ 1,a — 1].

]

Applying w to the theorem above and replacing ¢ by 1/¢ gives us the fol-

lowing identity on B operator.

Corollary 1. For a,b € Z withb <a — 1,
BBy — ¢Buy1By-1 = ¢ByB, — ¢By1Ba 1.

In case b=a+1,
qBa-i—lBa = BaBa+1~
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Now, we will introduce identities about the combination of C and B oper-

ators.
Theorem 3.0.10. For a,b € 7Z,
BaCb = quBa-

Proof. To prove this, we will use the definitions of B and C operators as

B,P[X] =P [X el . q} Q[—ezX]

za

and

CyP[X] = (_-

Given this, we have

C,B,P[X
—CbP |:X—|—E :| [ EZlX]
1 1-1 1 — 1-1
() e -2 s
q 29 21 22 2028
1\"! 1-1/g  1- 1-1
= <—_) P l /q q} Q {ezl /q} Q[—e21 X020 X]
q 29 21 <2 2825
Since
Q [6211 - 1/q} _ 1= €21/ 22q 1z +qu7
29 1 —e€z1/2 q 21+ 22
we get
C,B,P[X]
1\"'1 1-1 1—-
_ (__> _MP lX _ /4 + € 4 Q[—e21 X]Q[2:X]
2 1 292}

q q z21+ 2
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On the other hand, we also get

B.C,P[X]
- (__) B,P {X — ] Q2 X]
q 22 28
1\"! 1—q 1-1/q 1—gq
= (——) P [X +e — ] Q {22 (X +e )] Q[—ez X]
q 2 29 1 zfzh
" l—q¢ 1-1 1—
= (—_) P [X +e—9_ /q} Q |:22€ q} Q[—e21 X020 X]
q 21 Z9 21 zlez’
Since
0 [75261 - q] e L
21 1 —e€z/z 21+ 2

we can derive that

1" l—q¢ 1-1
B,C,P[X] = (__) atinp {X L lza 12V q] Q[—e21 X]Q2X]

q 21+ 22 21 22 2o2b
Therefore, our proof is completed. O

In Chapter 2, we defined the operator “row adder” for schur function as

S.P[X] =P [X - ﬂ Q[zX]

Za
where

QzX] =) 2" hy[X]

m>0
is the generating function of the homogeneous symmetric functions with the al-

phabet X.

First, we will introduce the other expressions for S operator.



Proposition 3.0.11.

S.P[X] = (~1)*hqsi[X]ey PIX]

k>0
= (=9)"" Y Caper PX]
k>0
= Z(_Q)kBaﬁ-keé_P[X]
k>0
= Z(—q)kaaJrkweiP[X].
k>0

Proof. We will start from the definition of S, operator.

1—1/q 1
z qz

S, P[X] =P [X -

=Y (etP) | X - L= 1/‘1} (—1)F—— Q[ X]

k>0

37



Note that we can also write

S,P[X] = P [X Lz g} Q[2X]

=S et [ ;‘1} (—1)kZ—:Q[zX]
-]

k>0

ot [X - apx

k>0

=> (=q)"Buss i P[X].

k>0

Using the fact that
B, = w]gaw,

we finally obtain that

S.P[X] =) (—q)* wBayw ey P[X].

k>0

38

]

Before we introduce identities about S operator related to the other opera-

tors, we will introduce an identity of C operator and use it for identities about S

operator.

Proposition 3.0.12. For all k and a > 1, we have
e Cy = Cuei — %Caleé_p
provided we set er =0 for k < 0.
Proof. First, we will prove that
ey H = Hiey + Hi_iej,

with the Hall Littlewood operator H, defined as

HIP[X] = P {X ! . q} Q2 X]

za

(3.6)
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Set

and note that we have

Given this, we have

T
—P|X—— QX — )]
L 2 A 22
S
L2 A 22k
S
—P|x- - - ——%opx]
2 A 2ok
1 1-
_P [X S q] Q21 X]
Z9 Z1 Z?—1Z§—1

= (1) Hiey PIX] = (=1)*""Hy_yej_, P[X].

This proves 3.6 and by the replacement ¢ — 1/¢q, we obtain
1 1 1
- Hi = Hiep + Hi ef,, (3.7)

and since

Ca = (_1/q)a_1HaE7

by multiplying both sides of 3.7 by (—=1/¢)%"!, we get

or better

and our proof is completed. O]
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We introduced the expansion of schur function in terms of C operator in
Theorem 2.0.4. We will prove the expansion using Proposition 3.0.12.

Theorem 3.0.13. For alla > b+ 1, we have

1 a+b—3
(—5) Safl,bJrl[X] = C,Cp1 — ¢C,1Cyi11.

Proof. We will start from
Sa—1p+1[X] = Sa—1Sp411.

Proposition 3.0.11 gives
Sp11l = (_Q)beHl

and using Proposition 3.0.11 and Proposition 3.0.12, we have

Sa—1541[X] = (—¢)* 07 Z Co 1165 Cpiil

k>0

1
= (_q>a+b72 Z Ca71+k (CbJrleé']_ — aCbei11>

k>0

1
= (_Q)a+b_2 (Ca—lcb+11 — —CaCb].) )
q
Dividing both sides by (—¢)*"*~® completes our proof. =

Example 2.0.2 shows the expansion of schur function with three parts in
terms of C operators. Now, we will see one example of the expansion of schur

function with three parts in terms of C operators using Proposition 3.0.12.
Proposition 3.0.14. We have
1\ 2
(5) 837271[X] = —C]CgCQCll —f- (]_ — q)C4CQ]. + C5Cll — QC3C31 + C4(31C'11.
Proof. From Theorem 3.0.13, we derive for a =0 and b =0
SQJ[X:I = CgCol — (]CQCll
and Cyl = —q1 gives

1
(-5) SgJ[X} = C31 + C2C11.
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Given this, we have

1 1
?83’2,1[)(] = (—5> Sg(Cgl + Cgcll)

Since Proposition 3.0.11 for a = 3 reduces to

S5 = (—4)*)_ Cauey,

k>0

we have
%53,2,1[)(] = (—é) (—9)*) _ Csrey (Cs1 + CoCi1)
k= (3.8)
= (—q) Z (C3+k€lj{c31 + CS«}keé_CQCll).

k>0

From Proposition 3.0.12, we can derive that

Cg]_ k -
1
ej C3l = Cseifl — gcﬁ_ll ={—1C1 k=1
0 kE>1
and
)
C2011 k=20

1 CoelCi1 - 1CciCi1 k=1
6%02011 = Cgeécll - —Cleiflcll — 2511 q 11 .
¢ ~1CefCil k=2

0 k> 2

\

Note that we have
efCil =erh =1

and thus we now can derive

C,Ci1 k=

1 C,l—-1iCc,Ci1 k=1
e CoC11 = Cyeif C11 — ~Crep ,Ci1 = 2 g 1 ‘

0 k> 2

\
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Using this in 3.8 finally gives
1
?53,2,1[)(] = (=q) > (Csirep Cs1 + Csppey CoC11)

k>0

1 1
== (—q) |:03031 -+ CSCQCQ]. — 504021 + C4 (CQ]_ — 5C1C11)
— 1C5C11]
q
= —QC3C31 — QC3C2011 + (1 — q)C4C21 + C4ClC11 + C5C11
as desired. O

This is also agreed with Example 2.0.2. Since
C,11 - O

and

Col = —q]_,

substituting a = 3,b = 2, and ¢ = 1 gives

s321[X] = (—q)**" (1 = 02/q01) (1 — 03/¢01) (1 — 03/q6,) C3C,Cy 1
= (—¢)**173[C3C,C11 — C3,1Cy_1C11 /¢ — C3Cy1Cy_11/g
— C3,1C,Cy_11/q + C3.1C,Cy11/¢?
+ C3,2C2 1C111/¢* + C341C2,1Cy 51 /¢°
— C342C5C1_51/¢°]
= (—¢)’[C5C,C11 — C4C,C11/q — C3C5Co1/q — C,C2Col/q
+ C4C5Co1/¢* + C5C1Co1 /¢ + C4C3C_11 /¢
- C5CQC—11/Q3]
= (—q)%[C35C,C11 — C,C,C11/q + C3C31 4 C,Cy1 — C,Cs1/q
— C5C11/q].

Now, we will see identities about relations between S operator and C op-

erator.
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Theorem 3.0.15. For all a,b € Z, we have
q SaCb = Cb—lsa+1 + Cb Sa'

Proof. We will use the definition of C operator

C.P[X] = (-%)H P [X ! —;/ﬂ Q=X

za

and the definition of S operator

1
SaP[X]:P[X——] Q[zX]
A 40
Therefore, we have
d 1
—q)"'C,P[X] = POIIXT—N " 2mh, (X
(—q) b[]; []mez>0 sz

= Z PUO X by, [X],

r1=0



Then,
(—¢)"'S, CbP[X]

_ Zp(rl {X _ _} . {X — i} Q20 X] .

o z 22
1
-3 3 e L, [x - L ara
ri= 01"2 0 =2 &
b+ry 1
= Z Z pror2)(x = Z Pptry—s[ X ]hs {—Z—J Q2 X] )
r1=07r2=0 “2
d d b+r1 1
=3NS POIXT ST by, X {——} 2z X]
22 a+rg
71=072=0 s=0 =
d d b+r1 1
_ Z Z P(m,rz)[X] Z Ppsry—s[ X](—1)%es {—} Q22X
)
r1=0r2=0 =
d d
. (7"1,7"2)
=D 9D VLA oY RIS I
r1=0ro=0 Z2
d d
- Z Z plrre) Z Potry—s[ X](=1)%€s[1hatryts[X]
ri= 07’2 0

= Z Z ptrr) hb+r1 [X]ha+r2 [X] - hb+r1*1[X]ha+r2+1[XH-

r1=07r2=0

Now, we will start from S operator

S,PX] = 3 PO [X]Z—i S [ X]

a+rg
22

44



Then,

(—q)" 'CyS,.P[X]

45

d
— Z P(T’2) |:X _ 1— ]‘/q:| ha+r2 |:X . 1- 1/q:| Q[ZX]
ro=0 o o 2b
d d
1 1—-1
PO Y
AR z b
r1=07r2=0 z
d d a+ra
1 1—-1
- Z Z P(Tlh)[X]_ Z Ractry—m[X]m [_ /q} Q= X]
VAR z b
r1=017r2=0 m=0 2
d d a+ra 1 B 1/
=Y Y POIX]Y T By X b {— q] Q[zX]
= = — z b+7ry
Tl—O TQ—O m=0 z
d d a+ro 1 m 1 m
= Y PUIX]Y By X] (-) <-) B[l — ]2 X]
r1=0172=0 m=0 q . 2b+7r1
d d a+ro 1 m
= > PUIX]Y By X] (-) B[l — q)Q[2X]
r1=07r2=0 m=0 q Zbtritm
d d a+ro 1 m
=33 PN Y i1 (5 Al = e en X]
r1=01r2=0 m=0 q
1 2
d d
- Z Z P(T17T2)[X]ha+7"2 [X]hb-i-n [X]
r1=07r2=0
d d a+ro 1 m
+ Z Z P(ﬁ,m)[X] Z ha—i—rg—m[X] <5) (1 — q)hb+r1+m[X].
r1=01ro=0 m=1

Therefore,
(—q)" V1 Cyo1Sur1 P[X]

d d
_ Z Z P(r171”2) [X]ha—f—l-H”Q [X]hb—1+r1 [X]

r1=07r2=0

r1=0ro=0

a+1+7ro
[X] Z ha+1+rz—m [X]
m=1

1

(

) (1= )y r4rs X



and
(—q)" " Cp-1Sa41P[X]

= (_Q) Z Z P(r17r2)[X]ha+1+r2 [X]hbflJrn [X]

r1=01r2=0
d d at1+4rs
() 20 2 PUIIXT 3 hariiremlX]
r1=0172=0 m=1
d d
= Z Z P(T1,T2)[X](—q)ha+1+r2 [X]hb—l—i—m [X]

r1=07r2=0

(i

1

) (1= sl

d d a+1+ry 1 m—1
S PO S el (1) (1 e X
m=1

q

r1=01r2=0

46



Then, we have

(—9)" ' CyS.PIX] + (—q)"

_ i i P(m,rz)[X]

r1=017r2=0

d d
DI

r1=07r2=0

_1Cb—lsa+1P[X]

ha+r2 [X] h’b+7'1 [X]

a-+7r2

) [X] Z ha+T2—m [X]

(l)m (1 = @)hirry +m[X]

q

—+ Z Z P(m’m)[X](_Q)ha—I—l—I—m [X]hb—l'H"I [X]

r1=0172=0

d d
P

r1=01r2=0

= i i prrX]

r1=0ro=0

d d
DI WL

r1=07r2=0

a+1+r2

) [X] Z ha+1+r2—m
m=1

ha—i—rz [X] hb-i-?"l [X]

a-+r2

) [X] Z ha+1”2*m [X]

47

X (l)m (1= @hirer ol X]

q

(l)m (1 = @)hirry 1m[X]

q

—+ Z Z P(r17r2)[X](_Q)ha+l+r2 [X]hb—1+7"1 [X]

r1=07r2=0

d d
DI

r1=07r2=0

— i i P(n,rz)[X]

r1=07r2=0

a+ra

ha+7~2 [X] hb+7‘1 [X]

[X] Z ha-‘rrz —-m [X]

(l)m (1~ OhiirymlX]

q

+ Z Z PO X](=q) Rt [ X 1, [X]

r1=01ro=0

=N PO X g, [X](1 = @) hain, [X]

r1=07r2=0

= > > PUIX(=@)hasiirs[XTho- 140, [X]

r1=072=0

=503 PO XY () ha g [X o, [X]

r1=07r2=0



48

Therefore, we finally have

M=
M=

P(h’m) [X] (_Q) [ha+1+r2 [X]hbflJrTl [X] o ha+T2 [X]hb+rl [XH

ﬁ
=
Il
o
3
V)
Il
o

B
M=

P [X] [qhaJrT‘Q [(X]hir, [X] = qhasrir, [ X TR 140, [XH

ﬁ
=
Il
o
3
[V}
I
=)

Since
(_Q)b_ISaCbP[X]

d d
= Z Z plrrs) hb+r1 [X]hCH—Tz [X] - hb+r1—1[X]ha+r2+1[XH7

r1=01r2=0

q(—q)"'S.CyP[X]

d d
= Z Z plrors) qhb-i—m [XThasr [X] — qhb+T1—1[X]ha+r2+1[XH-

Now we have
(—q)b’l(CbSaP[X] + Cy_1S.41P[X]) = q(—q)" 'S, CyP[X],

which means

CbSaP[X] + Cb_18a+1P[X] = anCbP[X].

Corollary 2. For all a,b € Z, we have

ByS, = S.11By—1 + ¢S, B,



Chapter 4
Applications and Examples

In this chapter, we will introduce a parking function setting to the Nabla
image of a two-row schur function case. Throughout this chapter, figures show the

rightmost part of parking functions unless indicated otherwise.

4.1 The Case of Vs, _33

Let n > 5. Let NS5 be a set of parking functions with diagonal composition
[n — 2,2] whose Dyck path terminates according to one of the following three
patterns in Figure 4.1 and the cars adjacent to the north steps satisfy the conditions
indicated by the arrows, which means that the car in the cell where the arrow starts
should be smaller than the one in the cell where the arrow ends. For example, in
the second pattern in Figure 4.1, we should have v, s < v, and in the third pattern

in Figure 4.1, we should have v, 5 < v, and v,,_3 < v, _1.

Theorem 4.1.1. Assume that the compositional refinement of the Shuffie conjec-
ture holds. Then,

Vsn_g,g [X] _ (_q)n—S Z tarea(PF) qdinv(PF) Qides(PF) [X]
PFeNSs3

Proof. From the Haglund-Morse-Zabrocki conjecture, we have

VSn—3,3 [X] = (_q)n—3 (vcn—2C21 - qVCn_3C31> .

49
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—

(a) (b) vp—2 < vy, (¢) Vn—2 < Uy, Up_gz <

Un—1

Figure 4.1: A set of parking functions N'Ss.

To get the images of parking functions under Nabla operator for s,_sz3, we will
construct an injection ¢z from II[n — 3,3], the set of parking functions whose
diagonal composition is [n — 3, 3], to II[n — 2, 2], the set of parking functions with
diagonal composition [n — 2, 2]. This injection ¢3 should preserve the area and the
ides of the parking functions in II[n — 3,3| and II[n — 2, 2], but the dinv of the
image parking functions by this injection in Il[n — 2, 2] should be increased by 1.
Let PF be a parking function in II[n — 3, 3]. There are two possible shapes
for the rightmost three columns of the Dyck path of PF as shown in Figure 4.2.

7R

Figure 4.2: Two possible rightmost three columns.

Note that since n > 5 and Dyck path can touch the main diagonal only
after the first n — 3 columns, two steps preceding the rightmost three columns
should be going east. We will use a red dot to indicate the point that Dyck path
must pass through in each diagram and denote v,,_», v,_1, v, and v,_3 by a,b, c,
and d, respectively.

For the first possible shape in Figure 4.2, we divide into three cases as in
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Figure 4.3.

0o 0
0O 0

. = T

Figure 4.3: Three cases for the first possible shape in Figure 4.2. d < ¢ in the

second case and ¢ < d in the third case.

Suppose that the last five columns in PF are as the first case in Figure 4.3.

Then, we replace the last five columns of PF' as we can see in Figure 4.4.

. Lz ]a
N NG

Figure 4.4: For any a,b and ¢

80O N

Note that the right side of this figure gives a legal parking function. We
will denote this parking function by PF’. Then, area(PF) = area(PF’) and
ides(PF) = ides(PF’) since PF and PF’ have the same diagonal word. Also,
since cars move within the same diagonal lines, if they contribute to the dinv in
PF, then the pairs also contribute to the dinv in PF’ only except the pair (b, c).
The pair (b, ¢) does not contribute to the dinv in PF', but since b < ¢, it contributes
to the secondary dinv in PF’. Hence, we have dinv(PF’) = dinv(PF) + 1, and
we can have ¢3(PF) = PF".

For the second case in Figure 4.3, we can obtain a parking function PF”
by replacing the last five columns of PF with the columns of the right side of the
Figure 4.5.

Note that PF and PF’ have the same area and ides as in the first case.
For the dinv, the pair (b, ¢) does not contibute to the dinv in PF', but it contriutes
to the secondary dinv in PF'. Therefore, ¢p3(PF) = PF’.
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o0
jaV]

et

Figure 4.5: d < c

For the last case in Figure 4.3, suppose that we have the last four cars in
the last five columns in PF' as in the left side of Figure 4.6. Then, we move these

four cars as the right side of Figure 4.6 and get a new parking function PF".
C [d
b

2
/la — F'—'
K b

Figure 4.6: ¢ < d

First, PF" is a legal parking function since a < ¢ < d. Note that area(PF) =
area(PF"). The diagonal word is changed since b and d have switched the places.
Recall that the descent set of the inverse of a permutation is the set of all ¢ such
that ¢+ + 1 occurs before 7 in the permutation. Therefore, the ides only can be
changed when two consecutive cars interchange their orders in the diagonal word.
However, since b < ¢ < d in this case, b and d are not consecutive, so the ides is
not changed. We need to show dinv(PF") = dinv(PF) 4+ 1. The pair (b,d) is not
the primary dinv since b < ¢ < d, but the pair (a,d) is the secondary dinv in PF.
In PF’, the pair (a,d) does not contribute to the dinv, but the pair (a,b) becomes
the secondary dinv and the pair (b, d) becomes the primary dinv. Hence, we have
dinv(PF") = dinv(PF) + 1 and ¢3(PF) = PF'.

Now, we will consider the second possible shape in Figure 4.2.

Suppose v,_s < vU,, i.e, a < c¢ as in the left side of Figure 4.7. Replacing
the last four columns in PF with the columns of the right side of Figure 4.7 gives
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a legal parking function and we will denote this parking function by PFE”.

Figure 4.7: a < c

Notice that area(PF) = area(PF’) and ides(PF) = ides(PF") since PF
and PF’ have the same diagonal word. The pair (a,b) now becomes the additional
secondary dinv in PF’ while all other pairs contibuting to the primary or the
secondary dinv have not been changed. Therefore, dinv(PF') = dinv(PF) + 1
and then we let ¢5(PF) = PF".

For the last case, suppose ¢ < a as in the left side of the Figure 4.8. Again,
we move the last three cars a, b and ¢ in the last three columns in PF' as the right

side of the Figure 4.8 and let this parking function be PF".

Figure 4.8: c < a

Note that the area(PF) = area(PF’), but the diagonal word has been
changed since the car b and ¢ have changed their order in the diagonal word.
However, as in the third case, the car b and ¢ are not consecutive since ¢ < a < b,
so the ides has not been changed. Now, we will show dinv(PF’) = dinv(PF) + 1.
The pair (b, ¢) is not the primary dinv in PF, but it contributes to the secondary
dinv in PF’. Also note that the pair (a,c) is not the secondary dinv since ¢ < a.

Hence again, we have dinv(PF') = dinv(PF) + 1 as desired and we can have
¢3(PF) = PF".
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The sets of the image parking functions from each case are disjoint in I1[n —
2,2]. Therefore, ¢3 is an injection from II[n — 3,3] to II[n — 2,2]. Also, we can
easily see that the complementary set of ¢3(Il[n — 3,3]) in II[n — 2,2] is N'S;.

Therefore, by the Haglund-Morse-Zabrocki conjecture, we now have that

VsiaalX] = (=) (Y wPP)-q Y w(PF))

PFel[n—2,2] PFel[n—3,3]

= (" Y wPR) = Y w(es(PF))

PFell[n—2,2] PFell[n—3,3]
_ (_q)n—?) Z tarea(PF) qdinv(PF) Qides(PF) [X]
PFENS3

]

Suppose n = 5. First, we can not have the first case if n = 5. For the
second, fourth and fifth case, we can apply the same injection as above. We should

consider the third case carefully. Let v; = e as the left side of the Figure 4.9.

C d
b e

Q.
MO0

Figure 4.9: ¢ < d and b < e when n =5

If e < b, then we can use the same injection as the third case above. How-
ever, if b < e in PF, we can’t use ¢3 since it doesn’t give a legal parking function.
Instead, in this case, we move all five cars as the right side of the Figure 4.9 and
let this parking function be PF’. Note that area(PF') = area(PF"). The diagonal
word has been changed from [c, b, d, a, €] to [c,d, b, e,a]. However, since b < ¢ < d

and a < b < e, we have the same ides for PF and PF'. The dinv(PF) = 1 since
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the pair (a,d) in PF is the secondary dinv, while the dinv(PF’) = 2 since the
pairs (a,e) and (b, e) contribute to the primary dinv, but there is no secondary
dinv in PF’. Hence dinv(PF') = dinv(PF) + 1 and we let ¢3(PF) = PF".

In this case n = 5, NS3 becomes an empty set after removing the image
parking functions in II[3,2] because we may not have the parking function with
the first and second shapes in Figure 4.1 and the parking functions with the third
case should be the image of the parking functions with v5 < v, and vy < v; under

o3, as we see above. This is also verified as
Vs 3| X] = (—Q)2<VC3CQI — qVC2C31> =0.

by Theorem 3.0.9.

4.2 The Case of Vs,_44

Now, we will consider the image of the parking function under Nabla op-
erator, Vs,_4 4, by introducing an injection from a set of parking functions whose
diagonal composition is [n—4, 4], II[n—4, 4], to the one whose diagonal composition
is [n — 3, 3], II[n — 3, 3].

First, let n > 7. Also, let NS4 be a set of parking functions with diagonal
composition [n — 3, 3] whose the rightmost columns on the diagram are one of the
following sixteen patterns with conditions indicated by arrows in each diagram.
| A

l—-—A v

Zl |

J— K|

(a) Up < Up—3; Un—a < Un—1, (b) Up < Up—3; Un—4 < Up—1

Up—5 < Up—2

Figure 4.10: A set of parking functions N'Sy.
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7 E

(a) v, < Up—3 (b) vp—3 < v
<|———v 4|7_—A
(€) Un—g < Vp, Vp—a < Up_1 (d) vn—3 < Vp, Vp—a < Vp_1,

Un—5 < Upn—2
!_.4
pd
I

(e) (f) vn—3 < U, Vp—3 < Vp_1

I |
r =
Z ] W

L
TN

(g) Up—3 < Up, Un—-3 < Un—1, (h) Up—3 < Un—1, Un—3 < Un,
Un—4 < Up—1 Un—4 < Up—1, Upn—a < Up,

Un—5 < Un—2

Figure 4.11: A set of parking functions N'S,, continued



(a) Up—3 < Un, Un—4a < Un—1,

Up < Up—4; Un—5 < Up-3,

’_I__

Up—5 < Up—2

(C) Up—4 < Up—1, Up—5 <

Un—2

()

—

Va'
=
1
1

I__._I

|

(b) Un—3 < Up, Un—4 < Un—1,

Un < Up—4; Un—3 < Up—s,

’_|—_

|

—

(d) Un—4 < Up—1

Up < Up—2

(f)

Figure 4.12: A set of parking functions N'S,, continued.
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Theorem 4.2.1. Assume that the compositional refinement of the Shuffle conjec-

ture holds. Then,

V8n74’4 _ (_q>n73 Z tarea(PF)qdinv(PF) Qides(PF) [X] )

PFeNSy

Proof. Again, we can obtain

Vsn_4alX] = (—¢)"° (Vcn—3c31 — CIVCn—4C41>-
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We need to find an injection ¢4 from I1[n—4, 4] to II[n—3,3]. As we did in Vs,,_33
case, this injection ¢4 should preserve the area and the ides of the parking functions
in II[n — 4,4] and I[n — 3, 3|, but the image parking function in II[n — 3,3] by
this injection should have one more dinv than the preimage parking function in

II[n — 4, 4].

: :

Figure 4.13: Five possible shapes of the rightmost four columns.

Let PF be a parking function in II[n — 4,4]. Then there are five possible
patterns for the rightmost four columns of the Dyck path of PF" as in Figure 4.13.
For the convenience, we denote v,,_3, V,_2, Un_1, Upn, Up_4 and v,_5 by a,b,c,d, e
and f, respectively.

Case A

To consider the first case in Figure 4.13, note that the two steps preceding
the last four columns must be east steps since PF' cannot hit the main diagonal
twice.

Suppose that a < ¢. Then, we replace the last five columns of PF' as the
right side of the Figure 4.14 and denote this parking function by PF".

d [d

Figure 4.14: a < ¢

PF'" is a legal parking function since a < ¢ and has the same area and

tdes as PF'. Since all cars have been moved within the same diagonal lines, if they
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contribute the dinv with any car not in these last five columns, they still contribute
the dinv after we replace the columns. Hence, the only difference on dinv can be
occured due to pairs of a,b, ¢, and d. In this case, PF’ has one more dinv than
PF since the pair (a,b) in PF’ contributes to the secondary dinv. Therefore we
have dinv(PF') = dinv(PF) + 1 and let ¢4(PF) = PF".

Now, suppose ¢ < a. Let PF’ be the parkging function obtained by replac-
ing the last five columns of PF' as the right side of the Figure 4.15.

[d [d

Figure 4.15: c < a

The area is unchanged, but the diagonal word has been changed. Again,
as we have seen in the case VS|,_33), ides is unchanged unless two consecutive
cars interchange the order in the diagonal word. In this case, the order of b and
¢ has been changed, but since ¢ < a < b, b and ¢ are not consecutive, so the ides
is unchanged. The pair (b, ¢) is not the primary dinv in PF, but it becomes the
primary dinv in PF’ while the pair (a,c) does not contribute to the secondary
dinv in PF’. Hence, we can have ¢4(PF) = PF".

Case B

For the second possible pattern in Figure 4.13, we divide into the cases
again as Figure 4.16. Again, note that we only have these two possible patterns
since there must be two east steps before the Dyck path hit the main diagonal.

For the first pattern in Figure 4.16, we move the last four cars, a, b, ¢, and
d, as the right side of Figure 4.17 and let this parking function be PF’.

The area and the ides are unchanged. The pair (b, ¢) does not contribute
to the dinv in PF, but it does to the secondary dinv in PF’. Hence dinv(PF’) =
dinv(PF) + 1 as desired and we have ¢4(PF) = PF".

For the second pattern in Figure 4.16, we should divide into two cases again.
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Figure 4.16: Two possible cases for Case B

& o

]

Figure 4.17: Any a,b,c and d

o]

Suppose e < c¢ in the left side of Figure 4.18. Then we modify the last six columns

as the right side of Figure 4.18 and let this parking function be PF”.

d

Figure 4.18: e < ¢

d

N

Note that PF’ is a legal parking function. Also, area(PF) = area(PF")
and ides(PF') = ides(PF"). The pair (b, ¢) is not the dinv in PF', but it contributes
to the secondary dinv in PF’. Since PF’ has one more dinv than PF with the
same area and ides, we have ¢ (PF) = PF’.

Now, suppose ¢ < e as in the left side of Figure 4.19. Replacing the last

six columns as the right side of Figure 4.19 gives a legal parking function since
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a<c<e.

Figure 4.19: c < e

The area is unchaged. The diagonal word has been changed from [c, d, b, e, a
to [¢,d, e, b, a], but the ides is unchanged since b < ¢ < e. In PF, the pair (a,e) is
the secondary dinv and the pair (b,e) is not the primary dinv. In PF’ the pair
(¢,e) is not the secondary dinv, but the pair (b,e) is the primary dinv and the
pair (a,b) is the secondary dinv. Note that the pair (a,e) doesn’t contribute to
the dinv in PF'. Hence, dinv(PF") = dinv(PF)+1 as desired, so ¢4(PF) = PF".

Case C

For the third possible pattern in Figure 4.13, we again divide into two cases

as Figure 4.20.

_

Figure 4.20: Two possible shapes for Case C

For the first possible pattern in Figure 4.20, suppose a < ¢ as the left side
of 4.21. Then, we move the last five cars as the right side of Figure 4.21 and get a
legal parking function PF".

Note that the area and the ides are not changed. In PF’, the pair (a,b)
contributes to the secondary dinv, so dinv(PF") = dinv(PF) + 1 and we can let
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d d

C o
b . a
a b

_[el e

Figure 4.21: a < ¢

¢4(PF) = PF".
Now, suppose ¢ < a in the first possible pattern in Figure 4.20. Also,

suppose b < d. Then, we replace the last six columns as the right side of Figure

4.22.

o Q.

| | C
|e €

Figure 4.22: c<aand b< d

Note that this new parking function, PF”’, is legal and has the same area
as PF. The diagonal word of PF’ is different from the one of PF, but the ides
has not been changed since ¢ < a < b, ¢ and b are not consecutive. The pair (b, ¢)
is not the primary dinv in PF, but it is the primary dinv in PF’ while the pair
(a, c) is not the secondary dinv in PF’. Hence, we can let ¢4(PF) = PF".

Suppose ¢ < a and d < b. Then, we divide into four subcases, either 1)
e<aande<d,or2)a<eandd<e or3)e<aandd<e, ord)a<eand
e <d.

Suppose e < a and e < d. Replacing the last six columns as the right side
of Figure 4.23 gives a legal parking function, PF’, and it has the same area and
tdes as PF.

In PF’, the pair (c,d) contributes to the secondary dinv while the pair
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b — a
E d
[e e

Figure 4.23: c<a,d<b,e<aand e <d

(b, d) does not conribute to the dinv since d < b. Therefore, we have dinv(PF’) =
dinv(PF) + 1 and let ¢4(PF) = PF".
Suppose a < e and d < e. We move the last five cars as the right side of

Figure 4.24 and get a legal parking function, PF’.

[d b
C e

_le ’ }g ‘

Figure 4.24: c<a,d<b,a<eandd<e

Again, PF’ has the same area as PF. The diagonal word has been changed
from [d, ¢, b, e,al to [d, b, e, c,al. However, since ¢ < a < b, ¢ and b can interchange
their order and since ¢ < a < e, ¢ and e can interchange their order again in the
diagonal word without changing the ides. In PF', the pair (a,e) is the secondary
dinv while the pair (c,e) and (b, c) are not the primary dinv. In PF’  the pair
(d,e), (b,d) and (a,c) are not the secondary dinv while the pair (c,e) and (b, c)
are the primary dinv. Note that the pair (a, e) doesn’t contribute to the secondary
dinv in PF'. Then dinv(PF') = dinv(PF) + 1 and we let ¢4(PF) = PF".

Now, suppose ¢ < a and d < e. We replace the last six columns as the right
side of Figure 4.25 and get PF’ whose the area is the same as PF.

The diagonal word of PF'is [d,c,b, e, a] and the one of PF’ is [d, e, b, ¢, a).

However, their ides are same, since ¢ < d < e < a < b, without changing the ides,
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a d |
e :
Figure 4.25: ¢ < a, d < b, and [[e <aandd<e]ora<eande< d]]

the diagonal word can be changed from [d, ¢, b, e, a] to [d, e, b, ¢,a]. For the dinv in
PF| the pair (a,e), (¢,e) and (b,c) do not contribute to the dinv while the pair
(b, e) is the primary dinv. In PF’, the pair (a,c),(b,d), (d,e), (a,c) and (b,e) do
not contribute to the dinv while the pair (b,¢) and (c,e) are the primary dinv.
Then dinv(PF’) = dinv(PF) + 1 and we let ¢4(PF) = PF".

We have the same injection when a < e and e < d as Figure 4.25. In fact,
in this case, we have ¢ < a < e < d < b. Then, the diagonal word of PF can
be changed from [d, ¢, b, e, a] to [d, e, b, c,a], which is the diagonal wokd of PF’
without changing the ides. For the dinv, the pair (a,e) is the secondary dinv and
(b, e) is the primary dinv while the pair (b,c) and (¢, e) are not the primary dinv
in PF. In PF’, the pair (b,c) and (c,e) contribute to the primay dinv and the
pair (d, e) does to the secondary dinv while the pair (b, e), (a,e€), (a,c) and (b,d)
are not the dinv. Hence, we have one more dinv in PF’ than in PF', so we can let
¢4(PF) = PF".

Now, suppose the rightmost seven columns of PF' have the shape as the
second possible case in Figure 4.20. In this case, we have three subcases.

First, suppose d < b. Then we replace the last six columns as the right side
of Figure 4.26 to get a parking function PF’.

The area and the ides are unchanged. The pair (¢, d) contributes to the sec-
ondary dinv while the pair (b, d) does not to the secondary dinv in PF’. Therefore,
dinv(PF") = dinv(PF) + 1 and we can have ¢4(PF) = PF".

Now, suppose b < d and a < ¢. We move the last four cars as the right side

of Figure 4.27.
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L d

Figure 4.26: d < b

Figure 4.27: b< dand a < ¢

Note that this new parking function is legal since a < ¢ and we denote this
parking function by PF’. Also, note that the area and the ides are unchanged.
We have one additional dinv in PF" as the pair (a,b) becomes the secondary dinv.
We let ¢4(PF) = PF".

For the last case, suppose b < d and ¢ < a. We replace the last five columns

as Figure 4.28 and get a legal parking function PF".

d

C

» O Q.

Figure 4.28: b< dand c < a

PF and PF’ have the same area. The diagonal word has been changed,
but the ides is unchanged, since ¢ < a < b, b and ¢ are not consecutive. The

pair b, ¢ does not contribute to the primary dinv in PF', but it does in PF’, while
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the pair (a,c) does not contribute to the secondary dinv in PF’. Hence, we have
exactly one additional dinv in PF’ and ¢4(PF) = PF".

Case D

Now, we consider the fourth possible case in Figure 4.13, which is the most
complicated case in V,,_4 4.

First, we divide into two cases as Figure 4.29.

T T [T

[

Figure 4.29: Two possible patterns for Case D

The case with the first shape in Figure 4.29 has only two subcases. First,
suppose b < d as the left side of Figure 4.30.

d

oplia®

—_—
a e

Figure 4.30: b < d

o]
oV

Replacing the last six columns as Figure 4.30 gives us a legal parking func-
tion since we suppose b < d. Notice that the area and the ides are unchanged. The
pair (b, ¢) contributes to the secondary dinv in PF’, so dinv(PF') = dinv(PF)+1
and we have ¢4(PF) = PF".

Now, suppose d < b as the left side of Figure 4.31. Then, we move the last
four cars as the right side of Figure 4.31 and get a parking function PF’, which

has the same area as PF'.
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C b
b — a
. Ja _1d

Figure 4.31: d < b

The diagonal word has been changed, but since d < b < ¢, PF’ has the
same ides as PF. In PF, the pair (c,d) is not the primary dinv. However, it
becomes the primary dinv, while the pair (b, d) is not the secondary dinv in PF".
Hence, dinv(PF') = dinv(PF) + 1 and we have ¢4(PF) = PF".

Suppose PF has the second possible shape in Figure 4.29. Also, suppose
b < d and e < ¢. Then, we replace the last five cars as the right side of Figure 4.32

and get a legal parking function.

= 5T

Figure 4.32: b<dand e < ¢

d
b
a

Notice that the area and the ides have not been changed. There is one
additional dinv in PF” since the pair (b, ¢) becomes the secondary dinv. Then, we
can have ¢4(PF) = PF".

Next, suppose d < b and e < d with the second possible shape in Figure
4.29. We move the last five cars as Figure 4.33.

Note that the new parking function, PF’, is legal since we assume e < d
and PF and PF’ have the same area. The car ¢ and d interchaged their order
in the diagonal word, but since d < b < ¢, the ides is unchanged. The pair (¢, d)
is not the primary dinv in PF while it is in PF’" and the pair (b,d) is not the
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Figure 4.33: d<band e < d

secondary dinv in PF’. Hence, we may have ¢4(PF) = PF".
Now, the case when b < d and ¢ < e and the case when d < b and d < e are
left. Unfortunately, in these two cases, we should consider the last seven columns

as Figure 4.34 to divide into cases.

d] [ [d] T

C C
b b
a a
e e

Figure 4.34: [b <dand c<e]or [d <band d < €

First, suppose PF has the first shape in Figure 4.34 with the conditions
b < d and ¢ < e. For the first subcase, suppose also that e < d and f < d. Then,

we replace the last seven columns as Figure 4.35 and get PF”.

o n

Figure 4.35: b<d,c<e,e<dand f <d
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Note that PF’ is a legal parking function since we assume f < d and
it has the same area as PF. The car ¢ and d interchanged their order in the
diagonal word, but the ides has not changed since ¢ < e < d and they are not
consecutive. In PF| the pair (c,d) is the primary dinv. In PF’, it is not the
primary dinv, but the pair (b, d) and the pair (d, e) are the secondary dinv. Hence,
dinv(PF'") = dinv(PF) + 1 as desired and we have ¢4(PF) = PF".

Now, suppose PF' has the first shape in Figure 4.34 with the conditions
b<d,c<e,e<dandd < f. In fact, in this case, we havea < b<c<e<d < f.
Replacing the last seven columns as Figure 4.36 gives us a legal parking function
PF’.

O 0D
faV)

oV}
N

d
f b

Figure 4.36: b<d,c<e,e<dandd< f

The area is unchanged. The diagonal word is changed from [d, ¢, b, e, f, a] to
lc,d, e, f,b,a]. However, the ides has not been changed since the diagonal word of
PF' [c,d,e, f,b,al], can be obtained from [d, ¢, b, e, f, a] by interchanging the order
of two cars which are not consecutive when the condition a < b<c<e<d< f
is given. For the dinv, the pair (¢, d) is the primary dinv, and the pair (a,e) and
the pair (a, f) are the secondary dinv in PF. In PF’, the pairs (b,e) and (b, f)
are the primary dinv, and the pair (a,b) and the pair (d,e) are the secondary
dinv, while the pair (¢, d), the pair (d, f), the pair (¢, f), and the pair (¢, e) do not
contribute to the dinv. Hence, dinv(PF’) = dinv(PF') + 1 as desired and we have
¢u(PF) = PF.

Suppose that PF has the first shape in Figure 4.34 with the conditions

b<d, c<e, d<eand f <c. Then, we replace the last seven columns as Figure
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4.37 and get a legal parking function PF".

d T [d] T

Figure 4.37: b<d,c<e,d<eand f <c

Note that PF and PF’ have the same area and the same ides. The pair
(b, ¢) becomes the secondary dinv in PF’, so dinv(PF") = dinv(PF)+1 as desired.
We let ¢4(PF) = PF'".

Suppose now that PF' has the first shape in Figure 4.34 with the conditions
b<d, c<e d<e c< fandd< f. Then, we move the last six cars as Figure

4.38 and get a legal parking function PF’ whose area is the same as the one of
PF.

-

C
f b

Figure 4.38: b<d,c<e,d<e,c< fandd < f

Without changing the ides, the diagonal word is changed from [d, ¢, b, e, f, a],
which is in PF, to [d,c,e, b, f,a] since b < ¢ < e and to [d, ¢, e, f,b,a], which is
the diagonal word in PF’, since b < ¢ < f. In PF, the pair (b, f) and the pair
(b,e) are not the primary dinv, while the pair (a,e) and the pair (a, f) are the
secondary dinv. On the other hand, in PF’, the pair (b, f) and the pair (b,e) are
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the primary dinv and the pair (a,b) is the secondary dinv. The pair (¢, f), (¢, e),
(d, f) and (d,e) do not the secondary dinv in PF’. Hence, we have exactly one
more dinv in PF’, so we can let ¢4(PF) = PF".

For the last case with the first shape in Figure 4.34, we suppose that b < d,
c<e,d<e c< fand f <d. Infact, we have a < b<c< f <d < e. Then, we
move the last six cars as Figure 4.39 and get a legal parking function PF”.

d] T [d] T
f

a

0 o0

Figure 4.39: b<d,c<e,d<e,c< fand f <d

Note that the area is unchanged. The dianogal word has been changed,
but since we have a < b < ¢ < f < d < e, we can obtain the diagonal word of
PF’ by interchanging the order of two nonconsecutive cars in the diagonal word
of PF without changing the ides. For the dinv, the pair (e, f) is the primary
dinv and the pair (a, f) is the secondary dinv, while the pair (b, e) and the pair
(b, f) are not the primary dinv in PF. In PF’, the pair (b, e) and the pair (b, f)
contribute to the primary dinv and the pair (a,b) does to the secondary dinv,
while the pair (e, f) is not the primary dinv, and the pair (¢, f) and the pair (¢, e)
are not the secondary dinv. Hence, dinv(PF') = dinv(PF) + 1 as desired, and we
let ¢4(PF) = PF'.

Now, suppose PF' has the second possible shape in Figure 4.34. Remenber
that we also have conditions b < d and ¢ < e now. We divide into two cases. First,
suppose also that e < d. Then, we move the last five cars as Figure 4.40.

The area has not been changed. The diagonal word is changed from
[d,c,b,e,a] to [c,d,b,e,a], but since ¢ < e < d, the car ¢ and d are not con-

secutive, so the ides is unchanged. The pair (¢, d) contributes to the primary dinv
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Figure 4.40: b<d,c<eande <d

in PF, but it does not in PF". Instead, the pair (b, d) and the pair (d, ) contribute
to the secondary dinv in PF’. Hence, dinv(PF') = dinv(PF) + 1 as desired, and
we have ¢4(PF) = PF'.

Suppose d < e with the second possible shape in Figure 4.34. Then, moving

the last five cars as Figure 4.41 gives us a legal parking function and we denote
this by PF”.

0 OO

l

Figure 4.41: b<d,c<eandd<e

The area and the ides are unchanged. There is one addition secondary
dinv in PF’ because of the pair (b, c). Again, we have dinv(PF’) = dinv(PF)+1
as desired and ¢4(PF) = PF".

Now, we need to consider the case d < b and d < e with the second possible
shape in Figure 4.29. As the case b < d and ¢ < e, we should consider the last six
cars as Figure 4.34 to divide the cases.

First, suppose PF' has the first possible pattern in Figure 4.34 with the
conditions d < b and d < e. Then, we divide into five cases, 1) f < ¢ and e < a,
2) f<candc<e 3) f<canda<e<ec 4)c< fand ¢ <e, and 5) ¢ < f and
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e<c.
Suppose f < c and e < a. Remember that we also suppose d < band d < e.

Moving the last six cars as Figure 4.42 gives us a legal parking function PF’.

d e

o n
0 O

Figure 4.42: d<b,d<e, f <cand [e <aorc< €]

Notice that the area is unchanged. The diagonal word has been changed
from [d,c,b,e, f,a] to [d,c,e b, f,a], but since e < a < b, the car b and e are not
consecutive, so the ides of PF' is the same as the one of PF’. For dinv, the pair
(b, e) is the primary dinv and the pair (a,e) is not the secondary dinv in PF. In
PF’, the pair (b, c) and the pair (¢, e) contribute to the secondary dinv while the
pair (b, e), the pair (b, d) and the pair (d, e) do not contribute to the primary or the
secondary dinv. Hence, dinv(PF') = dinv(PF)+1 as desired and ¢4(PF) = PF".

Next, suppose f < ¢ and ¢ < e. In fact, we use the same injection as
above, so we move the last six cars as Figure 4.42 again. Note that the area is still
unchaged and the ides is also unchaged, since b < ¢ < e in this case. In PF', the
pair (a,e) is the secondary dinv while the pair (b, e) is not the primary dinv. On
the other hand, in (PF”), the pair (b,e) is the primary dinv and the pair (b, c) is
the secondary dinv, while the pair (¢, e), the pair (b, d) and the pair (d, e) are not
the secondary dinv. Again, we have dinv(PF') = dinv(PF) + 1 as desired and
¢4(PF) = PF".

Now, suppose f < c and a < e < ¢. Note that we assume that PF has the
first possible pattern in Figure 4.34 with the conditions d < b and d < e. Replacing
the last seven columns as Figure 4.43 gives a legal parking function.

The area and ides are unchanged. The pair (a,e) contributes to the sec-
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Figure 4.43: d<b,d<e, f<canda<e<c

ondary dinv in PF, while the pair (c¢,e) and the pair (b,¢) contribute to the
secondary dinv in PF’, but the pair (b, d) and the pair (d, e) are not the secondary
dinv in PF’. We have dinv(PF") = dinv(PF) + 1 as desired and ¢4(PF) = PF".

Next, suppose ¢ < f and ¢ < e. Moving the last six cars as Figure 4.44

gives us a legal parking function PF’ with the same area as the one of PF.

FIm s

—n

o 0N
oV

Figure 4.44: d<b,d<e,c< fandc<e

The diagonal word is changed without changing the ides from [d, ¢, b, e, f, a]
to [d,c,e,b, f,a] since b < ¢ < e, and to [d, c, e, f, b, a] again, which is the diagonal
word of PF’ since b < ¢ < f. Hence PF and PF’ have the same ides. For dinv,
the pair (b, e) and the pair (b, f) are not the primary dinv, but the pair (a,e) and
the pair (a, f) are the secondary dinv in PF. In PF’, the pair (b, e) and the pair
(b, f) are the primary dinv and the pair (a,b) is the secondary dinv. The pair
(¢, f), (e,e), (d, f) and (d,e) are not the secondary dinv in PF'. Therefore, we
have exactly one additional dinv in PF’, and we let ¢4(PF) = PF".
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Finally, we suppose that ¢ < f and e < ¢. Then, we replace the last seven

columns as Figure 4.45 and get a legal parking function since a < ¢ < f.

d b

-~

o 0
oV}

Figure 4.45: d< b, d<e,c< fande <c

The area is unchanged. The diagonal word is changed from [d, ¢, b, e, f, a] to
[d, c,b, f,e,a], but the ides has not been changed since e < ¢ < f and the car e and
f are not consecutive. In PF the pair (a, f) is the secondary dinv and the pair
(e, f) is not the primary dinv. On the other hand, in PF’, the pair (e, f) becomes
the primary dinv and the pair (b,c) is the secondary dinv. The pair (¢, f), (b,d)
and (d, f) are not the secondary dinv in PF'. Hence, dinv(PF’) = dinv(PF) + 1
as desired and ¢4(PF) = PF".

Now, for the last possible case in Case D, we suppose that PF has the
second possible shape in Figure 4.34 with the conditions d < b and d < e. For the
first subcase, we also suppose that e < a. We get a new parking function PF’ by

replacing the last seven columns as Figure 4.46.

d] | [e

Figure 4.46: d <b,d <eand [e < aor ¢ < €

The area is unchaged. The diagonal word has been changed from [d, ¢, b, e, a
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to [d,c,e,b,a], but since e < a < b, the ides of PF and PF’ are the same. For
the dinv, the pair (b, e) contributes to the primary dinv, while the pair (a,e) does
to the secondary dinv in PF. In PF’, the pair (b,c) and the pair (c,e) are the
secondary dinv, while the pair (b, e), the pair (b,d) and the pair (d, e) do not con-
tribute to the dinv. Therefore, there is exactly one more dinv in PF’, so we can
let ¢u(PF) = PF'.

If ¢ < e, then we use the same injection as above. Again, the area and
the i¢des have not been changed, since b < ¢ < e. In PF, the pair (a,e) is the
secondary dinv, but the pair (b, e) is not the primary dinv. In PF’, the pair (b, e)
contributes to the primary dinv and the pair (b,c¢) does to the secondary dinv,
while the pair (¢, e), the pair (b,d) and the pair (d, e) are not the secondary dinuv.
We have dinv(PF') = dinv(PF) + 1 as desired and ¢4(PF) = PF'.

Suppose a < e < c¢. Moving the last five cars as Figure 4.47 gives us a legal

parking function PF".

0]
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Figure 4.47: d<b,d<eanda<e<c

Note that the area and the ides are not changed. The pair (a, €) is the sec-
ondary dinv in PF. The pair (b, ¢) and the pair (¢, e) are the secondary dinv, while
the pair (b,d) and the pair (d,e) are not the secondary dinv in PF’. Therefore,
we have dinv(PF") = dinv(PF) + 1 and ¢4(PF) = PF".

Case B

Finally, suppose PF' has the last possible shape in Figure 4.13. For this
shape, we divide into four cases according to the shape of the Dyck path on four
columns preceding the point where the Dyck path hit the main diagonal as Figure
4.48.
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Figure 4.48: Four possible shapes for Case E

For the first possible shape in Figure 4.48, we move the car d as Figure 4.49

and get a new parking function PF’.

onilg]
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o

Figure 4.49: Any a,b,c and d

Notice that the area and the ides are unchanged. We have exactly one
additional dinv in PF’ since the pair (¢, d) becomes the secondary dinv in PF".
Hence, we can have ¢4(PF) = PF".

For the second possible shape in Figure 4.48, suppose e < d. Then, replacing

the last seven columns as Figure 4.50 gives us a new legal parking function PF’.
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Figure 4.50: e < d

Again, PF and PF’ have the same area and ides. There is one additional
secondary dinv in PF’ because of the pair (¢, d). Therefore, we have dinv(PF’) =
dinv(PF) + 1 as desired and ¢4(PF) = PF".

Suppose d < e with the second possible shape in Figure 4.48. Then, we

have to divide into two subcases as Figure 4.51.

Seoniolia
0 oIn0 O

Figure 4.51: Two possible shapes when d < e with the second shape in Case F

Suppose PF has the first possible shape in Figure 4.51. Also, suppose
f < c¢. Then, we move the last six cars as Figure 4.52 and get a legal parking
function PF".

The area is unchaged. Also, even though the diagonal word has been
changed from [d, c,e,b, f,a] to [d,e,c,b, f,a], since ¢ < d < e, the car ¢ and e are
not consecutive, so the ides is unchanged. For dinv, the pair (b, €) is the secondary
dinv while the pair (¢, €) is not the primary dinv in PF. The pair (c, e) contributes
to the primary dinv and the pair (b, ¢) contributes to the secondary dinv, while the

pair (d,e) is not the secondary dinv in PF’. Hence, dinv(PF') = dinv(PF) + 1
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Figure 4.52: d<eand f <c

as desired and ¢4(PF) = PF’.
Suppose now that ¢ < f. Replacing the last seven columns as Figure 4.53

gives us a legal parking function PF’ whose area is the same as the one of PF.

d e
C f
b | ]a
a — d

e C
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Figure 4.53: d<eand c < f

The diagonal word has been changed from [d, ¢, e, b, f,a] to [d,e,c, f,b,al,
but since ¢ < d < e and b < ¢ < f, the car ¢ and e can interchange their order
in the diagonal word without changing the ides and the car b and f do the same
thing again. For dinv, the pair (¢, e) and the pair (b, f) are not the primary dinv,
but the pair (a, f) and the pair (b, e) are the secondary dinv in PF. On the other
hand, the pair (¢, e) and the pair (b, f) contribute to the primary dinv and the pair
(a,b) does to the secondary dinv, while the pair (¢, f) and the pair (d,e) are not
the secondary dinv in PF’. Hence, we have exactly one additional dinv in PF”,
so we have ¢4(PF) = PF".

Now, suppose PF' has the second possible shape in Figure 4.51 with the
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condition d < e. In fact, in this case, we have a < b < ¢ < d < e. Moving the last

five cars as Figure 4.54 gives us a legal parking function PF’.

" -
C b
b — a
a d

Figure 4.54: d <e

Note that the area is not changed. The diagonal word has been changed
from [d, c, e, b,a] to [d, e, c,b,al, but since ¢ < d < e, the car ¢ and the car e can
interchange their order in the diagonal word keeping the ides same. The pair (c, )
is not the primary dinv, but the pair (b,e) is the secondary dinv in PF. In PF’,
the pair (c, ) is the primary dinv and the pair (b, ¢) is the secondary dinv, while
the pair (d,e) is not the secondary dinv. Hence, dinv(PF’) = dinv(PF) + 1, so
¢u(PF) = PF".

Next, suppose PF' has the third possible shape in Figure 4.48.

First, suppose f < c and e < a. Moving the last six cars as Figure 4.55

gives us a legal parking function PF’ whose area is the same as the one of PF.

[e

MO0 QO
)

Figure 4.55: f <cand [e <aorc < ¢]

The diagonal word has been changed from [d, ¢, b, e, f,a] to [d,c,e,b, f,al,

but since e < a < b, the ides is unchanged. The pair (b,e) is the primary dinv,
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but the pair a,e is not the secondary dinv in PF. In PF’, the pair (b,e) is not
the primary dinv, but the pair (b, c) and the pair (c,e) are the secondary dinuv.
Therefore, we have dinv(PF') = dinv(PF) + 1, and ¢4(PF) = PF".

If f <cand c < e, then we use the same injection as above. In this case,
we still have the same ides, since b < ¢ < e, the car b and e still can interchange
their order in the diagonal word without changing the ides. In PF', the pair (b, e)
is not the primary dinv, but the pair (a, e) is the secondary dinv. In PF’, the pair
(b, e) is the primary dinv and the pair (b, c) is the secondary dinv, but the pair
(¢,e) is not the secondary dinv. Therefore, we have one more dinv in PF’| so we
can let ¢4(PF) = PF".

Now, suppose f < ¢ and a < e < ¢. Then, we move the last six cars as

Figure 4.56 and get a legal parking function PF’.

Sl piolfaR
o

Figure 4.56: f <canda<e<c

Note that the area and the diagonal word are unchanged, so ides is also
unchanged. The pair (a, e) is the secondary dinv in PF, while the pair (b, ¢) and
the pair (c,e) are the secondary dinv in PF’. Hence, dinv(PF’) = dinv(PF) + 1
as desired, and ¢4(PF) = PF".

Next, suppose ¢ < f and e < a with the third possible shape in Figure 4.48.
Then, we replace the last seven columns as Figure 4.57 and get a legal parking
function PF” with the same area as PF.

Since ¢ < a < b, the car b and ¢ are not consecutive, and since b < ¢ < f,
the car b and f are not consecutive, either. Therefore, even though the diagonal

word has been changed from [d, ¢, b, e, f,a] to [d, c, e, f,b,al], the ides has not been
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Figure 4.57: ¢ < f and [e < a or ¢ < €]

changed. For dinv, the pair (b,e) is the primary dinv and the pair (a, f) is the
secondary dinv, while the pair (b, f) is not the primary dinv and the pair (a,e)
is not the secondary dinv in PF. For PF’, the pair (b, f) is the primary dinv,
and the pair (a,b) and the pair (c,e) are the secondary dinv, while the pair (b, e)
is not the primary dinv and the pair (c, f) is not the secondary dinv. Hence,
dinv(PF") = dinv(PF) + 1 as desired, and ¢4(PF) = PF’.

When ¢ < f and ¢ < e, we apply the same injection as above. Again, since
b<c<eandb<c< f, we still have the same ides in PF and in PF’. For dinv,
the pair (b,e) and the pair (b, f) are not the primary dinv, while the pair (a,e)
and the pair (a, f) are the secondary dinv in PF. In PF’, the pair (b,¢e) and the
pair (b, f) are the primary dinv and the pair (a,b) is the secondary dinv, but the
pair (¢, f) and the pair (¢, e) are not the secondary dinv. Hence, there is exactly
one additional dinv in PF’, so we can have ¢4(PF) = PF".

Now, suppose ¢ < f and a < e < c¢. Replacing the last seven columns as
Figure 4.58 gives us a legal parking function PF’ with the same area as PF.

The diagonal word has been changed from [d, ¢, b, e, f,a] to [d,c,b, f, e, al,
but since e < ¢ < f, the ides is unchanged. The pair (e, f) is not the primary
dinv, but the pair (a, f) is the secondary dinv in PF. The pair (e, f) becomes a
primary dinv and the pair (b, c) is the secondary dinv, but the pair (¢, f) is not
the secondary dinv in PF’. Therefore, PF" has exactly one more dinv than PF,
so we can have ¢4(PF) = PF".

For the last possible case in Figure 4.48, suppose e < a first. Moving the

last five cars as Figure 4.59 gives us a new parking function PF’ whose area is the



83

d b
C f
b a
a — d
e C
_f _le

Figure 4.58: c< fanda<e<c

same as the one of PF.

0O N QA
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Figure 4.59: e<aorc<e

Since e < a < b, the car b and the car e are not consecutive, so the ides of
PF and the one of PF" are the same. The pair (b, ) is the primary dinv, but the
pair (a,e) is not the secondary dinv in PF. Meanwhile, the pair (b, e) is not the
primary dinv, but the pair (b, ¢) and the pair (¢, e) are the secondary dinv in PF".
Hence, we have dinv(PF') = dinv(PF) + 1 and ¢4(PF) = PF".

If ¢ < e, we can apply the same injection. The ¢des is still unchanged, since
b < ¢ < e. The pair (b, e) is not the primary dinv, but the pair (a,e) is not the
secondary dinv in PF. In PF’, the pair (b,e) is the primary dinv and the pair
(b, ¢) is the secondary dinv, but the pair (c,e) is not the secondary dinv. Again,
we have dinv(PF") = dinv(PF) + 1 as desired and ¢4(PF) = PF".

Finally, suppose a < e < ¢ with the fourth possible shape in Figure 4.48.
Then, we replace the last seven columns as Figure 4.60 gives us a new legal parking

function PF’ with the same area and the ides as PF'.
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Figure 4.60: a < e <c

The pair (a,e) is the secondary dinv in PF, while the pair (c,e) and the
pair (b, ¢) are the secondary dinv in PF’. Therefore, dinv(PF') = dinv(PF) + 1
as desired and ¢4(PF) = PF".

Note that the sets of the image parking functions from each case are disjoint
in II[n — 3, 3]. Therefore, ¢, is an injection from II[n — 4,4] to II[n — 3,3]. Also,
the complementary set of ¢4(I1[n — 4,4]) in I[n — 3, 3] is N'S,.

Therefore, by the Haglund-Morse-Zabrocki conjecture, we now have that

VS[n%AﬂX]:(—(J)"_?’( > wPF)-q Y w(PF))

PFell[n—3,3] PFell[n—4,4]
— (" Y wPh) = Y w(e(PR)
PFell[n—3,3] PFell[n—4,4]
_ (_q)nf?) Z tarea(PF) qdim)(PF) Qides(PF) [X]
PFeNS,

]

Now, suppose n = 7. We will denote v,,_g by ¢ for convenience. For Case
A, Case B, and Case C, we can apply the same injection with the case n > 7.
For Case D with the first possible pattern in Figure 4.29, we also use the same
injection as above. With the second possible pattern in Figure 4.29, if we have
conditions [e < ¢ and b < d] or [d < b and e < d], we can use the same injection as

above.
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We need to think carefully when [¢c < e and b < d] or [d < b and d < e] with
the second possible pattern in Figure 4.29. Suppose ¢ < e and b < d. We can’t
have the shape in the right side of Figure 4.34 when n = 7. With the shape in the
left side of Figure 4.34, if [e < d and f < d] or [d < e and f < ¢, then we can use
the same injection as the case when n > 7. Also, if [c < f,d < f,d < e and g < b],
le<d,d< fand g <b],and [d <e,c< f,f < dand g < b], we also use the same
injection as above. The cases we need to make a new injection are when we have
additional conditions [c < f,d < f,d <eand b< g|, [e<d,d < f and b < g, and
[d<ec<f, f<dandb<yg.

Suppose c <e,b<d,c< f,d< f,d < eand b < g. Replacing these seven

cars as Figure 4.61 gives a legal parking function PF”.
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Figure 4.61: c<e,b<d,c< f,d< f,d<eandb< g

Note that PF’ has the same area as PF. The diagonal word has been
changed without changing the ides from [d, ¢, b, e, f,a,g] to [d,c,e, b, f,a, g] since
b<c<e, toldce,f b a,g| agian since b < d < f, and to [d, ¢, e, f,b, g, a] finally
since a < b < g. For dinv in PF, the pairs (b, f), (b,e), and (a,g) are not the
primary dinv, while the pairs (a, f) and (a,e) are the secondary dinv. In PF’,
the pairs (b, f), (b,e) and (a, g) are the primary dinv, while the pairs (b, g), (¢, f),
(c,e), (d, f) and (d, e) are not the secondary dinv. Hence, PF’ has one more dinv
than PF, so we can have ¢4(PF) = PF".

Suppose c < e, b<d,e<d,d< fand b< gin PF. We move seven cars
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as the right side of Figure 4.62 and get a legal parking function PF’ with the same

area as PF.
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Figure 4.62: c<e,b<d,e<d,d< fandb<g

The diagonal word of PF, [d,c,b,e, f,a,g] can be changed, not changing
the ides, to [c,d, b, e, f,a, g since ¢ < e < d, to [c,d,e,b, f,a,g| since b < ¢ < e,
to [c,d, e, f,b,a,g] since b < g < f, and to [c,d, e, f,b, g,a], which is the diagonal
word of PF’ since a < b < g. In PF, the pair (c,d) is the primary dinv, but the
pairs (b, f), (b,e), and (a, g) are not the primary dinv. Also, the pairs (a, f) and
(a,e) are the secondary dinv in PF. In PF’, the pair (¢,d) is not the primary
dinv, but the pairs (b, f), (b,e), and (a, g) are the primary dinv. The pair (d,e)
contributes to the secondary dinv, while the pairs (b, g), (d, f), (¢, f) and (c,e)
don’t. Therefore, PF" has one additional dinv and we let ¢p4(PF) = PF’.

Suppose c < e, b<d,d<e,c<f, f<dandb<g. Moving seven cars as
the right side of Figure 4.63 gives a legal parking function PF’ whose area is the
same as PF.

The diagonal word of PF, [d,c,b,e, f,a,g] can be changed, not changing
the ides, to [d,c,e,b, f,a,g] since b < ¢ < e, to [d,c,e, f,b,a,g| since b < ¢ < f,
to [d,c, f,e,b,a,g] since f < d < e, and to [d,c, f,e, b, g,al], which is the diagonal
word of PF', since a < b < g. For dinv in PF, the pair (f,e) is the primary
dinv, but the pairs (b, f), (b,e), and (a,g) are not the primary dinv. Also, the
pairs (a, f) and (a, e) are the secondary dinv in PF. In PF’, the pair (f,e) is not
the primary dinv, but the pairs (b, f), (b,e), and (a, g) are the primary dinv. The
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Figure 4.63: c<e,b<d,d<e,c< f, f<dand b<g

pair (e, g) contributes to the secondary dinv, while the pairs (b, g), (¢, f) and (¢, e)
don’t. Therefore, we have dinv(PF') = dinv(PF) 4+ 1 and we let ¢p4(PF) = PF’.

Now, suppose d < b and d < e with the second possible pattern in Figure
4.29. Again, we can’t have the shape in the right side of Figure 4.34 when n = 7.
With the shape in the left side of Figure 4.34, if f < ¢, then we can use the same
injection as the case when n > 7. When ¢ < f, if we have additional conditions
[c < eand g < b] or [e < cand g < €], we also use the same injection as above.
The cases we need to consider as new cases are when we have additional conditions
[c<eand b<g]and [e <cande<g|.

First, suppose ¢ < e and b < g. Remember that we already have conditions,
d < b,d < eand c < f. In this case, we move seven cars as the right side of Figure
4.64 and get a new parking function PF” in I1[4, 3].

PF and PF’ have the same area. The diagonal word of PF', [d, ¢, b, e, f,a, g],
is changed without changing the ides, to [d,c,e,b, f,a,g] since b < ¢ < e, to
[d,c,e, f,b,a,g] since b < g < f, and to [d,c, e, f,b, g,a] finally, the diagonal word
of PF', since a < b < g. In PF, the pairs (a,g), (b, f) and (b,e) are not the
primary dinv while the pairs (a, f) and (a,e) are the secondary dinv. The pairs
(a,g), (b, f) and (b, e) contribute to the primary dinv and there is no secondary
dinv in PF'. Hence, dinv(PF") = dinv(PF) + 1 and we let ¢4(PF) = PF".

Next, suppose d < b, d < e, ¢ < f, e < c and e < g. In this case, we need
to divide into four subcases again. Suppose e < a and g < b additionally (Indeed,
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Figure 4.64: d<b,d<e,c< f,c<eand b< g

in this case, we don’t need a condition e < ¢ if we have e < a since a < b < ¢). We
rearrange seven cars as the right side of Figure 4.65 and get a new legal parking

function PF".
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Figure 4.65: d<b,d<e,c< f,e<c,e<g,e<aand g<b

Notice that PF and PF’ have the same area. The diagonal word of PF' has
been changed from [d, ¢, b, e, f,a, g| to [d, c,e,b, f,a, g| and again to [d, ¢, e, f, b, a, g],
but the ides has not been changed since e < a < band b < ¢ < f. For dinv of PF,
the pair (b, e) is the primary dinv, but the pair (b, f) is not. Also, the pair (a, f) is
the secondary dinv, but the pair (a,e) is not. For the dinv of PF’, the pair (b, f)
is the primary dinv, but the pair (b, e) is not. The pairs (a,b) and (c,e) are the
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secondary dinv, but the pairs (¢, f), (d, f), and (d, e) are not the secondary dinv.

Therefore, dinv(PF') = dinv(PF) + 1 as desired and we can let ¢4(PF) = PF".
Next, suppose d < byd < e, c < f,e<c, e <g,e<aandb<g We

replace these seven cars as the right side of Figure 4.66 and get a new parking

fucntion PF' with the same area as PF'.
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Figure 4.66: [d<b, d<e,c< f,e<c,e<g,e<aandb<g|or|[d<b d<e,
c< f,e<c,e<g,a<eandg<lb]

The diagonal word of PF'is [d, ¢, b, e, f, a, g], but it can be changed, keeping
the ides same, to [d,c,e, b, f,a,g] since e < a < b, to [d,c,e, f,b,a,g] since b <
¢ < f,and to [d,c,e, f,b,g,a] since a < b < g. For dinv in PF, the pair (b, e) is
the primary dinv and the pair (a, f) is the secondary dinv, but the pairs (b, f),
(a,g) and (a,e) are not the primary or secondary dinv. In PF’, the pairs (b, f)
and (a, g) are the primary dinv and the pair (¢, e) is the secondary dinv while the
pairs (b,e), (b,g), (¢, f), (d, f) and (d,e) are not the primary or secodnary dinv.
Hence, we have dinv(PF") = dinv(PF) + 1 as desired and we let ¢4(PF) = PF".

Now, suppose d < b, d < e, c < f,e<c,e<g,a<eand g <b In
this case, we use the same injection as Figure 4.66. Now, the diagonal word of
PF,[d,c,b,e, f,a,g|, can be changed with the same ides to [d,c,e,b, f,a, g] since
e<g<b toldce, fba,g]sinceb<c< f, and to [d,c,e, f,b,g,al, the diagonal
word of PF’  since a < e < g. For dinv in PF, the pair (b,e) is the primary
dinv and the pairs (a, f) and (a,e) are the secondary dinv, but the pairs (b, f)
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and (a,g) are not the primary dinv. In PF’ the pairs (b, f) and (a,g) are the
primary dinv and the pairs (b, g) and (c, e) are the secondary dinv while the pairs
(bye), (¢, f), (d, f) and (d,e) are not the primary or secodnary dinv. Again, we
have dinv(PF’) = dinv(PF) + 1 and we let ¢4(PF) = PF’.

Suppose d < b, d <e,c< f,e<c e<g,a<eandb< g Replacing
seven cars as Figure 4.67 gives a legal parking fucntion PF’ with the same area

as the one of PF.

Figure 4.67: d<b, d<e,c< f,e<c,e<g,a<eand b<yg

The diagonal word has been changed from [d, ¢, b, e, f, a, g] to [d, ¢, b, f, e, a, g]
and to [d,c,b, f,e, g,a] again, but the ides is unchanged since e < g < f and
a < b < g. The pairs (e, f) and (a,g) are not the primary dinv, while the pairs
(a, f) and (a,e) are the secondary dinv in PF. In PF’, the pairs (e, f) and (a, g)
are the primary dinv and the pair (b,c) is the secondary dinv, while the pairs
(e,9), (¢, f), (d,f), and (b,d) are not the secondary dinv. PF’ has exactly one
more dinv than PF| so we can let ¢4(PF) = PF’.

Finally, we need to think about Case F when n = 7. Any parking function
in I1[3, 4] can’t have the first possible shape in Figure 4.48. If the last eight columns
of a parking function are the same as the second possible shape in Figure 4.48,
and if e < d, we can use the same injection as n > 7 case. If d < e with the
second possible shape in Figure 4.48, we divide into two subcases as Figure 4.51.
If a parking fucntion has the first shape in Figure 4.51 with d < e, and if f < ¢

or [c < f and g < b], we also can use the same injection as above. If a parking
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fucntion has the first shape in Figure 4.51 with d < e, ¢ < f and b < g, we replace
the seven cars as the right side of Figure 4.68 and get a new parking function PF".
d e

C f
a

—_—
0O N O

Figure 4.68: d<e,c< fand b< g

Note that PF and PF’ have the same area. The diagonal word of PF is
[d,c,e,b, f,a,g], and it has been changed to [d,e,c,b, f,a,g], to [d,e,c, f,b,a,g],
and to [d,e,c, f,b,g,a], but the ides of PF' is the same the one of PF since
c<d<eb<c< fanda<b<g. InPF, the pairs (c,e), (b, f), and (a,g)
are not the primary dinv, but the pairs (a, f) and (b,e) are the secondary dinv.
In PF’| the pairs (c,e), (b, f) and (a,g) are the primary dinv, while the pairs
(d,e), (c, f) and (b, g) don’t contribute to the secondary dinv. Therefore, PF’ has
exactly one more dinv than PF| so we can let ¢4 (PF) = PF".

Any parking fucntion in I1[3, 4] can not have the second shape in Figure
4.51. Also, it can’t have the third or the fourth shape in Figure 4.48. Instead, we
need to think about the case that the area of PF is [0,1,1,0,1,2,3]. In this case,
if f < ¢, we have the injection as Figure 4.69 or Figure 4.70.

Note that these cases have the same injection as the case when n > 7. Since
f < ¢, we can put the car c a top of the car f and this injection is the same as the
one with the third possible shape in Figure 4.48.

Suppose ¢ < f with the area [0,1,1,0,1,2,3]. If g < band [c < e or e < al,
we can use the same injection as the case n > 7. Also, if g < e and a < e < ¢, the
same injection can be used. Therefore, only cases we need to make new injection

are when [b < g and [c < e or e < a]] and when [e < g and a < e < (].
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Figure 4.70: f <canda<e<c

Now, suppose ¢ < f, b < g and e < a with the area [0,1,1,0,1,2, 3] as the
left side of Figure 4.71. Replacing seven cars as the right side of Figure 4.71 gives
us a new parking function PF” in 1[4, 3].

PF’ has the same area as the one of PF. The diagonal word has been
changed from [d, ¢, b, e, f,a, g] to [d,c,e, b, f,a,g], to [d,c,e, f,b,a,g|, and finally to
[d,c,e, f,b,g,a] without any change of the ides since e < a < b, b < g < f, and
a < b < g. The pair (b,e) is the primary dinv and the pair (a, f) is the secondary
dinv, while the pairs (b, f), (a, g), and (a, €) are not the primary or secondary dinv

in PF. For dinv of PF’, the pairs (b, f) and (a, g) are the primary dinv and the
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Figure 4.71: c< f,b<gand [e<aorc<e

pair (¢, e) is the secondary dinv, while the pairs (b, ) is not the primary dinv and
the pairs (b, g) and (c, f) are not secondary dinv. Hence, PF’ has exactly one
more dinv than PF, so we can let ¢4(PF) = PF".

When ¢ < f, b < g and ¢ < e with the area [0,1,1,0,1,2,3], we can use
the same injection as Figure 4.71. The diagonal word has been changed with the
same steps, but when it changed from [d, ¢, b, e, f, a, g] to [d,c,e,b, f,a, g], the ides
is still unchanged since b < ¢ < e. In PF, the pairs (b, e), (b, f) and (a, g) are not
the primary dinv, but the pairs (a, f) and (a, e) are the secondary dinv. For PF",
the pairs (b,e), (b, f), and (a, g) are the primary dinv, but the pairs (b, g), (¢, f),
and (¢, e) are not the secondary dinv. Again, we have dinv(PF’) = dinv(PF) + 1
and we let ¢,(PF) = PF".

Finally, suppose ¢ < f, e < g and a < e < ¢ with the area [0,1,1,0,1,2, 3].
In this case, we move seven cars as the right side of Figure 4.72 and get a legal
parking function PF’ with the same area.

Since e < ¢ < f and a < e < g, the diagonal word can be changed from
[d,c,bye, f,a,g] to [d,c,b, f,e,a,g] and to [d,c,b, f,e,g,a] again and the ides is
unchanged. In PF, the pairs (e, f) and (a, g) are not the primary dinv, but the
pairs (a, f) and (a, ) are the secondary dinv. Meanwhile, the pairs (e, f) and (a, g)
contribute to the primary dinv and the pair (b,c¢) contributes to the secondary

dinv, but the pairs (e, g) and (c, f) are not the secondary dinv in PF’. Hence,
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Figure 4.72: c< f,e<ganda<e<c

dinv(PF") = dinv(PF) + 1 as desired and we can have ¢,(PF) = PF".

As the injection from I[n —3, 3] to II[n —2, 2], NS4 should be an empty set
when n = 7 if we remove the image parking functions under ¢4. Now, we compare
NS, to the set of image parking functions which made by the injection only when
n = 7. Any parking functions in II[4, 3] can’t have a Dick path with the shape
of (b), (¢), (d), (e), (g9), (h) in Figure 4.11 and (a), (f), (g), or (h)Figure 4.12.
The other cases in Figure 4.11 or Figure 4.12 are possible shapes when n = 7, if
the first step is not going east, but going north, ending at the same point. The
disjoint union of the set of parking functions with Figure 4.61 and Figure 4.64 is
the same as the set of parking function with the shape of (b) in Figure 4.12. The
set of parking functions with Figure 4.62 is the same as the case with the shape
of (¢) in Figure 4.12. Also, Figure 4.63 case is the same as the (a) case in Figure
4.11. The disjoint union of the set of parking functions with Figure 4.65, Figure
4.66, and Figure 4.67 is the same as the set of parking function with the shape
of (d) in Figure 4.12. The set of parking functions with Figure 4.68 is the same
as the case with the shape of (f) in Figure 4.11 and the disjoint union of the set
of parking functions with Figure 4.71 and Figure 4.72 is the same as the set of
parking function with the shape of (e) in Figure 4.12. Therefore, after removing

the image parking function by ¢4 when n = 7, N'S; becomes an empty set and it
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can be also verified by

VssalX] = (—q)4(vc4031 _ qVC3C41> _0

4.3 The Final Conclusion

We now can make the final conclusion that, to find an injection from II[n —
m,m| to II[n —m + 1, m — 1] for any n > 2m — 1, we only need to find a bijection
between I1[m — 1, m| to II[m, m — 1], which is the smallest case n = 2m — 1.

Since

Sap[X] = (=)' (Cay1Cp-11 — ¢C,Cy)

and

(CoCy + Cu—1Cpy1) = C,Cp + Cp11Ciy,s

we have
Vsm—1m|X] = (—q)oto3 (VCmCm_ll — qVCm_lcml) = 0.

It means there must be a bijection between II[m — 1, m| and II[m,m — 1].
Once we find the bijection, we can use the same mapping to make an injection from
II[n —m,m] to II[n —m + 1,m — 1] for any n > 2m — 1. It is because as we have
seen in Vs, _33 case and Vs,_44 case, the few cars we have in the m — 1 columns
preceding the last m columns, the simpler conditions we have when we make an
mapping, because we have fewer pairs of cars conflicting the condition of parking

functions on a lattice square; the cars in one column should be in increasing order.
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