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Consequences of dispersal heterogeneity for

population spread and persistence

Joseph P. Stover⇤†‡, Bruce E. Kendall†, and Roger M. Nisbet§

August 17, 2014

Abstract

Dispersal heterogeneity is increasingly being observed in ecological pop-
ulations and has long been suspected as an explanation for observations
of non-Gaussian dispersal. Recent empirical and theoretical studies have
begun to confirm this. Using an integro-di↵erence model, we allow an in-
dividual’s di↵usivity to be drawn from a trait distribution and derive a
general relationship between the dispersal kernel’s moments and those of
the underlying heterogeneous trait distribution. We show that dispersal
heterogeneity causes dispersal kernels to appear leptokurtic, increases the
population’s spread rate, and lowers the critical reproductive rate required
for persistence in the face of advection. Wavespeed has been shown previ-
ously to be determined largely by the form of the dispersal kernel tail. We
qualify this by showing that when reproduction is low, the precise shape
of the tail is less important than the first few dispersal moments such as
variance and kurtosis. If the reproductive rate is large, a dispersal kernel’s
asymptotic tail has a greater influence over wavespeed, implying that esti-
mating the prevalence of traits which correlate with long-range dispersal is
critical. The presence of multiple dispersal behaviors has previously been
characterized in terms of long-range vs short-range dispersal, and it has
been found that rare long-range dispersal essentially determines wavespeed.
We discuss this finding and place it within a general context of dispersal
heterogeneity showing that the dispersal behavior with the highest average
dispersal distance does not always determine wavespeed.

⇤Corresponding author: joseph.stover@lyon.edu
†Donald Bren School of Environmental Science and Management, 2400 Bren Hall, University

of California, Santa Barbara CA 93106-5131
‡Now at: Lyon College, 2300 Highland Road, Batesville, AR 72503
§Ecology, Evolution and Marine Biology, University of California, Santa Barbara, CA 93106-

9620
Keywords: heterogeneity, variation, dispersal, wavespeed, persistence

1



1 Introduction

Intraspecific heterogeneity in individual traits, such as survival and reproduction,
is common in ecological populations and can result from habitat heterogeneity
(e.g., Gates and Gysel, 1978; Boulding and Van Alstyne, 1993; Menge et al, 1994;
Winter et al, 2000; Franklin et al, 2000; Manolis et al, 2002; Bollinger and Gavin,
2004; Landis et al, 2005), early life conditions such as birth order e↵ects (e.g.,
Lindström, 1999), unequal allocation of parental care (e.g., Manser and Avey,
2000; Johnstone, 2004), maternal family e↵ect (e.g., Fox et al, 2006), persistent
social rank (e.g., von Holst et al, 2002), or genetics (e.g., Yashin et al, 1999;
Ducrocq et al, 2000; Gerdes et al, 2000; Casellas et al, 2004; Isberg et al, 2006).

In spite of this widespread occurrence, intraspecific heterogeneity has only
recently begun to receive considerable theoretical treatment. It has been shown to
a↵ect demographic stochasticity (Fox and Kendall, 2002; Kendall and Fox, 2002;
Kendall and Fox, 2003; Vindenes et al, 2008), extinction risk of both density-
independent populations (Conner and White, 1999; Fox, 2005; Lloyd-Smith et al,
2005) and density-dependent populations (Robert et al, 2003), population growth
rate (Kendall et al, 2011), and equilibrium population size (Stover et al, 2012). We
aim to expand this literature to include dispersal heterogeneity’s e↵ect on spread
rate and persistence in advective environments.

Studies of dispersal have usually assumed identical dispersal behavior among
individuals although heterogeneity in dispersal ability or behavior is ubiquitous
(c.f. Zera and Denno, 1997; Table 1 in Clobert et al, 2009), and is important for
understanding biological phenomena such as invasions (Shigesada and Kawasaki,
1997) and the spread of alleles through a population (Fisher, 1937). Dispersal
heterogeneity has been observed across a variety of taxa including cane toads
(Phillips et al, 2006), rodent-dispersed trees (Xiao et al, 2005), flowering plants
(e.g. Venable et al, 1995), dragonflies (McCauley, 2010), and freshwater killifish
(Fraser et al, 2001) to name a few examples. Understanding dispersal presents a
particular challenge due to the variety of dispersal mechanisms and the di�culty
in accounting for rare dispersal events which have been shown to have a strong
influence on spread rate (Shigesada and Kawasaki, 1997; Clark et al, 1998; Okubo
and Levin, 2001).

Dispersal is especially important for populations living in advective environ-
ments (i.e. subject to unidirectional flow) due to the risk of being washed away.
This may include species that are subject to long-shore drift currents (Byers and
Pringle, 2006), flow in a river or stream (Speirs and Gurney, 2001), or facing
pressures due to climate change (Potapov and Lewis, 2004). Persistence in an
advective environment depends in part on the population’s ability to disperse in-
dividuals upstream (Lutscher et al, 2010). The minimum reproductive rate needed
for persistence also depends on the population’s upstream dispersal ability. Under-
standing the impact heterogeneity has on dispersal is important to understanding
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how populations persist in the face of advection.
The e↵ect of dispersal heterogeneity on spatial spread has been explored only

in a few special cases. Clark et al (1998) showed that when a small part of
the population disperses according to a fatter-tailed kernel, a significantly higher
wavespeed results. Neubert and Caswell (2000) considered a neotropical plant
which is dispersed by four ant species, and the plant population’s spread rate was
essentially determined by one of the ant species due to its much greater dispersal
distances. Okubo and Levin (2001) showed that a composite two-Gaussian kernel
is leptokurtic (having positive excess kurtosis), and that when one variance is held
fixed, and the other increases, then the kurtosis of the composite kernel increases
and approaches that of the Laplace (double-sided exponential) distribution. Mur-
ray (2002) analyzed a Fisher-Kolmogorov equation model, where one phenotype
is a disperser and the other is a non-disperser, and showed that the wavespeed
increases when a greater proportion of individuals are dispersers. Shigesada and
Kawasaki (2002) showed that increasing the proportion of long-range dispersers
or their dispersal variance increases wavespeed in an integro-di↵erence model.
However, dispersal variance has a strong influence on wavespeed, and of these five
studies, only Clark et al (1998) held the variance of the population dispersal kernel
constant while changing the long-range dispersal component of the population.

Individual dispersal is often modeled as di↵usion, where the location of the
dispersing individual after some specified time is given by a Gaussian distribu-
tion (Okubo and Levin, 2001; Murray, 2002). However, empirical observations
often show that long-range dispersal events occur more frequently and at greater
extremes than would be expected if dispersal was truly Gaussian (e.g. Nathan,
2001; Delgado and Penteriani, 2008) — these dispersal patterns are commonly
referred to as ‘fat-tailed’, ‘heavy-tailed’, or ‘leptokurtic’.

Heterogeneity has long been postulated as a cause for this preponderance of
long-range dispersal (e.g. Dobzhansky and Wright, 1943). Skellam (1951) showed
that having each individual’s dispersal variance chosen from some probability dis-
tribution results in a leptokurtic dispersal kernel. The hypothesis that hetero-
geneity might explain the prevalence of long-range dispersal observed in ecological
populations has more recently been confirmed mathematically in several studies
(Skalski and Gilliam, 2000, 2003; Petrovskii et al, 2008; Petrovskii and Morozov,
2009). Petrovskii et al (2008) and Petrovskii and Morozov (2009) constructed
model populations of dispersers in which each individual’s di↵usion coe�cient is
drawn from a continuous distribution and showed that the tail of the resulting pop-
ulation dispersal function decays slower than a Gaussian. However, these studies
did not examine how a population’s rate of spread is a↵ected by heterogeneity in
dispersal.

Wavespeed has been found to be highly dependent on the dispersal kernel tail
(Kot et al, 1996) and to be determined by rare long-range dispersers (Neubert and
Caswell, 2000; Okubo and Levin, 2001). We qualify this finding by discussing how
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wavespeed depends on the moments of the dispersal kernel and reproduction and
how to understand these findings within the general framework of dispersal hetero-
geneity. We use the term ‘di↵usivity’ to refer to an individual’s di↵usion coe�cient
and show how heterogeneity in di↵usivity a↵ects the shape of the population dis-
persal kernel. A general relationship between the dispersal kernel moments and
the moments of the underlying trait distribution is derived. We describe scenarios
where di↵erent dispersal behaviors have varying influence on wavespeed and also
on the critical reproductive rate required for persistence in an advective environ-
ment. Using these results, we show how dispersal heterogeneity a↵ects spread rate
both in advective and non-advective environments and how heterogeneity impacts
the critical reproductive rate needed for persistence under advective flow.

2 Model framework

The basic linear one-dimensional integro-di↵erence model, which arises by lin-
earizing many non-linear, spatially homogeneous, non-stage-structured integro-
di↵erence models around n = 0 (Kot et al, 1996), is given as

n(x, t+ 1) = R

Z 1

�1
K(x� y)n(y, t)dy (1)

where n(x, t) is the population density at location x and time t, and R is the net
reproductive rate. Given mean dispersal location µ, the dispersal kernel K is given
as K(u) = f(u� µ), where f is called the displacement kernel. The displacement
kernel is assumed to be a symmetric mean-zero distribution that describes an
o↵spring’s displacement from the mean dispersal location µ. The system is called
advective when the mean is nonzero such as in the presence of a unidirectional
wind or flow of water. In each time step, the population reproduces at net rate
R and then dies. The new o↵spring then disperse according to the kernel K. A
semelparous aquatic insect living in a flowing stream is the example we keep in
mind during the analysis of this model.

This model exhibits convergence to traveling wave solutions with a constant
asymptotic speed c⇤ for dispersal kernels with exponentially bounded tails and
compactly supported initial conditions (Kot et al, 1996). When advection is
present (µ is non-zero) there is a critical net reproductive rate R⇤ such that the
population only persists when R > R⇤ (Lutscher et al, 2010). Under advection,
there are constant wavespeeds for both upstream (possibly negative speed) and
downstream movement of the population. When we discuss advection, by con-
vention we consider the current drifting from right to left, hence a negative drift
speed (µ < 0).

The dispersal kernel K is assumed to have exponentially bounded tails so that
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the moment generating function exists and is defined as

MK(s) =

Z 1

�1
K(x)exsdx, (2)

which can be written as the power series

MK(s) = 1 +mK,1s+mK,2
s2

2!
+mK,3

s3

3!
+ · · · . (3)

The coe�cients in (3) depend on the raw moments of dispersal: mK,k = EK(xk)
(the expectation, according the the probability distribution K, of the dispersal
distance raised to the kth power) for k � 1. The central moments of K will be
denoted by µK,k = EK

�
(x� µ)k

�
. The moments of f are equivalent to the central

moments of K. Because we assume symmetry about the mean, all odd moments
of f are zero: Ef (x2k�1) = 0 for k � 1 (i.e. all odd central moments of K are
zero).

The second moment of f is the dispersal variance µf,2 = �2, which describes
the ‘width’ of the distribution. The normalized fourth central moment is the
kurtosis, or peakedness: µf,4/�

4 and describes how much weight is in the tail of
the distribution as opposed to the shoulders (Balanda and Macgillivray, 1988;
DeCarlo, 1997). The excess kurtosis �f,2 is often referred to instead which is the
kurtosis minus three (since the kurtosis of a Gaussian is three). A distribution
with positive excess kurtosis is called ‘leptokurtic’. The skewness is the normalized
third central moment: �f,1 = µf,3/�

3/2, which is zero for the dispersal kernels under
current consideration.

The terms ‘fat-tailed’ and ‘heavy-tailed’ have been loosely used to describe dis-
tributions with a positive excess kurtosis, signifying that long-distance dispersal
events occur more frequently than would be expected if Gaussian di↵usion alone
were operating. Confusingly, these terms have also been used to refer to distribu-
tions whose asymptotic tails are not exponentially bounded; they may have some
(or all) undefined moments and thus no moment generating function (c.f. Kot
et al, 1996, Clark et al, 1998). Leptokurtic kernels may still exhibit Gaussian tail
decay (c.f. Okubo and Levin, 2001; Petrovskii and Morozov, 2009). This con-
flation is unfortunate because only exponentially bounded kernels (those whose
tails decay at least exponentially fast) produce constant spread rates (Kot et al,
1996). The term ‘heavy tailed’ is the preferred technical term used to refer to
distributions whose tails are not exponentially bounded (Foss et al, 2011).

The asymptotic upstream (which is to the right by convention here) wavespeed
is given by

c⇤ = min
s>0

⇢
1

s
lnRM(s)

�
. (4)

Equation (4) is attributed originally to Weinberger (1978, 1982) and further de-
veloped by Lui (1989) and others; for more straightforward derivations, see Kot
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et al (1996) for an unstructured population and Neubert and Caswell (2000) for
a structured population. The critical reproductive rate in a system with finite
advection (µ < 0) is given by

R⇤ =
1

min
s>0

{MK(s)}
= max

s>0

⇢
1

MK(s)

�
(5)

(Lutscher et al, 2010). The values of s where the minima in (4) and (5) occur, s⇤c
and s⇤R respectively, are shape parameters that give the exponential rate of decay
of the upstream wavefront. Usually, s⇤c 6= s⇤R; equality between the two shape
parameters holds when R = R⇤ and the upstream wavespeed is zero.

To solve for wavespeed, the following parametric representation is often used:

R =
esM

0
K(s)/MK(s)

MK(s)
, c =

M 0
K(s)

M 0
K(s)

. (6)

For a given R, one would solve the left equation for the shape parameter s⇤c and
then plug it in to the right equation so get c⇤.

When the dispersal kernel has mean zero (no advection), the critical reproduc-
tive rate is R⇤ = 1 (Kot et al, 1996). In the presence of advection, R⇤ > 1. In either
case, the population persists everywhere in the domain when R > R⇤ (Lutscher
et al, 2010). In the presence of advection, a critical population (R = R⇤ > 1) has
an exponentially shaped, stationary wavefront (c⇤ = 0), in which case the shape
parameters from (4) and (5) are equivalent (s⇤c = s⇤R). When 1 < R < R⇤, the
population still has an exponential shape given by s⇤c , but is washed downstream
(negative wavespeed) while its total size still grows (assuming a suitable initial
population and infinite downstream habitat). If R < 1, the population simply
dies out.

3 Dispersal heterogeneity

We assume that o↵spring disperse in a one-dimensional environment (such as wind
or stream flow) with a fixed drift velocity v (v < 0 by convention). The position
at time ⌧ of an o↵spring with dispersal di↵usivity D (di↵usion coe�cient) is given
by a Gaussian distribution with mean µ = v⌧ and variance �2 = 2D⌧ . These
expressions may be derived from a random walk where dispersing individuals takes
steps of length L with inter-step time T in either direction equally likely while
drifting with constant velocity v. It is assumed that the ratio L2/(2T ) converges
as L and T go to zero, thusly, the ratio converges to the di↵usivity constant D
(see Okubo and Levin, 2001; Murray, 2002). Since heterogeneity in either L or
T is expressed through di↵erences among individuals in their di↵usivity, we focus
on heterogeneity in D. We assume that all dispersing individuals are subject to
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the same drift velocity v and settle after a fixed time ⌧ so that the displacement
kernel is Gaussian.

We now derive a relationship between the distribution of o↵spring di↵usivities
and the population dispersal kernel. Let �(D) be the probability distribution of
o↵spring di↵usivities which we call the trait distribution. We require that �(D) be
exponentially bounded as D goes to infinity. Zero parent-o↵spring correlation in
di↵usivity is assumed, so each individual o↵spring’s di↵usivity is an independent
draw from �(D). This assumption is appropriate in some ecological scenarios,
such as the ant-mediated dispersal in Neubert and Caswell (2000). We denote
the mean zero Gaussian with variance �2 as G(x; �2). The displacement kernel f
is then given by integrating over the distribution of o↵spring di↵usivites:

f(x) =

Z 1

0

�(D)G(x; 2D⌧)dD. (7)

We first wish to understand how dispersal heterogeneity a↵ects the shape of
the kernel. The 2kth central moment of the population dispersal kernel is

mf,2k =

Z
x2k

Z
�(D)G(x; 2D⌧)dDdx (8)

Changing the order of integration and noting that the 2kth central moment of
the Gaussian is (2k � 1)!!�2k (where k!! denotes the double factorial, which is
the product of all odd numbers from k to 1 when k is odd), the right side of (8)
becomes (2k�1)!!(2⌧)k

R
Dk�(D)dD which simplifies to (2k�1)!!(2⌧)km�,k. Thus

we find that the kth moment of the trait distribution gives the 2kth moment of the
population’s displacement kernel:

mf,2k = (2k � 1)!!(2⌧)km�,k. (9)

This has been shown previously by Skellam (1951) who examined heterogeneity in
dispersal variance (which is proportional to di↵usivity). The moment generating
functions for f and � are related by Mf (s) = M�(s2) (Skellam, 1951).

The variance of the displacement kernel depends only on the mean of the trait
distribution:

�2
f = 2D̄⌧, (10)

where the expected di↵usivity is E�(D) = D̄.
The excess kurtosis of the displacement kernel is given by

�f,2 =
mf,4

m2
f,2

� 3 = 3
m�,2

m2
�,1

� 3 = 3
Var(D)

D̄2
, (11)

and only depends on the mean and variance of the trait distribution.
Since the raw moments of the displacement kernel f are equivalent to the

central moments of the dispersal kernel K, the dispersal variance is given by (10)
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and the dispersal kurtosis is given by (11). This is a consequence of the assumption
that all dispersers are subject to the same advection velocity and disperse for the
same length of time ⌧ . For the remainder of the paper, we assume ⌧ = 1 so that
the mean dispersal location is equivalent in magnitude to the advection velocity,
µ = v.

From (11), it is evident that increasing the variance of the trait distribution
(while holding the mean trait constant) increases the kurtosis of the population
dispersal kernel. Thus heterogeneity in di↵usivity naturally results in a leptokurtic
dispersal kernel, a result also shown previously by Skellam (1951).

For concreteness, we illustrate this result and its consequences with two trait
distributions, which we will use throughout the rest of the paper. The first is the
gamma trait distribution studied by Petrovskii and Morozov (2009):

��(D) =
DB

↵B+1�(B + 1)
exp

✓
�

D

↵

◆
, (12)

where �(·) is the gamma function, ↵ and B are a fixed positive numbers, and D is
the di↵usivity. The dispersal kernel which arises from the gamma trait distribution
will also arise if instead of heterogeneity in D, o↵spring have gamma-distributed
settling times (Yasuda, 1975; Yamamura, 2002). The second trait distribution,
��(D), includes only two dispersal phenotypes with di↵usivities D1 = D̄(1 � h1)
and D2 = D̄(1+h2) for 0  h1  1 and h2 � 0. With probability 1�p an o↵spring
has di↵usivity D1 and with probability p di↵usivity D2, where p = h1/(h1+h2) so
that D̄ is the average di↵usivity between the two types of o↵spring. This second
trait distribution takes the form

��(D) = (1� p)�D1(D) + p�D2(D) (13)

where �Di
is the delta distribution with mass one at Di. When h1 = 1, phenotype

one is non-dispersing (a case studied by Murray (2002) in the context of Fisher-
Kolmogoro↵ di↵usion equations).

The displacement kernel resulting from (12), f�(x), cannot be written down in
a simple form, but its moment generating function is easily calculated (see next
section). Petrovskii and Morozov (2009) showed that the decay rate in the tail
of f�(x) is slower than Gaussian but still exponentially bounded. If a maximum
di↵usivity is imposed (i.e. no disperser has di↵usivity larger than some maximum
Dmax), the displacement kernel tail is asymptotically Gaussian irrespective of the
shape of the trait distribution (Petrovskii and Morozov, 2009). A distribution
K(x) is called asymptotically Gaussian ifK(x) ⇠ Ce�ax2

for some positive C and a
when x is large. Since the two-type trait distribution �� has a maximum di↵usivity,
the corresponding displacement kernel has a tail which is asymptotically Gaussian,
and in fact is exactly a linear combination of two Gaussian kernels.
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The kth raw moment for �� is

m�� ,k = D̄k

✓
h2(1� h1)k + h1(1 + h2)k

h1 + h2

◆
, (14)

and for �� is

m��,k = ↵k� (B + 1 + k)

� (B + 1)

= ↵k(B + k)(B + k � 1) · · · (B + 2).

(15)

Simplified formulas for the first few central moments of the trait distributions are
given in Table 1.

central
moments

trait distribution

two-type, �� gamma, ��

E[D] D̄ ↵(B + 1)
�2
D D̄2h1h2 ↵2(B + 1)

µ�,3 D̄3h1h2(h2 � h1) 2↵3(B + 1)
µ�,4 D̄4h1h2(h2

2 � h1h2 + h2
1) 3↵4(B + 1)(B + 3)

Table 1: Central moments are given for two trait distributions �� (12) and ��

(13).

The displacement kernels f� and f� have identical variances when their under-
lying trait distributions have the same mean (i.e. when E��(D) = D̄ = ↵(B+1) =
E��(D)). However, if one trait distribution has a larger variance than the other, its
corresponding kernel will have a greater excess kurtosis (11). Since the two-type
trait distribution can have a higher variance than the gamma trait distribution
and the kurtosis of the dispersal kernel is proportional to trait variance (11), f� can
have a larger kurtosis than f�. This reveals that a larger kurtosis is not necessarily
associated with a slower tail decay rate.

When the trait variance is small and identical among the two di↵erent trait
distributions, the corresponding dispersal kernels appear nearly identical. A large
trait variance can cause dispersal kernels arising from the di↵erent trait distri-
butions to have clearly di↵erent shapes (Fig. 1). The gamma trait distribution
results in a slower dispersal kernel tail decay rate than that of the two-type model
(Fig. 1, inset panel). When the two-type trait distribution matches the skew
of the gamma trait distribution, the corresponding displacement kernel appears
nearly Gaussian due to high di↵usivity being rare.
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Figure 1: The displacement kernels are shown for three trait distributions with
D̄ = ⌧ = 1 and Var(D) = 0.81. The kernels appear quite di↵erent although they
share the same variance (Var(x) = 2) and kurtosis (�f,2 = 2.43), and additionally
the kernels from the skewed two-type and gamma trait distributions have the same
sixth dispersal moment (m�,6 ⇡ 170.36; mf,6 ⇡ 87.48 for the uniform two-type
trait distribution). The subpanel shows the tails of the dispersal kernels for large
x.

4 How dispersal kernel shape impacts c⇤ and R⇤

In this section, we discuss generally how wavespeed and the critical reproductive
rate are impacted by dispersal kernel shape. The individual moments of the dis-
persal kernel are shown to have di↵ering degrees of importance depending on the
magnitude of the reproductive rate. We show that a single low-order dispersal
moment is sometimes su�cient enough to determine whether or not one dispersal
kernel imparts a larger wavespeed or a smaller critical reproductive rate when
compared to another kernel.

Consider two symmetric, exponentially-bounded displacement kernels f1 and
f2 such that f2(x) > f1(x) for x su�ciently large. For our purposes, we say that
f2 has slower tail decay. Slower tail decay of f2 guarantees that all su�ciently
high-order dispersal moments are larger, mf2,2n > mf1,2n for all n large enough
(Appendix A.1). However, a displacement kernel with faster tail decay may still
have one or more lower-order moments which are larger, such as variance or kur-
tosis. If there are N1 and N2 such that mf1,2n � mf2,2n for n  N1, but at least
one n  N1 such that mf1,2n > mf2,2n, and mf1,2n < mf2,2n for n � N2, we say
that f1 has low-order dominance over f2 and equivalently say that f2 is high-order
dominant. Note that the low-order dominant kernel f1 must have at least one mo-
ment which is strictly larger than that of f2. The concepts of high- and low-order
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dominance transfer to dispersal kernels in the obvious way since we only compare
dispersal kernels with the same mean.

We now show that a low-order dominant dispersal kernel can produce a larger
wavespeed and a smaller critical reproductive rate than a kernel that has slower
tail decay and is high-order dominant. If a single dispersal kernel is referred to as
being low-order dominant, it is to be assumed that it is in comparison to another
dispersal kernel which is high-order dominant, and vice versa.

4.1 Wavespeed in absence of advection

Consider kernels f1 and f2 where f2 has slower tail decay, but kernel f1 is low-order
dominant and f2 is high-order dominant. The corresponding moment-generating
functions satisfy M1(s) > M2(s) for s small enough (see Appendix A for detailed
mathematical justification; Figure 2 illustrates this). To understand this fact,
recall that the moment generating functions can be written as power series in s
centered about s = 0. Hence, for s small enough, higher order terms are small in
magnitude due to large powers of s.

Also, note that M1(s) < M2(s) for s large enough since f2 has larger high-order
moments. Since the moment generating functions are continuous, they must cross
paths at least once. Define ŝ to be the smallest value of s such thatM1(ŝ) = M2(ŝ).
Above ŝ, the graphs of M1 and M2 may intersect again, but for all s large enough
M2(s) > M1(s).

We now show that a population dispersing according to the low-order dominant
kernel f1 is guaranteed to have a larger wavespeed than a population dispersing
by f2 if the net reproductive rate is fixed close enough to one, even if f2 has
much more weight in its tail than f1. Appendix A shows this in a more rigorous,
analytical way.

Define the wavespeed function, which is the function we minimize in (4) to find
the asymptotic wavespeed, for kernel i by

ci(s) =
1

s
ln (RMi(s)). (16)

Since M1(s) > M2(s) for s < ŝ, this also implies that c1(s) > c2(s) for s < ŝ
as well due to monotonicity of the logarithm function. As R approaches one
from above, the critical shape parameter s⇤ and wavespeed c⇤ approach zero (see
Appendix A.2). Thus we can choose R close enough to one to ensure that the
critical shape parameters for both f1 and f2 (s⇤c1 and s⇤c2 , respectively) fall in
the region where M1(s) > M2(s) (see Figure 2). Standard mathematical analysis
ensures that if both c1(s) and c2(s) have a local minimum in the interval 0 < s < ŝ,
where c1(s) > c2(s), then min c1(s) > min c2(s). When using (4) to calculate the
wavespeeds, we have

c⇤1 = c1(s
⇤
c1
) = min

s>0
c1(s) > min

s>0
c2(s) = c2(s

⇤
c2
) = c⇤2. (17)
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Hence slower tail decay alone does not automatically result in higher wavespeed,
even if comparing kernels that have a number of identical low-order moments.

It is important to note that s⇤c1 and s⇤c2 can be distinct (and likely will be).
Note that in practice R need not be extremely close to one for our results to
hold; R = 4.6 in Figure 2 for two example kernels. This argument only declares
existence of such an R value. The parameters are deliberately chosen in Figure 2
to make the di↵erences in the graphs more apparent. In order for c⇤� < c⇤� with
the parameters as in Figure 2, R = 537 is required, hence quite a large R may be
necessary for a high-order dominant kernel to give larger wavespeeds.

4.2 Critical reproduction and wavespeed under advection

When advection is present with dispersal mean µ < 0, the moment generating
functions for dispersal kernels K1(x) = f1(x�µ) and K2(x) = f2(x�µ) are simply
M1(s)eµs and M2(s)eµs respectively. Following a similar argument as above with
wavespeed, define the reproductive rate function Ri(s), whose maximum (5) is the
critical reproductive rate, and satisfies for s < ŝ:

R1(s) =
1

M1(s)eµs
<

1

M2(s)eµs
= R2(s) (18)

since M1(s) > M2(s). As long as the advective current is weak enough (µ close
enough to zero) both critical shape parameters, s⇤R1

and s⇤R2
, which give the critical

reproductive rates using (5) are less than ŝ so that the critical reproductive rates
satisfy

R⇤
1 = R1(s

⇤
R1
) = max

s>0
R1(s) < max

s>0
R2(s) = R2(s

⇤
R2
) = R⇤

2. (19)

Hence a low-order dominant dispersal kernel with faster tail decay can give a lower
critical reproductive rate than a high-order dominant kernel with slower tail decay
in su�ciently weak advective currents. It is not necessary that µ be extremely
close to zero; for example, µ = �5.5 in Figure 2, again for a somewhat extreme
example. An advection velocity of µ = �8.9 is required to make R⇤

� > R⇤
� for the

remaining parameters chosen in Figure 2.
Now that we have established that a weak enough advective current allows for

R⇤
1 < R⇤

2, even though f2 has more weight in its tail than f1, we can show that
under advection, c⇤1 > c⇤2 is also possible.

Recall that the moment generating function with advection is identical to that
without advection but multiplied by eµs. The ci(s) (16) become

ci(s) =
1

s
ln (RMi(s)e

µs) =
1

s
ln (RMi(s)) + µ. (20)

Hence the wavespeed under advection is just that without advection plus the
advection speed µ. This alone however is not enough to show the result. We need

12



R to be small enough in order for c⇤1 > c⇤2 (17) to hold, but R⇤
1 and R⇤

2 are greater
than one and may be unequal. Thus we can not simply let R be close to one as
done above in the case without advection.

Instead, we first assume that µ is close enough to zero so that R⇤
1 < R⇤

2 (19).
Now, decreasing R down towards R⇤

2 (the larger of the two critical reproductive
rates) results in c⇤2 decreasing to zero while c⇤1 remains positive. This shows that
under su�ciently weak advection, a low-order dominant dispersal kernel can pro-
duce higher wavespeeds in addition to producing a lower critical reproductive rate.

As the advection strength is increased, both R⇤ and s⇤R increase. In order to
see that s⇤R increases, one must recognize that the moment generating function
Mf (s) for the displacement kernel has its minimum at s = 0, and it is a strictly
increasing function. The moment generating function for the dispersal kernel with
advection is MK(s) = Mf (s)eµs (multiplication by an exponential decay factor
since µ < 0). The maximum of eµs is one and occurs at s = 0. This shifts to the
right the location on the s-axis where the minimum of MK(s) occurs, and thus s⇤R
increases.

Under su�ciently strong advection, a high-order dominant kernel gives a smaller
critical reproductive rate and a larger wavespeed for any value of R. This occurs
because there exists some s̄ such that M1(s) < M2(s) for s > s̄ since f2 has larger
high-order moments. As the magnitude of µ increases (stronger negative advec-
tion velocity), both s⇤R1

and s⇤R2
increase. Since R1(s) > R2(s) for s > s̄ and the

maxima of both functions occur on s > s̄, we have R⇤
1 > R⇤

2. As R gets close to
R⇤

1, c
⇤
1 approaches zero while c⇤2 stays positive. For any R > R⇤

1, s
⇤
c is larger than

s⇤R and hence stays above s̄ resulting in c⇤1 < c⇤2.
Any increase in the shape parameter s⇤R makes higher-order moments become

more important in determining the value of MK(s⇤R) due to higher-order terms in
the power series (3) having a greater contribution.

5 Heterogeneity’s e↵ects on wavespeed and per-

sistence

In the preceding section, we saw how wavespeed and persistence may be more
sensitive to low-order moments as opposed to the specific shape or tail decay rate
of the dispersal kernel. In Section 3, we saw how the dispersal kernel’s moments
depend on those of the heterogeneous trait distribution. From (4), we know that
wavespeed depends directly on the net reproductive rate and the moment generat-
ing function and from (5), that the critical reproductive rate depends only on the
moment generating function (hence only on the moments of the dispersal kernel).
Dispersal heterogeneity impacts wavespeed through changing a species’ dispersal
moments.

13



(a) (b)

(c) (d)

Figure 2: Graphs corresponding to trait distributions �� (12) are black, dashed
lines and for �� (13) in red, solid lines. (a) Dispersal kernels K� and K� are
shown with parameters µ = 0, D̄ = 1, B = 0, ↵ = 1, h1 = 0.5, and h2 = 3.5.
Both trait distributions have the same mean, but �� has a larger variance than
�� (�2

��
= 1.75, �2

��
= 1). The dispersal kernels have identical variance, but

m�,2n > m�,2n for n = 2, 3, 4, 5, 6; all higher-order raw moments are larger for K�

(first seven even moments listed in Table 2). K� has slower tail decay, however
K2 is low-order dominant. (b) The corresponding moment generating functions
M(s) are shown. When s < ŝ, M�(s) > M�(s). (c) Wavespeed functions c�(s) and
c�(s) (defined in (16)) are shown. R = 4.6 is small enough so that s⇤c < ŝ for both
models, hence c⇤� > c⇤� (minima of the graphs). (d) Reproductive rate functions
R(s) (defined in (18)) are shown for mean dispersal location µ = �5.5 which is
weak enough so that R⇤

� < R⇤
� (maxima of the graphs).
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raw
moments

dispersal kernel

K� K�

mK,2 2 2
mK,4 33 24
mK,6 1380 720
mK,8 86,205 40,320
mK,10 6,975,990 3,628,800
mK,12 690,550,245 479,001,600
mK,14 80,793,432,720 87,178,291,200

Table 2: The first seven nonzero raw dispersal moments are given for two dispersal
kernels K� and K2 (using trait distributions �� (12) and �� (13)) with parameters
R = 4.6, D̄ = 1, B = 0, ↵ = 1, h1 = 0.5, h2 = 3.5, and µ = 0 (hence odd moments
are zero).

In this section, we examine how heterogeneity in dispersal behavior impacts
wavespeed and persistence for the two-type (13) and gamma trait distributions
(12). The two-type dispersal kernel K� has Gaussian tail decay, but the dispersal
kernel K� has slower tail decay and hence much larger high-order moments. We
show that at low reproductive rates, the two-type model has a wavespeed which is
very close to that of the gamma trait model. However, at high reproductive rates,
the disparity between wavespeeds becomes more apparent.

We also explore the contribution to wavespeed made by individual heteroge-
neous dispersal types (e.g. long vs short range dispersers). This leads to insight
on the question of what drives wavespeed. It has been shown in many studies that
rare long-range dispersers or the shape or decay rate of the dispersal kernel tail
has the strongest influence over wavespeed (Kot et al, 1996). We qualify these
findings by examining them in a more general context of heterogeneous dispersal
where the dispersal types may range from only slightly di↵erent in behavior to
having orders of magnitude di↵erent mean dispersal distances.

5.1 Heterogeneity increases wavespeed

We now explore in more detail the asymptotic wavespeeds for the two example
trait distributions �� (13) and �� (12). The gamma trait distribution results
in a displacement kernel which is not easily written down, but the displacement
kernel’s moment generating function is given by

M�(s) =

✓
1

1� s2↵

◆B+1

. (21)
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The moment generating function for the two-type displacement kernel is

M�(s) = (1� p) exp
�
s2D̄(1� h1)

�
+ p exp

�
s2D̄(1 + h2)

�
. (22)

The gamma distribution has only two parameters, so for a given mean D̄ and
variance �2

D, the parameters must satisfy

↵ =
�2
D

D̄
and B =

D̄2

�2
D

� 1. (23)

This determines all of its higher order moments; the third central moment is

µ��,3 = 2
�4
D

D̄
. (24)

In contrast, the two-type trait distribution has an additional degree of freedom,
so for a given mean and variance, the skewness can be large or small. If both trait
distributions have the same mean and variance, we can set

h2 =
µ�� ,3

2�2
DD̄

2

 
1 +

s

1 +
�6
D

µ2
�� ,3

!
and h1 =

�2
D

D̄2h2
(25)

so that they have the same skewness. Consequently, their respective dispersal
kernels have the same variance, kurtosis, and sixth central moment. To maintain
this relationship, the proportion of longer range dispersers in the two-type model,
p, decreases as trait variance is increased (additionally, both h1 and h2 increase).

Di↵erentiating the kth moment (15) of the gamma trait distribution with re-
spect to �2

D gives

@

@�2
D

m��,k =
�
D̄2 + (k � 1)�2

D

� �
D̄2 + (k � 2)�2

D

�
· · · D̄2 (26)

which can be algebraically manipulated into a polynomial of degree k with positive
coe�cients. This shows that each trait moment is an increasing function of trait
variance.

For the uniform two-type trait distribution, set h1 = h2 =
p
�2
D/D̄. Di↵eren-

tiating the kth trait moment (14) with respect to �2
D yields

@

@�2
D

m�� ,k =
kD̄k�1

4
p

�2
D

2

4
 
1 +

p
�2
D

D̄

!k�1

�

 
1�

p
�2
D

D̄

!k�1
3

5 . (27)

Because (1 + h2)k�1 > (1 � h1)k�1, the right side of (27) is positive. Hence the
trait moments increase as �2

D is increased.
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Since the moments of the dispersal kernels corresponding to both example
trait distributions are proportional to the trait moments by (9), all dispersal mo-
ments are increasing functions of variance in di↵usivity. Any increase in dispersal
moments results in an increase in wavespeed, hence increasing variance in di↵u-
sivity while holding the mean trait constant increases the wavespeed (illustrated
by Figure 3(a)).

Matching the first two dispersal moments of K� to those of K� results in
wavespeeds which are close, especially at low reproduction and low levels of het-
erogeneity. As the variance in di↵usivity is increased, the disparity in wavespeeds
grows (Figures 3(a)–(b)).

Setting µ�� ,3 = µ��,3 as defined by (24) for fixed D̄ and �2
D matches the skew-

ness of the two-type trait distribution to that of gamma trait distribution. This
brings wavespeeds for the two models even closer (Figure 3(a)). Analytically
showing that all moments of the skew-matched two-type model are increasing
functions of trait variance proves di�cult, however, the results of Section 4 show
that wavespeed is still increased for su�ciently low reproductive rates since the
kurtosis and the sixth moment of the dispersal kernel both increase.

We are free to treat µ�� ,3 in (25) as a parameter for the two-type model. This
allows the skewness of �� to be set lower or higher than that of ��. Increasing
the skewness of the two-type trait distribution results in the higher-di↵usivity
dispersal phenotype becoming more rare but dispersing much further. If the two-
type trait distribution has a skewness which is larger than that of the gamma trait
distribution allows the two-type model to give larger wavespeeds than the gamma
trait model as long as reproductive rates are low enough (shown in Section 4).
The mean and variance are identical among the two dispersal kernels, however,
the gamma trait distribution always results in a dispersal kernel with a more slowly
decaying tail (Fig. 1, inset panel).

5.2 Long vs. short range dispersal impacts on wavespeed

Past studies of dispersal heterogeneity have often focussed on populations with
distinct long and short range dispersal behaviors. The di↵erence between the
mean dispersal distances of the two behaviors has often been orders of magnitude
as well. For example, the ant-mediated dispersal in Neubert and Caswell (2000)
had an average long-range dispersal distance which was seventeen times that of
the average short-range dispersal distance. This is comparable to one dispersal
morph having a di↵usivity which is 289 times that of the low-di↵usivity morph.
Wavespeed is essentially determined by this extreme long-range dispersal alone,
even when quite rare. In models with both long and short range dispersers, this
is sometimes shown by calculating the wavespeed with only the (rare) long-range
dispersers while the short-range dispersers are assumed to not disperse (e.g. Neu-
bert and Caswell, 2000). Here we explore how ignoring one or the other dispersal
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(a)

(b)

Figure 3: (a) The wavespeed increases with the variance of three trait distribu-
tions (di↵usivity is the individual dispersal trait): gamma, uniform two-type, and
skewed two-type (with the skew matched to that of the gamma trait distribution).
R = 3.07, D̄ = ⌧ = 1. (b) The wavespeed increases with reproductive rate R
(D̄ = ⌧ = 1, �2

D = 0.81). The di↵erence between the wavespeeds given by the
dispersal kernels corresponding to the two-type and gamma trait distributions is
made smaller by matching their skew.
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behaviors in our two-type model might impact the approximation of the wavespeed
for the non-advective case.

The mean absolute distance traveled by a dispersing o↵spring with di↵usivity
D is given by

xD = E (|x|) = 2

Z 1

0

x
p

4⇡D
e�

x2

4D dx =

r
4D

⇡
. (28)

Di↵usivity and mean absolute dispersal distance are thus related to each other
through dispersal variance by

Var(x) = 2D =
⇡

2
x2

D. (29)

If mean absolute dispersal distances di↵er by a factor of ten, then di↵usivities
must di↵er by a factor of one hundred. Hence di↵usivities di↵er by twice as many
orders of magnitude as mean dispersal distances.

Consider our two-type model (13). If we assume that only a proportion p of
o↵spring disperse with di↵usivity D, and that the rest of the o↵spring do not
disperse (remain at the origin as if having a di↵usivity of zero), then the resulting
dispersal variance for the entire population is

Var(x) = 2pD. (30)

Now let p be the fraction of high-di↵usivity o↵spring (the fraction of low-di↵usivity
o↵spring is 1� p) and D1 and D2 be the di↵usivities of the two types of o↵spring
with low and high di↵usivities, respectively.

We now compare wavespeeds for four di↵erent populations:

1) Population P1, where fraction 1 � p of o↵spring are low-di↵usivity dispersers
and fraction p are non-dispersers,

2) Population P2, where fraction 1�p of o↵spring are non-dispersers and fraction
p are high-di↵usivity dispersers,

3) Population PB, where both kinds of dispersers are present in their respective
fractions, and

4) Population PD̄, homogeneous with the mean di↵usivity D̄ = (1� p)D1 + pD2.

For a given net reproductive rate R, denote the wavespeeds of the above listed
populations as c⇤1, c⇤2, c⇤B, and c⇤

D̄
, respectively. The dispersal variances corre-

sponding to each of the above populations are �2
1 = 2(1 � p)D1, �2

2 = 2pD2,
�2
B = 2(1� p)D1 + 2pD2, and �2

D̄
= 2pD̄.

In field studies, it can be di�cult to account for rare long-range dispersal
behavior, yet spread may be largely driven by rare long-range dispersers (Neubert
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and Caswell, 2000). We wish to understand under what conditions the wavespeed
a heterogeneous population is largely determined by only one of the dispersal
types. Hence we examine when the wavespeed of population PB (containing both
types of dispersers) is better approximated by that of population P2 as opposed
to P1. Using (30) to compare dispersal variances of P2 and P1, we can see that if

1� p

p
>

D2

D1
, (31)

then population P1 has a larger dispersal variance than population P2. Applying
the results from Section 4, for R su�ciently close to one c⇤1 is larger than c⇤2
(again, Appendix A provides more rigorous mathematical justification). Since the
population with both types of dispersers PB has the largest wavespeed, c⇤1 is a
better approximation to c⇤B than c⇤2. In order for c⇤2 to be a better approximation
to c⇤B than c⇤1, either there must be a su�ciently large di↵erence between the two
di↵usivities (i.e. D2/D1 must be large enough), the fraction p of high-di↵usivity
dispersers must be large enough, or the reproductive rate R must be large enough.
Each of these situations results in higher-order moments of the dispersal kernel
having a greater contribution to the wavespeed.

Figure 4 shows the wavespeed divided by c⇤1 for each of the four populations
plotted against the ratio of the mean dispersal distances of the two dispersal types:
xD2/xD1 . Ratios are used so that the graph does not depend on the specific value of
D1. As described in the preceding paragraph, we allow one type to disperse while
the other remains at the origin. With R = 1.01 and p = 0.01, the o↵spring type
that disperses further on average (higher di↵usivity) must have a mean dispersal
distance of more than 8.55 times that of the less di↵usive type in order to better
approximate the wavespeed of the population with both types. Since di↵usivity
is proportional to the square of the mean dispersal distance (29), the longer range
dispersing type must possess a di↵usivity of more than 73 times greater than that
of the low-di↵usivity type for c⇤2 to better approximated c⇤B than c⇤1. In order to
consider the long-range dispersal behavior as the primary driver of spread – i.e.
that ignoring all but the long-range dispersers has little impact on wavespeed (e.g.
Neubert and Caswell, 2000) – the higher of the two di↵usivities should probably
be well beyond two orders of magnitude greater than the lower.

When the long-range disperser only travels an order of magnitude further than
the short range disperser, most of the increase in wavespeed could be explained
by the increase in the mean di↵usivity trait (and hence explained by dispersal
variance, as shown by (9)). This is evident from Figure 4 since c⇤2 becomes a
better approximation to c⇤B than c⇤

D̄
only once xD2 is greater than 16.7 times xD1 .

Even when the higher di↵usivity is just over two orders of magnitude greater than
the lower di↵usivity, most the the increase in wavespeed could be explained as
being due to the increase in the overall dispersal variance.
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Figure 4: Wavespeed divided by c⇤1 for each of the four models is shown as a
function of the ratio of the mean dispersal distances of the two dispersal types.
The probability of high-di↵usivity is p = 0.01 and the net reproductive rate is
R = 1.01; D1 is fixed and D2 varies from 1 to 625 times D1, which corresponds
to a mean dispersal distance ranging from 1 to 25 times xD1 (see Equation (29)).
Wavespeed c⇤B is shown for PB (the heterogeneous population with both types), c⇤1
and c⇤2 forP1 andP2 (the populations with only one type dispersing while the other
type stays at the origin) , and c⇤

D̄
for PD̄ (the homogeneous population with the

mean di↵usivity trait). The overall mean dispersal distance of the heterogeneous
population increases as xDH

/xDL
increases. The high-di↵usivity dispersal type

must have a mean dispersal distance that is su�ciently higher (about 8.55 times
higher with the given parameters) in order for its contribution to wavespeed to be
greater than the low-di↵usivity type. This gives the high di↵usivity D2 as being
greater than 73 times D1, nearly two orders of magnitude.
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5.2.1 Sensitivity to range and proportion of long-range dispersers

It has also been shown in a number of ecological examples that wavespeed is more
sensitive to the range of the long-range dispersers than to the fraction of long-
range dispersers (e.g. Neubert and Caswell, 2000). We now establish this more
generally but also show when it does not hold. To understand this, consider the
moment generating function of the model with both types of dispersers:

M(s) = (1� p)es
2D1 + pes

2D2 .

The 2kth central dispersal moment is given by

m2k = (1� p)(2k � 1)!!2kDk
1 + p(2k � 1)!!2kDk

2

and is linear in p and a polynomial of degree k in di↵usivity (a similar statement
is true for Laplace dispersal kernels).

Instead of analyzing the sensitivity of wavespeed to p and D2 directly, we
derive the sensitivity and elasticity of the dispersal moments. Because an increase
in any dispersal moment directly causes an increased wavespeed (so long as no
other moment decreases), knowing the sensitivity of each moment is to p and D2

gives important information about the sensitivity of c⇤.
The sensitivities of m2k to p and D2 are

@

@p
m2k = (2k � 1)!!2kDk

2

✓
1�

Dk
1

Dk
2

◆
, (32)

@

@D2
m2k = p(2k � 1)!!2kkDk�1

2 . (33)

Comparing (32) and (33) shows that m2k is more sensitive to D2 than to p if

1�
Dk

1

Dk
2

<
pk

D2
. (34)

Recall that D2 > D1, thus the left side is less than one. For fixed p and D2, as
long as k is large enough, (34) holds. However when p is extremely small or D2 is
large, only moments of very high order are more sensitive to D2 than to p, hence
moments of su�ciently low order can be more sensitive to changes in p than D2.

Multiplying (32) by p/m2k and (33) by D2/m2k, gives the elasticities of m2k

to p and D2, respectively. Comparing these elasticities shows that m2k is more
elastic to changes in D2 than to p if

1�
Dk

1

Dk
2

< k (35)

which holds for all k � 1. All moments are more elastic in D2 than p.
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Increasing either p or D2 results in all dispersal moments increasing. However,
we have shown that when R is close to one, low-order moments are important in
determining wavespeed. Since low-order moments can be more sensitive to small
changes in p than D2, wavespeed may be more sensitive to changes in the propor-
tion of long-range dispersers than to their range of dispersal when reproductive
rates are low. This conclusion is strengthened further when the proportion p is
already extremely small or the range of dispersal is large (D2 large). Considering
elasticity and relative changes in p or D2, wavespeed is always more sensitive to
the range of the long-range dispersers than to their proportion.

We can also understand the disparity of e↵ects on wavespeed between increases
in p as opposed to increases in D2 at high reproduction by noting that the shape
parameter s⇤c , which gives the shape of the invading wave-front, increases as R
increases (the invasion wavefront becomes more ‘compressed’ with a steeper ex-
ponential shape). When R is close to one, the wave is more spread out with a
less-steep exponential shape. Higher-order moments in the power series represen-
tation of moment-generating function (3) are multiplied by higher powers of s⇤c ,
and when R is close to one, s⇤c is close to zero thus making higher-order moments
less important.

5.3 Heterogeneity in an advective environment

Now we study the e↵ects of dispersal heterogeneity on wavespeed and on the
critical reproductive rate in an advective environment. Dispersal heterogeneity is
found to reduce the critical reproductive rate required to persist in the face of
advection, and at high advection speeds the reduction is found to be large.

When advection is present, the moment generating function of the dispersal
kernel is that of the displacement kernel multiplied by eµs: MK(s) = Mf (s)eµs.
Minimizing (20) in order to find the wavespeed shows that dispersal heterogeneity
increases wavespeed in an advective environment for our two example trait distri-
butions �� (13) and �� (12) since it increases wavespeed when advection is absent
(see Section 5.1).

In an advective environment, dispersal heterogeneity reduces the critical net
reproductive rate for population persistence for our two example trait distributions
(Figure 5) as could be anticipated with increasing the wavespeed (Figure 3(a)).
At low advection speeds, heterogeneity has little impact on R⇤ (Figure 5(a): as �2

D

increases from 0 to 1, the quantity R⇤
�1 decreases by about 7%). If the two-type

trait distribution has the same skewness as the gamma trait distribution, then the
critical reproductive rates resulting from each is quite close (Figure 5(a)). Thus
at low advection speeds, knowing the first few moments of dispersal may allow a
su�cient approximation of the critical reproductive rate. Higher-order moments
have more influence on persistence at high advection speeds and heterogeneity can
cause a dramatic reduction in R⇤ (Figure 5(b)).
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For a population living in an environment with strong advection speeds and
making a slow upstream advance or getting washed out due to a reproductive rate
which is too low, heterogeneity could make all the di↵erence needed to allow for
persistence. When advection is strong, a small increase in dispersal heterogeneity
causes a large reduction in the critical reproductive rate for our two example
trait distributions (Figure 5(b): as �2

D increases from 0 to 1, the quantity R⇤
� 1

decreases by about 80%).
A strong advective current is needed to show a noticeable di↵erence between

the two-type and gamma trait cases when the skewness of the trait distributions
is identical, as is evidenced by comparing Figures 5(a) and (b). This illustrates
the importance of low-order moments as discussed in Section 4.

6 Discussion

Using a one-dimensional integro-di↵erence model, we investigated the e↵ects of de-
mographic heterogeneity on asymptotic wavespeed and on the critical (minimum)
reproductive rate needed for persistence in the face of advection. We assumed
that the di↵usivity of individual organisms was determined by a trait distribution
and derived a general relationship between the moments of the dispersal kernel
and those of the trait distribution. We showed that dispersal heterogeneity causes
dispersal kernels to appear leptokurtic, increases the population’s spread rate,
and lowers the critical reproductive rate required for persistence in the face of
advection.

Our analysis also revealed some general insights into the determinants of the
speed of population spread: (i) when the net reproductive rate is close to one, the
first few moments of the dispersal kernel determine the wavespeed; (ii) with large
reproductive rates, the shape of the tail of the dispersal kernel strongly influences
wavespeed. In many previous studies, wavespeed has been described as being
highly dependent on the dispersal kernel tail, an observation largely influenced
by the fact that distributions with tails that are not exponentially bounded may
lead to accelerating waves (e.g. Kot et al (1996)). In contrast, Lutscher (2007)
showed that including kurtosis to a moment-based approximation improved ac-
curacy. Our results show that neither kurtosis nor tail decay rate universally
determine wavespeed in models with exponentially bounded kernels since a low-
order dominant kernel can produce higher wavespeeds at low reproductive rates
(see Section 4).

Reproduction and dispersal behavior both impact the shape of an invasion
wavefront. For a more ‘spread out’ wave (small s⇤ shape parameter) as occurs with
low net reproductive rates, low-order moments significantly influence wavespeed
(see Appendix A). Increasing the level of heterogeneity in the population strongly
influences wavespeed in this situation. Larger net reproductive rates typically lead
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(a)

(b)

Figure 5: The critical reproductive rate is a decreasing function of di↵usivity
variance at (a) weak (µ = �1), and (b) strong (µ = �4) advection speeds.
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to fast moving, ‘tightly packed’ invasions (large s⇤) of highly fecund individuals, in
which higher-order moments of dispersal are important in determining wavespeed,
and thus slower tail decay of the dispersal kernel can become important.

Rigorous assessment of the importance of rare long-distance dispersers in deter-
mining invasion speed (e.g. Neubert and Caswell, 2000) is hampered by linguistic
vagueness around the terms “rare” and “long-distance”. Even if “rare” means a
frequency on the order of 0.01, then the long-distance dispersers need to disperse
on average an order of magnitude further than the typical individual in order to
be the primary source of population spread. Furthermore, we have shown that
such results are only unequivocal when net reproductive rates (which include sur-
vival to adulthood) are high. High reproductive rates are not characteristic of all
species; furthermore, fast growing populations would rapidly experience density
dependence, which is absent from the present analysis.

Our current study is limited to trait distributions whose moments are all in-
creasing functions of trait variance. Since heterogeneity increases all trait mo-
ments, it increases all dispersal moments (9). This increase in dispersal moments
directly results in increased wavespeeds. However, selective pressure which changes
the distribution of traits within an ecological population is not guaranteed to act
in such a simple way. If trait variance increases and the mean trait remains un-
changed, higher-order moments of the trait distribution may either increase or
decrease. Even if heterogeneity decreases all higher-order moments, it is only
transforming a high-order dominant kernel into a low-order dominant kernel. Our
results in Section 4 show that for low reproductive rates, this still results in in-
creased wavespeeds.

Ellner and Schreiber (2012) explored temporal variability (as opposed to the
form of heterogeneity we study here) in dispersal in integro-di↵erence models,
but also included heterogeneity in individual dispersal in one of their models.
Comparing both panels of Figure 1 in Ellner and Schreiber (2012) suggests that
increasing heterogeneity increases wavespeed, but the authors do not discuss this.
Indeed, their figure suggests that heterogeneity has a larger impact on wavespeed
than temporal variability (the focus of their study), which we can understand by
considering the underlying averaging processes. For simplicity, consider a popula-
tion which alternates seasonally between long (L) and short (S) range Gaussian
dispersal (with respectively high and low di↵usivities). The wavespeed in this
case is determined by using the geometric average of moment generating func-
tions, MTV =

p
ML(s)MS(s) for M(s) in Equation (4) where ML and MS are the

moment generating functions corresponding to the long and short range disper-
sal years, respectively (Ellner and Schreiber, 2012). In contrast, a heterogenous
population in which both di↵usivities are present in each season results in an
arithmetic average of moment generating functions: MH = 1

2(ML(s) + MS(s)).
One can see that MTV (s)  MH(s) for each s by the standard comparison of
arithmetic and geometric means. Hence the minimum wavespeed corresponding
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to MTV will be less than that for MH . This shows that dispersal heterogeneity
where individuals with high and low di↵usivity are present simultaneously results
in a higher wavespeed than if the population were to seasonally alternate between
high and low di↵usivity. In particular, for mean-zero Gaussian dispersal, a quick
calculation shows that temporally alternating between long and short range dis-
persal behaviors (high and low di↵usivities) gives an asymptotic wavespeed which
is identical to that using the average of the two di↵usivities. However, as we have
shown in this paper, if individuals of both di↵usivities disperse in each time-step,
then asymptotic wavespeed increases dramatically.

If heterogeneity in the time spent dispersing ⌧ is included in our two-type
model with advection, then a skewed displacement kernel results, and increasing
the magnitude of heterogeneity in ⌧ leads to the more di↵usive phenotype drifting
further downstream on average. Skewed kernels, such as the asymmetric Laplace
(Lutscher et al, 2005; Lutscher et al, 2010), have dispersal moments of alternat-
ing sign and may make moment approximating methods of little value when the
skewing is su�ciently strong. Further work is needed to understand the impact
of heterogeneity when displacement is not symmetric about the mean dispersal
location.

Dispersal ability might also be correlated with demographic rates. Hetero-
geneity in survival is known to cause ‘cohort selection’; irrespective of the initial
composition of a cohort, as it ages it will become increasingly dominated by in-
dividuals with a higher propensity to survive (Vaupel and Yashin, 1985). This
causes an increase in population growth rate for density-independent populations
(Kendall et al, 2011) and an increase in equilibrium population size under density-
dependence (Stover et al, 2012). Through its impact on growth rate, demographic
heterogeneity will a↵ect spread rates. A positive correlation between dispersal
ability and survival – which might result from dispersing individuals reaching
higher quality sites (Lowe, 2010) – may cause a further increase in wavespeed be-
yond that due to either type of heterogeneity acting alone. However, a trade-o↵
between dispersal ability and survival could result in a decreased wavespeed such
as might occur if individuals dispersing further were at increased predation risk.
A trade-o↵ between reproduction and dispersal ability may also exist (Simmons
and Thomas, 2004). How this trade-o↵ impacts wavespeed and persistence likely
depends on its strength, but if it is strong enough, reduced fecundity may reverse
any benefit of further dispersal. This provides an number of interesting topics for
future work.

Another important avenue for future research is to determine how the inclu-
sion of heritability impacts our results. Our models were unstructured and only
required a suitably constructed dispersal kernel for analysis, however introducing
parent-o↵spring correlations results in a structured population. Analysis should
be possible using the methods developed in Neubert and Caswell (2000). As long
as o↵spring are not identical to the parent (in which case two non-interacting
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invasion waves result), results in Neubert and Caswell (2000) suggest that asymp-
totically, the fraction of individuals in each dispersal phenotype will be the same
throughout the invasion front. This contrasts with the biological intuition that
the faster dispersers should occur at increasing frequency the further out one looks
along the leading edge of the invasion. If a simple form of heritability is included
in our example models, increasing the magnitude of dispersal heterogeneity still
increases the wavespeed in the non-advective case and decreases the critical repro-
ductive rate in the advective case. However, a general analysis of how dispersal
heterogeneity impacts wavespeed and persistence when traits are heritable may
require di↵erent analytical techniques and is left open for future exploration.

Population spread is a complex ecological process involving an interplay be-
tween a number of factors including heterogeneity, reproduction, and dispersal
behavior. Our results have shown that a higher frequency of long-range dispersal
events is not enough on its own to produce larger wavespeeds in all ecological
scenarios – this is especially true at low reproductive rates. Our purpose is not to
de-emphasize the role of long-range dispersal but to call for careful attention to
the specifics of each situation. A greater wavespeed may simply be due a single
low-order moment such as variance or kurtosis irrespective of long-range dispersal.
The existence of heterogeneity in the dispersal behaviors of natural ecological pop-
ulations and its ability to alter the shapes of dispersal kernels further reinforces
this call for attention to detail when studying invasion speeds and persistence in
the face of advection.
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A Appendix: moments and wavespeed

In this appendix, we will show that a dispersal kernel with faster tail decay can
result in larger wavespeeds than a kernel with a more slowly decaying tail as long
as the reproductive rate is su�ciently small.

Let M1(s) and M2(s) be two moment generating functions for mean-zero, ex-
ponentially bounded, symmetric dispersal kernels f1(x) and f2(x) respectively. We
assume that f2(x) > f1(x) for x > y > 0 and that f2(x) < f1(x) for some x < y.
Only a finite number of moments of f2 can be less than those of f1 (see A.1 below).

The 2nth moment of a distribution f is defined as mi,2n =

Z 1

�1
x2nfi(x)dx.
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We further assume that the first k � 1 even moments of the distributions are the
same (all odd moments are zero), but that the 2kth moment of f1 is larger than
that for f2. We drop the first subscript on the first k � 1 moments since they are
equivalent among the two kernels to get:

M1(s) = 1+m2
s2

2!
+m4

s4

4!
+ · · ·+m2(k�1)

s2(k�1)

(2(k � 1))!
+m1,2k

s2k

(2k)!
+

1X

j=k+1

m1,2j
s2j

(2j)!

(36)

M2(s) = 1+m2
s2

2!
+m4

s4

4!
+· · ·+m2(k�1)

s2(k�1)

(2(k � 1))!
+m2,2k

s2k

(2k)!
+

1X

j=k+1

m2,2j
s2j

(2j)!
.

(37)
We know that m1,2k > m2,2k, and the rest of the moments can have any arbitrary
relationship as long as some K exists such that m1,2j < m2,2j for all j > K.

M1(s)�M2(s) =

 
(m1,2k �m2,2k) +

1X

j=k+1

(m1,2j �m2,2j)(2k)!
s2j�2k

(2j)!

!
s2k

(2k)!
(38)

For s small enough, M1(s) �M2(s) > 0 because the dominant term becomes
that with the 2kth moment mi,2k, which is larger for f1. However M1(s) < M2(s)
for s large enough, since the higher-order moments of f2 are larger. Thus ŝ exists
such that M1(ŝ) = M2(ŝ) and that M1(s) > M2(s) for 0 < s < ŝ and that
M1(s) < M2(s) for ŝ < s < s̃ (for some s̃ — depending on the precise relationship
among the moments, it may be possible for the moment generating functions to
cross at multiple points).

For any given reproductive rate, R:

c(ŝ;R) = c1(ŝ;R) =
1

ŝ
ln (RM1(ŝ)) =

1

ŝ
ln (RM2(ŝ)) = c2(ŝ;R), (39)

and c1(s;R) > c2(s;R) for s < ŝ. The wavespeed is defined as

c⇤i = c(s⇤i ;R) = min

⇢
1

s
ln (RMi(s))

�
. (40)

As R goes down to one, both s⇤1 and s⇤2 go to zero since R = 1 corresponds to
a wavespeed of zero with a shape parameter s⇤ = 0. So for R su�ciently close
to one, we can get s⇤1 and s⇤2 as close to zero as we like (see Appendix A.2) and
hence both smaller than ŝ. Because both critical shape parameters are in the
region where c1(s;R) > c2(s;R), c⇤1 > c⇤2. This shows that a dispersal kernel with
a ‘thinner’ tail can give a larger wavespeed than a dispersal kernel with a ‘fatter
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tail’ as long as the former dominates the latter in lower-order moments and that
the net reproductive rate is su�ciently close to one.

When the mean dispersal location is negative, the critical reproductive rate
is greater than one and the above argument does not apply since s⇤ does not
approach zero as R goes down to R⇤. However as long as the mean dispersal
location is close enough to zero, R⇤ is close to one, and for a fixed R close enough
to R⇤, f1 gives larger wavespeeds than f2.

A.1 Miscellaneous moment calculations

High-order moments tend towards infinity Here we show that the mag-
nitude of a probability distribution’s moments grows unboundedly as we look at
higher and higher order moments.

To see that the 2nth moment goes to infinity as n ! 1 for a symmetric kernel
f which has support for x > 1, find j > 1 such that f(x) > Cj on the interval
(j, j + 1). The 2nth moment is m2n = 2

R1
0 x2nf(x)dx. This integral is then

bounded from below by 2j2nCj. As n ! 1, m2n > 2j2nCj ! 1 which proves the
result.

High-order moments are larger for slower decaying tail In this section,
we show that if one dispersal kernel is eventually above another f2(x) > f1(x) for
all x greater than some y, then the higher order moments of f2 are all larger than
those of f1 (for su�ciently large order). This is a somewhat looser requirement
than f2 having a slower tail decay rate, which may involve showing that the ratio
f1(x)/f2(x) goes to zero as x goes to infinity.

Assume that symmetric, mean-zero, exponentially bounded kernels satisfy
f2(x) > f1(x) for all x > y. Also assume that the minimum of f2(x) � f1(x) =
�C < 0 for 0 < x < y. For the interval 0 < x < y, x2n(f2(x) � f1(x)) > �Cy2n,
and for x > y, x2n(f2(x) � f1(x)) > C̃z2n assuming that f2(x) � f1(x) > C̃ for
z < x < z + 1 given some z > y.

1

2
(m2,2n �m1,2n) =

Z y

0

x2n(f2(x)� f1(x))dx+

Z 1

y

x2n(f2(x)� f1(x))dx

> �Cy2n+1 + C̃z2n

Because z is greater than y, n being large enough ensures that C̃z2n �Cy2n+1

is positive, demonstrating that all higher-order moments of f2(x) are larger than
those of f1(x).

A.2 As R & 1, c⇤ ! 0 and s⇤ ! 0

As the net reproductive rate R goes down to one, we will show that the wavespeed
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c⇤ goes to zero and the corresponding critical shape parameter s⇤ also goes to zero.
Let Rn be a decreasing sequence of reproductive rates which converges to one.

The moment generating function for some mean-zero, symmetric, and exponen-
tially bounded dispersal kernel is

M(s) = 1 +m2
s2

2
+ · · · .

When s is near zero, the moment generating function is near one and is thus
M(s) = 1 +O(s2). The power series expansion of the natural logarithm is ln(1 +
x) = x �

1
2x

2 + · · · , thus ln(M(s)) = O(s2). Now we look at the sequence of
functions

cn(s) =
1

s
ln (RnM(s)) .

It is clear that cn(s) > cn+1(s) for any n and for any s because Rn is a decreasing
sequence and the natural logarithm is a monotone function.

Following a standard analytical technique, for any ✏ > 0, choose an s close
enough to zero such that 1

s
ln(M(s)) = O(s) < ✏

2 . Because Rn ! 1 and for
the fixed value of s we just chose, a natural number N can be chosen such that
1
s
ln(Rn) <

✏
2 for any n > N since ln(Rn) can be made as close to zero as we like.

Now we have established that, for the sequence of functions cn(s), we can
choose an N and a fixed s such that for any n > N ,

cn(s) =
1

s
ln(Rn) +

1

s
ln(M(s)) <

✏

2
+

✏

2
= ✏.

Because cn(s) < ✏ at some s, its minimum is also less than ✏. Thus we can choose
R close enough to one to make the wavespeed as close to zero as we like.

Using the parametric representation (6) and letting R go down to one:

c⇤ =
M 0(s⇤)

M(s⇤)
! 0.

Since the moment generating function M(s) is positive and monotonically increas-
ing in s (hence M 0(s) > 0 for any s > 0), as R goes down to one, M 0(s⇤) must go
to zero. This happens only if s⇤ ! 0.

Now we have established that for any exponentially bounded, symmetric dis-
persal kernel with mean-zero, we can choose a R close enough to one to give s⇤ as
close to zero as we like.
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(2002) Social rank, fecundity and lifetime reproductive success in wild european
rabbits (oryctolagus cuniculus). Behavioral Ecology and Sociobiology 51(3):245–
254, DOI 10.1007/s00265-001-0427-1

37

http://www.jstor.org/stable/10.1086/423430
http://www.jstor.org/stable/177317
http://www.jstor.org/stable/177317
http://www.jstor.org/stable/10.1086/367592
http://dx.doi.org/10.1038/hdy.1951.41
http://dx.doi.org/10.1038/hdy.1951.41
http://dx.doi.org/10.1890/0012-9658(2001)082%5B1219:PPIRAE%5D2.0.CO;2
http://dx.doi.org/10.1890/0012-9658(2001)082%5B1219:PPIRAE%5D2.0.CO;2
http://dx.doi.org/10.1007/s12080-011-0129-x
http://dx.doi.org/10.1007/s12080-011-0129-x
http://www.jstor.org/stable/2683925
http://www.jstor.org/stable/2445587


Weinberger H (1982) Long-time behavior of a class of biological models.
SIAM Journal on Mathematical Analysis 13(3):353–396, DOI 10.1137/0513028,
URL http://epubs.siam.org/doi/abs/10.1137/0513028, http://epubs.
siam.org/doi/pdf/10.1137/0513028

Weinberger HF (1978) Asymptotic behavior of a model in population genetics.
In: Chadam J (ed) Nonlinear Partial Di↵erential Equations and Applications,
Lecture Notes in Mathematics, vol 648, Springer Berlin Heidelberg, pp. 47–96,
DOI 10.1007/BFb0066406, URL http://dx.doi.org/10.1007/BFb0066406

Winter M, Johnson DH, Faaborg J (2000) Evidence for edge e↵ects on multiple
levels in tallgrass prairie. Condor 102(2):256–266, URL http://www.jstor.
org/stable/1369636

Xiao Z, Zhang Z, Wang Y (2005) E↵ects of seed size on dispersal distance in
five rodent-dispersed fagaceous species. Acta Oecologica 28(3):221–229, DOI
10.1016/j.actao.2005.04.006, URL http://www.sciencedirect.com/science/
article/B6VR3-4GGWGP0-1/2/a76bbd7c6d5ea4ad7d432ba363424ead

Yamamura K (2002) Dispersal distance of heterogeneous populations. Popula-
tion Ecology 44(2):93–101, DOI 10.1007/s101440200011, URL http://link.
springer.com/article/10.1007%2Fs101440200011

Yashin AI, Iachine IA, Harris JR (1999) Half of the variation in susceptibility
to mortality is genetic: Findings from Swedish twin survival data. Behavior
Genetics 29(1):11–19, DOI 10.1023/A:1021481620934, URL http://www.ncbi.
nlm.nih.gov/pubmed/10371754

Yasuda N (1975) The random walk model of human migration. Theoretical
Population Biology 7(2):156–167, DOI 10.1016/0040-5809(75)90011-8, URL
http://www.sciencedirect.com/science/article/pii/0040580975900118

Zera A, Denno R (1997) Physiology and ecology of dispersal polymorphism in
insects. ANNUAL REVIEWOF ENTOMOLOGY 42(1):207–230, DOI 10.1146/
annurev.ento.42.1.207

38

http://epubs.siam.org/doi/abs/10.1137/0513028
http://epubs.siam.org/doi/pdf/10.1137/0513028
http://epubs.siam.org/doi/pdf/10.1137/0513028
http://dx.doi.org/10.1007/BFb0066406
http://www.jstor.org/stable/1369636
http://www.jstor.org/stable/1369636
http://www.sciencedirect.com/science/article/B6VR3-4GGWGP0-1/2/a76bbd7c6d5ea4ad7d432ba363424ead
http://www.sciencedirect.com/science/article/B6VR3-4GGWGP0-1/2/a76bbd7c6d5ea4ad7d432ba363424ead
http://link.springer.com/article/10.1007%2Fs101440200011
http://link.springer.com/article/10.1007%2Fs101440200011
http://www.ncbi.nlm.nih.gov/pubmed/10371754
http://www.ncbi.nlm.nih.gov/pubmed/10371754
http://www.sciencedirect.com/science/article/pii/0040580975900118

	Abstract
	Introduction
	Model framework
	Dispersal heterogeneity
	How dispersal kernel shape impacts c* and R*
	Wavespeed in absence of advection
	Critical reproduction and wavespeed under advection

	Heterogeneity's effects on wavespeed and persistence
	Heterogeneity increases wavespeed
	Long vs. short range dispersal impacts on wavespeed
	Sensitivity to range and proportion of long-range dispersers

	Heterogeneity in an advective environment

	Discussion
	Appendix: moments and wavespeed
	Miscellaneous moment calculations
	As R1, c*0 and s*0




