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which will be used in a primary research manuscript to be submitted for publication in 
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research described herein was done under the guidance of Wendell and Dr. Chao Tang.  

 

Chapter 1 provides an introduction to the idea of cell polarity as a self-organized process. 

In Chapter 2, we briefly review a rather large body of literature pertaining to previous 

mathematical and computational models of cell polarity. Chapter 3 describes in detail the 

methods we used to perform this study and Chapter 4 outlines our results. We summarize 

our findings and end with some concluding remarks in Chapter 5. As of the writing of 

this thesis, Dr. Jessica Walter is performing experiments in yeast to validate some of the 

computational predictions presented in this thesis, although that work will not be 

described here. 
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Design Principles of Self-Organizing Cell Polarity 

Angela Hoi-Yee Chau 

 

 

Abstract 

Cell polarization, the spatial self-organization of key molecules asymmetrically at distinct 

poles, is critical for cell growth, differentiation, and migration in diverse cell types.  

Previous studies have largely focused on a few network architectures that can achieve 

polarity and explored how they explain observed behavior.  Here, we computationally 

explored the full space of one- and two-node signaling network architectures in an 

unbiased manner using coarse-grained representations, in order to elucidate the core 

design principles of cell polarity. We found three minimal motifs – positive feedback, 

mutual inhibition, and presence of a self-enhancing inhibitor - that can self-organize 

polarity and compared their robustness to variations in component concentrations, 

diffusion constants, and regulation strengths. Combining these motifs into more complex 

networks allowed for polarity over a wider range of parameters. Robust polarity is in fact 

best achieved by combining positive feedback with mutual inhibition, as has been 

observed in many well-studied biological polarity pathways. Such topologies, likely the 

result of an evolutionary process, can also serve as blueprints for synthetic biologists.  
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Chapter 1 / 

Cell Polarity as a Self-Organized Process 

“If biologists have ignored self-organization, it is not because self-ordering is not 

pervasive and profound. It is because we biologists have yet to understand how to think 

about systems governed simultaneously by two sources of order. Yet who seeing the 

snowflake, who seeing simple lipid molecules cast adrift in water forming themselves into 

cell-like hollow lipid vesicles, who seeing the potential for the crystallization of life in 

swarms of reacting molecules, who seeing the stunning order for free in networks linking 

tens upon tens of thousands of variables, can fail to entertain a central thought: if ever 

we are to attain a final theory in biology, we will surely, surely have to understand the 

commingling of self-organization and selection. We will have to see that we are the 

natural expressions of a deeper order. Ultimately, we will discover in our creation myth 

that we are expected after all.”  

- Stuart A. Kauffman 
(Kauffman, 1996) 
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Cell polarization, the process by which a cell breaks symmetry and spatially localizes 

different sets of proteins to different locations in the cell, is a ubiquitous phenomenon 

that is crucial to a whole host of biological processes (Figure 1.1a). Cell types as varied 

as neutrophils, fibroblasts, and amoebae must generate “fronts” and “backs” during cell 

migration. Similarly, the development of mammalian epithelia, the formation of oocytes 

in organisms such as Drosophila melanogaster, and the growth of axons in neurons all 

depend upon accurate and robust formation of cell polarity. Even the single-celled 

organism Saccharomyces cerevisiae must be capable of polarizing during the processes 

of yeast mating and budding. Polarity, it can be argued, is the opening act in the many 

theaters of life.   

 

Yet, how exactly does polarization occur? How does a cell suddenly reorganize itself to 

generate asymmetry? As we shall see in the next chapter, we are certainly not alone in 

our curiosity because these questions have been on the minds of researchers for nearly 

sixty years. Although polarity can be found in diverse processes and systems, we began 

to wonder whether the myriad of polarity pathways actually share some common features. 

In other words, are there core design principles underlying the signaling pathways that 

are driving polarity, even if the exact mechanisms by which these principles are 

implemented differ between individual systems? 

 

Furthermore, polarity has been observed spontaneously in the absence of external inputs 

in multiple cell types (Wedlich-Soldner and Li, 2003; Arrieumerlou and Meyer, 2005; Li 

et al., 2008). This implies that if there are indeed core design principles underlying cell 



CELL
MIGRATION

protrusive
front

contracting 
back

YEAST 
BUDDING

EPITHELIAL 
DEVELOPMENT

AXON
GROWTH

apical

basolateral

dendrite

axon

bud

SYMMETRIC CELL

BIOLOGICAL FUNCTION: CELL POLARITY

CORE SIGNALING NETWORK TOPOLOGIES

?

OUTPUTINPUT

Test all 81 topologies 
with 1-2 signaling nodes

b

a

FIGURE 1.1: Project overview
a. Cell polarity is critical to many biological processes in a variety of
cell types.
b. In order to understand the design principles of cell polarity, we look for
all core signaling network topologies capable of driving this behavior.

3



 4 

polarity, they must confer upon the cell an intrinsic capability for breaking symmetry, 

poising the cell on the edge of polarization and allowing it to respond rapidly either 

stochastically or upon presentation of an external stimulus. This ability to mount a 

polarity response independent of input led us to hypothesize that cell polarity may in fact 

be a self-organized process.    

 

The idea of self-organization and self-organized systems has fascinated researchers in a 

variety of disciplines, from the natural to the social sciences, for many years. To put it 

simply, a system is self-organized when many subunits, each lacking global knowledge 

of the system as a whole and working only with the local information available, interact 

together and as a result of these interactions, repeated over and over again, complex 

behavior and properties are manifested on a systems level, beyond the scale of the 

individual subunits. In other words, a key feature of self-organized systems is complexity 

in the absence of centralized control. As a consequence, understanding the parts of a self-

organized system does not necessarily allow one to decipher the overall behavior of the 

whole system (Saetzler et al., 2011).  

 

Self-organization as a concept became popular in the field of complex systems theory in 

the 1970s, in large part due to the work of scientists such as Ilya Prigogine in adopting it 

to study physical and chemical systems far from equilibrium (Nicolis and Prigogine, 

1977; Cross and Hohenberg, 1993). Within the realm of biology, perhaps the most well-

known examples of self-organization have been those in collective animal behavior, such 

as the flocking of birds, the schooling of fishes, the aggregation of slime mold, the 
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pheromone trails of ants, and even crowd behavior in human society (Seeley, 2002; 

Sumpter, 2006). But more recently, researchers have also begun to consider self-

organization at the level of the cell, in the assembly of cellular structures, the formation 

of spatial patterns, and most relevant to the research detailed in this thesis, the generation 

of polarity (Kirschner et al., 2000; Karsenti, 2008; Rafelski and Marshall, 2008). While 

DNA may be the “blueprint” of life in so far as it encodes instructions for constructing all 

the parts within the cell, it is becoming more and more apparent that it is the interactions 

between these parts that give rise to the complex structures and behavior of the cell.  

 

Inspired by this school of thought, we set out to understand, on a systems level, how 

simple interactions between a collection of parts can result in the self-organization of 

complex spatial behavior within a cell, in particular that of cell polarity. We want to 

elucidate the underlying rules driving this process, without regard to the actual proteins 

and pathways that are involved in specific polarity systems. For our purposes, we define 

“rules” as a set of interactions, or regulations, in a simple biochemical system. We 

rationalize that by using such a generalized approach, the principles that emerge from our 

research would be applicable across a variety of polarity systems, such as those illustrated 

in Figure 1.1a, and we will be able to gain a holistic understanding of how cell polarity is 

generated. As such, we constructed a model consisting of abstract signaling nodes 

participating in the elementary reactions of membrane binding, dissociation, and 

diffusion, and allowed each signaling node access only to information within its local 

neighborhood.  
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Additionally, we want to take an unbiased approach in our investigations into this 

phenomenon. As we shall see in Chapter 2, previous studies have highlighted two main 

paradigms for the self-organization of cell polarity: local activation paired with global 

inhibition (Meinhardt and Gierer, 2000) and local excitation paired with global inhibition 

(Parent and Devreotes, 1999). Instead of focusing only on these well-studied models, 

however, we ask what are all the possible ways to construct a signaling network that is 

capable of self-organizing cell polarity, such that we can see the full space of solutions 

for this problem. To this end, we computationally enumerated all instances of one- and 

two-node network architectures by varying the direction of regulation between and within 

each network node, with node A (red) representing the polarity marker and node B (blue) 

representing a secondary regulator (Figure 1.1b). Because our generalized, coarse-grained 

model enables relatively fast simulations, we are able to screen each resulting network 

topology, essentially each set of “rules,” for its ability to spatially organize the polarity 

marker on the plasma membrane. Finding the complete set of core network topologies 

that can self-organize polarity will give us insight into the core design principles of cell 

polarity. 

 

Coarse-grained models in combination with enumeration analysis have previously been 

used to uncover the design principles of perfect adaptation (Ma et al., 2009), bistability  

(Ramakrishnan and Bhalla, 2008; Siegal-Gaskins et al., 2011), as well as the 

interpretation of morphogen gradients (Cotterell and Sharpe, 2010). Thus, our work 

further extends the existing function-topology map, which serves to guide us in 

understanding a variety of biological systems. Such a “periodic table of biological 
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functions” will no doubt also prove to be an invaluable tool to synthetic biologists as they 

begin constructing biological machinery with complex behavior. 
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Chapter 2 / 

Turing and Beyond: Sixty Years of Modeling Cell Polarity 

Overview 

In 1917, D’Arcy Wentworth Thompson, then a professor at the University of Dundee in 

Scotland, published the classic text On Growth and Form (Thompson, 1917). In it, he 

proposed the idea that biology can be explained by simple mathematical principles and 

that in fact, many parallels exist between forms found in biological, “living” systems and 

those found in the physical, “non-living” world. Although the book contained mostly 

descriptive examples and lacked concrete, testable hypotheses, it paved the way for the 

field of mathematical biology and sparked interest in discovering the core principles 

behind biological phenomena.  
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Thirty-five years later, in 1952, Alan Turing heeded Thompson’s call to arms and in a 

seminal paper, explored the pattern formation capabilities of simple reaction-diffusion 

systems (Turing, 1952). Since then, mathematicians and physicists have expended much 

effort in understanding the principles driving basic biological processes, and entire new 

disciplines such as quantitative biology and systems biology can now be found at most 

major research universities.  

 

In this chapter, we present a survey of mathematical modeling efforts in the field of cell 

polarity, beginning with Turing’s paper on morphogenesis. It has been sixty years since 

and the community of scientists interested in elucidating the guiding principles of cell 

polarity now spans the globe. Due to the large number of publications on this topic, we 

will only describe the major findings from each while glossing over most of the intricate, 

technical details. Our main purpose is to highlight themes and paradigms that are 

common and prevalent across the literature, to gain a “big picture” view of the field as a 

whole. For details on specific models and results, the reader is encouraged to consult 

either the original citations or one of the many excellent review papers published within 

the last decade (Iglesias and Levchenko, 2002; Schneider and Haugh, 2006; Janetopoulos 

and Firtel, 2008; Iglesias and Devreotes, 2008; Onsum and Rao, 2009; Jilkine and 

Edelstein-Keshet, 2011). 

 

We also note that we include theoretical studies focusing on the initial polarity decision 

and symmetry breaking within the cell, but not those focusing on downstream events 

leading to force generation, morphological changes, and locomotion. Most studies on the 
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physics of cell movement and shape changes assume a pre-existing asymmetry within the 

cell and are thus, less relevant to the research detailed in the later chapters of this thesis.  

 

From Pattern Formation to Cell Polarization 

Turing’s 1952 paper, titled “The Chemical Basis of Morphogenesis”, presented a 

beautifully elegant solution to the problem of pattern formation in biological systems 

(Turing, 1952). Specifically, Turing was interested in the process by which embryos 

break symmetry during development in order to successfully grow into an organism. He 

hypothesized that slight deviations can give rise to instabilities within a system that 

continue to grow, leading to the formation of stable asymmetry. Assuming only diffusion 

and chemical reactions, the law of mass action, well-stirred cells, and initially 

homogeneous distributions with small noisy fluctuations, Turing showed that asymmetry 

can in fact arise from symmetry as long as two substances react with each other and 

diffuse at different rates. Even though diffusion is intuitively thought of as an equalizing 

factor that homogenizes a system and smooths out unevenness, in this case, diffusion 

actually turned out to be the necessary ingredient for pattern formation.  

 

Turing’s work not only introduced us to the capabilities of simple reaction-diffusion 

systems, but also championed the idea that simple rules can lead to complex behavior and 

showed the power of mathematics in challenging intuition. Due to the technological 

limits of his day, Turing was only able to study this problem using linear reaction kinetics, 

which generally resulted in unstable solutions. Ironically, although he is also credited 

with inventing the modern computer, it would take another twenty years before 
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computers were advanced enough to be useful in studying complex problems such as this 

one. 

 

In 1972, Hans Meinhardt and Alfred Gierer, at the Max Planck Institute in Germany, 

revisited Turing’s work on reaction-diffusion systems as applied to the problem of 

morphogenesis. Using a combination of mathematical analysis and computer simulations, 

they showed that systems with auto- and cross-catalysis, which can be readily 

implemented in biological systems, can indeed drive the formation of patterns 

reminiscent of those seen in nature (Gierer and Meinhardt, 1972; Meinhardt and Gierer, 

1974; 2000). No longer tied to the constraint of using only linear reaction kinetics, they 

took inspiration from the theory of “lateral inhibition” in vision science and investigated 

nonlinear systems containing short-range activation paired with long-range inhibition. 

Even with just these two simple “rules” of local activation and global inhibition (LAGI), 

formation of primary patterns of two morphogens, one acting as activator and one as 

inhibitor, can be observed. They further developed the LAGI model and applied it to 

animal coat patterning, the growth of Hydra and plants, as well as insect segmentation 

(Koch and Meinhardt, 1994; Meinhardt, 1996). 

 

Meinhardt next turned to the problem of chemotaxis, specifically that of the initial 

formation of cell polarity. In earlier work, it was found that although LAGI models can 

form intracellular patterns by amplifying minor external differences, these patterns are 

not dynamic but rather highly self-stabilizing. While an extremely stable pattern is 

advantageous to developmental programs, motile cells require the ability to adapt to a 
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constantly changing external environment and adjust their polarity to reorient accordingly. 

As a consequence, in order to be applicable to chemotaxis, Meinhardt had to make 

modifications to the basic LAGI model to confer upon it the ability to reorient (Meinhardt, 

1999). For example, if the half-life of the inhibitor is longer than that of the activator, 

then the polarity generated will be “erased” periodically, allowing for establishment of a 

new direction of polarity. Alternatively, an additional inhibitor that works locally and has 

a longer half-life than the activator can play a similar role, breaking down the original 

zone of activation and enabling the reorientation of polarity. In this three-component 

system, pattern formation in space is essentially mediated by the long-range inhibitor, 

while pattern formation in time is mediated by the short-range inhibitor. Meinhardt also 

noted that the total number of activation zones, or “fronts”, depends highly on the range 

of inhibition. This can be problematic in the case of chemotaxis because it has been 

experimentally observed that some cells initially form multiple random protrusions 

(implying that the range of inhibition would be smaller than the whole cell) but 

eventually select one protrusion to become a stable front (implying that the range of 

inhibition would now be the whole cell). It is unclear how one can implement such an 

inhibitor with a variable range of inhibition. 

 

Although Meinhardt’s application of the LAGI framework to chemotactic cell polarity 

faced the issues mentioned above, it nonetheless pioneered the idea that cell polarity can 

be thought of as a type of pattern formation and that the principles driving this process 

can be elucidated using mathematical modeling and simulations. Since its publication in 

1999, a large number of research groups have taken this paper as inspiration and tackled 
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the challenge of uncovering the principles of cell polarity using a variety of models and 

methods. 

 

Modeling Cell Polarity in Eukaryotic Chemotaxis 

Within the field of modeling cell polarity, by far the most prolific group is that of 

researchers studying how polarity forms in the context of eukaryotic chemotaxis, perhaps 

in part due to Meinhardt’s initial investigations into this question. Because of the large 

number of studies, we divide the existing models into the following three classes: 

deterministic, partial differential equations-based models that use abstract or simplified 

pathways, deterministic models that account for the detailed biochemical pathways, and 

stochastic models.  

 

Deterministic Models Using Abstract, Simplified Pathways 

To specifically address the response of a chemotactic cell to the presence of gradient 

stimuli, Parent and Devreotes simplified LAGI one step further and proposed a “local 

excitation, global inhibition” (LEGI) model which lacks the autocatalysis, or positive 

feedback, present in the original LAGI model (Parent and Devreotes, 1999). They 

showed qualitatively that in a system with a constant global field of inhibition, the 

presence of stimulus would enable only a small zone of excitation to overcome this basal 

inhibition, allowing for a single zone of activation and thus, polarization. Although the 

polarity response is completely dependent on the presence of gradient stimuli and the 

system is incapable of spontaneous polarization, this simple model nonetheless became 

the basis of many later studies.    
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The Iglesias group, for one, went on to develop a quantitative model for gradient sensing 

based on LEGI (Levchenko and Iglesias, 2002; Krishnan and Iglesias, 2003; Kutscher 

and Devreotes, 2004). In addition to polarization in response to a gradient stimulus, they 

sought a system that exhibits adaptation in the presence of uniform stimulus, a behavior 

that has been observed in experiments with the amoeba Dictyostelium discoideum. To 

that end, they started with a system containing incoherent feedforward loops, which 

enable adaptation to a constant input, and added elements that allow for gradient sensing 

and polarity. Similar to LAGI, this model requires the inhibitor to diffuse quickly within 

the cell, but unlike LAGI, it does not require positive feedback to function. The addition 

of positive feedback simply aids in amplification of the input as well as in reproducing 

the biphasic response observed experimentally (Yang and Iglesias, 2006). 

 

The Iglesias group also investigated the relationship between a system’s intrinsic polarity, 

i.e. an internal asymmetry within the cell that is the result of some other polarity 

pathways, and how this is coupled to the cell’s ability to sense an external gradient 

(Krishnan and Iglesias, 2007). In order for LEGI-based mechanisms to ensure that an 

external gradient takes precedence over a cell’s intrinsic polarity, the system must include 

receptor-mediated inhibition of intrinsic polarity pathways. More recently, Xiong and 

colleagues proposed a model that pairs LEGI with an excitable network (Xiong et al., 

2010). They showed that this combination allows for spontaneous polarity in the absence 

of stimulus, as a result of the excitable network, as well as accurate response in the 

presence of stimulus by placing the LEGI module upstream of the excitable network. 
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Rappel and Levine also built upon the LEGI model proposed by Parent and Devreotes 

and in a series of two papers, developed a “balanced inactivation” model (Rappel et al., 

2002; Levine et al., 2006).  In this model, excitation occurs at the membrane but instead 

of a global field of inhibition, there is a fast-diffusing inhibitor that can essentially 

“outrun” the wave of activation to ensure that the back of the cell remains inactive. Using 

a combination of analytical techniques and numerical simulations, they proposed that 

trimeric G-proteins are likely at the core of this directional sensing system, with the α 

subunit acting as activator and the β/γ subunits acting as fast-diffusing inhibitors. Like 

the original model proposed by Levchenko and Iglesias in 2002, this model does not 

account for spontaneous polarity in the absence of gradient stimuli. In a later study, they 

placed this “balanced inactivation” model downstream of a stochastic receptor occupancy 

model implemented in MCell and showed that noise at the receptor level does not 

significantly affect behavior (Rappel and Levine, 2008).  

 

Separate from their work on directional sensing, Levine and Rappel also investigated the 

potential spontaneous pattern formation capabilities of membrane-bound components 

(Levine and Rappel, 2005). Using analytical and numerical techniques, they found that in 

a system with components cycling between the cytosol and membrane, bulk diffusion, 

and non-linear membrane dynamics, Turing instabilities can be found and patterns can be 

observed even if two components have equal diffusion coefficients. The differential 

transport of the two components can instead be implemented by tuning other biophysical 

parameters such as binding, dissociation, or decay rates. 
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More recently, Hecht and Levine explored how noise can cause a spatially extended 

excitable system to move to an excited state, resulting in spontaneous polarity observable 

as formation of patches with finite lifetimes on the membrane (Hecht et al., 2010). They 

again built their model using a LEGI framework but added in noise terms. They found 

that a parameter for controlling the “excitability” of the system has the greatest influence 

on lifetimes and the size of the resulting patches or domains. Further, this parameter 

varies in the presence of gradient stimulus such that excitability is highest at the front of 

the cell. A year later, they connected this model to a force generation module and showed 

that these transient membrane patches can guide locomotion of cells during chemotaxis 

(Hecht et al., 2011). Most interestingly, in these two latter studies, we see examples 

where analysis of deterministic models does not necessarily give full insight into the 

behavior of stochastic and noisy systems.  

 

Finally, Beta and Bodenschatz also took Parent and Devreotes’ LEGI model as a starting 

point and added a bistable module involving a membrane-bound autocatalytic component, 

i.e. a component with a positive feedback loop (Beta et al., 2008). Unlike LEGI, a 

bistable module is capable of breaking symmetry but not adaptation. Thus, by coupling 

the two modules together, the system is capable of both responses and many experimental 

observations can be recapitulated.  

 

In addition to the LEGI-based models described above, a number of groups took the route 

of building upon Meinhardt’s LAGI-based model for cell polarity. One such group was  
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that of Postma and Van Haastert, who developed a model called “diffusion-translocation” 

(Postma and Van Haastert, 2001). In a LAGI-based system, the activator needs to have a 

short lifetime relative to its diffusion rate, leading them to suggest phosphatidylinositol 

phosphates (PIPs) as promising candidates for implementing such a polarity system. 

Local activation can be mediated by a positive feedback loop involving effector 

molecules that translocate from the cytosol to the membrane and once at the membrane, 

produce more PIPs, resulting in the translocation of yet more effector molecules. 

Depletion of this effector molecule, at the same time, provides the global inhibition 

necessary in the LAGI framework.  

 

More recently, the Insall group described a system based on the two-inhibitor LAGI 

model proposed by Meinhardt. Instead of proteins, however, they suggested that one of 

the signaling components in the system is in fact the pseudopod (Neilson et al., 2011). 

They showed that when implemented in this manner, gradient detection and migration are 

automatically coupled in one simple system. 

 

In addition to the above, three groups proposed alternative models not explicitly based on 

LEGI or LAGI, although as we shall see shortly, there are in fact notable similarities 

between these models and LAGI models. Otsuji and colleagues, in a series of two papers, 

investigated mass-conserved reaction-diffusion systems based on the dynamics of 

GTPases (Otsuji et al., 2007; 2010). Using analytical approximations and numerical 

simulations, they proposed that mass conservation and diffusion-driven instability are the 

two core design principles at the heart of cell polarity. Mass conservation, owing to a 
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constant total number of GTPases, leads to competition between multiple fronts in a 

system such that only one wins out at the end. As long as mass conservation is present, 

there are no further constraints on the diffusion coefficients of the signaling components. 

In the latter study, they also showed that one particular example of a mass-conserved 

reaction-diffusion system, containing cross-regulation between the two signaling 

components, is capable of two different types of migratory behavior: maintenance of a 

stable single-axis of polarity or splitting of a front into two and subsequent selection of 

one front as the new axis of polarity. By varying the strength of the cross-regulation, the 

system moves between the two different regimes of behavior. Although they claimed that 

their model is different from Meinhardt’s because he did not explicitly include mass 

conservation, on a high level, mass conservation does lead to depletion of components, 

essentially implementing a type of global inhibition in the system. 

 

The Edelstein-Keshet group also proposed a conceptual model containing a single 

GTPase cycling between an active, membrane-bound state and an inactive, cytosolic 

form (Mori et al., 2008). Similar to Otsuji and colleagues, polarity required the 

conservation of the total amount of GTPases. This “wave-pinning” model relies on a 

wave of active protein spreading within the cell until it is “pinned” into place, due to 

depletion of the protein. Again, because mass conservation is already implementing a 

type of global inhibition, cell polarity does not require different rates of diffusion.   

 

Finally, an interesting study from the Narang group explored the role mutual inhibition 

can play in spontaneous polarization (Narang, 2006). Inspired by experimental evidence 
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from the Bourne lab suggesting that the frontness pathway inhibits the back and vice 

versa (Xu et al., 2003; Wong et al., 2006), Narang noted that LAGI models simply cannot 

explain the distribution of backness molecules. As a result, he proposed a three-

component system with mutual inhibition between two of the components and the third 

component acting as a diffusible inhibitor. In such a system, Turing instabilities can be 

found and are dependent on the mutual inhibition. However, due to the presence of the 

diffusible inhibitor and the fact that mutual antagonism between two components 

essentially implements a positive feedback loop, it can be argued that this model still falls 

within the LAGI framework. 

 

Deterministic Models Using Detailed, Biochemical Pathways 

Models using abstract, simplified pathways such as those described above are immensely 

useful in elucidating the core principles of polarity, but they are sorely lacking in the way 

of biochemical details. As such, many groups have taken the inverse approach and 

investigated models based on known polarity pathways and at times, known biological 

parameters. These detailed biochemical models, by their very definitions, tend to be 

highly specific to particular pathways and organisms and contain details that cannot be 

easily translated to other polarity systems. For our purposes, we mention them here only 

in the context of their underlying principles. 

 

Building on their work on the conceptual LEGI-based model described previously, the 

Iglesias group also developed several detailed biochemical models using various 

components of the phosphatidylinositol (PI) cycle to implement the LEGI system. In their 
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original 2002 paper, they suggested the possibility that phosphoinositide 3-kinase (PI3K) 

can play the role of the activator, phosphatase and tensin homolog (PTEN) the inhibitor, 

and phosphatidylinositol (3,4,5)-triphosphate (PIP3) the response element (Levchenko 

and Iglesias, 2002). Krishnan and Iglesias then built a detailed biochemical model of the 

PI cycle, analyzed it using control engineering techniques, and showed that when 

implemented this way, such a LEGI system can amplify the input even without explicit 

feedback between lipids and enzymes (Krishnan and Iglesias, 2004; 2005). Ma and 

colleagues, alternatively, proposed a model using two parallel LEGI mechanisms, one 

specific for PI3K and the other for PTEN, that recapitulates the behavior of adaptation 

and gradient sensing, with the added bonus of signal amplification (Ma et al., 2004).  

 

In a similar vein, Haugh and Schneider implemented a LEGI-based model without 

positive feedback using reaction-diffusion equations to model 3’ PI dynamics and 

measured the system’s response under uniform stimuli (Haugh and Schneider, 2004; 

Schneider and Haugh, 2004; Schneider et al., 2005). They later refined their model to 

measure response to gradient stimuli (Schneider and Haugh, 2005). The resulting scheme 

effectively treats the localized activation of PI3K as “local excitation” and the depletion 

of a cytosolic pool of PI3K as “global inhibition.” 

 

Moving away from LEGI-based models, the Narang group published two papers 

investigating whether PIPs and inositol phosphates (IPs) can play the roles of activator 

and inhibitor in a two-component LAGI model and whether the kinetics of the PI cycle 

can explain the observed dynamics during cell migration (Narang et al., 2001; 
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Subramanian and Narang, 2004). With the membrane PIPs acting as the local activators 

and the cytosolic IPs acting as the global inhibitors, the studies focused mainly on 

polarity in response to gradient stimuli and results consistent with those from Meinhardt’s 

conceptual model, such that reorientation requires periodic “erasing” of an established 

activation peak, were observed. 

 

Like the Narang group, Skupsky and colleagues also modeled the detailed biochemistry 

of 3’ PI cycle within the framework of LAGI (Skupsky et al., 2005; 2007). Parameters 

were set to qualitatively reproduce experimental observations in D. discoideum such as 

adaptation to uniform stimulus, and various mechanisms of implementing feedback were 

tested to see how each agreed with data. Similarly, Meier-Schellerscheim proposed an 

implementation of Meinhardt’s three-component LAGI model using PIP3 (as activator), 

PTEN (as the global inhibitor), and SHIP (as the local inhibitor) (Meier-Schellersheim et 

al., 2006). 

 

In addition to the above models explicitly based on either LEGI or LAGI, three groups 

published detailed biochemical models that diverge, at least slightly, from these basic 

frameworks. The Edelstein-Keshet group built multi-scale models of polarization and 

force generation during cell motility, using reaction-diffusion PDEs for modeling the 

reaction kinetics of signaling pathways and either a Cellular Potts Model (Marée et al., 

2006) or a fluid flow model to simulate the mechanics of cell protrusion and retraction 

(Vanderlei et al., 2011). They also performed a detailed analysis of the reaction kinetics 
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in the signaling pathways involving the three GTPases, RAC, RHO, and CDC42 (Jilkine 

et al., 2007).  

 

Onsum and Rao, on the other hand, implemented a two-dimensional detailed biochemical 

model using mutual inhibition of the frontness and backness pathways at its core and 

asked how such a model can give rise to the gradient sensing and spontaneous 

polarization responses observed in neutrophils (Onsum and Rao, 2007). Although they 

found that their model precludes the need for an explicit global inhibitor (unlike Narang’s 

three-component mutual inhibition model described previously), polarity is sensitive to 

the concentration of PI3K, which must be present in limiting supply.  

 

Finally, the Ueda group showed that the biochemistry of the PIP2/PIP3/PI3K/PTEN 

system is indeed capable of producing self-organized patterns such that PIP3 and PIP2 

show reciprocal polarity (Arai et al., 2010). In this model, PTEN is fast diffusing and 

PIP3 has positive feedback via both PI3K and by inhibiting the recruitment of its own 

inhibitor PTEN. They further showed that this signaling system is robust against 

molecular noise and can be induced to polarize stochastically. They suggested that 

external stimuli, when present, simply modulate the self-organizing dynamics of the 

system to bias the direction of polarity.  
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Stochastic Models 

Although the majority of models for cell polarity in the context of chemotaxis utilize 

deterministic partial differential equations, a few groups have considered this 

spatiotemporal phenomenon as a stochastic process and modeled it accordingly.  

 

Arrieumerlou and Meyer, in the first of such studies, showed evidence that polarization is 

a self-organizing process by uncoupling cell polarity from gradient sensing 

(Arrieumerlou and Meyer, 2005). They showed that polarity does not require a gradient 

stimulus and that small, local extensions of lamellipod resulting in tiny turns are enough 

to cause cell migration. The model they presented, although stochastic in nature, is more 

of a phenomenological model because it does not delve into how these local protrusions 

are generated. 

 

In a series of papers with a statistical physics spin, Gamba and colleagues explored how a 

stochastic system consisting of mutual inhibition between PI3K and PTEN can lead to the 

spontaneous formation of PI3K-rich and PTEN-rich domains with features reminiscent of 

phase separation. More importantly, they showed that in such a system, these domains 

can coexist under both uniform and gradient stimuli (Gamba et al., 2005; 2007). Using a 

stochastic lattice model to represent the cell membrane and simulating reactions that 

convert between PIP2 and PIP3, they showed that mutual inhibition between PI3K and 

PTEN effectively localizes each into different regions of the membrane in a self-

organizing manner. They also found that intermediate levels of diffusivity aids in 

membrane ordering, by allowing “communication” across the length of the cell.  In a later 
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study, they further elaborated on the model to include long-range repulsion arising from 

limiting concentrations of enzymes (Ferraro et al., 2008). 

  

Using a combination of theoretical analysis and Monte Carlo simulations, Naoki and Ishii 

considered the separation in timescales of the PIP3 cycle, with the combination of fast 

positive feedback and slow negative feedback leading to bistability (Naoki et al., 2008). 

By including stochastic noise, they were able to show that this system is excitable and 

can switch between high PIP3 and low PIP3 states. Interestingly, they found that a fast-

diffusing inhibitor is not needed as long as their model accounted for stochastic behavior, 

implying that the same system modeled using deterministic methods would behave 

differently.  

 

Finally, in a departure from all the other studies, Irima and Toner proposed an adaptive 

control model with temporal sensing of the gradient (Irimia et al., 2009). Their model 

coupled receptor sensitivity to microtubules and as a result, protrusions change the 

sensitivity of response at different parts of the cell.  

 

Modeling Spontaneous Cell Polarity in Yeast  

Although the majority of theoretical studies on cell polarity focused on the chemotactic 

behavior of motile cells, a group of researchers has been interested in understanding 

polarity in the context of yeast mating and budding. As in chemotaxis, most of these 

models are based on the LAGI framework originally proposed by Meinhardt and Gierer. 

We mention first the deterministic and then the stochastic models. 
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The van Oudenaarden group developed a LAGI-based, deterministic model using CDC42 

as the polarizing factor (Ozbudak et al., 2005). They included positive feedback on 

CDC42 as well as depletion of BEM1, a cytosolic activator of CDC42. By combining a 

fast positive feedback with a slow, delayed negative feedback via actin on CDC42 , they 

found that the system is capable of producing traveling waves. 

 

The Yi group, using both detailed biochemical models (Yi et al., 2007; Moore et al., 

2008) as well as abstract conceptual models (Chou et al., 2008) based on LAGI, studied 

the phenomenon of yeast shmooing in gradients in order to understand the tradeoff 

between amplification and reorientation. They found that high cooperativity in the 

positive feedback loop hindered the system’s ability to reorient but if the positive 

feedback is dependent on the input or diffusion is added, then reorientation can be 

partially rescued.  

 

Similarly, Goryachev and colleagues also developed a detailed biochemical model using 

PDEs and showed that BEM1-dependent positive feedback on CDC42 plus substrate 

depletion can form a LAGI system capable of spontaneous polarity that is robust to 

variations in reaction rates and molecular noise (Goryachev and Pokhilko, 2008). They 

further used this model in a later collaboration with the Lew group in investigating the 

basis of singularity in yeast and found that the robust formation of a single pole is due to 

competition for a common cytosolic pool of BEM1 (Howell et al., 2009). 
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Approaching the problem from a different angle, the Li group first proposed a simple 

stochastic model to investigate whether an actin-dependent positive feedback loop 

involving CDC42 is capable of spontaneously polarizing (Wedlich-Soldner et al., 2003). 

Subsequent papers from this group explored more detailed aspects of this basic model, 

such as the relationships between the rates of transport, diffusion, and endocytosis that 

enable the generation of polarity and how mechanisms with different timescales can 

maintain an established polarity (Marco et al., 2007; Slaughter et al., 2009).   

 

Altschuler and colleagues then simplified the Li model into an abstract, stochastic model 

consisting of a single component with positive feedback and showed that as long as the 

total number of components is small, polarity can be generated (Altschuler et al., 2008). 

Essentially, this model shows that even within a stochastic framework, the rule of “local 

activation and global inhibition” is sufficient for driving spontaneous polarization.  

 

Modeling Cell Polarity in Other Systems 

As we noted previously, cell polarity is a pervasive phenomenon in many biological 

processes. Thus it is surprising that modeling attempts other than those pertaining to 

chemotactic or yeast polarity are few and far between. We mention here the remaining 

theoretical studies of cell polarity in other systems.  
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C. elegans Embryos  

The initial polarization of PAR proteins along the anterior-posterior axis in early C. 

elegans embryos has been the subject of numerous experimental studies. Yet, to date, 

only two groups have attempted to model this particular phenomenon. 

 

Tostevin and Howard proposed a conceptual, one-dimensional reaction-diffusion model 

that couples PAR protein dynamics with a highly simplified model of actomyosin 

contraction (Tostevin and Howard, 2008). Using numerical simulations, they showed that 

a model containing mutual antagonism between the anterior and posterior PAR proteins, 

as has been experimentally observed, is able to reproduce wild-type as well as mutant 

cortical polarity phenotypes. In order to reproduce the correct polarity of components in 

the cytoplasm, however, they found the need to propose an extra interaction.  

 

Extending this original model, Dawes and Munro next combined the mutual inhibition of 

PAR proteins with PAR3 oligomerization, essentially implementing positive feedback in 

the anterior domain, and found that this slightly more complex circuit can also organize 

cortical polarity (Dawes and Munro, 2011). 

 

Epithelial Polarization 

In a model highly reminiscent of those done by Gamba and colleagues, Veglio and Serini 

showed that phase separation of PIP2 and PIP3 as a result of heterogeneous perturbations 

can also explain the self-organization of epithelial polarity (Veglio et al., 2009). Unlike 

chemotaxis, however, the energy barrier present in this system prevents the spontaneous 
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nucleation and formation of polarity in the absence of external perturbations. As in the 

Ferraro model, this model considered the dynamics of the PIP2/PIP3 cycle via reactions 

involving PI3K and PTEN and finite reservoirs of PI3K and PTEN. 

 

Autocrine EGFR Signaling 

Maly and colleagues implemented a LAGI-based model in order to identify features of 

the EGFR signaling system that correspond to the LAGI framework (Maly et al., 2004). 

They found that local activation can be mediated by localized ligand release and 

subsequent activation of the MAPK pathway while global inhibition can be mediated by 

depletion of inactive signaling molecules. Polarity was observed at intermediate levels of 

various model parameters.  

 

Axon Formation 

Sakumura and colleagues used ordinary differential equations to model the GTPase 

cascade during axon guidance and performed steady-state analysis as well as parameter 

sampling (Sakumura et al., 2005). By assuming that active GTPases form complexes with 

other proteins and as a result, act as activators or inhibitors for other GTPases, they found 

oscillatory as well as convergent behavior. Further, gradient detection requires crosstalk 

between GTPases, leading them to propose a mutually inhibitory interaction between 

CDC42 and RHOA.Taking an alternate approach, Fivaz and colleagues modeled the 

process of axon formation using LAGI as a basis, with HRAS and PI3K participating in a 

positive feedback loop and depletion of the cytosolic HRAS pool mediating a globally 
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inhibitory effect (Fivaz et al., 2008).  

 

Growth in Fission Yeast 

Using yet another LAGI-based model, Csikasz-Nagy and colleagues studied growth zone 

formation in fission yeast. They showed that the basic LAGI model can capture all the 

characteristic features of the normal cell cycle as well as the growth patterns of major 

morphogenetic mutants (Csikász-Nagy et al., 2008). 

 

Summary 

In this chapter, we briefly surveyed the vast literature of modeling efforts in the context 

of cell polarity. Although each of these models differs in implementation details, we 

found that many of them can be classified by the core principles under which they 

operate. The majority of models follow either the “local activation and global inhibition” 

framework originally proposed by Meinhardt and Gierer (Gierer and Meinhardt, 1972) or 

the “local excitation and global inhibition” paradigm first proposed by Parent and 

Devreotes (Parent and Devreotes, 1999). A few other models explore how mutual 

inhibition between components, reminiscent of the driving forces behind chemical phase 

separation, may be applicable in the study of cell polarity. For the most part, however, 

mutual inhibition was still studied in the presence of another globally inhibitory factor.  

 

Despite the large number of theoretical studies on cell polarity, we noted that none of 

them took a holistic approach in understanding the core design principles of cell polarity,  
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with the goal of finding all possible solutions capable of driving this behavior. In the next 

chapter, we describe how we tackled this challenge by implementing a coarse-grained 

model and using it to perform an exhaustive search of circuit topologies. 
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Chapter 3 / 

A Coarse-Grained Model to Investigate Cell Polarity 

Developing a Model for Cell Polarity 

We set out to develop a coarse-grained model that can effectively capture the properties 

of the reaction-diffusion processes inside the cell and at the same time, is computationally 

efficient such that we can screen all possible instances of one- and two-node network 

architectures for their polarization ability. Our model should focus on the localization of 

signaling proteins to the plasma membrane, as this has been shown to be a key event in 

polarization in multiple experimental systems. We are interested in how proteins can 

spatially self-organize into a polarized pattern as a result of regulation between and 

within them. Furthermore, we require that the model enable us to investigate how varying 

concentrations of signaling nodes, their membrane diffusivities, and the strengths of the 
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various regulation linkages in the network can influence the overall spatiotemporal 

behavior of the system. Finally, unlike the majority of the published models mentioned in 

the previous chapter, which rely on bulk averages (as modeled using partial differential 

equations), we aim to include stochastic effects into our model from the very beginning. 

Because there is no definitive evidence that cell polarization only occurs with large 

concentrations of components, noise may in fact play a major role in the system and 

should not be excluded from consideration.  

 

Our initial efforts into developing such a model for studying cell polarity took inspiration 

from the vast literature of stochastic lattice models in the field of statistical physics and 

statistical mechanics. Using as examples the well-studied Ising and Potts models 

(Newman and Barkema, 1999), we implemented several versions of a polarity model that 

were governed by energy (Hamiltonian) functions and satisfied the conditions of detailed 

balance. We tested a variety of simulation techniques including the Metropolis algorithm 

(Metropolis et al., 1953), the heat-bath algorithm, and the Glauber algorithm (Glauber, 

1963). These first iterations of polarity models showed that indeed, there are simple rules 

that can cause a system to self-organize into a spatial pattern. At the same time, however, 

a major weakness of these Hamiltonian models is that by enforcing the condition of 

detailed balance, they are set up to simulate system behavior at equilibrium. Unlike 

chemical and physical systems, it is generally accepted that biological systems operate at 

regimes far from equilibrium and it is more likely that cell polarity is the product of a 

dynamic, non-equilibrium steady state. Thus, we began to look for alternatives to 

Hamiltonian formulations. 
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Because systems not at equilibrium do not need to satisfy detailed balance, we were able 

to simplify our model setup even more in the next iteration of models. We defined a set 

of elementary reactions in the system - binding, dissociation, and lateral diffusion of 

membrane-bound species - with associated rates and simulated these reactions 

accordingly. Furthermore, this approach allowed us to take advantage of the well-known 

algorithm developed by Gillespie for simulating stochastic reactions efficiently (Gillespie, 

1977). We describe below how this algorithm was adapted for use in a spatial context. 

 

Modeling the Cell as a Lattice 

We model the plasma membrane as a circle, partitioned into a one-dimensional periodic 

lattice, where each lattice location i represents a small section of membrane (Figure 3.1). 

Note that each lattice location can also be indexed by its angular position, i.e. θi =2πi/L, 

where L is the total number of lattice locations. For the data presented in the next chapter, 

L=100.  

 

We assume that at each lattice location, there is a single membrane-binding site for 

polarity markers (A) and a single membrane-binding site for regulators (B). This 

simplification allows us to more easily investigate situations where there are excess 

concentrations of signaling component X within the cell by simply specifying NX > L, 

where NX is the total number of X in the cell and L is the size of the lattice and 

equivalently, the total number of membrane-binding sites for X.  

  



DA

kA, bind   

kA, dissockB, bind   

kB, dissoc
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CYTOSOL
(WELL-MIXED)

FIGURE 3.1: Coarse-grained model for cell polarity
The cell membrane is modeled as a 1D lattice and membrane 
binding, dissociation, and lateral diffusion events are simulated
according to specified rates. The cytosol is treated as a well-mixed
reservoir of components.
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The state of the membrane can therefore be represented as a set of binary variables, Am(i) 

and Bm(i) for i = {1…L}, denoting the occupancy states of all membrane-binding sites. 

We treat the cytosol as a well-mixed reservoir and track only the total number of 

cytosolic polarity markers Ac and cytosolic regulators Bc. All simulations are initialized 

with an empty membrane, i.e. Am(i) = Bm(i) = 0 for all i at time t=0, and with all polarity 

markers and regulators in the cytosol, i.e. Ac=NA and Bc=NB at time t=0. Because we 

assume that polarization occurs on a timescale faster than protein production, the total 

numbers of polarity markers and regulators remain constant during the course of the 

simulation.   

 

At each lattice location, we simulate reaction and diffusion events according to specified 

rates (Figure 3.1). Since many examples of cell polarization involve localization of 

proteins to the plasma membrane, we define our reactions to be simple membrane-

binding and membrane-dissociation reactions. Thus, the quantities Ac, Bc, Am(i), Bm(i) 

for i={1…L} evolve over the course of the simulation according to the following set of 

binding and dissociation reactions, defined at each location i: 

Ac + ØA ↔ Am with forward rate kA,bind(i) and backward rate kA,dissoc(i) 

Bc  + ØB ↔ Bm with forward rate kB,bind(i) and backward rate kB,dissoc(i) 

where ØX represents an empty membrane-binding site for component X. In other words, 

at a lattice location i, a signaling component X can bind to the membrane with rate 

kX,bind(i) or a membrane-bound component X can dissociate back to the cytosol with rate 

kX,dissoc(i).  
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Membrane diffusion processes are treated similarly by defining diffusion rates for each 

component, DX, that govern their occurrence. Thus, Am(i) and Bm(i) can also be adjusted 

according to the following set of diffusion events: 

Am(1)↔...↔Am(i-1)↔Am(i)↔Am(i+1)↔...↔Am(L)↔Am(1) with rate DA for each 

Bm(1)↔...↔Bm(i-1)↔Bm(i)↔Bm(i+1)↔...↔Bm(L)↔Bm(1) with rate DB for each 

Components diffuse much quicker in the cytosol than they do on the membrane. 

Therefore, we treat the cytosol as a well-mixed reservoir of signaling components and 

simulate only lateral diffusion on the membrane. In essence, we are assuming that 

membrane binding and dissociation occur on a much slower timescale than cytosolic 

diffusion, i.e. they are not considered diffusion-limited reactions.  

 

The reaction rates in the simulation are dependent on basal reaction rates and the 

strengths and directions of regulation between and within each signaling node. 

Regulations in our model are defined locally such that the binding or dissociation rate of 

a signaling component at a particular lattice site is adjusted according to the local 

concentrations of membrane-bound signaling components near that site. Consequently, 

the reaction rates kA,bind(i,t), kA,dissoc(i,t), kB,bind(i,t), and kB,dissoc(i,t) vary in both 

space and time as the simulation progresses. Lateral diffusion events, on the other hand, 

are not dependent on local concentrations of signaling components, and as a result, the 

rates DA and DB are spatially- and temporally-invariant and remain constant throughout 

the simulation.  
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Enumerating Network Topologies 

We want to investigate how core signaling network architectures can affect the self-

organizational abilities of the system without implying or assuming specific mechanisms 

of regulations between signaling nodes. Thus, the network regulations in our model are 

generic in the sense that they simply increase or decrease the affinities of the signaling 

components for the membrane. We allow network regulation linkages to adjust the 

reaction rates for binding and dissociation events as a function of the direction of 

regulation, the strength of regulation, and the local concentrations of membrane-bound 

signaling components.  

 

A positive regulation from node X to Y (kX→Y > 0) increases the binding rate of Y, 

kY,bind, and decreases the dissociation rate of Y, kY,dissoc, as a function of the local 

concentration of membrane-bound X. Conversely, a negative regulation from node X to 

Y (kX→Y < 0) decreases the binding rate of Y, kY,bind, and increases the dissociation rate 

of Y, kY,dissoc, as a function of the local concentration of membrane-bound X (Figure 

3.2). Figure 3.3 illustrates the effects of these adjustments to the binding and dissociation 

reaction rates for one particular example network topology. 

 

By varying the direction of regulation between and within signaling nodes in a 

combinatorial manner – each regulation link can be positive (activation), negative 

(inhibition), or absent (no regulation) - we enumerate 81 unique two-node network 

topologies (Figure 3.4). Of these, 27 topologies (Topologies 1-27) do not contain a link 

from the regulator node back to the polarity marker and can thus be thought of as  



kA→A

kB→A

kA, bind (i ) = kon + ∑ ± kA→A Am(j) + ∑ ± kB→A Bm(j) 
j=i±1 j={i, i±1}

kA, dissoc(i ) = koff  - ∑ ± kA→A Am(j)  - ∑ ± kB→A Bm(j)
j=i±1 j={i, i±1}

kB→B

kA→B { kB, bind (i ) = kon   + ∑ ± kA→B Am(j)  + ∑ ± kB→B Bm(j)
j=i±1j={i, i±1}

kB, dissoc(i ) = koff  - ∑ ± kA→B Am(j)  -  ∑ ± kB→B Bm(j)
j=i±1j={i, i±1}

FIGURE 3.2: Network topology adjusts reaction rates
The binding and dissociation reaction rates in the model are functions of the basal 
rates and the regulations due to the network topology. A regulatory link from X to 
Y adjusts the reaction rates according to its strength and the local neighborhood of 
membrane-bound X.
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DA

kA, bind   

kA, dissockB, bind   

kB, dissoc

MEMBRANE

DB

CYTOSOL
(WELL-MIXED)

FIGURE 3.3: Example network topology and its effects on
reaction rates
A particular network topology will effectively tune the binding and 
dissociation reaction rates near membrane-bound components. Diffusion
rates are not affected by the regulations in a network topology.
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equivalent to single-node topologies consisting only of the polarity marker. For each 

topology, we sample the strengths of all non-zero regulatory links over five orders of 

magnitude in logarithmic space. 

 

In order to compare the polarization behavior of the 81 enumerated network topologies, 

we specify the same basal binding rate kon and basal dissociation rate koff for both nodes 

in the network. Because all the reaction rates in our model are defined relative to each 

other, we use the basal membrane-binding rate kon as a reference by always setting kon 

=1. We ran simulations using different values of basal dissociation rate koff to understand 

how this parameter affects the total number and identities of polarizing topologies (Figure 

3.5). Although the exact robustness scores are unsurprisingly dependent on the value of 

koff, the general trends and most importantly, the most robust topologies for spontaneous 

polarization are similar for different koff values. For the data and subsequent analyses 

shown in the next chapter, we used the values of kon =1 and koff =0.1. 

 

Sampling the Parameter Space of a Network Topology 

For each network topology, we sample parameters representing the concentrations and 

the diffusion rates of each signaling component as well as the strengths of all non-zero 

regulation linkages (Table 3.1). Note that we refer to a specific instance of a topology 

using a particular combination of parameters as a “circuit.”  
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Table 3.1: Simulation parameters and their sampling ranges.  

Name Description Sampling Range 

NA Total concentration of As (normalized to 
total number of binding sites on membrane) 

0x - 4x  

NB Total concentration of Bs (normalized to 
total number of binding sites on membrane) 

0x - 4x  

DA Diffusion rate constant of A 0.01 – 100 (logarithmic) 
DB Diffusion rate constant of B 0.01 – 100 (logarithmic) 
kA→A Auto-regulation of A 0.1 – 1000 (logarithmic) 
kB→A Regulation of A by B 0.1 – 1000 (logarithmic)  
kB→B Auto-regulation of B 0.1 – 1000 (logarithmic) 
kA→B Regulation of B by A 0.1 – 1000 (logarithmic)  

 

 

A topology with all non-zero regulation links has a total of eight parameters. Parameter 

values were generated using the Latin hypercube method in this high-dimensional space 

with linear (for the parameters representing concentrations) or logarithmic spacing (for 

the parameters representing diffusion rates and network regulation linkages) (McKay, 

1992).  

 

All the parameters specifying rates in our model are in units of 1/s. Thus, time in our 

simulation is in units of seconds. We sample all the regulation strengths, kX→Y, over five 

orders of magnitude, from 0.1/s to 1000/s. The lower bound of this range was determined 

empirically by observing that regulations < 0.1/s results in behavior similar to that of a 

topology where that regulation is absent. Diffusion rates, DX, were sampled over five 

orders of magnitude, from 0.01/s to 100/s. For a eukaryotic cell with a diameter of 10µm 

(membrane circumference of ~30µm), each lattice site in a lattice of size L=100 would 
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have an approximate area of 0.09µm2. Sampling diffusion rates in the range of 0.01-100/s 

would be approximately equal to sampling diffusion constants in the range of 

0.0009µm2/s to 9µm2/s, which is a reasonable range for lateral diffusion on the 

membrane. 

 

For investigating the full set of 81 network topologies, we ran simulations using 10,000 

sets of parameter combinations. Increasing the number of parameter sets sampled five-

fold, to 50,000, does not result in significantly different robustness scores for 

representative topologies containing different number of regulation links (Figure 3.6).  

 

From Network Topology to Spatiotemporal Behavior 

In order to investigate the spatiotemporal dynamics due to the reactions derived from 

each circuit, we used an extension of Gillespie’s stochastic simulation algorithm or SSA 

(Gillespie, 1977) that includes a spatial dimension. This method, known as 

Inhomogeneous SSA, has been previously used to simulate reaction-diffusion processes 

(Bernstein, 2005; Stundzia and Lumsden, 1996). Essentially, reactions at each lattice 

location i are simulated using the classic SSA, with the additional allowance for diffusion 

events between lattice locations. 

 

For each circuit, the simulation can progress in one of three ways: 

1. System reaches steady-state and a polarity score is recorded for that circuit  

2. System fails to reach steady-state within the allowed number of steps (1000 steps) 

and the circuit is not considered to be polarized 
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FIGURE 3.6: Increasing parameter sampling does not result
in significantly different behavior
We performed our analysis using 10,000 sets of parameter combinations.
Using a representative set of network topologies containing varying
number of regulation linkages, we show that increasing the number
of samples to 50,000 does not result in significantly different robustness
scores.
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3. Simulation has run for the maximum allowed amount of time (2 hours) and failed 

to reach one of the above conditions, and the circuit is not considered to be 

polarized 

 

Steady-state is determined by correlating the occupancy states of the membrane lattice 

between steps and waiting until correlation remains high (>0.8) for 50 consecutive 

simulation steps. Note that our definition of a simulation "step" is not equivalent to a 

single Monte Carlo update in the stochastic algorithm. One step is advanced according to 

the characteristic time of the simulation, as defined by the expected amount of time it 

takes for the slowest reaction or diffusion event to occur once. We calculate the 

characteristic time at the start of the simulation using the basal binding rates, basal 

dissociation rates, and the diffusion rates. One step, therefore, consists of a large number 

of Monte Carlo updates. Due to this method of counting off steps, there are exceptional 

cases where the slowest event leads to prohibitively long simulation time (as described in 

#3 above), due to large separations in the timescales of reactions. In such instances, we 

stop the simulation if it has not finished within two hours. 

 

Because we are only concerned with the spatial organization of the polarity marker, we 

ignore the occupancy states of the regulator in the determination of steady-state. Runs 

that do not reach steady-state within a predefined maximum number of steps (as 

described in #2 above) consist of systems with dynamic and unstable spatial distributions 

of polarity markers on the membrane and as such, are considered not polarized during 

subsequent data analysis. For the runs that do reach steady-state, the final polarity score is 
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calculated by taking an average of the polarity metric, as defined below, during steady-

state. 

 

Characterizing the Performance of Network Topologies 

We measure polarity P using a “dipole moment” calculation (Figure 3.7), by summing 

vectors pointing from the cell center to each of the membrane-bound polarity markers. 

Polarity is then taken simply as the magnitude of this vector sum, normalized by the 

maximum possible vector sum Vmax: 

 

  ! = !
!!"#

! ! cos!!!
!!!

! +    ! ! sin!!!
!!!

! 

A non-polarized cell with an approximately random distribution of polarity markers on 

the membrane will contribute vectors in many directions, resulting in a vector sum with a 

small magnitude and thus, low P (Figure 3.7, top). On the other hand, a polarized cell 

with a clustered distribution of polarity markers on the membrane will contribute vectors 

aligned towards the same direction, resulting in a vector sum with a large magnitude and 

thus, high P (Figure 3.7, bottom).  

 

We then characterize each network topology by its robustness for polarization, calculated 

as the fraction of parameter sets out of the total sampled that were able to polarize with P 

≥ 0.6 (Dassow et al., 2000). In essence, this robustness metric can be thought of as an 

estimate of the functional area in the high-dimensional parameter space of each topology 

or alternatively, as the probability of polarization for each topology. 

  



MEASURE POLARITY AS
“DIPOLE MOMENT”

NO
POLARITY

KYMOGRAPH

θθ

time

STRONG
POLARITY

θθ

time

FIGURE 3.7: Measuring polarity behavior 
For each circuit, we calculate polarity scores as the simulation progresses. We
add all vectors pointing from the center of the cell to membrane-bound polarity 
markers and define the magnitude of this vector sum as the polarity score. A 
randomized distribution of polarity markers on the membrane (top) results in a 
vector sum with small magnitude and thus, a low polarity score. A clustered 
distribution of polarity markers on the membrane (bottom) results in a vector
sum with large magnitude and thus, a high polarity score.
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Implementation Details 

We implemented our model in C++ using the GNU Scientific Library (GSL) and 

performed simulations on the UCSF QB3 Shared Computing Facility. Data processing 

and analysis scripts were written in Python, and results were visualized in Matlab 

(Mathworks).  
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Chapter 4 / 

Design Principles of Self-Organizing Cell Polarity 

 

 

Robust Network Topologies for Spontaneous Cell Polarity 

We tested the ability of network topologies to self-organize polarity spontaneously in the 

absence of an input stimulus. We generated 10,000 sets of parameter combinations per 

topology by varying regulation strengths, component concentrations, and diffusion 

constants and calculated robustness values for all 81 topologies as described previously. 

We found that 33 out of 81 (41%) are able to polarize spontaneously with robustness 

greater than 0.0005 (Figure 4.1a).  
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FIGURE 4.2: Core topologies versus degenerate topologies
a. If a topology shows improvement in robustness over all of its ancestor
topologies, then none of the regulation linkages is degenerate and it is 
considered a core topology.
b. (next page) If a topology shows no improvement or a decrease in
robustness as compared to at least one of its ancestor topologies, then
the additional regulation link is degenerate in that it is not necessary for
polarity and the topology is not considered a core topology.
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Within this set of 33 candidate topologies, we next asked whether all of them are true 

network topologies in the sense that each regulation link is contributing beneficially to 

the topology’s ability to polarize. We compared the robustness of each network topology 

with the robustness scores of all its “ancestor” topologies consisting of fewer regulatory 

links (Figure 4.2). If a network topology displays an improvement in robustness over all 

of its ancestors, then we consider it a true network topology for polarization. On the other 

hand, if a network topology fails to display an increase in robustness in comparison to at 

least one of its ancestors, then the additional regulation link is degenerate in the sense that 

it does not improve performance, and the topology is not considered a true polarizing 

topology.  Using this method, we narrowed down the 33 candidate topologies to eight 

core network topologies (10%) that can drive spontaneous polarization (Figure 4.1b). 

 

Three Minimal Network Motifs For Cell Polarity 

The above analysis showed that in the space of all possible one- and two-node network 

architectures, there is only a small region, consisting of eight core network topologies, 

that is capable of self-organizing polarity in a robust manner. We observed three 

recurring minimal motifs within this set of functional core topologies: positive feedback 

loop on the polarity marker, either direct (topology 23) or indirect (topology 44), the 

presence of a self-enhancing inhibitor (topology 69), and mutual inhibition (topology 65). 

Further, all of the identified functional core topologies can be constructed using a 

combination of these three minimal motifs (Figure 4.3).  

  



POSITIVE FEEDBACK SELF-ENHANCING
INHIBITOR

MUTUAL
INHIBITION

FIGURE 4.3: Three minimal network motifs for cell polarity
All eight core network topologies that are capable of driving cell 
polarity are composed of various combination of three minimal motifs -
positive feedback, self-enhancing inhibitor, and mutual inhibition.
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Since each of the minimal motifs is already able to drive a polarization response, one 

possible explanation for combining these motifs into more complex networks is simply to 

provide redundancy; if one link in the network fails, there exist additional links that are 

still capable of self-organizing polarity. An alternative explanation is that the minimal 

motifs are actually playing distinct roles in the more complex networks and contribute 

differently to the overall polarity behavior. In order to distinguish between these two 

possibilities, we next looked in more depth into how each topology performs when 

certain biological parameters, such as component concentrations, diffusion constants, and 

regulation strengths, are varied. 

 

Robustness of Polarity to Variations in Concentrations   

Maintaining the ability to perform a particular function in the face of changing 

concentrations is a highly beneficial feature in many biological systems. As a result, we 

investigated each candidate topology’s robustness of polarity to variations in 

concentrations of signaling components. For each of the eight core topologies capable of 

driving spontaneous polarity, we generated 100,000 sets of parameter combinations, 

calculated each topology’s robustness as a function of component concentrations, and 

visualized the resulting robustness landscape as a heatmap in the two-dimensional 

concentration space (Figure 4.4). In other words, we binned concentrations of A and B 

and within each bin, calculated the robustness of polarity as the other simulation 

parameters, e.g. regulation strengths, diffusion constants, are varied.  

  



a

b c

POSITIVE FEEDBACK

2X

4X

0
2X 4X0

[    ]

SELF-ENHANCING
INHIBITOR

MUTUAL 
INHIBITION(direct) (indirect)

2-MOTIF COMBOS 3-MOTIF COMBO

MINIMAL MOTIFS

[    ]
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detection

≥ 0.5  0.1  0.01 0.05

ROBUSTNESS

FIGURE 4.4 - Robustness to variations in component concentrations
a. Each minimal motif confers the ability to polarize robustly, as long as
certain constraints regarding component concentrations are met.
b. Combining two minimal motifs expands the region in concentration space
under which the system is capable of robust polarization.
c. Combining all three motifs into one topology results in polarity that is 
most robust to variations in component concentrations.
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Topologies consisting only of positive feedback are able to self-organize polarity in a 

small region of concentration space. In particular, when there is direct positive feedback 

on the polarity marker A, polarity is dependent upon a limiting concentration of A, i.e. 

where the number of available polarity markers is less than the number of binding sites. 

This observation is consistent with previous studies, in which self-activation combined 

with depletion of substrate, as a way of implementing “local activation and global 

inhibition,” has been shown to be capable of polarization as well as pattern formation in 

general (see Chapter 2). When the positive feedback is indirect and involves a secondary 

activator B, the requirements for polarity are even stricter, such that both A and B must 

be present in limiting concentrations and the concentrations must be approximately equal 

to each other.  

 

The minimal motif of a self-enhancing inhibitor has a drastically different robustness 

landscape than positive feedback alone, such that the limiting constraint is now placed on 

the concentration of the inhibitor and an excess concentration of polarity marker is 

required. Yet, we can again relate this to the “local activation and global inhibition” 

paradigm. In this case, the regulator node’s positive feedback on itself combined with a 

limiting concentration of the regulator effectively implements LAGI, leading to spatial 

clustering of the regulator on the membrane. Because the regulator node also inhibits the 

polarity marker, the spatial organization of the regulator essentially restricts the 

localization of the polarity marker, indirectly resulting in polarization of the marker. 
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The third minimal motif we observed in our results is that of mutual inhibition between 

signaling nodes. Although it has been previously mentioned that positive feedback can be 

implemented via cross-antagonism between two components (Meinhardt and Gierer, 

2000), our results indicate that this motif is actually distinct and does not behave 

similarly to positive feedback. More specifically, mutual inhibition is capable of polarity 

in the presence of excess concentrations of both signaling components, and limiting 

concentrations actually hinder its ability to self-organize polarity. In our simulations, 

mutual inhibition in fact causes a phenomenon similar to phase separation of two 

mutually antagonistic species, much like oil and water. As mentioned in Chapter 2, phase 

separation of PIP2 and PIP3 has been previously suggested as a potential mechanism of 

cell polarity during cell migration (Gamba et al., 2005) and epithelial development 

(Veglio et al., 2009).  

 

When these minimal motifs are combined to create more complex circuitry, the 

functional region in concentration space is expanded (Figure 4.4b). For example, by 

combining positive feedback with a self-enhancing inhibitor, the functional region 

expands to allow for polarity as long as there is a limiting concentration of at least one of 

the two components. When mutual inhibition is added to positive feedback, excess 

concentrations of components are allowed. A combination of all three motifs results in a 

topology that is capable of self-organizing polarity in a manner that is most robust to 

variations in component concentrations, such that for any particular combination of 

component concentrations, one can actually find a polarizing region in parameter space 

(Figure 4.4c). 
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Robustness of Polarity to Variations in Diffusion Constants  

In addition to differences in robustness to variations in concentrations, network 

topologies also display differences in robustness to the diffusivities of the signaling 

components. To elucidate these trends, we calculated robustness values for each of the 

eight topologies as a function of diffusion rates and visualized the robustness landscapes 

as heatmaps in “diffusion space” (Figure 4.5). 

 

With direct positive feedback only, diffusion of the polarity marker must be slow relative 

to the spontaneous membrane association rate (kon) in order to drive self-organizing 

polarity. This is an intuitive result since a high diffusion rate on the polarity marker 

would quickly dissipate any polarized pattern that is generated. In fact, when the positive 

feedback is indirect and involves both signaling nodes, diffusion must be slow for both of 

the components. Using a similar logic, we see that the minimal motif of a self-enhancing 

inhibitor requires slow diffusion on the inhibitor because as mentioned above, 

polarization is an indirect effect stemming from the self-organization of the inhibitor. The 

minimal motif of mutual inhibition, by itself, requires slow diffusion of both signaling 

nodes but tolerates a narrower range of diffusivities.  

 

Upon combining these minimal motifs, the robust, functional regions in diffusion space 

again expand, such that networks are more tolerant of variations in the diffusivities of 

signaling nodes. Interestingly, unlike in concentration space, the increase in robustness in 

diffusion space appears to be more than additive and displays synergistic behavior. For 

example, when mutual inhibition is combined with positive feedback, the resulting  
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functional region is slightly larger than the sum of the functional regions of the two 

minimal motifs, such that diffusion rates roughly equal to kon are tolerated (Figure 4.5b). 

Again, as in concentration space, the combination of all three motifs achieves the highest 

robustness in diffusion space as although we do find there is a region of super fast 

diffusion rates for which spontaneous polarity is not observed (Figure 4.5c). 

 

Robustness of Polarity to Variations in Regulation Strengths 

Finally, in addition to expanding the functional regions in both concentration and 

diffusion space, we asked whether combining minimal motifs also increases robustness to 

variations in regulation strengths. To perform this analysis, we calculated robustness 

values as a function of regulation strengths and visualized the robustness landscapes as 

heatmaps in “regulation space.” Unlike the previous analyses, we only examined the 

functional ranges of the regulation links that are originally present in a minimal motif and 

traced how these ranges change as regulation links are added on (Figure 4.6). Thus, we 

show robustness as a function of the kA→A link for the motif of positive feedback and all 

topologies containing this motif. Similarly, we show robustness as a function of the 

kB→B and kB→A links and as a function of the kB→A and kA→B links, for all topologies 

containing the motifs of self-enhancing inhibitor and mutual inhibition, respectively.  

 

As with component concentrations and component diffusivities, we observed that 

combinatorial topologies containing multiple minimal motifs are more robust with 

respect to variations in regulation strengths. Starting with the minimal motif of positive 

feedback alone, the system robustly self-organizes polarity when kA→A is approximately  
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equal to or greater than the basal binding rate kon. As regulation linkages are added to 

create more complex circuitry, this constraint is loosened until the full sampled range of 

kA→A is tolerated (Figure 4.6a). 

 

Similarly, the minimal motifs of self-enhancing inhibitor (Figure 4.6b) and mutual 

inhibition (4.6c) are capable of driving spontaneous polarity only in a small region of  

parameter space. In the case of mutual inhibition, for example, a rough balance between 

the strengths of the two inhibition links, kB→A and kA→B, is required. Upon the addition 

of regulations to create circuits containing a combination of motifs, the functional region 

in the parameter space of regulation strengths expands. In all three cases, the topology 

containing all three minimal motifs can self-organize polarity in the most robust manner. 
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Chapter 5 / 

Summary & Concluding Remarks 

Design Principles for Self-Organizing Polarity 

As reviewed in Chapter 2, the self-organization of cell polarity has been an active topic of 

research throughout the last sixty years. The pioneering work of Meinhardt and Gierer in 

the 1970s (Gierer and Meinhardt, 1972; Meinhardt and Gierer, 1974; 2000), in which 

they elaborated upon ideas first proposed by Alan Turing in 1952 (Turing, 1952), has 

served as the foundation for theoretical studies on cell polarity. Although originally 

formulated to explain pattern formation, the paradigm of “local activation and global 

inhibition” has been adopted and expanded upon by many groups to explain various 

aspects of cell polarity (see Chapter 2). 
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The philosophy we adopted in this study is different. Instead of starting from a 

historically well-studied model, we took an unbiased approach and looked for all possible 

solutions to the problem of cell polarization by performing an exhaustive search of 

network topology space via a coarse-grained model. We intentionally used network 

topologies containing abstract nodes and components instead of modeling specific 

proteins from specific polarity pathways in order to allow us to deduce the general design 

principles of cell polarity. As a result, we believe that our findings can be applied to a 

variety of polarizing systems.  

 

We focus on membrane binding, dissociation, and lateral membrane diffusion reactions 

and ask how this simple set of reactions combined with local regulation of reaction rates 

as a function of network topology can result in self-organizing polarity. In an exciting 

parallel, recent experiments by the Hyman lab show that in C. elegans embryos, the 

asymmetric localization of PAR proteins can in fact be attributed to these simple 

reactions (Goehring et al., 2011).    

 

We found that in the full space of one- and two-node network architectures, there is in 

fact only a small region consisting of eight core topologies that are capable of driving 

self-organizing polarity. These core topologies can all be constructed using a combination 

of three minimal network motifs: positive feedback, self-enhancing inhibitor, and mutual 

inhibition. Interestingly, although each of the minimal motifs can perform the biological 

function of cell polarization, each works in a distinct regime of component concentrations, 

diffusion constants, and regulation strengths (Figure 5.1). Thus, if one chooses to build  



FIGURE 5.1 - Design specifications of minimal motifs for cell polarity
Each minimal motif has a different set of parameter requirements for 
driving cell polarization. 
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the simplest possible polarizing system using a minimal motif, one will pay a price of 

having limited flexibility in certain other parameters of the system.  

 

Combining minimal motifs into more complex networks, on the other hand, does not 

simply provide redundancy but rather expands the space over which the system is robust 

and functional. Out of the eight core topologies that can drive spontaneous cell polarity, 

we found that the most robust solution in regards to variations in component 

concentrations, component diffusivities, and regulation strengths is the one resulting from 

the combination of all three minimal motifs.  

 

We note that while our approach is entirely different from prior studies on cell polarity, 

we recover many of the previous findings. As an example, in our study, a network 

consisting only of positive feedback on the polarity marker can only generate polarity 

when there is a limiting concentration of polarity marker in the system. This is in line 

with the “local activation and global inhibition” framework, where the global inhibition is 

implemented via a limiting pool of substrate (Gierer and Meinhardt, 1972). Without this 

constraint, the positive feedback will simply overwhelm the system, saturate the 

membrane with polarity markers, and fail to organize polarity. The minimal motif of self-

enhancing inhibitor also requires a globally inhibitory effect, implemented via a limiting 

concentration of regulators, in order to spatially organize itself. The fact that the regulator 

simultaneously inhibits the polarity marker, effectively excluding it from regions of the 

membrane containing bound inhibitors, is how this motif drives the organization of 

polarity.  
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Our observation that mutual inhibition is the third minimal motif in polarizing networks 

is also consistent with several previous studies, although most did not look at mutual 

inhibition in isolation from positive feedback or global inhibition. Of the few groups that 

have studied mutual inhibition in the absence of positive feedback, some found that 

mutual inhibition alone has spontaneous polarization capability but only in small regions 

of parameter space (Narang, 2006; Gamba et al., 2005). It has also been postulated that 

mutual inhibition is a useful motif when a system needs to generate both a front and a 

back simultaneously, as in the case of a migrating cell (Onsum and Rao, 2007; Narang, 

2006).  

 

Although some of our results hark back to published models, no previous study has 

attempted to unearth all solutions to cell polarity and compare them with each other. This 

novel approach enables us to write out specifications for each of the minimal motifs 

detailing in which regimes each is functional (Figure 5.1). Because we performed an 

exhaustive search of network topology space, we can also make the claim that these three 

minimal motifs, as well as their various combinations, are the only ones capable of 

driving self-organizing polarity.  

 

The focus of this study is on the initial generation of asymmetry in the absence of 

external stimuli. As we mentioned in Chapter 2, there is a large body of literature 

containing numerous rigorous theoretical studies on gradient sensing in the field of 

directed cell movement. We note that although there are certainly intricate ties between 

gradient sensing and cell polarization, our aim here was not to replicate specific cellular 
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behavior observed in gradient sensing experiments. In fact, the core topologies we found 

to be capable of self-organizing polarity can also respond to gradient stimuli, and the 

external source merely provides a bias to the direction of polarization (data not shown). 

 

Network Architectures of Biological Polarity Pathways 

Our computational results suggest that a combinatorial topology containing multiple 

minimal motifs will behave robustly and achieve greater tolerance to variations in 

component concentrations, diffusion constants, and regulation strengths. When we looked 

at the current body of research relating to biological polarity pathways, we indeed found 

evidence of these combinatorial topologies at play. In particular, the combination of 

positive feedback and mutual inhibition has been observed in polarizing systems ranging 

from embryos to epithelia to migratory cells like fibroblasts (Figure 5.2).  

 

In C. elegans embryos, the asymmetrical localization of distinct polarity proteins to the 

anterior and posterior domains has been a topic of active research for many years. PAR-3, 

PAR-6, PKC-3, and RHO-1 are known to segregate to the anterior portion of the cell 

cortex while PAR-1, PAR-2, and LGL segregate to the posterior (Macara, 2004b; Munro, 

2006; Goldstein and Macara, 2007; St Johnston and Ahringer, 2010; Nance and Zallen, 

2011). Over the last few years, experimental work from various groups has elucidated 

some of the specific mechanisms underlying this spatial organization and found that 

positive feedback combined with mutual inhibition is at the heart of this polarity system 

(Figure 5.2a). The PAR-6/PAR-3/PKC-3 complex enhances its own cortical flow to the 

anterior domain of the embryo, effectively implementing a positive feedback loop that  
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FIGURE 5.2 - Examples of combinatorial topologies
The use of combinatorial topologies, specifically that of mutual inhibition with
positive feedback, can be seen in a variety of systems. Examples include
a) C. elegans embryos, b) Drosophila oocytes, c) epithelial cells, and d) motile cells.
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has been shown to be critical for polarization (Munro et al., 2004). At the same time, 

phosphorylation of PAR-2 and LGL by PKC-3 inhibits their association with the anterior 

cortex (Hao et al., 2006; Hoege et al., 2010), providing for one arm of the mutual 

inhibition. The other arm of the mutual inhibition is mediated by PAR-1 and PAR-2 

preventing the localization of the anterior PAR proteins to the posterior cortex (Cuenca et 

al., 2003; Hao et al., 2006), although the exact mechanisms of this inhibition remain 

unclear. On a related note, LGL has also been postulated to inhibit the localization of the 

anterior PAR proteins (Beatty et al., 2010; Hoege et al., 2010).  

 

Similar to C. elegans embryos, Drosophilia oocytes break symmetry to form anterior and 

posterior domains early in development. This anteroposterior asymmetry is critical for the 

formation of the major body axes in the later embryo, and many of the PAR proteins 

involved in this process are conserved between the worm and the fly (Goldstein and 

Macara, 2007). As in C. elegans, Bazooka (the Drosophila homolog of PAR-3), PAR-6, 

and aPKC (the Drosophila homolog of PKC-3) localize to the anterior, while PAR-1 and 

LGL localize to the posterior along with a protein called Oskar (Figure 5.2b) (Macara, 

2004a; Munro, 2006; Goldstein and Macara, 2007; St Johnston and Ahringer, 2010; 

Nance and Zallen, 2011). (Note that homologs of PAR-2 in C. elegans have not been 

identified in other organisms.) Here again, we find evidence that the combinatorial 

topology of positive feedback with mutual inhibition is in use. Oskar has been shown to 

act in a positive feedback loop involving PAR-1 and microtubules to stabilize the 

organization of the posterior domain (Zimyanin et al., 2007). In the anterior region, aPKC 

phosphorylates LGL and PAR-1 and inhibits their association with the membrane, 
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effectively isolating them to the posterior domain of the oocyte (Tian and Deng, 2008; 

Doerflinger et al., 2010). Conversely, PAR-1 phosphorylation of Bazooka inhibits its 

localization to the anterior domain, likely by preventing the formation of the 

Bazooka/PAR-6/aPKC complex (Benton and Johnston, 2003).  

 

In addition to the asymmetrical localization of proteins during embryogenesis and 

oogenesis, cell polarity plays a major role in the function of epithelial cells. Although the 

network in epithelial cells is slightly more complex, involving three sets of polarity 

proteins instead of two, many parallels can be drawn and similar network motif 

combinations can be found (Figure 5.2c). In both Drosophila and mammalian epithelial 

cells, Scribble, DLG, LGL, and PAR-1 localize to the basolateral membrane. At the 

apical membrane, we again find the familiar PAR-3 (Bazooka in Drosophila)/PAR-

6/aPKC complex along with the GTPase RAC-1. At the same time, a second group of 

proteins consisting of Crumbs, PATJ, and PALS-1 (Stardust in Drosophila) also localizes 

apically but closer to the apical-lateral boundary, clustering near adherens and tight 

junctions (Goldstein and Macara, 2007; St Johnston and Ahringer, 2010; Nance and 

Zallen, 2011; Laprise and Tepass, 2011).  

 

Many recent experimental studies in both Drosophila and mammalian epithelial systems 

have begun to elucidate some of the regulatory mechanisms between these three groups 

of proteins. In mammalian epithelia, there are signs that a positive feedback loop may 

exist between the PAR-3/PAR-6/aPKC complex, RAC-1, and the RAC-1 activator 

TIAM-1 (Mertens et al., 2005). Much like during fly oogenesis, PAR-1 phosphorylates 
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Bazooka/PAR-3 and blocks its association with the PAR-6/aPKC complex (Benton and 

Johnston, 2003; Hurd et al., 2003). At the same time, LGL suppresses the activity of the 

PAR-3/PAR-6/aPKC complex and mediates its disassembly from the plasma membrane 

(Hutterer et al., 2004; Yamanaka et al., 2006). Both of these interactions have the effect 

of preventing apical proteins from localizing to the basolateral membrane. A reciprocal 

inhibition, mediated by PKC-3/aPKC phosphorylation of PAR-1 and LGL, promotes the 

dissociation of PAR-1 and LGL from the membrane in the apical region (Plant et al., 

2003; Yamanaka et al., 2003; Suzuki et al., 2004; Hurov et al., 2004). Finally, genetic 

studies have found evidence of competitive interactions between the apically localized 

Crumbs complex (Crumbs/PATJ/PALS-1) and the basolaterally localized LGL complex 

(LGL/ Scribbe/DLG/PAR-1) although the mechanistic details of this 

competition/inhibition remain unclear (Tanentzapf and Tepass, 2003; Bilder et al., 2003). 

 

During cell migration, neutrophils organize RAC-1 at the protrusive fronts and RHO-A at 

the retracting backs. Bourne and colleagues, in a number of studies, found experimental 

evidence suggesting that in addition to a positive feedback loop operating at the front of 

the protruding cell (Weiner et al., 2002), the frontness and backness pathways also 

mutually inhibit each other locally (Xu et al., 2003; Wong et al., 2006; Van Keymeulen et 

al., 2006). More detailed mechanisms have been worked out in the migration of 

fibroblasts and astrocytes, where positive feedback in combination with mutual 

antagonism between the front and back is again observed (Figure 5.2d). In fibroblasts, 

PAR-3/PAR-6/aPKC, CDC-42, and RAC-1 are localized to the front whereas RHO-A is 

localized to the back (Goldstein and Macara, 2007; Iden and Collard, 2008). A positive 



 75 

feedback loop, like that in neutrophils, likely functions to stabilize the front of the 

migrating cell (Iden and Collard, 2008). RAC-1 at the front also antagonizes RHO-A via 

p190RhoGAP, a GTPase-activating protein (GAP) for RHO-A, forming one arm of the 

mutual inhibition (Sander et al., 1999; Wildenberg et al., 2006). The other arm of the 

inhibition is mediated by two factors: activation of FilGAP, a GAP for RAC-1, by Rho-

kinase (ROCK) (Ohta et al., 2006) and phosphorylation of PAR-3 by ROCK, which 

destabilizes the PAR-3/PAR-6/aPKC complex and causes its dissociation from the rear 

membrane (Nakayama et al., 2008).  

 

Implications for the Engineering of Synthetic Polarity Systems 

The design principles revealed in this study not only allows us to gain insight into 

existing polarity pathways, but can also serve as a guide in engineering synthetic polarity 

systems. More often than not, when building novel circuitry, synthetic biologists do not 

have fine-tuned control over many system parameters such as component concentrations, 

diffusion constants within the cell, and strengths of regulation interactions. As such, 

knowing a priori which classes of network architectures are most robust for a particular 

biological function can aid in the construction of functional circuits or systems. In this 

case, our results indicate that to build a robust self-organizing polarity system, one should 

use a combination of the minimal motifs in order to maximize the likelihood of function. 

Experiments to construct the full combinatorial circuit in Saccharomyces cerevisiae using 

PIP3 as a polarity marker, CDC42 as the regulator, and localization domains fused to 

catalytic domains of enzymes such as PI3K, PTEN, and RhoGAP to implement synthetic 

regulation linkages between the two nodes are currently underway.  
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Application to General Spatial Self-Organization  

Although our current study focuses specifically on the problem of self-organizing cell 

polarity, we believe that our results can be more broadly applied to the spatial self-

organization of components into distinct domains. Due in large part to the fact that we 

used abstract network nodes and regulation linkages in our model, the principles we 

uncovered need not be tied to signaling networks and membrane binding and dissociation 

reactions.  

 

As an example, chromatin modifications have been found to occur in clusters even 

though how exactly these domains are formed is still a subject of active research (Grewal 

and Elgin, 2002).  Instead of signaling nodes, we can reframe our model and imagine two 

different types of chromatin markers A and B. Then, in place of binding and dissociation 

reactions, we simulate the addition and removal of these marks along a string of 

chromatin – kX,bind then becomes kX,add and kX,dissoc becomes kX,remove. Similar to the 

polarity model, regulation between the two markers, kX→Y, affects each one’s addition 

and removal rates as a function of the local concentrations of existing marks. In this case, 

because the enzymes adding and removing the chromatin markers can turn over quickly, 

it is likely that the concentrations of A and B within the system are high and not limiting. 

As such, our results would imply that the best minimal motif for this scenario is the one 

of mutual inhibition, which can self-organize A and B into domains in the presence of 

excess concentrations of A and B.   
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Appendix / 

Additional Contributions 

Software Tools 

In addition to the research detailed in this thesis, I developed two sets of image 

processing tools in Matlab - CellTracker and PolarityFinder – to aid in the analysis of 

data from microscopy and EZTaxiScan experiments.   

 

CellTracker was originally developed to analyze brightfield movies taken using the 

EZTaxiScan system and later expanded to allow for the analysis of brightfield and 

fluorescence microscopy data. Written in Matlab with a basic user interface, CellTracker 

allows users to batch-process sets of movies containing motile cells in order to 

automatically track their movements, calculate various chemotactic statistics, visualize 

the results, and compare behavior under different experimental conditions.  CellTracker 
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has been used in a number of projects by various labs, including experiments with HL60s, 

Dictyostelium, and primary immune cells. 

 

PolarityFinder was developed to analyze yeast microscopy data, specifically those from 

experiments involving the localization of fluorescent reporters to the plasma membrane. 

The software requires both the application of Latrunculin A to block cell division and the 

use of an out-of-focus brightfield image, which helps in the detection of the plasma 

membrane. Localization data from two fluorescent channels, representing two reporters, 

can be gathered, visualized, and compared. PolarityFinder is currently being used in the 

synthetic PIP3 polarity project.  
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