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ABSTRACT OF THE DISSERTATION

Adaptive Methods in the Finite Element Exterior Calculus Framework

by

Adam Mihalik

Doctor of Philosophy in Mathematics with a specialization in Computational
Science

University of California, San Diego, 2014

Professor Michael Holst, Chair

In this thesis we explore convergence theory for adaptive mixed finite el-
ement methods. In particular, we introduce an a posteriori error-indicator, and
prove convergence and optimality results for the mixed formulation of the Hodge
Laplacian posed on domains of arbitrary dimensionality and topology in R™. After
developing this framework, we introduce a new algorithm and extend our theory
and results to problems posed on Euclidean hypersurfaces.

We begin by introducing the finite element exterior calculus framework,
which is the key tool allowing us to address the convergence proofs in such gener-
ality. This introduction focuses on the fundamentals of the well-developed a priori

theory and the results needed to extend the core of this theory to problems posed

X



on surfaces. A basic set of results needed to develop adaptivity in this framework
is also established. We then introduce an adaptive algorithm, and show conver-
gence using this infrastructure as a tool to generalize existing finite element theory.
The algorithm is then shown to be computationally optimal through a series of
complexity analysis arguments. Finally, a second algorithm is introduced for prob-
lems posed on surfaces, and our original convergence and optimality results are

extended using properties of specific geometric maps between surfaces.



Chapter 1

Introduction



1.1 Overview

Ideas from three distinct areas of research are essential to the theory de-
veloped in this thesis. In this introduction we review the fundamentals of each of
these fields and discuss the role each will play in developing our main results. The
chapter then concludes with a discussion focusing on our research and the results

proven in later chapters.

1.2 Finite Element Exterior Calculus

Mized finite elements have become standard tools for solving a large class
of partial differential equations (PDE), and practical applications require imple-
mentation of this method using computationally efficient algorithms. In Chap-
ters 2 and 3 we develop such algorithms for a large class of PDE problems, and
show they produce a sequence of approximating solutions that convergence in a
computationally optimal manner to the correct solution. Such a framework was
developed in [13] for problems posed on connected domains in R?, using proper-
ties of the standard vector calculus operators. For more generality we turn to the
theory of finite element exterior calculus (FEEC), introduced by Arnold, Falk and
Winther. Using established connections between mixed finite elements and the
calculus of exterior differential forms, including de Rham cohomology and Hodge
theory [10, 35, 36, 22|, they showed that Hilbert complexes were a natural setting
for analysis and numerical approximation of mixed variational problems. One of
the powerful aspects of this theory is that results are proven for abstract Hilbert
complexes and then can be applied to a large class of differential equations. Re-
cently, researchers have shown the power and elegance of this framework by using
it to make further generalizations in mixed finite element theory [24, 25, 18]. This
framework will be a key tool as we develop a convergence and optimality theory
for domains of arbitrary dimension and topology, and for problems posed on Eu-
clidean hyper-surfaces. In the first part of this section we introduce the heart of
the abstract theory; Hilbert complexes and the abstract Hodge Laplacian. We

then discuss the de Rham complex and apply the abstract results to a large class



of applicable equations.

1.2.1 Hilbert Complexes and the abstract Hodge Laplacian

A Hilbert complez (W, d) is a sequence of Hilbert spaces W* equipped with
closed, densely defined linear operators, d*, mapping V¥ C W* to the kernel of
d*1in Wk+1 A Hilbert complex is bounded if each d* is a bounded linear map
from W* to W*+1 A Hilbert complex is closed if the range of each d* is closed in
W+l Given a Hilbert complex (W, d), the subspaces V* C W* endowed with the

graph inner product
(w, v)yre = (u, V) e + (d¥u, d*v) i, (1.1)

form a Hilbert complex (V,d) known as the domain complez. By construction
d* 1o d* = 0, thus (V,d) is a bounded Hilbert complex.

The range of d*! in V* and the null space of d* will be denoted B* and
3%, respectively. By construction B* C 3* and the elements of 3¥ NB*+ form the
space of harmonic forms, denoted $*. For a closed Hilbert complex we can write

the Hodge decomposition of W* and V*,

Wh = 8" aF @ 37w, (1.2)
Vk=28F @ ot o 3, (1.3)

Another important Hilbert complex will be the dual complez (W, d*), where d :
W* — Wk=Lis the adjoint of d*~!. The domain of d} will be denoted by V;*. For

closed Hilbert complexes, an important result will be the Poincaré inequality,
[ollv < cplld*vllw, ve 3" (1.4)

Given a Hilbert complex (W, d), the operator L = dd*+d*d, W* — W* will
be referred to as the abstract Hodge Laplacian. For f € W*, the Hodge Laplacian



problem can be formulated as the problem of finding u € W* such that
(du, dv) + (d*u, d*v) = (f,v), ve VNV,

This formulation, however, has undesirable computational properties. The
finite element spaces V¥ N V;* are often difficult to implement, and the problem
is not well-posed in the presence of a non-trivial harmonic space. In order to
circumvent these issues, a well posed (cf. [4, 5]) mized formulation of the abstract

Hodge Laplacian is introduced as finding (o, u,p) € V¥t x VF x §* such that:

(o,7) — (dT,u) =0, Vr e Vil
(do,v) + (du,dv) + {p,v) = {(f,v), Yve V¥ (1.5)
<’LL, Q> = Oa Vq € ﬁk-

In [4, 5] a theory of approximate solutions to the Hodge-Laplace problem
is developed by using finite dimensional approximating Hilbert complexes. For a
Hilbert complex (W, d) with domain complex (V) d), an approximating subcomplex
is a set of finite dimensional Hilbert spaces, V;¥ C V¥ with the property that dV;* C

thH. Since V}, is a Hilbert complex, V}, has a corresponding Hodge decomposition,
Vi =B} @ nke 3.

By this construction, (V},,d) is an abstract Hilbert complex with a well posed

Hodge Laplace problem. Find (o4, us, pn) € V;" x ViF x %, such that

(op, T) — {dT,up) =0, V1 € thfl,
(doy,v) + (dup, dv) + (pp,v) = (f,v), Yv e V}F (1.6)
<uh7 q> = 07 VQ S ﬁi

Now, with this background in place, [4, 5] prove an a priori convergence

result for the abstract mixed Hodge-Laplacian.

Theorem 1.2.1. Let (Vj,,d ) be a family of subcomplexes of the domain complex
(V,d) of a closed Hilbert complex, parameterized by h and admitting V -bounded



cochain projection. Let (o,u,p) € V1 x V¥ x % be the solution to the mized
variational problem and let (op,, up, pr) € th_l X th X f)ﬁ be the solution to discrete

mized vartational problem. Then

lo = onllv+llu—unllv +lp—pull < C( inf o —7llv+

TEV),

inf ||lu—o|yv + inf |p—q|| + p inf ||Pyu —v]|)
veEVF qeVvk vEVP

where

p=sup ||(I—m)r|.
resh |r||=1

This result shows that as long as the approximating sub-complexes approach
the approximated complex then convergence will follow. As we will see in the next
section, this assumption cannot be made for adaptive methods. In developing
our generalized adaptive finite element method we build an analogous abstract

infrastructure that does not rely on this assumption.

1.2.2 The de Rham Complex

Let d be the exterior derivative acting as an operator from L?A*(Q2) to
L2ARL(Q). The L? inner-product will define the W-norm, and the V-norm will
be defined as the graph inner-product

(u,wyyr = (u,w) 2 + (du, dw) 2.

This forms a Hilbert complex (L*A(Q),d), with domain complex (HA(Q),d),
where HAF(Q) is the set of elements in L2A*(Q) with weak exterior derivatives

in L2A**1(Q). The domain complex can be described with the following diagram

0— HAYQ) % .. = HA" Q) S L2(Q) — 0. (1.7)

It can be shown that a specific compactness property is satisfied, and therefore the

prior results shown on abstract Hilbert complexes can be applied.



The Hodge star operator, x : A¥(Q2) — A"7%(Q), is then defined using the
wedge product. For w € A¥(Q),

/QW A= (3w, i) popn—k, Y€ A"H(S).
Next we introduce the coderivative operator, § : A¥(Q) — A*=1(Q),
*xow = (=1)fdxw, . (1.8)
which combined with Stokes theorem allow integration by parts to be written as

(dw, p)y = (w, o) —i—/ trwAtrxp, we A e AFQ). (1.9)
o0

Using this formulation and the following spaces,

HA*Q) = {w € HA¥Q) troqw = 0},
H*AR(Q) := «HA"*(Q),

the following theorem gives an important connection between the framework built

for abstract Hilbert complexes and the de Rham complex.

Theorem 1.2.2. (Theorem 4.1 from [5]) Let d be the exterior derivative viewed as
an unbounded operator L2A*=1(Q) — L2A*(Q) with domain HA*(Q). The adjoint
d*, as an unbounded operator L2ANF(Q) — L2A*1(Q), has H*A*(Q) as its domain
and coincides with the operator ¢ defined in (1.8).

Applying the results from the previous section and Theorem 1.2.2, we get
the mixed Hodge Laplace problem on the de Rham complex: Find the unique
(o,u,p) € HAF1(Q) x HA¥(Q) x $H* such that

oc=0u, do+ddu=f—p in(,
trxu =0, trxdu=0 on 052, (1.10)
u L HE.

The following sub-sections follow the outline of a similar discussion given in



[5]. The Hodge Laplacian in R? is analyzed, and is related to classical differential
equations using the terminology of vector calculus. In addition to the material
in [5], this section aims to give a more detailed and applied discussion of the
harmonics, while also expanding the discusion to the case of surfaces without

boundary.

The Hodge Laplacian for case k = 0

The discussion of the harmonic O-forms are the most straightforward. The
space of harmonic forms, °, is simply the constant functions on each connected
component of the domain. In this case HA™! is void and the Hodge Laplacian is

the problem of finding (u, p) € HA* x $*, such that:

(du,dv) + {p,v) = {f,v), Yve& HA

(1.11)
(u,q) =0, Vg € H*.
This equation implies that
(du,dv) = (f —p,v), Vve& HAF, (1.12)
thus
—divgradu=f—p in Q. (1.13)

Since f is the adjoint of du, Theorem 1.2.2 can be applied to yield the boundary
condition,

grad u-n =0 on 09Q. (1.14)

This is simply the scalar Laplacian with Neumann boundary conditions.
The role the harmonics play is simple. In order to guarantee existence of a solution,
the harmonic component of f is calculated as p, and then subtracted from f when
solving the equivalent of Poisson’s equation. The second equation of this mixed
formulation guarantees uniqueness. Otherwise one could add a constant function
to any solution u to derive another solution. In classical differential equations

these restrictions are taken care of with boundary conditions and restrictions to



the function spaces.

A more intuitive discussion of the harmonics is also simple in this case. The
space V*~! equals 0, and thus B* equals zero. This implies §* = 3* N B+ = 3*.
Since HAY is the set of H'-functions, it is clear that the harmonics are the set
functions which are constant on each connected component.

We can also expand this discussion to surfaces without boundary. Equation
(1.17) is no longer constraint when the surface has no boundary, but now Stokes
theorem implies [, du = 0.

Hilbert complex isomorphisms do not generally map harmonic spaces of one
complex to harmonic spaces of another complex. For a given manifold, M, the de
Rahm complex on the manifold will be denoted by (H2(M),d). Any isomorphic
map between the Hilbert complexes HQ(M) and HQ(M4) must map B5, — B4, |
3%, — 3%, and the reverse must also hold. But, for instance, B%, C 3%, and
therefore there is no guarantee that $%, = B N 3% is mapped to ﬁlfwA. In the
case k = 0, the maps i4 and 74 introduced in Chapter 3 will provide such a map
of harmonic spaces. These maps are constructed using the pull-backs and push-
forwards, which in the case £ = 0 simply maps function values point-wise back
and forth between the surfaces M and M,4. Therefore, a constant function on one
surface will remain constant when mapped to the other surface using these maps,
and thus the harmonic spaces will map to each other. Another way to think about

this case is that B° is void, and thus 3%, — 3%, implies 5, — 9F; .

The Hodge Laplacian for case k = 1

Now we have moved off the edge of the Hilbert complex and have the

familiar Hodge Laplacian problem: Find (o, u,p) € HQ*t x HQF x § such that

(o,7) — (dr,u) =0, Vr e HQF L,
(do, ) + {du,dv) + (p,v) = (f,0), Vo€ HOY (1.15)
<u> q> = 07 vq S y)k



This equation implies that
(u,dr) = (o,7), V1€ HA",

thus o is the adjoint of u, and an application of Theorem 1.2.2 yields the following
boundary condition,

u-n=0 on 0f. (1.16)

This equation also implies that
(du,dv) = (f —do —p,v), V7€ HA",

thus f — o — p is the adjoint of du, and an application of Theorem 1.2.2 yields the

following boundary condition,
curl u x n =0 on 0. (1.17)

Since u is orthogonal to the harmonics, we have du = 0 and du = 0, which are in

vector calculus terminology adds the constraints,
curlu=0, divu=0 1in{. (1.18)
Additionally, the first two equations of (1.15) imply
oc=—divu, grado+ curlcurlu=f—p in Q. (1.19)

In terms of vector calculus, the above equation is a boundary value problem for a
formulation of the the vector Laplacian.

As seen above, the elements of $' must satisfy (1.17) and (1.18). The
dimension of $! is the first Betti number, which is the number of handles [5]. To
give an example, take the case where () is a solid cylinder. There are no handles
to this domain, and thus the dimension of the harmonic space is zero. Now take
the case where we remove a cylinder of equal height and a smaller radius from the

domain. Now the dimension of the harmonic space equals 1 as a vector field can



10
essentially wrap around the handle.

The Hodge Laplacian for case k = 2

As was the case for k = 1, we are dealing with the middle of the Hilbert
complex, and (1.15) is our reference equation. Using the same logic as the k = 1

case, we get the boundary conditions,
uxn=0,divu=0 on 0. (1.20)
In this case the first two equations of (1.15) imply
o=curlu, curlo— graddivu=f—p in Q. (1.21)
And again, since u is orthogonal to $%, we have the constraints
curlu =0, divu=0 1in{ (1.22)

In terms of vector calculus, the above is then seen to be a slightly different boundary
value problem for a formulation of the vector Laplacian.

The dimension of the harmonic space is the second Betti number, and can be
seen to be the number of voids in the domain. Further discussion of this harmonic
space is not of interest here, as the properties of interest were already discussed

for the case k = 1.

The Hodge Laplacian for case k = 3

The harmonic space is void when dealing with polygonal domains in R3,

and we have the Hodge Laplacian problem: Find (o, u) € HAF! x HAF satisfying

(o,7) —(dT,u) =0, Vr e HAF L,

(do,v) = (f,v), Vve HAF (1:23)
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In terms of vector calculus we have,
o= —grad u, divo = f in €. (1.24)

Since o is the adjoint of u, an application of Theorem 1.2.2 yields the boundary
condition,

u=0 on 0. (1.25)

This problem now can be seen to be Poisson equation with Dirichlet boundary
conditions.

The situation is more complicated when the domain is a surface without
boundary. Since dw = 0 Vw € HA", $3 can be described as the set w € HA" such
that dw = 0. When dw = 0 it implies d x w = 0, where d is the gradient operating
on H'(€2). This implies the harmonics are constant forms and, if the domain has
a boundary, (1.25) implies these constants must be zero. Thus the harmonic space
is void in the case where there is a boundary. In the absence a boundary, (1.25)
does not apply and thus constant volume forms on each connected component
form the harmonics. We give an analogous lower-dimensional example of what is
happening. Consider a one dimensional surface in R? with boundary. Any 1-form
in L? is the derivative of some 0-form in H!, thus there are no harmonics. Now
connect the two ends of the line. Now only functions which integrate to zero can be
derived as derivatives of H' functions. This idea can be extended to the language
of differential forms, and then dealt with in the cases of higher dimensions, and it
can be seen that the harmonics are the constant volume forms on the surface.

The above fact brings the problem on surfaces to the more familiar Hodge

Laplacian: Find (o, u,p) € HQF1(M) x HQ*(M) x $ such that

(o,7) — (dr,u) =0, Vr e HQY(M),
(do,v) + {du, dv) + (p,v) = {f,v), Yo & HQ¥(M), (1.26)
(u,q) =0, Vq € H*.

The boundary condition clearly can no longer exist and the emergence of the

harmonic constraint is essentially replacing this condition.
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Numerically the algorithms we have developed work specifically for the
case where f is formulated as a volume form, and take advantage of the lack
of harmonics. Thus our algorithm will not attack this problem directly. Since
constant volume forms are easy to deal with, we can simply factor out the average
of any volume form f, and essentially create a mean zero set of basis functions
for calculating u. This will allow us to solve 1.26 using the same tools we built to
solve 1.23.

Unlike the case k = 0, Hilbert complex isomorphisms do not generally
map the harmonic forms on M to harmonic forms on M,4. Harmonic forms are
the constant volume forms, and thus maps such as the pull-back scale by volume
ratios point-wise between the surfaces. However, as mentioned above, we can deal
with the harmonics in a preprocessing step thus this is more a point of interest

rather than a computational concern.

1.3 Adaptive Finite Element Methods

Adaptive finite elements methods (AFEM) are a class of finite element
methods (FEM) which aim to distribute computational power efficiently by refining
the mesh of the domain non-uniformly. For a large class of important problems in
science and engineering it is not practical to refine the mesh uniformly and AFEM
based on a posteriori error estimators have become standard tools (cf. [1, 46, 38]).
A fundamental difficulty with these adaptive methods is guaranteeing convergence
of the solution sequence. The first convergence result was obtained by Babuska
and Vogelius [7] for linear elliptic problems in one space dimension, and many
improvements and generalizations to the theory have followed [19, 31, 34, 33, 41].

Given an initial triangulation of the domain, 7y, the adaptive procedure will
generate a nested sequence of triangulations 7 and discrete solutions (o, ug, px),

by looping through the following steps:
Solve —» Estimate — Mark — Refine (1.27)

The following subsection will describe details of these steps.
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Approximation Procedure

We assume access to a routine SOLVE, which can produce solution to (1.6)
given a triangulation, problem data, and a desired level of accuracy. For the
ESTIMATE step we will introduce a posteriri error indicators nr on each element
T € 7. Two important properties of such indicators are reliability and efficiency.
We say that an indicator is reliable if it bounds the error of interest up to a
constant. We say that an indicator is efficient if, up to some positive constant and
higher order terms, it provides a lower bound of the error. In the MARK step we
will use Dorfler Marking strategy [20]. An essential feature of the marking process
is that the summation of the error indicators on the marked elements exceeds a
user defined marking parameter 6.

We assume access to an algorithm REFINE in which marked elements are
subdivided into two elements of the same size, resulting in a conforming, shape-
regular mesh. Triangles outside of the original marked set may be refined in order
to maintain conformity. Bounding the number of such refinements is important in
showing optimality of the method. Along these lines, Stevenson [44] showed certain
bisection algorithms developed in two-dimensions can be extended to n-simplices

of arbitrary dimension satisfying

(1){7x} is shape regular and the shape regularity depends only on 7y,
(2)#Tr < #To + CHM,

where M is the collection of all marked triangles going from 7Ty to 7.

Convergence and Optimality

The idea of convergence in this context is straightforward; the approxima-
tions must approach the actual solution. We will show that our adaptive algorithm
convergences linearly to any given error tolerance in a finite number of steps. Con-
vergence, however, does not necessarily imply optimality of a method. This idea
has led to the development of a theory related to the optimal computational com-

plexity of AFEMs, and within this framework certain classes of adaptive methods
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have been shown to be optimal [8, 43, 12].

In order to make this discussion of optimality more concrete, we introduce
the approximation classes as defined in [8]. Let o be the solution to the to the
Hodge Laplacian, and the o7 be the solution to the discrete version of the prob-
lem on a given triangulation of the domain, 7. For a given refinement of 7T, let
N represent the number of elements in the triangulation added from an original
conforming triangulation, 7. Also let Ty represent the entire set of triangulations
that can be formed for a given value of N. Another tool in developing the idea of

the approximation class is the following norm,

lo|las = Nsup (N® inf |0 —o7]). (1.28)

>#7To TeTN

With these tools we now define the approximation class

A= o e V1 ||o|

As < 00} (1.29)

A method is optimal if for any iterated triangulation there is a constant C,
such that|jc — on|| < CN~*. In proving the optimality of our method we follow
[43, 13], which, after proving convergence, only requires orthogonality, a discrete

upper bound and an efficient error indicator,

lo — oxall® = llo — owll> = llonss — 0wl (1.30)
lowsr — onll3 < Cn*(on, Te € Tr), (1.31)
CQUQ(Uk,E) <o — 0k||2. (1.32)

In [13], ideas of [8] related to optimal function approximation are used
to show certain quasi-orthogonality are enough for optimality. The remainder of
proving the optimality of our method follows [43]. The high level intuition behind
the proof is as follows. Take any single refinement step of our algorithm. The

collections of elements refined contribute to a minimal amount of error reduction, A.
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Then, combining the above equations with cardinality properties of the refinement
strategy, the amount of elements added is bounded by A~'/* multiplied with a
multiple of the current error. Then this relationship can be combined over each
iteration of the algorithm, and then used to get the desired optimality result.

In [13], Chen, Holst, and Xu used error indicators developed in [3] and
establish convergence and optimality of an adaptive mixed finite element method
for the Poisson equation on simply connected polygonal domains in two dimensions.
Their argument used a type of quasi-orthogonality result, exploiting the fact that
the error was orthogonal to the divergence free subspace, while the part of the error
not divergence free was bounded by data oscillation through a discrete stability
result. A generalization of this quasi-orthogonailty will be fundamental in proving

convergence and optimality of our algorithm introduced in Chapter 2.

1.4 Surface Finite Element Methods

Many applicable problems are posed on embedded surfaces, and thus an
extension of finite element theory developed in Chapter 2 is desired. Typically,
surfaces of interest are not polygonal, and it is necessary to approximate the sur-
faces or introduce a map to the surface from an approximating polygonal manifold.
This thesis investigates these methods, and develops convergence and optimality
results for a class of surface PDE.

In a 1988 article, Dziuk [21] introduced a nodal finite element method for
the Laplace-Beltrami equation on 2-surfaces approximated by a piecewise-linear
triangulation, pioneering a line of research into surface finite element (SFEM)
methods. Demlow and Dziuk [17] built on the original results, introducing an
adaptive method for problems on 2-surfaces, and Demlow later extended the a
priori theory to 3-surfaces and higher order elements [16]. While a posteriori
error indicators are introduced and shown to have desirable properties in [17], a
convergence and optimality theory related to problems on surfaces is a relatively
undeveloped area, and developing such a theory is the main topic of Chapter

3. Key tools to our development will be ideas from [24], where Holst and Stern



16

extend the FEEC theory to include problems in which the discrete complex is
not a subcomplex of the approximated complex. This made it possible in [24] to
reproduce the existing a priori theory for SFEM as a particular application, as well
as to generalize SFEM theory in several directions.

Surfaces finite element methods, by their nature, have additional compli-
cations which make developing and all-encompassing algorithm difficult. Surfaces,
for instance, can be described in different manners, and depending on the access
to surface quantities, algorithms that are ideal in one situation may be infeasible
in others. Also, when refining a mesh, element nodes are not necessarily required
to lie on the approximated surface, or even alter the approximating surface. Con-
tinually improving the surface approximation has desirable features, but it also
complicates the analysis of convergence and optimality. With these ideas in mind,
we have explored three separate categories of surface finite element methods, and
developed results with desirable features depending on the specifics of the problem

of interest.

e Parametric Finite Element Approximations, where the basis elements are

defined on an approximating surface and mapped back to the original domain.

e Algorithms that reduce the geometric error to specified levels prior to working

on the error related to the PDE on the approximating surface.

e Standard surface finite element methods constrained to have the element

nodes lying on the actual surface.

Ideas similar to the first method were discussed in the a priori setting in
Dziuk [21] and Demlow [16]. Initially an approximate surface lying an a tubular
neighborhood of the domain must be created. A mesh on the approximating surface
is continually refined and the basis elements defined on this mesh are mapped
back to the approximated surface. This creates a desirable situation where nested
refinements produce function subspaces on the elements. In Chapter 3 we use
this property, and further develop differential geometry tools introduced in [24], to

prove convergence and optimality of an adaptive method on surfaces.
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In the second type of method above, the user must define desired error
tolerance prior to running the computation. The first step of the method is to
create a surface with a geometric portion of the approximation error bounded below
a specified tolerance. The second step of the algorithm applies standard adaptive
methods to reduce the residual portion of the approximation error below the desired
tolerance, and hence the overall error is reduced as desired. The advantage of this
method is that calculation of the geometrical terms related to iterated values of
the PDE are avoided and this is computationally desirable. This also yields an
optimal algorithm in cases where error tolerance can be fixed a priori.

Once the fixed approximating surface is created, however, the additive ge-
ometric error does not decrease. If the desired error tolerance changes, then the
algorithm must be started from scratch. This can be an undesirable feature which
we have addressed by adding geometrical terms to the error indicator, and forcing
the nodes of the mesh to lie on the approximated surface. The error indicators
used in this method can be shown to be reliable and efficient, providing promise
for a good adaptive method. Convergence and complexity results, however, are
harder to obtain, as the evolving surface removes the desirable subspace properties
present on non-evolving domains.

The third method above is in the realm of [21, 16, 17] and has many sim-
ilarities to the first method. The biggest disadvantage of this method is that the
refined spaces do not have the nested subspace property for the function spaces.
This property is at the core of many traditional convergence arguments, and thus
this problem requires a new technique. One advantage of this method is the surface
estimates improve at each step, and therefor the bounding constant due to surface
approximation decrease. We discuss topic this more detail and compare with our

method in Chapter 3.

1.5 Main Results

In Chapter 2 we use the FEEC framework to extend the convergence and

complexity arguments of [13] for simply connected domains in two dimensions
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to more general domains. Specifically we introduce an adaptive algorithm and
show convergence and optimality of the method for the Hodge-Laplace problem
(k = n) on domains of arbitrary topology and spatial dimension. While our results
are shown for the specific case (k = n), many of the auxiliary results hold for
arbitrary k, and we also discuss possible extensions to the general 28-Hodge-Laplace
problem. In Chapter 4 we apply this adaptive method and step through a detailed
computational example.

In Chapter 3 we introduce an adaptive method for problems posed on
smooth Euclidean hypersurfaces in which finite element spaces are mapped from
a fixed approximating polygonal manifold. The mesh on the fixed approximating
surface is refined using error indicators related to the original problem. Using tools
developed in [24], the auxiliary results of Chapter 2 are modified to account for
the surface mapping. In doing this we establish the optimality of a convergent
algorithm for the Hodge Laplacian (case k = m ) on hypersurfaces of arbitrary

dimension.
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2.1 Abstract

Finite Element Exterior Calculus (FEEC) was developed by Arnold, Falk,
Winther and others over the last decade to exploit the observation that mixed
variational problems can be posed on a Hilbert Complex, and Galerkin-type mixed
methods can then be obtained by solving finite-dimensional subcomplex problems.
Stability and consistency of the resulting methods then follow directly from the
framework by establishing the existence of operators connecting the Hilbert com-
plex with its subcomplex, essentially giving a “recipe” for well-behaved methods.
In 2012, Demlow and Hirani developed a posteriori error indicators for driving
adaptive methods in the FEEC framework. While adaptive techniques have been
used successfully with mixed methods for years, convergence theory for such tech-
niques has not been fully developed. The main difficulty is lack of error orthog-
onality. In 2009, Chen, Holst, and Xu established convergence and optimality
of an adaptive mixed finite element method for the Poisson equation on simply
connected polygonal domains in two dimensions. Their argument used a type of
quasi-orthogonality result, exploiting the fact that the error was orthogonal to
the divergence free subspace, while the part of the error not divergence free was
bounded by data oscillation through a discrete stability result. In this paper, we
use the FEEC framework to extend these convergence and complexity results for
mixed methods on simply connected domains in two dimensions to more general
domains. While our main results are for the Hodge-Laplace problem (k =n) on
domains of arbitrarily topology and spatial dimension, a number of our supporting

results also hold for the more general B-Hodge-Laplace problem (k # n).

2.2 Introduction

An idea that has had a major influence on the development of numerical
methods for PDE applications is that of mized finite elements, whose early success
in areas such as computational electromagnetics was later found to have surpris-
ing connections with the calculus of exterior differential forms, including de Rham

cohomology and Hodge theory [10, 35, 36, 22]. A core idea underlying these devel-
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opments is the Helmholtz-Hodge orthogonal decomposition of an arbitrary vector

field f € L*(Q) into curl-free, divergence-free, and harmonic functions:
f=Vp+V xq+h,

where h is harmonic (divergence- and curl-free). The mixed formulation is explic-
itly computing the decomposition for h = 0, and finite element methods based on
mixed formulations exploit this. There is a connection between this decomposition
and de Rham cohomology; the space of harmonic forms is isomorphic to the first de
Rham cohomology of the domain €2, with the number of holes in €2 giving the first
Betti number, and creating obstacles to well-posed formulations of elliptic prob-
lems. A natural question is then: What is an appropriate mathematical framework
for understanding this abstractly, that will allow for a methodical construction of
“good” finite element methods for these types of problems? The answer turns out
to be theory of Hilbert Complexes. Hilbert complexes were originally studied in
[11] as a way to generalize certain properties of elliptic complexes, particularly the
Hodge decomposition and other aspects of Hodge theory. The Finite Element Fax-
terior Calculus (or FEEC) [4, 5] was developed to exploit this abstraction. A key
insight was that from a functional-analytic point of view, a mixed variational prob-
lem can be posed on a Hilbert complex: a differential complex of Hilbert spaces, in
the sense of [11]. Galerkin-type mixed methods are then obtained by solving the
variational problem on a finite-dimensional subcomplex. Stability and consistency
of the resulting method, often shown using complex and case-specific arguments,
are reduced by the framework to simply establishing existence of operators with
certain properties that connect the Hilbert complex with its subcomplex, essen-
tially giving a “recipe” for the development of provably well-behaved methods.
Due to the pioneering work of Babuska and Rheinboldt [6], adaptive finite
element methods (AFEM) based on a posteriori error estimators have become
standard tools in solving PDE problems arising in science and engineering (cf. [1,

46, 38]). A standard adaptive algorithm has the general iterative structure:

Solve — Estimate — Mark — Refine (2.1)
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where Solve computes the discrete solution u, in a subspace X, C X; Estimate
computes certain error estimators based on uy, which are reliable and efficient in the
sense that they are good approximation of the true error u—wuy, in the energy norm;
Mark applies certain marking strategies based on the estimators; and finally, Refine
divides each marked element and completes the mesh to to obtain a new partition,
and subsequently an enriched subspace Xp;;. The fundamental problem with
the adaptive procedure (2.1) is guaranteeing convergence of the solution sequence.
The first convergence result for (2.1) was obtained by Babuska and Vogelius [7] for
linear elliptic problems in one space dimension. The multi-dimensional case was
open until Doérfler [19] proved convergence of (2.1) for Poisson equation, under
the assumption that the initial mesh was fine enough to resolve the influence of
data oscillation. This result was improved by Morin, Nochetto, and Siebert [31],
in which the convergence was proved without conditions on the initial mesh, but
requiring the so-called interior node property, together with an additional marking
step driven by data oscillation. These results were then improved and generalized
in several respects [34, 33, 41]. In another direction, it was shown by Binev,
Dahmen and DeVore [8] for the first time that AFEM for Poisson equation in the
plane has optimal computational complexity by using a special coarsening step.
This result was improved by Stevenson [43] by showing the optimal complexity
in general spatial dimension without a coarsening step. These error reduction
and optimal complexity results were improved recently in several aspects in [12].
In their analysis, the artificial assumptions of interior node and extra marking
due to data oscillation were removed, and the convergence result is applicable
to general linear elliptic equations. The main ingredients of this new convergence
analysis are the global upper bound on the error given by the a posteriori estimator,
orthogonality (or possibly only quasi-orthogonality) of the underlying bilinear form
arising from the linear problem, and a type of error indicator reduction produced
by each step of AFEM. We refer to [37] for a recent survey of convergence analysis
of AFEM for linear elliptic PDE problems which gives an overview of all of these
results through late 2009. See also [26] or an overview of various extensions to

nonlinear problems.
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Of particular relevance here is the 2009 article of Chen, Holst, and Xu [13],
where convergence and optimality of an adaptive mixed finite element method for
the Poisson equation on simply connected polygonal domains in two dimensions
was established. The main difficulty for mixed finite element methods is the lack of
minimization principle, and thus the failure of orthogonality. A quasi-orthogonality
property is proved on the |[[c — op||z2 error in [13] using the fact that the error is
orthogonal to the divergence free subspace, while the part of the error that is
not divergence free was bounded by the data oscillation using a discrete stability
result. This discrete stability result was then also used to get a localized discrete
upper bound, which was the key to giving a proof of optimality of the resulting
adaptive method. A key technical tool was the use of the error indicator developed
by Alonso in [3]. In this paper, we will generalize the approach taken in [13] by
analyzing the [0 — 04| L2p5-1(q) error in the FEEC framework, which will allow
us extend the convergence and complexity results for simply connected domains
in two dimensions in [13] to domains of arbitrary topology and spatial dimension.
In FEEC terminology, the methods considered in [13] are equivalent to those for
solving the Hodge-Laplace problem when k& = n = 2. As described in more detail
in Section 2.3 below, Hodge-Laplace problems on the complex HA*(Q), k = n
are a subset of the more general B-Hodge-Laplace problem. Our main result will
apply to the £ = n case for arbitrary n and domains which are not necessarily
simply connected. However, a number of our supporting results also hold for the
more general B-Hodge-Laplace problem (k # n). For each result, we will indicate
whether it holds for all B-Hodge-Laplace problems, or just the case k = n.

In mixed finite element methods o is often the variable of interest, and the

error measured in the natural norm can be broken into two components,

HO’ — UhHHA’“—l(Q) = HU — O'hHLzAlc—l(Q) -+ Hd((f — Uh)HLQAk—l(Q).

In the general B problems we have d(o —oy,) = f — f, and standard interpolation
techniques can be used to efficiently reduce this error. Our results will focus on
the first term involving ¢ — oy,, the quantity that is often of interest, yet typically

cannot be calculated explicitly.
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The remainder of the paper is organized as follows. In Section 2.3 we in-
troduce the notational and technical tools needed for the paper. The first part of
Section 2.3 follows the ideas of [5] in introducing general Hilbert complexes, the
de Rham complex, and properties of specific mappings between the complexes.
We then give a brief overview of a standard adaptive finite element algorithm.
In Section 2.4 we follow the ideas in [13] and develop a quasi-orthogonality re-
sult. In Section 2.5, we prove discrete stability (which was needed for proving
quasi-orthogonality in Section 2.4), and also establish a continuous stability re-
sult, which will be needed for deriving an upper bound on the error. In Section 2.6
we begin by introducing an error indicator and then derive bounds and a type of
continuity result for this indicator. An adaptive algorithm is then presented in
Section 2.7, and we then combine the results from the previous sections to prove

both convergence and optimality. Finally, we draw some conclusions in 2.8.

2.3 Preliminaries

In this section we first review abstract Hilbert complexes. We then examine
the particular case of the de Rham complex. We follow closely the notation and
the general development of Arnold, Faulk and Winther in [4, 5]. We also discuss
results from Demlow and Hirani in [18]. (See also [24, 25] for a concise summary
of Hilbert Complexes in a yet more general setting.) We then give an overview of
the basics of Adaptive Finite Element Methods (AFEM), and the ingredients we

will need to prove convergence and optimality within the FEEC framework.

2.3.1 Hilbert complexes

We begin with a quick summary of some basic concepts and definitions. A
Hilbert complex (W,d) is a sequence of Hilbert spaces W* equipped with closed,
densely defined linear operators, d*, which map their domain, V¥ C W¥* to the
kernel of d**' in W**1. A Hilbert complex is bounded if each d* is a bounded
linear map from W¥* to W**! A Hilbert complex is closed if the range of each d* is

closed in W**!. Given a Hilbert complex (W, d), the subspaces V* C W* endowed
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with the graph inner product
(w, v)yre = (u, V) + (d*u, d*v) e,

form a Hilbert complex (V,d) known as the domain complez. By definition d*lo
d* = 0, thus (V,d) is a bounded Hilbert complex. Additionally, (V,d) is closed if
(W, d) is closed.

The range of d*~! in V* will be represented by B*, and the null space of d*
will be represented by 3*. Clearly, B* C 3*. The elements of 3* orthogonal to B*
are the space of harmonic forms, represented by $*. For a closed Hilbert complex

we can write the Hodge decomposition of W* and V¥,

Wk = 8% @ nF g 3w, (2.2)
vk =Bk g ot e 3k, (2.3)

Following notation common in the literature, we will write 3%+ for 35w or 3#+v,
when clear from the context. Another important Hilbert complex will be the dual
complex (W, d*), where dj, which is an operator from W* to W*~1 is the adjoint
of d*=1. The domain of dj will be denoted by V;*. For closed Hilbert complexes,

an important result will be the Poincaré inequality,
[olly < cplld*vllw, ve 3. (2.4)

The de Rham complex is the practical complex where general results we show on
an abstract Hilbert complex will be applied. The de Rham complex satisfies an
important compactness property discussed in [5], and therefore this compactness

property is assumed in the abstract analysis.

The abstract Hodge Laplacian

Given a Hilbert complex (W, d), the operator L = dd* +d*d, W* — W* will
be referred to as the abstract Hodge Laplacian. For f € W*, the Hodge Laplacian
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problem can be formulated as the problem of finding u € W* such that
(du, dv) + (d*u, d*v) = (f,v),v € VEN TV}

The above formulation has undesirable properties from a computation per-
spective. The finite element spaces V¥ N V}* can be difficult to implement, and
the problem will not be well-posed in the presence of a non-trivial harmonic space,
$H*. In order to circumvent these issues, a well posed (cf. [4, 5]) mized formu-
lation of the abstract Hodge Laplacian is introduced as the problem of finding
(o,u,p) € VFL x VF x §* such that:

(o,7) — (dT,u) =0, V1 e VEL
(do,v) + (du, dv) + (p,v) = (f,v), YveVF (2.5)
(u,q) =0, Vg € H*.

Sub-complexes and approximate solutions to the Hodge Laplacian

In [4, 5] a theory of approximate solutions to the Hodge-Laplace problem is
developed by using finite dimensional approximating Hilbert complexes. Let (W, d)
be a Hilbert complex with domain complex (V,d). An approximating subcomplex
is a set of finite dimensional Hilbert spaces, V;¥ C V¥ with the property that dV;* C

thﬂ. Since V}, is a Hilbert complex, V}, has a corresponding Hodge decomposition,
Vi =B} e 0 @30

By this construction, (Vj,d) is an abstract Hilbert complex with a well posed

Hodge Laplace problem. Find (o4, us, pn) € V7™ x ViF x §F, such that

(op, ) — {dT,up) =0, V1 € th_l,
(dop, v) + {dup, dv) + {pp,v) = (f,v), Vv e VE (2.6)
<Uh, q> = Oa vq S ﬁf},

An assumption made in [5] in developing this theory is the existence of a bounded

cochain projection, mj, : V' — V}, which commutes with the differential operator.
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In [5], an a priori convergence result is developed for the solutions on the
approximating complexes. The result relies on the approximating complex getting
sufficiently close to the original complex in the sense that inf,cyx[lu — v[lv can be
assumed sufficiently small for relevant v € V*. Adaptive methods, on the other
hand, gain computational efficiency by limiting the degrees of freedom used in areas

of the domain where it does not significantly impact the quality of the solution.

2.3.2 The de Rham complex and approximation properties

The de Rham complex is a cochain complex where the abstract results from
the previous section can be applied in developing practical computational methods.
This section reviews concepts and definitions related to the de Rham complex that
will be needed in our development of an adaptive finite element method. This
introduction will be brief and and mostly follows the notation from the more in-
depth discussion in [5].

For the remainder of the paper we assume a bounded Lipschitz polyhedral
domain, Q € R*,n > 2. Let A*(Q) be the space of smooth k-forms on €2, and let
L2A*(Q) be the completion of A*(Q) with respect to the L? inner-product. There
are no non-zero harmonic forms in L2A"(Q) (see [4], Theorem 2.4) which will often
simplify the analysis in our primary case of interest, k = n. For general k such a
property cannot be assumed, and therefore, since the 8 problem deals with the
spaces of k and (k — 1)-forms, analysis of the harmonic spaces is still necessary.
Note that the results in [13] hold only for polygonal and simply connected domains,

therefore $*~! is also void in the case k = n = 2.

The de Rham complex

Let d be the exterior derivative acting as an operator from L?A*(Q2) to
L2AF1(Q). The L? inner-product will define the W-norm, and the V-norm will
be defined as the graph inner-product

(u,wyyr = (u,w)r2 + (du, dw) 2.
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This forms a Hilbert complex (L2A(€2), d), with domain complex (HA(f2), d), where
HAF(Q) is the set of elements in L2A*(Q) with exterior derivatives in L2A*1(Q).

The domain complex can be described with the following diagram

0— HAYQ) S - = HA"HQ) S L2(Q) — 0. (2.7)

It can be shown that the compactness property is satisfied, and therefore the prior
results shown on abstract Hilbert complexes can be applied.

The importance of the adjoint operator is clear by the first equation of the

mixed Hodge Laplace problem. Defining the coderivative operator, 6 : A¥(Q2) —

AF1(Q), and two particular spaces, will be helpful in understanding the adjoint

operator on the de Rham complex.

*ow = (—DFdxw, (2.8)
HA*Q) = {w € HAMQ) trogw = 0}, (2.9)
H*AR(Q) := «HA" ", (2.10)

Combining 0 with Stoke’s theorem gives a useful version of integration by parts

{dw, pt) = {(w, o) +/ trwAtrxp, we A pe AR (2.11)
Bl

The following result uses the above concepts and is helpful in understanding the

mixed Hodge Laplace problem on the de Rham complex.

Theorem 2.3.1. (Theorem 4.1 from [5]) Let d be the exterior derivative viewed as
an unbounded operator L2A*~1(Q) — L2A*(Q) with domain HA*(Q). The adjoint
d*, as an unbounded operator L2ANF(Q) — L2A*"1(Q), has H*A*(Q) as its domain
and coincides with the operator 0 defined in (2.8).

Applying the results from the previous section and Theorem 2.3.1, we get

the mixed Hodge Laplace problem on the de Rham complex: find the unique
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(o,u,p) € HAF1(Q) x HAF(Q) x $H* such that

o=0u, do+ddu=f—p in(,
trxu =0, trxdu =0 on 092, (2.12)
u L k.

Using proxy fields and symmetric properties of the problem, a generic method
for solving (3.9) in the case k = n equivalently solves the Poisson equation with
natural Dirichlet boundary conditions. In this case du = 0 and p = 0, thus the
mixed Hodge Laplace problem on the de Rham complex simplifies to: find the
unique (o, u,p) € HA"1(Q) x HA™(Q) x H" such that

o=0d0u, do =f inQ,

(2.13)
trxu =0, on 0f).

Let (A,,d) be a finite dimensional subcomplex of the de Rham complex,
then a discrete version of (2.13) can be written: find the unique (o, upn,pn) €
APTHQ) x AR(Q) x H7 such that

ahzéhuh, dO'h:th in Q,

(2.14)
tr * up, = 0, on 0f),

where P, f is the L? projection of f on to the discrete space parameterized by
h. Note that ¢§j is distinct from ¢, and follows from the definition of the abstract

discrete problem.

Finite element differential forms

For the remainder of the paper it is assumed that all approximating sub-
complexes of the de Rham complex are constructed as combinations of the polyno-
mial spaces of k-forms, P,A* and P-A*. For a detailed discussion on these spaces

and construction of Hilbert complexes using these spaces, see [5]. We also have
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useful properties in the case k = n,

PT_ATL = Pr—lAn7
P-A =P,A".

For a shape-regular, conforming triangulation 75, of Q, A¥(Q) C L2A*(Q)
will denote a space of k-forms constructed using specific combinations of the these
spaces on T,. For an element T € Ty, we set hy := diam(7T"). We do not discuss
the details of these spaces further, but specific properties will be explained when

necessary.

Bounded Cochain Projections

Bounded cochain projections and their approximation properties are neces-
sary in the analysis of both uniform and adaptive FEMs in the FEEC framework.
Properties of three different interpolation operators will be important in our anal-
ysis. The three operators and respective notation that we will use are as follows:
the canonical projections I, defined in [4, 5], the smoothed projection operator 7,
from [5], and the commuting quasi-interpolant IIj, as defined in [18] with ideas
similar to [39, 40, 14]. Some cases will require a simple projection, and P, f also
written fj,, will denote the L2-projection of f on to the discrete space parameter-
ized by h. fg, will denote the L? projection of f onto the B component of the
discrete space parameterized by h. Note fy, = f5 when k =n.

For the remainder of the paper, ||-|| will denote the L?A*(2) norm, and when
taken on specific elements of the domain, 7', we write || - ||z. For all other norms,

such as HA*(Q) and H'A®(Q), we write || - || gar) and || - || z1ar(o) respectively.

Lemma 2.3.2. Suppose 7 € H'A"Y(Q), and I, is the canonical projection op-
erator defined in [{, 5]. Let A7~ (Q) and A}(QQ) be taken as above. Then I, is a
projection onto AR(2), A7~1(Q) and satisfies

H’T - [hT”T < ChT“THHlA"—l(T)a VT € Ty, (215)
Ind = dI, (2.16)
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Proof. The first part is comes from Equation (5.4) in [4]. The second part follows
the construction of Iy, O

Lemmas 2.3.3 and 2.3.4 deal with important properties of the canonical
projections. In each case we assume f5, u; € A7(Q2), and let 7, be a refinement of

T

Lemma 2.3.3. Let T € Ty, then

/(fh —Iufn) =0. (2.17)
T
Proof. In the case kK = n, the canonical projections are L? bounded. Let w €
P,A™(T). This is sufficient since P A™(T') = P,_4A™(T). By definition [4]:
/(w —Igw)An =0, ne P A" T) = P,AYT).
T
Set n = 1 and this completes proof. O]

Lemma 2.3.4. Let T € Ty, then

((In = Im)un, fa)r = (un, (In — Lm) fr)7- (2.18)
Proof.
/(uh —Igup) An=0, ne& PA(T)=%P\N"(T).
T
Thus,
((In = I )un, fa)r = ((In — T )un, (In — L) fr) -
The proof is completed using the same logic on the Iyu;, term. O]

The next lemma is taken directly from [18], and will be a key tool in develop-

ing an upper bound for the error.

Lemma 2.3.5. Assume 1 < k < n, and ¢ € HA*"1(Q) with ||¢|| < 1. Then there
exists o € HYA*Y(Q) such that dp = d¢,lyde = dlly¢ = dllge, and
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> bl = Maelz + b tr(e = Mug)|3r < C.

TeTy,

Proof. See Lemma 6 in [18]. O

The following theorem is a special case of Theorem 3.5 from [5]. Rather
than showing the result on an abstract Hilbert Complex with a general cochain
projection, we use the de Rham complex and the smoothed projection operator 7y,

in order to use uniform boundedness of the cochain projection.

Theorem 2.3.6. Assume A¥(Q) is a subcomplex of HA*(Q) as described above,

and let w, be the smoothed projection operator. Then
11 = Pydallv < (2 =) Pyaly, g € 9%, (2.19)
then combining the above with the triangle inequality,

lallv < el Psrallv, g € 95 (2.20)

Proof. Since the de Rham complex is a bounded closed Hilbert complex, (2.19) is
directly from [5]. (2.19) with the triangle inequality implies

lallv = 1 Paeallv < 17 = m) Il Porallv, g € i,

thus,
lallv < (12 = m)ll + Dl Pseallv, g € 95

By construction m, is uniformly bounded with respect to h and therefore
(I(I = #F)|| + 1) can be replaced with a generic constant not dependent on the
triangulation. In Corollary 2.3.8 a similar result is used to relate the harmonics on
two discrete complexes. In this case the canonical projection I, can be used as a
map between the two complexes, and (I — Ij,) is clearly uniformly bounded with

respect to h. O

Theorem 2.3.7 will be essential in dealing with the harmonic forms in the



33

proof of a continuous upper-bound. The corollary will be used identically when
proving a discrete upper-bound. For use in our next two results we introduce an
operator 0 and one of its important properties. Let A, B be n < oo dimensional,

closed subspaces of a Hilbert space W, and let

0(A,B)= sup ||z — Pgzl|,

2, [lzl|=1

then [18], Lemma 2 which takes the original ideas from [27], shows
d(A,B) =6(B,A). (2.21)

Theorem 2.3.7. Assume S’J’f{ and $H* have the same finite dimensionality. The

there exist a constant Cyr dependent only on Ty, such that
5(9", 9%) = o(9h, 9%) < Cor < 1. (2.22)

Proof. Given that $% and $* have the same finite dimensionality we can apply
(2.21) to prove the first equality.

For the second part,
(93, 9") = subyegt =112 — Poral],
for any x € $H% with ||z|| = 1, (2.20) implies,
C <||Pyzl, 0<C<L
Now, by orthogonality of the projection, we have

S(Hk, 9" <V1I-C2=Ch < 1.

Corollary 2.3.8.
5(H5, 0% = 5(9%, 95) < Cor < 1. (2.23)
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Proof. The proof follows the same logic as Theorem 2.3.7. The only difference
is that the harmonics are compared on two discrete complexes HF and $¥%, and

therefore I, is used rather than . O

2.3.3 Adaptive Finite Elements Methods

Given an initial triangulation, 7Ty, the adaptive procedure will generate a
nested sequence of triangulations 7, and discrete solutions oy, by looping through

the following steps:
Solve — Estimate — Mark — Refine (2.24)
The following subsection will describe details of these steps.

Approximation Procedure

We assume access to a routine SOLVE, which can produce solution to (2.6)
given a triangulation, problem data, and a desired level of accuracy. For the
ESTIMATE step we will introduce error indicators iy on each element 7' € 7. In
the MARK step we will use Dorfler Marking strategy [20]. An essential feature of
the marking process is that the summation of the error indicators on the marked
elements exceeds a user defined marking parameter 6.

We assume access to an algorithm REFINE in which marked elements are
subdivided into two elements of the same size, resulting in a conforming, shape-
regular mesh. Triangles outside of the original marked set may be refined in order
to maintain conformity. Bounding the number of such refinements is important in
showing optimality of the method. Along these lines, Stevenson [44] showed certain
bisection algorithms developed in two-dimensions can be extended to n-simplices

of arbitrary dimension satisfying

(1){7x} is shape regular and the shape regularity depends only on 7y,
(2)#Tr < #To + CHM,
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where M is the collection of all marked triangles going from 7Ty to 7.

Approximation of the Data

A measure of data approximation will be necessary in establishing a quasi-
orthogonality result. Following ideas of [31], data oscillation will be defined as

follows,

Definition 2.3.9. (Data oscillation) Let f € L2A*(Q), and T, be a conforming
triangulation of €. Let hy be the mesh-size for a given T' € T;,. We define

ose(f,Ta) = (Y Ihe(f — fu)I2)"2.

TET),

Stevenson [44] generalized the ideas of [8] to show that approximation of

data can be done in an optimal way regardless of dimension. Using the approxi-
a-) and (AZ, || - |

mation spaces (A°, || - |

A3) as in [8] we recall the result.

Theorem 2.3.10. (Generalized Binev, Dahmen and DeVore) Given a tolerance

€, f€ L2A™(Q) and a shape regular triangulation Ty, there exists an algorithm
Ty = APPROX(f, 7o, €),

such that

osc(f.Tu) < €. and #Tia — #T5 < C|lf| e

As in the case of [13], the analysis of convergence and procedure will follow

[12], and the optimality will follow [43].

2.4 Quasi-Orthogonality

The main difficulty for mixed finite element methods is the lack of minimiza-
tion principle, and thus the failure of orthogonality. In [13], a quasi-orthogonality
property is proven using the fact that the error is orthogonal to the divergence free
subspace. In this section we follow a similar line of reasoning to prove a quasi-
orthogonality result between the solutions to (2.13) and (2.14). Analogous to [13],
our result uses the fact that o —oy, is orthogonal to the subspace 37" € HA? 1 (Q).
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Solutions of Hodge Laplace problems on nested triangulations 7, and Ty
will frequently be compared. Nested in the sense that 7, is a refinement of Ty.
For a given f € HA¥(Q), let £L7!f denote the solutions of (2.12). Let £, f, and
L i, denote the solutions to the discrete problems on 7}, and T respectively.
Set the following triples, (u,o,p) = L71f, (up,on,pn) = L3, fo,, (Tn,0n,Pn) =
L' fw, and (ug,om,pu) = L' fs,. In the case k = n, as with general B
problems, the harmonic component will be zero in each of these solutions. When

we are only interested in o we will abuse this notation by witting o = £L71f.

Lemma 2.4.1. Given f € L2A¥(Q), such that f € B*, and two nested triangula-
tions Tp, and Ty, then
<O’—O’h,5'h—O'H> =0. (225)

Proof. Since &), — oy € VF' C VF~1 (2.5) implies
(0 —on,0n —om) = (u — up, d(Gn, — o)),
and the harmonic terms are zero since these are B problems,

= (u—un, fy — foy)

=0.

]

Theorem 2.4.2. Given f € L*A™(Q) and two nested triangulations Tr, and Ty,

then
<U_Uhvah_UH> S V CO||O-_O-h||OSC<f%h7TH)7 (226)
and for any 6 > 0,
2 2 2 CO 2
(1 =)o —onll® < llo —oull® = llon — onll® + ——osc*(fs,, Tn)- (2.27)

J
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Proof. By (2.25) we have

(0 —op,op —og) = {0 —0op, 0 — 1)+ (0 — On,Gh — )
= (0 — op, 04 — Op)

< llo = onllllon — anll
And then by the discrete stability result, Theorem 2.5.4, we have

< 4/ C()HO' — UhHOSC<f‘Bh77—H)'

(2.27) follows standard arguments and is identical to [13] (3.4) O

2.5 Continuous/Discrete Stability

In this section we will prove stability results for approximate solutions to the
o portion of the Hodge Laplace problem. Theorem 2.5.1 gives a stability result for
particular solutions of the Hodge de Rham problem that will be useful in bounding
the approximation error in Section 2.6. Theorem 2.5.4 will prove the discrete
stability result used in Theorem 2.4.2. The basic structure of these arguments
will follow [13], but key modifications are introduced in order to generalize the

dimensionality and topology of the main results.

Theorem 2.5.1. (Continuous Stability Result) Given f € L*A™(Q), let T, be a
triangulation of Q. Set (o,u,p) = L7 f and (5,u,p) = L™ fa,, then

lo =l < Cosc(f, Tn). (2.28)

Proof. The harmonic terms are zero since f, fu, € B*, thus
||U - 5-“2 = <d(0 - 6)7“ - lNL> = <f - f%hvu - ﬂ>

Let v = u—1. Since v € B* and ||0v|| = ||grad v|| = ||o—5||, we have v € H'A™((Q).
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Restricting v to an element T' € Ty, we have v € H'A"(T), thus

lo = 61> = (f = fap,0) = Y (f = fao v — Inv) 1.

TeT
Applying (2.15),

<C Y el f = fallrlollmanen
TeTh

=C Y hellf = faullr(lu = allr + [16(u — @)ll7)
TeT,

<COY Mhr(f = fa)lZ) 2 (llu = dllr + [[6(u = @)|l)*)'2,
TETh TETy,

and v € H'A™(Q) allows us to to combine terms of the summation,

< O e (f = fa)lI7)2 (e — all + [16(u — @)])).

TeT,

Since u — @ € B*, ||u — || = (u — @, dr) for some 7 € 3+ with ||dr|| = 1, thus

7)o =35),m)a+ o —al).

=CO>_ hr(f = fw,)

TeT

Then applying Poincaré on 7:

=Cllo = alI(Y_ Nhar(f = fu) 7).

TeTh

Divide through by ||lc — || to complete proof. ]

The following is Lemma 4 in [18], and is a special case of Theorem 1.5 of [30].
It is related to the bounded invertibility of d, and will be an important tool in

proving discrete stability.

Lemma 2.5.2. Assume that B is a bounded Lipschitz domain in R™ that is home-

omorphic to a ball. Then the boundary value problem dp = g € LyA*(B) in
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B,tr ¢ =0 on 0B has a solution ¢ € HJA*(B) with ||¢||giar-13) < Cllglls if
and only if dg = 0 in B, and in addition, tr ¢ = 0 on OB if 0 < k <n —1 and
Jp9=0ifk=n.

The next lemma is an intermediate step in proving the discrete stability result.
The general structure follows [13] and applies Lemma 2.5.2 in order to find a
sufficiently smooth function that is essentially a bounded inverse of d for the ap-

proximation error of u; on 7.

Lemma 2.5.3. Let Ty, Ty be nested conforming triangulations and let oy, oy be

the respective solutions to (2.6) with data f € L*A™(Y). Then for any T € Ty

Huh — IHuhHT S V4 C()hTHO'hHT. (229)

Proof. Let go = up, — Igup, = (I, — Ig)u, € L2A™(2). Then, for any T € Ty let
g = trrgg € L*A™(T), and by Lemma 2.3.3, [, g = 0. Thus Lemma 2.5.2 can be
applied to find 7 € H}A"!(T), such that:

dr = (I, — Iy)up, on T

|7l erran-1(ry < CI(In — Ir)un| 7.
Extend 7 to H*'A"1(Q) by zero and then, by Lemma 2.3.4,
I(Ih = T)unllz = ((In — T )un, dr)r = (up, (Iy — I )dr) .
Then by Lemma 2.3.2, and locality of 7,
= (up, d(I, — Ig)7m)q = (on, (I — Iy)T)a.
Then again by locality of 7,

= (on, (In — Ip)7)r < lonllr(l7 — Iurlle + (|7 = IuT|7).
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Since I, is uniformly bounded with respect to h on A} (),

< ChrllowllorlTl Hran—1ry < Chrllow|lz||(Ih — L)l

Cancel one power of ||(I, — Ig)un||r to complete the proof.

]

Theorem 2.5.4. (Discrete Stability Result) Let T, and Ty be nested conforming
triangulations. Let (i, o4, pn) = L5 fu, and (up,on,pn) = L, fu,, with f €
L2A™(Q). Then there exists a constant such that

”O—h — 5—h” S COSC(f%h, TH) (230)

Proof. From 2.6, and since py, p, = 0, we have

<O'h—07h,7'h> = <Uh—l~bh,d7'h>, VTh < Ai_l, (231)

(d(on = Tn),vn) = (fa, — fagvn),  Vou € AR (2.32)
Next set 7, = 0, — 75, in (2.31), and v, = uy, — @y, in (2.32) to obtain:
lon = onll* = (un — n, d(on — G1)) = (f, — frn),
and since (fws, — fw,) L L?A%(Q) when k = n, we have

<f‘3h _f%H7Uh> = <f‘Bh _f%Hyvh _IHUh>-
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Then by Lemma 2.5.3, we have:

lon = &nll* = > (vn = Trvn, fu, — fag)r

TeT

< > e = faglizlon — Invalr

TeT

<C Y hrllfw, = faulrllon — Gullr

TeTy

<> hllfs, — faul3)2lon — &l

TeETH

Then cancel one ||}, — &3|| to complete the proof.

2.6 Error Estimator, Upper and Lower bounds

In this section we introduce the a posteriori error estimators used in our
adaptive algorithm. The first two terms of the estimator follow [3, 13|, and a third
term is introduced in order to construct a more practical and efficient algorithm.
Next, we prove bounds on these estimators and a continuity result, both of which
are key ingredients in showing the convergence and optimality of our adaptive

method.

2.6.1 Error Estimator: Definition, Lower bound and Con-
tinuity

Definition 2.6.1. (Element Error Estimator) Let T € Ty, f € L*A¥(Q), and
oy = L' fx,. Let the jump in 7 over an element face be denoted by [[7]]. For

element faces on 02 we set [[7]] = 7. The element error indicator is defined as

ni(on) = hel|([tr xoulll5e + hzlldor|l7 + h | f — donll

For a subset Ty C Ty, define
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W (ou, Tr) = Z 7 (o)

T67~’H
Theorem 2.6.2. (Lower Bound ) Given f € L2A*(Q) and a shape reqular tri-

angulation Ty, let 0 = L7'f and oy = L fs,. Then there evists a constant

dependent only on the shape reqularity of Ty such that

Con*(om, Tar) < |lo — on|? + Coosc?(f, Tir). (2.33)

Proof. In proving a lower bound, in [18] it is shown that

hrl|doyllr < Cllo —oulr,

h2[ltr * oulllor < Cllo — oullz,

where 7; is the set of all triangles sharing a boundary with 7T". The first is equation
(5.7) and the second is a result of equation (5.12) in [18].

Sum terms and add oscillation to both sides to complete the error-indicator
term. Notice, by conformity of the triangulation, the summation of the |o —
oyll7; terms can at most be some fixed multiple of || — oy|| depending on the

dimensionality of the problem.
O

The following lemma will be important in proving a continuity result used
in showing convergence of our adaptive algorithm. It is nearly identical to an
estimator efficiency proof in [18], but the subtle difference is that we make use of

oy, the solution on the less refined mesh, and o is not used in our arguments.
Lemma 2.6.3. Given f € L*A*(Q) and nested triangulations T, and Ty, let

on =L, fs, and og = Ly fu,,. Then for T € Ty

Co Y (helllltr * (on — omlli3r + hlld(on — om)li7) < llow — oml®. (2.34)
TeTh

Proof. Here we will closely follow [18] in applying the “bubble function” technique
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of Verfiirth[45] in order to bound residual terms in the FEEC framework. For
T € Ty one can construct a corresponding bubble function by € WL (Q) with
supp(br) = T, and the property that for any polynomial form v of arbitrary but

uniformly bounded degree defined on 7', we have
[vllz = |v/brvl|z- (2.35)

For n — 1 dimensional faces e = T} N1, with 171,75 € T, and Ty void
(see [18]) on Of, one can construct a corresponding edge bubble function b, €
WL (Q) with supp(b.) = Ty U Ty and the property that for any polynomial form v

of arbitrary but uniformly bounded degree defined on e, we have

lolle = [[v/bev]le. (2.36)

Given a k-form v defined on an n — 1 dimensional face e = T} N'T5, one can

construct y, to be a polynomial extension of v to 77 U T such that
1/2
IXolleromy < Chy|lo]le (2.37)

where hp can be either hp, or hyp, since they are neighbors which have sizes related
by a shape regularity constant

Let ¢ = br(d(on, — on)), which by construction of by will be zero on OT.
Applying integration by parts, we have

6(on — o)l = (8(on — on), ¥) = {on — ou, dv), (2.38)
and then applying an inverse inequality ||di||r < Ch'||[¥||r,

hTH(S(O'h—O'H)H SCHO’}L—O'HHT. (239)
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For an element face e, shared by elements T}, Ts, we have

ITer * (o — om)lllle = (be x 9, [[tr * (o0 — om)]])

= /tr (beXy) A [[tr * (o8 — om)]]

[

- <d(b6X”¢>7 Op — JH>T1UT2 - <b6X”¢J7 5}1(0-}7, - JH)>T1UT27
(2.40)

where dy, is defined to be ¢ evaluated elementwise on elements of 7;,. The necessity
of this additional definition is that neither o, or oy are in H*AF~1(Q) globally,
but o3, and oy are in H*A*~! when restricted to individual elements of 7. Next,

using the inverse inequality ||d(bexy)||lr < Chyt||beXy|lr, We have

< O|lltr * (o1 — om)]lle(h P llon — oullzom + hi 2 10n(on — on)llmun), (2.41)

where hr can be either hp, or hp, for the same reasons as mentioned above. Ap-

plying (2.39) we have
hyl*|[ox x (on = om)]llle < Cllow = onllrur. (2.42)

Squaring and summing (2.39) and (2.42) for every element will complete the proof.
The edges not on the boundary of € will be included twice in the summation, and
the overlap of the C||oy, — oy ||ryur, terms can be bounded by a multiple depending

on n. ]

Theorem 2.6.4. (Continuity of the Error Estimator ) Given f € L2A*(Q) and
nested triangulations T, and Ty, let o, = E;lf%h and oy = E;ilf%H. Then we

have:

B (on, Tn) — 0o, Tu)) < llow — onll® + osc*(f,, Tar) (2.43)
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Proof. Applying the triangle inequality to (2.34) gives

low —oull® = C( Y (hrlllitr * (ou)lli5r + k7 lI8(em)l17)
TeTh

= > (halltr % (0m)3r + h3118(om)lI7))-

TeT,

In terms of the error indicator this can be written

low — oull* > C(0*(on, Ta) — n*(ow, Tr)
= Y B —dowllz + > BN f — doull7).

TeTh TeT,

An additional application of the triangle inequality yields

low = oul® = CP(on, Ta) = 0 (om, Ta) = Y Wi lld(on — om)ll7)).
TeTh

Since fw,, fn, € L?*A*(Q) globally, using the summation on the coarser mesh

completes the proof

lon = oull® + > hilldlon —ou)llz = CP(on, Ta) — 1 (ou, Ta))-

TeT

2.6.2 Continuous and Discrete Upper Bounds

The following proofs have a similar structure to the continuous and discrete
upper bounds proved in [3, 13]. A key element of the proof will be comparisons
between the discrete solution o = L' fs,, and the solution to the intermediate
problem, & = L 'fy,. We begin by looking the orthogonal decomposition of
o—omy,

o — og = (5’ — P3J_O'H) — P%kAO'H — PﬁkflaH
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which allows the norm to be rewritten
16 — oull> = (6 — Pseon)|l? + [|Pyr-roml]® + || Por-rom .

Lemmas 2.6.5, 2.6.6 and 2.6.7 will each bound a portion of this orthogonal decom-
position. Then Theorem 2.6.8 will combine these results in proving the desired

error bound.

Lemma 2.6.5. Given an f € L*A*¥(Q) in B*. Lets = L7  fy,, and oy = L} f,, -
Then
1(6 = Pseom)|* = 0. (2.44)

Proof. Since we are only dealing with 3+, we have
& — Pyiopg = 6v, v € HAM(Q).

Thus,
|G = Preom)l = (5 = o, 00) = (d(& = 7). v).

In the case of B problems the harmonics are void and

(d(6 —on),v) = <f‘BH - f%H7U> = 0.

]

The next lemma uses the quasi-interpolant 11y described in [18], and also
applies integration by parts in the same standard fashion that [18] use when bound-
ing error measured in the natural norm, ||u—us || garo)+||0 = 0wl gar-1) +p—prl|-
In [18], coercivity of the bilinear-form is used to separate components of the error,
whereas here we simply analyze the orthogonal decomposition of ¢ — oy. In [18],
the Galerkin orthogonality implied by taking the difference between the continuous
and discrete problems is employed in order to make use of 1I;,. Here we are able

to introduce the quasi-interpolant by simply using the fact that oy L SB]}{l.
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Lemma 2.6.6. Given an f € L?AF(Q) in B*. Let oy = L' f,,. Then
HP%k—laH”z S CUQ(UH,TH). (245)

Proof.
P%kfl oHg

) = (—ou,do), ¢ €37

Pyiroy|| = (g, —217H_
H Bk 1UH" <UH7 ||P%k*10'HH

By the the Poincaré inequality ||¢|| can be bounded from above by a constant. ¢
can then be replaced with ¢ satisfying the properties of Lemma 2.3.5, and noting
ofy 1 %’Ig_;l,

= (—ou,d(¢ — Ilyyp)).

The problem is now reduced to a case handled in [18], when they bound a portion
of their n_; estimator. We follow their ideas to complete to proof. Applying the

integration by parts formula we have

= Z [/a (trxoy Atr (¢ —Tlge)) + (o, o — Myp)r]
TeTu T

Noting tr(p—Ilg5¢) is single-valued on the element boundaries, this can be reduced

to

<0 Y ltr(e = Tue)lorlllltr x oullllor + llp = Muellrlldoullr

TeTy

< C Y (Willfer* oulllor + hrlldornlr) (b ? te(e — Tu)lor + hi'lle — Muellr)
TeETH

Which using the definition of the error indicator simplifies to

< Cnlon. Tu) Y (hp'lltr(e — Tue)|3r + hi?lle — Mael)2.

TeT

The proof is then complete by applying the bounds from Lemma 2.3.5, and squaring
both sides.
m

Lemma 2.6.7. Given an f € L*A*¥(Q) in B*. Lets = L7  fy,, and oy = L} fs,, -
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Then
| Pyr—rog|® < C|l6 — oull? C <1 (2.46)

Proof. Since ¢ 1. 3* ! and oy L 3];]_1, we follow [18] and write

HPf)kAUHH = Supveﬁk—l7||v||:1(0'H - 5’, v — Pﬁlﬁl—lv)
< supyegis i (lv = Pogrol)llow — 61

— 59 o — .
Applying Theorem 2.3.7, and then squaring both sides we get

|Pye-iog|? < Cll6 — on?, C < 1.

Now we have the tools to prove the continuous upper bound for the 8 problems.

Theorem 2.6.8. (Continuous Upper-Bound) Given an f € L*A*(Q) in B*. Let

&=L fy, and oy = L f,. Then
o —oull* < Cin*(ow, Ta). (2.47)

Proof. Since these are B problems, p, p = 0, and
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Thus, by applying (2.46), (2.44), (2.45) and Theorem 2.5.1,

lo —oull® =6 —oul® + llo — 5|
< C([(6 — Psron)|® + | Par-roml®) + llo — o]
< C(||Pgr-rou|®) + [lo — 5]
< Ci(n*(om, Tu)) + Coosc®(f, Tar)
< Cn*(oy, Ta)-

]

Theorem 2.6.9. (Discrete Upper-Bound) Given f € L*A*(Q) in B and nested

triangulations T, and Ty, let o, = L, f, and o = ﬁ;llf%H. Then
||O'h - O'HH2 S Clnz(O'H,TH). (248)

Proof. The proof requires the same ingredients needed to prove the continuous
upper bound. The same intermediate steps are taken by performing analysis on

the W,’f’l orthogonal decomposition of 5, — og.
6’h —0g = (5'11 - P:,%O’H) — P%Z_lo-H — Pﬁﬁ_laH'

The discrete version of Lemma 2.6.5 uses d;, rather than J, but is otherwise iden-
tical. The discrete version of Lemma 2.6.6 is identical. The discrete version of
Lemma 2.6.7 follows the same structure but makes use of Corollary 2.3.8. The
final step in the proof uses the discrete stability result, Theorem 2.5.4.

O

2.7 Convergence of AMFEM

After presenting the adaptive algorithm, the remainder of this section proves
convergence and then optimality. The results in this section follow ideas already
in the literature [43, 31, 32, 20, 13], with Theorem 2.7.3 building on these ideas by

proving reduction in a quasi-error using relationships between data oscillation and
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reduction of a second type of quasi-error. The following algorithm and analysis of
convergence deal specifically with the case kK = n. In presenting our algorithm we

replace h with an iteration counter k.

Algorithm:[Tx,on | = AMFEM(Ty, f,€,0): Given a initial shape-regular triangu-
lation 7y and marking parameter 6, set £ = 0 and iterate the following steps until

a desired decrease in the error-estimator is achieved:

(1) (uk, o, pr) = SOLV E(f, Tr)
2){nr} = ESTIMATE(f, 04, Tr)
()M, = MARK({nr}, Tr, 0)
(4)Tit1 = REFINE(T;, My)

2.7.1 Convergence of AMFEM
The following notation will be used in the proofs and discussion of this
section:

er = |lo — ox?, By = ||loj1 — oxl|, ne = n*(ow, Tr),

O = OSC2(f7 72)7 6k - OSC2(fk+1)77€)7
where f, = P f = Py, f since k = n.

Lemma 2.7.1.
Bier1 < B(1 — A0)mp + B + 0y (2.49)

Proof. This follows from continuity of the error estimator (2.43), and properties
of the marking strategy, i.e. reduction of the summation on a finer mesh due to
smaller element sizes on refined elements. The proof can be found in [13]. A < 1

is a constant dependent on the dimensionality of the problem. O

For convenience, we recall the quasi-orthogonality (2.27) the continuous
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upper-bound (2.47) equations,

(1 —0)ers1 < e — Ey + Cyoy, for any § > 0,
€L S Clnk-
With these three ingredients, basic algebra leads to the following result,

Theorem 2.7.2. When
0<d< min{2Lél€7 1}, (2.50)

there ezists a € (0,1) and Cs such that

(1 =98)epr1 + Bnpsr < af(1 —0)ex + Bnx] + Csog. (2.51)

Proof. Follows the same steps as [13]. O
With the above result we next prove convergence.

Theorem 2.7.3. (Termination in Finite Steps) Let oy, be the solution obtained in
the kth loop in the algorithm AMFEFEM, then for any 0 < § < min{%@, 1}, there
exists positive constants Cs and 0< vs < 1 depending only on given data and the

wmatial grid such that,
(1= 0)llo — axll* + B’ (o, Te) + Cosc®(f, Tr) < Cyys,

and the algorithm will terminate in finite steps.

Proof. The following proof will be broken into two cases, depending on the relative

size of 0. For ease of reading, let g, = (1 — 9)||o — ox||* + Bn*(ow, Tr.).

Case 1. Suppose the case Cso, < (1770‘)@1€ Thus for an arbitrary positive constant
C, (2.51) yields

11—«

Qi1 + Copr < (o + Vg + Co.
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Since for < g,

1-a oyt
Qi1 + Copr < (6 + 7 i + T2C'Ok, (2.52)
where
1—
Q= (a+— Y <1

Case 2. Suppose the case Cso;, > (PTa)qk We then have,

Op1 < Kog, k < 1,

6k S Of.
This implies
1—-xk 11—k,
o1 < (K + 5 o — 5 Ok
Combined with (2.51) we have
2C, _2C,
Gor1 + ——0ps1 < gy, + R0, (2.53)
11—k 11—k
where & = (k + I_T“) < 1. The proof is completed by taking % for the constant
in (2.52), and then combining with (2.53). The rate of decay will be determined
by
-8 G
~ 2 ~
= <L 2.54
Y5 = max {Ii, oGt — (2.54)
O

The methods used above to prove convergence have many similarities to
prior work. Our treatment of oscillation, however, uses properties of oy that create
distinct implementation and efficiency improvements. To clarify this point, next we
compare our convergence proof with two from the literature, [12, 13]. In order to
make the differences clear, we focus on the basic properties of the three equations
that are at the core of the convergence analysis.

Convergence is essentially proved by manipulating the equations for quasi-

orthogonality, continuity of the error estimator and the upper-bound. For this
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reason they will be the focus of our discussion, and for ease of comparison, we

present our results together in a simplified form.

(1 —=9)epr1 <ep— Ep+ %@C, for any ¢ > 0,
Ck S Clnk

In [12], an orthogonality result, e,y = ey — Ej, is possible since they are not
working with a mixed merthod. In addition, a similar estimator continuity result
is proved without the need for the o, term. Since oscillation is not present, con-
vergence is proved without the additional analysis used in the proof of Theorem
2.7.3.

For the purpose of comparison, we now present a simplified version of the

equivalent equations from [13],

(1—=9)epr1 <ex— Ep+ %ok, for any § > 0,
B+ < BAng + By, A <1, (2.56)
er < Oy + Cooy.

In [13], oscillation is not included in the error indicator and therefore it is needed in
the upper bound. Once oy, is used for the upper-bound, it is used out of simplicity
in the quasi-orthogonality result as op > 0. The issue with including o versus
0 is that o, can be significant in steps where oscillation is not reduced. Whereas
the value of 0, indicates oscillation reduction and thus reduces the impact of data
oscillation on remaining iterations. In order to manage this situation, the algo-
rithm in [13] marks separately for 7 and oscillation. This is a disadvantage from an
implementation point of view, and is also inefficient in cases when 7 and oscillation

are different orders of magnitude.

2.7.2 Optimality of AMFEM

Once Theorem 2.5.1, Theorem 2.3.10, and the Lemma 2.7.1 are established,

optimality can be proved independent of dimension following the proof of Theorem



54

5.3 in [43].

Theorem 2.7.4. (Optimality) For any f € L*A™(QY), shape regular Ty and ¢ >
0, let 0 = L7f and [ on, Ty | = AMFEM( Ty, fu,€/2,0). Where [Tw, fu] =
APPROX( f, To,€/2 ). If o0 € A® and f € A3, then

lo —onll < C([lo]

as [ fllag) (# T — #To) ™" (2.57)

Proof. Follows directly from [13]. O

2.8 Conclusion and Future Work

In this paper, we have focused on the error ||o—oy]| for the Hodge Laplacian
in the specific case k = n. Next, we outline how this work relates to further
generalizations.

Extending the convergence results to general 8 problems is of particular
interest. With the exception of the stability results, the methods used to prove
convergence relied only on properties inherent to all 6 problems. The issue with
stability is that we cannot assume HAF(Q) N H*A*(Q) ¢ H'A¥(Q) [5]. However,
H*A™(Q) ¢ H'A™(Q2), thus we have the desired interpolation properties of u — @
in the case k = n. Since ¢ and oj depend only on the B component of f, a
convergent method for B problems might be useful in extending results to general
Hodge Laplace problems. The issue with this extension, however, is that only
the B component of f should be considered when resolving data oscillation, and
access to this quantity is not presumed. Thus extending results from B problems
to general Hodge Laplace problems would require analysis of the error caused by
using an approximation of fg.

Adaptivity focusing on the natural norm, ||u—up || gar@)+|0—0n || gar-—1()+
lp — prl|, is another direction of interest. Error indicators related to this norm are
analyzed in [18], yet difficulties still arise in an attempt to gain full generality (see
[18] for a detailed discussion ). Additionally, a quasi-orthogonality result would

be useful. The quasi-orthogonality proved here used analysis tailored specifically
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to the norm of interest. A generalized quasi-orthogonality and convergence result
would likely require a different line of of reasoning and a specific analysis regarding
a refinement strategy that takes into account the approximation of the harmonic

forms.
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3.1 Abstract

In a 1988 article, Dziuk introduced a nodal finite element method for the
Laplace-Beltrami equation on 2-surfaces approximated by a piecewise-linear trian-
gulation, initiating a line of research into surface finite element methods (SFEM).
Demlow and Dziuk built on the original results, introducing an adaptive method
for problems on 2-surfaces, and Demlow later extended the a priori theory to
3-surfaces and higher order elements. In a separate line of research, the Finite
Element Exterior Calculus (FEEC) framework has been developed over the last
decade by Arnold, Falk and Winther and others as a way to exploit the observation
that mixed variational problems can be posed on a Hilbert complex, and Galerkin-
type mixed methods can be obtained by solving finite dimensional subproblems.
In 2011, Holst and Stern merged these two lines of research by developing a frame-
work for variational crimes in abstract Hilbert complexes, allowing for application
of the FEEC framework to problems that violate the subcomplex assumption of
Arnold, Falk and Winther. When applied to Euclidean hypersurfaces, this new
framework recovers the original a prior:i results and extends the theory to prob-
lems posed on surfaces of arbitrary dimensions. In yet another seemingly distinct
line of research, Holst, Mihalik and Szypowski developed a convergence theory for
a specific class of adaptive problems in the FEEC framework. Here, we bring these
ideas together, showing convergence and optimality of an adaptive finite element

method for the mixed formulation of the Hodge Laplacian on hypersurfaces.

3.2 Introduction

Adaptive finite element methods (AFEM) based on a posteriori error esti-
mators have become standard tools in solving PDE problems arising in science and
engineering (cf. [1, 46, 38]). A fundamental difficulty with these adaptive meth-
ods is guaranteeing convergence of the solution sequence. The first convergence
result was obtained by Babuska and Vogelius [7] for linear elliptic problems in one
space dimension, and many improvements and generalizations to the theory have

followed [19, 31, 34, 33, 41]. Convergence, however, does not necessarily imply
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optimality of a method. This idea has led to the development of a theory related
to the optimal computational complexity of AFEM, and within this framework
certain classes of adaptive methods have been shown to be optimal [8, 43, 12].
In a 1988 article, Dziuk [21] introduced a nodal finite element method for
the Laplace-Beltrami equation on 2-surfaces approximated by a piecewise-linear
triangulation, pioneering a line of research into surface finite element (SFEM)
methods. Demlow and Dziuk [17] built on the original results, introducing an
adaptive method for problems on 2-surfaces, and Demlow later extended the a
priori theory to 3-surfaces and higher order elements [16]. While a posteriori
error indicators are introduced and shown to have desirable properties in [17], a
convergence and optimality theory related to problems on surfaces is a relatively
undeveloped area, and developing such a theory is the main topic of this article.
A separate idea that has had a major influence on the development of nu-
merical methods for PDE applications is that of mized finite elements, whose early
success in areas such as computational electromagnetics was later found to have
surprising connections with the calculus of exterior differential forms, including
de Rham cohomology and Hodge theory [10, 35, 36, 22]. Around the same time
period, Hilbert complexes were studied as a way to generalize certain properties of
elliptic complexes, particularly the Hodge decomposition and Hodge theory [11].
These ideas came together with the introduction of the theory of finite element ex-
terior calculus (FEEC), where Arnold, Falk and Winther showed that Hilbert com-
plexes were a natural setting for analysis and numerical approximation of mixed
variational problems by mixed finite elements. This theory has proved a powerful
tool in developing general results related to mixed finite elements. In [24, 25|, Holst
and Stern extend the theory to include problems in which the discrete complex is
not a subcomplex of the approximated complex, and applying these results they
develop an a prior: theory for the Hodge Laplacian on hypersurfaces, and to non-
linear problems. This made it possible in [24] to reproduce the existing a priori
theory for SFEM as a particular application, as well as to generalize SFEM theory
in several directions. In [23], we used the FEEC framework as a critical tool for

developing an AFEM convergence theory for a class of adaptive methods for linear
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problems posed on domains in R™. The aim of this paper is to build upon these
results and develop a convergence theory for a class of problems that violate the
subcomplex assumption of Arnold, Falk and Winther, allowing for the treatment
of problems on surfaces.

More specifically, we introduce an adaptive method for problems posed on
smooth Euclidean hypersurfaces in which finite element spaces are mapped from
a fixed approximating polygonal manifold. The mesh on the fixed approximating
surface will be refined using error indicators related to the original problem. Using
tools developed in [24, 25], the auxiliary results of [23] are modified to account
for the surface mapping, yielding an adaptive method whose main results mirror
those of [23]. In doing this we establish the optimality of a convergent algorithm
for the Hodge Laplacian (case k = m ) on hypersurfaces of arbitrary dimension.

The remainder of the paper is organized as follows. In Section 3.3 we
introduce the notational and technical tools essential for the paper. We begin
by discussing the fundamental framework of abstract Hilbert complexes and in
particular the de Rham complex [5], ideas which are critical in the development
of the theory of finite element exterior calculus. We then finish the section with
a brief overview of a standard adaptive finite element algorithm. Next, Section
3.4 follows [24, 25] by introducing geometric tools and ideas that tie the general
theory developed in [4, 5] to problems on Euclidean hypersurfaces. Additionally
we prove some basic results for an interpolant built on the approximating surface.
In Section 3.5.2 we closely follow the ideas in [23] and develop a similar quasi-
orthogonality result, specifically tailoring our results for application on surfaces.
Section 3.5.3 again closely follows [23], and we prove a discrete stability result
applicable to problems on surfaces (which is needed for proving quasi-orthogonality
in Section 3.5.2), and also establish a continuous stability result, which will be
needed for deriving an upper bound on the error. In Section 3.6 we begin by
introducing an error indicator and then derive bounds and a type of continuity
result for this indicator. An adaptive algorithm is then presented in Section 3.7,
for which convergence and optimality are proved using the auxiliary results from

the previous sections. Finally, we close in Section 3.8 with a discussion on related



60

future directions and alternative methods for solving numerical PDE on surfaces.
The results in this paper follow [23] in a natural manner. It is the same convergence
idea, but the results are adapted to account for the geometry of the surface and

the mapping between the surfaces.

3.3 Notation and Framework

The algorithm developed in this article will rely heavily on the methods
introduced on polygonal domains in [23]. In order to keep this work self contained,
this section will provide a similar introduction to that of [23], from which we quote
freely. We begin with an introduction of some basic concepts of abstract Hilbert
complexes. Next, we examine the particular case of the de Rham complex, closely
following the notation and general development of Arnold, Falk and Winther in
[4, 5]. We also discuss results from Demlow and Hirani in [18]. (See also [24, 25]
for a concise summary of Hilbert complexes in a yet more general setting.) We
then give an overview of the basics of adaptive finite element methods (AFEM),

and the ingredients we will need to prove convergence and optimality within the

FEEC framework.

3.3.1 Hilbert Complexes

A Hilbert complez (W, d) is a sequence of Hilbert spaces W* equipped with
closed, densely defined linear operators, d*, which map their domain, V* C W* to
the kernel of d**! in W**+1. A Hilbert complex is bounded if each d* is a bounded
linear map from W* to W*+! A Hilbert complex is closed if the range of each d* is
closed in W**1. Given a Hilbert complex (W, d), the subspaces V¥ C W* endowed
with the graph inner product

(w, v)yre = (u, V) e + (d*u, d*v) i,

form a Hilbert complex (V,d) known as the domain complez. By definition d*lo

d* = 0, thus (V,d) is a bounded Hilbert complex. Additionally, (V,d) is closed if
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(W, d) is closed.

The range of d*~! in V* will be represented by 8B*, and the null space of d*
will be represented by 3*. Clearly, B* C 3*. The elements of 3* orthogonal to B*
are the space of harmonic forms, represented by $*. For a closed Hilbert complex

we can write the Hodge decomposition of W* and V*,

Wk = B* @ oF @ 38w, (3.1)
Vh=28F @ oh o 3, (3.2)

Following notation common in the literature, we will write 3%+ for 3¥+w or 3%iv,
when clear from the context. Another important Hilbert complex will be the dual
complez (W, d*), where dj, which is an operator from W* to W*=1 is the adjoint
of d*='. The domain of dj will be denoted by V*. For closed Hilbert complexes,

an important result will be the Poincaré inequality,
[ollv < cplld*v|lw, ve 3" (3.3)

The de Rham complex is the practical complex where general results we show on
an abstract Hilbert complex will be applied. The de Rham complex satisfies an
important compactness property discussed in [5], and therefore this compactness

property is assumed in the abstract analysis.

The Abstract Hodge Laplacian

Given a Hilbert complex (W, d), the operator L = dd*+d*d, W* — W* will
be referred to as the abstract Hodge Laplacian. For f € W*, the Hodge Laplacian
problem can be formulated weakly as the problem of finding u € W* such that

(du, dv) + (d*u, d*v) = (f,v),v € VFN V.

The above formulation has undesirable properties from a computation per-
spective. The finite element spaces V¥ N V}* can be difficult to implement, and

the problem will not be well-posed in the presence of a non-trivial harmonic space,
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$H*. In order to circumvent these issues, a well posed (cf. [4, 5]) mized formu-
lation of the abstract Hodge Laplacian is introduced as the problem of finding
(o,u,p) € VFL x V* x §* such that:

(o,7)y — {dT,u) =0, V1 e V1
(do,v) + (du, dv) + (p,v) = (f,v), YveVF (3.4)
(u,q) =0, Vg € H*.

Sub-Complexes and Approximate Solutions to the Hodge Laplacian

In [4, 5] a theory of approximate solutions to the Hodge-Laplace problem is
developed by using finite dimensional approximating Hilbert complexes. Let (W, d)
be a Hilbert complex with domain complex (V,d). An approximating subcomplex
is a set of finite dimensional Hilbert spaces, V;¥ C V¥ with the property that dV;* C

thH. Since V}, is a Hilbert complex, V}, has a corresponding Hodge decomposition,
Vi = B @9 @ 3

By this construction, (V},,d) is an abstract Hilbert complex with a well posed

Hodge Laplace problem. Find (o4, us, pn) € V;" x ViF x %, such that

(op, T) — {dT,up) =0, vr e VY
(doy,v) + (dup, dv) + (pp,v) = (f,v), Yve V}F (3.5)
<uh7 q> = 07 VQ S ﬁi

An assumption made in [5] in developing this theory is the existence of a bounded
cochain projection, mj, : V' — V}, which commutes with the differential operator.
In [5], an a priori convergence result is developed for the solutions on the
approximating complexes. The result relies on the approximating complex getting
sufficiently close to the original complex in the sense that inf i |l — vy can be
assumed sufficiently small for relevant v € V*. Adaptive methods, on the other
hand, gain computational efficiency by limiting the degrees of freedom used in areas

of the domain where it does not significantly impact the quality of the solution.
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3.3.2 The de Rham Complex and its Approximation Prop-

erties

The de Rham complex is a cochain complex where the abstract results
from the previous section can be applied in developing practical computational
methods. This section reviews concepts and definitions related to the de Rham
complex necessary in our development of an adaptive finite element method. This
introduction will be brief and and mostly follows the notation from the more in-
depth discussion in [5].

In order to introduce the ideas of [23], we first assume a bounded Lipschitz
polyhedral domain, 2 € R",n > 2. Let A*(Q2) be the space of smooth k-forms
on ©Q, and let L?A*(Q2) be the completion of A*(2) with respect to the L? inner-
product. There are no non-zero harmonic forms in L2A"(2) (see [4], Theorem 2.4)
which will often simplify the analysis in our primary case of interest, k = n. For
general k such a property cannot be assumed, and therefore, since the 2 problem
deals with the spaces of k£ and (k — 1)-forms, analysis of the harmonic spaces is
still necessary. Note that the results in [13] hold only for polygonal and simply

connected domains, therefore $*~! is also void in the case k =n = 2.

The de Rham Complex

Let d be the exterior derivative acting as an operator from L?A*(Q2) to
L2AFL(Q). The L? inner-product will define the W-norm, and the V-norm will
be defined as the graph inner-product

(u,wyyr = (u,w) 2 + (du, dw) 2.

This forms a Hilbert complex (L?*A(€2), d), with domain complex (HA(R2), d), where
HA*(Q) is the set of elements in L>A*(2) with exterior derivatives in L2A**1(Q).

The domain complex can be described with the following diagram

0— HAYQ) % .o = HA" Q) S L2(Q) — 0. (3.6)
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It can be shown that the compactness property is satisfied, and therefore the prior
results shown on abstract Hilbert complexes can be applied.

The Hodge star operator, x : A¥(Q2) — A"7%(Q), is then defined using the
wedge product. For w € A¥(Q),

/Qw A= (w, i) popn-k, Y€ A"H(9Q).
Next we introduce the coderivative operator, § : A¥(Q) — A*1(Q),
*xow = (=1)fdxw, . (3.7)
which combined with Stokes theorem allow integration by parts to be written as

(dw, ) = (w, o) +/ trwAtrp, we A e AFQ). (3.8)
G

Using this formulation and the following spaces,

HA*Q) = {w € HAMQ) trogw = 0},
H*AR(Q) := «HA"*(Q),

the following theorem connects the framework built for abstract Hilbert complexes

to the de Rham complex.

Theorem 3.3.1. (Theorem 4.1 from [5]) Let d be the exterior derivative viewed as
an unbounded operator L2A*~1(Q) — L2A¥(Q) with domain HA*(QY). The adjoint
&, as an unbounded operator L*AF(Q) — L2AF=L(Q2), has H*AF(Q) as its domain
and coincides with the operator ¢ defined in (3.7).

Applying the results from the previous section and Theorem 3.3.1, we get

the mixed Hodge Laplace problem on the de Rham complex: find the unique
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(o,u,p) € HAF1(Q) x HAF(Q) x $H* such that

o=0u, do+ddu=f—p in(,
trxu =0, trxdu =0 on 092, (3.9)
u L k.

Finite Element Differential Forms

For the remainder of the paper it is assumed that all approximating sub-
complexes of the de Rham complex are constructed as combinations of the polyno-
mial spaces of k-forms, P,A* and P~A*. For a detailed discussion on these spaces
and construction of Hilbert complexes using these spaces, see [5]. We also have

useful properties in the case k = n,

P-A" =P, A", (3.10)
P A’ = P,A° (3.11)

For a shape-regular, conforming triangulation 75, of Q, A¥(Q) C L2A*(Q)
will denote a space of k-forms constructed using specific combinations of the these
spaces on T,. For an element T € T, we set hy := diam(7"). We do not discuss
the details of these spaces further, but specific properties will be explained when

necessary.

Bounded Cochain Projections

Bounded cochain projections and their approximation properties are neces-
sary in the analysis of both uniform and adaptive FEMs in the FEEC framework.
Properties of three different interpolation operators will be important in our analy-
sis. The three operators and respective notation that we will use are as follows: the
canonical projections I, defined in [4, 5], the smoothed projection operator 7, from
[5], and the commuting quasi-interpolant IT,, as defined in [18] with ideas similar
to [39, 40, 14]. Some cases will require a simple projection, and P, f also written
fn, will denote the L2-projection of f on to the discrete space parameterized by h.

For the remainder of the paper, ||-|| will denote the L*A*(Q2) norm, and when
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taken on specific elements of the domain, 7', we write || - ||z. For all other norms,
such as HA*(Q) and H'A®(Q), we write || - || gar) and || - || z1ax(o) respectively.

Lemma 3.3.2. Suppose 7 € H'A¥(Q), where k = n —1 or k = n. Let I}, be
the canonical projection operator defined in [{, 5] and let A}~ () and A}(Q) be
defined as above. Then I, is a projection onto A7(Q), A}~ (Q) and satisfies

||7' — ]h7-||T < ChT”THHlAk(T), VT € 771, (312)
Ind = dI, (3.13)

Proof. The first part is comes from Equation (5.4) in [4]. The second part follows
the construction of 1. O

Lemmas 3.3.3 and 3.3.4 deal with important properties of the canonical

projections. In each case we assume f5, u, € A7(Q2), and let 7, be a refinement of

T

Lemma 3.3.3. Let T € Ty, then

/T(fh —Igfn) = 0. (3.14)

Proof. See [23] O

Lemma 3.3.4. Let T € Ty, then

((In — Im)un, fo)r = (un, (In — In) fa)r. (3.15)

Proof. See [23]. O

The next lemma is taken directly from [18], and will be a key tool in develop-

ing an upper bound for the error.

Lemma 3.3.5. Assume 1 <k < n, and ¢ € HA*"1(Q) with ||¢|| < 1. Then there
exists o € HYA*Y(Q) such that dp = d¢,lyde = dlly¢ = dllgy, and
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> hllle = aeliz + bt — Lug) |37 < C.

TeTy,

Proof. See Lemma 6 in [18]. O

The following theorem is a special case of Theorem 3.5 from [5]. Rather
than showing the result on an abstract Hilbert Complex with a general cochain
projection, we use the de Rham complex and the smoothed projection operator 7y,

in order to use uniform boundedness of the cochain projection.

Theorem 3.3.6. Assume AF(Q) is a subcomplex of HA*(Q) as described above,

and let w, be the smoothed projection operator. Then
I(1 = Poye)allv < |I(1 = m4) Porallv.  q € 9y, (3.16)
then combining the above with the triangle inequality,

lallv < el Psrallv, g € 95 (3.17)

Proof. See [23]. O

Theorem 3.3.7 will be essential in dealing with the harmonic forms in the
proof of a continuous upper-bound. The corollary will be used identically when
proving a discrete upper-bound. For use in our next two results we introduce an
operator ¢ and one of its important properties. Let A, B be n < oo dimensional,

closed subspaces of a Hilbert space W, and let

d(A,B)= sup ||z — Pgz,

v |la]=1

then [18], Lemma 2 which takes the original ideas from [27], shows

3(A, B) = §(B, A). (3.18)
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Theorem 3.3.7. Assume .6’}{ and $H* have the same finite dimensionality. The

there exist a constant Cgr dependent only on Ty, such that

5(9", 9) = 6(5k, 9Y) < o < 1. (3.19)
Proof. See [23] O
Corollary 3.3.8.

(95, Nir) = 6(9, 9F) < O < 1. (3.20)

Proof. The proof follows the same logic as Theorem 3.3.7. The only difference
is that the harmonics are compared on two discrete complexes 7 and £, and

therefore I, is used rather than . O

3.3.3 Adaptive Finite Elements Methods

This section gives a concise introduction to key concepts and notation used
in developing our AFEM. Our methods will follow [43, 31, 32, 20, 13|, which give
more a more complete discussion on AFEM.

Given an initial triangulation, 7y, the adaptive procedure will generate a
nested sequence of triangulations 7; and discrete solutions oy, by looping through

the following steps:
Solve — Estimate — Mark — Refine (3.21)
The following subsection will describe details of these steps.

Approximation Procedure

We assume access to a routine SOLVE, which can produce solution to (3.5)
given a triangulation, problem data, and a desired level of accuracy. For the
ESTIMATE step we will introduce error indicators ny on each element 7' € 7. In
the MARK step we will use Dorfler Marking strategy [20]. An essential feature of
the marking process is that the summation of the error indicators on the marked

elements exceeds a user defined marking parameter 6.



69

We assume access to an algorithm REFINE in which marked elements are
subdivided into two elements of the same size, resulting in a conforming, shape-
regular mesh. Triangles outside of the original marked set may be refined in order
to maintain conformity. Bounding the number of such refinements is important in
showing optimality of the method. Along these lines, Stevenson [44] showed certain
bisection algorithms developed in two-dimensions can be extended to n-simplices

of arbitrary dimension satisfying

(1){Tx} is shape regular and the shape regularity depends only on 7y,
(2)#Ti < #7To + CHM,

where M is the collection of all marked triangles going from 7Ty to 7.

Approximation of the Data

A measure of data approximation will be necessary in establishing a quasi-
orthogonality result. Following ideas of [31], data oscillation will be defined as

follows,

Definition 3.3.9. (Data oscillation) Let f € L2A*(Q), and T, be a conforming
triangulation of €. Let hy be the diameter for a given T" € T;,. We define

ose(f.T) == (D e (f — fu)l3) ™.

TeT,

Stevenson [44] generalized the ideas of [8] to show that approximation of
data can be done in an optimal way regardless of dimension. Using the approxi-

mation spaces (A%, || - [|4s) and (AZ, || - |

A3) as in [8] we recall the result.

Theorem 3.3.10. (Generalized Binev, Dahmen and DeVore) Given a tolerance

€, f € L*A™(Q2) and a shape regular triangulation To, there exists an algorithm
Ta = APPROX(f, 7o, €),

such that
osc(f,Tu) <€, and #Ty— #To < C’Hf”;ls/se’l/s.
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As in the case of [13], the analysis of convergence and procedure will follow

[12], and the optimality will follow [43].

3.4 The de Rham Complex on Approximating
Manifold

3.4.1 Hodge-de Rham Theory and Diffeomorphic Rieman-

nian Manifolds

We next introduce the Hodge-de Rham complex of differential forms on
a compact oriented Riemannian manifold. This discussion will be minimal and
closely follows [24, 25], where a more complete development can be found.

We assume M is a smooth, oriented, compact m-dimensional manifold
equipped with a Riemannian metric, g. Let QF(M) be the space of smooth k-
forms on M, and define the L? inner product for any u,v € QF(M) as

(1, v) 201y = /M WA *g0 = /M () 1

where x, : QF(M) — Qm*(M) is the Hodge star operator associated to the metric,
{(, -))g is the pointwise inner product induced by g, and p, is the Riemannian
volume form. For each k, define L2Q*(M) as the Hilbert space formed by the
completion of Q*(M) with respect to the L2-inner product.

Combined with the exterior derivative, d* : QF(M) — QFFL(M), these
spaces form a Hilbert complex, (L?QF(M), d), with domain complex (HQF(M), d).
Here HQF(M) C L*QF(M) is the set of elements in L2QF(M) with a weak exterior
derivative in L2Q*(M). Each space HQF(M) is endowed with a graph inner-
product,

(u, v) gy = (U, V) 20y + (du, dv) 20,

and the complex can be described with the following diagram,
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0— HQO(M) % HON (M) S - = HO™(M) 2 0. (3.22)

Next, assume M, is a polygonal, oriented, compact Riemannian mani-
fold equipped with a metric g4 and an orientation preserving differmorphism
wa : Mg — M. For any point © € My, let {ey,...,e,} and {fi,..., fm} be
positively-oriented orthonormal (with respect to the given metric ) bases for the
tangent spaces T, M, and T,)M. The tangent map Top4 : T Ma — Ty)M
can be represented by an m X m matrix with m strictly positive singular values

independent of the choice of basis,
ar(z) > > a, > 0.

The next theorem, from [24, 42|, describes a useful property of these singular

values; see also [15] for the classical version of the result in the case of domains in

R™.

Theorem 3.4.1. Let (Ma, gn) and (M, g) be oriented m-dimensional Riemannian
manifolds, and let ¢, : My — M be an orientation-preserving diffeomorphism
with singular values ay(xz) > -+ > au(x) > 0 at each v € My. Given p,q €
[1,00] such that 1/p+1/q =1, and some k = 0,...,m, suppose that the product
(o1 ... ) P(Cm—ps1 - - - Q) "9 is bounded uniformly on My. Then, for any w €
LPQF(My),

|(aq - Ozk)l/q(OékH o 'am)il/pHgole”p

< lnsewllp < Mo -+ ami) P (Qmpsr -~ @) ™ oo |-

Holst and Stern then use the above theorem with ¢ = p = 2, noting the
compactness of the manifolds yields the uniform boundedness condition, to show
that ¢4 induces Hilbert complex isomorphisms ., : L*Q(My) — L*Q(M) and
0% LPQ(M) — L*Q(My).
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3.4.2 Signed Distance Functions and Euclidean Hypersur-

faces

Let M C R™" be a compact, oriented, m dimensional Euclidean hyper-
surface. It is then possible to construct an open neighborhood, U, encompassing
the surface with a well-defined mapping along normals to the surface, a : U — M.
Furthermore, associated to any such surface is a value §, > 0 such that the set
of points whose Riemanian distance from M is less than dy forms such a neigh-
borhood. Given an adequate U, let § : U — R be the standard signed distance
function. Then for every x € U, Vi(z) = v(z) is the outward facing unit normal

vector to the surface at a(z), and
r=a(x)+d(x)v(x),

and the normal projection a : U — M can be expressed
a(x) =z — §(x)v(z).

Thus for any approximating surface, M, C U, a(x) restricted to M), gives
an orientation-preserving diffeomorphism, ¢, (z) = aly, @ M, — M, with well
defined singular values. Therefore Theorem 3.4.1 can be applied.

The approximating surface is introduced as a computational tool used to ap-
proximate solutions to the Hodge Laplacian which are then mapped to the smooth
approximated surface. In order to do this it is necessary to develop a map of k-
forms between the two surfaces. In doing this we follow a subset of the ideas of

24, 25]. Letting P =1 —v®v and S = —Vv, we have

Va=1-VéQuv—-—46Vv=1—-—vQ®uv—6Vvo=P+4S.

This leads to the following theorem from [24] allowing for the computation of the
pullback map, a* : Q' (M) — QY(U).

Theorem 3.4.2. (Holst and Stern [24] Theorem 4.3) Let M be an oriented,

compact, m-dimensional hyper surface of R™™ with a tubular neighborhood U.
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IfY € T,M and x € a”(y) C U. them the lifted vector a*Y € T,U satisfies
a’Y = (I+6S)Y

Proof. See [24]. O

Let j: M < R™! and jj, : M, — R™*! be inclusions of the submanifolds
endowed with metrics g = j*y and g5 = j;7v, where 7 is the standard Euclidean
metric. For a point x € M}, the mapping can be restricted to T, M}, by composing
a*Y with the adjoint of j,, yielding the adjoint of the restricted tangent map
Ty, = jpa*, satisfying

Yy, =jpa"Y = P,(I +4S)Y.

3.4.3 Discrete Problem on a Euclidean Surface

The Hodge Laplacian defined on a Euclidean hypersurface is our main prob-

lem of interest: Find (o, u,p) € HQ* (M) x HQ*(M) x $H* such that

(o,7) — (dr,u) =0, Vr e HQFY(M),
(do,v) + (du, dv) + (p,v) = (f,v), Vv € HQM), (3.23)
(u,q) =0, Vq € 9.

For the remainder of the paper, let M4 be an approximating surface satisfy-
ing assumptions of the previous section. Then @4, and ¢% act as the isomorphisms
between HQ(M) and HQ(M,). For ease of discussion, and similarity to the gen-
eral maps in the FEEC frameworks, we use the notation 74 and 74 respectively
for p4. and ¢%. This notation is also consistent with the current literature in the
sense that ¢4, and ¢% are an injective and projective Hilbert complex morphisms.

Since we have an isomorphism of Hilbert complexes we can define an equivalent
problem on M, using the map i4. Find (o/,u/,p’) € HQ* Y (My) x HQF(M4) x '
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such that

<iAU/,iAT> —<iAdT,iAu,> =0, VTGHQk_l(MA),
<iAd0/,iAU> + <iAdU/,iAdU> + <iAp/,iAU> = <f, iAU>, Yv € HQk(MA),
=0,

(iat/,iaq) Vq € 9.

This equivalent reformulation is helpful in defining a practical discrete prob-

lem: find (o, u), p}) € VETH(M4) x ViIE(M,) x $'} such that

<iAU;L7 iAT> — <d(iAT), ZA“Z) =0, VT € th_l(MA),
<d(iA0;L),iAU> + <d(ZAu/h), d(ZAU)> + <iAp/}L>iAU> = < ,iAU>, You € th(MA),
(iath,iag) =0, Vg € ')

Here $* and ﬁ’l,i are the spaces which i4 maps to harmonic forms in
HQF(M). The properties of these spaces will not affect our analysis, but it is
worth noting that these spaces are distinct from $H* and H¥ (see [23] for a detailed
discussion).

Using this discrete formulation is equivalent to defining finite element spaces
on the polygonal approximating surface and mapping them to M. The spaces on
M, can be refined with standard techniques yielding a refined mapped space.
Using this discrete formulation, we will prove a convergent and optimal algorithm
for solving (3.23). Notationally we will use T to represent a triangulation of the
linear approximating surface, and a(7) to represent the triangulation mapped to
the approximated surface.

Unlike [23] we are dealing with manifolds which may not have a boundary,
and thus harmonics may be present in the case £k = m. However, in the case
k = m, the harmonic component of f on a surface without boundary is simply
the constant volume form. In this situation the harmonic component of f can be
calculated efficiently, essentially reducing the problem to a B problem. Therefore

we focus on B problems in the case k = m for the remainder of the paper.
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3.5 Approximation, Orthogonality, and Stability

Properties

3.5.1 Approximation Properties

Before proceeding, we prove similar results to those of Section 2 for cases
in which the finite element space is no longer constructed on triangulations of
polygonal domains in R™. Here, and for the remainder of our analysis, we will use
a triangulation of a polynomial approximating surface, M4, and pull the spaces
P.OF(My) or PrQF(My) to the surface M.

Next, we define % : L2Q(M) — L*Q(My,) as the the adjoint of i, such
that

(i, i40) = (iau, V),  Yu,v € LPQ(My).

The H! boundedness of i* will be important in our convergence analysis.
We prove this boundedness in Lemma 3.5.2, but first introduce an intermediary

lemma.

Lemma 3.5.1. Given 7 € L?*Q*(M) we have
i = (=DM R) oy Ta R T (3.24)

where xp; and *pr, are the Hodge star operators related to the surfaces M and My.

Proof.

(i5T, 0)py = (T, 140) 01,

- [ (isohuu

= / 140 N\ *pfT,
M

:/ ia0 A (iaTA) x0T
M

Next, since the pullback commutes with the wedge product and xy;,xps, = (—1)km=F)

Y
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we have

/ o N (Ta) *p T,

Ma

= (_1)k(m—k‘)/ o\ (*MA*MA)T['A *M T,
M4

= (0 [ foaanma e
My

= <0', (_1)k(m—k) *MA TA XM 7—>MA-

Given the construction of the Hilbert spaces this is sufficient to complete the

proof. ]
Lemma 3.5.2. Let 7 € H'Q™(M), and let is be defined as above. Then iy7 €
H'Q™(My,), and

Cl|’i*A7—’|H19m(MA) S HTHHIQ’"(M) S CQHZ‘ZTHHlﬂm(MA). (325)

Proof. Lemma 3.5.1 shows, in the case £ = m, that the bounds on 7% are the same
as those used for 74 in the case k = 0. In the case k = 0, m4 maps H'Q(M) —
H'Q(M,), with bounds introduced earlier. O

Next we introduce a new interpolant, I,;, which is related to the canonical

interpolant introduced earlier.

Definition 3.5.3. Let I;, be the canonical projection operator on 7, a triangula-
tion of M4. Then for 7 € HQ*(M), we define I, as

[MhT = iAIh(WAT)

Lemma 3.5.4. Suppose T € H'Q¥(M), where k =m — 1 or k = m. Let Iy, be

the altered canonical projection operator introduced above. Then

Iy, d = dI, (3.26)
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Proof. Using Lemma 3.3.2 and the fact that the pull-back and push-forward com-

mute with d, we have

IMhd = iAlhﬂAd

= iAIhdﬂA
== d(iA[hﬂA>.
]
Lemma 3.5.5. Let f € HQ™(M), and let T € T,. Then
/ (fn = Iary fr) = 0 (3.27)
a(T)
Proof. From (3.3.3) we know
[ 0mad) = T(mag)) =0
T
and since £ = m, we have
| Giah(mad) = ialu(himaf) =0
a(T)
yielding
/ Ing, f = (ialgma) g, f =0
a(T)
[

3.5.2 Quasi-Orthogonality

The main difficulty for mixed finite element methods is the lack of mini-
mization principle, and thus the failure of orthogonality. In [23] results from [13]
are generalized, and a quasi-orthogonality property is proven using the fact that
o — oy, is orthogonal to the subspace 37! C HA?"!(€). In this section we show
that this same orthogonality result holds for finite elements spaces mapped to the

smooth surface from the approximating surface.
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Solutions of Hodge Laplace problems on nested triangulations 7, and Ty
will frequently be compared. Nested in the sense that 7, is a refinement of Ty.
For a given f € L*Q™(M), let L1 f denote the solutions of (3.23). Let £, f,
and L' fy denote the solutions to the discrete problems on a(7,) and a(7x)
respectively. Set the following triples, (u,o,p) = L7Yf, (up,on,p1) = L} fa,
(i, oh, pr) = L3, fu and (ugr, om, pu) = L' fu. The following analysis deals with
the B problem and thus the harmonic component will be zero in each of these

solutions. When we are only interested in o we will abuse this notation by writing

o=L"'f.

Lemma 3.5.6. Given f € L*Q™(M) in B, and two nested triangulations T, and
Ti, then

(0 —on,0n —og)m = 0. (3.28)
Proof. See [23]. O

The next result is similar to Theorem 4.2 in [23]. We present the proof in

order to clarify the impact of the surface mapping.

Theorem 3.5.7. Given f € L*Q™(M) in B, and two nested triangulations Ty,
and Ty, then

(0 —op,on —ou) <\ Collo — onllosc(mafn, Ta), (3.29)
and for any 6 > 0,
2 2 2 Co 2
(1=0)|lo—oul|* < ||lo —oull” = |lon — oul||* + ~ os¢ (mafn, Ta)- (3.30)
Proof. By (3.28) we have

(0 —op,op —0og) = {0 —0op, 00— 1)+ (0 — On,Gh — )
= (0 — On, O — On)

< [lo = anllllon = anll
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And then by the discrete stability result, Theorem 3.5.11, we have

< \/50”0 — opllose(mafa, Ta)-

(3.30) follows standard arguments and is identical to [13] (3.4) O

3.5.3 Continuous and Discrete Stability

In this section we will prove stability results for approximate solutions to
the o portion of the Hodge Laplace problem. Theorem 3.5.8 gives a stability
result for particular solutions of the Hodge de Rham problem that will be useful
in bounding the approximation error in Section 3.6. Theorem 3.5.11 will prove
the discrete stability result used in Theorem 3.5.7. These proofs follow the same
structure as [23], with additional steps that take care of the mapping between the

surfaces.

Theorem 3.5.8. (Continuous Stability Result) Given f € L*Q™(M) in B, let Ty,
be a triangulation of Ma. Set (o,u,p) = L™ f and (7,u,p) = L7 f, then

|lo =&l < Cosc(maf, Th). (3.31)

Proof. The harmonic terms are vacuous, thus
lo =Gl = (d(o = &), u—@)ar = (f — fr,u—@)ar = (malf — fu), 4 (u — @) ar,.

Let v = u — @. Since v € B and [|6v| = ||grad v|| = || — ||, we have v €
H'Q™(M). Restricting v to an element a(T) € a(7y), we have v € H'Q™(a(T)),
thus

lo =& = (f = fu,v) = Z (ma(f = fn), T4v)r

TeT,

— Z (maf = wafn, Tav — In(i4v)) 7

TeTh



Applying (3.12) and then (3.5.2),

<C Y hrllwaf = wafullrlliollaancr

TeTh
<O Y hrlmaf = mafullellollmanny
TeT,
=C ) hrllmaf = wafullr(lu = @llar) + 160w = @)llacr))
TeTh
< O lhr(maf = mafi)l3) (Y (llu = allacry + 16(w = @)llacr))*) ">,
TeT TeTy

and v € H'Q™(M) allows us to to combine terms of the summation,

< O hr(maf = mafi)l|7) 2 (lu — allas + 18(u — @)l|a).

TeT,

Since u — @ € B*, ||u — || = (u — @, dr) for some 7 € 3+ with ||dr|| = 1, thus

=C(Y Nhr(maf = mwafu)l7)* (0 =), 7)ar + o =& ]lm)-

TeTh

Then applying Poincaré on 7:

=Cllo =all()_ lhr(maf —mafu)llF)">.

TeTy

Divide through by ||o — &|| to complete proof.
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The following is Lemma 4 in [18], and is a special case of Theorem 1.5 of [30].

It is related to the bounded invertibility of d, and will be an important tool in

proving discrete stability.

Lemma 3.5.9. Assume that B is a bounded Lipschitz domain in R™ that is home-

omorphic to a ball. Then the boundary value problem dp = g € LyA*(B) in

B, tro =0 on 0B has a solution ¢ € HiA* 1 (B) with ||¢|| -1z < Cllglls if

and only if dg = 0 in B, and in addition, tr g = 0 on OB if 0 < k <n —1 and

Jp9=0ifk=n.
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The next lemma is an intermediate step in proving the discrete stability
result. The general structure follows [13] and applies Lemma 3.5.9 in order to find
a sufficiently smooth function that is essentially a bounded inverse of d for the
approximation error of u;, on Ty.

In [23], Lemma 3.3.3 is applied to shape regular polygonal elements, and
thus the multiplicative constant can be bounded. In this case, however, the ele-
ments are not necessarily polygonal, and thus we are forced to map the proof to

M 4, where the regularity is clear, and then map back to M.

Lemma 3.5.10. Let Ty, Ty be nested conforming triangulations and let oy, on
be the respective solutions to (3.5) with data f € L*Q™(M) in B. Then for any
TeTy

[ Tnityun — Tuitunllr < v/Colrl|owlagr- (3.32)
Proof. Let gq = Inityun — Igituy, = (I, — Ig)itu, € L*Q™(My). Then, for any
T € Ty let g = trpgg € L*Q™(T), and by Lemma 3.3.3, [, ¢ = 0. Thus Lemma
3.5.9 can be applied to find 7 € HIA"}(T'), such that:

dr = (I, — Iy)i%up, on T

17{[ 1 an-r(ry) < Cl(In — Lr)igunl|7.
Extend 7 to H'A""(Q) by zero and then, by Lemma 3.3.4,
1(Ih = Tn)isunl7 = ((In — Ln)ilyun, dr)r = (Cqun, d(Ip — 1) T)7
Then by Lemma 3.3.2, and locality of T,
= (Cyup, d(In, — Ig)7m) s, = (un, d(ia(lp — Ig)7T)) s = (Onyia(ln — Lg)T)ar-
Then again by locality of 7 and Theorem 3.4.1,

= (On ialln = 1) T)aer) < [|Onllacr) (N2a(T = ) o) + 2a(7 = La7)|lacr)),

< llonllagry(l7 = In7llz + [I7 = Lu72).
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And by (3.12),

< Chrllowlla) 17|y < Chrllowllac) |(In — Tr)iyun|lr

Cancel one power of ||({p, — I, )un||r to complete the proof.

]

Theorem 3.5.11. (Discrete Stability Result) Let T, and Ty be nested conform-
ing triangulations. Let (i, 6n,pn) = L, fu and (up, on,pn) = L, fr, with f €
L?Q™(M) in B. Then there exists a constant such that

lon = nll < Cosc(mafn, Tu) (3.33)

Proof. From 3.5, and since py, p, = 0, we have

<O'h—07h,7'h> = <Uh—l~bh,d7'h>, VTh - Ai_l, (334)

<d(0’h — fh), Uh> = <fh — fH, Uh>, Vl)h S A];L (335)
Next set 75, = 0, — 75, in (3.34), and v, = uy, — @y, in (3.35) to obtain:

lon — nll* = (up — @, d(on — 61)) = (fr — [, vn),
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Then by Lemma 3.5.10, we have:

|on — &n]? = Z (O, fn — fr)ar)

TETy
= > (i%on, Iymaf — Inmaf)r
TETy
= > (Lu@vn), Iewaf — Inmaf)r
TeETy
= Z (In(iqvn) — T (Cavn), Inmaf — Inmaf)r
TeET
<O N | wwaf — Inmaf |zl Iniion — Triyonlz
TeETy
<C Z hel[Inwaf — Iumafllrl(on — Gn)llacr)
TeETy
2 2\1/2 -
<COY . Wpllwmaf — Inmaf12)llon — ullar
TeTH

Then cancel one ||o}, — &3|| to complete the proof.

3.6 A Posteritori Error Indicator and Bounds

In this section we introduce the a posteriori error estimators used in our
adaptive algorithm. The estimator follows from [23] which follows [3, 13]. The
difference here is that we estimate the error on the fixed approximating surface.
Next, applying ideas [23] to the surface estimator, we prove bounds on these esti-
mators and a continuity result, both of which are key ingredients in showing the

convergence and optimality of our adaptive method.

3.6.1 Error Indicator: Definition, Lower bound and Con-
tinuity
Definition 3.6.1. (Element Error Indicator) Let T € Ty, f € L*Q™(M) in B,

and oy = L7 fy. Let the jump in 7 over an element face be denoted by [[7]]. For



84
element faces on 02 we set [[7]] = 7. The element error indicator is defined as

ni(or) = hell([tr  (maou)Jll5r + h7ll6(macu) |7 + hpllmaf — d(macw)|7

For a subset Ty C Ty, define

W (om Tu) = Y nilon)
TETy
Theorem 3.6.2. (Lower Bound) Given f € L*Q™(M) in B and a shape reqular
triangulation Ty, let 0 = L7f and oy = L' fu. Then there exists a constant

dependent only on the shape regularity of Ty and the surface mapping, such that
Con* (o, Ta) < |lo — oul|* + Caosc(maf, Ta). (3.36)
Proof. In proving a lower bound, in [18] it is shown that

hr||doul|r < Cllo — oullr,

W2\ [tr x om)]llor < Cllo — oullz,

where 7 is the set of all triangles sharing a boundary with T'. The first is equation
(5.7) and the second is a result of equation (5.12) in [18]. Substituting mqop for
o, noting that o € 3+(M) implies m40 € 31 (M), similar results for ma0 follow
[18]. Then, using the boundedness of i4, the remainder of the proof is identical to

[23). 0

The following lemma will be important in proving a continuity result used
in showing convergence of our adaptive algorithm. It is nearly identical to an
estimator efficiency proof in [18], but the subtle difference is that we make use of

oy, the solution on the less refined mesh, and ¢ is not used in our arguments.

Lemma 3.6.3. Given f € L*Q™(M) in B and nested triangulations Ty, and Tg,
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let oy, = £;1fh and oy = £;11fH. Then for T €Ty,

Cy > (hrll[[tr *(maon—maoe) e+ 07 |0(raon —Taou)|7) < |7a0h—Taou|’.
TeTh
(3.37)

Proof. Follows [23]. O

Theorem 3.6.4. (Continuity of the Error Estimator) Given f € L*Q™(M) in B
and nested triangulations Ty, and Ty, let o), = L’,jlfh and og = EﬁlfH. Then we

have:

B (on, Tn) — n*(ou, Tn)) < |Imaoy — waoul]® + osc®(wafu, Th) (3.38)

Proof. Follows [23]. O

3.6.2 Continuous and Discrete Upper Bounds

The following proofs have a similar structure to the continuous and discrete
upper bounds proved in [3, 13]. A key element of the proof will be comparisons
between the discrete solution oy = L’;Il fr and the solution to the intermediate

problem, & = £~ f;. We begin by looking the orthogonal decomposition of G —op,
6 —opy=(6—Pyropy) — Pge-royg — Pyr-10p
which allows the norm to be rewritten
16— oull® = 1(6 = Psrom)|® + || Poe-roul® + || Por-rom .

Lemmas 3.6.5, 3.6.6 and 3.6.7 will each bound a portion of this orthogonal decom-
position. Then Theorem 3.6.8 will combine these results in proving the desired

error bound.

Lemma 3.6.5. Given an f € L*Q™(M) inB. Let 6 = L™\ fy and oy = L' fn.
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Then
(6 — Psiow)||> = 0. (3.39)

Proof. See [23]. O

The next lemma uses the quasi-interpolant 11y described in [18], and also
applies integration by parts in the same standard fashion that [18] use when bound-
ing error measured in the natural norm, ||u—us || garo)+||o —0onll gar-1) +|P—prl|-
In [18], coercivity of the bilinear-form is used to separate components of the error,
whereas here we simply analyze the orthogonal decomposition of o — op. In [18],
the Galerkin orthogonality implied by taking the difference between the continuous
and discrete problems is employed in order to make use of II,. Here we are able

to introduce the quasi-interpolant by simply using the fact that oy L %]}{_1.

Lemma 3.6.6. Given an f € L*Q™(M) in B. Let oy = L' fu. Then
| Pgrrog|]* < Cn*(om, Ta). (3.40)

Proof. Follow the same steps as [23] using ||7a(Pyr—105)]|?. Next use the bound-

edness of 74 to relate to ||Pgr-10|* O

Lemma 3.6.7. Given an f € L*AF(Q) in B*. Let 6 = L7 fy and oy = L' fn.
Then
| Porrou||® < C|l6 — oul? C < 1. (3.41)

Proof. See [23]. O

Now we have the tools to prove the continuous upper bound for the 8 problems.

Theorem 3.6.8. (Continuous Upper-Bound) Given an f € L*Q™(M) in B™. Let
=L fy and oy = El}lfH. Then

lo—oul* < Cin*(on, Ta). (3.42)

Proof. See [23]. O
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Theorem 3.6.9. (Discrete Upper-Bound) Given f € L?*Q™(M) in B and nested

triangulations T, and Ty, let o = L; fi and oy = L' fu. Then
HO'h — O'HH2 S 017]2(0'H,TH). (343)

Proof. The proof requires the same ingredients needed to prove the continuous
upper bound. The same intermediate steps are taken by performing analysis on

the W}’f_l orthogonal decomposition of 5, — op.
(~Th —0yg = ((NTh — P3ﬁ0'H) — P%J:L—MTH — Pﬁﬁ_lgH'

The discrete version of Lemma 3.6.5 uses d;, rather than §, but is otherwise iden-
tical. The discrete version of Lemma 3.6.6 is identical. The discrete version of
Lemma 3.6.7 follows the same structure but makes use of Corollary 3.3.8. The
final step in the proof uses the discrete stability result, Theorem 3.5.11.

O

3.7 Convergence of AMFEM

After presenting the adaptive algorithm, the remainder of this section proves
convergence and then optimality. The results in this section follow ideas already
in the literature [43, 31, 32, 20, 13], with Theorem 3.7.3 following [23] in proving
reduction in a quasi-error using relationships between data oscillation and the
decay of a second type of quasi-error. The following algorithm and analysis of
convergence deal specifically with the case £k = m. In presenting our algorithm we

replace h with an iteration counter k.

Algorithm:[Tx,on | = AMFEM(7o, f,€,0): Given a fixed approximating surface
of M, an initial shape-regular triangulation 7y, and a marking parameter 6, set
k = 0 and iterate the following steps until a desired decrease in the error-estimator

is achieved:
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3.7.1 Convergence of AMFEM
The following notation will be used in the proofs and discussion of this
section:

€L = HJ - Ok||27 Ek = ||0k+1 - O-k||2) Nk = 772(Uk:,77c)7

O = OSC2(f7 776)7 6k = Oscz(fk+17 776)7
where fi, = Py f = Py, f since k = m.

Lemma 3.7.1.

Bilksr < B(L = A0)ne + Ey + 0. (3.44)

Proof. This follows from continuity of the error estimator (3.38), and properties
of the marking strategy, i.e. reduction of the summation on a finer mesh due to
smaller element sizes on refined elements. The proof can be found in [13]. A <1

is a constant dependent on the dimensionality of the problem. O

For convenience, we recall the quasi-orthogonality (3.30) the continuous

upper-bound (3.42) equations,

(1 =98)exs1 < er, — Ex + Cooy, for any § > 0,

er < Ciny.

With these three ingredients, basic algebra leads to the following result,
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Theorem 3.7.2. When
0<d< min{%@, 1}, (3.45)

there exists a € (0,1) and Cs such that
(1 — 5)€k:+1 + Bnk+1 < a[(l — 5)6k + ﬁﬂk] + C(sék (346)

Proof. Follows the same steps as [13]. O
With the above result we next prove convergence.

Theorem 3.7.3. (Termination in Finite Steps) Let oy, be the solution obtained in
the kth loop in the algorithm AMFEM, then for any 0 < § < min{%@, 1}, there
exists positive constants Cs and 0< s < 1 depending only on given data and the

wnitial grid such that,
(]‘ - 6)HU - 0k||2 + 6772(0-/67 776) + COSCQ(fv 776) S Cq7§7

and the algorithm will terminate in finite steps.

Proof. See [23]. O

3.7.2 Optimality of AMFEM

Once Theorem 3.5.8, Theorem 3.3.10, (3.43), (3.30) and (3.36) are estab-
lished, optimality can be proved independent of dimension following the proof of

Theorem 5.3 in [43].

Theorem 3.7.4. (Optimality) For any f € L*Q™(M) in B, shape reqular To and
€e>0,letoc=L""f and [on, Ty | = AMFEM( Ty, fu,€/2,0). Where [Ta, fu] =
APPROX( f, To,€/2 ). If o0 € A® and f € A2, then

lo —onll < Clllollas + [[f1lag) (# T = #To) ™. (3.47)

Proof. Follows directly from [13]. O
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The key components in the optimality of a method are the rate of the
convergence and the decaying constant, and (3.47) is a good model equation for
analysis. Placing no restrictions on node placement substantially increases degrees
of freedom and computational cost to the subspace approximation. We thus restrict
our discussion of optimality to the two basic cases; evolving surfaces with element
nodes lying on the approximated surface, and the scheme used above.

The rate rate of decay, s, is an intrinsic property related to a functions
approximation class for a given refinement method. The map between surfaces is
a Hilbert complex isomorphism, and thus HQ(M) will be mapped to HQF (M),
analogous to mapping between similar Sobelev spaces. For example, when k& =
m — 1 elements in H(div) on M will be mapped to H(div) on M,. Also, since
the mapping is smooth between the two surfaces, preserving the differentiability
properties of the forms. The relationship between the smoothness of the solution
and data f to their approximation class is discussed in [8, 9.

Next we look at the multiplicative constant. One advantage of the evolving
surface approximation is that the multiplicative bounds in Theorem 3.4.1 improve
with better surface approximations. If the initial surface approximation is good,
however, this constant is negligible in terms of computation cost. Other inefficien-
cies may arise by building the initial surface approximation without much analysis
of the PDE. Interpolation of the surface can be done in a standard efficient manner,
and as long as the initially surface isn’t excessively precise, then the impact on C
in (3.47) will not be significant. The other portion of the multiplicative constant
is related to the norm of f and o mapped to the approximating surface, and this

value should be reasonable by the same arguments used for the rate of decay.

3.8 Conclusion and Future Work

Surface finite element methods, in their nature, have additional complexities
which introduce difficulties developing a generic adaptive algorithm. Surfaces, for
instance, can be described in different manners and, depending on the access to

surface quantities, algorithms that are ideal in one case may be infeasible in others.
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Also, when refining a mesh, element nodes are not necessarily required to lie on the
approximated surface, or even alter the approximating surface between iterations.
Continually improving the surface approximation has desirable features, but it
also complicates the analysis of convergence and optimality. Along these lines,
developing a method similar to [17] where the nodes of the mesh are require to
lie on M, and thus the surface approximation continually improves, would be of
interest.

As was the case in [23], in this paper we have focused on the error ||o — oy, ||
for the Hodge Laplacian in the specific case k& = m. The results in [23], with
the exception of the stability results, applied to general B8 problems and such a
generalizing the theory to this class of problems would be a desirable results. The
proofs above introduce no additional complications in generalizing methods for 28
problems to surfaces, and therefore an extension of the results in [23] would likely
generalize to surfaces.

Analysis of adaptivity in the natural norm, ||u—us || gor v+ |0 =0l Hor-1 (A +
|lp—prl|, is another direction of interest. Such indicators on polygonal domains are
analyzed in [18], and using the results from [24, 25], these results can be extended
to surfaces with additive geometrical terms. Analysis of algorithms using these

indicators is another area of interest.
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4.1 Introduction

In this chapter we give a basic computational example of the method intro-
duced in Chapter 2. Implementation, in the cases n = 2,3, is accomplished with
the help of a collection of tools from the FEniCS Project[28, 29, 2]. The infrastruc-
ture is developed in a general fashion, and can be extended to higher dimensions
in the presence of higher-dimensional elements. In the following section we will
step through an example in the case n = 2, and show the algorithm achieves an

optimal rate of convergence.

4.2 Computational Example

The following example uses data f = —Auw, in the case

1
(r—1)2+ (y — 1)2 + .001°

u = —sin(rz) X sin(mwy) X

The domain will be the combination of unit squares meeting at (1,1). Figure 4.1
shows a plot of the data f on the given domain. It is clear that specific areas of
the domain have much different features with respect to the differentiation of w.
As we will show, this allows the adaptive method to gain efficiency when compared

to refining the elements uniformly.

1.10e+04 pwm

5.50e+03

-5.50e+03

-1.10e+04

Figure 4.1: Example Problem: Data f on a domain with corners.

Figure 4.2 shows the initial mesh of the domain and the mesh generated
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adaptively with 12,254 elements. It is clear that the adaptive method is allocating
more degrees of freedom near the point (1,1). This follows intuition, as the values

of o in the region are larger and change rapidly.

Figure 4.2: Initial mesh and adaptively refined (13,254 elements) mesh

Figure 4.3 and Figure 4.4 show plots of ¢ = du, in the cases using 3K
and 161K elements. These plots help show why an accurate approximation of o

requires a finer mesh in certain sections of the domain.

160.
120.
80.0

40.0
0.00

Figure 4.3: Approximation of ¢ with 3K Elements.
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160.
120.
80.0

40.0

0.00

Figure 4.4: Approximation of ¢ with 161K Elements.

Figure 4.5 demonstrates the advantage of the adaptive algorithm over uni-
form refinement, and also shows that the adaptive method achieves optimal order
of convergence. Initially, when using a small number of elements, the adaptive
method and uniform refinement produce similar results. As the number of itera-
tions increases, however, it becomes clear that the adaptive method can achieve
equivalent error reduction with less than 5-percent of the elements needed using
uniform refinement. The optimal order of convergence using the most basic linear
elements is NV _%, and the red line shows that the adaptive method is achieving this

rate of convergence.
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Figure 4.5: Error reduction: || — 03|, adaptive versus uniform refinement.
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