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A novel constitutive model for passive right ventricular 
myocardium: Evidence for myofiber-collagen fiber mechanical 
coupling

Reza Avazmohammadi1, Michael Hill2, Marc Simon3, Will Zhang1, and Michael Sacks1

1Center for Cardiovascular Simulation, Institute for Computational Engineering and Sciences and 
the Department of Biomedical Engineering, The University of Texas at Austin

2School of Mathematical Sciences, the University of Nottingham

3Departments of Cardiology and Bioengineering, Heart and Vascular Institute, The University of 
Pittsburgh

Abstract

The function of right ventricle (RV) is recognized to play a key role in the development of many 

cardiopulmonary disorders, such as pulmonary arterial hypertension (PAH). Given the strong link 

between tissue structure and mechanical behavior, there remains a need for a myocardial 

constitutive model that accurately accounts for right ventricular myocardium architecture. 

Moreover, most available myocardial constitutive models approach myocardium at the length scale 

of mean fiber orientation, and do not explicitly account for different fibrous constituents and 

possible interactions among them. In the present work, we developed a fiber-level constitutive 

model for the passive mechanical behavior of the right ventricular free wall (RVFW) that explicitly 

distinguished between the mechanical contributions of myofiber and collagen fiber ensembles, and 

accounted for the fiber mechanical interactions. To obtain model parameters for the healthy 

passive RVFW, the model was informed by transmural orientation distribution measurements of 

myo- and collagen fibers, and was fit to the mechanical testing data, where both sets of data were 

obtained from recent experimental studies on non-contractile, but viable, murine RVFW 

specimens. Results supported the hypothesis that in the low strain regime the behavior of the 

RVFW is governed by myofiber response alone, which does not demonstrate any coupling 

between different myofiber ensembles. At higher strains, the collagen fibers and their interactions 

with myofibers begin to gradually contribute and dominate the behavior as recruitment proceeds. 

Due to the use of viable myocardial tissue, the contribution of myofibers was significant at all 

strains with the predicted tensile modulus of ~ 35 kPa. This was in contrast to earlier reports 

(Horowitz et al. 1988) where the contribution of myofibers was found to be insignificant. Also, we 

found that the interaction between myo- and collagen fibers was greatest under equibiaxial strain, 

with its contribution to the total stress not exceeding 20%. The present model can be applied to 

organlevel computational models of right ventricular dysfunction for efficient diagnosis and 

evaluation of pulmonary hypertension disorder.
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1 Introduction

The right ventricle of the heart is recognized to play a vital role in cardiopulmonary 

disorders such as pulmonary arterial hypertension, myocardial ischemia, and congestive 

heart failure. In particular, 70% of patients suffering from pulmonary arterial hypertension 

(PAH) will ultimately succumb to right ventricular (RV) failure (Voelkel et al. 2011). The 

health and status of the right ventricle of the heart has been shown to be a key indicator of 

overall progression of PAH (Stone and Klinger 2008) and, thus, a good predictor of survival 

for patients suffering from this disease. From mechanistic point of view, PAH imposes a 

pressure overload on the RV myocardium, also known as RV free wall (RVFW), leading to 

elevated transmural wall stress, and subsequently to progressive hypertrophy and remodeling 

of RV, which ultimately results in mechanical failure of the right heart (Bogaard et al. 2009; 

Simon 2010). Although significant clinical progress has been made to date in assessing the 

RV response to hypertension (Champion et al. 2009; Forfia et al. 2008; Hemnes and 

Champion 2008; Kodama and Takimoto 2000) and in developing new treatments for PAH 

(Forfia et al. 2006; Forfia et al. 2008; Hemnes and Champion 2008; Kodama and Takimoto 

2000; Vigano et al. 2004), there still exists a pressing need to develop computational 

biomechanical models of the right ventricle that can estimate the onset and progression of 

RV hypertrophy and the limits of its reversibility, given necessary organ-level clinical 

measurements.

The development of such models relies, of course, on the development of an appropriate 

tissue-level constitutive model. The major steps in determining a concise, robust constitutive 

model for the mechanical behavior of any soft tissue include: (I) developing a consistent 

mathematical framework, (II) using the model to design the necessary experiments that 

contain sufficient information to represent the three-dimensional mechanical properties and 

microstructure of the myocardium, and (III) conducting robust model parameter estimation, 

and finally (IV) evaluating the predictive capability of the model. Beyond these standard 

concerns, additional complexities are encountered in modeling myocardium due to its highly 

heterogeneous, complex 3D structure. Specifically, myocardium consists of myofibers, 

collagen fibers, a vascular network (approximately 10–20% of its volume), specialized 

conduction tissues, and an amorphous ground matrix (Fox and Hutchins 1972; Hasenkam et 

al. 1994). Unlike the left ventricle (LV), histological studies on the RVFW revealed that 

almost all myofibers were locally oriented in the plane normal to the transmural direction of 

the tissue, with planar angular distribution changing with the depth (Hill et al. 2014), with 

large collagen fibers oriented nearly parallel to myofibers in the plane of tissue, 

interconnected with a network of fine collagen fibers.

Consistent with this microstructure, RVFW passive mechanical behavior revealed strongly 

anisotropic behavior (Hill et al. 2014; Valdez-Jasso et al. 2012). More importantly, 

comparisons between the healthy and PAH-induced RVFW specimens revealed that the 

alterations in mechanical properties of the RVFW under influence of PAH are primarily 

associated with hypertrophy of myofibers and notable changes in transmural orientation 

distribution of myo- and collagen fibers. Therefore, a constitutive model that will be able to 

reliably reproduce the biomechanical response of a healthy RVFW and capture its structural 
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and biomechanical adaptations, when subjected to a sustained pressure overload, must 

account for the composition, properties, and transmural architecture of the myo- and 

collagen fibers.

Although numerous studies have been devoted to constitutive modeling of left ventricular 

(LV) myocardium (e.g. Holzapfel and Ogden (2009) provides a brief review on existing 

constitutive models of LV myocardium), there exist few models for the RVFW. Early 

contributions to constitutive modeling of the RVFW are limited (Sacks and Chuong 1992; 

Sacks and Chuong 1993). In this early work the RVFW was modeled as a continuous stack 

of incompressible, transversely isotropic pseudoelastic layers with their preferred direction 

varying linearly from the endocardial surface to the epicardial surface. More recent studies 

(Hill et al. 2014; Valdez-Jasso et al. 2012) investigated the biaxial mechanical behavior of 

non-contractile, but viable, murine RVFW specimens of full thickness, and used a basic 2-D 

transversely isotropic pseudoelastic model to describe the mechanical data. The mechanical 

behavior revealed mechanical anisotropy with the apex-to-outflow tract direction being the 

stiffer direction. In addition, the use of viable tissues revealed a nearly linear stress-strain 

behavior with high stiffness at the low strain regime which was entirely attributed to the 

response of the myofibers. This is in contrast to the conclusion drawn in Horowitz et al. 

(1988) where the mechanical contribution of myofibers were found to be insignificant 

compared to the that of collagen fibers. This might have been due to insufficient viability in 

the associated mechanical testing data given in Yin et al. (1987). In any event, subsequent to 

gross observations of tissue behavior, mesoscale structurally-based constitutive models are 

needed to precisely determine physical mechanisms that take place at the microstructural 

level in the tissue and their correlation with the tissue-level response.

Mesoscale constitutive models (Kassab and Sacks 2016; Lanir 1983a; Sacks 2003; Zhang et 

al. 2016) are based on quantitative descriptors that attempt to account for histological 

features (typically, in the scale of less than 1 mm) and constituents’ mechanical properties to 

establish a quantitative link between the overall mechanical behavior and the underlying 

micromechanical mechanisms. This feature is particularly important for interests in 

developing a physical-based growth and remolding (G&R) model for RVFW response under 

PAH as it will allow us to separate the relative effects of myofiber hypertrophy from changes 

in fiber reorganization, in relation to the overall changes of the tissue behavior.

As a first step, the objective in the present work is to develop a mesoscale (i.e. at the level of 

the constituent fibers) structural constitutive model of the viable RVFW that accounts for 

interactions between fibrous constituents. We utilized the comprehensive biaxial mechanical 

behavior data and quantitative tissue structural information from murine experimental 

studies (Hill et al. 2014; Valdez-Jasso et al. 2012) to estimate the parameters in our model. 

To the best of our knowledge, the present study is the first work to provide and quantify a 

structural model for viable myocardial tissues that explores the potential for the contribution 

of mechanical interactions between the two major structural fiber families.
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2 Methods

2.1 Mechanical testing and structural quantification

Details of the mechanical tests and histological studies have previously presented (Hill et al. 

2014). Briefly, a total of 10 RVFW specimens of male rats were subjected to a multiprotocol 

biaxial mechanical test that encompassed the estimated physiological strain range (Fig. 1a). 

For the new structural analyses conducted from similarly prepared specimens but from a 

separate group of animals (consisting of three specimens), myofibers and collagen fibers of 

the extracellular matrix (ECM) were assumed to be the dominant mechanical constituents 

comprising the myocardium. It was found that the myo- and collagen fibers had a nearly 

planar orientation (Hill et al. 2014). The planar fiber orientation distributions were 

determined by analyzing histologically stained sections (layers) for three specimens (Fig. 

1b), similar to those used previously in our lab (Courtney et al. 2006). A total of 10 sections 

of ~ 50µm thickness were taken of each specimen, which were stained using Gomori One-

Step Trichrome to make the myo- and collagen fibers easily discernable. The sections were 

then imaged, and the orientation distributions for myo- and collagen fibers were separately 

quantified using standard gradient methods (Hill et al. 2014). In addition, total myo and 

collagen fiber content was quantified previously (Hill et al. 2014). From these 

measurements, the average volume fractions of myofibers, collagen fibers, and amorphous 

ground matrix were approximately determined as ϕm = 0.69, ϕc = 0.29, and ϕg = 0.02, 

respectively (Hill et al. 2014; Valdez-Jasso et al. 2012). The resulting mechanical and 

histological data were then referred to a local Cartesian basis (Figs. 1(a) and (b)).

2.2 Fiber morphology

Based on the above histological observations, we assumed that all fibers lie in  plane 

(Fig. 1b.) As the analysis of all histological sections used the same coordinate basis 

, the transmural orientation distribution of the fibers was represented by a 

probability density function ρ(v,z) in the referential configuration Ω0, where v is a planar 

unit vector identifying the fiber orientation in the plane of tissue and z denotes the 

normalized thickness variable along transmural direction e3 (i.e. normal to the plane of 

tissue). Without loss of generality, we set z to vary between 0 at endocardium to 100 at 

epicardium. Next, we defined two unit vectors nm and nc to describe the (planar) orientation 

of myo- and collagen fibers, respectively (Fig. 2)

(1)

with the span θm, θc ∈(−π / 2,π / 2]. Using these definitions, the transmural orientation 

distribution function takes the functional form ρ(v,z) = π Γ(θ,z) that satisfies the following 

normalization conditions

(2)
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for myo- and collagen fibers, respectively, where H = 100 denotes the (normalized) tissue 

thickness. To fit a surface to the 3D data, we used the following modified (shifted and 

scaled) Beta distribution function,

(3)

where u = u(z) = [θ − µ(z)] / π + 0.5, B is the Beta function with shape factor γ(z), µ(z) 

denotes the mean fiber direction, and “d ” provides a baseline for the distribution and is 

fixed in the transmural direction. The shape factor γ(z) is related to the variance, σ2 (z), of 

the distribution using

(4)

For fitting purposes, the variables µ(z) and σ(z) were approximated using 1D Hermitian and 

Lagrangian shape functions, respectively. It is useful to note that the distribution function (3) 

is normalized in the plane of tissue such that it satisfies the condition

(5)

for any value of z between 0 and 100.

2.3 Constitutive model formulation

A structural-based model for the effective (tissue-level) mechanical behavior of the RVFW 

was developed as follows. We idealize the RV myocardium as primarily composed of two 

major material phases: a dense fibrous phase and a non-fibrous substance. The fibrous phase 

is subdivided into two mechanically relevant fiber constituents: myo- and collagen fibers. 

Here, we make a further distinction between two sub-groups of collagen fibers: the “large” 

perimysial collagen fibers that were observed to run nearly parallel to myofibers (Fig. 3a), 

and the “fine” endomysial collagen fiber network that surrounds individual myofibers as 

well as interconnects extensively with the large collagen fibers (Figs. 3a,b) (Borg and 

Caulfield 1981; Borg et al. 1983). Also, the non-fibrous phase, referred to as the matrix 

phase, includes remaining mechanically insignificant substances such as vasculature, neural 

tissues, myofibroblasts, etc. This phase together with the fluid phase are assumed to be 

responsible for the incompressibility of the tissue and are combined into one single phase.

Based on these structural idealizations, we first consider a representative tissue element 

(RTE) of RVFW treated as a 3D continuum. The RTE is assumed to be large enough to 

represent the properties associated with the myocardial microstructure in an average sense, 

yet small compared to the characteristic length scale of the RVFW (typical RTE size was 
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3mm × 3mm × 0.5 mm). Upon application of external loading, a material point X in the 

reference configuration of the RTE moves to a new point x = X(x,t) at time t in the deformed 

configuration of the RTE. The deformation gradient tensor F = Gradx serves to characterize 

the deformation of the material. The tissue-level right Cauchy-Green tensor is defined as C = 

FTF, and the tissue-level Green-Lagrange strain tensor is given by E = (C − I) / 2, where I is 

the identity tensor.

Ignoring any time-dependency effects, each constituent phase is assumed to exhibit a 

pseudo-hyperelastic behavior (Fung 1993), so that the effective mechanical behavior of the 

RVFW in loading can be described by a strain energy function Ψ(C). In this work, we 

assume the affine kinematics for tissue constituents, i.e. the fibers and matrix phases undergo 

the same deformation applied to the tissue (Fan and Sacks 2014; Lanir 1983b; Lee et al. 

2015). The total energy function can be written as the sum of the mechanical contribution of 

the ground matrix and embedded fibers, as

(6)

where Ψg, Ψm and Ψ̄c are the strain energy functions associated with the ground matrix 

phase, myofibers, and collagen fibers. The energy term Ψ̄c has contributions from large 

(perimysial) collagen fibers and fine (endomysial) collagen fiber network (Fig. 3b). The 

latter is hypothesized to drive the interaction (coupling) between myofiber and (large) 

collagen fibers. Therefore, two terms Ψc and Ψm-c in (6) are designated to capture the 

mechanical contribution of large collagen fibers and their interaction with myofibers. Note 

that ϕc in (6) represents the total volume fraction of both groups of collagen fibers (as we 

were able to measure in our experimental analysis). The accurate calculation of amount of 

energy generated in each group of collagen fibers will be still due to the knowledge of sub-

fraction of each collagen group which is absorbed in the respective term in the form (6). 

Such information is not currently available, however the form (6) is still useful to estimate 

the contribution of each fiber group to the total energy.

At the tissue level, the second Piola-Kirchhoff stress tensor S can be described in terms of 

the energy function Ψ(C), through

(7)

where Sg = 2ϕg∂Ψg (C) / ∂C −pC−1, Sm = 2ϕm ∂Ψm (C) / ∂C, Si = 2ϕc ∂Ψi(C) / ∂C (i=c, m-

c), and p is the unknown hydrostatic pressure to enforce det(C)= 1. In the following, we 

describe the behavior of each constituent phase.
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2.3.1 Matrix—For contribution of the ground matrix phase, based on previous studies 

(Humphrey and Yin 1987; Sacks and Chuong 1993), it suffices to utilize a single isotropic 

hyperelastic neo-Hookean model with the strain energy function Ψg = kg / 2 (I1 − 3), where 

I1 = trace(C), and kg > 0 is the shear modulus of the matrix in the infinitesimal strain regime. 

Using the definition of the stress in (7), the resulting stress tensor for the non-fibrous ground 

matrix and fluid phases is given by

(8)

2.3.2 Myo- and collagen fibers—Following Lanir (1983a), we define a fiber ensemble 
as the collection of local fibers of the same type within the RTE with a common direction. 

The collective mechanical contribution from the ensemble is represented by its strain energy 

Ψens. Following the affine kinematics assumption, the deformation along (ensemble) fiber 

directions nm and nc can be characterized by kinematical invariants Im and Ic defined as

(9)

where we recall that nm and nc represent the local orientation of myo- and collagen fibers, 

respectively (Fig. 2). It is also useful to define the fiber ensemble strains in the directions nm 

and nc given by

(10)

respectively.

Assuming that both types of fibers can only withstand tensile loads, the stored energy in 

myo- and collagen fiber ensembles can be expressed in terms of deformation along the fiber 

as  and , respectively. As a result, the total energy over all myo- and (large) 

collagen fiber ensembles with orientation distributions Γm (θm, z) and Γc (θc, z) in the RTE 

is respectively given by

(11)

As mentioned earlier, the presence of the dense network of fine collagen fibers connecting to 

myo- and (large) collagen fibers suggests that there could be an interaction between myo- 

and collagen fiber ensembles. Since quantified information on the detailed architecture of 

fine collagen fiber network in the RVFW is not yet available, this interaction was modeled in 

a heuristic fashion at the same length scale of myo- and collagen fibers. One approach to 

account for the coupling between two fiber ensembles (identified by the directions nm and 

nc) is to make use of the deformation invariant Imc = nm·Cnc (Spencer 1984) (conventionally 
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denoted by I8). Sacks et al. (2016) recently demonstrated that the invariant Imc can be 

divided into two types of interactions: (i) extensional interactions stemming from the 

product of Im and Ic, and (ii) rotational interaction accounting for the changes in the angle 

between nm and nc (which conveniently vanishes under equibiaxial strains). As will be 

discussed later (Subsection 4.3), a key interaction term required to accurately capture the 

mechanical behavior of RVFW tissues was of an extensional nature alone. Based on these 

considerations, we proposed the following form of energy for myo-collagen inter-fiber 
ensemble interactions

(12)

where  denotes the interaction strain energy between two individual fiber 

ensembles, and  identifies the span of adjacency around each ensemble of 

myofibers within which it interacts with neighboring (large) collagen fiber ensembles. Note 

that, here, based on the near-planar fiber structure of the RVFW we account only for the 

interaction between ensembles lying in the same plane.

Strain energy form for myofibers: Results from our experimental findings (Hill et al. 

2014) suggest that the myofibers are responsible for the low stress response, followed by 

increasing contributions of the collagen fibers due to their gradual recruitment with strain. In 

particular, these studies indicate a nearly linear stress-strain behavior (in the S − E space) in 

the low strain regime, where collagen fiber recruitment has not yet occurred. Our pilot 

studies indicated that the form , with  being the effective 

myofiber low-strain tensile modulus, can capture the behavior of the tissue in this regime. 

However, an exponential descriptor provides a better account for the behavior of myofibers 

for a full range of strain (Em < 0.4) and is consistent with other myofiber models proposed 

mainly in the context of LV myocardium (Dokos et al. 2002; Holzapfel and Ogden 2009). 

Also, the myofibers do not support compression and they tend to buckle in compression 

(Holzapfel and Ogden 2009). These considerations lead us to propose the following energy 

function for the myofiber contribution

(13)

where  is a dimensionless parameter. As defined in Eq. (11)1, the homogenized energy 

function of myofibers (Ψm) is obtained as the sum of the energy of all myofiber ensembles, 

weighted by the 3D orientation distribution function Γm (θm, z). Making use of (7), the 

resulting expression for the stress tensor associated with myofibers is given by
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(14)

for Im ≥ 1, and 0 otherwise.

Strain energy form for large collagen fibers population: In this work, we assume a linear 

force-displacement relation for large (perimysial) collagen fibers when they are fully 

straightened, based on the study of (Zhang et al. 2015) for the mechanical behavior of 

collagen fibers. However, the collagen fibers are known to be undulated in the zero-stress 

state (Kenedi et al. 1965; Lanir 1979; Millington et al. 1971). (Also see Fig. 3 (c).) Support 

for this finding arise from scanning electron microscopy analysis of fixed myocardium, in 

which collagen fibers appeared wavy in diastole and taut in systole (Caulfield and Borg 

1979). In addition, collagen fibers are known to have negligible bending stiffness, and the 

load required to straighten the collagen fiber is also considered to be negligible. Hence, a 

collagen fiber transmit load only if stretched beyond its slack stretch, denoted by λs ≥ 1, 

where the undulation has disappeared. Based on these considerations, we hypothesize the 

following energy function for a single collagen fiber

(15)

where kc denotes the (tensile) modulus of a straight collagen fiber. Note that the above form 

satisfies the conditions of zero energy and zero stress at the threshold of recruitment, i.e. 

when .

It is known that the degree of fiber undulation can vary considerably among individual 

collagen fibers (Lanir 1983a). To stochastically account for this variance in the level of fiber 

ensemble, we define the distribution function D(λs) over the slack stretch range λs ∈[λlb, 

λub], where λlb and λub denote the lower and upper bounds of collagen fiber slack stretch 

within an ensemble, with λub > λlb >1 and . In this generalized case, the 

undulation of fibers gradually disappears when Ic increases from , and all fibers within 

the ensemble are recruited at . The energy form (15) can be accordingly generalized 

to account for a distribution of slack stretch within an ensemble of collagen fibers. It can be 

shown that (Fan and Sacks 2014; Lanir 1983a; Lanir 1994; Sacks et al. 2016; Zhang et al. 

2015) the generalized form of the ensemble strain energy (which is the sum of individual 

undulated fiber energies weighted by the distribution D(λs)) is given by

(16)
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where D(λs) is represented by a scaled Beta distribution defined over λs ∈ [λlb, λub],

(17)

In the above expressions, α and β are the shape factors of Beta function that are related to 

the mean µr and standard deviation of σr the distribution through the following relations

(18)

Assuming that the collagen fiber recruitment function D(λs) does not vary with θc or z, the 

resulting tissue-level stress for large collagen fibers is obtained from Eqs. (16), (11)2 and (7) 

as

(19)

Figure 4 shows an example of the collagen fiber ensemble response  and the 

associated recruitment distribution D(λs) for the equibiaxial loading path (E11 = E22, E12 = 

0) with the definitions Eens = E11 and . This particular distribution indicates 

that most of the recruitment takes place at higher strains. The beginning and the end of the 

recruitment process are denoted in the figure by lower and upper bound strains, defined by 

 and , respectively. It is interesting to note that although 

individual collagen fibers are assumed to exhibit a linear behavior, the gradual straightening 

of the fibers produces an exponential-like stress-stretch relationship at both ensemble and 

tissue levels.

Strain energy form for myo-collagen coupling: In a pilot study (see Subsection 3.4) we 

observed that the fiber contributions Ψm and Ψc were not sufficient alone to fit to the 

biomechanical data. This finding provided additional evidence that the mechanical coupling 

between myofibers and collagen fibers is important and needs to be accounted for in the 

constitutive model. In particular, we found that, for the model without any interaction term, 

the regression residual was higher under equibiaxial loading condition (the r2 value dropped 

by ~5% for the model without interaction term.) This residual was present in the regression 

analysis while all parameters associated with myo- and collagen fibers (i.e. 

) were subjected to optimization. This study suggested that an 

interaction term is missing from the constitutive model that cannot be compensated by 

modifying myo- and collagen fiber contributions alone. Recalling that the rotational 
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interactions are identically zero under equibiaxial loading condition, the study suggested that 

the missing interaction term is of extensional nature (i.e. a joint function of Im and Ic.)

Accordingly, to capture the coupling between myofibers and (primary) collagen fibers, we 

propose to use an exponential energy form in terms of the additive variable . 

This form of energy was seen, in our pilot studies, to consistently enhance the capability of 

our model to capture the RVFW biomechanical behavior. Similar coupled invariants 

(without explicitly accounting for collagen fiber recruitment) have been used in the literature 

(Chatrchyan et al. 2012; Itskov et al. 2006; Schmid et al. 2009) to model biomechanical 

behavior of soft collagenous tissues. Note that the modified invariant I explicitly accounts 

for undulation of collagen fibers by using the invariant  instead of Ic alone. Indeed, we 

assumed that, similar to the mechanical contribution of large collagen fibers, the interaction 

between these fibers and myofibers occurs only after the collagen fibers are stretched 

beyond their slack stretches. This assumption entails two following conditions

(20)

for any arbitrary value of Im ≥ 1, where  refers to the mechanical contribution 

of coupling between collagen fibers with a fixed slack stretch and myofibers. We propose the 

following exponential form for the coupling term 

(21)

where

(22)

and  and  are material parameters. (Note that the expression ψ(Im, Ic) is always 

positive for real variables). Again, similar to the case of collagen fibers, the energy function 

for coupling between an ensemble of myofibers and an ensemble of collagen fibers (with a 

distribution of slack stretch) takes the form

(23)

Note that, in the above expression, D(λs) is taken to be the same recruitment function used 

for large collagen fibers and defined in (17), because, as mentioned earlier, these fibers can 

Avazmohammadi et al. Page 11

Biomech Model Mechanobiol. Author manuscript; available in PMC 2018 April 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



carry the stress induced by the coupling only when they are straightened. Making use of Eqs. 

(23), (12) and (7), the resulting stress tensor Sm-c is given by

(24)

We obtain the final expression for the total stress S by substituting equations (8), (14), (19), 

and (24) into equation (7). Finally, we note that we developed our model for the 

physiologically-relevant case when all or some of the fibers are stretched (characterized by 

the deformation range of Im > 1 and Ic > 1 in fibers).

2.4 Parameter Estimation

Given the collected mechanical and the continuous transmural distributions (interpolated 

from histological measurements) data for the tissue-level behavior of the RVFW, our goal 

here is to determine best-fit parameters from the data via a rigorous parameter estimation 

algorithm. Assuming a plane stress state with S33=S13=S23=0, the hydrostatic pressure in 

Eq. (8) is pre-determined as p = kg / C33. Note that all stress and strain components are given 

relative to the bases {e1, e2} (Fig. 1). Since the biaxial strains were applied along material 

axes (Fig. 1), the measured shear stress S12 was negligible compared to the normal 

components S11 and S22 and not included in the optimization procedure. Making use of the 

nonlinear least squares procedure to estimate the parameters, we chose the following 

objective function Σ

(25)

where  denotes the set of unknown parameters, 

N is the total number of data points, and Ŝij denotes the stress tensor component values 

obtained from the experimental biaxial tests. The optimal set of parameters then can be 

obtained via the minimization of the objective function (25)

(26)

The minimization problem was solved using MATLAB function lsqnonlin, together with a 

trust-region-reflective algorithm. Our optimization procedure to estimate the parameters 

involved the following key steps:

1. Concerning the mechanical contribution of the matrix phase, we chose the small 

value of kg = 10 kPa a priori because (I) the value of the (amorphous) matrix 

shear modulus is considered to be much lower than that of constituent fibers in 
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connective tissues (Humphrey 2002), and (II) its mass fraction is comparatively 

low as well.

2. As mentioned earlier, our previous experimental study (Hill et al. 2014) suggests 

that the nearly-linear behavior of the tissue in the low strain regime (Ec < Elb) in 

the S − E space is entirely governed by the response of the myofibers as no 

collagen fiber is recruited in this regime. Taking advantage of these observations, 

we estimated the parameters Elb and  directly from the experimental data in 

the low strain regime. (A similar approach was used in Fata et al. (2014).) The 

value of E lbwas obtained as the strain at which the transition from the initial 

linear to nonlinear behavior occurs indicating the initiation of collagen fiber 

recruitment. The value of  was estimated from the intrinsic fiber ensemble 

response (Sens − Eens), obtained from the equibiaxial loading path (where, again, 

Eens = E11 and Sens = S11 +S22). This response, as can be shown from Eqs. (14), 

(19), (24) together with conditions (2), is independent of the transmural myo- 

and collagen fiber splays.

3. Since the existing strain protocol 1:1 was not performed, this loading path was 

interpolated from all strain protocols for each specimen following our previous 

studies (Fata et al. 2014) (See Fig. 5(a) for a representative example of the 

interpolation.) Next, using the linearized form of the myofiber response in Eq. 

(13) for very small deformations (which is only a function of ), we were able 

to estimate the material parameter  from the (interpolated) ensemble response 

for the low strain regime (Eens < Elb), again, without using the transmural 

myofiber distribution (see Fig. 5(b) for a representative example of the fit to the 

interpolated equibiaxial data in the small strain regime.)

4. We did not include the parameter  (defined in the interaction term (12)) in the 

optimization process, and we assigned a value to it, a priori. The final results in 

this work are given for the value  (corresponding to the case that accounts 

for the interaction among all fiber ensembles in the same plane), however, further 

histological examination of the RVFW will be needed to acquire a more accurate 

estimate for this parameter.

5. In order to present the results as functions of strain, the unknown parameters λlb 

and λub were replaced by Elb and Eub, as defined previously. Also, the 

corresponding changes were made in integrations (19) and (24), and also in 

relations (17) and (18) such that the reported values of µr and σr reflect the values 

in the strain space.

6. We used the multi-protocol strain-stress data for the entire strain range and 

histological data (Hill et al. 2014) for transmural myo- and collagen fiber 

orientation distributions to estimate the remaining unknown parameter using the 

optimization (26).

The summarized expressions for the stress components S11 and S22 in the biaxial test 

 may be written in a concise notation as
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(27)

where em,c =[cos(θm,c)2, sin(θm,c)2]T and .

2.5 Post-estimation evaluation

2.5.1 Parameter correlations—Next, we studied the correlation between the 

contributions of different fiber types and the coupling. To quantify the correlations, we 

calculate the sensitivity matrix as follows

(28)

where δ* denotes the vector of estimated parameters, and Δ denotes a variation in the 

respective variable. In this definition, and for the case of objective function (25), the vector f 
is defined as

(29)

The coefficient CRKL, defining the correlation between the parameters δK and δL is then 

obtained as (Beck and Arnold 1977)

(30)

where M= JTJ.

2.5.2 Convexity of energy function—Convexity of the energy function Ψ(C) in the 

right Cauchy-Green tensor C is important to ensure mathematical reliability of the energy 

function for numerical implementations (Holzapfel and Gasser 2000; Ogden 2003). As 

shown in Appendix A, the local convexity of energy function Ψ(C) (defined in (6)) can be 
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examined through assessing local convexity of the ensemble energy (defined in (38)) with 

respect to invariants Im and Ic.

3 Results

3.1 – Histological quantification

The 3D Beta-distribution surface fit the transmural histological data quite well for all (n=3) 

specimens, with the highest r2 ≈ 0.96 and the lowest r2 ≈ 0.86 (Fig. 6). We found that myo- 

and collagen fibers have a very close mean orientation at all depths (Fig. 7a), varying from 

approximately 10 deg at endocardium to −90 deg at the epicardial surface, and the average 

orientation is about −40 deg for both myo- and collagen fibers (Fig. 7a). However, the mean 

fiber orientation did not vary linearly along the transmural depth from endocardium (z=0) to 

epicardium (z=H) (Fig. 7a). The deviation from a linear behavior was more pronounced in 

the midwall region (40 ≤ z ≤ 60) and close the epicardium, although, for collagen fibers, the 

deviation was more noticeable close to endocardial surface as well (Fig. 7a). The change of 

mean fiber orientation in the RV (100 deg from Fig. 7) was lower than the corresponding 

value reported for the fiber orientation in the LV in rat (140 deg), however, considering that 

the RV is thinner than LV, the values of fiber orientation change per mm depth will be closer 

for the LV and RV. Moreover, collagen fibers showed a stronger deviation from the mean 

fiber orientation compared to myofibers except near to the epicardial and endocardial 

surfaces (Fig. 7b).

3.2 - Overall fit for mechanical testing data

The model fit the biaxial data very well, with the lowest r2 ≈ 0.93. Table 1 provides 

estimated values for all unknown constants and the associated r2 values for five RVFW 

specimens. Myofiber modulus  (estimated directly from the low stain regime) showed 

lower variation than the constant . Also, variations in the collagen fiber modulus kc and 

the recruitment properties were generally low. In particular, the estimated values for lower 

and upper bound strains suggested that no collagen recruitment takes place below Eens = 

0.03 and all collagen are recruited beyond Eens = 0.24. Moreover, the estimated values for 

constants µr and σr in the recruitment function D(λs) suggested that most of the recruitment 

takes place towards to the upper strain bound Eub.

A good fit was observed for all protocols (see Figs. 8a,b for stress-strain plots for Specimen 

No. 1). The values for S11 were generally higher than that of S22. This is consistent with the 

fact that the axis e1 is nearly aligned with the mean direction for myo- and collagen fibers 

(see Fig. 1a). Another interesting finding was that the stress values for the protocol 1 (the 

closer one to the equibiaxial path) tend to be higher (Fig. 8). This observation is also 

consistent with the assumption that fibers do not rotate under equibiaxial loading condition, 

and therefore, they stiffen quicker versus the case that they are subjected to non-equibiaxial 

loading conditions. Finally, high quality fits were obtained for the remaining RVFW 

specimens.
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3.3. - Prediction based on equibiaxial fit

As mentioned earlier, we interpolated the data for the equibiaxial loading path (E11 = E22 = 

Eens) from experimentally acquired multiprotocol data. An example of this interpolation was 

shown in Fig. 5(a). Interestingly, we found that if we quantify our model only using the 

interpolated equibiaxial data, the quantified model can still (at least qualitatively) capture the 

stress-strain behavior in all protocols used for the interpolation (see Fig. 9 for a 

representative example). This finding is consistent with the results of Sacks (2003) on 

modeling the mechanical behavior of pericardium. In particular, he quantified a two-

parameter model entirely from equibiaxial test data, and predicted the behavior of the tissue 

under non-equibiaxial loading conditions with an excellent agreement.

3.4 - Fiber contributions and fiber-fiber interactions

The constitutive model (6) without the interaction term Ψm-c was not sufficient to 

consistently fit the biomechanical testing data. In particular, the model (6) without the term 

Ψm-c had its greatest fitting residual under (nearly) equibiaxial loading conditions (where 

the interactions would be greatest), and the residual reduced for loading conditions far from 

the equibiaxial loading path (Fig. 10). The inclusion of the interaction term Ψm-c in the 

constitutive model (6) notably improved the fit, especially under (nearly) equibiaxial loading 

conditions. The r2 value increased from 0.93 to 0.98 and the rms value dropped from 3.30 to 

1.75 (kPa) for the equibiaxial loading protocol with the p-value being 0.021 between the 

residual errors of two models.

Next, using the complete model we investigated the prediction of our model for mechanical 

contribution of myo- and collagen fibers and the interaction among them in the total energy 

density function under equibiaxial loading condition (Fig. 11). We found that in the low 

strain regime, where most of collagen fibers are still undulated, the behavior of the RVFW is 

governed by myofiber response. However, collagen fibers and their interaction with 

myofibers begin to gradually contribute to the behavior as their recruitment proceeds. Once 

fully straightened, the collagen fibers become a major contributor to the RVFW behavior. 

We further investigated the predictions of our model for contributions of myo- and collagen 

fibers and the interaction in the total stress as functions of strain (Fig. 12). Consistent with 

our observation for the case of energy function described in the context of previous figure, 

collagen fibers and their interaction with myofibers begin to gradually contribute to 

accommodate mechanical stress along with the recruitment progression, for all three loading 

conditions (Fig. 12). In particular, the collagen fibers become the greater contributor to the 

RVFW behavior for the case of equibiaxial path (Figs. 12a,b). Interestingly, the contribution 

of the interaction is the highest under equibiaxial loading condition as well (Figs. 12a,b). In 

particular, an average ratio of the interaction part of the stress to the total stress 

 at the highest strains was 20%, 12% and 6% for the loading path 

E11 = E22 (Figs. 12a,b), E11 = 2E22 (Figs. 12c,d), and E11 =0.5E22 (Figs. 12e,f), respectively. 

Finally, we note that the energy and stress contributions of the matrix were comparatively 

insignificant and not included in Figs. 11 and 12.
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3.5 - Parameter correlations and convexity

The sensitivity matrix columns were calculated by varying each of the parameters in a range 

of ± 5% around their estimated values, while the remaining parameters are kept constant 

(see Table 2 for correlation coefficients between the selected parameters 

 for estimated values of Specimen No. 3.) The closer the absolute 

value of CRKL is to 1, the higher is the correlation between the parameters κK and κL. Also, 

the total energy function Ψ(C) satisfied the local convexity condition for all specimens. The 

constant contours of the energy function , defined in (38), were convex in Im and 

Ic for all specimens within the range of defamation examined in this paper (see Fig. 13 for a 

representative example). As shown in Appendix A, the convexity of  in in Im and 

Ic implies the local convexity of Ψ(C) in C.

3.6 - Sensitivity to full 3D transmural fiber orientation

Finally, it is interesting to examine the sensitivity of our model to the distributions Γm (θm, 

z) and Γc (θc, z) by comparing the results of our model with those based on the 

approximation of “average” fiber direction. Along these lines, we define the following 

structural tensors characterizing “average” orientation of myo- and collagen fiber

(31)

respectively. Then, a new energy function based on the structural tensors can be written as 

(Gasser et al. 2006; Holzapfel and Gasser 2000)

(32)

where = Īm = Hm :C and Īc = Hc :C, and the superscript “ST” refers to the “structural 

tensor” model. We conducted comparisons between the results of our model with those 

based on the energy function (32) for the stress-strain behavior of the RV myocardium (Fig. 

14). The results were calculated for the estimated values of Specimen No. 3 in Table 1 for 

multiple loading paths. We observed that the results of two models coincided for the case of 

equibiaxial loading path (because the fibers do not rotate under this condition.) However, for 

non-equibiaxial loading conditions of the form E11 = υE22 (where υ > 1 is a constant), the 

results of the “structural tensor” model notably underestimated the results of our model for 

S11, while they tend to overestimate the results of our model for S22. We observed the 

opposite for the loading conditions of the form E22 = υE11 (again, with υ > 1). These 

findings are consistent with the results of Bischoff et al. (Bischoff 2006).

Avazmohammadi et al. Page 17

Biomech Model Mechanobiol. Author manuscript; available in PMC 2018 April 01.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



4 Discussion

4.1 – Overall findings

In this work, we took an essential step towards the modeling the biomechanical behavior of 

passive RVFW myocardium by formulating a structurally-informed constitutive model for 

the RVFW and conducting detailed parameter estimation. A distinctive feature of this work 

was the use of a structurally-based constitutive model that accounts for the myofiber-

collagen fiber interactions. The construction and quantification of such a model that 

accounts for detailed and histologically-measured information on the structure of the tissue 

is an important step towards development of constitutive models that offer a powerful 

predictive capability. Our structurally-informed constitutive model was also formulated in an 

invariant-based form that is more suitable for numerical implementations, similar to the 

previous models proposed for the passive mechanical behavior of the myocardium 

(Holzapfel and Ogden 2009; Humphrey and Yin 1987; Sacks and Chuong 1993). Our 

modeling also provides a framework to develop multi-scale models of pressure-induced 

growth and remodeling of the RV myocardium under PAH. Accordingly, our long-term goal 

is to implement such models in a finite-element heart model to facilitate diagnosis and 

prognosis of PAH disease, as well as to lay out foundation to develop therapies specifically 

targeting improving RV response to PAH. In the following, we discuss the results presented 

in this work.

4.2 - Insights into structure-function relationship

Under biaxial tensile loading condition and within the strain range of E11, E22 < 0.3, all 

RVFW tissue specimens exhibited highly nonlinear and anisotropic stress-strain relationship 

with a pronounced stiffening along the mean fiber direction. The anisotropic behavior of the 

RVFW was evident from the results of strain protocols close to the equibiaxial loading path 

where the stress component S11 has a notably higher value than that of S22. This was 

consistent with histological data for the transmural fiber orientation indicating that the mean 

fiber direction was nearly aligned with e1 - direction (see Fig. 1). However, histological data 

revealed that local microstructural axes of the RVFW are not generally orthogonal, and 

therefore, the behavior of the RVFW cannot be assumed to be locally orthotropic. This is in 

contrast to the assumption of locally orthotropic behavior in constitutive modeling of the 

passive behavior of the LV myocardium frequently used in the literature (Costa et al. 2001; 

Schmid et al. 2006). Moreover, we found that the mean fiber orientation did not vary linearly 

along the transmural depth from endocardium (z=0) to epicardium (z=H) (Fig. 7a). This is 

consistent with the finding for transmural orientation of myofibers in LV myocardium for 

human (Holzapfel et al. 2007), dog (Streeter et al. 1969), and pig (Streeter 1979).

For general biaxial strain protocols, our investigation revealed a high sensitivity of the model 

to the transmural fiber orientation distribution. This was expected as both myo- and collagen 

fibers exhibited a strong 3D orientation dispersion throughout the RVFW specimens. 

However, under equibiaxial loading condition, the results of our model suggest that simpler 

phenomenological models based on mean fiber orientations should be able to capture the 

biomechanical behavior of the RVFW. Another structural insight from our analysis was that 

the nonlinear behavior of the RVFW appears to be derived from two sources: (I) gradual 
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recruitment of collagen fibers which produces an exponential-like behavior, and (II) 

stiffening of myofibers as they experience larger deformation than collagen fibers because of 

their minimal undulation. As mentioned earlier, gaining insights into the contribution of 

each type of fiber to the biomechanical behavior of the RVFW is important for the long-term 

goal of understanding and modeling structural adaptations of the RVFW under 

cardiopulmonary disorders. In this connection, it is worth clarifying the contrast between our 

model with the existing constitutive models for myocardium such as the strain-based model 

by Costa et al. (2001) and the invariant-based model by Holzapfel and Ogden (2009). Such 

models have been proven successful in capturing overall mechanical behavior of (left 

ventricular) myocardium and they are also quite tractable for the use in organ-level 

simulations. However, their applicability in studying and understanding the mechanical role 

of each fiber type, and more importantly, adaptations experienced by each fibrous 

constituent during pathological conditions is limited. For such applications, we believe our 

model with detailed fiber-specific features can provide a better description of underlying 

mechanical and structural mechanisms.

4.3 – Are interactions important?

Perhaps the most novel finding in the present study was the substantial mechanical coupling 

between myofibers and large collagen fibers. Indeed, our pilot studies suggested that the 

inclusion of an interaction term Ψm−c is necessary to consistently capture the behavior of the 

RVFW under various loading states (Fig. 10). In particular, the constitutive model without 

the interaction term had its greatest fitting residual for the equibiaxial loading protocol (Fig. 

10) suggesting that a key interaction term that is missing should be of extensional nature (i.e. 

a joint function of Im and Ic) because the change of angle between fiber directions nm and nc 

is zero under equibiaxial loading condition. Similar findings on existence of interactions 

between structural constituents of cardiac tissues was reported in the constitutive modeling 

of the left ventricle myocardium (Holzapfel and Ogden 2009) and exogenously cross-linked 

pericardium (Sacks et al. 2016). The parametric study of the quantified model further 

suggests that the strongest coupling takes place under equibiaxial loading condition (Figs. 11 

and 12). Making contact with our histological study of the RVFW, we hypothesized that this 

coupling could be in part due to the existence of a rather dense network of fine collagen fiber 

network running across myofibers and large collagen fibers.

Moreover, we investigated the existence of similar type of interaction between ensembles of 

myofibers in the low strain regime (see Appendix B), but did not detect any coupling. This 

inspection also supports the outcome of our parameter estimations in the sense that the 

coupling between myofiber and (large) collagen fibers stem from the existence of another 

collagenous fiber phase that started to contribute to the overall behavior of the RVFW in the 

larger strain regime. Our work was an attempt to account for this collagenous phase in a 

tissue-level sense. Our findings put forth the need for more advanced histological studies of 

endomysial and perimysial collagen fibers to directly account for both types of collagen 

fibers in the constitutive modeling of the RVFW.
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4.4 –Identifiability of parameters and convexity of the energy function

The calculated correlation coefficients listed in Table 2 show that the parameter  is in 

moderate correlation with , in low correlation with kc, and in nearly in no correlation with 

 and . However, recalling that  was estimated independently from the low strain 

regime data, the moderate correlation between and  did not pose a problem in our 

parameter estimation. In other words, there was no correlation between  and  in low 

strain regime. Moreover, the low correlations between , kc, and  could indicate that the 

model has been able to sufficiently decouple the effect of myofibers from collagen fibers and 

from the interaction between myofiber and collagen fibers. In contrast, the correlation 

between  and  was very high. This very high correlation would pose some difficulties 

in quantifying these two parameters unambiguously. However, the very low correlation 

between kc and  (and ) allows to quite accurately estimate the effective contribution 

of the interaction term Ψm−c, although the uniqueness of the estimated values for  and 

 is questionable. Overall, we found in our parameter estimation that the contribution of 

Ψm−c was secondary with respect to Ψc. Finally, we investigated the convexity of the total 

energy function Ψ(C) with respect to C. We found that the total energy is convex in C for all 

five sets of estimated values shown in Table 1 and within the relevant physiological range 

(E11, E22 < 0.3), although the interaction term Ψm−c C alone is not convex in C. The total 

convex property of Ψ(C) indicates its acceptability for computational implementations.

5 Conclusion and future studies

In this study, the 3D transmural fiber orientation for both myo- and collagen fibers in viable 

specimens of healthy murine RVFW was presented. The distributions were directly 

incorporated into a structure-based constitutive model that accounts for mechanical 

contribution of each fiber type separately, and the interaction among them. It was 

demonstrated that the model equipped with the quantitative transmural distributions 

excellently fit the multi-protocol biaxial test mechanical data for similar healthy RVFW 

specimens (Hill et al. 2014). In addition, the model was able to quite accurately predict the 

behavior of the specimen under non-equibiaxial loading protocols when quantified only 

through interpolated equibiaxial loading data. To our best knowledge, this is the first study 

to investigate the contribution of each fiber type and interaction among them in the 

mechanical behavior of myocardial tissues based on transmural orientation distributions for 

each fiber type.

The results of this study will be particularly useful for predicting the response of the 

myocardium under pulmonary arterial hypertension (PAH) disorder. More specifically, our 

model can be used to elucidate how mechanical and structural characteristics of the 

myocardium adapt to a chronic pressure overload, and what effects this adaptation has at 

tissue- and organ-level behaviors. As an important feature for this purpose, our structural 

approach allows decoupling the relative effects of myofiber hypertrophy from changes in 

collagen fiber orientation, in relation to the tissue-level behavior. Ultimately, further 

development and implementation of our model in patient-specific organ-level simulations 
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will allow investigation of optimal diagnosis, new individualized interventions and treatment 

protocols for PAH.
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Appendix A

In this appendix, we discuss the local convexity of the energy function Ψ(C) with respect to 

the right Cauchy-Green tensor C. Recalling from relation (6) that the ground matrix term Ψg 

is neo-Hookean and convex in C, it suffices to only assess the convexity of the anisotropic 

part of the energy, given by

(33)

By definition, the local convexity of ΨAniso (C) requires that the fourth-order tensor L = 

∂2ΨAniso (C) / ∂C∂C be positive-semi definite, i.e.

(34)

for all second order tensors A. We note that, although the tensor C is subjected to the 

incompressibility constraint det(C) =1, we investigate the convexity of Ψ(C) in two-

dimensional matrix C with three independent components in the plane containing the unit 

vectors nm and nc.

Substituting the energy expressions in relations (11) and (12) into (33), it follows that

(35)

in which use has been made of . Recalling that the distribution functions Γm and Γc 

satisfy the condition (5), it is easy to see that the convexity of the above expression in C is 

equivalent to the convexity of the function

(36)
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where Rm (Θ) and Rc (Φ) are two distribution functions satisfying the condition (5). Making 

use of this condition, the above energy function can be rewritten as

(37)

with

(38)

Therefore, it follows that the convexity of the function  in C implies the 

convexity of ΨAniso (C). In other words, ΨAniso (C) is convex if the tensor 

 is positive-semi definite. The tensor L* is obtained as

(39)

in which subscript commas followed by an index denote derivatives with respect to the 

corresponding variables. Making use of the above expression, the condition (34) can be 

written as

(40)

where a1 = nm·Anm and a2 = nc·Anc. The above condition can be further recast into

(41)

which is always satisfied for arbitrary real values of a1 and a2 if  is locally 

convex in Im and Ic jointly. Two conditions to guarantee the convexity of  are

(42)

It is further simple to show that  is positive for the ensemble energy functions 

proposed in this work for all deformation (under the aforementioned conditions of positive 

material parameters.) The remaining condition (42)2 will be satisfied if
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(43)

where the function ψ (Im, Ic) is given in (22).

Appendix B

Here, we express the energy term Ψm−m used to detect possible interactions between 

myofiber ensembles in the low strain regime (where Ψc and Ψm−c do not contribute) as 

follows

(44)

In the above expression,  and  are unknown parameters, and the angular variables 

θm and θm* (associated with invariants Im and Im*) have been used to differentiate two 

myofiber ensembles with different orientations. The second term in the above expression 

subtracts the energy for the case of θm = θm* accounted for in the first term (enforcing that 

each myofiber ensemble does not interact with itself.)
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Figure 1. 
(a) Isolated rat heart and right ventricular free wall (RVFW), showing outline of RVFW 

(blue dots) and square slab excised for histological measurements (dashed lines). (b) An 

example of Gomori-stained histological section used to quantify fiber orientation angle (pink 

indicates myofibers.) The histological study was limited within the dashed squared box. The 

mechanical and histological data were measured in the rectangular Cartesian basis {e1,e2,e3} 

and , respectively. The directions  and  are parallel to inter-ventricular 

septum and normal to the wall, respectively. The directions e1 and e2 are approximately 

aligned with mean fiber and cross-fiber directions, respectively.
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Figure 2. 
A schematic illustration of an ensemble of myo- and collagen fibers with uniform (planar) 

orientations, characterized by unit vectors nm and nc, respectively.
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Figure 3. 
Microscopic images of myocardium. (a) Numerous myofibers (m) and large collagen fibers 

(colored strands). Note the presence of a dense network of fine collagen fibers (within 

orange box). Confocal image. (b) Mesh-like arrangement of fine collagen fiber network (m: 

myfiber lacunae, cl: capillary lacunae). SEM. Bar = 10 µm. From Macchiarelli (2002). (c) 

Polarized collagen demonstrating undulated structure. Polarized image of picrosirius red 

stained myocardium.
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Figure 4. 
An example of the collagen fiber ensemble response under equibiaxial loading condition 

(Eens = E11 = E22, .), and the associated recruitment function.
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Figure 5. 
(a) A representative example of the bicubic Hermite surface that allows us to interpolate the 

stress values for the equibiaxial loading path (solid line) from other biaxial protocols 

(markers). (b) A representative example of fitting the myofiber response to the interpolated 

tissue response in low strain regime under equibiaxial loading condition (Eens = E11 = E22, 

Sens = S11 + S22.)
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Figure 6. 
3D distribution of fiber orientation in RVFW. (a, b) Quantified (planar) orientation 

distribution for myo- and collagen together with the Beta-distribution fit fiber at ten 

transmural sections. (c, d) Average surface fit to transmural distributions of myo- and 

collagen fibers.
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Figure 7. 
Statistical measurements of the fitted transmural distribution for myo- and collagen fibers as 

functions of the wall depth. (a) Mean. (b) Standard deviation.
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Figure 8. 
A representative fit of our constitutive model to the RVFW response (Specimen No. 1). (a) 

Results for S11 as functions of E11. (b) Results for S22 as functions of E22. Corresponding 

biaxial strain protocols are included in Part (b). The stress and strain components are given 

relative to the basis {ei} shown in Fig. 1.
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Figure 9. 
Predictions of our constitutive model (quantified only through the interpolated equibiaxial 

response) for the RVFW response under non-equibiaxial loading protocols (Specimen No. 

2). (a) Results for S11 as functions of E11. (b) Results for S22 as functions of E22. 

Corresponding biaxial strain protocols are included in Part (b).
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Figure 10. 
The effect of including the interaction term in the constitutive model (7) under (nearly) 

equibiaxial and non-equibiaxial loading conditions. (a) Results for S11 as functions of E11. 

(b) Results for S22 as functions of E22.
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Figure 11. 
Prediction of our model for contributions of myo- and collagen fibers and interaction among 

them in the total energy density as function of applied strain under Equibiaxial loading path. 

Note that each contributions includes the respective volume fraction term as defined in 

relation (6). The results correspond to the estimated values of Specimen No. 3 in Table 1.
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Figure 12. 
Predictions of our model for contributions of myo- and collagen fibers and interaction 

among them in the total stress as functions of applied strain. The results correspond to 

Specimen No. 3 in Table 1. (a, b) Equibiaxial loading path. (c, d) Loading path E11 = 2E22. 

(e, f) Loading path E22 = 0.5E11.
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Figure 13. 

Contour plots of total potential  for material parameters of Specimen No. 3.
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Figure 14. 
Comparisons between the results of our model (incorporating transmural fiber orientation 

distributions) for stress-strain behavior of the RVFW with the corresponding results based 

on “average” fiber orientation. The results correspond to the estimated values of Specimen 

No. 3 in Table 1.
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