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the thermal cross-talk in 2.5D packaging structures 

•  Fabricated optimized metallic structures using SLM additive manufacturing 
technique 

• Characterized the thermal resistance of optimized metallic structures using IR 
thermography  

Phase Change Dynamics and 2-dimensional 4-bit Memory in Ge2Sb2Te5 

SRC GRC Task (May 2019 - Aug. 2019) 

• Performed Optothermal simulations using the crystallization dynamics to predict the 

temporal evolution and resultant reflectivity of GST phases 

Thermo-Mechanical Characterization of Nano-scale Architected Materials 

NSF CMMI (Mar. 2019 – Apr. 2021) 
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• Performed thermal conductivity measurement of highly strained pyrolytic glassy 

carbon nanowires using 3ω electrical resistance thermometry (In collaboration with 

Lorenzo Valdevit’s Group at UCI) 

Thermal Transport in Hollow Nickel Microlattices 

NASA ESI Program (May 2018 - Mar. 2019) 

• Developed IR thermography setup for thermal conductivity measurement of 

mesoscale cellular materials 

• Characterized conduction and radiation contributions in ultralight hollow nickel 

microlattices as a function of temperature and compression 

Micro Thermal Stage Design Optimization 

Bodle Technologies (Feb. 2018- Aug. 2018) 

• Designed and optimized the heating stage for phase change material display 

applications 

Plasmo-thermomechanical Radiation Detector with On-chip Optical Readout 

Collaboration with Boyraz group at UCI (Nov. 2017- Feb. 2018) 

• Performed Optothermal simulations to predict the thermal response of IR detector 

fishbone antennas 
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Fundamental thermal management problems, from macroscopic issues such as global 

warming to microscale problems such as electronic cooling, demonstrate the need for 

unconventional tools to manipulate heat flow across a wide range of length scales. The ability 

to fabricate materials that exhibit highly anisotropic thermal properties, ideally tunable 

under service conditions, would be game-changing in several applications. Metamaterials, 

i.e., porous solids consisting of periodic repetitions in three dimensions of carefully designed 

unit cells, could provide an avenue towards these goals. This doctoral thesis investigates 

thermal transport mechanisms in complex additively manufactured metamaterials, enabling 

a new strategy for manipulating heat flow and leading to programmable thermal behavior. 

A common challenge of conventional cooling solutions in electronic packaging is thermal 

cross-talk and the formation of local hotspots due to uniform heat dissipation from the heat 

source to the heat sink. Thermal metamaterials can address these challenges by providing 

an optimized solution for non-uniform heat dissipation. A suitable approach for the design 

of metamaterials enabling ideal heat routing while maintaining mechanical stability is 

topology optimization. A density-based topology optimization method is presented to 

identify thermally conductive and mechanically stable structures for optimal heat guiding 

under various heat source-sink arrangements. As a proof-of-concept experiment, we 

fabricate thermo-mechanically optimized 3D heat guiding structures using Laser Powder 

Bed Fusion (LPBF) technique and develop an infrared (IR) thermography methodology to 

characterize their thermal properties. Our results reveal that the thermal resistance of the 
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topology optimized structures outperforms that of reference structures at the same volume. 

This approach enables new avenues for optimal heat guiding, thus advancing state-of-the-

art thermal management in electronics. 

Periodic metamaterials (e.g., microlattices) provide another design framework to 

generate mechanically stable thermal metamaterials for preferential heat routing, whereby 

the effective thermal properties are determined by the interplay of metamaterials topology 

and constituent material properties. This thesis investigates heat transfer mechanisms in 

architected metamaterials by exploring the role of architecture on the conduction and 

radiation contributions. We model and characterize extremely low-density metallic hollow 

microlattices and polymeric shape memory lattices, both of which enable recoverable 

deformations in excess of 50% when compressed. An analytical model previously proposed 

for highly porous foams is adapted to regular lattice topologies, allowing expressions for 

conduction as a function of volume fraction, geometrical factor, constituent material 

properties, and radiation as a function of volume fraction, surface emissivity, view factor of 

the struts, and absolute temperature. Through IR thermography, we experimentally identify 

the individual contribution of each heat transfer mode. In particular, the impact of high 

surface emissivity and high surface-to-volume ratio on the resultant radiation contribution 

are explored. In contrast with monolithic solid materials, we find that radiation has a more 

significant contribution to heat transfer, even at low absolute temperatures.  

We experimentally demonstrate the possibility of modulating the thermal properties of 

architected metamaterials by geometrical reconfiguration using an external mechanical 

stimulus. We show that large-scale compression of stretching-dominated lattice topologies, 

characterized by deformation behavior involving buckling and densification, increases 

contact among micro-struts, thus increasing conductive thermal transport. In contrast, 

deformation in bending-dominated lattice topologies leads to a change in view factor among 

micro-struts without altering the physical contacts, thus decreasing radiative thermal 

transport. These findings suggest that thermal transport in mechanically recoverable 

architected materials can be programmed upon external stimuli, a viable strategy for 

designing future dynamic or adaptive thermal control devices and thermal information 

processing systems. 
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In closing, we explore the possibility of generating superior thermal metamaterials by 

architecting solids at the nanoscale, thus allowing the exploitation of size effects on the 

thermal conduction mechanism.  
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CHAPTER 1  
 

INTRODUCTION 
 

 

1.1.  Motivation 

Although material requirements are well understood for simple objectives like improving 

insulation for thermal management of a system, guiding heat flux in complex scenarios is a 

remaining challenge. The slow progress made in heat transfer control can be attributed to the 

parallel existence of conjugated modes of heat transfer and the lack of novel 3D structures to 

control the heat transfer at will. Thermal metamaterials are porous solids consisting of 

periodic repetitions in three dimensions of carefully designed unit cells that can transfer heat 

beyond the capacity of existing monolithic materials. The idea of thermal metamaterials has 

altered the design of thermal regulating devices with the possibility of manipulating the heat 

flow arbitrarily [1]. The design of exotic metamaterials has provided unprecedented thermal 

[2]–[5], mechanical [6]–[8], optical [9],[10], and acoustic [11] properties, with application in 

multiple technological fields. New approaches with improved efficiency, accuracy, 
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adaptiveness, tunability, and compactness are emerging to solve traditional thermal 

management problems.  

Controlling heat is particularly important to address world-class problems across many 

orders of magnitude in length scale, such as global warming or energy crisis on the macroscale 

and overheating electronic devices on the microscale [12]. Thermal metamaterials can 

control the heat flow through conduction, convection, and radiation modes with novel 

approaches. However, in this case, the geometrical parameters of the metamaterial structures 

can play a more dominant role than the physical properties of their constituting material [13]. 

Therefore, further investigation is required for exploring the geometrical impacts on 

controlling the heat flux while identifying the contributions from individual heat transfer 

modes.  

Herein, we explore the impact of geometry on controlling the heat flux through architected 

thermal metamaterials. First, we study the thermo-mechanical topology optimization 

approach for introducing structures with optimal heat routing to address the thermal 

management challenges in electronic packaging. Subsequently, we investigate the role of 

topology in the thermal properties of lattice-based architected materials and introduce a new 

mechanism for the programmability of heat transfer. Finally, we develop analytical solutions 

to identify the contributions from different heat transfer modes and experimentally 

investigate tunable thermal properties in architected thermal metamaterials.  

1.2.  Background on Thermal Metamaterials 

When a block of monolithic material is placed between a heat source and a heat sink, the 

heat flows from a higher to a lower temperature domain by establishing a uniform 
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temperature gradient across the material (Figure 1-1 (a)). However, by applying thermal 

metamaterials, this uniform temperature distribution can be disturbed, and the desired 

routing of the heat flux can be achieved, as demonstrated in Figure 1-1 (b-d). Most research 

studies on thermal metamaterials have focused on how transformation thermodynamics 

could be utilized to design functional structures [14][15]. As a result, thermal metamaterial 

designs based on the conduction heat transfer mode have been demonstrated through 

numerical [16][17] and experimental [18]–[20] efforts.  

Figure 1-1: a) Demonstration of the heat flux when a block of material is placed between a heat source and a 

heat sink. Heat flux manipulation by b) thermal shielding, c) thermal concentration, and d) thermal inversion 

concepts.  

The past decade has witnessed significant advancements towards practical 

demonstration of energy-free thermostats [21], thermal camouflage [22], active thermal 

cloaking devices [23], and tunable multifunctional thermal metamaterials [4] (Figure 1-2 

(a)). Similar to thermal conduction, manipulation of heat flux through the radiation heat 

transfer is also well-established. While nanophotonic structures can be implemented to 

engineer the spectral and spatial characteristics of thermal radiation [24]–[28], surface 

coatings are still great candidates for changing the radiative properties of flat surfaces [29]. 

Recently, structured thermal surfaces were explored for concealing the thermal radiation 

signal of an object [30]. This radiative thermal camouflage is designed to be reliable for 

scenarios where the background does not have a uniform temperature profile ( Figure 

1-2(b)). With heat flow phenomena arising from heat transfer by radiation plus conduction, 
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optimum designs are strongly preferred for simultaneous manipulation of heat flux through 

both modes of heat transfer. Dede et al. [31] investigated thermal composite metamaterials 

with co-optimized anisotropic thermal conductivity and external surface emissivity for 

combined radiative and conductive control of heat flow ( Figure 1-2(c)).  While these 

composite metamaterials highlight opportunities to customize radiative intensity patterns 

and control thermal energy transfer for complex multi-body scenes, they do not address the 

manufacturing challenges nor exhibit any experimental demonstration of the concept. 

Additionally, with effective properties of thermal metamaterials primarily depending on their 

topology rather than their composition, designing an optimized structure with a single 

constituent material is of great interest. These requirements necessitate advanced 

manufacturing techniques in addition to the novel design of thermal metamaterials that can 

manipulate the heat flow in complex 3D thermal management problems.  

 

 

Figure 1-2 a) Schematic of tunable multifunctional thermal metamaterials. The designed assemblies of thermal 

metamaterials as unit cells enable the manipulation of local heat flux for multiple functions such as thermal 

shifter, concentrator, diffuser, and rotator[4]. b) Schematic and fabricated device of the radiative thermal 

camouflage. Experimentally measured temperature profiles with an IR camera are demonstrated for a pure 

background, a background with an object on the surface, and an object on the surface camouflaged by the 

structured thermal surface. c) Co-optimized conduction and radiation-based thermal metamaterials for 
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selective control of the heat flow through the enhanced design of both the anisotropic thermal conductivity of 

the emitter body and its surface emissivity. 

1.3.  Role of Additive Manufacturing 

Advances in material processing and availability have revolutionized the development of 

humankind since the stone age. The key driving force for developing the metamaterials 

discussed above has been the emergence of additive manufacturing techniques. Additive 

manufacturing allows customized structures from metals, ceramics, and polymers,  without 

the need for molds or machining techniques required for the conventional formative and 

subtractive fabrication approaches. Innovation of processes like selective laser melting 

(SLM), stereolithography (SLA), selective laser sintering (SLS), and electron beam melting 

(EBM) has resulted in the creation of structures with submillimeter feature size resolution.  

Although these methods provide increased design freedom, they are very limited in the rate 

of production [6]. The evolution of high-resolution additive manufacturing techniques such 

as self-propagating photopolymer waveguide (SPPW) [32], projection micro-

stereolithography (PµSL) [33], and direct laser writing (DLW) [34][35] have led to the 

production of progressively smaller lattice structures (a classic metamaterial topology) 

(Figure 1-3) with unit cell sizes below 1µm. However, fabrication techniques required for 

creating nanolattices are confined to polymer-based materials, additive manufacturing, self 

assembly-based processes, and low throughput regardless of their high resolution.   

Besides their advantages, all additive manufacturing techniques have technical challenges 

associated with implementation. A couple of their significant challenges are the limited 

palette of materials available for fabrication and not introducing macroscopic flaws that 

neutralize the favorable properties gained from nanomaterials. However, despite the 
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limitations, additive manufacturing continues to exhibit great potential for applications in 

aerospace, biomedical, automotive, and energy field to create complex geometries with 

advanced material properties.  

 

Figure 1-3 Lattice miniaturization from mm to nm scale from reference [6]. a) Hollow nickel microlattices 

manufactured by SPPW polymer templates in conjunction with electroless nickel plating and removing the 

polymeric template [36]. b) Solid beam alumina lattice structure manufactured by PµSL made of a hybrid of solid 

PEGDA and alumina nanoparticles followed by a sintering process[7]. c) Hollow-beam alumina lattice 

manufactured by two-photon DLW, alumina atomic layer deposition, and oxygen plasma etching of the internal 

polymer template [37]. d) Solid-beam glassy carbon lattice manufactured by two-photon DLW and subsequent 

pyrolysis at 900°C. 

1.4.  Heat Transfer Mechanisms in Thermal Metamaterials 

The diffusive nature of heat flux in the macroscale relies on controlling the thermal 

transport energy through the material for heat flux manipulation purposes [18]. Most 

research studies at the macroscale have focused on promoting heat transfer through a high 

thermal conductivity medium or suppressing the heat flow via an insulating material. 

Therefore, engineering the thermal conductivity is crucial to manipulating the heat flow. 

Porous materials (lattices) consisting of periodic repetitions of architected cells [38] are 

brilliant solutions for controlling the heat flux. Inspired by their lightweight and excellent 

mechanical properties, natural cellular materials such as bone, cork, and wood led to the 

creation of architected materials as early as 1970. One of their first applications is hexagonal 



 

7 
 

honeycombs as the sandwich cores in the aviation industry [39]. To exploit the 

multifunctional properties of architected materials in the microscale, the capability of 

predicting their effective properties is of utmost importance.  Here we separately 

experimentally identify the contribution from each mode of heat transfer in the effective 

thermal properties of mesoscale architected materials.  

One of the main concepts that allow estimates of the effective thermal conductivity of 

architected materials is the analogy between electrical and thermal conductivity [40]. 

However, the thermal resistance circuit only delivers upper and lower bounds and does not 

capture the detailed effect of the specific material architecture [41]. A summary of standard 

mathematical and empirical correlations based on the thermal resistance analogy for 

estimating the effective thermal conductivity can be found in references [42]–[45]. These 

effective medium theory approaches treat the architected material as a matrix of constituent 

material with pores made of air as secondary material. However, the effective medium theory 

approaches can lose their prediction accuracy with a complex 3D  orientation of the pores in 

the architected materials. At the continuum level, in addition to the intrinsic thermal 

properties of the constituent material and their quantified contribution through volume 

fraction, the topology of the pores (i.e., size, shape, shape, connectivity, and orientation of the 

pores) have a fundamental role in the effective thermal properties of architected materials 

[38][46]. Therefore, the conduction contribution can be derived as below: 

𝜅𝑐𝑜𝑛𝑑 = 𝐴 ∙ 𝜌̅ ∙  𝜅𝑠𝑜𝑙𝑖𝑑      (1-1) 
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where 𝜌̅ is the volume fraction of the structure, 𝜅𝑠𝑜𝑙𝑖𝑑  is the thermal conductivity of the 

constituent solid, and A is the geometrical factor that accounts for the tortuous shape of the 

ligaments in the architected material.  

On the other hand,  phonon transport and phonon scattering are majorly responsible for heat 

transfer at the micro and nanoscale. Phonons can exhibit both wave-like and particle-like 

behavior in thermal transport phenomenons. Earlier studies on the thermal conductivity of 

silicon materials and nanostructures have substantially contributed to addressing phonon 

transport at the micro/nanoscale [47][48]. By treating phonons as incoherent particles, 

classical theories such as Boltzmann Transport Equation (BTE) have accurately captured the 

size dependant thermal conductivity of silicon thin films [49] and high purity nanowires 

[50][51]. Under the standard isotropic approximations, the BTE particle model can be 

described as [52]: 

𝜅𝑐𝑜𝑛𝑑 =
1

3
∫ 𝐶𝑣Λ𝑑𝜔   (1-2) 

where 𝜔 is the phonon frequency, 𝐶 is the volumetric heat capacity, 𝑣 is the phonon velocity, 

and Λ is the phonon mean free path. The nanoscale geometric features of metamaterials can 

increase the boundary scattering of phonons and reduce the thermal conductivity due to a 

decrease in the mean free path [53]. The combination of high porosity and classical size effects 

can lead to ultralow thermal conductivity in sophisticated nanoarchitected materials[54], 

which is not attainable even by the existing lightest monolithic silica aerogels [55]. 

In the absence of forced convection (i.e., active cooling), the only mechanism that must be 

considered is natural convection. While it is a fair approximation to ignore the contribution 

from natural convection in metallic architected materials, it is expected to play a significant 
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role in the architected structures with ceramic or polymer constituent materials.  However, if 

the cell sizes are small enough (<10 mm), the impact of natural convection within the cells is 

negligible, even in the case of ceramic/polymeric architected materials [56]. 

Aside from conduction and convection heat transfer modes, radiation plays a dominant 

role in the heat transfer of architected materials. While the contribution on this mode of heat 

transfer has been majorly highlighted in the high-temperature applications [57][58], Kaviany 

[59] demonstrated how radiation heat transfer is significant in low-temperature insulation 

applications as well as in high-temperature combustion applications for porous mediums. 

However, there are substantial difficulties in predicting radiative heat transfer in architected 

materials due to the complexity of the geometry and inherent complications associated with 

the transport mechanism. Different methods of addressing radiative heat transfer in high 

porous mediums have been explored in the literature. Some theories model the porous 

material as a dispersion of opaque particles of given shapes and utilize the Mie theory or the 

geometric optic laws [60][61]. Glicksman et al. [62] demonstrated radiative heat transfer in 

cellular foams by modeling their structure as random arrangements of opaque struts with 

constant thickness to create regular dodecahedron cells. Kuhn et al. [63] utilized infinitely 

long cylinders to model the struts and employed the Mie scattering theorem to calculate the 

radiative characteristics. Later, Doermann and Sacadura [60] proposed a model that 

improved the previous ones by considering particle modeling, obtained from the microscopic 

analysis of carbon open-cell foams, and was a more accurate representation of the actual 

geometry. A decade later, Kaemmerlen et al. [64] utilized polystyrene bulk medium's 

morphological data and optical properties to model radiative heat transfer in extruded foams 

(XPS). The radiative properties of these XPS foams were defined by considering the 
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contributions of each wall and strut using the independent scattering hypothesis. Other 

researchers employed inverse methods based on direct measurements of the optical 

properties [65][66]. Another approach for addressing the role of radiation heat transfer is 

through ray tracing Monte Carlo simulations at the local scale [67]. Petrasch et al. [68] 

explored the radiation heat transfer in reticulated porous ceramics using Monte Carlo 

simulations by reconstructing the foam microstructure through X-ray tomography. However, 

previous analytical approaches underestimate the radiation contribution due to the 

inaccuracy of the geometry estimation, and Monte Carlo simulations require a substantial 

computational effort and should only be restricted to the study of the detailed effect of the 

architecture. Therefore, a more reliable analytical approach is necessary to realize an 

accurate representation of the geometry of the architected materials to calculate the role of 

radiation contribution. 

1.5.  Experimental Validation of Thermal Metamaterials 

Experimental measurements of thermal properties in metamaterials are challenging due 

to their complex geometries and interconnected heat transfer mechanisms, in addition to the 

inherent limitations of standard thermal characterization techniques. State-of-the-art 

measurement techniques of thermal conductivity can be categorized into two main groups: 

steady-state and transient methods. Thermal conductivity measurement under steady-state 

conditions is based on the characterization of heat flux and temperature gradient across the 

sample, while transient methods are generally used to measure thermal diffusivity by 

recording the temperature as a function of time. The main steady-state techniques include 

the guarded hot plate method, heat flow meter, axial heat flow method, and pipe method. The 
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guarded hot plate method [69] is generally used for characterizing materials with low thermal 

conductivity (<0.8 Wm-1K-1) by applying a temperature gradient with a known heat flux value 

across the sample. The temperature measurement is performed when the sample reaches the 

steady-state condition, and the thermal conductivity can be calculated using the heat flux 

value, sample thickness, surface areas, and the temperature gradient [70]. The design of the 

heat flow meter technique is very similar to the guarded hot plate method, with a difference 

in utilizing the heat flux sensor instead of the heater [71]. In addition, the most widely used 

method for low-temperature thermal conductivity measurement is the axial heat flow 

technique at which a temperature gradient is created by locating the sample between two 

reference samples of known thermal conductivity to form a column with a heater and a heat 

sink at the two ends [71]. This method is helpful for the thermal characterization of samples 

with thermal conductivity values ranging from 0.2 to ~200 Wm-1K-1 [72]. The last technique 

in the category of steady-state thermal conductivity measurement methods is the pipe 

method, also referred to as the radial heat flow method. In this technique, a core heater is 

placed at the central axis of the sample, and a heat sink is placed outside the sample’s 

surroundings [73]. For minimizing the heat loss to the top and bottom of the sample, a large 

length to radius aspect ratio is employed for sample preparation. This method is utilized for 

measuring the thermal conductivity of metals, high conductivity inorganics, and polymer 

composites with values ranging from 0.02-200 Wm-1K-1 [70]. However, in-contact 

temperature sensors such as thermocouples are employed to measure the temperature 

gradient in all these steady-state techniques, which adds to the measurement uncertainties 

due to their inherent thermal contact resistance.  



 

12 
 

The transient thermal conductivity measurement category consists of the hot wire, plane 

source, and laser flash methods. The hot wire method, which is a modification of the steady-

state pipe method, applies a hot wire embedded in the test sample that acts as a heater and a 

temperature sensor [74][75]. The fundamental principles of this method are close to the 

plane source method, but a thin spiral pattern of the heater is placed in between two test 

samples for heating and sensing purposes in the plane source technique [76][77]. The laser 

flash method [78] is the most frequently used technique for measuring the thermal 

conductivity of solid materials due to its wide temperature (373-3273 K) and thermal 

conductivity (>0.01 Wm-1K-1) ranges [70]. In this method, a small disk of the test sample is 

heated by the laser pulse, and temperature changes are monitored using an infrared detector. 

Although the infrared detector eliminates the uncertainties of the previous in-contact 

thermometry methods, employing complex architected structures and decoupling the 

contribution from different heat transfer modes are remaining challenges in the existing 

thermal characterization techniques. Therefore, there is a specific requirement for 

developing a thermal characterization technique compatible with complex 3D architected 

materials, employs a non-contact thermometry technique for eliminating the contact 

resistance error, and identifies the contributions from each heat transfer mode.  

1.6.  Outline of Doctoral Research  

This thesis develops and extends the understanding of heat transfer mechanisms in 

architected metamaterials using theoretical modeling and experimental approaches. Chapter 

2 dives into creating optimized additively manufactured architectures for thermal 

management in electronic packaging applications. We create a numerical platform for 
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topology optimization of heat guiding structures and develop 3D structures with volume 

fraction constraints of the package by optimizing for thermal, mechanical, and 

thermomechanical objective functions. We use a state-of-the-art metal additive 

manufacturing technique, Laser Powder Bed Fusion (LPBF), to fabricate topologically 

optimized and reference structures with identical masses and encompassing volumes. We 

evaluate the thermal performance of both optimized and reference structures using IR 

thermography and identify the thermal impact of applying optimized lightweight metallic 

structures in electronic packaging. Chapter 3 investigates thermal transport in metallic 

microlattices with 99% porosity. We thoroughly investigate the effect of architecture on 

conduction and radiation heat transfer modes using analytical approaches and IR 

thermography. First, we investigate the effective thermal conductivity of these ultralight 

metallic microlattices as a function of temperature using samples with the same volume 

fraction but different surface emissivity values.  Next, we identify the radiation contribution 

as a function of engineering strain and explore the placement of metallic microlattices in the 

material property space. Chapter 4 covers programmable thermal transport in shape memory 

polymer (SMP) microlattices. We examine the contribution of conduction versus radiation in 

these polymeric microlattices by implementing an IR thermography-based experimental 

setup. We develop an analytical model for capturing the role of architecture using the existing 

theoretical approaches for highly porous mediums. We leverage the shape recoverability to 

modulate the geometrical configurations as a result of compression. We explore the changes 

in thermal properties as a function of compression and explain different thermal conductance 

trends in two classic lattice designs: the stretching-dominated Octet truss and the bending-

dominated Kelvin foam. Chapter 5 presents a preliminary study aimed at designing and 
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demonstrating nanolattice materials with unprecedented combinations of high strength and 

low thermal conductivity. In addition to the role of porosity, tuning the thermal conductivity 

is investigated using increased contributions of heat-carrier scattering events with 

boundaries and microscopic heterogeneities. Glassy carbon nanolattices are analyzed using 

theoretical approaches of the semi-classical Boltzmann Transport Equation (BTE). Glassy 

carbon struts are fabricated using two-photon polymerization Direct Laser Writing (2pp-

DLW), followed by pyrolysis. Subsequently, the thermal properties of glassy carbon struts are 

measured using 3ω electrical resistance thermometry, and the impact of architecture is 

predicted using the existing theoretical models. Finally, Chapter 6 summarizes key findings, 

explores potential directions for future study, and provides an outlook for additively 

manufactured thermal metamaterials.  
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CHAPTER 2  
 

Topology Optimized Metallic Metamaterials for Electronic 
Packaging Application 
 

 

2.1. Introduction to 3D Heat Guiding Structures for Thermal Management in 

Electronics 

Enhancing computing capabilities at the device and die levels while increasing electronics' 

speed, efficiency, and reliability makes thermal management ever more challenging. 

Conventional cooling solutions based on higher thermal conductivity materials or heat 

exchangers dissipate the heat from a source to a sink only in a unidirectional manner, and 

they cannot guide the heat flow when the heat source and heat sink are unaligned. 

Earlierarlier studies on guiding the heat flux have investigated this concept via ballistic 

phonon transport in holey silicon [79], through silicon via integrated thermoelectric cooling 

[80], thermal cloaks [81][18][82], and copper-PDMS based thermal shifters [4]. However, the 

existing macroscale approaches for thermal management in electronic packaging still rely on 

creating thermally conductive channels from a heat source to the heat sink using the through-

hole vias [83], creating a cavity in the printed circuit board, and using high thermal 
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conductivity inlays [84]. Compared to 2D packaging scenarios, investigations on thermal 

management strategies for 3D packages are still limited. For instance, standard methods for 

resolving the thermal challenges in 3D ICs include floor plan optimization, reducing heat sink 

thermal resistance, lowering the chip’s power consumption, and applying thermal vias [85]. 

These conventional solutions are effective when a heat-generating component is aligned with 

a heat sink (Figure 2-1 (a)). However, with a limited routing space in a 3D package, 

alternative solutions may be required for the thermal routing of unaligned heat source and 

heat sink components(Figure 2-1(b)). Therefore, to achieve the desired thermal objectives, 

novel heat guiding structures are required to acquire optimal heat flow routing under non-

uniform power distribution.   

Capabilities of heat guiding structures to control the heat flux effectively 

[4][5][18][20][86] and to guide the heat in unaligned configurations of heat source and heat 

sink can lead to optimal solutions for complex packaging scenarios [2][3]. For example, 3D 

metamaterial solutions for heat guiding structures can potentially protect components with 

different temperature tolerances while effectively dissipating heat to address the demand for 

high integration density [87][88]. There have been fundamental studies on the possibility of 

developing thermal heat guiding structures and manipulating heat flows in 3D structures 

[82]. Dede et al. established optimized 3D heat routing structures for power electronics gate 

drive PCB thermal management [89]. While most of those designs accommodated thermal 

management challenges in electronic packaging, further investigation is still required for the 

thermo-mechanical performance of the heat guiding structures in macroscale power 

semiconductor devices. The introduction of the topology optimization technique created a 

world of possibilities for the optimal design of heat guiding structures under desired 
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objectives. Existing studies have extensively investigated topology optimization with 

mechanical boundary conditions for maximizing mechanical stiffness [90]–[96] and thermal 

boundary conditions for maximizing temperature diffusivity. Iga et al. considered thermal 

conduction and convection boundary loading in the topology optimization of structural 

designs [97]. Zhang et al. developed a numerical topology optimization model for isotropic 

and anisotropic structures to achieve the optimization goal of the least dissipation of heat 

transport potential capacity [98]. Lundgaard et al. presented a density-based topology 

optimization method for thermal energy systems by coupling fluid and heat transfer models 

[99]. Zhou et al. applied design-dependent convection in conjunction with conduction 

topology optimization for industrial applications[100]. Topology optimization has been 

successfully applied to electronic systems, enabling actively cooled system integration into 

downhole electronics [101], thermal-composite design optimization for thermal 

management of printed circuit board (PCB)-based electronics [2], design of power 

semiconductor modules using topology optimization for efficient cooling [102], 3D packages 

with effective heat removal [103], and heat sinks for tablets [103], and heat sinks for tablets  

[104]. However, further investigations in systems subjected to coupled thermo-mechanical 

constraints are still required for electronic packaging applications. 

To combine the objectives of maximizing mechanical stiffness while minimizing the 

temperature gradient, thermo-mechanical topology optimization can be employed [105]. For 

example, Dede [106] performed thermo-mechanical topology optimization to decrease 

component weight and increase gravimetric power density in the thermal bracket of a 

magnetic inductor; Takezawa et al. [107] investigated thermo-mechanical topology 

optimization in arbitrary two-dimensional shapes considering the thermal expansion effect; 
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Zhu et al. [108] studied the temperature-constrained topology optimization for thermoelastic 

structures under a design-dependent temperature field. However, thermo-mechanical 

topology optimization in earlier studies has been mainly focused on using multiple materials 

[109][110], and the optimal designs are generally confined to 2D domains [111]–[115] or are 

challenging to manufacture [116].  

In this study, we developed a thermo-mechanical topology optimization framework based on 

the finite element method (FEM) for designing novel 3D homogenous heat guiding structures 

with optimized thermal and mechanical properties, subject to a 50% volume fraction 

constraint. Figure 2-1(c) demonstrates the development of thermo-mechanically optimized 

heat guiding structures for an unaligned heat source/sink configuration. Thermal, 

mechanical, and thermomechanical objective functions result in unique topologies that 

satisfy all applied boundary conditions. A 30 µm minimum dimension constraint has been 

applied to our design space to ensure the manufacturability of 3D metallic thermo-

mechanically optimized heat guiding structures via Laser Powder Bed Fusion (LPBF).  
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Figure 2-1 a) Heat transfer path in a conventional packaging scenario where heat-generating component and 

heat sink are aligned. In this case, components with different temperature tolerances can easily be impacted if 

positioned in the heat transfer path. b) Heat transfer path in a non-conventional packaging scenario where a 

heat sink may not be aligned with a heat source. In the presence of several components with different 

temperature tolerances in the system, novel heat guiding structures with zigzag or S shape designs would be 

favorable for optimal routing of the heat flow from the heat source to the heat sink. These heat guiding structures 

may create an efficient heat transfer path while minimizing the thermal interaction with the components of 

different temperature tolerances. c) Thermo-mechanical optimization process for complex packaging scenarios. 

The thermal boundary conditions include a heat flux (q”) on the heat source side while fixing the temperature 

on the heat sink side (Tsink). The mechanical boundary conditions represent a force applied on the heat sink side 

and a fixed end on the heat source side. 

2.2. Topology Optimization of 3D Heat-Guiding Structures 

2.2.1. Density-based Topology Optimization Algorithm Development 

Topology optimization-based finite element methods have been explored in the past 

to enable heat flow control in arbitrary (e.g., non-circular or non-spherical) geometries 

[117][118] and bifunctional cloaking [119]. In this chapter, we utilized the 2D thermal 

conductivity design approach proposed by Dede [118] for heat flux shielding and expanded 

the approach to a 3D design space domain. Heat flux shielding is a suitable choice for 
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minimizing the magnitude of the temperature gradient and heat flow within a selected region 

of a system. Furthermore, this approach allows us to achieve the optimized topology for a 

given volume fraction while minimizing thermal compliance. For mechanical optimization, a 

density model with regularization via the Helmholtz equation was used [120]. The 

optimization problem can be stated as follows: 

𝑚𝑖𝑛 𝐽(𝑧) = 𝜔𝐽𝑚 + (1 − 𝜔)𝐽𝜃                    (2-1) 

𝑠. 𝑡    𝑔𝑗 =
∑ 𝜈𝑒𝜌𝑒𝑒∈𝜀𝑗

∑ 𝜈𝑒𝑒∈𝜀𝑗

− 𝜈𝑗̅ ≤ 0   𝑗 = 1, … , 𝑁𝑐 

                                                              𝑒 = 1, … , 𝑁𝑒 

𝐽𝑚 = 𝑢𝑇𝐾𝑢 

𝐽𝜃 = 𝜃𝑇𝜅 𝜃 

where the objective function 𝐽(𝑧) is defined in terms of mechanical 𝐽𝑚 and thermal 𝐽𝜃 

objectives, with 0 ≤ 𝜔 ≤ 1 a weight factor (𝜔 = 0.5 was used for our calculations).  𝑔𝑗 , 𝑗 =

1, … , 𝑁𝑐 is the 𝑗𝑡ℎ volume constraint to sub-regions of the design domain (𝜀𝑗) [121].   𝜈𝑒 and 𝜌𝑒 

are the area and density of element 𝑒, respectively; and 𝜈̅𝑗 is the upper limit for the volume constraint 

𝑗. We use the equilibrium equation for steady-state linear elastic deformation for defining the 

mechanical objective function (𝐽𝑚), where 𝐾 and 𝑢 are the stiffness matrix and displacement 

vector, respectively. In addition, we consider steady-state conduction in a three-dimensional 

(3D) domain as the thermal objective function (𝐽𝜃), where 𝜅 is the thermal conductivity 

matrix, and 𝜃 is the nodal temperature vector.  

Sufficient penalization of the intermediate densities (𝜌𝑒) by an interpolation function is 

required for convergence of the solution: here, the SIMP (Solid Isotropic Material with 

Penalization) approach has been implemented in COMSOL. The penalization factor ( 𝑝 ) can 
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be set to values greater than 1 for penalizing the intermediate densities  [101] for thermal, 

mechanical, and thermomechanical topology optimization simulations [120]. By utilizing 

gradient-based optimization techniques, the problem is relaxed by allowing intermediate 

values of 0 ≤ 𝜌𝑒 ≤ 1 for the design parameter to exist. The design parameters are bounded 

from below with 𝜌𝑚𝑖𝑛 with the value of 0.001;  therefore 0 < 𝜌𝑚𝑖𝑛 ≤ 𝜌𝑒 ≤ 1 and we can derive 

the penalized density (𝜌𝑝) as below: 

𝜌𝑝 = 𝜌𝑚𝑖𝑛 + (1 − 𝜌𝑚𝑖𝑛)𝜌𝑒
𝑝         (2-2) 

We initialize the optimization process by providing an initial design space and utilizing the 

material properties of LPBF-manufactured stainless steel (SS316L) for all calculations, with 

Young’s modulus of ~ 150 GPa [122] and thermal conductivity of ~15 Wm-1K-1[123]. 

Evaluating the sensitivity of the overall objective function with respect to the control variable 

𝜌𝑒 can be rephrased as calculating the derivative of the objective function (
𝜕𝐽

𝜕𝜌𝑒
) which can be 

derived from the sensitivity analysis summarized as below [124]: 

𝜕𝐽

𝜕𝜌𝑒
= −𝑝𝜌𝑒

𝑝−1(1 − 𝜌𝑚𝑖𝑛)(𝜔 𝐽𝑚 + (1 − 𝜔)𝐽𝜃)           ( 2-3) 

Based on the sensitivity input, the Method of Moving Asymptotes (MMA) [125], which was 

initially developed for structural optimization problems, is used to update the solution and 

converge towards optimality.  

Optimized electronic packaging heat guide design should deliver a successful thermal 

management solution and mechanical stability. Therefore, by combining thermal and 

mechanical requirements, we used Comsol’s optimization module and the Globally 

Convergent of the Method of Moving Asymptotes (GCMMA) [126] as the optimization method 

with thermal and mechanical boundary conditions. The method of moving asymptotes was 
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chosen for two main reasons. First, the method was proven to work very well on various 

topology optimization problems[127]. Second, the method is very popular for parallel 

computations because of the separable nature of approximations 

 

2.3.  Results and Discussion 

2.3.1. Thermo-mechanical Topology Optimization of Heat Guiding Structures  

Defining an effective thermal path design is crucial for transferring the excessive heat to 

the heat sink, protecting the components with different thermal tolerances from hot 

surroundings, and preventing heat leakage. However, the limited available space of the 

proximity between the heat source and the heat sink makes this task challenging. Moreover, 

the package should be designed such that the stress in any component does not exceed the 

permissible extent of that material and can withstand the thermo-mechanical cyclic loading 

imposed during the system operation. Knowing that the maximum volume fraction of the 

utilized metal in the PCB board of packaging structures is about 50%, we used this value as a 

limiting design parameter. Hence, we solved the density-based topology optimization 

problem for 3D heat guiding structures with an objective volume fraction of 50%. Error! R

eference source not found. demonstrates a series of investigated designs for the possible 3D 

heat guiding structures where the thermal path from the heat source to the heat sink deviates 

from conventional packaging scenarios. The initial structures have been chosen to 

demonstrate the impact of varying distances from the heat source to the heat sink in non-

conventional thermal management cases. With the additive manufacturing capability, 

multiple reference structure choices were available for evaluating the performance of the 
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optimized heat guiding structures. Here, two reference structure designs with a 50% volume 

fraction were studied.  The solid reference structure mimics its initial structure but with 50% 

of the cross-sectional area. The infill reference structure has an identical geometry as the 

initial structure but a rectilinear-infill pattern representing 50% porosity. The rectilinear-

infill pattern was chosen for its common usage in additive manufacturing [128]–[130] and its 

opportunities for complex numerical studies. 

Although multiple reference structure choices were available, such as 50% volume infill 

patterns for additive manufacturing, a different selection of the infill patterns and density 

distribution in volume infill reference structures would directly impact the resultant thermal 

and mechanical properties. Therefore, we needed to have a base standard reference structure 

for comparing with the topology optimized structures. The reference structure for each 

investigated design mimics the initial structure but with 50% of the cross-sectional area. The 

initial design domains with 100% volume fraction provide the smallest thermal resistance for 

the heat transfer. Therefore, we normalize the thermal resistance of both the optimized 

topology and the reference structures to the thermal resistance of their initial structure. The 

topology optimization algorithm creates a path between the heat source and the heat sink 

with the smallest thermal resistance while preserving the requirements of the density-based 

objective function. A lower thermally resistive path guarantees a lower maximum 

temperature at the heat source.  

The thermal boundary conditions include applying a heat flux with a representative value 

of 250 Wcm-2 [131] on the heat source side and a constant temperature of 27 °C on the heat 

sink side. The mechanical boundary conditions include a 100 N compression force on the heat 
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sink side (conversion of the maximum stress around through-silicon vias on the device 

layer[132])  and a fixed end on the heat source side. At each structure, the boundary 

conditions are applied to a small window of 2 mm × 2 mm placed at the beam ends with a 

thickness of 4 mm. The boundary conditions for the investigated design domains were 

applied to an initial structure with a 100% volume fraction ( Figure 2-2(a-e)). 

2.3.2. Thermo-Mechanical Optimization Results 

 

The investigated designs show thermal, mechanical, and thermo-mechanical topology 

optimization results in Figure 2-2(a-e). The solid reference structure of each design for 

Figure 2-2(a-d) mimics the initial structure but with 2 mm thickness in the y-direction. For 

Figure 2-2(e), W and D values in the solid reference structure were reduced to 10.6 mm, and 

other parameters remained as demonstrated in the initial structure to reach 50% volume 

fraction in the reference structure. The infill reference structure has the same thickness as 

the initial structure in the y-direction (D), but the implemented porosity creates the 50% 

volume fraction. 
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Figure 2-2: Boundary conditions and the resultant thermal, mechanical, and thermo-mechanical topology 

optimization on the following designs. a) Initial structure with parameters of Ѳ=30, L=10 mm, W=5 mm, t= 2 

mm, and D = 4 mm.  b) Initial structure with parameters of Ѳ=45, L=10 mm, W=7 mm, t= 2 mm, and D = 4 mm. 

c) Initial structure with parameters of Ѳ=60, L=10 mm, W=12 mm, t= 2 mm, and D = 4 mm. d) Initial structure 

with parameters of L=10 mm, W=10 mm, t= 2 mm, and D = 4 mm. e) Initial structure with parameters of L1= 30 

mm, L2=12 mm, W= 15 mm, t1= 4 mm, t2= 2.5 mm, and D= 15 mm. The solid reference structures for designs (a)-

(d) have identical dimensions as their representing initial structures but 2 mm thickness in the y-direction. The 

solid reference structure for design (e) has identical dimensions as its initial structure but with W/√2 = D/√2= 

10.6 mm. The infill reference structure for all designs (a)-(e) is identical to their initial design but creates a 50% 

volume fraction with a rectilinear infill pattern.  

 

By applying the thermal boundary conditions demonstrated for each design in Figure 

2-2(a-e) and examining the temperature gradient across the structure, the thermal 

resistance for each of the designs was calculated using 𝑅𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 =
Δ𝑇

𝑞
. For evaluating the 

thermal performance of each design, thermal resistance was also calculated in the 

corresponding reference structure. Table 2-1 summarizes the normalized thermal resistance 
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(𝑅𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒/𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙) for both thermal and thermo-mechanical optimization results of each 

investigated design at which 𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is the thermal resistance of the initial structure.  The 

initial structures have the largest cross-sectional area (smallest thermal resistance) 

compared to the optimized and the reference structures; therefore, normalizing the thermal 

resistance values of the optimized and reference structures to the thermal resistance of the 

initial structure results in values greater than 1. Since the functions applied to the 

optimization process do not result in the same topology, the thermo-mechanically optimized 

structures have inherent tradeoffs in the final structure's thermal and mechanical 

performance. This tradeoff is demonstrated as a higher normalized thermal resistance in 

thermo-mechanically optimized structures when compared to the thermally optimized 

structures for all the studied designs.  As simulation results show, the normalized thermal 

resistance ratios of the infill reference structures are ~50% greater in all designs except for 

the serpentine design (e), with a ~33% increase compared to the solid reference structures. 

This increase in thermal resistance is due to a smaller cross-sectional area of the infill 

reference structure—2.6 mm2 in designs (a)-(d) and 86.8 mm2 in the serpentine design (e)— 

compared to the solid reference structure— 4 mm2 in designs (a)-(d) and 112.4 mm2 in the 

serpentine design (e)—. The solid reference structure is selected for future comparisons in 

this study.  

The optimization process results in a heat guiding structure with a maximum stiffness of 

6.08 [N/m] in design (e), while its solid reference counterpart showed a stiffness of 4.24 

[N/m]. Furthermore, by normalizing the stiffness values to the stiffness of the initial structure 

of design (e) (8.95 [N/m]), the optimized heat guiding structure demonstrates a 43% 
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improvement in the normalized stiffness. Using this optimization process, various electronic 

packaging designs with numerous constraints can be studied. 

Table 2-1: Comparison between the normalized thermal resistance (𝑅𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒/𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙) of the optimized 

topology structures and the reference structure of the studied heat guides shown in Figure 2-2. 

Design 
Thermally 

optimized 

structure 

Thermo-

Mechanically 

optimized 

structure 

Solid reference 

structure 

 

Infill reference 

structure 

a 1.31 1.43 1.89 2.85 

b 1.34 1.49 1.87 2.83 

c 1.63 1.78 1.93 2.99 

d 1.55 1.82 1.94 2.89 

e 1.29 1.37 2.01 2.67 

 

2.3.3. Manufacturing and Characterization of 3D Heat-Guiding Structures 

To experimentally validate the concept of heat guiding for packaging applications and 

characterize their thermal properties, the heat guiding structure of design (e) was 

benchmarked for manufacturing using a Laser Powder Bed Fusion (LPBF) technique. . The 

structures were fabricated during the 3D manufacturing process corresponding to their input 

CAD files by selectively melting and consolidating thin layers of SS316L metal powder using 

a scanner laser beam. The process parameters were optimized via a broad sweep of 

experiments at many parameter sets, a standard procedure for fabricating porosity-free 

samples [133][134]. The structures were printed at 400 W laser power, 230 mm/s scan 

speed, 60 µm hatch spacing, and 30 µm layer thickness. Figure 2-3 demonstrates the SS316L 

3D printed samples based on the design (e). As shown in Figure 2-2(e), the dimensions of 

this design with 15 mm width and 30 mm height were slightly larger than designs (a-d). The 

reason behind this selection was the bottom-up manufacturability of the structures. 

Mechanical supports were implemented within the structural gaps for the 3D printing 
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process that were later removed manually. A reference characterization sample was 

fabricated for characterizing the intrinsic thermal properties of the 3D printed SS316L 

(Figure 2-3(a)). Figure 2-3(b) demonstrates the fabricated initial structure followed by its 

corresponding solid reference structure with 50% volume fraction (Figure 2-3(c)) and the 

topology optimized heat guiding structure (Figure 2-3 (d)) after post-processing.   

 

Figure 2-3: Demonstration of the design (e) 3D printed steel structures after post-processing and emissivity 

coating. a) A reference characterization sample was fabricated for characterizing the properties of additively 

manufactured steel along with b) the initial structure (𝜈 =100%), c) the reference structure with 50% volume 

of the initial structure (𝜈 =50%), and d) the optimized heat guiding structure (𝜈 =50%). 

The post-processed samples were coated with a high emissivity coating spray (RUST-

OLEUM high heat primer) and were thermally characterized using the infrared thermography 

method [135]. The samples were placed in a JANIS VPF-800 vacuum chamber in a vacuum 

level below 10-5 Torr (high vacuum range). The surface emissivity of the applied coating was 

calibrated as 0.810 ± 0.013. The estimated error in the calibrated emissivity results in 

temperature reading with ±0.5 °C inaccuracy. Using the calibrated emissivity value, the 

thermal conductivity of the reference characterization sample was measured as 14.18 ± 1.13 
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Wm-1K-1 through utilizing the infrared thermography methodology discussed in Farzinazar et 

al. [135]. This value is in good agreement with previously reported thermal conductivity 

values for additively manufactured stainless steel 316L (SS316L) samples [123]. Iceberg 

Thermal DRIFTIce 0.5 mm thermal pad with thermal conductivity of 13 Wm-1K-1 (provided 

by the vendor) was used as the Thermal Interface Material (TIM) between the fabricated 

samples and the heat source/heat sink. A constant heat flux of 5.1 Wcm-2 was applied to both 

reference design and optimized heat guiding structures with a similar volume fraction of 

50%. A reference quartz disk with known thermal conductivity of 1.38 Wm-1K-1, a diameter 

of 25 mm, and a thickness of 6.33 mm was used to calibrate the heater's incoming heat flux 

(Figure 2-4(a)). The actual experimental setup was oriented such that the heater was placed 

on the top and the heat sink at the bottom. However, since in most packaging scenarios the 

heat sink is placed on top of the package, the experimental setup image was flipped (Figure 

2-4 (a)) for a direct comparison with a practical application design.   The IR images show the 

temperature contour across the samples and the quartz disk due to the applied heat flux 

Figure 2-4(c). The measurement of incoming heat flux and temperature gradient in both 

samples resulted in thermal resistance of 171.1± 12.8 KW-1 and 121.1± 9.3 KW-1 in the 

reference and optimized heat guiding structures.  
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Figure 2-4: a) Demonstration of the IR thermography experimental setup for the reference structure (Top) and 

the optimized heat guiding structure (Bottom) b) Numerical analysis of the reference sample (Top) and the 

optimized heat guiding structure (Bottom) with the measured boundary conditions of heat flux of 5.1 Wcm-2on 

the top and a constant temperature of 33 °C in the copper sample holder. The inset figures represent the 

direction of heat flow using the red arrows. While the reference structure restrictions cause the heat flux 

concentration in the narrow regions, the optimized heat guiding structure has an optimized distribution of 

material to prevent heat flux concentration. c) IR images demonstrating the temperature contour in the 

reference structure (Top) and the optimized heat guiding structure (Bottom). The scale bar in inset images 

represents 5 mm. 

As demonstrated in Figure 2-4Error! Reference source not found.(c), the maximum t

emperature in the reference structure is 71.3 °C± 0.8 °C whereas, in the optimized heat 

guiding structure with a similar volume fraction, this value reaches 61.1 °C ± 0.6 °C. Numerical 

simulation results with the measured heat flux value of 5.1 Wcm-2 and a constant temperature 

of 33 °C in the copper anchored heat sink was performed for both reference and the optimized 

heat guiding structures (Figure 2-4(b)). The thermal contact resistance is crucial for 

determining the maximum and minimum temperatures across the fabricated samples. We 

characterized the thermal contact resistance on the sample/TIM interfaces on the heat source 
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and the heat sink sides using the calibrated heat flux values and the temperature gradient 

across the sample/TIM interface. On the heat sink side, the values were 1.5 ± 0.3 x10-4 Km2/W 

and 1.3 ± 0.2 x10-4 Km2/W in the reference and the optimized structure, respectively. On the 

heat source side, the thermal contact resistance was estimated as 2.8 ± 0.6 x10-4 Km2/W and 

2.6 ± 0.5 x10-4 Km2/W in the reference and the optimized structure, respectively. The thermal 

contact resistances are smaller on the heat sink side. The main reasons are (1) a higher 

apparent contact pressure (due to the weight of the system) and (2) a smoother surface 

quality (due to better polishing). On the heat sink interface, the corresponding estimated 

thermal contact resistances were used in the simulations. On the heat source side, the contact 

resistance values were adjusted in the simulation using a parametric study to 2.6 x10-4 

Km2/W in the reference structure and 2.2 x10-4 Km2/W in the optimized structure for meeting 

the measured maximum temperature values. The difference between the estimated average 

thermal contact resistance values and the simulation results can be attributed to the 

uncertainties in temperature measurement, heat flux calibration, and the resolution of the 

Infrared camera—25 µm/pixel— for thermal interface investigations. It is worth mentioning 

that the reported thermal contact values are consistent with the thermal contact resistance 

values of elastomer-like gap pads reported in the literature [136]. 

Advanced 2.5D and 3D packages could be suffered from nontrivial thermal management 

challenges such as thermal crosstalk and high hot spot heat fluxes that are in the order of 1 

kWcm-2. The associated packaging structures may benefit from the new capabilities to guide 

heat in the unaligned heat source and sink configurations through topology optimization. As 

demonstrated in Table 2-1, the thermo-mechanical topology optimization of heat guiding 

structures results in a degradation in performance as a tradeoff for solving for mechanical 
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objective function in conjunction with the thermal objective function.  However, thermal 

topology optimization and thermo-mechanical topology optimization result in structures 

with a smaller normalized thermal resistance (lower average temperature) than their 

reference structure counterpart with an identical volume fraction. Our experimental and 

numerical investigations on the design (e) heat guiding structure have confirmed lower 

thermal resistance in topologically optimized structures. On average, the optimized heat 

guiding structure demonstrated a 50 KW-1 smaller thermal resistance compared to its 

reference structure counterpart. This difference in thermal resistance can be translated into 

a 180 °C higher temperature in the reference structure when the heat flux varies from 10 to 

100 Wcm-2. In addition to the thermal-mechanical co-optimization, future research and 

development in multidisciplinary optimization may provide joint efforts to improve thermal 

management techniques at multiple levels. The optimized complex heat guiding designs can 

be achieved through the 3D printing technique, which needs more studies to improve its 

process flow, compatibility, and scalability. Moreover, investigations on the implementation 

methods are also required to address the chip integration and provide package-level 

solutions.  

 

2.4.  Conclusions 

Recent advancements in electronic packaging require customized thermal management 

solutions to enable guiding the excessive heat in unaligned configurations of heat source and 

heat sink and fulfilling the mechanical requirements. We presented a density-based topology 

optimization method to find thermally conductive and mechanically stable structures for 

optimal heat guiding in non-conventional packaging scenarios. We investigated serpentine 
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designs with different effective lengths from the heat source to heat sink that is potentially 

suited for guiding the heat from the system level hotspot to the heat sink while securing the 

possible adjacent components with different temperature tolerances. Using density-based 

thermo-mechanical topology optimization and assuming 50% volume fraction constraint, we 

fabricated a prototype of the thermally optimized design (e) heat guiding structures. Our 

experimental results demonstrated 29% lower thermal resistance than its reference 

counterpart with an identical volume fraction. This finding suggests that topology-optimized 

heat guiding structures can control the heat flux and provide higher thermal performance 

than their reference structure counterparts with an equal volume fraction constraint. Future 

electronic packaging may benefit from the combined efforts across the advanced optimization 

process and manufacturing techniques for optimal thermal management solutions. 

Consequently, the resultant heat guiding structures from topology optimization and 3D 

manufacturing can potentially be used as a stepping stone towards thermal computing in the 

future. 
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CHAPTER 3  
 

Engineering Thermal Properties in Metallic Microlattices 

 

3.1. Introduction to ultralight hollow nickel microlattices 

Recent advances in additive manufacturing have led to architected materials with strongly 

hierarchical topologies and distinctive properties such as ultrahigh strength, ultrahigh 

surface-to-volume ratio, and ultralow density [7], [36], [37], [137]. High precision additive 

manufacturing techniques such as self-propagating photopolymer waveguides (SPPW)[138], 

direct laser writing (DLW) [34],[35], and projection micro-stereolithography (PµSL) [139] 

have enabled the fabrication of lattices with submicron feature sizes [6] [140]–[142] and high 

porosity up to 99.9%. These microlattices and nano-lattices can offer remarkably high specific 

stiffness and strength [143], or full recovery from extensive compressive strains (> 50%) and 

associated structural damping [36][37], despite their constituent materials being inherently brittle. 

When designed and fabricated at low relative densities, these architected materials will provide 

an exceptionally low thermal conductivity, even with highly conductive constituents [144]. 

This combination of mechanical and thermal properties could make these materials ideal for thermal 
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insulation in several aerospace systems, from gas turbines to hypersonics, where a combination of 

high strength and low thermal conductivity is desirable. Schaedler et al. [36] demonstrated that 

hollow nickel microlattices could be fabricated using SPPW and electroless plating to span 

more than seven orders of magnitude in length scale, which provides excellent control over 

the design and resultant properties [145]. Furthermore, high recoverability upon each cyclic 

loading creates an opportunity for thermal management via modulation of the applied force. 

The thermal properties of these microlattices are explored in this work. While the unique 

mechanical properties of architected microlattices have been actively investigated in recent 

literature [146][36][37][32][145], their associated thermal properties, including the 

capability of manipulating heat flows, have received little attention. Dou et al. measured the 

thermal conductivity of nanoscale lattices [147] using electrical resistance thermometry 

while heating the structure from 95 to 300K with a microfabricated heater in contact with the 

lattice. However, neither Dou et al. nor other studies on the thermal characterization of highly 

porous media [148]–[151] have explored the effect of mechanical loading on thermal 

transport, the variation of thermal conductivity at high temperatures, or the contribution of 

radiation to the effective thermal conductivity. Using a noncontact temperature measurement 

approach, we developed a novel methodology to minimize the errors created by other in-

contact metrologies for the thermal conductivity measurement of highly porous structures. 

This approach allows us to decouple the dominant heat transfer modes in highly porous 

structures—conduction and radiation—and study their contributions individually. This 

methodology also eliminates the resultant error from the thermal contact resistance between 

the hollow nickel microlattice and its adjacent objects. Here, we report the effective thermal 
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conductivity of hollow nickel microlattices as a function of temperature and mechanical 

loading.    

3.2.  Materials and Methods 

All samples were fabricated at HRL Laboratories with the SPPW method. This technology 

enables the formation of three-dimensional hollow nickel microlattices from a two-

dimensional exposure mask [138]. The fabrication procedure consists of fabricating the 

polymeric sacrificial layer, coating the sample with electroless doped Ni deposition (93% Ni 

and 7% P by weight), and etching the sacrificial core, ultimately resulting in a series of 

octahedral unit cells with hollow struts that are connected at nodes [145][152][153] (Figure 

3-1 (a)). The coating material was not annealed after the deposition, resulting in a 

supersaturated solid solution of phosphorous in a crystalline nickel lattice. This technique 

results in feature sizes in the order of 1 𝜇𝑚. Considering the mean free path of nickel in the 

range of 6 nm [154], the contribution of boundary scattering is minimal, and therefore, 

macroscopic heat transfer governs the energy balance equations.  All lattice feature 

dimensions have been characterized using the Scanning Electron Microscopy (SEM) and the 

results are summarized in Table 3-1. 

The thermal conductivity measurement was performed using the setup demonstrated in 

Figure 3-1(c). The sample was assembled between two quartz disks, and the stack was 

placed between a heat source and an anchored heat sink in a vacuum environment. A JANIS 

VPF-800 vacuum chamber was utilized for housing the sample, and an Edwards T-station 75 

turbopump was used for maintaining the vacuum level below 10−5 Torr (high vacuum range) 

for each measurement. By turning on the heater, the heat propagates from the top toward the 
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anchored heat sink. The hollow nickel microlattice is an effective medium, and the nonlinear 

temperature gradient results from both conduction and radiation heat losses, as confirmed 

by finite element simulations (Figure 3-1 (d)). The incoming heat flux was calculated using 

the known thermal properties of the quartz disk and the temperature gradient within the 

quartz. The effective thermal conductivity of the lattice was computed using the temperature 

gradient in IR images (Figure 3-1 (b)) and the incoming heat flux. 

Table 3-1: Feature parameters in addition to the surface finish of the samples used for experiments. Truss angle 

(𝜃), length (𝑙), wall thickness (t), and bar diameter (D) were measured using SEM with an accuracy of 

±2°, ±3%, ±10%, ±15% respectively. The volume fraction (𝜈)has been calculated based on the CAD model of 

each unit cell. 

 
Sample 1 Sample 2 Sample 3 

𝛎 0.09% 0.09% 0.15% 

𝐃 (𝛍𝐦) 650 650 500 

𝐥 (𝐦𝐦) 3.9 3.9 3.9 

𝛉(°) 60 60 60 

𝐭(𝛍𝐦) 1 1 2 

Surface finish Polished Rough Polished 

 

Figure 3-1 a) The hollow doped nickel microlattice in addition to the unit cell with geometric features. Ɵ was 

set to 60° while ranges of 9-10.5mm for H, 1-2µm for thickness and 500-650µm for the diameter was explored 

b) Corresponding IR image of the experimental setup along with the temperature distribution of a unit cell. c) 

The experimental setup used for thermal conductivity measurement of hollow nickel microlattices. The applied 

clamps are used to change the heater's height in thermal conductivity measurement under compression. d) The 

FEM simulation of the whole setup illustrates the heat transfer throughout the stack. 
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The IR thermography is set to distinguish the emitted infrared radiation from an object as 

a function of the emissivity and temperature of the object, distance to the camera, the ambient 

and reflected temperature (temperature of the surrounding objects), and the relative 

humidity of the ambient [155].  For calibration, an isothermal condition is achieved for the 

lattices and glasses individually by placing the object between two parallel heaters in a 

vacuum environment until the temperature gradient fades away. Using an image processing 

technique, the background is eliminated for each IR image, and the temperature is recorded 

for variable emissivity values. The peak value in the probability density function plot resulted 

in 𝜖𝑟𝑜𝑢𝑔ℎ,𝜈=0.09% = 0.043 ± 0.03 for the dark surface finish sample, 𝜖𝑝𝑜𝑙𝑖𝑠ℎ𝑒𝑑,𝜈=0.09% = 0.024 ±

0.02 for the sample with the reflective surface and 𝜖𝑔𝑙𝑎𝑠𝑠 = 0.81 ± 0.02 for the quartz 

windows. These values were used as an input for the camera for all temperature 

measurements. The emissivity values calibrated at the highest measured temperature for 

thermal conductivity, 480 K, only increased 5% and 6% for the lattice structures with higher 

and lower emissivity values, respectively (Figure 3-2). This finding justifies using a single 

emissivity value for temperature measurement in all temperature-dependent thermal 

conductivity data acquisition. In addition, the intrinsic thermal conductivity of micro-

crystalline electroless nickel is reported as 60 Wm-1K-1 [156], while the intrinsic thermal 

conductivity of pure nickel reaches 90 Wm-1K-1 [157]. Based on the measured temperature 

gradient across the lattice and the heat flux and emissivity values and using FEM simulations 

result, the intrinsic thermal conductivity of our hollow nickel microlattices is estimated as 

60.7 Wm-1K-1.  

The temperature map of the lattice from the IR camera is post-processed to eliminate the 

background noise and calculate the emissivity of each pixel. The probability density function 
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for each lattice structure is derived, and the most probable value of occurrence is designated 

as the object's emissivity. Here we demonstrate the Probability density function for sample 2 

calibrated at 340 K (Figure 3-2).  

 

Figure 3-2 Probability density function for the emissivity values of the sample2 with a darker surface finish. 

The image taken by the IR camera with the 25um add-on lens resolution is shown in the inset 

Various theoretical and empirical correlations were used in the literature for modeling 

the thermal conductivity of 2-dimensional composites [43][158][41]. Ashby [159]proposed 

that the conduction contribution in a connected network of struts should incorporate the 

thermal properties of the constituent material, the topology of the unit cell, and the volume 

fraction of the structure. Therefore, the effective thermal conductivity of cellular solids inside 

the vacuum environment can be described as 𝑘𝑐 =
1

3
∙ 𝜌̅. 𝑘𝑠𝑜𝑙, where 𝜌̅ is the volume fraction 

of the solid (also known as the relative density of the architected material), and 𝑘𝑠𝑜𝑙  is the 

intrinsic thermal conductivity of the constituent solid. The factor 1/3 represents the fraction 

of struts aligned with the heat flux direction. As for the microlattices under consideration this 

fraction equals 𝑠𝑖𝑛𝜃, we express the conductive contribution to the effective thermal 

conductivity as: 
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𝑘𝑐𝑜𝑛𝑑 = 𝑠𝑖𝑛𝜃 ∙ 𝜌̅ ∙ 𝑘𝑠𝑜𝑙                  (3-1) 

where the volume fraction of solid, 𝜌̅, can be expressed at first order as [160]: 

𝜌̅ = 2𝜋 ∙ 𝐷 ∙ 𝑡/(𝑐𝑜𝑠2 𝜃 ∙ 𝑠𝑖𝑛𝜃 ∙ 𝑙2)                   (3-2) 

where 𝐷, 𝑡 and 𝑙 are the diameter, thickness, and length of the hollow struts, respectively, and 

𝜃 is the angle of the struts with the horizontal plane, as illustrated in Figure 3-1(a). 

The effective thermal conductivity is a summation of the conduction and radiation 

contributions, 𝑘𝑐𝑜𝑛𝑑 and 𝑘𝑟𝑎𝑑 . Following the approach suggested by Zhao et al. [161], the 

radiative thermal conductivity is calculated based on the radiation heat flux, a function of the 

view factors, radiosity, calibrated emissivity, volume fraction, and temperature. The effective 

thermal conductivity is then a summation of the conduction and radiation contributions. We 

used the diffraction theory and the geometric optic laws to use the Rosseland mean coefficient 

[162] for the radiative analytical model. The effect of strut shapes and their angular 

configuration on irradiance was employed using the view factors. Details on the derivation of 

view factors are provided in Appendix A.  The radiation contribution to the conductivity was 

calculated based on the surface-to-volume ratio of hollow nickel microlattices.  

Hence the effective thermal conductivity can be expressed as:   

𝑘𝑒𝑓𝑓 = 𝑘𝑐𝑜𝑛𝑑 + 𝑘𝑟𝑎𝑑 = 𝑠𝑖𝑛𝜃 ∙ 𝜌̅ ∙ 𝑘𝑠𝑜𝑙 + [(𝑞𝑟𝑎𝑑,𝑌)
𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛

+ (𝑞𝑟𝑎𝑑,𝑌)
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

]/(𝛥𝑇 ∙ 𝐿𝑙𝑎𝑡
−1 )   

(3-3) 

with Δ𝑇 as the vertical temperature gradient in the sample and 𝐿𝑙𝑎𝑡  depicted in Figure 3-1(d). 

To calculate the radiative conductivity (𝑘𝑟𝑎𝑑), the radiative heat flux must be solved (𝑞𝑟𝑎𝑑
" ).  

The total heat flux will be the summation of conduction and radiation contributions: 

                                      𝑞𝑛𝑒𝑡
" = 𝑞"𝑐𝑜𝑛𝑑 + 𝑞𝑟𝑎𝑑

" = −𝑘𝑒𝑓𝑓𝑑𝑇/𝑑𝑦                                       (3-4)  
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Where 𝑞𝑟𝑎𝑑 comprises of reflection and emission contributions. As a result, the total 

irradiation (𝑄𝑟𝑎𝑑) will be examined in the z-direction at first as follows: 

𝑄𝑟𝑎𝑑,𝑧 = (𝑄𝑟𝑎𝑑,𝑧)
𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛

+ (𝑄𝑟𝑎𝑑,𝑧)
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

                                             3-5 (a) 

(𝑄𝑟𝑎𝑑,𝑧)
𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛

= ∑ 𝐴𝑖𝐹𝑖S0
𝜖𝜎𝑇4 + ∑ 𝐽𝑛𝐹𝑛S0

𝐴𝑛
𝑆5
𝑛=𝑆1

8
𝑖=1                         (b)                   

(𝑄𝑟𝑎𝑑,𝑧)
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

= ∑ ∑ (𝐽𝑛𝐹𝑛𝑖𝐴𝑛)𝑅𝐹𝑖S0

8
𝑖=1

𝑆5
𝑛=𝑆1 + ∑ ∑ 𝜖𝐴𝑖𝐹𝑖𝑗𝜎𝑇4𝑅𝐹𝑖S0

8
𝑗=1,𝑗≠𝑖

8
𝑖=1        (c) 

In the equations above, 𝜎 = 5.669 × 10−8𝑊𝑚−2𝐾−4 is the Stefan–Boltzmann constant, 𝑅 =

1 − 𝜖 is the solid reflectivity, 𝐴𝑖  is the solid surface of the ith strut (i =1,2,..,8) within a unit 

cell, 𝐽𝑛 and 𝐴𝑛 are the irradiation and surface area of the void surfaces (n = S1 − S5), 𝐹𝑖S0
 is 

the configuration factor from the ith strut to surface S0, 𝐹𝑛S0
 is the configuration factor from 

the nth surface to surface, while 𝐹𝑛𝑖  is the configuration factor from the nth surface to the ith 

strut surface. 𝐹𝑖𝑗  is the configuration factor between struts, which is equal to zero if the jth 

rod is the continuation of the ith rod (i.e. 𝐹28 = 0 ). All configuration factors are derived based 

on their angular position towards each other and void surfaces (Appendix A), and irradiation 

was calculated based on the equations provided by Zhao et al. [161]. The total irradiation in 

both x and y directions follow the same approach; therefore, the radiative conductivity is 

calculated as below: 
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𝑘𝑟𝑎𝑑 = 𝑞𝑟𝑎𝑑
" /[(𝑇ℎ − 𝑇𝑐) ∙ 𝐻]                  (3-6) 

3.3.  Results and Discussion 

3.3.1. Compression Dependent Thermal Conductivity 

  High recoverability after compressive deformation of hollow nickel microlattices 

motivated us to measure the effective thermal conductivity under varying compression levels. 

Each compression cycle creates a discontinuity inside the medium due to crack initiation, 

especially at nodes that are more prone to crack formation. We discovered that after three 

loading-unloading cycles, the crack initiation saturates; thus, we were able to study the 

impact of strain as an individual factor. Herein, the strain is defined as the ratio of the height 

reduction in the sample to the initial height (engineering strain). The measurement was 

performed in a vacuum environment, and the effective thermal conductivity was measured 

under compression from 0% to 50% strain for the samples with a 0.09% volume fraction. 

Figure 3-3 Lattice structure model for radiative conductivity and notations 
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By increasing the force, unit cells start sliding on top of the glass in the lateral space 

domain and obtain a smaller 𝜃 each time. The change in 𝜃 is not uniform across the structure; 

as a result, we report each strain cycle with a representative average 𝜃 value (Figure 3-4 (a)) 

ranging from 60 ± 2° for the 0% strain and 38 ± 6°  for the 50% strain. As illustrated in 

Figure 3-4 (b), increasing the strain causes a reduction in the effective thermal conductivity. 

This effect can be rationalized by noting that the applied strain reduces the strut angle, 𝜃, thus 

affecting the conductive contribution to the effective conductivity both directly [Equation (3-

1)] and through the volume fraction [Equation (3-2)]. While the volume fraction is a concave 

function of 𝜃, the effective thermal conductivity keeps decreasing by decreasing the 𝜃 value, 

ultimately resulting in the trend displayed in Figure 3-4 (b). The dashed lines represent our 

analytical solution, obtained using Equation (3-3). 

 

Figure 3-4 a) The strain is defined as 𝛿 = (𝑙0 − 𝑙)/𝑙0 in which 𝑙 is identified in each image. Increasing the applied 

force causes the unit cells to slide, reducing Ɵ in a non-uniform manner. The representative average Ɵ value and 

volume fraction for each compression cycle is reported.  b) The experimental data and analytical modeling for 

two samples with the same volume fraction and different surface finishes are illustrated as a function of Ɵ on 
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the left axis. The analytical model is verified by the FEM results for unit cells with angles ranging from 15 t0 75°.  

Increasing strain results in a decrease in the structural length and an increase in the structure’s area. 

Consequently, the Fourier equation explains the reduction in the conduction contribution of the effective 

thermal conductivity (keff=ql/∆TA). c) The radiation contribution is defined as the ratio of the radiative thermal 

conductivity over the effective conductivity. Reducing Ɵ leads to a lower contribution of radiation, correlated 

with reducing the effective thermal conductivity.    

Additionally, reducing 𝜃 leads to the reduction of view factors in radiation contribution. The 

reduction is caused by the decrease in angle, leading to reduced radiative interaction between 

struts and surroundings. The radiation contribution as a function of 𝜃 illustrates how the 

increase in view factors cause a significant input of radiative conductivity on the overall 

effective thermal conductivity at 320 K, Figure 3-4 (c). 

1.3.2. Temperature-Dependent Thermal Conductivity 

Even though the intrinsic thermal conductivity of metals does not change significantly at 

temperatures higher than ambient [163], the radiative thermal conductivity and the resultant 

effective thermal conductivity strongly depend on the temperature, Figure 3-5 (a). The 

dashed lines in Figure 3-5 demonstrate the radiative conductivity modeling of the hollow 

nickel microlattices, and their slope is derived by the surface emissivity and surface-to-

volume ratio of the samples. Hollow nickel microlattices with the volume fraction of 0.09% 

exhibit a significant radiation contribution of 20.40 ± 4.46% and 40.50 ± 2.23% in the case 

of the polished and rough samples, respectively (Figure 3-5 (b)). This phenomenon is mainly 

due to these samples' high surface-to-volume ratio (~1000 mm-1), which signifies the 

radiation contribution even at low temperatures. The sample with  the 0.15% volume fraction 

shows a higher thermal conductivity compared to the polished sample with a similar surface 

emissivity (𝜖𝑝𝑜𝑙𝑖𝑠ℎ𝑒𝑑,𝜈=0.15% = 0.21 ± 0.02). This is mainly due to the increase in the 
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conduction contribution as a result of increasing the solid constituent of the material. The 

sample with the rough surface finish demonstrates the highest effective thermal conductivity 

value at 560 K among all samples due to the highest thermal conductivity growth rate 

governed by larger surface emissivity. These findings indicate that surface finish could be 

another approach to change the effective thermal properties at ultra-low-density ranges 

without affecting the mechanical properties for high-temperature applications. 

1.3.3. Thermo-Mechanical Evaluation of Hollow Nickel Microlattices 

Using the reported mechanical properties of hollow nickel microlattices [36][160], we 

examined the thermomechanical performance of these structures on a plot of specific Young’s 

modulus vs. effective thermal conductivity, Figure 3-6(b). Exploiting the architecture in 

hollow nickel microlattices results in a reduction of thermal conductivity 1000 times from the 

metal section to the foams. The scaling law of Young’s modulus for these structures follows 

Figure 3-5 a) The effective thermal conductivity of the samples with 0.09% and 0.15% volume fraction values 

was measured as a function of temperature.  The difference between the blue and red data points illustrates the 

contribution of surface emissivity in samples sharing the same volume fraction. The slope of the dashed lines 

shows the rate of growth in the effective thermal conductivity as a result of radiation contribution. b) The 

radiation contribution of all samples is derived as a function of temperature while the dashed lines demonstrate 

the analytical modeling.  
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as 𝐸~𝜌̅2 in contrast to its competitors in the ultralight aerogel and carbon nanotube foam 

(CNT) family (𝐸~𝜌̅3); therefore the architectural order of these microlattices makes their 

relative compressive modulus privileged compared to silica Aerogels [164], open-cell 

polymer foams35, and CNT foams36 in a similar volume fraction range. A direct correlation 

between the effective Young’s modulus and effective thermal conductivity with the volume 

fraction results in designated areas in Figure 3-6(b). These ellipses are evaluated to be a 

function of the volume fraction and bulk properties of the constituent material 

(𝐸𝑠𝑜𝑙 , 𝜌𝑠𝑜𝑙 , 𝑘𝑠𝑜𝑙in which 𝐸𝑠𝑜𝑙  and 𝜌𝑠𝑜𝑙  are the Young’s modulus and the density of the bulk 

material, respectively). Figure 3-6(b) illustrates a design space for reaching an ultralow 

thermal conductivity value by modifying the volume fraction and surface finish of the lattice 

structure.  

 

Figure 3-6 a) The design space demonstrates the potential effective thermal conductivity values as a function 

of volume fraction and surface emissivity using Equation (4) Beyond 1% volume fraction, all lines (representing 

different emissivity values) converge; demonstrating conduction as the primary mode of heat transfer. 

Comparatively, radiation contribution signifies below 1% volume fraction, exposing the difference in the 

effective thermal conductivity at a specific volume fraction. b) Hollow nickel microlattice placement in the 

material property plot of specific Young’s modulus versus effective thermal conductivity. Dashed outlines 

indicate the allocated region for each material using the Ashby model for cellular solids[159], while markers 
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represent the measured data points. Hollow nickel microlattices can obtain higher mechanical strength and 

lower effective thermal conductivity than other mesoscale cellular materials. 

3.4. Conclusions 

Hollow nickel microlattices offer volume fractions up to an order of magnitude lower than 

conventional materials and provide a specific Young's modulus superior to conventional 

ultralight materials. Beyond the well-known mechanical advantages, we have shown the 

thermal properties of the microlattices by measuring the effective thermal conductivity as a 

function of compression and temperature. The hollow nickel microlattices possess a high 

surface area to volume ratio; this yields a significant radiation contribution that is apparent 

even at temperatures where radiation is not typically considered a dominant mode of heat 

transfer. Our measurements demonstrated that the increasing contribution of radiation 

subsequently increases the effective thermal conductivity of the lattice structure as the 

temperature is raised. Analytical modeling highlighted the radiation as the dominant heat 

transfer mode in hollow nickel microlattices with the surface emissivity of 0.43 at a 

temperature as low as 420 K. Furthermore, measuring the effective thermal conductivity 

under compressive strain values ranging from 0-50% resulted in a 67% drop in the effective 

thermal conductivity; this is due to the change of angle in the struts and reduction of the 

volume fraction of structure. These findings indicate that architected cellular materials 

provide an excellent platform for controlling thermal and mechanical properties and 

developing multi-functional thermal metamaterials.   
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CHAPTER 4  
 

Programmable Thermal Transport in Shape Memory 

Polymer Microlattices 

 

4.1. Introduction to Shape Memory Polymer Microlattices 

Resolving the prime challenge of controlling heat transfer is crucial to meeting the critical 

problems of energy conversion systems, information processing, and electronic thermal 

management.  However, unlike the advanced programming capabilities of the mechanical 

[167]–[171], optical [172]–[175], and electrical [176]–[178] systems, the tunability of 

thermal systems is still remarkably restrained. The advancement of metamaterials has 

enabled nonlinear and controllable structures, which exceed the physical properties found in 

nature[179]. Thermal metamaterials with the traditional purpose of heating, cooling, and 

energy harvesting are emerging with remarkable efficiency and compactness [12]. 

Engineering the thermal conductivity has led to a unique manipulation of heat flux. At the 

macroscale level, thermal conductivity anisotropy can be created using thermally conductive 

and thermally insulating materials [18],[180],[181]. In contrast, at the microscale level, the 
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design of thermal metamaterials relies on engineering the thermal conductivity with 

coherent phonon transport [182], phononic crystals [183], and local resonances [184]. In 

addition to conduction, radiative heat transfer has also been engineered to manipulate the 

heat flux[30]. While nanophotonics has enabled regulating the spectral and spatial 

characteristics of thermal radiation [24]–[26],[28][185][186], surface coatings have 

remained a practical candidate for controlling the emissivity over a large surface area [29]. 

Although certain functionalities like cloaking [22],[17],[82],[187],[81], rotation [18],[188], 

and concentration [189],[190] can be realized using thermal metamaterials, their 

conventional design process still lacks programmable thermal properties required for 

tunable heat flux manipulation purposes.  

Architected materials are engineered materials with controlled micro-architectures 

designed to have physical properties determined by micro-structural geometry rather than 

the chemical composition. The hierarchical topologies in architected materials have led to 

unique properties such as ultra-high stiffness [7], ultra-low density [191], and ultrahigh 

surface-to-volume ratios that introduce a significant radiation contribution [135] in the 

thermal transport phenomenon. Since the geometrical arrangement of micro-structural 

elements determines radiation view factors in architected materials, mechanical deformation 

of architected materials results in a change in radiative thermal transport, potentially leading 

to a non-negligible shift in the overall thermal properties. Furthermore, when deformed 

significantly, connectivity among internal micro-structure may be altered, affecting 

conductive thermal transport in architected materials. This deformation-dependent thermal 

transport in architected materials opens up new opportunity to create materials with 

programmable thermal transport when shape-shifting materials are incorporated. 
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Shape memory polymer (SMP) materials that can actively deform and reconfigure when 

exposed to external stimuli such as electricity [192], light [193], sound [194], water [195], 

and heat [196] have been widely studied for their profound potential for adaptive systems. 

The emerging pathway to create dynamic and adaptive architectures involves 3D printing 

with such shape-shifting materials. This approach has been recently termed 4D printing, with 

the 4th dimension being time [197],[198]. Incorporating SMP into metamaterials design will 

enable the active and reversible transformation of the 3D spatial arrangement of the 

microstructural elements, which could lead to the modulation of their effective properties. 

Therefore, 4D printed metamaterials with inherently reversible deformation[199] and 

programmable mechanical properties [200],[201] have an unmatched potential for creating 

unprecedented adaptive and tunable material systems. Examples of 4D printed SMP-based 

metamaterials include active composites of SMP fibers in an elastomeric matrix to realize 

complex three-dimensional configurations [202],[203], programmable, layered SMP 

composite for smart folding structures [204], chiral-lattice SMP metamaterials for adjustable 

Poisson's ratio [205], and multi-material SMP architectures for programmable mechanical 

grippers [171]. Although the mechanical properties of these SMP metamaterials have been 

comprehensively investigated in previous works [206],[205], their thermal properties and 

capability for programmable thermal transport have received little attention. 

4.2. Materials and Methods 

SMP microlattices were fabricated in collaborative work at Ruger’s University (Dr. Howon 

Lee’s lab) with a high-precision additive manufacturing technique —projection micro-

stereolithography (PμSL)—. PμSL uses digital dynamic photomask to build complex 3D 
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objects in a layer-by-layer fashion rapidly [207]. Figure 4-1(a) shows that the 3D computer-

aided design (CAD) model of a microlattice is digitally sliced into a series of 2D images. A 

digital image is displayed on the dynamic mask, followed by the irradiation of a UV light up 

the mask. Then the light reflected off the mask carries the corresponding image and is focused 

through a projection lens on the surface of photocurable SMP precursor solution. As a result, 

a liquid precursor solution is converted into a solid layer with the desired shape. Once a layer 

is completed, the linear stage moves the sample holder down to solidify the next layer with 

the following digital image projection. A 3D object is additively built by repeating this process 

for all the layers. The optical lateral resolution of the system is about 13 μm. In this study, an 

exposure time of 5 sec was given to cure each layer having a thickness of 50 μm. Two 

microlattices were fabricated in this study; Kelvin Form (KF) and Octet Truss (OT) 

microlattices. Figure 4-1(b) shows the unit cells for KF and OT microlattice, respectively, and 

their dimensional parameters. Specifically, Ѳ = 45°, lKF =1380 µm, dKF ranging from 303 µm to 

428 µm were used for KF samples, while lOT = 1380 µm and dOT ranging from 93 µm to 131 

µm were used for OT samples (Table 4-1). By varying the diameter of struts, samples with 

volume fractions of 4%, 5%, and 7% for KF and OT were fabricated. Printed samples were 

rinsed in ethanol for 30 sec 3 times to wash out uncured precursor solution. Then they were 

allowed to dry in air overnight until the absorbed ethanol was removed, followed by a post-

curing in a UV oven for 2 hours. 
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Table 4-1 Designed and measured dimensional parameters of the 3D printed microlattices 

 

In this chapter, we present programmable thermal transport in architected materials 

using 4D printed SMP microlattices. We used projection micro-stereolithography (PµSL) 

[207] (Figure 4-1 (a)) to additively manufacture SMP octet-truss (OT) and Kelvin foam (KF) 

architectures (Figure 4-1 (b)) that display distinctive stretching-dominated and bending-

dominated deformation, respectively [208],[209]. Effective thermal conductivity of both 

microlattices in different effective densities (Figure 4-1 (c)) was measured at varying 

temperatures using infrared (IR) thermography.   Furthermore, they were mechanically 

compressed while their thermal conductance was monitored to investigate the change in 

conductive and radiative thermal transport during compression. Once the SMP microlattices 

are heated above their glass transition temperature (Tg), the material transitions from glass 

to rubbery state; therefore, they can be easily deformed by applying a compression force, as 

demonstrated in Figure 4-1(d).  By cooling the samples below their Tg, they reenter the 

glassy state and retain a fixed shape even after removing the compression force. As a result 

of reheating the samples above their Tg, they fully recover and regain their original 

configuration. Taking advantage of the shape memory effect of the SMP, we also demonstrate 
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that thermal transport in the 4D printed architected materials can be tailored via mechanical 

programming and fully restored. 

 

Figure 4-1 a) 4D printing of SMP microlattices using the PµSL technique. b) Schematic of the Kelvin Foam (KF) 

sample with Ѳ = 45°, lKF =1380 µm, dKF ranging from 303 µm to 428 µm (Left) plus the Octet Truss (OT) sample 

with lOT = 1380 µm, and dOT ranging from 93 µm to 131 µm (Right). c) 4D printed SMP KF (Left) and OT (Right) 

samples with corresponding volume fractions of 4%, 5%, and 7%. The scale bar represents 2 mm. Detailed 

geometrical configurations for all structures can be found in Table S2 of Supplementary Material. d) Shape 

memory effect of SMP architected materials. Shape programming happens as a result of heating, followed by 

deformation and cooling. Shape recovery to its original shape occurs upon heating. The scale bar is 1 cm.  

For thermal characterization of SMP microlattices, IR thermography [135] was used in 

conjunction with a vacuum level below 10-4 Torr. Figure 4-2(a) demonstrates the 

experimental setup for measuring thermal conductivity and thermal conductance of the SMP 

microlattices. The samples were located in-between a compressible heat source and an 

anchored heat sink. Two reference quartz blocks with a known thermal conductivity of 1.38 

Wm-1K-1 were utilized for calibrating the heat flux entering and leaving the microlattice 

control volume. The difference between the measured heat flux in the top and bottom 

reference quartz blocks is correlated with the radiation losses in the system. Therefore, the 

radiation heat flux can be calculated as 𝑞𝑟𝑎𝑑 = 𝑞𝑖𝑛 − 𝑞𝑜𝑢𝑡. Emissivity calibration of the SMP 

microlattices in an isothermal boundary condition resulted in mid-IR emissivity values of 
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0.94±0.01 and 0.94±0.03 before and after glass transition, respectively. These values are in 

agreement with the mid-IR emissivity values reported for SMP materials in literature [210]. 

The calibrated emissivity values were used for temperature measurements of each 

corresponding sample, as demonstrated in Figure 4-2(c). Therefore, by using the calibrated 

heat flux and the resultant temperature gradient in the SMP microlattices, the effective 

thermal conductivity was calculated using Fourier's law (𝜅𝑒𝑓𝑓 = 𝑞𝑖𝑛𝐻/Δ𝑇) where ∆T is the 

temperature gradient across the sample, and H is the height of the sample as demonstrated 

in Figure 4-2(a). The high surface-to-volume ratio of the SMP microlattices (32-45 mm-1), in 

addition to their high IR emissivity (0.94), results in a significant contribution of radiative 

heat transfer, even near room temperatures. Figure 4-2(b) illustrates the conduction 

contribution of the solid struts and radiation heat transfer among individual struts and their 

surrounding non-participating media.  

 

Figure 4-2 a) We characterize the thermal properties of SMP microlattices and the contribution of both 

conduction and radiation heat transfer modes using the IR thermography methodology. In response to the low 

intrinsic thermal conductivity of SMP (0.2-0.3 Wm-1K-1), high IR emissivity (0.94), and high porosity (>93%) of 
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these architected materials, radiation contribution is significant in SMP microlattices. b) The primary heat 

transfer modes—conduction and radiation—  in OT and KF SMP microlattices. Tunability of geometry 

configuration in SMP microlattices results in the programmability of their thermal properties. Therefore, we use 

mechanical compression for reconfiguring their geometry and monitor their thermal conductance as a function 

of mechanical strain. c) IR images of the KF (Left) and OT (Right) samples. The IR images contain information 

on the temperature gradient of each unit cell for calculating the thermal properties of SMP microlattices.  

For realizing the role of conduction in the SMP microlattices, a bulk SMP sample was 

thermally characterized using the IR thermography methodology. Dynamic mechanical 

analysis (DMA) was done on the bulk SMP specimens with dimensions of 25 mm x 8 mm x 1 

mm. A dynamic mechanical analyzer (Q800, TA Instruments) with a tensile loading mode was 

utilized, and the experiments were conducted with a strain of 0.2 %, frequency of 1 Hz, 

preload of 0.001 N, and force track of 150 %. Storage modulus, loss modulus, and tan δ were 

measured as a function of temperature with a temperature increasing rate of 1 °C min-1. The 

results of tan δ – the ratio of loss to storage modulus—indicate that the bulk SMP has a glass 

transition temperature of 71°C (Figure 4-3 (a)). In addition, we used the bulk SMP's storage 

modulus to identify the fraction of “frozen bond” to “active bond” that coexisted in the 

polymer. The frozen bonds represent the fraction of the C-C bonds with no conformational 

motion, while the active bonds are correlated with the C-C bonds that undergo free localized 

conformational motion[211],[212]. Therefore, at the glassy state, the frozen bonds are 

predominant. We used the approach proposed by Liu et al.[213] and identified the volume 

fraction of frozen bonds as a function of temperature (Figure 4-3 (b)) using the equation 

below: 

𝐸(𝑇) =
1

𝜙𝑓

𝐸𝑖
+

1−𝜙𝑓

3𝑁𝑘𝑇

            ( 4-1) 



 

56 
 

Where 𝜙𝑓 is the fraction of frozen bonds, 𝐸𝑖 is the modulus of internal energetic deformation, 

N is the cross-link density, k is Boltzmann’s constant (k = 1.38x10-23 Nm/K), and T is the 

temperature. Applying the measured thermal conductivity data at glassy and rubbery states 

in conjunction with the Maxwell effective medium theory [42], we could explain the transition 

behavior in the intrinsic thermal conductivity of the bulk SMP sample ( Figure 4-3(c)). 

  

Figure 4-3 a) Tanδ of 3D printed SMP. b) Measured storage modulus of the bulk SMP using dynamic mechanical 

analysis (DMA) and the derived volume fraction of the frozen bonds as a function of temperature on the 

secondary axis.  c) Measured thermal conductivity of bulk SMP and the applied Maxwell effective medium theory 

model for explaining the transition behavior in the thermal conductivity of the bulk SMP material. 

The effective thermal conductivity of the SMP microlattices is a combination of conduction 

(𝜅𝑐𝑜𝑛𝑑) and radiation (𝜅𝑟𝑎𝑑) heat transfer contributions, i.e., 𝜅𝑒𝑓𝑓 = 𝜅𝑐𝑜𝑛𝑑 + 𝜅𝑟𝑎𝑑 . Convection 

is negligible if the unit cell sizes are below 10 mm, even in the case of low-conducting polymer 

foams [38]. Additionally, by providing a vacuum environment, the convection contribution 

was eliminated in all thermal measurements.  

Ashby[159] proposed that the conduction contribution in a connected network of struts 

should incorporate the thermal properties of the constituent material, the topology of the unit 

cell, and the volume fraction of the structure. Therefore, the effective thermal conductivity of 

cellular solids inside the vacuum environment can be described as 𝑘𝑐 = 𝐴 ∙ 𝜌̅ ∙ 𝑘𝑠𝑜𝑙 , where A 
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is the geometrical factor, 𝜌̅ is the volume fraction of the solid (also known as the relative 

density of the architected material), and 𝑘𝑠𝑜𝑙  is the intrinsic thermal conductivity of the 

constituent solid. The geometrical factor is the fraction of struts aligned with the heat flux 

direction derived from finite element analysis. The volume fraction of the samples is 

calculated using the dimensions provided in the CAD model, and the solid thermal 

conductivity is utilized using the analytical prediction of the bulk SMP. The first order of the 

volume fraction and the conduction contribution in the effective thermal conductivity have 

been identified in Table 4-2 for both OT and KF structures using the illustrated parameters 

in Figure 4-1 (b). 

Table 4-2  Volume fraction and conduction contribution correlations utilized for the OT and KF lattice 
structures. 

 Octet Truss Kelvin Foam 

Volume Fraction (𝜈) 3√2

2
𝜋 (

𝑑𝑂𝑇

𝑙𝑂𝑇
)

2

 
3√2

8
𝜋 (

𝑑𝐾𝐹

𝑙𝐾𝐹
)

2

 

Conduction Contribution 
(𝜅𝑐𝑜𝑛𝑑) 

1

3
𝜌̅𝑂𝑇𝜅𝑠𝑜𝑙𝑖𝑑 

6

25
𝜌̅𝐾𝐹𝜅𝑠𝑜𝑙𝑖𝑑 

 

The volume fraction of the printed samples was measured using mass divided by the total 

volume of the microlattice. Mass of each printed structure was obtained using a digital scale 

(ML303E, Mettler Toledo), while volume was obtained by measuring each sample's length, 

width, and height. The bulk density of the SMP was measured 𝜌𝐵𝑢𝑙𝑘 = 1254 𝑘𝑔/𝑚3 from a 3D 

printed solid cylinder with a diameter of 10 mm and a height of 10 mm[200]. 
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The major challenge in predicting radiation contribution in architected materials arises from 

their complex architecture and the inherent complexity associated with their transport 

mechanism. Different methods to determine the radiative properties of highly porous 

materials have been investigated in literature [214],[215]. Simplifying the studied geometry 

[161],[63] and using the ray-tracing Monte Carlo method [216],[217],[68] have been 

extensively explored in the literature for addressing the contribution from view factors in 

radiative conductivity. However, simplifying the geometrical structure underestimating the 

radiation contribution and Monte Carlo simulations in architected structures require a 

substantial computational effort.  

In the current study, the theoretical radiative conductivity approach for cellular materials 

proposed by Zhao et al. [161] has been adapted to develop a new model based on a more 

realistic representation of Kelvin foam and octet lattice structures. In this attempt, the 

microstructure of the lattice structures has been taken into account. Therefore, the radiation 

view factor of the struts has been calculated based on their spatial configuration.  The 

radiative conductivity is calculated based on the radiation heat flux as a function of the view 

factors, radiosity, calibrated emissivity, volume fraction, and temperature. To calculate the 

radiative conductivity (𝑘𝑟𝑎𝑑), the radiative heat flux must be solved (𝑞𝑟𝑎𝑑
" ).  The total heat flux 

will be the summation of conduction and radiation contributions: 

                                                        𝑞𝑛𝑒𝑡
" = 𝑞"𝑐𝑜𝑛𝑑 + 𝑞𝑟𝑎𝑑

" = −𝑘𝑒𝑓𝑓𝑑𝑇/𝑑𝑦                (4-2)                 
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Figure 4-4 Lattice structure model applied for radiative conductivity and notations a) Octet truss and b) Kelvin 

foam lattice. The heat flow is parallel to the z-direction. 

where 𝑞𝑟𝑎𝑑 comprises of reflection and emission contributions. As a result, the total 

irradiation (𝑄𝑟𝑎𝑑) will be examined in the z-direction at first as follows: 

𝑄𝑟𝑎𝑑,𝑧 = (𝑄𝑟𝑎𝑑,𝑧)
𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛

+ (𝑄𝑟𝑎𝑑,𝑧)
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

                   4-3(a) 

 

(𝑄𝑟𝑎𝑑,𝑧)
𝑒𝑚𝑖𝑠𝑠𝑖𝑜𝑛

= ∑ 𝐴𝑖𝐹𝑖S0
𝜖𝜎𝑇4 + ∑ 𝐽𝑛𝐹𝑛S0

𝐴𝑛
𝑆5
𝑛=𝑆1

𝑁
𝑖=1                         (b) 

 

(𝑄𝑟𝑎𝑑,𝑧)
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛

= ∑ ∑ (𝐽𝑛𝐹𝑛𝑖𝐴𝑛)𝑅𝐹𝑖S0

36
𝑖=1

𝑆5
𝑛=𝑆1 + ∑ ∑ 𝜖𝐴𝑖𝐹𝑖𝑗𝜎𝑇4𝑅𝐹𝑖S0

36
𝑗=1,𝑗≠𝑖

36
𝑖=1  (c) 

In the equations above, 𝜎 = 5.669 × 10−8𝑊𝑚−2𝐾−4 is the Stefan–Boltzmann constant, 𝑅 =

1 − 𝜖 is the solid reflectivity, 𝐴𝑖  is the solid surface of the ith strut (i =1,2,..,36) within a unit 

cell, 𝐽𝑛 and 𝐴𝑛 are the irradiation and surface area of the void surfaces (n = S1 − S5), 𝐹𝑖S0
 is 

the configuration factor from the ith strut to surface S0, 𝐹𝑛S0
 is the configuration factor from 

the nth surface to surface, while 𝐹𝑛𝑖  is the configuration factor from the nth surface to the ith 

strut surface. 𝐹𝑖𝑗  is the configuration factor between struts, and all view factors are derived 

based on their angular position towards each other and void surfaces (Appendix A). The total 
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irradiation in both x and y directions follow the same approach; therefore, the radiative 

conductivity is calculated as below: 

𝑘𝑟𝑎𝑑 = 𝑞𝑟𝑎𝑑
" ∙ 𝐻/[(𝑇ℎ − 𝑇𝑐)]                  (4-4) 

As a result, the effective thermal conductivity is a summation of the conduction and radiation 

contribution. 

                                                𝑘𝑒𝑓𝑓 = 𝑘𝑐𝑜𝑛𝑑 + 𝑘𝑟𝑎𝑑                          (4-5) 

 𝜅𝑟𝑎𝑑  can be calculated based on the approach proposed by Zhao et al. [159] by calculating the 

radiation heat flux, which is a function of the view factors, radiosity, calibrated emissivity, 

volume fraction, and temperature. Details of the view factor derivation can be found in 

Appendix A.  

4.3. Results and Discussion 

4.3.1. Temperature-Dependent Thermal Conductivity of SMP 

Microlattices 

Due to the insulating nature of these low density architected materials, we used the 

temperature gradient data of the first row of unit cells in each corresponding lattice structure 

for thermal conductivity measurements. Figure 4-5(a) and Figure 4-5(b) illustrate the 

effective thermal conductivity of KF and OT structures, respectively. In both lattice structures, 

the conduction contribution increases with solid volume fraction as predicted by our 

analytical modeling (shown by the dashed lines). The increase in conduction contribution as 

a function of temperature is due to the glass transition of the intrinsic SMP. The radiation 

contribution increases significantly with temperature because both emission and reflection 

are highly dependent on temperature. The analytical model predicts that the thermal 
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radiation contribution to heat transfer across KF cells ranges from 68 to 83% and across OT 

cells ranges from 59 to 76% over a temperature range of 30 to 130 °C. Due to the non-

negligible contribution of radiation heat transfer in low-density microlattices, the overall 

effective thermal conductivity of both OT and KF, therefore, increases significantly with 

temperature. The solid lines represent the effective thermal conductivity predicted by 

analytical modeling, and the linear slope is derived by the surface emissivity and the surface-

to-volume ratio of the lattice structures. 

The OT structures show a slightly higher effective thermal conductivity (~0.002 Wm-1K-

1) than their KF counterparts with identical volume fractions. This phenomenon results from 

a higher geometrical factor in OT (0.35) than KF (0.24). The geometrical factors are based on 

the contribution of the parallel struts to the heat transfer direction from finite element 

modeling (FEM) analysis. The analytical modeling was utilized for creating a contour plot of 

the effective thermal conductivity as a function of volume fraction and temperature for both 

OT (Figure 4-5 (c)) and KF (Figure 4-5 (d)) lattice designs. The contour plots represent a 

design space for the effective thermal conductivity of OT and KF structures, where the dashed 

lines illustrate the constant thermal conductivity values, and the shaded regions are all 

thermal conductivity values that come in-between the lines.  As shown, the slope of the 

constant thermal conductivity lines changes after transition for both lattice structures due to 

glass transition in the SMP material. By increasing the temperature at a constant volume 

fraction, the increase in the effective thermal conductivity is exhibited due to a higher 

radiation contribution. However, by increasing the volume fraction at a constant 

temperature, the contribution of radiation heat transfer mode significantly decreases, and 

conduction takes over as the primary heat transfer mode. At the volume fraction value of 1, 
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the thermal conductivity of both designs converges to the intrinsic thermal conductivity of 

the bulk SMP, and the radiation contribution reaches zero. By increasing the volume fraction 

in Figure 4-5 (c) and (d), the OT lattice design demonstrates a higher effective thermal 

conductivity compared to the KF lattice due to a higher geometrical factor. For instance, at 50 

°C and a volume fraction of 0.4, the OT design results in thermal conductivity of ~ 0.07 Wm-

1K-1, and on an isothermal line, this value increases to ~ 0.2 Wm-1K-1 at 0.8 volume fraction. 

Conversely, its counterpart KF design demonstrates a thermal conductivity of ~ 0.04 Wm-1K-

1 at 50 °C and 0.4 volume fraction, and its thermal conductivity only increases up to ~ 0.085 

Wm-1K-1 while moving on an isothermal line to 0.8 volume fraction.  



 

63 
 

 

Figure 4-5 a) Measured thermal conductivity of OT samples, and b) KF samples with 4%-7% volume fraction 

ratios. The dotted and solid lines represent the analytical predictions for the conduction contribution and 

radiation contribution, respectively. The increase in the conduction contribution is attributed to the changes in 

the intrinsic thermal conductivity of bulk SMP as a function of temperature. The increase in the radiation 

contribution results from increasing the temperature in both samples following the Stefan-Boltzmann law. c) 

Contour plot of the effective thermal conductivity as a function of volume fraction and temperature for c) OT 

and d) KF samples. The dashed lines represent the constant thermal conductivity values, while the shaded 

regions are all thermal conductivity values in-between the dashed lines. By increasing the volume fraction, the 

radiation contribution in both samples decreases to reach the value of zero when the effective thermal 

conductivity converges to the intrinsic thermal conductivity of bulk SMP at the volume fraction of 1.   
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4.3.2. Programmable Thermal Conductance of SMP Microlattices 

The unique ability of geometrical re-programming and full-shape recovery of the SMP can 

be utilized to tweak the effective thermal properties of the 4D printed microlattices. As a 

result of heating the SMP microlattices above their glass transition temperature, they enter 

the rubbery state, and their thermal conductance can be tuned by mechanical deformation. 

This programmed thermal conductance can be retained even after removing the mechanical 

stress below the glass transition temperature and be restored upon geometrical recovery 

(Figure 4-6(a)). Deformation-induced geometrical reconfiguration of the lattice causes 

radiation view factors of the struts in the lattice to change, resulting in modulation of the 

radiation contribution. Therefore, the significant radiation contribution in low density 

architected materials enables a new strategy to manipulate thermal transport. Deformation 

of OT is stretching-dominated, where micro-struts bear the load primarily through tension 

and compression[208], whereas KF is bending-dominated where the micro-struts bear load 

via bending[209]. Since they display specific deformation behaviors during compression, 

different heat transfer mechanisms drive overall thermal transport changes during shape 

change. To demonstrate this concept, we measured the effective thermal conductance (𝐺𝑒𝑓𝑓 =

𝑞𝑖𝑛/Δ𝑇)  of OT and KF with a 5% volume fraction while applying mechanical compression up 

to 36% compression strain at 105 °C heater temperature. The strain is defined as the ratio of 

height reduction in the sample over the initial height (i.e., engineering strain). Then, the 

compression force was removed, and the lattices fully recovered the initial geometry. Figure 

4-6(b) and Figure 4-6(c) show the compression cycles in addition to the corresponding IR 

image for each strain for the OT and KF samples, respectively. The effective thermal 

conductance was measured across the samples along with decoupling the role of conduction 
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(𝐺𝑐𝑜𝑛𝑑 = 𝑞𝑜𝑢𝑡/Δ𝑇) and radiation (𝐺𝑟𝑎𝑑 = 𝐺𝑒𝑓𝑓 − 𝐺𝑐𝑜𝑛𝑑). Figure 4-6 (d) and Figure 4-6(e) 

show the measurement results of the thermal conductance and the contribution of 

conduction and radiation heat transfer modes in the OT and KF samples, respectively. The 

recovery data point corresponds to the thermal conductance measurements after complete 

shape recovery.  

 

Figure 4-6 a) By heating the SMP microlattices above their glass transition and applying an external 

compression, their thermal conductance can be tuned and retain the programmed value even after removing 

the compression at below glass transition temperatures. As a result of heating the microlattices above their glass 

transition, they recover to their initial configuration; therefore, their thermal conductance restores. 

Programmable thermal conductance in the b) OT and c) KF samples with an initial 5% volume fraction up to 

36% strain. The IR images correspond to each strain cycle for deriving the conductance information. d) The 

measured conductance values for the OT sample illustrate that by increasing the volume fraction and strut 
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densification, the effective thermal conductance increases by compression. Therefore, increasing the thermal 

conductance of OT lattices is attributed to conduction contribution. e) The measured conductance values for the 

KF sample demonstrate no strut densification while decreasing the view factors (i.e., radiation contribution) 

causes the decreasing trend in the effective thermal conductance. Therefore, decreasing the thermal 

conductance of KF lattices is attributed to radiation contribution. 

As a result of compressing the OT sample, the effective thermal conductance increases by 

66 % (Figure 4-6 (d)). This increasing trend can be attributed to a significant increase of 

156% in the conduction contribution. By compressing the OT lattice from 0% to 36%, the 

volume fraction of the sample increases from 0.050 to 0.067. More importantly, due to the 

Euler buckling of the micro-struts and the collapse of the unit cells, this compression cycle 

creates localized strut densification, which reduces the thermal transport length from 

junction-to-junction for the conduction heat transfer mode. Densification of struts was 

observed in some unit cells, even at small compression cycles. The numerical analysis cannot 

easily capture this phenomenon; therefore, we identified the expected changes from the 

volume fraction contribution on the experimental results, while the rest can be attributed to 

the densification effect. Figure 4-7 demonstrates the conduction contribution in thermal 

conductance as a function of engineering strain. The dotted line is the predicted volume 

fraction contribution using our analytical model, and the orange domain illustrates the 

difference between the measured and calculated conductance, which is attributed to the local 

densification effect. Compressing the OT sample results in the creation of new contact points 

in addition to the original junctions in the lattice structure that reduces the thermal resistance 

from the heat source to the heat sink in the OT medium.  
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Figure 4-7 Impact of volume fraction increase vs. strut densification effect to the sharp rise of conduction 
contribution in thermal conductance of the OT sample with 5% initial volume fraction.  

In particular, decreasing the thermal transport length from junction-to-junction reduces the 

overall thermal resistance and increases the conduction contribution of thermal conductance. 

For demonstrating this concept, close-up images of the compression cycles of the octet lattice 

were carefully studied. Figure 4-8 illustrates the compressed OT structure at different 

strains, and the front layout of the struts viewing the camera has been highlighted in white. 

The red lines identify the contact points between the struts while they experience 

densification. The highlighted column in the dotted line indicates the previous junction-to-

junction distance (L1), and the new junction-to-junction length is shown as (L2).  
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Figure 4-8 Close-up images of the compressed OT lattice with 0.05 volume fraction at a) 14%, b) 24%, and c) 

36% strain. The strut borders of the beams viewing the camera have been highlighted in white, and the contact 

points resulting from densification have been shown in red—the local strut densification results in a decrease 

in thermal transport length from one junction to another.  

Table 4-3 demonstrates the L2 values at different strains with L2=L1 when strain is equal to 

zero. Estimating the changes applied to thermal resistance is a reasonable guideline for 

addressing the expected increase in thermal conductance due to densification. We used the 

first-order thermal resistance circuit calculations to quantify the densification impact. For 

example, for 36% strain, by calculating the thermal resistance of single struts with L1 and L2 

heat transfer lengths, we have 𝑅1 =
𝐿1

𝜅𝐴
= 4.07 𝐾/𝑚𝑊 and 𝑅2 =

𝐿2

𝜅𝐴
= 0.43 𝐾/𝑚𝑊. As 

demonstrated in Figure 4-8, with struts #3-5 coming to contact from 6 struts in a series 

configuration, the reduction in thermal resistance of single struts translates into about a 45% 

decrease in the overall thermal resistance. Therefore, the corresponding value from the 

thermal resistance reduction can be used to justify the estimated increase in the conduction 

contribution of thermal conductance (48.6% increase) as a result of densification.  
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Table 4-3 Change in the volume fraction (𝜈) and strut densification contributions in transferring the heat 

through conduction at different strains. The reducing value of L2 as a function of strain indicates the decrease in 

the thermal resistance or the increase in thermal conductance due to strut densification. 

Strain 
[%] 

𝝂 [%] 
𝝂 Contribution 

[%] 

Strut 
Densification 

Contribution[%] 

L
2
 

[mm] 

0 0.05 100 0 1.340 

14 0.0565 82.3 17.7 1.060 

24 0.0612 57.3 42.7 0.335 

36 0.0674 51.4 48.6 0.146 

 

As a result of compressing the KF sample, the effective thermal conductance decreases by 

15% (Figure 4-6 (e)). This reduction can be attributed to a decreasing trend of the radiation 

contribution by 24%. In particular, the equivalent view factors decrease with adjacent struts 

moving further apart. Analytical calculations for compressing a single unit cell demonstrate 

how increasing the strain has an adverse impact on the radiation contribution. By 

compressing the KF lattice up to 36% strain, the volume fraction increases from 0.050 to 

0.071. Therefore, the contribution of conductance slightly increases as a result of increasing 

the volume fraction. A similar trend can be observed in the measured data throughout the 

entire sample. Figure 4-9 demonstrates the numerical results for the deformation of a single 

unit cell at 0% (Figure 4-9 (a)) and 36% (Figure 4-9 (b)). As illustrated, by increasing the 

strain, the angle between the adjacent struts increases (i.e., struts 1 and 2) while mirrored 

struts (i.e., struts 1 and 3) view each other at a closer distance. However, the view factor 

calculation for these highlighted struts demonstrates that the view factor gain between struts 

1 and 3 is ~4 times smaller than the view factor loss between struts 1 and 2 due to 
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compressing the unit cells. In all view factor calculations, the struts have been assumed as 

perfect cylindrical bars, and the analysis is valid for all struts with identical F12 and F13.  

 

Figure 4-9 Mechanical deformations of a single kelvin foam unit cell at a) 0% strain and b)36% strain. The color 

bar demonstrates the amount of deformation in mm. 

Figure 4-10 demonstrates the analytical prediction for a single KF unit cell as a function of 

engineering strain. As a result of increasing strain from 0% to 36%, the volume fraction 

increases from 0.05 to 0.071; therefore, the conduction contribution increases. However, due 

to decreasing contribution from the view factor calculations, the radiation contribution 

reduces by 17%. 

Table 4-4 Mechanical deformations of a single kelvin foam unit cell at a) 0% strain and b)36% strain. The 

color bar demonstrates the amount of deformation in mm. 

 



 

71 
 

 

Figure 4-10 Analytical calculation of thermal conductance in a compressed KF unit cell up to 36% strain. The 

conduction contribution increases due to increasing the volume fraction, while the radiation contribution 

decreases due to a reduced accumulative contribution from the strut view factors.  

4.4. Conclusions 

Additively manufactured architected materials have opened up a new avenue to create 

novel physical properties in material systems by allowing facile access to previously 

unattainable topological designs. Among various physical domains being explored, 

manipulation of thermal properties is attracting growing attention for better performance 

and energy efficiency in many engineering areas, including electronics and energy storage 

systems and the automotive and aerospace industry. This study presents a novel strategy to 

achieve programmable thermal transport in architected materials by employing the 4D 

printing approach. We investigated geometry- and deformation-dependent thermal transport 

in architected materials fabricated with a shape memory polymer via projection micro-
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stereolithography (PμSL). We also developed an analytical model to decouple conduction and 

radiation contributions for the investigated geometries. The analytical predictions 

demonstrated that above 60% of the effective conductivity in both KF and OT samples is due 

to radiation. Combined with low intrinsic thermal conductivity and high surface emissivity, 

SMP microlattice geometries with an inherently high surface-to-volume ratio create unique 

thermal transport mechanisms in architected materials dominated by radiative heat transfer 

even at low temperatures.  

At lower density regimes, radiative thermal transport becomes more significant, and, 

therefore, the geometrical configuration of the micro-struts becomes more critical in 

determining overall thermal transport in architected materials. Consequently, mechanical 

deformation of the architected materials would result in a significant change in the overall 

heat transfer, which offers a new opportunity to achieve programmable thermal transport 

with the 4D printing approach. The programmability of thermal conductance through 

reconfiguring the spatial arrangements of the struts in the KF and OT samples was examined 

with a 5% volume fraction by applying mechanical compression. Interestingly, OT and KF 

showed different trends in thermal conductance change during compression tests. Our 

experimental and theoretical analyses revealed that thermal transport in the bending-

dominated microlattice (KF) was suppressed by decreased radiation contribution. In 

contrast, thermal transport during the deformation of the stretching-dominated microlattice 

(OT) is enhanced by increased conduction contribution due to decreased junction-to-junction 

thermal transport length during Euler buckling.  
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Moreover, taking advantage of the shape memory effect of the SMP, we demonstrated that 

thermal transport in the 4D printed architected materials can be tailored via shape 

programming and recovery on demand. These results suggest that more drastic changes to 

overall thermal transport are attainable if the design of architected materials is optimized to 

align the direction of changes to conduction and radiation contributions as a function of strut 

reconfiguration. These findings provide a new understanding of thermal transport in shape-

programmable architected materials and may guide designs of future architected materials, 

dynamic or adaptive thermal control devices, and building blocks of thermal information 

processing systems. 
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CHAPTER 5  
 

Nanoscale Carbon-based Thermal Metamaterials 
 

 

5.1. Introduction to Thermal Properties of Glassy Carbon Metamaterials 

Aerospace vehicles operate in extreme conditions requiring constituent materials to meet 

stringent constraints, such as withstanding large mechanical loads and sudden impacts while 

shielding the body from high or low environmental temperatures.  However, the coupling 

between thermal and mechanical properties creates a challenge for synthesizing lightweight 

thermally insulating and mechanically resilient materials.  

The unique ability of architected materials for tunable architecture and structural 

parameters results in decoupling their mechanical and thermal properties, making them a 

promising candidate for ultralight [191] and thermally insulating systems [54]. At the 

nanoscale, new properties emerge as a result of the size effect with structures that possess 

remarkable mechanical properties, including ultrahigh stiffness [218] and high effective 
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strength up to 1 GPa [143][219][220]. While the unique mechanical properties of architected 

nanolattices have been actively investigated in the recent literature [143]-[221], the 

associated thermal properties or their capabilities of manipulating heat flows have received 

little attention. However, the thermal advantages of the proposed architected nanolattices are 

clear for two main reasons. First, heat transfer is mainly confined to the conduction of heat 

flux within a small volume fraction of the complex network of solid struts and walls, exclusive 

for each specific geometry. This geometric effect— also valid for macroscale— takes 

advantage of the porosity of the architecture and the low thermal conductivity of gases which 

allows architected materials to achieve a tunable range of effective thermal conductivity 

values [222]-[135]. Second, the intrinsic thermal conductivity of nano-struts can further be 

modified due to increased contributions of heat-carrier scattering events with boundaries 

and microscopic heterogeneities [53],[49]. 

Moreover, the size effect becomes more appreciable when the characteristic length scale 

of materials such as the film thickness or the grain size becomes smaller than the phonon 

mean free path [51],[50]. Therefore, the proposed nanolattice structures can offer extremely 

low thermal conductivity without sacrificing mechanical properties [147]. This combination 

of high specific strength and low thermal conductivity is not achievable by conventional 

materials due to the coupling behavior of thermal and mechanical properties. However, 

nanolattice materials, due to their architecture and nanoscale feature size, can potentially 

break the coupling between the physical properties of their constituent material and colonize 

a new category in the material property space. 
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The exceptional properties of the nanolattices have been a key driving force for the 

advancement of high-precision additive manufacturing techniques over the past few decades. 

Evolution of techniques such as self-propagating photopolymer waveguides (SPPW) [191],  

direct laser writing (DLW) [35], and projection-micro stereolithography [139] have resulted 

in the progressive fabrication of lattice structures with unit cell dimensions below 1µm. Two-

photon polymerization direct laser writing of the structures made from the ultra-violet cured 

polymers followed by pyrolysis of these polymeric structures allows the fabrication of 

structurally robust carbon-based nanolattices. This two-step fabrication method enables the 

production of lattice structures with exquisite feature sizes (20-200 nm) that are achieved by 

up to 80% polymer shrinkage during pyrolysis. At the same time, this process allows the 

realization of complex three-dimensional (3D) geometries that are difficult to fabricate with 

conventional subtractive methods, enabling an enormous design space. Furthermore, we 

exploit unique size effects in thermal conductivity by simultaneously optimizing the lattice 

topology and the pyrolytic carbon nanostructure, as demonstrated for mechanical strength 

[143]. Our objective is to establish fundamental understanding of thermal transport 

phenomena in carbon lattice structures of varying dimensions that can be engineered to 

exhibit unique thermal properties.  

5.2. Theoretical Approaches 

5.2.1. Phonon Transport Modeling of Carbon Nanostructures  

While theoretical studies of nanoscale thermal transport have exploited various models, 

the semi-classical Boltzmann Transport Equation (BTE) model [52] using the relaxation time 

approximation and full phonon spectral dependencies have adequately captured the thermal 
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conductivity size dependencies in semiconductor nanostructures. Thus, the thermal 

conductivity can be expressed as: 

𝜅 = 1/3 ∑ ∫ 𝐶(𝜔) 𝑣(𝜔)2 𝜏(𝜔) 𝑑𝜔𝑛    (5-1) 

where n is the phonon mode polarization, C is the volumetric phonon heat capacity, v is the 

phonon group velocity, τ is the phonon relaxation time, and ω is the phonon frequency. While 

the heat capacity and the group velocity are based on dispersion relations, the relaxation time 

accounts for multiple scattering events, which can be expressed via Matthiessen’s rule: 

𝜏−1  =  𝜏𝐵
−1  +  𝜏𝐷

−1  +  𝜏𝑈
−1     (5-2) 

where τB is due to boundary scattering, τD is due to defect scattering, and τU is due to Umklapp 

scattering. The Umklapp scattering is described by τU-1 = ATω2 exp(-C/T), where A and B are 

fitting parameters to reproduce the bulk thermal conductivity [52]. The defect scattering is 

described by τD-1 = Cω4, where C is another fitting parameter. The boundary scattering is 

described by τB-1 = v/d×(1-p)/(1+p), where d is the characteristic length scale and p is the 

specular coefficient, which represents the probability of specular phonon reflection from the 

boundary (0 ≤ p ≤ 1) as described by the Ziman’s theory [223]. Using the solutions of BTE, we 

can identify important phonon transport length scales to guide the sample designs (Figure 

5-1). Our goal is to investigate the possibilities of ultimate thermal insulation by maximizing 

the boundary scattering by exploiting spectral phonon properties. The thermal investigations 

will provide relevant information to the thermal management of advanced semiconductor 

systems and their efficiency, performance, and reliability. Architected nanolattices will enable 

studying size effects induced by the thickness and pitch scaling (Figure 5-1). Metamaterials 

are expected to show novel thermal transport mechanisms, including phonon boundary 

scattering, backscattering, coherence, and confinement effects [48] due to their architecture. 
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Assuming phonon boundary scattering with completely diffuse boundaries and using bulk 

dispersion relations in the framework of BTE, contours of constant thermal conductivity lines 

can be generated and provide the design space of metamaterials. Figure 5-1 shows the 

contour plot of carbon lattice structures as the thickness (t) or the pitch (p) scales, depending 

on the phonon mean free path (Λ), the thickness scaling modulates phonon transport from a 

diffusive (t or p > Λ) to a ballistic transport regime (t or p < Λ). Ultimately, scaling both the 

thickness and the pitch will lead to ultrathin nanolattices, with significant reductions in the 

thermal conductivity. The role of porosity in conjunction with the size effect result in further 

reduction of the thermal conductivity. Assuming an octet cell lattice for modeling the effective 

thermal conductivity, we incorporated the volume fraction using 𝜌̅ = 6√2𝜋 (
𝑡

2𝑝
)

2

.  

Figure 5-2 demonstrates the role of porosity provided by the architecture in the effective 

thermal conductivity of the lattice structure (𝜅𝑒𝑓𝑓 =
𝜌̅

3
1/3∫ 𝐶(𝜔)𝑣(𝜔)Λ(𝜔, 𝑇)𝑑𝜔). More than 

4 orders of magnitude reduction in the effective thermal conductivity would not be practical 

due to the constraints implemented by additive manufacturing techniques. However, Figure 

5-2 provides the theoretical values to be achieved due to incorporating the porosity and size 

effect to a specified precursor.  
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Figure 5-1 Thermal conductivity contour exploring diffuse to ballistic phonon transport regimes as the strut 

thickness and the pitch scale, respectively. Each line accounts for a constant thermal conductivity of carbon 

lattice structures (right). The contour model assumes the size effect in phonon transport by diffuse boundary 

scattering. 

 

Figure 5-2 Effective thermal conductivity of glassy carbon nanolattices by incorporating the porosity provided 

by the architecture of the unit cells.  
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5.3. Materials and Experimental Approaches 

5.3.1. Fabrication of Glassy Carbon Structures 

 Manufacturing of the glassy carbon nanowires and nanolattices consists of two 

production steps. First, the polymeric templates are fabricated using the 3D-DLW (Photonic 

Professional Nanoscribe GmbH). Then, in the subsequent pyrolysis step, the polymeric 

templates are transformed into glassy carbon structures in a vacuum tube furnace at 900°C. 

The details of the pyrolysis process can be found in [143]. During the pyrolysis, the polymeric 

structures shrank by roughly 80% compared to their initial polymeric template. The resulting 

structures were glassy carbon nanowires with an average length of 48 m and a diameter of 

75 nm.  

5.3.2. Electrical Resistance Thermometry 

We characterized these glassy carbon nanowires' thermal and electrical properties using 

electrical resistance thermometry [224]. In particular, we used the 3ɷ technique with a 4-

probe configuration to do simultaneous measurements of the electrical and thermal 

conductivities from room temperature to 748K in addition to the measurement of heat 

capacity. The measurement was performed in a cryostat chamber (Janis VPF-800) in a high 

vacuum environment (<105 Torr). A radiation shield was utilized for minimizing the radiation 

heat loss. We applied an increasing current (Keithley 6221) and measured both AC (25 Hz) 

and DC resistance of the sample using the linear region of the resulting voltage curve read by 

the lock-in amplifier (SR830) and multimeter (Keysight 34465A), respectively. A precise 

estimation of the change in resistance as a function of temperature is a crucial factor for the 

accurate measurement of thermal conductivity. To measure the temperature coefficient of 
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resistance (𝑇𝐶𝑅 =
1

𝑅0

𝑑𝑅

𝑑𝑇
), we used an embedded temperature controller inside the chamber 

(Lake shore 330) for increasing the temperature within 30mK and measured the electrical 

resistance after the temperature was stabilized. A platinum resistance temperature detector 

(RTD) was placed on top of the sample holder, and the temperature of the sample was 

corrected for accurate TCR measurements.  

 

Figure 5-3 Electrical resistance thermometry technique for thermal conductivity, electrical conductivity, and 

heat capacity measurement of nanowires and nanolattices.  

The experimental setup for the 3 technique is demonstrated in Figure 5-3. We used an 

alternating current at the frequency of  that resulted in temperature oscillation and, 

therefore, resistance oscillation at 2. Consequently, multiplication of the current at  and 

resistance at 2 results in the third harmonic of the voltage (𝑉3𝜔 = 𝐼𝜔 × 𝑅2𝜔), which carries 

information about the thermal conductivity of the sample. The equation below shows the 

correlation between the third harmonic of the voltage and the thermal conductivity [225]: 

𝑉3𝜔 =
4𝐼3𝐿𝑅0

2𝑇𝐶𝑅

𝜋4𝜅𝐴𝑐√1+2𝜔𝛾
 𝑤𝑖𝑡ℎ 𝛾 =

𝐿2

𝜋2𝛼
, 𝑤ℎ𝑒𝑛 

16𝜖𝜎𝐵𝑇0
3𝐿2

𝑑𝜋2𝜅
≪ 1      (5-3) 
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where I is the applied current, 𝑅0 is the resistance of the sample at room temperature with no 

induced Joule heating, 𝐴𝑐 is the cross-sectional area, 𝐿 is the length, 𝜖 is the emissivity, 𝛼 is 

the thermal diffusivity, 𝑑 is the diameter of the sample, and 𝜎𝐵  is the Boltzmann constant. 

Notice that when 𝜔𝛾 → 0, thermal conductivity becomes independent of frequency and can 

be calculated without further knowledge of the material’s thermal diffusivity. In the case of 

samples with 75nm average diameter and 48 𝜇𝑚 lengths, the maximum frequency was found 

to be 50 Hz. This value is derived experimentally and differs for samples with a different 

geometry. While this approach is rather complex, it is more sensitive to the temperature rise 

(< 1K) and improves the accuracy of thermal conductivity and heat capacity measurement. 

5.4. Results and Discussion 

5.4.1. Electrical Conductivity Measurement 

 Figure 5-4(a) exhibits the I-V curve for both DC and AC (25 Hz) measurements at room 

temperature. The slope of the linear fit to the ohmic region of the I-V curve is accounted for 

as the electrical resistance. The resistance starts dropping when Joule heating increases the 

wire temperature, and in this range, both AC and DC signals start to deviate due to the heat 

capacity of the wire. Figure 5-4(b) shows the electrical resistance values as a function of 

temperature. Global heating of the chamber was used for heating the sample to 748K, and the 

temperature was corrected using a resistance temperature detector (RTD) attached on top of 

the chip holder. Like other carbon allotropes, the TCR is negative in glassy carbon nanowires; 

therefore, the resistance decreases with temperature. The electrical resistance values can be 

converted into electrical conductivity using the equation below: 

𝜎 = 𝐿/𝑅𝐴          (5-4) 
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where L is the length, A is the cross-sectional area, and R is the electrical resistance of glassy 

carbon nanowires. As demonstrated in Figure 5-5, the electrical conductivity increases 

linearly with temperature in the studied temperature range. The dependence of electrical 

conductivity on temperature can be fitted using the model of the thermally activated 

electrons [226],[227] : 

𝜎(𝑇) = 𝜎0𝑒−𝜖𝑎/𝑘𝐵𝑇           (5-5) 

The activated energy of the glassy carbon nanowires was 8.75 meV which corresponds to an 

energy of activation at 101.45K, which is in good agreement with previously reported values 

[228]. 

 

Figure 5-4 a) DC and AC electrical resistance measurement at room temperature. The linear fit on the I-V curve 

carries information about the resistance of the wire. b) The electrical resistance has been derived using the slope 

of the DC linear fit to the ohmic region of the I-V curve at each average temperature. 
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Figure 5-5 Electrical conductivity of the wires as a function of global heating of the chamber. The electrical 

conductivity increases as a result of thermally activated electrons. The dashed line represents the modeling for 

the thermally activated electrons. 

While the 3𝜔 method is more complex than other thermal characterization techniques, it also 

provides a higher degree of accuracy for temperature rise. This technique can measure the 

thermal conductivity of glassy carbon wires with less than 1K temperature rise accuracy. 

Thus, this method results in more accurate measurement, mainly when the thermal 

conductivity changes rapidly with the temperature.  

5.4.2. Thermal Conductivity Measurement 

Utilizing the 3ɷ technique with a 4-probe configuration, we measured the third harmonic 

of the voltage by sweeping the frequency between 10-1000 Hz at a constant current value 

(Figure 5-6). The temperature rise due to the Joule heating below 50 Hz is a result of 

conduction and is independent of the heat capacity of the wire. Therefore, we use this 

frequency range for measuring the thermal conductivity using the equation below: 

𝑉3𝜔 =
4𝐼3𝐿𝑅0

2𝑇𝐶𝑅

𝜋4𝜅𝐴𝑐
   𝑤ℎ𝑒𝑛 𝜔𝛾 → 0        (5-6) 
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where I is the applied current, 𝑅0 is the resistance of the sample at room temperature with no 

induced Joule heating, 𝐴𝑐 is the cross-sectional area, 𝐿 is the length, 𝜖 is the emissivity, 𝛼 is 

the thermal diffusivity, 𝑑 is the diameter of the sample, and 𝜎𝐵  is the Boltzmann constant. 

Error! Reference source not found. Figure 5-6(b) demonstrates the thermal conductivity as a

 function of temperature for glassy carbon nanowires. Almost linear trend in the increase of 

thermal conductivity with the temperature is typical of glass-like structures. This linear trend 

indicates that the dominant phonon scattering mechanism is lattice disorder [229].

 

Figure 5-6: a) Swiping the third harmonic of the voltage from 10 to 1000 Hz. The values below 50 Hz are 

frequency-independent; therefore, we can calculate the thermal conductivity using Equation 5. The dependency 

of the third harmonic of the voltage on frequency contains information on the thermal conductivity and heat 

capacity of the glassy carbon wires. b) The thermal conductivity of glassy carbon nanowires increases as a 

function of temperature as an intrinsic behavior of amorphous materials. 

 

5.4.3. Heat Capacity Measurement 

This method also allows us to characterize the heat capacity of the wires as a function of 

temperature. We measured the third harmonic of the voltage from 300 K- 645 K, sweeping 
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the frequency between 10-1000 Hz at 250 nA (Figure 5-7 (a)). The third harmonic of the 

voltage above 50 Hz is a function of frequency and contains information about the thermal 

conductivity and heat capacity of the glassy carbon wires. Using the previously characterized 

thermal conductivity of glassy carbon wires at elevated temperatures, we could extract the 

volumetric heat capacity as a function of temperature (Figure 5-7 (b)) via global heating of 

the stage in our JANIS VPF-800 vacuum chamber. We used the Debye model for modeling the 

volumetric heat capacity of phonons at elevated temperatures as stated in the equation 

below: 

𝐶𝑣 =
9𝑛𝑎𝑘𝐵𝑇3

𝜃𝐷
3 ∫

𝑥4 𝑒𝑥𝑝(𝑥)𝑑𝑥

(𝑒𝑥𝑝(𝑥)−1)2

𝜃𝐷/𝑇

0
               (5-7) 

 

where 𝑛𝑎 is the atomic number density and 𝜃𝐷 is the Debye temperature. By estimating the 

Debye temperature as 592 K, the dashed line represents the analytical prediction of 

volumetric heat capacity for glassy carbon wires. It is worth mentioning that the volumetric 

heat capacity of diamond-like carbon is 3.2 × 106 𝐽

𝑚3.𝐾
 [230] while the volumetric heat 

capacity of graphite is 1.4 × 106 𝐽

𝑚3. 𝐾
 [231]. 
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5.5.  Conclusions 

Here, we characterized glassy carbon nanowires with an aspect ratio as large as 640, in 

which the nanowire length is in an average of 48 µm, and the diameter is in an average of 75 

nm. The significant length to diameter aspect ratio allowed for the characterization of the heat 

capacity and thermal conductivity. We used an electrical resistance thermometry technique 

known as the 3ω method to simultaneously characterize the glassy carbon nanowires' 

electrical conductivity, thermal conductivity, and heat capacity over a wide range of 

temperatures. The electrical conductivity of the glassy carbon nanowires increases from 

22740 S/m at room temperature to 27757 S/m at 748 K, and their thermal conductivity 

increases from 2.4 Wm-1K-1 at room temperature to 7.0 Wm-1K-1 at 748 K. The increase in 

Figure 5-7: a) Third harmonic of the voltage as a function of frequency at temperatures between 300 K to 645 

K. The third harmonic of the voltage contains information about the thermal conductivity of the glassy carbon 

wire below 50 Hz and carries information on the heat capacity plus thermal conductivity in frequency ranges 

above 50 Hz b) The calculated volumetric heat capacity as a function of temperature. The dashed line 

represents the modeling of the volumetric heat capacity of phonons for glassy carbon nanowires. 
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electrical and thermal conductivities is attributed to an increasing rate in graphitization ratio 

as a function of temperature. The volumetric heat capacity of glassy carbon nanowires 

increases from 2.2×106 J/m3K at 300 K to 2.6×106 J/m3K at 645 K, and this increasing trend 

was captured by modeling the phonon heat capacity in solids. 
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CHAPTER 6  
 

Summary and Conclusions  
 

 

Additively manufactured thermal metamaterials have opened up a new avenue to 

synthesize unique physical properties in material systems by controlling previously 

unattainable topological designs. The properties of these engineered materials are 

determined by their geometrical structure rather than solely by their chemical 

composition and micro/nanostructure. Among various physical domains, the 

manipulation of thermal properties is of particular interest, motivated by the quest for 

better performance and energy efficiency in many engineering systems, with applications 

in the electronics,  energy storage, automotive, and aerospace industries. This dissertation 

explored a novel approach for manipulating heat flows by investigating the thermal 

transport phenomena in micro and nanoscale architected thermal metamaterials. We 

started by developing a topology optimization approach for tailoring the conduction heat 

transfer path and employed it to define thermo-mechanically optimized heat guiding 

structures for thermal management in electronics. Subsequently, we implemented 
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analytical and experimental techniques to explore the role of architecture on the heat 

transfer mechanisms in different lattice material systems. The architecture design defines 

the conduction path for heat transfer, while the high surface-to-volume ratio of 

architected materials results in a significant radiation contribution, which is surprisingly 

dominant even at low temperatures. Since thermal transport is closely tied to the spatial 

configuration of the lattice architecture, reconfiguring the spatial arrangement through 

deformation enables a new strategy for manipulating the heat flow leading to potential 

programmability of thermal transport. At the end of this work, we began exploring the 

role of size effects on the design and performance of thermo-mechanical nanolattice 

materials. Novel additive manufacturing approaches based on two-photon 

polymerization Direct Laser Writing and pyrolysis enable fabrication of carbon 

nanolattices with dimensional control at a scale of ~100nm. While recent work 

demonstrated the mechanical advantage of scale reduction in these materials systems 

(the lack of large-scale defects enables ceramic materials to attain near-theoretical 

strength), its effect on thermal properties remains unexplored. Here we applied an 

extremely sensitive thermal metrology technique to measure thermal transfer in simple 

nanolattice building blocks as a function of temperature.  While preliminary, these studies 

open the door to thermo-structural design and fabrication of nanolattice materials for 

high-temperature applications.  

6.1.  Contributions of the Dissertation 

• We investigated the role of topology on thermal transport in metallic heat guiding 

structures (Ch. 2). We developed a  numerical platform for topology optimization of 
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metallic heat guiding structures using thermal, mechanical, and thermomechanical 

objective functions. The resultant structures possess a topology with optimized 

thermal resistance and mechanical stiffness, subject to a specific volume fraction 

constraint.  Experimental characterization of topologically optimized 3D printed heat 

guiding structures demonstrates a 29% lower thermal resistance in the serpentine 

heat guide compared to its reference counterpart with an identical mass. The 

thermomechanically optimized heat guiding systems can be a stepping stone for the 

next generation of multifunctional thermal management solutions for electronic 

packaging. 

• We studied the role of architecture on the thermal conductivity in hollow nickel 

microlattices with 99.9% porosity (Ch. 3). The high porosity of microlattices strongly 

limits solid conduction and makes surface radiation the dominant mechanism in thermal 

transport, even at relatively low temperatures. By comparing hollow nickel microlattices 

with smooth and rough surfaces, we studied the role of emissivity on the radiation 

contribution. Our analysis reveals that the sample with the highest surface-to-volume ratio 

and surface emissivity has the most significant radiation contribution. Additionally, the 

compression dependant thermal characterizations revealed that the thermal properties can 

be tuned due to geometry reconfiguration in recoverable lattice structures.  

• We investigated a programmable thermal transport in Kelvin foam and octet truss 

lattice metamaterials (Ch. 4). Due to their distinctive deformation mechanisms, the 

two lattice topologies exhibit different thermal responses to mechanical compression. 

For example, in stretching-dominated octet lattices, the effective thermal conductance 

increases as compression progresses, while bending-dominated Kelvin foams exhibit 
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the opposite behavior. These findings suggest new avenues for programming the 

thermal transport in shape memory-based architected materials upon applying 

external stimuli and can be realized for developing future dynamic thermal systems. 

• Finally, we performed a preliminary investigation on heat flow control at the 

nanoscale by exploring the transition from diffusive to ballistic phonon transport in 

carbon nanolattices (Ch. 5).  Utilizing a state-of-the-art two-step additive 

manufacturing process, consisting of two-photon polymerization direct laser writing 

followed by pyrolysis, carbon nanowires could be fabricated with an exquisite feature 

size of 75 nm as the building blocks of carbon nanolattices. First, the thermal and 

electrical properties of additively manufactured carbon nanowires were characterized 

using electrical resistance thermometry. Subsequently, the ultralow thermal 

conductivity of carbon nanolattices was analyzed by employing architecture to the 

carbon nanowires. By exploiting both geometric and, size effects in carbon 

nanolattices, combining high specific strength and low thermal conductivity can help 

colonize a new territory in the material property space, with unique applications in 

high-temperature aerospace systems.  

6.2.  Future Research Directions 

6.2.1. Passive thermal switches using 4D printed architected materials 

A thermal switch is a device for controlling thermal transport that provides thermal 

conduction or insulation upon demand. The capability of 4D printed architected materials can 

be utilized for programming the thermal transport, therefore designing a thermal switch. 

However, providing external stimuli in SMP systems is the major challenge for passive 

thermal control.  
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Liquid crystal elastomers (LCE) are a class of stimuli-responsive polymers that undergo 

drastic shape changes upon exposure to different stimuli such as heat or light [232][233]. In 

addition, LCEs can undergo a reversible shape change in the absence of external stimuli due 

to cross-linking in an aligned state [234]. Requiring no external loads for this reversible 

change makes them an ideal candidate for passive thermal applications. Furthermore, in 

response to heat, aligned LCEs contract along the orientation direction in liquid crystal 

molecules and expand in the perpendicular direction [234]. Therefore, as a result of 

incorporating LCE to architected materials using 4D printing additive manufacturing 

technique, passive thermal switches can be realized. Figure 6-1 demonstrates a passive 

thermal switch metamaterial with LCE  struts. Upon heating, the LCE struts bend and create 

a thermal contact while after being cooled the lattice restores its original shape.  

 

Figure 6-1: LCE-based architected materials can create a thermal connection in struts made out of LCE upon 

heating without any external stimuli. The structure would reverse to its original shape upon cooling. The 

reversible thermal contact created due to exposure to heat can be realized to define a new class of thermal 

switches.  
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We used the analytical approach discussed in Chapters 3 and 4 to identify the effective 

thermal conductivity of LCE-based thermal switch structures before and after the transition 

for a rough estimation of the switching ratio of these architected metamaterials. First, we 

calculated the volume fraction of the architected thermal switch as below: 

𝜈 = 23√2𝜋 (
𝑡

𝑙
)

2

      (6-1) 

where t is the strut thickness, and l is the strut length, as demonstrated in Figure 6-1. We 

estimated the conduction contribution using FEM analysis for structures before and after the 

transition as below: 

Before Transition: 𝜅𝑐𝑜𝑛𝑑 ≈
5

11
𝜈𝑝𝑜𝑙𝜅𝑝𝑜𝑙 +

11

500
𝜈𝐿𝐶𝐸𝜅𝐿𝐶𝐸    (6-2) 

After Transition: 𝜅𝑐𝑜𝑛𝑑 ≈
5

11
𝜈𝑝𝑜𝑙𝜅𝑝𝑜𝑙 +

3

10
𝜈𝐿𝐶𝐸𝜅𝐿𝐶𝐸         (6-3) 

Where 𝜅𝑝𝑜𝑙 is the intrinsic thermal conductivity of the structural polymer and 𝜅𝐿𝐶𝐸  is the 

intrinsic thermal conductivity of LCE. 𝜈𝑝𝑜𝑙 and 𝜈𝐿𝐶𝐸  are the percentage of volume fraction 

dedicated to structural polymer and LCE, respectively. By assuming 𝜅𝑝𝑜𝑙 to be 0.1 Wm-1K-1 

[235] and 𝜅𝐿𝐶𝐸  to be 0.4 Wm-1K-1 [236] we examined the thermal conductivity as a function 

of volume fraction at different surface emissivity values. For evaluating the volume fraction, 

we assumed a constant strut length of 𝑙 = 1 𝑚𝑚 and sweeped the thickness from 1 𝜇𝑚 to 

140 𝜇𝑚.  The structures before and after the transition demonstrate an initial increase in the 

effective thermal conductivity dictated by the increase in conduction and radiation 

contributions followed by a decrease in the effective thermal conductivity as a result of a 

reduction in the radiation contribution at higher volume fractions.  Different colors represent 

the investigation of the impact of surface emissivity. At higher emissivity values the effective 

thermal conductivity increases as a result of the increase in the radiation contribution while 
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at surface emissivity value of zero the effective thermal conductivity merges to the conduction 

contribution.  

 

Figure 6-2: Thermal conductivity of LCE architected metamaterial before (Left) and after the (Right) transition. 

The effective thermal conductivity increases at first with the increase of volume fraction due to rising trends in 

conduction and radiation contributions and then decreases with the sharp reduction in the radiation 

contribution.  

After the transition, the reconfiguration of LCE struts reduces the radiation view factor 

between most struts, as shown in Figure 6-3. 

Figure 6-3: Reconfiguring LCE struts reduces the view factor between most struts after transition, as shown in 

the table.  

To identify the role of radiation, we investigated the switching ratio by sweeping the surface 

emissivity between 10−6 and 100 as illustrated in Figure 6-4. The switching ratio is defined 

as the effective thermal conductivity of the architected metamaterial after transition over the 

effective thermal conductivity before the transition. Since the LCE thermal switch mechanism 
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creates a thermal contact, the highest switching ratio is dedicated to the ratio of conduction 

contributions after and before the transition. Therefore, incorporating the radiation 

contribution reduces the switching ratio significantly. As demonstrated in Figure 6-4, the 

switching ratio of 100 can be achieved at a volume fraction of 5% when only the conduction 

mode of heat transfer is considered.  

 

Figure 6-4: The switching ratio of the LCE architected metamaterial as a function of volume fraction. The 

conduction switching ratio increases with the volume fraction; however, the radiation switching ratio first 

decreases then increases due to the ratio of radiative thermal conductivity trends demonstrated in Figure 6-3. 

The analysis is done for different surface emissivity values to identify the role of radiation. Activation of the 

radiation heat transfer mode deteriorates the performance of the LCE thermal switch.  

We assumed the surface emissivity value of 0.5 and investigated the role of the intrinsic 

thermal conductivity of LCE in the final switching ratio. As demonstrated in Figure 6-5, the 

increase of volume fraction causes the conduction mode of heat transfer to take over; 

therefore, the switching ratio of the effective thermal conductivity values increases. On the 

other hand, the switching ratio of the radiative thermal conductivity decreases with the 
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advance of volume fraction. Consequently, activating the radiation heat transfer mode results 

in a decrease in the switching ratio.  

 

Figure 6-5: The FEM results demonstrate the temperature distribution in the architected thermal switch at 

different volume fractions. The plot presents the switching ratio as a function of volume fraction with different 

intrinsic thermal conductivities of LCE when the thermal conductivity of the structural polymer is fixed at 0.1 

Wm-1K-1. The switching ratio increases with the increase of volume fraction since conduction becomes the 

dominant mode of heat transfer.  The increase of  LCE thermal conductivity results in a larger switching ratio of 

the effective thermal conductivity values,   

In conclusion, by modifying the volume fraction by changing the design parameter or 

modifying the intrinsic thermal conductivity of LCE via incorporating highly conductive 

fillers, we can design a thermal switch with an effective thermal conductivity smaller or larger 

than the initial structure for the desired application.  

6.2.2.  Thermal rectification in nanoscale architected materials 

The idea of controlling the heat flux through thermal rectification in solids has been of 

significant interest to scientists and engineers for many years. While the early research was 



 

98 
 

focused on the impact of interfacial effects on dissimilar materials [237][238][239] to realize 

thermal rectification, advancement of nanomaterials provides a new opportunity for 

exploring rectification using surface and volumetric processes. Recent studies have 

demonstrated the possibility of thermal rectification in asymmetric nanostructures using 

molecular dynamics [240][241][242], Monte Carlo [243], and ray-tracing simulations [244]. 

The results of these studies indicate that thermal rectification can happen in nanostructures 

with feature sizes within the length of phonon mean free path by asymmetric boundary 

scattering effects of ballistic phonons. However, thermal rectification in asymmetric 

nanostructures has not been experimentally demonstrated in the literature.  

The design of carbon nanolattices by controlling size, geometry, and nanostructure can 

provide a platform for potential heat flux manipulation beyond classical approaches. 

However, understanding the heat transfer phenomena in complex nanolattices and 

asymmetric geometries is challenging; therefore, ray-tracing simulations can be a primary 

tool for studying multi-dimensional phonon scattering and investigating a potential thermal 

rectification in asymmetric nanostructures. Using  Landauer-Büttiker formulism [245], the 

thermal conductance can be expressed as below: 

𝐺 = 𝐴 ∫ 𝐶𝑣〈𝜏〉
𝑑𝜔

4
      (6-4) 

where 𝐴 is the cross-sectional area, 𝐶 is the volumetric heat capacity, 𝑣 is the group velocity,  

〈𝜏〉  is the average transmission coefficient, and 𝜔 is the phonon frequency. The ray-tracing 

method with Monte Carlo integration can be used to identify the average transmission 

coefficient for asymmetric nanolattices where 300000 phonons are launched at one end in a 

random initial position and 〈𝜏〉 is calculated based on the ratio of transmitted phonons over 
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the total number of launched phonons. This method has been validated with the results 

published for silicon nanomeshes and nanoporous membranes [48].  

The design of asymmetric struts (Figure 6-6 (b)) for nanolattices shows a potential thermal 

rectification with diffuse surface boundaries. When the surface boundaries are diffuse, the 

phonon transport direction becomes randomized upon boundary scattering and the heat flux 

(𝑞𝑟𝑒𝑣
" ) significantly reduces from wide to narrow regions by the increase of asymmetry. 

However, phonon confinement [241] and changes in the phonon density of states [246] 

causes a more substantial reduction in the heat flux from the narrow to the wide direction 

(𝑞𝑓𝑤𝑑
" ).The mismatch in the heat flux reduction in the forward and reverse directions is the 

key basis for the thermal rectification.  

 

Figure 6-6: a) Experimental setup with heating and sensing membranes to measure thermal conductance in 

reverse and forward directions. b) Ray-tracing simulation setup for the asymmetric nano strut as a building 

block of nanolattices. The left end diameter is fixed at 1µm, but the right side diameter changes from 1 µm to 10 

nm. The boundaries are assumed to be diffuse. 

Figure 6-7 demonstrates the preliminary simulation results for the asymmetric cone-shaped 

nano strut. The rectification is scaled by the geometrical asymmetry, which directly results 

from the phonons entering the interface in parallel with a collimator. 
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Figure 6-7: Preliminary ray-tracing simulation results for the asymmetric nano strut demonstrated in Figure 

6-6 (b). The simulation considers the full detail of the geometry for ballistic phonon transport. Phonons were 

injected in both directions, and the rectification was calculated based on the difference between forward and 

reverse heat flux values over the forward heat flux value. The top and bottom surface boundaries are assumed 

to be periodic.  

One possible lattice topology that can provide thermal rectification with the investigated 

asymmetric strut design is depicted in Figure 6-8. However, further optimizations of the 

structure are required for satisfying the mechanical performance and manufacturing 

constraints of each proposed lattice design. Therefore, integrating the ray-tracing simulation 

into a genetic optimizer for optimizing the geometrical parameters is required for accessing 

a topology that meets the optimal thermal rectification performance.  The final design would 

then be fabricated using a combination of two-photon polymerization (2pp), direct laser 

writing (DLW) followed by pyrolysis in a vacuum furnace at a temperature of ~900 °C. The 

resultant nanostructure comprises graphitic segments that are embedded in amorphous 

carbon regions [247].  
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Figure 6-8: The asymmetric nanolattice design for realizing a potential thermal rectification. The gradient in 

the diameter of the struts creates an asymmetric geometry.  

While thermal and mechanical properties of the nanostructure are strongly affected by 

the processing parameters, their relationship is poorly understood. Therefore, a systematic 

study of the polymerization process and controlling the pyrolysis parameters for examining 

the phonon transport in the resultant carbon nanostructure is substantially required.   
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Appendix A 
 

A.1. View Factor Derivation 

The topology of the lattice structure requires providing the view factors between the struts 

and the void space and among struts. Figure A-0-1(a) demonstrates the configuration of a 

tilted cylinder, which creates four different cases in terms of the view factors. 

 

Figure A-0-1: a) Configuration factor between an inclined cylinder and planes of void surfaces b) between 

adjacent tilted cylinders. 
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Following the approach used by Henry Weckman [248], we define new variables in Equation 

(A-1) with the parameters defined in Figure A-0-1(a) as below:  

𝑎 =
ℎ

𝑟
, 𝑏 =

𝑥

𝑟
, 𝐴 = √𝑎2 + (𝑏 + 1)2 − 2𝑎(𝑏 + 1)𝑠𝑖𝑛𝜃     

𝐵 = √𝑎2 + (𝑏 − 1)2 − 2𝑎(𝑏 + 1)𝑠𝑖𝑛𝜃 , 𝐶 = √1 + (𝑏2 − 1) cos2 𝜃 , 𝐷 = √(𝑏 − 1)(𝑏 + 1)        

𝐸 =
𝑎. 𝑐𝑜𝑠𝜃

𝑏 − 𝑎. 𝑠𝑖𝑛𝜃
, 𝐹 = √(𝑏2 − 1), 𝐺 = √(𝑎2 + 𝑏2 + 1)2 − 4(𝑏2 + 𝑎2 sin2 𝜃)     

𝐻 = 𝑎2 + (𝑏 + 1)2,   𝐼 = √(𝑏2 − 𝑠𝑖𝑛2 𝜃)            

 (A-1) 

Utilizing the new variables, the view factor for each of the 4 cases are listed below: 

Case 1: 

𝜋𝐹𝜈 = −𝐸𝑡𝑎𝑛−1𝐷 + 𝐸 [
𝑎2+(𝑏+1)2−2𝑏(1+𝑎.𝑠𝑖𝑛𝜃)

𝐴𝐵
] tan−1 (

𝐴𝐷

𝐵
) +

𝑐𝑜𝑠𝜃

𝐶
[tan−1 (

𝐴𝐵−𝐹2𝑠𝑖𝑛𝜃

𝐹𝐶
) +

tan−1(
𝐹𝑠𝑖𝑛𝜃

𝐶
)]                                                                                                                            

  (A-1(a)) 

Case 2:  

2𝜋𝐹𝜈 = − (
𝑎2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

2(𝑎2 sin2 𝜃+𝑏2)
) ln [

𝑎2+𝑏2−1−
2𝑎𝐹

𝑏
𝑠𝑖𝑛𝜃

𝑎2+𝑏2−1+
2𝑎𝐹

𝑏
𝑠𝑖𝑛𝜃

] + (
𝑐𝑜𝑠𝜃

𝐼
) [tan−1 (

𝑎𝑏

𝐹
+𝑠𝑖𝑛𝜃

𝐼
) + tan−1 (

𝑎𝑏

𝐹
−𝑠𝑖𝑛𝜃

𝐼
)] +

(𝑎𝑏.
𝑐𝑜𝑠𝜃

𝑏2+𝑎2𝑠𝑖𝑛𝜃
) (

𝑎2+𝑏2+𝐼

𝐺
) [tan−1 𝐻𝐷−2𝑎.𝑠𝑖𝑛𝜃

𝐺
+ tan−1 𝐻𝐷+2𝑎.𝑠𝑖𝑛𝜃

𝐺
] − (2𝑎𝑏.

𝑐𝑜𝑠𝜃

𝑏2+𝑎2𝑠𝑖𝑛𝜃
) tan−1 𝐷                                                                                                            

(A-1(b)) 

 

Case 3: 

𝜋𝐹ℎ = tan−1 (
1

𝐷
) +

𝑠𝑖𝑛𝜃

𝐶
[tan−1 (

𝑎𝑏−𝐹2𝑠𝑖𝑛𝜃

𝐹𝐶
) + tan−1 (

𝐹𝑠𝑖𝑛𝜃

𝐶
)] −

[
𝑎2+(𝑏+1)2−2(𝑏+1+𝑎𝑏.𝑠𝑖𝑛𝜃)

𝐴𝐵
] tan−1 (

𝐴𝐷

𝐵
)                                                                                     

   (A-1(c)) 
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Case 4: 

2𝜋𝐹ℎ = 2 tan−1 (
1

𝐷
) + (

𝐹𝑠𝑖𝑛𝜃

𝐼
) [tan−1 (

𝑎𝑏

𝐹
+𝑠𝑖𝑛𝜃

𝐼
) − tan−1 (

𝑎𝑏

𝐹
−𝑠𝑖𝑛𝜃

𝐼
) − 2 tan−1 (

𝑠𝑖𝑛𝜃

𝐼
)] −

(
𝑎2+𝑏2−1

𝐺
) [tan−1 (

𝐻𝐷−2𝑎𝑠𝑖𝑛𝜃

𝐺
) + tan−1(

𝐻𝐷+2𝑎𝑠𝑖𝑛𝜃

𝐺
)]                                                                 (A-1(d)) 

Following the approach provided by Ameri et al.[249], we use the geometric parameters 

specified in Figure A-0-1(b) for changing the variables in Equation (A-2), and we calculate 

the view factor in Equation (A-2(a)). 

𝐶 =
𝑐

𝑟
, 𝐿 =

𝑙

𝑟
, 𝑋 = 2.42𝐶 − 2.24 

(A-2) 

𝐹1−2 = 0.089 (
𝑋

2.59
)

−0.95

(
𝐿

𝑋
)

−0.16

exp (−
1

1.86
|
𝑙𝑛𝐿

𝑋
|
1.61

) 

(A-2(a)) 

Lastly, the view factor of adjacent equal struts at an angle of 𝛼, as demonstrated in, is 

calculated (Equation A-3) using the approach introduced by Howell et al. [214]. 

 

Figure A-0-2: Schematic of adjacent equal bars located at an angle of α towards each other. 

Figure A-0-2 demonstrates the schematic of adjacent equal bars located at an angle of α 
towards each other. 

𝐹1−2 = 𝐹2−1 = 1 − sin (
𝛼

2
)              (A-3) 

 


