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GLOBAL EXISTENCE OF
SMALL DISPLACEMENT SOLUTIONS FOR
HOOKEAN INCOMPRESSIBLE VISCOELASTICITY
IN 3D

BOYAN JONOV, PAUL KESSENICH, AND THOMAS C. SIDERIS

ABSTRACT. The initial value problem for Hookean incompressible
viscoelastic motion in three space dimensions has global strong
solutions with small displacements.

In memory of Bob Glassey,
penetrating mathematician, inspiring teacher, patient mentor,
and friend.

-T.C.S.

1. INTRODUCTION

This article establishes the global existence of strong solutions to the
equations of motion for viscoelastic Hookean incompressible materials
in R3, with small initial displacements. The equations of motion take
the form

(1.1a) OF +v-VF —-VuF =0
(1.1b) Ov+v-Vo+Vr —uV - (FFT) =vAv
(1.1c) V.-v=0,

in which (F,v,7):[0,T) — SL(3) x R?® x R represent the deformation
gradient, velocity, and pressure, expressed in spatial coordinates. The
central point of this article is that the restriction placed on the
size of the initial data (F' — I,v)|,_, is to be uniform with respect to
the Reynolds number Re = v~ > 1. This system can be viewed as the
Oldroyd-B model at infinite Weissenberg number with conformation
tensor 0 = F'F arising in the theory of complex fluids.

Global existence of small displacement solutions for incompressible
isotropic elastic materials (v = 0) was obtained in [I6] and [I7]. Thus,
the result in this paper establishes the stability of a nonlinear elas-
todynamic system under a viscous perturbation. Earlier versions of
the results in this paper appeared in works of the first two authors

[8], [9],[7]. The restriction to Hookean materials is made here only for
1



2 BOYAN JONOV, PAUL KESSENICH, AND THOMAS C. SIDERIS

technical simplification. A scalar analog involving a dissipative pertur-
bation of a scalar nonlinear wave equation with nearly null structure
was presented in [6].

On the other hand, the system reduces to the Navier-Stokes equa-
tions, under the hydrodynamical limit obtained by sending the elastic
modulus p — 0. In R®, the Navier-Stokes equations have a global
strong solution for initial velocities which are small relative to v =
Re ™!, see [10]. Of course, uniformity in v is lost (or at least unknown)
for incompressible fluids in 3d, and therefore, one can think of the effect
of the tangential component of the elastic stress, which is present only
when g > 0, as a kind elastic of regularization. Unsurprisingly then,
in this paper the smallness restriction on the initial data is sensitive to
the size of p > 0, and this value will be fixed below.

There is an extensive literature on the existence of solutions to the
equations of viscoelastic fluids, see for example [1], [2], [3], [4], [5], [11],
[12], [13], [14].

The proof of the global existence theorem is based on the energy
method for symmetric systems using rotational and scaling vector fields.
The presence of the elastic stress term implies the local decay of energy
inside a forward space-time cone of small aperture, beginning with the
analysis of the linearized problem in Proposition [6.9} The scaling op-
erator is vital in this step. Use of the rotational vector fields in three
space dimensions yields strong Sobolev inequalities leading, in turn,
to the basic interpolation estimates described in Section [5} For small
displacements, the decay of local energy and the interpolation inequal-
ities can be combined to bootstrap the nonlinear terms to obtain the
requisite a priori bounds for the energy. The precise null structure of
the nonlinear terms in the Hookean case is crucial in completing this
portion of the argument, see .

The challenge is to adapt this essentially hyperbolic method to a dis-
sipative system. The energy provides control of the dissipative quan-
tity v fg |Vu(s)]|7.ds, however, because the goal is to obtain estimates
uniform in v, this term, paradoxically, is of little use. In fact, dissipa-
tion complicates the local energy estimate by introducing extra terms
and requiring an additional time integration in comparison to the case
v = 0. The commutation properties of the scaling operator with the
linearized operator is also disrupted by the presence of dissipation, see
(4.2al), making it necessary to carefully monitor the use of the scaling
operator. Consequently, norms will take into account the total number
of derivatives as well as the number of instances of the scaling operator.
The associated notation is explained in the next section, followed by a
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complete statement of the main result, Theorem The proof of the
theorem will be presented in the remaining sections.
2. NOTATION
Partial derivatives will be denoted by
V=(9), and 0=(9,V).
Define the antisymmetric matrices
Z1=e30€e—ey®e3, Ly =€, Qe3—e3®ey, L3 =e3Re; —e; R e,

where {ei, ey, e3} represents the standard basis in R®. The rotational

vector fields €2; are defined as the Lie derivative with respect to the
vector fields

Q=2AV = (Q)imy = (Zez, V)i
Thus we have
ﬁm = Qr, for 7:R3>—>R,
fNng =Qu —Zw, for v:R®— RS,
O F = QF —[Z,, F], for F:R®>— RS,

where [-, -] denotes the commutator of two matrices. We will rely heav-
ily on the decomposition

w x
(2.1) V=wd——ANQ, w=-.

r r

We also define the scaling operators
So=(z,V) =710, and S =10+ ro,.
For a more concise notation we shall write
I ={Vv,Q}.

The scaling operators are not included in I" because their occurrence
will be tracked separately as is evident in the following definition of the
solution space:

XP1=U=(G,v):R* - R¥™ x R? : Z ISeTU (t)|| 2 < o0

lal+k<p
k<q

for integers 0 < ¢ < p. This is a Hilbert space with inner product
(U1, U)xea = > (SETUy, SETU) 2.

la|+k<p
k<q
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Thus, p indicates the total number of derivatives taken, while ¢ indi-
cates the number of occurrences of Sy. Here, G = F' — I plays the role
of the displacement gradient, and v represents the velocity. We do not
include the pressure in the solution space because it will be expressed
as a function of U = (G, v), see ([3.2d).

The energy associated with a solution U = (F' —I,v) = (G, v) of the

PDEs ([Ta), (I-IE) is given by

t
EalUl) = > {%IIS’“F“U(t)IIinrV/O VS T0(s)||72 ds
la|+k<p
k<q

If U(0) = Uy, then the energy at time ¢t = 0 will be denoted as
1
EpalUo] = &,4[U(0) = EHUOH?XP«Q'

We mention a few additional notational conventions. We write (t) =
(1+2)/2. Summation on repeated indices is understood. Although all
indices are lowered, the first will be treated contravariantly, and the rest
will act covariantly. For vector-valued functions v, Vv is the matrix-
valued function with entries (Vv);; = 0;v;. If F' is a matrix-valued
function, then V - F' is the vector-valued function with components
(V- F); = 0;F;;. We will use F; to denote the j™ column of F.
We write A < B to mean that there exists a constant C' > 0 such
that A < C'B. All constants explicit or implied are independent of
0<v<l.

3. MAIN RESULTS

Here now is a complete statement of the result to be proven. Since
we shall consider small displacement gradients, we rewrite the system

in terms of G = F — I. We shall return to the original system in
Theorem [3.3] below.

Theorem 3.1. Fiz p = 1. Choose (p,q) with p > 11 and p > q > p*,

where p* = [1%5]

There are constants Cy, C7 > 1, 0 < ¢ < 1 with the property that if
vy € XP? satisfies

(3.1) V-vug=0 and Collvo|[5pepr (1 + |[vo]lxra) < 7,
then there is a unique pair (G,v) : [0,00) x R3 — R3*3 x R3 such that

U = (G,v) € C([0,00); XP9) N (] C*((0, 00), XP7F7F)
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and (G, v) satisfies the PDEs

(3.2a) 0,G —Vv=VuG —-v-VG

(3.2b) ov—V-G-—vAv=V-(GG")—v-Vu—Vr
with pressure

(3.2¢) ™= A"'9,0; [GxGj1, — viv;]

and initial data (0,vy).
Moreover, U = (G, v) satisfies the estimates

(3.3) EpglUN(t) < C1&p (U] <t>ClE and  Ep p[U](t) < e,
fort €10,00).

Outline of Proof. The strategy is the same as was used for the scalar

model problem studied in [6]. The system ({3.2a)),(3.2b)) is locally well-
posed in XP9. The norm in X?? can be controlled by an expression

involving &, ,[U](t), and thus, global existence follows by showing that
EqlU](t) remains finite. Here, we shall focus only on establishing the
a priori estimates . The proof of these estimates will be spread
across the remaining sections. U

Corollary 3.2. The solution pair (G,v) given in Theorem satisfies
the constraints

(34a) V-v=0
(3.4b) V-GT=0
(3.4c)  OkGij — 0,Gir = G;0Gar, — Gu0iGij = Quji (G, VG).

Proof. Let 6 =V -v and £ =V -G'. Then (B.2a),(3.21),(3.2d) imply
that

HE—-Vi=G'Vé—v- V¢
00 —V-&E=v-Vo+ 6%

Since (&, ) vanishes initially, (3.4al),(3.4b|) follow by uniqueness.
We will prove (3.4c|) after the next result. O

We now connect Theorem [3.1] to the original problem.

Theorem 3.3. If (G,v) is the solution pair given in Theorem (3.1
then F' = I + G 1is the velocity gradient of the flow determined by v
expressed in spatial coordinates, F : [0,00) x R3 — SL(3), and (F,v)
satisfies (|1.1al),(1.1b)),(1.1c)).
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Proof. (F,v) satisfies (|1.1a)),(1.1b)),(1.1c) by (3.2a)),(3.2b)),(3.4a)),(3.4b)).

Since p > 3, we have XP? C H?, and thus, the velocity vector field
v € C([0,00), XP) is a bounded C" function on R? for each t € [0, ),
by the Sobolev lemma, and it is continuous in t. As such it defines a
flow on R? through

Dtx<t7y) :U(t,l’<t,y)), ‘T(Ohy) =Y.
By (3.4al), V-v = 0, and so z(t, -) is a one-parameter family of volume

preserving deformations of R®. The deformation gradient Fj;(t,y) =
(Dyx)ij(t,y) = Dy, z5(t,y) is the unique solution of the system

(3.5) D.F(t,y) = Vou(t,z(t,y))F(t,y), F(0,y)=1.
Since x(t, -) is volume preserving, we see that F : [0, 00) x R® — SL(3).

Since F' solves (L.1a)), F(t,x(t,y)) solves the initial value problem
(3-5), and so, F(t,z(t,y)) = F(t,y).

The inverse y(t,-) of the deformation z(t,-) is called the reference
or back-to-labels map, and it takes spatial points x to material points
y. Using this, we see that F(t,z) = F(t,y(t,r)), which shows that
F' is the deformation gradient in spatial coordinates. It follows that
F :]0,00) x R® — SL(3).

O
Proof of . Referring to the previous paragraphs, the deformation
gradient satisfies the relation Dy, Fyy(t,y) = D,, Fy;(t,y). Switching to
spatial coordinates, this is equivalent to the compatibility condition
Fup0Fij = Fy;00Fy,. Since F' = I + G, this, in turn, implies .

O

4. COMMUTATION
Using the following notation:
U= (G,v), where GeR>? vecR?
we define
AV)U = (Vu,V-G), BU=(0,v),

and the linearized ovperator

LU = (10, — A(V) —vBA)U.
We can then rewrite and as
(4.1a) LU = N(U,VU) + (0,—V),
where the nonlinearity is of the form

(4.1b) N(U,VU) = (N(U, VU), Ny(U, VU))
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with
N (U, VU) = VoG — v - VG,
No(U,VU) =V - (GGT) —v - V.
Lemma 4.1. Let p > 3 and p > q > 1. Suppose that

(4.1¢)

q
(G,v,7) € C([0,00); XP9) N [] C*((0, 00), XP~F97F),
k=1
Then for any integer k and multi-index a such that 0 < k < q and
la| + k < p, there holds

k—1

(4.2a) LS'TU = (S + D'TLU +v ) (-1)* (k> BASTU
. J
Jj=0

(4.2b) (S + 1)*I*N(U,VU)
Ik
= Y BT N(SMTUU, VShTen)

CL1' (IQ' k’l' k’g

a)+tag= a
k1+ko=

(4.2¢) (S +1Dfrevra = vskr%.
We remark that when & = 0 the sum is empty in (4.2a)).

Proof. The linear operator L defined in (4.1al) is translationally and
rotationally invariant which implies that

LU =T°LU
The scaling operator S, however, does not commute with L. Since
S =(S+1)o
AS =(S+2)A,
we have for any k£ > 0
LS* = (S + )"0, — A(V)) — vB(S + 2)*A
= (S+DFL+vB[(S+1* — (S +2)fA.
We complete the proof of with
(S+1DFA =[(S+2) - 1FA

_ Z( ) (S +2)y(=1)F7A
= (S+2)FA + ki(—l)’“—j (k’) AS7.

=0 J
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The statement (4.2b]) for the nonlinear terms is also a consequence
of the Leibnitz-type formulas

I'N;(U,VU) = N;(T'U,VU) + N;(U,VI'U),
(S+1)N;(U,VU) = N;(SU,VU) + N;(U,VSU), j=1,2.
The statement (4.2¢|) is also easily verified. O

The appearance of the additional summand on the right-hand side
of (4.2a)) will force us to proceed by induction on k.

Lemma 4.2. Let p > 3 and p > q > 1. Suppose that

q
(G.v) € C([0,00); XP) 1 () C¥((0, 00), XP~H7H)
k=1
satisfy the constraints (3.4a)),(3.4b),(3.4c). Then for any integer m and
multi-index a such that 0 < m < q and |a| + m < p, there holds

(4.3a) V- S"I"v =0
(4.3b) V- (S™"T*G)' =0
(43C) 8k(SmF“G)U — 8] (SmFaG)lk

al m!

= Y Qiju(S™MT G, VS™TQ)

a1! (12! m1! mgl

a]tag=a
mit+mo=m

= Qiin(G,VGQ).

Proof. These statements follow by applying (S + 1)"T'* to the equa-
tions (3.4al),(3.4b),(3.4c) and commuting with V. Our convention for

computing 2,0 is
(QZQ)ijk = QQijk — (Z0)irQrjr + Qise(Ze) yj + Qijx (Ze) k-

Lemma 4.3. Let p > 3 and p > q > 1. Suppose that
q
(G v) € O([0,00); X74) N [) C*((0, 00), XPH75),
k=1

If w is defined by (3.2), then for any integer k and multi-index a such
that 0 < k < q and |a| + k < p — 1, there holds

S’T“W = A_lﬁﬁjSkF“ [(GGT)U — Uﬂ]j] .
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Proof. Write
Ar = 818] [(GGT>U — ’Uﬂ)j] .

It is straight-forward to check that

AST = (S + Q)Aﬂ' = 818JS [(GGT)” - UZ"Uj]
and B B B

AQkﬂ' = QkAT(' = azﬁij [(GGT)U — Ui'Ujj| .
It follows that

ASkFaﬂ' = 8¢8jSkFa [(GGT)U — Uﬂ)j:| .

5. BASIC INEQUALITIES

The results in this section will be used to estimate the nonlinear
terms. This is the only place where the dimension n = 3 enters the
argument.

We introduce cut-off functions to distinguish two time-space regions,
referred to as interior and exterior. Define

(5.12) <<t,x>=w(%) and 1(t,z) = —w(M),

where

1, s<1/2

<0 d (t) = (1+t3)V2
o ST v and =)

e C=R), ¥(s) = {
The parameter ¢ > 0 in the definition of ( and n will be chosen later
to be sufficiently small. Note that this is not a partition of unity. The
cut-off functions satisfy the following inequalities:

(5.1b) 1<C+n and 1—n<?
and
(5.1¢) (r+ ) ||90a(t,2)| + [am(t. 2)]| S 1.
We define the following localized energy:
(5.2) VoalUI®) = > KV TU D)7 q <p.
Jal<p=1

This quantity will be estimated in Section [7]
The next three Lemmas were proven in [6], (with the slight notational
difference that the quantity ), , is denoted by y;,?g.)
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Lemma 5.1 (Proposition 6.2, [6]). Suppose that U = (G, v) : [0,T) x
R? — R¥3 x R? satisfies (3.4a)),(3.4b) and

Vs 0lU](t) + E20[U](t) < 0.
Then using the weights (5.1al), we have

(5.3) ICU®) e S Mo U)(E) + () EF V()

(5.4) Ir¢ VU ) = S V3FIUNE) + (07 &5 [U]()

(5.5) I CU®) le S WG lU)() + ()7 E L UN().
Lemma 5.2 (Lemma 7.1, [6]). Suppose that U : [0,T) x R3 — R3*3 x
R?. If

k1+k2+|a1|+|a2|§]§ and kl—i‘/{?ggq_,

then we have

| CISET U] 1S=T U )] 1
1/2 —1e1/2 1/2
S (Wi 010+ @076, 010 S5, 010),

provided the right-hand side is finite.
In the special case when ks + |as| < p, we have

I (ST e) S0 () o
1/2 101/2 1/2
S (92 MO+ 07, 010 010,

provided the right-hand side is finite.

Lemma 5.3 (Lemma 7.2, [6]). Suppose that U : [0,T) x R3 — R3*3 x
R3. If
ky+ ko +lai| + |ao] <p  and Kk + ko < g,
then we have
| nISHTU@] ST U] e S ()7 Efnsy 15 VIO U,
provided the right-hand side is finite.
In the special case when ks + |as| < p, we have

| ST U@ SPTHUE] i S (7€) 15 [V1(OE VN,

)

provided the right-hand side is finite.

This next result takes into account the constraints, and it will play
a key role in assessing nonlinear interactions in ((10.7)).
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Proposition 5.4. Suppose that U = (G,v) : [0,T) x R? — R3*3 x R?
satisfies (3.4a)),(3.4b) and E0[U](t) < oo, for allt € [0,T). Then
In GO wlle + I nw-v(t)e= S & 2EFUNE).
Proof. Taking U = (G,v) and w = z/|x|, define
wRwU(tz)=(wewG((tr),w®wu(tx)).
Note that
Qw=0,
and so N N
Qwewl]|=wewQU.
The key point is that, from the gradient decomposition (2.1]) and the

constraints (4.3al), (4.3bf), we have

Z lw @ w 8,Q°U]|

lal<1
< Z[ 1(6,0°0) | + |w - amﬂ Z|§NZ“U|.

la]<1 |a|§2
We appeal to the following inequality
1/2
Ul S | D 100U 12 > 199U |12
lal<1 al<2
which follows from Lemma 3.3 (3.14b) of [15]. Apply this tonw®w U.
Since (t) < r on the support of 7, we have
2 [ n GO wlze + 1 nw-vd)]7]
SlrnwewUllie
SY o hwew e > [9he @ w Ul

lal<1 lal<2

S llw®w dln QU2 Y 199U 2.

la|<1 la]<2

Using (5.1c)) and ([5.6]), this is bounded by
S [l @wn 0,00 2 + ) QU] S 19002
la]<1 la|<2

N NQUIE S @) U](1).

la]<2
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This shows that
1 G(t) Wl + | mw-v(t)[[1 S (6) > E0[U](1),
from which the Proposition follows. O

Following our notational conventions, we may write (G'w); = w-G ;.

6. ESTIMATES FOR THE LINEARIZED SYSTEM

In this section we provide estimates for solutions of the linearized
system

(61&) @G —Vv=H
(6.1b) Ov—V-G—-—vAv=h
(6.1c) 0:Gij — 0;Gir = Qi 1, J,k=1,2,3.

Lemma 6.1. Assume that o in s sufficiently small and that
v < 1. Assume that the functions H, V- H, @), and h all belong to the
space L*([0,T]; L*(R3)), for some 0 < T < oo.

If U = (G,v) is a solution of (6.1al),(6.1b]),(6.1c|) such that

sup &11[U](t) < oo,
0<t<T

then for any 0 <6 <1,

/0 @° [ICTU 2, + 12| Av2] dt
< U{TY 26, 0[U)(T) + / (1028, [U](1)dt
+ /O Y 20V -G,V - H) e

+ 1CQIIZ: + ICH |72 + IChllZ2] dt.

Proof. Multiplying (/6.1a]) and (6.1b]) by ¢ and using that S = t0; +710,,
we have that

tVv =—r0,G+ SG —tH
tV -G+ tvAv = —rd,v + Sv — th.
Next, we multiply each equation by ¢ and take the L?-norm
ICtVul|Ze < [ICrayGliza + GGl + ICtH |7
¢tV - G52 + V2| CtAV||32 + 2(CtV - G, CtrAv) 12
< NI¢ropollz: + 1¢Svllze + [IGth]| 2.
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Adding the two inequalities, we obtain

(6.2) * ¢V - G2 +20(CV - G, (Av) 2 + v* || CAV| L2 + (V] [Z:]
< €ro, Ul + EalUN(E) + (ICHIIZ + ICRlI172),

where U = (G, v).
Taking the divergence of (6.1a)), we have

Av=0,V-G-V- -H
and so we can write the inner product as
(6.3) 2v(CV-G,(Av)2 = 2v(CV -G,V -G)2—2v(CV-G,(V-H) 2
The first term can be bounded below as follows:

(6.4) 20V -G,COV -Gy
:y/ C20,|V - G2dx
R3

> 1,)|CV - G2 — C’u/ Y - G2
R3

1
> v/CV - Gl — 5 1CV - Gl
— 2024 (1) 2|V - G2,

where we have used Young’s inequality and the fact that by (5.1c)),
9,¢? < C¢(t)™!, for some constant C. Inserting (6.3) and (6.4) into
(6.2) and using ||V Gt)|3. < E11[U](E), we have

1
(6.5) ¢ {V&IICV Gl + SlICV - Gllie + V2 [ICAV] L2 + [CV0l[Z:

SCro. U7 + Ea[U)(t) + 20t ((V - G,(V - H)
+ 2 ((ICH 22 + ICRIZ:)-

Choosing 0 < 6 < 1, we multiply (6.5) by (¢)°~2, and then we
integrate

T
(6.6) / 202 [LCV - G2+ 2 ICAu|E + (Vo] dt

T
5/ ()72 [llcro,Ullze + £ [U](t) + 207(CV - G, ¢V - H) o
0

+ *(||CH |72 + [[ChlI72)] dt

T
—/ (1) 200,||CV - G||3.dt.
0
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Next, we estimate the time-derivative term on the right hand side.
Since

O (vt (1) %) = vt ()1 (24-0%) < 2wt ()72 < L)'+ CVA (1),

integration by parts yields

T
—/ 21772 v9,||CV - G|32.dt
0

T
S/ (A2 + CvP ()" ) [|KV - G|72dt
0
T

T
<3[Ry Gl + 0 [ @ e v0ar
Substitution in gives

T
/O ()" [FICV - GlILe + VI AV[IZ: + [V l|Z:] dt

~Y

T
S / O [IKro, U172 + Ea[UN) + 208*(CV - G, (Y - H) 12
0
+ 2(|CH[72 + [ICA1Z2)] dt.

By Lemma (below), we can relpace the divergence term on the
left-hand side by the full gradient

T
/ 282 [|CVU |22 + 2IIC A2 dt
0

T
< / (02 [ICra U2 + EU](E) + 202(CY - G, (Y - H) 1o
0
+ 2(ICQIZ: + ICHZ2 + [IChlZ2)] dt.
Using that 2 = (£)2 — 1 and [|[(VU(t)||2. < £11[U](t), we can write

T
| @ 17U + w2 caul] at

T
< / (102 [ICro U2 + E0a[U)(E) + 12 CAv |2
+2tA(CV -G, CY - H) g
T P(ICQIE + ICHI s + IchIZ)] dt
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Since r < o(t) on the support of ¢, we have the following estimate:

T T
| @i < [ o 1au a
0 0

For small enough o, the last term can be absorbed on the left-hand
side of the main inequality and thus, we obtain

T
(6.7) / 0 [ICVU 22 + 2ICAv]2.] dt

T
s / ()72 [Ea[U)(t) + P2 (ICAD1 72 + 2082(CV - GLCV - H) g2
0

+ 2([1CQIZ2 + ICH|Z2 + [IChlI72)] dt.
The Laplacian term on the right has the following bound:

T T d t
/ (0022 ¢ Av|Zadt — / (1 / CAD|Padsdt
0 0 t 0
T T t
(2t [ oaoldt + [ =07 [ IcAu]adsar
0 0 0

ST 28,0[UNT) + v /0 {t)072&, o[U](t)dt.

Substituting into (6.7]) and using that v < 1, we arrive at
T
/O ) VU + v [[CAv]2.] dt
T
< U(T)P2€,,[U)(T) + / (0 2E0[U)(1)dt
0

+ /0T<t)" 20(CV -G, (VY - H)p»
+[1CQIIT2 + ICH 72 + [IChlI7] dt.
O
In the proof of Lemma , we used the following estimate:
Lemma 6.2. If G € H'(R3 R**3) and
(6.8) 0xGij — 0;Gir = Qijk
fori j,k=1,2,3 and ||Q||Lz < oo, then

1 .
SICVEIL: —1IKV - GllLa S (071G + 1ICQI--
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Proof. The constraint implies that

V-G = —0,Gyy0,Ga
= —0k(0;Gi;Gir) + 0;0:G ;G
= —0k(0;GijGir) + 0;(0;Gir + Qujr) Gk
= —0k(0,Gi;Gir) + 0;0;GiGir, + 0;Qijk Gk
= —0k(0,G4;Gir) + 0;(0;GirGir) — 0;Gir0; G, + 0;Qijn G
= —0,(0;G;Gir) + 0;(8;Gir.Gir.) — |VGI* + 0;Qijx G-
Therefore, we have

IVGF -V G|2 = 0;(0;GiGir) — 0k(0,Gi;Gir) + 0;Qiji Gk

We next multiply by ¢? and integrate

ICVGIL: = 1KV - GlIZ

= [ ¢?10;(0;GixGir) — 0x(0,Gi;G)] dx + / C?0;QijnGirda
R3

R3
s [ corwelcis + [ o QulGalts — [ CQuoGads
R3 R3 R3

1

< 5IKVGIL: + CO) Gz + ClICRIIL,

N |

where we have used Young’s inequality and |V (?| < ((t)~'. The state-
ment of the lemma follows immediately from this inequality. U

We now establish a higher order version of Lemma [6.1] Define

(6.9) Z U1 = Y AS TWOF:, a<p.

la|+k<p—1
k<q

Proposition 6.3. Assume that o in (5.1a) is sufficiently small and
that v < 1. Fiz 0 < q < p. Suppose that

S*TeH, V-S*T*H, S*T°Q, S*T*h € L*([0,T); XP~*10) k=0,...,q,
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for some 0 < T < oo. IfU = (G,v) is a solution of (6.1a)),(6.1b]),(6.1c)
such that

sup &, 411[U](t) < 00,
0<t<T

then for any 0 <60 <1,
/0 1) VoalU)(0) + 12 Z,gU)(1)] dt
< TV 2, ,[u](T) + / ()28, g [U](1)dt

+ D {/OT<15>9[2V<CV - SFTUGL ¢V - (S + DT H) 1

la|+k<p—1
k<q

+HC(S + 1) Q172 + [I¢(S + DT H |72 + [IC(S + l)kl““hlliz]dt} :

Proof. The proof proceeds by induction on g. Applying the vector fields
SmT m < q, m+|al < p—1, to (6.1a]),(6.1b)),(6.1c) and using the
commutation properties (4.2al),(4.2b)),(4.3c), we obtain the PDEs

(6.10a) 0G -V =H
(6.10b) 00—V -G — vAT = hy
(6.10c) 0Gij — 0;Gix = Qiji.
where we have used the notation

G=95"T"G

v=S"T"%

H=(S+1)"T"H

(6:11) @z‘jk = (S+ 1)"TQyj

m—1

ho = (S +1)"Th — S (~1)" (m> vBASTU.
, J
7=0

Fix m = 0, and note that hy = ['*h (i.e. the sum is empty). Apply
Lemma [6.1 to (6.10a), (6.10Db]),(6.10c) and sum over |a| < p — 1. This
directly yields the result when g = 0.

Next, assume that the result holds for ¢ = ¢’ — 1, with ¢’ < p. Take
m < ¢, m+ |a] <p—1, and note that

1CRol122 S IC(S + 1)™T%h|[22 + 12 2, 01 [U](2).
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By the induction hypothesis, the quantity

2 [ 0z

has the desired bound, so the result for ¢ = ¢’ follows by summation
overm < ¢, m+|a| <p-—1.
O

7. LocAL ENERGY DECAY

In this section we establish localized energy decay estimates for the
nonlinear equation using a bootstrap argument and an application of
Proposition [6.3] We remind the reader that the quantities Y, ,[U](t)

and Z, ,[U](t) were defined in (5.2) and (6.9), respectively.

Theorem 7.1. Choose (p,q) so that p* = [’%5} < q < p. Suppose that
U= (G,v) € C([0,T); XP?) is a solution of (3.2a),(3.2b),(3.2c) with

sup &,,4U](t) < o0,
0<t<T

and

(7.1) sup &y [U](1) < &2,

0<t<T

for some € sufficiently small. Then

mm)luwmwlm@+ﬂ%yﬂmwﬁ

sup (£) &, [U](2), 0<f+vy<1
0<t<T
<

log(e +T) sup &y < [U](t), 6=1

0<t<T

and

T
120) [0 P V10 + 120, 010
< sup (6)77ELUI(E), 0<f+v<1.
Proof. Assume that the pair (p, q) satisfies the hypotheses. Then
p>p =5
Choose any pair (p, ) with
(7.3) g<p<p, §<gq.
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An application of Proposition yields
T
(T43) [0 DralV(0) + 0 Z5qlU1(0)]

ST 20T + | )2 V)0t T+,

where

(7.4b) Z / 21/ (CV - SkreG ,CV - (S+1)kFaH>L2dt
lal+k<p—1

and

(7.4¢) Z / *[lics +vireql:.
lal+k<p—1

1CCS + 1T HI: + 11C(S + 1T A3 at
with the following inhomogeneous terms:
H=VvG —-v-VG
(7.4d) h=V -(GG")~v-Vo—-Vr=h —Vr
Qijt = GnjO0mGit — Gpe0nGij.

It follows from (4.2b)) and (4.3c) that
IS0 + D) T H |72 + 16(S + DTl + IC(S + 1) T Qujel |7
S Y lgstTeulvstreu||i,

~Y

a1+a2:a
k1+ko=k

S D lISHrmUlvStreU]|z.,

e
since |[¢| < 1. For the pressure term, we have by and Lemma
3l
IC(S + DFTVr[7. < [I(S + 1) TV 1
= |VS* T 7|72
= [I[VA™'9,0,5"T* [(GGT)ij — vivs] |72
< D IS Tmul[vstTeul|.,

altag=a
k1+ko=k
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since the operators A7'9;0; are bounded on L?. From (7.4d), this
proves that

T
6 P2
(7.5a) J < /0 (t)" R .dt,
with
(7.5b) R, = > [[SH Ty | |VSkreu||2..
k1+kgtlay|+lag|<p
k1+ka<q
ko+lag|<p

Next, we turn to the estimation of the integral I, defined in ((7.4b)).

According to (7.4d)) and (4.2b)), we have, adopting the notation (|6.11
‘v (S + 1) TH — V- [ViG — v - vé]‘

< ) VA VSkIeE ShTUG — $MTM - V SR,

Y

al+tag=a
k1+ko=k
ko+lag|<k+]|al

It follows that
(7.6) | S L+ o] + I,
with

I = /Twy(gv -G,V - (VIQ)) 2dt

T ~ ~
L= [ @'V G.0V - (v V) pad,
0
and
T
(7.7) I — / () R,y YU dt.
0

Let us first consider I;. Using the standard Sobolev inequality, we
have

[Ullz + VUl S E35°U1(1) < E45-U10) <,
since p* > 5 > 3. It follows that

(7.8)  V[{CV -G, ¢V - (VIG)) ]
SVICVT 2 (1IN0 5w €T 2 + 1 V251122 )
< ve V010 (357 1010 + 169551 )
S & (VpalU)) + 2 IC V2 ).
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For the final term in ((7.8), we derive a coercivity inequality. Using
integration by parts, we have

(7.9) 1CV?0|32 = Z / (040 0") (OO0 ) d
k,m R3
=— Z (O6C?) (0 0") (0300 )
R3
+Z/ (0 C?) (O V) (AT d
+Y [ ClATPdr.
k,m R3

Using (5.1d), we obtain |V(?| < ¢(¢)~!, and so (7.9) yields
1V Z2 < ()7 IV L2 [CV20]| 22 + [[CAT] 2
S M7HICVA 22 + M) 2|Vl 72 + [|CAD| 2,
for any M > 0. Choosing M sufficiently large, we obtain the bound
(7.10) ICVZB]1 72 S (072 (IVOIZ2 + ICATZ
< (1) 2EpqlUN(1) + Z54U)(1).
Altogether, from ([7.8)) and ([7.10]), we conclude that

(T11) 0] S (0726 lUN0) + VpalU)®) + V2254 [U)(D)).
To estimate Iy, we write

(V- G,(V - (v V@)1

CQ( ) 8k(vm8 le)d

C (V- G)i(Ovm) (O Gix) dx

C(V-G)i(v- V)V - G)idz] .

R3

The first term is easily estimated by

C (V- @)i(O4vm) (0nGa)dz| < [IVU 1= [[CVT 172

S eVpalU](1).
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For the second term, we use integration by parts and the fact that
V-v=0

GV Olv: V)V - Cda

3 [, G-IV G|’d

- ]—% [ w99 G

< ()1 UlIVG|2d

s [ d VG
8 U o || VG 22| €V E 2
ORI ONE 10

X
S ({0 2E5alU1(8) + VpalU1(1) ).
This shows that
(112) B S e((07264U1(1) + VpalU)() + V2 Z54U)(1))
Since v < 1, we have by Young’s inequality, that

(7.13) <M / T(t>9yﬁ,q[U] (t) dt + M / T(t)eR;q dt.

Combining (7.6), (7.13)), (7-11)), and (7.12), we conclude that
T
T14) 15 [ 0" Ui
0
T
e 7 [ (Ball )0 + 25,010
0

T
+M/ (1)’ R2 .dt.
0

Upon assembling the estimates (7.7)),(7.4a)),(7.5a)),(7.14]), we obtain

/0 1) [VralU)() + 12 2, [U](1)] dt
< U{T)2E, [U)(T) + / (028 g [U) ()t

e [0 (a0 + 2 Zyl00) )t
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T
+M/ ()’ R2 Jdt.
0

By taking e sufficiently small and M sufficiently large, the middle in-
tegral can be absorbed on the left, resulting in

(7.15) / () [VpalUN(E) + 122, 4(U) ()] dt

< (TY2E, JUN(T) + /0 e, U0t + /O T<t>0}z;th.

Recalling the definition ((7.5b|) and applying Lemmas we have
that

(716) RS (YpalU)0) + (07 lU)0) EalU)0),

where
L, [p+5] [1_3]
The estimates , imply that
T

(7.17) / 07 [VpalU(t) + v 25 [U)(0)] dt

T
SU) 26 UIT) + [ 0" g U0

0

+ / (0 (VralUNE) + ()2 Ep [UN0) ) EpalU) (1)t

Now choose (p, §) = (p*, p* — 1), which is consistent with the require-
ment (7.3)). Since p* > 5, there holds

S|P ED Lo | :
p [ 5 ] >pP, g { 9 } >p
In this case, our estimate ((7.17)) yields

/0 1) [V e a[U)(t) + V22 s [U)(8)] dlt
< T2, [U](T) + / (1)1-28, e [U) (1)t

[0 BV + 072 V10 e U0

By the assumption ([7.1]), we obtain
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T
/ 1 Yy e [U1(0) + 12 Zpe e [U)(0)] dt
0
T
< U{T)I 26,0 [U)(T) + / (1026, [U) (1)t
0

+5/T@WMﬁV4UHQMt

The last integral can be absorbed on the left, if € is small enough, and
we obtain finally

T
(7.18) / O [Vpr pr—1[U(t) + 1V Zpe 1 [U](1)] dt
0
T
SUT) 2 [UNT) + [ (0726 U011
0
Choose v > 0 so that 0 < # +~ < 1. From (|7.18]) we obtain
T
/0 1) [V alU](E) + 122, e 1 [U](1)]

< sup ()76, [U](1) [<T>9+H T / T<t>9+v—2dt} ,

from which the results (|7.2a)) follow directly.
Finally, going back to (7.17), we take (p,q) = (p* + 1,p*), which is

also consistent with (7.3]). Note that
p=p +1<p, q+1l=p +1<p,
N AR N e L
2 2
since p* > 5. We get from ([7.17))

and

/0 0 V10 V1) + 1221, [U]()]
< UTY-2,,[U)(T) + / (1)728, ,[U](t)dt
[0 a0+ 0728 010 U )
Let v > 0 with 0 <6+ ~vy < 1. By and (7.1]), this yields

/0 1) Vi [U)(E) + V22 e [U)(0)]
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S sup ()778,[U](1)

0<t<T

T
<T>9+'y—2_|_/ <t>0+'y—2dt
0

N / T<t>9+”yp*7p*—1[U J(t)dt

0<t<T

+ sup Eppr [UKt) /0T<t>9+7_2dt]

A

sup (t) &, 4[U](t) {1—1— sup Ep« pr [U](t)]

0<t<T 0<t<T

sup (t)7E,q[U](¢) [1+ 7]

0<t<T

sup (t)77&p [U](1).

0<t<T

This completes the proof of ([7.2b]).

AN

A

8. BAasic ENERGY ESTIMATE

Lemma 8.1. Suppose that U = (G,v) € C([0,T); X??) is a solution
of (3.2al),(3.2b),(3.2c|). Then

(8-1) 8p,q[U](T) 5 5p,q[U0]
alg—a
k1 +ko=k

la|+k<p
k<q

/ T(N(S’“lralU(t), vSkT2U(t)), SFTU (1)) podt | .

Proof. Taking the L? inner product of
LU =0,U — A(V)U —vBAU
with U = (G, v), we obtain
(52) U, U0) — (AVUE), V(D)
— (vBAU(t),U(t)) 2 = (LU(t),U(t)) 2.
The second term on the left of vanishes
(AVYU(), U) 12 = —(Vo(t), Gz — (V- G(t), v(t)
= —(Vu(1), G(t)) 12 + (G(1), Vo(t)) 12 = 0.

Using integration by parts, the third term on left of (8.2)) can be written
as
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WBAU®), Ut e = (wAv(t),v(t)) e — / w0 (t)lt)da
R
= —/R3 voLvi(t)Opvs(t)dr = —v||Vou(t)]|3e.
Therefore, becomes

%atHU(t)“%? +VI[Vo®)l[Z: = (LU (), U(1)) 2.

Integration over time gives

T

S0+ [ I9oladt = ST+ [ @U. U,

which implies that for 0 < T < Tj

EuolUNT) = Exolti] + | (LU, U@ et

For p > ¢ > 0, we apply the above estimate to higher order derivatives
SkTaU and together with the commutation property (4.2a]) we obtain

(8-3) gp,q[U] (T) = gp q[UO] +1

N Z/ (S + DFTULU(t), STU (1)) gedt,

la|+k<p
k<q

where

Z Z/ < - ( )VBASJF“U(t),SkF“U(t)> dt.

|+k<p =0 Lo

For ¢ > 0 we show by integration by parts that

/ T(UBASjF“U(t), SFTAU(t)) podt
_ / ! / VA(SIT (1)) (SFT v (1)) dudt
- _/T/ vV (SIT(t))" - V(S* T (t)) dxdt

T
g/ V||V ST () || 12 | VSE D90 () || 2 dt
0
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T 1/2 T 1/2
< (y / ||vsjm<t)y|§2dt) (V / ||vskr%(t>||§2dt) |
0 0

Therefore, we have

[ SEZUNDENUN(T).

p,g—1

Applying Young’s inequality to the above bound and substituting into

give
EpalUNT) S EpalUo] + Epga[UN(T) + A& o[UN(T)

b3 [ s T, sreu ),

la|+k<p
k<q

where A is a small enough constant so that the corresponding energy
term can be absorbed on the left. Induction on ¢ further gives

(8:4) &EqlUIT) S &pglUo]

~Y

.S /0 (S 4 DMTULU (), SFTUU (1)) e

la|+k<p
k<q

We recall that by Lemma [4.1] (4.2d)
(S +DFT*LU = (S + )TN (U, VU) + (0, =V.S*T7).

Using integration by parts and the constraint (4.3al), we see that the
pressure term vanishes

— (VST 7, S*T%) 2 = (S*T7r, V - SFT %) 12 = 0.
Therefore, by (4.2b)) we can write the energy inequality (8.4)) as
gp,q[U] (T) 5 gp,q[UO]

>

a1+a2:a

k1+ko=k

la|+k<p
k<q

/ T(N(S’“F“U(t), vSkT2U(t)), SFTU (1)) podt| .

9. HicH ENERGY ESTIMATES

In this section we estimate the top order energy. Here it is crucial
to avoid loss of derivatives.
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Proposition 9.1. Choose (p,q) so that 5 < p* = [’%5] < q <p. Sup-
pose that U = (G,v) € C([0,Ty), XP?) is a solution of (3.24)),(3.2b)),(3.2¢c)
with

(9.1) sup &y [U] (1) < €%,

0<t<Typ

for some ¢ sufficiently small. Then there exists a constant C; > 1 such
that

EpalU](t) < CLE,4[U0] ()
gp*,p*[U]( ) < gp*,p* [UO]<t>Clea
for 0 <t <Ty.

Proof. Using (4.1al), (4.1b)), and (4.1c|), we can write the inner products
in as
(N(SBT®U(t), VS*2I2U (1)), S*TU(t)) 2
= (VSPI29SMTM G SFTG (L)) 12
— (SFT "y - VSR 2@ SETG(t)) 2
+(V - (SMTGS*T2 G, SFT(t)) 12
— (ShTy - VSF2T 92y, SET (1)) 12
We will first address the special case when a; = 0 and k; = 0, i.e.
as = a and ky = k. Using the notation v = S¥I"%v and G = S*T*G
introduced in (6.11]), we start with
~ - ~ 1 ~
—<U . VG, G>L2 = —/ vkﬁkGijGijdx = ——/ vk8k|G|2dx = O,
R3 2 R3
by (4.3a)). Similarly, we see that (—v - Vv,v)2 = 0.
The remaining two terms are
(VIG, G2 + (V- (GGT), 7)1
R3 R3

This shows that all of the the terms in the sum with a¢; = 0 and
k1 = 0 cancel. Therefore we can write (8.1]) as

(9-2) gpq[U]( )<gpq[U0]

+ ) / ISP TU@)] STt U @) [|2€, U (b)dt,
\a1+a2\+k1+k2<P

k1+ka<q
lag|+ko<p

and thus, there is no derivative loss.
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By (5.1b) and Lemmas and [5.3] we get the bound
Y. st rmu)] s ()] |

lay+ag|+k1+ko<p
k1+ko<q
lag|+ko<p

S D ISt Tt s u(n)] |

lay+ag|+k1+ko<p
k1+ko<q
lag|+ko<p

Y ISR (SR ()] e

laj+ag|+k1+ko<p
k1+ko<q
lag|+ko<p

1/2 101/2 1/2
S 912 sy 010+ 02 g 18] 8701

2 'L 2 L2

Inserting this into ((9.2)) yields
Epqlul(T) S & qUo]

T
b [ P g 010 + 07 €] e 0100 a0
An application of Gronwall’s inequality produces

(9:3) Epqlul(T)

T
S gp,q[UO] eXp/

0

/2 1o1/2
|:y|:p2+5j|7[p<;51||:U](t) (" 5[p+5] [2£5] [U](t)} dt.

2

We point out that (9.3) holds for any pair (p,q) as long as p > ¢ >
[1%5] > 5, which requires only p > 5.
Recalling the definition p* = [p +5] we obtain using Theorem (7

/ Vil s Ol < ([ T<t>yp*,p*_1w]<t>dt)1/2 (/ T<t>—1dt)

1/2
S ( sup Ep« p+[U](t) log(e + T)) (log(e + T))1/2

0<t<T

1/2

1/2
S osup &l
0<t<T

[U](t)log(e +T).

Likewise, we have the bound

| O oy 0160 5 s £ 010 oo+ 7).

172 0<t<T
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Now thanks to the assumption (9.1)), the inequality (9.3) implies that
Epalul(T) S & qlUsl exp [Celog(e + T)] < &, 4[Uo] <T>Cle-

Returning to ((9.3]), we can repeat this argument with the pair (p, ¢) =
(p*,p*) because p* > 5 implies that p* > []%] Therefore, we also
obtain the bound

Sp*,p* [u] (T) 5 gp* 0¥ [Uo] <T> Cla,

after a possible increase in the size of the constant C;. Note however,
that the choice of () is independent of €. Theorem [9.1] now follows.
O

10. Low ENERGY ESTIMATES

Now we will estimate the lower energy where the focus will be to
obtain the best possible temporal decay.

Proposition 10.1. Choose (p,q) such that p > 11, and p > q > p*,
where p* = [EE2]. Suppose that U = (G,v) € C([0,Tp), X?) is a
solution of (3.2a)),(3.2bl),(3.2c) with

sup Ep p+[U](1) <2 < 1.
0<t<Ty

There exists a constant Cy > 1 such that

0<t<Ty

Proof. We start with (8.1)) applied to (p,q) = (p*, p*)

(10'1) gp*,p*[U] (T) 5 gp*m* [UO]

>

al+tag=a

k1+ko=k

la|+k<p*
k<p*

/ T(N(SklralU(t), vSkT2U(t)), SFTU (1)) podt | .

0

We have shown in Section (9)) that the summation indices satisfy |as| +
ko < p*, but we will not need this fact here.

Using the cut-off functions (5.1a)) and the property (5.1b), we can
bound the integral on the right-hand side by

T
> / (N(SMTU(t), VSk2I2U (1)), SFT U (t)) rodt
pteaze 10
la|+k<p*
k<p*
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T
< Y / /¢2|sk1ra1U<t)||vsk2razU(t)||skraU(t)|dg;dt
0 R3

al+tag=a

k1+ko=k

la|+k<p*
k<p*

(10.2)
/ (PN (ST U(t), VS*T*U(t)), S*TU (1)) r2dt

>

a1+a2:a

k1+ko=k

la|+k<p*
k<p*

=1+ Iy,
where [; and I denote correspondingly the two integrals on the right
and T is in the range 0 < T < Tj,.
We shall show that
(10.3) I; S Epepr [U)EX2[UG] §=1,2.

The interior intergral /; can be bounded by

T
h= Y[ [ clsereu) st ST de
la+ag|<]al 0 R3
k1+ko=k

la|+k<p*
k<p*

T
< ¥ /O | ST U] [VSRTU]| |12 EY2.[U](¢)dt.

k1+ko+lay|+]ag|<p*
k1+ko<p*

In the case ki + |ai| < ko +|az| + 1, L.e. ki + |ai| < [&], using (5-3),
we have

I¢?| ST UV S*=T2U] ||
S 1G5 U [CT ST
S V1L o 010 + 076 o 010 93, 0

L2

We next consider the case when ky + |ag| + 1 < ki + |aq], i.e. ko +
las| < [I’Tfl . With the use of Hardy’s inequality (5.5]) and the Sobolev
inequality ((5.4]), we have

I [SM T Ul [VS™T2U] || 12
< ST AU || 2 ||r¢ VS22 U || oo
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S [ 0w + 0 )]

y 1/2 _1e1/2
1y g 00+ 07y g0

Recall that [pTJ“r’] < p* since p > 11. Overall, for the interior low
energy we have

e 10172
. 5/0 [ym%]v[p;ﬂm“)“ﬂ E[M;g],[p;][vut)]

X [y;[ilﬁp*w] (t) + (1)1 [U](t)} £2 U] (t)dt

p*,p*

N

/0 ) [y;!j,*_l[U] (1) + (B0 U] (t)]

X [y;{il,p*w] (t) + (&) EY2. (U] (t)} SV U)(t)dt

p*.p*

AN

/ LY Iy, L )
" / VL2 UIEe e [U) ()l

+ / " e i

0

Next, we are going to estimate these three integrals above. We will
use Theorem and Proposition [0.1] Furthermore, we will require
that 2Ce < 1.

The first integral can be estimated as follows:
g 1/2 1/2 1/2
/0 VY2 OOV, U102 U0t
1/2
< (s (0708 010))

0<t<T

T
y /0 OOV OOV, )t

A

£l (/OT“)CIE/Q%*m*—l U] (t)dt) - </0T<t>0”/ Yy +1,0 (U] (t)dt> :
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< Gl ( A S (t)) ) ( sup <t>‘(’1€5p,q[U]<t>> :

0<t<T 0<t<T

5 510* D [Uo]g;,{f [UO]'

For the second integral, we have

| @7 0106 W0
S s (070G U0 [ 07D 0

0<t<T

T
<& [U0) / (1) O C2Y (1)

<&l ([ T<t>2+clfdt) " (/ 0Oy U1 o)

< Ep e (U] ( sup ()~ 5p,q[U](t)>l/2

0<t<T

1/2

5 gp* D [UO]5$,§2 [UO]'

And finally, the third integral is bounded by

/0 T<t>25§£a*[U](t)dt < (sup (t)"O1%E e e [U](t))3/2 /0 T<t>fz+gclgdt

0<t<T
<& U]
SJ gp* p* [UO]E;,/f [UO]‘

Combining these estimates, we have proven , in the case j = 1.

Now we turn to the estimation of I,. This is the crucial step, where
we use the specific structure of the nonlinearity. By the definition of
the exterior term

L= )

a]+tag=a

k1+ko=k

la|+k<p*
k<p*

T
/ (NN (SHTU(t), VS*T2U (1)), SFTU (1)) 12dt| .
0
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Referring to the definition of N (U, VU) (see (4.1b)),(4.1¢c))) and ap-
plying the constraint (4.3a)) we note that, in components, the quadratic
nonlinear terms are of the form

Nl(SkT‘“ U, VSkQFCLQU)ij :(Sklf‘“G)J . V(SkQPazv)i
— S]“F‘“U : V(SkQF(mG)ij
No(SMTU, VST 2U); =(SMTQ) ;- V(SH2T Q)5
— ShTuy . V(SPT%2y);,
where G ; denotes the j™ column of the matrix G. Here and below, the
indices satisfy a; + ag = a, k1 + ks = k with |a| + k& < p* and k < p*.
Using the gradient decomposition ([2.1)), we can write
IN(SHT“U(t), VST U(t))|
< (|w - SMT20| + |SH TG Twl) |0,5%T2U|
+ 7l Shrey| QST U|
- (yw-sklralv\ +Z\w-s’ﬂralGJ\> |0,.S*2 12|
J
+ 7t Shrey| |QstTeU|
< |w - SMT | |0,S%2T2U| + r~HSH T U| QS22 U],

where SF1T%1q, stands for either of

ShTa )
Skl Fa1 — ( 5]
“ {S kiTa1y

Therefore, we obtain the bound

T
LS > 0w - SPT | 89,5512 U] [SFTU| dudt
0 R3

ay)tag=a

k1+ko=k

la|+k<p*
k<p*

T
(10.4)  + / / nr_1|S’“F“1U(t)||QSk2F“2U(t)||SkFaU(t)|dxdt}
0 R3

— 111U
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By Lemma [5.3| we can bound I} as follows:

T
LS ) /O(t>_1||77|5'“F“1U(t)|IQS’”F”U(t)I||L2||5’“F“U(t)||mdt

ajtag=a
k1+ko=k
la|+k<p*

k<p*
(10.5)

S / T<t>*25p*,p* [U)($)EL2[U)(¢)dt.

We see that I} is bounded by a sum of terms of the form
T
(10.6) / |7 w - ST u(t) || o ||SPT2TU(t) || 12| S*TU (2)]| 2,
0

Recalling the constraints (4.3al),(4.3b)), we see that Proposition [5.4] can

be used to estimate ||n w - S*klfalu(t)HLoo.
In the case ki + |a;| < [%] and ks + |as| < p*, Proposition H gives
17 w - SET%u(t)| oo || ST U (1) || 2
S 07 1 V1081, U](0)
S O UIOER U,

And in the case ks + |ag| < [I’T_l} and ki + |ay| < p*, again using
Proposition [5.4} we have

I+ ST u(t) [ ST U (1) 12
S 07 IO ey V1D

< (O PRE2UN)E [UN(®).

p*,p*

From the two cases above and ((10.6)) we conclude that
T
(10.7) 1< / ()26, [U](OEL VN (1)t
0
Therefore, from ({10.4)),(10.5)), and (10.7)), we have shown that
T
B [ DOV,
0
Now by Proposition (9.1, we obtain
T
b S & GIELZION] [ 00752000 £ (UlERL2UN,
0

provided Cie < 1/3. This verifies (10.3), in the case j = 2.
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By (10.1)), (10.2]), and the estimates ([10.3]), the proof of Proposition
9.1)is complete.
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