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GLOBAL EXISTENCE OF
SMALL DISPLACEMENT SOLUTIONS FOR

HOOKEAN INCOMPRESSIBLE VISCOELASTICITY
IN 3D

BOYAN JONOV, PAUL KESSENICH, AND THOMAS C. SIDERIS

Abstract. The initial value problem for Hookean incompressible
viscoelastic motion in three space dimensions has global strong
solutions with small displacements.

In memory of Bob Glassey,
penetrating mathematician, inspiring teacher, patient mentor,

and friend.
-T.C.S.

1. Introduction

This article establishes the global existence of strong solutions to the
equations of motion for viscoelastic Hookean incompressible materials
in R3, with small initial displacements. The equations of motion take
the form

∂tF + v · ∇F −∇vF = 0(1.1a)

∂tv + v · ∇v +∇π − µ∇ · (FF T ) = ν∆v(1.1b)

∇ · v = 0,(1.1c)

in which (F, v, π) : [0, T )→ SL(3)×R3 ×R represent the deformation
gradient, velocity, and pressure, expressed in spatial coordinates. The
central point of this article is that the restriction (3.1) placed on the
size of the initial data (F − I, v)|t=0 is to be uniform with respect to
the Reynolds number Re = ν−1 > 1. This system can be viewed as the
Oldroyd-B model at infinite Weissenberg number with conformation
tensor σ = FF> arising in the theory of complex fluids.

Global existence of small displacement solutions for incompressible
isotropic elastic materials (ν = 0) was obtained in [16] and [17]. Thus,
the result in this paper establishes the stability of a nonlinear elas-
todynamic system under a viscous perturbation. Earlier versions of
the results in this paper appeared in works of the first two authors
[8], [9],[7]. The restriction to Hookean materials is made here only for
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2 BOYAN JONOV, PAUL KESSENICH, AND THOMAS C. SIDERIS

technical simplification. A scalar analog involving a dissipative pertur-
bation of a scalar nonlinear wave equation with nearly null structure
was presented in [6].

On the other hand, the system reduces to the Navier-Stokes equa-
tions, under the hydrodynamical limit obtained by sending the elastic
modulus µ → 0. In R3, the Navier-Stokes equations have a global
strong solution for initial velocities which are small relative to ν =
Re−1, see [10]. Of course, uniformity in ν is lost (or at least unknown)
for incompressible fluids in 3d, and therefore, one can think of the effect
of the tangential component of the elastic stress, which is present only
when µ > 0, as a kind elastic of regularization. Unsurprisingly then,
in this paper the smallness restriction on the initial data is sensitive to
the size of µ > 0, and this value will be fixed below.

There is an extensive literature on the existence of solutions to the
equations of viscoelastic fluids, see for example [1], [2], [3], [4], [5], [11],
[12], [13], [14].

The proof of the global existence theorem is based on the energy
method for symmetric systems using rotational and scaling vector fields.
The presence of the elastic stress term implies the local decay of energy
inside a forward space-time cone of small aperture, beginning with the
analysis of the linearized problem in Proposition 6.9. The scaling op-
erator is vital in this step. Use of the rotational vector fields in three
space dimensions yields strong Sobolev inequalities leading, in turn,
to the basic interpolation estimates described in Section 5. For small
displacements, the decay of local energy and the interpolation inequal-
ities can be combined to bootstrap the nonlinear terms to obtain the
requisite a priori bounds for the energy. The precise null structure of
the nonlinear terms in the Hookean case is crucial in completing this
portion of the argument, see (10.7).

The challenge is to adapt this essentially hyperbolic method to a dis-
sipative system. The energy provides control of the dissipative quan-
tity ν

∫ t
0
‖∇v(s)‖2

L2ds, however, because the goal is to obtain estimates
uniform in ν, this term, paradoxically, is of little use. In fact, dissipa-
tion complicates the local energy estimate by introducing extra terms
and requiring an additional time integration in comparison to the case
ν = 0. The commutation properties of the scaling operator with the
linearized operator is also disrupted by the presence of dissipation, see
(4.2a), making it necessary to carefully monitor the use of the scaling
operator. Consequently, norms will take into account the total number
of derivatives as well as the number of instances of the scaling operator.
The associated notation is explained in the next section, followed by a
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complete statement of the main result, Theorem 3.1. The proof of the
theorem will be presented in the remaining sections.

2. Notation

Partial derivatives will be denoted by

∇ = (∂j)
3
j=1 and ∂ = (∂t,∇).

Define the antisymmetric matrices

Z1 = e3⊗ e2− e2⊗ e3, Z2 = e1⊗ e3− e3⊗ e1, Z3 = e2⊗ e1− e1⊗ e2,

where {e1, e2, e3} represents the standard basis in R3. The rotational

vector fields Ω̃i are defined as the Lie derivative with respect to the
vector fields

Ω = x ∧∇ = (Ω`)
3
`=1 = (〈Z`x,∇〉)3

`=1.

Thus we have

Ω̃`π = Ω`π, for π : R3 → R,

Ω̃`v = Ω`v − Z`v, for v : R3 → R3,

Ω̃`F = Ω`F − [Z`, F ], for F : R3 → R3×3,

where [·, ·] denotes the commutator of two matrices. We will rely heav-
ily on the decomposition

(2.1) ∇ = ω∂r −
ω

r
∧ Ω, ω =

x

r
.

We also define the scaling operators

S0 = 〈x,∇〉 = r∂r and S = t∂t + r∂r.

For a more concise notation we shall write

Γ = {∇, Ω̃}.
The scaling operators are not included in Γ because their occurrence
will be tracked separately as is evident in the following definition of the
solution space:

Xp,q =

U = (G, v) : R3 → R3×3 × R3 :
∑
|a|+k≤p

k≤q

‖Sk0 ΓaU(t)‖L2 <∞


for integers 0 ≤ q ≤ p. This is a Hilbert space with inner product

〈U1, U2〉Xp,q =
∑
|a|+k≤p

k≤q

〈Sk0 ΓaU1, S
k
0 ΓaU2〉L2 .
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Thus, p indicates the total number of derivatives taken, while q indi-
cates the number of occurrences of S0. Here, G = F − I plays the role
of the displacement gradient, and v represents the velocity. We do not
include the pressure in the solution space because it will be expressed
as a function of U = (G, v), see (3.2c).

The energy associated with a solution U = (F − I, v) = (G, v) of the
PDEs (1.1a), (1.1b) is given by

Ep,q[U ](t) =
∑
|a|+k≤p

k≤q

[
1
2
‖SkΓaU(t)‖2

L2 + ν

∫ t

0

‖∇SkΓav(s)‖2
L2 ds

]
.

If U(0) = U0, then the energy at time t = 0 will be denoted as

Ep,q[U0] ≡ Ep,q[U ](0) =
1

2
‖U0‖2

Xp,q .

We mention a few additional notational conventions. We write 〈t〉 =
(1+t2)1/2. Summation on repeated indices is understood. Although all
indices are lowered, the first will be treated contravariantly, and the rest
will act covariantly. For vector-valued functions v, ∇v is the matrix-
valued function with entries (∇v)ij = ∂jvi. If F is a matrix-valued
function, then ∇ · F is the vector-valued function with components
(∇ · F )i = ∂jFij. We will use F,j to denote the jth column of F .
We write A . B to mean that there exists a constant C > 0 such
that A ≤ CB. All constants explicit or implied are independent of
0 ≤ ν ≤ 1.

3. Main results

Here now is a complete statement of the result to be proven. Since
we shall consider small displacement gradients, we rewrite the system
in terms of G = F − I. We shall return to the original system in
Theorem 3.3 below.

Theorem 3.1. Fix µ = 1. Choose (p, q) with p ≥ 11 and p ≥ q > p∗,
where p∗ =

[
p+5

2

]
.

There are constants C0, C1 > 1, 0 < ε� 1 with the property that if
v0 ∈ Xp,q satisfies

(3.1) ∇ · v0 = 0 and C0‖v0‖2
Xp∗,p∗ (1 + ‖v0‖Xp,q) < ε2,

then there is a unique pair (G, v) : [0,∞)×R3 → R3×3 ×R3 such that

U = (G, v) ∈ C([0,∞);Xp,q) ∩
q⋂

k=1

Ck((0,∞), Xp−k,q−k)
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and (G, v) satisfies the PDEs

∂tG−∇v = ∇vG− v · ∇G(3.2a)

∂tv −∇ ·G− ν∆v = ∇ · (GGT )− v · ∇v −∇π(3.2b)

with pressure

(3.2c) π = ∆−1∂i∂j [GikGjk − vivj]

and initial data (0, v0).
Moreover, U = (G, v) satisfies the estimates

(3.3) Ep,q[U ](t) ≤ C1Ep,q[U0]〈t〉C1ε and Ep∗,p∗ [U ](t) < ε2,

for t ∈ [0,∞).

Outline of Proof. The strategy is the same as was used for the scalar
model problem studied in [6]. The system (3.2a),(3.2b) is locally well-
posed in Xp,q. The norm in Xp,q can be controlled by an expression
involving Ep,q[U ](t), and thus, global existence follows by showing that
Ep,q[U ](t) remains finite. Here, we shall focus only on establishing the
a priori estimates (3.3). The proof of these estimates will be spread
across the remaining sections. �

Corollary 3.2. The solution pair (G, v) given in Theorem 3.1 satisfies
the constraints

∇ · v = 0(3.4a)

∇ ·GT = 0(3.4b)

∂kGij − ∂jGik = G`j∂`Gik −G`k∂`Gij ≡ Qijk(G,∇G).(3.4c)

Proof. Let δ = ∇ · v and ξ = ∇ · G>. Then (3.2a),(3.2b),(3.2c) imply
that

∂tξ −∇δ = G>∇δ − v · ∇ξ
∂tδ −∇ · ξ = v · ∇δ + δ2.

Since (ξ, δ) vanishes initially, (3.4a),(3.4b) follow by uniqueness.
We will prove (3.4c) after the next result. �

We now connect Theorem 3.1 to the original problem.

Theorem 3.3. If (G, v) is the solution pair given in Theorem 3.1,
then F = I + G is the velocity gradient of the flow determined by v
expressed in spatial coordinates, F : [0,∞) × R3 → SL(3), and (F, v)
satisfies (1.1a),(1.1b),(1.1c).
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Proof. (F, v) satisfies (1.1a),(1.1b),(1.1c) by (3.2a),(3.2b),(3.4a),(3.4b).
Since p > 3, we have Xp,q ⊂ H3, and thus, the velocity vector field

v ∈ C([0,∞), Xp,q) is a bounded C1 function on R3 for each t ∈ [0,∞),
by the Sobolev lemma, and it is continuous in t. As such it defines a
flow on R3 through

Dtx(t, y) = v(t, x(t, y)), x(0, y) = y.

By (3.4a), ∇·v = 0, and so x(t, ·) is a one-parameter family of volume
preserving deformations of R3. The deformation gradient F̄ij(t, y) =
(Dyx)ij(t, y) = Dyjxi(t, y) is the unique solution of the system

(3.5) DtF̄ (t, y) = ∇v(t, x(t, y))F̄ (t, y), F̄ (0, y) = I.

Since x(t, ·) is volume preserving, we see that F̄ : [0,∞)×R3 → SL(3).
Since F solves (1.1a), F (t, x(t, y)) solves the initial value problem

(3.5), and so, F (t, x(t, y)) = F̄ (t, y).
The inverse y(t, ·) of the deformation x(t, ·) is called the reference

or back-to-labels map, and it takes spatial points x to material points
y. Using this, we see that F (t, x) = F̄ (t, y(t, x)), which shows that
F is the deformation gradient in spatial coordinates. It follows that
F : [0,∞)× R3 → SL(3).

�

Proof of (3.4c). Referring to the previous paragraphs, the deformation
gradient satisfies the relation Dyj F̄ik(t, y) = DykF̄ij(t, y). Switching to
spatial coordinates, this is equivalent to the compatibility condition
F`k∂`Fij = F`j∂`Fik. Since F = I +G, this, in turn, implies (3.4c).

�

4. Commutation

Using the following notation:

U = (G, v), where G ∈ R3×3, v ∈ R3,

we define

A(∇)U = (∇v,∇ ·G), BU = (0, v),

and the linearized ovperator

LU = (I∂t − A(∇)− νB∆)U.

We can then rewrite (3.2a) and (3.2b) as

(4.1a) LU = N(U,∇U) + (0,−∇π),

where the nonlinearity is of the form

(4.1b) N(U,∇U) = (N1(U,∇U), N2(U,∇U))
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with

(4.1c)
N1(U,∇U) = ∇vG− v · ∇G,
N2(U,∇U) = ∇ · (GGT )− v · ∇v.

Lemma 4.1. Let p ≥ 3 and p ≥ q ≥ 1. Suppose that

(G, v, π) ∈ C([0,∞);Xp,q) ∩
q⋂

k=1

Ck((0,∞), Xp−k,q−k).

Then for any integer k and multi-index a such that 0 ≤ k ≤ q and
|a|+ k ≤ p, there holds

LSkΓaU = (S + 1)kΓaLU + ν

k−1∑
j=0

(−1)k−j
(
k

j

)
B∆SjΓaU(4.2a)

(S + 1)kΓaN(U,∇U)(4.2b)

=
∑

a1+a2=a
k1+k2=k

a!

a1! a2!

k!

k1! k2!
N(Sk1Γa1U,∇Sk2Γa2U)

(S + 1)kΓa∇π = ∇SkΓaπ.(4.2c)

We remark that when k = 0 the sum is empty in (4.2a).

Proof. The linear operator L defined in (4.1a) is translationally and
rotationally invariant which implies that

LΓaU = ΓaLU

The scaling operator S, however, does not commute with L. Since

∂S = (S + 1)∂

∆S = (S + 2)∆,

we have for any k > 0

LSk = (S + 1)k(∂t − A(∇))− νB(S + 2)k∆

= (S + 1)kL+ νB[(S + 1)k − (S + 2)k]∆.

We complete the proof of (4.2a) with

(S + 1)k∆ = [(S + 2)− 1]k∆

=
k∑
j=0

(
k

j

)
(S + 2)j(−1)k−j∆

= (S + 2)k∆ +
k−1∑
j=0

(−1)k−j
(
k

j

)
∆Sj.
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The statement (4.2b) for the nonlinear terms is also a consequence
of the Leibnitz-type formulas

ΓNj(U,∇U) = Nj(ΓU,∇U) +Nj(U,∇ΓU),

(S + 1)Nj(U,∇U) = Nj(SU,∇U) +Nj(U,∇SU), j = 1, 2.

The statement (4.2c) is also easily verified. �

The appearance of the additional summand on the right-hand side
of (4.2a) will force us to proceed by induction on k.

Lemma 4.2. Let p ≥ 3 and p ≥ q ≥ 1. Suppose that

(G, v) ∈ C([0,∞);Xp,q) ∩
q⋂

k=1

Ck((0,∞), Xp−k,q−k)

satisfy the constraints (3.4a),(3.4b),(3.4c). Then for any integer m and
multi-index a such that 0 ≤ m ≤ q and |a|+m ≤ p, there holds

∇ · SmΓav = 0(4.3a)

∇ · (SmΓaG)T = 0(4.3b)

∂k(S
mΓaG)ij − ∂j(SmΓaG)ik(4.3c)

=
∑

a1+a2=a
m1+m2=m

a!

a1! a2!

m!

m1! m2!
Qijk(S

m1Γa1G,∇Sm2Γa2G)

≡ Q̃ijk(G,∇G).

Proof. These statements follow by applying (S + 1)mΓa to the equa-
tions (3.4a),(3.4b),(3.4c) and commuting with ∇. Our convention for

computing Ω̃`Q is

(Ω̃`Q)ijk = ΩQijk − (Z`)iIQIjk +QiJk(Z`)Jj +QijK(Z`)Kk.

�

Lemma 4.3. Let p ≥ 3 and p ≥ q ≥ 1. Suppose that

(G, v) ∈ C([0,∞);Xp,q) ∩
q⋂

k=1

Ck((0,∞), Xp−k,q−k).

If π is defined by (3.2c), then for any integer k and multi-index a such
that 0 ≤ k ≤ q and |a|+ k ≤ p− 1, there holds

SkΓaπ = ∆−1∂i∂jS
kΓa

[
(GGT )ij − vivj

]
.
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Proof. Write
∆π = ∂i∂j

[
(GGT )ij − vivj

]
.

It is straight-forward to check that

∆Sπ = (S + 2)∆π = ∂i∂jS
[
(GGT )ij − vivj

]
and

∆Ω̃kπ = Ω̃k∆π = ∂i∂jΩ̃k

[
(GGT )ij − vivj

]
.

It follows that

∆SkΓaπ = ∂i∂jS
kΓa

[
(GGT )ij − vivj

]
.

�

5. Basic Inequalities

The results in this section will be used to estimate the nonlinear
terms. This is the only place where the dimension n = 3 enters the
argument.

We introduce cut-off functions to distinguish two time-space regions,
referred to as interior and exterior. Define

(5.1a) ζ(t, x) = ψ

(
|x|
σ〈t〉

)
and η(t, x) = 1− ψ

(
2|x|
σ〈t〉

)
,

where

ψ ∈ C∞(R), ψ(s) =

{
1, s ≤ 1/2

0, s ≥ 1
, ψ′ ≤ 0, and 〈t〉 = (1+t2)1/2.

The parameter σ > 0 in the definition of ζ and η will be chosen later
to be sufficiently small. Note that this is not a partition of unity. The
cut-off functions satisfy the following inequalities:

(5.1b) 1 ≤ ζ + η and 1− η ≤ ζ2

and

(5.1c) 〈r + t〉
[
|∂t,xζ(t, x)|+ |∂t,xη(t, x)|

]
. 1.

We define the following localized energy:

(5.2) Yp,q[U ](t) =
∑

|a|+k≤p−1
k≤q

‖ζ∇SkΓaU(t)‖2
L2 , q < p.

This quantity will be estimated in Section 7.
The next three Lemmas were proven in [6], (with the slight notational

difference that the quantity Yp,q is denoted by Y int
p,q .)
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Lemma 5.1 (Proposition 6.2, [6]). Suppose that U = (G, v) : [0, T )×
R3 → R3×3 × R3 satisfies (3.4a),(3.4b) and

Y3,0[U ](t) + E2,0[U ](t) <∞.
Then using the weights (5.1a), we have

‖ ζ U(t) ‖L∞ . Y1/2
2,0 [U ](t) + 〈t〉−1E1/2

1,0 [U ](t)(5.3)

‖ rζ ∇U(t) ‖L∞ . Y1/2
3,0 [U ](t) + 〈t〉−1E1/2

2,0 [U ](t)(5.4)

‖ r−1ζ U(t) ‖L2 . Y1/2
1,0 [U ](t) + 〈t〉−1E1/2

0,0 [U ](t).(5.5)

Lemma 5.2 (Lemma 7.1, [6]). Suppose that U : [0, T )×R3 → R3×3×
R3. If

k1 + k2 + |a1|+ |a2| ≤ p̄ and k1 + k2 ≤ q̄,

then we have

‖ ζ|Sk1Γa1U(t)| |Sk2Γa2+1U(t)| ‖L2

.

(
Y1/2

[ p̄+5
2 ],[ p̄2 ]

[U ](t) + 〈t〉−1E1/2

[ p̄+3
2 ],[ p̄2 ]

[U ](t)

)
E1/2
p̄+1,q̄[U ](t),

provided the right-hand side is finite.
In the special case when k2 + |a2| < p̄, we have

‖ ζ|Sk1Γa1U(t)| |Sk2Γa2+1U(t)| ‖L2

.

(
Y1/2

[ p̄+5
2 ],[ p̄2 ]

[U ](t) + 〈t〉−1E1/2

[ p̄+3
2 ],[ p̄2 ]

[U ](t)

)
E1/2
p̄,q̄ [U ](t),

provided the right-hand side is finite.

Lemma 5.3 (Lemma 7.2, [6]). Suppose that U : [0, T )×R3 → R3×3×
R3. If

k1 + k2 + |a1|+ |a2| ≤ p̄ and k1 + k2 ≤ q̄,

then we have

‖ η|Sk1Γa1U(t)| |Sk2Γa2+1U(t)| ‖L2 . 〈t〉−1E1/2

[ p̄+5
2 ],[ p̄2 ]

[U ](t)E1/2
p̄+1,q̄[U ](t),

provided the right-hand side is finite.
In the special case when k2 + |a2| < p̄, we have

‖ η|Sk1Γa1U(t)| |Sk2Γa2+1U(t)| ‖L2 . 〈t〉−1E1/2

[ p̄+5
2 ],[ p̄2 ]

[U ](t)E1/2
p̄,q̄ [U ](t),

provided the right-hand side is finite.

This next result takes into account the constraints, and it will play
a key role in assessing nonlinear interactions in (10.7).
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Proposition 5.4. Suppose that U = (G, v) : [0, T )× R3 → R3×3 × R3

satisfies (3.4a),(3.4b) and E2,0[U ](t) <∞, for all t ∈ [0, T ). Then

‖ η G(t)>ω‖L∞ + ‖ η ω · v(t)‖L∞ . 〈t〉−3/2E1/2
2,0 [U ](t).

Proof. Taking U = (G, v) and ω = x/|x|, define

ω ⊗ ω U(t, x) = (ω ⊗ ω G(t, x), ω ⊗ ω v(t, x)).

Note that

Ω̃ ω = 0,

and so

Ω̃ [ ω ⊗ ω U ] = ω ⊗ ω Ω̃U.

The key point is that, from the gradient decomposition (2.1) and the
constraints (4.3a), (4.3b), we have

(5.6)
∑
|a|≤1

|ω ⊗ ω ∂rΩ̃aU |

.
∑
|a|≤1

[
|(∂rΩ̃aG)>ω|+ |ω · ∂rΩ̃av|

]
.

1

r

∑
|a|≤2

|Ω̃aU |.

We appeal to the following inequality

‖rU‖L∞ .

∑
|a|≤1

‖∂rΩ̃aU‖L2

∑
|a|≤2

‖Ω̃aU‖L2

1/2

which follows from Lemma 3.3 (3.14b) of [15]. Apply this to η ω⊗ω U .
Since 〈t〉 . r on the support of η, we have

〈t〉2
[
‖ η G(t)>ω‖2

L∞ + ‖ η ω · v(t)‖2
L∞

]
. ‖ r η ω ⊗ ω U‖2

L∞

.
∑
|a|≤1

‖∂rΩ̃a[η ω ⊗ ω U ]‖L2

∑
|a|≤2

‖Ω̃a[η ω ⊗ ω U ]‖L2

.
∑
|a|≤1

‖ω ⊗ ω ∂r[η Ω̃aU ]‖L2

∑
|a|≤2

‖Ω̃aU‖L2 .

Using (5.1c) and (5.6), this is bounded by∑
|a|≤1

[
‖ω ⊗ ω η ∂rΩ̃aU‖L2 + 〈t〉−1‖Ω̃aU‖L2

]∑
|a|≤2

‖Ω̃aU‖L2

. 〈t〉−1
∑
|a|≤2

‖Ω̃aU‖2
L2 . 〈t〉−1E2,0[U ](t).
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This shows that

‖ η G(t)>ω‖2
L∞ + ‖ η ω · v(t)‖2

L∞ . 〈t〉−3E2,0[U ](t),

from which the Proposition follows. �

Following our notational conventions, we may write (G>ω)j = ω ·G,j.

6. Estimates for the Linearized System

In this section we provide estimates for solutions of the linearized
system

∂tG−∇v = H(6.1a)

∂tv −∇ ·G− ν∆v = h(6.1b)

∂kGij − ∂jGik = Qijk i, j, k = 1, 2, 3.(6.1c)

Lemma 6.1. Assume that σ in (5.1a) is sufficiently small and that
ν ≤ 1. Assume that the functions H, ∇ ·H, Q, and h all belong to the
space L2([0, T ];L2(R3)), for some 0 < T <∞.

If U = (G, v) is a solution of (6.1a),(6.1b),(6.1c) such that

sup
0≤t≤T

E1,1[U ](t) <∞,

then for any 0 ≤ θ ≤ 1,∫ T

0

〈t〉θ
[
‖ζ∇U‖2

L2 + ν2‖ζ∆v‖2
L2

]
dt

. ν〈T 〉θ−2E1,0[U ](T ) +

∫ T

0

〈t〉θ−2E1,1[U ](t)dt

+

∫ T

0

〈t〉θ [2ν〈ζ∇ ·G, ζ∇ ·H〉L2

+ ‖ζQ‖2
L2 + ‖ζH‖2

L2 + ‖ζh‖2
L2

]
dt.

Proof. Multiplying (6.1a) and (6.1b) by t and using that S = t∂t+ r∂r,
we have that

t∇v = −r∂rG+ SG− tH
t∇ ·G+ tν∆v = −r∂rv + Sv − th.

Next, we multiply each equation by ζ and take the L2-norm

‖ζt∇v‖2
L2 ≤ ‖ζr∂rG‖2

L2 + ‖ζSG‖2
L2 + ‖ζtH‖2

L2

‖ζt∇ ·G‖2
L2 + ν2‖ζt∆v‖2

L2 + 2〈ζt∇ ·G, ζtν∆v〉L2

≤ ‖ζr∂rv‖2
L2 + ‖ζSv‖2

L2 + ‖ζth‖2
L2 .
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Adding the two inequalities, we obtain

(6.2) t2
[
‖ζ∇ ·G‖2

L2 + 2ν〈ζ∇ ·G, ζ∆v〉L2 + ν2‖ζ∆v‖2
L2 + ‖ζ∇v‖2

L2

]
≤ ‖ζr∂rU‖2

L2 + E1,1[U ](t) + t2(‖ζH‖2
L2 + ‖ζh‖2

L2),

where U = (G, v).
Taking the divergence of (6.1a), we have

∆v = ∂t∇ ·G−∇ ·H
and so we can write the inner product as

(6.3) 2ν〈ζ∇·G, ζ∆v〉L2 = 2ν〈ζ∇·G, ζ∂t∇·G〉L2−2ν〈ζ∇·G, ζ∇·H〉L2 .

The first term can be bounded below as follows:

2ν〈ζ∇ ·G, ζ∂t∇ ·G〉L2(6.4)

= ν

∫
R3

ζ2∂t|∇ ·G|2dx

≥ ν∂t‖ζ∇ ·G‖2
L2 − Cν

∫
R3

ζ〈t〉−1|∇ ·G|2dx

≥ ν∂t‖ζ∇ ·G‖2
L2 −

1

2
‖ζ∇ ·G‖2

L2

− 2C2ν2〈t〉−2‖∇ ·G‖2
L2 ,

where we have used Young’s inequality and the fact that by (5.1c),
∂tζ

2 ≤ Cζ〈t〉−1, for some constant C. Inserting (6.3) and (6.4) into
(6.2) and using ‖∇ ·G(t)‖2

L2 . E1,1[U ](t), we have

(6.5) t2
[
ν∂t‖ζ∇ ·G‖2

L2 +
1

2
‖ζ∇ ·G‖2

L2 + ν2‖ζ∆v‖2
L2 + ‖ζ∇v‖2

L2

]
. ‖ζr∂rU‖2

L2 + E1,1[U ](t) + 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζH‖2
L2 + ‖ζh‖2

L2).

Choosing 0 ≤ θ ≤ 1, we multiply (6.5) by 〈t〉θ−2, and then we
integrate

(6.6)

∫ T

0

t2〈t〉θ−2
[

1
2
‖ζ∇ ·G‖2

L2 + ν2‖ζ∆v‖2
L2 + ‖ζ∇v‖2

L2

]
dt

.
∫ T

0

〈t〉θ−2
[
‖ζr∂rU‖2

L2 + E1,1[U ](t) + 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζH‖2
L2 + ‖ζh‖2

L2)
]
dt

−
∫ T

0

t2〈t〉θ−2ν∂t‖ζ∇ ·G‖2
L2dt.
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Next, we estimate the time-derivative term on the right hand side.
Since

∂t(νt
2〈t〉θ−2) = νt〈t〉θ−4(2+θt2) ≤ 2νt〈t〉θ−2 ≤ 1

4
t2〈t〉θ−2 +Cν2〈t〉θ−2,

integration by parts yields

−
∫ T

0

t2〈t〉θ−2 ν∂t‖ζ∇ ·G‖2
L2dt

≤
∫ T

0

(
1
4
t2〈t〉θ−2 + Cν2〈t〉θ−2

)
‖ζ∇ ·G‖2

L2dt

≤ 1
4

∫ T

0

t2〈t〉θ−2‖ζ∇ ·G‖2
L2dt+ C

∫ T

0

〈t〉θ−2E1,0[U ](t)dt.

Substitution in (6.6) gives∫ T

0

t2〈t〉θ−2
[

1
4
‖ζ∇ ·G‖2

L2 + ν2‖ζ∆v‖2
L2 + ‖ζ∇v‖2

L2

]
dt

.
∫ T

0

〈t〉θ−2
[
‖ζr∂rU‖2

L2 + E1,1[U ](t) + 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζH‖2
L2 + ‖ζh‖2

L2)
]
dt.

By Lemma 6.2 (below), we can relpace the divergence term on the
left-hand side by the full gradient∫ T

0

t2〈t〉θ−2
[
‖ζ∇U‖2

L2 + ν2‖ζ∆v‖2
L2

]
dt

.
∫ T

0

〈t〉θ−2
[
‖ζr∂rU‖2

L2 + E1,1[U ](t) + 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζQ‖2
L2 + ‖ζH‖2

L2 + ‖ζh‖2
L2)
]
dt.

Using that t2 = 〈t〉2 − 1 and ‖ζ∇U(t)‖2
L2 . E1,1[U ](t), we can write∫ T

0

〈t〉θ
[
‖ζ∇U‖2

L2 + ν2‖ζ∆v‖2
L2

]
dt

.
∫ T

0

〈t〉θ−2
[
‖ζr∂rU‖2

L2 + E1,1[U ](t) + ν2‖ζ∆v‖2
L2

+ 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζQ‖2
L2 + ‖ζH‖2

L2 + ‖ζh‖2
L2)
]
dt.
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Since r ≤ σ〈t〉 on the support of ζ, we have the following estimate:∫ T

0

〈t〉θ−2‖ζr∂rU‖2
L2dt ≤

∫ T

0

σ2〈t〉θ‖ζ∂rU‖2
L2dt.

For small enough σ, the last term can be absorbed on the left-hand
side of the main inequality and thus, we obtain

(6.7)

∫ T

0

〈t〉θ
[
‖ζ∇U‖2

L2 + ν2‖ζ∆v‖2
L2

]
dt

.
∫ T

0

〈t〉θ−2
[
E1,1[U ](t) + ν2‖ζ∆v‖2

L2 + 2νt2〈ζ∇ ·G, ζ∇ ·H〉L2

+ t2(‖ζQ‖2
L2 + ‖ζH‖2

L2 + ‖ζh‖2
L2)
]
dt.

The Laplacian term on the right has the following bound:

∫ T

0

〈t〉θ−2ν2‖ζ∆v‖2
L2dt =

∫ T

0

〈t〉θ−2ν2 d

dt

∫ t

0

‖ζ∆v‖2
L2dsdt

= 〈T 〉θ−2ν2

∫ T

0

‖ζ∆v‖2
L2dt +

∫ T

0

(2− θ)t〈t〉θ−4ν2

∫ t

0

‖ζ∆v‖2
L2dsdt

. ν〈T 〉θ−2E1,0[U ](T ) + ν

∫ T

0

〈t〉θ−2E1,0[U ](t)dt.

Substituting into (6.7) and using that ν ≤ 1, we arrive at∫ T

0

〈t〉θ
[
‖ζ∇U‖2

L2 + ν2‖ζ∆v‖2
L2

]
dt

. ν〈T 〉θ−2E1,0[U ](T ) +

∫ T

0

〈t〉θ−2E1,1[U ](t)dt

+

∫ T

0

〈t〉θ [2ν〈ζ∇ ·G, ζ∇ ·H〉L2

+ ‖ζQ‖2
L2 + ‖ζH‖2

L2 + ‖ζh‖2
L2

]
dt.

�

In the proof of Lemma (6.1), we used the following estimate:

Lemma 6.2. If G ∈ H1(R3,R3×3) and

(6.8) ∂kGij − ∂jGik = Qijk

for i, j, k = 1, 2, 3 and ‖Q‖L2 <∞, then

1

2
‖ζ∇G‖2

L2 − ‖ζ∇ ·G‖2
L2 . 〈t〉−2‖G‖2

L2 + ‖ζQ‖2
L2 .
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Proof. The constraint (6.8) implies that

−|∇ ·G|2 = −∂jGij∂kGik

= −∂k(∂jGijGik) + ∂j∂kGijGik

= −∂k(∂jGijGik) + ∂j(∂jGik +Qijk)Gik

= −∂k(∂jGijGik) + ∂j∂jGikGik + ∂jQijkGik

= −∂k(∂jGijGik) + ∂j(∂jGikGik)− ∂jGik∂jGik + ∂jQijkGik

= −∂k(∂jGijGik) + ∂j(∂jGikGik)− |∇G|2 + ∂jQijkGik.

Therefore, we have

|∇G|2 − |∇ ·G|2 = ∂j(∂jGikGik)− ∂k(∂jGijGik) + ∂jQijkGik.

We next multiply by ζ2 and integrate

‖ζ∇G‖2
L2 − ‖ζ∇ ·G‖2

L2

=

∫
R3

ζ2 [∂j(∂jGikGik)− ∂k(∂jGijGik)] dx +

∫
R3

ζ2∂jQijkGikdx

.
∫
R3

ζ〈t〉−1|∇G||G|dx +

∫
R3

ζ〈t〉−1|Qijk||Gik|dx −
∫
R3

ζ2Qijk∂jGikdx

≤ 1

2
‖ζ∇G‖2

L2 + C〈t〉−2‖G‖2
L2 + C‖ζQ‖2

L2 ,

where we have used Young’s inequality and |∇ζ2| . ζ〈t〉−1. The state-
ment of the lemma follows immediately from this inequality. �

We now establish a higher order version of Lemma 6.1. Define

(6.9) Zp,q[U ](t) =
∑

|a|+k≤p−1
k≤q

‖ζ∆SkΓav(t)‖2
L2 , q < p.

Proposition 6.3. Assume that σ in (5.1a) is sufficiently small and
that ν ≤ 1. Fix 0 ≤ q < p. Suppose that

SkΓaH, ∇·SkΓaH, SkΓaQ, SkΓah ∈ L2([0, T ];Xp−k−1,0), k = 0, . . . , q,
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for some 0 < T <∞. If U = (G, v) is a solution of (6.1a),(6.1b),(6.1c)
such that

sup
0≤t≤T

Ep,q+1[U ](t) <∞,

then for any 0 ≤ θ ≤ 1,∫ T

0

〈t〉θ
[
Yp,q[U ](t) + ν2Zp,q[U ](t)

]
dt

. ν〈T 〉θ−2Ep,q[u](T ) +

∫ T

0

〈t〉θ−2Ep,q+1[U ](t)dt

+
∑

|a|+k≤p−1
k≤q

{∫ T

0

〈t〉θ[2ν〈ζ∇ · SkΓaG, ζ∇ · (S + 1)kΓaH〉L2

+‖ζ(S + 1)kΓaQ‖2
L2 + ‖ζ(S + 1)kΓaH‖2

L2 + ‖ζ(S + 1)kΓah‖2
L2 ]dt

}
.

Proof. The proof proceeds by induction on q. Applying the vector fields
SmΓa, m ≤ q, m + |a| ≤ p − 1, to (6.1a),(6.1b),(6.1c) and using the
commutation properties (4.2a),(4.2b),(4.3c), we obtain the PDEs

∂tG̃−∇ṽ = H̃(6.10a)

∂tṽ −∇ · G̃− ν∆ṽ = h̃0(6.10b)

∂kG̃ij − ∂jG̃ik = Q̃ijk.(6.10c)

where we have used the notation

(6.11)

G̃ = SmΓaG

ṽ = SmΓav

H̃ = (S + 1)mΓaH

Q̃ijk = (S + 1)mΓaQijk

h̃0 = (S + 1)mΓah−
m−1∑
j=0

(−1)m−j
(
m

j

)
νB∆SjΓaU.

Fix m = 0, and note that h̃0 = Γah (i.e. the sum is empty). Apply
Lemma 6.1 to (6.10a), (6.10b),(6.10c) and sum over |a| ≤ p − 1. This
directly yields the result when q = 0.

Next, assume that the result holds for q = q′ − 1, with q′ < p. Take
m ≤ q′, m+ |a| ≤ p− 1, and note that

‖ζh̃0‖2
L2 . ‖ζ(S + 1)mΓah‖2

L2 + ν2Zp,q′−1[U ](t).
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By the induction hypothesis, the quantity

ν2

∫ T

0

〈t〉θZp,q′−1[U ](t)dt

has the desired bound, so the result for q = q′ follows by summation
over m ≤ q′, m+ |a| ≤ p− 1.

�

7. Local Energy Decay

In this section we establish localized energy decay estimates for the
nonlinear equation using a bootstrap argument and an application of
Proposition 6.3. We remind the reader that the quantities Yp,q[U ](t)
and Zp,q[U ](t) were defined in (5.2) and (6.9), respectively.

Theorem 7.1. Choose (p, q) so that p∗ =
[
p+5

2

]
< q ≤ p. Suppose that

U = (G, v) ∈ C([0, T );Xp,q) is a solution of (3.2a),(3.2b),(3.2c) with

sup
0≤t≤T

Ep,q[U ](t) <∞,

and

(7.1) sup
0≤t≤T

Ep∗,p∗ [U ](t) ≤ ε2,

for some ε sufficiently small. Then

(7.2a)

∫ T

0

〈t〉θ
[
Yp∗,p∗−1[U ](t) + ν2Zp∗,p∗−1[U ](t)

]
dt

.


sup

0≤t≤T
〈t〉−γEp∗,p∗ [U ](t), 0 < θ + γ < 1

log(e+ T ) sup
0≤t≤T

Ep∗,p∗ [U ](t), θ = 1

,

and

(7.2b)

∫ T

0

〈t〉θ
[
Yp∗+1,p∗ [U ](t) + ν2Zp∗+1,p∗ [U ](t)

]
dt

. sup
0≤t≤T

〈t〉−γEp,q[U ](t), 0 < θ + γ < 1.

Proof. Assume that the pair (p, q) satisfies the hypotheses. Then

p > p∗ ≥ 5.

Choose any pair (p̄, q̄) with

(7.3) q̄ < p̄ ≤ p, q̄ < q.
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An application of Proposition 6.3 yields

(7.4a)

∫ T

0

〈t〉θ
[
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

]
dt

. ν〈T 〉θ−2Ep̄,q̄[U ](T ) +

∫ T

0

〈t〉θ−2Ep̄,q̄+1[U ](t)dt+ I + J,

where

(7.4b) I =
∑

|a|+k≤p̄−1
k≤q̄

∫ T

0

〈t〉θ2ν〈ζ∇ · SkΓaG, ζ∇ · (S + 1)kΓaH〉L2dt,

and

(7.4c) J =
∑

|a|+k≤p̄−1
k≤q̄

∫ T

0

〈t〉θ
[
‖ζ(S + 1)kΓaQ‖2

L2

+ ‖ζ(S + 1)kΓaH‖2
L2 + ‖ζ(S + 1)kΓah‖2

L2

]
dt,

with the following inhomogeneous terms:

H = ∇vG− v · ∇G
h = ∇ · (GGT )− v · ∇v −∇π ≡ h1 −∇π(7.4d)

Qij` = Gmj∂mGi` −Gm`∂mGij.

It follows from (4.2b) and (4.3c) that

‖ζ(S + 1)kΓaH‖2
L2 + ‖ζ(S + 1)kΓah1‖2

L2 + ‖ζ(S + 1)kΓaQij`‖2
L2

.
∑

a1+a2=a
k1+k2=k

‖ζ|Sk1Γa1U | |∇Sk2Γa2U |‖2
L2

.
∑

a1+a2=a
k1+k2=k

‖|Sk1Γa1U | |∇Sk2Γa2U |‖2
L2 ,

since |ζ| ≤ 1. For the pressure term, we have by (4.2c) and Lemma
4.3,

‖ζ(S + 1)kΓa∇π‖2
L2 ≤ ‖(S + 1)kΓa∇π‖2

L2

= ‖∇SkΓaπ‖2
L2

= ‖∇∆−1∂i∂jS
kΓa

[
(GGT )ij − vivj

]
‖2
L2

.
∑

a1+a2=a
k1+k2=k

‖|Sk1Γa1U | |∇Sk2Γa2U |‖2
L2 ,
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since the operators ∆−1∂i∂j are bounded on L2. From (7.4c), this
proves that

(7.5a) J .
∫ T

0

〈t〉θR2
p̄,q̄dt,

with

(7.5b) R2
p̄,q̄ ≡

∑
k1+k2+|a1|+|a2|≤p̄

k1+k2≤q̄
k2+|a2|<p̄

‖|Sk1Γa1U | |∇Sk2Γa2U |‖2
L2 .

Next, we turn to the estimation of the integral I, defined in (7.4b).
According to (7.4d) and (4.2b), we have, adopting the notation (6.11)∣∣∣∇ · (S + 1)kΓaH −∇ · [∇ṽG− v · ∇G̃]

∣∣∣
.

∑
a1+a2=a
k1+k2=k

k2+|a2|<k+|a|

∇ · [∇Sk2Γa2 ṽ Sk1Γa1G− Sk1Γa1v · ∇ Sk2Γa2G̃].

It follows that

(7.6) |I| . |I1|+ |I2|+ I3,

with

I1 =

∫ T

0

〈t〉θν〈ζ∇ · G̃, ζ∇ · (∇ṽG)〉L2dt

I2 =

∫ T

0

〈t〉θν〈ζ∇ · G̃, ζ∇ · (v · ∇G̃)〉L2dt,

and

I3 =

∫ T

0

〈t〉θν Rp̄,q̄ Y1/2
p̄,q̄ [U ](t) dt.(7.7)

Let us first consider I1. Using the standard Sobolev inequality, we
have

‖U‖L∞ + ‖∇U‖L∞ . E1/2
3,0 [U ](t) ≤ E1/2

p∗,p∗ [U ](t) < ε,

since p∗ ≥ 5 > 3. It follows that

ν|〈ζ∇ · G̃, ζ∇ · (∇ṽG)〉L2|(7.8)

. ν‖ζ∇Ũ‖L2

(
‖∇U‖L∞‖ζ∇ṽ‖L2 + ‖U‖L∞‖ζ∇2ṽ‖L2

)
. νε Y1/2

p̄,q̄ [U ](t)
(
Y1/2
p̄,q̄ [U ](t) + ‖ζ∇2ṽ‖L2

)
. ε
(
Yp̄,q̄[U ](t) + ν2‖ζ∇2ṽ‖2

L2

)
.



HOOKEAN INCOMPRESSIBLE VISCOELASTICITY 21

For the final term in (7.8), we derive a coercivity inequality. Using
integration by parts, we have

‖ζ∇2ṽ‖2
L2 =

∑
k,m

∫
R3

ζ2(∂k∂mṽ
i)(∂k∂mṽ

i)dx(7.9)

= −
∑
k,m

∫
R3

(∂kζ
2)(∂mṽ

i)(∂k∂mṽ
i)dx

+
∑
k,m

∫
R3

(∂mζ
2)(∂mṽ

i)(∆ṽi)dx

+
∑
k,m

∫
R3

ζ2|∆ṽ|2dx.

Using (5.1c), we obtain |∇ζ2| . ζ〈t〉−1, and so (7.9) yields

‖ζ∇2ṽ‖2
L2 . 〈t〉−1‖∇ṽ‖L2‖ζ∇2ṽ‖L2 + ‖ζ∆ṽ‖2

L2

.M−1‖ζ∇2ṽ‖2
L2 +M〈t〉−2‖∇ṽ‖2

L2 + ‖ζ∆ṽ‖2
L2 ,

for any M > 0. Choosing M sufficiently large, we obtain the bound

‖ζ∇2ṽ‖2
L2 . 〈t〉−2‖∇ṽ‖2

L2 + ‖ζ∆ṽ‖2
L2(7.10)

≤ 〈t〉−2Ep̄,q̄[U ](t) + Zp̄,q̄[U ](t).

Altogether, from (7.8) and (7.10), we conclude that

(7.11) |I1| . ε
(
〈t〉−2Ep̄,q̄[U ](t) + Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

)
.

To estimate I2, we write

|〈ζ∇ · G̃, ζ∇ · (v · ∇G̃)〉L2|

=

∣∣∣∣∫
R3

ζ2(∇ · G̃)i∂k(vm∂mG̃ik)dx

∣∣∣∣
≤
∣∣∣∣∫

R3

ζ2(∇ · G̃)i(∂kvm)(∂mG̃ik)dx

∣∣∣∣
+

∣∣∣∣∫
R3

ζ2(∇ · G̃)i(v · ∇)(∇ · G̃)idx

∣∣∣∣ .
The first term is easily estimated by∣∣∣∣∫

R3

ζ2(∇ · G̃)i(∂kvm)(∂mG̃ik)dx

∣∣∣∣ ≤ ‖∇U‖L∞‖ζ∇Ũ‖2
L2

. εYp̄,q̄[U ](t).
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For the second term, we use integration by parts and the fact that
∇ · v = 0 ∣∣∣∣∫

R3

ζ2(∇ · G̃)i(v · ∇)(∇ · G̃)idx

∣∣∣∣
=

∣∣∣∣12 ∫
R3

ζ2(v · ∇)|∇ · G̃|2dx
∣∣∣∣

=

∣∣∣∣−1
2

∫
R3

[(v · ∇)ζ2]|∇ · G̃|2dx
∣∣∣∣

. 〈t〉−1

∫
R3

ζ|U ||∇G̃|2dx

. 〈t〉−1‖U‖L∞‖∇G̃‖L2‖ζ∇G̃‖L2

. ε〈t〉−1E1/2
p̄,q̄ [U ](t)Y1/2

p̄,q̄ [U ](t)

. ε
(
〈t〉−2Ep̄,q̄[U ](t) + Yp̄,q̄[U ](t)

)
.

This shows that

(7.12) I2 . ε
(
〈t〉−2Ep̄,q̄[U ](t) + Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

)
.

Since ν ≤ 1, we have by Young’s inequality, that

(7.13) I3 ≤M−1

∫ T

0

〈t〉θYp̄,q̄[U ](t) dt+M

∫ T

0

〈t〉θR2
p̄,q̄ dt.

Combining (7.6), (7.13), (7.11), and (7.12), we conclude that

(7.14) I .
∫ T

0

〈t〉θ−2Ep̄,q̄[U ](t)

+ (ε+M−1)

∫ T

0

〈t〉θ
(
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

)
dt

+M

∫ T

0

〈t〉θR2
p̄,q̄dt.

Upon assembling the estimates (7.7),(7.4a),(7.5a),(7.14), we obtain∫ T

0

〈t〉θ
[
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

]
dt

. ν〈T 〉θ−2Ep̄,q̄[U ](T ) +

∫ T

0

〈t〉θ−2Ep̄,q̄+1[U ](t)dt

+ (ε+M−1)

∫ T

0

〈t〉θ
(
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

)
dt
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+M

∫ T

0

〈t〉θR2
p̄,q̄dt.

By taking ε sufficiently small and M sufficiently large, the middle in-
tegral can be absorbed on the left, resulting in

(7.15)

∫ T

0

〈t〉θ
[
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

]
dt

. ν〈T 〉θ−2Ep̄,q̄[U ](T ) +

∫ T

0

〈t〉θ−2Ep̄,q̄+1[U ](t)dt+

∫ T

0

〈t〉θR2
p̄,q̄dt.

Recalling the definition (7.5b) and applying Lemmas 5.2,5.3 we have
that

(7.16) R2
p̄,q̄ .

(
Yp̄′,q̄′ [U ](t) + 〈t〉−2Ep̄′,q̄′ [U ](t)

)
Ep̄,q̄[U ](t),

where

p̄′ =

[
p̄+ 5

2

]
, q̄′ =

[ p̄
2

]
.

The estimates (7.15), (7.16) imply that

(7.17)

∫ T

0

〈t〉θ
[
Yp̄,q̄[U ](t) + ν2Zp̄,q̄[U ](t)

]
dt

. ν〈T 〉θ−2Ep̄,q̄[U ](T ) +

∫ T

0

〈t〉θ−2Ep̄,q̄+1[U ](t)dt

+

∫ T

0

〈t〉θ
(
Yp̄′,q̄′ [U ](t) + 〈t〉−2Ep̄′,q̄′ [U ](t)

)
Ep̄,q̄[U ](t)dt.

Now choose (p̄, q̄) = (p∗, p∗−1), which is consistent with the require-
ment (7.3). Since p∗ ≥ 5, there holds

p̄′ =

[
p∗ + 5

2

]
≤ p∗, q̄′ =

[
p∗

2

]
≤ p∗ − 1.

In this case, our estimate (7.17) yields∫ T

0

〈t〉θ
[
Yp∗,p∗−1[U ](t) + ν2Zp∗,p∗−1[U ](t)

]
dt

. ν〈T 〉θ−2Ep∗,p∗ [U ](T ) +

∫ T

0

〈t〉θ−2Ep∗,p∗ [U ](t)dt

+

∫ T

0

〈t〉θ
(
Yp∗,p∗−1[U ](t) + 〈t〉−2Ep∗,p∗ [U ](t)

)
Ep∗,p∗ [U ](t)dt.

By the assumption (7.1), we obtain
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0

〈t〉θ
[
Yp∗,p∗−1[U ](t) + ν2Zp∗,p∗−1[U ](t)

]
dt

. ν〈T 〉θ−2Ep∗,p∗ [U ](T ) +

∫ T

0

〈t〉θ−2Ep∗,p∗ [U ](t)dt

+ ε

∫ T

0

〈t〉θYp∗,p∗−1[U ](t)dt.

The last integral can be absorbed on the left, if ε is small enough, and
we obtain finally

(7.18)

∫ T

0

〈t〉θ
[
Yp∗,p∗−1[U ](t) + ν2Zp∗,p∗−1[U ](t)

]
dt

. ν〈T 〉θ−2Ep∗,p∗ [U ](T ) +

∫ T

0

〈t〉θ−2Ep∗,p∗ [U ](t)dt.

Choose γ ≥ 0 so that 0 < θ + γ ≤ 1. From (7.18) we obtain∫ T

0

〈t〉θ
[
Yp∗,p∗−1[U ](t) + ν2Zp∗,p∗−1[U ](t)

]
dt

. sup
0≤t≤T

〈t〉−γEp∗,p∗ [U ](t)

[
〈T 〉θ+γ−2 +

∫ T

0

〈t〉θ+γ−2dt

]
,

from which the results (7.2a) follow directly.
Finally, going back to (7.17), we take (p̄, q̄) = (p∗ + 1, p∗), which is

also consistent with (7.3). Note that

p̄ = p∗ + 1 ≤ p, q̄ + 1 = p∗ + 1 ≤ p,

and

p̄′ =

[
p∗ + 6

2

]
≤ p∗, q̄′ =

[
p∗ + 1

2

]
≤ p∗ − 1,

since p∗ ≥ 5. We get from (7.17)∫ T

0

〈t〉θ
[
Yp∗+1,p∗ [U ](t) + ν2Zp∗+1,p∗ [U ](t)

]
dt

. ν〈T 〉θ−2Ep,q[U ](T ) +

∫ T

0

〈t〉θ−2Ep,q[U ](t)dt

+

∫ T

0

〈t〉θ
(
Yp∗,p∗−1[U ](t) + 〈t〉−2Ep∗,p∗ [U ](t)

)
Ep,q[U ](t)dt.

Let γ ≥ 0 with 0 < θ + γ < 1. By (7.2a) and (7.1), this yields∫ T

0

〈t〉θ
[
Yp∗+1,p∗ [U ](t) + ν2Zp∗+1,p∗ [U ](t)

]
dt



HOOKEAN INCOMPRESSIBLE VISCOELASTICITY 25

. sup
0≤t≤T

〈t〉−γEp,q[U ](t)

[
〈T 〉θ+γ−2 +

∫ T

0

〈t〉θ+γ−2dt

+

∫ T

0

〈t〉θ+γYp∗,p∗−1[U ](t)dt

+ sup
0≤t≤T

Ep∗,p∗ [U ](t)

∫ T

0

〈t〉θ+γ−2dt

]

. sup
0≤t≤T

〈t〉−γEp,q[U ](t)

[
1 + sup

0≤t≤T
Ep∗,p∗ [U ](t)

]
. sup

0≤t≤T
〈t〉−γEp,q[U ](t) [1 + ε2]

. sup
0≤t≤T

〈t〉−γEp,q[U ](t).

This completes the proof of (7.2b).
�

8. Basic Energy Estimate

Lemma 8.1. Suppose that U = (G, v) ∈ C([0, T );Xp,q) is a solution
of (3.2a),(3.2b),(3.2c). Then

(8.1) Ep,q[U ](T ) . Ep,q[U0]∑
a1+a2=a
k1+k2=k
|a|+k≤p

k≤q

∣∣∣∣∫ T

0

〈N(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣ .
Proof. Taking the L2 inner product of

LU = ∂tU − A(∇)U − νB∆U

with U = (G, v), we obtain

(8.2) 〈∂tU(t), U(t)〉L2 − 〈A(∇)U(t), U(t)〉L2

− 〈νB∆U(t), U(t)〉L2 = 〈LU(t), U(t)〉L2 .

The second term on the left of (8.2) vanishes

〈A(∇)U(t), U(t)〉L2 = −〈∇v(t), G(t)〉L2 − 〈∇ ·G(t), v(t)〉L2

= −〈∇v(t), G(t)〉L2 + 〈G(t),∇v(t)〉L2 = 0.

Using integration by parts, the third term on left of (8.2) can be written
as
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〈νB∆U(t), U(t)〉L2 = 〈ν∆v(t), v(t)〉L2 =

∫
R3

ν∂2
kvi(t)vi(t)dx

= −
∫
R3

ν∂kvi(t)∂kvi(t)dx = −ν‖∇v(t)‖2
L2 .

Therefore, (8.2) becomes

1

2
∂t‖U(t)‖2

L2 + ν‖∇v(t)‖2
L2 = 〈LU(t), U(t)〉L2 .

Integration over time gives

1

2
‖U(T )‖2

L2 +ν

∫ T

0

‖∇v(t)‖2
L2dt =

1

2
‖U(0)‖2

L2 +

∫ T

0

〈LU(t), U(t)〉L2dt,

which implies that for 0 ≤ T < T0

E0,0[U ](T ) = E0,0[U0] +

∫ T

0

〈LU(t), U(t)〉L2dt.

For p ≥ q ≥ 0, we apply the above estimate to higher order derivatives
SkΓaU and together with the commutation property (4.2a) we obtain

(8.3) Ep,q[U ](T ) = Ep,q[U0] + I

+
∑
|a|+k≤p

k≤q

∫ T

0

〈(S + 1)kΓaLU(t), SkΓaU(t)〉L2dt,

where

I = −
∑
|a|+k≤p

k≤q

k−1∑
j=0

∫ T

0

〈
(−1)k−j

(
k

j

)
νB∆SjΓaU(t), SkΓaU(t)

〉
L2

dt.

For q > 0 we show by integration by parts that

∫ T

0

〈νB∆SjΓaU(t), SkΓaU(t)〉L2dt

=

∫ T

0

∫
R3

ν∆(SjΓav(t))i(SkΓav(t))idxdt

= −
∫ T

0

∫
R3

ν∇(SjΓav(t))i · ∇(SkΓav(t))idxdt

≤
∫ T

0

ν‖∇SjΓav(t)‖L2‖∇SkΓav(t)‖L2dt
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≤
(
ν

∫ T

0

‖∇SjΓav(t)‖2
L2dt

)1/2(
ν

∫ T

0

‖∇SkΓav(t)‖2
L2dt

)1/2

.

Therefore, we have

I . E1/2
p,q−1[U ](T )E1/2

p,q [U ](T ).

Applying Young’s inequality to the above bound and substituting into
(8.3) give

Ep,q[U ](T ) . Ep,q[U0] + Ep,q−1[U ](T ) + λEp,q[U ](T )

+
∑
|a|+k≤p

k≤q

∫ T

0

〈(S + 1)kΓaLU(t), SkΓaU(t)〉L2dt,

where λ is a small enough constant so that the corresponding energy
term can be absorbed on the left. Induction on q further gives

(8.4) Ep,q[U ](T ) . Ep,q[U0]

+
∑
|a|+k≤p

k≤q

∫ T

0

〈(S + 1)kΓaLU(t), SkΓaU(t)〉L2dt.

We recall that by Lemma 4.1, (4.2c)

(S + 1)kΓaLU = (S + 1)kΓaN(U,∇U) + (0,−∇SkΓaπ).

Using integration by parts and the constraint (4.3a), we see that the
pressure term vanishes

−〈∇SkΓaπ, SkΓav〉L2 = 〈SkΓaπ,∇ · SkΓav〉L2 = 0.

Therefore, by (4.2b) we can write the energy inequality (8.4) as

Ep,q[U ](T ) . Ep,q[U0]

+
∑

a1+a2=a
k1+k2=k
|a|+k≤p

k≤q

∣∣∣∣∫ T

0

〈N(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣ .
�

9. High Energy Estimates

In this section we estimate the top order energy. Here it is crucial
to avoid loss of derivatives.
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Proposition 9.1. Choose (p, q) so that 5 ≤ p∗ =
[
p+5

2

]
≤ q ≤ p. Sup-

pose that U = (G, v) ∈ C([0, T0), Xp,q) is a solution of (3.2a),(3.2b),(3.2c)
with

(9.1) sup
0≤t<T0

Ep∗,p∗ [U ](t) ≤ ε2,

for some ε sufficiently small. Then there exists a constant C1 > 1 such
that

Ep,q[U ](t) ≤ C1Ep,q[U0]〈t〉C1ε

Ep∗,p∗ [U ](t) ≤ C1Ep∗,p∗ [U0]〈t〉C1ε,

for 0 ≤ t < T0.

Proof. Using (4.1a), (4.1b), and (4.1c), we can write the inner products
in (8.1) as

〈N(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2

= 〈∇Sk2Γa2vSk1Γa1G,SkΓaG(t)〉L2

− 〈Sk1Γa1v · ∇Sk2Γa2G,SkΓaG(t)〉L2

+ 〈∇ · (Sk1Γa1GSk2Γa2G>), SkΓav(t)〉L2

− 〈Sk1Γa1v · ∇Sk2Γa2v, SkΓav(t)〉L2 .

We will first address the special case when a1 = 0 and k1 = 0, i.e.

a2 = a and k2 = k. Using the notation ṽ = SkΓav and G̃ = SkΓaG
introduced in (6.11), we start with

−〈v · ∇G̃, G̃〉L2 = −
∫
R3

vk∂kG̃ijG̃ijdx = −1

2

∫
R3

vk∂k|G̃|2dx = 0,

by (4.3a). Similarly, we see that 〈−v · ∇ṽ, ṽ〉L2 = 0.
The remaining two terms are

〈∇ṽG, G̃〉L2 + 〈∇ · (G̃G>), ṽ〉L2

=

∫
R3

[∂j ṽiGjkG̃ik + ∂j(G̃ikGjk)ṽi]dx

∫
R3

∂j(ṽiG̃ikGjk)dx = 0.

This shows that all of the the terms in the sum with a1 = 0 and
k1 = 0 cancel. Therefore we can write (8.1) as

(9.2) Ep,q[U ](T ) . Ep,q[U0]

+
∑

|a1+a2|+k1+k2≤p
k1+k2≤q
|a2|+k2<p

∫ T

0

‖ |Sk1Γa1U(t)| |Sk2Γa2+1U(t)| ‖L2E1/2
p,q [U ](t)dt,

and thus, there is no derivative loss.
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By (5.1b) and Lemmas 5.2 and 5.3, we get the bound∑
|a1+a2|+k1+k2≤p

k1+k2≤q
|a2|+k2<p

‖ |Sk1Γa1u(t)| |Sk2Γa2+1u(t)| ‖L2

.
∑

|a1+a2|+k1+k2≤p
k1+k2≤q
|a2|+k2<p

‖ζ |Sk1Γa1u(t)| |Sk2Γa2+1u(t)| ‖L2

+
∑

|a1+a2|+k1+k2≤p
k1+k2≤q
|a2|+k2<p

‖η |Sk1Γa1u(t)| |Sk2Γa2+1u(t)| ‖L2

.

[
Y1/2

[ p+5
2 ],[ p+3

2 ]
[U ](t) + 〈t〉−1E1/2

[ p+5
2 ],[ p+5

2 ]
[U ](t)

]
E1/2
p,q [U ](t).

Inserting this into (9.2) yields

Ep,q[u](T ) . Ep,q[U0]

+

∫ T

0

[
Y1/2

[ p+5
2 ],[ p+3

2 ]
[U ](t) + 〈t〉−1E1/2

[ p+5
2 ],[ p+5

2 ]
[U ](t)

]
Ep,q[U ](t)dt.

An application of Gronwall’s inequality produces

(9.3) Ep,q[u](T )

. Ep,q[U0] exp

∫ T

0

[
Y1/2

[ p+5
2 ],[ p+3

2 ]
[U ](t)+〈t〉−1E1/2

[ p+5
2 ],[ p+5

2 ]
[U ](t)

]
dt.

We point out that (9.3) holds for any pair (p, q) as long as p ≥ q ≥[
p+5

2

]
≥ 5, which requires only p ≥ 5.

Recalling the definition p∗ =
[
p+5

2

]
, we obtain using Theorem 7.1

∫ T

0

Y1/2

[ p+5
2 ],[ p+3

2 ]
[U ](t)dt ≤

(∫ T

0

〈t〉Yp∗,p∗−1[U ](t)dt

)1/2(∫ T

0

〈t〉−1dt

)1/2

.

(
sup

0≤t≤T
Ep∗,p∗ [U ](t) log(e+ T )

)1/2

(log(e+ T ))1/2

. sup
0≤t≤T

E1/2
p∗,p∗ [U ](t) log(e+ T ).

Likewise, we have the bound∫ T

0

〈t〉−1E1/2

[ p+5
2 ],[ p+5

2 ]
[U ](t) . sup

0≤t≤T
E1/2
p∗,p∗ [U ](t) log(e+ T ).
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Now thanks to the assumption (9.1), the inequality (9.3) implies that

Ep,q[u](T ) . Ep,q[U0] exp [Cε log(e+ T )] ≤ Ep,q[U0]〈T 〉C1ε.

Returning to (9.3), we can repeat this argument with the pair (p, q) =
(p∗, p∗) because p∗ ≥ 5 implies that p∗ ≥

[
p∗+5

2

]
. Therefore, we also

obtain the bound

Ep∗,p∗ [u](T ) . Ep∗,p∗ [U0]〈T 〉C1ε,

after a possible increase in the size of the constant C1. Note however,
that the choice of C1 is independent of ε. Theorem 9.1 now follows.

�

10. Low Energy Estimates

Now we will estimate the lower energy where the focus will be to
obtain the best possible temporal decay.

Proposition 10.1. Choose (p, q) such that p ≥ 11, and p ≥ q > p∗,
where p∗ =

[
p+5

2

]
. Suppose that U = (G, v) ∈ C([0, T0), Xp,q) is a

solution of (3.2a),(3.2b),(3.2c) with

sup
0≤t<T0

Ep∗,p∗ [U ](t) ≤ ε2 � 1.

There exists a constant C0 > 1 such that

sup
0≤t<T0

Ep∗,p∗ [U ](t) ≤ C0Ep∗,p∗ [U0]
(
1 + E1/2

p,q [U0]
)
.

Proof. We start with (8.1) applied to (p, q) = (p∗, p∗)

(10.1) Ep∗,p∗ [U ](T ) . Ep∗,p∗ [U0]

+
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∣∣∣∣∫ T

0

〈N(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣ .
We have shown in Section (9) that the summation indices satisfy |a2|+
k2 < p∗, but we will not need this fact here.

Using the cut-off functions (5.1a) and the property (5.1b), we can
bound the integral on the right-hand side by

∑
a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∣∣∣∣∫ T

0

〈N(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣
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.
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∫ T

0

∫
R3

ζ2|Sk1Γa1U(t)| |∇Sk2Γa2U(t)| |SkΓaU(t)|dxdt

+
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∣∣∣∣∫ T

0

〈ηN(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣
(10.2)

≡ I1 + I2,

where I1 and I2 denote correspondingly the two integrals on the right
and T is in the range 0 ≤ T < T0.

We shall show that

(10.3) Ij . Ep∗,p∗ [U0]E1/2
p,q [U0] j = 1, 2.

The interior intergral I1 can be bounded by

I1 =
∑

|a1+a2|≤|a|
k1+k2=k
|a|+k≤p∗

k≤p∗

∫ T

0

∫
R3

ζ2|Sk1Γa1U | |∇Sk2Γa2U | |SkΓaU | dxdt

.
∑

k1+k2+|a1|+|a2|≤p∗
k1+k2≤p∗

∫ T

0

‖ ζ2|Sk1Γa1U | |∇Sk2Γa2U | ‖L2 E1/2
p∗,p∗ [U ](t)dt.

In the case k1 + |a1| < k2 + |a2|+ 1, i.e. k1 + |a1| ≤
[
p∗

2

]
, using (5.3),

we have

‖ζ2|Sk1Γa1U ||∇Sk2Γa2U | ‖L2

. ‖ζSk1Γa1U‖L∞‖ζ∇Sk2Γa2U‖L2

.

[
Y1/2

[ p
∗+4
2 ],[ p

∗
2 ]

[U ](t) + 〈t〉−1E1/2

[ p
∗+2
2 ],[ p

∗
2 ]

[U ](t)

]
Y1/2
p∗+1,p∗ [U ](t).

We next consider the case when k2 + |a2| + 1 ≤ k1 + |a1|, i.e. k2 +
|a2| ≤

[
p∗−1

2

]
. With the use of Hardy’s inequality (5.5) and the Sobolev

inequality (5.4), we have

‖ζ2 |Sk1Γa1U | |∇Sk2Γa2U | ‖L2

. ‖r−1ζSk1Γa1U‖L2‖rζ∇Sk2Γa2U‖L∞
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.
[
Y1/2
p∗+1,p∗ [U ](t) + 〈t〉−1E1/2

p∗,p∗ [U ](t)
]

×
[
Y1/2

[ p
∗+5
2 ],[ p

∗−1
2 ]

[U ](t) + 〈t〉−1E1/2

[ p
∗+3
2 ],[ p

∗−1
2 ]

[U ](t)

]
.

Recall that
[
p∗+5

2

]
≤ p∗ since p ≥ 11. Overall, for the interior low

energy we have

I1 .
∫ T

0

[
Y1/2

[ p
∗+5
2 ],[ p

∗
2 ]

[U ](t) + 〈t〉−1E1/2

[ p
∗+3
2 ],[ p

∗
2 ]

[U ](t)

]
×
[
Y1/2
p∗+1,p∗ [U ](t) + 〈t〉−1E1/2

p∗,p∗ [U ](t)
]
E1/2
p∗,p∗ [U ](t)dt

.
∫ T

0

[
Y1/2
p∗,p∗−1[U ](t) + 〈t〉−1E1/2

p∗,p∗ [U ](t)
]

×
[
Y1/2
p∗+1,p∗ [U ](t) + 〈t〉−1E1/2

p∗,p∗ [U ](t)
]
E1/2
p∗,p∗ [U ](t)dt

.
∫ T

0

Y1/2
p∗,p∗−1[U ](t)Y1/2

p∗+1,p∗ [U ](t)E1/2
p∗,p∗ [U ](t)dt

+

∫ T

0

〈t〉−1Y1/2
p∗+1,p∗ [U ](t)Ep∗,p∗ [U ](t)dt

+

∫ T

0

〈t〉−2E3/2
p∗,p∗ [U ](t)dt.

Next, we are going to estimate these three integrals above. We will
use Theorem 7.1 and Proposition 9.1. Furthermore, we will require
that 2C1ε < 1.

The first integral can be estimated as follows:

∫ T

0

Y1/2
p∗,p∗−1[U ](t)Y1/2

p∗+1,p∗ [U ](t)E1/2
p∗,p∗ [U ](t)dt

.

(
sup

0≤t≤T
〈t〉−C1εEp∗,p∗ [U ](t)

)1/2

×
∫ T

0

〈t〉C1ε/2Y1/2
p∗,p∗−1[U ](t)Y1/2

p∗+1,p∗ [U ](t)dt

. E1/2
p∗,p∗ [U0]

(∫ T

0

〈t〉C1ε/2Yp∗,p∗−1[U ](t)dt

)1/2(∫ T

0

〈t〉C1ε/2Yp∗+1,p∗ [U ](t)dt

)1/2
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. E1/2
p∗,p∗ [U0]

(
sup

0≤t≤T
〈t〉−C1εEp∗,p∗ [U ](t)

)1/2(
sup

0≤t≤T
〈t〉−C1εEp,q[U ](t)

)1/2

. Ep∗,p∗ [U0]E1/2
p,q [U0].

For the second integral, we have

∫ T

0

〈t〉−1Y1/2
p∗+1,p∗ [U ](t)Ep∗,p∗ [U ](t)dt

. sup
0≤t≤T

〈t〉−C1εEp∗,p∗ [U ](t)

∫ T

0

〈t〉−1+C1εY1/2
p∗+1,p∗ [U ](t)dt

. Ep∗,p∗ [U0]

∫ T

0

〈t〉−1+C1ε/2〈t〉C1ε/2Y1/2
p∗+1,p∗ [U ](t)dt

. Ep∗,p∗ [U0]

(∫ T

0

〈t〉−2+C1εdt

)1/2(∫ T

0

〈t〉C1εYp∗+1,p∗ [U ](t)dt

)1/2

. Ep∗,p∗ [U0]

(
sup

0≤t≤T
〈t〉−C1εEp,q[U ](t)

)1/2

. Ep∗,p∗ [U0]E1/2
p,q [U0].

And finally, the third integral is bounded by

∫ T

0

〈t〉−2E3/2
p∗,p∗ [U ](t)dt .

(
sup

0≤t≤T
〈t〉−C1εEp∗,p∗ [U ](t)

)3/2 ∫ T

0

〈t〉−2+ 3
2
C1εdt

. E3/2
p∗,p∗ [U0]

. Ep∗,p∗ [U0]E1/2
p,q [U0].

Combining these estimates, we have proven (10.3), in the case j = 1.
Now we turn to the estimation of I2. This is the crucial step, where

we use the specific structure of the nonlinearity. By the definition of
the exterior term

I2 =
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∣∣∣∣∫ T

0

〈ηN(Sk1Γa1U(t),∇Sk2Γa2U(t)), SkΓaU(t)〉L2dt

∣∣∣∣ .
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Referring to the definition of N(U,∇U) (see (4.1b),(4.1c)) and ap-
plying the constraint (4.3a) we note that, in components, the quadratic
nonlinear terms are of the form

N1(Sk1Γa1U,∇Sk2Γa2U)ij =(Sk1Γa1G),j · ∇(Sk2Γa2v)i

− Sk1Γa1v · ∇(Sk2Γa2G)ij

N2(Sk1Γa1U,∇Sk2Γa2U)i =(Sk1Γa1G),j · ∇(Sk2Γa2G)ij

− Sk1Γa1v · ∇(Sk2Γa2v)i,

where G,j denotes the jth column of the matrix G. Here and below, the
indices satisfy a1 + a2 = a, k1 + k2 = k with |a| + k ≤ p∗ and k ≤ p∗.
Using the gradient decomposition (2.1), we can write

|N(Sk1Γa1U(t),∇Sk2Γa2U(t))|
. (|ω · Sk1Γa1v|+ |Sk1Γa1G>ω|) |∂rSk2Γa2U |

+ r−1|Sk1Γa1U | |ΩSk2Γa2U |

=

(
|ω · Sk1Γa1v|+

∑
j

|ω · Sk1Γa1G,j|

)
|∂rSk2Γa2U |

+ r−1|Sk1Γa1U | |ΩSk2Γa2U |
. |ω · Sk1Γa1u| |∂rSk2Γa2U |+ r−1|Sk1Γa1U | |ΩSk2Γa2U |,

where Sk1Γa1u stands for either of

Sk1Γa1u =

{
(Sk1Γa1G),j
Sk1Γa1v

.

Therefore, we obtain the bound

I2 .
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

{∫ T

0

∫
R3

η |ω · Sk1Γa1u| |∂rSk2Γa2U | |SkΓaU | dxdt

+

∫ T

0

∫
R3

η r−1|Sk1Γa1U(t)| |ΩSk2Γa2U(t)| |SkΓaU(t)| dxdt
}

(10.4)

≡ I ′2 + I ′′2 .
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By Lemma 5.3, we can bound I ′′2 as follows:

I ′′2 .
∑

a1+a2=a
k1+k2=k
|a|+k≤p∗

k≤p∗

∫ T

0

〈t〉−1‖η|Sk1Γa1U(t)| |ΩSk2Γa2U(t)| ‖L2‖SkΓaU(t)‖L2dt

.
∫ T

0

〈t〉−2Ep∗,p∗ [U ](t)E1/2
p,q [U ](t)dt.

(10.5)

We see that I ′2 is bounded by a sum of terms of the form

(10.6)

∫ T

0

‖η ω · Sk1Γa1u(t)‖L∞ ‖Sk2Γa2+1U(t) ‖L2‖SkΓaU(t)‖L2dt,

Recalling the constraints (4.3a),(4.3b), we see that Proposition 5.4 can
be used to estimate ‖η ω · Sk1Γa1u(t)‖L∞ .

In the case k1 + |a1| ≤
[
p∗

2

]
and k2 + |a2| ≤ p∗, Proposition 5.4 gives

‖η ω · Sk1Γa1u(t)‖L∞‖Sk2Γa2+1U(t)‖L2

. 〈t〉−3/2E1/2

[ p
∗+4
2 ],[ p

∗
2 ]

[U ](t)E1/2
p∗+1,p∗ [U ](t)

. 〈t〉−3/2E1/2
p∗,p∗ [U ](t)E1/2

p,q [U ](t).

And in the case k2 + |a2| ≤
[
p∗−1

2

]
and k1 + |a1| ≤ p∗, again using

Proposition 5.4, we have

‖η ω · Sk1Γa1u(t)‖L∞‖Sk2Γa2+1U(t)‖L2

. 〈t〉−3/2E1/2
p∗+2,p∗ [U ](t)E1/2

[ p
∗+1
2 ],[ p

∗−1
2 ]

[U ](t)

. 〈t〉−3/2E1/2
p,q [U ](t)E1/2

p∗,p∗ [U ](t).

From the two cases above and (10.6) we conclude that

(10.7) I ′2 .
∫ T

0

〈t〉−3/2Ep∗,p∗ [U ](t)E1/2
p,q [U ](t)dt.

Therefore, from (10.4),(10.5), and (10.7), we have shown that

I2 .
∫ T

0

〈t〉−3/2Ep∗,p∗ [U ](t)E1/2
p,q [U ](t)dt.

Now by Proposition 9.1, we obtain

I2 . Ep∗,p∗ [U0]E1/2
p,q [U0]

∫ T

0

〈t〉−3/2(1−C1ε)dt . Ep∗,p∗ [U0]E1/2
p,q [U0],

provided C1ε < 1/3. This verifies (10.3), in the case j = 2.
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By (10.1), (10.2), and the estimates (10.3), the proof of Proposition
9.1 is complete.

�
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