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EPIGRAPH

Gar Manches rechnet Erwin schon

Mit seiner Wellenfunktion.
Nur wissen mocht man gerne wohl
Was man sich dabei vorstell’n soll.

Erwin with his psi can do
Calculations quite a few.

But one thing has not been seen:
Just what does psi really mean?

—FErich Hiickel, 1926 (translated by Felix Bloch)[1]
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lar, the many-body expansion is used to study the intermolecular interactions in protonated and
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Chapter 1

Introduction

Modeling the behavior of chemical systems is an incredibly difficult task, in general. Be-
yond the very real complications associated with the need for a quantum mechanical description
of subatomic particles, we must grapple with many-body systems of mutually interacting particles
(the “many bodies” in this statement being the electrons and nuclei composing a given chemical
system). Isaac Newton famously explained in a correspondence with astronomer Edmund Halley
that the dynamics of the Earth, Moon, and Sun (a mere three-body system) made his head ache
like nothing else, and that the problem kept him awake so often that he stopped thinking about
it.[5] It was later proven that the general N-body problem has no closed-form analytical solution,
which essentially means that approximate numerical methods must be employed to have any
chance of approaching such systems theoretically. The many-body nature of chemical systems is
the elephant in every room of chemistry, so it is best to proceed with cautious bravery.

Original contributions include Sections 3.2, 3.3, 3.4,3.5,4.2,4.3,4.4,5.1.6,5.1.7,5.1.9,

5.1.10, 5.2, Chapter 6, and Chapter 7.



Chapter 2

Electronic Structure Theory Background

Chemical systems are composed of negatively charged electrons and positively charged

nuclei, which collectively interact via Coulomb’s law (in natural units):

q192 @.1)

Velectrostatic =

where g1 and ¢, are the charges of the two interacting particles (Coulomb’s law is a pairwise
interaction), and r is the distance between the two particles. Given the small masses of the relevant
particles (in particular the electrons), chemical system are inherently quantum mechanical
in nature. We will later see that models based on classical mechanics can offer accurate
representations of certain classes of chemical systems under particular circumstances, but
ultimately, these models must implicitly account for quantum mechanical effects through fits to
quantum chemical calculations, or fits to experimental data.

As in any quantum system, the total energy of a chemical system is described by a

Hamiltonian operator, usually called the “molecular Hamiltonian”, I:Imol, defined by:[6]

I:Imol - 7Awnuc + f:el + Vnuc—el + Vel—el + Vnuc—nuc

Nnue h2 el hz Nnuc el
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where T, and f’el are the nuclear and electronic kinetic energy operators, Vnuc_el, Vel_el, and
Vove-nuc are the potential energy operators describing the electron-nucleus, electron-electron, and
nucleus-nucleus potential energies, respectively, Nyyc and N are the number of nuclei and the
number of electrons. Capital letters (including indices, A and B) denote nuclear properties (in
natural units), My, Z4, Ra, and V4, which represent the mass, charge, position vector, and the
gradient with respect to the position of the nucleus indexed by A. Lower case letters, a and b,
index the electrons, and r, and V, denote the position vector and gradient with respect to the
position of electron, a. ||v||; = (v- v)% is the Euclidian norm of vector, v. The three potential
energy operators are due to Coulomb’s law (Eq. 2.1) with the charge of electron in natural units
being —1, and the charge of nucleus, A in natural units being equal to its atomic number, Zy.
Magnetic interactions are present, but are usually small.[7] As a side note, relativistic effects are
important in many chemical systems, but are not discussed here.!

The stationary states of the system—each described by a molecular wave function, ¥ (r,R),
which depends on both the electronic positions, r, and the nuclear positions (in the position
basis)—can be obtained by solving the corresponding 7Time-Independent Schrodinger Equation
(TISE):

HyoP(r,R) = &¥(r,R) (2.3)

where & is the total energy of stationary state, ¥(r,R). This equation is extremely difficult to
solve in general, having 3(Nyyc + Nei) coupled degrees of freedom. We will need to be clever to
have any chance of solving this equation.

Observing that nuclei are much more massive than electrons, we can imagine that
the electrons respond instantaneously to any change in the nuclear configuration. From this
perspective, we can “clamp” the nuclei at any given configuration, R, and solve for the stationary

states of the electrons, ®,(r;R) (indexed by n), for that particular nuclear configuration with the

'However the effective core potentials used in electronic structure calculations involving Br—, I, KT, Rbt, and
Cs™ discussed later do account for relativistic effects (Secs. A.2 and A.3).



electronic TISE:

A

Hel(R)q)n(r; R) =E, (R)q)n (r;R) (2.4)

where E,(R) is the total electronic energy of the n'™ electronic stationary state, @, (r;R), at the

fixed nuclear configuration, R, and H(R) is the electronic Hamiltonian for R, defined by:

A

He = Ael + Vnuc—el + vel—el
el h2 Nnuc el Nel_1 Nel 1 (25)

L3R et L L

la=1 a=1 b>a||ra_1’b||2

Since H,; is Hermitian, its eigenvectors, the electronic wave functions, ®,(r;R), (in
principle) form a complete (orthogonal) basis for the electronic Hilbert space, .77, for every
nuclear configuration. In practice we must settle for a finite basis set approximation, given that
the dimension of the Hilbert space is infinite (but separable). Therefore, we can expand the full

molecular wave function, ¥(r,R), as a linear combination of electronic stationary states:

R) =) 2%:(R)®,(r;R) (2.6)

where the expansion coefficients, x,(R), only depend on the nuclear positions. It turns out that
xn(R) can be thought of as the nuclear wave functions.[8]

Plugging the expansion of ¥(r,R) from Eq. 2.6 into the molecular TISE (Egs. 2.2
and 2.3), and using the fact that the electronic Hamiltonian, H,; doesn’t act on x,(R), and the

fact that V,ycnue iS @ constant, we obtain:

Y. True [0 (R)@u (15 R)] + 2 (R) A i (1 R)
! 2.7)

+ Xn (R)(Dn (I'; R)Vnuc-nuc =EXn (R)q)n (I‘;R)

It is important to remember that while the electronic Hamiltonian does not act on the nuclear

wave functions, the nuclear kinetic energy, Ty, does act on the electronic wave functions



because they are (parametrically) dependent on the nuclear positions).
In order to obtain a given nuclear wave functions, indexed by m, we multiply Eq. 2.7 by
the complex conjugate of the corresponding electronic wave function, ®,,(r; R), and integrate

over the electronic positions, r. After using Eq. 2.4, and defining the nonadiabaticity operator,

Opin, as:[8]
R Nhuc _ 2
0, = / |5 (15 R) True®, (15 R) + D, (15 R) ) M—AVACIDn(r;R)VA]dr 2.8)
A

and after skipping some steps, we finally obtain the following coupled set of equations for the

nuclear wave functions:[8]

[Tue + En(R) + Ve nuc(R) = E122(R) = = Y @ 2a(R) (2.9)

m,n

Everything we have done so far has been exact, so the system of equations in Eq. 2.9 are
just as hard to solve as Eq. 2.3. The problematic part in Eq. 2.9 is the nonadiabaticity operator,
which basically contains all of the terms that we would rather not deal with, dynamically?
coupling the different electronic states, ®,(r;R). In the next section, we (responsibly) throw

away the nonadiabaticity operator.
2.1 The Born-Oppenheimer Approximation
The Born-Oppenheimer approximation (BOA) is:

BOA
®ab ”

0 (2.10)

This simplifies matters considerably. Within the BOA, we can rewrite Eq. 2.9 as:

[Thue + En(R) + Vanenue (R)] %0 (R) = Ex4(R) (2.11)

’the coupling is dynamic because of the gradient operators.[8]



We can interpret Eq. 2.11 as being the nuclear TISE, identifying the last two terms on the

left-hand side as the potential energy operator for the nuclei:
EPES (R> — En (R) + Vnuc-nuc (R) (2 12)

Epgs(R) is a scalar-valued function of the nuclear positions, and is referred to as the Born-
Oppenheimer potential energy surface (PES). This is precisely the “electronic energy” cal-
culated in typical electronic structure calculations. The BOA is also called “the adiabatic
approximation,”’[8] and the resulting electronic states, ®,(r;R) are referred to as the adiabatic
electronic wave functions.

The electronic states are no longer coupled to each other after making the BOA, so the
stationary states are simply the product states, x,(R)®,(r;R), indexed by n. In other words, the
BOA is essentially the approximation that the molecular TISE (Eq. 2.3) is separable with respect
to the electronic vs nuclear coordinates.

It’s awfully convenient to be able to just throw away terms that are causing us problems,
but there is always a price to pay for such a maneuver, namely that the approximation fails in a
wide array of circumstances. In particular, the BOA fails when the electronic energies of two or
more adiabatic states get too close. These adiabatic states are no longer good approximate wave
functions because we have thrown away the coupling between degenerate, or nearly degenerate

reference (basis) states.

2.2 Wave Function Methods
2.2.1 One-Electron Orbitals

For N = Ng electrons, the many-electron wave function, ®(r;R), depends on the posi-
tions of each electron, so the corresponding many-electron Hilbert space, %’QEN), can be thought
of as the tensor product of N 1-electron Hilbert spaces, .77, EN) = %’él) ® %’él) Q& %ﬁ”.

From this perspective, it makes sense to write the many-electron wave function in terms of



1-electron wave functions (elements of %51)) called orbitals. The orbital for the a' electron,
Y (ra, @), depends on the position in 3 spatial dimensions, r,, as well as the spin coordinate, @,
of the a™ electron. In the absence of external fields, @, is simply another degree of freedom for
electronic wave functions. We define y(r,, @,) to be the product of a spatial orbital and a spin

function:

V¥ (ra, 0a) = Y(Xa) = ¢ (ra) (@)

o(@,) spin up (2.13)
Q(w,) =

B(@,) spin down

where @(r,) is the spatial orbital describing the position of the a™ electron (for example,
the spherical harmonics describing the positions of the hydrogen atom electron). Q(@,) is a
placeholder for the spin function, which is either a(@,) or B(®,) depending on whether the
a'™ electron is spin up (1) or spin down (].), respectively. Additionally, we define x, = (ra, ®,).
y(ra, @,;) = Y(Xa) is often called a “spin orbital” to distinguish it from the corresponding spatial

orbital.[6]

2.2.2 Basis Set Approximations

The 1-electron Hilbert space, %’ggl), is infinite dimensional, but separable, so any arbitrary
orbital can be expressed as a linear combination of some countable basis for %ﬂ”. In practice, we
use a finite basis set approximation, which, for practical reasons, usually takes the form of atom-
centered gaussians’ (multiplied by spherical harmonics which determine the angular momentum
of the orbital), or plane waves (typically used for periodic systems), or some combination of

the two. For some basis set approximation (for the 1-electron Hilbert space) composed of K

functions, {@;, ¢,..., @k}, any spatial orbital, ¢,, lying within the span of the basis can be

3Gaussian functions are a convenient choice because the product of two gaussians is another gaussian function,
and the Fourier transform of a gaussian is another gaussian.[6]



written as:

K
¢n = Z CrnnOm (2.14)
m=1

where c;,;;, are the expansion coefficients for the linear combination, which are complex numbers
in general, but can be taken to be real in most calculations. Note that the matrix representation of
the 1-electron Hamiltonian in this basis (approximation) will have a spectrum of K eigenvalues,
so in addition to the single occupied orbital (the eigenvector with the smallest eigenvalue), there
will be K — 1 unoccupied (excited state) orbitals. The accuracy of any particular electronic
structure method is limited by the accuracy of this basis set approximation. For example, the Full
Configuration Interaction (CI) method, discussed in Sec. 2.2.7, yields the exact, nonrelativistic
electronic energies (for both the ground and excited states) for any many-electron system, within
the basis set approximation used. If one were to use a small basis set for this kind of calculation,
the resulting energies would likely be inaccurate, despite the exactness of the full CI method,
due to a poor approximation of the true (countably infinite) basis of the N-electron Hilbert space,
%EN). If one were to use a sufficiently large basis set approximation, then the resulting energies
would be close to the exact values. If one were to use an even bigger basis set approximation,
the resulting energies may improve slightly (if the previous basis set were large enough, this
improvement might fall within the floating point precision of the calculation), but at a far greater
cost.* The ground electronic state energy calculated with full CI is an upper-bound to the exact
ground state energy, so improvements to the basis set approximation will allow the electrons to
relax to lower energy, reducing the upper-bound, approaching the exact value.

Thinking about electronic Hilbert spaces can be a little abstract, so a more terrestrial
analogy can be helpful. A given basis set approximation is analogous to a house for the electrons,
with the size, K, of the basis set roughly corresponding to the size of the house. A small basis set
is like a studio apartment that is barely large enough to hold all of the electrons, and not nearly

large enough for them to unpack their belongings and relax for the night, while an excessively

“It is also worth noting that excessively large atom-centered basis sets may lead to numerical instabilities in the
calculations due to near linear dependence between basis functions.



large basis set is analogous to a 20 bedroom mansion that is big enough for the electrons to relax,
with 15 extra bedrooms that will likely remain empty and unused (even though they paid for all
20), and an appropriately sized basis set is something in between. In practice, the choice of a
basis set approximation can be quite important, but for the remainder of the chapter, we assume
the use of an appropriately sized basis set. Details about the basis set approximations used for

the calculations presented in later chapters are given in Appendix A.

2.2.3 Inner Products and Bra-Ket Notation

By definition, each Hilbert space has some associated inner product, which is analogous
to the dot product in Cartesian vector spaces. Using bra-ket notation, an inner product between
two elements of some Hilbert space, w,v € ., is written as (w|v), with (w| being the bra, and
|v) being the ket. In general, an inner product is a sesquilinear map onto the scalar field,
underlying the Hilbert space (Hilbert spaces over the complex numbers, IF = C, are used in
quantum mechanics) i.e. (-|-) : # x # — . In bra-ket notation, the sesquilinearity of the
inner product corresponds to conjugate-linearity in the bra, and linearity in the ket.> Explicitly,

for vi,vo,v3,v4 € 7 and a,b,c,d € C, bilinearity leads to:

(avi +bvy|evs +dvy) = a*c (vi|va) +a*d (vi|va) + b c (va|v3) + b*d (va|vs) (2.15)

where a* and b* are the complex conjugates of a and b, respectively.

To be more precise, in bra-ket notation, the elements of the Hilbert space are denoted
by kets, |v) € 5, and elements of the corresponding dual space, 7, often called “covectors,”
are denoted by braks, (v| € #*. Covectors in the dual space of a given Hilbert space are
linear functionals, [, that map elements of the Hilbert space to the field, i.e. () : 57 — F.
The Riesz representation theorem states that given some Hilbert space, .77, for every linear

functional in the corresponding dual space, [ € 7%, there exists a unique element in the Hilbert

3Confusingly, this is reversed from the standard mathematical notation for inner products, with (x,y) = (y|x). In
mathematical notation, the inner product is linear in the left-argument, and conjugate-linear in the right-argument.



space, v = |v) € J, such that [(w) = (v;|w) € I for all w = |w) € 7, where (v;|w) is the
inner product between v;,w € .77.[9] This creates a “direct connection” between unique pairs of
bras and kets (elements of 777* and J#) with (v| <> |v). Additionally, the Riesz representation
theorem guarantees that for each linear operator, A (with A : J# — ), there exists a unique
operator AT called the adjoint of A (with® AT : 7 — ) such that (v|Av) = (v|A|v) = (ATv|v).

In the case of %gl), the relevant inner product is integration over the position of the
electron (over all of R3 ), as well as integration over the spin coordinate of the electron, @. For

vi(x) = |y), yi(x) = |y;) € J“i‘gfl) (and (y;| € %51)*) the corresponding inner product is:

(vilyj) :/l//i*(l', 0)yi(r,o)drdo = /l//i*(x)l[/j(x)dx (2.16)

Additionally, for some N-electron Hilbert space, %’g{m, the inner product corresponds to an

integral over the positions and spin coordinates of all NV electrons. It is important to keep in mind
that bra covectors, (®;| € ], represent linear functionals corresponding to multiplication by
the complex conjugate of |®;) € 7 and integration over all position and spin coordinates, so
one might write (®;| = [ ®¥(x) - dx, where the dot, -, indicates the input for the functional.
The 1-electron spatial orbitals and spin functions have their own separate inner products
as well, corresponding to integration over positions, and integration over spin coordinates,
respectively. For now, we can assume that the spatial orbitals form an orthonormal set, such
that the inner product between distinct orbitals yields O (orthogonality), and the inner product

between identical orbitals yields 1 (normalization):

(0110 = [ 67 ()8, (ra)dra = & @17)

where §;; is the Kronecker delta which equals 1 when i = j, and equals O when i # j. Note

that Eq. 2.17 is a 3-dimensional integral over R>. The spatial functions are also taken to be

®For a general linear map from vector space V to vector space W, A : V. — W (not necessarily an operator), the
adjoint, A" : W — V, maps the codomain of A to the domain of A.

10



orthonormal:

(@lo) = [ @ (@)a(0,)do, =1
B18) = [ B (00)B(wn)dw, = 1 .18)
(@lB) = [ o (0n)B(@)da, =0

It follows from Eqs. 2.17 and 2.18 that the spin orbitals, y(r,, @, ), also form an orthonormal set.

In order to solve the TISE numerically, we will need to represent the electronic Hamil-
tonian in some basis set approximation. For a given operator, 0, matrix elements, O;;, for the
matrix representation of the operator in the basis, { |v1), [v2),... }, are calculated by sandwiching
the operator between each bra and ket, such that O;; = (v;|O|v;). In the case of a 1-electron
Hamiltonian, H, in the basis of spin orbitals, { |y1), |y2),..., |Wk)}, we need to calculate the

following integrals:

Hyj= (wlA ;) = / v (x)Hy;(x)dx (2.19)

2.2.4 Many-Electron Wave Functions

Motivated by our use of 1-electron (spin) orbitals, we can write the electronic Hamiltonian
(Eq. 2.5) as a sum of a 1-electron operator, fz, and a 2-electron operator, v, such that Hy = h+9.
The 1-electron operator includes the kinetic energy of each electron, and the electron-nucleus

potential energy for each electron:

. N . N hZ ) Nnuc ZA
h = h, = (——V — —> (2.20)
Lha= 2\ =7% LRy nl

11



The 2-electron operator represents the electron-electron potential energy between each pair of

electrons:

Y Y-y Y
V= Vap =
a=1b>a ” ]c\t;llb;aHra_rb“z (2.21)
= Zr;bl
a=1b>a

defining r,, to be the distance between electrons a and b.

Discarding the 2-electron operator in Eq. 2.21 from the electronic Hamiltonian, we are
left with the 1-electron Hamiltonian (Eq. 2.20), which describes the energy of N noninteracting
electrons, since ¥ contains all of the coupling interactions between the electrons. Within this
noninteracting approximation, the electronic TISE become separable, and can be solved with a

many-electron wave function constructed from a product of 1-electron spin orbitals:

B(r:R) = B(x1, %2, ., xn:R) = Yi(xi: R) Y (x2:R) -+ Y. (xn: R) (2.22)

Eq. 2.22 is called the “Hartree product,” and corresponds to an uncorrelated many-electron wave
function. This can be seen from the probabilistic interpretation of the wave function (i.e. the
Born rule), where the probability of (simultaneously) finding the first electron within “volume”
element, dxq; = drid w;, centered at X1, the second electron within volume element, dx,, centered

at X, etc.. is computed with the square-modulus of the position-basis wave function multiplied

by the corresponding volume element:

p(X1,X2,...,XN; R)dxydxy - - - dxn
= q)* (X17X27 ce ,XN;R)@(X],XZ, cee 7XN;R)dX1dX2 .. 'dXN (223)

= |(I)(X1,X2, .. ,XN;R)|2dX1dX2 - dXN

where p(Xq,Xz,...,XN;R) is the probability density function for the positions of the N electrons.

12



When ®(r; R) takes the form of a Hartree product, we have:

p(x1,X2,...,xN; R)dxqydx, - - - dxn
= |%(X1;R)Wj(X2;R) ”.WZ(XN;RHZXmdXz- "dXN (224)

= |Wa(x1;R)[2dx1 | Wy (x2; R) | 2dxa - |y (xn; R) [Pdxn

which is equivalent to the product of finding each electron within its own volume element
independently of the other electrons, and therefore corresponds to an uncorrelated wave function.

The Hartree product lacks a number of important features of a true many-electron wave
function, the most basic of which is the indistinguishability of the electrons. This indistinguisha-
bility means, for example, that it is equally likely to find the first electron in the y; orbital as it is
to find the second electron in y;, etc.. Therefore, we make use of the permutation operator, &7,
which acts on a single Hartree product, and permutes the electronic coordinates between the
orbitals according to p € Sy, which is an element of the permutation group’ of degree N, Sy. For
example, if p = [3,1,2], then Zp{yi(ri;R)y;(r2;R)yi(r3;R)} = yi(r3; R)y;(r;;R) yi(r2;R)

With &7, we can enforce indistinguishability by writing the many-electron wave function
as a linear combination of every possible permutation of electrons for a given Hartree product,

such that the sum of the square modulus of the expansion coefficients equals 1 (for normalization).

D(x1,%2, -, XN R) = Y p Zp{Wi(xi R) Y (x2;R) - v (xn: R) }
PESN

Z |Cp|2 =1

PESN

(2.25)

For N electrons, there are N! possible permutations, so |cp|? = (N!)~! for all p.
In addition to the indistinguishability of electrons, our many-electron wave function

must be antisymmetric with respect to pairwise exchange of electronic (in general: fermionic)

"Usually called the “symmetric group.”
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coordinates:

d(xq,...,Xa,.--,Xp, .-, XN; R) = =D(Xq,...,Xp,...,Xa,...,XN; R) (2.26)

Notice that the Pauli exclusion principle, i.e. the statement that two identical fermions cannot oc-
cupy the same quantum state simultaneously, is a consequence of the antisymmetry of fermionic
wave functions since setting X, = Xp, results in the same function on both sides of Eq. 2.26, which
cannot be satisfied by any nonzero wave function. Antisymmetry can be enforced through the
expansion coefficients in Eq. 2.25 by setting ¢,y = —cp for all pairs of permutations, p’ and p”,
which differ from each other by an odd permutation (i.e. an odd number of pairwise exchanges
of electronic coordinates).

Conveniently, both the indistinguishability and antisymmetry are satisfied by a Slater
determinant, which is the determinant of a matrix whose rows each correspond to the coordinates

of a single electron, and whose columns each correspond to a single spin orbital:

|®) = [yiya- - wy)

= ®(x1,X2,...,XN; R)

Vixi;R)  wi(x2;R) -+ yi(xn;R)
I S vi(x;R) y;(x2;R) - y;(xn;R) (2.27)
(N1)z2
v:(xi;R)  y(x2;R) - y(xniR)
-r (‘]’V(‘;) ol ViR (R - i (xxiR))

where ket vectors (and bra vectors), |®) = |y Y5 - -- yy), denote a given Slater determinant, and
o(p) is the parity of permutation, p, and equals —1 for an odd permutation, and 1 for an even
permutation. Note that exchanging any two rows or columns of a determinant flips the sign of

the determinant, and setting any two rows or columns equal to each other results in a determinant

14



of 0, thus satisfying the antisymmetry property.? It is important to note that the antisymmetry is
due to exchange of both the spatial and spin coordinates, X,, meaning that two electrons can be
described by identical spatial orbitals, provided that they have different spin functions.

The Slater determinant is a substantial upgrade from the Hartree product, satisfying
both the indistinguishability and antisymmetry properties. Furthermore, a many-electron wave
function that is antisymmetric with respect to pairwise exchange of electronic coordinates
includes a type of electronic correlation known as exchange correlation. In a system described by
a Hartree product, the behavior of any given electron is completely independent of the behaviors
of other electrons (Eq. 2.24), while in a system described by a Slater determinant, all electrons
having parallel spins (either all spin up, or all spin down) are correlated such that the probability
of finding them at the same position is exactly 0. However, this type of correlation is fairly
limited, and only exists between electrons with parallel spins, while electrons with antiparallel
spins (i.e. both spin up and spin down) remain entirely uncorrelated, so a Slater determinant is
often called an uncorrelated wave function.

Single Slater determinants lie at the center of Hartree-Fock (HF) theory, and is often used
as a starting point for more accurate calculations, such as full CI. Arbitrary correlated many-
electron wave functions (including the exact ground state wave function) can be constructed
from a sufficiently large linear combination of Slater determinants, so many correlated electronic
structure methods use the ground state HF determinant, |(®yg)o), as a “reference” state, and
attempt to approximate the exact ground state wave function as a linear combination of the
HF determinant, and its excited determinants.[6] An M-tuply excited determinant (1 <M < N)
relative to [(Pur)o) = |Wiya- - Wi--- Y- Yy) corresponds to removing M electrons from
occupied spin orbitals, and adding M electrons to distinct unoccupied (excited) spin orbitals.
We refer to these excited determinants by adding subscripts and superscripts to the reference

ket vector, which label the occupied and excited orbitals (relative to the reference), respectively.

81dentical bosons are symmetric with respect to exchange, and therefore require a permanent, rather than a
determinant.
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For example, removing electrons from occupied orbitals, y; and y;, and adding electrons to
excited orbitals, v, and y,, relative to |(®Pyr)o), results in the 2-tuply excited determinant
denoted by |(CI>HF)f’jq>.9 Using this notation, the ground state full CI N-electron wave function,
|(®Pgcr)o), which describes the exact nonrelativistic wave function (within the span of the basis

set approximation used), can be written as:[6]

|(®rcr)o) = co |(PrF)o +ZC (Pur)/7) + Y e [(Pur)i)

i<j
<
e (2.28)
qu qu e1ey---e, ejep---e
+ Z Cljk z]k > +eet Z 6011022--0];]\/ |(¢HF)011022~-0]X/>
i<j<k e1<er<--<en

p<g<r

where ¢ denotes expansion coefficients, the first sum (}; ,) denotes a double sum over occupied
and excited orbitals indexed by i and p, respectively, the second sum denotes a quadruple sum
over pairs of occupied orbitals (i < j) and pairs of excited orbitals (p < g), etc., and the last sum
adds all N-tuply excited determinants, with 01,07, ...,0y indexing the occupied orbitals (relative
to the reference) and ey, es,...,ey indexing the excited orbitals (there are only N occupied
orbitals, so there is only one choice of 01,02, ...,0y due to the indistinguishability of electrons).

It is convenient to introduce the creation (") and annihilation (4) operators, which are
defined such that, for a given set of K spin orbitals, {y1,...,¥;,...,¥,,... Yk}, the creation
operator, d', creates an electron in spin orbital p, and the annihilation operator, d;, annihilates an

electron in spin orbital, i:[6]

d; Wi yy) = |y Yny,) (orbital p previously unoccupied) (2.29a)

&; W1 yny,) =0 (Pauli exclusion) (2.29b)
aily - ) = W1 wN) (annihilate electron from orbital i) (2.29¢)
dilyr---wn) =0 (orbital i previously unoccupied) (2.29d)

°In terms of creation (4") and annihilation (4) operators, we can write this particular excited determinant as
|(®ur)}) = alaiaia; |(Pur)o)-
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Note that the creation and annihilation operators are adjoints, with the Riesz representation theo-
rem giving the following direct connection relationship between bra and ket: (y; - yy| &:f “
ailyi - yn).

The creation and annihilation operators are discussed in detail in the context of electronic
structure theory in Ref. [6]. Here, we only need to understand how they act on a given determinant,

and the following anticommutation relations:

didj + C?jfl,' =0 (2.30a)
ala+atal =0 (2.30b)
alaj+ajal = &1 (2.30¢)

where all three equations encode the antisymmetry of the electronic wave function with respect
to pairwise exchange (e.g. aT T d;d;), and &;;1 =1 (when i = j) and ;;1 = 0 (when i # j)
ensures that bra and ket remain normalized after creating or annihilating an electron.

The full CI wave function (Eq. 2.28) can be written as:

|(Prci)o) = co|(Pur)o +ZC abai|(Pup)l!)+ Y cllajala;a;|(Pur)o)

i<j
p<q
+ Y d¥ajatalaaia; | (Pur)o) + - 2.31)
i< <k
p<q<r
AT A AT A A
+ Z C(e;llizz ijvaélazz aeNaON'”aOQaOl |((I)HF)O>

e1<ep<---<en

2.2.5 Slater-Condon Rules

Before proceeding, to HF theory and correlated theories, it helps to write down matrix
elements of the electronic Hamiltonian in the basis of the HF determinant and its excited
determinants (the Slater-Condon rules). In general, for some operator 0, the matrix element

corresponding to bra and ket N-electron Slater determinants (Eq. 2.27), (®'| = ®*(rq,rz,...,IN)
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and |®") = ®"(ry,ry,...,rN), respectively, is calculated by the integral:

(@0 = /CID'*(rl,rz,‘..,rN)OQJ"(rl,rz,...,rN)drldrz--drN

_/ o(p)ol” 9’ AW (=) Y (x2) - W (xn) } (2.32)

]
p'ESy p”eSN N!

Oy { Wi (x1) W] (x2) -+ W/ (xn) }drydry - - - dry

Borrowing the notation from Ref. 6, we need to consider three types of matrix elements:

1. Bra and ket have identical spin orbitals, (---ij---| and |---ij---)
2. Bra and ket differ by 1 spin orbital, (---rj---| and |---pj---)
3. Bra and ket differ by 2 spin orbitals, (---rs---| and |--- pg---)

Additionally, it is helpful to consider the matrix elements of the 1-electron operators (Eq. 2.20)
and those of the 2-electron operators (Eq. 2.21) separately. The derivations of the Slater-Condon
rules are described in detail in Ref. 6, but the general structure of the results follows from the
orthogonality of the spin orbitals (Eqs. 2.17 and 2.18), and from the fact that Hermitian operators
(including all terms in the Hamiltonian) in general do not preserve orthogonality. To illustrate
this point, we first consider the inner products (often called “overlap integrals™) for the three
cases enumerated above. The inner product between determinants (®’| and |®") is obtained by
substituting the identity operator, 1, for O in Eq. 2.32.

For case 1, in which the bra and ket correspond to an identical set of spin orbitals, we
have (---ij---|---ij---) = 1. Notice that each determinant in Eq. 2.32 consists of N! Hartree
products differing by permutations of the N electrons within the N occupied spin orbitals, so
their product (the integrand in Eq. 2.32) corresponds to a sum of (N!)? terms in total. Using the
orthogonality between spin orbitals (Eqgs. 2.17 and 2.18), one can see that the only nonzero terms
in the integrand correspond to identical permutations, i.e. p’ = p”, which leaves a single sum
over permutations (and a total of N! terms, rather than (N !)2 terms). Additionally, since p’ = p”,

the product of the parities of the permutations, o (p’)o(p”), equals 1 for each permutation (since
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odd permutations leads to (—1)(—1) = 1, and even permutations leads to (1)(1) = 1). This
leaves us with a sum of N! terms in the integrand, each integrating to 1 (the spin orbitals are
normalized), which gives us N!/N! =1 as a final result.

For cases 2 and 3, we find that the inner products, (---rj---|---pj---) and
(-++rs---|---pg---), both equal 0. Following the same reasoning as in the case 1 inner product,
there are no permutations in which all bra spin orbitals are matched with the analogous ket spin
orbitals, so integration over at least one set of electronic coordinates will yield O for each term in
the sum. In other words, each term in the sum will have at least one electron occupying a pair of
bra and ket spin orbitals that are orthogonal to each other. When computing matrix elements of
Hermitian operators, we encounter similar situations. However, the fact that Hermitian operators
do not preserve orthogonality will sometimes result in nonzero integrals between orthogonal
bras and kets.

Before calculating matrix elements, it is helpful to refactor our expression for the Slater
determinant (Eq. 2.27). Using the Laplace (cofactor) expansion of the determinant, we obtain

the following identity:

v = Y 22 g k) va(x) - u(xn)}

_1)i+1 /
— Z (—1)"* %(X1)< Y o) yp’{"'Wn#i("m#l)"'}) (2.33)
p

G s (N=1)1)2
N(_l)i—l—l

=Y —— v @ @lviva---yn))
i=1 N2

where {--- ¥,i(Xm+1) - - - } denotes the Hartree product of all occupied spin orbitals except for
y;, containing all electrons except for electron 1, and d; |y y» - - - W) denotes the corresponding
Slater determinant with an electron annihilated from (previously) occupied orbital, y;. Note
that we need to take the tensor product between the determinants to obtain an element of the

N-electron Hilbert space, %’ng ) = %El) ® %ﬂe%N —1)_
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Again, using the Laplace expansion of the determinant, we obtain:

vruw) = ¥ TP ot xa)ya(x) -y ()

PESN (N!) 2

y 2D O®) 5 rixg)yi(x )
i—ljZ>i(N(N—1))£ <p,§2 (21} p{Vi(x1)wj(x2)}

o (") (2.34)

_I)H-j—H

——— Vi) ® (ajdi |yiya - W)
LRI )

where i and j (in the double sum) index all pairs of distinct orbitals, p’ € S5 is an element of the
permutation group of degree 2 (S = {[1,2],(2,1]}), {* - - Wnti(Xm1) Wi j(Xmr£2) - - - } denotes
the Hartree product of all occupied spin orbitals except for y; and y;, containing all electrons
except for electrons 1 and 2, and @;d; |1y - - - yy) denotes the corresponding Slater determinant
with electrons annihilated from (previously) occupied orbitals, y; and ;. The extra factor of 23
ensures that |y;y;) is normalized.

Due to the indistinguishability of electrons described by a Slater determinant, we can
simplify the 1-electron operator, i = Z’a\/:l Iy, by only considering a single electron, Zlavzl hy —
Nhy, arbitrarily choosing electron 1. Additionally, indistinguishability allows us to simplify

N r—l

b>alap » DY only considering a single pair of electrons,

the 2-electron operator, v = 22;_11 Y
v — %N (N — 1)rf21, arbitrarily choosing electrons 1 and 2. With these simplified operators,
the use of the expressions for |y ys - - - yy) in the last lines of Egs. 2.33 and 2.34 clarifies the
computation of the 1- and 2-electron operator matrix elements, respectively, because they allow
us to focus on 1- and 2-electron integrals (involving the kets on the left of the tensor products),

while the integrals over the coordinates of the remaining electrons (involving the kets on the

right of the tensor products) are easily evaluated with the inner product rules.
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Evaluating the 1-electron operator (h) matrix element for case 1 gives:[6]

. N (_I)H'l
<"'ij""h|"'ij"'>:<z <‘/’i’®<V’1‘lf2"'WN’dZ>

i=1 N7
et
(Nhy) ZT“I’:">®‘%’”‘I’1‘V2"‘WN}
" 2.35
N N(—1)%+2 . . (2.35)
=Y = (il v (vave - wnldlan lwiya- u)

—

(il ki)

I [‘Hﬂz
Mz

/‘lfl x1)h1 yi(x1)dxq =
=

where the double sum collapses into a single sum because the inner product,
(yiya---wy| &jfli/ lwiys - yy) = 87, despite the fact that (;| i |yy) in general is nonzero,
even when i # i'.

For case 2, we can immediately collapse the double sum into a single sum for the same
reason as in case 1. In particular, we index (---rj---| and |---pj---) such that orbitals y; in
the bra and ), in the ket are referenced by the same index, i, in the sum. With this in mind, the

matrix element is evaluated as:[6]

N
(-oorj-o| B Z (Wil B i) Wy -yl @l ai lyiys - wi)
= / v (%) vy (x1)dxy (236)
= (rlh|p)

where all terms in the sum in which i # r in the bra and i # p in the ket evaluate to 0 because
(Yiva - wwl A, dizp W1y - W) =

In case 3, for each i in the sum, (y; ‘I’Z""VN‘&,T contains either y; or y;, and
a; [y1ys - - - yy) contains either v, or Y, so (Y1 yn--- Yy| &jd,- w1y, -+ yy) always evaluates
to 0. We therefore obtain (---rs---|h|---pq---) = 0.[6] Note that matrix elements between

determinants differing by more than two spin orbitals also evaluate to 0 by the same reasoning.
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We can apply a similar approach when calculating the 2-electron operator matrix elements.

We start by evaluating the following 2-electron integral:

sl o) = 5 (7 (0w () = w7 ()i ()
ri2
(W x0)Vaa) ~ Volxa) vy )iy
= [ vl v (e v )dxadsy (2.37)

1
- / vy (x1) ¥y (XI)EW: (x2) Yy (x2)dx1dx)

= (rs||pq)

where we swapped the integration variables x; <> X, in two of the four integrals, resulting in the
final two integrals (with factors of 2/2 = 1 for each), which we abbreviate as (rs| |pg).[6] With

this result, we can evaluate case 1:

25(_1)i+j+1
S S (NN - 1)
1

NIN=1) 1 [N & 22(—1) 7+ o
_ ———————— YY) Ra ay [y Y
( 2 )(Z Z;i/ (N(N—l))% | j> j | 1Y2 N>

1

(i ® () Wz--w!d{&})

(2.38)
1 RIS PN

(viy;] E|‘l’i‘l’j> (Viva--ywla;d;apay [yiys- - yy)

N
=) X (ijllij)
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Taking a closer look at one of the terms in the sum, we have:

1
| —

2

(il lig) = (wiwil — lwaw)

* 1 *
= [ v twtx) v () vy )dmad,

1
= [ v )W xo)— w7 () v 2 )dxadng
2 (2.39)

1
= [ i) P wixa) Paxade
r2
* L.
—/‘lfi (XI)WJ(XI)E% (x2) yj(x2)dx2dx2

=J,'j—K,"

Jij is called the Coulomb integral due to the fact that it resembles the Coulombic interaction
between electron distributions, |y;(x1)|* and |y;(xz)|?. This is a sound interpretation of the J;;
integrals given that the Born rule (Eq. 2.23) states that |y;(x;)|? is the spatial probability density
function for an electron occupying orbital, y;, and the fact that the electron is a charged particle.
Unfortunately, this is not an adequate description of electron-electron interactions on its own,
since |y;(xq)|? corresponds to a charge-probability density, not a charge density. In other words,
while |y;(xq)|? is delocalized over space, a single electron can only exist at a single position
at any given time (within the limits of the uncertainty principle). The Coulomb integral treats
|wi(x1)|? as a charge distribution where some fraction of the charge exists in some region of
space, and another fraction at some other region, etc., while in reality, the charge-probability
distribution tells us that there is some probability of finding exactly —1 charge (in natural units)
within any given region in space.

The fact that J;;, on its own, is not appropriate for describing electron-electron interactions
should not be surprising since (y;y;]| rl_zl i) = (wiy;| |wiy;) = Jij — K;j, so interpreting J;,
itself, as the Coulomb interaction between the two electrons described by the Slater determinant,

|wiy;), neglects the contribution due to the mysterious Kj; integral. K;; is called the exchange

integral, and is a direct consequence of the exchange correlation captured by the use of a Slater
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determinant.'? Part of the ‘mystery’ surrounding the exchange integral comes from the fact that it

|2, in the Coulomb integral, is appropriately

has no classical analog. While v (x)y;(x) = |y;(x)
interpreted as a probability density function, y;"(x)y;(x) is rather cryptic. When we re-imagine
the Coulomb and exchange interactions in terms of 1-electron operators when discussing HF
theory in the next section, we will see that the exchange interaction is inherently nonlocal.
Ultimately, one must be satisfied with the interpretation that K;; quantifies the effect
that exchange correlation on the electrostatic interactions between electrons with parallel spin
(evaluation of the exchange integral in Eq. 2.39 yields K;; = 0 when y; and y; are associated
with opposing spin functions). The most apparent feature of exchange correlation is the Pauli
exclusion principle, which is demonstrated by the computation of the 2-electron integral (Eq. 2.37
or Eq. 2.39) between determinants composed of identical spin orbitals, i.e. (yiy;|r, |wiy:) =
(ii] |if) = Jii — Kj; = 0. The fact that J; = K;; allows us to remove the restrictions on the

summation index in Eq. 2.38, going from a sum over unique pairs of spin orbitals, to a simple

double sum, double counting each pair and including the ‘diagonal terms’:[6]

N-1 N
(oedjeeePleijey = 3 ) (il 1)
i=1 j>i
1 N N
= EZ‘TJZI (il 1ij) (2.40)

where the extra factor of % corrects for the double counting in the unrestricted sum, and the

diagonal terms (in which i = j) can be included because (ii| |ii) = 0. The use of an unrestricted

10There is an understandable misattribution of the exchange interaction to the antisymmetry of electronic wave
functions in the text book by Szabo and Ostlund (although they also correctly ascribe it to exchange correlation, as
we do here).[6] This is clearly incorrect given the fact that bosons display exchange interactions as well, differing
only by the sign ((WiW;voson 12 |¥i¥) ) boson = Jij + Kij) due to their symmetry with respect to pairwise exchange,
captured by the use of a permanent (rather than a determinant). By this reasoning, one might say that the exchange
interaction is due to the indistinguishability of elementary particles, which is implicit in our attribution to the
exchange correlation. It should be noted that this error is of little consequence, and should not deter the reader from
the otherwise excellent text.
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sum will prove to be convenient when formulating HF theory in terms of an effective 1-electron
TISE.

However, while Eq. 2.40 is convenient in the 1-electron picture used in HF, it is important
to be careful with our interpretations of the Coulombic part of the expression, given the discussion
above about treating the electron distribution as a charge distribution. In particular, after
discarding the K;; terms in Eq. 2.40, and interpreting p(x) = Y~ |yi(x)|? as a charge density
(in natural units), #[p] = %Zﬁvzl Jij describes the classical self-repulsion of the charge density
with itself.[10] Further elaboration on the consequences of such a transgression can be found
in the discussion on the self-interaction error and the delocalization error in density functional
theory (DFT) in the literature.[11, 12, 13, 14]

The results from evaluating 2-electron operator matrix elements for cases 2 and 3 are

given by:[6]

N
(oorjo ol piy = Y il lpd) @41a)
j=1

(-oorse 0]+ pq--) = (rs| |pq) (2.41b)

The derivations are left as exercises for the reader.

2.2.6 Hartree-Fock Theory

Despite being incapable of describing a fully-correlated many-electron wave function,
a single Slater determinant is a useful starting point when calculating the ground state wave
function (corresponding to the lowest energy state of the electrons for some fixed set of nuclear
coordinates, R). In particular, the Hartree-Fock approximation leverages the variational princi-
ple, minimizing the (total electronic energy) expectation value of the electronic Hamiltonian,
Enro = ming (®| A |®), with respect to many-electron wave functions approximated as single
Slater determinants, constraining the determinant to be normalized, (®|®). In this context, the

variational principle states that minimizing Egr with respect to single determinants yields an
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upper-bound to the exact electronic energy, and is a consequence of the fact that the exact ground
state many-electron wave function minimizes the total electronic energy for a given electronic
Hamiltonian (i.e. it corresponds to the smallest eigenvalue of H). Here, we skip most of the
details of the HF method (which are described in detail in Ref. 6), and only focus on the major
ideas.

Using the results from Eqgs. 2.35 and 2.40, we can write the energy expectation value for

an N-electron single determinant as:

I
Ill\[)\lﬂ: ﬂMz [ Mz

(| Het |®)

?

N N
ZZ (ij]ij)

1

2

( h 2 Nnuc ZA
7 Va~ 1||RA—Y\|2

) v;(x)dx
(2.42)

N
Z ( / v (x1 ‘l’z(xl) Y F(x2) Wj(x2)dx1dxz
—/%*(Xl)Wj(Xl)Elllf(Xz)ll/i(Xz)dndXz)

Using the method of Lagrange multipliers, the HF approximation can be shown to be equivalent
to solving an effective 1-electron TISE where the true electron-electron coupling (Eq. 2.21) is

replaced by the average potential, ?1I (x), due to the other electrons:[6]

Fx0)wi(xa) = (h(xa) + 97 (x1)) pi(x1) = &wi(x1) (243)

where f(xq) is the effective 1-electron Hamiltonian called the Fock operator, h(xy) is the 1-
electron Hamiltonian (Eq. 2.20), w;(xq) is the i eigenvector of f(x;) corresponding to the
th gpin orbital (i < N corresponding to occupied orbitals, and i > N corresponding to excited
orbitals), and g; is the orbital energy of y;(xy), arising from the diagonalization of the matrix of
Lagrange multipliers.[6]

As expected, the difficult part is obtaining the effective potential, ?1IF (x ), which must
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account for the electron-electron interactions in a 1-electron operator. To do this, we define the

Coulomb and exchange operators:[6]

~

MM (xq) = J(x1) —k(xq) (2.44)

with J (x1) corresponding to the Coulomb potential due to the total charge distribution of the

N-electron HF ground state Slater determinant, Y | [w;(xz)[%:
. N 5 1
fixa) = Y- [ ) —dxa 2.45)
i=1

Notice that j(x;) depends on the electron position, Xp, since rle in the integrand depends on Xy,

and we only integrate over Xj. lAc(xl) describes the exchange interaction:

A Nopoo]
ko) = 1 [ v 0x2) P (i) - e 2.46)

where &, || permutes the coordinates, Xz and Xy, and the dot, -, indicates that &7}, ;) acts on the

operand of k(x;):

X N 1
kxwixa) = Y [ i (xa)— o i) v Yo
=1 . (2.47)

N
-y / nm*(xn;lzw(xowj(x;)dn

The inclusion of the &), ;) makes k(x1) a nonlocal operator, due to the fact that it is not
diagonalizable in the position basis,'! i.e. (r|k|r’) # (r|k|r)8(r —r’).[10] In other words, the
action of k(xq) on w;(x;) depends on y; over all space, not just its value at x;, due to the fact
that we are integrating over X, in Eq. 2.47.[6] Additionally, we reiterate that the fact that J; = Kj;,

which allows us to define the operators, / and k, in a 1-electron picture that is valid for all orbitals

"The kinetic energy operator is nonlocal as well due to the gradient operators.
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(we don’t need restricted sums over unique pairs of orbitals, 1.e. Eq. 2.38 — Eq. 2.40).

The HF equations (Eq. 2.43) determine the spin orbitals that compose the optimal Slater
determinant that minimizes the total electronic energy (Eq. 2.42). However, the definition of the
effective potential (Eqgs. 2.44, 2.45, and 2.46) appears to require the knowledge of the solutions
up front (since the Coulomb and exchange operators both involve sums over the N occupied spin
orbitals, indexed by i). This means that the HF equations need to be solved self-consistently by an
iterative method, starting with some initial guess for the ground state determinant, constructing
the corresponding Fock operator, solving for the eigenvectors (spin orbitals) of the initial-guess
Fock operator, constructing a new Fock operator with the N eigenvectors with the smallest
eigenvalues, &;, and then solving for the eigenvectors of the new Fock operator, etc., until the
spin orbitals converge to some iterative fixed point (i.e. the eigenvectors converge to the orbitals
used in the construction of the Fock operator). Once the solutions of the HF equations converge
to the optimal spin orbitals, we construct the corresponding Slater determinant (Eq. 2.27), and
evaluate the energy expectation value with Eq. 2.42. For this reason, one often calls the HF
equations the HF Self Consistent Field (SCF) equations.

In the context of the HF equations (Eq. 2.43), we can express the SCF iterative procedure

as follows:

"D yy s f)(xg)

FO )y () = €y (xg) = (w1 vl (2.48)
arg min Y ) ) = i,

(LK (v ) ey )

where the superscript “(n)” denotes the iteration index, a complete set of orthogonal spin
orbitals, {l//](n), ey I/II((H)}, are obtained from solving the 1-electron TISE in the n™ iteration
(line 2 of Eq. 2.48), én{1,2,...,K} denotes the set of all N-element combinations of integers,
{1,2,...,K}, and the argmin function picks out the N spin orbitals, {l,t/l(”), ey I;IJE,n )}, with the
(n)

lowest (orbital energy) eigenvalues, &,

= <1//l.(") | 7 (x1) \1//1.(")>, within the span of a basis set
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approximation composed of K functions (leading to a total of K eigenfunctions and eigenvalues).

From Eq. 2.42, the total electronic energy of the n't Slater determinant, E(gn), can be written as:

B = (w vy oy Ha [ ws - w), (249)

| ES”H) — E(g")| < Acony, Where Acony is some user-defined

and SCF convergence is reached when
convergence threshold.!?

Before proceeding to the correlated methods, we make a note of an important result from
HF theory called Brillouin’s theorem. Recall that in the correlated methods, we usually use the
HF determinant, |(®yr)o), as a reference state, and construct a correlated wave function as a
linear combination of the reference and its excited determinants. Brillouin’s theorem states that

matrix elements of the electronic Hamiltonian between the HF determinant and its singly-excited

determinants evaluate to 0:[6]
((®ur)o| Her | (@ur)?) = 0 (for all i, p) (2.50)

This is due to the fact that singly-excited determinants relative to the HF ground state differ by
a single spin orbital (i.e. Y; — ¥, in Eq. 2.50). Using the case 2 matrix elements discussed in
Sec. 2.2.5, we find that ((Pur)o| Hel |(Pur)?) = (Wil £|w,). Since the relevant spin orbitals, y;
and y;, are eigenvectors of the Fock operator, f, (W] f|w,) = 0 because f is Hermitian (its
eigenvectors are orthogonal). Note that while the single-excited determinants aren’t directly
coupled to the (HF) reference state, they are indirectly coupled through coupling to the doubly-

and triply-excited determinants.

120ther properties like the total density can be used to determine convergence as well.
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2.2.7 The Correlation Energy and The Configuration Interaction
Method
As discussed above, the exact (nonrelativistic) many-electron wave function within
the BOA, and within the basis set approximation used, can be obtained from the Full CI
method, resulting in the full CI wave function, |(®gcy)o), which includes exact electron-electron
correlations. We define the (ground state) correlation energy, Ecorr 0, to be the difference between

the HF ground state energy and the exact energy (from Full CI):

Ecorr.0 = Ercro — Euro = ((Prcr)o| He | (Prcr)o) — ((®Pur)o| Hel |(Pur)o) (2.51)

For convenience, we write the full CI wave function in “intermediate normalized”

form:[6]

|[(Prci)o) = [(PrE)o +ZC (®ur)/) + Y i [(Pur)i)

i<j
p<q
(2.52)
qu qu ejep---e erey--e
+ Z Cljk Uk > ot Z collozzm()];[v ’((I)HF)()ll()ZT--()];’v)
i<j<k e1<ep<---<en

p<q<r

which, itself, is not normalized due to a coefficient of 1 for the HF determinant, |(®gr)o),
leading to ((®ur)o|(Prcr)o) = 1. Note that the coefficients, ¢, differ from those in Eq. 2.52
due to the different normalization. It is important to keep in mind that we are talking about
excited determinants relative to the HF ground state, which, by the variational principle, is itself
some kind of excited (non-stationary) state relative to the exact (full CI) ground state wave
function. Given that the single Slater determinant defining the HF ground state wave function
does not correlate the electrons (beyond exchange correlation), the “excitations” of the HF
ground state act as correlation corrections to the uncorrelated reference, with double excitations
simultaneously correlating pairs of electrons, triple excitations simultaneously correlating 3

electrons, etc.. Reality is slightly more complicated than m-tuply excited determinants strictly
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correlating m electrons since determinants corresponding to different orders of excitations are
coupled with each other, but it is a decent intuitive picture to keep in mind.
We can act the operator, H.,— Eng o1 on the intermediately normalized wave function to

obtain:

(e — Enrol) |(@rc1)o) = (Ercro — Enro) |(Prcr)o)

(2.53)
= Lcorr |(CDFCI)0>
If we left-multiply by ((®ur)o|, using ((®Pur)o|(Prcr)o) = 1, we obtain:
((®Pur)o| (Het — Enrol) |(Prc1)o) = Ecorr ((Pur)ol(Pre1)o) = Ecorr
2.54
= ((Pur)ol ( el—EHFo]l)< DPur)o +Zc (@up)?) + Y 27 (Pup)?E) +- ) (2.54)

i<j
P<q

Now using the fact that ([:Iel — EHF,O]I) ’(CI)HF)()> = (EHF,O — EHF,O) ’(CI)HF)()> =0, and
((@ur)o| Het | (®ur)?) = 0 due to Brillouin’s theorem, as well as the fact that matrix elements of
H,| between |(Pyr)o) and triply- and higher-excited determinants evaluate to 0, we obtain the

following result:[6]

Ecorr = ), ¢/ ((®ur)o| Het | (Pur){}) (2.55)
<y

So close, yet so far. This disarmingly simple expression for the correlation energy does
not convey the fact that the exact doubly-excited coefficients in the full CI (ground state) wave
function depend on the coefficients for the singly- triply- and quadruply-excited determinants,
which themselves depend on the 5-tuply, 6-tuply, etc. coefficients. In order to obtain the exact
full CI wave function, one must construct the electronic Hamiltonian matrix in the basis of the

full set of determinants (or at least some representation of it'®), and solve for its eigenvectors

13The full basis of determinants for even modestly sized systems can be enormous, so storing the full Hamiltonian
matrix in memory is not practical. Another approach involves the use of an iterative method that only stores
information about how to act the Hamiltonian on a given wave function without needing to store the actual matrix.
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and eigenvalues, with the exact ground state corresponding to the eigenvector with the smallest

eigenvalue.!4

2.2.8 Size Consistency and Coupled Cluster Methods

The full CI method is intractable for all but the smallest systems (and basis set approx-
imations), so we must use less expensive methods in order to obtain correlation energies for
practical applications. The most obvious simplification to full CI is to truncate the CI expansion
of the wave function at some order. For example, we might throw away all terms in the expansion
except for the (reference) ground state and the singly- and doubly-excited determinants relative
to the reference. This kind of truncation leads to CI singles, doubles (CISD), corresponding to

the wave function expansion (see Eq. 2.31):

|(@cisp)o) = co [(PuF)o +ZC (Pur)!) + Y [(Pur))
i<j

p=q (2.56)
= co |(®Pur)o +Zc ahai|(Pur)o) + Y. cflatalaja;|(Pur)o)

i<j
P<q

This has the appearance of a reasonable approximation, especially given the fact that the
exact correlation energy can be written in terms of the Hamiltonian matrix elements between
the reference ground state and the doubly-excited determinants (Eq. 2.55). However, serious
deficiencies of truncated CI methods are revealed through the consideration of the following
example: Suppose a particular system can be partitioned into M noninteracting subsystems (the
example given in Ref. [6] is M noninteracting Hy molecules). Since the subsystems do not
interact with each other, the total energy of the full system would be equal to the sum of the
subsystem energies, and the wave function of the full system would be the antisymmetrized
(direct) product of the subsystem wave functions. If we obtain each subsystem wave function

from CISD, each subsystem wave function would take the form of Eq. 2.56. However, the full

14On the bright side, this procedure can be used to obtain the entire spectrum of excited electronic state energies
in addition to the ground state energy.
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system wave function obtained through CISD would not be the same as the antisymmetrized
product of subsystem CISD wave functions, and as a result, the full system energy from CISD
would not be the sum of the subsystem CISD energies (CISD, along with other truncated CI
methods, are not size consistent for this reason[6, 15, 16]). For example, taking a direct product
of two subsystem CISD wave functions results in triply- and quadruply-excited determinants,
due to products of singly- with doubly-excited subsystem determinants, and products of doubly-
with doubly-excited subsystem determinants, respectively. These triply- and quadruply-excited
determinants are due to uncorrelated couplings within separate, noninteracting subsystems, but
are nonetheless truncated out of the full system CISD wave function. In the general M subsystem
case, the antisymmetrized product of subsystem CISD wave functions will include 2M-tuply
excited determinants, so the resulting error scales with the system size.[6, 15, 16] Note that the
example of noninteracting subsystems is used for illustrative purposes, and these failures of the
CISD method would exist between interacting subsystems, and within the subsystems as well.
Each m-tuply excited determinant describes some instantaneous m-electron interaction,
capturing effects due to the correlations between the m electrons. However, it turns out that in
insulating molecular systems (in the ground electronic state) whose electrons remain relatively
localized, these instantaneous m-electron interactions are mostly due to uncorrelated (but si-
multaneous) 2- and 3-electron interactions,[17, 16] such as those arising from antisymmetrized
products of subsystem CISD wave functions. This apparent limitation on the complexity of the
many-electron correlations in molecular systems can be explained by considering the short range

of the fluctuation potential:[17]

1

= |[ra—m|[2

~ A

V= (Ja(rp) —ka(rp)) — (Ji(ra) —kp(ra)) (2.57)

with j,(rp) and k,(rp) being the HF Coulomb and exchange potentials on electron b, due to
electron a, and J(ra) and ky(ra) being the HF Coulomb and exchange potentials on electron

a, due to electron b (we need both pairs because of the restricted sum (with summation indices
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a < b). The fluctuation potential is the correction to the HF Hamiltonian needed to obtain the
exact electronic Hamiltonian. Refs. 17 and 18 shows that in the simple case of the Be atom,
the fluctuation potential decays to zero within the length scales of the orbital shell structure In
other words, the Pauli exclusion principle separates non-paired pairs of electrons beyond the
reach of the fluctuation potential. However, for more complicated molecular systems (than the
Be atom example), 3-electron (and sometimes 4-electron) interactions must be considered to
achieve sufficient accuracy.[19]

The problem of size consistency is addressed in the coupled cluster methods. Defining

A

the excitation operator, 7', as:

T=T1+T+T3+---+1Ty (2.58)

with 7}, denoting the n order excitation operator, such that: '

T =Y iala; (2.59a)
L,p

& P AT AT A A,

=Y tfla,a,a5a; (2.59b)
i<j
p<q

Ty=Y d¥alalalaa;a (2.59¢)

3= ijk pYqtrdidjdi :
i<j<k
p<q<r

Tv= Y gereval 6l ---al doy - doydo, (2.59d)

er<ep<---<en

where the creation and annihilation operators together act as excitation operators, for example
with &j{,di exciting an electron from occupied orbital i to unoccupied (excited) orbital p (see
Eq. 2.31), and tlp is an expansion coefficient (often called an “amplitude”) for the excitation

due to the corresponding i — p excitation. Keep in mind that the m™ order “excitations” are

SHere, we don’t need to be careful to sum over occupied and unoccupied orbitals separately (the sum over i vs
the sum over p in the definition of 77, for example) because the creation and annihilation operators ensure that we
cannot create electrons that already exist, and annihilate electrons that do not yet exist (Egs. 2.29b and 2.29d).
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excitations relative to the uncorrelated HF reference state, and therefore each describe some kind
of m-electron correlation.

Making use of the definition of the exponential map of an operator, A:

A PO VSRR [P
exp|. }_11+A+2—!A +§A o (2.60)
and with an appropriate choice in ¢ coefficients, we can write the exact full CI wave function as
|(@rcr)o) = exp[T] |(Pur)o). Approximating the full excitation operator as a sum of the single-
and double-excitation operators, Tsp = 77 + 75, and applying its exponential to the HF reference

state, we obtain the coupled cluster singles doubles (CCSD) wave function, |(Dccsp)o):

|(Pccsp)o) = exp[Ti + T2] | (Prr)o)

R B
=1+ (H+5)+ 5(T{Z+2T1T2 +17)

| (2.61)
+ a(TI3 + 37271 + 31T + 15)
+ E(Tf‘ + 4T3 Ty + 61T + 4TV T3 + 151 + - -1 (Pup)o)

Recognizing that Tnk corresponds to an (nk)™ order excitation, we can rearrange the terms in

Eq. 2.61, grouping them by excitation order:
|(®cesp)o) = exp[T1 + 1] |(Pur)o)
N PO A PO IR
=[1+7+ (T2+§T12)+ (T1T2+6T13) (2.62)
1. | PO A
+ (T + 517 T+ T + -1 |(Pur)o)

2 2 6

Taking a closer look at 172 (for example), and rewriting it in terms of creation and
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annihilation operators, we obtain:

(2.63)

i<j
P<q

where we combined the two double sums into a restricted quadruple sum (going from the first
line to the second line), leading to an extra factor of 2, and a coefficient (amplitude) of the form,
t/1] — 117, which accounts for the antisymmetry with respect to pairwise exchange of electrons.
More explicitly, expanding out the two double sums (in the top line of Eq. 2.63) and focusing

on terms involving a particular choice in occupied orbitals labeled by i and j, and unoccupied

orbitals labeled by p and ¢, we have:

a;d; (2.64)

where the sign of each term must account for the exchange antisymmetry when rearranging cre-
ation and annihilation operators going from the first line to the second line (see Eqs. 2.29a—2.29d,
and for more detail, see Ref. [6]), and we arbitrarily absorb a factor of —1 into the coefficients
going from the second to third line.

Using Eq. 2.63, and the definition of 75 from Eq. 2.59b, we find that the total doubly-

excited term in the CCSD operator, T+ %le (Eq. 2.62), can be written as:

.- AT A A

T2+§T12 = Yt + 1l —lih)afala (2.65)
i<j
p<q

The terms due to f’lz are called disconnected double excitations, with amplitudes corresponding

to the product of the corresponding single excitation amplitudes, in contrast to the terms due
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to Tz, which are called connected double excitations, and have their own dedicated amplitudes.
Singly-excited determinants relative to the HF reference state aren’t readily interpreted in
terms of electron correlations, because it doesn’t make sense to think about single-electron
correlations (remember that the singly-excited determinants are important to the full CI ground
state due to their coupling to the doubly- and triply-excited determinants). However, using the
analogy of literal excitations, the disconnected double excitations can be thought of as arising
from independent single excitations occurring simultaneously, whereas the connected double
excitations correspond to a true 2-electron interaction.

Returning to the example of noninteracting subsystems which demonstrated the defi-
ciencies of the (truncated) CISD method, we can think about quadruple excitations due to
the disconnected Tzz operator in comparison to the connected 7 operator. The amplitudes for
the disconnected T22 excitations (for example those in the CCSD wave function) are antisym-
metrized products of pairs of (connected) doubly-excited amplitudes, #/7 1} = ¢/t — 147177 +
tfl’qtjr.lsC — tfjrtgls +o tgrtf,: (with 18 total terms in the antisymmetrized product[6]). Taking the

pars

quadruply-excited CI coefficients, Cijkl » 1O be the (antisymmetrized) product of doubly-excited

Tk =1 *1}) can be interpreted as the approximation

amplitudes (i.e. the approximation that c; ikl
that simultaneous 4-electron correlations are (mostly) due to independent, but simultaneous,
pairs of 2-electron correlations.

Coupled cluster is an example of a decomposition scheme where resummation of the
canonical correlated wave function series (i.e. the CI series) in terms of inherent n-particle
correlations (i.e. connected excitations) vastly improves the series convergence (recall that CI
isn’t even size consistent). Coupled cluster is accurate for the systems that we are interested in
here (e.g. aqueous systems in ambient conditions), so we will often use it to calculate reference
electronic energies in the following chapters. In particular, we will make use of coupled cluster

with single, double, and perturbative triple excitations, i.e., CCSD(T),[287, 288] as well as the

explicitly correlated CCSD(T)-f12b method.[290, 291]
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2.3 Density Functional Theory

While full CI, coupled cluster, and other correlated wave function methods provide
the means for computing electronic energies with high accuracy, they can be prohibitively
expensive for even modestly sized systems. Density functional theory (DFT) takes a different
approach, bypassing the electronic wave function, and instead using the electron density to
represent the electronic state of a given system. For some normalized N-electron wave function,
d(xq,X3,...,XN), the corresponding electron density, p(r) is obtained by integrating its modulus
squared over the position and spin coordinates of electrons 2 through N, as well as the spin

coordinate, @y, of electron 1:
p(r) = N/ |(I)(X1,X2, ... ,XN) \zdcoldxzdx_«, - dXN (2.66)

where we take the position coordinates of electron 1 to be r = ry, which becomes the sole
argument for the density, p(r), after integrating out all other relevant coordinates. Note that due
to the indistinguishability of the electrons, we can arbitrarily choose the position of electron 1
(or the position of any other single electron) such that p(r) describes the density of the entire
system. Additionally, notice that the factor of N is needed to ensure that integrating p(r) over all

space evaluates to the total number of electrons, N:

/IR3 p(r)dr =N (2.67)

so that integrating over any arbitrary region of space evaluates to the probability of finding one
electron within that region. The electron density depends on three spatial coordinates, and is
therefore easier to work with than the electronic wave function, which depends on 3N spatial
coordinates (and N spin coordinates!®).

Hohenberg and Kohn[20, 10] proved the so-called Hohenberg-Kohn theorems (HK) that

1®Many DFT methods handle the electron density of spin up and spin down electrons separately.
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E(exact)

Vext

there exists a unique functional of the electronic density, [p], that maps the N-electron
density to the corresponding electronic energy, given an “external potential,” vex(r) (due to
the electron-nucleus attraction energy, as well as any external electric or magnetic fields, etc.).
We refer to this functional as the exact (density) functional. Furthermore, they proved that
minimizing the exact functional with respect to the electron density (constrained to integrate to

N, as in Eq. 2.67) yields the exact ground electronic state energy. More specifically, the exact

functional can be written as:[20]
/
E*V[p] = / Vext(r)p (r)dr + % / / %drdr’ +Glp] (2.68)

where the first term on the right hand side describes the interaction of the electron density with
the external potential (including the nuclei), the second term represents the classical Coulomb
interaction between the electron density with itself, #[p] (i.e. the classical self-repulsion energy,
as was described in Sec. 2.2.5), and G[p] is a universal functional (i.e. it does not need to be
tailored to specific systems or applications) which accounts for the electron kinetic energy, and
corrects the classical Coulomb energy, recovering the exact exchange and correlation energies

for the electron-electron interactions:[20, 10]

Glp] = T[p] + EX™[p]

=Tlp]+ Vi — Zp]

(2.69)

where T'[p] describes the total kinetic energy of the N-electron system described by density,
p, and E)g{K) [p], called the exchange-correlation (XC) functional, which describes the total
electronic correlation energy including both exchange effects, and the correlation energy captured
by the full CI method. It is important to emphasize that in our discussion on wave function
methods in the previous sections, we used the term “exchange correlation” to describe electron
correlations due to purely exchange effects, while in DFT, we use the term “exchange-correlation”

to refer to (the total) exchange + correlation energies. On the second line of Eq. 2.69, we rewrite
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EgIK) [p] explicitly as the difference between exact electron-electron energy functional, V53¢t

> Velel
and the classical self-repulsion energy functional, ¢ [p].

The difficulty with making use of the HK theorems, of course, is in defining G|p],
which in theory describes all of the effects captured by the full CI method. The proof that
such a functional exists is certainly reassuring, however the HK theorems make no statements
regarding how one might obtain the exact functional, nor about the difficulty of applying it to
real calculations. Given that the electronic TISE is a fundamentally difficult problem (due to its
many-body nature), it is hard to believe that solving the exact density functional equations would
be significantly easier than approaching the problem with wave function methods. However,
approximations to the exact functional have proven to be extremely useful in quantum chemical
calculations, being able to capture electron correlation effects at a computational cost that is

comparable to HF (which doesn’t capture any correlation effects, apart from the exchange

energy), with many approximate functionals being even cheaper than HF.

2.3.1 The Kohn-Sham Equations

A major difficulty with obtaining the exact density functional is the presence of nonlocal
operators in the Hamiltonian. In particular, the kinetic energy operator, T = (—h2 /2m)V?, is
nonlocal, (r|T |r') # (r|T |r) §(r — '), due to the presence of gradient operators, which cannot
be diagonalized in the position basis. This poses serious complications in the search for a kinetic
energy density functional.[10]

Kohn and Sham proposed a solution to this problem in Ref. 21, in which the elec-
tronic kinetic energy of an N-electron density is approximated to be the exact kinetic en-
ergy, Ty[p], of a fictitious noninteracting N-electron system that has the same density as
the real system under question (and feels the same external potential, vex). The nonin-
teracting system is taken to be described by a single N-electron Slater determinant of 1-
electron spin orbitals within the span of some basis set approximation. The evaluation of

Ty[p] is identical to the evaluation of the kinetic energy in HF theory, once we have deter-
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mined the determinant that reproduces the density, p(r). Note that for a single determi-
nant, [yiya--- ) = |¢1(r1)Qi (@), 92(r2)Q(@z), ..., v (rn)Qy(@y)), with each spin or-
bital, y;(xj), equal to the product of a spatial function, ¢;(r;), and a spin function, Q;(@;), the

corresponding electron density is equal to (Eq. 2.66):

N
101 (r1) Q1 (@1), $2(r2) Q2 (@) - o (rn) Qv () — p(r) = Y |¢i(r)|? (2.70)
i=1

Based on Eq. 2.70, it is clear that the density resulting from any arbitrary correlated wave function
(e.g. from full CI), can be reproduced by a single determinant within the span of the same basis
set approximation, given that the density of a single determinant is simply the superposition
of the orbital densities. In fact, there are an infinite number of single determinants that can
reproduce the density of an arbitrary N-electron wave function, as is discussed in Ref. [10].
Using the construction of Kohn and Sham, we can write down the following density

functional (see Eq. 2.68):

N 32 /
Bralpl =X (01 5 V2 100+ [ve(ptidr 5 [[ 2P E drae +Blp) - 271

=1

~

where the first term on the right hand side corresponds to the kinetic energy of the fictitious
noninteracting N-electron system described by a single Slater determinant composed of 1-
electron spatial orbitals ¢, ¢,,. .. ¢n, the second and third terms correspond to the energies due
to the external potential, and due to the classical (Coulombic) self-repulsion energy of the density,
and Exc[p] is the Kohn-Sham XC-functional, which includes the correction to the approximate
noninteracting kinetic energy functional, in addition to the XC correction to the electron-electron

interaction functional:[10]

Exc|p] =T[p] = Ti[p] + Ve = 7 [p] (2.72)

Although the KS approach (usually called KS DFT) sacrifices the simplicity of using
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the electron density as the sole representation of the electronic states, the reformulation of the
N-electron problem as a 1-electron problem represents a very reasonable compromise, especially
given the fact that the correlation energy can be approximately recovered without requiring
significant computational cost. In fact, KS DFT would be an exact method if the exact form of
Exc|p] is used. The objective in KS DFT parallels that of HF theory, namely that we minimize
the energy functional, E,_ [p], relative to the electron density, p(r), subject to the constraint that
the integral of the density over all space evaluates to the number of electrons, N (Eq. 2.67). Like
in HF theory, the minimization is carried out with the method of Lagrange multipliers.[10]

Skipping the details, we define the effective potential, veg(r), to be:[10]

_ 6 1 rrpmp() . OEx[p]
) = vt g7 ) e 4 ey

p(r')

r—r|

(2.73)
dr’ + vye

= Vext(l') —|—/

where the second and third terms on the right-hand side of the first line are the functional
derivatives (with respect to the electronic density) of the classical Coulomb energy and (KS)
exchange-correlation energies, respectively. With this definition of the KS effective potential, we

can define the following effective 1-electron TISE:[10]

2
(- U + Veit(r)) i(r) = £€;(r) (2.74)

2m

Egs. 2.70, 2.73, and 2.74 are called the KS equations, and must be solved self-consistently by an

iterative procedure that parallels that used in HF theory (see Eq. 2.48).[10]

2.3.2 Density Functional Approximations

KS DFT allows for an exact treatment of the electronic TISE, provided the exact KS
XC-functional (Eq. 2.72) is used. However, the exact XC-functional is unknown, so we must

rely on approximations.
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Density functional approximations (DFAs), ERFA| to the exact XC-functional can be clas-
sified by the ingredients used in their functional forms, forming a hierarchy of classes, with dif-
ferent levels of complexity, dubbed “Jacob’s Ladder of Density Functional Approximations.”’[22]
The dependence on these various ingredients allows for a parameterization of a DFA which
satisfies known properties of the exact XC-functional.[22]

At the lowest level of the hierarchy, XC-functionals only depend on the local electron
density, n(r). Functionals belonging to this class are called Local Density Approximations (LDA),
or in general, Local Spin Density Approximations (LSDA) which depend on the electron density
of spin-up and spin-down electrons, n(r) = n4(r) +n,(r). Correspondingly, their functional
form, ELPA[n4(r),n (r)], describes the XC energy of a uniform electron gas at each point in
space, since the local density, n(r’), at position r’ contains no information about the neighborhood
around r’. Despite their simplicity, LDA functionals perform well on solids and solid surfaces,
in part due to some error cancellation between the exchange and correlation energies,[10] but
also due to the fact that they satisfy a number of exact properties, such as the Lieb-Oxford
lower bound, the exact exchange spin-scaling relation and uniform-density-scaling relation, the
exchange-correlation hole sum rule, the exact exchange hole negativity constraint and cusp
condition, and has the correct correlation energy scaling in the low-density limit.[22] While LDA
can be useful for solids, the use of the uniform electron gas exchange-correlation energy is less
applicable for many finite molecular systems, and will not be discussed further.

The second level of the hierarchy corresponds to the generalized gradient approximation
(GGA) class of functionals, whose XC-functionals depend on both the local electron density,
ny(r) and n(r), as well as the gradient of the electron density, Vny(r) and Vn (r). GGA
functionals such as BLYP,[23, 24] PBE,[25] and revPBE[26] are widely used in quantum
chemical calculations today. The use of the electron density gradient allows GGA functionals
to satisfy more exact properties of the true XC-functional than can be satisfied with the LDA,
for example properties of the exact correlation energy due to nonuniform scaling of the electron

density, and the behavior of the exact correlation energy in the high electron density limit for
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uniform scaling.[22, 27] Additionally, the electron density gradient, Va(r’), at position r’ carries
information about the electron density in the neighborhood around r/, giving GGA functionals
more nonlocal character. The nonlocality is limited to the infinitesimal neighborhood around r/,
so GGA functionals are usually classified as semilocal functionals.

The third level of the hierarchy corresponds to the meta generalized gradient approxi-
mation (mGGA) class of functionals. The mGGA XC-functionals depend on the local electron
density, the density gradient, and either the Laplacian (second derivative) of the density or the
kinetic energy density, T(r) = (1/2)¥; |[V@;|>. The use of the kinetic energy density allows for
the development of self-correlation-free DFAs.[22] Additionally, the use of the kinetic energy
density allows mGGA DFAs to reproduce intermediate-range dispersion interactions.[28] mGGA
functionals studied here include SCAN,[29] TPSS,[30] and BO7M-rV.[31, 32]

A helpful analogy for understanding differences in the limitations in accuracy inherent to
these first three DFA classes is the comparison of different truncations of the Taylor expansion of
some function. An analytic function can be expressed exactly, in terms of its derivatives at some
expansion point, in the form of a polynomial (the Taylor series). Truncating the Taylor series
of a function at a given term (i.e. at a given derivative order) results in an approximation of the
function in the neighborhood around the expansion point, with the approximation improving
with the inclusion of more terms in the series. In the context of this analogy, LDA, GGA, and
mGGA functionals represent increasingly accurate truncations of a Taylor series. This analogy
is in fact substantive, given that the inclusion of terms due to the density gradient and Laplacian
(or kinetic energy density) allows the functional to reproduce properties from the exact gradient
expansions of the exchange and correlation energies.[22]

The fourth class of DFAs are called (global) hybrid functionals.[22] Hybrid functionals
are called ‘hybrids’ because their functional forms combine that of a pure density functional,
which only depends on the electron density and its derivatives (such as DFAs in the first three
classes), with the exchange energy from HF (the K;; integral in Eq. 2.39), which, in the context

of DFT, is referred to as “exact exchange.” The inclusion of exact exchange makes hybrid

44



DFAs nonlocal functionals (see Sec. 2.2.5), requiring a double integral to evaluate the exact
exchange energy. Therefore, hybrid functionals require a greater computational cost than
semilocal functionals, but are generally no more expensive than HF. One important feature
of exact exchange is that it corrects for the (classical) Coulomb interaction of the 1-electron
orbitals with themselves, due to the fact that K;; = J;; in Eq. 2.39, mitigating self-interaction and
delocalization errors.[11, 12, 13, 14] Exact exchange can be included in a DFA whose semilocal
terms depend on the density, as well as the density gradient, and/or the kinetic energy density,
leading to hybrid-GGA and hybrid-mGGA XC-functionals. Hybrid-GGA functionals studied
here include B3LYP,[33] PBEO,[34] and revPBEO, and hybrid-mGGA functionals studied here
include M06-2X.[35]

The final class considered here is the range-separated hybrid (sometimes called “Coulomb-
attenuated” hybrids). Range-separated hybrids use semilocal exchange at close-range, and exact
exchange at long-range, smoothly transitioning between the two regimes with the error function
and the complementary error function.[36, 37] This is in contrast with the global hybrids
discussed in the previous paragraph, which include a fixed fraction of exact exchange at all
distances. This feature allows range-separated hybrids to reproduce the correct long-range
behavior of the exchange potential,[37] in particular correcting for long-range self interaction
errors.[38] As a result, range-separated hybrid DFAs have smaller delocalization errors than
semilocal functionals and global hybrids,[14] and therefore yield more accurate charge transfer
and dissociation energies.[37, 14] The range-separated hybrid functionals studied here include

wB97X,[39] wB97X-D,[40] and @B97M-V.[31, 41]
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Chapter 3

Many-Body Interactions

We have seen that in situations where the Born-Oppenheimer approximation is valid,
the total electronic energy of a system (for a particular nuclear configuration) can be seen as a
potential energy surface which determines the dynamics of the nuclei in the system (similar to
how the potential energy of a spring determines the dynamics of a mass attached to the spring).
While the total electronic energy is very useful for this reason, it can be a bit cumbersome in very
large systems. Therefore, it is desirable to decompose the total electronic energy into smaller,
more manageable components, which naturally leads us to the concept of many-body interaction
energies.

In order to proceed, we must first determine how to partition our system into “monomer”
units (i.e. the ‘bodies’ that collectively constitute the ‘many bodies’ of the full system). There
are many ways that we can define the monomers in a system, for example we can define each
“atom” to be its own monomer,[42, 43] or alternatively, we can define each molecule to be a
monomer. In correlated electronic structure theories, the electrons are considered to be the
monomers in a many-electron wave function.! Although there is some freedom in the choice of
monomer definitions, we must be careful to pick definitions that are best suited for the particular
applications that we are interested in. For example, if we wish to develop models to describe the

interactions of small molecules with each other (for example, the interactions between two water

'Electrons have no internal structure, so the interactions are strictly pairwise. Therefore, in the case of many-
electron systems (considering electrons to be “monomers”), we are not interested in many-body interactions, only
the many-body correlations.
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molecules), then it might be sufficient to define each molecule to be a single monomer. However,
if we wish to develop models to study biochemical systems, which could involve thousands or
millions of atoms, then we need to be more careful in determining which questions that we want
to answer. If we are interested in simulating the biding of some drug molecule to a protein, then
we might want a very high-resolution model in which we define each amino acid in the protein
to be a single monomer. If instead we are interested in simulating larger scale dynamics in a cell
involving many proteins and other biomolecules, then the system may be intractable unless we
define entire proteins, or even clusters of proteins, to be the monomer units.

Here, we only discuss systems of small molecules, so we will define monomer units to be
single molecules (or monoatomic ion monomer units when discussing halide—water and alkali

ion—water interactions).

3.1 Intermolecular Interactions and The Many-Body Ex-
pansion

3.1.1 Monomer Distortion Energies and The Binding Energy

Once we have defined the monomer units in our system, we can immediately simplify
matters by considering a quantity called the binding energy rather than the total electronic
energy. For simplicity, let’s imagine a single monomer in a particular fixed configuration, R.
We can perform a geometry optimization of the monomer to find its global minimum energy
configuration, R® (i.e. the absolute lowest energy structure). Subtracting the total electronic
energy of the optimized monomer, Etot(R(o)), from the total electronic energy of the monomer
in configuration R, Eiot(R), we obtain the distortion energy of the monomer, often referred to as

the one-body distortion energy (or 1B energy), Ep:

Eig = Et(R) — Ei(R©) (3.1)
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The 1B energy of a monomer in a particular configuration is the energy that it takes to distort
the monomer from its lowest-energy structure into the particular configuration under question.
Since the energy of the optimized monomer is the smallest possible energy for that monomer,
Ep 1s exactly O for the optimized configuration, and strictly positive for any other configuration
(assuming there is only one global minimum configuration).

Now we consider an arbitrary system containing N monomers. If we take the total elec-
tronic energy of the entire system, Ei(Rq,Ry,...,RN), where Ry, is the nuclear configuration
of monomer m, and subtract the sum of the energies of each optimized monomer, Etot(RgO)),

Etot(Rgo)), etc., then we obtain the total binding energy of the system, Ep;inq:

N
Epind = Eot(Ri,Ra,... . RN) — Y Ei(RY) (3.2)
m=1

Notice that all of the optimized monomer energies are constants, which means that the binding
energy differs from the total energy of the full system by a fixed additive constant, which
means that the binding energy carries the exact same information as the total electronic energy
(assuming the Born-Oppenheimer approximation is valid), so we may choose to use it as our
PES for convenience. It is important to note, however, that the binding energy depends on the
definition of the monomer units, so these definitions must be consistent for the binding energy to

be meaningful.

3.1.2 The Interaction Energy

The next quantity that we need to consider is the interaction energy. As the name suggests,
the interaction energy, Ej,, contains information about the interactions between the monomers
in a given system. We can obtain Ej, for a system of monomers in some fixed configuration by

subtracting the sum of the 1B monomer distortion energies from Epipg:

N
Ein = Evina — Y, E18(Rm) (3.3)

m=1
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By inserting Eq. 3.2 into Eq. 3.3, we can see that one may also obtain Ej,; by subtracting the sum
of the total energies of the monomers in isolation, E(R1 ), Eiot(R2), etc. from the total energy
of the full system:

N
Eint = Eot(R, Ry, ... ,RN) = Y, Eiot(Rm) (3.4)

m=1

This is analogous to the definition of Ey;,g, except we are subtracting the energies of the
monomers in their distorted configurations, rather than subtracting their minimum energies
(and as was the case for the binding energy, the interaction energy depends on the definition
of the monomer units). Therefore Ey;,q contains contributions from the monomer distortion
energies, while Ej,; does not. The rationale for this definition is that the interactions between
the monomers are independent of the distortions of the monomers. Ej, will be equal to Epipg
when all monomers in the system are in their optimized configurations, or when all monomers
are defined to be structureless particles that can not be distorted.

One interpretation of the interaction energy is that it is the energy required to take the
system in some configuration, Ry, Rj, ... Ry, and separate all monomers infinitely far from
each other (infinitely distant monomers do not interact with each other), or equivalently to take
infinitely distant, noninteracting (distorted) monomers and move them into the configuration of
interest. Analogously, the binding energy can be thought of in the same way, except we include
the energy due to relaxing the monomers into their minimum energy configurations. Based on
these interpretations, it is clear that a configuration with a negative binding energy will be in a
bound state because that configuration is lower in energy than the dissociated, noninteracting
monomers in their minimum energy configurations.

The difference in interaction energies between two configurations of the same system
does not quantify the relative stabilities between the two configurations, as is the case for the
difference in binding energies. Recall that Ey;,q 1s effectively equivalent to the total energy since it
differs only by an additive constant, containing contributions from all inter-monomer interactions

as well as contributions from monomer distortions, while Ej,; contains no contributions from
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Figure 3.1. Cartoon depicting the interpretation of the interaction energy of a cluster (a dimer
in the example) as the energy required to separate the distorted monomer units from the cluster
geometry infinitely far apart from each other in the noninteracting limit (panel a — b), and the
interpretation of the binding energy as the energy required to separate the monomers and relax
them into their optimized geometries (panel a — c). Circles correspond to optimized monomers,
and the distorted shapes correspond to distorted monomers. The equations for the interaction
and binding energies are shown pictorially in panels d and e, respectively.

monomer distortions. One will frequently encounter configurations with very attractive (i.e.
very negative) interaction energies, but relatively high binding energies. This is often due to the
fact that highly-distorted monomers may have unusually large charge separation (for example
from stretched covalent bonds), which results in large dipoles that may have strong electrostatic
interactions with the surrounding monomers, but the enhanced interaction energies will often be

overpowered by large monomer distortion energies.
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3.1.3 The Many-Body Expansion

Now that we have defined the interaction energy, Ej,;, we can begin to dissect it into
its many-body components. From Eqgs. 3.3 and 3.4, we can see that Ej,; quantifies the total
interactions of the entire system. However, the entire system might be rather large (containing
many monomers), so it is often helpful to first think about interactions between all pairs of
monomers. If our system contains N monomers in some fixed configuration, R{,R3, ..., Ry,
then we can imagine removing all monomers except for monomers 1 and 2, which remain in
configurations, Ry and R; (i.e. we are considering monomers 1 and 2 in isolation from any other
monomers). In this context, we refer to the total system as the parent cluster (or parent system),
and we refer to its subsystems as fragments. More specifically, a subsystem with two monomers
is called a dimer (or 2-mer). The interaction energy of this dimer fragment can now be thought

of as the 2-body (2B) energy of the dimer:

Eint(R1,R2) = E2(R1,R2) = Eiot(R1,R2) — Eiot(R1) — Eiot(R2) (3.5)

It is important to keep in mind that the total energy of the dimer is equal to the sum of the

monomer energies and the 2B energy:

Eiwi(R1,Rz) = Ex(R1,Ry) + Eior(R1) + Eiot(R2) (3.6)

Therefore, we can interpret the 2B energy as being the correction to the approximation that the
monomers in a dimer do not interact with each other, since the energy of a noninteracting dimer
would simply be the sum of the monomer energies (calculated with each monomer in isolation).
We can imagine dimer fragments composed of each pair of monomers from the original system,

each with its own dimer 2B energy. The sum of the 2B energies of each dimer fragment in the
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system is defined to be the total 2B energy of the entire system:

N-1 N
E2B (R17R27 cee 7RN> - Z Z Etot<Rm7Rn) _Etot(Rm) _Etot(Rn) (3-7)

m=1n>m

In the case of a dimer system, the 2B energy is equal to the interaction energy, but this is
not generally true for larger systems. If we imagine a trimer (3-mer) system, the difference in
energy between the total interaction energy and the sum of the 2B energies (i.e. the error due to

a pairwise approximation of the interaction energy) is referred to as the 3B energy, E3p:

E3g(R1,R2,R3) = Ein (R, Rz, R3) 38)

— E>(R1,R2) — Exp(Ry,R3) — Exp (R, R3)

By definition, the total interaction energy of a 3-mer is equal to the sum of the 2B energies plus
the 3B energy. Inserting the definition of the interaction energy and the definition of the 2B

energy into Eq. 3.8 the 3B energy of a 3-mer can be written as:

E3g(R1,R2,R3) = Eioi(R1,R2,R3) — Eiot(R1) — Etot(R2) — Etot (R3)

2 3 (3.9)
~ (X ¥ Eoi(Rm,Ra) ~ Eii(Rm) — Ecr(R)
m=1n>m
After expanding the sums and rearranging terms, we obtain:
E3p(R1, Rz, R3) = Eor(R1, Rz, R3)
— Eot(R1,R2) — Eiot(R1,R3) — Etot(R2, R3) (3.10)

+ Eiot(Ry) 4+ Eiot(R2) + Eior (R3)

Why did we end up with an expression that adds the sum of the (isolated) monomer energies
in the last line of Eq. 3.10? Notice that each 2-mer fragment total energy in the second line

of Eq. 3.10 contains contributions from the monomer energy of each monomer in that 2-mer
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fragment (Eq. 3.6). Furthermore, each monomer appears in two different total 2-mer energies in
the second line of Eq. 3.10. Therefore, simply subtracting each of the total 2-mer energies from
the total energy of the 3-mer ends up over-correcting (i.e. under-counting) the contributions due
to the monomer energies, so the last line of Eq. 3.10 effectively corrects for this under-counting.

When defining expressions for general K-body energies, this idea of summing corrections
for over-counting and under-counting fragment energies becomes very useful. Defining the sum

of the total energies of all w-mer fragments of a parent N-mer cluster to be:[44, 45, 46]

N
StOt(W;N) - Z Etot(Rnlaana"'7Rnw) (311)

nE<ny<---<ny

The total K-body energy of the N-mer can be written as:[44, 45, 46]

N—w

K
Exg(R1,Rz,...,RN) = (—I)K_W(
WZ’I K—w

)Stot(W;N) (3.12)

As stated above, the 3B energy can be seen as a correction to the approximation that
monomers in a 3-mer interact in a pairwise (monomer-monomer) way, but what could cause
such an approximation to fail? In general terms, 3B interactions arise from the ways in which
interactions with a third monomer augment the interactions between other pairs of monomers.
This is predominantly a result of polarization interactions, where, for example, the electric field
due to the third monomer distorts the electron densities of the other two monomers, which
changes the ways that the two monomers interact with each other, relative to their interactions in
the absence of the electric field due to the third monomer. The Pauli exclusion principle (due to
the antisymmetry of the electronic wave function with respect to exchange) can also contribute
to the 3B energy, but we can safely disregard such effects for now.

K-body (KB) energies of an N-mer system can be defined recursively in the same way
that we defined 2B and 3B energies (with the recursive relations collapsing into Eq. 3.12), such

that the total interaction energy of a N-mer system is the sum of all of the corresponding 2B, 3B,
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..., NB energies:

Eint(Ry;Ry, ... ,RN) = Esg +E3p + -+ Ey_1)5 + Exp (3.13)

E>g, Esp, etc. represent the total 2B, 3B, etc. energies of the full N-mer, respectively. Eq. 3.13 is
the definition of the many-body expansion (MBE) of the interaction energy. One can obtain the

MBE of the binding energy by adding the sum of the 1B energies to Eq. 3.13:

Ebind(R1,Rz,...,RN) = E\p + Eop + E3p + -+ E(y_1)p + EnB (3.14)

We have not made any approximations, so Eq. 3.13 is an exact expression for the
interaction energy of the N-mer system, provided that we include all of the K-body energies up
to and including the N-body energy, Exg. Since this expression is exact, the MBE on its own
doesn’t simplify the computation of the interaction energy of a system at all. In fact, computing
all terms in the MBE for a given N-mer is actually more costly than calculating the interaction
energy directly from Eq. 3.4, since Eq. 3.4 only requires the total energy of the N-mer, and the
energies of each isolated monomer, while computing all terms in the MBE requires that we know
the energies of every possible K-mer fragment of the system (1 < K < N).

So why do we care about the MBE? It turns out that there are many systems in which
the MBE converges rapidly, meaning that the magnitudes of the K-body energies decrease
with increasing K, so that the terms in the MBE with large many-body orders are much less
important than the lower order terms. This is often the case in systems in which the monomers are
insulators (for example neutral water systems).[47, 48, 49, 45, 46, 50] When the monomer units
are insulators, their electron densities remain relatively localized, which limits the strength of the
polarization effects between large numbers of monomers. On the other hand, when the system
is composed of conducting monomer units, the electrons are shared between many monomers,

so the polarization effects between large numbers of monomers are important,[44, 45] so for
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example, the 6B energy might be on the same order as the 3B energy.

When the MBE converges rapidly in a given system, there are a number of ways in which
we may choose to simplify the computation of the total system interaction energy. The simplest
approach would be to truncate the MBE at a particular K-body term, approximating that all
higher order terms are 0. Truncating the MBE can work well in some circumstances (depending
on the system, and on which questions one wishes to answer), but can lead to serious deficiencies
if the specific truncation scheme is not chosen carefully, especially given the combinatorics of
many-body energies discussed in Sec. 3.5. A safer approach to exploiting the convergence of
the MBE in insulating systems is to calculate the important low order terms with an accurate
(but expensive) method, while calculating the higher order terms with less costly methods as
is discussed in Sec. 3.1.4. Another approach one may take (possibly in conjunction with the
previous approach) is to approximate that the higher order terms in the MBE are recovered by
classical inductive electrostatics (i.e. classical polarization).[51, 52] This third option (when
appropriate for the particular application) can be thought of as combining the best parts of the
first two approaches, given that it is relatively cheap (calculating classical polarization energies
is more expensive than a truncation of the MBE, but is much cheaper than running electronic
structure calculations on large K-body fragments), while still including contributions from all
terms in the MBE. We discuss the use of classical polarization for representing high order

many-body energies in Chapter 5 when discussing many-body potential energy functions.

3.1.4 The SAMBA Method and The Basis Set Superposition Error

One nice feature of the MBE is that many-body energies for different K-body orders can
be calculated independently of each other. This is the main idea in the “stratified approximation”
many-body approach (SAMBA) introduced in Ref. 46. In insulating systems for which the
MBE converges rapidly, such that low-order terms (2B, 3B, etc.) are much more important than
high-order terms (6B, 7B, etc), one may use the most accurate methods available to calculate

the low-order terms, and use lower levels of theory for the high-order terms. This is important
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because the high-order terms involving a large number of monomer units (and correspondingly, a
large number of electrons and basis functions) require more computational resources to compute
for a given level of theory. In our studies on protonated and deprotonated water clusters, we
make use of SAMBA to scale down the cost of the 3B reference energy calculations relative to
the 2B calculations by using a smaller basis set, and to scale down the 4B, 5B and 6B reference
energy calculations by using the explicitly correlated CCSD(T)-F12b method rather than the
more expensive CCSD(T) calculations used in the 2B and 3B calculations, as is discussed in
Sec. A.1.

Additionally, SAMBA can be applied when calculating counterpoise (CP) corrections
for the basis set superposition error (BSSE) at different many-body orders. When computing
the 2B energy in a dimer, the BSSE results from a mismatch between the basis set used in
the dimer calculation relative to the basis sets used in the monomer calculations, since, in the
dimer calculation, electrons ‘belonging’ to each monomer can relax into the basis functions
centered on the other monomers, while these additional basis functions are not available in the
isolated monomer calculations.[53] For 2B energies of dimers, the Boys-Bernardi CP correction
scheme involves calculating each of the isolated monomer energies in the basis of the dimer.[53]
However, when calculating interaction energies in larger clusters, there are several ways that
one may extend the original Boys-Bernardi CP correction scheme, and within the SAMBA
framework, multiple BSSE correction schemes can be used for different terms in the MBE for
the same system.

The two BSSE correction schemes used in our studies on protonated and deprotonated
water clusters are the “site-site function counterpoise” method (SSCP) proposed,[54] and the
“K-centered CP” method originally proposed in Ref. 55 and generalized in Ref. 56. The SSCP
correction requires the calculation of each (sub-cluster) fragment energy in the basis of the entire
cluster.[54] In the K-centered CP correction, each K-mer fragment’s contribution to the total K-
body term in the MBE is calculated in the basis of the K-mer fragment.[56] The SSCP-corrected

calculations become prohibitively expensive for large clusters and large basis sets, while the
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number of K-centered CP corrected calculations grows rapidly with K.

3.2 Many-Body Interactions in Deprotonated Water Clus-
ters

The hydroxide ion, OH™, plays an important role in aqueous acid/base chemistry, being
the fundamental basic unit in aqueous solutions. Given its importance in aqueous systems, it is
desirable to develop models describing its interactions with water for use in molecular dynamics
simulations. To this end, we investigated the many-body interactions present in low-energy
OH ™ (H,0), (n < 5) clusters. The clusters investigated in this study were selected to represent
various coordination numbers and hydrogen bonding connectivities. Most OH™ (H,0),, clusters
were reoptimized (see Sec. A.1) from coordinates reported in the literature,[57, 58] or adapted
from previous studies.[58]

The OH™ (H;0),, clusters with n = 3,4, 5 are shown in Figs. 3.2—3.4, and the clusters
with n = 1,2 are shown in Fig. 3.8a and Fig. 3.8b. The total interaction energies of all clusters
are reported in Table 3.1. A discussion of the structures and relative energies of the OH™ (H,0),,
clusters studied here can be found in Ref. 4, and xyz coordinates for all clusters can be found in
the corresponding Supporting Information.

Additionally, the convergence of the MBE for the OH ™ (H,0),, clusters with n = 3,4.,5
are shown in Figs. 3.5—3.7. This analysis indicates that 2B and 3B contributions dominate
the total interaction energies, which suggests that 2- and 3-mer clusters (and fragments) can
effectively be considered as the primary ‘building blocks’ of deprotonated water systems, and
will be our primary focus. In Sec. 3.2.2, we introduce the concept of a “fragment group,” and
establish notation that will facilitate the discussion of many-body effects in the various fragment
groups in Sec. 3.2.3. In Sec. 3.2.1, we discuss the global minimum energy OH™ (H,O) and
OH™ (H,0); clusters. In Sec. 3.2.4, we discuss the accuracy of various XC-functionals (Sec. A.1)

in describing the many-body energies of the OH™ (H,0),, fragment groups.
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Figure 3.2. Low-lying isomers of the OH™ (H,0)3 cluster shown in order of increasing interac-
tion energy from isomer a to isomer f.
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Figure 3.3. Low-lying isomers of the OH™ (H,0)4 cluster shown in order of increasing interac-
tion energy from isomer a to isomer d.

Figure 3.4. Low-lying isomers of the OH™ (H,0O)s clusters shown in order of increasing interac-
tion energy from isomer a to isomer d.

3.2.1 The Minimum Energy OH (H,0O) and OH (H,0O), Clusters

The most prevalent and, arguably, most important building block that constitutes all stable
OH™ (H,0),, clusters is the OH™ (H,O) 2-mer in which the water molecule donates a hydrogen
bond to OH ™, as is the case in the OH™ (H;0O) global minimum-energy (GME) structure (Fig. 3.8).
In general, hydrogen bonds, especially when involving charged species, are highly electrostatic
in nature and can effectively be seen as “incipient chemical bonds.”[59, 7] This is very much

the case in OH/H,O systems, where efficient proton transfer (i.e. incipient chemical bond —
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Table 3.1. Reference interaction energies (in kcal/mol) for the low-lying isomers of OH™ (H,0),
clusters shown in Figs. 3.8—3.4.

Cluster size (a) (b) (©) (d) (e) )
2-mer —37.09
3-mer —54.93
4-mer —74.54 —72.83 —72.72 —72.43 —72.08 —71.76
5-mer —90.72 —89.55 —87.66 —86.90
6-mer —106.15 —104.73 —104.45 —99.52
W
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Figure 3.5. Convergence of the many-body expansion of the low-lying isomers of OH™ (H,0)3
shown in Fig. 3.2.

chemical bond) leads to seemingly “anomalously” high ion mobility.[60, 61] In addition to a

strongly attractive interaction, a lengthening of the donor-hydrogen (covalent) bond length is

characteristic of the hydrogen bond. This structural effect is a result of the electrostatic attraction

between the donor-hydrogen and the acceptor atom, as well as charge transfer.[7] These effects
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Figure 3.6. Convergence of the many-body expansion of the low-lying isomers of OH™ (H,0)4
shown in Fig. 3.3.

are fully realized in the OH™ (H,O) GME structure for which the interaction energy is —37.092
kcal/mol and the length of the water donor-OH bond is 1.11 A. For reference, the equilibrium OH
bond length in an isolated water is 0.96 A, optimized at the same level of theory (RI-MP2/aug-
cc-pVTZ). The relatively large strength of the interaction is emphasized when compared to that
of the F~ (H,O) dimer GME structure, which has an interaction energy of —32.704 kcal/mol and
a water donor-OH bond length of 1.06 A, also obtained at the RI-MP2/aug-cc-pVTZ level of
theory.

It is worth noting that the GME structure of OH™ (H,0O) reported here, wherein the
donor-proton is localized on one oxygen—allowing one to unequivocally identify individual
OH™ and H,0O molecular identities within the 2-mer—corresponds to the Born-Oppenheimer
equilibrium geometry. However, previous experimental and theoretical studies[62, 63, 64] have
shown that the actual quantum-mechanical ground state of OH™ (H,O) is delocalized along the

proton transfer coordinate, lying above the associated potential energy barrier. This implies that,
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in a fully quantum-mechanical picture of the GME structure, the donor-proton is actually shared

equally between the two oxygen atoms.

a) b) ) d) e)

R R R B
© 6 & & 6

Figure 3.8. OH (H;0), building blocks. a) OH™ (H;0O) global minimum-energy structure, b)
OH™ (H,0O), global minimum-energy structure along with its constituent 2-mer fragments (c-e).

The presence of a second water molecule in OH™ (H,0), introduces additional 2B
contributions from a second OH™ —water interaction and a single water—water interaction, as
well as a 3B contribution associated with the interaction of OH™ with the two water molecules.
The total 2B interaction energy for the OH™ (H,0O), GME structure is —58.333 kcal/mol, with

each OH™ —water interaction contributing, on average, —29.576 kcal/mol, which is ~7 kcal/mol
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higher than in the OH™ (H,O) GME structure. The weakening of the average OH™ —water
interaction compared the 2-mer is reflected in a lower degree of water distortions, with both
donor-OH bond lengths being equal to ~1.03 A, as well as in the lengthening of the OH~ —water
O—0 distance from 2.48 A in the 2-mer to 2.57 A in the 3-mer. The water—water 2B contribution
is relatively small and repulsive, with a magnitude of 0.820 kcal/mol and a water—water O—O
distance of 4.59 A. 3B effects contribute 3.402 kcal/mol to the total interaction energy of
OH (H0), in the GME structure. An early study based on symmetry-adapted perturbation
theory (SAPT) determined that the dominant component of the 3B term is the induction energy
(including charge transfer effects) arising from the deformation of the isolated-monomer electron

orbitals.[65]

3.2.2 Fragment Groups and Fragment Notation

Important information about the molecular interactions within a given (deprotonated)
water cluster is encoded in the hydrogen boding (H-bonding) connectivity of that cluster.[4, 66,
67, 68, 47,49, 69,70, 71, 72,73, 74, 75] Since H-bonds are directional, their connectivity must
be described by directed-graphs (or “digraphs”).[72, 73, 74, 76]

In order to describe various H-bonding connectivities in a compact form, we denote a
particular water molecule as 4, A2<_SW£ D, D,» Where left-superscript, S, a positive integer, denotes
the solvation shell in which the water molecule resides (i.e., the smallest number of H-bonds
separating it from OH ™), and right-superscript, X, is a capital Roman letter (A, B, C, etc.) which
identifies the particular water molecule, for example those labeled in Figs. 3.2—3.4. The left-
and right-subscripts, A, Az, and D1, D;, enumerate the identities (the capital Roman letters) of
all water molecules accepting and donating H-bonds, respectively, from/to water molecule X.
Left-pointing arrows in the subscripts are included to remind the reader that left-subscripted
water molecules accept H-bonds from X, and that right-subscripted water molecules donate
H-bonds to X.

For example, if 1% solvation shell water molecules A and B, IwA and 'W3, each donate
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an H-bond to 2™ solvation shell water molecule C, *WC, then the corresponding complete
notation would be ¢ I'wA, C<_1WB , and 2Wf_ 4p for the three molecules, respectively. If, in the
same cluster, another 1%t solvation shell water molecule D, 'W? | is not H-bonded to any other
water molecules, then it would simply be denoted by WP, and the notation for the other three
molecules would be unchanged. Additionally, OH™ will denote the hydroxide ion.

All water—water and OH™ —water H-bonds are classified according to the following

(quadratic) inequality,[77]

Ro, 0, < —0.00044 (60, 0, 1,)* + 3.3 (3.15)

where O4 and Op are the acceptor and donor oxygen atoms, respectively, Hp is the hydrogen
atom H-bonded to O4, Rp,—0,, is the distance (in A) between O,4 and Op, and 6 —Op—H) 18 the
angle (in degrees) between Oy4, Op and Hp. In Eq. 3.15, a pair of molecules are classified as
H-bonded if their O4—Op distance, Rp,—o,,, falls within the inequality.

Since there are over 400 fragments within the 16 OH™ (H,0),, clusters discussed here,
which precludes the possibility of analyzing each fragment separately, all fragments are parti-
tioned into a relatively small number of “fragment groups.” Three properties are used to classify
the different fragment groups: 1) presence of OH™ in the fragment, 2) number of molecules in the
fragment, and 3) (directional) H-bonding connectivity, not distinguishing between permutations
of water molecules. Since the fragment groups are defined only by their H-bonding connectivity
(independent of the details about the parent clusters), we only need to specify the solvation shell
and connectivity when relevant, and only assign right-superscript letters to distinguish water
molecules, rather than to identify particular molecules in a cluster. A subscript “FG” is appended
outside the curly braces to specify that the notation refers to a group of fragments, rather than a
particular fragment. For example, keeping in mind that OH™ does not donate a hydrogen bond,

there are four possible 2-mer fragment groups within OH™ (H;0),, clusters:

1. water donating a hydrogen bond to OH: {OH—, 'W} G
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2. water donating a hydrogen bond to water: {W% 5, 1. W5}
3. OH™ (H,0) with no hydrogen bond: {OH, W},
4. (H20), with no hydrogen bond: {W4, W5} __

It is worth noting that the name “fragment group” was chosen independently of any
consideration about connections to group theory, and so any connection is coincidental. However,
in Sec. 3.5 the concept of a fragment group is extended in a way that hints at some kind of

underlying group structure, although we do not explore this idea in detail.

3.2.3 Fragment Analysis and Many-Body Effects in Deprotonated Water
Clusters

Table 3.2 reports the statistics for the four 2-mer fragment groups enumerated above.
The “freq.” column reports the number of fragments within each group from all clusters. The
“max.,” “min.,” and “mean” columns report the signed-maximum, signed-minimum (i.e., the most
repulsive and attractive fragment energy contributions, respectively), and signed-mean of the
2B interaction energy contributions within each fragment group. The “RSD” (relative standard
deviation) column reports the standard deviation of the 2B interaction energy contributions
divided by the absolute value of their signed-mean. Values in the “sig.” column quantify the
‘significance’ of each fragment group, and are calculated by multiplying the unsigned-mean
energy (not shown) by the occurrence frequency of that fragment group, and dividing the resulting
product by the sum of all frequencies of the fragment groups with the same fragment size. The
fragment groups are listed in descending significance order.

Tables 3.2, 3.3, 3.4, and 3.5 show that most fragment groups contain exclusively attrac-
tive or repulsive fragments, indicating that the classification adopted in this analysis reveals
information about specific many-body interactions within OH™ (H,0),, clusters. The groups that
contain both attractive and repulsive fragments turn out to be structurally ambiguous, since the

non-hydrogen bonded region of a given configurational space is much larger than the comple-

mentary hydrogen bonded region. The most prevalent example of these ‘structurally ambiguous’
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fragment groups (of all sizes) is the non-hydrogen bonded (H,0); group, {p. W4, Wi Ao
whose most attractive and most repulsive fragments contribute —0.525 and 1.720 kcal/mol,
respectively, with a RSD of 1.119. However, the majority of the { B WA, W<B_ A} fragments (50
out of 59 fragments) tend to be repulsive, which results in a mean contribution of 0.462 kcal/mol.
Although the {OH ™, W} ¢ fragment group also appears to be structurally ambiguous, due to
the lack of direct hydrogen bonding, each fragment is associated with a negative (attractive) 2B
energy contribution, despite a RSD of 0.200, and a difference of almost 7 kcal/mol between
minimum and maximum values. This results from the fact that each fragment considered in
this analysis was generated as a ‘byproduct’ of a geometry optimization performed on one of
the low-lying OH™ (H,0O),, clusters. This implies that 2B interaction energies associated with
particular fragment groups can have a greater influence than others on determining the minimum-
energy structures of the parent clusters on the Born-Oppenheimer potential energy surface, thus
biasing the type of fragments that can be generated. The remaining two 2-mer fragment groups
are hydrogen-bonded OH™ (H;0) and (H>O), which contain exclusively attractive fragments
since hydrogen bonds are attractive, by definition.[59] These two fragment groups have been
extensively investigated in previous studies and we refer the reader to the original references
for specific details.[78, 62, 63, 79, 80, 81, 82, 83, 84, 85, 64, 85, 86, 87, 88, 68, 89, 90, 77, 7,
91, 92,93, 94, 95, 96, 97, 98, 99, 100] It should only be noted that the “min.” value for {OH™,
'w} ¢ in Table 3.2, corresponding to the GME OH™ (H,O) structure, is significantly lower than

Table 3.2. Statistics for the 2B energies (in kcal/mol) of 2-mer fragments. See main text for
details.

Frag. Group fre@ max. min. mean RSD sig.
{OH, 'W},, 44  -239 371 -278 0.1 87
{OH", 2W},, 13 —-52 —120 -96 02 09
{pWAWB Y, . 24 21 —42 -33 01 06
{wA, wB} 59 +1.7 -05 +05 1.1 02
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Table 3.3. Statistics for the 3B energies (in kcal/mol) of 3-mer fragments. See main text for
details.

Frag. Group freq¢ max. min. mean RSD sig.
{OH~, w4, w5} 42 +43 419 +29 02 08
{OH~, "W4 j, 4. 2WB} 20 -08 -53 -22 06 03
{OH~, 'W, W}, 14 +12 +03 +08 04 0.1
(WA WB (, 4p WED 8 +1.0  +0.7 +09 0.1 0.04
{OH™, p'WA,2WE 1} 3 +2.2 420 +2.1 0.04 0.04
(WA 5, ac WB (g WEY 6 -03 -09 -06 03 002
{wA, wB we} 19 —0.005 -05 -02 0.6 002
{WA o A WB WEL 27 +03 -03 +0.1 21 0.02
{ceWA g ac WB e WE 3. 1 =15 —15 —15 NA 001

{OHi’ ZWA’ 2\7\]B}FG
{Wgc, A%WB, A(*WC}FG
{OHi’ 2WiB’ AszB}FG

+0.3 +0.1 +03 04 0.005
+0.6 +0.6 +0.6 N/A 0.004
+0.2 +0.2 +0.2 N/A 0.001

—_ =W

the 2B energy (—31.421 kcal/mol) of the next most attractive fragment. This difference is due to
repulsive 3B interactions present in clusters with two or more 'W molecules, which limit how
close the 'W molecules can get to OH™ in a stable geometry.

Among the 14 possible 3-mer fragment groups (not counting bifurcated hydrogen bonds,
or pairs of water molecules donating hydrogen bonds to each other) that can be generated
from the low-lying OH™ (H;0),,—3_5 isomers, 12 are represented in the fragment set that is
analyzed in Table 3.3. The key concept that shapes the discussion of the 3-mer fragments is
that of cooperative vs. anticooperative hydrogen bonding, an idea that has received substantial
attention in (neutral) water systems.[67, 68, 47, 49, 69, 70, 71] In general terms, cooperative
effects occur when the formation of one hydrogen bond between two molecules promotes further
hydrogen bonding with the surrounding molecules due to the redistribution of the electron density,

which results in negative 3B (and higher-body) contributions to the total interaction energy. On
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the contrary, anticooperativity occurs when the formation of one hydrogen bond between two
molecules weakens the capability of these two molecules to engage in further hydrogen bonding,
manifesting in positive 3B (and higher-body) energies.[67, 68, 69, 71] In the case of neutral
water trimers, cooperativity occurs when at least one water molecule acts as a hydrogen bond
donor and acceptor simultaneously, while anticooperativity occurs when a water molecule acts
as a double hydrogen bond donor, or as a double acceptor.[67, 68, 47, 49, 69, 70, 71]

The most ‘significant’ 3-mer fragment group among the low-lying isomers of
OH ™ (H0),—3_s is {OH~, 'W4, W5} . Fragments in this group have OH™ accepting two
hydrogen bonds, which is a common motif in large OH™ (H,0O),, clusters where OH™ tend to be
at least 3-coordinated. All fragments in this group are associated with positive 3B contributions
to the interaction energy, with a mean value of 2.862 kcal/mol. Furthermore, Fig. 4.5 shows
that a nearly linear relationship exists between the 3B energies and the corresponding average
OH™ —water O—O distances. Given the inherently repulsive interactions and specific hydrogen
bond connectivity, we conclude that OH™ —water hydrogen bonds in this fragment group follow
the same anticooperativity trends as water—water hydrogen bonds in the corresponding neutral
water analog, {W4., ac W, 4. WC}, (67, 47, 49, 69, 70]

As shown in Table 3.3, the second-most ‘significant’ 3-mer fragment group within
OH™ (H;0),—3_s clusters is {OH ™, IW?_B, A<_2WB}FG. 3B energy contributions for these frag-
ments are found to correlate with the OH™ —!'W—2W O—0—O0 angle, with the 3B contributions
becoming more attractive as the angle becomes more linear (Fig. 4.7). Furthermore, the {OH™,
IWi B A *WB} ¢ {ragments analyzed here have exclusively attractive 3B energy contributions
and, therefore, are characterized by cooperative hydrogen bonds. This parallels the connectivity
trends of cooperative hydrogen bonding in neutral water clusters, since the analogous {Wﬁ B
AHW<B—C’ B<_WC} #c 3-mer fragments exhibit similar cooperativity.[67, 47, 49, 69, 70] As ex-
pected, the interactions in the {W‘iB, A<_W<B_C, 3<_WC} rc fragments within our data set are

characterized by cooperative hydrogen bonding, with all 3B interaction energies in this set being

attractive, with a mean contribution of —0.589 kcal/mol (Table 3.3).
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Energy decomposition analysis provides further insight into the nature of these coop-
erative and anticooperative 3B interactions in OH™ (H,0O),, clusters, as well as an explanation
of the correlations of the 3B energies with O—O distances in anticooperative 3-mers, and with
the O—0O—O angles in cooperative 3-mers in terms of 3B polarization and charge transfer

interactions. These energy decompositions are discussed in Sec. 4.4.

Figure 3.9. The {OH™, 1Wf‘_c, IWiC, ABFZWC} - fragments within the 4-, 5-, and 6-mer
GME structures.

As shown in Table 3.4, all 4B contributions to the total interaction energies of 4-mer
fragments extracted from the low-lying OH ™ (H,0O)3_5 clusters tend to be small (statistics for
all 4-mer fragment groups can be found in the Supporting Information of Ref. 4). Nevertheless,
it is still important to comment on the most ‘significant’ 4-mer fragment group, {OH™, 1W<A_C,
IWIzC, ABEZWC}FG. Fragments within this group are cyclic with the single ?W molecule
donating a hydrogen bond to each ' W molecule, and contains the two most ‘significant’ types of
3-mer fragments, {OH~, 'WA, 'wB}__and {OH~, 'W2 ;. 4. W5} | as sub-fragments. The
most notable feature of this group is its presence in each of the GME 4-mer, 5-mer, and 6-mer
clusters (Fig. 3.9), despite contributing, on average, a relatively high 4B energy (0.692 kcal/mol).

Finally, it is not surprising that all 5-mer fragment groups are essentially not signif-
icant (Table 3.5) given the convergence rate of the MBE for OH™ (H,0), clusters shown in

Figs. 3.5—3.7 However, it is important to point out that the single instance of the {OH~, 'W4,

'we, Iw€ TwPy ¢ d-mer fragment group, corresponding to a 4-coordinated OH™, stands out,

68



being associated with a relatively large SB contribution (—0.175 kcal/mol).

3.2.4 Assessment of DFT in Reproducing Many-Body Interactions in
Deprotonated Water Clusters

The fragment analysis introduced in section 3.2.3 is used to evaluate the accuracy of
various DFT models (see Section A.1) in reproducing the interaction energies of OH™ (H20),,—; 5
clusters and constituting fragments. As discussed above, 2B and 3B terms dominate the MBE,
which suggests that the errors for the 2-mer and 3-mer fragments are important indicators
of the overall accuracy of different XC-functionals in correctly reproducing the energetics of
deprotonated water systems.

Fig. 3.10 shows the errors of the tested exchange-correlation functionals in reproducing
the 2B SAMBA energy contributions for the hydrogen bonded 2-mers {OH™, 'W}, . (panel a)
and {p. WA, Wi A}rc (panel b). These comparisons show that the net negative charge on {OH™,
'w} ¢ fragments tends to further emphasize the errors present in the neutral water fragments.
This appears to be the case for all functionals, except for B3LYP(-D3), which is slightly more
accurate for {OH™, ]W} ¢ fragments, as well as for the range-separated hybrids (wB97X-D and
®wB97M-V) which essentially reproduce the reference energies for both fragment groups. These
errors may be attributed to well-known deficiencies of several functionals in describing electron
density tails (i.e., the valence electrons) of anionic species.[101] This problem is thought to be

Table 3.4. Statistics for ‘significant’ 4B energies (in kcal/mol) of 4-mer fragments. See main
text for details. See Supporting Information of Ref. 4 for a complete analysis of all 4B energies.

Frag. Group freq. max. min. mean RSD sig. factor
{OH~, 'WA ., IWB | 4. 2WC},. 7 409 +05 +07 0.1 0.06
{OH, 'wA, twB TwC} 15 +03 +0.01 +0.1 0.6 0.03
{oH~, 'WA w8 5 2WC} 19 +02 -0.1 +0.02 32 0.01

{OH ", 'WA e 'WB, . . 2WC .. 5  +02 -01 -001 179 0.01
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Table 3.5. Statistics for ‘significant’ 5B energies (in kcal/mol) of 5-mer fragments. See main
text for details. See Supporting Information of Ref. 4 for a complete analysis of all 5B energies.

Frag. Group freq. max. min. mean RSD sig.

{OH—, 'wA, twB TwC 1wD} 1  —-02 -02 —02 N/A 001
{oH~, 'W4 ;) 'WB [ TWC, 45 WP} 5 —0.01 -0.03 -0.03 0.3 0.01
{oH~, 'WA, p tWB IWC e 2WP Y o 3 —0.03 —0.05 -0.04 02 001
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Figure 3.10. DFT errors for the hydrogen-bonded 2-mer fragment groups: (a) {OH™, 'W} S
(b) {Wf‘_ 5 A WB} s "Mean Unsigned Errors are arbitrarily given the same sign as the Mean
Signed Errors to ease comparison between the two, and the Maximum Unsigned Error is
arbitrarily given the sign of the corresponding error value.

due to the overestimation of the HOMO energy of molecular species, resulting from incorrect

features of the exchange-correlation functional, particularly in the asymptotic region.[102]
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While the error increase is fairly drastic for some functionals, like M06-2X, and quite
small for other functionals, such as PBE, the average errors of nearly all functionals for the
deprotonated fragments show qualitative correlation with those for the {5, W4, Wi Atro frag-
ments, illustrating the similarity of the interactions present in the two fragment groups. The
observed correlation suggests that the magnitude of the error increase may reflect precisely
the deficiencies of a given functional in the asymptotic region mentioned above. For example,
the tendency of the BLYP and revPBE GGA functionals to underbind the neutral water dimer
(Fig. 3.10b) is a result of the strongly-repulsive behavior of their exchange-enhancement factors
in the high-density-gradient limit,[103, 104, 105] particularly in regions of large inter-monomer
orbital overlap. Since the electron density of OH™ is far more diffuse than that of water, this
deficiency is thus emphasized in the net-negatively charged fragments (Fig. 3.10a). A comparison
with the corresponding data for H-bonded protonated water dimers in Fig. 3.22 show that the
errors of GGA functionals are in fact larger, on average, for the negatively charged deprotonated
water dimers than for the protonated water dimers. It should be noted, however, that GGA
functionals are not more accurate in describing protonated water dimer 2B energies than neutral
water dimer 2B energies (Fig. 3.22), indicating that deficiencies of the models are not strictly
due to the diffusivity of the electron density.

Several functionals tend to have smaller average errors for the non-hydrogen bonded
2-mer fragments, {OH~, 2W} s> and {wA, wB} ¢ than for the hydrogen bonded fragments
as seen by comparing Fig. 3.11 with Fig. 3.10. In this context, it is important to note the
differences between the mean signed errors (MSEs) and mean unsigned errors (MUEs) for
the non-hydrogen bonded deprotonated fragments (Fig. 3.11a). These differences quantify the
amount of error cancellation present in the 2B estimates, averaged over all clusters (the MUEs,
which are technically positive by definition, are arbitrarily given the same sign as the MSEs to
ease comparisons between the two sets of results). Error cancellation for the {OH™, *W} G
fragments is likely related to the ‘structural ambiguity’ associated with the non-hydrogen bonded

fragment groups mentioned in Section 3.2.3 and is significant for BLYP, revPBE, and TPSS,
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Figure 3.11. DFT errors for the non-hydrogen-bonded 2-mer fragment groups {OH ™, >W} G
(panel a) and {W4, W8} +c (panel D).

whose MSEs are deceptively small.

Interestingly, there does not appear to be significant error cancellation for the {W4,
w8} - fragments (Fig. 3.11b). However, several functionals are associated with maximum
unsigned errors that are substantially larger in magnitude than the corresponding MUEs (note
that the signs of the maximum errors shown in the figure reflect the signs of the particular
errors with the largest magnitude for each functional). The cause of these large maximum errors
is related to the ‘structural ambiguity’ inherent to this fragment group. Specifically, several
functionals are unable to reproduce 2B energy contributions of {W4, W5} rc Iragments at small

O—O separations. This can be seen in Fig. 3.12, which shows relative errors associated with
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Figure 3.12. Relative 2B errors, — . f as a function of the water—water O—O distance for

the {W4, W8} fragments.

selected functionals for {W4, W5} fragments plotted as a function of the WA—W? 0-0
distance from 3 to 4 A. Tt should be noted that the reference CCSD(T)/CBS energies and
associated errors remain close to zero beyond 4 A.

The non-uniformity of the relative errors shown in Fig. 3.12 indicates deficiencies in the
overall shape of the potential energy surfaces predicted by these functionals, which may thus
result in an incorrect description of the local hydration structure of OH™ in aqueous solutions.
For some functionals (e.g., BLYP, revPBE, and revPBEO) the largest maximum errors predicted
for these fragments are reduced upon inclusion of the GD3 dispersion correction. It should be
noted that relatively large maximum errors are also predicted by several functionals for the {OH™,

W} ¢ fragments, although they tend to be closer to the corresponding MUEs (Fig. 3.11a), thus
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indicating, overall, a smaller degree of error cancellation.
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Figure 3.13. DFT errors for the anticooperative 3-mer fragment group {OH~, 'W4, w5} G

Overall, ®B97M-V and wB97X-D exhibit the highest accuracy for all 2-mer fragments
considered in this study, followed by the dispersion-corrected, hybrid functionals, B3LYP-D3 and
revPBEO-D3. Finally, PBE is the best performer among the GGA functionals. It should be noted,
however, that the dispersion-corrected PBE-D3 tends to perform worse than the original PBE,
suggesting that the apparent success of the latter is largely incidental. This is also manifested by
the rather poor accuracy of PBE in reproducing the 2B energies of the {OH~, W} rc fragments
as well as other higher-body terms (see Supporting Information of Ref. 4).

DFT errors for the {OH™, WA, W5} 3-mer fragments are shown in Fig. 3.13. As
discussed above, OH™ acts as a double-hydrogen bond acceptor in these fragments, leading
to anticooperativity which results in exclusively repulsive 3B energies. Among all functionals
considered in this study, BLYP and revPBE underestimate, while SCAN, PBEO, and M06-2X
overestimate these 3B contributions. This can be related to the tendency of BLYP and revPBE to
underbind {OH ™, 1WA} +¢ 2-mer fragments, and the tendency of SCAN, PBEO, and M06-2X to
overbind the OH™ —water hydrogen bond (Fig. 3.10).

Errors for the {OH™, "W . 4 2WB}, . and {W4 g, 4 WB ., 5. WC}, . fragment

groups are shown in Fig. 3.14. Both groups are characterized by cooperative hydrogen bonds,
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Figure 3.14. DFT errors for the cooperative 3-mer fragment groups {OH™, 'W4 A WEBY G
(panel a) and {W4 g, AFWZC’ B<_WC}FG (panel b).

resulting in exclusively attractive 3B energies. On average, the errors for the deprotonated water
fragments (Fig. 3.14a) tend to be larger than those for the neutral water fragments, particularly
for the GGA and meta-GGA functionals which overestimate the 3B contributions of {OH™,
IW‘i B A WB} rc fragments, artificially counteracting cooperative effects that characterize the
reference data (Fig. 3.14b). The remaining (hybrid) functionals show a high degree of accuracy
for the OH™, IWiB, A WE }r¢ group, suggesting that the inclusion of exact exchange is
needed to correctly reproduce 3B interactions in these fragments. On the other hand, 3B energy
contributions in the {Wf‘_B, A%W?_C, B W€ +¢ fragments are reproduced by all functionals

considered in this study. This result agrees with previous studies demonstrating that many
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functionals are able to semi-quantitatively reproduce cooperative effects in water clusters.[105]

3.3 Many-Body Interactions in Protonated Water Clusters

The hydronium ion, H3O™, like the hydroxide ion, plays an important role in aqueous
acid/base chemistry, being the fundamental acidic unit in aqueous solutions. Given its importance
in aqueous systems, it is desirable to develop models describing its interactions with water for
use in molecular dynamics simulations. To this end, we investigated the many-body interactions
present in low-energy H30 " (H,0),, (n < 5) clusters. The H30" (H,0),, clusters were reoptimied
(see Sec. A.1) from structures reported in the literature.[73]

The H30™" (H,0),, clusters with n = 3,4,5 are shown in Fig. 3.15, and the clusters with
n = 1,2 are shown in Fig. 3.20a and Fig. 3.20b. The total interaction energies of all clusters are
reported in Table 3.6. A discussion of the structures and relative energies of the H;O " (H,0),,
clusters studied here can be found in Ref. 66, and xyz coordinates for all clusters can be found in
the corresponding Supporting Information.

Additionally, the convergence of the MBE for the H;0" (H,0),, clusters with n = 3,4,5
are shown in Figs. 3.16—3.18. This analysis indicates that 2B and 3B contributions dominate
the total interaction energies, which suggests that 2- and 3-mer clusters (and fragments) can
effectively be considered as the primary ‘building blocks’ of protonated water systems, and will

Table 3.6. Reference interaction energies (in kcal/mol) for low-lying isomers of H3O0 " (H,0),,
clusters shown in Figs. 3.20 and 3.15.

Cluster index: o B Y o €
2-mer —52.241

3-mer —61.312

4-mer —92.561 —92.500 —79.028 —78.333

5-mer —106.889 —94.828 —94.279 —94.221 —93.952
6-mer —120.768  —108.322  —107.959  —106.684
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be our primary focus. In Sec. 3.3.1, we extend the concept of a fragment group (introduced
in Sec. 3.2.2) to include the context from the parent clusters. In Sec. 3.3.2, we discuss the
global minimum energy H;0"(H,0) and H;0" (H,0); clusters. In Sec. 3.3.3, we discuss the
many-body interactions present in the various H3O" (H,0),, fragment groups and contextual
fragment groups. In Sec. 3.3.4, we discuss the accuracy of various XC-functionals (Sec. A.1) in

describing the many-body energies of the H;0" (H,0),, fragment groups.

a) 4-mer
o & % ;f 2%
" A $ .
P o gt e
4a ¢ 4p 4y 40
b) 5-mer
D% . DY-. ) “B C
g 4 s s -
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c) 6-mer " ‘&
B b O c e . &) j
@D. A ﬁ’”" ‘®. " f’A-» g}D

'y

[N \'_‘MA - ¢

Bl s N S
Q,D """" © -9 8 "? e L ¥
6a 6B 6y 66

Figure 3.15. Low-lying isomers of H30"(H>0)3, H30"(H,0)4, and H3;0"(H,0)s clusters,
ordered in terms of their interaction energies.

3.3.1 Fragment Analysis With and Without Context

Important information about the molecular interactions within a given (protonated) water
cluster is encoded in the H-bonding connectivity of that cluster.[4, 67, 68, 47, 49, 69, 70, 71,
72,73, 74, 75] Since H-bonds are directional, their connectivity must be described by directed-
graphs,[72, 73, 74, 76] which can be represented by the “fragment notation” introduced in the

analysis of deprotonated water clusters.[4]
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Figure 3.16. Convergence of the many-body expansion of the low-lying isomers of H30" (H,0)3
shown in Fig. 3.15a.

In order to describe various H-bonding connectivities in a compact form, we denote a
particular water molecule as 4, A2<_S W)f_ D, D,» Where left-superscript, S, a positive integer, denotes
the solvation shell in which the water molecule resides (i.e., the smallest number of H-bonds
separating it from H3O™), and right-superscript, X, is a capital Roman letter (A, B, C, etc.) which
identifies the particular water molecule in Fig. 3.15. The left- and right-subscripts, A1, A>, and
D1, D,, enumerate the identities (the capital Roman letters) of all water molecules accepting and
donating H-bonds, respectively, from/to water molecule X. Left-pointing arrows in the subscripts
are included to remind the reader that left-subscripted water molecules accept H-bonds from X,
and that right-subscripted water molecules donate H-bonds to X.

For example, if 1% solvation shell water molecules A and B, w4 and 'W3, each donate
an H-bond to 2" solvation shell water molecule C, *WC, then the corresponding complete
notation would be ¢ I'wA, C<_1WB , and ZWQ 4p for the three molecules, respectively. If, in the

same cluster, another 1%t solvation shell water molecule D, 'W?, is not H-bonded to any other
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Figure 3.17. Convergence of the many-body expansion of the low-lying isomers of H30 " (H,0)4
shown in Fig.3.15b.

water molecules, then it would simply be denoted by 'W?. Additionally, H3O" will denote the
hydronium ion, and Z" will denote the Zundel ion (O,Hs™; see Section 3.3.2 for more detail),
when appropriate.

In Sections 3.3.3 and 3.3.4, all H30 " (H,0),, clusters and fragments are grouped by their
H-bonding connectivity to facilitate the analysis. Each “fragment group” will be denoted by
curly-braces with a subscripted “FG”, { --- },,, enclosing the fragment notation names for all
monomers belonging to that fragment group. For example, the fragment group for the cluster
described above would be {H;0", ¢, W4, ¢, 'WB, WP, 2W?_AB}FG.

All water—water and H;O"—water H-bonds are classified according to the inequality in
Eq. 3.15.[77]

In the interest of analyzing fragment energetics with maximal specificity, we extend
our fragment notation to include “context” from the parent clusters by enclosing one or more

monomers inside parentheses ornamented with additional scripts. In particular, we use left-
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Figure 3.18. Convergence of the many-body expansion of the interaction energy for the low-
lying isomers of H30" (H,0)s shown in Fig. 3.15c.

superscripts outside the parenthese will indicate solvation shells of water molecules in a cluster-

fragment with respect to the parent cluster, when H3O™ is not present in that fragment. Addition-

ally, right-subscripts will be used to indicate the presence of the Zundel ion.

a) b) c) d) e)

ES. oo & oo v
:)ﬂ gD w A & w w A =
ﬁ»f ‘v “Y* “’y& A,

2 Qo ) ) A

Figure 3.19. Examples of fragment group — contextual fragment group notation: a)
{E W wE D}FG — { (E+ WD) 3(W D)}CFG b) {H3O+, DeWA 2WDA}FG - {(H30+
D<—1WA)Z+’ ZWQ }CFG C) {H30+ IWC}FG — {(H3o+)CZ+’ IWC}CFG d) {DFW wP A}FG
{(D<—WA)CZ+’ Z(WQA)}CFG e) {H30+’ IWC}FG - {H30+, IWC}CFG

Regarding the first usage of context-parentheses: the fragment group notation introduced

above will have no indication of the solvation structure of a neutral-water fragment with respect
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to H3O™ in the parent cluster. For example, the fragment in Fig. 3.19a (not including the grayed-
out molecules) belongs to the {g. WP, WE )} fragment group (note that since the Roman
letters are arbitrary, one might call this group {. W4, Wi Atro)- In “contextual fragment group”
notation, each of these water molecules gains parentheses with superscripts indicating their
solvation shells within the parent cluster (including the grayed-out molecules). Therefore, the
fragment in Fig. 3.19a belongs to the {?(z. WP), 3(W£ D) }ere contextual fragment group. Note
that the braces for a contextual fragment group contain a subscript “CFG” to avoid confusion.
This use of context-parentheses may facilitate identifying general trends in the convergence of
many-body effects within different solvation shells.

The second usage of context-parentheses allows for comparisons between fragments
involving the Zundel ion, with those that do not. One such usage is in referring to the full Zundel
ion, OoH5™, as (H30™, 1WA)Z+. The significance of this is due to the fact that comparisons of
many-body energies are simplified when (molecular) monomer units are defined in a consistent
way. Therefore, in the following analysis, all many-body energies are computed with respect to
H>0 and H30" monomer units, such that monomers are defined to minimize the total 1B energy.
For the clusters presented here, it suffices to define that hydrogens belong to the closest oxygen
in the absence of the Zundel ion. However, since the Zundel ion contains a symmetrically-shared
proton, each Zundel ion is arbitrarily divided into one H3O" monomer, and one H,O, i.e. without
double-counting. In other words, each Zundel-containing cluster is defined here to contain exactly
one (H30%, 'W#),, fragment, and any many-body energies including it will consider H30™
and "W to be distinct monomer units. For example, the fragment in Fig. 3.19b belongs to the
{(H;07, p'WH),+, 2WP 1 3-mer contextual fragment group, and the {H;O™", p. W4,
2W£ A }ro 3-mer fragment group.

Additionally, when a fragment contains part of the Zundel ion (either H30", or 'WA4, ex-
clusively), the monomer that belongs to the Zundel ion in the parent cluster will be distinguished
with a right-subscript, “C Z*,” outside of context parentheses. For example, the fragment in

Fig. 3.19c belongs to the {(H30") -+, 1WC}CFG contextual fragment group, and the fragment
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in Fig. 3.19d belongs to the {(p. W)+, 2(WZ ) }ere contextual fragment group.
Note that when neither usage of context-parentheses applies to a given fragment, the
contextual fragment group notation coincides with the fragment group notation, as is the case for

the fragment in Fig. 3.19¢, which belongs to the {H;0™, 1WC}CFG contextual fragment group.

3.3.2 The Minimum Energy H;0" (H,0) and H;0 " (H,0), Clusters

The convergence of the MBE for the hydration of H30™ is shown in Figs. 3.16—3.18 for
the low-lying isomers of the H;O " (H,0),, clusters with n = 3,4, 5. The MBE results indicate
that 2B and 3B contributions dominate the total interaction energies of these protonated water
clusters. We therefore begin the analysis with the global minimum energy 2- and 3-mer clusters,
and their substituent fragments, which serve as the primary building blocks of all H;0 " (H,0),
clusters. Following the expression in Eq. 3.15, the H-bond acceptor and donor-oxygen atoms are
labeled as A and D, respectively.

The H3;0" (H,0) cluster shown in Fig. 3.20a corresponds to the Zundel ion,[106, 107,
108] which is characterized by a central proton shared equally between two water molecules. As
a result, the Zundel ion is C, symmetric, having two pairs of equivalent free (flanking) hydrogens
(see Fig. 3.21a). The C; axis lies perpendicular to the O-O axis, so that the component of the
total dipole moment along the O—O axis is null, stabilizing the shared proton to be equidistant
from each oxygen. This feature is common to all Zundel-containing clusters in our data set.
Within any Zundel-type structure, the equally-shared proton prevents the identification of a
unique H30™" molecule. Futhermore, the Eigen ion is characterized by a (3-coordinated) H;O™
molecule, which donates an H-bond to three water molecules[109, 110, 111] (see Fig. 3.21b, or
cluster 4y in Fig. 3.15). In contrast with Zundel-type structures, any Eigen-type structure has a
distinct H3O™ molecule.

Within the minimum energy H3O™ (H,0) cluster, each pair of equivalent flanking hydro-
gens form H-O-O-H dihedral angles of 100.47° (see Fig. 3.21a). Additionally, the O-O distance

is 2.39 A, and the shared proton is 1.20 A away from each oxygen, which is nearly colinear with
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Figure 3.20. H;0"(H,0),, building blocks. a) H;0"(H,0) global minimum energy structure.
b) H30" (H,0), global minimum-energy structure along with its constituent 2-mer fragments

(c—e).

b)

Figure 3.21. a) The Zundel ion shown with the C, axis passing through the shared proton (in
gray), and one H-O—O-H dihedral angle between equivalent flanking hydrogens (black arrows).
b) The Eigen ion

the O—O axis, having an O-H-O angle of 173.57° (corresponding to an acceptor-donor-donor
O-0O-H angle of 3.22°).

The 2B energy of the H;0 " (H,O) cluster is —52.241 kcal/mol, while the corresponding
value for the global minimum energy OH™ (H;O) cluster is —37.092 kcal/mol.[4]

A useful metric of the strength of a H-bond (D-H- - - A) is the lengthening of the donor-
hydrogen D-H covalent bond resulting from a combination of the electrostatic attraction between
the donor-hydrogen and the acceptor-oxygen, as well as charge transfer.[7, 59] In the case of the
OH™ (H,0) 2-mer, for example, the charge transfer involved in the H-bond can be thought of a
donation of electron density from the OH™ lone pair into the (bound) water H-O antibonding

orbital, constituting what may be called an “incipient chemical bond.”[7] However, this picture
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clearly differs in the Zundel ion, given that there is no distinct donor, nor acceptor, beckoning
the question of whether the corresponding interaction can even be classified as a H-bond. The
Quantum Theory of Atoms in Molecules[42, 43] provides a route with which to characterize
covalent and noncovalent interactions in terms of the topological properties of the electron
density,[112] and has been used to argue that the shared proton in the Zundel ion is bound via a
3-center 4-electron bond with the two oxygens,[112, 113, 114] suggesting that the Zundel ion
should be thought of as a single molecule.

In bulk solution at room temperature, the distinction between Zundel-type structures and
Eigen-type structures becomes blurred due to molecular motion and vibration.[115, 116, 117]
However, such structural motifs are easy to define in optimized clusters, in which the Zundel ion
shared proton is equidistant from the two Zundel ion oxygen nuclei. While the primary goal of
the present cluster analysis is to extend findings to bulk systems, there is value in considering
these two limiting structures. Therefore, we pay particular attention to differences in energetics
between Zundel-type and Eigen-type structures, but the energies reported here only consider
H30™" to be the protonated monomer unit so that all clusters and cluster-fragments can be
compared.

The H30" (H,0); cluster and its substituent fragments are shown in Fig 3.20b—e. The
3-mer lacks a C; axis perpendicular to a protonated O—O axis (the cluster has Cg symmetry), so it
is not surprising that the Zundel ion is not present. The H;0™ bound-O-H bonds are 1.04 A, and
both H;O—water O—O distances are 2.49 A. The 0O-0-0 angle is 112.69°, and both O-O-H
angles are 3.26°. Both H3O"—water fragments contribute 2B energies of —34.130 kcal/mol,
which are more attractive than the average {H;0™, IW}CFG 2B energy of —31.930 kcal/mol (see
Table 3.8). The water—water 2B energy contribution is +1.081 kcal/mol, and the parent 3-mer has
a total 2B energy of —67.178 kcal/mol. The 3B energy of this cluster is +5.866, which agrees
with expectations since H3O™ acts as a double-donor (it belongs to {H30™, IwA w8 o)

which is known to lead to anticooperative 3B energies.[67, 68, 47, 49, 69, 70, 71]
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3.3.3 Fragment Analysis and Many-Body Effects in Protonated Water
Clusters

Table 3.7 lists the 2B energy statistics for all 2-mer fragment groups from all clusters
analyzed in the previous section. The “freq.” column reports the number of fragments (substituent

99 ¢

to all clusters) belonging to the corresponding fragment group. The “max.”, “min.”, and “mean”
columns show the signed-maximum, signed-minimum (i.e., the most repulsive and attractive
fragment energy contributions, respectively), and signed-mean of the 2B energy contributions
among all fragments in each group. The “RSD” (relative standard deviation) column shows
the standard deviation of the 2B energy contributions divided by the absolute value of their
signed-mean. Values in the “sig.” column quantify the “significance” of each fragment group,
and are calculated by multiplying the unsigned-mean energy (not shown) by the occurrence
frequency of fragments in that group, divided by the total number of fragments with the same
fragment size (from all groups). Fragment groups are listed in descending significance order. In
all reported statistics, a single choice of H3O™ is considered within each cluster containing the
Zundel ion, so that, for example, isomer 4« only contains one {(H30%) -+, 'WA }ere Substituent
fragment.

Tables 3.7 shows that most fragment groups contain exclusively attractive or exclusively
repulsive 2B energies, indicating that the classification adopted in this analysis reveals infor-
mation about specific many-body interactions within H3O " (H,0),, clusters. The groups that
contain fragments with both attractive and repulsive 2B energies turn out to be structurally
ambiguous since the non-H-bonded region of a given configurational space is much larger than
the complementary H-bonded region. In particular, the non-H-bonded {W*4, W51 rc group
contains fragments with positive and negative 2B energies, and has an RSD of 0.925 kcal/mol.
This group happens to have a positive signed mean 2B energy (0.504 kcal/mol), indicating that
the H3O " (H0),,<5 clusters are stabilized by the more strongly-interacting H-bonded fragments.

The 2-mer fragments with the most significant 2B energies belong to the {H;0T,' W4} FG
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Table 3.7. Statistics for 2B energies (in kcal/mol) of 2-mer fragment groups from all
H30"(H,0), (n < 5) clusters (top) along with examples of the corresponding molecular config-
urations (bottom).

Frag. Group freq¢ max. min. mean RSD sig.

{H;0*, 'WAy, . 37 —276 -522 -342 02 92
{H;0", WA}, 18 -39 -—11.0 -81 02 1.1
{poWAWB 3 23 -26 -43 -38 01 06
(WA W8} 60 +1.6 —-27 +05 09 03

-6 6 |

o

¢ ¢ '?.4 “ )
@ v [
{H3o+'1WA}FG {H3o+'WA}FG {B<—WAIW5<—A}FG {WA'WB}FG

¢
5

group. The minimum interaction energy fragment in this group corresponds to the minimum-
energy structure of the H30O " (H,O) 2-mer, which, as discussed in Section 3.3.2, is the Zundel
ion. Since the interactions within the Zundel ion are qualitatively different from those in a
typical H30" —water complex,[112, 113, 114] we further partition the 2-mer fragment set into
contextual fragment groups, which distinguish these two contexts of H3;0" (H,O) fragments. 2B
energy statistics for notable 2-mer contextual fragment groups are shown in Table 3.8 (the full
tables of all statistics are reported in the Supporting Information of Ref. 66).

The first three rows of Table 3.8 correspond to different contexts of the {H;0™, 'wA}
group. Comparing the statistics of the {(H30T, 'W4),:} ... {H30T)z+, 'WA} . and
{H;07, 1WA}CFG context fragment groups, it is clear that 2B energies on the order of —50
kcal/mol exclusively occur within a Zundel-type structure, corresponding to the covalent bond
between the shared proton and one oxygen atom (see Section 3.3.2), while typical H3O" —water

H-bonds tend to have 2B energies on the order of —30 kcal/mol. Comparing the range of energies
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Table 3.8. Statistics for 2B energies (in kcal/mol) of notable 2-mer fragment groups in context
(top) along with examples of the corresponding molecular configurations (bottom).

Frag. Group freq¢ max. min. mean RSD sig.
{H;0™, 'WA} .. 27 276 -365 -319 0.07 6.2
{H;0", "W} o 5 -502 -522 -514 001 19
{(H30T) 7+, 'WAY 5 —277 -298 -289 0.03 1.0
(MW, 2(WB D} e 15 -35 —41 -39 004 04
{BeWhzt, W D} pe 5 —26 38 31 02 0.1
(WA, 3(WB )} o 1 —43 —-43 —-43 N/A 003
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for the latter two CFGs, it appears that {(H30 )4+, 'WA }ere fragments tend to be much less
diverse than {H;0F, WA} fragments, with {(H30")+, WA} . fragments being among
the least attractive fragments within the entire {H;0%, W4} ¢ group. However, this may be
an artifact of the limited size of clusters considered here, in that lower-energy {(H30") -+,
WA} .. fragments may be stabilized within larger clusters.

{H;0*", WAl #c 18 the second most significant 2-mer group. Despite the lack of any
H-bonding in this group, all {H30", WA} +; fragments have negative 2B energies, with a mean
of —8.103 kcal/mol, which is substantially more attractive than a typical water—water H-bond.
This is likely due to the fact that none of the H;O " (H,0),, clusters considered here have 'w
molecules that accept H-bonds from >W molecules, resulting exclusively in {H30™, 2(WA)}CFG
fragments whose W4 oxygens are oriented toward H3O". This also happens to be the case for
the single {H;0™, 3(WA)}CFG fragment in our data set (the {H30", WZ} fragment within isomer

6y of H30"(H,0)s). This structural uniformity of the {H307, wA } 1o group is also reflected in
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its RSD of 0.227 kcal/mol.

The third most significant 2-mer fragments belong to the H-bonded {5 W4, W5 ,},
group. The corresponding contextual fragment group statistics in Table 3.8 show that
{(B<_WA)CZ+, Z(Wli A)}CFG 2B energies tend to be less attractive than the corresponding values
of the other contexts of the {5 W4, W8 , 1, group, the signed mean 2B energy for which
is greater than the signed maximum 2B energy of {!(z. W%), Z(Wi A }ere and {2(g W),
3(WB )} e fragments. Furthermore, the highest energy {5 W4, W2 ,} - fragment belongs to
the {(g W) 2+, 2(WB )}, subgroup, having a 2B energy of —2.577 kcal/mol. However, the
H-bond definition used here (Eq. 3.15) permits {. W4, Wi A }re 2B energies that are greater
than —2.6 kcal/mol (see Table 3.2), suggesting that the presence of an Eigen-type H3O" within
stable H30 " (H,0),, (with n < 5) clusters promotes the formation of strong water—water H-
bonds within the first two or three hydration shells, in agreement with experiment,[116] whereas
H-bonds between the Zundel ion and 'W tend to be weaker. This is consistent with the analysis
of the {(H30™)+, WA} .. subgroup.

Statistics for 3B energies of significant 3-mer fragment groups are shown in Table 3.9.
Important information regarding the strength and character of 3B interactions in aqueous systems
is revealed when considering cooperative and anticooperative H-bonding.[67, 68, 69, 71, 4] In
general terms, 3B cooperative effects result when a H-bond between two molecules strengthens
a H-bond involving a third molecule, yielding a negative 3B energy between the three molecules.
Conversely, 3B anticooperativity results when two H-bonds between three molecules simultane-
ously weaken each other, yielding a positive 3B energy. Both cooperativity and anticooperativity
are consequences of the way in which monomer electron densities are distorted (i.e., polarization
and charge transfer) due to the particular H-bonding interactions involved in a given 3-mer
fragment, such that fragment configurations with a molecule simultaneously accepting and
donating a H-bond result in cooperative effects, while configurations with a double-donor or a
double-acceptor molecule result in anticooperative effects.[67, 68, 47, 49, 69, 70, 71, 4]

The most “significant” 3-mer fragment group listed in Table 3.9 is {H;0T, 'W4, 'wB} FG>
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Table 3.9. Statistics for 3B energies (in kcal/mol) of significant 3-mer fragment groups from
all H30"(H,0),, (n < 5) clusters (top) along with examples of the corresponding molecular
configurations (bottom).

Frag. Group freq.  max. min. mean RSD  sig.
{H;0™, 'wA, IwB} 30 +8.3 +3.0 +54 02 1.1
{H;0", g WA 2WB } 21 -18 -100 -51 05 07
{H;07", 'wA, W5} 26 +2.1 -03  +0.6 07 0.1
{po WA, WE , W} 32 404  —-05 401 09 003

{ce WA ce WB,WE o 5 +1.1  +08  +0.8 0.1 0.03
{ceWA g acWBWE 3 0 3 —-10 —-12  —1.1 01 002
{Bc WA, WE , WC 3 2 416 411 +14 N/A 002
2

—A>
{H;0™, o WA, WB 1 —0.242 —2.144 —1.193 N/A 0.016

%y

9.

{B<—WA1WB<—AIWC}FG

o & »

v

£

{H3O+p1WA:1WB}FG

o8
y )

{H3o+!B(—lWA12WB(—A}FG

= 2

©

{H3o+’1WA’WB}FG

which contains fragments with H;O™ acting as a double H-bond donor to two water molecules.
The H-bonds in these fragments can be classified as anticooperative since 3B energies for this
fragment group are exclusively positive, with a mean value of 5.356 kcal/mol, suggesting that
anticooperativity in protonated water follows similar trends as anticooperativity in neutral water
since the analogous {pc. WA, Wf”_ A Wg 1} r¢ fragments have anticooperative H-bonding.[67,
47,49, 69, 70, 4] As was the case for the anticooperative {OH ™, W4, TwB} rc fragment group
(Sec. 3.2.3), the 3B energy of {H;0", 'WA, IW5} _ fragments correlate with the average
H30" —water O—O distance. The physical effects which cause this correlation are explained in
terms of 3B energy decomposition analysis in Sec. 4.4.

Analysis of the contextual fragment groups associated with {H;0%, 'WA, 1WB}FG
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offers another perspective on the nature of anticooperativity in these fragments. Table 3.10
reports the results for three prototypical anticooperative motifs of the 3-mer fragment group.
The most significant of these is the {H;0T, TWA, w3 }ere subgroup which only includes
fragments containing Eigen-type H3O" moieties. The second most significant subgroup is
{(H;0%, 'W5),., IWA}ch whose fragments contain the Zundel ion. Relating the strong
covalent character of the interaction between each oxygen atom and the shared proton within
the Zundel ion (see Section 3.3.2) to the particularly repulsive 3B energies of {(H;0", 'W?8),.,
1WA}CFG fragments supports the notion of anticooperativity described above.

Table 3.9 shows that {H30+, B 'WA, 2Wli A } rc 18 the second-most significant 3-mer
fragment group within H30" (H,0),—3_5 clusters. The 3B energies of these fragments are exclu-
sively negative, with a mean value of —5.126 kcal/mol, which implies that they are characterized
by cooperative interactions. This parallels the cooperativity trends in neutral water since the

Table 3.10. Statistics for 3B energies (in kcal/mol) of notable 3-mer fragment groups in context
(top) along with examples of the corresponding molecular configurations (bottom).

Frag. Group freq. max. min. mean RSD sig.
{H;0™, 'wA, TwB} 24 475 +3.6 +50 02 08
{(H;07, 'WA),+, TWBY 5 +83 +66 +74 009 03
{(H30") 7+, WA TWEB} 1 430 +3.0 +3.0 NA 0.2
{H;0", p'WA, 2WB 3 15 —-18 -67 -39 05 04

{(H;0", g "Wy, 2WB b .. 5 —78 —100 -9.1 0.09 03

{ ( H30+r B«—lWA)Z*rZWBe—A}CFG

{H30+IB<—1WAr2WB<—A}CFG

o€ L/ .
e | L 1 Ty

{H;0%,*WA W8} .. {(H50%*,*W4),.,"WB} ..
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analogous {CeWeB’ A WB W€ < 4}rc fragments also contain cooperative H-bonding. The
total 3B energy of {H307", g 'WA,2WB ,} _ fragments is found to correlate with the distance
between the 'W—2W (H-bonded) donor-H and acceptor-O, such that the 3B energy becomes
more negative as the H-O distance decreases (Fig. 4.11). This effect is explained in terms of 3B
energy decomposition analysis in Sec. 4.4.

Furthermore, Table 3.10 shows that 3B energies of fragments in the {(H3O+, BFIWA)Z#
2W5 ,} . subgroup are far more attractive than then 3B energies of {H;0", g 'W4,2W5 1
fragments such that the minimum energy {H3O+, WA 2WB A}cm fragment has a more

repulsive 3B energy than the maximum energy {(H3;07, g 'W*),:, 2W?8 fragment.

catere
Table 3.11 shows the energy statistics for the most “significant” 4-mer fragment groups.

As was indicated in Figs. 3.16—3.18, 4B energies tend to be much smaller than 2B and 3B
energies in H30" (H,0),, clusters, although ref 75 showed that 4B energies are important for
recovering relative binding energies of protonated water clusters. The most common 4-mer
fragment group, {H30%, ¢ 'WA, TW5 2W¢ <A} re» is similar to the the cooperative 3-mer group,
{H30", p'WA, 2WB 1} (discussed in detail above), but includes an additional 'W which
is not H-bonded to any other water molecules. Notice that the addition of this 'W results
in anticooperative H-bonding, such that fragments in this group have a mean 4B energy of
0.293 kcal/mol. The 4-mer fragment group with the largest 4B energies is {H;0", ¢, WA,
~IWB 2w¢ < ABJ r»> in Which two 'W donate H-bonds to a single W, forming a cyclic structure
(e.g. 4-mer cluster 46). All fragments in this group have positive 4B energies, with a mean
value of 0.996 kcal/mol. The corresponding cyclic OH™ (H,0); fragment group, {OH ™, 'W4 o
IWEC, A *WE€} ¢+ also has strictly-positive 4B energies, with a mean value of 0.692 kcal/mol
(Table 3.4). Note that the H-bonds in the deprotonated fragments point toward OH ™, away
from the ?W, while the H-bonds in the protonated fragments point away from H3O%, toward the
2W. Finally, notice that all fragments in the {H;0, IwA w8, 1WC} ¢ fragment group have
attractive 4B energies, in contrast with the corresponding deprotonated fragment group, {OH™,

wA, TwB TwCy rc» Which has strictly-positive 4B energies (Table 3.4).
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Table 3.11. Statistics for ‘Significant’ 4-Body Energies of 4-mer Fragments.

Frag. Group freq. max. min. mean RSD sig.

{H307", ¢ WA, TwB 2wC 1 26 +0.7 +0.01 +03 0.6 0.1
{H;0*, 'wA, IwB TwC 8 -05 -05 -05 003 0.1
{H30", c 'WA, ¢ TWB2WE b 4 411 +09  +1.0 01 0.1
{H30", p'WA . 2WB  Swe .y, . 3 —01 -08 —03 08 001
{H30", pc WA, 2WB , 2w¢ 1 - 2 405 +03 +04 N/A 001
{H;0™, 'wA, TwB wC} 10 +0.06 —02 —0.05 10 001

3.3.4 Assessment of DFT in Reproducing Many-Body Interactions in
Protonated Water Clusters

In this Section we evaluate the accuracy of various XC-functionals in reproducing K-body
interaction energies of K-mer fragments of H30 " (H,0),, clusters relative to SAMBA reference
data. The error statistics are organized in terms of the fragment groups introduced in Section 3.3.3
so that conclusions may be drawn regarding accuracy with respect to the types of interactions
inherent to a given fragment group. As discussed above, 2B and 3B terms dominate the MBE of
protonated water clusters, so we limit the discussion on DFT accuracy to significant 2-mer and
3-mer fragments, but we report the complete set of error statistics in the Supporting Information
of Ref. 66.

Fig. 3.22 shows the errors of the tested XC-functionals in reproducing the 2B energies
of the H-bonded {H30™, 'WA}, - and {5 WA, WB ,} _ fragments. ®B97M-V and B3LYP
perform best for {H;0™, 'WA}___ with both functionals predicting maximum errors of less
than 0.5 kcal/mol in magnitude. Since B3LYP predicts 2B energies that are more attractive than
CCSD(T), the D3 correction has a deleterious effect, with B3LYP-D3 having a mean error of
—1.1 kcal/mol for this fragment group. Furthermore, most XC-functionals underestimate 2B
energies of {H3O+, TyA } #¢» With BLYP, revPBE(-D3), and revPBEO being the only functionals

to be associated with positive mean errors.
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Figure 3.22. DFT errors for the H-bonded 2-mer fragment groups: a) {H;0", 'W4} rc and b)
{p WA, W<B_ A }re- *Mean unsigned errors are arbitrarily given the same sign as the mean signed
errors to ease comparison between the two, and the maximum unsigned error is arbitrarily given
the sign of the corresponding error value.

A notable feature of the data shown in Fig. 3.22a is the discrepancy between maximum
unsigned errors and mean errors for BLYP, revPBE, SCAN, PBEO, and M06-2X. Unsurpris-
ingly, this reflects imbalances in the potential energy surfaces calculated by each of these XC-
functionals across configuration space. In particular, Fig. 3.23 shows that these XC-functionals
display different degrees of accuracy for the the different contextual fragment groups comprising
the {H;0™, A } ¢ group. For example, while BLYP 2B energies remain well within chemical
accuracy for both {H;0™, 'WA} ,  and {(H30"),+, 'WA} . fragments, a mean error of +2.1

kcal/mol is associated with the corresponding 2B energies calculated for Zundel ion-containing
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Figure 3.23. DFT errors for the three contexts of the H-bonded {H;0T, 'WA} - fragment
group: a) {H30™, "WA} i b) {(H30", "WA): } i ©) {(H30T) 2+, TWAY .
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fragments, {(H3;0", 'W4),, }ere- PBEO, like BLYP, has difficulties in reproducing the 2B
energy of {(H;0™, 'WA),.} ., fragments, being associated with a mean error of —2.2 kcal/mol,
despite displaying mean errors of approximately —1.0 kcal/mol for the other two contextual
fragment groups. These discrepancies are particularly troublesome given that proton transfer
events are thought to involve interconversion between Eigen-type and Zundel-type structures,[61]
suggesting that the potential energy surface imbalances of BLYP and revPBE may artificially hin-
der proton transfer, while imbalances in the PBEO, SCAN and M06-2X potentials may artificially
drive proton transfer.

The error trends of the H-bonded water-dimer group ({g. W4, Wi A} ) are markedly
different than those of its protonated counterpart. @B97M-V is very accurate for these fragments,
as it is for fragments in the {H;0", 'W4} #c group, but high accuracy is also demonstrated
by M06-2X(-D3), TPSS-D3, PBE, wB97X-D, and PBEQ. Interestingly, BLYP, revPBE, and
revPBEO perform worse on average for {5 WA, W5 1} fragments than for {H;0T, W4},
fragments. TPSS and B3LYP have similar accuracies for both H-bonded fragment groups, but
have positive mean errors for the neutral { B WA, Wi A} fragments, and negative mean errors
for the protonated {H;O0™, 'WA}, fragments.

Fig. 3.24 shows 2B errors of the non-H-bonded 2-mer fragments. All functionals perform
very well for {H;0", WA}, fragments, each having mean and maximum errors within 0.5
kcal/mol in magnitude. All functionals therefore show high relative accuracy for this fragment
group, which has a mean 2B energy of —8.103 kcal/mol. It should be noted that, due to an
unbalanced treatment of the H30" (H,O) interactions, varying levels of accuracy for {H;0™,
WA} . and {H;0T, 'W4}_ fragments would result in a poor representation of the associated
molecular dynamics in computer simulations. All of the tested XC-functionals also show small
mean errors for 2B energies of the neutral {W4, W51 ¢ fragments. However, large maximum
errors produced by some functionals indicate poor representations of the water dimer PES, which
was shown to depend strongly on the water—water O—O distance.[4]

Fig. 3.25 shows the errors of the tested XC-functionals in reproducing SAMBA 3B

95



2.0

a) B Mean Signed Error
B Mean Unsigned Error *
= Max Unsigned Error *
o
<
o
=
o
:é) O'OJLT_‘.TL.—__-—“—_“_T-_'.—-T“_“—.r—Ir__-_W
s
[
w
|
e
o’ L
mean reference energy: -8.103 kcal/mol
2.0 | | | | | | | | | | | | | | | | | | | | |
2.0
b) B Mean Signed Error
B Mean Unsigned Error *
= Max Unsigned Error *
g 0] e
©
[&]
=
8
g o_OJ.__k___-r__-ﬁr___________-r_l.__u-_____-ﬁ________ll__g;
8
13
w
I
s
[ B e
w
mean reference energy: 0.504 kcal/mol
2.0 | | | | | | | | | | | | | | | | | | | | |
S S SIS FTE TS SESF 5§58 3
y & w § w85 & 4 &5 & & 5 &F& &
5 & e ¢ 2 5 £ o 3 &g o S &S &S
Q¥ @A 2] R & Q < é{ $ SIS
<

Figure 3.24. DFT errors for the non-H-bonded 2-mer fragment groups: (a) {H;0", WA}, and
(b) {W4, W5}, .

energies for fragments from the two most significant H3O" (H,O), groups: the anticooperative
{H;07, 'wA, 'wB} __and the cooperative {H;0™, p'WA4, 2W8 1 Interestingly, all
functionals, on average, exaggerate the anticooperativity of the {H;0T, 'WA, ITw5} rc fragments,
while also exaggerating the cooperativity of the {H;0%, 5, WA, 2W<B_ A }ro fragments. The
hybrid functionals tend to have smaller errors than the pure functionals, suggesting that nonlocal
effects introduced by the inclusion of Hartree-Fock exchange are needed to accurately reproduce

the relevant 3B interactions. A potential explanation for this result based on the delocalization

error[12, 13, 14] is discussed in Sec. 4.4.
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Figure 3.25. DFT errors for the two most significant 3-mer fragment groups: a) the anticoopera-

tive {H;0T, 'WA, W8} and b) the cooperative {H;07, g 'WA, 2W5 1 .

3.4 Many-Body Interactions in Alkali lon—Water Clusters

3.4.1 2B Interaction Energies

Fig. 3.26 shows the deviations of the total 2B interaction energies calculated with
each tested model relative to CCSD(T)/CBS for each of the five M+ (H,O) dimers in their
corresponding minimum-energy geometries obtained from MP2 optimizations (Section A.3).
For reference, a dashed line, indicating the 1 kcal/mol threshold that is generally used to define
“chemical accuracy”, is also shown in each panel of Fig. 3.26.

Some general trends are apparent when comparing the performance of a given method

across different M (H,O) dimers. Notably, all non-dispersion-corrected XC-functionals except
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Figure 3.26. Deviations from the CCSD(T) 2B interaction energies of the M ' (H,O) dimers with
M = Li (a), Na (b), K (¢), Rb (d), Cs (e), in the corresponding minimum energy configurations
(from MP2 as described in Section A.3) calculated with various XC-functionals as well as the
AMOEBA, TTM-nrg, and MB-nrg PEFs.
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for @B97X predict 2B energies that tend to become less attractive and/or more repulsive than
CCSD(T) with increasing ion size from Li* (H,0) to Rb™ (H,0), while @B97X 2B errors become
less positive and more negative with increasing ion size for all dimers. Following this trend,
XC-functionals such as B3LYP and PBEO have negative errors for Li™ (H,0) but positive errors
for Cs™(H,O). Since many of the XC-functionals have positive errors for the dimers of the
larger ions, the inclusion of D3 corrections appears to substantially improve the 2B energies
(notably in B3LYP-D3), although XC-functionals such as BLYP-D3, revPBE-D3, TPSS-D3,
and revPBEQ-D3 still show errors of ~1 kcal/mol. @B97X has large negative errors for these
dimers, so the D3 corrections significantly worsen the 2B energies. @wB97X-D (which, for
the reasons mentioned in Section A.3, is not shown in Fig. 3.26) predicts more accurate 2B
energies in KT(H,0) (—17.4 kcal/mol), and in Rb™ (H,O) (—15.7 kcal/mol) than ®B97X-D3,
although these energies differ from the CCSD(T) values by more than 0.5 kcal/mol each. The
effect of D3(BJ) dispersion corrections[118] on 2B energies of XC-functionals is reported in the
Supporting Information of Ref. 119. Since the D3(BJ) corrections are larger in magnitude than
D3(0) corrections in all dimer calculations except for @B97X-D3 for K*(H,0), Rb* (H,0), and
Cs*(H»0), D3(BJ) corrections are beneficial when a functional predicts 2B energies that are too
repulsive, but are detrimental when a functional predicts 2B energies that are too attractive.
Among the GGA functionals considered in this study, revPBE without D3 corrections
significantly underestimates the interaction strength in all dimers, deviating from the CCSD(T)
2B energies by more than 1 kcal/mol. BLYP also underestimates the interaction strength of all
dimers other than Li*(H,0), for which it deviates from CCSD(T) by 0.01 kcal/mol. BLYP has
errors greater than 1 kcal/mol for K*(H,0), and errors just under 2 kcal/mol for Rb*(H,0), and
Cs™(H,0), but is still more accurate than revPBE for all alkali ion—water dimers. Furthermore,
revPBE appears to have, on average, the largest errors among all functionals, deviating from
CCSD(T) by over 1 kcal/mol for Li*(H,0) (for which M06-2X has similar accuracy), and
deviating by around 2.5 kcal/mol for Rb™(H,0) and Cs™ (H,O). PBE performs the best out of

the GGA functionals, having errors just below 1 kcal/mol for Rb™(H,0) and Cs™(H,0), and
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errors below 0.25 kcal/mol for LiT™(H,0) and Na™(H,0).

Among the meta-GGA functionals considered here, SCAN and B97M-rV perform the
best, both deviating from CCSD(T) by at most 0.5 kcal/mol for all dimers. TPSS yields 2B
energies that are too repulsive for all dimers other than Li*(H,0), for which it has a small
negative error, leading to significant improvements upon adding the D3 corrections. Interestingly,
the accuracy of TPSS-D3 is comparable to that of BLYP-D3 for all minimum energy dimers.

The hybrid functionals have varied performance, with @B97M-V being, on average, the
most reliable hybrid functional for all dimers, revPBEO and wB97X-D3 being the least accurate
hybrid functionals for dimers of the larger ions, and with M06-2X being the least accurate hybrid
functional for Li*(H,O) and Na* (H,0). PBEO tends to benefit from D3 corrections, such that
PBEO0-D3 deviates from CCSD(T) by around 0.1 kcal/mol for all dimers except for Li*T(H,0)
and Na™(H,O), for which it has errors of approximately —1 and —0.5 kcal/mol, respectively.
B3LYP benefits from D3 corrections as well, having errors within 0.25 kcal/mol for all dimers

except for Li" (H,0) and Na*(H,0), for which its errors are comparable to those for PBEO.

3.4.2 3B Interaction Energies

Fig. 3.27 shows the deviations of the 3B energy calculated with each model relative to
CCSD(T)/CBS for each of the five minimum-energy alkali ion—water M+ (H,0), trimers. The
deviations of each model relative to CCSD(T)/CBS for all stable alkali ion—water M (H,0),
trimers are reported in the Supporting Information of Ref. 119, along with similar comparisons
for the other alkali ion—water trimer geometries.

All XC-functionals have deviations within 1 kcal/mol for each trimer. Li™(H,0), has the
largest mean absolute 3B errors among the XC-functionals (0.29 kcal/mol), while Rb™ (H,0),
has the lowest mean absolute error (0.09 kcal/mol). It should be noted that Li*(H,O), also
has the largest reference 3B energy of 3.37 kcal/mol, which is a factor of two larger than that
of Na™(H,0),, the second largest 3B energy. In the analysis of halide—water trimers,[120] it

was found that the 3B errors were very uniform between the different systems, such that the
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Figure 3.27. Deviations from the CCSD(T) 3B interaction energies of the M+ (H,0), trimers
with M =Li (a), Na (b), K (c), Rb (d), Cs (e), in the corresponding minimum energy configurations
(from MP2 as described in Section A.3) calculated with various XC-functionals as well as the
AMOEBA, TTM-nrg, and MB-nrg PEFs.
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F~(H,0);, and C1™ (H>0), minimum energy isomers have the largest and smallest mean absolute
errors of 0.27 and 0.23 kcal/mol, respectively.

Nearly all XC-functionals predict 3B energies that are slightly more repulsive than the
CCSD(T) reference values for all trimers, with the exception being M06-2X for Cs*(H,0),. All
other negative errors have magnitudes less than 0.05 kcal/mol. It was also found that most of
the tested XC-functionals predict halide—water 3B energies that are more repulsive than the
CCSD(T)-F12b reference values for the minimum energy halide—water X~ (H,0O), trimers, such
that all negative errors have magnitudes less than 0.05 kcal/mol.[120] Among the XC-functionals,
SCAN, B97M-1V, and wB97X yield the best 3B energies, averaged over the minimum-energy
geometries, each deviating from the CCSD(T) reference 3B values, on average, by no more than
0.1 kcal/mol. PBE has the largest mean absolute error among the functionals (0.30 kcal/mol).
For the minimum energy halide—water trimers, revPBEO, ®wB97X-D, and ®B97M-V predict the

most accurate 3B energies, while PBE predicts the least accurate 3B energies.[120]

3.5 The Scaling of Many-Body Energies in a Lattice

The following self-contained topic was motivated by an interesting observation made
in Ref. 121 regarding the many-body energies in the (H,O)y clusters. The authors find that
the (total) 4B energy represents around 2 percent of the total binding energies in all of the
clusters that they studied, regardless of the cluster size (their data set included clusters with
N =17,10,13,16 water molecules), leading them to conclude that the total 4B energy is a constant
proportion of the total binding energy in all pure water systems. This result makes intuitive
sense given that water is an insulator, so high-order terms in the MBE (such as the 4B energy)
shouldn’t scale with system size in such a way that they overpower the lower-order terms in
increasingly larger systems. In other words, the scaling of the total 4B energy with system size
should be bounded relative to the scaling of all other many-body terms. Assuming these results

do in fact generalize to larger systems, this intuition is apparently correct. And yet, linear scaling

102



of the total 4B energy (or any many-body term for that matter) is a bit of a puzzling result due to
the combinatorics of many-body systems.

The number of K-mer fragments of a system of N monomers can be computed from the
corresponding binomial coefficient, (II\{’) = #LK), From this relation, one can see that the
number of K-mer fragments scales with system size, N, like 0(NX) as (N — o). Therefore,
the ratios of the number of 4-mer fragments with the numbers of 2-mer and 3-mer fragments
scale, respectively, like &(N?) and &'(N) as (N — o), so a simple count of the number of K-mer
fragments in a given system is clearly insufficient to rationalize this finding.

Here we introduce a simple combinatorial approach to understanding the scaling of
many-body energies with system size. In order to make our calculations (and our arguments)

exact, we focus on simple model systems, namely: lattices in 1, 2, and 3 spatial dimensions. We

only discuss rectangular lattices of point particles, but the arguments can be generalized.

3.5.1 Lattices in 1 Spatial Dimension: Return of the Fragment Group

We start by discussing lattices in 1 spatial dimension (1D). Although a lattice is infinite
by definition, in order to investigate the scaling, we will need to consider finite systems of N
monomers so that we can obtain the limiting behavior as the system size approaches infinity.
We will refer to these finite lattice approximations as chains, and more specifically, a 1D chain
of n = N monomers as an n-chain, a 2D chain of m rows and n columns of monomers (with
N = mn) as an (m,n)-chain, etc.

Fig. 3.28 shows 12 examples of 2-mer fragments in a 12-chain, with the squares repre-
senting monomers in the chain (which we will call lattice sites), and shaded squares representing
the sites composing a particular 2-mer fragment of the chain. The panel on the left shows four
examples of 2-mer fragments in which both monomers are directly adjacent. Assuming that all
monomers are point particles, each monomer in the chain (lattice) are equivalent, so each of
these 2-mer fragments are identical, and therefore all have exactly the same 2B energy. On a

finite n-chain, there will be n — 1 2-mer fragments that have adjacent monomers. The middle
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panel shows another set of identical 2-mer fragments, with the two monomers being separated
by a single lattice site, and the panel on the right shows a third set of identical 2-mer fragments,
each with the two monomers being separated by two lattice sites. Again, due to the symmetry of
the chain, the 2B energy of a given fragment is uniquely determined by the number of lattice
sites separating the monomers. If we define s to be the number of lattice sites between (and
including) the monomers (so the three panels in Fig. 3.28 have s = 2, s = 3, and s = 4), then

there will be n — s 4 1 of these fragments on an n-chain.

HNEEEEEEEET SN EEEEEE T NEEEEEEEEEES

Figure 3.28. Examples of 2-mer fragments in a 12-chain in 1 spatial dimension.

We can find groups of identical K-body fragments in an n-chain for any value of K. These
groups will be important, so we shall refer to them as lattice fragment groups (LFG). Noticing
that LFGs are defined by their connectivity and spacing, there is apparently a connection to the
fragment groups used in the analysis of many-body energies in protonated and deprotonated
water clusters (Secs. 3.2 and 3.3).2

It turns out that the number of fragments in an LFG for a given n-chain, g(”) , (i.e. the order
of the group) only depends on the spacing, s, between the left-most and right-most fragments,
independently of the many-body order, K. Therefore, if gﬁ”) is the order of an LFG with spacing,

s, we have:

e =n—s+1 (3.16)

Notice that the order scales as &'(n) = O(N) as (N — oo). Therefore, given that the number of

’In the cases of (infinite) lattices or cyclic finite chains, one can easily define a group structure on LFGs,
serendipitously giving some justification for our naming.

104



K-body fragments in an n-chain is (11\;) , the number of possible K-body LFGs on an n-chain
scales like O(NX=1) as (N — o). All possible 2-mer, 3-mer, and 4-mer LFGs with s = 6 on an

n-chain are shown in Fig. 3.29.

Figure 3.29. All 2-mer, 3-mer, and 4-mer 1D LFGs with s = 6.

Why should we care about LEGs? The spacing, s, for LFGs in 1D is meaningful beyond
the combinatorics. In the case of 2-mer fragments, s is precisely the distance between the
monomers. Additionally, for general K-mer fragments, s bounds the distance between the
monomers. Therefore, s is meaningful in terms of the energies of the fragments (most directly in

the case of 2-mers). If we define es(K)

to be the average K-body energy of all LFGs with a given
s in an n-chain, and the corresponding number of distinct K-body LFGs as .45 (K), then the total

K-body energy of the chain is:

N
Exg =) A g el
3.17)

3.5.2 Lattices in 2 Spatial Dimensions: Deriving Exact Scaling Relations
for Counting Lattice Fragment Groups

The order of 2D LFGs on (m,n)-chains is determined by the dimensions of the smallest

rectangular, contiguous subchain that encloses a fragment in the LFG, which we call the lattice
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convex hull (LCH) of the LFG. Therefore in 2D, we need two parameters, s, and sy, to define
the spacing in an LFG, while we only need one parameter parameter in 1D. An example of

fragments in a (6,6)-chain belonging to an LFG defined by a LCH with s, =4 and s, =5 is

(m.n)
SxsSy

shown in Fig. 3.30. The order of an LFG on an (m,n)-chain, g , 1s equal to:

g(m’n):(n—sx+1)(m—sy+1) (3.18)

Sx,Sy

As was the case with 1D LFGs, the order of 2D LFGs on (m,n)-chains scales linearly with
system size, &' (mn) = O(N) as (N — oo). Furthermore, this finding extends to lattices in any
number of spatial dimensions. Given that the order of a given K-body LFG scales linearly
with system size, regardless of K, the number of 2D LFGs on an (m,n)-chain must scale like
O (NX—1) as (N — o), as was the case in 1D (and is the case in higher dimensions). This clarifies
how it is possible for the total 4B energy in water clusters to represent a constant fraction of the

total binding energy, independently of the system size. We can once again define the average

energy of all 2D LFGs with LCHs having dimensions s, and sy, to be es(XK s)y,

and the number of
K)

y

distinct K-body LFGs to be </1§(

X

, then the total K-body energy, Exp can be calculated in a
)

y

K'—-K

!
similar way as in Eq. 3.17. For Exg/Et = ¢, constant, we must have 83(53)‘ / es(fs — (sxSy)

as sysy — oo for all K, with the special case of ss(f S)y = 0 when s,sy > (5/)? for all K, where s’
quantifies the finite range of interactions within some system. In this special case defined by
finite-range interactions, all many-body terms, Exg, scale linearly with system size (0(N)),
K)

because both Jl@ffy) and es(x 5, are independent of N.

In the interest of completeness, we derive the exact expression for the number of 2D
K-body LFGs with s, and s, mf’ﬁy) Derivations of the corresponding expressions in any number
of spatial dimensions follow the same reasoning, so we simply present the final results for the
3D case after the derivation in 2D.

The LCH for a given LFG is the smallest contiguous, rectangular subchain that encloses

any fragment belonging to the LFG. For the LCH to be large enough to enclose a given fragment,
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Figure 3.30. Example of the lattice convex hull (the red outline) for a 2D LFG.

sy and sy, must be equal to the largest distance in the x and y directions, respectively, between
two monomers in the fragment. The LCH is a rectangular subchain, so it must enclose s,s,
lattice sites, so there are (s)}gy ) K-mer fragments that will fit inside the LCH. However, the LCH
is the smallest subchain that can enclose a given fragment, so we are over-counting all of the
smaller LFGs (fragments) that can be enclosed in smaller LCHs. In fact, if we let s, and s’y be the
dimensions of the actual LCH for one of these smaller LFGs, then we would be over-counting
by exactly (sx — s34 1)(sy — s}, + 1) fragments for that single LFG (because of Eq. 3.18), so we
actually need to be a little careful here.

Let’s refer to the LCH defined by s, and sy, as H (for “hull”). We can begin to correct for
the over-counting by considering the number of fragments that will fit within H if we remove its
right-most column, yielding a new LCH which we will call R (for “right”). Any LFG that can

be enclosed by R (which is defined by dimensions s, — 1 and sy) was necessarily over-counted
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because H would not have been the smallest possible rectangular subchain that could enclose

—1)s,

it, so we subtract the number of fragments that fit inside R, ((S-" X

), from our original count.
Additionally, we need to consider the subchain, L, resulting from removing the left-most column
from H, because fragments containing monomers on the right-most column of H would not have
been included in our count for R. L is defined by dimensions s, — 1 and sy, as was the case for R,
so subtracting the number of K-body fragments enclosed in L from the current count gives us
(SXI?V ) — 2((5)‘_[(1)3"). In 2D, we need to correct for over-counting in the y-direction as well, so we
can define LCHs, U and D, defined by removing the upper- and lower-rows from H, respectively,
each of which is defined by dimensions s, and s, — 1. Applying the same over-counting correction
due to U and D that we applied for R and L, we obtain (") —2( (SX;{I)Sy ) — 2(“‘*(“}'{1)).

So far so good, but after applying these over-counting corrections, we are now under-
counting! There are some number of fragments that are enclosed by two or more of the subchains,
R, L, U, and D, so we need to consider the intersections between these four subchains (the sets
of lattice sites that are shared by two or more of the subchains) in order to correct our previous
correction. In fact, we end up needing to consider all possible intersections between these four
subchains to obtain the exact count of the LFGs defined by the LCH, H.

For a given (contiguous, rectangular) subchain, A, defined by dimensions, sy and sy, we
define the number of enclosed K-body fragments to be |A|gp = (SX[?'), and for subchains A, B, C,

etc., we define the intersection, ANBNC... to be the subchain which contains all lattice sites

shared by all of the subchains, A, B, C, etc.. Ultimately, one will obtain the following expression
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for the number of K-body LFGs defined by H (with dimensions, sy and sy), 4§ ).

Sx,Sy *

i) = |Hlks — |Rlxs — |L|ks ~ U ks — Dlks

Sx;Sy
+|RNL|gkg+ |RNU|gp+ |RNDlgp

+|LNU|kg+|LND|gp+ |UND|gp
(3.19)

—|RNLNU|kp—|RNLND|gp
— |RﬂUﬂD|KB— |LﬂUﬂD|KB

+|RNLNUNDIgp

An even number of intersections corresponds to an over-counting correction (and is negative),
and an odd number of intersections corresponds to an under-counting correction. In 1D, we

(K)

only need to consider R and L subchains, so the analogous expression for .45’ in terms of the

intersections of H, R, and L is:
K
A |H|ks — |R|kp — |L|kp+|RNL|ka (3.20)

For a LCH in 3D defined by dimensions s,, sy, and s,, we also need to consider the pair of
subchains, F' and B (for “front” and “back”), which are both defined by dimensions s, sy, and
s; — 1, and the corresponding to the expression for JK)EI?YZ in 3D follows the same pattern as in
the 1D and 2D cases.

Rewriting these equations in terms of binomial coefficients involving s,, sy, and s, and

recognizing that the pairs of subchains for each direction (i.e. R and L, U and D, F and B)

enclose the same number of fragments, we have (with s, = s in 1D):

PRI JEY @ (“" . “)) (3.21)
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KB Y Y (1 @ @ ((s’“ _“)K(Sy _b)) (3.22)

a=0b=0

0 Zo bZO Zo e (B () ) (O

It is important to note that these equations can not be used when s, = 1, or s, = 1, or
s, = 1, which would involve taking factorials of negative numbers (in the right-most binomial
coefficient), so the corresponding lower-dimensional equations must be used instead (e.g. when
sy = 1,5, # 1, and s, # 1 in 3D, one must use the corresponding 2D equation, Jl@)(f))

Making the substitutions s, — x, s, — y, and s, — z, and expanding the binomial co-
efficients and simplifying, we obtain many-body scaling polynomials. The first few scaling

polynomials are:?

AP =1 (3.24a)
A (3.24b)
N W = %xz - gx +3 (3.24¢)
MO = éx3 - %xz T 13—3x 4 (3.24d)
M =2 (3.252)
NS = 6xy—6(x+y)+4 (3.25b)
%ff) = 6x%y? — 12(x%y +x9%) + 7 (x> + %) + 15xy — 5(x +y) + 1 (3.25¢)

M) = 13—0x3y3 —10(xy* +x%y°) + ? (Fy+xy°)
2.2 3 3 2 2 2 2 10 (325d)

+18x7y" —=5(x"+y7) — 11 (x“y+xy°) +x"+y +?xy

3The expressions in Egs. 3.21—3.23 were evaluated and simplified with the sympy library.[122]
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«/Vx,(yz,l =4 (3.262)

M) = 36xyz — 36(xy + 32+ y2) + 36(x +y -+ 2) — 40 (3.26b)

c/ﬁé(ﬂ = 72x%y°2% — 144(xy 2+ xy° 2% 4+ x%y2?)
+ 84(x%y? + x22% +y?2%) 4+ 288 (x%yz + xy°z + xyZ%)
(3.26¢)
— 168(x%y + x’z +xy* + x2° +y* 7+ yz%) — 630xyz

+98(x? 4+ +2%) +390(xy + xz+ yz) — 250(x + y+2) + 172

An example application for these scaling relations is in estimating the total error of a
model for many-body interactions in conducting systems in which high-order terms in the MBE
are important. After obtaining the average K-body energy as a function of the LCH dimensions,
&)

sy.5; (In 3D), for a given system (from stochastic sampling, for example), the scaling poly-

nomials allow one to translate the error per fragment (for some model parameterization) into
the total error using the analog to Eq. 3.17, which can be used in the optimization cost function

when fitting the model.
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Chapter 4

Energy Decomposition Analysis

4.1 Background
4.1.1 ALMO-EDA

Given a base density functional, £7%[.], ALMO-EDA decomposes the interaction energy
calculated with that functional, V;y7, into a sum of frozen, POL, and CT energies, Vrrz, Vpor,
and Vcr, respectively:[123]

Vint = Verz +Vpor + Ver 4.1)

The Vrrz term can be further decomposed into a sum of ELEC, PAULI, and DISP energies,

VELECa VDISP» and VPAULI’ respectively:[123, 124]

Vrrz = VELEC + VDIsp +VpauL1 4.2)

Since the ALMO-EDA method is discussed in detail in the original references,[125, 123, 124,
126] we only summarize the main aspects of the method here.

The three terms on the right-hand side of Eq. 4.1 are each interaction energy components
for the total system, with each term corresponding to its own total-system electron density,
differing from each other in their respective degrees of relaxation (minimization of the total
electronic energy). The least-relaxed (highest energy) electronic density, the frozen density,

prrz(r), results from the antisymmetric product of the isolated monomer occupied orbitals
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(fully-relaxed in isolation, calculated with the base functional), superimposed into the complex
geometry. prgz(r) is “frozen” in the sense that monomer densities are unchanged relative to
their optimized, isolated densities (apart from the antisymmetrization). The frozen energy, Vrrz
is taken to be the difference from subtracting the sum of the isolated monomer total energies,

E i%f , from the total energy of prrz(r) calculated with the base functional.

Virz = E"[prrz(r)] — E\% = Ef%, — E1! (4.3)

The decomposition of the frozen energy (Eq. 4.2) is described in detail in refs 123 and 124, but
we note here that the calculation of the dispersion energy, Vp;sp, requires the use of a “dispersion-
free” XC-functional, &5¢5¢[-] specific to the base functional. Ideally, £5%¢[-] would lack any
dispersion interaction, but would otherwise be identical to the base functional. Therefore, in the
interest of fair comparisons between the functionals, we only consider the sum, Vpyyi1pisp =
Veaurr + Vpisp, in the analyses presented in Secs. 4.2 and 4.3. We also only consider the ALMO-
EDA 2 “classical” ELEC energy[123, 124] in order to make meaningful comparisons between
the decompositions of XC-functionals with those obtained with the PEFs. We also make use of
the kinetic energy pressure (KEP) in Sec. 4.3.

The POL energy, Vpor, is calculated from the total-system electron density obtained
via relaxation with respect to the base functional, such that each monomer polarizes each other
monomer, but no electron density is transferred between the monomers. This is accomplished by
only allowing monomer electron densities to relax within their own “polarization subspaces. In
ALMO-EDA 2, these subspaces are determined with the use of fragment electric field response
functions.[126, 123, 127] Vpgy, is then computed by subtracting E{% and Vpgz from the total

energy of the polarized density, ppor(r) calculated with the base functional:

Veor = E°%ppor(r)] — E1% — Vrrz 4.4)
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The CT energy, Vcr, is calculated from the fully-relaxed total-system electron density,
pscr(r), (i.e. what one would obtain from an unconstrained DFT calculation with the base
functional). This electron density can be thought of as resulting from mixing each monomer’s
(polarized) occupied orbitals from ppoy (r) with the occupied and virtual orbitals of the surround-
ing monomers (as well as its own virtual orbitals).[126, 123, 127] The total interaction energy,
VinT, is calculated by subtracting E{% from the total energy of p,., (r) with respect to the base

functional. The CT energy, Vcr, is finally calculated by subtracting Vrgz and Vpor, from Viyr,

Vinr = min & [y, (r)] — Ep = Eity — Eif 45)
Pscr (T)
Ver = Vint —Vrrz — VeoL 4.6)

4.2 Energy Decompositions of Halide—Water Clusters

To provide insights into the ability of DFT models to describe halide——water interactions,
the ALMO-EDA method is used to decompose the interaction energies of halide—water X~ (H,0)
dimers (X = F, Cl, Br, I), calclulated by various XC-functionals, into individual contributions
defined in Section 4.1.1. For reference, the structures of the X~ (H,O) dimers as well as the
corresponding deviations of 2B energies calculated with each XC-functional relative to reference
2B energies calculated with CCSD(T)-F12b for each dimer are shown in Fig. 4.1. A more
detailed analysis of these deviations can be found in Ref. [120].

Fig. B.1 shows the full ALMO-EDA decompositions for each functional for each dimer
(as well as decompositions of some model PEFs, as will be discussed in the next chapter).
Additionally, 2B ALMO-EDA statistics for each class of XC-functional are shown in Tables 4.1
and 4.2.

Additionally, ALMO-EDA analysis within families of XC-functionals offers some per-

spective regarding the construction of a DFT model. For example, PBE and revPBE differ from
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Figure 4.1. Deviations from the CCSD(T)-F12b interaction energies of the X~ (H,O) dimers,
with X = F (a), CI (b), Br (¢), and I (d), in the corresponding RI-MP2/aug-cc-pVTZ(-PP)
minimum-energy configurations calculated with various XC-functionals as well as AMOEBA,
TTM-nrg, and MB-nrg models.

each other by the value of a single parameter in their exchange functionals (specifically in their
exchange enhancement factors),[26] with the revPBE exchange energy being more sensitive
to the electron density gradient, and having a lower bound in the large-gradient limit, effec-
tively making revPBE more non-local.[128] Consequently, differences in energy decompositions
between PBE and revPBE directly reflect the nature of this single parameter. Moreover, the
hybrid functionals, PBEO and revPBEQ differ from their parent functionals in that their respective
GGA exchange term is scaled by 0.75, and Hartree-Fock exchange (scaled by 0.25) is added.
Therefore, comparing decompositions of PBE with those of PBEO, and revPBE with revPBEQ
will reveal the nature of taking GGA to “GGAO0.”

Fig. B.1, shows that all DFT models tend to provide similar values for the ELEC and
POL terms for each halide—water dimer, with the largest standard deviation (among all XC-
functionals) being 0.3 kcal/mol for both contributions to the interaction energy of the F~ (H,0)
dimer. Consensus among DFT models belonging to all classes suggests that ELEC and POL

energies of halide—water interactions are weakly-dependent on non-local effects associated with
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Table 4.1. Halide—water 2B ALMO-EDA statistics of X~ (H,0O) dimers (X = F, Cl). Signed
mean energy values are reported with standard deviations in parentheses (in kcal/mol).

Class Elec. Pauli + Disp. Pol. CT KEP Total 2B
F~(H,0)

All —46.5 (0.3) 48.7 (2.2) —-19.5(0.3) —15.3(1.1) 1003 (3.0) —32.6(1.5)
GGA —46.6 (0.3) 51.8(1.4) —194(0.1) -169(0.2) 104.7(1.7) —-31.0(1.3)
mGGA —46.2 (0.1) 48.4 (1.3) —-19.5(0.2) —15.7(0.7) 100.0 (1.1) —33.1(1.4)
Hybrid —46.6 (0.3) 47.51.4) —194(0.3) —145(0.6) 98.6(2.0) —33.1(1.0)
CI~ (H,0)

All —19.8 (0.2) 14.2 (1.2) —4.40.1) —=54(0.6) 33.1(1.0) —15.3(0.8)
GGA —19.9 (0.1) 15.7 (0.9) —4.4(0.0) —-6.1(0.0)0 3450.7) —14.7(0.9)
mGGA —19.6 (0.1) 13.9 (0.7) —4.40.0 -56(03) 32803 —15.7(0.6)
Hybrid —19.9 (0.1) 13.8 (0.9) -430.1) -50(04) 327(0.8) —15.4(0.6)

Table 4.2. Halide—water 2B ALMO-EDA statistics of X~ (H,0) dimers (X = Br, I). Signed
mean energy values are reported with standard deviations in parentheses (in kcal/mol).

Class Elec. Pauli + Disp. Pol. CT KEP Total 2B
Br~(H,O)

All —16.8 (0.1) 11.3 (1.1) —3.4(0.0)0 —43(0.5 NA -13.2(0.7)
GGA —16.9 (0.1) 12.5(0.9) —-3.4(0.00 —-490.00 NA -12.6(0.9)
mGGA —16.6 (0.0) 10.9 (0.6) —3.4(0.0)0 —-45(0.2) NA -13.5(0.6)
Hybrid —16.8 (0.1) 10.9 (0.8) —3.3(0.1) —-39(0.3) NA -13.2(0.6)
I~ (H,0)

All —13.7(0.1) 8.5(0.9) —23(0.0)0 —-35(04) NA -11.0(0.7)
GGA —13.8(0.1) 9.6 (0.8) —2.3(0.0)0 —4.0(0.1) N/A —-10.5(0.8)
mGGA —13.6 (0.0) 8.3(0.5) -23(0.00 -3.70.2) NA -11.3(0.5)
Hybrid —13.8(0.1) 8.2(0.8) —2.3(0.0)0 —-3.1(0.3) N/A —11.0(0.6)

including the kinetic energy density and/or Hartree-Fock exchange in the XC-functional.
The average values of the charge transfer energy predicted by each class of XC-functionals
tend to become less negative from the GGA to the hybrid functionals. This progression can be

explained by considering the delocalization error,[ 14] which is mostly due to the self-interaction
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error, which is particularly significant for the GGA functionals. This finding is consistent with
earlier work studying intermolecular energy decompositions.[129, 130, 131] All three GGA
functionals predict similar values for the CT term, with a standard deviation of at most 0.2
kcal/mol in the case of the F~ (H,O) dimer. Similarly, the three hybrid-GGA functionals also
predict similar CT energies between themselves. It should be noted that Ref. 14 found that
meta-GGA functionals have similar delocalization errors as GGAs, so the trends in the CT
energies found here may result from a combination of effects.

The largest disagreement among all functionals considered in this study is found for the
P+D term, and as with all other contributions to the total interaction energy, the values for this
term vary the most for the F~ (H,O) dimer. Notably, differences between PBE and revPBE almost
entirely manifest in their P+D energies, with the revPBE P+D term being at least 1 kcal/mol
more repulsive than that of PBE for each minimum energy dimer. BLYP and revPBE differ in
their P+D terms by at most 0.4 kcal/mol for all dimers. On average, P+D energies from hybrid
functionals are less-repulsive than those from the GGAs, but B3LYP and revPBEO P+D terms
are consistently the most repulsive among the hybrids (note that B3LYP uses BLYP exchange
scaled by a factor of 0.72[33]). It is interesting to note that P+D energies calculated with PBEQ
and revPBEQO are closer in magnitude than those calculated with PBE and revPBE by a factor of
~0.75, reflecting the scaling of the PBE and revPBE exchange functionals in PBEO and revPBEOQ,
respectively.

Since, as mentioned above, the disagreement in the CT terms predicted by different
classes of XC-functionals is likely due to the delocalization error, it seems reasonable to as-
sume that, among all classes, the hybrid functionals provide the most accurate value for this
contribution. Therefore, since both ELEC and POL contributions are of similar magnitude
among all XC-functionals, it appears that, within the ALMO-EDA scheme, the P+D term is the
most uncertain contribution to the interaction energies of the halide—water dimers. Given the
similarity between Eqs. 4.1 and 4.2, it seems likely that the frozen energy (P+D + ELEC) should

be correlated with the total interaction energy. To test this hypothesis, Fig. 4.2 shows correlation
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Figure 4.2. Total frozen energy from ALMO-EDA plotted against interaction energy deviations
(relative to CCSD(T)-F12b) for X~ (H,O) dimers with X = a) F, b) Cl, c¢) Br, d) I, for each
XC-functional, demonstrating the correlation between the two quantities. The best fit lines with
respect to all functionals are shown as red solid lines, and the best fit lines with respect to all
hybrid functionals are shown as black solid lines. The y-intercepts for each best fit line are also
shown, giving an estimate of the “most accurate” total frozen energies for each dimer.

plots between the total frozen energies predicted by the different functionals for each X~ (H,O)
dimer and the corresponding deviations from the CCSD(T)-F12b total interaction energies. A
noticeable correlation indeed exists between these two quantities among all functionals, which
becomes even more apparent if only the hybrid functionals are considered. From linear fits to
the data shown in Fig. 4.2, it is thus possible to derive an estimate for the “most accurate” total

frozen energies associated with each halide—water dimer.
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4.3 Energy Decompositions of Alkali Ion—Water Clusters
And Comparisons With Halide—Water Clusters

Decompositions of the 2B energies of the M™(H,0) dimers are reported in Fig. B.2.
Statistics for 2B ALMO-EDA calculations of alkali ion—water M (H,O) dimers are reported
Tables 4.3 and 4.4 to aid in the analysis. Interestingly, some of the trends found in the analysis
of energy decompositions of 2B energies of halide—water dimers[120] are not reproduced in
the analogous decompositions of the 2B energies of the alkali ion—water dimers. Differences
in trends between the halide—water and alkali ion—water decompositions could be due to
differences in the descriptions of the ion, in particular because anionic species are more difficult
to describe with semi-local functionals than neutral or cationic species.[132] Differences between
halide—water and alkali ion—water decompositions could also be due to differences in the
variations among the functionals in their descriptions of the water hydrogens and the water
oxygen, since halide ions accept hydrogen bonds from the water molecule while alkali ions are
bound to the water oxygen.

One notable difference between halide—water and alkali ion—water energy decompo-
sitions is that the Li*(H,0O) ELEC energy has a larger standard deviation (0.7 kcal/mol) than
any other interaction term among XC-functionals, while the ELEC energy is very consistent
among all XC-functionals in all halide—water dimers, with F~ (H,O) having the largest standard
deviation of 0.3 kcal/mol (relative to all functionals from all classes of XC-functionals).[120]
The mean ELEC energies (and their standard deviations) in Li*T(H,0) for GGA, meta-GGA,
and hybrid functionals are found to be —31.4 (0.2), —32.0 (0.4), and —32.8 (0.3) kcal/mol,
respectively. Relative uniformity within XC-functional classes, but large deviations between
the classes, suggests that the use of the kinetic energy density in meta-GGAs and Hartree-Fock
exchange in hybrid functionals might be necessary for describing the ELEC energy in Li* (H,0).
It should be noted, however, that the GGA functionals BLYP and PBE yield more accurate total

2B energies for the Li* (H,O) dimer, relative to the CCSD(T) reference, than a number of hybrid

119



functionals, such as M06-2X, B3LYP, PBEO, and wB97X, which indicates that the accurate
reproduction of the Li*™(H,0) ELEC term is more complicated than simply adding Hartree-Fock

exchange.

Table 4.3. Alkali ion—water 2B ALMO-EDA statistics of M™(H,0) dimers (M = Li, Na).
Signed mean energy values are reported with standard deviations in parentheses (in kcal/mol).

Class Elec. Pauli + Disp. Pol. CT KEP Total 2B
Lit(H,0)

All —32.3(0.7) 12.2 (0.5) —-10.8(0.3) —-3.8(0.2) 17.0(0.6) —34.8(0.8)
GGA —-31.4(0.2) 12.4 (0.4) —11.1(0.1) —4.1(0.1) 17.8(04) —34.2(0.7)
mGGA —32.0(0.4) 12.0 (0.3) —-10.8(0.2) —-3.8(0.1) 163(04) —34.5(0.2)
Hybrid —32.8(0.3) 12.1 (0.5) —-10.7(0.2) —-3.8(0.1) 17.0(0.4) —35.2(0.8)
Na*(H,0)

All —24.9(0.4) 8.0(0.5) —6.4(0.2) —-0.6(0.0) 14.5(0.6) —23.9(0.7)
GGA —24.5(0.2) 8.6 (0.5) —6.7(0.1) —0.7(0.0) 153(0.3) —23.2(0.7)
mGGA —24.5(0.2) 7.7 (0.4) —6.4(0.1) —-0.6(0.0) 139(0.4) —24.0(04)
Hybrid —25.2(0.2) 8.0(0.4) —6.3(0.1) —0.6(0.0) 14.4(04) —24.2(0.6)

It is likely that the large deviation of the Li™ (H,0O) ELEC energy trend from the trends
seen in halide—water dimers is at least in part due to the fact that Li* has no isoelectronic coun-
terpart in the halide ions. However, we point out that Figs. B.2 and B.1 and Tables 4.3, 4.4, 4.1,
and 4.2 show that ELEC energies of the other alkali ion—water dimers have, on average, more
variance than the halide—water ELEC energies.[120] Fig. B.2 shows that ELEC energies calcu-
lated with GGA and meta-GGA functionals in the other alkali ion—water dimers tend to be very
similar, with the two classes having mean values within 0.1 kcal/mol of each other. However,
the ELEC energies of all alkali ion—water dimers calculated with the hybrid functionals are, on
average, more attractive than those calculated with the semi-local functionals, although differ-
ences between the values calculated with hybrid functionals and semi-local functionals become
smaller with increasing ion size. Since the ELEC energy is calculated within the ALMO-EDA

frozen energy term, differences between functionals reflect differences in their descriptions of the
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Table 4.4. Alkali ion—water 2B ALMO-EDA statistics of M T (H,0) dimers (M = K, Rb, Cs).
Signed mean energy values are reported with standard deviations in parentheses (in kcal/mol).

Class Elec. Pauli + Disp. Pol. CT KEP Total 2B
K*(H,0)

All —19.3 (0.3) 7.6 (0.8) —-4.000.1) —-1.70.2) NA -174(0.8)
GGA —19.1 (0.1) 8.5(0.5) —4.0(0.1) —-19(0.0)0 NA —-16.5(0.7)
mGGA —19.0 (0.1) 7.2 (0.6) —-4.0(0.0) —-1.70.1) NA -17.5(0.5)
Hybrid —19.6 (0.1) 7.3 (0.6) —-4.000.1) —-150.1) NA -17.8(0.7)
Rb™(H,0)

All —17.6 (0.3) 7.2 (0.9) -35@.1) —-1600.2) NA -154(0.9)
GGA —17.4(0.1) 8.2 (0.6) —-3.5@.1) —-1.8(0.00 NA —-145(0.7)
mGGA —17.3 (0.1) 6.8 (0.6) -35(00.0) —-1.6@.1) NA —155(0.5)
Hybrid —17.8 (0.1) 6.9 (0.8) -3.6(0.1) —-140.1) NA -159(0.9)
CsT(H,0)

All —15.7(0.2) 6.9 (1.0) -3.1(0.1) -1602) NA -13.6(1.0)
GGA —15.6 (0.1) 7.9 (0.6) -3.1(0.00 —-1.8(0.00 NA —12.6(0.7)
mGGA —15.5(0.1) 6.5 (0.6) —-3.1(0.0)0 —-1.6(0.1) N/A —13.6(0.5)
Hybrid —15.9(0.1) 6.5 (0.9) -3.1(0.1) —-140.1) NA -14.0(1.0)

electronic structures of the isolated monomers. Fig. 4.3 shows that there is a correlation between
the magnitude of the dipole moment of the water molecule in Li*(H,0O) with the Li*T (H,O)
ALMO-EDA ELEC energy, indicating that the large variance in the ELEC energies in Li*™ (H,0)
are mostly due to differences in descriptions of the water monomer between the XC-functionals
(rather than differences in descriptions of Li™). The Li™ (H,O) ELEC energies are more varied
than those of the other dimers due to the small distance between Li™ and the water oxygen (~1.8
A) compared to the other dimers.

In our analysis of the alide—water dimers, it was found that ALMO-EDA CT energies
calculated with GGA functionals tend to be more attractive than those calculated with meta-GGA
functionals, which tend to be more attractive than those calculated with hybrid functionals.[120]

The same trends seen in halide—water dimer CT energies can also be seen in the alkali ion—water
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Figure 4.3. Correlation between the dipole magnitude of the water molecule from the minimum
energy Li™ (H,0) dimer with the Li™ (H,O) ALMO-EDA ELEC energy (in kcal/mol).

dimers, but to a smaller extent. For example, while the difference in mean CT energies calcu-
lated with GGA and hybrid functionals was found to be 2.4 kcal/mol in F~ (H,0), the largest
difference in mean CT energies between the GGAs and the hybrid functionals in the alkali
ion—water dimers is 0.4 kcal/mol in Cs™(H,O). Notably, the orderings of the halide—water
dimer CT energies produced by the particular XC-functionals tested roughly correlate with
the orderings reported in ref 14 regarding the curvature of the electronic energies of the same
functionals with respect to fractional electron numbers, a quantity that directly relates to the
delocalization error.[14] For example, SCAN yields less attractive ALMO-EDA CT energies
than TPSS for all halide—water[120] and alkali ion—water dimers, while it was found that the
SCAN electronic energy has less curvature than that of TPSS with respect to fractional electron
numbers.[14] Another notable example is M06-2X, which yields less attractive CT energies than
the other global hybrid XC-functionals tested for all halide—water[120] and alkali ion—water
dimers, except for LiT(H,0) and Na™(H,0), in correspondence with its significantly smaller

curvature.[14] However, M06-2X also tends to yield less attractive CT energies than the range-
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separated hybrid functionals, in contradiction with the trends in curvature,[14] indicating that
the delocalization error, is likely not the only contributing factor to errors in ALMO-EDA CT
energies. Furthermore, ref 14 indicates that meta-GGA functionals tend to have only marginally
smaller curvatures than GGA functionals, suggesting that both classes suffer from comparable
delocalization errors, which also seems to contradict the hypothesis that errors in ALMO-EDA
CT energies are due to the delocalization error, given that meta-GGA CT energies tend to be
less attractive than GGA CT energies. However, the correspondence between the orderings
of both quantities (curvatures and ALMO-EDA CT energies) suggest that the two are related,
and may both be consequences of the same underlying deficiencies of a given XC-functional.
We also point out that monomer properties, alone, are undoubtedly insufficient to describe the
trends in CT energies, and that factors such as the difference in the ionization potential of the
electron donor and the electron affinity of the electron acceptor are likely significant as well, as
is discussed in ref 14.

The Pauli+Disp terms are the most varied among all functionals for all alkali ion—water
dimers except for Li™ (H,0). The variance in Pauli+Disp energies increases with increasing ion
size, with the standard deviations (among all XC-functionals) for Li*(H,0) and Cs™(H,0) being
0.5 and 1.0 kcal/mol, respectively. Pauli+Disp is also the most varied interaction term for all
halide—water dimers, although it was found that the standard deviation decreases with increasing
ion size, with the standard deviations for F~(H,0O) and I (H;0) being 2.2 and 1.0 kcal/mol,
respectively.[120] The difference in this variance trend likely reflects the fact that Pauli+Disp
energies represent increasing (negative) fractions of the total 2B interaction energy of alkali
ion—water dimers with increasing ion size, while representing decreasing (negative) fractions of
the total 2B energy of halide—water dimers with increasing ion size.[120]

One notable similarity between energy decompositions of the alkali ion—water dimers
and the halide—water dimers is that Pauli+Disp energies predicted by hybrid functionals are, on
average, less repulsive than those predicted by GGA functionals.[120] One possible explanation

of this trend stems from the inability of GGA functionals to reproduce intermediate range
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(attractive) dispersion interactions, which requires a nonlocal treatment of electron correlation
(“nonlocal” in the sense of ref 10 as discussed in Sec. 2.3).[133, 28, 134, 135] The fact that
the meta-GGA functionals tested here predict Pauli+Disp energies that are comparable to
(and sometimes even less repulsive than) those predicted by hybrid functionals supports this
hypothesis, since the use of the kinetic energy density adds more nonlocal character to the
correlation energy of an XC-functional. In particular, the meta-GGA SCAN functional has been
shown to capture intermediate-range dispersion,[29, 28] and the meta-GGA B97M-rV includes
the explicitly nonlocal rVV10 correlation functional[134] (note that TPSS yields Pauli+Disp
energies that are more repulsive than those from SCAN and B97M-rV for all alkali ion—water
dimers except for Lit(H,0)). We also point out that hybrid GGA XC-functionals have been
shown to lack dispersion interactions,[28, 135] which appears to be consistent with the fact
that B3LYP and revPBEO tend to yield Pauli+Disp energies that are more repulsive than those
from hybrid meta-GGAs (M06-2X, ®B97X, and ®B97M-V), SCAN, and B97M-1V, especially
in the dimers of the larger ions. The hybrid GGA PBEO appears to be an exception to this
finding, likely benefiting from error cancellation, resulting from the fact that PBE yields less
repulsive Pauli+Disp energies than BLYP and revPBE due to the behavior of its exchange energy
with respect to the electronic density gradient.[120] Note that these trends in the Pauli+Disp
energies for GGAs, meta-GGAs, hybrid GGAs, and hybrid meta-GGAs can also be seen in the
halide—water dimer EDA in ref 120.

A second possible explanation for the trend in the differences between GGA and hybrid
Pauli+Disp energies is based on the tendency of semi-local functionals to artificially delocalize
electron density while Hartree-Fock exchange localizes the electron density.[13, 14]. Excessive
delocalization of the isolated monomer electron densities may result in spurious Pauli repulsion
in the frozen-electronic state (Section 4.1.1) of dimers at small intermonomer separations, which
would lead to the observed trends. Furthermore, the fact that differences between GGA and
hybrid Pauli+Disp energies are more pronounced in the halide—water dimers[120] strengthens

this argument since anionic species tend to suffer from artificial delocalization more than neutral
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or cationic species.[132] The dominant repulsive interaction contributing to the ALMO-EDA
Pauli repulsion energy is the kinetic energy pressure (KEP),[123] which can be thought of
as the (primarily kinetic) energetic penalty paid to orthogonalize isolated monomer electron
wavefunctions when brought into the complex geometry in the ALMO-EDA frozen state, and
therefore quantifies the importance of the second explanation. Although the ALMO-EDA KEP is
inaccessible in calculations with ECPs, Tables 4.3, 4.4, 4.1, and 4.2 provide evidence that artificial
delocalization contributes to the observed differences between Pauli+Disp energies calculated
with GGAs compared to hybrid functionals. It should be noted, however, that the analysis
presented in ref 14 indicates that non-hybrid meta-GGA functionals suffer from delocalization
errors comparable to those seen in GGA functionals, as was discussed above. This suggests
that the trends in Pauli+Disp energies produced by the semilocal meta-GGA functionals (in
both alkali ion—water and halide—water dimers) are likely not solely due to the delocalization
error, and that intermediate-range dispersion interactions also play a role in the observed trends.
Finally, we point out that these trends exist in all dimers, despite the accuracy of the GGAs
degrading with increasing alkali ion size (Section 3.4.1), indicating that the inclusion of nonlocal
terms is necessary for an XC-functional to be able to correctly reproduce Pauli+Disp energies in
alkali ion—water dimers.

Polarization appears to be the contribution that behaves most consistently between the
halide—water dimers and alkali ion—water dimers, having the smallest deviation among XC-
functionals for all ions. The variance in the POL energy among XC-functionals decreases
with increasing alkali ion size, likely reflecting the trend in variance of the ELEC energy. The
variance in the POL energies was also found to decrease with increasing halide ion size in the
halide—water dimers.[120] In particular, it was found in ref 120 that there is a correlation between
the total 2B interaction energies and total 2B ALMO-EDA frozen energies of halide—water
dimers predicted by various XC-functionals. It was suggested that this correlation might be due
to the similarity in the definitions of these two energies (see eqs 4.5 and 4.3).[120] As shown in

Fig. 4.4, we find a similar correlation in alkali ion—water dimers as well. Two best-fit lines are
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shown for each dimer, one is fitted to all XC-functionals from all classes, and the other is fitted
to the hybrid XC-functionals. Based on each of these best-fit lines, estimates for the total frozen
energies (the y-intercepts of each line, where the interaction energy error is 0.0) are also shown
in horizontal dotted lines. As was the case for halide—water dimers, the correlation apparently
improves with increasing ion size. Additionally, the two sets of best-fit lines tend to converge for

alkali ion—water and halide—water dimers with increasing ion size.

4.4 Many-Body Energy Decompositions of Protonated and
Deprotonated Water Clusters

As discussed in Sec. 3.2.3, the hydrogen bonding connectivity in a given system can
result in cooperative many-body interactions in which one or more hydrogen bonds enhance
the hydrogen bonding interactions between the surrounding molecules (resulting in negative 3B
energies), or anticooperative interactions in which the surrounding hydrogen bonding is weakened
(resulting in positive 3B energies). Here we use 3B energy decomposition analysis to illuminate
the physical effects that result in cooperativity and anticooperativity. 1% generation ALMO
EDA calculations[ 136, 137] were performed on the anticooperative {OH—, 'W4, W5} and

cooperative {OH~, W4

B

A tWB } ¢ Iragments (Sec. 3.2.3) using @B97M-V/def2-TZVPPD
(refer to Section A.1 for specific details).

The dependence of the total 3B energy as well as the 3B CT and POL decomposition
terms on the average OH™—'W O—O distance is shown in Fig. 4.5. This shows that E?LOAZOSB
and EéI;MO’w calculated for {OH™, 'WA4, 'w5} - Iragments tend to be roughly equal and
together dominate the 3B interaction energy, effectively showing the same dependence on the
OH~—!W O—0 distances.

The ALMO EDA method was devised in such a way that pairwise, directional (monomer

— monomer) E‘éLTM 0 (AE‘é%M 0), and CT “electron reorganization” (AQcr), are well-defined,

even in clusters with more than two monomers.[136, 137] Fig. 4.6 shows the correlation between
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each XC-functional, demonstrating the correlation between the two quantities. The best fit lines
with respect to all functionals are shown as red solid lines, and the best fit lines with respect to
all hybrid functionals are shown as black solid lines. The y-intercepts for each best fit line are
also shown, giving an estimate of the “most accurate” total frozen energies for each dimer.
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the sum of the 3B CT “electron reorganization,” AQ¢r (in units of millielectrons, mé), from OH™
to 'W (OH~ — 'W CT) and the average OH~ —'W O—0 distance calculated for the {OH",
TwA, ]WB} +¢ fragments. Each monomer — monomer AQ%I} term was calculated by subtracting
the value calculated for the relevant 2-mer from the value of the corresponding term calculated
for the full 3-mer fragment, which leads to a negative value when less charge is transferred from
the CT donor-monomer to the acceptor-monomer in the presence of the third monomer than
when the same 2-mer is considered in isolation.[ 136, 4, 66] Therefore, a negative AQ%I; implies
a positive E’é[;MO’w contribution since any CT necessarily results in a lower total electronic
energy within the ALMO EDA framework, wherein CT interactions correspond to the relaxation
of the monomer-specific absolutely-localized molecular orbitals into cluster-wide delocalized
molecular orbitals.[136] Summed and averaged quantities are used in this analysis because of

the equivalence of the 'W molecules in the definition of the fragment group.

Fig. 4.6 shows that all OH™ — 'W AQ?}; contributions associated with fragments in
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Figure 4.6. Correlation plot between the sum of 3B OH~ — 'W CT “electron reorganization” (in
millielectrons, me) and average OH™ —water O—O distance in {OH™, 1WA,IWB} ¢ fragments.

{OH—, 'W4, 'TwB} rc are negative. This is explained by considering the finite extent of electron
charge available for hydrogen bond donation from the OH™ lone pairs (see Section 4.2.1 of
Ref. 7) which must be shared between both of the 'W molecules in the {OH~, 'WA4, Tw5} G
fragments. This picture is completely consistent with the description of anticooperative hydrogen
bonding and, as expected, parallels the occurrence of anticooperativity seen in {Wi BC> A WB,
AFWC} #c fragments.[67, 47, 49, 69, 70] The correlation seen in Fig. 4.6 is also similar to the
correlation between the total-fragment 3B energy contributions and the average OH™—'W O—0
distance found in Fig. 4.5 (keeping in mind the inverse relationship between AQ¢r and EélfM 0
mentioned above). These results are consistent with the SAPT analysis reported in Ref. 65
showing that the interactions in {OH~, 'WA, 'WB} __ fragments are primarily inductive in
nature, since SAPT induction energy includes both POL and CT contributions that are defined
separately within the ALMO EDA framework.[137]

The dependence of the total 3B energy as well as the 3B CT and POL decomposition

terms on the average OH™—!'W—2W O—0—0 angle in {OH", 1WAH_E,,, AEZWB}FG fragments
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is shown in Fig. 4.7. This shows that the total 3B energies in these fragments are mostly due
to 3B CT and POL interactions. The total 3B and 3B POL energies are correlated with the
OH™—!'W—-2W O—0-0 angle, becoming more attractive as the angle becomes more linear,
while the 3B CT energy shows a smaller correlation with the angle, appearing to be roughly
constant for angles greater than 100°. The observed correlation can be explained by the fact that

the O—0—O0 angle is related to the alignment of the 'W and 2W dipole moments.
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Figure 4.7. Analysis of 3B SAMBA interaction energy contributions and ALMO energy
decompositions as a function of OH™—!'W—2W O—0—0 angle in {OH~, 'W4 ,, 4. W8} _
fragments.

Further insights into the nature of hydrogen bonding in {OH™, 1W’:B, A PWE }, are
gained from the analysis of AQ%‘E} shown in Fig. 4.8 as a function of the OH™ —!'W—2W O—0—-0
angle. First, AQ%I; calculated for IW‘:B — 4 °W?8 (green symbols) are exclusively positive.
This result demonstrates that the presence of OH™ enhances the strength of hydrogen bonding
between the two water molecules, which is precisely the definition of cooperative hydrogen

bonding. Second, AQcr calculated for OH™ — 4 2WB (blue symbols) is diminished by the

presence of 'W# ; in each 3-mer, relative to the substituent {OH~, 2W} . fragment. Finally,
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AQ%I; from OH™ to IW‘i p (orange symbols) are exclusively positive, and similar in magnitude
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Figure 4.8. 3B ALMO monomer — monomer CT reorganization vs OH™—'W—2W 0—0—0
angle for {OH~, 'W4 . 4. 2WB} __ fragments.

A similar energy decomposition analysis and charge transfer analysis can be performed
on the cooperative and anticooperative protonated water clusters. 1% generation ALMO EDA
calculations[136, 137] at the ®B97M-V/def2-TZVPPD level of theory were performed on
anticooperative {H3;0™, 'WA, 'WB} _ and cooperative {H;07, g 'WA,2W5 1~ fragments

(refer to Sec. A.1 for specific details).
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Figure 4.9. Analysis of SAMBA 3B energy contributions and ALMO energy decompositions as
a function of the average H30" —water O—O distance in {H3O+, IwA, 1wB } rc Iragments.

EALMO,3B and ECArIfMO,3B

The dependence of Epq;’ on the average H30"—!W O—O distance

is shown in Fig. 4.9. Here, E{%ﬁ/l O3B and EéTL MO3B jominate the total 3B energies of these

fragments, with the magnitude of Eﬁé‘ﬁdo’z’B being approximately a factor of two greater than that
of E&pMO® for all {H;0%, 'WA, 'WP}, - fragments. Fig. 4.9 also shows that the 3B energy
of {H;0*, 'wA, 1wB} rc fragments is negatively-correlated with the average H;0"-!'w 0-0
distance, similar to the anticooperative {OH™, IwA, 1WB} ¢ fragments.

Fig. 4.10 shows the correlation between the sum of the pairwise 3B CT “electron reorga-
nization,” AQZ5. (in units of millielectrons, mé), from 'W to H30™ (!W — H30™ CT) and the
average H30T—!W 0-0 distance. The exclusively-negative values of AQ%I?F seen here reflect the

EéTL MO3B yalues shown in Fig. 4.9. This reduction of the pairwise 'W —

exclusively-positive
H30% CT contribution in the presence of the other 'W molecule indicates that anticooperativity
in {H;0%, 'w4, lw5} . fragments is due in part to the inability of H3O™ to accept electron

density from each of the two 'W molecules to the same extent that it can accept density from a

single 'W in isolation, which is similar to the effect seen in {OH~, 'W4, 'WB} __ fragments. This
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Figure 4.10. Correlation plot between the sum of pairwise 3B 'W — H30% CT “electron
reorganization,” AQ3. (in millielectrons, mé) and average H3O"—!W O—0 distance in {H30,
'wA w8} fragments.

is further supported when considering the positive correlation of 2B AQZ2. in {H;0™, W},
fragments with the H30T—!'W O-O distance (see Supporting Information of Ref. [66]). It should
be noted that similar arguments can be made regarding the anticooperative Eﬁ‘éﬁdo’m in {H;0™,
wA, w1 + fragments since polarization of the central H3O" with either "W molecules will
arise in opposition to the polarization due to the other 'W molecule.

The total 3B energies of the cooperative {H307", g 'WA, 2W8 1 fragments were
found to correlate with the distance between the 'W—2W (H-bonded) donor-H and acceptor-O,
such that the 3B energy becomes more negative as the H—O distance decreases, as shown in
Fig. 4.11. The dependence of Eﬁé‘i\/lo’m and E(‘?%lwo’m3 on this coordinate is also shown in

Fig. 4.11. As in the case of anticooperative fragments discussed above, Eﬁé‘i\/IOSB and Eé%MOﬁB

are the dominant contributions to the total 3B energy, resulting in a value for E’P%E/IO’S'B that is

contribution.

approximately twice as large as the corresponding Eé%MOﬁB

Further insight into the nature of H-bonding in {H307, 5. 'W4, ZW’i A} fragments
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Figure 4.11. Analysis of 3B SAMBA interaction energy contributions and ALMO energy
decompositions as a function of the 'W—2W (H-bonded) donor-H and acceptor-O distance
described in the main text in {H307", 5, 'WA, QWZ A} fragments.

is gained through the analysis of the corresponding AQ%]?F, as shown in Fig. 4.12. Here, the
(directional) pairwise CT reorganization of 'W—H30T, 2W—H307, and >W—'W are plotted
against the corresponding !W—>W H-O distance. This analysis illustrates that cooperativity
manifests through an enhancement of both 'W—H307 and W—'W AQ%]% contributions in
the 3-mer relative to the AQZ. term in the corresponding 2-mers. The *W—H;0" AQZE
contribution is negative for each fragment, but the magnitudes of these effects are less significant
than the other two. While the AQct analysis of the {H;07, IwA, IwB } o fragments (Fig. 4.10)
suggests that the anticooperativity results from the geometric opposition of the directions of
the dominant CT reorganizations (i.e. 'W#4 — H30%" and 'W? — H30"), Fig. 4.12 suggests
that the observed cooperativity in {H30%, g, W4, ZWi A }ro fragments is a consequence of the
dominant CT reorganization having similar directionality (i.e. pointing from H3O" toward 2W).
Rationalization of the En-MO-3B

POL term follows from similar arguments.

3B energy decomposition analysis of the protonated water cluster fragments can also
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Figure 4.12. Pairwise 3B ALMO monomer — monomer CT reorganization vs. the 'W—>W
(H-bonded) donor-H and acceptor-O distance described in the main text for {H30™, B VWA,
2wB 1}, fragments.

aid in the analysis of the accuracy of XC-functionals in reproducing the reference total 3B
energies discussed in Sec. 3.3.4. Given the strong 3B charge transfer effects inherent to the
{H;0%, 'WA, 1WB}FG and {H30%, . 'WA, 2W<B_A}FG fragments, and that the inclusion of
Hartree-Fock exchange decreases the deviation from the 3B reference energies (Sec. 3.3.4),
one may hypothesize that the delocalization error[12, 13, 14] is the primary culprit of the
trends seen in Fig. 3.25. There is evidence[120] that effects due to the delocalization error
manifest in the charge transfer term from ALMO EDA calculations, which would imply that for
a given XC-functional, the deviation relative to CCSD(T) 3B energy should correlate with its

ALMO,3B
E CT

corresponding term. This hypothesis is supported by the analysis shown in Fig. 4.13

that demonstrates that there is a nearly linear relation between the mean 3B error and Eé%MOSB
for each XC-functional. Furthermore, the trends seen here agree with trends found in earlier

work investigating the delocalization error for various XC-functionals (see Fig. 6 of Ref. 14).

Note that 2B energies calculated with the XC-functionals were found to mostly correlate with
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their respective ALMO-EDA frozen energies (see Supporting Information of Ref. 66).
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Figure 4.13. Correlation between the mean 3B energy error and the mean ALMO EDA 3B
CT energy of the 3-mer fragment groups: a) {H;0", 'W4, 'WB1__and b) {H;07, p 1WA,
2W<B_ A} - calculated with each XC-functional. Each marker corresponds to one functional, and
the color of the marker specifies the level of DFT approximation (GGAs are red, meta-GGAs are
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4.5 Acknowledgements

Section 4.4 is almost entirely a reprint of the material as they appear in “Assessing Many-
Body Effects of Water Self-lons. I: OH™ (H;0),, Clusters” J. Chem. Theory Comput., 2018,
14 (4), 1982—1997, and “Assessing Many-Body Effects of Water Self-Ions. II: H;01(H,0),
Clusters” J. Chem. Theory Comput., 2019, 15 (9), 4816—4833.

Sections 4.2, and 4.3 are almost entirely reprints of the material as they appear in “Nature
of Halide—Water Interactions: Insights from Many-Body Representations and Density Functional
Theory” J. Chem. Theory Comput., 2019, 15 (5), 2983—2995 and “Nature of Alkali—Water
Interactions: Insights from Many-Body Representations and Density Functional Theory II” J.

Chem. Theory Comput., 2020, 16 (5), 3055—3072.

136



Chapter 5

Model Potential Energy Functions

Molecular dynamics (MD) simulations have become an invaluable tool, potentially allow-
ing for detailed investigation of chemical phenomena that are experimentally inaccessible.[138,
139, 140, 141, 142, 143, 144, 145, 146] Presently, the major computational bottleneck associated
with MD simulations is handling the electronic degrees of freedom[147] that determine the
potential energy landscape of the molecular system of interest.[148] Electronic wave function
methods and, in particular, configuration interaction and its approximations, such as the cou-
pled cluster hierarchy,[148, 149] offer “chemical” accuracy but scale very poorly with system
size,[150] and are therefore computationally intractable in MD simulations.[151, 152]

One of the most efficient alternatives to wave function methods is the use of analytical
potential energy functions (PEFs),[151, 152] commonly knows as force fields (FFs), which
effectively integrate out the electronic degrees of freedom. The ideal construction of a FF
entails generating a lossless representation of the Born-Oppenheimer PES associated with
the molecular system of interest, which is then used to evolve in time the dynamics of the
remaining nuclear degrees of freedom. Unfortunately, the construction of accurate PESs suffers
from numerous complications due to the difficulties in describing many-electron systems. For
example, eliminating the electronic degrees of freedom often requires that FFs be specifically
tailored to particular molecular systems to achieve sufficient accuracy, and that each atom be

assigned a unique identity that is preserved during the MD simulation.
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Beyond these complications, PEF construction is not trivial since there does not exist a
unique functional representation that accurately describes the target PES.[151] The most common
approach to the development of PEFs is to express the total potential energy of a molecular system
as a sum of contributions arising from different types of interactions. Intramolecular distortion
energies (i.e. 1B energies) are often partitioned into terms involving stretching, bending, and
dihedral coordinates. Intermolecular interactions tend to be much more difficult to represent,
especially in configurations involving large inter-monomer orbital overlap (IMOO) at close
range. Intermolecular interactions are usually represented as a sum of individual terms describing
the different types of physical interactions, such as those discussed in Chapter 4, for example
permanent electrostatics (ELEC), polarization (POL), charge transfer (CT), London dispersion
(DISP), and Pauli repulsion (PAULI).

Some of the most successful PEFs are constructed to reproduce the individual terms
in the MBE (Eq. 3.13) calculated with high-level electronic structure theory methods such as
CCSD(T).[153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168]
Model PEFs that accurately reproduce many-body energies at all orders are desirable because of
their applicability to systems beyond the training data used in their development. For example,
the MB-pol[160, 161, 162, 52] PEF was developed from energies of small clusters (2B and
3B energies of (H,0), and (H,0O)3 clusters, respectively), as well as electrostatic properties of
isolated water monomers and 2-mers, but is able to reproduce bulk properties of pure water

systems across different phases.[52, 169, 170, 171]

5.1 Development of Many-Body PEFs: The MB-nrg
Methodology

As discussed in earlier chapters, for a given molecular system, the Born-Oppenheimer
PES for some electronic state (usually the ground state) can be thought of as the potential

energy between the nuclei after integrating out the electronic degrees of freedom, assuming
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the Born-Oppenheimer approximation is valid. The fact that we integrated out the electronic
coordinates means the PES is just a function of the positions of the nuclei (which we may call
“atomic sites,” or “atoms”). In Chapter 3, we were referring to the PES as the total electronic
energy, Eio. Recall that for a given assignment of monomer identities, we may also use Eping as
the PES, which differs from Eiy by a constant (the sum of the total electronic energies of the
optimized monomers). Eying 1s @ more convenient quantity to use when modeling the PES so
that the (intramolecular) 1B distortion energies are 0 for optimized monomers.

When the MBE (Eqgs. 3.13 and 3.14) for a given system converges rapidly, such that
a classical representation of the inductive electrostatics (polarization) is sufficient to describe
the high order many-body terms, then it is possible to construct a model PEF that accurately,
and efficiently describes the true PES of the system by applying the MB-nrg methodology. An
MB-nrg PEF consists of two parts: first is the “underlying” long-range potential which includes
terms representing ELEC, POL, and DISP interactions described in Chapter 4, which collectively
reproduce the interaction energies between monomer units in the limit of large inter-monomer
separations. The second part of an MB-nrg PEF can be seen as a close-range correction term,
which corrects for deficiencies in the long-range terms for small inter-monomer separations.
The key idea of the MB-nrg methodology is that explicit close-range corrections can be applied
at the low-order terms of the MBE, usually just the 2B and 3B terms which can be obtained
at a relatively low computational cost with the accurate electronic structure methods such as
CCSD(T), while higher-order many-body energies (which require more expensive electronic
structure calculations to obtain) are implicitly reproduced from the classical POL interactions in

the long-range potential.

5.1.1 TTM-nrg PEFs: Obtaining the Long-Range Potential

In order to develop an MB-nrg PEF for some system, we must first obtain the long-range
potential for that system. These long-range interaction terms can be used to construct a kind of

intermediate many-body PEF which we call the TTM-nrg[172, 165] potential (TTM refers to the
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Thole-type model electrostatics used in the potential). We first describe the development of a
TTM-nrg PEF, and then extending the PEF into MB-nrg will only require adding the close-range
correction term.

The intermolecular interactions in a TTM-nrg PEF are described by the following terms:

_ v ITM—nrg TTM—nrg TTM—nrg TTM—nrg
Vint =Veree ~ +VeoL +Veawrr  +Voise (3.1

The TTM-nrg model employs an extended Thole-type model[173] describing ion—water per-
manent electrostatic (VET LTEAé_"rg ) and polarization (VPTOTLM ~""8) interactions.[174] The TTM-nrg
functional form employs “smeared” induced dipoles (centered at the atom sites) and smeared
point charges within the exponential-4 smearing scheme introduced in Ref. 175). A set of point
charges are assigned to each monomer unit, chosen to reproduce the electrostatic potential sur-
rounding the isolated monomer, according to methods such as CHELPG[176] or CM5.[177] In
general, the point charges can be fixed, or geometry-dependent (for geometry-dependent charges,
forces must be computed via the chain rule). These partial charges are often centered on each
atomic site, although one notable exception to this is the use of the M-site[178, 160] in many
water models (placing the negative partial charge on the M-site rather than the water oxygen
improves the description of the quadrupole moments on a water monomer). Point dipole polariz-
abilities are assigned to atomic sites[163, 166] in order to describe POL interactions,[120, 119]
including high-order terms in the MBE.

eff, M

Effective isotropic atomic dipole polarizabilities, o, = for each atom, a, in a given

monomer, M, were determined from:

Veff,M

eff M __  free 'a

o, =0y Ve (5.2)
a

where ¢ and V™ are the dipole polarizability and atomic volume of atom a in isolation,

and V; M is the atomic volume of atom a within monomer, M. Both Vafree and V; M can be
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calculated with XDM6.

The TTM-nrg pairwise atom-atom P+D interactions (from the sum of V' =""¢ and

ngg}g—nrg ) between two monomers, M; and M,, take the form of a Buckingham potential:

_ - . cl®
Vagrr S+ Vprsp =Y Y Ajje iR — (1T (5Rij) —4- (5.3)
ieM, j€M2 le

where indices i and j refer to the atomic sites in each of the two monomers. The first term on
the right-hand side represents close-range repulsive PAULI interactions. A;; and b;; are fitted
parameters specific to each pair of atom types, and R;; is the distance between atoms i and j. The
second term on the right-hand side represents DISP interactions which are damped with the Tang-
Toennies function f6T T(g; )-[179] Ci(j6) is the dispersion coefficient specific to each pair of atom
types, and §;; is a damping parameter, which is set to be equal to the corresponding parameter,
bjj in the PAULI term.[172] All Cl.(j6) coefficients were calculated using the exchange-hole dipole
model (XDM6),[180, 181, 182] as implemented in the Postg software.[183, 184]

The exponential function representing PAULI (often called a Born-Mayer potential) has
a physical justification based on the overlap between closed shell orbitals.[185] Additionally, the
long-range behavior of DISP interactions can be shown to have R~® dependence with second
order perturbation theory.[7]

An explicit representation of CT is in general omitted, although attempts have been made
to developing effective functional forms representing CT effects.[186, 187, 188, 189, 190, 191]
Terms specific to CT interactions are not included in TTM-nrg PEFs, although CT interactions
are implicitly included due to the fact that the model is fitted to reference energies which do

include CT effects.

5.1.2 MB-nrg PEFs

After developing the TTM-nrg PEF for the system of interest, all of the terms needed

in the long-range potential are determined. Next, we must replace the pairwise Born-Mayer
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Va2 (the first term on the right-hand side of Eq. 5.3) with 2B (and if necessary,

potential,
3B) correction terms in order to obtain an MB-nrg PEF. As stated above, the correction terms
are needed to correct for deficiencies in the long-range potential. For example, while the atom-
centered point charges are able to reproduce the electrostatic potential surrounding a monomer,
it lacks the inhomogeneity of the true charge distribution in the monomer, namely a positively
charged nuclei enclosed in a diffuse electron density, and therefore lacks (attractive) charge
penetration (CP) effects which occur at small inter-monomer separations when the electron
densities overlap. Additionally, terms representing CT interactions are not explicitly represented
in TTM-nrg PEFs, despite being important in many systems (see Chapter 4).
Vivg " = s @V + 8O0 (x)Vigp ]

(5.4)
VTTM—nrg

TTM—nrg
ELEC +V

TTM—
POL +V i

+ DISP

In order to correct for all of these effects, MB-nrg PEFs include 2B (and 3B) correction terms rep-
resented by permutationally invariant polynomials[192] (PIPs), Vp;p, although the methodology
would apply to any sufficiently flexible function, such as neural nets and Gaussian approxi-
mation potentials.[193] These correction terms are multiplied by a sigmoid-shaped function,
s(x), (which we call a switching function) dependent on some geometric coordinate, x, (for
example the distance between the first atom in each monomer in the 2-mer for a 2B correction
term) that is equal to 1 within some inner-cutoff value, and 0 beyond some outer-cutoff value,
smoothly turning off the correction term between the two cutoffs. The switching function is
important because the correction terms are relatively expensive to calculate, but only important
for small inter-monomer separations while the long-range potential has the proper behavior at
large inter-monomer separations.

The PIPs used in MB-nrg PEFs are discussed in the next few sections, and some consid-

erations regarding the switching functions are discussed afterward.
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5.1.3 Brief Motivation for Permutationally Invariant Polynomials

Permutationally Invariant Polynomials[192] (PIPs) are flexible functions which are able
to approximately represent the PES for a given system, or the 2B or 3B correction term in
an MB-nrg PEF. PIPs are constructed such that identical atomic sites in a given molecular
system are treated identically in the PES representation. For example, in a molecule like ethanol
(CH3CH;0H), the three methyl-hydrogens (in CH3) are identical between themselves, but are
not identical with the other three hydrogens since they have different bonding-environments
(furthermore, the alcohol-hydrogen in OH, H”(1, is not identical with any other hydrogens, H’ (1)
and H’ (@), and the two carbons are not identical). A PIP for ethanol will be “permutationally
invariant” because it will be invariant to how you label identical atoms, so, for any particular
conformation, labeling the methyl-hydrogens as H(l), H(z), H(3), or H(Z), H(l), H®) will yield

the same energies, gradients, etc..

H"(1)

Ho  H®@

Figure 5.1. An ethanol monomer with hydrogen (atomic sites) labeled based on their chemical
identities. H(l), H(z), and H®) are all identical, H’ (1) and H’(®) are identical with each other.

There are three major reasons why permutational invariance is desirable:

1. The true PES will be permutationally invariant because of the indistinguishability of

identical particles.[194]
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2. It is cheaper to fit and evaluate PIPs, since the permutational invariance is enforced by
forcing all permutationally invariant parameters to be equal (e.g. in the ethane PIP, all
fitted parameters between methyl-hydrogen HW and the methyl-carbon will be equal to the
corresponding parameters between H® and the methyl-carbon). Fewer distinct parameters

means there is a smaller search space during the fitting.

3. There is increased sampling in the training set due to the symmetry (in a CHy PIP, for
example, the training set would need to be four times larger to get the same sampling for

fitting a non-permutationally invariant function).

Note that permutational invariance is enforced in almost any force field, since all equivalent

bonds will have the same force constants, etc..

5.1.4 Permutationally Invariant Polynomials For N Identical Particles

For simplicity, let’s assume that we have N identical atomic sites, A, in our system, Ay,

and label each site with an integer from 1 to N. PIPs are generally functions of the distances

between every pair of site, so in Ay, the PIP will depend on distances Ry 7, Ry 3, ..., Ry, R2 3,
R4, ..., Ry_1 n. In order to capture the correct shape of the PES with as few terms as possible,
PIPs are generally polynomials of (let’s call them) “secondary variables,” X1 2, X13, ---» XN—1.N-

Typically, we use simple exponential-type variables (but other types of secondary variables have

also been used) defined as:

Xi,j = exXp [_bi,jRi,j} (55)

where b; ; is a fitted (nonlinear) parameter specific to the type of pair of sites i and j (note that
these parameters must be permutationally invariant, so in the case of our Ay system, all b; ;

parameters will be equal).

In general, a degree-D polynomial of variables, X1 2, 1.3, ., XN—1,, Can be written as:
> P12, p p
d=1 pe2(d|g)
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P(dlm)={p=(P12,P13:---sPas---PN-1N), Pa €Zo | Y pa=d} (5.7)
o

where D is the degree of the polynomial, &?(d|g) is the set of integer partitions of d (1 < d < D)

into g = (g’ ) non-negative, ordered summands (Zg being the set of non-negative integers) with

each summand corresponding to one interatomic pair, o = (i, j), ¢p is the coefficient of the
monomial labeled by partition p, . is the monomial symmetrization operator which forces the
coefficients of monomials similar up to permutations of identical nuclei to be equal,[192] and
Xo are exponential-type variables of the interatomic distances between pairs labeled by o.

For example, for N =3 = g = @) =3andd = 1:
2(1]3) ={(1,0,0),(0,1,0),(0,0,1)} (5.8)
and forN=3=g=3andd =2:
2(2]3) ={(2,0,0),(0,2,0),(0,0,2),(1,1,0),(1,0,1),(0,1,1)} (5.9)
so a degree D = 2 PIP for A3z can be written as:

Verp = (1,00 [X12) +¢(0,1,00 [X1.3] + ¢0,0,1) [ X2.3]
+ 0200 AT 2] + €020 AT 3) + €(0.02)7 [23.3] (5.10)

+ea,1,07 X121 3] + 1,00 X1 222,31+ c0,1,1) (21 3%2.3]

which after symmetrization becomes:

VeIp = €(1,0,0) (X12+X13+X23)
+c000) (X2 + XT3+ 255) (5.11)

+C(1,1,0) (X221 3+ X12X23+X13%2,3)
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Notice that symmetrization makes the PIP invariant to permutations of identical sites, since all
monomials that are equivalent up to these permutations are forced to have the same coefficient
(i.e. linear parameter, cp). We usually call these sums of symmetric monomials “terms.”

The N = 3 example was given for simplicity, but it doesn’t give a complete picture of the
symmetrization. For example, if we were to write out the general form of a PIP for A4 (N =4),
you should convince yourself that the monomials, )1 %13 and X1 23,4 are not equivalent up to
permutations of identical sites, since the first monomial depends on one site twice (site 1), but
the second monomial depends on each site exactly once (¥12X1,3 is symmetric with x12X2 3,
for example, while X134 1s symmetric with x; 3X24). This complication isn’t seen in the
N = 3 case because there are only three sites. This idea is examined further in our discussion of

monomial connectivity graphs in Sec. 5.1.10.

5.1.5 “MB-Fitting” Permutationally Invariant Polynomials

Since the PIPs depend on both linear and nonlinear parameters, the polynomial coeffi-
cients (cp) and exponential parameters (b; ;), respectively, we use a combination of (weighted)
linear least squares (LLS), including Tikhonov regularization,[195] and some nonlinear solver
(we use the Nelder-Meade “simplex” optimizer). This is accomplished by initializing a guess for
the nonlinear parameters, solving the LLS with the nonlinear parameters fixed, and then passing
the (weighted) error from LLS into the cost function for the nonlinear solver, and iterating
(in other words, LLS is coded directly into the Nelder-Meade cost function). Technically, for
K nonlinear parameters, the Nelder-Meade algorithm uses K distinct initial guesses for the K
parameters (totaling K? initial parameters), but we do not discuss the nonlinear solver in detail
here.

For simplicity, let’s assume that we doing ordinary (unweighted) LLS without any
regularization. Additionally, let’s start with LLS for a general polynomial (which readily extends

to PIPs). A general g-dimensional D-degree polynomial with linear coefficients, ¢ = [cp] (We are
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considering the ordered list of coefficients to be the vector, ¢) can be written as:

D
fxe)=Y Y cpxiuh b g (5.12)
d=1 pe2(d|g)
where X = (x1,x2,---,X,) and Z(d|g) is given by Eq. 5.7. Given T samples, x(D, x@) x()
XD (Ge. T configurations in the training set), each corresponding to its own known value,
y(l), y(z), o y("), s y(T) (i.e. reference energies to fit), we want to find the unique vector of

linear coefficients, ¢ = [cp], that minimizes the following cost function:

ele) =Y (f(x";e) —y)?2 (5.13)

Taking our 7 samples, and the general form of our polynomial model, f(x;c), we can
construct the rectangular design matrix, where each column corresponds to one monomial of
f(x;¢), and each row corresponds to one sample. In one dimension (writing x;, instead of x()

for the n™ sample), the rectangular design matrix, M for a D-degree polynomial is:

1 x x% e xll)

I x x% e xzD
M =

1 xp x% xlT)

If M is full-rank, LLS has a solution if 7 > D, so M will generally have more rows than columns
(D =T corresponds to a polynomial interpolation).
Applying the matrix, M, to a given vector of polynomial coefficients, ¢, yields the vector

whose components are the polynomial, f(x;¢), evaluated at each sampled point:

Me = [f(x15¢), f(x25€), -+, f(x73€)] (5.14)
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Writing the reference values of the training set, y,, as a vector, y = [y, y2,---,yr], the LLS cost

function can be written as:

g(c) =||Mc—y|[3 (5.15)

where || - ||2 denotes the I, (Euclidian) norm in a 7-dimensional vector space. As a side note, the

corresponding cost function for weighted LLS with Tikhonov regularization would be:
1
e(c) =||W2(Mc—y)|[3+||Tel[3 (5.16)

where W is the diagonal matrix of weights, and I' is the Tikhonov matrix which we take to be a
constant, ¢, multiplied by the identity matrix, ' = a1.

In (rare) cases where the cost function can be minimized to 0, we are simply solving the
typical “Ax = b,” or using the variables that we have been working with: Mc =y. In the general
case, however, there will be some error, which amounts to a remainder-vector called the residual,
r defined such that: Mc+r =Y.

It helps to consider the geometric interpretation of what we are discussing: The statement
that Mc = y —r is saying that the vector, y —r lies within the range of matrix M (also know
as the column space). Specifically, y —r is the linear combination of the columns of M whose
expansion coefficients are the elements of ¢ (the coefficients of our polynomial). The fact that the
cost function (Eq. 5.15) cannot be minimized to O (in general) means that our vector of reference
values, y, must lie outside the column space of M. Furthermore, if ¢ minimizes the cost function,
then the residual vector, r must be orthogonal to the column space of M, and the vector, y —r,
must be the orthogonal projection of y onto the column space of M. By the fundamental theorem

of linear algebra, M*r = 0 (since the subspace orthogonal to the column space of M is the null
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space of the conjugate transpose of M, M*) so we have:

M*Mc = M*(y —r) (5.17)

M*Mc = M*y (5.18)

which means we may construct the so-called psuedoinverse of M, M = (M*M)~!M?*, and
simply apply it to y to find the optimal ¢, but this is less efficient than the standard approaches
(but follows along similar lines).

One such approach is to construct the QR factorization of M into the product of a unitary
matrix, Q (an orthogonal matrix in real vector spaces), and an upper-triangular matrix, R. Since
the columns of Q form an orthogonal basis of the column space of M, the matrix QQ* is the
orthogonal projector onto the column space of M. Therefore, we can project y into the vector,
QQ"y (which lies in the column space of M), and find the vector ¢ which is mapped to QQ*y
due to application of M = QR:

QRe = QQ"y (5.19)

Re = Q*y (5.20)

where we get the latter equation after left-multiplying both sides of the former equation by
the inverse of Q (Q~! = Q*, since Q is unitary). The solution, ¢, for this equation is easily
determined after obtaining the vector, Q*y, since R is upper-triangular.

Notice that all we are doing is determining the optimal linear parameters (the vector, ¢),
given the matrix, M and the vector of reference values, y. Therefore, to extend this procedure to
fitting linear coefficients of the PIPs (fitting to energies), all we need to do is insert each sum
of symmetric monomials (i.e. terms of monomials sharing the same linear coefficient) into one
of the columns of M with each row corresponding to the terms evaluated for one training set

configuration. If we label the n'" term, evaluated for the i training set configuration, x(), as
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mn(x(i)), then we have (assuming there are G terms):

[ (xD) ma(x V) oo mg(xD) ]

m1(X(2)) mz(X(Z)) mG(X(Z))
Mpp =

my (x(T)) mz(X(T)) mG(X(T))

and we follow the same procedure outlined above. It should also be noted that when fitting a
PIP for an MB-nrg potential (Eq. 5.4), we need to subtract the sum of the long-range terms,
va Moyt My TIMMS from the corresponding reference energy for each training

set configuration when constructing the y vector.

5.1.6 Fitting Permutationally Invariant Polynomial Gradients

Since the (partial) derivative of a polynomial is just another polynomial, the same
procedure can be adapted to fit gradients, except now we will need more rows in the design
matrix: one for each partial derivative of each configuration (for N sites and 7' configurations,
we need 3NT rows), and the reference values will be a vector of all gradient components of all
training set configurations, [8XIE(1),8y1E(1), e ,8ZNE(1),3XIE(2), e ,8ZNE(T),]. Let’s consider
the secondary variable for sites 1 and 2, ¥ », with the sites located at positions, r| = [x1,y1,21]

and ry = [x2,y2,22], and Rj» = ||r; — 2|2

212(R12) = exp[—b1 2R 2]
(5.21)

=exp —b]g((X] —X2)2 + (yl _y2>2 + (Z] _ZZ)Z)Z]
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If we take the partial derivative of xf , with respect to the z coordinate of site 1, we get:

d —pb12(z1—z
a_xlp’z(RLz): ; p 172< 1 5 2) 7
2 (1 —x2)2+ (1 —y2)2 + (21 —22)?)2

X1 2(Ri2)

(5.22)

_ —Phia(zi —2)
Ri»

Xﬁz(Rl,Z)

We will need to build the design matrix from terms like these. If we take the z; partial derivative
of a monomial where only one variable depends on the position of site 1, then we get the same

result, with the other variables in the product unchanged, for example:

—pb1 (21 —22)
Ri>

0
a_zllﬁzhﬁlidis = Xﬁz%%ﬂid?ﬁ (5.23)

If we take the z; partial derivative of a term where multiple variables depend on the position of

site 1, we need to use the product rule, for example:

(—P1b172(Z1 —22) N —pab13(z1 —23)
Ri» R 3

a%xffzxﬁéxis = ) xihxixis (5249
All terms from the partial derivative of the same parent term will have the same linear coefficient,
and will need to be summed into the same matrix element. Additionally, different components of
the gradient (the 3N rows of the design matrix for each training set configuration) will need to be
arranged so that each column of the matrix corresponds to one linear coefficient (again, this is
determined by the parent terms). Once the design matrix has been constructed, and we have built
the reference vector of gradient components that we are fitting to, the fitting procedure should be

otherwise unchanged. It should also be noted that when fitting a PIP for an MB-nrg potential

VTTanrg VTTanrg

(Eq. 5.4), we need to subtract the gradient of the long-range terms, V(V, g +Vror +

Vg gg_"r‘g ), from the corresponding vector of reference partial derivatives for each training set

configuration.
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5.1.7 Considerations Regarding Switching Functions

All PIPs in an MB-nrg PEF are multiplied by a switching function, dependent on some
geometric coordinate, which smoothly turns off the PIP outside of some threshold value of the
coordinate. For example, in the MB-pol PEF, the switching function is equal to 1 for (water-
water) O—O distances less than 4.5 A, and 0 for O—O distances greater than 6.5 A. However, for
PEFs involving monomers such as the Zundel ion (O;Hjs) or ethane (C,Hg), there is no single

atom-atom distance that will be acceptable for the switching function. For example, for the

Distance from a single atomic site
leads to a PEF that is not
permutationally invariant for O,Hs*

Figure 5.2. The boundary of the outer-cutoff of a switching function dependent on the distance
from a single atom. This leads to a PEF that is not permutationally invariant in monomers such
as ethane and the Zundel ion.

ethane dimer, if one were to use a single C—C distance for the switching function, then the PEF
would not be permutationally invariant, because in regions between the inner- and outer-cutoff
distances, the switching function would have different values depending on the permutation
of the carbon atoms (Fig. 5.2). Additionally, it is not advisable to use the average of multiple
distances in the switching function. For example, if one wanted to develop an ethane-water
MB-nrg PEF, use of the average (ethane-water) C—O distance results in the switching function

cutoff boundary to be an ellipsoid, rather than the sphere resulting from dependence on a single
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distance (Fig. 5.3). Furthermore, the dimensions of the ellipsoid boundary would actually depend

on the C—C distance. The best solution is to instead use distances between the geometric centers

The switching function boundary is an The shape of the boundary depends on
ellipsoid when using the average distance the distance between the two oxygens

Figure 5.3. The boundary of the outer-cutoff of a switching function dependent on the average
distance from two atoms. The average distance results in an ellipsoid-shaped boundary whose
dimensions depend on the internal coordinates of the monomer.

of atomic sites in each monomer (Fig. 5.4). In the ethane-water PEF, this would be the distance
between the water-O and the midpoint between the ethane carbons. It should be noted that
the geometric center is not suited for monomers which can dissociate, since the dissociating

fragments will approach, and eventually surpass the switching function outer-cutoff boundary.

5.1.8 Developing MB-nrg PEFs

The typical workflow for PEF development is shown in Fig. 5.5. The two major compo-
nents needed in PEF development are the model (i.e. the functional form of the PEF) and the

training set (the data used to fit the model). We discuss both components in the next two sections.
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Figure 5.4. The boundary of the outer-cutoff of a switching function dependent on the distance
from the geometric center of two atoms. This leads to a PEF that is permutationally invariant
(assuming a reasonable choice of atomic sites for the geometric center). The boundary is
spherical, and does not depend on internal coordinates of the monomer.

Refine
model
Pr(_ap_are Prepare Fit Evaluate
training set model model model
Re.flljle
training set

Figure 5.5. PEF development flow chart.
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5.1.9 Training Set Preparation and Refinement

In general, a fitting algorithm will attempt to minimize a cost function with respect to
the model parameters (for example, see Sec. 5.1.5). At the most basic level, the cost function is
the error of the (parameterized) model with respect to the training set data (although the cost
function may have additional dependences, for example on the magnitudes of the parameters, as
is the case in Tikhonov regression).

When fitting TTM-nrg and MB-nrg PEFs, the training set consists of nuclear configura-
tions and their corresponding reference energies. For example, when fitting a 3B water-water-
water PEF, the training set will include some number of (H,O)3; configurations paired with
their 3B energies, each calculated with the same electronic structure method. The electronic
structure method chosen must be cheap enough that a sufficiently large number of energies may
be calculated with the available resources, while also accurate enough that MD simulations
using the PEF will be a good representation of reality. The electronic structure method must be
uniform within a training set, but different methods can be used for complementary PEFs. For
example, one might use a more expensive method for the 2B PEF training set, and a cheaper
method for the 3B training set (Sec. 3.1.4).

Unfortunately, the full configuration space of a many-body system is enormous. For N
atomic sites (in three spatial dimensions), there are 3N nuclear degrees of freedom. A uniform,
cubic grid of M points in each dimension will have M>" total configurations, so we need to be
more selective with the configurations included in the training set. A few examples of ways to

generate training set configurations include:

1. extracting configurations from MD simulations
2. normal mode sampling

3. regular or random scans (including rotations)

Usually, a combination of different training set generation methods is the safest choice,

since it avoids biasing the training set through the use of a single source of configurations. While
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3N-dimensional configuration space can be a bit intimidating, there are some general principles
that can guide us through the training set generation process.

The most important consideration when generating a training set is to obtain configura-
tions that are representative of the subset of configuration space that will be sampled in our MD
simulations. For example, a PEF used in high pressure simulations must be fitted to a training set
which includes configurations with sufficiently small intermolecular separations (we will return
to this point when discussing Fig. 5.7). Extracting configurations from simulations is the most
direct way to satisfy this consideration, but a combination of normal mode sampling and scans
can be used as well.

In addition to including configurations within the subset of configuration space that is
sampled during simulations, it is equally important to include configurations just-beyond this
subset, within the boundary between the configurations that will be sampled and the (higher-
energy) configurations that should never be sampled. This is because we never want our PEF to
extrapolate beyond the training data (we only want interpolation). This is especially important
when fitting MB-nrg PEFs because the PIPs are flexible enough that their behavior beyond
the boundaries of the training set data will likely be completely unphysical. Given that these
configurations exist beyond the subset of configuration space sampled in simulations, we will
not be able to generate them from extracting configurations from MD, without increasing the
temperature or pressure, or adding some external bias potential. Alternatively, we can perform
scans which include close-range configurations.

Since an MB-nrg PEF can have hundreds to thousands of flexible parameters, a large
number of training set configurations will be needed, so a combination of different training set
generation methods is likely the best option. TTM-nrg PEFs, on the other hand, have relatively
few flexible parameters (Sec. 5.1.1), so a few physically-motivated scans of rigid monomer units
will often be sufficient. It is important to note, however, that a training set containing rigid
monomer units will not be representative of the important subset of configuration space when

the 1B PES of the relevant monomers have slow degrees of freedom (e.g. important dihedral
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angles) with small potential energy barriers, for example the Zundel ion (see Sec. 6.1).

The importance of a training set that is representative of the configurations sampled in
simulations can be seen through a comparison between two TTM-nrg PEFs for acetonitrile-
acetonitrile interactions which were fitted to different training sets. The first PEF was fitted to 16
radial scans with rigid monomers. Eight of the 16 scans included configurations with negative
(attractive) 2B energies, while the other eight scans included exclusively repulsive configurations.
The second PEF was fitted to the eight attractive scans, alone. Two examples of attractive and
repulsive scans are shown in Fig. 5.6. While the PEF fitted to all 16 scans will be more accurate
across the entire configuration space, the PEF fitted only to the attractive scans will be more
accurate for configurations sampled in condensed phase simulations in ambient conditions.

This point is illustrated in Fig. 5.7, which shows a comparison between three PEFs for
acetonitrile-acetonitrile interactions showing the density over time in NPT simulations of pure
acetonitrile (panels a, ¢, and e) and the test set correlation plots for each PEF (the test set was
generated with radial scans of rigid monomers with random relative orientations). Panels a and
b correspond to an MB-nrg PEF, panels ¢ and d correspond to the TTM-nrg PEF fitted only to
the attractive scans, and panels e and f correspond to the TTM-nrg PEF fitted to both attractive
and repulsive scans. A comparison of panels d and f shows that fitting to all 16 scans results in
a more balanced PEF which is relatively accurate in the high-energy configurations. However,
panels ¢ and e show that the PEF fitted only to attractive scans is more effective at reproducing
the experimental density of liquid acetonitrile, despite being less balanced than the other PEF. It
should also be noted that the MB-nrg density (Fig. 5.7a) is slightly overestimated, likely due to
missing repulsive 3B interactions, which might require a 3B PIP correction term (Sec. 5.1.2).

The model evaluation and training set refinement steps are critical to ensuring that we
have developed a model PEF that is sufficiently accurate. Once the model has been fitted, we
can attempt to use it in an MD simulation under the thermodynamic conditions (temperature,
pressure, etc.) that we are interested in studying, and extract test set configurations which we will

use to evaluate the model. The test set configurations must correspond to the PEF that we are
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Figure 5.6. Repulsive (panels a, b) and attractive (panels c, d) acetonitrile-acetonitrile scans
used in TTM-nrg training sets.

evaluating, i.e. 2-mer configurations for a 2B PEF, 3-mers for a 3B PEEF, etc.. If the simulation
is unstable, indicating flaws in the model PEF, we must obtain test set configurations leading
up to the instability, otherwise, we may obtain test set configurations from random sampling

after some equilibration time. In any case, after obtaining the new test set, we need to calculate

reference energies, and compare them to the energies predicted by the model. If the model does
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Figure 5.7. Comparison of NPT densities over time and test set correlation plots between three
model PEFs for acetonitrile-acetonitrile interactions. MB-nrg (panels a, b), TTM-nrg fitted to
attractive scans (panels c, d), and TTM-nrg fitted to attractive and repulsive scans (panels e, f).
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not achieve the desired accuracy, we can add the test set into the original training set, and refit

the model. If the PEF does not improve after several iterations, we may need to refine the model.

5.1.10 Model Preparation and Refinement: Monomial Connectivity
Graphs

Since the functional form of a TTM-nrg PEF is fixed (only dependent on the system),
the model cannot be refined, so the corresponding path in the flow chart (Fig. 5.5) is never used.
For PEFs involving PIPs (e.g. 1B PEFs and MB-nrg PEFs), one may increase the complexity of
the model (for example by increasing the PIP degree) to achieve higher accuracy, or decrease
the complexity to avoid overfitting. Additionally one can use monomial filters, which allow the
model developers to increase the polynomial degree, while pruning the higher-degree monomials
that are unnecessary or superfluous.

The various (symmetrized) monomial terms can be categorized based on their connectivity
graphs. Since the PIPs used here depend on all atom-atom pairwise distances, the nodes
of the connectivity graphs correspond to the atomic sites, and the edges correspond to the
variables (atom-atom distances) included in a given monomial term. The connectivity graph is a
representation of the potential energy coupling between configurational degrees of freedom due
to a given monomial. Therefore, the idea of monomial connectivity graphs can be used to design
PIP filters that eliminate monomials involving degrees of freedom that are weakly coupled or not
coupled at all.

An example application of the filters based on monomial connectivity graphs is in the
development of the acetonitrile-acetonitrile 2B PIP. Each acetonitrile is treated as one methyl
group fragment bound to one nitrile group fragment.! From this perspective, it seems at least
plausible that, for example, the intrafragment H—H distance within the methyl group of molecule
1 is not strongly coupled to the intermolecular interactions between the molecule 1 nitrile group

and molecule 2, unless the monomial also contains intermolecular variables between the molecule

IThis fragment-based filter approach (without monomial connectivity graphs) was initially developed and
implemented by Ethan Bull-Vulpe, Chanin Tangtartharakul, Marc Riera, and Francesco Paesani.
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1 methyl group and molecule 2 (Fig. 5.8). This conditional statement can be summarized in terms
of the connectivity of the relevant monomial connectivity graphs, such that monomials whose
graphs have no path between the molecule 1 H sites and the molecule 1 N site, for example.?
The connectivity is more clear (pictorially) after eliminating nodes that are not included in the

monomial graph under question (Fig. 5.9)

%‘QQC %Q“
cod ot

Figure 5.8. Examples of acetonitrile-acetonitrile 2B PIP monomials represented by their mono-
mial connectivity graphs. The monomial represented by the graph on the left-hand side includes
an intrafragment (methyl group) H—H variable on molecule 1, and an intermolecular variable
between the molecule 1 nitrogen and a molecule 2 hydrogen. The monomial represented by the
graph on the right-hand said includes the same two types of variables, but also includes a variable
between the molecule 1 methyl group hydrogen and the molecule 2 hydrogen. The left graph is
disconnected, and is therefore likely to be less important than the connected graph on the right.

The filter depicted in Figs. 5.8 and 5.9 can be easily defined without any notion of a
monomial connectivity graph. However, Figs. 5.10 and 5.11 show an example of a pair of
monomials that would be difficult to distinguish without appealing to the idea of monomial
connectivity. All of the methyl H sites on either molecule are identical, so filters that only

distinguish monomials based on atomic site types (e.g. methyl H, methyl C, nitrile C, etc.), or

2Qur implementation generalizes the notion of connectivity through the use of shortest paths. Rather than simply
categorizing monomials based on whether there is or is not a path between two chosen nodes, we can further
categorize monomials based on the smallest number of edges (PIP variables) that separate the two nodes. We use
the Floyd-Warshell algorithm to obtain the lengths of the shortest paths between each pair of nodes for each PIP
monomial term.
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Figure 5.9. Acetonitrile-acetonitrile 2B PIP monomial connectivity graphs from Fig. 5.8 with
all non-relevant atomic sites grayed out.

even variable types (intermolecular C—C, intramolecular C—C, intramolecular C—H, etc.) will
insufficient to distinguish the monomials in Figs. 5.10 and 5.11. When applying the concept
of monomial connectivity, this pair of monomials is easily distinguished. This type of filter is
useful in filtering polynomials involving the Zundel ion, O,Hs, since all five Zundel H sites are
identical, which leads to many monomial terms that are difficult to distinguish by other means.

Table 5.1 shows an example comparison between MB-nrg PIP filters for the 2B
H30"—H,O (non-reactive) diabatic state PEF described in Sec. 7.2. Here, “wRMSD” refers
to the weighted (training set) RMSD, “Low RMSD” and “Low Max” refer to the RMSD and
maximum error in training set configurations with binding energies 25 kcal/mol above the
minimum, “Test RMSD” refers to the test set RMSD, and “Number of Terms” refers to the
number of monomials defining a given PIP. “3°” and “4°” refer to 3" and 4" degree PIPs,
respectively. Each entry in the table represents the most accurate of 100 fits for a given filter,
with accuracy defined by the test (set) RMSD. The “Intra-2” PIPs correspond to filtering 41
degree monomials containing 2+ degree intramolecular variables (4° Intra-2 is a good proxy for
the accuracy limit of 4° PIPs). The “MB-pol” filtered PIP corresponds to filtering 4™ degree

monomials containing intramolecular variables whose degrees do not add up to 2. The “Graph”
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filtered PIP corresponds to filtering 4™ degree monomials by the maximum path length within
their monomial connectivity graphs, with a maximum path length of 3 connecting intramolecular
variables, and a maximum path length of 4 connecting intramolecular variables to intermolecular
variables, or connecting intermolecular variables with each other. Comparing the test set RMSD
and the number of monomials between each PIP, it can be seen that the use of filters defined
in terms of monomial connectivity graphs can allow one to tune the accuracy of the PIP in a
controlled manner without introducing too many superfluous monomials.

In the previous examples (Figs. 5.8 and 5.9 and Figs. 5.10 and 5.11), it was implicit that
the disconnected graphs were less relevant in describing intermolecular interactions, and were
therefore targeted for removal by graph connectivity filters. However, one can imagine situations
in which the disconnected graphs might be more important. For example, when describing the
interactions between two or more large polymers (for example proteins), disconnected monomials
can be helpful in describing the large-scale spatial relationships between the polymers, since
they are more efficient with the number of involved atomic sites with respect to the monomial
degree. For example, for a fourth degree polynomial, the most ‘inefficient’ types of monomials
are fourth degree in a single variable (a single atom-atom pair), while the most ‘efficient’ types

of monomials are fully disconnected, and involve four pairs of distinct atomic sites.

Table 5.1. Example comparison between PIPs defined by different filters.

PIP wRMSD Low RMSD Low Max Test RMSD Number of Terms
3¢ Intra-2 0.25 0.18 1.59 0.41 583
4° Intra-2 0.16 0.11 1.02 0.26 3372
4° MB-pol Filters 0.22 0.15 1.46 0.34 1496
4¢ Graph Filters 0.18 0.12 1.20 0.29 1724
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Figure 5.10. Examples of two acetonitrile-acetonitrile 2B PIP monomials, represented by
their monomial connectivity graphs, that cannot be distinguished without the use of monomial
connectivity graphs due to the permutational invariance of methyl hydrogens on the same
fragment. The monomial shown on the left-hand side is disconnected, and is therefore likely to
be less important than the monomial shown on the right-hand side whose monomial connectivity
graph is connected.

O

Figure 5.11. Acetonitrile-acetonitrile 2B PIP monomial connectivity graphs from Fig. 5.10 with
all non-relevant atomic sites grayed out.

5.2 [Evaluating Alkali Ion—Water PEF's

An example of a system for which one can apply the MB-nrg methodology is an alkali ion

dissolved in water. In the next section, we evaluate the accuracy of each PEF in optimized 2-mer
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and 3-mer M (H,0) and M (H,0), (M = Li, Na, K, Rb, Cs) clusters, as well as simple radial
scans. The three PEFs for alkali ion—water interactions, AMOEBA, TTM-nrg, and MB-nrg are
described in detail in Sec. C.1.

We first evaluate the accuracy of each of the PEFs discussed here in reproducing the 2B
energies of the M (H,O) clusters and the 3B energies of the M (H,0); clusters discussed in
Sec. 3.4. Deviations from the CCSD(T) reference 2B and 3B energies for all tested PEFs are
shown in Figs. 3.26 and 3.27, respectively.

Additionally, we evaluated the ability of the PEFs to reproduce CCSD(T) reference 2B
energies along simple rigid scans. 2B scans of each alkali ion along the water H—O—H bisector
were performed by optimizing the water monomer at the RI-MP2[196, 197] level of theory with
the aug-cc-pVTZ basis set, initially placing each ion, except for Li*, 1.5 A away from the
water-oxygen (Li* was initially placed 1.25 A away from the oxygen), coplanar with the water
molecule, on the opposite side of the water’s hydrogen atoms (Fig. 5.12). Each ion was displaced

along the water bisector (in the plane) up to 5.0 A from the oxygen in 0.1 A increments.

Figure 5.12. Schematic representation of the geometry used in the scans along the R+ distance
carried out for each of the four M™(H,0) dimers, with M = Li, Na, K, Rb, Cs. The ion remains
in the plane of the water molecule.

5.2.1 2B Energies of Alkali Ion—Water Dimers

AMOEBA underestimates the strength of the interactions in all alkali ion—water dimers,
deviating from the CCSD(T) 2B energies by at most 2.3 kcal/mol in Rb*(H,0), and by as

little as 0.3 kcal/mol in K*(H,O). AMOEBA is among the least accurate models for Li* (H,O),
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Rb"(H,0), and Cs™ (H,0), although it outperforms revPBE for all dimers. We point out that
AMOEBA was parameterized to reproduce bulk properties of aqueous solutions, so inaccuracy
in gas phase clusters is not unexpected. TTM-nrg also underestimates the interaction strength
in Rb™(H,0), and Cs™(H,0), having errors of 1.4 and 1.6 kcal/mol, respectively. TTM-nrg
and AMOEBA exhibits similar accuracy for Cs™(H,0) and Na*(H,O), but AMOEBA is more
accurate than TTM-nrg for K™ (H,0). Interestingly, TTM-nrg shows negative errors in Li* (H,0)
and Na™(H,0), but positive errors for all other dimers. Among all tested analytic PEFs and
XC-functionals, MB-nrg is, on average, the most accurate model for all alkali ion—water
dimers, displaying the largest deviations (—0.1 kcal/mol) from the reference CCSD(T) values for

Li*(H,O) and Na*(H,0).
5.2.2 3B Energies of Alkali Ion—Water Trimers

Among the PEFs, TTM-nrg shows very large, positive 3B energy errors for the Lit (H,0),
and Na'(H,O), trimers in their minimum-energy geometries, deviating from the CCSD(T)
reference by 2.88 and 0.92 kcal/mol, respectively. Given that the TTM-nrg ion—water—water
3B energy is entirely due to classical POL, these large errors may suggest that close-range
quantum effects such as CT may be important for reproducing these 3B interactions. However,
the AMOEBA PEFs yields 3B energies for LiT(H,0), and Na™ (H,0); that deviate from the
CCSD(T) 3B energy by —0.34 and 0.01 kcal/mol, respectively, despite being composed solely
of classical POL, themselves. Looking at the energy decomposition analysis of 2B interaction
energies of LiT(H,0) and Na*(H,O) dimers, as well as decompositions of 3B energies of
Li"(H>O), and Na*(H,0), trimers, it appears that AMOEBA tends to predict POL energies
that are similar to ALMO-EDA POL energies of XC-functionals, while TTM-nrg and MB-nrg
(classical) POL energies tend to be larger in magnitude than the corresponding ALMO-EDA
values. Note that there is widespread agreement between the tested XC-functionals with respect
to their ALMO-EDA POL energies. This difference in POL energies between AMOEBA and

TTM-nrg for Li™ and Na™* dimers and trimers could be due to a combination of factors, including
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differences in atom-centered dipole polarizabilities, differences in permanent charges, the use
of permanent dipoles and quadrupoles in AMOEBA, differences in Thole damping parameters,
or in the different damping schemes used by each model (see Sec. C.1). These differences in
POL energies between the two sets of models may be accentuated in the Li™ and Na™ dimers
and trimers due to the small distances between the ion and the water molecule(s) in these
structures, compared to those in the K™, Rb™*, and Cs™ dimers and trimers. We note, however,
that TTM-nrg was found to predict, on average, better 3B energies for halide—water trimers than
AMOEBA,[120] indicating that there may be some amount of error cancellation, for example in
the non-negligible 3B ALMO-EDA CT energy found in the global minimum energy Lit(H,0),
trimer, as shown in the Supporting Information of Ref. [119] (note that non-negligible 3B
ALMO-EDA CT energies were also found in the halide—water trimers[120]).

Irrespective of the specific underlying cause leading to the large deviations in the
TTM-nrg 3B interaction energies of the minimum energy Li" (H,0), and Na*(H,0), trimers,
Fig. 3.27 demonstrates that the 3B MB-nrg PIPs (Secs. 5.1.2 and C.1.3) provide sufficiently
accurate close-range corrections to the underlying classical model, which for 3B and higher-body

energy terms, is identical to those of TTM-nrg.

5.2.3 2B Rigid Scans

To assess the ability of AMOEBA, TTM-nrg, and MB-nrg to describe alkali ion—water
interactions, Fig. 5.13 shows comparisons with CCSD(T) interaction energies calculated for
radial scans obtained by moving each alkali ion along the direction of the water H—O—H bisector,
as described above and depicted in Fig. 5.12. The most apparent feature seen here is the tendency
of AMOEBA to predict interaction energies that are too repulsive at close range for all dimers
except for K+ (H,0), for which AMOEBA is slightly too repulsive near the minimum-energy
distance (by less than 0.5 kcal/mol), and becomes slightly too attractive at close range (by
around —2 kcal/mol at an KT —O distance of 2 A. For all other dimers, but most significantly

for Rb™(H,0) and Cs*(H,0), at close range, AMOEBA becomes too repulsive at too large
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of an M™—O distance. This artificially-steep repulsive wall results in overestimation of the
minimum-energy distances by around 0.2 A in both Rb*(H,0) and CsT(H,0). The AMOEBA
2B energy was also found to diverge from CCSD(T)-F12b at close range in halide—water dimers
scanned along the water O—H axis, producing 2B curves that were too repulsive (and too steep)
at too large of an X~ —O distance, leading to overestimated minimum-energy distances.[120]
However, while AMOEBA was additionally found to predict minimum energies that are too
attractive in the halide—water dimer scans,[120] we find here that AMOEBA predicts minimum
energies that are too repulsive in the alkali ion—water scans. For all dimers, the AMOEBA
interaction energy converges to the reference CCSD(T) interaction energies at large Mt —O
distances where the permanent electrostatics are the dominant interaction.[151] We again point
out that AMOEBA was parameterized to reproduce bulk properties of aqueous solutions, so
inaccuracy in these gas phase scans is not unexpected.

TTM-nrg performs better than AMOEBA on average in all dimer scans except for parts
of the Na™ (H,0) and K (H,O) scans. It should be noted, however, that despite performing better
than AMOEBA on average, TTM-nrg deviates from the CCSD(T) reference energies by around
2 kcal/mol or more in some configurations at close range in each dimer scan. As is the case for
AMOEBA, TTM-nrg appears to converge to the CCSD(T) curves at long range. This agreement
of AMOEBA and TTM-nrg with CCSD(T) at long range is consistent with the fact that both
models use similar representations of the ELEC energy, which is the dominant interaction at
large ion—water separations.[151] While TTM-nrg tends to find the correct minimum-energy
distances along each scan, the TTM-nrg 2B interaction energies at the minima differ from the
corresponding CCSD(T) values by more than 1 kcal/mol in K+ (H,0), Rb* (H,0) and Cs™ (H,0).
Interestingly, this behavior was not apparent in the the halide—water TTM-nrg scans, which were
slightly too repulsive in the close range repulsive region, but were otherwise quite accurate at all
other ion—water separations except for F~ (H,0), for which TTM-nrg predicts that the minimum
energy is ~1.3 kcal/mol lower than the CCSD(T) value.[120]

MB-nrg reproduces nearly quantitatively the CCSD(T) 2B energies along each scan.
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Figure 5.13. Comparisons between CCSD(T) (open circles) and wB97M-V (dotted red),
AMOEBA (solid green), TTM-nrg (dotted blue), and MB-nrg (solid black) interaction ener-
gies calculated for radial scans of M1 (H,0) dimers, with M = Li (a), Na (b), K (c), Rb (d), Cs
(e), in which each alkali ion in displaced along the water H—O—H bisector, on the opposite side
of the water-hydrogens, in the water-plane, as described above.

The largest deviations of MB-nrg relative to CCSD(T) occur within the repulsive regions in

each scan but the deviations remain within ~0.25 kcal/mol at medium and long ranges. Given



that the MB-nrg differs from TTM-nrg only by the replacement of the TTM-nrg Born-Mayer
repulsive potential with PIPs (Section C.1.3), the higher accuracy of MB-nrg than TTM-nrg
in all configurations along each scan illustrates the importance of including effective quantum
corrections to the TTM-nrg classical interactions at close range, keeping in mind that TTM-nrg
reproduces the CCSD(T) 2B energies in the long range regime of each scan. Additional dimer
scans are reported in the SI, which show that, independently of the water orientation, MB-nrg
successfully reproduces CCSD(T)/CBS interaction energies of alkali ion—water dimers, even in
close range configurations where either TTM-nrg or AMOEBA deviate from CCSD(T), further
demonstrating the importance of the MB-nrg PIPs in correcting the deficiencies of classical
descriptions of molecular interactions.

Fig. B.2 shows that the ELEC energies of the minimum energy alkali ion—water dimers
calculated with each of the tested PEFs are similar to those calculated with ALMO-EDA. This
is in contrast with the ELEC energies of halide—water dimers calculated with the same PEFs,
which were consistently less attractive than those calculated with ALMO-EDA. Panels a, c, and
e of Fig. 5.14 shows that the PEF ELEC energies converge to the ALMO-EDA (®wB97M-V)
ELEC energies at long range, but remain less attractive than the ALMO-EDA ELEC energies
as the water—oxygen—ion distance decreases. This divergence between the two sets of ELEC
energies is due to the lack of attractive charge penetration interactions in the PEFs, which employ
(damped) partial atomic charges. The fact that PEF ELEC energies agree with ALMO-EDA
ELEC energies in the minimum energy alkali ion—water dimers indicates that these structures
have oxygen—ion distances that lie outside the onset of charge penetration effects. Additionally,
it should be noted that a divergence in the ELEC energies are not seen in the Li*™ (H,O) scans
because charge penetration effects occur at smaller Li™ —oxygen distances due to the small radius
of Lit.

The only difference between decompositions of the TTM-nrg and MB-nrg 2B interaction
energies is in their Pauli+Disp terms, for which TTM-nrg uses pairwise Born-Mayer functions,

while MB-nrg uses the 2B PIPs (Secs. 5.1.2 and C.1.3). As seen in Fig. B.2, MB-nrg Pauli+Disp
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Figure 5.14. ELEC and POL energies calculated with each of the three sets of PEFs analyzed in
this study, and the @B97M-V functional (from ALMO-EDA) along the scans described above
and depicted in Fig. 5.12 for the Li* (H,0) (panels a and b), Na*(H,0) (panels ¢ and d), and
CsT(H,0) (panels e and f) dimers.

energies are more repulsive than the TTM-nrg Pauli+Disp energies in Li™ (H,0) and Na* (H,0),
but are less repulsive in the other three dimers. Given that MB-nrg predicts 2B interaction

energies that are on average the most consistent with the CCSD(T) reference 2B energies,
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and considering the agreement in high-resolution vibrational spectra of small alkali ion—water
clusters[167] and in the EXAFS spectra of Cs™ in water[168] calculated from MB-nrg simula-
tions compared with those measured in experiments, it is clear that the PIPs provide accurate

quantum corrections to the underlying long-range classical (TTM-nrg) potential.
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Chapter 6

Molecular Dynamics: Simulations of The
Zundel Ion in Acetonitrile

Aqueous acid/base chemistry plays a key role in many biological processes and techno-
logical applications.[198, 199, 200, 201, 202, 203, 204, 205] Accordingly, the excess proton in
water has been widely studied both experimentally,[206, 207, 208, 209, 210, 211, 212, 213, 214,
115, 215, 116, 117, 216] and theoretically.[217, 218, 219, 220, 221, 222, 223, 224, 225, 226,
227, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241] Protonated water
clusters in the gas phase offer another perspective on the excess proton in water, and have been
studied both experimentally,[242, 243, 244, 245, 246, 247, 248, 249, 250, 251, 252, 253] and
theoretically.[254, 255, 256, 257, 258, 259, 210, 260, 261, 262, 263, 264, 265, 266, 267, 268,
269, 75, 4, 270] Gas phase clusters have fewer degrees of freedom than bulk systems, which
usually makes gas phase measurements easier interpret, and calculations less costly, however,
the finite size of clusters raises questions about extending results to bulk phase solutions. Despite
these efforts, the structure of the excess proton in water and the mechanisms of aqueous proton
transport are still debated.[217, 218, 219, 221, 207, 230, 209, 210, 208, 212, 232, 213, 234, 235,
237,215,115, 238, 116, 117, 216]

There are three widely-accepted fundamental protonated water units, namely the hy-
dronium ion, H3O™, in which an excess proton is localized on a single water molecule,

the Eigen ion,[109, 110, 111] O4H{, in which a hydronium ion donates one hydrogen
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bond to three surrounding water molecules, and the Zundel ion,[106, 107, 108] O,HY, in
which the excess proton is shared between two water molecules. There is currently no
consensus in the literature regarding the dominant structure of the excess proton in lig-
uid water at room temperature, with some results suggesting that an Eigen-type structure
is dominant,[224, 207, 230, 210, 232, 215] and other results suggesting that a Zundel-type
structure is dominant,[212, 213, 115, 116, 117, 216, 227] although it is generally accepted
that the true structure is some dynamically fluctuating combination of these two limiting
motifs.[217, 221, 222, 224, 226, 209, 212, 232, 233, 115, 116, 117, 216, 227, 239]

In either case, Zundel-type structures are important to consider given that aqueous proton
transfer (PT) must involve the transfer of the excess proton between two water molecules,
although recent spectroscopic experiments provide strong evidence that the (distorted) Zundel
ion exists as a long-lived species in aqueous solution,[115, 117, 216] rather than simply the
transition state during PT events. Given its importance in aqueous PT, and possibly in the
solvation structure of the excess proton in water, several studies used ultrafast pump-probe
vibrational spectroscopy to study the Zundel ion solvated in liquid acetonitrile.[271, 2, 272, 273]
Acetonitrile was chosen as a solvent because it is polar and aprotic, allowing for the dissociation
of strong acids without participating in PT, in principle yielding vibrational spectra that are
not complicated with ultrafast fluctuations of the hydrogen bonding structures and long-range
proton transport through the solvent, as occurs in aqueous solutions.[271] These experiments,
supplemented with QM/MM simulations,[2, 273] investigated the role of solvent fluctuations
on modulating the Zundel ion vibrational spectra,[271, 2, 273] the relaxation dynamics of the
Zundel ion and the surrounding solvent after vibrational excitation,[271, 272] and the effect of
adding additional water molecules to the solution.[273]

Here, we employ many-body molecular dynamics (MD) simulations in an attempt to
model the Zundel ion solvated in liquid acetonitrile, and provide an analysis of the structure
of the Zundel ion in acetonitrile, the structure of the acetonitrile solvent, and the vibrational

properties of the solvated Zundel ion. Unfortunately, practical difficulties complicated our study,
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but we discuss our methodology and results for pedagogical purposes.

6.1 The Failure of TTM-nrg For The Flexible Zundel Ion,
and The Importance of Evaluating PEFs with Test Sets
Taken From Simulations

The importance of evaluating a model PEF with a test set taken from MD simulations
(Sec. 5.1.9) is illustrated in the case of modeling Zundel ion-acetonitrile interactions with a
TTM-nrg PEF. The Zundel ion, being the protonated water dimer (Sec. 3.3), is very flexible, in
particular in the relative orientations of its flanking-OH bonds, i.e. in the relative orientations
of the flanking water molecules solvating the shared (excess) proton. This conformational
flexibility of the Zundel ion makes its interactions with acetonitrile too complicated to describe
with a simple TTM-nrg PEF, which, apart from the classical polarization, is constructed entirely
from pairwise atom-atom interaction terms (Sec. 5.1.1). Additionally, the use of a training set
consisting of rigid monomer units obscured the inaccuracy of the model during the development
stage, and we had not evaluated the PEF with a test set extracted from the MD simulations prior
to analyzing the results.

The Zundel-acetonitrile TTM-nrg training set consisted of physically motivated scans of
the Zundel-acetonitrile dimer using rigid monomers in their global minimum energy configura-
tions, similar to those shown in Fig. 5.6 for the acetonitrile-acetonitrile TTM-nrg PEF (which
was also used in the simulations). The 2B training set correlation plot for the TTM-nrg fit is
shown in Fig. 6.1. The RMSD for training set configurations with reference energies below 15
kcal/mol is 1.04 kcal/mol.

The original test set was constructed from radial scans and random rotations of rigid
monomers in their global minimum energy configurations. 2B test set correlation plots for the
whole training set, and for the part of the training set with reference energies below 15 kcal/mol
are shown in Figs. 6.2 and 6.3, respectively. The RMSD for test set configurations with reference

energies below 15 kcal/mol is 1.215 kcal/mol.
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Figure 6.1. Training set correlation plot for the Zundel-acetonitrile TTM-nrg PEF. Reference
2B energies were calculated with @B97M-V/aug-cc-pVTZ.
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Figure 6.2. Test set correlation plot for the Zundel-acetonitrile TTM-nrg PEF. Reference 2B
energies were calculated with @B97M-V/aug-cc-pVTZ.
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Figure 6.3. Test set (the same as in Fig. 6.2) correlation plot for the Zundel-acetonitrile TTM-nrg
PEF for configurations with reference energies below 15 kcal/mol. Reference 2B energies were
calculated with @B97M-V/aug-cc-pVTZ.

However, when evaluating the TTM-nrg model for Zundel-acetonitrile interactions with
a test set was taken from the TTM-nrg simulations, it became clear that the major structural and
dynamic properties of the solvated Zundel ion seen in our simulations were actually an artifact
of deficiencies of the representation of the relevant interactions. The 2B test set correlation plot
for dimer configurations extracted from simulations are shown in Fig. 6.4.

The difference in accuracy seen in the original test set (Fig. 6.3) compared to the test
set extracted from simulations (Fig. 6.4), particularly in the low energy region of the plot
(corresponding to configurations in which the acetonitrile molecules are directly coordinated to
the Zundel ion in Fig. 6.4), can be understood by comparing the Zundel monomer conformation
used in the training and test sets (Fig. 6.5) to a typical Zundel conformation seen in our MD
simulations of the Zundel ion dissolved in liquid acetonitrile using the TTM-nrg PEF.

Notice that in the simulations, the flanking protons in the Zundel ion orient themselves in

similar directions in order to maximize the pairwise atom-atom interactions (for example the
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Figure 6.4. Test set correlation plot for the Zundel-acetonitrile TTM-nrg PEF with configurations
taken from the TTM-nrg MD simulations. Reference 2B energies were calculated with @B97M-
V/aug-cc-pVTZ.

Figure 6.5. An example Zundel-acetonitrile dimer configuration from the TTM-nrg training set
where both the Zundel ion and the acetonitrile molecule are in their (isolated monomer) global
minimum energy conformations.

electrostatic interactions between the positively charged Zundel-H and the negatively charged
acetonitrile-N, as well as the attractive dispersion interactions) between the Zundel ion and the
acetonitrile molecules directly coordinated to it. It should additionally be noted that this is not
due to deficiencies in our model for 1B distortion energies of the Zundel monomer, which was

evaluated to be sufficiently accurate in reproducing the reference energies for configurations
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Figure 6.6. A typical Zundel-acetonitrile dimer configuration in our TTM-nrg simulations of the
Zundel ion dissolved in liquid acetonitrile. The Zundel flanking protons are oriented in similar
directions, which maximizes the pairwise atom-atom interactions (in the TTM-nrg model PEF)
with the acetonitrile molecules directly coordinated to the Zundel ion.

taken from our TTM-nrg simulations, as can be seen in Fig. 6.7.
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Figure 6.7. 1B Zundel test set correlation plot for configurations taken from our TTM-nrg MD

simulations.

Although the simulations are not a reliable representation of the experiments, we dis-
cuss the analysis of TTM-nrg simulations of the Zundel ion in acetonitrile in the interest of

demonstrating some techniques for analyzing MD simulations.
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6.2 Analysis of The TTM-nrg Simulations of The Zundel
Ion Dissolved in Acetonitrile

6.2.1 Simulation Details

All classical molecular dynamics (MD) simulations of the Zundel ion in acetonitrile
solvent were carried out using the 1-Pi[274] software with the in-house MBX driver. The systems
simulated all consisted of 128 acetonitrile molecules and one Zundel ion. Each simulation
was carried out at constant volume in a cubic box (with periodic boundary conditions) at the
experimental density of neat acetonitrile,[275] of around 0.7759 g/cm?.!

All free energy (FE) profiles, radial distribution functions (RDFs), radial-angular distribu-
tion functions (RADFs), orientation correlation functions (OCFs), and electric field autocorrela-
tion functions were calculated from a 2.25 ns trajectory simulated at constant temperature (NVT)
at 298.15 Kelvin continued from a 500 ps equilibration simulation. All infrared (IR) spectra, and
velocity power spectra were calculated from 17 trajectories simulated at constant energy (NVE)
for 100 ps each, with initial states (positions and velocities) taken from the NVT simulation in
25 ps increments after equilibration.

Gas phase MD simulations of the Zundel ion were carried out using the LAMMPS
software[277] with the in-house MBX driver.

All simulations used a timestep of 0.2 fs. The NVT simulations of the Zundel ion in
acetonitrile used a Langevin thermostat[278, 279] with a time constant of 1 ps. NVT simulations

of the gas phase Zundel ion used a Nosé-Hoover thermostat.

I'The authors published a better estimate of the density (0.77669 g/cm? at 298.15 K) in Ref. 276.
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6.2.2 Calculating Vibrational Spectra and Power Spectrum Decomposi-
tions

The IR absorption spectrum lineshape function, /(®), can be expressed as:

I(0) = % /_ " (NO)NI())e d ©.1)

where angle brackets, (), denote the ensemble-averaged expectation value, (M(0)M(7)) is
the autocorrelation function, at time delay, 7, of the total system dipole moment operator, M,
in the Heisenberg picture.[280] Using the classical system dipole moment, M(z), (instead of

the quantum operator M(t)) the IR absorption coefficient is computed within the harmonic

approximation[280] as:

oA (0) = % / Z (M(0) - M(1))e"®%dr 6.2)

where B = 1/kgT, c is the speed of light, V is the total volume, and n(®) is the frequency-
dependent index of refraction of the system at temperature, 7.

All IR spectra reported here were calculated according to Eq. 6.2. The total system dipole
moment, M(¢), is calculated at several levels of approximation. The crudest approximation
(referred to as “1B point charge”) calculates the dipole moment from the position trajectory, using
the fixed point charge associated with each atomic site (section 5.1.1). The next approximation
(referred to as “1B point charge + induction”) adds the contributions from the induced point dipole
moments associated with each atomic site to the 1B point charge total dipole moment. The final
two approximations replace the Zundel ion fixed point charges with the 1B Zundel dipole moment
surface (DMS), taken from reference 257, in both the 1B, and the 1B + induction approximations,
yielding the “1B DMS” and the “1B DMS + induction” approximations, respectively.

The IR spectrum reports on the vibrations of a system indirectly, since the intensity

is weighted by the changes in the dipole moment. A more direct picture of the vibrations in
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a system can be obtained through the velocity power spectrum (VPS). The power spectrum,
Sx(w), of some (real-valued) time-dependent signal, x(¢), is defined as the expectation value of
the squared-magnitude of the Fourier transform of that signal, S,(®) = (|.Z [x(¢)](®)|?). If the
signal results from a stationary process, the Wiener-Khinchin theorem[281] states that the power
spectrum can be calculated from the Fourier transform of the autocorrelation function, Cy(7), of

the signal:

Se(@) = (|Z[x(O)](@)P)
— ZlC )

1 [os}
=5z ]

Note that the autocorrelation function of a signal resulting from a stationary process depends

) (6.3)
(

0)x(1))e " ®"dr

stationary

only on the time delay: Cx(t1,52) = (x(t1)x(t2)) (x(0)x(ty — 1)) = Cx(t — 1), which is
the case when the system is equilibrated.

When the signal is vector-valued (e.g. the velocity or the dipole moment), the autocor-
relation function is calculated from the ensemble average of the dot product of the signal with
itself after time delay, 7: Cx(7) = (x(0) - x(7)). If the signal at time, 7, is expanded in terms of

some basis, x(t) = Y, ¢, (1)b),(t) = Y, b,(¢) (with the expansion coefficients absorbed into the

time-dependent basis functions, b, (7)), the power spectrum can be written as:

Sx(@) = %/_0; < <;bn(0)) : (;’bm(r)) >e""”dr
=YY 5 [ 00 bu(e)e ax 64
=T @ LY 5 [ u(0)bu()e v ax

n m#n

The sesquilinearity of the autocorrelation function (or equivalently, the linearity of the Fourier
transform) allows the total power spectrum to be decomposed into the sum of power spectra

of each basis component, S, (@), and the Fourier transforms of the cross-correlations between
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different basis vectors. If the signal were to be expanded into an orthogonal basis consisting
of vectors that do not depend on time (i.e. x(¢) = Y, ¢,(¢)b,,), then all of the cross-correlations
would be 0. In the interest of decomposing the Zundel ion VPS into physically-meaningful
components, we expand the velocity vectors into internal coordinates which depend on the
geometry, and therefore must change with time.

The Zundel (in acetonitrile) VPS is decomposed into components due to the flanking
protons, Hg, the shared proton, H*, and the oxygens. The collective motions of the four Hg
were decomposed into radial (stretching), latitudinal (bending and wagging), and longitudinal
(twisting and rocking) components. Fig. 6.8 shows displacement vectors for these three kinds of
motions (each arrow should be understood to correspond to the three non-zero components of
its own 12-dimensional vector, [x,y,21,X2,...,24]). Linear combinations of the displacement
vectors shown form a basis of the 12 collective motions of the Zundel Hr. We reiterate that these
basis vectors depend on the geometry of the molecule, so that for each Hr, the radial vector
lies parallel with the corresponding O—HF axis, latitudinal vectors lie within the corresponding
flanking-Hr —O—HF plane, perpendicular to the radial vector, and longitudinal vectors are

perpendicular to their Hr —O—Hp planes.

a) * b) ) d)
Figure 6.8. Internal coordinate basis vectors for Zundel ion Hr velocities and the approximate
C, axis shown on a typical Zundel ion configuration from our simulations. The basis vectors
are separated into: a) radial, b) latitudinal and c) longitudinal components. Panel d shows

the approximate C, axis as a black arrow, and also highlights the two pairs of Hf that are
interchanged upon C; rotation (in lime and violet).

As discussed in Secs. 6.2.3 and 6.2.4, the Zundel ion (in acetonitrile) maintains a fairly
rigid shape (due to the effects discussed in Sec. 6.1), which makes it reasonable to assume that it

has approximate 4, symmetry, allowing for a further decomposition of the VPS into components
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belonging to the A and B irreducible representations of the %> point group. The %>-symmetric
Zundel ion has two pairs of equivalent Hy that are interchanged upon C, rotation (shown in lime
and violet in Fig. 6.8d). If we label the two Hr bonded to one oxygen, 1 and 2, and label the two
HpF bonded to the other oxygen, 3 and 4, such that Hr 1 and 3 are equivalent, and 2 and 4 are
equivalent, then the linear combinations of displacement vectors (in Fig. 6.8) summing to modes
in the A irreducible representation have coefficients: [1,1,1,1]/2, and [1,—1,1,—1]/2, while
the linear combinations summing to modes in the B irreducible representation have coefficients:
[1,1,—1,—1]/2 and [1,—1,—1,1]/2.

The H* motions are also decomposed into modes according to their irreducible represen-
tations, with motion along the approximate C, axis belonging to the A irreducible representation,
and the motion along the proton transfer coordinate (PTC), defined as the difference of the
distances between each Zundel oxygen and H*, and along the remaining perpendicular direction

both belonging to the B irreducible representation.

6.2.3 The Structure of the Zundel Ion in Acetonitrile in TTM-nrg
Simulations

In the interest of clarity, we refer to the Zundel ion solvated in acetonitrile (not including

+

> and refer to the gas phase Zundel ion as Z,

the solvent) as Z gas-

Fig. 6.9 shows the free energy (FE) of Z}, and Z . with respect to the O—O distance

gas

and PTC (at 298.15 K). It shows that H* is equidistant from each oxygen (PTC = 0) in most

probable configuration for either Zundel ion. However, Z.. tends to have a slightly larger O—O

having FE minima at around 2.43 and 2.40 A, respectively. For Z}. and Z,

distance than Z acn gas

gas>
with O—O distances smaller than around 2.47 and 2.44 A, respectively, the free energy along the
PTC has a single minimum, while the free energy has two minima for larger O—O distances. As
can be seen from comparing the curvature of the contours between the two plots, the FE barrier
(centered at PTC = 0) of Z;as grows faster, with increasing O—O distance than that of Z, .

Fig. 6.10 shows the FE of Z_, and Z . with respect to their O—O distances (averaged

gas

184



a) b) 3.979
2.7 1 2.7 1

3.537
_ _ 3.095
o 2.6 1 2 2.6
2 g 2.653
Q Q
225 225 2.211
s 3
a 3 1.768
o g o g
24 324 1.326
0.884
2.3 2.3
0.442
2.2 T T T T T T T 2.2 T T T T T T T 0.000
-06 -04 -02 00 02 04 06 -0.6 -04 -0.2 00 02 04 06
PT Coordinate (Ang.) PT Coordinate (Ang.)

Figure 6.9. Free energy with respect to O—O distance and PTC for a) Z;},, b) Z;as (both
symmetrized around PTC).

over their PTC). This shows more clearly that Z_, tends to have a slightly larger O—O distance

acn

than Z;as, and also shows that the FE of the two systems along their O—O distances have similar

curvatures, and are mostly related by a constant shift of around 0.03 A.
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Figure 6.10. Z™ O—O distance free energy in acetonitrile vs in gas phase.

185



Fig. 6.11 shows the FE of Z, and Z; . with respect to their PTC. This shows that both

gas

Zen and Z, have a single FE minimum at PTC = 0, as was seen in Fig. 6.9. However, the FE

along the Z, PTC has a slightly larger curvature than Z,, which has the effect of redshifting

gas>

vibrational frequencies along this coordinate in Z;, compared to szas (Sec. 6.2.4).

Free Energy at 298.15K (kcal/mol)

Free Energy (kcal/mol)
[¥3]
i

—— Z7 In ACN
0 Gas phase Z% ~ -

T T T T T T
0.8 0.6 —0.4 0.2 0.0 0.2 0.4 0.6 0.8
PT Coordinate {Ang.)

Figure 6.11. Z},, and Z,; FE with respect to the PTC.

gas

Fig. 6.12a shows the FE of Z}},, and Z,, along the Hr—O—O0 angle (with the first O

gas

bound to Hr), as shown in Fig. 6.12¢ (Z/ ) and Fig. 6.12d (Z{ ;). These curves are averaged

gas
over the four distinct (but equivalent) Hr —O—O angles in each Zundel ion. Fig. 6.12a shows that
the Hr—O—O0 angle tends to be around 19° smaller in Z/_, than in Z .. Additionally, the Z,

acn gas: acn

FE along the Hr—O—O angle has significantly more curvature than that of Z;as, Additionally,
the free energy along this angle has slightly greater curvature in acetonitrile than in the gas phase,
which is reflected in the vibrational spectra of the longitudinal Hr modes (Sec. 6.2.4). The shift
in the Z, FE relative to the Z{,; FE results in angles less than 80” being sampled in solution

but not in the gas phase, while angles greater than 150 are sampled in the gas phase, but are
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not sampled in solution. Low FE Z}, and Z;as configurations in Fig. 6.12c and Fig. 6.12d show
that the smaller Hr —O—O angles in solution make the Zundel ion more compact/compressed
compared to the gas phase. This is likely due to the pairwise atom-atom representation of the

Zundel-acetonitrile interactions in the TTM-nrg PEF, as discussed in Sec. 6.1.

5'
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Figure 6.12. a) Free energy along the Z Hp-O—O angle for Z},, and Z} , b) free energy

gas>

Free Energy (kcal/mol)
Free Energy (kcal/maol)

along the dihedral angle of the Z* flanking-H-O-H bisectors for Z; , and ZJ,, c) a typical
7., structure shown with flanking-HOH bisectors (black arrows) and one Hp-O—O angle, d) a

typical thzs structure shown with flanking-HOH bisectors and one HF-O—O angle, e) the same

Z.., structure as in panel ¢ showing its flanking-HOH bisector-oxygen-oxygen-bisector angle, )

the same Z;as structure as in panel d showing its flanking-HOH bisector-oxygen-oxygen-bisector
angle.

Fig. 6.12b shows the FE along the Zundel flanking-HFr—O—Hp
bisector—oxygen—oxygen—bisector dihedral angle (which we refer to as “the bisector
dihedral”) in Z/, and Z;as. This angle is defined such that a dihedral angle of 0° corresponds
to both flanking-water units oriented in the same way (bisectors parallel), while an angle of
+180° corresponds to the two flanking-water units oriented away from each other (bisectors

antiparallel). Note that this dihedral angle can interconvert between 0° and 180° (or any two
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angles, ¢ — ¢ + 180°) via the “umbrella” (inversion) motion[237] (as occurs in H30™) without
traversing any intermediate angles. Due to the symmetry of the Zundel ion, this coordinate is
(on average) symmetric around 0° and +180°. The same Z.,, and Z;,; configurations shown
in Fig. 6.12c and Fig. 6.12d are reoriented in Fig. 6.12e and Fig. 6.12f, showing their bisector
dihedral angles. Note that the black arrows in Fig. 6.12e and Fig. 6.12f show the components of
the bisectors perpendicular to the O—O axis for clarity.

Fig. 6.12b shows that the FE of Z;_as along this coordinate has minima at around £111°,

and maxima at £180° and 0° having energies of around 0.2 and 0.8 kcal/mol greater than the

minima, respectively. For Z . . there are maxima at +=180° and 0° as well, but the maximum at

acn?

0° is smaller than that of Z

4en» 0€INg around 0.4 kcal/mol above the minima, and the maximum

at =180 is substantially larger, having FE around 5 kcal/mol above the minima (although there
was very little sampling of large Z, bisector dihedral angles in our simulations). The FE of the
7., bisector dihedral angle has minima around +37.8°. While the Z;as bisector dihedral FE
is relatively flat, particularly for angles > 100° and < —100, for which the two bisectors are
oriented away from each other (Fig. 6.12f), the presence of acetonitrile solvent leads to greater FE
at larger angles, effectively restricting Z, to have bisector dihedral angles close to the minima,

with the bisectors oriented in similar directions (Fig. 6.12e). Like the effect of the Hr —O—O FE,

the bisector dihedral FE compresses 7, (again due to the effects described in Sec. 6.1). This

+

difference also results in larger FE curvature along the Z .,

bisector dihedral angle, which is
reflected in the vibrational spectra of the Hr (wagging) latitudinal modes (Sec. 6.2.4).

Fig. 6.13 shows the acetonitrile-Zundel N—O, and N—H* radial distribution functions
(RDFs) from our simulations.

The narrow peak centered at 2.5 A and the broad peak centered around 4 A in the N—O
RDF are both predominantly due to acetonitrile molecules bound to the Zundel ion Hf via
their nitrogens, with the former peak corresponding to N bound to the O in the N—O distance

calculation, while the latter peak corresponding to N bound to the other O. This assignment can

be made from considering the N—O—O and N—O—HF radial-angular distribution functions
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Figure 6.13. N—O and N—H* RDFs.

(RADF), shown in Figs. 6.15a and 6.15c.

Figure 6.14. Example RADF schematic.

Note that the RADFs in Fig 6.15 are shown in a logarithmic scale so that the outer

solvation structure can be visible. The RADFs in Figs. 6.15a and 6.15¢ correlate the acetonitrile-

Zundel N—O distance with the acetonitrile-Zundel-Zundel N—O—O and N—O—Hpr angles,

respectively. In other words, these plots correlate the position of the acetonitrile-N relative to

the Zundel ion with the orientation of the Zundel ion relative to the N. For example, N—O—O

angles of 0° or 180 indicate that the N lies on the O—O axis, with an angle of 180 indicating
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Figure 6.15. Logarithmic scale radial-angular distribution functions: a) N—O—-0O, b) C,,—0—-0,
¢) N—O—Hp, d) C,,—O—Hf RADFs.
that the N is closer to the Zundel-O used in the N-O distance calculation, while an angle of 0°

indicates that N is closer to the other Zundel-O.
Fig. 6.15a shows that the peak at 2.5 A in the N—O RDF corresponds to N—O—O angles
between 80—120° with a maximum around 100°, which corresponds to the most probable Zundel

O—O—HpF angle (Fig 6.12a). The N—O—Hfr RADF in Fig. 6.15¢ shows that this peak appears
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at two different N—O—Hp angles, one between 0-30°, and the other between 80-120°. The
peak around 0 confirms that the acetonitrile-N binds to the Zundel-Hf, lying colinear with
the corresponding Zundel O—Hpf axes. The second peak corresponds to N bound to the other
Zundel-HF on the same Zundel-O (hence they have the same N—O distance). An example of
what this coordination might look like can be seen in Fig. 6.16, which shows an image taken

from our simulations.

Figure 6.16. Example coordination of acetonitrile molecules to the Zundel ion from our simu-
lations. Highlighted molecules shown in stick and ball representation, surrounding molecules
shown as lines. Black dotted lines representing coordination shown for clarity.

The high-density feature between 3-5 A and between 20-60° in Fig. 6.15a shows that the
broad peak in the N—O RDF centered around 4 A is predominantly due to acetonitrile molecules
bound to Hr on the (other) Zundel-O which is not used in the N—O distance calculation (this
can be confirmed from the law of cosines, assuming an O—O distance of around 2.5 A). Again,
Fig. 6.15¢ shows that this feature is split into two peaks (between 60-90°, and between 120-1507)
due to the two Hr bonded to that oxygen. Note that this correspondence between the first two
peaks in the N—O RDF is consistent with the single broad peak in the N—H* RDF (Fig. 6.13) at

around 3 A, which is not split due to the Zundel-H* lying between the two Zundel-O.
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While this second peak in the N—O RDF is predominantly due to acetonitrile molecules
bound to the other Zundel-O, a closer inspection of the regions around N—O distances of 4 A in
the RADFs reveals that there is some acetonitrle-N density which corresponds to acetonitrile
molecules that are not directly bound to Zundel-Hp, in particular, at N—O—QO angles greater
than 160°, and at N—O—Hp angles greater than 150°. This density corresponds to acetonitrile
molecules near, but not strongly-bound to the Zundel ion. Density with N—O—O angles greater
than 160° is due to acetonitrile molecules roughly colinear with the O—O axis (note that the
density around 6 A with N—O—O angles less than 20° correspond to acetonitrile in the same
region on the other side of the O—O axis). Density with N—O—Hpf angles greater than 150°
correspond to acetonitrile molecules on the oxygen-side of the Zundel O-Hr bonds, which is
better understood when considering the acetonitrile-Zundel C,,,—O, and C,,—H* RDFs shown in

Fig. 6.17, as well as the C,,—O—O0O and C,,—O—Hr RADFs shown in Fig. 6.15b and 6.15d.
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Figure 6.17. C,,—0 and C,,—H* RDFs.

The C,,—O RDF has a broad feature between 3—4.5 A and a sharp peak at around 5
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A, and two more broad features from 5.5-7 A and between 7-10 A. The C,,—O—Hr RADF
(Fig. 6.15d) shows that the feature between 3—4.5 A has a large contribution from C,, with
C,,—O—Hpf angles greater than 150° (with a maximum around 170°), corresponding to C,,
residing on the oxygen-side of the Zundel O-Hp bonds. As is shown in Fig. 6.12b, Z7} tends to
have a (staggered) cis-like conformation, with both flanking-HOH bisectors oriented in similar
directions. This, in combination with the fact that the Zundel ion in solution tends to have
HrF—0—0 angles around 100 results in a net Zundel dipole moment perpendicular to the O—O
axis (and parallel with the approximate Zundel C; axis), which allows the acetonitrile methyl-H
to weakly bind to the Zundel-O, opposite the corresponding Zundel-Hf, with C,,—O—HF angles
greater than 150°, and C,,—O distances around 4 A. An example of what this coordination might
look like is shown in Fig. 6.16. It should be noted that this is likely an artifact of the TTM-nrg
model, as discussed in Sec. 6.1.

Furthermore, the O—N—C,,, RADF shown in Fig. 6.18 correlates the orientation of the
acetonitrile molecules relative to the Zundel with the O—N distance, with an O—N—-C,,, angle of
0 corresponding to the C,, oriented toward the O, and an angle of 180° corresponding to the N
oriented toward the O. This RADF shows that virtually all of the density in the first two peaks
in the N—O RDF is due to acetonitrile with the N oriented toward the O (having O—N—-C,,
angles greater than 100?), but density at greater N—O distances do include contributions from
acetonitrile molecules with C,, oriented toward the Zundel-O. Note that coordination of the
methyl-H to the Zundel-O will usually not have O—N—C,,, angles close to 0° (or equivalently,
O—C,,—N angles close to 180), since the acetonitrile H-C,,—N angle tends to be around 110°.

The N—H* and C,,—H* RDFs offer a slightly different perspective than the N—O and
Cn—O RDFs, but are difficult to interpret due to the dipolar structure of Z}_,,. These RDFs are
better interpreted when correlated with the N—H*—C; and the C,,—H*—C, angles, where C,
is taken to be the approximate C, axis of the Zundel ion oriented toward the Hr, as shown in

Fig. 6.8d, such that angles of 0° correspond to N or C,, lying on the Hg-side of the Zundel ion,

and angles of 180° correspond to N or C,, lying on the oxygen-side of the Zundel ion. These
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Figure 6.18. Logarithmic scale radial-angular distribution functions: a) O—N—C,, RADF;
b)O—-C,,—N RADFE.

RADFs show the acetonitrile molecules coordinated to the Zundel Hy through their N (the two
maxima correspond to the two Zundel-O) at N—H* distances of around 3 A and N—H*—C,
angles below 1007, as well as the outer-solvation structure beyond N—H* distances of 5 A.
Additionally, the acetonitrile molecules lying on the oxygen-side of the Zundel appear as density
between 3.5-5 A and angles greater than 120°. Larger density of C,, than N in this region agree
with the assessment that acetonitrile molecules weakly bind to the Zundel-O through their methyl

groups.

6.2.4 The Dynamics of the Zundel Ion in Acetonitrile in TTM-nrg
Simulations
Fig. 6.20 shows a comparison of the IR spectrum of Z/_, (but not including contributions
to the spectrum due to the dipole moment of the solvent) calculated with four different repre-
sentations of the Zundel ion dipole moment from the same trajectories. All peaks in the two 1B
spectra (the dotted curves in the figure) are centered at around the same frequencies apart from

the region from around 800—1400 cm ™!, This part of the spectrum includes parts of the signal
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Figure 6.19. Logarithmic scale radial-angular distribution functions: a) N—H*—C;-axis; b)
C,,—H*—C,-axis RADFs.

due to the motion of the shared proton. The differences between the 1B point charge and 1B
DMS spectra result from changes in the electronic structure (and hence the charge distribution)
of the Zundel ion due mostly to motions of the shared proton which are not captured by fixed
point charges.

The 1B + induction spectra (the solid curves in Fig. 6.20) are nearly identical to the
corresponding 1B spectra with two exceptions: (1) reduced intensity and splitting of the flanking-
OH stretch peaks above 3400 cm~! in the 1B + induction spectra compared to in the 1B spectra;
(2) the appearance of a broad feature between 3000-3400 cm ™! in the 1B + induction spectra
due to the dipole-polarizabilities of the Zundel ion “reporting” on the C-H stretching vibrations
of the acetonitrile methyl groups. Fig. 6.21 shows that this feature in the 1B + induction Zundel
spectrum has a similar frequency to the acetonitrile C-H stretch vibrations.

Fig. 6.22 shows a comparison between the IR spectrum of Z},, and Zgas. It should be
noted that nuclear quantum effects have been found to be important in simulating the Z;as IR

spectrum, even at room temperature[268], but we show it here for the sake of comparison. One
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Figure 6.20. Z™ (in acetonitrile) IR spectra: comparing dipole moment models.

notable difference between the two spectra is the redshift of the flanking-OH stretch frequencies

of Z+

+en compared to those of Z],, due to the interactions of the acetonitrile molecules bound

gas?

to the Zundel Hf (as described in Sec 6.2.3), which effectively weaken the Zundel O—Hp
bonds. A similar effect can be seen in the redshifting of the OH stretch frequencies in liquid
water compared to gas phase water due to strong hydrogen bonding interactions between water
molecules. Additionally, the broad feature between 3000-3400 cm~! in the Z;}., IR spectrum

(described above) does not appear in the Z;S spectrum since there are no acetonitrile molecules

in the gas phase simulations. Another difference between the two spectra is the larger IR

absorption of the flanking-HOH bending mode (at around 1800 cm™!) for Z;as compared to

+

7., Interestingly, the (unnormalized) velocity power spectra shows that the Z,, asymmetric

acn*

flanking-HOH bending intensity is larger than that of Z, indicating that the larger IR absorption

gas’

in the gas phase is due to larger changes in the dipole moment due to this vibrational mode in
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Figure 6.21. Comparing Z" (in acetonitrile) and acetonitrile IR spectra to identify peak from
induced part of Z" spectrum.

Z;as compared to Z;,,,, which is likely due to differences in the Hr—O—O angle (and possibly
the flanking-HOH-bisector dihedral angles) between the two systems.

Fig. 6.23 shows the comparison between the experimental IR spectrum[2] and our
calculated IR spectrum. As can be seen, many of the experimentally observed band centers
are recovered in our calculations, although the intensities differ substantially. Additionally, the
calculated spectrum fails to reproduce the widths of many features. In addition to the lack
of nuclear quantum effects in our simulations, the large differences between the experimental
and calculated spectra are likely in large part due to inadequacies of the TTM-nrg potential as
described in Sec. 6.1. Additionally, the presence of additional water molecules in the experimental

solution may also lead to differences between the two spectra.

Fig. 6.24 shows the velocity power spectra of Z/., and Z;as. Comparison with the
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Figure 6.22. Comparison of the DMS + induction IR spectra of Z,

¥ acn
Ly

with DMS spectrum of

corresponding IR spectra (Fig. 6.22) gives a rough picture of the relative importance of the

vibrational power compared to the change in the dipole moment on the IR spectra. For example,

+

cas IR spectrum centered around 1100 cm !

this comparison shows that the large signal in the Z
(due to the PTC mode) involves a large change in the Z . dipole moment, since there is only a

gas

weak signal at this frequency in the Zz,'as power spectrum.

As was discussed in section 6.2.3, Figs. 6.12a and 6.12b show that the Zundel ion
conformation is constrained in the presence of the acetonitrile solvent (an artifact of the TTM-nrg
model, as discussed in Sec. 6.1). In particular, Fig. 6.12b shows that the flanking HOH-bisector

dihedral angle tends to be localized within £100°, resulting in a (staggered) cis-like conformation,

while Z+

gas

(at 298.15K) is far more flexible (since the FE profile is relatively flat, with the largest
barrier being around 1 kcal/mol at an angle of (), but tends to assume a trans-like conformation
with dihedral angles greater than 100°, or less than —100°. Additionally, Fig. 6.12a shows that
the Hr—O—O0 angle of Z_, tends to be smaller than in the gas phase, making the umbrella

inversion motion[237] much less likely. Because of these effective constraints on the flexibility

of the Zundel ion due to the solvent, it is reasonable approximation to assume that the Zundel ion
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Figure 6.23. Comparison of the DMS + induction IR spectra of Z,, with experimental IR
spectrum. The experimental IR spectrum was taken from Fig. 1c in Ref. 2, reproduced with the
WebPlotDigitizer.[3]

(in acetonitrile) belongs to the %, point group, which allows us to (approximately) decompose
its vibrational modes (Sec. 6.2.2) by their irreducible representations.

Fig. 6.25 shows the decomposition of the Zundel (in acetonitrile) velocity power spectrum
into the A (blue lines) and B (orange and green lines) irreducible representations of its flanking
hydrogen radial (stretching), latitudinal (bending and rocking), and longitudinal (twisting and
wagging) modes (in panels a, b, and c, respectively), and its shared proton modes (Fig. 6.25d)
along the PTC, and perpendicular to the PTC. Note that the two directions perpendicular to
the PTC are decomposed into the direction parallel to the (approximate) C, axis (belonging
to the A irreducible representation), and perpendicular to both the PTC, and to the C; axis
(belonging to the B irreducible representation). Motion along the PTC belongs to the B irreducible

representation because it has a character of —1 upon C; rotation. It should also be noted that each
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Figure 6.24. Comparison of the total velocity power spectra of Z;., with Zgas.

of the six flanking hydrogen mode types (symmetric stretching, asymmetric stretching, bending,
rocking, twisting and wagging) has one mode for each irreducible representation. Fig. 6.25 also
shows decompositions of the velocity power spectrum of Z;as at 298.15 K in dotted lines. Since
the Zundel ion is not constrained in the gas phase as it is in solution, we do not decompose the
Hr Z;as spectra into irreducible representations, but we do decompose the H* modes, shown in
blue, orange, and green dotted lines (Fig. 6.25d). The power spectra do not show any significant
features between 2000 and 3400 cm ™!, so this region is not shown in Fig. 6.25.

Comparing the power spectra of the shared proton modes to those of the flanking proton
modes for Z,, it is clear that both shared proton modes perpendicular to the PTC (solid blue and
orange lines) are coupled to longitudinal flanking hydrogen modes (those which have spectral
bands at the same frequencies, and belong to the same irreducible representation), namely, the
spectral bands with frequencies around 800 and 1500 cm~! having A symmetry, and bands with
frequencies around 700 and 1750 cm™~! having B symmetry.

The higher-frequency modes (around 1500 and 1750 cm~!) appear weakly coupled, with

relatively small Hr longitudinal components, but large H* components, while the lower-frequency
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Zn and Z, vibrational power spectra into a) Hr radial, b)

Hp latitudinal, ¢) Hr longitudinal, and d) H* modes. Each Hr mode type is further decomposed,
assuming %, point group symmetry of the Zundel ion, into A and B irreducible representations.
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modes (around 700 and 800 cm~!) appear more strongly coupled, but have slightly more Hf

longitudinal than H* character. With the Hr—O—O angles of the Z} . tending to lie around

acn

1007, the Hr longitudinal modes (twisting and wagging) translate the Hg in directions almost
parallel with the O—O axis. Thinking of the Zundel H*, one Hf, and the covalently bonded O
as a water-like unit, the coupling of the longitudinal Hr modes to H* modes perpendicular to
the PTC result in (mixed) bending, twisting, and rocking motions of the H* —O—Hf water-like

unit. Note that the Z/, longitudinal modes are blueshifted relative to the Zz_as longitudinal

modes due to the larger FE curvature along the Hr —O—O angle (Fig. 6.12a). Furthermore, the

Z!  higher-frequency H* modes perpendicular to the PTC mode (dotted blue and orange lines

gas

in Fig. 6.25d) appear completely decoupled from the Z . Hr longitudinal modes, which are

gas

apparently limited to frequencies below 1000 cm~!. We also point out that the low-frequency

Hp latitudinal (rocking) modes are blueshifted in Z,, relative to Zgas due to larger FE curvature

J’_

along the bisector-dihedral angle in Z, compared to Z

gas:*

The lower-frequency H* modes perpendicular to the PTC that appeared at around 700
and 800 cm~! for Z appear coalesced into one band, and redshifted to around 500 cm~! in

the thls spectrum (and actually form a continuum with the higher-frequency bands with nonzero

intensity in between). Again, the relative spectral shift of these longitudinal modes in Z;.,

compared to Z,

gas 18 due to differences in the FE curvature along the Hr —O—O angle between

the two systems (Fig. 6.12a). These low-frequency Z;, . H* modes appear coupled to longitudinal

gas

Hr motions, as well as latitudinal Hr modes, specifically, the rocking mode, all lying within the
same frequency range.

The H* PTC spectrum for Z|,, appears predominantly as a broad feature from around
1000 to 1300 cm !, centered at around 1100 cm™!, with a small tail extending to around 700

cm~!, and a more prominent tail extending to around 1900 cm~!. In the Z;as spectrum, this major

part of the PTC signal is broader, extending from 750 to 1300 cm ™!, and the peak maximum

J’_
acn

is slightly redshifted compared to the Z/. maximum, reflecting the larger curvature in the

O—O FE (Fig. 6.10). The center of the major Z/,, PTC band around 1100 cm~' doesn’t have

acn
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significant spectral overlap with the flanking hydrogen modes, although there is some overlap
between the shoulder on the red side of the PTC band and the peak in the longitudinal mode
with B symmetry just above 1000 cm~!. The high-frequency tail of the Z},, PTC spectrum
appears to overlap with features in the spectra for both the A and B components of the H*
motion perpendicular to the PTC, possibly indicating small couplings between these degrees
of freedom. Shared proton motions with opposing symmetries may be coupled despite the

symmetry mismatch simply because they correspond to motions of the same, single atom. The

high-frequency tail of the Z*. PTC band also extends to 1800 cm™!, possibly suggesting small

acn

+

gas

coupling to the asymmetric Hr (B) bending mode. In the Z_ . spectrum, the coupling between
H* PTC motions (dotted green line) and Hr bending motions are far more prominent, indicating
that the constraints imposed on the Zundel ion due to the solvent suppress this coupling. As
discussed in reference 262, motion of the H* along the PTC distorts the electronic structure
of the Zundel ion from having 02H5+ character to H3O™"-H;0, modulating the potential along

the flanking HOH bending (and wagging) motions, shifting the vibrational frequencies, which

results in the observed coupling.[262, 253, 269, 282]
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Chapter 7

Chemical Reactions: First Steps Toward
A Many-Body Valence Bond Model For
Aqueous Proton Transfer

7.1 Background

In MD simulations with MB-nrg PEFs, the monomer identities remain fixed throughout
the simulations. In terms of the electronic degrees of freedom, any assignment of monomer
identities (i.e. an assignment of covalent bonds between atomic sites belonging to the same
monomers) corresponds to some electronic state. Furthermore, for a given (fixed) configuration
of atomic sites, one can imagine many ways to assign covalent bonds, each one corresponding to
its own electronic state (most of which would be excited states). From this perspective, chemical
reactions involving the breaking and forming of covalent bonds can be thought of as the coupling
between two or more of these electronic (covalent bonding) states, with the reaction intermediates
corresponding to superpositions between the states. This is the general idea behind the empirical
valence bond (VB) models.[283, 284, 220, 222, 224, 225, 231, 238] The empirical VB approach
was pioneered by Mulliken,[283] applied to modeling enzyme reactions,[284] and later extended
to a multi-state model for describing aqueous PT.[220] We set out to adapt the VB approach into
the MB-nrg methodology in order to model aqueous PT with the accuracy of the MB-pol PEF,

and is correspondingly referred to as MB-VB.
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The first component needed to construct any VB model is a non-reactive PEF describing
any possible covalent bonding state for the system of interest. This non-reactive PEF in the
MB-VB model is represented by a typical MB-nrg PEF, although the fitting procedure will
need to be adapted to overcome some complications due to the fact that the PEF must describe
high energy electronic (covalent bonding) states, as we will see below. The coupling of these
bonding states will allow for the rearrangement of covalent bonds in an MD simulation. Due to
the parallels of the VB approach to the treatment of non-adiabatic dynamics within the diabatic
representation,[8] the bonding states in a VB model are referred to as diabatic states (DS). The
DSs collectively form a basis (in practice, a basis approximation) of the VB Hilbert space, from
which we may construct a matrix representation of the VB Hamiltonian for our system, the
eigenstates of which (formed from superpositions of the DSs) are referred to as adiabatic states,
with the lowest energy adiabatic state corresponding to the electronic ground state, which is used
as the Born-Oppenheimer PES in molecular dynamics simulations. For a given configuration
of atomic sites, the binding energies of each DS, obtained from the non-reactive PEF, will
correspond to the diagonal elements of the matrix representation of the VB Hamiltonian in the
basis of the DSs.

The next component needed is a state search algorithm which is able to identify all
important (low energy) DSs in a fixed configuration of atomic sites for each MD time step. In
(acidic) simulations of one excess proton dissolved in an N water molecule system, each DS
will contain one H3O" monomer, and N — 1 water monomers (disregarding auto-ionization
of two water molecules into OH™ and H;O™). In (basic) simulations of one absent proton
(sometimes called a proton “defect”) in an N water molecule system, each DS will contain one
OH™ monomer, and N — 1 water monomers. In principle, all possible DSs (covalent bonding
connectivities) may be obtained to construct the VB Hamiltonian, but in practice a relatively
small subset of DSs are needed.

In particular, for each MD time step, the state search algorithm first identifies one

(or more) candidate(s) for the lowest energy DS, referred to as “pivot” states. For N,, water
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molecules, Ny H30% ions, and N_ OH™ ions (and N = N,, + N, +N_ oxygens), there are
(n.) (YA) B4+ 2N, + N-) 1/ ((3)N+(2!)M (1)) possible DS (i.e. ways to assign hydro-
gens to oxygens), so the pivot states are usually identified by geometric criteria (e.g. minimizing
OH bond lengths), rather than evaluating the PEF on all possible DSs. After obtaining the
pivot states, the algorithm identifies all DSs which must be coupled to the pivots in the VB
Hamiltonian, and subsequently, all DSs which must be coupled to the DSs coupled to the pivots,
etc.. Within the VB model for aqueous PT, a pair of states are coupled when they differ by
exactly two covalent bonds (i.e. the two states can be seen as the reactant and product, or vice
versa, due to a single PT event). The DSs which are directly coupled to a pivot can be seen as
belonging to the “first solvation shell” around the pivot, and DSs coupled to those DSs belonging
to the second solvation shell around the pivot, etc.. It has been found that the VB Hamiltonian
for one excess proton in water can be constructed from DSs in the first three solvation shells
around the pivot in order to conserve the energy in MD simulations.[231]

The final component needed for a VB model is the coupling potential between pairs of
DSs, which correspond to the off-diagonal matrix elements of the VB Hamiltonian in the basis
of the DSs. As a first approximation, the coupling potential can be fitted to reproduce the ground
electronic state (binding) energy of the relevant dimer (i.e. the HO and H30" which differ by
two covalent bonds between the two coupled DSs in the case of the excess proton). Additionally,
one can include effects due to the solvent in the parameterization of the coupling potential.[220]

Once the PEFs for the DS energy and the coupling potential and the state search algorithm
are obtained, the Hellman-Feynman theorem is used to determine the forces used to propagate

the molecular dynamics.[220]

72 MB-VB

In the context of the VB method, each DS for a given nuclear configuration corresponds

to an electronic state with well-defined monomer units. For example, in a symmetric Zundel ion
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configuration (Sec. 3.3), the two lowest energy DSs correspond to the electronic states having
well-defined H30" and H,O units, with the shared proton being covalently-bonded to exactly
one oxygen in each DS (Fig. 7.1), while the (adiabatic) ground electronic state can be seen as
having two equivalent covalent-like bonds between the shared proton and each oxygen (i.e. a
3-center 4-electron bond).[112, 113, 114] From this perspective, the DSs can be thought of as
electronic states with limited (electronic) charge transfer (CT) between the defined monomer
units. For example, each Zundel DS can seen as an electronic state that lacks the CT from the
water-monomer oxygen to the shared proton.

Although there is no single, unique way to define VB DSs,[285] the development of

model DS PEFs should follow the following ideas:

1. For all possible nuclear configurations of the system, all DSs must have larger binding
energies than the adiabatic ground state.

2. For configurations characterized by ambiguity in monomer unit definitions (for exam-
ple, the symmetric Zundel ion), the adiabatic ground state wave function must be well-
approximated as a linear combination of the relevant DS wave functions.

3. For configurations characterized by non-ambiguous monomer unit definitions (for example,
H30™" and H,O separated by a large distance), the adiabatic ground state should be well-

approximated by the lowest energy DS alone (i.e. the coupling should close to zero).

The first two points follow directly from the basic idea of the VB method, which defines
the adiabatic ground state energy as the lowest eigenvalue of the VB Hamiltonian in the basis of
the DSs for any given nuclear configuration. The third point follows from the interpretation of the
DSs as being defined by well-defined covalent bonding connectivities, and hence well-defined
monomer units. This third point is illustrated in the cartoon plot in Fig. 7.1 in which the adiabatic
ground state energy (shown in the black dotted curve) converges to each of the DS energies
(the solid red and blue curves) for values of the reaction coordinate far from the transition state

(where the DS energies cross).
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(reaction) coordinate

Figure 7.1. Cartoon depicting the bonding connectivity of the two lowest energy diabatic states
(enclosed in the red and blue boxes), and the adiabatic ground state (enclosed in the black box)
of the Zundel ion (shown to be slightly asymmetric), and a cartoon plot of the diabatic state
energies, €1 (x) and & (x), along the PTC (used as a reaction coordinate) shown as solid red and
blue curves. The ground adiabatic state energy, Eo(x), is shown as the black dotted curve on the
same axes.

In our MB-VB approach, we model the DS energy with a typical MB-nrg PEF (Sec. 5.1).
In particular, the 1B monomer distortion potentials and long-range (TTM-nrg-like) potentials
are obtained in exactly the same manner as in any other non-reactive MB-nrg PEF, while the
diabatic character of the PEF is contained in the PIP component of the 2B PEF. It is important to
note, however, that high energy DSs identified by the VB state search algorithm will have highly
distorted monomers, so the 1B training sets must include sufficiently distorted monomers (for
example, H30™ and H,O monomers with large O—H distances) so that the 1B PEFs do not need
to extrapolate. Therefore, the biggest uncertainty in how to develop an MB-VB model is in the

2B DS PEF fitting procedure.
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With the intent of developing a DS PEF that remains close to the adiabatic ground
state PES, we initially attempted to fit the model directly to the adiabatic (reference) energies.
Using the Zundel 1B training set used in Chapter 6, we permute the atomic coordinates of each
configuration from the O,Hs ordering into an OH30H; ordering, such that each hydrogen is
paired with the closest oxygen (i.e. minimizing the sum of the O—H distances). In terms of the
cartoon plot in Fig. 7.1, this OH30OH, training set only includes DS 1 (red) configurations with
negative x values (on the left-hand side of the x-axis), or equivalently, DS 2 (blue) configurations
with positive x values. In other words, this initial training set only includes configurations
representing the low energy DS. The test set was permuted in the same way.

A 2B MB-nrg PEF, based on monomial connectivity graphs (Sec. 5.1.10), was fitted to
the reference (adiabatic) 2B energies for the training set, resulting in a model that reproduced
the test set reference (adiabatic) 2B energies with an RMSD of 0.29 kcal/mol (see Table 5.1).
However, despite the apparent accuracy of the model for the low energy DS configurations,
this fitting procedure ignores the high energy DS region of configuration space, leading to a
serious PIP extrapolation problem (Sec. 5.1.9). High energy DS configurations are characterized
by a shared proton that is closer to the water oxygen than the H;O" oxygen, which results in
overly attractive electrostatic and dispersion energies from the long range potential. Without any
high energy DS representation in the training set, the behavior of the 2B PIP is uncontrolled
(i.e. extrapolating) in these configurations, and can be overpowered by the electrostatics and
dispersion. As a result, many of these configurations are evaluated to be lower in binding energy
than the adiabatic ground state. One example of this extrapolation problem is shown in Fig. 7.2
for a simple rigid scan along the PTC, with the DS 2 curve (the orange dotted line) crossing
the adiabatic ground state curve (the solid black line) for several configurations with negative
PTC. More extreme examples were also found in the training set. It should be noted that the
convergence of each DS curve to the adiabatic ground state curve on either side of the plot
illustrates the accuracy of the DS PEF in the low energy DS regions of configuration space.

Based on these results, it is clear that the high energy DS region of configuration space
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Figure 7.2. Example of the DS PEF extrapolation problem for the protonated water dimer on
a rigid scan along the PTC. Blue and orange dotted lines show the binding energies of DS 1
and DS 2, respectively, for the model PEF described here, while the solid black line shows the
reference adiabatic ground state binding energy. Due to the extrapolation of the DS PEF PIP, the
orange curve crosses the black curve, indicating that the DS 2 binding energy is more attractive
than the adiabatic ground state energy, violating the requirement that the ground state energy is
the lowest possible energy.

must be represented in the training set in order to force the DS PEF to satisfy the requirement
that all DS binding energies must be higher than the adiabatic ground state binding energies for
any given nuclear configuration. In order to obtain reference energies for the entire configuration
space (for high energy and low energy DS configurations), we return to the idea that DSs are

defined by some limitation in the CT between monomer units.
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7.2.1 Model DS PEFs Based on ALMO-EDA Charge Transfer Energies

One approach to defining VB DSs in terms of CT-free electronic states is in the use
of constrained DFT (CDFT).[285] Given a set of user-defined monomer units and associated
monomer charges, CDFT partitions space into regions for each monomer, and solves the Kohn-
Sham equations for the system under the constraint that the electron density within each region
corresponds to the user-defined monomer charge.[127] As discussed in Chapter 4, another
approach to defining CT-free electronic states is through the use of the ALMO-EDA polarized
state. Based on the analysis in Ref. 127 we choose to define DSs in terms of the ALMO-EDA
definition of CT.

We took the Zundel 1B training set, identified the shared proton, H*, in each configuration
by minimizing the sum of the O—H* distances, i = argmin, || X 1) — Xg| |2 + || X o2 — Xz |2
(where X denotes the position vector of a given atom, and i labels the five Zundel hydrogens).
We then created two DS training sets with the atoms permuted for the low energy and high energy

1) (2)
DSs, i.e. atom orders: O(')Hgo )H*O(Z)Hgo )

2
and Héo ) denote the two flanking hydrogens bound to O and O, respectively). Note that

and OPHL " H-OWHL") (where H®"

these two training sets (for DS 1 and DS 2) correspond to the same nuclear configurations (and
therefore the same adiabatic ground state), but have different assignments of monomer units (the
first ordering defining O to be the H;0™ oxygen, and the second ordering defining 0@ to be
the H3O™" oxygen), resulting in different values of the associated ALMO-EDA CT energies. The
two DS training sets correspond to negative and positive PTC values, respectively, with the intent
of separating the low energy DS configurations from the high energy DS configurations into their
own training sets, although this assumes that the sign of the PTC determines the DS binding
energy, which is not strictly true, in general.! Logarithmic scale histograms of the ALMO-EDA
CT energies (0B97M-V/aug-cc-pVTZ) with respect to the reference (adiabatic ground state)

binding energies and the PTC for these two DS training sets are shown in Fig. 7.3. Note that

IThe use of the difference in total 1B energy, or the difference in CT energy, between two DSs may be a more
useful reaction “coordinate,” however we simply use the geometric PTC as a reaction coordinate here for simplicity.
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negative PTC (roughly) corresponds to the low energy DS, hence the CT energies tends to O with
decreasing PTC as the monomer unit definitions become less ambiguous, with the low energy

DS binding energy converging to the adiabatic ground state binding energy.

3.5
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Figure 7.3. Logarithmic scale histogram (calculated as: z(x,y) = log;o(h(x,y) + 1)) of the
ALMO-EDA CT energy with respect to the reference (adiabatic ground state) binding energy
and the PTC for all configurations in the Zundel 1B training set. Note that in PTC histogram,
negative PTC values represent the low energy DS, hence the CT energies converge to O as the
PTC becomes more negative.

In the interest of making the coupling potential close-range and small in magnitude,
we introduce a model DS binding energy potential, VBg, model (X, x), defined by subtracting the
ALMO-EDA CT energy, Ect(X,x), scaled by a switching function, s(x), from the adiabatic
ground state binding energy, VBE, adiabatic (X), Where VBEg, adiabatic (X) only depends on the nuclear
configuration, X, but not the monomer definitions, the switching function, s(x), depends on
the PTC, x, but not X, and Ect(X,x) depends on the nuclear configuration, X, as well as the
monomer definitions which we can imagine being parameterized by the PTC, x (although the
PTC is not directly used in the calculation of the ALMO-EDA CT energy). This model DS

binding energy is defined as:

VBE, model (X, X) = VBE, adiabatic(X) — (s(x) Ect(X,x)) (7.1)
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with the switching function, s(x) defined as:
c c
s(x) = 3 tanh(ax —b) + 3 (7.2)

Here, the switching parameter, a (taken to be non-negative), corresponds to the steepness of the
curve, parameter, b, corresponds to the x-value of the inflection point (the center of the curve),
and ¢ corresponds to the asymptote in the limit of large x, while the asymptote in the limit of
small x remains O (switched off) for positive values of a. Note that parameters a =0, b = 0,
¢ =2 correspond to s(x) = 1 for all x, and makes the model binding energy simply equal to
VBE, adiabatic (X) — EcT(X,x). Examples of the shape of the switching function for a few values
of switch parameters a and ¢ are shown in Fig. 7.4 (panels a, c, e, g, and 1).

Having computed the reference adiabatic ground state binding energies as well as the DS
1 and DS 2 CT energies for each configuration in the Zundel 1B training set, we can compute the
exact coupling potential values, v (X, x), for the 2-state VB model for each parameterization of
our model DS binding energy potential (Eq. 7.1) through the secular equation for 2-dimensional

real symmetric (Hermitian) matrices:

—_

vio(X,x) = [(&1(X, —x) — Eo(X)) (&2(X, x) — Eo(X))]2 (7.3)

where € (X, —x) and & (X,x) correspond to the DS binding energies for DS 1 and DS 2, re-
spectively, (i.e. the diagonal matrix elements of the 2-state VB Hamiltonian in the basis of the
two DSs), and are calculated as Vg, model (X, x) from Eq. 7.1 (with the dependence on —x and
x emphasizing that the two DSs have the same PTC magnitudes, but with opposite signs), and
Eo(X) = VBE, adiabatic (X, X) is the reference adiabatic ground state binding energy. Note that

substituting equivalent terms, and using the definition of €(X,x) = Vg, mode1(X,X) (Eq. 7.1), we
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can simplify Eq. 7.3 as:

D=

vi2(X,x) = [s(—x)Ecr(X, —x)s(x)Ect(X, x)] (7.4)

with Ect(X, x) and Ect(X, —x) corresponding to the ALMO-EDA CT energies for the low energy
and high energy DSs, respectively. Note that Eq. 7.4 doesn’t depend directly on Ey(X), due to
the fact that the dependence of the reference adiabatic ground state energy on the eigenvalues of
the VB Hamiltonian are localized in the diagonal matrix elements, defined by Eq. 7.1, while the
dependence on vy, is implicit.

Logarithmic scale histograms of v (X, x) with respect to the PTC for a few different
switching function parameterizations are shown in Fig. 7.4 (panels b, d, f, h, and j) along with
plots of the corresponding switching functions. Note that panels a and b correspond to the model
where no switching function is used at all (with switch parameters a =0, b =0, ¢ = 2). From
these histograms, it can be seen that increasing switch parameter, a (the steepness), reduces the
tail of v15(X,x) in the limit of large magnitude PTC (x), while switch parameter, ¢ (the large
PTC asymptote), reduces the magnitude of v, (X, x).

From these histograms, it seems that the switching function with large a and small ¢
result in a model DS PEF that is close-range and small in magnitude. However, preliminary
applications of our VB model to the protonated water clusters studied in Sec 3.3 seem to indicate

that higher accuracy is achieved through small a and large c.

7.2.2 Preliminary Tests of MB-VB on Protonated Water Clusters

Fitting an MB-nrg PEF to model DS energies in the form of Eq. 7.1 is challenging, but
appears possible.” However, in the interest of understanding the accuracy of the approach under

ideal settings, we do not attempt to fit PEFs to the DS energies, nor to the coupling potentials, and

2To ensure accuracy in the low energy DS region of configuration space, one might need to apply a weighting
function to the LLS cost function based on the PTC or some other reaction coordinate (possibly taking a form
similar to Eq. 7.2, but with a negative a parameter).
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Figure 7.4. Switching function plots (Eq. 7.2) for different values of a and ¢ parameters, and
logarithmic scale histograms (calculated as: z(x,y) = log;o(k(x,y) 4 1)) of the coupling potential
with respect to the PTC for each nuclear configuration in the Zundel 1B training set using the
model binding energy potential from Eq. 7.1 for each set of switching function parameters.
Panels (a) and (b) correspond to the model where no switching function is used at all. Note
that increasing switch parameter, a (the steepness), reduces the tail of v, in the limit of large
magnitude PTC, while switch parameter, ¢ (the large PTC asymptote), reduces the magnitude of

Vi2.
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instead construct the VB Hamiltonians from 2B energies taken directly from electronic structure
calculations supplemented with higher-body electrostatics from the long range H;O" —water
potential, and with the full MB-pol water potential (1B + 2B + 3B + higher-body electrostatics).

The procedure used is as follows. First, each cluster configuration is processed by the
VB state search algorithm, only considering states formed by PT between H3O™" hydrogens
and water oxygens at a distance of at most 1.8 A. Each DS found by the algorithm has a single
well-defined covalent bonding connectivity (Fig. 7.5), and is represented by an atom permutation
into an OH30OH,OH;... ordering. The total system 1B, total water-water 2B, and total system
higher-body (3B+) energy is evaluated for each DS (i.e. the total system binding energy without
any 2B H3O" —water energy contribution). Next, for each DS, all H3O" —water dimer binding
energies and ALMO-EDA CT energies are calculated with @B97M-V/aug-cc-pVTZ, and the 2B
interaction energy is computed with Eq. 7.1 (subtracting the total 1B distortion energy from the
resulting binding energy). The sum of the 2B H3;O" —water interaction energies for each DS
(from Eq. 7.1) are added to the total system 1B, water-water 2B, and higher body energy for the
corresponding DS, resulting in the VB Hamiltonian diagonal matrix elements (Fig. 7.5). Finally,
for each pair of DSs differing by two covalent bonds, the corresponding coupling (off-diagonal)
matrix element is computed by taking the relevant Ozng (Fig. 7.5), and evaluating Eq. 7.4 with
the two DS 2B H30" —water ALMO-EDA CT energies.

As mentioned above, we believe that the ideal MB-VB model would have coupling
potentials that are close-range and small in magnitude, with the low energy DS being a good
approximation to the adiabatic ground state without any coupling to the other DSs. In order to
test whether meeting these conditions yields the highest accuracy, we applied MB-VB models
with various sets of a and ¢ switching function parameters (with » = 0) to the protonated water
clusters listed in Table 7.1. This comparison also tests the sensitivity of the results with respect
to the model parameterization.

In more comprehensive future studies, it will be important to evaluate the accuracy of

the energy gradients (with respect to nuclear coordinates) of the MB-VB models, but in this
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Figure 7.5. Example VB Hamiltonian for H3O" (H,0)4 cluster 58 (Fig. 3.15) in kcal/mol using
Eq. 7.1 with switch parameters a = 0.25, b = 0.0, ¢ = 1.0. Covalent bond connectivities for each
DS are shown on the left, and dimers used in each coupling matrix element calculation are shown
on the right (gray molecules are not used in the calculations, and are only shown for context).

preliminary test, we simply evaluate the accuracy of the models in reproducing binding energy
differences between pairs of H30" (H,0),, conformers. Specifically: for each cluster size, n+ 1
(the number of monomers including H30™), we evaluated the MB-VB binding energy on each
H;07"(H,0),, conformer (conformers are labeled as Cl-("), indexed by 7). We then computed the
difference in MB-VB energies between each pair of conformers, and subtracted the difference in
reference binding energies for the same pair. The absolute values of these differences of binding
energy differences were summed, and the sums were normalized by dividing by the number
of pairs of (n+ 1)-monomer conformers, and by dividing by the number of monomers, n+ 1,

resulting in an error per monomer (per conformer pair). The errors for each cluster size were
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summed, yielding the total error shown in Eq. 7.5.

S|

Error = Z

n:3n+1

-1
Ny
rE () s
Ci(n) Cﬁn) 7éCi(n) 2
(7.5)
A = Vg, ret(C")) — Vi, rer(C")

AMBVE — Vap vp.ve(C)") — ViE, Mb-vB (CEn))

The relative energy errors with respect to @B97M-V/aug-cc-pVTZ reference binding
energies (calculated with Eq. 7.5) for several MB-VB model parameterizations are shown in the
heat map in Fig. 7.6. Based on these results, it appears that, on average, the highest accuracy is
achieved through a small a (steepness) parameter, and a large ¢ (asymptote) parameter. Deviations
of the MB-VB models from the reference binding energies for the tested sets of switching function
parameters for each individual protonated water cluster are shown in Figs. D.1— D.10. Deviations
from the reference binding energies for the MB-VB model defined by switch parameters a = 0.25,
b =0, and ¢ = 1 are listed in Table 7.1.

It is important to note that these preliminary tests use the MB-pol water potential for
all water 1B distortion energies, and 2B water—water and 3B water—water—water interaction
energies, which is fitted to CCSD(T) reference energies, and therefore may deviate slightly from
the @WB97M-V/aug-cc-pVTZ binding energies used here as reference values. In particular, the
error of 0.64 kcal/mol in the H3O(H,0) 2-mer shown in Table 7.1 is due entirely to errors in the
(total) 1B distortion energy, since we use @WB97M-V/aug-cc-pVTZ directly in our preliminary
MB-VB test calculations, specifically for the H;O—H,O 2B energies and v, coupling potentials.

Overall, this initial model shows that there is some potential in generalizing the MB-nrg

methodology towards VB models for simulating aqueous PT reactions with molecular dynamics.
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Figure 7.6. Heat map showing relative accuracy of MB-VB models compared to @B97M-V/aug-
cc-pVTZ reference binding energies with various sets of switching function parameters evaluated
on the protonated water clusters listed in Table 7.1. Errors are calculated with Eq. 7.5, and have
units of kcal/mol/cluster pair/monomer.
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Table 7.1. MB-VB binding energies (in kcal/mol) for some of the low-lying isomers of
H50%(H,0), clusters shown in Figs. 3.20 (panels a and b) and 3.15, and their deviations
relative to ®B97M-V/aug-cc-pVTZ binding energies. 2B H3O" —water energies evaluated
directly from ALMO-EDA using Eq. 7.1 with switch parameters a = 0.25, b = 0.0, ¢ = 1.0.

Cluster ~MB-VB binding energy  Deviation from wB97M-V/aug-cc-pVTZ reference

2-mer —34.06 0.64
3-mer —57.64 0.51
4-mer 8 —72.84 1.32
4-mer O —73.10 0.68
4-mer y —78.08 —0.33
5-mer 3 —86.32 1.51
5-mer O —-92.19 —0.20
S5-mer y —89.29 0.36
S-mer € —91.03 0.21
6-mer o —102.64 0.57
6-mer f3 —104.29 0.06
6-mer y —104.39 0.55
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Chapter 8

Conclusions

Here, we have demonstrated a number of decomposition schemes and related tools for
studying the fundamental components of many-body chemical systems, and applied them to
study systems such as gas phase aqueous clusters, lattice systems with many-body interactions,
the Zundel ion dissolved in acetonitrile, and protonated water. In particular, we have shown how
many-body energy decomposition analysis can illuminate the physical cause of cooperative inter-
actions in protonated and deprotonated water clusters, and introduced the concept of fragment
group decompositions to facilitate the analysis. Additionally, charge transfer energies obtained
from energy decomposition analysis were a critical component in our valence bond model
for aqueous proton transfer. Scaling relations for many-body energies in lattice systems were
developed through the extension of the fragment group decomposition. Design principles for
developing model potential energy functions within the TTM-nrg and MB-nrg frameworks were
outlined. Decompositions based on graph connectivity were shown to increase the computational
efficiency of permutationally invariant polynomials. Power spectrum decompositions were used
to analyze the vibrational properties of a model for the Zundel ion dissolved in acetonitrile. The
preceding work lays out many guiding steps for the development of improved decomposition

schemes for the use in many-body chemical applications.
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Appendix A

Electronic Structure Calculation Details

A.1 Protonated and Deprotonated Water Clusters

Each cluster was optimized at the RI-MP2[196, 197] level of theory with the aug-cc-
pVTZ[286] basis set using a gradient optimization-threshold of 1.0 x 107 a.u., an optimization
step-size of 1.0 x 107® a.u., and a gradient precision of 1.0 x 1078 a.u.

When calculating many-body energies, in order to guarantee chemical accuracy at all
orders, references energies for the individual MBE terms used in the analysis reported in Sec. 3.2
were calculated using the SAMBA method[46] described in Sec. 3.1.

The reference 2B interaction energies were computed at the coupled cluster with single,
double, and perturbative triple excitations, i.e., CCSD(T), level of theory[287, 288] extrapolated
to the complete basis set limit (CBS). The energies obtained with the augmented, correlation-
consistent triple (aug-cc-pVTZ) and quadruple (aug-cc-pVQZ) basis sets[286] were extrapolated

via the two-point extrapolation recommended in Ref. 46 for CCSD(T) calculations,

Exp —E} %
CBS _ pX HF HF —avX

ECBS _ YBEgorr_XﬁEg(orr

corr — YB —XB (AZ)

Here, the Hartree Fock (Eq. A.1) and correlation (Eq. A.2) contributions to the total CCSD(T)
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energy are extrapolated separately. In both equations, X denotes the lower-basis set cardinal
number (e.g., X = 3 for aug-cc-pVTZ), and Y denotes the upper-basis set cardinal, while o
and f3 are parameters that must be optimized for the given basis sets used in the extrapolation.
Following Ref. 289, the two extrapolations were carried out with o = 5.790 and 8 = 3.050,
respectively.

Additionally, it was found necessary to correct for the basis set superposition error (BSSE)
in computing all CCSD(T) reference energies. As discussed in Section 3.1, when using the
SAMBA method, multiple BSSE correction schemes can be used for different terms in the MBE.
Here, the reference 2B interaction energies were computed using K=2-centered CP corrections,
and the 3B interaction energies were computed at the CCSD(T)/aug-cc-pVTZ level of theory
using K=3-centered CP corrections. All reference energies for 4B and higher-order terms were
computed within the SSCP scheme at the explicitly correlated, CCSD(T)-f12b/aug-cc-pVTZ
level of theory.[290, 291]

To investigate the accuracy of different DFT exchange-correlation models in describing
many-body effects in OH™ —water interactions, calculations with the aug-pc-3[292] basis set were
performed with: BLYP,[103] PBE,[293] revPBE,[26] SCAN,[294] TPSS,[30] B3LYP,[295]
PBEQ,[34] revPBEO, M06-2X,[35] ®B97X-D,[296] and ®B97M-V [31] Excluding ®B97X-D
and @wB97M-V, all DFT energies were calculated with and without Grimme’s D3(0) empirical
dispersion correction (GD3),[297] so that the effect of the GD3 corrections could be evaluated
along with the corresponding functionals.

In the analysis of 3B interactions, we made use of the (1% generation) absolutely-localized
molecular orbital energy decomposition analysis (ALMO EDA) method,[136] including the
associated charge transfer analysis (CTA),[137] to dissect 3B interactions into individual, physical
contributions. All ALMO EDA calculations were performed with @®@B97M-V in combination
with the Karlsruhe def2-TZVPPD[298, 299] basis set. ®B97M-V was used because it yields,
on average, energies closer to the SAMBA reference data than any other functional tested (see

Secs. 3.2.4 and 3.3.4), and the def2-TZVPPD basis set because it is large enough to fully capture
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charge transfer (CT) effects, but still small to avoid inter-monomer-orbital linear-dependence,
which can lead to unwanted muddling between polarization (Ef5Y9) and CT (EAZM9) ALMO
EDA energy terms. The ALMO EDA method was devised in such a way that pairwise, directional
(monomer — monomer) E/é%M Y (AE/éI;M 0), and CT “electron reorganization” (AQcr), are well-
defined, even in clusters with more than two monomers.[136, 137]

All CCSD(T) calculations and RI-MP2 optimizations were carried out using MOLPRO,
version 2015.1.[300] DFT calculations were carried out with Gaussian 09[301] for all functionals

except revPBE, revPBEO, SCAN, and ®B97M-V, for which Q-Chem 4.4[302] was used.

A.2 Halide—Water Clusters

All X~ (H,0) dimers were optimized at the RI-MP2[196, 197] level of theory with the
aug-cc-pVTZ[286] basis set. Calculations involving Br~ and I~ used effective core potentials
with 10 and 28 electrons, respectively.[303] A threshold of 1.0 x 107 a.u., a step size of
1.0 x 1076 a.u., and a gradient precision of 1.0 x 10~ a.u. were used in all optimizations.

Reference interaction energies for all X~ (H,O) dimers were calculated at the explicitly
correlated coupled cluster level of theory, CCSD(T)-F12b,[290, 291] in the complete basis set
(CBS) limit that was achieved via a two-point extrapolation[304] between the values obtained
with the aug-cc-pVTZ and aug-cc-pVQZ basis sets,[286] using effective core potentials with
10 and 28 electrons[303] for calculations of clusters containing Br~ and I, respectively. All
CCSD(T)-F12b and RI-MP2 calculations were performed using MOLPRO, version 2015.1.[300]

See the next section for a list of the XC-functionals used.

A.3 Alkali Ion—Water Clusters

M*(H>0) and MT(H,0), (M = Li, Na, K, Rb, Cs) cluster structures were obtained
from MP2[305, 306] geometry optimizations using the aug-cc-pVTZ basis set[286, 307] for
water, the cc-pwCVTZ basis set[308] for Li and Na, and the cc-pwCVTZ-PP basis set[309] for
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K, Rb, and Cs using the ECP10MDF, ECP28MDF, and ECP46MDF effective core potentials,
respectively.[310] A threshold of 1.0 x 107® a.u., a step size of 1.0 x 107 a.u., and a gradient
precision of 1.0 x 10~% a.u. were used in all optimizations.

Reference interaction energies were computed at the CCSD(T)[311, 288] level of theory
in the complete basis set (CBS) limit using a two-point extrapolation[46] with the aug-cc-pVTZ
and aug-cc-pVQZ basis sets for O and H, the cc-pwCVTZ and cc-pwCVQZ basis sets for Li
and Na, and the cc-pwCVTZ-PP and cc-pwCVQZ-PP basis sets for K, Rb, and Cs, using the
ECP10MDEF, ECP28MDF, and ECP46MDF effective core potentials, respectively. In all of the
CCSD(T) calculations, the valence electrons were correlated for O and H, while for the metals,
the n — 1 valence shell was also correlated. All optimizations and energy calculations were
performed using MOLPRO 2015.1.[300]

The ALMO-EDA 2 method[123] was used in all energy decompositions that were carried
out using the following XC functionals: BLYP,[23, 24] PBE,[25] revPBE,[26] SCAN,[29]
TPSS,[30] B97M-rV,[31, 32] B3LYP,[33] PBEO,[34] revPBEO, M06-2X,[35] wB97X,[39] and
®wB97M-V.[31, 41] Excluding B97M-rV and wB97M-V, all DFT energies were calculated
with and without the D3(0) empirical dispersion corrections.[297] Since @B97X-D uses D2
empirical dispersion corrections[40] which are unavailable for Cs, we do not include @B97X-D
in our analysis, but do briefly discuss its accuracy in 2B energies of K™ (H>O) and Rb*(H,0)
dimers in Section 3.4.1. It should also be noted that in addition to using D2 corrections,
the wB97X-D functional itself has a different parameterization than that of ®B97X, which
means that ALMO-EDA terms other than the DISP energy will differ between the @B97X-D
and wB97X-D3. The effects of different dispersion corrections on alkali metal ion—water
interactions are also investigated through the analysis of the D3(BJ)[118] corrections which
is reported in the Supporting Information of Ref. [119]. All ALMO-EDA 2 calculations were
carried out with Q-Chem 5.1[312] and used the same basis sets as those used in the reference

CCSD(T) calculations.
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Appendix B

Energy Decomposition Analysis Compar-
isons

B.1 Halide—Water Clusters
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Figure B.1. Energy decompositions for each minimum energy X~ (H,O) dimer, with X = F (a),
ClI (b), Br (¢), and I (d), with numerical energy values (in kcal/mol) shown on the right-hand side
of each bar.
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B.2 Alkali Ion—Water Clusters
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Appendix C

Potential Energy Functions

C.1 Alkali Ion—Water PEF Descriptions
C.1.1 The AMOEBA force field

The Atomic Multipole Optimized Energetics for Biomolecular Applications (AMOEBA)
is a polarizable FF commonly used in MD simulations.[313, 314, 315, 316, 317, 318] A thorough
description of the AMOEBA FF can be found in the original references.[313, 151] The AMOEBA
functional form for the total interaction energy is expressed as:

AMOEBA __ {,AMOEBA | {;AMOEBA | 1,AMOEBA
VINT =VeLec 1+ VpoL + Vauli+Disp (C.1)

The AMOEBA FF employs classical Coulombic equations to describe the permanent electrostatic

potential energy, Vﬁl\égEBA, using atom-centered point multipoles (monopoles through the
quadrupole) calculated via distributed multipole analysis (DMA) from MP2/aug-cc-pVTZ.[313]
The polarization energy, V&%OEBA, is treated explicitly, including self-consistent atom-centered
induced point dipoles. Atomic isotropic polarizabilities are derived from fits to experimental

data.[313, 151] To avoid overpolarization at close range, a Thole-type electrostatic damping

scheme, with exponential-3 damping is used in Vlﬁ})l\]/fOEBA.BI?), 173] None of the terms in
Vé*ﬁ\égEBA are damped.

The remaining energy contribution, VQMSED]?S‘;, is modeled with the buffered 14-7
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potential[319] to capture close-range pairwise additive interactions and can be decomposed

into terms which mainly correspond to Pauli-repulsion and London dispersion:

1486\ [ 1+7v
VANIIQEBA — Ve ( ) -2
Pauli+Disp KZ; Y Pij + 6 pi7j +v

146 \' [ 1+7v 146\’
:ZSij 5 7 —28,’j —5

where p = |R; — R} /R?j. IR; —R}| is the interatomic separation distance between atoms i

(C.2)

and j, and R?j and ¢;; are flexible parameters, specific to the atomic species of atoms i and j,
representing the minimum energy distance and energy well depth respectively. The values of the
buffering constants are set to 6 = 0.07 and ¥ = 0.12, and were originally determined from fits to
noble gas data.[319] The values for R?l-/R? ; and ¢g;;/¢;; for homonuclear dimers were obtained
from fits to MP2/aug-cc-pVTZ energies and experimental data, while values for heteronuclear

dimers are calculated from the combining rules:[313]

R R .
U p0y2 0 \2 ’
(Ri;)* + (R};)
&j= it (C4)

12 _1/2v,
(&; +£jj)

C.1.2 The TTM-nrg PEF

Within the TTM-nrg PEF,[172, 165] water—water interactions are represented by the
MB-pol PEE[160, 159, 50, 161, 162] while ion—water interactions are represented by analytical

functions representing ELEC, POL, DISP, and PAULI:

TTM-nrg _ ,TTM-nrg TTM-nrg TTM-nrg TTM-nrg
ViINT =Veree  TVeoL T Veaunr T Vbisp (C.5)

TTM-nrg Vggggmg and VPTOTIIYI "€ terms use an extended Thole-type model[173] with exponential-

4 damping to represent permanent and induced electrostatic interactions, respectively, as de-
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scribed in detail in refs 172 and 165. The ion dipole polarizabilities were calculated at the

CCSD(T)/cc-pwCV5Z level of theory.[165]

The TTM-nrg Pauli repulsion energy, Vos 1%, is represented by a pairwise sum of

Born-Mayer functions
TTM- - - _
Voaurr & = Aoxe PoxRox 4 Ay yebixRix Ay y o= bmxRix (C.6)

A;j and b;; in Eq. C.6 are flexible parameters, specific to the atomic species of atoms i and j,

determined by fitting to reference CCSD(T) interaction energies (after subtracting Vgglil\é'nrg and

VPTOTE/I "8), The TTM-nrg dispersion energy (Vngsl\;'mg) is represented by the following function:

TTM- Ce x0 Co xH Co xH
Vbisp "= —J%TT(SXORXO> RO 6TT(5XH1RXH1> 6 1 _féTT(5XH2RXH2) 6 2 (CT)
X0 XH, XH,

Ce,ij in Eq. C.7, specific to atoms i and j, are fitted independently of the other terms using the
exchange dipole method (XDM)[320, 321, 322] calculated with the Postg software.[183, 323]
Damping is achieved using the Tang-Toennies (f] T(Saﬁ)) damping scheme.[179] Additionally,
the damping parameters, §;;, are constrained to be equal to the corresponding b;; parameters in

Eq. C.6.

C.1.3 The MB-nrg PEF

The MB-nrg PEFs for alkali ion—water interactions[166] are rigorously derived from
the many-body expansion.[324] The MB-nrg PEFs adopt the same functional form and param-

eterizations as the TTM-nrg ELEC, POL, and DISP terms, Vi, po %, Voor %, and Vg on ™%,

respectively, but replace the TTM-nrg Born-Mayer functions, VPTATUI\ﬁmg, with PIPs[192] for

ion—water 2B and ion—water—water 3B interactions, V> "¢ and V%B_nrg , respectively.
The PIPs can be thought of as quantum corrections to the underlying classical TTM-

nrg-like potential, accounting for close-range PAULI and CT interactions, as well as correcting
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deficiencies in the TTM-nrg ELEC and DISP terms.[120] The PIPs are turned on via sigmoidal
“switching functions” at small intermonomer separations, leaving the remaining TTM-nrg terms
to capture long range interactions, and many-body polarization.[163, 166] The PIPs are “per-
mutationally invariant” with respect to interchangeable atoms in the system.[192] The PIPs are
functions of the distances between the ion and the six sites of an MB-pol water molecule. The
coefficients of both 2B and 3B PIPs were optimized using Tikhonov regression[195] (also known
as ridge regression) to reproduce reference 2B and 3B energies calculated at the CCSD(T)-
F12b[290, 291]/CBS level of theory for Li* —water and Na™—water interactions, and at the

CCSD(T)/CBS level of theory for K™ —water, Rb™ —water, and Cs™ —water interactions.[166)]
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Appendix D
MB-VB

D.1 Application of MB-VB Models With Various Switching
Parameters on Protonated Water Clusters
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Figure D.1. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H;0)4 cluster, 4.
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Figure D.2. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,0)4 cluster, 46.
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Figure D.3. Deviations of MB-VB models with various a and b switch parameters with resepect
to ®@B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3;O(H;0O)4 cluster, 47.
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Figure D.4. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H;0)s5 cluster, 5.
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Figure D.5. Deviations of MB-VB models with various a and b switch parameters with resepect
to ®@B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,0)s5 cluster, 56.
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Figure D.6. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,O)5 cluster, 57.
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Figure D.7. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,O)5 cluster, S€.
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Figure D.8. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H;O)g cluster, 6¢x.
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Figure D.9. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,0)g cluster, 6.
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Figure D.10. Deviations of MB-VB models with various a and b switch parameters with resepect
to @B97M-V/aug-cc-pVTZ references binding energies (kcal/mol) for H3O(H,O)g cluster, 67.
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