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Abstract. We construct a superfield formulation for non-relativistic Chern–Simons-matter
theories with manifest dynamical supersymmetry. By eliminating all the auxiliary fields, we
show that the simple action reduces to the one obtained by taking non-relativistic limit
from the relativistic Chern–Simons-matter theory proposed in the literature. As a further
application, we give a manifestly supersymmetric derivation of the non-relativistic ABJM
theory.
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1. Introduction

The recent advent of the non-relativistic AdS/CFT correspondence [2,21] makes
it more important than recognized before to study non-relativistic superconformal
gauge theories. It may have realistic applications to strongly coupled condensed
matter physics such as high Tc superconductor or quantum Hall effects. On the
other hand, theoretical understanding of the AdS/CFT correspondence may be
enhanced by the comparison of such theoretical predictions with experiments.

In particular, non-relativistic Chern–Simons-matter theories in (1+2) dimension
are of special relevance. The Galilean invariance as well as non-relativistic confor-
mal invariance (known as Schrödinger invariance [3,7,18,19]) can be implemented
by directly taking the non-relativistic limit of relativistic Chern–Simons-matter
theory in the same dimension [10,11]. The construction can be applied to the
supersymmetric Chern–Simons-matter theory as well [12], and explicit exam-
ples of non-relativistic superconformal field theories have been constructed in
this way [14,16]. As a particular example, various non-relativistic limits of the
M2-brane gauge theory were scrutinized in [15],1 which may admit the explicit

1Our construction is to deform the original ABJM theory [1], which corresponds to the
M2-brane gauge theory on the orbifold space, by adding the supersymmetric mass term [6,9], which
corresponds to the introduction of four-form flux, and take the subsequent non-relativistic limit.
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gravity solution that can be studied in the context of non-relativistic AdS/CFT cor-
respondence.

However, in this approach, the supersymmetry is not manifest, and there is no
general argument how to guarantee the supersymmetry preserved in the course
of taking the non-relativistic limit. Indeed, we have seen several counterintui-
tive examples that break the supersymmetry [14,16] through this blind, seemingly
harmless, non-relativistic limit. Thus, we have to check the supersymmetry of the
proposed non-relativistic action by hand, and sometimes we have to add some
other terms, like four-fermi terms, to restore the supersymmetry [14]. In particu-
lar, it is very cumbersome to verify the dynamical supersymmetry in the compo-
nent formulation.

Superfield formulation [20] (see e.g. [5,22] for reviews in the relativistic case)
is an elegant way to make the supersymmetry transformation manifest. With the
superfield formulation at hand, the supersymmetry transformation is nothing but
the translation in the superspace, and the construction of the supersymmetric
action becomes simply the total integral over the superspace. In this paper,
we develop a superfield formulation for the non-relativistic Chern–Simons-matter
theory and we propose a manifest superfield form of the action studied in the lit-
eratures. See also [4] for another superfield formulation for non-relativistic systems
that has a manifest kinematic supersymmetry. The reference is orthogonal to our
approach that focuses on the dynamical supersymmetry.

Our construction is minimal in the sense that we only assume the dynamical
supersymmetry realized by the algebra

{Q∗
2,Q2}=2H, (1.1)

so we can use our formulation not only to particular Chern–Simons-matter
theories but also any other supersymmetric theories involving this algebra: even
conventional relativistic supersymmetric field theories could be rewritten in our
formulation while some of the Poincaré symmetry would not be manifest. We may
also use our formulation to construct a supersymmetric extension of the Lifshitz-
Hořava non-relativistic gauge theory [8].

The organization of the paper is as follows. In Section 2, we introduce the
superfield formulation of the non-relativistic gauge theory in (1+2) dimension. In
Section 3, we re-examine the non-relativistic Abelian ABJM theory in our formu-
lation. In Section 4, we generalize our construction to the non-Abelian case, and
re-derived the action for the non-relativistic ABJM theory with 14 supercharges. In
Section 5, we conclude the paper with further discussions.

2. Superfield Formulation

In this section, we develop a superfield formulation of the non-relativistic
Abelian gauge theory coupled with matters. Our goal is to provide a manifest
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supersymmetric action for the non-relativistic Chern–Simons-matter theory intro-
duced in [12].

2.1. SUPERSPACE AND SUPERFIELDS

In order to realize the dynamical supersymmetry

{Q∗
2,Q2}=2H (2.1)

in a manifest form, we introduce the superspace (t, xi , θ, θ̄ ), where θ and θ̄ are
one-component complex Grassmann coordinate.2 We can realize the superalgebra
(2.1) by the supercharge

Q= ∂

∂θ
+ i θ̄∂t , Q̄= ∂

∂θ̄
+ iθ∂t , (2.2)

which satisfy the anti-commutation relation {Q, Q̄} = 2i∂t . We also introduce the
supersymmetric derivative:

D = ∂

∂θ
− i θ̄∂t , D̄ = ∂

∂θ̄
− iθ∂t , (2.3)

which satisfy the anti-commutation relation {D, D̄}=−2i∂t .
The most general superfield �(t, xi , θ, θ̄ ) that lives on the superspace can be

expanded as

�=a + θb + θ̄c + θ θ̄d, (2.4)

where a and d are complex bosons and b and c are complex one-component fer-
mions. By acting εQ and ε∗Q̄, the supersymmetry transformation can be read as

δεa = εb, δε∗a = ε∗c
δεb =0, δε∗b = ε∗(d − i∂t a)
δεc =−ε(d + i∂t a), δε∗c =0
δεd =−iε∂t b, δε∗d = iε∗∂t c.

(2.5)

where ε, ε∗ are Grassmann supersymmetry parameters. We note that the θ θ̄ com-
ponent d transforms as a total derivative, which will be crucial to construct super-
symmetric actions.

In order to reduce the degrees of freedom contained in a general superfield, con-
strained superfields will be useful for our studies.3 One simple choice is to impose

2We always work in 1 + 2 dimension, so i = 1,2. By suppressing the xi dependence, most of
the superspace formulation in this section is identical to N =2 supersymmetric quantum mechanics
which shares (2.1) (see [17] for the original work). Our construction deviates and becomes original
when we discuss the non-relativistic kinetic terms and space component of gauge multiplets in later
sections.

3For a time being, we assume that the top component of the superfields is bosonic. We will
later introduce fermionic superfields as well.
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the reality condition ϒ=ϒ∗ (real superfield): in component, we have

ϒ=a + θb − θ̄b∗ + θ θ̄d, (2.6)

where a and d are now real bosons and b is a complex fermion.
Another simple constrained superfield is a chiral superfield X satisfying D̄X =0:

in component, we have

X = x + θχ − θ θ̄(i∂t x), (2.7)

where x is a complex boson and χ is a complex fermion.
Similarly anti-chiral superfield is obtained by requiring the condition DX̄ = 0,

whose component form is

X̄ = x∗ − θ̄χ∗ + θ θ̄ i∂t x
∗. (2.8)

Note that X and X̄ are complex conjugate with each other: X∗ = X̄ .

2.2. GAUGE MULTIPLET

To construct supersymmetric non-relativistic Chern–Simons-matter theories, we
begin with a gauge multiplet. It turns out that the gauge multiplet consists of one
real superfield V and one chiral superfield A (and its complex conjugate A∗). We
will see that V includes the time component of the gauge field A0 and A includes
the space components Ai .

A real superfield V =a +θκ− θ̄κ∗ +θ θ̄2A0 has a supersymmetric gauge transfor-
mation

V →V +�+ �̄ (2.9)

with a supersymmetric gauge parameter given by a chiral superfield �= �̃+ θλ̃−
θ θ̄(i∂t�̃). In component, the supersymmetric gauge transformation takes the form

a →a + �̃+ �̃∗

κ→κ+ λ̃ (2.10)

2A0 →2A0 − i∂t�̃+ i∂t�̃
∗.

It is very convenient to use the WZ-gauge, where a = κ = 0. In this gauge, the
supersymmetric gauge transformation is nothing but the ordinary gauge transfor-
mation for the time component of the gauge field: A0 → A0 +∂t Im�̃.

The chiral superfield A = 2A + θλ− θ θ̄(2i∂t A) includes a complex combination
of the gauge field A = A1 + i A2. We impose the supersymmetric gauge transforma-
tion

A→A−2i∂+�, (2.11)
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where ∂+ =∂1 + i∂2 (and similarly we define ∂− =∂1 − i∂2). It reduces to the usual
gauge transformation 2A → 2A + 2∂+(Im�̃) in the WZ-gauge. Similarly, the anti-
chiral superfield A∗ =2A∗ − θ̄λ∗ + θ θ̄(2i∂t A∗) has the supersymmetric gauge trans-
formation A∗ →A∗ + 2i∂−�̄. Note that the “gaugino” λ cannot be eliminated in
the WZ-gauge, but we will see that it is an auxiliary field in the Chern–Simons-
matter action.

We propose the supersymmetric extension of the Chern–Simons action as

SCS =− κ

16

∫
dtd2xd2θ

(
(A+2i∂+V)(A∗ −2i∂−V)+2V∂+∂−V)

, (2.12)

where the convention of the superspace integration is
∫

d2θ(θ θ̄)=1. Because of the
superspace integration, the supersymmetric variation of the Lagrangian density is
a total derivative and the action is invariant under the dynamical supersymmetry.
In addition, the supersymmetric gauge transformation of the Lagrangian density
is a total derivative as usual in the Chern–Simons theory, so the action is gauge
invariant.

In the WZ-gauge, we can evaluate the action (2.12) as
∫

dtd2x
(
κA0 F12 + κ

2
εi j∂t Ai A j − κ

16
λλ∗) . (2.13)

This is the conventional form of the Abelian Chern–Simons action in the non-
relativistic form.

2.3. MATTER MULTIPLET

Now, we would like to couple the matter multiplets to the Chern–Simons action.
For this purpose, we introduce a chiral superfield


=φ+ θχ − θ θ̄(i∂tφ). (2.14)

The chiral superfield has the supersymmetric gauge transformation


→ e−�
, (2.15)

or similarly, the conjugate anti-chiral superfield 
∗ has the supersymmetric gauge
transformation


∗ → e−�̄
∗. (2.16)

A simple choice of the action

S0 =−1
2

∫
dtd2xd2θ
∗eV
 (2.17)
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is gauge invariant and supersymmetric, but it does not contain any kinetic term
for φ:4

S0 =
∫

dtd2x

(
iφ∗(∂0 + i A0)φ+ 1

2
χ∗χ

)
, (2.18)

so we have to introduce other ingredients. For this purpose, we introduce an asso-
ciated fermionic chiral superfield �, and its conjugate �∗:

�=ψ+ θρ− θ θ̄(i∂tψ)
(2.19)

�∗ =ψ∗ + θ̄ρ∗ + θ θ̄(i∂tψ
∗),

where ψ is a complex fermion and ρ is a complex scalar. The gauge transforma-
tion is �→ e�� and �∗ → e�̄�∗.

Now, we impose the supersymmetric covariant constraint between 
 and �:

D(eV
)=
(

∂− + iA∗

2

)
�∗. (2.20)

The constraint is consistent with the supersymmetry and the gauge symmetry. In
components (in the WZ gauge), we have the following constraint

χ = (∂− + i A∗)ψ∗
(2.21)

−2(i∂t − A0)φ= (∂− + i A∗)ρ∗ − i

2
λ∗ψ∗.

With this constraint, we proposed a supersymmetric action for the non-
relativistic Chern–Simons-matter theory:

S = SCS − 1
2

∫
dtdx2d2θ

(

∗eV
+�∗e−V�

)
, (2.22)

where SCS is given in (2.12). In the WZ gauge, the component form of the action
can be evaluated as

S =
∫

dtdx2
(
κA0 F12 + κ

2
εi j∂t Ai A j − κ

16
λλ∗ +

+ iφ∗(∂0 + i A0)φ+ 1
2
χ∗χ + iψ∗(∂0 − i A0)ψ+ 1

2
ρ∗ρ+

+b(χ − (∂− + i A∗)ψ∗)−b∗(χ∗ − (∂+ − i A)ψ)+

+ c

[
(i∂t − A0)φ+ 1

2
(∂− + i A∗)ρ∗ − i

4
λ∗ψ∗

]
+

+ c∗
[
(−i∂t − A0)φ

∗ + 1
2
(∂+ − i A)ρ+ i

4
ψλ

])
. (2.23)

4This is because our formulation lacks the manifest Galilean invariance.
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Here, in the last three lines, we have introduced a fermionic Lagrange multiplier b
and a bosonic Lagrange multiplier c to impose the constraint (2.21).

The action is invariant under the dynamical supersymmetry. It is less obvious
but it is also invariant under the kinematical supersymmetry

{Q1,Q∗
1}=2M, {Q1,Q∗

2}= P−, (2.24)

where M is the total mass operator and P− is the momentum operator. Alter-
natively speaking, the action has a Galilean invariance, so the commutator
i[G−,Q2] = −Q1 guarantees the existence of the kinematical supersymmetry (see
[12] for N = 2 non-relativistic supersymmetry algebra). Indeed, we will show that
the action (2.23) is equivalent to the one proposed in [12] as a non-relativistic limit
of N =2 Chern–Simons-matter theory.

2.4. EQUIVALENCE TO [12]

In order to show the equivalence to the action proposed in [12], we first use the
equation of motions for λ, ρ and φ

κ

16
λ− i

c

4
ψ∗ =0

ρ

2
+ 1

2
(−∂− + i A∗)c =0 (2.25)

i(∂t + i A0)φ+ i(∂t + i A0)c
∗ =0

to eliminate λ, ρ and φ (as well as χ from the constraint). Although the last equa-
tion in (2.25) is not kinematical but dynamical, it is easy to see that φ=−c∗ is the
solution.

Substituting them into the action (2.23), we have

S =
∫

dtdx2
(
κA0 F12 + κ

2
εi j∂t Ai A j +

+ ic∗(∂0 − i A0)c − 1
2
(∂+ + i A)c∗(∂− − i A∗)c+

+ iψ∗(∂0 − i A0)ψ− 1
2
(∂− + i A∗)ψ∗(∂+ − i A)ψ+ c∗cψ∗ψ

κ

)
(2.26)

In order to compare the action with that in [12] we further use the Gauss-law con-
straint

F12 =− 1
κ
(c∗c +ψ∗ψ), (2.27)
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and rewrite the kinetic terms by using a trick [16] (up to total derivative terms)

−1
2
(∂+ + i A)c∗(∂− − i A∗)c =−1

2
(∂i + i Ai )c

∗(∂i − i Ai )− F12

2
c∗c =

=−1
2
(∂i + i Ai )c

∗(∂i − i Ai )c + (c∗c)2 + c∗cψ∗ψ
2κ

−1
2
(∂− + i A∗)ψ∗(∂+ − i A)ψ=−1

2
(∂i + i Ai )ψ

∗(∂i − i Ai )ψ+ F12

2
ψ∗ψ (2.28)

Then, the action can be transformed into

S =
∫

dtdx2

(
κA0 F12 + κ

2
∂tε

i j Ai A j +

+ i
∗(∂0 − i A0)
− 1
2
(∂i + i Ai )


∗(∂i − i Ai )
+

+ i�∗(∂0 − i A0)�− 1
2
(∂i + i Ai )�

∗(∂i − i Ai )�+ F12

2
�∗�+

+ (
∗
)2

2κ
+3


∗
�∗�
2κ

)
(2.29)

by renaming c →
 and ψ→�. This action is equivalent to the one presented in
[12] with e =1 and m =1.5

It is invariant under the dynamical supersymmetry:

δ
= i√
2
ε∗ D+�

δ�=− i√
2
εD−


δA = 2√
2κ
ε�∗
 (2.30)

δA∗ =− 2√
2κ
ε∗�
∗

δA0 = i

2
√

2κ
[ε(D−�∗)
+ ε∗(D+�)
]

as well as the kinematical supersymmetry

δ
=√
2η∗�

δ�=−√
2η


(2.31)
δAi =0

δA0 = 1√
2κ
(η�∗
−η∗�
∗).

5We can easily recover the mass parameter m by considering the constraint D(eV
) =
1√
m

(
∂− + iA∗

2

)
�∗.
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3. Non-Relativistic Abelian ABJM Theory

As a simple application of our superfield formulation, we would like to construct
the non-relativistic Abelian (U (1)× U (1)) ABJM theory without referring to the
relativistic action. We introduce two vector multiplets (V,A,A∗) and (V̂, Â, Â∗)
together with 4 matter chiral multiplets (
A,�A) (A=1, . . . ,4). The supersymmet-
ric gauge transformations are

V →V +�+ �̄
A→A−2i∂+�

V̂ → V̂ + �̂+ ¯̂
�

(3.1)
Â→ Â−2i∂+�̂


A → e−�+�̂
A

�A → e�−�̂�A.

The invariant action that we propose for the Abelian non-relativistic ABJM theory is

S =
∫

dtd2xd2θ

[
− κ

16

(
(A+2i∂+V)(A∗ −2i∂−V)+2V∂+∂−V) +

+ κ

16

(
(Â+2i∂+V̂)(Â∗ −2i∂−V̂)+2V̂∂+∂−V̂

)
−

− 1
2

∗

AeV−V̂
A +�∗
Ae−V+V̂�A

]
(3.2)

with the supersymmetric constraint

D(eV−V̂
A)=
(

∂− + i

2
(A∗ − Â∗)

)
�∗

A. (3.3)

Just exactly as we did in Section 2, we can eliminate all the auxiliary fields in
the components:

κ

16
λ− i

cA

4
ψ∗

A =0

κ

16
λ̂− i

cA

4
ψ∗

A =0
(3.4)

ρA

2
+ 1

2
(−∂− + i A∗ − i Â∗)cA =0

i(∂t + i A0 − i Â0)φA + i(∂t + i A0 − i Â0)c
∗
A =0

where ci are Lagrange multipliers as before. Substituting them back into the
action, we obtain
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S =
∫

dtdx2
(
κA0 F12 + κ

2
εi j∂t Ai A j −κ Â0 F̂12 − κ

2
εi j∂t Âi Â j +

+ ic∗
A(∂0 − i A0 + i Â0)cA − 1

2
(∂+ + i A − i Â)c∗

A(∂− − i A∗ + i Â)cA +

+ iψ∗
A(∂0 − i A0 + i Â0)ψA − 1

2
(∂− + i A∗ − i Â∗)ψ∗

A(∂+ − i A + i Â)ψA

)
(3.5)

We can further rewrite the action by using the Gauss-law constraint:

F12 = F̂12 =− 1
κ

(
c∗

AcA +ψ∗
AψA

)
(3.6)

as (up to total derivative terms)

−1
2
(∂+ + i A − i Â)c∗

A(∂− − i A∗ + i Â∗)cA =−1
2

Di c
∗
i Di ci

−1
2
(∂− + i A∗ − i Â∗)ψ∗

A(∂+ − i A + i Â)ψA =−1
2

Diψ
∗
A DiψA − F12 − F̂12

2
ψ∗

AψA =

=−1
2

Diψ
∗
A DiψA + F12 − F̂12

2
ψ∗

AψA

(3.7)

Finally, by renaming cA → (
2,−
1,
2′ ,−
1′) and ψA → (�a=1,2,�a′=1′,2′), we
obtain

S =
∫

dtdx2
(
κA0 F12 + κ

2
εi j∂t Ai A j −κ Â0 F̂12 − κ

2
εi j∂t Âi Â j +

+ i
∗
A D0
A − 1

2
Di


∗
A Di
A +

+ i�∗
A D0�A − 1

2
Di�

∗
A Di�A −

− 1
2
(F12 − F̂12)(�

∗
a�a −�∗

a′�a′)

)
(3.8)

We see that the action is equivalent to the non-relativistic ABJM model proposed
in [15] in the Abelian case.

This superfield formulation reveals a hidden SU (4) symmetry of the non-relativistic
ABJM theory. The relativistic ABJM theory has an SU (4) symmetry, while the mass
deformation breaks it down to SU (2)× SU (2). As a consequence, only the SU (2)×
SU (2) symmetry has been manifest in the original construction of the non-relativistic
ABJM theory. However, since we treat all 
A and �A on the same footing, it is clear
that the non-relativistic Abelian ABJM theory actually has an SU (4) symmetry.

4. Non-Abelian Gauge Theory

It is straightforward to generalize the Abelian superfield formulation to the non-
Abelian gauge theory. Again, the gauge multiplet consists of a vector superfield V
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and a chiral superfield A (and its conjugate A†). They transform as adjoint repre-
sentation of the gauge group G.

The gauge transformations are

eV → e�
†
eVe�

e−V → e−�e−Ve−�†

(4.1)A→ e−�(A−2i∂+�)e�

A† → e�
†
(A† +2i∂−�†)e−�†

,

where � is an adjoint-valued chiral superfield. In the following, we work in the
WZ-gauge where V = θ θ̄2A0. The remaining transformation is the usual gauge
transformation for the component fields.

The supersymmetric generalization of the non-Abelian Chern–Simons action is
given by

SCS =− κ

16

∫
dtdx2dθ2Tr

(
(A+2i∂+V)e−V (A† −2i∂−V)eV −2(∂+eV )(∂−e−V )

)
.

(4.2)

The Lagrangian density is supersymmetric gauge invariant up to total derivative
terms. In the component form, the action is given by

SCS = κ

2

∫
dtdx2

(
εµνρTr(Aµ∂ν Aρ)+ 2i

3
εµνρTr(AµAν Aρ)− 1

8
Trλλ†

)
. (4.3)

The matter multiplet (say, the fundamental representation) can be introduced by
a chiral superfield 
 transforming as 
→ e−�
 and associated fermionic chiral
superfield � transforming as � →�e�. We further impose the gauge covariant
constraint

D(eV
)=∂−�† + i

2
A†�†. (4.4)

The simple matter action

Smatter =−1
2

∫
dtd2xd2θ

(

†eV
−�e−V�†

)
(4.5)

with the constraint (4.4) gives a non-Abelian generalization of the model discussed
in Section 2.

4.1. NON-ABELIAN NON-RELATIVISTIC ABJM

As a final application, we would like to derive the non-Abelian non-relativistic
ABJM theory in the superfield formulation so far developed in this paper. It has a
manifest dynamical supersymmetry and we confirm the non-relativistic limit taken
in [15] in a manifestly supersymmetric way.
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We first introduce U (N )× U (N ) gauge connection with the gauge transforma-
tion

eV → e�
†
eVe�

eV̂ → e�̂
†
eV̂e�̂

(4.6)A→ e−�(A−2i∂+�)e�

Â→ e−�̂(Â−2i∂+�̂)e�̂.

The matter chiral multiplets (
a,�a) and (
a′ ,�a′) transform as


a → e−�̂
ae�

�a → e−��ae�̂
(4.7)


a′ → e−�
a′e�̂

�a′ → e−�̂�a′e�,

where we have treated two indices (a = 1,2) and (a′ = 1′,2′) differently, so there
remains only SU (2)× SU (2) symmetry unlike the Abelian case in Section 3.

The Chern–Simons part of the action is given by

SCS =
∫

dtdx2dθ2 − κ

16
Tr

(
(A+2i∂+V)e−V (A† −2i∂−V)eV −2(∂+eV )(∂−e−V )

)
+

+ κ

16
Tr

(
(Â+2i∂+V̂)e−V̂ (Â† −2i∂−V̂)eV̂ −2(∂+eV̂ )(∂−e−V̂ )

)
−

=
∫

dtdx2 κ

2

(
εµνρTr(Aµ∂ν Aρ)+ 2i

3
εµνρTr(AµAν Aρ)− 1

8
Trλλ†

)
−

−κ
2

(
εµνρTr( Âµ∂ν Âρ)+ 2i

3
εµνρTr( Âµ Âν Âρ)− 1

8
Trλ̂λ̂†

)
. (4.8)

The matter action is given by the simple form

Smatter =−1
2

∫
dtdx2dθ2Tr

(

†

aeV̂
ae−V +�†
a eV�ae−V̂ +

+
†
a′eV
a′e−V̂ −�†

a′eV̂�a′e−V
)

(4.9)

with the following constraints:

D(eV̂
ae−V )=∂−�†
a + i

2
Â†�†

a − i

2
�†

aA†

(4.10)
D(eV̂�a′e−V )=∂−
†

a′ + i

2
Â†


†
a′ − i

2



†
a′A†.
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In components, we have

χa =∂−ψ†
a + i Â†ψ†

a − iψ†
a A†

−2i∂tφa +2 Â0φa −2φa A0 =∂−ρ†
a + i Â†ρ†

a − iρ†
a A† − i

2
λ̂†ψ†

a + i

2
ψ†

aλ
†

(4.11)
ρa′ =∂−φ†

a′ + i Â†φ
†
a′ − iφ†

a′ A†

−2i∂tψa′ +2 Â0ψa′ −2ψa′ A0 =−∂−χ†
a′ − i Â†χ

†
a′ + iχ†

a′ A† − i

2
λ̂†φ

†
a′ + i

2
φ

†
a′λ†

The matter Lagrangian with the constraints imposed by the Lagrange multipliers
is written as

Tr
(

iφ†
a Dtφa − 1

2
D−ψ†

a D+ψa + iψ†
a Dtψa + 1

2
ρ†

aρa +

+ ca(i Dtφa + 1
2

D−ρ†
a − i

4
λ̂†ψ†

a + i

4
ψ†

aλ
†)+

(
−i Dtφ

†
a + 1

2
D+ρa+

+ i

4
ψa λ̂− i

4
λψa

)
c†

a + iψ†
a′ Dtψa′ + 1

2
χ

†
a′χa′ − iψ†

a′ Dtψa′ − 1
2

D−φ†
a′ D+φa′ +

+ ξa′
(

i Dtψa′ − 1
2

D−χ†
a′ − i

4
λ̂†φ

†
a′ + i

4
φ

†
a′λ†

)

+
(

−i Dtψ
†
a′ − 1

2
D+χa′ + i

4
φa′ λ̂− i

4
λφa′

)
ξ

†
a′

)
(4.12)

where ca are bosonic Lagrange multipliers and ξa′ are fermionic ones. We can elim-
inate the auxiliary fields λ, λ̂, ρa, χa′ as well as φa,ψa′ as

κ

16
λ̂+ i

4
ψ†

a ca − i

4
φ

†
a′ξa′ =0

− κ

16
λ+ i

4
caψ

†
a + i

4
ξa′φ†

a′ =0

ρa − D−ca =0
(4.13)

χa′ − D−ξa′ =0

i Dtφa + i Dt c
†
a =0

−i Dtψa′ + i Dtξ
†
a′ =0.

Substituting them back into the matter Lagrangian, we obtain the matter Lagrang-
ian:

Tr
(

ic†
a Dt ca − 1

2
D+c†

a D−ca + iψ†
a Dtψa − 1

2
D−ψ†

a D+ψa +

+iφ†
a′ Dtφa′ − 1

2
D−φ†

a′ D+φa′ + iξ†
a′ Dtξa′ − 1

2
D+ξ†

a′ D−ξa′ −

− 1
κ

(
ψ†

a ca −φ†
a′ξa′

)(
c†

bψb − ξ†
b′φb′

)
+ 1
κ

(
caψ

†
a − ξa′φ†

a′
)(
ψac†

a −φa′ξ†
a′

))
(4.14)
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In order to compare it with the one presented in [15], we use the Gauss-law con-
straint

F12 = 1
κ

(
cac†

a −ψaψ
†
a +φa′φ†

a′ − ξa′ξ†
a′

)
(4.15)

F̂12 = 1
κ

(
c†

aca +ψ†
aψa +φ†

a′φa′ + ξ†
a′ξa′

)

to rewrite the kinetic term for scalars as

−1
2

Tr(D+c†
a D−ca)=−1

2
Tr(Di c

†
a Di ca)− 1

2
Tr(c†

aca F̂12)+ 1
2

Tr(c†
a F12ca)=

=−1
2

Tr(Di c
†
a Di ca)− 1

2κ
Tr

(
c†

aca(c
†
bcb +ψ†

bψb+φ†
b′φb′+ ξ†

b′ξb′)
)

+

+ 1
2κ

Tr
(

c†
a(cbc†

b −ψbψ
†
b +φb′φ†

b′ − ξb′ξ†
b′)ca

)

−1
2

Tr(D−φ†
a′ D+φa′)=−1

2
Tr(Diφ

†
a′ Diφa′)+ 1

2
Tr(φ†

a′φa′ F̂12)− 1
2

Tr(φ†
a′ F12φa′)=

=−1
2

Diφ
†
a′ Diφ

†
a′+ 1

2κ
Tr

(
φ

†
a′φa′(c†

bcb+ψ†
bψb +φ†

b′φb′ + ξ†
b′ξb′)

)
−

− 1
2κ

Tr
(
φ

†
a′(cbc†

b −ψbψ
†
b +φb′φ†

b′ − ξb′ξ†
b′)φa′

)
(4.16)

Note that the scalar potential solely comes from this rewriting and it is summarized as

Vbos =− 1
2κ

Tr
(
φaφ

†
[aφbφ

†
b] −φa′φ†

[a′φb′φ†
b′]

)
, (4.17)

where we have renamed ca → iφa in order to adjust to the convention used in [15].
Finally, we rename the fermionic fields: ψa → iεabψb, ξa′ → iεa′b′ψb′ . With this

renaming, the action completely agrees with that in [15] (with the replacement
k =2πκ and m =1):

SABJM =
∫

dtd2x (LCS + Lkin − Vbos − Vfer) , (4.18)

where

LCS = κ

2

(
εµνρTr(Aµ∂ν Aρ)+ 2i

3
εµνρTr(AµAν Aρ)− εµνρTr( Âµ∂ν Âρ) −

−2i

3
εµνρTr( Âµ Âν Âρ)

)

Lkin =Tr
(

iφ†
a Dtφa − 1

2
Diφ

†
a Diφa + iψ†

a Dtψa − 1
2

D−ψ†
a D+ψa +

+ iφ†
a′ Dtφa′ − 1

2
Diφ

†
a′ Diφa′ + iψ†

a′ Dtψa′ − 1
2

D+ψ†
a′ D−ψa′

)

Vbos =− 1
2κ

Tr
(
φaφ

†
[aφbφ

†
b] −φa′φ†

[a′φb′φ†
b′]

)
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Vfer =− 1
2κ

Tr
[
(φ†

aφa+φ†
a′φa′)(ψ†

bψb−ψ†
b′ψb′)+(φaφ

†
a+φa′φ†

a′)(ψbψ
†
b −ψb′ψ†

b′) −
−2φaφ

†
bψaψ

†
b +2φa′φ†

b′ψa′ψ†
b′ −2φ†

aφbψ
†
aψb +2φ†

a′φb′ψ†
a′ψb′ −

−iεabεc′d ′
φ†

aψbφ
†
c′ψd ′ − iεbcεa′d ′

φ
†
a′ψbφ

†
cψd ′ + iεa′b′

εcdφ
†
a′ψb′φ†

cψd −
+iεb′c′

εadφ†
aψb′φ†

c′ψd + iεabεc′d ′
φaψ

†
bφc′ψ†

d ′ + iεbcεa′d ′
φa′ψ†

bφcψ
†
d ′ −

−iεa′b′
εcdφa′ψ†

b′φcψ
†
d − iεb′c′

εadφaψ
†
b′φc′ψ†

d

]
(4.19)

5. Discussions

In this paper, we have developed a superfield formulation for non-relativistic
Chern–Simons-matter theories in (1 + 2) dimension. We have successfully repro-
duced the non-relativistic Chern–Simons-matter theories proposed in the literatures
while manifestly preserving the dynamical supersymmetry.

Our formulation is minimal in the sense that it only possesses manifest dynami-
cal supersymmetry, which has both advantage and disadvantage. The disadvantage
is that we fail in manifesting some additional symmetries such as Poincaré invari-
ance or Galilean invariance. On the other hand, this minimal structure allows us
to study the theory with no such additional structures. For instance, we can easily
introduce the supersymmetric extensions of the Maxwell term by adding SE + SM

with

SE = 1

16g2
E

∫
dtd2xd2θ

(
D(A+2i∂+V)D̄(A∗ −2i∂−V))

(5.1)
SM =− 1

2g2
M

∫
dtd2xd2θ�∗�,

where we impose the constraint for a fermionic chiral multiplet � as

D�+ D̄�∗ =−i(∂−A−∂+A∗ +2i∂−∂+V). (5.2)

Similarly, we could study the supersymmetric extension of the Hořava–Lifshitz
term, where we need two additional fermionic chiral multiplets �i with the con-
straint6

D�i + D̄�∗
i =−i∂i (∂−A−∂+A∗ +2i∂−∂+V). (5.3)

The corresponding action is

SHL =−α
∫

dtd2xd2θ�∗
i �i . (5.4)

In this paper, we have shown the manifestly supersymmetric form of the non-
relativistic ABJM theory with 14 supercharges. We can study different (less super-
symmetric) non-relativistic limits of the ABJM model presented in [15]. In order to

6As a consequence, the “gaugino” ζi = ∂θ�i |θ=0 has a vector indices i = 1,2. This has been
independently observed by C. M. Thompson.
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realize different limits in our superfield approach, we simply change the constraint
for (a′) multiplets: D(eV
a′e−V̂ )= ∂−�†

a + i
2A†�

†
a′ − i

2�
†
a′Â†. The matter content

is exactly the same as that studied in section 4 of [15]:

Lkin =Tr
(

iφ†
a Dtφa − 1

2
D+φ†

a D−φa + iψ†
a Dtψa − 1

2
D−ψ†

a D+ψa +

+ i φ̂†
a′ Dt φ̂a′ − 1

2
D+φ̂†

a′ D−φ̂a′ + iψ̂†
a′ Dt ψ̂a′ − 1

2
D−ψ̂†

a′ D+ψ̂a′
)

(5.5)

However, we note that the potential is different:7

V = 1
κ
(ψ†

aφa + φ̂a′ψ̂†
a′)(φ†

aψa + ψ̂a′ φ̂†
a′)− 1

κ
(φaψ

†
a + ψ̂†

a′ φ̂a′)(ψaφ
†
a + φ̂†

a′ψ̂a′) (5.6)

Actually, there is another possibility: we exchange the representation of 
a′ with
that of �a′ and introduce the constraint D(eV�a′e−V̂ )=∂−
†

a′ + i
2A†


†
a′ − i

2

†
a′Â†.

This gives a different result, but it again shows potential terms that do not arise
in the non-relativistic limit of ABJM theory.

All these are consistent because it was shown that the non-relativistic limit taken
in section 4 of [15] only preserves the kinematical supersymmetry. The superfield
formulation here shows that there exists a deformation of the potential so that the
dynamical supersymmetry is preserved. Incidentally, it is this deformed non-rela-
tivistic ABJM theory whose index was computed in [13]. It would be interesting
to give clear physical understanding of this deformation from the viewpoint of the
original ABJM theory.
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