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for static slope stability applications
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Corresponding author: Tyler J. Oathes (email: tyler.oathes@rutgers.edu)

Abstract
A viscoplastic model for representing plastic silts and clays in geotechnical static slope stability applications is presented.

The PM4SiltR model builds on the stress ratio-controlled, critical state-based, bounding surface plasticity model PM4Silt and is
coded as a dynamic link library for use in the finite difference program FLAC 8.1. PM4SiltR incorporates strain rate-dependent
shear strength, stress relaxation, and creep using a consistency approach combined with an internal strain rate and auto-decay
process. The model does not include a cap, and as such cannot simulate strain rate-dependent consolidation under increasing
overburden stress. Six parameters control the viscous response for PM4SiltR, while the parameters controlling the nonviscous
components of the response are the same as for PM4Silt. Single element simulations are presented to illustrate the influence of
viscoplasticity on the constitutive response in direct simple shear loading and undrained creep. Single element responses are
shown to be consistent with observed experimental results. Simulations of a hypothetical tailings dam constructed using the
upstream method are performed to illustrate use of PM4SiltR at field scale. Results of field-scale simulations show PM4SiltR can
model undrained creep and progressive failure leading to delayed slope instability after relatively minor changes in loading
conditions at field scale.

Key words: viscoplastic, slope stability, plastic silts and clays, consitutive model

Introduction
Stability and deformation of slopes and embankments

comprised in part of saturated, loose-of-critical-state, fine-
grained soils are affected by a number of complex mecha-
nisms including potential strain-softening and associated lo-
calization, pore pressure diffusion (consolidation), creep, and
strength anisotropy. Analyses need to consider drained and
undrained conditions and the large range of potential behav-
iors possible for each drainage condition. Observable behav-
iors in undrained loading may vary from undrained creep
rupture in sensitive clays to static liquefaction in loose silty
sands. Rates of pore pressure diffusion during various loading
conditions can be difficult to evaluate confidently, particu-
larly in highly heterogeneous deposits or hydraulically placed
fills. The timing of a delayed slope instability after relatively
minor changes in loading may be influenced by a combina-
tion of creep, diffusion, and progressive failure effects. For ex-
ample, Robertson et al. (2019) concluded that the sudden col-
lapse of the Feijão Dam 1 near Brumadinho was attributable
to a combination of creep and progressive failure effects in
the hydraulically placed tailings following a loss of suction
in unsaturated zones due to rainfall infiltration.

Plastic silts and clays exhibit viscous tendencies that can
play a role in the static and dynamic performance of slopes
and embankments. Most constitutive models do not directly

incorporate viscous tendencies and instead rely on indirect
allowances for their effects. Adjustments to shear strengths
for earthquake loading rates are often selected from empir-
ical correlations and the mesh-dependency of potential lo-
calizations is sometimes accounted for by implementing a
length scale at a user-specified strain level (e.g., Kiernan and
Montgomery 2018). In static analyses, viscous effects can help
explain delays in deformations and instability relative to im-
posed loading, thereby being important for clarifying possi-
ble triggers for undrained failures such as observed at Feijão
Dam 1 (Robertson et al. 2019). The direct incorporation of vis-
cous tendencies in constitutive models can help regularize
strain-softening simulations (reduce mesh dependency) and
better account for the mechanical behaviors observed in the
laboratory and field (e.g., Needleman 1988 and Niazi et al.
2013). Recently developed models such as MIT-SR (Yuan and
Whittle 2020) and the BS-EVP framework (Shi and Hamble-
ton 2019) directly incorporate viscoplasticity and provide an
improved modeling of a broad range of strain rate-dependent
behaviors. Nonetheless, there remains the need to have mul-
tiple models in software platforms that are commonly used
in industry to help address model uncertainty when directly
modeling viscoplasticity.

A viscoplastic bounding surface plasticity model (PM4SiltR)
for representing strain rate-dependent shearing resistance in
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Fig. 1. Strain rate effects on undrained monotonic loading response of clay: (a) undrained triaxial compression (TXC) stress–
strain responses of undisturbed normally consolidated (NC) B-6 clay samples at three strain rates (Lefebvre and LeBouef 1987),
and (b) peak undrained shear strength versus strain rate from 26 experimental programs compiled by Kulhawy and Mayne
(1990).

silts and clays in geotechnical static stability applications is
presented. PM4SiltR builds upon the PM4Silt (Boulanger and
Ziotopoulou 2019) model framework and is implemented as
a dynamic link library (dll) for use in the finite difference pro-
gram FLAC 8.1. PM4SiltR models strain rate-dependent shear
strength, stress relaxation, and creep using a consistency ap-
proach combined with an internal strain rate and auto-decay
process. The model does not include a cap and therefore is
not suited to simulate consolidation under increasing over-
burden stress. PM4SiltR utilizes the same monotonic param-
eters as PM4Silt and introduces six new parameters to control
the viscoplastic behaviors. The development of the model,
the calibration process, and the influence of the viscoplas-
tic parameters are described herein. The model is shown to
capture a range of viscoplastic behaviors in a manner con-
sistent with literature. Simulations of a hypothetical tailings
dam constructed using the upstream method are performed
to illustrate use of PM4SiltR at field scale. These simulations
show PM4SiltR can model undrained creep and progressive
failure leading to delayed slope instability after relatively mi-
nor changes in loading conditions at field scale.

Time-dependent clay behavior

Strain rate-dependent shear resistance
The undrained shear strength (su) of clays and plastic silts

generally increases with the applied strain rate. Experimen-
tal results have shown that su increases approximately 5%–
15% per log cycle of strain rate (Graham et al. 1983; Lefebvre
and LeBouef 1987; Sheahan et al. 1996). The undrained triax-
ial compression (TXC) test results shown in Fig. 1a (Lefebvre
and LeBouef 1987) for normally consolidated (NC) B-6 clay
samples at axial strain rates of 0.05, 0.5, and 5%/h showed
that increasing the strain rate increased the shear resistance
over the range of imposed strains. Kulhawy and Mayne (1990)
compiled data for 26 saturated clays and showed that peak su

increased by an average of 10% per log cycle of strain rate
(Fig. 1b). The data in Fig. 1b showed that the su at the smallest

strain rates examined (i.e., 0.001–0.01%/h) was generally 70%–
80% of the su at a standard laboratory strain rate of 1%/h (i.e.,
su,1%/h). Kutter and Sathialingam (1992) and Ladd and DeGroot
(2004) concluded that the change in su per log cycle of strain
rate progressively increases with increasing strain rate. Diaz-
Rodriguez et al. (2009) provided an overview of the effect of
different soil characteristics and loading conditions on the
magnitude of strain rate dependency.

Experimental results have indicated a potential lower limit
of applied strain rate below which the su becomes indepen-
dent of strain rate (Graham et al. 1983; Diaz-Rodriguez et
al. 2009; Gylland et al. 2014). Other researchers have pos-
tulated that this lower limit exists, although experimental
data do not clearly define the strain rate at which this occurs
(Sheahan et al. 1996; Ladd and DeGroot 2004). Data from field
vane tests at varying vane velocities supported a lower limit
of strain rate dependency with a lower limit su of approxi-
mately 70% of the su at a reference rate (Peuchen and Mayne
2007).

The mechanisms underlying strain rate dependency of su

have been attributed to changes in friction angle (or fail-
ure envelope), suppression of shear-induced pore pressure,
or a combination of these two mechanisms. Differentiat-
ing between these mechanisms in experimental programs
can be complicated by limitations in pore pressure measure-
ments during rapid undrained shearing, wherein pore pres-
sure measurements at the ends or middle of a specimen may
not represent an average value for the entire specimen (e.g.,
Zergoun and Vaid 1994). TXC test data on compacted clay
have suggested that the increased shear strength is due to
suppression of shear-induced pore pressures at high strain
rates (Mun et al. 2016). Triaxial tests for reconstituted London
Clay showed that the shearing resistance had a strain rate de-
pendency at low strains but a diminishing dependency with
increasing post-peak strain levels, whereas tests for undis-
turbed London Clay showed strain rate dependency that per-
sisted both pre- and post-peak (Sorenson et al. 2007). Sheahan
et al. (1996) and Lefebvre and LeBouef (1987) suggested that
the strain rate dependency in their experimental results may
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Fig. 2. Triaxial creep tests by Lacerda (1976) on undisturbed normally consolidated (NC) San Francisco (SF) Bay Mud: (a) strain
rate and (b) axial strain versus time.

be due to a combination of the two mechanisms and that
their effects may vary depending on the overconsolidation
ratio (OCR) and other soil properties.

The residual shear resistance of clay and clay-slickensided
surfaces in drained direct shear tests also exhibits strain rate
dependency, as illustrated by the results in Skempton (1985)
showing a small effect at the slowest strain rates (e.g., 2.5%
per log cycle) but large effects at faster shearing rates (e.g.,
100% gains at the highest strain rates). The strain rate de-
pendency of residual shear resistance has been attributed to
a combination of changes in residual friction angle and lo-
cal changes in pore pressure during fast shearing (Skempton
1985). Laboratory and centrifuge model tests by others have
reached similar conclusions (e.g., Meehan et al. 2008).

The undrained and drained stress–strain responses of sat-
urated clay may reasonably be expected to have different
strain rate dependencies at different points of loading (small
strains, peak resistance, critical state, large strains, etc.) given
that the underlying fundamental mechanisms for strain rate
dependency may be different at each strain level and are
likely to depend on the soil characteristics (mineralogy, struc-
ture, stress history, age, etc.). Fundamental processes underly-
ing strain rate dependency of frictional shear resistance and
dilatancy of granular materials (including clays) from the low
strain rate (quasi-static) to high strain rate regimes are de-
scribed by Santamarina and Shin (2009).

Creep
Clays subjected to sustained shear stresses continue to

creep (deform) over time. Results for five undrained TXC
creep tests at sustained stress levels equal to 50%, 70%, 80%,
90%, and 95% of the peak su (for the reference strain rate) on
undisturbed San Francisco (SF) Bay Mud (Lacerda 1976) are
shown in Fig. 2 in terms of creep strain rate (Fig. 2a) and strain
(Fig. 2b) versus time. Higher sustained stress levels resulted
in larger creep strain (Fig. 2b). Creep strain rate initially de-
creased in time (Fig. 2a) for all sustained stress levels. Samples
loaded at stress levels below 80% of peak su deformed with a
continually decreasing creep strain rate throughout the du-
ration of the test indicating a stable condition. Creep strain
rates for samples loaded at 90% and 95% of peak su initially

decreased before rapidly increasing to an undrained creep
rupture (sample collapse). Vaid et al. (1979) related the obser-
vance of a minimum strain rate during a creep test as a sign of
an impending rupture. Vaid et al. (1979) and Sheahan (1995)
suggested the existence of a yield strength below which creep
rupture will not occur and deformations stabilize. Sheahan
(1995) connected this behavior to the static yield surface in-
troduced in elastic/viscoplastic (EVP) models. Lacerda (1976)
found that the peak su strain rate dependency can be deter-
mined from creep parameters and that creep parameters can
be used to predict the stress–strain curve in undrained shear-
ing at low strain levels.

Stress relaxation
Clays held at a constant strain after loading to a defined

stress level shed stress over time, a process known as stress
relaxation. The rate of stress relaxation was linear with the
logarithm of time for three different clays in laboratory
testing (Lacerda 1976). Experimental studies have shown the
potential existence of a lower limit on stress levels below
which further stress relaxation will not occur (Silvestri et
al. 1988) as shown in Fig. 3. Silvestri et al. (1988) indicated
that the time for stress relaxation may differ depending on
loading conditions that are supported by Lacerda’s (1976)
observation that the time at which relaxation initiated is
dependent on the strain level prior to relaxation. Lacerda
(1976) asserted that the rate of relaxation was independent
of strain rate and strain prior to the relaxation stage. Lacerda
(1976) also showed that the slope of the strength versus
logarithm of strain rate (e.g., Fig. 1) was approximately
equal to the slope of the stress relaxation curve (e.g., Fig.
2), indicating that creep parameters can be used to predict
stress relaxation parameters.

1-D compression
The apparent preconsolidation pressure in 1-D consoli-

dation testing depends on the applied consolidation strain
rate. Behavior at significant OCRs does not appear to be rate
dependent with recompression curves being largely inviscid
regardless of the applied consolidation strain rate. This be-
havior is consistent with peak strength rate dependency less-
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Fig. 3. Four triaxial compression (TXC) stress relaxation tests
by Silvestri et al. (1988) on normally consolidated (NC) Loui-
seville clay at different deviator stress levels showing the re-
laxation of deviator stress in time.

Fig. 4. Strain rate effects on the apparent preconsolidation
pressure versus strain rate for a compilation of consolidation
tests by Leroueil et al. (1983).

ening when the OCR is significant. Rate dependency resulted
in a preconsolidation pressure and virgin compression line
that were unique for each applied consolidation strain rate,
referred to as isotaches. Rate dependency has been shown to
become negligible at lower consolidation strain rates (Vaid
et al. 1979). Compilations of data for various clays suggested
that this lower limit tends to be approximately 70% of
the preconsolidation pressure for a reference consolidation
strain rate (Fig. 4; Leroueil et al. 1983; Watabe et al. 2012). The
rate dependency of the preconsolidation pressure was shown
to be approximately 5% per log cycle of applied consolidation
strain rate near the reference strain rate (Leroueil 2006).

Rate-dependent constitutive models
Viscoplastic constitutive models have been developed us-

ing different viscoplasticity approaches combined with differ-
ent constitutive frameworks. Recent examples include sev-
eral built on the Modified Cam Clay framework (Yin et al.
2006, 2011, 2015; Rezania et al. 2016) and several that use
a bounding surface plasticity framework (Martindale et al.
2012; Shi and Hambleton 2019; Kutter and Sathialingam
1992; Jiang et al. 2017).

Wang et al. (1997) examined three approaches to incorpo-
rating viscoplasticity in constitutive models: the overstress
viscoplasticity approaches by Perzyna (1963) and Duvaut-
Lions (1972) and a consistency viscoplasticity approach.
Perzyna (1963) presented a constitutive framework that sep-
arated elastic and viscoplastic strains with a static yield
condition; the stress difference between the current load-
ing state and the static yield surface is termed the over-
stress, and this approach was termed EVP. A distinction
was made between EVP and elastic–viscoplastic behavior
which had viscous behavior in both the elastic and plastic
regimes. The viscoplastic strain rate in the overstress ap-
proach of Perzyna (1963) is determined by the value of the
yield function, whereas the viscoplastic strain rate in the
approach of Duvaut and Lions (1972) is determined by the
overstress. The consistency viscoplasticity approach intro-
duced in Wang et al. (1997) instead incorporates viscoplastic-
ity by introducing a rate-dependent yield surface defined as
follows:

f (σ, κ, κ̇ ) = 0

where σ is the stress tensor, κ is the equivalent plastic strain,
and k̇ is the equivalent plastic strain rate. A major differ-
ence between the consistency and overstress approaches is
that the stress state cannot exist outside of the yield sur-
face in the consistency approach, whereas the stress state
can be outside the yield surface in the overstress approaches.
The consistency approach also enables the yield function
to grow and shrink not only due to hardening and soft-
ening, but also with increasing and decreasing strain rate.
Wang et al. (1997) provided a derivation of how the con-
sistency approach with its strain rate-dependent yield func-
tion can be incorporated in a finite element analysis and fur-
ther provided a fully implicit stress-update algorithm that is
not dependent on the viscoplastic strain rate (because that
dependency is in the yield surface) unlike the overstress
approaches.

Examples of viscoplastic constitutive models that use a
consistency approach include the soil models by Wedage et
al. (1998) and Martindale et al. (2012). Wedage et al. (1998)
used the consistency approach to model strain rate effects
on the residual shear strength of clay, with the effective fric-
tion angle being a function of the strain rate. Martindale et
al. (2012) used a modified consistency approach which intro-
duced strain rate dependency by shifting the critical state
line (CSL) in e-log p′ space. In a consistency approach, the
strain rate-dependent features of a constitutive model should
evolve smoothly over time in response to step changes in the
imposed strain rate, rather than shift instantaneously in re-
sponse to such changes. Internal strain rate parameters and
auto-decay processes, which can be related to the natural de-
cay of strain-rate concept described in Singh and Mitchell
(1968), have been introduced in models to regulate the time-
dependent response of internal variables to variations in the
imposed strain rate (e.g., Clarke and Hird 2012; Yuan and
Whittle 2018, 2020).
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Model development
The model formulation for PM4SiltR builds directly on the

PM4Silt model by Boulanger and Ziotopoulou (2019). Modifi-
cations were made to represent viscous effects such as strain
rate-dependent shear strength, creep, and stress relaxation.
PM4SiltR is implemented as a dll in FLAC 8.1 (Itasca 2019)
and is thus a plane strain model. Its implementation in the
explicit finite difference framework of FLAC is identical to
PM4Silt except that the model was formulated for use with
the creep module instead of the dynamic module.

The base model PM4Silt is a critical state-based, stress
ratio-controlled, bounding surface plasticity model that
builds upon the PM4Sand constitutive model described by
Boulanger and Ziotopoulou (2017) and Ziotopoulou and
Boulanger (2016). PM4Silt was developed to represent clays
and plastic silts in geotechnical earthquake engineering ap-
plications. PM4Silt has three required input parameters: (1)
the critical state strength or strength ratio under earthquake
loading rates (su,cs,eq or su,cs,eq/σ ′

vc, where σ ′
vc is the vertical

effective consolidation stress), (2) the shear modulus coeffi-
cient (Go), and (3) the contraction rate parameter (hpo). The
model has an additional 20 secondary parameters that re-
ceive either default values or can be modified to account for
site-specific data. Further discussion of the parameters and
the model itself can be found in Boulanger and Ziotopoulou
(2019). PM4Silt does not include a cap and therefore is not
suited to simulate consolidation under increasing overbur-
den stress. PM4Silt does not simulate viscous effects and is
unable to model stress changes or deformations in time due
to stress relaxation or creep.

Viscoplasticity was added to the PM4Silt model using the
previously described consistency approach (Wang et al. 1997;
Martindale et al. 2012) with transient responses and stress re-
laxation controlled through an internal strain rate and auto-
decay process (Clarke and Hird 2012; Yuan and Whittle 2018,
2020). The consistency approach was applied to the bound-
ing, dilatancy, and critical state surfaces of the model (in q-p′

space) to simulate the potential mechanism of a shifting the
failure envelope (Lefebvre and LeBouef 1987; Sheahan et al.
1996) and to the CSL in e-ln(p′) space to simulate the poten-
tial mechanism of suppressing shear-induced pore pressure
(Lefebvre and LeBouef 1987; Sheahan et al. 1996; Sorenson et
al. 2007). The formulation of the model allows for the user to
adjust the relative contributions of these two mechanisms in
producing strain rate dependency. The consistency approach
enables accounting for viscous effects by utilizing the formu-
lation of the PM4Silt constitutive model without necessitat-
ing reformulation of the model around a viscoplastic strain
rate and viscous material properties. Accordingly, the numer-
ical implementation for PM4SiltR within the explicit finite
difference framework of FLAC is identical to that for PM4Silt,
with the details fully described in Boulanger and Ziotopoulou
(2019).

Development of the strain rate-dependent features of the
PM4SiltR model emphasized (1) obtaining reasonable approx-
imations of the strain rate effects most important to static
slope stability applications and (2) ease of calibration to em-
pirical correlations or site-specific testing data. Strain rate de-

pendency of su and undrained creep were given particular
emphasis during model development. The calibration pro-
cess was simplified by (1) using the consistency approach
because it allowed use of constitutive equations that follow
the form of common empirical relationships or trends, and
(2) assuming that the mechanisms and parameters control-
ling strain rate dependency are active/constant across the full
range of small to large strains.

Rate-dependent plasticity surfaces
The bounding, dilatancy, and critical state surfaces of the

model were made strain rate dependent using a consistency
approach. The model defines critical state using a critical
state stress ratio (M) and a linear CSL in void ratio (e) versus
natural logarithm of mean effective stress (ln p′) space where
the slope is λ and intercept e1kPa when p′=1 kPa. This can be
expressed as follows:

ecs = e1kPa − λln
(

p′
cs

1kPa

)
(1)

The p′
cs and M were made dependent on the internal strain

rate ( ¯̇γ ) as

M = Mre f

(
1 + FMlog

( ¯̇γ
γ̇re f

+ Rγ̇ ,min

))
(2)

p′
cs = p′

cs,re f

(
1 + Fplog

( ¯̇γ
γ̇re f

+ Rγ̇ ,min

))
(3)

where γ̇re f = reference strain rate, p′
cs,ref = p′

cs at the refer-
ence strain rate, Mref = M at the reference strain rate, FM and
Fp are rate parameters for M and p′

cs, respectively, and Rγ̇ ,min

is the minimum normalized strain rate producing a viscid
response. The strain rate dependence of p′

cs, which is not a
model parameter, is implemented via the equivalent strain
rate dependency of the CSL parameter e1kPa as

e1kPa = e1kPa,re f − λ · ln
(

1 + Fplog
( ¯̇γ

γ̇re f
+ Rγ̇ ,min

))
(4)

where e1kPa, ref = e1kPa at the reference strain rate. FM and
Fp can be adjusted independently of each other to obtain
the desired shear strength strain-rate dependency of the soil
based on the user’s interpretation of each mechanism’s role.
Setting FM and FP equal to each other may provide a rea-
sonable compromise for most calibrations, recognizing that
both mechanisms likely contribute to observed strain rate
dependencies in clays and plastic silts. The above equations
utilize the base ten logarithm to be consistent with com-
mon experimental and empirical forms. Rγ̇ ,min determines
the strain rate below which the behavior transitions from
viscoplastic to inviscid, with the default value of 0.001 cor-
responding to a strain rate three orders of magnitude below
the reference rate. The default Rγ̇ ,min value was selected for
consistency with the experimental data summarized in Fig.
1b (Kulhawy and Mayne 1990) and corresponds to the strain
rates at which minimum shear strenths equal to 70%–75% of
the peak undrained strength at the reference strain rate were
obtained.
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Fig. 5. Rate dependent: (a) critical state lines in e-log(p′) space,
and (b) bounding surfaces in q-p′ space at different strain rate
ratios (SRRs).

The rate dependency of the CSL is illustrated in Fig. 5a for
an example set of calibration parameters (referred to as Cal-
ibration B and described in a later section). Strain rates are
expressed as strain rate ratios (SRRs) defined as:

SRR = log
( ¯̇γ

γ̇re f

)
(5)

The reference CSL (at SRR = 0) is equivalent to the CSL with-
out viscoplasticity. An increasing SRR shifts the CSL to the
right in e-ln(p′) space by a magnitude controlled by the Fp pa-
rameter. A rightward shift in the CSL increases p′ at critical
state and thus decreases the state parameter. A decreasing
SRR shifts the CSL to the left, with the leftward limit being
the static CSL for a zero strain rate condition. CSLs for SRRs
less than log(Rγ̇ ,min) are approximately equal to the static CSL.
The effect of SRR on the CSL position is independent of the
loading direction or current stress state.

The rate dependency of the bounding surface is illustrated
in Fig. 5b. The bounding surface for looseness of critical state
conditions is dependent on M and the state parameter ξ as,

Mb = M · exp
(
−nb,wetξ

)
(6)

where nb,wet is a positive number so that Mb is smaller than
M on the wet side of critical state. The bounding surface
for dry of critical state conditions has a different functional

Fig. 6. Variation in peak shear strength versus strain rate ra-
tio (SRR) for single element simulations of direct simple shear
(DSS, blue), plane strain compression (PSC, red), and plane
strain extension (PSE, green).

form (Boulanger and Ziotopoulou 2019), but the key feature
is that Mb is greater than M on the dry side of critical state.
Rate-dependent bounding surfaces for different SRRs are il-
lustrated in Fig. 5b for undrained loading (fixed void ratio) of
a soil with an su,cs,ref = 0.2 atm and Fp = FM = 0.08. Increasing
the SRR shifts the bounding surface upwards in q-p′ space due
to the rightward shift in the CSL (Fig. 5a, eq. 4) and increase in
M (eq. 2), as illustrated by the relative movements of the crit-
ical state points marked on the bounding surfaces for each
SRR in Fig. 5b.

The static bounding surface (Mb,static) separating viscoplas-
tic from inviscid behaviors is the bounding surface for a
zero strain rate loading condition. The location of the static
bounding surface is controlled by Rγ̇ ,min, Fp, and FM. The
CSL and static bounding surface shown in Figs. 5a and 5b,
respectively, are for simulations with Rγ̇ ,min = 0.001 and
Fp = FM = 0.08. M and p′

cs for static loading conditions are

p′
cs,static = p′

cs,re f

(
1 − log

(
Rγ̇ ,min

)
Fp

)
(7)

Mstatic = Mre f
(
1 − log

(
Rγ̇ ,min

)
FM

)
(8)

For the parameters used to generate Fig. 5 (i.e., Calibration B),
the result is that Mstatic = 0.76Mref and p′

cs,static = 0.76p′
cs,ref.

The rate dependency of peak shear strength (τpk or su) is il-
lustrated in Fig. 6 showing τpk/τpk,SRR=0 versus SRR for single
element simulations of undrained loading in direct simple
shear (DSS), plane strain compression (PSC), and plane strain
extension (PSE). These results were similarly based on Cal-
ibration B. Over a range of SRRs from −2 to 5, the trends
were approximately linear for all loading conditions with a
10% change in su per log cycle of strain rate. At SRRs < −2,
the change in su with strain rate flattened with the lower
bound corresponding to the static (inviscid) bounding sur-
face. The rate dependency and lower bound on su are the
same for PSC and PSE, as expected, because the initial stress
state was isotropic (i.e., Ko = 1.0) and the model is not depen-
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dent on the Lode angle. The lower bound on su at SRRs < −2
for DSS differs slightly from that for PSC and PSE because of
the slight changes in Ko that occur during DSS loading. DSS,
PSC, and PSE simulations with different initial Ko values will
produce a degree of su anisotropy that depends on the mate-
rial calibration, and thus may also produce some differences
in the lower bound su/su,SRR=0 ratios and strain rate depen-
dency (percentage change per log cycle of strain rate) for SRR
of −2 to 5. Note that the rate dependency at SRR > 5 (beyond
the range of interest and outside the range shown in Fig. 6)
will plateau because the current numerical implementation
limits the bounding stress ratio to less than 1.7 times the ref-
erence critical state stress ratio (this corresponds to limiting
the mobilized friction angle to about twice the reference crit-
ical state value).

Internal strain rate
Transient responses to changes in the external strain rate

are controlled through updating the internal strain rate ( ¯̇γ )
with the internal strain rate parameter θ ref. At the end of each
time step, the internal strain rate is updated based on the
instantaneous external strain rate (γ̇ ) and θ ref as

¯̇γ i+1 = ¯̇γ iθ + γ̇i+1 (1 − θ )(9)

θ = θre f + (
1 − θre f

)
B with 0 ≤ θ ≤ 0.99(10)

where B is a time smoothing factor based on the current time
step size and a reference time step size,

B = 1 − 	t
	tre f

(11)

	tre f = m p′

G γ̇re f
(12)

where m = size of the elastic zone, p′ = current mean ef-
fective stress, and G = shear modulus. Larger θ ref values re-
sult in a slower evolution of the internal strain rate toward
the applied strain rate when the applied strain rate changes.
θ ref = 0.5 resulted in the internal strain rate adjusting to a
step change in external strain rate over approximately 0.25%
shear strain while θ ref = 0.95 updated over approximately 2%
shear strain, as illustrated by the example in Fig. 7. A larger
θ ref value increases the number of steps required for the in-
ternal strain rate to converge toward the external strain rate
after a step increase in the external strain rate. The time
smoothing factor (B) increases θ as the time step is reduced,
increasing the number of steps needed for the internal strain
rate to adjust to changes in external strain rate. This ensures
that the evolution of internal strain rate occurs over a reason-
able magnitude of strain. The reverse is true as the time step
is increased, except θ goes to zero and the number of steps
to adopt a new strain rate is reduced, while the strain incre-
ment required for evolution of internal strain rate remains
approximately the same.

Relaxation and creep
Stress relaxation is imposed when the current stress ratio

(η) is above the bounding surface, with the rate of relaxation

Fig. 7. Internal strain rate evolution with varying internal
strain rate parameter (θ ref).

proportional to the difference between η and Mb. A stress re-
laxation process is required for this situation because, when
the imposed strain rate drops to zero and the operational
bounding surface is above the static bounding surface, there
is no other mechanism for the stresses to relax toward the
static bounding surface. The relaxation process ceases when
the current stress state has dropped to the static bounding
surface, or when a strain rate is imposed and the bounding
surface increases either to or above the current stress state.
The deviator stress ratio tensor (r) and back-stress ratio tensor
(α) are relaxed as follows:

ri+1 = riCr(13)

αi+1 = αiCr(14)

where the stress relaxation parameter Cr is computed as

β = βre f + (
1 − βre f

)
B

0 ≤ β ≤ 1

(15)

Cr = Mb

η
+ η − Mb

η
β

Cr ≤ 1

(16)

The auto-decay parameter βref corresponds to the fraction
of η——Mb that remains after relaxation in a time increment
equal to 	tref. This means that a βref = 0.99 corresponds to
1% of η——Mb relaxed every 	tref increment of time. βref = 1.0
eliminates stress relaxation, while βref = 0.0 results in instan-
taneous relaxation. The auto-decay parameter β is adjusted
from the input βref with the time smoothing factor B to re-
duce the dependency on the time step size as done in the in-
ternal strain rate calculation. The parameter Cr reduces the
current stress ratio toward Mb by an amount proportional to
the difference between η and Mb, resulting in exponential re-
laxation. Stress relaxation ceases when η is reduced to or be-
low the bounding surface.

The stress relaxation mechanism is illustrated in q−p′

space and time–stress ratio space in Fig. 8. The simulation in
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Fig. 8. Stress relaxation mechanism shown as (a) stress path in q-p′ space and (b) stress ratio reduction in stress ratio–time
space for an undrained direct simple shear (DSS) simulation.

Table 1. Input parameters for PM4SiltR model.

Parameter Description Effect Default value

Fp Rate parameter for p′
cs Sets the rate dependency of the critical state line 0.0

FM Rate parameter for M Sets the rate dependency of the M line 0.0

γ̇re f Reference shear strain rate (per second) Sets the reference rate for calculation of the strain rate ratio 5% per hour

Rγ̇ ,min Minimum normalized strain rate Sets the placement of the static bounding surface 0.001

θ ref Internal strain rate parameter Controls the transient response to changes in external strain rate 0.5

βref Auto-decay parameter Controls the rate of stress relaxation 0.999

Fig. 8 shows an element that underwent DSS loading to point
A, after which the strain rate was set to zero (i.e., displace-
ments fixed). Upon cessation of straining, the bounding sur-
face evolved from Mb (blue solid line) to Mb,static (blue dashed
line) over approximately 0.3 h (Fig. 8b); the length of time is
dictated by the evolution of the internal strain rate. The low-
ering of the bounding surface with a reducing internal strain
rate resulted in η being larger than Mb at approximately 0.12
h, which induced the stress relaxation mechanism. The re-
laxation in stress ratio can be seen in the red line as a steady
reduction until the stress ratio reached the static bounding
surface at approximately 1000 h. This correlated to the reduc-
tion in deviator stress seen in the stress path in q−p′ space.
For fixed-stress boundary conditions (as opposed to fixed dis-
placement), this stress relaxation mechanism instead con-
tributes to the accumulation of strain (i.e., creep) at a strain
rate necessary to resist the imposed fixed-stress boundary
condition.

Strain rate parameters
Six parameters control the viscous response of the model

as shown in Table 1. Fp and FM control the strain rate depen-
dency of the CSL and M, respectively. γ̇re f sets the reference
rate for the base calibration. Placement of the static bounding
surface and the corresponding distinction between inviscid
and viscoplastic behavior is determined by Rγ̇ ,min, Fp, and FM.
The transient response to external variations in strain rate is
controlled by θ ref while the rate of stress relaxation is con-
trolled by βref.

Calibration procedure
PM4SiltR is controlled by 24 parameters; out of those, 12

are the parameters that control the monotonic response of
PM4Silt, 6 control the viscous portion of the response, and
6 control cyclic aspects of the response. The preceding sec-
tion focused on the viscous portions of the model; readers
are referred to Boulanger and Ziotopoulou (2019) for full de-
tails of the PM4Silt model. The procedure outlined below can
be used to calibrate the model with differing levels of site-
specific soil information. Further information on calibration
for rate effects can be found in Boulanger et al. (2022) and
Oathes (2022).

1) Select values for the critical state undrained shear
strength (su,cs,ref) or undrained shear strength ratio
(su,cs,ref/σ ′

vc), and the corresponding reference shear strain
rate (γ̇re f ).

2) Select the shear modulus coefficient (Go) and shear
modulus exponent (ng) to match the estimated small-
strain shear modulus (Gmax) and its variation with
depth.

3) Select values for any secondary parameters that can
be informed by soil-specific test data, such as eo, λ,
and φ′

cv.

4) Simulate undrained monotonic loading (DSS, PSC, or PSE)
at the reference strain rate and iteratively adjust nb,wet to
obtain the desired peak strength and compare to labora-
tory test data. Iteratively adjust the plastic modulus pa-
rameter (ho) and contraction rate parameter (hpo) to adjust
the stress–strain response as desired.

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

C
al

if
 D

ig
 L

ib
 -

 D
av

is
 o

n 
09

/1
6/

24
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 

http://dx.doi.org/10.1139/cgj-2022-0479


Canadian Science Publishing

Can. Geotech. J. 00: 1–18 (2024) | dx.doi.org/10.1139/cgj-2022-0479 9

Table 2. PM4SiltR calibrations input parameters.

Calibration A B C D E F G

PM4Silt su,cs,ref/σ ′
vc 0.09 – – – – – –

Go 500 – – – – – –

hpo 250 – – – – – –

nb,wet = nb,dry 0.25 – – – – – –

ho 0.1 – – – – – –

PM4SiltR Fp 0.0 0.08 0.08 0.08 0.05 0.1 0.0

FM 0.0 0.08 0.08 0.08 0.05 0.0 0.1

Rγ̇ ,min 0.0 0.01 0.001 0.1 0.001 0.001 0.001

Fig. 9. Peak shear strength rate dependency expressed as normalized peak shear strength versus strain rate ratio (SRR) with
varying: (a) Rγ̇ ,min and (b) magnitudes of Fp and FM.

5) Simulate undrained monotonic loading for a range of
strain rates and iteratively adjust Fp, FM, and Rγ̇ ,min to ob-
tain the desired variation in peak su with strain rate. Rate
dependency for critical state strength may vary from that
of peak strength and thus it should be evaluated sepa-
rately for cases where it is important to the system re-
sponse.

6) Simulate undrained creep rupture and compare the re-
sults to any site-specific laboratory test data or empirical
correlations. The time to rupture for a given stress level
depends on several factors including: hpo (rate of strain
softening), the Fp and FM rate parameters, and the auto-
decay parameter (βref).

7) Repeat steps 4–6 as needed.

The above procedure can utilize site-specific laboratory test
data when available or can rely solely on empirical correla-
tions (e.g., Figs. 1 and 2). Steps 1–4 largely follow the PM4Silt
calibration procedure while steps 5–6 focus on the viscous
behavior. The calibration process can be dependent on the
types of analysis performed at the system level such that it
is important to make choices during the calibration proce-
dure that consider the behaviors of interest (e.g., the cali-
bration for a drained versus undrained loading problem may
differ). Model response should be examined for all loading
paths that are expected to be important to the system-level
response.

Constitutive responses
Single element simulations were performed to illustrate

the constitutive response of PM4SiltR under a variety of
loading conditions using different calibrations (Table 2). All
calibrations had the same PM4Silt monotonic parameters
that controlled the inviscid portion of the response. The
inviscid response was calibrated to emulate a hypothetical,
moderately sensitive, plastic clay or tailing material with
common engineering properties. Calibration (A) was inviscid
and illustrated the response in the absence of viscoplasticity.
Calibration B was the baseline calibration and had a rate
dependency of 10% per log cycle. Calibrations C–G varied the
six parameters controlling viscous responses. All parameters
not indicated in Table 2 maintained their default values. The
introduced viscous parameters allow for flexibility in the
magnitude and function of the imposed viscous effects.

Undrained shear at different strain rates
The variation of τ pk/τ pk,SRR=0 versus SRR is shown in Fig.

9 for the six calibrations and undrained DSS loading with
σ ′

vc = 101.3 kPa, K0 = 0.5, and SRRs ranging from −5 to 5. Re-
sponses for Calibrations B, C, and D, all used Fp = FM = 0.08,
are compared in Fig. 9a to illustrate the effect of Rγ̇ ,min. These
three calibrations had the same 10% change in τ pk/τ pk,SRR=0

per log cycle of strain rate for SRR > −1, but had different
lower limits on τ pk/τ pk,SRR=0. Calibrations B (Rγ̇ ,min = 10−2),
C (Rγ̇ ,min = 10−3), and D (Rγ̇ ,min = 10−1) transitioned from
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Fig. 10. Influence of strain rate on the stress–strain response
in undrained direct simple shear (DSS) loading: (a) Calibra-
tions A, E, F, and G with strain rate ratio (SRR) = 2, and (b)
Calibration B with varying SRRs.

viscoplastic to inviscid at SRRs of approximately − 2, −3,
and − 1, respectively, and had lower limits on τ pk/τ pk,SRR=0

of 0.8, 0.7, and 0.9, respectively (Fig. 9a). These results illus-
trated how Rγ̇ ,min can be used to adjust the lower limit on
τ pk/τ pk,SRR=0 (i.e., static undrained strength) after the values of
Fp and FM have been selected. Calibrations E, F, and G, all used
Rγ̇ ,min = 0.001, are compared in Fig. 9b to illustrate the effect
of Fp and FM. Calibration F (Fp = 0.1, FM = 0.0) had a strength
increase of 2.5% per log cycle, while Calibration G (Fp = 0.0,
FM = 0.1) had a strength increase of 10% per log cycle as seen
in Fig. 9b, illustrating how the peak su was more strongly in-
fluenced by FM than Fp. Calibration E (Fp = FM = 0.05) had
an intermediate strength increase of 6.0% per log cycle (Fig.
9b). The lower limits on τ pk/τ pk,SRR=0 of 0.81, 0.92, and 0.70 for
Calibrations E, F, and G, respectively, were directly related to
their respective % changes in strength per log cycle of strain
rate because all three used the same Rγ̇ ,min = 0.001.

The stress–strain response at different SRRs is influenced
by Fp, FM, and Rγ̇ ,min. Stress–strain responses in undrained
DSS loading are shown for Calibrations A (inviscid case), E,
F, and G at an SRR = 2 in Fig 10a. The shear strain at peak
shear stress (γ τ ,pk) increased with increasing peak strength,
with γ τ ,pk increasing from 1.2% for the inviscid Calibration A
to 1.4% to 1.6% for Calibrations E, F, and G. The simulations in
Fig. 10a showed that including rate effects in Calibrations E,
F, and G produced γ τ ,pk that were 15%–35% greater than the

Fig. 11. Direct simple shear (DSS) undrained creep simula-
tions of Calibration B with varying sustained stress levels in
shear strain versus time space.

γ τ ,pk for the inviscid Calibration A. Stress–strain responses
for baseline Calibration B are shown for undrained DSS sim-
ulations loaded at SRRs = −4, −2, 0, 2, and 4 in Fig. 10b.
The peak shear strength increased approximately 10% per log
cycle of loading rate at SRR > −2, consistent with the sum-
mary of these results in Fig. 9a. The γ τ , pk increased by about
20% per log cycle of loading rate (e.g., from γ τ ,pk = 1.15% at
SRR = 0 to γ τ , pk = 1.6% at SRR = 2) over the same range of SRR
values. The shear strength ratio reached its lower (inviscid)
limit of about 0.21 when the SRR was less than −2. In addi-
tion, the effect of strain rate on τpk/τpk,SRR=0 is independent of
σ ′

vc for the same specified su,cs,ref/σ ′
vc, but will vary with σ ′

vc

for the same specified su,cs (i.e., with changing su,cs,ref/σ ′
vc).

Undrained creep under sustained stress
The undrained creep response under DSS shearing for Cal-

ibration B with σ ′
vc = 101.3 kPa and K0 = 0.5 is shown for five

loading conditions in Fig. 11. For these five simulations, the
horizontal shear stress (τ h) was increased to 70, 75, 80, 85, or
90% of su,pk,ref, after which the shear stress was held constant.
Undrained creep rupture occurred for shear stresses above
approximately 80% of su,pk,ref, whereas stable conditions de-
veloped for shear stresses below approximately 75% of su,pk,ref.
The time to creep rupture reduced from approximately 118 h
at τ h/su,pk,ref = 0.8–2.3 h for τ h/su,pk,ref = 0.9. For τ h/su,pk,ref = 0.7
and 0.75, the stress ratio was below the static yield surface
and thus the element exhibited no creep. For τ h/Su,pk,ref ≥ 0.8,
the stress ratio was significantly above the static yield sur-
face and thus the element began developing creep strains.
These creep strains increased K0 but produced large reduc-
tions in p′ such that the stress ratio remained above the static
yield surface, which resulted in accelerating creep rates over
time and eventually led to rupture. The occurrence of creep
strains did not indicate an imminent creep rupture as seen
for τ h/Su,pk,ref = 0.79, where creep strains began to accumulate
before stabilizing in time. In this condition, the stress ratio
was slightly above the static yield surface and thus the ele-
ment began to develop creep shear strains. The creep strains
led to an increase in K0 and slight reduction in p′; the stress
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Fig. 12. Variation in applied strain rate (a) and stress–strain
response (b) in undrained direct simple shear (DSS) loading.

ratio eventually stabilized on the static bounding surface and
creep deformations ceased. Sustained shear stresses near the
static bounding surface stabilized or ruptured depending on
the viscous properties, the sensitivity of material, and the
rate of strain softening.

Undrained shear with step changes in strain
rate

Stress–strain responses for undrained DSS loading with
σ ′

vc = 101.3 kPa and K0 = 0.5 with step changes in strain
rate (Fig 12a) are shown in Fig. 12b for Calibration B. Step-
changed loading comprised 10 intervals of 3% shear strain
with constant SRRs of −1, 0, and 1 (a range of two orders
of magnitude); two sets of simulations are shown where the
only difference was the order of applied rate changes. Follow-
ing a step change in strain rate, the stress–strain response
transitioned toward a shear resistance consistent with the
newly imposed SRR. The transition in shearing resistance
following a step change in strain rate takes about 0.25%–1.0%
shear strain to fully develop depending on the magnitude
of the change in strain rate, the strain level, and the model
parameters. Dashed lines in Fig. 12 indicate an estimated fit
of the intervals at unique SRRs. The steps did not directly fall
onto the same line due to: (1) differences in internal strain
rate evolution, (2) differences in the accumulation of plastic
strain and the associated modulus reduction, and (3) the rate
of post-peak strength loss. At larger strains (corresponding
to lower shear resistances), the intervals corresponded more
directly to the fit line because the magnitude of strength
change per log cycle was smaller, which led to smaller dif-
ferences in the evolution of the plasticity surfaces. Pre-peak
stress–strain responses are unchanged with changing strain
rate until close to mobilization of peak strength (Fig. 10) as
the evolving plasticity surfaces do not influence the initial
stiffness of the calibration. Figure 12 shows an evolution

in the stress–strain response with changing strain rate that
is consistent with observed stress–strain evolution for ex-
perimental results presented by Graham et al. (1983) for
Winnipeg and Belfast clays subjected to similar strain-rate
transitions.

Field scale response of a hypothetical
tailings embankment

The response of a hypothetical tailings embankment to
wetting events was modeled using the finite difference pro-
gram FLAC 8.1 (Itasca 2019). The tailings embankment of up-
stream construction was 50 m tall, had a 4:1 horizontal to
vertical slope, and was underlain by a 20 m thick foundation
layer (Fig. 13). Elements in the finite difference mesh were
0.5 m tall by 1.0 m wide except in areas near the dikes and
toe where the mesh was adjusted to accommodate the more
complex geometry. The water table was at the tailings sur-
face starting at a distance 	Xpool = 210 m from the head of
the slope. Capillary rise was 6 m in the tailings and 1 m in the
dikes. The hydraulic conductivity for the tailings and founda-
tion were equal, while the conductivity for the dikes was 100
times larger. The horizontal conductivity was 10 times the
vertical conductivity in all materials.

The tailings and foundation were modeled using PM4SiltR.
The tailings were assumed to have uniform engineering
characteristics represented by Calibration B or C. The peak
undrained shear strength in DSS loading at standard labora-
tory strain rates (su,pk,ref/σ ′

vc) was 0.27 and the critical state
strength (su,cs,ref/σ ′

vc) was 0.09, resulting in a sensitivity (St) of
3.0. The shear wave velocity at a confining pressure of 1 atm
(101.3 kPa) was 145 m/s. An initial void ratio of 0.95 and a
dry unit weight of 13.6 kN/m3 were assumed. Calibrations B
and C produced a strain-rate dependence in su,pk,ref of 10% per
log cycle of strain rate, with the lower (inviscid) limit on su,pk

being about 80% of su,pk,ref for Calibration B and about 70%
of su,pk,ref for Calibration C (Fig. 6). The foundation layer was
modeled using the same parameters as for the tailings except
with su,cs,ref/σ ′

vc = 0.50; this change produced a peak strength
of su,pk,ref/σ ′

vc = 0.5 with no post-peak strain softening (i.e.,
St = 1.0).

The dikes were modeled as medium-dense silty sand us-
ing PM4Sand. The input parameters were an apparent rela-
tive density DR = 55%, shear modulus coefficient Go = 677,
and contraction rate parameter hpo = 0.4; all other input pa-
rameters retained their default values. This calibration pro-
duced drained peak friction angles of 33–38 degrees in the
dike depending on the loading path and effective confining
stress.

Steady state seepage and initial static equilibrium con-
ditions were established in a sequence of analysis steps
as follows. Seepage and equilibrium conditions were first
established using Mohr–Coulomb material models, after
which the materials were switched to PM4SiltR with inviscid
parameters (Calibration A) and PM4Sand, and equilibrium
conditions solved for again. The viscous parameters for
PM4SiltR were then activated (i.e., Fp, FM, and Rγ̇ ,min values
for Calibration B or C) and a creep analysis initiated with
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Fig. 13. Tailings impoundment geometry with the phreatic surface and saturation surfaces from the steady seepage analysis
case for 	xpool = 210 m.

Fig. 14. Horizontal displacement at mid-slope versus time af-
ter start of creep analysis for Calibrations B and C with differ-
ent wetting events.

the tailings, foundation, and dikes fully drained. The creep
analysis ended when creep deformations had ceased, corre-
sponding to a long-term fully consolidated condition with
all stress states either within or on the soil’s static yield
surface. In practice, the initialization of the model can have
a significant impact on the results and it is important that
the initial conditions of the model approximate the expected
field conditions. The analyses shown herein are generally
applicable for a range of initialization methods and provide
an example of potential system level uses of the constitutive
model.

The embankment was then subjected to a wetting event
with undrained conditions in the saturated tailings and foun-
dation layers and drained conditions in the sand dikes. A wet-
ting event comprised increasing the water content (	wc) in
the tailings and dike soils above those already saturated by
capillary rise (dashed line in Fig. 13), while simultaneously
eliminating the suction (negative pore pressures) in the soils
saturated by capillary rise. The wetting event was ramped to
the final loading condition over a period of approximately
18 days. Horizontal displacement of the embankment face at
mid slope is plotted versus time since the start of the wet-
ting event in Fig. 14 for analyses using Calibration B with im-
posed 	wc of 5%, 12%, 13%, and 15% and Calibration C with
imposed 	wc of 2% and 5%. For the analyses using Calibration

B, wetting events with 	wc ≤ 12% caused less than 15 mm
of horizontal displacement at the embankment face, with
most of the deformation occurring as the wetting load was
imposed. The analyses using Calibration B with 	wc = 13%
and 15% developed slope instability in 23 days and 7 days,
respectively, after the end of the wetting event. For both of
these unstable cases, face displacements remained less than
about 50 mm until a day before the slope became unstable.
For the analyses using Calibration C, the wetting events with
	wc = 2% and 5% developed instability in 168 and 20 days,
respectively, after the end of the wetting event, with face dis-
placements similarly remaining less than about 50 mm until
a few days before the slope became unstable. The analyses
using Calibration C (Rγ̇ ,min = 10−3) developed instability un-
der much smaller wetting loads (	wc = 2% versus 13%) com-
pared to Calibration B (Rγ̇ ,min = 10−2), taking an order of mag-
nitude greater time to rupture after loading (168 days versus
23 days). These differences in responses were attributed to the
order-of-magnitude smaller Rγ̇ ,min in Calibration C producing
a 9% smaller static undrained shear strength at an order-of-
magnitude smaller strain rates, such that undrained rupture
at this lower strength required an order of magnitude more
time to develop.

Wetting events that led to slope instability triggered pro-
gressive failure in the strain-softening tailings. Failure (post-
peak softening) initiated in the tailings just above the founda-
tion tailing interface around mid-slope of the embankment
(the initially highest stressed zone) for all wetting events,
leading to slope instability. The failure progression is illus-
trated in Fig. 15 showing shear strain contours for the simu-
lation using Calibration C with a 	wc = 2% at different times
and hence different mid-slope horizontal displacements. Mid-
slope displacement was 5 mm at 18 days in Fig. 14 (i.e.,
end of wetting) gradually increasing to 15 mm at 100 days,
25 mm at 158 days, 50 mm at 181 days, and 75 mm at 184
days, followed by the rapid progression of rupture strains and
slope instability in less than 24 h (185 days). Zones of strain-
softening, which corresponded approximately to the shear
strain contours exceeding 1%–2% in Fig. 15, developed in lo-
calized shear bands such that global displacements remained
relatively small even as the shear strains in these localization
zones became relatively large. The zone of strain softening
progressively grew in time, eventually developing along the
full length of the eventual failure surface.

The progressive nature of the failure and the associated
shedding of shear stress from softening elements explains
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Fig. 15. Contours of shear strain at different times using Calibration C with 	wc = 2%.

why the time to failure for the embankment (Fig. 14) was
much longer than required for undrained creep rupture at
the element level (Fig. 11). Softening elements shed shear
stress into adjacent elements, which increased strain rates
and hence increased shear resistances in all soils, thereby
partially compensating for the reduced shear resistance in
the softening elements. The elements adjacent to the strain-
softening zones eventually developed enough creep-induced
strain to begin strain-softening themselves. This process con-
tinued with the length of the softening zone progressively in-
creasing over time, while slope displacements remained rel-
atively small because the softening zone was relatively thin.
This process progressed until further stress shedding led to
instability with rapidly accelerating deformations.

The static stability of the slope in the absence of creep and
progressive failure effects was evaluated using the strength
reduction method with the same mesh and initial stress
conditions and using non-strain softening Mohr Coulomb
models. For long-term drained stability, the dike, tailings,
and foundation materials were assigned effective friction
angles of 34, 32, and 32 degrees, respectively. The factor
of safety was 2.6 with the critical failure mechanism being
shallow surface slides; deeper failure mechanisms reaching
the tailings would have even greater factors of safety. For
long-term (consolidated) undrained stability, the analyses as-
sumed: (1) dike materials were drained with a friction angle
of 34 degrees, (2) tailings were undrained where saturated

with su/σ ′
vc = 0.27 and drained where not saturated with a

friction angle of 32 degrees, and (3) foundation clays were
undrained with su/σ ′

vc = 0.50. The factor of safety was 1.30
for this long-term consolidated, undrained loading condition,
with the critical failure mechanism being approximately the
same as the mechanism that developed in the creep analy-
ses (Fig. 15). This margin of safety, based on su at reference
strain rates, was insufficient to maintain stability under the
combined influences of undrained creep, progressive failure,
and modest wetting loads. For the analyses using Calibra-
tion B, the margin of safety was overcome largely by the
combination of the static su at the slowest strain rates (i.e.,
su,ref/su,static = 1/0.82 = 1.22 per Fig. 6) and the 	wc = 13% in-
creasing the driving shear stresses in the tailings by about
7%. For the analyses using Calibration C, the smaller static
su (i.e., su,ref/su,static = 1/0.72 = 1.38) meant that only a nom-
inal wetting-induced load (e.g., 	wc = 2%) was sufficient to
trigger the start of undrained creep leading to instability. For
both calibrations, the delay between wetting-induced load-
ing and slope instability was controlled by the progressive
failure processes and strain rate at which the static su is
reached.

Additional analyses were performed for different pool
locations (Xpool = 110 m, 160 m, 210 m, and 260 m in Fig. 13),
different calibrations, and a range of wetting-induced loads.
Reducing the pool’s distance from the dam crest reduced
the static factor of safety (based on the above-described

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

C
al

if
 D

ig
 L

ib
 -

 D
av

is
 o

n 
09

/1
6/

24
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 

http://dx.doi.org/10.1139/cgj-2022-0479


Canadian Science Publishing

14 Can. Geotech. J. 00: 1–18 (2024) | dx.doi.org/10.1139/cgj-2022-0479

strength reduction method), which reduced the amount of
wetting-induced load required to trigger instability for any
given calibration. Reducing the static su via calibration of
the rate parameters also reduced the amount of wetting-
induced loading required to trigger instability. The delay
between wetting-induced loading and slope instability was
most strongly dependent on the material rate dependency,
the ratio of the static su to the su at reference strain rates,
the static factor of safety, and magnitude of wetting-induced
loads. The results of these sensitivity analyses were consis-
tent with those described above and are consistent with
expectations.

Other sensitivity analyses were performed to evaluate sen-
sitivity to the mesh size and time step constraints. The anal-
ysis cases with Calibration B and Xpool = 210 m (Fig. 13) were
repeated with the element sizes reduced by a factor of two
in both directions (four times as many elements). Delayed
slope instability developed 3 days after a wetting event with
	wc = 13% versus after 23 days with the coarser mesh. De-
layed slope instability developed 8 days after a wetting event
with 	wc = 12% versus the slope remaining stable with the
coarser mesh. The slope remained stable for 	wc ≤ 10% ver-
sus remaining stable for 	wc ≤ 12% with the coarser mesh.
Thus, the finer mesh reduced the magnitude of the load-
ing event required to trigger a delayed failure, which is con-
sistent with expected mesh effects for systems with strain-
softening materials. Sensitivity analyses using smaller strain
increment limits for constraining the time steps within the
explicit creep solution procedure of FLAC showed less effect
than the mesh size, with smaller shifts in the timing of de-
layed failures and no significant effect on the loading lim-
its for stability. The sensitivity of the simulation results to
mesh size and time steps introduces an additional uncer-
tainty that must be considered in practice and represents
common limitations in analyses involving strain-softening
materials.

Discussion
The field scale analysis introduced herein highlighted the

capabilities of the PM4SiltR model in a boundary value prob-
lem; however, it is important to be aware of potential lim-
itations that may play a role in predicting the effects of
undrained creep on slope stability. These creep analyses as-
sumed fully undrained conditions in the tailings, which did
not consider any potential beneficial effects from consolida-
tion during creep. The potential for consolidation to progress
fast enough to preclude undrained creep rupture may be as-
sessed by evaluating their relative time scales, each of which
involves considerable uncertainty in practice. These analyses
also exhibited mesh sensitivity due to the strain-softening
tendency of the material and the progressive failure local-
izing along a narrow band. However, the inclusion of vis-
coplasticity can provide a measure of regularization to par-
tially offset the mesh sensitivity (Needleman 1988; Niazi et
al. 2013; Oathes and Boulanger 2020, 2023). Additional study
is needed into procedures to account for mesh dependency
and regularization, the modeling of coupled consolidation
and creep, and laboratory and field testing to determine ap-

plicable creep properties. Nonetheless, application of these
analysis procedures utilizing PM4SiltR in a reevaluation of
the 2019 Feijão Dam 1 failure provides an additional measure
of validation for their use in engineering practice (Oathes and
Boulanger 2022).

Delayed failures of seemingly stable embankments, such as
seen in Feijão Dam 1, highlight the need to consider internal
creep and strain rate-dependent shear strengths in analyses.
Consideration of internal creep and strain rate-dependent
shear strengths involves the calibration of advanced constitu-
tive models that capture the viscoplastic tendencies of plastic
silts and clays. Accurately modeling the viscoplastic behav-
ior requires either more extensive laboratory testing than is
commonly performed or reliance on empirical correlations.
Estimates of rate-dependent material properties may be ob-
tained from empirical correlations for soil types that are well
represented in common correlations (e.g., Figs. 1 and 2), but
these correlations are not well defined for many soils encoun-
tered in practice, including various tailings materials. Despite
these challenges, the potential for undrained creep rupture
needs to be considered in analysis or design. Recognizing the
potential for creep and progressive failure can inform the se-
lection of soil properties, assumptions for static liquefaction
triggering, and appropriate factors of safety when perform-
ing limit equilibrium analyses. Alternatively, directly simu-
lating creep and progressive failure in numerical analyses
can provide insights for specific projects and provide a frame-
work for developing generalized guidance.

Conclusion
The PM4SiltR model was developed to represent strain

rate-dependent behaviors of clays and plastic silts in two-
dimensional (plane strain) static slope stability applications.
The model builds upon the stress ratio-controlled, critical
state-compatible, bounding surface plasticity model PM4Silt.
PM4SiltR was developed to simulate strain rate-dependent
shear strength, stress relaxation, and creep; it is unable to
simulate strain rate-dependent consolidation behavior be-
cause the model does not have a cap. The non-viscous behav-
ior of PM4SiltR follows the monotonic behavior of PM4Silt.
Six parameters were introduced to control the viscous be-
havior. The model utilizes a consistency approach wherein
the CSL and the critical state stress ratio are made strain-rate
dependent. A static yield surface separates the viscous and
non-viscous behaviors at slow or zero loading rates. Transient
responses and stress relaxation are controlled by an internal
strain rate and auto-decay process. The model framework fa-
cilitates efficient calibration against empirical correlations or
site-specific testing data for those mechanisms most impor-
tant to slope stability applications, while accepting certain
approximations and limitations in representing underlying
fundamental mechanisms under more generalized loading
conditions.

Single element simulations of undrained DSS shearing
and undrained creep illustrated the constitutive response of
the model. The introduced viscoplasticity was shown to in-
crease the peak strength and the strain at the mobilization
of peak strength as the applied strain rate increases. The
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peak strength became strain-rate independent at strain rates
smaller than the minimum strain rate defining the static
bounding surface. Simulations of DSS undrained creep were
either stable or ruptured depending on the magnitude of the
imposed stress level and the static bounding surface. Lower
sustained shear stresses typically resulted in stable condi-
tions and higher sustained stresses resulted in rupture, with
the time to rupture decreasing with increasing sustained
stresses. Stress conditions close to the bounding surface may
result in small magnitudes of induced creep strain before be-
coming stable and ceasing deformation.

PM4SiltR was used to simulate undrained creep rupture
in a hypothetical tailings dam with a strain-softening ma-
terial. Small changes in loading were shown to be able to
trigger a progressive failure due to undrained creep rup-
ture in the strain-softening material resulting in delayed
slope instability. Simulations showed that minor changes in
phreatic surface elevation or pool length could transition an
embankment from stable to unstable in the long term. Sim-
ilarly, wetting events were shown to be capable of causing
sufficient internal strain to trigger undrained creep rupture,
progressive failure, and slope instability.

The ability to incorporate viscous effects into analyses of
earthen structures founded on or containing clays or plastic
silts can improve confidence in analysis results by better rep-
resenting the soil mechanics behaviors observed in the lab-
oratory or in situ. Further advancing the modeling of creep
and progressive failure in practice requires further investi-
gation into mesh effects, site-specific testing, and empirical
relations for viscous soil properties, as well as the relation-
ship between creep and consolidation. Despite the remain-
ing challenges, the numerical and constitutive modeling ap-
proach herein shows promise as a way for directly accounting
for creep and progressive failure in applications or in studies
to develop generalized guidance.
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Appendix A
A pseudo-code for the implementation of PM4SiltR in FLAC

8.1 is provided below. This pseudocode describes the se-
quence of calculations for both the model and its implemen-
tation within the explicit, finite difference, mixed formula-
tion of FLAC. The mixed discretization formulation of FLAC
uses four overlaying triangular elements within each quadri-
lateral zone, as illustrated in Fig. A.1. The implementation
of PM4SiltR is similar to those for other constitutive mod-
els within FLAC, except that the complexity of the bounding
surface formulation with its various history terms required
specific attention to zone-averaging procedures and numer-
ical corrections to ensure consistency is satisfied by zone-
averaged variables. The pseudocode emphasizes the calcula-
tion of strain rate-dependent variables unique to PM4SiltR.
Additional details of the implementation scheme for the par-
ent model PM4Silt in the mixed formulation of FLAC are pro-
vided in Boulanger and Ziotopoulou (2019).

Operations within one subzone:

1. Initialize the model parameters; this only happens when
the model is first assigned or when FirstCall is set to
zero at some point during the analysis. For detailed in-
formation on what parameters are initialized (or reset),
see Boulanger and Ziotopoulou (2019).

2. Obtain the strain increment from FLAC dε.
3. Decompose the strain increment into volumetric and de-

viatoric components, dεp and dεs.
4. Calculate the trial elastic stress increment and trial elas-

tic stress:

σtr = σ0 + dσtr = σ0 + 2Gdεs + KdεpI

5. Calculate the trial stress ratio rtr, the distance from the
yield surface dist, the unit normal to the yield surface n,
and the inner product of the change in back-stress ratio
tensor α with unit normal vector daxn.

rtr = σtr − ptrI
ptr

dist =
√

(rtr − α0) : (rtr − α0)

n = (rtr − α0)
dist

daxn = (α0 − αin ) : n

6. Check for yield:
a. If elastic, then commit the trial stresses. Go to step 8.

dist <
1√
2

m

σ0 = σtr

b. If inelastic:
i. Calculate loading index L:

L = 2Gn : de − n : rKdεv

Kp + 2G − KDn : r

ii. Calculate trial stress increment and trial stress:

σtr = σ0 + dσtr = σ0 + 2Gdεs

+KdεpI − L {2Gn + KDI}
iii. Apply penalties to stress ratios and back-stress ra-

tios to meet the consistency condition and to re-
main within the greater of the bounding and di-
latancy surfaces.

iv. Calculate image back-stress ratios and inner prod-
ucts:

αb =
√

1/2
[
Mb − m

]
n

αd =
√

1/2
[
Md − m

]
n

αdR =
√

1/2
[
MdR − m

]
n

v. Commit the trial stresses (back-stress ratios,
stress ratio, and mean stress, stress)

7. Return all stress tensor components to FLAC (at this
point, FLAC takes over and will average them according
to the mixed discretization scheme)
Operations referring to the whole zone:

8. After the calculation has completed the 4th subzone, the
following additional calculations are performed for the
overall zone. Recall the following parameters for all four
subzones and compute area-weighted average values
for:
� Volumetric strain increment dε̄p
� Deviatoric increment dε̄ and deviatoric strain rate

d
( ·̄

y
)

� Mean stress p̄
� Stress tensor (committed one) σ̄0
� Back-stress ratio tensor ᾱ0
� Unit normal to yield surface vector n̄

9. Apply penalties to the averaged zone parameters to meet
the consistency condition and maintain the yield sur-
face inside the greater of the bounding and dilatancy sur-
faces.

10. Calculate image back-stress ratios and inner products for
the averaged zone parameters.

11. Calculate daxn for the averaged zone parameters and de-
termine whether a loading reversal has occurred.

12. Compute Dilatancy D and Plastic Modulus Kp for the past
average step in the zone.

13. Compute plastic volumetric strain for use in fabric terms.
14. If (αd − α) : n < 0, update the fabric tensor for the zone

and if exceeding its former value, update the cumulative
fabric term.

15. Update the strain-rate-dependent parameters M and e1kPa

as

M = Mre f

⎛
⎝1 + FMlog

⎛
⎝

·̄
γ

·
γre f

+ Rγ̇ ,min

⎞
⎠

⎞
⎠

e1kPa = e1kPa,re f − λ · ln

⎛
⎝1 + Fplog

⎛
⎝

·̄
γ

·
γ re f

+ Rγ̇ ,min

⎞
⎠

⎞
⎠
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Fig. A.1. Schematic illustration of the averaging procedure followed in the implementation of PM4SiltR: zone-averaged values
are computed for some internal variables of the model, denoted as m, at the end of each explicit time step, after which other
internal parameters, denoted as q, are computed based on the zone-averaged parameters (Boulanger and Ziotopoulou 2019).

16. Update the state parameter and the bounding and dila-
tancy stress ratios.

17. Apply relaxation to stresses and, if needed, apply correc-
tion to back-stress to satisfy consistency condition.

18. Update the elastic shear modulus (depends on fabric) and
the elastic bulk modulus for the next step.

19. Update the initial and previous initial back-stress values
and the strain increment accumulators.

20. Update initial back-stress ratios upon reversal.
21. Commit zone stress tensor, zone mean stress, zone back-

stress ratio tensor, and zone stress ratio tensor to mem-
ory.
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