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Von Neumann's In'fo'rmal Hidden -Variable Ar‘gument ‘

John F. Clauser "
Department of Physms, Umvers1ty of California, Berkeley 94720

Von Nveum.ann was convmced that the randomness observed in quantum
mechamcal Systems is inherent in them, and not due to an 1gnorance of additional
random variables unspec1f1ed in the quantum formahsm. His formal "proof"

- of the nonexistence of these hidden~varianles, 1 however, relied on overly
restrictive ass'ump_t_io'n's eoncenning their nature, and thus must be con‘sidered_-,
unacceptable. 2 ' | _

 For .h‘is_to_r_‘ical pe_rspec"tiv.e',‘ &Vign.era has necently deseribed in this journal
the informal argument whicn moti;zated Von Neumsnn to his conviction. AiSO
presented is Schrbdmger s obJectmn to h1s reasomng, but m a manner wh1ch
misleads the reader into concludmg that the obJectlon is untenable It 1s the

purpose of the present note to show that Schrbdmger s ob]ectwn is valid, and

‘that Von Neumann_ s motxvatmg agrument is also unacceptable,4

Von Neumann's Informal Argument

Von Neﬁmann’s ar'_gumen'c5 Aconcems successive -measurements of d’ifj;'erent
spin‘_components of a spin __;_'__17_2 'pérti"(:le,' with the‘aSSumpt'ion that the result‘ is
determmed by a hidden -var1ab1e (or set of vamables) |

It may be stated bmefly as follows

1.. A single measurement y1eldmg a given sign will restrlct the range |
of values wluoh tP‘e hldden -Vamable(s) had before the. measurement

2. The restmcuon will be present after the conclusmn of the measurement
otherwise successive measurements of the same component would not y1e1d the
‘same result, |

| 3. A subsequent measurement operation of a different spin component _wi_H

further restriot thic range: .



‘and
4. A sufficiently large'nurhber. of these operatiqns \&ill' allow the:pr'oducti_c')n .

of a state for which .the'spin_,compg.nent‘s have a definite sign in all dirvec‘ti,ons.‘
8. "The re‘sultanfstate Wiil,sfiolate thg ﬂpredié'tvionsv of the quantum t'ﬁéory,

and no such violations have been observed.

Schr8dinger's O‘b,j‘éctiori‘
’ Schr;Bdinger' objécted to Von Néuvr_hahn'.s reasoning. He suggested thét a
later measurerhent, While t_‘ur-'t‘her.' restxjicfin,;; the range of the hidden -variable(s)
. may r»estbo‘re a range blocked by an earlicr 'meas.ixrement.} He thus felt that such
a restoration allowed the predicfions of ciuantum mechanics for a spin-1/2
parficie to be achieved by a hidden _variable theory. |

Von Neumann and Wigner‘ counte.rt"w'it'h two aséeftions. 5 First they '
claim that."éﬁéh a restoration "...presupposed the existence of 'h‘idden' ~variables
in the ‘apparéfug used for the megsu»remen.t. " Second theyrassr;ert' that the
existence of these hidden -variables still allov_s}s the generatioh of a state with
_Well defined ‘séin c'orn';.)onents in v'all directidns. Thus they'beliex}e that they .
“have refuted Svchrb'di'nger's' objection. |

In thié riofe bqth of_thesg assertions are demonstrated to be false. A
trivial counter—exémple is provided which accomplishes SéhrBdinger‘s restoration
o without requiring Fhe existence of hidden -variables ih the apparatus. The mod“elv
is capable of duplicating the predictions of quan’cum mechanics for an arbitrary
series of spin component measurementé of a spin-1/2 particle. Obviously - L
then since the existence of ﬁiddeh -vér;iables' in the apparatus is unnecessary
- for the meés’ﬁrément;operatioxi, the second assertion invlikeWise untr'ue, aé the

apparatus may choose simply to ignore their existence.



vm

Counter ?Example' |

_ _forward and has already been done by Bell-

Cons1der an ensemble of spm -1/2 part1cles wh1ch are polamzed along the

direction Q . The polarlzatlon dxrectlon is characteristic of, and carr1ed by

- every member of this ensemble Assume that each member of the ensemble also

hasa hidden -var1ab1e Wthh is the umt vedor &, and that A has initially a uniform
probablhty d1str1but1on over the hem1sphere L Q > 0.

Ne_xt constder an apparatus wh1ch measures the spm- component along the
'unit vector,a ' The action of the apparatus i3 two fold. ‘First it 'must be o
sensﬁnve to the 1nformat10n conveyed to it by the part1c1e (in this case ) and

R), and from th1s 1nformat10n determme a bmary result A (g, P, A)y=+1.

,

Second 1t must prepare the state for future measurements without the use of
any add1t10na1 random varlables 1ntr1ns1c to the apparatus

Constructlon of a model for the f1rst part of this pperatlon is stra1ght
6. 7 Defme :

'O = cos (E:L p)

-and construct a new vector a' in the plane of aand P, defined so that

©'= cos 1-'(a',~ p) —'27[ (1 - cos®)

" as shown in Figure 1.

Now specify the result of the measurement to be

Afg, p, Y= sign (L &)

- Averaging over L\yields the expectation value

<mg = + 1/2 "Q,' Q, mb='+1/2>= 1 _2_?_’, cos ©

~ ~

in agreement with the predlctlons of quantum mechanlcs

The preparatlon of the new state for a subsequent measurement must |
now be done. We- shall con81der the case of a measurement apparatus that
passes 'Only'particles for which the result of the measurement: is A = +1. All of
these have A w1th1n the mtersectxon of the:two: hem1spheres Al p > 0 and

L a > 0. Defme ¢ to-be the azimuthal angle of )\ referenced from p about the



g{x\g{éxis { see Fivgure 1), andv prescrihe that the measurement apparatt}s
rotate ) about t_he_ p xg exis, k‘eeping the polar angle fixed, to a new’
azimuthal angle given by D L Rt o S | 2
b= g b b 0 O |
, T-O7x 1 -9"7)
By doing so the initial phase space is mapped on to the hemisphere A a >0,
Finally preScribe thet the apberetus.deﬁne p'= a asthe new polarization direction
after the measurement operatmn. | N |
The above determuustlc proceedure assures that the dlstrlbutlon of A
after the measurement will be \umform over the hemlsphere A-p>0. Thus the
new hidden -varxable distribution will be identical to that before the measurernent
only rotated to the new orientation in the d1rect1on of R = a. |
A secoﬁd measurement fol-low’invg e similar set of prescriptions for the

direction b will then yield the expectation value

.<m2,=+1/2 lg - n lm,-+1/2 >=h -

again in agreement with the predictions of quantum mechamcs.‘ Nowhere in our

'exempie is there’any: need of ekternel (ap'paratus) hidden —{rariables..

- Conclusions-
| The abbve trivial'exarnpte serves to ‘dex.t.lonstrate' that a hidden-variable
theory is capable of yiel'_ding the predictions of quantum mechanics for an |
arbitrary series of measurements of different spin cemponents of a spin-1/2 | T
particle. Thus-an Neumanb's inform_ai 'argurrient is also invalid, as well ‘.as V _ Q '
his formal one. |

Von Neumann's original intention was to show that for all systems,the
quantum mechanical predictions ar_e substantially different from those of a
hidde'n-varieb.le t‘heovr_y. ThlS apparently is not so in‘gcneraln. However, Bell's
',analysis- of the peculiar‘ ease of a ':two spin-i/2 particle system 46 shows thaf

N
in this spec1a1 case the quantum theory and any local hldden -variable theory
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will yield ooservably different predictions. Unfortunately, these predictions
are as yet experxmenta‘ly untested '8 |

Bell's theorem then should be regarded not as a supplement to

Von Neumann s. old ideas, but as a baS1s for new and 1mp0rtant experimental

predictions It is hoped that this note w111 correct earher mlsleadmg

statements and put these arguments in thexr proper historical perspectwe
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work. -
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa- .
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-

" fringe privately owned rights; or :

B. Assumes any liabilities with respect to the use of or for damages
resulting from the use of any information, apparatus method, or
process disclosed in this report.

As used ‘in the above, "person acting on- behalf of the Commission”’
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
Avides access to, any information pursuant to his employment or contract

"~ with the Commission, or his employment with such contractor.
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