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Odd-parity superconductors with two-component order parameters:
nematic and chiral, full gap and Majorana node

Jörn W. F. Venderbos, Vladyslav Kozii, and Liang Fu
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Motivated by the recent experiment indicating that superconductivity in the doped topological
insulator CuxBi2Se3 has an odd-parity pairing symmetry with rotational symmetry breaking, we
study the general class of odd-parity superconductors with two-component order parameters in
trigonal and hexagonal crystal systems. In the presence of strong spin-orbit interaction, we find
two possible superconducting phases below Tc, a time-reversal-breaking (i.e., chiral) phase and an
anisotropic (i.e., nematic) phase, and determine their relative energetics from the gap function in
momentum space. The nematic superconductor generally has a full quasi-particle gap, whereas the
chiral superconductor with a three-dimensional (3D) Fermi surface has point nodes with lifted spin
degeneracy, resulting in itinerant Majorana fermions in the bulk and topological Majorana arcs on
the surface.

Introduction.— Unconventional superconductors with
non-s-wave pairing symmetry have always been an tan-
talizing topic of condensed matter physics [1]. For
inversion-symmetric materials, superconducting order
parameters can be broadly divided into two types de-
pending: even-parity (such as s-wave) and odd-parity
(such as p-wave). There is mounting evidence that the
heavy fermion compound UPt3 [2, 3] and the transition
metal oxide Sr2RuO4 [4, 5] are odd-parity superconduc-
tors. In spin-rotational-invariant systems, odd-parity su-
perconductivity generally results from spin-triplet pair-
ing, which can be meditated by spin fluctuations in the
vicinity of ferromagnetic instability. On the other hand,
the mechanisms and properties of odd-parity supercon-
ductivity in spin-orbit-coupled systems have been less ex-
plored until recently. In the last few years, a number of
theoretical and numerical studies have shown that in the
presence of strong spin-orbit interaction, odd-parity pair-
ing can be realized in a broad range of materials without
proximity to magnetic instabilities [6–13].

In particular, Fu and Berg [6] proposed that the doped
topological insulator CuxBi2Se3, which is superconduct-
ing below Tc ∼ 3.8K [14, 15] and has strong spin-orbit
coupling with a magnitude comparable to the Fermi en-
ergy, may have an odd-parity order parameter. This the-
oretical proposal has sparked considerable experimental
studies of CuxBi2Se3 and related superconductors de-
rived from topological insulators [16–18]. Remarkably,
two recent experimental studies on CuxBi2Se3, both bulk
probes of the bulk pairing symmetry, have observed in-
plane uniaxial anisotropy appearing below Tc: Knight
shift measurements [19] and specific heat measurements
in rotating field [20]. This provides a direct evidence of
spontaneous spin rotational symmetry breaking in the
superconducting state. Further theoretical analysis [21]
shows that this NMR result and the absence of line nodes
deduced from an earlier specific heat measurement [15]
appear to be consistent only with the two-component Eu
order parameter, which is one of the odd-parity pairing
symmetries classified in Ref. 6. Very recent magneto-
transport [22] and torque magnetometry [23] measure-

ments further support this.

Motivated by these experimental advances, here we
study the physics of odd-parity two-component super-
conductors. In general, superconductors with multi-
dimensional order parameters may exhibit multiple su-
perconducting phases as a function of temperature, mag-
netic field, pressure and chemical substitution. These
phases may break time-reversal, spin rotation, or crystal
symmetry, as exemplified by the A- and B-phase of 3He.
While time-reversal-breaking (or chiral) superconductiv-
ity has been widely studied especially in the context of
Sr2RuO4, rotational symmetry broken or nematic super-
conductivity, as exhibited by CuxBi2Se3, is however rare
and largely unexplored. The main purpose of this work
is to study the energetics and physical properties of two-
component odd-parity superconductors, and point out
the crucial role of spin-orbit coupling.

Our main results are as follows. First, we list the rep-
resentative gap functions of two-component odd-parity
order parameters, which differ significantly for mate-
rials with and without spin-orbit interaction. Next,
by a weak-coupling analysis based on Bardeen-Cooper-
Schrieffer (BCS) theory, we show that in spin-rotational-
invariant materials, the energetically favored supercon-
ducting phase below Tc is rotationally invariant, but
in the presence of strong spin-orbit coupling, it can be
either chiral or nematic. We show that the nematic
phase generally has a full superconducting gap, whereas
the chiral phase exhibits robust point nodes with lifted
spin degeneracy on a 3D Fermi surface, resulting in low-
energy Majorana-Bogoliubov quasi-particles in the bulk
and topological Majorana arcs on the surface.

Two-component odd-parity order parameters— Assum-
ing that the superconducting gap is much smaller than
the Fermi energy, we construct the superconducting order
parameter using electron operators on the Fermi surface:

ψ(~k) = [c1(~k), c2(~k)]T . In the absence of spin-orbit cou-
pling the index α = 1, 2 labels two spin eigenstates along
a global z axis. In spin-orbit coupled systems, and in
the presence of time-reversal (Θ) and parity (P ) symme-
try, α is a pseudospin index labeling the two degenerate
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Pairing form factors D3d D6h

g1(~k) = kx
g2(~k) = ky

}
Eu E1u

F a
1 (~k) = kxσz, F

b
1 (~k) = kzσx

F a
2 (~k) = kyσz, F

b
2 (~k) = kzσy

}
Eu E1u

F c
1 (~k) = kxσy + kyσx

F c
2 (~k) = kxσx − kyσy

}
Eu E2u

TABLE I: Table listing the two-component odd-parity pair-
ings to leading order p-wave in the harmonic expansion. We
focus on hexagonal and trigonal crystal systems. The coef-
ficients a, b multiplying degenerate basis functions are arbi-
trary, i.e., not determined by symmetry.

bands. We choose a special basis, called manifestly co-
variant Bloch basis (MCBB) [24], in which the [c1, c2]T

obeys the same simple transformation properties under
the symmetries of the crystal as an ordinary SU(2) spinor
[c↑, c↓]T [25].

The pairing potential in BCS mean field theory of su-
perconductivity can be explicitly expressed in MCBB

as ∆̂ =
∑
~k ∆αβ(~k)εβγc

†
α(~k)c†γ(−~k), where the pair-

ing matrix ∆(~k) is basis dependent. Time-reversal

symmetry acts as Θψ(~k)Θ−1 = iσyψ(−~k), and this
implies for a time-reversal-invariant pairing function

(iσy)∆∗(~k)(−iσy) = ∆(−~k). Symmetries of the crys-

tal point group G, denoted g ∈ G, act as gψ(~k)g−1 =

Ugψ(g~k). Odd-parity pairing is then defined by the rela-

tion ∆(−~k) = −∆(~k).

The simple transformation properties of the pairing
function in the MCBB allow a straightforward classifi-
cation in terms of representations of the crystal sym-
metry group. In spin-rotational-invariant systems, the
pairing is decomposed into different representations of
the symmetry group G × SU(2). For multi-component
odd-parity superconducting order parameters, the pair-
ing function is a linear combination of the basis functions,

∆(~k) =
∑
m
~ξm∆m(~k)·~σ, where m labels the components

of the representation, and the order parameters ~ξm are
vectors in spin space. Because of the spin-rotational sym-
metry, superconducting states whose order parameters
only differ by a common SO(3) rotation of all vectors
~ξm are degenerate in energy. In contrast, in the pres-
ence of spin-orbit coupling, the electron spin and mo-
mentum transform jointly under crystal symmetry oper-
ations. Therefore, the pairing function is entirely classi-

fied by the symmetry group G, and ∆(~k) is decomposed

as ∆(~k) =
∑
m ηm∆m(~k) where ηm are scalars and the

spin structure is now fixed by ∆m(~k).

In this work we consider two-component order param-
eters, i.e., m = 1, 2. Then, the pairing functions for
spin-rotationally invariant and spin-orbit coupled cases

take the form

∆(~k) = ~ξ1g1(~k) · ~σ + ~ξ2g2(~k) · ~σ, (1)

∆(~k) = η1F1(~k) + η2F2(~k), (2)

respectively. For example, Table I shows basis functions

g1,2(~k) and F1,2(~k) in the leading-order p-wave harmonic
expansion for the trigonal D3d point group of Bi2Se3, and
the hexagonal D6h point group of UPt3. Many (but not
all) of these basis functions have been obtained before,
see for example Ref. 26 and references therein.

Landau theory.— To address the phenomenology of
odd-parity pairing we consider the Ginzburg-Landau
(GL) expansion of the free energy in the order param-
eter. We first take the spin-orbit coupled case. For the
order parameters defined in Eq. (2) the free energy up to
fourth order and for all symmetry groups listed in Table I
is given by [27, 28]

F = A(T − Tc)(|η1|2 + |η2|2)+

B1(|η1|2 + |η2|2)2 +B2|η∗1η2 − η1η
∗
2 |2 (3)

The GL coefficient B2 decides the superconducting order
below Tc [21, 27, 28]. When B2 < 0 the chiral super-
conductor, given by (η1, η2) = η0(1,±i), is favored. Chi-
ral superconductivity, defined by nonzero η∗1η2 − η1η

∗
2 ,

breaks time-reversal symmetry since Θ acts ηi → η∗i .
When B2 > 0 the nematic superconductor, given by
(η1, η2) = η0(cos θ, sin θ), is favored. The nematic su-
perconductor owes its name to nonzero nematic order Ni
given by (N1, N2) = (|η1|2 − |η2|2, η∗1η2 + η∗2η1). These
components satisfy N∗i = Ni and therefore are time-
reversal invariant. They transform, however, as part-
ners of the Eg (D3d) and E2g (D6h) representations,
which implies the nematic superconductor breaks rota-
tional symmetry. The nematic angle θ is pinned at three-
fold degenerate discrete values only at sixth order in the
GL expansion. The term F (6) = C1(N3

+ + N3
−) with

N± = η1 ± iη2 discriminates the two types of nematic
states with (η1, η2) = η0(1, 0) and η0(0, 1).

This should be contrasted with the Landau theory for
odd-parity triplet pairing in spin-rotational invariant sys-

tems, which in terms of (~ξ1, ~ξ2) defined in Eq. (20) is given
by, at fourth order,

F (4) = B1(|~ξ1|2 + |~ξ2|2)2 +B2|~ξ∗1 × ~ξ1 + ~ξ∗2 × ~ξ2|2

+B3|~ξ∗1 · ~ξ2 − ~ξ∗2 · ~ξ1|2 +B4(~ξ∗1 × ~ξ2 − ~ξ∗2 × ~ξ1)2+

+B5(N2
1 +N2

2 ) +B6(| ~N1|2 + | ~N2|2), (4)

where N1,2 = ξa∗i τ
z,x
ij ξaj and Na

1,2 = εabcξb∗i τ
z,x
ij ξcj (re-

peated indices summed). The GL coefficients B2-B6 de-
termine which of the four distinct superconducting states
is selected immediately below Tc [29].
Weak-coupling energetics below Tc.— To proceed, we

examine the energetics of odd-parity two-component su-
perconductors in weak-coupling BCS theory. In a micro-
scopic theory the phenomenological GL coefficients can
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be evaluated as Feynman diagrams, and we exploit the
symmetry of the two-component pairings to relate GL
coefficients to each other and infer the relative stability
of superconducting states [29].

Consider first the triplet superconductors without
spin-orbit coupling. For the symmetry groups listed in
Table I, using the transformation properties of (g1, g2),
we find that the GL coefficients are related as B1 = B2 =
2B5 = 2B6 and B3 = B4 = 0. This result is obtained
using only the symmetry of the form factors and holds
irrespective of the Fermi surface geometry or the form of
g1,2 (i.e., order of the harmonic expansion), and leads to
a very general conclusion: the rotational-invariant chi-
ral and the helical superconductor are the favored within
the weak-coupling analysis, both in 2D and 3D, and they
remain degenerate at fourth order in GL theory.

Next, we turn to spin-orbit superconductors described
by Eq. (3), and study their energetics. We first derive a
general expression for the GL coefficients B1,2 and then
apply the result to various gap functions given in Ta-
ble I. We expand the two pairing components of Eq. (2)

as F1,2(~k) = ~d1,2(~k) · ~σ in terms of real momentum-

dependent ~d1,2-vectors (which are locked to the lattice)
and calculate the GL coefficients [29]. Remarkably, the
result for B2 can be cast entirely in terms of the d-vector
configuration on the Fermi surface, taking the simple
form

B2 = 〈(~d1 × ~d2)2〉 − 〈(~d1 · ~d2)2〉, (5)

where 〈...〉 is equal to an average over the Fermi surface.

Defining I1 = 〈(~d1 · ~d2)2〉 and I2 = 〈(~d1 × ~d2)2〉 we fur-
ther find B1 = 3I1 + I2. From this we obtain a general
criterion for the superconducting state favored below Tc:

the parallel component ~d1 ‖ ~d2 favors the chiral the su-

perconductor whereas the orthogonal component ~d1 ⊥ ~d2

favors the nematic superconductor. A pictorial geometric
representation of this is shown in Fig. 1(a)-(c).

Let us now apply this result to the pairing functions
of Table I, and in particular to the case of CuxBi2Se3.
For Eu pairing of D3d (the point group of CuxBi2Se3)
the gap function is a linear combination of multiple
basis functions in the p-wave harmonic expansion, i.e.,

Fm(~k) =
∑
t λtF

t
m(~k) with t = a, b, c and here the λt

are not determined by symmetry. The GL coefficients
B1,2 will depend on the expansion coefficients λt and
the details of the Fermi surface [29]. Assuming a three-
dimensional Fermi surface, the superconducting phase di-
agram determined by the sign of B2 is shown in Fig. 1(d),
as a function of |λa|/|λc| and |λb|/|λc|. The location of
the material CuxBi2Se3 in this phase diagram can be ob-
tained by mapping the two-orbital model [6] to the con-
duction band MCBB (see Suppl. Mat.). We find that
|λa| ∼ |λb| and λc = 0. As a result, the nematic super-
conductor is expected below Tc, consistent with the ob-
servation of rotational symmetry breaking in NMR [19].

In case of E1u and E2u pairing in a hexagonal crystal
(i.e., symmetry group D6h) the gap functions are simi-

larly expanded with expansion coefficients λt. Now sym-
metry forces λc = 0 (E1u) and λa = λb = 0 (E2u), fix-
ing the the location in phase diagram of Fig. 1(d). The
nematic superconductor is selected as the lowest energy
state independent of the Fermi surface geometry when
λa = λb = 0, since parallel component identically van-

ishes in this case, i.e., ~d1 · ~d2 = 0.

The appearance of nematic superconductivity in spin-
orbit coupled systems should be contrasted with triplet
pairing in spin-rotationally invariant superconductors,
which always leads to isotropic phases: either chiral or
helical. It may also be contrasted with two-component
singlet d-wave superconductors [30] and spinless p-wave
superconductors in 2D [31]: in both cases the isotropic
chiral phase (p+ ip and d+ id) is favored.

Gap structures.— We now study quasiparticle gap
structures of nematic and chiral superconductors with
spin-orbit coupling. First, consider the Eu pairing in
trigonal crystals with D3d point group, whose gap func-

tion takes the general form ∆(~k) =
∑
t λt(η1F

t
1(~k) +

η2F
t
2(~k)) ≡ ~d(~k) · ~σ, where F t1,2 with t = a, b, c are listed

in Table I. A nematic superconductor is obtained when
η1,2 and λt are real. In this case, the superconducting

gap is given by δ(~k) = |~d(~k)|, with ~k being on the Fermi
surface. For generic values of (η1, η2), it is vanishingly

improbably to find solutions to ~d(~k) = 0, which involves
three independent equations, on the Fermi surface, which
is a two-dimensional manifold. Therefore, nematic super-
conductors are generally nodeless [21]. Only for η2 = 0, a
pair of point nodes are present on the yz plane, and pro-
tected by the mirror symmetry x → −x which remains
unbroken in the nematic superconducting state [21].

The quasiparticle gap structures of these nematic su-
perconductors are shown in Fig. 2(a)-(b). To make a con-
nection with CuxBi2Se3 we note that experiments have
reported a full pairing gap [15], which is consistent with a
(0, 1) nematic state. The two-fold anisotropic gap struc-
ture of this nematic state provides a direct experimental
test of the pairing symmetry of CuxBi2Se3. The normal
state Fermi surface has been shown to display doping
dependence, becoming open and quasi-2D at high dop-
ing [32]. We therefore also plot the quasiparticle gap at
kz = 0 in Fig. 2(c) representative for such case. The
difference between open en closed Fermi surfaces may be
a way to reconcile conflicting STM measurement stud-
ies [33, 34].

Hexagonal crystals have higher symmetry and there-
fore potentially more constraints on the gap structure.
In particular, certain gap function coefficients λt are
forced to vanish in certain pairing channels. In case of
E1u pairing, all nematic superconductors have a pair of
point nodes in the xy plane due to a mirror symmetry

z → −z. In case of E2u pairing, the gap function ∆(~k)
vanishes on the z-axis, resulting in a pair of point nodes
on a 3D Fermi surface. However, for generic values of
(η1, η2), the nematic superconductor with lowered crys-
tal symmetry allows a small admixture of a new gap
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ŷ
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FIG. 1: (a)-(c) Pictorial representation of the geometric cri-
terion for odd-parity two-component superconductors whose

d-vectors ~d1(~k) and ~d2(~k) as function of ~k are (a) parallel,
(b) perpendicular, and (c) have both parallel and perpendic-
ular components. Case (c) applies to the two-orbital model
of CuxBi2Se3. (d) Superconducting phase diagram of odd-
parity two-component superconductors with hexagonal and

trigonal symmetry, obtained for pairings composed of F t
1,2(~k)

with t = 1, 2, 3 and assuming a spherical Fermi surface, in the
(|λa|, |λb|)/|λc| plane.

function FA1u(~k) = kzσz, whose presence leads again
to a full superconducting gap. Only for special cases
of (η1, η2) = (cos θ0, sin θ0) with θ0 = (n + 1/2)π/3, the
presence of two mirror symmetries x→ −x and y → −y
protect the nodes along the z axis. We have thus shown
that nematic superconductors with odd-parity order pa-
rameters generally have a full gap, except for special cases
associated with the presence of a mirror symmetry [29].

In contrast, chiral superconductors with complex ~d-
vector (η1, η2) = (1,±i) have a different gap structure.
Of particular interest is the chiral superconductor with
the D3d point group and Eu pairing. From the gap
function we find this pairing yields a non-unitary state
with different gaps for the two pseudospin species. On
a 3D Fermi surface, a particular pseudospin species de-
termined by the chirality of the order parameter, σz =
−1(1) for the case of η2/η1 = i(−i), is gapless on the

north and south poles ± ~K = (0, 0,±kF ), whereas the
other spin species has a full gap, which is proportional to

λb at± ~K. This leads to a rare case of point nodes without
spin degeneracy. As a result, the Bogoliubov quasipar-
ticles near these two nodes form a single flavor of mass-
less Majorana fermions in three dimensions as in particle
physics. They are described by a four-component, real
quantum field Ψ(~x), consisting of electron fields of a spin

(a) (b)

(c)

1.0 kz/kF0.0

"1

#2

E ±
/µ 0.0

1.0

�1.0

Majorana

(d)

(⌘1, 0)(0, ⌘2)

x̂

ŷ

x̂

ẑ

ŷ

x̂

ẑ

ŷ

FIG. 2: (a)-(b) Quasiparticle gap structures of odd-parity
superconductors with (0, 1) and (1, 0) nematic components,
showing the absence and presence of nodes, respectively. (c)
Quasiparticle gap of (0, 1) nematic superconductor as function
of azimuthal angle for kz = 0. (d) Quasiparticle spectrum
E± along kz of chiral superconductor (1, i) showing Majorana
node.

component near ~K:

Ψ†(x) =
∑
~q

ei~q·~x
(
c†~K+~q

, c†− ~K+~q
, c ~K−~q, c− ~K−~q

)
. (6)

Importantly, the field Ψ lives in Nambu space and
satisfies the reality condition of Majorana fermions,

Ψ†(~x) = (τxΨ(~x))
T

. The low-energy Hamiltonian for
these Majorana-Bogoliubov quasiparticles, in case of
η2/η1 = i, is given by

H+ =
1

2

∑
~q

Ψ†~q

 vF qz 0 0 v∆iq−
0 −vF qz v∆iq− 0
0 −v∆iq+ vF qz 0

−v∆iq+ 0 0 −vF qz

Ψ~q,

(7)

where q± = qx ± iqy, vF is Fermi velocity in the z di-
rection, and v∆ = 2η0λc with pairing amplitude η0. The
Hamiltonian H− for the opposite chirality η2/η1 = −i is
obtained by interchanging q+ and q−. The quasiparticle
dispersion near the nodes is linear in all directions, as
shown in Fig. 2(d). The presence of gapless Majorana
fermions is a unique feature of chiral superconductors
with spin-orbit coupling and 3D Fermi surface [35]. It
should be contrasted with either the nematic supercon-
ductor or px±ipy superfluid 3He, both of which have spin-
degenerate point nodes giving rise to a four-component
Dirac fermions instead of Majorana. Moreover, the chi-
ral superconductor with Eu pairing becomes fully gapped
when the Fermi surface topology changes from a closed
pocket to an open cylinder [32].

The gap structures of both nematic and chiral su-
perconductors, including the gap anisotropy and nodal
quasiparticles, can be detected by tunneling, specific heat
and thermal conductivity under a rotating field, as well as
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temperature- and angle-dependent London penetration
depth. The chiral superconductor is topological and has
chiral Majorana fermion surface states. When the bulk
has point nodes, zero-energy surface states form a single
open arc in two-dimensional momentum space, connect-
ing the projection of the nodes. Importantly, this Ma-
jorana arcs has half degrees of freedom as surface arcs
in Weyl semimetals [36] or superconductors with spin-
degenerate nodes [37–40]. When the bulk is fully gapped,
surface states consist of an array of one-dimensional chi-
ral Majorana fermions stacked along the z axis. The pres-
ence of chiral Majorana fermions on the surface gives rise
to a topological thermal Hall effect, which we will study
in detail elsewhere.

To summarize, odd-parity superconductivity with two-
component order parameters in spin-orbit-coupled ma-

terials comes in two flavors: nematic and chiral. The
relative energetics of these two phases is determined by
the spin texture of the gap function, i.e., the geometry
of d-vectors over the Fermi surface, as shown in Eq.(5).
The gap structures of nematic and chiral phases are ob-
tained, and nodal quasi-particles in the latter case are
identified as undoubled 3D Majorana fermions. Our re-
sults directly apply to a number of materials currently
receiving much attention, including CuxBi2Se3 and pos-
sibly SrxBi2Se3[16] and NbxBi2Se3[41].
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Overview

This Supplementary Material (SM) is organized as follows. In Sec. I we give a more detailed introduction to odd-
parity two-component pairing order parameters in different crystal systems. In particular, we present the complete
expansion of pairing components in crystal harmonics, going beyond the leading order p-wave terms used in the main
text. Then, in Sec. II we give a detailed account of the application of our theory to the case of CuxBi2Se3. In Sec. III the
Landau theory of odd-parity two-component superconductors is developed in more depth. Similarities and differences
with the case of tetragonal symmetry (not considered in the main text) are discussed. In Sec. IV we present the weak-
coupling BCS approach to calculating the GL coefficients. Finally, Sec. V is devoted to an extensive discussion of
quasiparticle gap structures of distinct superconductors in the odd-parity two-component pairing channels. Symmetry
arguments are employed to establish the protection of point node degeneracies. In addition, the low-energy theory
for the nodal quasiparticles is developed and compared to previous work.
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I. ODD-PARITY ORDER PARAMETERS

In this first section we provide additional information on the definition of two-component odd-parity pairing with
an emphasis on the case of spin-orbit coupling. In the main text we have focused the discussion on odd-parity two
component pairing form factors in the leading order p-wave expansion in crystal harmonics. In this section of the SM
we consider the general case and provide a complete list of crystal harmonics, i.e., a complete basis for the degenerate
two-component channel, in which a general pairing potential can be expanded.

In the main text we defined the electron operators in the MCBB as ψ(~k) = [c1(~k), c2(~k)]T [1]. The normal state
Hamiltonian is given by

H =

∫
~k

E(~k)ψ†(~k)ψ(~k), (8)

where the energy relative to the chemical potential, given by E(~k) = ε(~k) − µ, is a scalar function of momentum
composed of terms invariant under the crystal symmetry group. It depends both on the dimensionality and crystal
point group.

The pairing potential in BCS mean-field theory can be explicitly expressed in the MCBB and takes the form

∆̂ =

∫
~k

∆αβ(~k)εβγc
†
α(~k)c†γ(−~k), (9)

where the pairing matrix ∆(~k) is basis dependent. In the MCBB symmetries of the crystal act in a very simple way.
Time reversal symmetry Θ and point group symmetries g ∈ G, where G is the crystal point group, act on the electron

operators ψ(~k) as

Θψ(~k)Θ−1 = iσyψ(−~k), gψ(~k)g−1 = Ugψ(g~k). (10)

Time reversal invariant and odd-parity superconductors (P is the parity operation) then satisfy

Θ∆̂Θ−1 = ∆̂ → (iσy)∆∗(~k)(−iσy) = ∆(−~k), P ∆̂P−1 = −∆̂ → ∆(−~k) = −∆(~k) (11)

To formulate the mean-field theory of the superconductor we define the Nambu spinor Φ(~k) in the MCBB as follows

Φ(~k) =

(
ψ(~k)

iσyψ
†(−~k)

)
=

(
cα(~k)

εαβc
†
β(−~k)

)
. (12)

In terms of the Nambu spinor the mean-field theory Bogoliubov-de-Gennes (BdG) Hamiltonian takes the form

H =

∫
~k

Φ†(~k)

(
E(~k) ∆(~k)

∆†(~k) −E(~k)

)
Φ(~k). (13)

Time-reversal symmetry of the normal state was assumed.
In the presence of spin-orbit coupling, when spin-rotation symmetry is broken, the superconducting pairing potential

∆(~k) is decomposed into irreducible representation of the crystal symmetry group. The expansion of he pairing matrix

∆(~k) in pairing channels takes the form [2]

∆(~k) =
∑
m

ηΓ,m∆Γ,m(~k) (14)

where Γ labels the representation (i.e., pairing channel) and m labels the components of the representation. The

order parameters ηΓ,m are complex scalars. Pairing basis functions ∆Γ,m(~k) are obtained by decomposing products
of spin and orbital angular momenta into good quantum number channels. To illustrate this, let us first consider the
familiar example of full rotational symmetry O(3), i.e, the absence of crystal anisotropy, in which case total angular

momentum represents the good quantum number. The addition of an L = 1 orbital angular momentum ~k, and an
S = 1 spin angular momentum ~σ gives total angular momentum J = 0, 1, 2, which label the pairing channels (i.e.,
ΓJ=0,1,2). Specifically, the spin-orbit coupled total angular momenta take the form

J = 0 O = kiσjδij ,

J = 1 Pi = kjσkεijk,

J = 2 Qij = kiσj − 2~k · ~σ/3, (15)
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D3d D4h D6h

(kx, ky) Eu Eu E1u

kz A2u A2u A2u

(σx, σy) Eg Eg E1g

σz A2g A2g A2g

TABLE II: Table listing the symmetry of leading order L = 1 (p-wave) and S = 1 spin components in the hexagonal, tetragonal
and trigonal crystal systems.

representing a scalar, a vector, and a rank-2 tensor.
In a crystal solid, the full rotational symmetry O(3) is reduced to the crystal symmetry group G and the electron

spin is locked to the lattice. The pairing potential ∆(~k) is decomposed into pairing basis functions ∆Γ,m(~k) labeled by
representations of the crystal point group. Instead of total angular momentum, representations of the crystal group

are the pairing channels. Clearly, the form of the pairing functions ∆Γ,m(~k) then depends on the crystal system. In
this work we study two-component superconductors, and we are therefore interested in crystal systems that admit
odd-parity two-component pairing channels, i.e., odd-parity twofold degenerate representations. In order to compare
with the case of vanishing spin-orbit coupling, we focus on crystal systems which also admit a two-component odd-
parity triplet pairing channel (with spin-rotation symmetry, G × SU(2)). Common crystal point groups satisfying
these conditions are G = D6h (hexagonal), G = D4h (hexagonal) and G = D3d (trigonal). In the main text we
exclusively focus on the hexagonal and trigonal crystal systems, since these cases can be described by the same
theory. Moreover, the material class we have in mind as a direct application, exemplified by the case of CuxBi2Se3,
has trigonal symmetry. Differences arise in case of tetragonal symmetry, which we will discuss in this SM, specifically
in Secs. III and IV. In a nutshell, the difference arises from the fact that products of two-component representations
in the tetragonal system do not contain two-component irreducible representations.

In case of spin-orbit coupled materials, leading order spin-orbit coupled crystal lattice harmonics are obtained by
taking products of p-wave orbital angular momenta and spin. The symmetry labels of the (leading order) L = 1
(p-wave) momenta ki and spin Pauli matrices σi in the crystal symmetry groups are summarized in II. This yields the
pairing functions listed in Table I of the main text. Here we illustrate this based on the example of the crystal group
D3d. Taking the product of (kx, ky) and (σx, σy), (kx, ky) and σz, as well as kz and (σx, σy), we have, respectively,

Eu × Eg = A1u +A2u + Eu, (16)

Eu ×A2g = Eu, (17)

A2u × Eg = Eu. (18)

The right hand side of the products of representations, which is the lattice analog of total angular momentum, contains
the two-component odd-parity pairings with Eu symmetry. For instance, the Eu term of first line corresponds to the
pairing (kxσx − kyσy, kxσy + kyσx). The second and third lines correspond to the pairings (kx, ky)σz and kz(σx, σy),
respectively.

Note that all these pairings have the same symmetry, namely Eu symmetry. This is a manifestation of the fact
the Eu channel is highly degenerate, already at the level of the leading order p-wave expansion. In general, for any
odd-parity two-component pairing channel, such as Eu in case of point group D3d, arbitrary linear combinations of
all admissible pairing basis functions should be considered. The most general pairing matrix in a given channel is
an expansion in degenerate basis functions to arbitrary order, and the expansions coefficients are not determined by
symmetry. Even though the degeneracy is infinite, there exists a notion of completeness. More specifically, given a

degenerate representation Γ, the pairing component ∆m(~k) of such representation can be expanded in a complete and

finite set of harmonics ∆l,m(~k) as [3]

∆m(~k) =
∑
l

λlIl(~k)∆l,m(~k), (19)

where Il(~k) is any function fully invariant under the crystal symmetry group. The set ∆l,m(~k) is finite, but ∆m(~k)

is still infinitely degenerate due to the functions Il(~k). For each crystal system and representation we can list the

complete set of functions ∆l,m(~k).
Starting with the group D6h, the degenerate set of two-component basis functions of E1u symmetry are given by

the real and imaginary parts of the followings functions

E1u : k+ẑ, kz r̂+, kzk
2
+r̂−, k

5
−ẑ, kzk

4
−r̂−, kzk

6
−r̂+,
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where k± = kx± iky and r̂± = x̂± iŷ. The degenerate set of basis functions of E2u symmetry is given by the real and
imaginary parts of the harmonics

E2u : k+r̂+, k
2
+kz ẑ, k

4
−kz ẑ, k

3
+r̂−, k

3
−r̂−, k

5
−r̂+.

In case of crystal symmetry D3d these two channels merge into a single channel with Eu symmetry, and linear
combinations of both sets are allowed. This degeneracy, which follows from lower symmetry, is an important property
of the crystal system D3d. The complete list of degenerate functions is given by the following functions

Eu : k+ẑ, kz r̂+, kzk
2
+r̂−, (k3

+ + k3
−)r̂+, ik−r̂−, ik

2
−kz ẑ.

Again, the two degenerate partners of the representation are obtained by taking the real and imaginary parts. It is
important to point out that one has to take k−r̂− instead of k+r̂+ in order to have the correct angular momentum
and transform correctly under rotations. In addition, the extra factor i makes sure that partners are switched so as
to transform correctly under the non-principle two-fold rotations. The same is true for ik2

−kz ẑ, which also has E2u

symmetry in the hexagonal system.
For completeness of presentation, in case of tetragonal symmetry D4h the set of basis functions of the odd-parity

two-component representation Eu are given by

Eu :

(
kx
ky

)
ẑ,

(
k3
x

k3
y

)
ẑ, kz

(
x̂
ŷ

)
, kz

(
k2
xx̂
k2
y ŷ

)
, kxkykz

(
ŷ
x̂

)
, kxkykz

(
k2
xŷ
k2
yx̂

)
.

To conclude this section, we consider the case of no spin-orbit coupling, so as to compare the two cases in various
subsequent sections of this SM. When spin-orbit coupling is vanishingly weak, the pairing is decomposed with respect
to the symmetry group G× SU(2). For odd-parity pairing the pairing matrix is written as

∆(~k) =
∑
m

~ξΓ,m∆Γ,m(~k) · ~σ = ~d(~k) · ~σ, (20)

and, importantly, the d-vector, given by ~d(~k) =
∑
m
~ξΓ,m∆Γ,m(~k), is free to rotate in spin space as a result of SU(2)

symmetry, whereas in case of spin-orbit coupling it is locked to the lattice.

II. APPLICATION TO CUxBI2SE3: MAPPING TO MCBB

In the main text we consider the general case of odd-parity two-component superconductors using the Fermi surface
pseudospin MCBB. As we explain in the main text, a specific and highlight example of a material for which odd-parity
pairing is relevant is CuxBi2Se3 (CuBiSe). CuBiSe is a doped topological insulator material and therefore generally
described by a generic Hamiltonian explicitly taking orbital and spin degrees of freedom into account [4]. Here we
demonstrate how such description can be mapped to a two-band model in the MCBB basis.

The two-orbital model is expressed in the basis c(~k) = [ca↑(~k), ca↓(~k), cb↑(~k), cb↓(~k)]T , where a, b label the orbitals.

The general low-energy ~k · ~p Dirac Hamiltonian H0(~k) is given by

H0(~k) = v(kyσxτz − kxσyτz) + vzkzτy +mτx, (21)

where the σi are Pauli matrices acting on spin ↑, ↓ and τi are Pauli matrices acting on the orbital degree of freedom
(τz = ±1, with ±1 = a, b).

The low-energy Dirac Hamiltonian has an artificial full rotational invariance to linear order in ~k. Terms of higher
order momentum will reduce that symmetry to the crystal symmetry group D3d, which is the true symmetry group
of the material [5]. A third order term fully invariant under crystal symmetry, which generates hexagonal warping of
the Fermi surface, is given by

H ′0(~k) = −λ(k3
+ + k3

−)σzτz. (22)

In order to obtain the correct gap structures in the two-orbital model it is crucial to include this hexagonal warping
term.

In the two-orbital model the Nambu spinor takes the form

Φ(~k) =

(
ciα(~k)

εαβc
†
iβ(−~k)

)
, (23)
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~d1 = ⌧yx̂

~d2 = ⌧y ŷ

Eu~d = ⌧y ẑA1u

FIG. 3: Graphical and geometric representation of the odd-parity triplet pairings with A1u and Eu symmetry. Since triplet

pairings can be written as ∆ = ~d ·~σ(iσy), they can be represented by their ~d-vectors. The pairings with A1u and Eu symmetry
correspond to inter-orbital (∼ τy) easy-axis (i.e., z) and easy-plane (i.e., x− y) pairing, respectively.

where i runs over the orbital degrees of freedom and α over spin. In this basis the BdG mean-field Hamiltonian reads

H(~k) ≡
(
H(~k) ∆

∆† −H(~k)

)
, (24)

where, again, time-reversal symmetry Θ was used.

A. Classification of pairing

In order to classify the superconducting channels by crystal lattice symmetry we review the action of point symme-

tries. Let R ∈ D3d be a point group symmetry of H0. Then one has the relation URH0(~k)U†R = H0(R~k). Note that

in principle UR may depend on ~k, but we do not explicitly need this. In the Nambu basis (23) the BdG Hamiltonian
transforms as (

UR
UR

)(
H0(~k) ∆

∆† −H0(~k)

)(
U†R

U†R

)
=

(
H0(R~k) UR∆U†R
UR∆†U†R −H0(R~k)

)
. (25)

If the pairing potential is symmetric under the R we have UR∆U†R = ∆. Note that we do not consider momentum-
dependent pairings in the orbital basis.

The symmetry group D3d is generated by three elements, a threefold rotation C3, a twofold rotation C ′2 and parity
P . Explicitly, the matrices of these generators are given by

P → UP = τx,

C3 → UC3 = e−iπσz/3,

C ′2 → UC′
2

= −iσxτx. (26)

Note that this implies a mirror reflection symmetry Myz in the y − z plane given by Myz = PC ′2 = −iσx.
With these symmetry transformation properties of the pairing matrices all possible pairings given by τiσj can be

classified according to point group symmetry. One finds three odd-parity pairing channels, with A2u, A1u and Eu
symmetry. The Eu channel is twofold degenerate and therefore constitutes a two-component pairing representation.
The pairing matrices corresponding to these channels are listed in Table III. These can be used to write down explicit
expressions for the pairing operators. The A2u pairing operator takes the form

A2u : c†iα(τz)ij(iσy)αβc
†
jβ = c†a↑c

†
a↓ − c

†
b↑c
†
b↓. (27)

This is a spin-singlet pairing state with a different sign for the two orbitals. Instead, A1u pairing is spin-triplet and
inter-orbital, given by

A1u : c†iα(τy)ij(iσzσy)αβc
†
jβ = c†a↑c

†
b↓ + c†a↓c

†
b↑. (28)

The two-component Eu pairing is inter-orbital and spin-triplet, but in contrast to A1u, which is polarized along z,
the two components are in the x− y plane. Explicitly, Eu pairing is given by

Eu :

{
c†iα(τy)ij(iσxσy)αβc

†
jβ = i(c†a↑c

†
b↑ − c

†
a↓c
†
b↓)

c†iα(τy)ij(iσyσy)αβc
†
jβ = c†a↑c

†
b↑ + c†a↓c

†
b↓

(29)
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Schematically, the odd-parity spin-triplet pairings are shown in Fig. 3 in terms of orbital-matrix dependent d-vectors.
The full pairing operator ∆ of Eq. (24) is written in terms of the complex order parameters η1,2 as

∆ = ∆1 + ∆2 = η1τyσx + η2τyσy. (30)

B. Mapping to the MCBB of the conduction band

The next step is to perform the mapping from the two-orbital (four-band including spin) model to an effective
two-band model. The thrust of the mapping is to project all operators onto the conduction band and ignore the

valence band. We start by expanding the electron operators c(~k) in band eigenoperators ψiα(~k), where i = c, v labels
the conduction and valence band, and α = 1, 2 are the band indices which will become the pseudospin indices in the
MCBB [6, 7]. We write

c(~k) =
∑
αi

aiα(~k)ψiα(~k). (31)

Since the energy bands are doubly degenerate, the choice of band eigenstates is not unique. We adopt a specific basis,
the MCBB mentioned in the main text and recently introduced in [1], where the band eigenstates are chosen to be
fully spin polarized along the z direction at the origin of point group symmetry operations. In the two-orbital model
considered here, the bonding orbital, which is the eigenstate of τx operator with eigenvalue +1, is invariant under
all symmetry operations, thus playing the role of the coordinate origin. With this we obtain the eigenvectors in the

MCBB, acα(~k) corresponding to the states of the conduction band, which have the form

ac1(~k) =


β+ − ik̂zβ−
ik̂+β−

β+ + ik̂zβ−
−ik̂+β−

 , ac2(~k) =


−ik̂−β−

β+ − ik̂zβ−
ik̂−β−

β+ + ik̂zβ−

 , (32)

where we have used the definitions

k̂± = k̂x ± ik̂y, β± = (1/2)
√

1± (m/µ), µ =
√
m2 + ṽ2k2

F , ṽ2k2
F ≡ v2(k2

x + k2
y) + v2

zk
2
z (33)

Mathematically, the mapping onto the conducting band simply proceeds by keeping acα(~k) in Eq. (31) only, and

omitting the terms coming from the conduction band avα(~k). As an example, for the non-degenerate A1u pairing we
obtain

c†iα(τy)ij(iσzσy)αβc
†
jβ → F̃1(k̂) =

∑
j

ψ†α(ik̂jσjσy)αβψ
†
β (34)

For all other channels the mapping to the conduction band MCBB is listed in Table III. In particular, for Eu pairing
we find that

F x2 (k̂) = k̂xσz − k̂zσx, F y2 (k̂) = k̂yσz − k̂zσy, (35)

which is a specific linear combination of the p-wave harmonic basis functions kiσz and kzσi denoted F a1,2 and F b1,2 in
the main text.

III. LANDAU THEORY OF TWO-COMPONENT ODD-PARITY SUPERCONDUCTORS

A. General Ginzburg-Landau free energy

The GL free energy density is an expansion in the order parameter fields to given order and depends on repre-
sentation of the order parameters in the crystal symmetry group. For spin-orbit coupled odd-parity two-component
superconductors of Eu symmetry (point group D3d), as well as E1u and E2u symmetry (point group D6h), the GL
free energy density expanded up to sixth order in the order parameters (η1, η2) is given by

F = A(T − Tc)(|η1|2 + |η2|2) +B1(|η1|2 + |η2|2)2 +B2|η∗1η2 − η1η
∗
2 |2 + C1(N3

+ +N3
−) + C2(|η1|2 + |η2|2)3

+C3(|η1|2 + |η2|2)|η∗1η2 − η1η
∗
2 |2. (36)
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Symmetry Full orbital Band MCBB

A1u τyσz F̃1(k̂) = k̂xσx + k̂yσy + k̂zσz

Eu τyσx F̃ x
2 (k̂) = k̂xσz − k̂zσx

τyσy F̃ y
2 (k̂) = k̂yσz − k̂zσy

A2u τz F̃ z
2 (k̂) = k̂xσy − k̂yσx

TABLE III: Table showing the symmetry classification of pairings in CuBiSe, both in the full orbital basis (in terms of
orbital matrices τi and spin σ) and in the two-band MCBB. We note that in the full orbital basis, σ acts on the electron

spin ↑, ↓ and in the MCBB σ acts on the pseudospin 1, 2. Here we have defined k̂x(y) = vkx(y)/
√
v2(k2x + k2y) + v2zk2z and

k̂z = vzkz/
√
v2(k2x + k2y) + v2zk2z .

This free energy is studied in the main text, the additional sixth order terms with the GL coefficients C2,3 have
no qualitative impact on the physics. We mention here that the number of independent invariants depends on the
crystal system. In this SM (see below) we comment on the free energy describing spin-orbit coupled odd-parity
two-component superconductivity in a tetragonal material, which differs from (36).

The subsidiary order parameters of the superconducting states are obtained by taking the second order product of
representations as

E∗u × Eu = A1g +A2g + Eg. (37)

Here Eu and Eg apply to trigonal symmetry, but a similar result is obtained for hexagonal symmetry. Order parameter
combinations transforming as A2g and Eg are given by

A2g → −i(η∗1η2 − η1η
∗
2) =

1

2
(|η+|2 − |η−|2), Eg →

{
|η1|2 − |η2|2
−(η∗1η2 + η1η

∗
2)
. (38)

The nematic Eg components are used to define N+ = N1 + iN2 = η∗+η−, where η+ = η1 + iη2. The sixth order
invariant N3

+ + N3
− therefore represents (η∗+η−)3 + (η∗−η+)3. To see how this term discriminates different nematic

superconducting solutions we write the general nematic solution as η+ = η0e
iθ. Then, C1(N3

+ + N3
−) is given by

C1η
6
0 cos 6θ. Depending on the sign of C1 the solutions cos 6θ = 1 (C1 < 0) or cos 6θ = −1 (C1 > 0) have lower energy.

The continuous degeneracy of θ at fourth order is therefore lifted and a discrete degeneracy results, where θ = πn/3
or θ = π/2 + πn/3. This is shown schematically in Fig. 4.

1. Coupling to other representations

In addition to a coupling to magnetic and nematic order, the odd-parity two-component superconducting order
parameters can couple to superconductors with different symmetry. Clearly, there will be a fourth order coupling in
even powers of the order parameters of the two distinct representations of the general form |χ|2|η|2, where χ is another
superconducting order parameter. Here we are interested in coupling terms consisting of odd powers of the respective
order parameters. We first distinguish the E1u and E2u channels of the hexagonal symmetry group. In case of E2u

symmetry, the couplings of interest are given by the invariant terms in the decomposition of A1u ×E∗2u ×E2u ×E∗2u
and A2u ×E∗2u ×E2u ×E∗2u. Instead, in case of E1u symmetry the couplings follow from B1u ×E∗1u ×E1u ×E∗1u and
B2u × E∗1u × E1u × E∗1u.

Let us take the E2u channel as an example. We denote the order parameter corresponding to A1u symmetry as χ,
and the order parameter with A2u symmetry as χ′. Then the coupling of A1u and E2u gives rise to a contribution to
the free energy F [χ, ηi] which takes the form

F [χ, ηi] = eiγχ[η∗1(|η1|2 − |η2|2)− η∗2(η1η
∗
2 + η2η

∗
1)] + c.c = eiγχ(η∗1N1 + η∗2N2) + c.c, (39)

where γ is an arbitrary phase factor. As before, N1,2 are the nematic components derived from the η1,2 order
parameters given in Eq. (38). Similarly, the coupling of χ′ and η1,2 is given by

F [χ′, ηi] = eiγ
′
χ′[−η∗1(η1η

∗
2 + η2η

∗
1) + η∗2(|η1|2 − |η2|2)] + c.c = eiγ

′
χ′(η∗1N2 − η∗2N1) + c.c. (40)

with γ′ another arbitrary phase factor. Since the order parameters χ (χ′) couple to the nematic superconductor we
take the general nematic solution (η1, η2) = η0(cos θ, sin θ) and substitute it in F [χ, ηi] (F [χ′, ηi]). Taking in addition
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(0, ⌘2) (⌘1, 0)

FIG. 4: Figure of nematic superconducting solutions (η1, η2) = η0(cos θ, sin θ) of (36). (Left) Solutions when C1 > 0 given by
θ − π/2 = 0, 2π/3, 4π/3, an example of which is (η1 = 0, η2). (Right) Solutions when C1 > 0 given by θ = 0, 2π/3, 4π/3, an
example of which is (η1, η2 = 0). Note that solutions which differ by an overall sign are identified (black and white dots).

χ = χ0e
iφ (similarly for χ′) this yields

F [χ0, η0] = χ0 cos(γ + φ)η3
0 cos 3θ, F [χ′0, η0] = χ′0 cos(γ′ + φ′)η3

0 sin 3θ. (41)

In case of χ with A1u symmetry, this implies that the coupling vanishes when θ = π/2+n2π/6 (n integer). This will be
important below when gap structures are considered. A non-vanishing coupling means that new pairing functions are
allowed to mix in by symmetry. In this particular case of E2u superconductors coupled to A1u pairing, the coupling
vanishes as a result of a mirror symmetry of nematic superconductors with θ = π/2 + n2π/6.

B. The case of tetragonal symmetry

The work presented in the main text is focused on the hexagonal and trigonal crystal systems. It is worth com-
menting on the case of tetragonal symmetry. In case of tetragonal symmetry there is an odd-parity two-component
pairing channel, given by Eu, but as a result of the product decomposition Eu × Eu = A1g + A2g +B1g +B2g there
is no degenerate (two-component) subsidiary order. The GL theory contains an additional fourth order contribution
and takes the form

F = A(T − Tc)(|η1|2 + |η2|2) +B1(|η1|2 + |η2|2)2 +B2|η∗1η2 − η1η
∗
2 |2 +B3(η∗1η2 + η1η

∗
2)2. (42)

The solutions of the GL theory are given by (1,±i) (B2 < B3 with at least B2 < 0), (1,±1) (B2 > B3 with at least
B3 < 0), and {(1, 0), (0, 1)} (B2, B3 > 0). As a result, whether real or imaginary (i.e., chiral) superpositions are
selected depends on two GL parameters instead of one, as was the case for hexagonal (E1u and E2u) and trigonal
(Eu) symmetry.

It is worth commenting on the two non-degenerate subsidiary order representations B1g and B1g. The absence of a
two-component representation describing subsidiary order quadratic in the primary fields implies that the continuous
degeneracy, which is present for hexagonal and trigonal crystal systems and associated with nematic solutions, is
already lifted at fourth order. In addition, we observe that within each subsidiary order channel, labeled by B1g

and B2g, the ground states have a twofold (Z2) degeneracy, whereas in case of the point groups D3d and D6h the
degeneracy in the Eg channel is continuous at fourth order labeled by the angle θ. When crystal anisotropy is taken
into account at sixth order, the degeneracy is reduced to a threefold degeneracy (Z3).

C. Spin-rotation invariant triplet superconductors

In the main text we compare our results for spin-orbit coupled superconductors with superconductors in which
spin-orbit coupling is absent or vanishingly weak. The two-component pairing in this case was defined in Eq. (20).

With full spin-rotation SU(2) invariance the order parameters are given by (~ξ1, ~ξ2). The free energy density up to
fourth order is given by

F [~ξ1, ~ξ2] = A(T − Tc)(|~ξ1|2 + |~ξ2|2) +B1(|~ξ1|2 + |~ξ2|2)2 +B2|~ξ∗1 × ~ξ1 + ~ξ∗2 × ~ξ2|2 +B3|~ξ∗1 · ~ξ2 − ~ξ∗2 · ~ξ1|2+

B4(~ξ∗1 × ~ξ2 − ~ξ∗2 × ~ξ1)2 +B5(N2
1 +N2

2 ) +B6(| ~N1|2 + | ~N2|2) (43)
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The terms appearing in the free energy can be obtained by forming order parameter products ξa∗i ξ
b
j and contracting

with crystal symmetry and SU(2) tensors. For instance, contracting with (τy)ijδ
ab gives ~ξ∗1 · ~ξ2 − ~ξ∗2 · ~ξ1. Instead,

contracting with (τy)ijε
abc gives ~ξ∗1 × ~ξ2 − ~ξ∗2 × ~ξ1. All of these contractions correspond to distinct subsidiary orders.

For instance, if B3 < 0, the Θ-broken chiral solution given by (~ξ1, ~ξ2) = ξ0n̂(1,±i) is favored; the direction of the
d-vector n̂ is free to rotate. The resulting superconducting state is the analog of two-dimensional superfluid 3He in

the A phase. The Θ-invariant helical superconductor with the solution (~ξ1, ~ξ2) = ξ0(x̂, ŷ) is favored by B4 < 0. Both
the chiral superconductor and the helical superconductor are rotationally invariant.

In contrast, a second class of superconducting states break rotational symmetry of the crystal and lead to a subsidiary

nematic order. Two types of anisotropic pairing can be distinguished, with scalar N1,2 and vector ~N1,2 nematic order
respectively. In terms of the contractions the scalar nematic orders are given by N1 = ξa∗i (τz)ijξ

a
j = ξa∗i (τz)ijδ

abξbj
and N2 = ξa∗i (τx)ijξ

a
j = ξa∗i (τx)ijδ

abξbj . Explicitly they take the form

(N1, N2) = (|~ξ1|2 − |~ξ2|2, ~ξ∗1 · ~ξ2 + ~ξ∗2 · ~ξ1).

Instead, the vector nematic orders are given by N c
1 = εcabξa∗i (τz)ijξ

b
j and N c

2 = εcabξa∗i (τx)ijξ
b
j , which is explicitly

expressed as

( ~N1, ~N2) = (~ξ∗1 × ~ξ1 − ~ξ∗2 × ~ξ2, ~ξ∗1 × ~ξ2 + ~ξ∗2 × ~ξ1).

Under time-reversal symmetry Θ one has ξai → ξa∗i and therefore scalar nematic order is time-reversal even, whereas
vector nematic order is time-reversal odd.

In the main text we have argued, and below we will show, that the chiral and helical superconductors, expressed

as (~ξ1, ~ξ2) = ξ0n̂(1,±i) and (~ξ1, ~ξ2) = ξ0(x̂, ŷ) are always favored over other solutions, and at the level of our analysis
remain degenerate solutions. It is important to stress that this conclusion does not depend on details such as
Fermi surface shape. This conclusion only depends on and directly follows from symmetry: for any representation

corresponding to two-component pairing, described by orbital form factors g1(~k) and g2(~k) transforming as the twofold
representation, the chiral and helical superconductors can be shown to have lower energy within weak-coupling BCS
(see below). We note that this is also true in two dimensions and for symmetry groups D6 and D3 in case of pairing
representations E1 and E.

IV. WEAK-COUPLING CALCULATION OF COEFFICIENTS

Within weak-coupling BCS theory the GL coefficients can be microscopically calculated by evaluating Feynman
diagrams. Here we describe in more detail how the expression in the main text were obtained.

The quasiparticle part of the mean-field free energy can be expressed as

− 1

β
Tr lnG−1 = F0 −

1

β
Tr ln(1− G0Σ), (44)

where β is inverse temperature, G is the mean-field Gorkov Green’s function and G0 is the normal state Green’s
function given by

G0 =

(
G+

G−

)
=

(
G+(~k, iω)

−G+(~k,−iω)

)
. (45)

We have used the notation G± to denote the electron (+) and hole (−) Green’s functions. These are expressed in the
basis defined by Eq. (12). We have used the notation G± to denote the electron (+) and hole (−) Green’s functions.
The mean-field self-energy Σ contains the superconducting order parameters and depends on the pairing channel. In
case of spin-orbit coupling it is given by

Σ =

(
∆

∆†

)
=
∑
m

(
ηm∆m(~k)

η∗m∆†m(~k)

)
. (46)

The mean-field self energy in the absence of spin-orbit coupling (i.e., with spin-rotation invariance) is given by

Σ =

(
∆

∆†

)
=

(
ξimgmσ

i

(ξimgm)∗σi

)
,
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where the sum over repeated indices is implied.
The n > 2 terms of the GL free energy are obtained by expanding (44) to a given order in the order parameter

fields. This is a convenient way of generating the Feynman diagrams needed to calculate the expansion coefficients.
The fourth and sixth order contributions are given by

F (4) + F (6) =
1

4β
Tr [(G0Σ)4] +

1

6β
Tr [(G0Σ)6]. (47)

The trace should be read as an integral over momenta and sum over frequencies, in addition to a trace over particle-hole
and internal spin space: Tr ≡∑ω

∫
~k

tr.

Next, we define the momentum dependent form factor functions gi(~k) (i = 1, 2, 3) to transform according to
representations of the crystal symmetry group. Specifically, (g1, g2) transform according to Eu and E1u, and g3

transforms as A2u. To leading order they are given by the L = 1 (p-wave) orbital form factors as

(g1, g2, g3) = (kx, ky, kz), g± = kx ± iky (48)

The Feynman diagram integrals will contain products of these orbital form factor functions. Using the expression for
the mean-field self energy Σ the fourth order contribution to the free energy takes the form

F (4) =
1

2
T
∑
ω

∫
~k

G2
+G

2
−tr[∆∆†∆∆†] (49)

To proceed we have to choose a pairing channel and specify the two-component pairing functions ∆m(~k) corresponding
to that channel. Before we present the results for the cases considered in the main text, we adopt the convention of
the main text and abbreviate the integral over Green’s functions and form factors as 〈. . .〉. As an example, 〈g2

1g
2
2〉 is

a short hand notation for

〈g2
1g

2
2〉 ≡ T

∑
ω

∫
~k

G2
+G

2
−g

2
1(~k)g2

2(~k). (50)

A. Spin-orbit coupled superconductors

We first consider the pairing functions listed in Table I of the main text, which are leading order crystal harmonic
functions, and then consider the general cases. We will start with the hexagonal group D6h, which has two distinct
two-component odd-parity channels, and then turn to trigonal symmetry (D3d).

Lowest order pairing functions in the E2u channel are given by

∆1(~k) = g1σx − g2σy, ∆2(~k) = g1σy + g2σx (51)

(F c1,2(~k) of the main text). Substituting this into Eq. (49) we find that the GL coefficients B1,2 of Eq. (36) are given
by a single integral

B1 = B2 = 〈g2
+g

2
−〉, (52)

in terms of the form factors g1,2, which to leading order are kx,y. For a stable free energy B1 > 0, and therefore we
conclude that the nematic superconductor is favored in weak-coupling.

Next, we consider the pairing functions in the E1u channel

∆1(~k) = λag1σz + λbg3σx, ∆2(~k) = λag2σz + λbg3σy, (53)

which are linear combinations of the F a,b1,2 (~k) pairings of the main text with coefficients λa, λb. We find that the
coefficients Bi can be expressed in terms of two integrals Ii given by

I1 = λ4
a〈g2

+g
2
−〉/8, I2 = λ2

b〈g2
3(λ2

ag+g− + λ2
bg

2
3)〉. (54)

Explicitly, the coefficients Bi are expressed as B1 = 3I1 + I2 and B2 = −I1 + I2. In the limit λa = 0 we have that
I1 = 0 and λb = 0 corresponds to I2 = 0.
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In case of the symmetry group D3d there is only a single two-component odd-parity channel: Eu. We therefore

write the pairing components as arbitrary linear combinations of the basis functions F a,b,c1,2 of the main text as

∆1(~k) = λag1σz + (λbg3 + λcg2)σx + λcg1σy, ∆2(~k) = λag2σz + (λbg3 − λcg2)σy + λcg1σx, (55)

with coefficients λa, λb, λc. We find that the coefficients Bi are expressed in terms of two integrals Ii as

I1 = λ4
a〈g2

+g
2
−〉/8 + 2λ2

bλ
2
c〈g2

3g+g−〉,

I2 = λ2
c(λ

2
a + λ2

c)〈g2
+g

2
−〉+ λ2

b(λ
2
a − 2λ2

c)〈g+g−g
2
3〉+ λ4

b〈g4
3〉+ i

λ2
aλbλc

2
〈g3(g3

+ − g3
−)〉. (56)

Explicitly, the coefficients Bi are expressed as B1 = 3I1 + I2 and B2 = −I1 + I2. In the limit of c = 0 we recover the
result of hexagonal E1u pairing channel.

As a next step, we consider an example of pairing functions which are superpositions of two degenerate basis
functions beyond lowest order in crystal harmonics. We take the example of a 3D hexagonal crystal, where the
pairing functions of Eq. (51) are degenerate with (k2

x−k2
y, 2kxky)kzσz in the E2u channel. The pairing is then a linear

combination of both basis functions, given by

∆1(~k) = λa(g1σx − g2σy) + λbkz(k
2
x − k2

y)σz, ∆2(~k) = λa(g1σy + g2σx) + λb2kzkxkyσz (57)

Again substituting this into Eq. (49) we find the two integrals Ii to be given by

I1 = λ4
b〈h2

+h
2
−〉/8, I2 = λ2

a〈g+g−(λ2
ag+g− + λ2

bh+h−)〉 (58)

where (h1, h2) = (kz{k2
x − k2

y}, 2kzkxky) and g± = g1 ± ig2. The coefficients Bi are expressed in the Ii integrals as
before. We therefore find that admixture of higher crystal harmonics, in this case (h1, h2), leads to a finite I1, i.e.,
the integral which signals the tendency towards chiral superconductivity.

B. The general case

We now consider the general case in which no specific assumptions regarding the form of the pairing functions
are made. The pairing functions will be general linear combinations of degenerate crystal harmonics, expressed in
Eq. (19), and we write the two components as

∆1(~k) = ~d1 · ~σ, ∆2(~k) = ~d2 · ~σ, (59)

bearing in mind that the ~d-vectors depend on momentum. The pairing takes the form ∆ = η1∆1(~k) +η2∆2(~k), where
η1,2 are the complex order parameters. In order to evaluate Eq. (49) we first calculate ∆∆† and find (suppressing
momentum dependence)

∆∆† = d2
1|η1|2 + d2

2|η2|2 + η1η
∗
2(~d1 · ~d2 + i~d1 × ~d2 · ~σ) + η2η

∗
1(~d1 · ~d2 + i~d2 × ~d1 · ~σ) (60)

Then, calculating ∆∆†∆∆† and taking the trace we find after some straightforward rewriting

1

2
tr[∆∆†∆∆†] = d4

1|η1|4 + d4
2|η2|4 + 2|η1|2|η2|2[(~d1 × ~d2)2 + 3(~d1 · ~d2)2] + [(~d1 × ~d2)2 − (~d1 · ~d2)2]|η1η

∗
2 − η2η

∗
1 |2 (61)

Note that on the right hand side we have neglected all terms which cannot appear in the free energy (e.g., terms such
as η1η

∗
2 |η1|2, which must vanish when performing the momentum integration). Now, combining this with Eq. (49)

we obtain the expressions discussed in the main text. Specifically, we have B2 = 〈(~d1 × ~d2)2〉 − 〈(~d1 · ~d2)2〉 with a

positive contribution coming from ~d1(~k) × ~d2(~k) (reinstating momentum dependence) and a negative contribution

from ~d1(~k) · ~d2(~k).
The next step is to explicitly use symmetry to combine the remaining terms into B1(|η1|2 + |η2|2)2. We consider

the following object

(~d1 + i~d2)4 + (~d1 − i~d2)4 = 2(d4
1 + d4

2)− 4d2
1d

2
2 − 8(~d1 · ~d2)2, (62)
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which allows us to write

1

2
(d4

1 + d4
2) = d2

1d
2
2 + 2(~d1 · ~d2)2 +

1

4
(~d1 + i~d2)4 +

1

4
(~d1 − i~d2)4 = (~d1 × ~d2)2 + 3(~d1 · ~d2)2 +

1

4
(~d1 + i~d2)4 +

1

4
(~d1 − i~d2)4.

(63)

Because of symmetry we can substitute the coefficients of |η1,2|4 in Eq. (61), given by d4
1,2, both by (d4

1 +d4
2)/2. Then,

this implies for the first three terms of the trace of Eq. (61)

d4
1|η1|4 + d4

2|η2|4 + 2|η1|2|η2|2[(~d1 × ~d2)2 + 3(~d1 · ~d2)2] ' ((~d1 × ~d2)2 + 3(~d1 · ~d2)2)(|η1|2 + |η2|2)2

+
1

4
[(~d1 + i~d2)4 + (~d1 − i~d2)4](|η1|4 + |η2|4) (64)

In case of hexagonal and trigonal systems the second term of (64) must vanish for reasons of symmetry, and we are
left with the first term. This shows that in the general case we have B1 = 3I1 + I2 and B2 = −I1 + I2 with

I1 = 〈(~d1 · ~d2)2〉, I2 = 〈(~d1 × ~d2)2〉. (65)

As a result of the relation B1 = 3I1 + I2 and the underlying assumption B1 > 0 (requirement of a stable free energy)
our conclusion that I1 favors chiral superconductivity and I2 favors nematic superconductivity, which we presented
in the main text, follows.

We can now make the difference with tetragonal symmetry (see also Eq. (42)) more precise. In case of tetragonal
the integral

〈(~d1 + i~d2)4 + (~d1 − i~d2)4〉 (66)

generally does not vanish, leading to an additional term in the free energy with coefficient B3 in Eq. (42).

C. Spin-rotation invariant superconductors

In the same way as the spin-orbit coupled cases considered so far, we can derive the weak-coupling GL coefficients
for the case when spin-orbit coupling is absent. Using Eq. (49) and working out the traces we find the free energy
given in the main text with the coefficients

1

4
〈g2

+g
2
−〉 = B1 = B2 = 2B5 = 2B6. (67)

Other terms are absent, implying that B3 = B4 = 0. Except for the latter, all coefficients are positive and we thus
conclude that the chiral and helical superconductor are favored. The two remain degenerate, however. (Note that
this result only holds for hexagonal and trigonal symmetry, which we mainly focus on.)

D. Calculation of integrals

We now make our analysis more quantitative and calculate the integrals needed to evaluate the GL coefficients.

Recall that the particle and hole Green’s functions are defined as G± = (iω ∓ E(~k))−1 where E(~k) = ε(~k) − µ. The

fourth order GL terms are all expressed as a single integral type of the general form 〈A(k̂)〉, where A(k̂) is some
product of momentum form factor functions. It is given by Eq. (49) and reads

〈A(k̂)〉 ≡ T
∑
ω

∫
~k

G2
+G

2
−A(k̂) = T

∑
n

∫
d3k

(2π)3

A(k̂)

(ω2
n + E2)2

= T
∑
n

∫
dkk2

(2π)3

1

(ω2
n + E2)2

∫
dΩk̂A(k̂) (68)

Here we have made the assumption that ε(~k) corresponds to a spherically symmetric dispersion. In particular, the
Fermi surface is assumed to be a perfect sphere. We find that the integral evaluates to

〈A(k̂)〉 = T
∑
n

∫
dkk2

(2π)3

1

(ω2
n + E2)2

∫
dΩk̂A(k̂) =

N(εF )

2(πTc)2

7ζ(3)

4

∫
dΩk̂
4π

A(k̂), (69)
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ŷ

x̂

ẑ

FIG. 5: For a mirror symmetry Myz in the y − z plane the ~d-vector ~d(kx = 0, ky, kz) must be parallel to the mirror plane
normal, i.e., dy,z(kx = 0, ky, kz) = 0. The remaining function dx(kx = 0, ky, kz) is a function of two variables and in general
has a line (or dimension 1 manifold) of zeros in the y − z plane (solid red line). Where the line intersects the Fermi surface
(dashed red circle) the quasiparticle spectrum will be gapless, exhibiting spin-degenerate point nodes. Note that this argument

assumes ~d is real (Θ-invariant pairing).

where N(εF ) is the density of states per spin projection at the Fermi level. What remains is the integral of the form

factors A(k̂) over the Fermi surface (Ωk̂ is the solid angle). Since we are assuming a perfectly spherical Fermi surface,

we can write ~k = kF (cosϕ sin θ, sinϕ sin θ, cos θ) or k̂ = (cosϕ sin θ, sinϕ sin θ, cos θ). The latter is then substituted

for A(k̂), which allows to evaluate the Fermi surface integrals.
We now consider the specific example of Eu pairing in a trigonal crystal. The integrals are given in Eq. (56), and

we therefore need 〈g2
+g

2
−〉, 〈g2

3g+g−〉 and 〈g4
3〉, with g± = kx ± iky and g3 = kz:∫
dΩk̂
4π

k̂4
z =

1

2

∫ π

0

dθ sin θ cos4 θ =
1

5∫
dΩk̂
4π

(k̂2
x + k̂2

y)2 =
1

2

∫ π

0

dθ sin5 θ =
8

15∫
dΩk̂
4π

(k̂2
x + k̂2

y)k̂2
z =

1

2

∫ π

0

dθ sin3 θ cos2 θ =
2

15
(70)

We define x = λa/λc and y = λb/λc. We can then express the GL coefficient B2, given by B2 = −I1 + I2 in terms of
x, y and find B2 ∝ −(x4 + 4y2) + 8(x2 + 1) + 2y2(x2 − 2) + 3y4. The resulting phase diagram as function of x, y is
shown in Fig. 1 of the main text.

V. QUASIPARTICLE GAP STRUCTURES OF ODD-PARITY SUPERCONDUCTORS

The quasiparticle energies in the presence of pairing potential ∆(~k) depend on the structure of ∆†∆. Writing the

pairing in terms of a ~d-vector as ∆(~k) = ~d(~k) · ~σ, where ~d(~k) collects all momentum dependent components, one

finds ∆†∆ = |~d(~k)|2σ0 + i~d∗ × ~d · ~σ. If ~d∗ × ~d = 0 the pairing is unitary, otherwise the pairing is non-unitary. The

quasiparticle energies E±(~k) are given by

E±(~k) =

√
(ε− µ)2 + |~d(~k)|2 ± |~d∗(~k)× ~d(~k)|. (71)

This expression applies to both unitary and non-unitary pairing and in case of the former it clearly reduces to

E±(~k) =

√
(ε− µ)2 + |~d(~k)|2. We now present the gap structures for the superconducting states considered in this

work, starting with the case of no spin-orbit coupling.
Before we present the gap structures we briefly review the protection of point node degeneracies of spin-orbit

coupled Θ-invariant triplet superconductors with real ~d-vector by a mirror reflection symmetry. In the presence of

spin-orbit coupling the ~d-vector is generally a three component function of momentum, i.e., ~d(~k), since crystalline

symmetry is insufficient to make a component of the ~d-vector vanish everywhere in k-space. Satisfying ~d(~k) = 0 on
the Fermi surface, which amounts to three equations as function of two variables (parametrizing the Fermi surface),
is vanishingly improbable. This is different in the presence of a mirror reflection symmetry. Mirror symmetry forces

the ~d(~k) vector to be normal to the mirror plane on the mirror plane. Vanishing of the ~d-vector on the mirror plane
than requires satisfying a single equation of two variables, which is generally possible on a dimension-1 manifold (e.g.,
a line). The intersection of the 1D manifold with the Fermi surface results in point nodes (see also Fig. 5).
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A. Without spin-orbit coupling

The pairing matrices of the chiral and helical superconductors are given by

chiral : ∆(~k) = ξ0σz(kx ± iky) (72)

helical : ∆(~k) = ξ0(kxσx + kyσy) (73)

Note that we have chosen a particular ~d-vector, but all ~d-vectors obtained by rotations in spin space are equivalent.
Both the chiral and helical superconductors are examples of unitary superconducting states, and one simply finds
1
2Tr∆†∆ = ξ2

0(k2
x + k2

y) in both cases. In 2D the chiral and helical superconductor are fully gapped. In 3D the quasi-

particle energy spectrum corresponding to 1
2Tr∆†∆ = ξ2

0(k2
x + k2

y) shows spin-degenerate nodes along the z direction.
In 3D, however, other pairings with the same symmetry can mix in, which in case of the helical superconductor
is given by kz ẑ. Such admixture leads to a fully gapped helical superconductor, whereas the chiral superconductor
remains nodal.

The scalar nematic superconductor has unitary pairing matrix ∆(~k) = ξ0σz(cos θkx + sin θky) and gives rise to the
gap structure

1

2
Tr∆†∆ = ξ2

0 [k2
x + k2

y + cos 2θ(k2
x − k2

y) + 2 sin 2θ kxky]/2,

which has line nodes, the location of which depends on θ. For instance, θ = 0 leads to a line node in the y − z plane.
Finally, the vector nematic state, an example of which was given in the main text, is a non-unitary state and the

pairing matrix is given by ∆(~k) = η0(kx + ky)σ±. In this case only one (pseudo)spin species develops an (anisotropic)
nodal pairing gap.

B. Spin-orbit coupled pairing

We now discuss the gap structures of spin-orbit coupled superconductors. First, we present the quasiparticle
gap structures of superconductors with symmetry group D6h. In the hexagonal crystal system two two-component
representations are distinguished: E2u and E1u. We then proceed to Eu pairing in trigonal crystals.

1. Hexagonal crystal symmetry: E2u pairing

Consider first E2u pairing symmetry. In the leading order p-wave harmonic expansion the two pairing partners are
given by (kxσx − kyσy, kxσy + kyσx). The nematic superconductor (η1, η2) = η0(1, 0) has pairing matrix

∆1(~k) = η0(kxσx − kyσy), (74)

and a gap structure is given by |~d|2 = η2
0(k2

x + k2
y), which implies spin-degenerate point nodes along the z axis. It

has a full pairing gap in the x − y plane. The same holds for the (η1, η2) = η0(0, 1) superconductor. The chiral
superconductor, defined by the solution (η1, η2) = η0(1, i), has pairing matrix

∆+(~k) = η0k+σ+. (75)

The chiral superconductor is a non-unitary pairing state which has a pairing gap for only one of the pseudospin
species, while the other does not develop pairing. The gap of the paired species has nodes along the z direction,
resulting in a spin-degenerate point node along z for this pseudospin species.

The accidental rotational symmetry of the quasiparticle spectrum of the nematic superconductor is an indication
that this is not the most general pairing state of a (η1, η2) = η0(1, 0) nematic superconductor in the E2u channel.
In Sec. I we have discussed how general pairing functions are linear combinations of an infinite set of degenerate
basis functions. Specifically, based on Eq. (19) one can choose a more general η2 = 0 nematic state composed of E2u

functions. Very specific choices, such as the leading order crystal harmonic, may have properties which are not generic
for the η2 = 0 nematic superconductor. In particular, including higher harmonics leads to a dependence of the gap
on the angle θk (where k± = ke±iθk).

Similarly, a more general chiral superconducting state (η1, η2) = η0(1, i) in the E2u channel can be written as an
expansion in higher order crystal harmonics. Using the harmonics listed in Sec. I it is simple to show that a general
chiral superconductor is a non-unitary pairing state.
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To rigorously establish which properties of the gap structures are generic and manifest we resort to symmetry

arguments. We write a general pairing in the E2u channel as ∆1,2(~k) = ~d1,2(~k) · ~σ and first focus on the z axis,

i.e., ~k = (0, 0, kz). As a result of odd-parity we must have ~d1,2(0, 0,−kz) = −~d1,2(0, 0, kz). In addition, since E2u

is even under a two-fold rotation about the z-axis, we should have dx,y1,2 (0, 0, kz) = −dx,y1,2 (0, 0, kz), which requires

these components to be zero. Furthermore, dz1,2(0, 0, kz) are forced to be zero by the requirement that they describe
a two-component pairing representation. These arguments show that the most general linear combination of E2u

pairing functions will give rise to spin-degenerate nodes along the z direction, both for the nematic superconductors
and the chiral superconductors.

This, however, does not prove that the nodes are symmetry protected. Since both the nematic and chiral super-
conductors break symmetries, pairing terms originating from symmetry-distinct representations can mix as a result of
the lower symmetry. Let us consider the two nematic superconductors (η1, η2) = η0(1, 0) and (η1, η2) = η0(0, 1). The
former is even under the two-fold rotation about the x axis C ′2x and odd under the mirror reflection x → −x. This
implies that the pairing kz ẑ, which transforms the same way under these symmetries, can mix in and fully gap out the
spin-degenerate nodes. In contrast, the nematic superconductor (0, 1) transforms in the opposite way, preventing a
mixing in of kz ẑ. The mixing in of pairings with distinct symmetry can be understood from the GL theory discussed
in Sec. III. In particular, the coupling of different representations expressed in Eqs (39) and (41) directly applies to
the present case. The pairing kz ẑ has A1u symmetry and according to Eq. (41) will be maximally induced when the
angle characterizing the nematic superconductor equals cos 3θ = ±1. When cos 3θ = 0 no coupling occurs.

A similar symmetry-based argument holds for the chiral superconductor. A general chiral superconductor has spin-
degenerate point nodes along the z axis since any pairing function in the E2u channel vanishes along z. A general
chiral superconductor, however, will develop magnetic moment due to its non-unitarity, and therefore allows for a
Zeeman field to couple to the spin. As a result, spin degeneracy is lifted and the degenerate point nodes are split.

2. Hexagonal crystal symmerty: E1u pairing

Let us now proceed to the E1u channel. An example of a (η1, η2) = η0(1, 0) nematic superconductor is given by

∆1(~k) = η0
~d1 · ~σ, with ~d1 = Re [λak+ẑ + λbkz r̂+] , (76)

in terms of three degenerate pairing functions and expansion coefficients λa,b. The gap structure takes the form

|~d|2 = η2
0 [λ2

ak
2 cos2 θk + λ2

bk
2
z ], (77)

where we use the same notation as before (k2 = k2
x + k2

y). In general, the (1, 0) nematic superconductor will have a
full pairing gap along the z axis. In the x − y plane spin-degenerate point nodes are present when cos θk = 0, i.e.,
along the y axis. A nematic superconductor (η1, η2) = η0(0, 1) with expansion coefficients λa,b is given by

∆2(~k) = η0
~d2 · ~σ, with ~d2 = Im [λak+ẑ + λbkz r̂+] . (78)

Its gap structure is very similar to that of its partner and given by

|~d|2 = η2
0 [λ2

ak
2 sin2 θk + λ2

bk
2
z ] (79)

The (0, 1) superconductor has a full pairing gap along the z axis and spin-degenerate point nodes in the x− y plane
given by the condition cos θk = 0.

In the same way as for E2u pairing, the most general nematic superconductors in the E1u channel is obtained by
taking a general expansion in crystal harmonics, following Sec. I. The generic features of the gap structures are more
conveniently addressed by symmetry arguments. The gap structure of the nematic superconductors, in particular
the spin-degenerate point nodes, can be understood from the mirror symmetries. The superconductor (1, 0) has a
mirror symmetry x→ −x, whereas the (0, 1) superconductor is symmetric under the mirror reflection y → −y. This
implies symmetry protected Dirac nodes in the z − y plane and z − x plane, respectively. In addition, since the
nematic superconductors in the E1u channel have a mirror symmetry z → −z (parity combined with twofold rotation
C2z) the Dirac nodes are in the x − y plane. As a result, the superconductor (1, 0) has Dirac nodes along y and
the superconductor (0, 1) has Dirac nodes along x. For a generic nematic superconductor (η1, η2) the only mirror
symmetry is z → −z, which protects point nodes in the x− y plane which are not pinned to an axis.

The chiral superconductor (η1, η2) = η0(1, i) in the E1u channel, with the same expansion coefficients as the nematic
superconductors, has the gap structure

|~d|2 ± |~d∗ × ~d| = η2
0

[
λ2
ak

2 + 2λ2
bk

2
z ± 2

√
(λ2
bk

2
z)2 + λ2

aλ
2
bk

2
zk

2

]
(80)
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FIG. 6: Quasiparticle gap structure of nematic superconducting states in the Eu pairing channel of trigonal symmetry. For
the two superconductora (η1, 0) and (0, η2) we show: (left) the surface contours of constant 1

2
Tr∆∆† = |d|2; (middle) the

magnitude of 1
2
Tr∆∆† = |d|2 over the Fermi surface, i.e., as function of polar and azimuthal angle; and (right) magnitude of

1
2
Tr∆∆2 = |d|2 (shown in blue) with respect to the Fermi surface (orange sphere) as function of polar and azimuthal angle.

This gap structure of the chiral superconductor already exhibits the generic characteristics: it is a non-unitary pairing
state and has full pairing gap in the x − y plane, but single non-degenerate point nodes along the z axis. At these
nodes one spin species remains gapless, whereas the other is gapped.

3. Trigonal crystal symmerty: Eu pairing

We now turn to the trigonal crystal system and its odd-parity Eu pairing channel. Taking a general linear combi-
nation of p-wave harmonics as before (see Eq. (55)), we have for the (1, 0) nematic superconductor

∆1(~k) = η0
~d1 · ~σ, with ~d1 = Re [λak+ẑ + λbkz r̂+ + λcik−r̂−]. (81)

The pairing gap is simply obtained as

|~d|2 = η2
0 [(λ2

a + λ2
c)k

2
x + (λbkz + λcky)2] (82)

In the y − z plane, given by kx = 0, this nematic superconductor has point nodes along the line kz = −λcky/λb. In
contrast, the nematic superconductor (0, 1) with pairing function

∆2(~k) = η0
~d2 · ~σ, with ~d2 = Im [λak+ẑ + λbkz r̂+ + λcik−r̂−] (83)

has a gap structure given by

|~d|2 = η2
0 [λ2

ak
2
y + λ2

ck
2
x + (λbkz − λcky)2], (84)

which corresponds to a full pairing gap.
The difference between these two gap structures has its root in the different symmetry properties of the two

superconductors. In particular, the (1, 0) superconductor has a mirror symmetry Myz : x → −x, which protects
nodal degeneracies in the y − z plane. The point nodes are twofold (i.e., spin) degenerate. In contrast, the (0, 1)
superconductor does not have any mirror symmetry and therefore is generally fully gapped. More generally, all nematic
superconductors (cos θ, sin θ) which satisfy cos 6θ = 1 (i.e., are symmetry-related to the (1, 0) superconductor) have
spin degenerate point nodes in a mirror plane. These gap structures are shown in Fig. 6.



17

The Eu chiral superconductor ∆1(~k) + i∆2(~k) with expansion coefficients λa,b,c has gap structure

|~d|2 ± |~d∗ × ~d| = η2
0

[
(λ2
a + 2λ2

c)k
2 + 2λ2

bk
2
z ± 2

√
(λ2
bk

2
z − λ2

ck
2)2 + λ2

ak
2(λ2

bk
2
z + λ2

ck
2)− 2λ2

aλbλckzk
3 sin 3θk

]
(85)

Note that the angular dependence sin 3θk is consistent with three-fold rotational symmetry and the absence of time-
reversal symmetry. The presence of the latter would require sixfold rotational anisotropy. Generally, the chiral
superconductor is a non-unitary pairing state with single (non-degenerate) point nodes along z.

VI. DIRAC AND MAJORANA NODAL SUPERCONDUCTORS

In this final part of the Supplemental Material, having discussed the gap structures of chiral and nematic super-
conductors in detail, we present a more detailed derivation and discussion of one of the key results: the presence of
Dirac and Majorana nodes in the quasiparticle spectrum of the nematic and chiral superconductors.

A. The chiral superconductor: Majorana nodes

In order to derive an effective theory for the nodal Majorana quasiparticles we start from the chiral Eu supercon-
ductor with pairing matrix

∆(~k) = η0∆1(~k) + iη0∆2(~k) = η0λak+σz + η0λbkzσ+ + η0λcik−σ−, (86)

describing the chiral superconductor η0(1, i), expanded in the three leading order degenerate basis functions with
expansion coefficients λa,b,c. In addition, for simplicity we assume a spherically symmetric dispersion given by

ε(~k) =
1

2m
(k2
x + k2

y + k2
z) =

1

2m
(k2 + k2

z) ≡ εk (87)

where we have written εk to simplify the notation. At this stage we recall that the particle-hole Nambu spinor is
defined as

Φ†(~k) = [c†1(~k), c†2(~k), c2(−~k),−c1(−~k)]. (88)

The quasiparticle gap structure was obtained above and is given by Eq. (85). The quasiparticle energy spectrum,
which is given by

E±(~k) =

√
(εk − µ)2 + |~d|2 ± |~d∗ × ~d|, (89)

with |~d|2 ± |~d∗ × ~d| given by Eq. (85), vanishes for a single pseudospin species along the z-axis at the Fermi surface

momenta ~K = ±(0, 0, kF ). The other pseudospin species is gapped at ~K = ±(0, 0, kF ). This is due to the non-unitary
nature of the pairing state and a generic property of the chiral superconductor.

In what follows we will present the derivation for the case λa = 0 such that the pairing decouples in (pseudo)spin
space. This will be sufficient to describe the nodal Majorana quasiparticle superconductor to lowest order; we come
back to the effect of λa term at the end.

The superconducting mean-field Hamiltonian, expressed in the Nambu spinor basis Φ†(~k), is then given by

H(~k) = (εk − µ)τz + η0λbkz(τxσx − τyσy) + η0λc[(kyτx − kxτy)σx + (kxτx + kyτy)σy] (90)

where we use a set of Pauli matrices τi to act on the (particle-hole) Nambu space and σi act on spin as before. The
gap structure for λa = 0 is given by

|~d|2 ± |~d∗ × ~d| = η2
0

[
2λ2

ck
2 + 2λ2

bk
2
z ± 2(λ2

bk
2
z − λ2

ck
2)
]

(91)

Our interest will be in the (−) solution, i.e., η2
04λ2

ck
2, for which one pseudospin species remains gapless at ± ~K. In

order to obtain an effective low-energy description for the gapless and gapped Bogoliubov quasiparticles we expand
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Hamiltonian (90) in small momenta ~q relative to two Fermi surface momenta ± ~K. We define the corresponding
Nambu spinors Φ±(~q) as

Φ+(~q) = Φ( ~K + ~q) =


c1( ~K + ~q)

c2( ~K + ~q)

c†2(− ~K − ~q)
−c†1(− ~K − ~q)

 , Φ−(~q) = Φ(− ~K + ~q) =


c1(− ~K + ~q)

c2(− ~K + ~q)

c†2( ~K − ~q)
−c†1( ~K − ~q)

 , (92)

In terms of these Nambu spinor operators the Hamiltonian in the vicinity of ± ~K, expanded up to linear order in ~q,
can be written as

H =
1

2

∑
n=±

∑
~q

Φ†n(~q)Hn(~q)Φn(~q), (93)

with the Hamiltonians H±(~q) of the ± blocks given by

H±(~q) =

 ±vF qz 0 0 ±2η0λb(kF ± qz)
0 ±vF qz 2η0λciq−
0 −2η0λciq+ ∓vF qz

±2η0λb(kF ± qz) 0 0 ∓vF qz

 . (94)

Here vF is the Fermi velocity and originates from expanding εk − µ. The next step is to separate the gapped and
gapless degrees of freedom by performing the appropriate basis transformation in the space of (Φ+,Φ−). From Eq. (94)
it is straightforward to find such a basis by rearranging the electron and hole operators according to the pseudospin
label σz = ±1. We collect the σz = ±1 operators in new spinors Ψ1,2(~q), which are given by

Ψ1(~q) =


c1( ~K + ~q)

c1(− ~K + ~q)

c†1( ~K − ~q)
c†1(− ~K − ~q)

 , Ψ2(~q) =


c2( ~K + ~q)

c2(− ~K + ~q)

c†2( ~K − ~q)
c†2(− ~K − ~q)

 . (95)

In terms of these new operators the Hamiltonian can be written as H = H1 + H2, with the first term H1 given by
(ignoring the linear in qz contribution from the pairing)

H1 =
1

2

∑
~q

Ψ†1(~q)

 vF qz 0 0 −2η0λbkF
0 −vF qz 2η0λbkF
0 2η0λbkF vF qz

−2η0λbkF 0 0 −vF qz

Ψ1(~q). (96)

It is convenient to introduce a new set Pauli matrices corresponding to the label ± ~K, and we denote the set Pauli
matrices by µi. Then, Hamiltonian H1(~q) takes the simple form H1(~q) = vF qzµz + mτyµy with m = 2η0λbkF . The
mass term mτyµy, which is proportional to kF , implies that the gapped quasiparticles are given by the field Ψ1(~q)
and correspond to spin σz = +1. In contrast, the low-energy Hamiltonian for the Ψ2(~q) quasiparticles is given by

H2 =
1

2

∑
~q

Ψ†2(~q)

 vF qz 0 0 2η0λciq−
0 −vF qz 2η0λciq−
0 −2η0λciq+ vF qz

−2η0λciq+ 0 0 −vF qz

Ψ2(~q), (97)

and describes massless quasiparticles. This is the Hamiltonian quoted in the main text. As before, we use the Pauli

matrices µi to describe the ± ~K degree of freedom and write the Hamiltonian as H2(~q) = vF qzµz − v∆µx(qxτy −
qyτx), where v∆ = 2η0λc. To cast this into an even more transparent form, we use the rescaled momenta q̃ =

(v∆qx, v∆qy, vF qz) and perform a basis change by switching the hole operators (c†2( ~K − ~q) ↔ c†2(− ~K − ~q)). The
Hamiltonian is then expressed as

H2(q̃) = q̃zτzµz − q̃xτy + q̃yτx, (98)

which has the structure of a massless Dirac Hamiltonian in particle-hole space τi with an additional grading µz. The

additional grading, corresponding to the two nodes at ± ~K, gives the two nodes opposite chirality. We now show that
the low-energy quasiparticles are not complex Dirac fermions, but real Majorana fermions.
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FIG. 7: Cartoon picture of the point nodal quasiparticle gap structure of Θ-invariant nematic superconductors with mirror
symmetry, Θ-breaking but unitary chiral superconductors, and Θ-breaking non-unitary chiral superconductors. An example of
a nematic superconductor with spin-degenerate Dirac nodes on the y axis is shown on the left. The two degenerate nodes have
opposite chirality (±). In case of the chiral unitary superconductor, which is realized in A-phase of superfluid 3He, the degenerate

Weyl point nodes have the same chirality, but the ± ~K nodes have opposite chirality. The non-unitary chiral superconductor has
non-degenerate Majorana point nodes and a branch of gapped quasiparticle excitations. The nodal structure is reflected in the
surface state excitation structure: the nematic superconductor hosts Majorana Kramers arcs, the chiral unitary superconductor
hosts chiral Fermi arcs, and the chiral non-unitary superconductor hosts chiral Majorana arcs.

We define the four-component quantum fields Ψi(~x) by taking the Fourier transform of Ψi(~q), i.e., Ψi(~x) =∑
~q e
−i~q·~xΨi(~q). From Eq. (95) we then deduce that both fields Ψi(~x) satisfy a reality condition, which takes the

following form

Ψ†i (~x) = (τxΨi(~x))T . (99)

This reality condition satisfied by the four-component quasiparticle field is the defining property of four-component
real Majorana fermions. Each of the two fields Ψ1,2(~x) is therefore a realization of the Majorana fermion field known
in particle physics. In general, two flavors of Majorana fermion fields can be used to define a complex Dirac fermion
field as

Υ(~x) = Ψ1(~x) + iΨ2(~x) (100)

Since in our case one of the flavors of Majorana fermions is gapped, the low-energy quasiparticles are described by
a single Majorana fermion field. As a result, the quasiparticle spectrum of odd-parity chiral superconductors shows
Majorana point nodes. A cartoon picture of the Majorana nodes is shown in Fig. 7.

At this stage, it is worth commenting on the term k+σz. As we mentioned, explicitly including it in the derivation
of the Majorana nodes does not change Hamiltonian (97). In particular, including the coupling of (pseudo)spin species
implied by k+σz generates contributions which are of higher order in momentum ~q. It is illuminating, however, to

consider a different starting point by choosing the chiral pairing ∆(~k) = η0λak+σz, i.e., taking λb = λc = 0. Then

∆(~k) is equivalent to the order parameter of the A-phase of superfluid 3He [8–10]. In particular, the quasiparticle

gap structure has spin-degenerate point nodes along the z axis at ± ~K. The Hamiltonian governing the low-energy
quasiparticles is simply obtained as H±(~q) = ±vF qzτz + v(qxτx − qyτy)σz, where v = η0λa. This implies that the

degenerate nodes at + ~K (− ~K) both have positive (negative) chirality. As a result, the nodal structure is referred to
as (Bogoliubov-)Weyl points [8, 11]. A cartoon picture of the Weyl nodes is shown in Fig. 7.

In an important paper by Meng and Balents [11], the concept of Weyl semimetals was generalized to Bogoliubov-
Weyl superconductors, and it was shown that the degenerate Weyl nodes can be split, resulting in non-degenerate
point nodes of the kind we identified as Majorana nodes. Similarly, non-spin-degenerate point nodes in the Bogoliubov
quasiparticle spectrum are present in ferromagnetic triplet superconductors, where the spin-degeneracy is lifted due to
ferromagnetism [12]. The single Majorana nodes of the chiral superconductor presented in this work can be understood
as gapping out one branch of spin-polarized nodes, with the other branch remaining gapless.

B. The nematic superconductor: Dirac nodes

We conclude this section with a discussion of the (spin-)degenerate point nodes in the quasiparticle spectrum of
nematic superconductors with mirror symmetry. The low-energy description of the gapless quasiparticles can be
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obtained in a straightforward way. We recall from Eq. (81) that the pairing matrix of the superconductor (η1, η2) =
η0(1, 0), which possesses the mirror symmetry Myz : x→ −x, is given by

∆(~k) = η0[λakxσz + λbkzσx + λc(kxσy + kyσx)]. (101)

To illustrate the basis features we consider the case λc = 0. In this case the corresponding gap structure, given in

Eq. (82), exhibits point nodes along the y axis at ~K = (0,±kF , 0). Expanding the Hamiltonian in small momenta ~q
relative to these gapless points, in the same way as above, one directly obtains the Hamiltonian

H±(~q) = ±vF qyτz + η0λaqxτxσz + η0λbqzτxσx, (102)

expressed in terms of the basis (Φ+,Φ−), which is defined in the same way as in Eq. (92), but with ~K = (0,±kF , 0).
Rescaling the momenta ~q as q̃ = (η0λaqx, vF qy, η0λbqz) the Hamiltonian can be reexpressed as

H±(q̃) = ±q̃yτz + τx(q̃xσz + q̃zσx), (103)

from which it is clear that it has Dirac structure. Due to the pseudospin degeneracy of the nodes (i.e., both H+ and
H− are gapless), the low-energy quasiparticles are described by a complex Dirac field. A cartoon picture of the nodal
structure is shown in Fig. 7.

Introducing an additional Pauli matrix grading νz = ±1 to describe the ± ~K degree of freedom, the Hamiltonian
takes the form

H(~q) = q̃yνzτz + τx(q̃xσz + q̃zσx). (104)

The mass term νzτxσy, which is parity odd, time-reversal invariant and anti-commutes with νzτz, τxσz, and τxσx,
violates the mirror symmetry Myz and is therefore symmetry-forbidden [13]. This would be different for the nematic
superconductor (0, 1), where one can develop a low-energy point nodal theory for the nodes along the x axis (again
assuming λc = 0). In that case, the appropriate mass term, given by νzτxσx, does not break any additional sym-
metries and is therefore allowed. It is generated by mixing in of λc. Ref. 40 has discussed such symmetry breaking
perturbations, including the breaking of time-reversal symmetry, which lifts the degeneracy of the point nodes and
leads to a doubled but non-degenerate set of Majorana nodes (see above).

Going back again to Hamiltonian (103) we can perform a rotation in spin space to arrive at the following expression
for the Hamiltonian

H±(~q) = ±q̃yτz + |q̃⊥|τxσz, (105)

where |q̃⊥| is the rescaled momentum in the plane perpendicular to q̃y. Observe that the spin label σz now provides

a grading for the low-energy quasiparticle dispersion, giving the degenerate nodes at ~K (and − ~K) opposite chirality.
This is consistent with time-reversal symmetry and an effective inversion symmetry of the Bogoliubov-de-Gennes
Hamiltonian. In addition, it is related to the Majorana Kramers arcs on the surface of the nodal superconductor,
which were derived in Ref. 40.

In the general case, when λc 6= 0, the location of the nodes simply moves in the y−z plane, ~K = ±kF (0, cos ζ, sin ζ).
The nodes are required to be pseudospin degenerate due to time-reversal symmetry.
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