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1. Introduction

Pure elements, metals for example, can exist in different phases: gas, liquid,
solids of various crystal structure. In general, as the temperature is lowered,
phases of high disorder (fluids) are replaced by phases of greater order (crystals).
In alloys, chemical order (or disorder) can combine with the geometrical order (or
disorder) mentioned above, to produce a wide variety of phases found at equilibrium
in certain ranges of composition and temperature (or pressure). In addition to
phases found in equilibrium phase diagrams, others, with free energy only slightly
different from those of the equilibrium ones, can be made to appear under certain
circumstances (rapid cooling, irradiation, and so on). The problem of phase stability
in alloys is thus a very complex one which is inherently non-local; i.e. at fixed
composition, if is not sufficient to ask which phase has the lowest free energy, it is
also necessary to compare the stabilty of a given phase to that of a the mixture of
two or more phases of different compositions (but with fixed average composition).

The phase stability problem will be examined here for the case of prototype
alloys containing two types of atoms, A and B, say. Only crystalline structures will
be envisaged, and very simple ones at that: those based on the fcc and bcc lattices.
Furthermore, atomic displacements from ideal lattice sites will not be considered,
hence neither elastic distortions nor vibrational entropy effects will be taken into
account. Phase stability analysis will thus be confined to comparing the free
energies of Ising models on different rigid lattice frameworks.

These simplifications are necessary, at least at this stage of the investigation,
because of the considerable complexity of the problem: indeed, we wish, ultimately,
to perform first principles calculations of alloy free energies by performing both
Quantum Mechanical and Statistical Thermodynamical calculations with the least
possible number of empirical or adjustable parameters. This calls for electronic
band structure calculations of disordered systems by coherent potential
approximation (CPA) techniques. In principle, it is possible to perform ab initio
calculations for each alloy composition by KKR-CPA methods,' but, at this stage, it
seems preferable to consider the properties and electronic structure of the pure
elements A and B as given (as determined by very accurate band structure

calculations), and to obtain the alloy states as interpolations between those of the
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pure elements. Therefore, a simple tight binding (TB) approximation will be used.

As for the all-important configurational entropy contribution, it will be
approximated by the cluster variation method (CVM), which has proved to be highly
reliable,? unlike the Bragg Williams approximation, which can fail rather badly,
especially in the case of fcc ordered superstructures.

The outline of the present lecture notes follows roughly that of some previous
papers by the author:3~3 State of Order (Sect. 2), Cluster Variation Method (Sect.3),
Internal Energy (Sect. 4), Quantum Mechanical Interpolation (Sect.5), Ground States
of order (Sect. 6), Constiruction of Phase Diagrams (Sect. 7), Prototype Diagrams
(Sect. 8), Cor_xclusion (Sect. 9). Much progress has been made since the earlier

papers were written, however, as will be summarized below.

’

2. State of Order

Calculations of properties of pure elements and stoichiometric compounds has
progressed considerably in recent years, but it is clear that alloys (mixtures of one
or more elements) present additional difficulties. Pure crystals or compounds can be

" uniquely described by their unit cells, and completely disordered solid solutions can

be described by specifying the average lattice and the average composition. For
phase equilibrium calculations, however, it is essential to consider states of partial
order: arbitrary degrees of long-range order (LRO), with short-range order (SRO)
present as well.

In 1951, Kikuchi proposed the Cluster Variation Method® (CVM) which, initially,
was regarded as a heuristic method for improving the traditional mean field
approximations of statistical mechanics, such as the Bragg-Williame (BW) method.
Lately, it has been shown’ that the CVM, in a new formulation, actually provides a
completely general and optimal way of describing partial compositional order, the
basic idea being to represent partially ordered systems by sampling configuration
space by means of -small clusters of crystal lattice sites. In its latest development,.
the theory makes use of the decomposition of functions of configuration in terms of
a complete set of orthonormal functions. This method will be summarized here,
following the paper by Sanchez, Ducastelle and Gratias’ (SDG).

In SDG, multicomponent systems were considered. Here, for simplicity, only
binary systems will be treated. Each lattice site (p) can then be occupied by either
an A or a B atom, with corresponding "spin" variable ¢,=+1 or -1. The complete
crystal, of N sites, has instantaneous configuration fully specified by the wvector
a={c,,03,...04}. The scalar product of two functions of configuration, f(¢) and g(e),

is defined as
<f,8> = pn Tr{N)f-g (1

where the 'trace" operation is defined as a sum over all configurations



Tr(.'N) = Z Z oo s Z :2)

=21 gy=%1 GN::I
with normalization
py = 27N

The scalar product definition (1) allows the construction of a complete
orthonormal set (CONS) of functions. For a single lattice point, the set of functions

is simply
T(ep) = T4, T} = {1l,0p!} (3)
such that
Tilep),Tjlap)> = &, (4)

where the Kronecker delta is unity if izj, zero otherwise. Now form the direct

product, over all N lattice sites,
T(e)xT(a3)x ... xT(ay) = & . (5)
By (5), each function of the set ¢, except ¢,=1, is itself a product

$, =
@ onsz cpﬂ

over the cluster c¢=i{p,;,p;z,...Pnp! of n points.
From (1) and (4) we then have

Ba,88> = Sap . (8)
and the closure relation

PN § te(otp(a’) = bg0r (7

Hence, by (4) and (7) the set ¢ is a CONS. It is convenient to treat separately the

configuration independent function ¢,z1. Then any function may be expanded as

glo) = g, + 5 Eatala) (8)

with
8. = <1, ’ 8x = (¥4,8> . (9)

For example, the Ising Hamiltonian may be expanded in terms of cluster fucntions ¢4

as follows

A= E waVala ) (10)
the V, being cluster interactions given by

waVa = <Pg, H> , (11)

where the w, are numerical factors which may be introduced for convenience in

comparing with other treatments.

To evaluate averages, it is necessary to define a configuration density thus



ple) = 7271 o A/kyT

with partition function

~#/kgT

7z = Tr(N) e (13)

where kgaT has its usual meaning. The density can also be expanded in orthonormal

functions

pla) = p§ {1+ § bo(0) €yl (14)

where £, is a multiplet correlation function for cluster «, defined as the average

value of the.product-of ¢ variables over the cluster «
Ea,= Bayp> = py (b (18)

It is also useful to consider reduced densities obtained by performing the partial

trace
Pg = Tr{N-8), s (16)

i.ec by summing over all configurations except that, ag, of the n-point cluster g
envisaged. The partial trace - operating on ¢, in (14) equals (l/pﬁ)éa if « is
contained in # (acf) and zero otherwise, where 1/p;9=2". The reduced density can be
regarded as the expectation value, in an ensemble of systems, of the cluster 8
having configuration ag. Thus, pp(cp) is simply the average concentration of
A (ap=+1) or B (op:—l) atoms, at site p, over the ensemble. If all lattice points p
are equivalent, then Pp is the crystal average. If long-range order is present,
distinct sub-lattices must be defined, and averages taken only over all points of a
given sublattice, p,;, say. By combining Eags. (14) and (16) we then have, for cluster

concentrations, or reduced densities, expressed in terms of correlations functions,
pﬁ(cﬂ) = p&[l + agﬁ Qa(ap)fa] . (17)

This important formula was first derived by Sanchez®. The notion of partial trace
was introduced into the CVM by Morita.? In practice, it i8 convenient to group all
¢4 which are identical because of the symmetry of the crystal structure. Equations
{14) or (17) then take on a slightly different form, with appropriate sums of ¢,
functions being regarded as elements of the so-called configuration matrix. The
crystallography of the problem is thus introduced into the statistical formulation by

means of this matrix.

3. Cluster Vuriation Method

The energy and configurational entropy can be-written as, respectively,

E(p) = Tr(N) pp (18)



and
S[p] = ~kg Tr(N)p ¢n p . (19)
The free energy is then given by
Flp] = Tr(N) p(% + kgT ¢n p] . (20)

E;, S and F are to be regarded as functionals in p(s¢), and will take on their
equilibrium (expectation) values if p corresponds to the correct equilibrium
distribution of configurations. In traditional variational treatments, F[p] is minimized
with respect to p subject to the constraint Trp=l. It was shown by SDG’, however,
that the equilibrium free energy could be obtained by a purely algebraic procedure,
as will now be demonstrated. In a sense, the "Variation”" has now been taken ocut of
the Cluster Variation Model. It is, of course, impossible to consider the full density
function p(e) over all configurations on all lattice sites. Hence, some method must
be devised for handling only a small number of configurations. In the CVM, this is
accomplished by considering configurations over a few small clusters, up to some
maximum-size cluster(s). Usually, the larger the clusters retained, the better will be
the approximation to the free energy.

In the energy expression, the approximation consists of neglecting interaction
energies V, in Eq. (10) for all clusters not contained in the maximal cluster(s}" (see
justification, later on). The same simple procedure will not do for the entrdpy
expression, however: the fn p term cannot be written as a trunc.ated sum of partial
densities of the type (16), as no convergence is expected. Instead, following

Morita®, we define new functions ;ﬁ by writing successively

~ e A

P1=PL 5 P12 T PiPaP12 s s Pa =ﬂga PR

with, finally

p =1 pg (21)
- x

The CVM approximation consists in truncating the product (21), by assuming that

the cumulant corrections ;.,, for y not contained in the maximal cluster(s) are equal

to unity. Hence,

tn p % §' ¢n Py (22)
B

the accent on the summation denoting a truncated sum. It is' now necessary to
relate the ¢n ;p (=0g, say) to &n p, (=A,, say) which can be done by procedures
already developed by Barker!? and Hijmans and de Boer!!. To this end, we write
Eq. (22) as a sum over the A, times some coefficients a,, the latter being determined
only by geometrical considerations:

L g = E' (agﬁ ag) g . (23,

x ﬂca

5’ g =£' aghy = I’ a

Therefore,



I oag =1 , (24)

there being a separate Eq. (24) for each subcluster « contained in the set of
maximal clusters. Thus, the a, can be determined uniquely by recursion.

We have therefore derived an important expression
tn p = I’ a, &n py (25)
[»3
whereby the logarithm of the density function is approximated by a weighted sum of

reduced densities, i.e. cluster concentrations. By taking the logarithm of both sides

of Eq. (12) we have
M
tn = —-8n Z - =v
P KeT

or, using (25),

kBT E’ Ay 4n Pa = (-‘ksT 4n Z)Qo - 5 Qﬁvﬁéﬁ

By the properties of the CONS we therefore have, as in Eq. (9):

-kgT en Z = <1, kgT £’ a, én pyo> (26)
x . .

and

—upVﬁ = (Qﬂ, kgT E' ay &n py . (27)

the latter equation can be rewritten as

wgVg = —agﬂ 3 Pa’ Tr{«) ’ﬁ("a) n pa (28)

which is exactly the result which would have been obtained by direct minimization of
the free energy with respect to the correlation functions ¢g- In the Egs. (28), the
pa must be replaced by their expressions in terms of the independent variables ¢p-
There results a set of hon-linear equations in as many unknowns as there are
maximal clusters and their distinct subclusters. Solving this set of equations by
numerical techniques consatitutes a major difficulty of the CVM, hence, in practice,
clusters must be kept small and few in number. ‘

By a well-known result of statistical mechanics, Eq. (26) gives directly the

equilibrium free energy:

F = kgT § ag Trla) ¢n p, . (29)
X
The free energy functional itself is, from Eqs. (20), (10), (15) and (25),
Flo) = § op¥pép + keT [ 2 Tr(®) oy tn pg (30)
x

which is the classical CVM expression for the free energy. Note that the two sums
in Eq. (30) need not run over the same clusters; it is only required that the

entropy sum contain the maximal cluster(s), and the energy sum include only
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clusters contained in the maximal one(s). Of course, some of the a, subclusters may

vanish, as explained by SDG.’

4. Internal Energy

In order to calculate phase diagrams, it is not sufficient to treat Ising models
alone: it is required to evaluate cohesive energies of various phases, in various
states of order, referred to the same reference energy, for instance the energy of
an infinitely dilute gas of pure A and pure B atoms, respectively denoted E,® and
Eg® in Fig. 1. E,® and Eg* are then the cohesive ehergies of pure A and B in the «
phase (fcc lattice, say) and E,ﬁ and Eaﬂ are the corresponding cohesive energies in
the 8 phase (bcc, say). Linear interpolations between those pure states are
indicated by dashed straight lines. Actually, the cohesive energy Eq4;4 of random
mixtures of A and B, in a« or f (denoted E,* and Eoﬁ in Fig. 1), as a function of
concentration ¢ of B atoms, will differ from the linear interpolation by amount AEy;,

(denoted Ex* or AE"ﬂ in Fig. 1), the energy of completely random mixing.

Ea o
45 Energy L
'E:
aEg
leg L
| | | 1

Concentration ¢

Fig. 1. Cohesive energies E,* and Eoﬁ of completely disordered «
and § phases and of a possible compound 7y (full curves), and
schematic representation of energies of (partially) ordered
superstructures {(dashed curves) as a function of concentration c.
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Going beyond the simple Ising Hamiltonian (10), it is possible to use the

concepts derived in Sects. 2 and 3 to obtain formal expressions for the physical
energy parameters required, namely E4;. and the V,, defined in (10) and (11). To
that end, let E(e¢) denote the cohesive energy of a particular configuration (¢), on a

given lattice («,8,...). The expectation value of E; for distribution p, will be
E> = Tr(™) p(¢) E(a) (31)

Inserting expression (14) for the density p into (31) then yields

<E> = Eq + [ Ey £q (32)
p _ .
with
Eq = pn Tr(N) E(a) (33)
and
Eq = <#4,E> = pny Tr(N) ¢, () E(o) (34)

Note that, in this grand canonical averaging, because of the Trace operation, the
energy E, and the effective cluster interactions E, are not only configuration
independent but even concentration independent.

Let us rewrite (34) explicitely for the case of pair interactions E,.; where- r

denotes the spacing between lattice points p and q of the pair:

L 1r(v-2) E(q) (35)

where the trace. operation is carried out everywhere except at p and q. From Eqg.
(35) follows

Er = opV, = é’ (Vaa = Vag — Vga + Vgp) s (36)

where Vij (i;,j=A;B) represents the energy of the rth (i,j) 'pair embedded in an
artificial medium in which all configurations are equally represented. Through Eq.
{35), the pair interactions (or more general cluster interactions E,) may be related
to the V, used in the Ising model of the previous sections.

Unfortunately, Eqs. (34) or (35) cannot be wused to calculate the cluster
interactions since the configuration energies E(¢) are, of course, not known. Hence,
a more direct method of computation for the E, is required. It has been
argued®?;!'3 that the proper way to calculate effective cluster interactions is by
means of a perturbation expansion of a disordered medium of specified concentration
c. It appears that the expansion is much more rapidly convergent if the states of
(partial) order (dashed curves in Fig. 1) are considered as perturbations of the
disordered states (full curves) rather than as perturbations of the pure states or
their linear interpolations (dashed straight lines in Fig. 1). Quantum mechanical
techniques suitable for performing such calculations will be outlined in the next

Section. For now, let us merely show how Egs. (31) to (35) must be modified
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formally in order to obtain disordered state energies and concentration dependent

cluster interactions.

In a sample containing a large number N of atoms, it is expected that, at
equilibrium, the concentration ¢ of the systems in a grand canonical ensemble will
hardly ever depart significantly from the equilibrium concentration c-°. In other
words, the density function p(e) will be very sharply peaked about configurations
having average concentration c°. Hence, in Eq. (31), it is practically equivalent to

sum only over those configurations (e¢°}, all of which have concentration ¢°:
<E> 3 Tr(N) p(e®) E(o*) (37

where the superscript (°) denotes canonical averaging, as it were. We now have

KE> = Ey + L Eg £4 (38)
«x
with
Es = pp Tr{N) E(e°) (39)
and
By = pn Tr(®) $,(¢°) E(o°) ’ : (40)

The total number of corifigurations having. fixed number (N,, Ng) of A and B atoms-is

N: .
M= NaiNg! (41)

so that the energy of the completely random state of concentration c*=Ng/(N,+Ng) is,
by Eq. (38),

Bare = Tr(W E(o®) = B} + I B ¢8 (42)

where (2 denote multiplet correlation functions in the fully disordered state. It is
now apparent that the disordered energy E4;, and the cluster interactions E, are
concentiration dependent gince, in Eqs. (40) and (42), the Trace operation samples
different configurations at each concentration c.

The term E; may be eliminated from Eq. (38) by means of Eq. (42):

<BE> = Edis + Eord (43)

where the disordered state energy Eq4;q i8 the energy of the completely disordered
medium, in a given crystal structure, calculated in a single-site coherent potential

approximation (CPA), for instance, and E,.4 is given by

Eorg = E' E;v6fa - (44)

where
bta = £x — (£;)° ’ ‘ (45)

since the correlation function, in the fully disordered state, for an a« cluster of n
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points is practically equal to nthP power of the point correlation function

¢13cp-cg=1-2c. The accent on the summation in Eq. (44) indicates that, because of
Eqg. (45), the point clusters are not included in the sum. Equations (43) to (45)
were given previously by Sigli and Sanchez!*. The E,, or V4 in the notation of
previous Sections, must now be calculated. As will be shown in the next Section,
this can be accomplished by perturbing the single site CPA according to the
so-~called Generalized Perturbation Method (GPM)!2:13.  Alternately, the Embedded
Cluster l\r'iet.hod1s may be used since, by Eq. (40), each cluster interaction Vij in Eq.
(36);, rewritten for canonical averaging, as in Eq. (40), represents the energy of
cluster' « embedded in a medium of random configuration of concentration c.

The derivations given above may explain formally why pair interactions E,., for*
large spacing-r; tend to become.small in'magnitude: at large spacing in.a random
medium, V” is approximately given by the sum of point energies V, + Vs hence the
linear combination V., + Vgg - 2V,g will tend to vanish.

To complete the calculation of the internal energy, E,.4 must be evaluated,
which requires, in addition to the E;y knowledge of the equilibrium correlation
functions ¢,. These must be obtained by minimizing the free energy, at given
temperature and concentration, by solving the system of algebraic equationé (28).
In summary, then, Eq;, and Eg (or V,) can all be calculated by Quantum Mechanical.
methods at absolute zero of temperature. The ¢, are calculated by the CVM with
temperature independent parameters. Hence, the procedure desciibed here achieves
a- very convenient decoupling of the Quantum and. Statistical. Mechanical

computations.

5. Quantum Mechanical Interpolation

The difficult problem remains of calculating Eg4igs and the effective cluster
interactions E,. It has been shown!é that cluster interactions are generally smaller
in magnitude than effective pair interactions (EPI), so that only the latter will_ be
retained in the present analysis. The EPI, defined. formally by Eq. (36), will be
calculated in the Generalized Perturbation Method (GPM)!3:!3 applied to a given
Quantum Mechanical Model. Some recent progress has been made in implementing the
GPM onto the KKR-CPA!?7 but thus far, most results have been obtained in the tight
binding (TB) approximation.

The TB scheme does not really qualify as a true first principles calculation, but
as an interpolation method in the following sense: suppose that very accurate
electronic band structure calculations have been performed on the pux;e elements A
and B in the same crystal structure. What then may we deduce for the band
structure, in particular the electronic density of states (DOS), n(E), for the random
mixture.of A and B atoms.on the samerlattice, as.a function of concentration c?

To simplify matters, consider only paramagnetic transition metal elements and
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assume that properties of interest (cohesive energy, EPI) are primarily dependent on

d-electrons. Hydridization with the s band will thus be neglected. Under those
conditions, the wave functions can be expanded in linear combinations of atomic
d-orbitals (LCAOQ), with atomic wave functions denoted [iA>, considered members of a
CONS, with index i indicating the atomic site and A the atomic d-orbital. The tight

binding Hamiltonian for the pure elements may thus be written

H=Z e liACA + T T AM 1idd(jal , (46)
i 125 Ayp

where =; is z, or tg depending on which metal is considered and where ﬂ’,*if are
so~called hopping integrals. The energy levels ¢; will be taken as the centers of
gravity of the d band of the corresponding pure metal. The hopping integrals
connect neighboring sites i and j but cannot be readily evaluated by matrix element
integrals, although theory indicates that the magnitude of the f’s should decrease as
the distance between atomic sites increases. The Slater and Koster method of
interpolation is therefore generally used: the pg’s are considered as adjustable
parameters whose values are optimized so as to fit the calculated band structures as
closely as possible. Actually, the hopping integrals depend on a smaller number of
_parameters, the molecular ortibal-like parameters dde, dd» and ddé!®. Hence, in this
first interpolation step, the electronic properties of pure A and pure B are regarded
as being determined entirely by a small set of parameters, and by the number of d
electrons per atom, N, or Ng.

The one-electron energy is given by
Ef
Big = | ' n(E) E d8 | (a7m)

where Ef is the Fermi energy and where the electronic density of states n(E) (for d
electrons) can be computed in the usual manner by taking the limit of the imaginary

part of the trace of the pure element Green’s function, given formally by
G(z) = (z-H)™! . (48)

In the present study, the Green’s function was calculated by the recursion
method!?:2°, The computational procedure used to derive the results to be reported
here is explained elsewhere?!;33, In a recent study,??® Sigli has proposed an
approximate scheme for correcting the one-electron energy (47) for the effects of
electron-electron and ion-ion interactions. These effects will not be taken into
account here.

In the alloy case, ¢; and ﬂ}lj‘ in Eq. (46) become random parameters since, a
priori, it is not known which atom, A or B, occupies sites i, j, etc... It thus
becomes imperative to adopt an averaging procedure. Thus far, it has not proved
feasible to use a CVM-like scheme, as given in Sect. 2, in the quantum mechanical
context. Thus, a zeroth order mean field approximation is used, the coherent
potential approximation (CPA). In the single site CPA, parameters ¢; are replaced by

an average energy dependent potential ¢ and the hopping integrals are assumed to
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be independent of the nature of the atoms at i and j. Then, let the Green’s

operator corresponding to that new Hamiltonian be denoted by_é(z-o}. The potential

o is determined self consistently by the condition on the scattering operators?®*

{E> = caty + cpty (49)
where
£ = dej be; = &; - (50)
! 1 - 4G, (E-0o) ! i T &5 T @ s
with
g (2) = % 5, <OA1G(2) 10> : : (51)

Iteration® of (49) and (50) determines-o¢ self-consistently. The-diagonal elements of
the Green’s function are determined by the recursion method, as explained above.
To calculate the EPI by the GPM, off-diagonal elements

GM = CiMIG(z-a) 1 jw> (52)

are also required; these can be obtained, however, by combining appropriate

diagonal elements. Finally, the EPI are given by the GPM formula®?s!3?
E4 - - .L. EF -y " a e k
Ve V= -2 In I_- ® (ty = ta)" I A (E~o) ) (53)

The CPA thus provides the required compositional interpolation between pure A
and pure B; on the same Ilattice («, say). If another crystal structure were
required, the whole calculation would be repeated, including the hopping integral
fits for the new lattice (8, say). Of course, pure A and/or pure B may well be
metastable on either or both « and g lattice. It is clear that the Green’s function
é(z«o) is concentration dependent through its dependence on «; which itself depends
on average concgntration {though not on SRO), by Eqgs. (49) and {(50). Therefore,
the energy of the purely disordered state, E4;4, calculated from Eq. (47) with n(E)
obtained from G of the CPA medium, must also be concentration dependent.

Furthermore, the Fermi energy Ef depends on the average d-band filling

ﬁd = NACA + NBCB (54)

For the same reason, then, the EPI V. (recall that the index r denotes the !i-jl
distance) also depend on concentration. It is precisely because the GPM appears to
be, at present, the preferred method of calculating ordering energies, that the
original CVM formulation, with concentration independent E, interactions, had to be
replaced by concentration dependent ones, E;. The V. of Eq. (53) are thus the EPI
defined by Eq. (36), but calculated formally according to the "canonical” averaging
described in the previous Section.

In addition to their dependence on hopping. integral. parameters, the. EPI also
depend on the d-band filling Ny through E¢; as mentioned, and on the-levels ¢, and

¢eg through Eq. (50), more properly on the normalized energy level difference, or
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6d = f_ﬂ_;__tA » (55)
where W is the average of the half d-band width of the elements. The EPI should

also depend on non-diagonal disorder

Wa ~ Wa (56)

é = =
nd W

but.that dependence was neglected in preliminary studies reported upon here2!;23,
If "canonical" Slater~Koster parameters are used, then W turns out to be a
normalization factor which fixes the energy scale, so that the EPI have the following

functional dependence
Vr = ﬁ f(ciﬁd’ddidnd) . (57)

The EPI thus depend only on the average alloy concentration ¢ and on electronic

- parameters of the pure elements A and B.

6. Ground States of Order

The consequences of this functional dependence of the EPI on the various alloy
system parametérs have been investigated in detail (see Ref. 25, for example, and
bibliography cited therein). Particularly interesting and quiie accurate predictions
have been made concerning ground states of order. By this expression is meant
those ordered configurations of A and B atoms on the sites of a given fixed lattice
which minimize the energy E, at zero absolute, given the stoichiometry c and values
of pair interactions V..

Kanamori?¢:27, Allen and Cahn3®, Sanchez and de Fontaine2??, Finel®° and others
have determined ground states of order on fcc and bcc lattices for first and second
neighbor (also higher neighbor and multiplet) interactions. Given a set of V. (or
Ex)» and ¢, the problem reduces to that of minimizing the internal energy (38)
subject to conatraints. Since (38) is linear in the pair correlation functions ¢,., the
problem can be handled by techniques of linear programming, the constraints being
derived from Eq. (17), for instance, by noting that the cluster concentrations are

non negative:

gﬂ ta(og) b » - 1 . . (58)

In principle, the minimization returns 0°K equilibrium values ¢, of the correlation
functions which uniquely determine the ground state structures to be expected
under the specified conditions. In practice, the mathematical technique just
described sometimes produces '"non-constructible” structures. Nevertheless, in most

cases, maps in V.-parameter space are produced which indicate; for simple
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stoichiometries, which ordered superstructures should be the stable ones for the

chosen lattice (of the disordered state). Most commonly observed fcc and bcc-based
ordered superstructures can be predicted by this analysis.

Since the EPI can be correlated with electronic parameters, the V. maps can be
transformed into structure map8 in Wy, &4, J,4 sSpace?s, Predictions for
paramagnetic transition metal alloys agree remgrkably well with experiment. In a
very recent study3!, ordering maps were also successfully derived on the basis of

calculations simply involving a rectangular .band approximation to the electronic DOS.

7. Construction of Phage Diagrams

)

The determination of ordered superstructures is an essential first step in the
construction of temperature-~concentration phase diagréms, Indeed, in the
minimization of the free energy, it is essential to limit the set of cluster variables
(a2 the members of the set are determined by the symmetry operations of the
ordered ground state considered. Thus, given the range of EPI envisaged, to each
disordered state lattice (a, say), corresponds a set of ordered superstructures
{a’y" yaeo}e Then at each temperature T and concentration c¢, the equilibrium
correlations (% are determined by Eqs. (28); the chemical potential difference ug-g,.
is determined and the grand potentials |

0% = (F - Npfg)® (59)

are calculated, where ¢, is a normalized sum of point correlations over- distinct.
sublattices. The free energy F in Eq. (59) is the sum E4;3 plus E,.4 minus T times
the CVM configurational entropy, appearing as the second term of Eq. (30). The
"same procedure is repeated for other Ilattices and corresponding ordered
superstructures (§,8°,8",...) and grand potentials 0%, g, 08,... are compared at each
temperature. Intersections of two {(u) curves denote phase equilibrium between the
two structures. The lowest lying Q@ curve between intersections determines which
phase is expected to be the equilibrium one. Grand potential diagrams are then
converted to phase diagrams in (c-T) space by computing the concentrations
corresponding to the equilibrium (¢ obtained from Eqs. (28) for the equilibrium
structures.

Other correlation functions determine, at equilibrium, expected cluster
concentrations by use of Eqgs. {(17), hence a measure of SRO can be obtained. Long
range order parameters are generally defined as appropriate linear combinations of
point correlations ¢, on the relevant sublattices.

This phase diagram construction is illustrated in the flow chart of Fig. 2. Only
the tight binding TB portion has been implemented (top right hand side of Figure),
not the KKR portion (left hand side). Satellite boxes indicate schematically possible

experimental verification.
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PHASE DIAGRAMS FROM FIRST PRINCIPLES
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- 8. Prototype Diagrams

As an illustration of the procedures outlined above, it was decided to perform
some simple prototype phase diagram calculations involving the fcc lattice and its
simplest ordered superstructures. Normally, the first nearest neighbor (nn) EPI, V.,
is expected to be the dominant one in the fcc case, so that the calculation of 4E,, 4
will be limited to that nn contribution only. It follows from ground state analysis
that;.with- V,>0 (ordering case), the only ordered superstructures expected are the
L1, (CujsAu-type) and L1, (CuAul). For the purpose of performing sample
calculations, '"canonical” Slater-Koster parameters were used?2!,22: dde=-1.3857
ddn=%1dde!, ddé=0. Charge transfer-is-expected to alter-the-values of the pure
element d-band centers of gravity z, and £ in the alloy. Therefore, since charge
transfer was not calculated, the diagonal disorder 6§, was regarded as a variable
parameter, whose influence on the phase diagram is to be studied systematically.
Values of 6§4=1.0, 0.8 and 0.6 were chosen?*2. Results of energy calculations were
expressed in canonical units {cu); if an average band width of ~5eV is taken, then
lcu#4.5eV. This value was used to convert "canonical degrees” in the calculated
phase diagrams to degrees absolute.

By convention, §, was taken to be positive: egds,. Therefore, we must
necessarily have N,>Ng, i.e., A and B belong to the end and the beginning of the
trangition metal series, respectively. The following pairs of numbers for d-band
occupancy in the pure elements were: selected: (9,3), (7,3) and (9,4), the first
number being the value N,, the second Ng. Since it was assumed that the number
of s-electrons per atom in the solid was equal to one all across the transition metal
series, the numbers N, and Ny are simply one less than the group number in the
Periodic Table.

Values of the energy of mixing AE4;, for the completely disordered state were
obtained by subtracting the straight line interpolation between E, and Eg from the
values Eg4;q(c) calculated by the procedures described above for the three (Ng, N,)
pairs of values and the three 4§, selected. Next, the concentration dependent EPI
V,(c) were calculated, by Eq. (53), for the same set of electronic structure
parameters. Results are displayed in Fig. 3, in canonical units. As expected?!:22,
the V,(c) curves peak towards the center of the concentration axis whenever
%(N,+Ng)#5 (half-filled alloy d-band), and towards the element with highest
d-electron concentration for average band filling greater than %. It is also seen in
Fig. 3 that the amplitude of the V,(c) profile increases with increasing values of d4.
These resulis are expected to hold quite generally, and influence very significantly
the shape of the phase diagrams.

Several fcc~-based phase diagrams have been calculated based.on the.results. of
Fig. 32122, Here, only the case N,=9, Ng=3, 64=1.0 will be presented (full curve for

V,(c) in Fig. 3). The resulting phase diagram is shown in Fig. 4. The diagram
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shows wide « (fcc) solid solubility, and three ordered phase regions: two of

L1,-type (a’) with first-order transition temperatures, high for A;B, low for AB,, at
roughly stoichiometric concentrations, and an L1, ordered phase region appearring
by peritectoid reaction around the center of the phase diagram («"). A prominent,
ahd unexpected feature of the phase diagram is the presence of a narrow miscibility
gap, persisting to very high temperatures, between two disordered solid solutions of
different average compositions. The transitions temperatures are, of course,
extremely high. This simply means that, with §4=0.1, melting would ocur before
disordering could take place. Dashed curves in Fig. 4 refer to inherent "ordering"

and "clustering" instabilities or spinodals?3.

EPi (c.u.)
P NA=9 NB=3 §=1.0
o‘ 10 - NG e . = -= =
/ : —— == Ny=7 Ng=3 §=08
s © NA-7 NB‘3 6=10
0.08 - — 0 0 o NA-Q NB-3 =08
........... NA -7 N8 =3 (=08
............... Ny=9 NB='4 =08
0.06
0.04 .
0.02 A '-..;.. ..... e - - ;;;;,.-9?:?:..?....‘?4-. .........
0.00 T — : _—
0 0.2 04 08 08 1
A CONCENTRATION B8

Fig. 3. Effective pair interaction V; (in canonical units) as a
function of concentration for the indicated values of electronic
parameters.

It is instructive to examine the various component curves of the total free
energy, at given temperature, as a function of concentration. Figure 5 shows the
"mixing" ‘curves AEqiq, AEyrq» -TAS and the sum total AF at 1700K for the case
depicted in Fig. 4. The full curves are for the disordered (a«) phase and the dashed
curve for the «’ (L1,) phase, the only ordered phase stable at this temperature. It
is seen that the AE4;4 curve, which is temperature independent, already contains a
shallow. concave region. This means that a common tangent can always be
constructed to the AF curves except at extremely high temperatures' where the
convex TAS contribution is expected to dominate. The AE,.4 contribution enhances
the concavity, as seen in Fig. 5. Also of interest is the fact that the configurational

entropy in the ordered state tends to zero at the A;B stoichiometry, as expected.
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Fig:. 4.. Prototype: phase: diagram for‘N,29, Ng=3, 64=1.0.. Phase:
« is the fcc solid solution, «’ and «" are L1, and Ll, ordered
superstructures, respectively.

The phase diagram shown in Fig. 5 thus illustrates that, in a purely "ordering"
system (V,>0 for all ¢), 8 very persistent miacibility gap (MG) can appear due to the
intrinsic variation of thermodynamic parameters with concentration, not through any
inherent "clustering” tendency associated with negative EPI. These extiraneous MG
tend to disappear as the diagonal disorder decreases. Presumably, charge transfer

will attenuate the tendency towards phase separation in "ordering" systems.

9. Conclusion

The calculation of phase diagrams from first principles constitutes a very
critical test of accuracy of both quantum and statistical mechanical models. The
theoretfeal problems are extremely challenging and the expected results of
" considerable practical interest.

On- performing the calculations, it becomes.evident that. the- slightest variation of
calculated energies- can result in drastic changes in the topology of phase diagrams:.

the location of phase boundaries and even the nature of the phases in mutual
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equilibrium is determined by the common tangent construction so that small

alterations in the shape or relative positions of free energy curves can cause
commong tangents to connect compleiely different sets of phases, structures,
concentrations. In other words, phase diagrams result from "non-local minimization:”
all possible free energy curves of all possible phases must be considered, at all

concentrations, and compared to one another.

CONCENTRATION

0 .2 4 .6 8 1

0 ——
23TaS™N -
%( g —,
N ’

ENERGY (c.u.)

2 1700°C

Fig. 5. Component curves of AF = AE4;g + AE,rq =~ TS for the
phase diagram of Fig. 4 at 1700K; full lines: solid solution «,
dashed lines: ordered phase «".

Whether or not sufficient accuracy can be attained to reproduce experimental
diagrams remains to be seen. In the present study, only "prototype" systems were
considered. The tight binding CPA was used as basic quantum mechanical
framework, and the CVM was used for the statistical mechanical calculations. Both
models can be improved. In particular, it should be possible to take charge
transfer and off-diagonal disorder into account. Furthermore, hopping integrals
should be chosen that correspond to real systems to be modeled. Structures other
than the fcc lattice and its simplest superstructures should be considered. In a
very recent study, both fcc and bcc lattices and corresponding ground states were
incorporated in the model, with the result that a reasonable approximation of the
Ti-Rh phase diagram was calculated, including some experimentally observed

metastable phases32.
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An extended version of the methods outlined here was developed by Sigli- and
Sanchez??, with the result that very good quantitative agreement was obtained for
the miscibility gap in the W-Cr system. - Remarkable agreement was also obtained
with available experimental data for the enthalpy of mixing of other transition metal
bcc binaries.

Ultimately, it will be necessary to take vibrational entropy and elastic
interactions into account. Perhaps the KKR-CPA will have to be brought into play

for-accurate truly first-principles calculations. Clearly, much remains to be done.
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