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Group velocity and pulse lengthening of mismatched laser pulses in plasma channels
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Lawrence Berkeley National Laboratory, Berkeley, California 94720,
USA

(Dated: 7 July 2011)

Analytic solutions are presented to the non-paraxial wave equation describing an
ultra-short, low-power, laser pulse propagating in a plasma channel. Expressions for
the laser pulse centroid motion and laser group velocity are derived, valid for matched
and mismatched propagation in a parabolic plasma channel, as well as in vacuum, for
an arbitrary Laguerre-Gaussian laser mode. The group velocity of a mismatched laser
pulse, for which the laser spot size is strongly oscillating, is found to be independent
of propagation distance and significantly less than that of a matched pulse. Laser
pulse lengthening of a mismatched pulse owing to laser mode slippage is examined
and found to dominate over that due to dispersive pulse spreading for sufficiently
long pulses. Analytic results are shown to be in excellent agreement with numerical
solutions of the full Maxwell equations coupled to the plasma response. Implications

for plasma channel diagnostics are discussed.

PACS numbers: 52.38.-r, 52.38.Hb, 52.38.Kd



I. INTRODUCTION

The propagation of tightly focused, short-pulse lasers in plasma is of fundamental im-
portance. Plasma channels may be employed to optically guide short-pulse lasers, thereby
extending the laser-plasma interaction length.!? Plasma channels consist of a plasma col-
umn with a minimum plasma density (i.e., an index of refraction that peaks) along the
laser propagation axis. Extending the laser-plasma interaction length by plasma channel
guiding is beneficial to a variety of applications, such as laser-plasma accelerators,® di-
rect laser acceleration,® harmonic generation,®” and x-ray lasers.®1? Critical to many of
these applications is detailed knowledge of the group velocity of the laser propagating in
the plasma channel. Plasma channels have experimentally demonstrated optical guiding
over many Rayleigh lengths, and methods for plasma channel generation are actively being

investigated.! 19

Previously it was shown? that the linear group velocity v, = ¢f, of a matched laser
pulse propagating in a parabolic plasma channel is vy = Umatch = CBmatch, Where Bmaten =
1—(kp/ko)?/2—2/(koro)?, with wy =~ cko = 2mc/ g the laser frequency, w, = ck, = 27c/)\, =
(4mngpe? /m.)"/? the plasma frequency, ng the on-axis plasma density, e is the electron charge,
m. is the electron mass, ¢ is the speed of light in vacuum, ry the matched laser spot size [for
a Gaussian transverse profile, i.e., laser intensity oc exp(—2r2/r2)], and (k,/ko)? < 1 and
1/(korg)* < 1 are assumed. Here, a parabolic plasma channel was assumed with a density
profile of the form n(r) = ny + Anr?/r2, where An is the channel depth. Propagation of a
low intensity laser pulse at a constant laser spot size r; = ry (i.e., matched propagation) is
possible when An = An,, where An, = (7r.r3)~! is the critical depth and 7. = €?/m.c? is
the classical electron radius. Matched propagation will only occur for a careful and exact
choice (i.e., matching) of the laser spot size and divergence at the entrance of the plasma
channel. If this matching is not achieved, mismatched laser propagation will result and the

spot size r oscillates as the laser propagates within the plasma channel. An oscillation in

the laser spot size alters the laser group velocity.

The dependence of the laser group velocity on the plasma channel properties may serve as
the basis of a plasma channel diagnostic. Recently a plasma channel diagnostic was proposed
that relied on measuring the channel-induced delay between two laser pulses of two colors.?!

By measuring the delay as a function of initial laser parameters, the on-axis plasma density



and the channel depth (and, hence, the matched spot size) can be determined. For proper
interpretation of this diagnostic technique, an accurate and general expression for the laser

group velocity of a mismatched laser pulse is essential.

In this work a general expression for the linear group velocity of a mismatched laser pulse
propagating in a parabolic plasma channel is derived in the low-power limit. It is shown that
the group velocity of a mismatched laser pulse is significantly less than that of a matched
pulse and is constant, i.e., independent of propagation distance, even though the laser spot
size exhibits strong oscillations. FExpressions valid for arbitrary Laguerre-Gaussian modes
are derived. These analytical solutions are shown to be in good agreement to solutions of the
full Maxwell-plasma equations. Nonlinear effects, such as those arising from laser evolution
(e.g., depletion and red-shifting), are discussed. The nonlinear group velocity of a high-
intensity laser pulse in the one-dimensional limit, including the nonlinear plasma response,

has been analyzed in Refs. 22 and 23.

This paper is organized as follows. In Sec. I a non-paraxial solution is presented for the
wave equation of a laser propagating in a plasma channel. The lowest order non-paraxial
operator is retained to describe group velocity effects (not present in the paraxial wave
equation). In Sec. III a general expression for the linear laser group velocity is derived. The
laser group velocity is defined as the velocity of the laser (normalized-intensity-weighted)
centroid. It is shown that the laser group velocity is constant along the propagation. One
consequence of the mode-dependent group velocity is mode dispersion of a mismatched laser
pulse. Section IV examines the pulse lengthening via laser mode dispersion of a mismatched
laser pulse. It is shown that this is the dominant lengthening mechanism for a mismatched
laser pulse propagating in a plasma channel. Conclusions are presented in Sec. V. Also
included are two Appendices. Appendix A discusses the limit of the absence of a plasma
channel (i.e., a diffracting laser pulse in a uniform plasma), and Appendix B discusses the
local laser velocity, which varies along the laser propagation direction and the radial distance

from the axis of propagation.



II. NON-PARAXIAL LASER ENVELOPE EVOLUTION

The wave equation describing the three-dimensional evolution of a laser pulse in a fully-
ionized plasma, is*®
(V2—83t) a, :kf)pab (1)
where a; = eA, /mc? is the normalized laser transverse vector potential with the gauge
V-a = 0. The peak amplitude of the normalized laser vector potential is related to the laser
intensity by a2 ~ 7.32 x 107192 [um]Io[W /cm?] for a linearly polarized laser with I, the peak
intensity. In general, the normalized proper density p is a nonlinear function of the laser
vector potential.>?3 In this paper we will consider the linear response of the plasma to the
laser field, valid for a? < 1, where p ~ n(r)/ny, i.e., the ambient plasma density normalized
to the on-axis density. We will also consider the lower power limit P/ P, = (agk,r0)?/32 < 1,
where P, is the critical power for relativistic self-focusing.?
A parabolic plasma density channel may be used to optically guide a Gaussian laser pulse.

We consider propagation of the laser in a parabolic density channel of the form
n(r) = ng + An(r/ro)* = ng + (mrer) 7 (r/rm)?, (2)

with the matched radius related to the channel depth by 7, = ro(An./An)*/*. Such a
plasma profile can guide a laser pulse of spot size rg provided the channel depth An satisfies
An = An, = (7r.r2)7! In the following we will characterize the channel depth with
the matched radius r,,, i.e., for An = An. and r,, = r9. Longitudinal variation within
the plasma channel is neglected. Note that a longitudinal variation in the on-axis density
no(z) can be included in a straightforward manner since the matched guiding condition is
determined by only the channel depth. Effects of laser in-coupling and out-coupling are also
neglected, which will be small provided that the coupling occurs over a scale length much
less than the Rayleigh range.

Performing a variable transform to the co-moving variables, (z,t) — (( = z — Bgoct, 2),

the wave equation Eq. (1) becomes
(V3 +202, + (1 —B2)0; +02] aL = k2(r)a.. (3)

The laser vector potential may be decomposed into a slowly-varying envelope and fast phase,

a, = aexp(ikgz — iwpt)é, + c.c., such that the wave equation for the laser envelope is
(V2 +2(iko + 0.) 0. + (1 — B2)0Z + 0] a = [ka(r) + (kg —wi/c%)] a, (4)
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and wo/koc = 1/B,0 is assumed. The §2G term may be neglected assuming a slowly-varying
envelope such that |0ca| > |0.al, i.e., a short-pulse laser with L < Zg, where L is the laser
pulse length and Zr = korZ/2 is the Rayleigh range with 7y the laser focal spot and ky the
central wavenumber of the laser. In this work we will also neglect the term in the wave
equation Eq. (4) responsible for dispersion, (1 — 30)8?&. Keeping only the lowest-order

non-paraxial correction 92_a, the wave equation becomes
(V3 +2(iko + 0.) 0.] a = [k2(r) — kg (B — 1)] a. (5)

Taking a Fourier transform with respect to ( yields

[V + 20 (ko + k) 0.) @y, = [k2(r) — &2 (B2 — 1)] aw., (6)
where
o= [ dcealo) (7)

The transformed wave equation Eq. (6) has the general solution in cylindrical coordinates

(r, ¢, z) of a Laguerre-Gaussian mode, characterized by mode numbers m and p,
i, = by (202 /r2)""? L2, (20 /12l 0= ienr? riine), (8)

where L? () = (e*z?/m!)0{™ (e~*2™*?) are the generalized Laguerre polynomials. Sub-

stituting Eq. (8) into Eq. (6) yields the equations,

8(bk7”s)

0. =0, (9)
.
%:—%(1+2m+p) (;2—%) (11)
2 4
om0 -

for the laser amplitude (in Fourier space) by, curvature «, phase shift 6, and laser spot size

rs, respectively. Here k = ko 4+ dk. Derivation of Eq. (11) assumed

k2 4(142m +p)

2 _1___
90 — 2 2,.2
kg kgrz,

(13)



For the initial conditions a(z = 0) = 0, r5(z = 0) =14, 0,75(2 = 0) = 0, and #(z = 0) = 0,
the solutions to Eqgs. (9)—(12) are by = byor;/7s,

a(k) = — % (% _ @) §in (22 Zans ), (14)

0(k) =(1 + 2m +p){ Z;M ~ tan! {% tan (Z;M)] } (15)

r2(k) zg [(1 + 7;—4’}) + (1 — 7;—4’;) cos(2z/ZRM)} : (16)

with Zgy = kr2,/2 and by is the initial spectrum of the laser at 2 = 0. The above initial
conditions correspond to the laser entering the plasma channel at an extrema of the laser
spot size oscillation. As we will show in Sec. III these initial conditions may be taken without
loss of generality by using the first integral of Eq. (12).

The solution for the laser envelope is given by the inverse Fourier transform of ay,

. < dok sk < dok
a = /_Oo ge <5kak = /;Oo ge Cékbkoedj, (17)
with the exponent
() =t | 20 00| 4 = (1 de/2 + ipo (18)

and y = 2r?/r2. Consider an expansion of the exponent 1) about the paraxial solution

Y(k) = (ko) + ' (ko)ok, (19)

with ¢ = 01, such that the lowest order non-paraxial term is retained. Then the laser

envelope solution Eq. (17) becomes

= / ) ?eifékbkoe“’fow’(’wﬁk = bo(¢ — ig)e? ™), (20)
0o ™

Assuming an initial Gaussian pulse profile, by(¢) = agexp(—¢?/L?), the intensity profile for

the non-paraxial solution is
]2 = 2RI 0h0)] o=2(CHST ()2 /12 =20y (ko) |2/ 12 (21)
where & and & denote the real and imaginary components, respectively. The term

IR[¢' (ko)]?/L?| ~ 1/(koL)? < 1, which describes pulse length effects, may be neglected
provided koL > 1. The paraxial exponent is

lk) = | L2000 |+ i (1= ) 2+ i, 2

s0
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FIG. 1. Laser spot size evolution in a plasma channel, rgy/r,, versus z/Z,,, for a mismatched
laser (solid curve), with spot size extrema r /7, = 2 and r_/r,, = 1/2, and for a matched laser
pulse 7; = r,,, (dashed line). The rms radius of the mismatched pulse (r2))"/2 /7, = {[(r+/rm)? +

(rm/7+)%]/2}/2 (dotted line) is also shown.

where xo = 2r?/r%,, ag = a(ko), 6y = 0(ko), and 7y = r4(ky). The imaginary component of

the non-paraxial exponent is

S[e' (ko)) = ko' (81 + O2x0) (23)
where
B z r2r2 sec®(2/Zm)
Or=-tminz {1_ rf‘+r§ntan2(z/Zm)} (24)

(2/ Zm) (1, = 11 = (15, = 1) cos(22/ Z,n)|

— 2
s 2r2r2 [rd +rd — (rk —rh)cos(22/Z,)] (25)

with Z,, = kor? /2 the Rayleigh range of the matched radius. Using R[¢)(ko)], the solution

to the non-paraxial laser envelope is
2
A T 2
la]* = aﬁﬁxﬁ (L5, (x0)]” e exp [—2(¢ + S['])?/L7] (26)
s0
with the imaginary component of the non-paraxial exponent given by Egs. (23)—(25). The
general solution in the limit An — 0 (or r,, — 00), with r; = ro, i.e., a diffracting laser
pulse without a plasma channel, is presented in Appendix A.
For a mismatched laser in a plasma channel the laser spot size oscillates as it propagates
in the channel. Figure 1 shows the laser spot size ry /7, evolution in a plasma channel

for a mismatched laser (with spot size extrema ry /r,, =2 and r_/r,, = 1/2). The dashed

line in Fig. 1 is the radius of a matched laser pulse r; = r,,, and the dotted line is the rms
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radius of the mismatched pulse (r2,)'2/r,, = {[(r+/rm)? + (1mm/r+)?]/2}/2. In the next
section the non-paraxial solution for the laser intensity Eq. (26) is used to calculate the laser
group velocity, and it is shown that the larger effective transverse wavenumber owing to the
laser spot oscillations (r2))}/? > r,, results in a slower laser group velocity for fixed channel

parameters.

III. LASER GROUP VELOCITY

Here the laser group velocity is defined as the transport velocity of the global centroid
of the laser. The global laser centroid, in the co-moving variable, weighted by the square of

the laser vector potential, is

B fooordrf_oooo d¢|al*¢
(€)= = rdr [~ R (27)

Note that a local laser centroid may also be defined, as discussed in Appendix B. Using

Eq. (26), the laser centroid is
Jo~ dxo (=S[¥']) exg [Lh, (xo)]”

Jo dxoe X [Lin(x0))” (28)
= — kg [O1 4 O2(1 + 2m + p)].

(€)=

Evaluating Eq. (28) with Egs. (24) and (25) yields

2
2 (7= 1)

The group velocity associated with the rate of change of the laser centroid, with respect to

Bg07 is
d
BG = ﬁgO + ﬁ
dz (30)
_l_k:_,%_ (1+2m +p) Hr_;*
T2 K22 )

Equation (30) can be generalized to include an initially converging or diverging laser by

considering the first integral of the laser spot evolution equation Eq. (12),

2(r? r2orr 2 2 72 e\
<250>:—g"b—|——2i:—"21-|——;+—2m ) (31)
Tm T3 "m L Tm T'in 0z



where 0,r; = 0,rs(z = 0), 1, = r5(z = 0), and ry are the extrema of the spot size (where
0.rs = 0). Hence, the group velocity of a laser propagating in a plasma channel (generalized

to include an initially converging or diverging laser at the channel entrance) is

k2 4(142m+p) (r)
_ _ p s0
fo=1-3p [1 MR ) } . (32)

Equation (32) is the main result of this work, and may be expressed in terms of the channel

2 4 2 2

g ry An Zy ( Or;

Uy “Rr .

r? ( - ra Anc) * 3 <8z (33)

Note that the laser group velocity (global laser centroid velocity) is constant (independent

depth as

k2 (14 2m+p)
2k kere

of z) during the laser propagation. In addition, the velocity of the higher-order laser modes
are slower than the fundamental Gaussian mode (m = p = 0) for the same initial conditions.
The general expression of the laser group velocity Eq. (32) [or Eq. (33)] reduces to pre-
viously derived results® in the appropriate limits. In particular, for a matched laser in a
channel, An = An, and the initial laser spot r; = ry = r,, is the matched radius, the laser

group velocity is
B =1 k2 21 +2mAp) (34)

C2k2 kir2,
For a diffracting laser (no plasma channel present), An = 0 [or 7, = ro(An./An)/* — oo,

r; = T is the minimum spot at focus, and the laser group velocity is

2
ﬁG =1 kp — W (35)

S kg

Figure 2 shows a comparison between the approximate analytical solution for the laser
group velocity Eq. (32) (dashed lines) and a numerical solution (solid lines) to the full
Maxwell equations coupled to the plasma response calculated using the code INF&RNO.?*
INF&RNO is a 2D cylindrical code that solves the full wave equation for the laser enve-
lope evolution and the cold plasma fluid-Maxwell equations for the plasma response in the
(kyr, ky(z — ct)) variables. The plasma responds to the laser field via the averaged laser
ponderomotive force.?> Additional details on the numerics of INF&RNO may be found in
Ref. 24. Plotted in Fig. 2 is the quantity S — 1 versus propagation distance z/Z,, with
ko/k, = 25, Ao = 0.8 um, k,L = 3.2, and ay = 0.01, for the cases: (a) fundamental Gaussian

laser mode diffracting in vacuum with ro = r,,, (b) m = 1, p = 0 laser mode diffracting
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FIG. 2. The quantity S¢ — 1 versus propagation distance z/Z,, with ko/k, = 25, \g = 0.8 pm,
ky,L = 3.2, and ag = 0.01, for the cases: (a) vacuum diffraction of fundamental mode with k,ro = 7
(here Z,, = Zg), (b) m =1, p = 0 laser mode diffracting in vacuum with k,ro = 7, (c) matched
laser in plasma channel with k,r; = kpry,, = 7, (d) mismatched laser in plasma channel with kpr; =
1.5k, = 3m/2, and (e) a converging laser into a plasma channel with k,r,, = 7, r; = v/2ro, and
Zr0.r; = —r9/v/2. Dashed curves are analytic solutions Eq. (32), and solid curves are numerical

solutions of the full Maxwell equations coupled to plasma response.

in vacuum with ry = r,,, (¢) matched laser in plasma channel with k,r; = k,rp,, = 7, (d)
mismatched laser in plasma channel with r; = 1.5r,,, k,r,, = 7, and (e) a converging laser
into a plasma channel with k7, = 7, r; = /27, and Zz0,r; = —19/v/2 (i.e., vacuum
focus one Rayleigh range past the entrance of the plasma channel). Figure 2 shows excellent

agreement between the numerical results and the analytic solution.

Although the laser group velocity Eq. (32) is valid in the linear regime a2 < 1, the group
velocity in the weakly-relativistic regime a2 < 1 is reasonably well-approximated by the
above theory over several Rayleigh ranges. This is illustrated in Fig. 3, which shows the
analytic solutions Eq. (32) (dashed curves) and the numerical solutions of the full Maxwell
equations coupled to plasma response (solid curves) for the cases of (i) matched and (ii)
mismatched laser propagation in a plasma channel for initial laser intensities: ay = 0.01,

ag = 0.1, ag = 0.3, and ag = 0.5. The deviation of the group velocity from the linear result is

due to laser frequency shifts, i.e., redshifting as the laser deposits energy into the plasma via

10
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FIG. 3. The quantity S¢ — 1 versus propagation distance z/Z,, with ko/k, = 25, \g = 0.8 pm,
and k,L = 1, for the cases: (i) matched laser in plasma channel with k,r; = k,r,, = 7 and (ii)
mismatched laser in plasma channel with kpr; = 1.5k,r,, = 37/2, for initial intensities ag = 0.01,
ap = 0.1, ap = 0.3, and ag = 0.5. Dashed curves are analytic solutions Eq. (32), and solid curves

are numerical solutions of the full Maxwell equations coupled to plasma response.

plasma wave excitation.?® Note that, for the parameters of Fig. 3, plasma wave excitation is
significant since k,L = 1. Plasma wave effects on the laser, including red-shifting and laser

energy depletion, can be reduced when (P/P.)(k,L)* < 1.

IV. PULSE LENGTHENING VIA MODE DISPERSION

As Eq. (34) indicates, the higher-order matched laser modes propagate at different group
velocities. In general, a mismatched laser in a plasma channel may be decomposed into a
series of higher-order matched laser modes. Therefore, a mismatched laser propagating in a
plasma channel will lengthen as the higher-order modes slip with respect to each other. As
is shown in this section, the scale length for the pulse lengthening of a mismatched laser is
~ ZgkoL. This scale length is much shorter than pulse lengthening owing to dispersion,?”
which scales as ~ Zg(koL)?.

Consider the case of a laser propagating in a plasma channel and entering the channel at

z = 0 with mismatch r; = r,,, + dr. We will assume ér < r,,, and consider a fundamental

11



Gaussian mode. Expanding Eq. (8) (with m = p = 0), using Eqs. (14)—(16), yields a; =
dko + fbkl (5T/Tm) —+ kaQ((ST/Tm)2, With

aro =broe /2, (36)
ar1 = — broe 2L (X ) e T2, (37)
Apo = — broe X% |1 — L?(Xm)e_ikﬁz — 2L3(Xm)e_2ikﬁz /2, (38)

where kg = 2/Zgrp and x,, = 2r?/r%. Retaining only the lowest-order non-paraxial terms,
ie., let kg = kgo(1 — 0k/ko), and taking the inverse Fourier transform yields a = ao) +
ay(0r /ry) + a2 (6r/r,,)? with

ag) =bo(¢)e ¥, (39)
ay = — bo(G)e 2L (xm)e 0%, (40)
) = — X2 1bo(C) = bo(G) LY (xm)e™ 707 — 2b9(G2) LY (xm )€~ 2*70% | /2, (41)

where kgo = 2/Z,,, (1 = ¢ + zkpo/ko, and (o = ¢ + 2zkgo/ko. Here the mismatched funda-
mental mode laser is composed of m = 0, m = 1, and m = 2 (matched) Laguerre modes.
The normalized laser pulse intensity is |a|? = |a()|* + (afoyaq) +afyya©)(0r/mm) + (ajpae) +

ay ) + law [*)(0r/rm)? = Loy + L) (0r/rim) + L2 (07 /r1n)?, with
Iio) =bo(G)%e ™, (42)
Iy = = 2bo(C1)bo(Q)e ™ L (Xm) cos(k0%), (43)
Iy = — e |bo(C)* = bo(C1)*[LY (xm)]?
— bo(€1)bo(C) LY (Xim) cos(kgo2)
 2(@)(O) 80 cos(2hs) (44)
In the following we will consider an initial Gaussian laser pulse profile by(¢) = ag exp(—¢?/L?).

The root-mean square (rms) laser pulse length is o = [(¢?) — (¢)?]'/2, where the intensity-
weighted centroid is, using Eqs. (42)—(44),
T AP ke (6r)?
fooo rdr fix;o d¢lal? ko ’

© r
Note that ko(C) = —kgoz(dr/rn)? = —2(2/Zm)(0r/rm)? is in agreement with Eq. (29) in

(45)

the limit of a slightly mismatched channel r;/r,, — 1 = dr/r,, < 1. Evaluating the second

12
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FIG. 4. Laser pulse rms length normalized to the initial value /oy versus propagation distance
2/Zpy in a plasma channel for (a) a matched laser pulse (r; = rp,), (b) a mismatched laser pulse
with r; = 1.3r,,, and (c¢) mismatched laser pulse with r; = 1.5r,,. Laser and plasma parameters
are ko/k, = 25, kyL =1, ap = 0.01, and \g = 0.8 pm. Solid curves are numerical solutions of the
full Maxwell equations coupled to the plasma response and dashed curves are calculated using the

approximate solution Eq. (47).

moment of the co-moving variable (¢?) using Eqs. (42)—(44) yields

A S A (kﬁ_) (5—)

[ rdr [ dCla]2 4 ko o

(¢* (46)

To order (67 /7,,)?, the rms laser pulse length normalized to the initial value is

1/2
4z 2/ 5r\?
1 — 4
) ()] (

where 09 = L/2 is the initial rms pulse length. Equation (47) may be generalized for a small

0o

mismatch owing to a converging or diverging laser into a plasma channel using the relation
Eq. (31). Note that, for a matched pulse r; = r,,, the rms pulse length is constant ¢ = oy.
This is because we have neglected dispersion, i.e., the term (1 — Bgo)ﬁgd in the wave equation
Eq. (4), which appears as a non-paraxial term of order (6k/ko)?>. The characteristic scale
length for pulse lengthening via mode slippage is, from Eq. (47), Zs = (ZnkoL/4) (1 /01).
This scale length is much shorter than the scale length for the pulse to disperse via the
laser bandwidth,”® Zp = Z,,(koL)?/(4+k}r7,), provided the pulse length is sufficiently long,
koL > (1+ k22 [4)ry/or.

Figure 4 shows the rms laser pulse length normalized to the initial value o/oq versus

propagation distance (z/Z,,) in a plasma channel for (a) a matched laser pulse (r; = r,,), (b)

13
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FIG. 5. Normalized laser intensity a2 at (a) z = 0 and (b) z = 10Z,,, for the parameters r; = 1.5r,,
ko/k, = 25, k,L =1, ap = 0.01, and A\g = 0.8 pm.

a mismatched laser pulse with r; = 1.3r,,, and (c¢) mismatched laser pulse with r; = 1.57,,.
The laser and plasma parameters used in Fig. 4 are ko/k, = 25, k,L = 1, ap = 0.01, and
Ao = 0.8 pm. Solid curves are numerical solutions of the full Maxwell equations coupled
to the plasma response calculated using the code INF&RNO?* and the dashed curves are
calculated using the approximate solution Eq. (47). Note that the growth in the rms pulse
length of the matched laser pulse [case (a) in Fig. 4] is due to dispersion via the laser
bandwidth. Figure 4 shows good agreement between Eq. (47) and numerical solutions in

the limit of a slightly mismatched laser propagating in a plasma channel.

The pulse lengthening is due to the slippage of the fundamental laser mode with respect
to the higher-order laser modes in a plasma channel. This is illustrated in Fig. 5 where the
normalized laser intensity |a|? is shown for the parameters ko/k, = 25, k,L = 1, ag = 0.01,

and A\g = 0.8 um. Figure 5(a) is the initial laser profile, with initial mismatch r; = 1.5r,,, and
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(b) is the laser profile after propagating 10Z,,. Figure 5(b) shows the slippage of the laser
centroid with respect to the initial position (8¢ < 1). Also, one can observe the slippage of
the m = 1 mode with respect to the fundamental m = 0 in a plasma channel, resulting in

off-axis curvature and pulse lengthening.

V. DISCUSSION

In this work, a general expression for the laser group velocity was derived for a laser
propagating in a plasma channel in the linear (low intensity, a* < 1) limit. The group
velocity was defined as the velocity of the normalized intensity-weighted centroid of the laser
pulse. The general expression for the group velocity, Eq. (32), was obtained for an arbitrary
Laguerre-Gaussian mode and is valid for mismatched propagation (an oscillating spot size)
in a plasma channel. This expression for the group velocity reduces to the previously derived
results for matched propagation (constant spot size) in a plasma channel or for a diffracting
laser pulse (no plasma channel).

For a mismatched laser propagating in a plasma channel, in which the spot size undergoes
strong oscillations, the group velocity is shown to be constant, independent of the propaga-
tion distance. The group velocity of a mismatched laser, for fixed plasma channel parameters,
is shown to be slower than that of a matched laser. This reduction of the group velocity is
due to the increase of the effective divergence angle of the mismatched laser within the chan-
nel. In particular, for the fundamental Gaussian mode, the effective transverse wavenumber
ki that determines the group velocity 3, ~ 1 — k2/2k§ — kT /2k§ is given by k3 ~ 4/r2,
for a matched laser. For a mismatched laser, k2 ~ (4/r2)((r2)/r2), where (r?)!/? is the
rms value of the spot size in the plasma channel and (r?)/r2 = (r3/r2 + 2 /r3)/2 > 1,
with r1 being the extremum of the spot size oscillation. For a higher-order mode laser, the
additional transverse mode structure increases the effective transverse wavenumber, such
that k2 — (14 2m + p)k? , which decreases the laser group velocity.

The pulse length of a mismatch laser will lengthen as it propagates in a plasma channel.
A mismatch laser can be decomposed into a sum of matched higher-order modes. Since
the group velocity decreases with increasing mode number, the higher-order modes will
slip behind the lower-order modes as the mismatched pulse propagates. This results in

a distortion of the pulse profile, which becomes crescent-shaped as the higher-order modes
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begin to slip behind the fundamental mode (cf. Fig. 5). For a small mismatch, (6r/r,,)? < 1,
the rms laser pulse length o is given by (0/0¢)? ~ 1+(2/Zs)?, where Zg = (r,,/6r)koLZ,, /4.
Pulse lengthening due to mode slippage will dominate over that due to laser bandwidth
(dispersive spreading) provided (0r/rp)? > (1 + k2r? /4)*/kgL?, i.e., for sufficiently long
pulses.

The theory presented in this paper neglected nonlinear effects and is based on solutions
to the linear wave equation. To check the validity of the analytical solutions in the limit
of weakly-relativistic laser intensities, comparisons were made to numerical solutions using
the nonlinear Maxwell-fluid code INF&RNO. For example, for the parameters in Fig. 3(i)
(kprm = m, k,L = 1), analytical and numerical results were in good agreement over many
Rayleigh ranges for ag < 0.5, where corresponds to P/P. < 0.1. As ag increases, nonlinear
laser evolution effects (self-focusing of the back of the pulse, laser depletion, and frequency
red-shifting from plasma wave generation) causes the group velocity to decrease as a function
of propagation distance. Minimization of these effects can be achieved by operating in a

regime that minimizes the plasma wave excitation, i.e., (P/P,)k2L* < 1.

One relevant application of this work is as a diagnostic of plasma channels using low
intensity laser pulses. For example, measuring the delay induced by the plasma channel be-
tween two laser pulses of different frequencies can be used to determine the on-axis plasma
density ng and the channel depth An (i.e., the matched channel radius r,,, which is inde-
pendent of laser frequency). An accurate determination of the plasma channel properties
with this technique requires a detailed knowledge of the group velocity of a mismatched
pulse, as described in this work. This diagnostic technique implicitly assumes longitudinal
uniformity of the channel and, for nonuniform channels, provides a measure of the average
channel density. In addition, this technique would require detailed knowledge of the lasers
entering the channel, including size and mode content. Experimental implementation of this

technique will be the subject of a future publication.?!
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Appendix A: Diffracting laser pulse

In this Appendix we consider the general solution presented in Sec. II in the limit An — 0
(or 1, — 00), with r; = 1, i.e., a diffracting laser pulse without a plasma channel. In this

limit, the curvature, phase shift, and laser spot size are

Qp — 2, (A1>
0y = —(1 + 2m + p) tan™*(2), (A2)
rZy=rg [1+ 2], (A3)
and Eq.(23) becomes
, kolz (1—2%)7r?

where 2 = 2/Zg. The laser centroid with respect to g = 1 — k2 /2kj [cf. Eq. (13) with
rm — 00] is ko(C) = —2(1+2m +p)/2, and the group velocity of a diffracting pulse is given
by Eq. (35).

Appendix B: Local group velocity

Equation Eq. (30) describes the velocity of the global laser centroid Eq. (27). A local

laser centroid (;, = (. (r, z) may be defined as

[ dclafx

= 7ffooo REER (B1)

CL

Using Eq. (26), the local centroid of the laser intensity is (;, = —S3[¢)], where the imaginary
component of the non-paraxial exponent is given by Eq. (23). The velocity associated with
the rate of change of the local laser centroid is 8, = Sy + d(/dz, and is, in general, a
function of the laser propagation distance and the radial coordinate [y (r, z). Evaluating the

local laser velocity using Eq. (23) yields
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5, = _k_f,_ 20+ 2m+p) | rir sec®(z/Zy)
b= ri+ri tan?(z/Z,,)

222 (= ) (2/Z) tan(z/ Zyn) s (2] Z1n) }
[rd 4 rd tan2(z/Zy))’

2 (o, —78) (18 —78)
Kgr2 | [rs +rd — (2 — ) cos(22/Z))

m 7

+

)

34 2(z/Zy)sin(4z/Z,y,) + cos(4z/Z,)
(r¥+7r%)

8 r?
CEEy - (B)

Note that the local group velocity Eq. (B2) is based on a perturbation expansion and is

(r® —6rirt +1r8
or )

i J—

+4

(z2/Zy)sin(2z/Z,,) + 4 cos(2z/Zy,)

valid only for phase shifts such that ko)’ < ko/0k ~ koL. This validity condition may be
violated for sufficiently long propagation distances or at large radii.

For matched laser propagation (r; = r,,), d(;/dz = 0 and the local laser velocity is equal
to the global laser group velocity 81, = B¢ = Bg. In the limit of a diffracting laser pulse
without a plasma channel (cf. Appendix A), the local laser velocity Eq. (B2) reduces to

2 52 22 1 24Y .2
BLzl—Qk—l%—k;rg (1+QZ:ZZ§;_Z)+(1(_1T22+)32):_8 . (B3)
At the focus, £ =0, and on axis, r = 0, Eq. (B3) reduces to f; ~ 1 — k2 /2kg — 2(1 +2m +
p)/kgrg. Asymptotically, 2 — oo, Eq. (B3) has the limit 8, ~ 1 — k2/2kg.
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