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COMPUTING THE FINITE RANGE DWBA

George Delic

'

Lawrence Berkeley Lsaborstory, Berkeley, California, U.S.A.

Abstract:
Two dimensional quadrature formulas with minimal nunber of points are |

epplied to the computation of the double radisl integral in the finite range

‘Distorted waves Born approximation for nuclear reactions. A specific algorithm

programmed in the code KUNDRY leads to fast computation, especially in cluster

transfer reactions where the area to be integrated is largest. As examples,

the reactions llB(16O,15N)lzc and 11B(16O,120)15N are discussed and their in-

terference investigated.

- % Work performed under the auspices‘of the Energy Research and Development

Administration.
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The epithetA"exact" was introduced by Delic and Robsonl) to describe comput-
ation of the Distorted waves Born approximation in a formalism for Auclear_react-
ions which allowed both non-S state stripping from the incident projectile in
the transfer reaction A(a,b)B, and an interaction of finite range in the DWBA
transition matrix amplitude. These computations, performed for d,p reactions,
applied an approach suggested by Austern et alz) and didvnot introduce any fur-
ther approximations of either & mathemsgtical or numeriéal nature,othér than that
of truncating the area integr;ted'in'the two-dimensionai radial integrals which
need to be evgluated.The method requires the numerical.evaluation of the Iegendre
series coefficients3)gK at each point of the two-dimensional grid of the double
radial integral. The largest value of K is a few unifé larger than Lmax,the value
of the largest partial wave retained in the DW expahsiohs describing the relative
motions of &a,A and b,B.Thus, the overall computation time of such calculations is
dependent on the number of grid points used, as well as their distribution within
the area to be integrated.Thére are basically three approaches to the problem of
evalugting n-dimensional integrals»numericallyu-6): (1) application of a product
rule, either of Newton-Cotes or Gauss type, (2) n-dimensional quadrature formulas
based on construction of n-dimensional polynomials, (3) Monte-Carlo, or number
theoretic techniques. Monte-Carlo fechniques have been applied, with success, .to
nuclear reaction calcuiaxions by Bayman and Féng7), and a product Gauss rule app-
ears to be the approach of Ref.8).in the present étudy.approach (2) is taken bec-
ause the perfectly symmetric two dimensional quadrature formulas of Rebinowitz

and Richter9) have fewer points than the product Gauss rules of equivalent degr-

ee and because such quadratures; based on polynomial interpolation lO)’ will
display rapid convergence with increasing degree (or decreasing area), i.e.
with increasing number of grid points.

The algorithm programmed in KUNDRY consists of defining squares of side length
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Sc and packing the area to be Iintegrated with these squares. Then squares of
siﬁe lengtﬁ S, and §, are defined so that sa=zsb=usc and each complete group
of four squares'is replaced by the next square in the hierarchy. The 48, ahd
= 28 point formulas of Ref.9) are applied to the squares Si and Si , ‘respectiv-

ely, and the 12 point formula of Tylerlo)to the square‘si . These formulas have

Yo

fewer grid points than the product Gauss rules of equivalent degree whichvrequi-
re 64,36 apd 16 points, respectively. V
The most impértant feature 6f the problem is determination of & criterion

- for truncation of the two dimensional'space in the radial coordinates raA’rbB
(the drguments of the DW radial wave functions),over which the double integral
is performed. Aésuming fhe bound state radial wave functions fo be négligible
when they have an asymptotic magnitude smailer then some number € and defining
the corresponding radii to be r;A and rgx , two estiﬁames for the Eruncation
redius in the first DW coordinate may be derived: r a.A_r J{a(1-v)}, end

raAé bx/{a(l— §)}, where o,'=m.8.m:B/{m.x mA+m )}, T _mb/m ,6 =m /mB , and m, is the
mass of particle i,For the range ArbB of the second variable TR about the val-

s c .
» two estimates can also be made ArbB—rxA/(a y) and Ar s Ty ¢ Ja, i.e.

ue rbB sl
bB aA"ArbB with only positive values of rbB allowed. The smaller of these two

estimates is used in each case. These estimates are conservative and their suit-
ability has been confirmed by computation. Since both € and the side length S
of the smellest square sre input parameters, truncation effects arising from
- either the physical assumptions ( truncation of the bound state wa&e functioné)
or the numerical assumptions ( size of the area Si) may be explicitly tested by
éomputation.
The FR DWBA code KUNDRY was applied to-the study of the proton transfer react-
ion 113(16 15 C and the complementary alpha cluster transfer reactibn lIB(

C) N measured gt n-0 degrees. Previous studies 11’l2) have analysed some of
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the available data in the FR DWBA but did not investigate the effects
of coherent interference of the two reactions. In a transfer reaction A(a,b)B
the DWBA transition matrix amplitude at © degrees (cm) is'Tib (MA,Ma,Mb,MB,G),
where M, is the magnetic quantum number associated with the spin projection of
particle i. In the FR DWBA this amplitude contains a summation over the allowed
values of the transferred orbital angular momentum zt. For the complementary
transfer reaction A(a,B)b at -0 degrees (cm), the DWBA amplitude is T;B (M, ,
Ma,Mb,Mﬁ,ﬂ-O);both FR DWBA emplitudes contain a product of two spectroscopic
amplitudesls), specific to the transferred particle or cluster x in the ini-
tial and final bound state configuration. Furthermore, where more than one ty-
pe of configuration or cluster is allowed, either (Qr both) of the DWBA tran-
sition matrix amplitudes is a sum over such clusters T _. = Z-Tl andfor T _ =

ab 1 "ab aB
i TEB ; an example of the latter is the alpha cluster bound to llB to form }SN

16)

in the 6.3 MeV state, where both 3s and 2d clusters are allowed . The cross

section for the coherent interference of the two reactions is the cross section
. , 1
formed from the amplitude T(M ’Ma’Mb’MB’g) = Tab(e) + TaB(n-Q) 7).

The tra.n’sitions_ studied here were for both proton and alpha cluster transfer

6

induced by %5 on g for (i) the 6.324 MeV state to ground state, and (ii) g.s.

Oy and 3¢, The

to 4.4 MeV state, and (iii) g.s. to g.s., respectively in
£irst transition was studied at EY®(180) = 32.5, 30 and 27 MeV, the second at

27 MeV eand the third at 30 MeV bombarding energy. The proton bound state confi-
13)

, and the bound state alpha particle . .

16)

gurations were the same as those of Ref.
was assumed to have the p-shell cluster configurations of Kurath . The bound
state parameters for the proton were: radius r, = 1.25 fm, diffuseness 0.65 fm,
~spin orbit strength 12 MeV.fmz; for the alpha cluster the radius (ro) and diffuse-
ness parameters were the same as those for the proton., The radius of the Woods-
Saxon potential, binding the4transferred particle X, was taken as roAil/3, where

Ai is the mass number of particle i to which x is bound. The depth of the bin-
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ding poténtial was adjusted to give the cor;eét separation énergy for particle

X. The truncation radii were calculated frbm‘the assumption that € = 0,000l

and are given in Tdble i. The elastic scatter;ng of 160 on 11B has been dis-
cussed in Ref.'0) and that of N on C in Ref. ). Tne 32.5 and 27 MeV paremeter
sets of rer.’®) are lavelled here as 5032l and B027L. Two sdditional parameter
sets yielding somewhat 1mproved fits, especially for the 32. 5 MeV data, were

found with the optlcal model search code SOPHIE%QEZ 5 MeV (B0322), r, =1.078 fm,
av=o.566o fm, V=70.42 MeV, nw=o.981o fm, & =0.1509 fm, W£77.86 MeV; 27 MeV (B0272),
rv=1.ou8 fm, av=o.6264 fm, V=75.34 MeV, r,=1.003 fm,_aw=o;;269 fm, w=71,u9 MeV,

18)

where the definition of the potentialvis the same as that of Ref. . In the

optical model the elastic scattering A(a,a)A of‘any two systems for the same
values of T (Sommerfeld parameter), k (asymptotic wave nuMber) and R(-A /3
A}/3) are the same. It therefore suffices to select potentlals from Table I
of Ref.-9) for the B-B channel in the reactions considered here. Since the ef-
fect of changes in n and k act 6n the elastic scattering angular distributions
in an opposite sensel9), where either parameter ( nor k) iﬁ Table I of Ref;lg)

is smaller (larger) than that required here, the other is chosen to be;larger
(smaller) by a similar percentage. The choice of OM parameters for the respective
channels together with the values of Nand k are given in Taﬁle'I, the corre-
sponding fits to the transfer reaction data as calculated'bnyUNDRY are shown

in Fig; 1. The unbrokeh curve corresponds to the coherent éum'of the two reactions,
the dashed curves are proton trahsfer (at forward angles) and alpha cluster
transfer (at backward angles). The bottom set of curves for the transition from
the 6.3 MeV state in 15N to the g.s. in 12C at 27 MeV are éalc@lated with the

OM perameters of Ref.13) for both channels: these parametefs_fitted the elastic
16O + 13 data only at forward angles. All the calculated alpha cluster trans-

fer cross sectith'contain the corresponding spectroscopic amplitudes of Ref.l6)
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together with the centre of mass correction factors of eq. (9) of Ref.16):no

other normalization factors are introduced. The proton transfer cross section

is normalized to the data at forward angles; the factors by which the respective.
theoretical cross sections of Fig. 1 have been multiplied are ( in order from
the top): 1.367, 0.5252, 0.3198, 0.2919, 1.147, 2.230. Given the spectroscopic
amplitudes (Ref.zo)) for B + P =12¢ (g.s.) and 12, (hfh MeV) respectively as
-2.387 and -1.048, the present analysis yields for Loy (g.s.) + p: -0.4821 + 7 ¢
and 15N (6.3 MeV) + p: -0.363% * 35 4. These estimates ignore discrepancies
befween Ref.l3) and Ref.lu) in normalization of the data for the transitions

to the excited states. It is seen from Fig. 1 that the OM parameterization of
Ref.lS) provides an inadequate description of these reactions. Calcﬁiations for
the other two transitions with these parameters (not shown) have forward peaked
proton transfer cross sections but underestimate thevcréss section for‘alphé
ciuster transfer by two orders of magnitude: no such discrepancy occurs if OM
18,19) |

parameters of the type discussed in Refs. are used for the analysis of

these-transfér reactions.

‘Two conclusions follow from this study. The first is that substantial gains
in computational speed, without a corresponding loss in accuracy, result when
receht developments in numericsl analysis are applied to a problém of nuclear
reaction theory. A comparison with the code IOLA8),-which showed KUNDRY to be
tyﬁiCally 4 times faster in execufion tine, subports this conclusion. The sé-
cond conclusion is that when two transfer reactions A(ﬁ,b)B and A(a,B)b are
present éimulténeously with comparable cross‘section, the qualitative features K

of their interference is successfully predicted by the FR DWBA, if such inter-

ference is taken to be coherent.
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TABLE I. Proton and alpha stripping for %0 on !'p

b 1) _ q d

15 12 c c (]
Ear N C Nga Xaa ®A Ny Ky WBoT, Tpx Tad 8Tp Ly

c ) c ’

(Mev) (Mev) (Mev) (fl) oM (2al) oM (fm) (fu) () = (fm)
32.5 6.324 g.s. L.419 2.033 BO321 5.207 1.852 C3NML 10.4/10.1 10.0/ 9.5 17.2/16.1 1.42/4.28 0,1,2/0 or2 -
30.0 _ 4.599 1.953 Bo322 5.473 1.762 C2M4
27.0 4848 1.853 Bo2T2 5.853 1.648 C3M
27.0 g.s hobk BO2TL 5.296 1.821 C3N1L 1l.4/ 8.4 11.2/ 8.2 19.1/13.9 1.59/3.69 0,1 /o,1,2,3,k
30.0  g.s. g-8. 4.599 1.953 Bo27L 4.261 2.263 C2W+ 10.4/ B.4 11.2/ 9.5 19.2/15.2 1.57/h.28 1,2 /2

2 lab energy © Exé;tat‘ion ©  See text d For proton and alpha, re_spe‘ctivelyA

C.'L‘" v » » RY



CAPTION

"Fig. 1 Exact finite range DWBA calculations with KUNDRY for stripping of

protons end alpha clusters (dashed curves denoted by p and o, respectively),

and for the coherent sum of the two reactions (unbroken curves). Lab energies

16

of T 0 and excitation energies of 15N and 120, respectively, are as shown. The

: )
bottom set of curves are for the parameters of table 2 of reft3’. The data are

those of reflh); erfor bars are not shown.
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