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ABSTRACT OF THE DISSERTATION

On the Construction of Minimal Model for Some A-infinity Algebras
By
Jiawei Zhou
Doctor of Philosophy in Mathematics
University of California, Irvine, 2019

Li-Sheng Tseng, Chair

For a formal differential graded algebra, if extended by an odd degree element, we prove
that the extended algebra has an A,.-minimal model with only ms and m3 non-trivial. As
an application, the A.-algebras constructed by Tsai, Tseng and Yau on formal symplectic
manifolds satisfy this property. Separately, we expand the result of Miller and Crowley-
Nordstrom for k-connected manifold. In particular, we prove that if the dimension of the
manifold n < (I+1)k+2, then its de Rham complex has an A,,-minimal model with m, =0

for all p > 1.



Chapter 1

Introduction

Rational homotopy theory was introduced by Sullivian [16] and Quillen [15]. Rational homo-
topy equivalence is an isomorphism on homology or cohomology with rational coefficients,
which is called a quasi-isomorphism. Compared to homotopy theory, rational homotopy

theory ignores the information of torsion. However, it makes the calculation much easier.

As an geometric application, Vigué and Sullivian proved that if the cohomology ring of a
simply connected closed Riemannian manifold is not generated by at least two elements,

then the manifold has infinitely many geometrically distinct closed geodesics [19].

Algebraically, the cohomology ring can be viewed as a differential algebra (dga). We say a
dga is formal if it is quasi-isomorphic to its cohomology. Thus, we can study its homotopy
type by its cohomology. If the de Rham complex of a manifold is a formal dga, the manifold
itself is called formal. A natural question is, what conditions or characteristics ensure that

a manifold is formal?

For a compact complex manifold, Deligne, Griffiths, Morgan and Sullivan proved that it is

formal if the dd°-lemma holds [6]. One may ask what would make a compact symplectic



manifold formal. Babenko and Taimanov in 1998 conjectured that a simply-connected com-
pact symplectic manifold is formal if and only if it satisfies the hard Lefschetz property [1].
Both directions of the statement are now known to be false. Gompf constructed a simply-
connected 6-manifold which does not satisfy the hard Lefschetz property [8]. This example
is formal because Miller proved that all simply-connected compact 6-manifolds are formal
[14]. The other direction was studied in [10][13], and was further clarified by Cavalcanti who
gave a simply-connected non-compact symplectic manifold with the hard Lefschetz property,

but is not formal [3] (see also [4]).

Since there is no relationship between the hard Lefschetz property and the formality of a
symplectic manifold, we can consider if they are related in the context of another cochain
complex on symplectic manifolds. Tsai, Tseng and Yau constructed cochain complexes con-
sisting of primitive forms, or more generally, filtered forms which are defined by the Lefschetz
decomposition [18]. These complexes carry an A,.-algebra structure, and for simplicity, we

will just call them TTY-algebras.

The formality of an A, .-algebra is defined differently, but it is equivalent to formal as a dga
when the A .-algebra is a dga. By Kadeishvili [11][12], every A, .-algebra (A, m?) is quasi-
isomorphic to its cohomology H*(A) equipped with an A., structure m such that m; = 0
and m, is induced by m%. (H*(A), m) is called an A,-minimal model of (A, m%). Note that
the As-minimal model here is different than the minimal model of a dga defined by Sullivan
6], even if A itself is a dga. If A has an A,-minimal model (H*(A), m) such that m, =0

for all p except for p = 2, then we say A is formal.

As we will see, the TTY-algebra can be non-formal even when the symplectic manifold is
formal. For example, it is non-formal for the torus 7%V (See Example 3.7). On the other
hand, there are some formal manifolds such as the projective spaces and the Euclidean spaces
whose TTY-algebras are also formal (See Example 3.6). So we here consider a statement

for T'T'Y-algebra which is weaker than formal, and can be induced from the formality of the



manifold. In Chapter 3, we prove the following:

Theorem 1.1. Suppose (M, w) is a formal symplectic manifold. Its TTY-algebra is formal
if the symplectic form w is exact. When w is non-exact, its TTY-algebra has an A.-minimal

model with m, = 0 for all p except for p =2 or 3.

By the work of Tanaka and Tseng [17], the TTY-algebra of p-filtered forms on a symplectic
manifold (M, w) is quasi-isomorphic to a dga which is the de Rham complex on M extended
by an odd-degree element 6, such that df = wP*!. So we can consider the A,.-minimal model
of this dga instead, and we construct it explicitly in the proof. Thus, the homotopy type
of the TTY-algebra is determined by its cohomology together with the given operation ms.

Theorem 1.1 follows from the more general result below for dgas.

Theorem 1.2. Suppose A is a formal dga. wa € A is an even-degree element. Extend A to
A={a+048| a,B € A} with dfy = wa. Then A has an A-minimal model with m, = 0

for all p except for p =2 or 3.

In Chapter 4, we show that given a k-connected compact manifold M, we can find an explicit
way to obtain the A.-minimal model for its de Rham complex Q*(M). This generalizes
Miller’s result [14] that the manifold is formal if its dimension n < 4k + 2, and Crowley-
Nordstrom’s result that when n < 5k+2, the homotopy type is determined by its cohomology

H*(M) together with a 3-tensor on H*(M), which they called the Bianchi-Massey tensor

[5]-

Theorem 1.3. Suppose M is an n-dimensional k-connected compact manifold. If I > 3 such

that n < (I 4+ 1)k + 2, then Q*(M) has an As-minimal model with m, =0 for p > L.

When [ = 3, this statement is the theorem of Miller [14]. When [ = 4, it is the theorem of
Crowley and Nordstrém [5]. For higher [, it implies that the homotopy type of Q*(M) is

determined by its cohomology together with operations mg,--- ,m;_1.

3



This paper is organized as follows. In Chapter 2, we review the definitions and some basic
properties of dga, A, .-algebra and TTY-algebra. In Chapter 3, we prove Theorem 1.1 by
first proving Theorem 1.2. Chapter 4 consists of the proof of Theorem 1.3. We conclude in

Chapter 5 by stating two conjectures that extend the results of this paper.



Chapter 2

Preliminaries

In this chapter we recall the definition and some basic properties of differential graded

algebra, A, -algebra and TTY-algebra.

2.1 Differential graded algebras

Definition 2.1. A differential graded algebra (dga) over a field k is a graded k-algebra
A=, A" together with a k-linear map d : A — A such that

i) kc A%

ii) The multiplication is graded commutative: For z € A®,y € A’, we have z-y = (—1)"7y-x;
iii) The Leibniz product rule holds: d(z - y) = dx -y + (—1)'x - dy;

)

1v

d*> = 0.

Example 2.2. Let M be a manifold. Its differential forms form a dga (Q2*(M),d, A), where

d is the differential operator and A is the wedge product of differential forms.



Example 2.3. If M is a complex manifold, (Q*(M),d,A) is also a dga. Here O is the

Dolbeault operator.

Also, the subspace €D, Q%4(M) is another dga, since 9Q%¢ C Q%! and Q%4 A Q%7 C

O0.at+d"

Example 2.4. Given a dga (A, d), its cohomology (H*(A),d) is also a dga, with d = 0. The

multiplication on H*(A) is naturally induced by the multiplication on A.

Definition 2.5. Let (A,d4) and (B, dp) be two dgas. A dga-homomorphism is a k-linear

map f : A — B such that

i) f(AY) C BY
i) f(z-y)=f()- fly);

iii) dgo f= foda:
da

A¥ da AR+ da

b

ds Bk dp Bk+1 dp

Naturally, f induces a homomorphism:
frrH (A, dy) — H*(B,dp).

f is called a dga-quasi-isomorphism if f* is an isomorphism.

Definition 2.6. Two dgas (A4, da) and (B, dg) are equivalent if there exists a sequence of

dga-quasi-isomorphisms:

017d6’1 ...... Cn7an

N N

(A)dA 0276102 ...... B dB)



Definition 2.7. A dga (A, d,) is called formal if (A, d4) is equivalent to a dga (B, dg) with
dp = 0. Identically, (A,d,) is equivalent to (H*(A),d = 0) if and only if (A, d4) is formal.

We say a manifold M is formal if its de Rham complex (Q*(M),d, A) is a formal dga.

Theorem 2.8 (Deligne-Griffiths-Morgan-Sullivan, 1975). A complex manifold where dd°-

lemma holds is formal. In particular, all Kahler manifolds are formal.

Example 2.9. Given a set S of degree n, let A,,(S) denote the polynomial algebra generated

by S when n is even, or the exterior algebra generated by S when n is odd.

Suppose z,y, z are all degree 1 elements with dr = dy = 0 and dz = zy. Let A = Ay(z, vy, 2),

then A is non-formal.

Geometrically, we can construct a 3-dimensional nilmanifold as follows. Let N3 denotes the

space of upper triangular matrices

(@) (@] —
(@) = s}
— o >

where a, b, ¢ are real numbers. Let I' C N3 be the subgroup of integral matrices. Then set
M3 = N3/T. The de Rham complex of M? is quasi-isomorphic to A = A;(x,vy, z) in the

example above. Therefore, M? is non-formal.

Example 2.10. Suppose the degrees of x,y are 2 and the degrees of ¢, are 3. Let dxr =
dy =0,dp =x ANz, and dip = x Ay. Then Ay(z,y) ® A3(h, 1) is non-formal.

In this example, there is no element of degree 1, so H* = 0. This examples shows that simply

connected does not imply formal.



2.2 A, -algebra

Definition 2.11. Let k£ be a field. An A -algebra over k is a Z-graded vector space

A =@,y A" endowed with graded k-linear maps
my: AP — A p>1
of degree 2 — p satisfying
Z (=1)""'m, 1 (1% @m, @ 1%%) =0

r+s+t=I

for all { > 1.

Specially, when [ = 1, we have

mim, = O,

When [ = 2, we have

mims = ma(m; ® 1+ 1 Q& my);
When [ = 3, we have

Mme(l@me —me®@1)=mmz+mz(m 11+1m 1+1®1m).

If mg = 0, my is associative.

A dga is a special Ay -algebra, where m; is the differential operator d, ms is multiplication,

and m, = 0 for all p > 3.

Definition 2.12. A morphism of A_-algebra f : A — B is a family of graded maps



fp : A®P — B of degree 1 — p such that:
DN AT @Ml © 177) = 3 (<1)'m] (fy @ fiy @ - ® fi)

for each [ > 1, where the left hand side sum runs over all decompositions [ = r 4+ s + ¢, and
the right hand side sum runs over all 1 < r <[ and all decompositions [ = iy + 25 + - - - + 4.

The sign on the right side is given by

s=r—=100 1)+ —=2)(ig—1) 4+ +2(ip_o — 1) + (3,1 — 1).

Specially, when [ = 1, we have

myf1 = fima.
The morphism f is called a quasi-isomorphism if f; is an isomorphism.

Theorem 2.13 (Kadeishvili [11][12]). If (A,m?) is an A-algebra, then H*(A) has an

Aso-algebraic structure such that

i) my =0 and my is induced by ms;
ii) there is a quasi-isomorphism f of As-algebras H*(A) — A and f{ is the identity of
H*(A).
This structure is unique up to isomorphism of A, -algebras.

Definition 2.14. H*(A) with the structure above is called an A, -minimal model for A.

We say A is formal if we can chose all m, to be 0 for p > 3 on its A.,-minimal model.

We will give an explicit construction of the A -minimal model, and this idea will be used

for the constructions in later chapters. For convenience, we use following notation:



Let f: A — B be an A, -morphism between algebras. For p > 3, set

Fy= Y0 () e e B o )
7;1+"'+7;r:p
2<r<p

- Z (=)™ frpen (197 @ myt @ 197).

r+s+t=p
2<s<p—1

(2.1)

F, is defined by fi,---, fp_1,mi', -+ ,m]‘;‘_l, and m¥, ... ,mf. m;f‘ and f, are determined
by F,. m;f‘ = [F},] and f, needs to satisfy flm]‘;l — mPf, = F,. Therefore, we can define f,

and m,, inductively.

Proof of Theorem 2.13: Let AP denote the subspace of all the exact forms in A. By Zorn’s
Lemma, we can find a subspace A®, such that the subspace of all closed form can be written
as AF@AC. By Zorn’s Lemma again, we can find a subspace A+ such that A = APQA DAL,
Then for each aw € AF, there is a unique 8 € A+ such that a = dB3. So we can define a map
Q : AP — At such that Qo = 8. Then Qd = 145 and dQ = 1., where 1 is the identity

map.

For example, if M is a Riemannian manifold and A = Q*(A), we can set A® be the space of

harmonic forms, A+ = imd*, and Q = d*.

For each [z] € H*(A), there exists a unique zy € A® such that zy € [z]. Set fi([z]) = xo. For
fa, set fo = Q(fima — ma(fi ® f1)). To define higher m,, and f,, suppose my,--- ,m,_1 on
H*(A)and f1,-- -, f,—1 are defined, then m,, = [F}] and f,, needs to satisty fim,—m;f, = F,.

Set f, = Q(fim, — F,). By induction we can construct an A.,-minimal model of A. O

By the theorem below, a dga satisfying the definition of formal in the dga sense is equivalent
to satisfying the definition of formal as an A.-algebra. So in this context we will simply say

this dga is formal.
Theorem 2.15 (see [12]). If A is a dga, it is formal as a dga if and only if it is formal as

10



an As-algebra.

2.3 TTY-algebra

Given a 2N-dimensional symplectic manifold (M, w), we have three basic operators:

1. L:QF — QM2 sends a — w A a.
2. A QF = QF 2 sends a0 — 5 Y (W) g o o

3. H:QF —: QF sends a — (n — k)a.
{L, A, H} generates an sly Lie algebra acting on Q*.
[H,A] =2A, [H,L]=-2L, [A/L]=H.

Definition 2.16. A differential form « is called primitive if Aa = 0. The set of all primitive

k-forms is denoted by P*.

Theorem 2.17 (Lefschetz Decomposition). On a 2N -dimensional symplectic manifold, ev-

ery ag, € QF can be uniquely written as

O = @ Ljﬁs

j+2s=k
J+s<N

where Bs € P°. Thus,

o= P LUpr.

j+2s=k
Jj+s<N

When j +s > N, L' P* = 0. Specially, P* =0 for k > N.

With Lefschetz decomposition, we can define the following operators:

11



4. [P QF — QF2p,
_ Li7rg3,, if j > p,
L7P(L7ps) =
0, if 7 <p.
i.e.

L_p(z Ljﬁk—2j) = 6k—2j—2p + Lﬁk—zj—zn—? +-

5. %, QF — Q2N—F,

*T(Lj/Bs> = LN?jisﬁs-
6. ITP : QF — OF,

A LB, it j<p,
P(L75s) =

0, if 7 > p.

i.e.
HP(Z Ljﬁk—2j) = B+ LBj—a2+ -+ L By_op.

Definition 2.18. The set of p-filtered k-forms are defined by
FPQF .= TIPQ".

Note that FOQF = P* and FNQF = QF.

For each L3, € L/ P, d(L7j3,) € L P*** @ L1 P*~1. Thus we can decompose d as
d=0, + Lo,

where 0, : L/P°* — L/P**' and O_ : L'PS — L/P*'. O, and O_ have the following

properties:

92 =0>=0, [L,0,]=[L,LO_]=0, LI, 0_=—L0_0,.

12



For p-filtered forms, we can define

d, =1 o d,

d_

= %, d*,,

where dy : FPQF — FPQF! and d_ : FPQF — FPQF1. When p = 0, ds are exactly 0.

We also have d2 = d?> = 0. Furthermore, (9;0_)d; = d_(9;0_) = 0. Thus, we have the

following cochain complex [18]:

0—— FrQY —2 prot & L prQty
la+a_
0~ FrQ0 < pror & & prQN+r

where FPQE = FPQF.

The above cochain complex has

an A.-algebra structure, constructed by Tsai, Tseng and

Yau [18]. For simplicity we call it TTY-algebra. The A-algebra is (FPQ*, m,), where the

operations m; are defined below:

The m; equation.

(

mio =

\

dya, ifozGFpQﬁ and £ < N,
—0;0_a, if a € FPQY,

—d_a, if a € FPQF .

The ms equation. For my(aq, ), when oy € Ff*’Q’i1 and ap € FPQ’_?, we set

mo(ay, o) = Hp(@l/\Oég)—i—Hp*r(—

dL—(p-i-l) (Ofl/\Oé2)+(L_(p+1)061)/\062—|—(—1)k1a1/\<L_(p+1)052)) .

13



Actually, if k1 + ko < N + p, the second term is 0. If ky + k9 > N + p, the first term is 0.

When a; € FPQI_‘;1 and as € FPQ* | we set

ma(ay, ag) = (—1)% x, (a1 A (*Taz)).

When «a; € FPQF and oy € F”Q]f, we set

ma(an, an) = #, ((%,00) A ).

When «a; € FPQF and oy € FPQI?, we set

mQ(al, 042) = O

By definition, ms is graded commutative:

mo(ay, ay) = (—1)k1k2m2(a2, aq).

The m3 equation. For mg(ay, as, as), when «; € FpQ]i" forall1 <i<3andk;+ky+ks>

N+ p+ 2, we set

mg(al, a9, 063) =II? X (Oél N L—(p-l-l) (O(g N Oég) — L—(]H-l) (Oél VAN 042) VAN Oég).

For the other cases, we set

ms(aq, ag, az) = 0.

The higher m; equation. When [ > 4, we set m; = 0.

14



The TTY-algebra is quasi-isomorphic to a dga: the mapping cone of

Q (M)[—2p — 2] = Q" (M), ar ™ Aa,

Alternatively, this mapping cone can be viewed as the differential forms of a S?**! sphere

bundle over M.

Algebrically, this mapping cone is an extension of Q*(M), by an element 6 of degree 2p + 1

such that df = wP™. Let A = Q*(M) and set the extension

A= A® Ay (0)

or equivalently write it as

A={&+0n &ne A}

The dga structure on A is given by

d(€ + 0n) = d¢ + WPt An —0(dn)

and
EN O =(=1)k6(¢ Am)
0§ A =0(§ An)
0¢ N On =0,

where £, € A and |{] is the degree of &.

Theorem 2.19 (Tanaka and Tseng [17]). FPQ*(M) is quasi-isomorphic to A.

15



Chapter 3

Minimal model on an extension of

formal dga

Since the TTY-algebra FPQ* is quasi-isomorphic to A = Q*(M) 4 0Q*(M), we can consider
the homotopy type of A instead. We will show that when M is formal, A is quasi-isomorphic

to the extension of H*(A) by #. Then we can consider a much simpler dga.

Theorem 3.1. Suppose A, B are two dgas and f : A — B is a quasi-isomorphism. w4 €
A,wp € B are d-closed even-degree elements such that f*(Jwa]) = [wp]. Extend A, B to
A={a+60,8 a,f € A} with dfdy = wa and B = {x+0gy| x,y € B} with dfp = wp. Then

there exists a quasi-isomorphism g : A — B.

Proof. Without loss of generality, we can assume f(w4) = wp. Otherwise, by assumption
wp = f(wa) + dr for some r € A. Then we can consider wy = wp — dr and 0 = 0 — 1

instead of wg and 05.

Set
gla+048) = f(a) +05f ().

16



It is easy to check that g is linear, preserves wedge products and gd4 = dgg. It remains to

show that g* is bijective.
1) g* is injective.

Suppose a + 040 is closed in A and g la+ 048] = 0. There exists z,y € B such that

d(z 4+ 0py) = g(a+040).

Thus,
dr + wp A Y — Qde = f((lf) + QBf(ﬁ)

So we have

dr +wp ANy = f(e) and dy =—f(B).

On the other hand,
0:d<04+¢914ﬁ) =da+wy NS —04dp.

Hence, f3 is closed and wy A 5 = —da. Since f*[] = —[dy] = 0, 8 must be exact in A.

Assume 1 € A such that dn = 3, by

d(y+ f(n)) = —f(B)+ f(dn) =0

and f* is surjective, there exists £ € A and z € B such that

d§¢ =0 and f(§) =y+ f(n)+dz.

17



Then

f(a—i-WA/\n) :f(a)+wB/\f(77)
:d;c+w3/\y+a)3/\f(77)
=dr +wp A (f(§) — dz)

=f(wa N&) + dx — dz.

So fla+wa An—waAE)=dr—dzis exact in B. Also

dla+waAn—waNl)=da+waNB=0.

Hence, o +wa An —wa A€ is exact since f* is injective. Let v € A such that

dy=a+waAn—waA&

Therefore,

a+ 0408 =dy —wa An+wa NE+ Oadn

=dy — d(0an) + d(048),
which is exact in A. That shows ¢g* is injective.
2) g* is surjective.

Given arbitrary closed = + 0py € B, we have

de+wpAy=0 and dy=0.

18



As y is closed and f* is surjective, there exists g € A, z € B such that

f(B)=y+dz and dp=0.

Then

flwaApB)=wp A (y+dz) = —dz + d(wp A 2).

Since wy A 3 is closed and f* is injective, wys A § must be exact. So there exists o € A such

that dao = wq A . Thus,

dlx —wpNz+ f(a) =—wp ANy —wp ANdz + f(da)
=—wp A (y+dz)+ flwaAp)

= —wp A f(B)+ws A f(B)
=0.

So there exists £ € A and w € B such that

fl§)=x—wpAz+ fla)+dw and d&=0.

Therefore,

f(&—a)+0sf(B)
=z —wp A z+dw+0p(y + dz)

=r+0g Ny —dlpz)+ dw

l.e.

g€ —a+ 048] =[x+ Opy].

Thus, g* is surjective. [

19



When A is formal, there exists a zigzag of quasi-isomorphisms. We can extend each isomor-

phism by the previous theorem, and obtain the following:

Corollary 3.2. Suppose A is a formal dga. w € A is a closed even-degree element. A =
{o+ 048] a, € A}, where dfy = wa. A is quasi-isomorphic to the extension of H*(A):
{z+0py| x,y € H*(A)}, where d0y = [wa].

Identically, every extension of a formal dga by an odd-degree element is quasi-isomorphic to
the extension of a dga A whose differential is 0. We then construct an A,-minimal model

for the extension of A.

Theorem 3.3. Suppose A is a dga and dy = 0. waq € A is an even-degree element. Let
A={a+048| a,p € A} with d9y = ws. Then A has an As-minimal model with my =0

for all p except for p =2 or 3.

Proof. Since d4 = 0, for arbitrary o, 5 € A, a + 040 is closed if and only if wa A 8 = 0.
It is exact if and only if @ € I(wa) and B = 0, where I(ws) = {w A a| a € A} is the ideal

generated by wy in A. Thus,
H*(A) = (A/I(wa)) Dker L,

where L : A — A such that La = wy A a.

1) Defining of fi.

Decompose A = I(w,)® A for some subspace A® of A. For each cohomology class [a+604/3]
in H*(A), by the discussion above, there exists unique oy € A% fy € ker L such that

apg+ 04060 € [a+ 048]. So we can set

fi: H(A) — A
[Oé + QAB] — Qg + QAﬁo.
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It is easy to verify f; is a quasi-isomorphism.

2) Defining of fo.

Given another decomposition of A by A = ker L @& A+ for some subspace A+ of A. For each
a € I(wy), there exists a unique 3 € A+ such that o = w4 A 8. So we can define a map

Q:I(wa) — 04A by Q(a) = 040., then define fo:

fa(z,y) = Q(frma(z,y) — fr(z) A fi(y)).

Such fs is well-defined. Suppose

fil) =a+048, fily) =&+ 0an,

then
ma(z,y) = [fil@) A fiy)] = [a AE+ OB AE+ (—1)040 A ).
Hence,
fima(@,y) = fille A€ + 048 A E+ (=1)1*0 10 A,
and

fima(z,y) = fr(@) A fily) = filla A €D —a A€ € T(wa).

As d(@ is the identity map on I(wg,), fo satisfies the equation

my fa = dQ(f1m2 —may(f1 ® f1)) = fimy —ma(f1 ® f1).

3) Defining of ms and fs.
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mg and f3 need to satisfy

fimg—mifs=Fs=ma(fi ® fo— fo® fi) = fa(ma ® 1 — 1 ®@my),

and mg is the cohomology class of F3. By the definition of f;, its image is in 1(64), which is

the ideal generated by 6,4 in A. Hence, for any z,y, 2 € H*(A),

mQ(fl X f2 - f2 ®f1)($,y72> - f2(m2 ®1-1 ®m2)(x,y,z) - 91406
for some o € A. Thus,

ms(z,y,2) = [0aal, and fims(x,y,z) = fi([faa]) = Oac.

Therefore, my f3(x,y, z) = 0, and we can set f3 = 0.
4) Triviality of my and fy.

As f3 =0, my and f; need to satisfy

fimy —mifi = —ma(fo® f2) + fa(mzs @1+ 1 ® mg3).

We claim ma(fo ® f2) = 0 since im fo € I(64) and 04 A 64 = 0. On the other hand, for any

x,y,z,w € H*(A), we can assume
ms(z,y,z) =0 and fi(w) =L+ 0y
for some «, 3,7 € A. Then

fima(ms(z,y,2),w) = fi([0ac A (B+67)]) = fil0aaB] = 0aap,
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and

m2(f1m3($>y72)7 fl(w)> = fl([eAa]) A (ﬁ + GAV) = HAO‘B-

Hence, mq fo (mg(x, Y, z),w) = 0. By previous discussion we have fo = Qmy fa, so fo(mg ®

1) = 0. Similarly, fo(1 ® m3) = 0.
Therefore, my = 0 and we can set f; = 0.
5) Triviality of higher my, and f,.

For higher degrees, we will prove m, = 0 and f, = 0 by induction. Suppose m, = 0 on
H*([l) fora <p<m-—1land f, =0for 3 <p<n-—1, where n > 5. m, and f, need to

satisfy

flmn - mlfn

= Z <_1)51mr(fi1 K- fh) - Z (_1)62fr+t+1(1®r Kmg & 1®t>

i1+'“+ir=n r+s+t=n
2<s<n—1
n—1 1
_ 5 Qr QR(1—r
—Z P rma(fi @ fumi) = > (1) (1" @ my,_q @ 19077)
=1 r=0

where §; = Y"1 (n —t)(iy — 1) and o = r + st.

Since n > 5, either ¢ > 3 or n — i > 3, so ma(f; ® fn_i) =0. Also, n — 1> 4. So m,_1 = 0.

That implies fym,, — mqf, = 0. Therefore, m,, = 0 and we can take f,, = 0. O

By the previous theorem, we have the following statement for formal dga.

Theorem 3.4. Suppose A is a formal dga. ws € A is an even-degree element. Extend A to
A={a+048| a,B € A} with d9y = ws. Then A has an A-minimal model with m, = 0

for all p except for p =2 or 3.

By Theorem 2.19, the TTY-algebra of a symplectic manifold M is quasi-isomorphic to A,

where A = Q*(M). A is a formal dga when M is formal. So we have
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Theorem 3.5. Suppose (M,w) is a formal symplectic manifold. Its TTY-algebra is formal
if the symplectic form w is exact. When w is non-exact, its TTY-algebra has an A -minimal

model with m, = 0 for all p except for p =2 or 3.

When w is non-exact, the TTY-algebra may be or may not be formal. There are examples
for both cases. The TTY-algebra of primitive forms (p = 0 in Definition 2.18) on a projective

space is formal, but the TTY-algebra of primitive forms on a torus is not.

Example 3.6. Let A = Q*(CP") be the space of differential forms on a complex projective
space (CPY,w). The TTY-algebra of primitive forms on CPY is quasi-isomorphic to the
extension A = {a + 08]a,3 € A}, where d§ = w. The dga A is formal since CPV is
Kahler. By Corollary 3.2, A is quasi-isomorphic to the extension of H* (A), which is B =
{4+ Opyy|z,y € H*(A)} and dfy = [w]. B has an A,-minimal model with only ms and ms

non-trivial.

| (Wr)), ifi=2p,0<i<2N
Hi(4) =

0, otherwise

Thus,

(

(wr)y, fi=2p,0<p<N
B'=q(fulr]), ifi=2p+1,0<p<N

0, i>2N+1

\
Since [wP] = d(0y[wP']), H'(B) must be trivial except for i = 0 or 2N + 1. For any
x,y,z € H*(B), the total degree of ms(z,y,z) can only be k(2N + 1) — 1 where k is the
number of x,y,z in H*V*1 ie. 0 <k <3. Ask(2N+1)—1+#0or 2N +1, ms(z,y, z) must
be 0. That implies mg is trivial in the A,-minimal model. Therefore, the TTY-algebra of

primitive forms on CP¥ is formal.
Example 3.7. We use the same notations as the previous example. Let A = Q*(T*") be
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the space of differential forms on a torus (72",w). The TTY-algebra of primitive forms
on T w is quasi-isomorphic to the extension A = {& + 68|a, f € A}, where df = w. A
is formal since T2V is Kéhler. By Corollary 3.2, A is quasi-isomorphic to the extension of
H*(A), which is B = {x + 0py|lz,y € H*(A)} and dfy = [w]. Let f : H*(B) — B be an

Aso-quasi-isomorphism.

On a torus, we can find a basis {eq, - ,ean} of H'(A) such that
N
[(,d] = Z €251 VAN €2;-
j=1
Let
N
Yy = Hegj_l = 63/\65/\"'/\62N_1.
=2

we will prove that ms([yei], [ea], [e2]) is non-trivial.

Note that ye; is in BN = HN(A)® 0y HY"1(A). Since the map L : HN"1(A) — HY1(A) by
wedging [w] is injective, the only closed form in g HY=!(A) is 0. So the subspace of closed
forms in BY is H™(A). The subspace of exact forms in BY is the ideal generated by [w] in

HN(A). Thus, [ye1] is a non-trivial cohomology class. It follows that fi([yei]) = yei + [w]z

for some z € HV72(A).

On the other hand, e, is in B = H'(A) ® 05 H°(A). In B!, the subspace of closed forms

is H'(A) and the only exact form is 0. So [es] is also a non-trivial cohomology class and

fi([e2]) = ea.

By (ye1) A ey = [w] Ay = d(0gy), we have ma([yeq], [e2]) = 0 and

ma fa(lyed], [e2]) = = fi(lyer]) A fi(le2]) = —((yer) A ez + [w]zez) = —d(On(y + ze2)).

It follows that fao([yei], [e2]) = —0u(y + zea) + x1, where z; is a closed form in BY. By the
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discussion above, z; € HY(A).

Since ey A ea = 0, we have mo([ea], [e2]) = 0 and fo([ea], [e2]) = x2 for some closed form

Ty € B!, Hence, x5 € H'(A). Then

Fs([yei], [ea], [e2]) =(ma(f1 ® fo — f2® fi) — fa(ma @ 1 — 1 @ ma)) ([yea], [ea], [ea])
=(—D" fi(lyer)) A fa(lea], lea]) — fo(lyen], [e2]) A fillea])

=(—D)M(yer + [w]z)z2 — (—0u(y + ze2) + 21)es

All elements in HYT!(A) are in the ideal of [w]. So they are exact in BNT!. Thus,

ms([ye1], [ea], [ea]) = Fs([yei], [e2], [e2]) = [0u(y + ze2)es] = [Oyyes]. Since Oyyes is closed
but not exact in BN, mz([yei], [ea], [e2]) cannot be 0. Therefore, B is not formal so that

the TTY-algebra of primitive forms on 7%V is not formal.

Actually, when N = 1, the TTY-algebra of primitive forms is quasi-isomorphic to Example
2.9.
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Chapter 4

Minimal model on k-connected

compact manifold

We here recall a result of Miller for k-connected compact manifolds. A manifold M is called
k-connected if it is path-connected and its homotopy group 7.(M) =0 for 1 < r < k. Our

goal in this chapter is to generalize Miller’s result.

Theorem 4.1 (Miller [14]). Let M be an n-dimensional k-connected compact manifold. If

n < 4k + 2, then M s formal.

Given an A-algebra (A, m2'), by Theorem 2.13 we can construct an As-minimal model
on H*(A) and a quasi-isomorphism f : H*(A) — A such that f,(z1,---,2,) = 0 when
my fp(21,- -+ ,x,) = 0. This quasi-isomorphism is well-defined because f, needs to satisfy
fim, — myf, = F,, where F}, is defined in (2.1) and m, = [F},]. In this chapter we use
M(A) to denote the A,-minimal model and f : M(A) — A to denote the specific quasi-

isomorphism constructed in this way, i.e. f,(x1,---,2,) =0 when my f,(z1,--- ,2,) = 0.

Given such My and f, suppose that z1, - - - ,x, € M(A) such that ||+ - -+|z,| > n+p—1 for
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some p > 2. Then |F,(z1,- -+ ,x,)| > n+1. Hence, F,(z1, -+ ,x,) =0, and f,(x1,--- ,x,) =
0. Therefore, f, = 0 when the total degree is greater than or equal to n + p — 1. That is,
fp(x1,--+ ,x,) = 0 for |x;| 4+ --- 4+ |z,| > n+ p— 1. Based on this, we have the following

lemma:

Lemma 4.2. Suppose A is a dga. Let xq,--- ,x, € M(A) with degree r1,--- ,r, respectively.

ri4---+r,=n+p—2. Then the following cyclic sum is 0.

M@

Oé]F x])... 71'”,:['1’... 7Ij71) :0’
j:l
where
=-Dp+L)+ i+ +ri)(n—p+1).
So when p > 3,
p
S (=D my(g, o wwr,a) =0
j=1

Proof: For convenience, set x;1, = x; for each j. Then we need to show

p
Y (D)9 Fy(xj,- - wj4p) =0.
j=1
For each j,
Fp(wj, - Tjyp1)
—1
<Z a 1m§4(fa & fp—a) - Z (_1)a+bcfa+c+1(]—®a @mp @ 1®C)> (mﬁ o 7xj+17—1>‘
a=1 a+b+c=p

2<b<p—1

The degree of (1% ®@ mp ® 19)(z,- -+, Tj1p-1) IS

2-b)+n+p—-2)=n+p—-b=n+(a+c+1)—1
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Thus, foter1(1%*®@mp @ 19°) (x4, -+ ,xj4p—1) = 0. Then

(=) Fy(xy, -+ Tjup-1)
1

J

= S S DTS @ fya) (@)

1<a<p—1 j=1

p

Set

By = (=1)* MY (fa @ foa) (@5, - Tjip1)-
Since x4, = z;, we have ®, 1, = ®, ;. We will show that &, ; +®,_, 1, = 0.

Foreachl <a<p—1land1l<j<p, ®,; can be written as

(—1)ffa(a:j, T 793j+a—1) /\fp—a(l"j+a7"' ,:vj+p_1),

where

{=a—1l+a;+(1=(p—a)(r+- - +rja1).

On the other hand, we can write ®,_, j1, as

(D) fa(@jgp, - s Tjgpra—1) A fo—a(Tjgar -+ Tjgp—1)-

We determine 1 now. By definition,

Dy jra = (—1)P e (f 0 @ fo) (Tjsas s Tijtatp—1)-
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Since

m?(fp—a ® fCI)(xj-‘r(h to axj—}—a-i-p—l)

:(_]')(1_a)(rj+a+mrj+p_l)fp—a(xj-l-a7 T 7wj+10—1) N fa(xj+p7 e 7wj+p+a—1)a

and
fp—a($j+a> e axj-i-p—l) A fa($j+p> e axj-i-p-i-a—l)
:(_1)(1—(P—a)+7”j+a+“'+7“j+pf1)(1—a+7”j+p+“'+7"j+p+a71)
Ja(@jrps s Titpra—1) A fp-a(Tjpar 5 Tigp1),
we have

n=p—a-— 1 + OéjJra + (1 - a)<rj+a + - 'Tjerfl)

A =@-a)+rjat )L —a+ 7+ + Tipra)

Asrj+-- 411 =n+p— 2, the last term of 7 is

1—(p—a)+rjjat - +rgp1)l—a+rjp+ - +Tjrpra1)
=1—-p+a+rjat - +7rjp1)(1—a)

+(1—p+a+rjat- - +rjpa)rj+-+7jra)
=(l=p+a)l—a)+ (rjsat +rjp1)1—a)

t(l—ptatn+p—2—rj— —rjpa 1)+ +Tjran1)
=(1=p+a)(l —a)+ (rjsat - +750p1)(1—a)

t(nta—1)(r 4+ rpea) =+ 1)
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Hence,

(=17

:(_1)P—a—1+aj+a+(1—a)(Tj+a+"'Tj+p—1)+(1—P+a)(1—a)+(7’j+a+"'+ra‘+p—1)(1—a)
(=1 (e Dt e ) = ()

_(_1)—(1—p+a)+aj+a+(1—p+a)(1—a)+(n+a—1)(rj+--~+rj+a,1)—(rj+--~+7"j+a,1)

_(_1)—a(l—p+a)+aj+a+(n+a)(rj+~~~+7“j+a71) )
Then

(_ 1)§+77 :(_1)0,71+ozj+(1fp+n+2a)(rj+-~-+rj+a,1)fa(1fp)+a2+aj+a

—(— 1)*1+a(P*1)+(nﬁD+1)(Tj+"'+7“j+a—1)+aj+aj+a )

As
ozj+ozj+a
=G-Dp+1)+ 1+ +r)n—p+1)+(+a-1)(p+1)
+(r+-+7rj4e1)(n—p+1)
=2j+a-2)p+ ) +2(r+---+rj)n—p+ 1)+ (rj+ - +7j4e1)(n—p+1),
we have

(—1)teira =(—1)ePHD+ri+F7jre-1)(n=p+l)

:<_1)a(p_1)+(n_p+1)(7'j+"'+7'j+a—1)

Therefore, (—1)5*7 = —1. Then (—1)*®,; = (—1)"®,_, j+q and P, ; + P4 10 = 0.
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When a # £

p p p p
Z D, + Z Ppaj = Z Dy + Z Pp—ajta = Z Doj + Z Cpajta =0
j=1 i=1 i=1 =l

j=1l—-a

When a =2

p a a
Zq)aj Z(I) gt Z Ppa,j ZCDGJ‘I'Z(I)p—a,jJra:O
j=1 Jj=1 Jj=1

j=a+1

By the discussion above,

p

Z(_l)ajFp(xjv'” Lj+p— l Z Zq)a]:

j=1 1<a<p—1 j=1

O

Lemma 4.3. Let A be a dga. 1 € A° is the identity such that m{1 = 0 and my(1,a) =
mao(a,1) =« for all« € A. For simplicity, in H°(A) we use 1 to denote [1], the cohomology
class of 1. For xq,--- ,x, € M(A), my(xq,--- ,2p) = 0 if some x; =1 and p # 2. Also,

when p # 1, fy(x1,---,x,) =0 if some z; = 1.

Proof: Since the only exact form in A° is 0, f;(1) must be the identity 1 in A°. my(1,z) =

my(z,1) = z for all x € M(A) because my on M(A) is induced by m3 .
For each z € M(A), we have
myfa(l,x) = (fime —ma(fi ® f1))(L, x) = fima(1,2) — ma(1, fi(2)) = fi(z) — fi(z) =0

Thus fo(1,z) = 0, similarly fo(z,1) = 0.
When p > 3, we will show that F,(z1,--- ,x,) = 0 if some z; = 0 by induction. Assume the
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statement is true for all k when 2 < k < p, i.e. fi(xy,---,2,) = 0 and my(zy, -+ ,2) =0

if some z; = 0.

For F,(x1,- -+ ,x,), since mil = 0 for k > 3, F, can be simplified as:
p—1
Iy = Z(_l)r_lméq(fr ® fp-r) — Z (=)™ frp2 (1% @ my @ 1)
r=1 r+s+t=p
2<s<p—1

When z; = 1, there are 3 cases.

Case 1. j = 1.
Asxy =1, f(x1, -+ ,x,) =0 when r > 1. Thus, the first term can be written as
p—1

<_1)T71m§1(f7“ ® fP—T)(xlf" JIP) = m/24<f1<1)7fp—1<x27 T 7‘Tp)) = fp—l(x% T 7Ip)'

1

\3
Il

For the second term, if » > 0, then 1 <r+¢t+1<p—1and

frate1(1¥ @ my @ 1%) (@, - -+, )

::tfr-‘rt-‘rl(lax%”' 7x7’7m8(x7‘+17"' 7x7‘+8)7x7’+8+1"" 72717)

=0.

When r =0, mg(xy, - ,x5) = 0if s # 2. Thus, the second term can be simplified as

Z (=)™ frie (1" @ my © 1%)

r4+s+t=p
2<s<p—1

= Z <_1)Stft+1(m5(1ax27"' ,Is),$5+1,'-' 7xp)

s+t=p
2<s<p—-1

:<_1)2(p_2)f(p—2)+1(m2(1,$2),I3, T axp)

:fp_l(an’ . 7$p)'
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Therefore,

Fp(xh' o pr) = fp*1<x27‘ o 7:61)) - fp*l(x%' t 71:17) =0.

Case 2. 2<j<p-—1.

Consider the first term. Whenr < j, 1 < p—j < p—r < p—1. Hence, fp—r(Trt1, - . Xj, -+ ,Zp) =
0. When r > 5> 2, f.(x1, -+ ,%j,--+ ,x,) =0 sincer <p—1. So
p—1

(_1)T_1mé4(fr ® fp—T)(xh e ’xp) = 0.
1

ﬁ
I

For the second term, when r+s < j,r+t+1>t>p—j53>1. Ass> 1, r+t+1<p—1.

Hence,

Fratr1 (1T @m@1%) = £ fy e (21, 2, Mg (@1, -+ 3 Trgs)s Ty 1,000 5 X, -0, 2p) = 0.
Similarly, when r > 7, r+¢t+1> 7 > 1. So

Fratr1 (1T @m@1%) = £ f, e (21, X5, T, Mg(Tgt, -, Trs)y Trgsr, - L) = 0.

Therefore, the second term is non-trivial only when r < 7 < r + s. Furthermore, in this
case, Mg(Tri1,- -+ X5, -+, Tpys) = 0 for all 3 < s < p —1. So the only non-trivial cases are

r=j—2orj—1,and s = 2. Then the second term is

Z (_1)r+stfr+t+1(1®r Q@ m, ® 1®t)

P
:(_1)(j—2)+2(p—j)(_1)(\9@1\+~--+|wj72|)-2fp_1(Il, g, mg(w1, 1), T, ,xp)

+ (_1)(j—1)+2(P—j—1)(_1)(|w1|+~..+|$j*1|)‘2fp_1 ($17 v, ma(1,2540), Ty, 7$p)
=172 for(@r, g @y, ) F (D) T (@ m, e 1p)
~0.
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Case 3. j = p. It is similar to Case 1.

Therefore, Fj(x1,--- ,x,) = 0 if some z; = 0. Then m,(z1,--- ,x,) = 0and fy(x1,--- ,2p) =

0in M(A). O

Lemma 4.4. Suppose M is an n-dimensional connected compact orientable manifold. If
H"(M) =0 for1 <r <k, andl > 3 is an integer such that n < (I + 1)k + 2, then Q*(M)

has an As-minimal model with m, = 0 for p > [.

Proof: Let A = Q*(M). A is an Ay-algebra with mf! = d, ms = A, and m;f‘ = 0 when

p = 3.

We start from the A,-minimal model M(A) and the quasi-isomorphism f : M(A) — A
constructed at the beginning of this chapter. Our goal is to obtain another A.-algebra
structure (M"(A), m"”) on H*(A) and a quasi-isomorphism A : M"(A) — A such that m; =0

for p > 1.

The idea is modifying f;_; to some g;_1, then we can get an A,.-minimal model (M’'(A), m’)
and a quasi-isomorphism ¢ : M’(A) — A such that m; = 0. Next we modify g; to some
h;, and get another A.-minimal model (M"(A),m”) together with a quasi-isomorphism

h: M"(A) — A, such that m},, = 0.

We use the following notations: Let {z,1,---, 2.5} be a basis of H"(A), where b, is the
dimension of H"(A). Then H"(A) is generated by 1 = x,,1. By Poincaré duality, there exists

Yn—r1s" " s Yn—rb, € HniT(M) such that Ty A Yn—rj = 52]”

For arbitrary p € Z and zy,---,z, € H*(A) such that |z] + -+ |z = n+p — 2,

my(21, -+, 2p) € H"(A). So there exist a constant number C(zy, - - - , 2,) such that my, (21, - -, 2,)

Clz1, -, 2zp)p
i) Defining of m’ and g.
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Now we define m’ and g. Set m;, = m,, for p < -1 and g, = f, for p <1 —2. Then
gim, —mig, = fim,—mif, = F, = G, whenp < [—-2. Also, m| , = [G;_1] = [F_1] = my_1.

So they are well defined.

For g1 1(@ryiyy -+ s Ty iy )s When ri4- - -+r_y < n+l—2,let s = (n+1—2)—(ri+- - -+r_1).
Then fi—1(Try iy s Trpyiyy) € H'(A). Alsofor xs: € H¥(A), mi(Tryiys - s Try_yiiyys Tsit) €

H™(A). So we can set

gl—l(xrl,ila T 7‘7;7‘1—17%—1)
bs -1
:fl—l(xm,ilv s Ty 1 + Z Z ¢(J (‘7’ t)fl (yn_s’t)7
t=1 j=1

where

¢(j) =jl+1)+s(n=1)+(m+-+rj1)n—-1+1)
and

C(]? t) = C(xT‘j,ija e 7$rl,1,il,17$s,ta xT‘1,i17 e 7‘1.1”]',1,’[]‘,1)-
When ry + -+ +r_1 >n+1—2, we simply set g, 1 = fi_1.

We will prove G is exact by the definition above. So mj = 0. Then we can define g

satisfying m} g, = —G. Such g, may not make G;;; be exact. So we define m” and h.
i1) Defining of m” and h.

Set m; = my, for p <l and h, = g, for p <1 —1. Similar to the discussion for m;, and g,, we

can show that they are well defined.

For hy(zy i, @), whenn = (I+1)k+2and r; = k+ 1 for all 1 < j <, its total
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degree is n — (k +1). So we set

P(Trttins o s Thtiy,)
bpy1 1 .
I+1- .
=01(Th1,1, " Tht1i) + Z Z(—l)ﬁj ?1]0"(], )1 (Yn—r—11)-
t=1 j=1

where 3; = jkl+ (k+1)(I+ 1) and

C”(j, t) = C”(j, iz+1) = C(Ik—i-l,iju T Tty Lh+1,ts Thtlig, " 7$k+1,i]-_1)-

The definition of §; comes from the definition of ¢(j) above. If we replace [ by {+1 for ¢(j),
we get

PG =g+ +1)+s(n—1)+(r1+ - +rj)(n—(1+1)+1).
This ¢'(j) satisfies (—1)?0) = (=1)% when ry =--- =7, =k +1landn= (I + 1)k +2.
For other cases, we simply set h; = g;.

To prove the theorem, we need to verify the following statements.

1. g;_1 is well defined.
2. m;=0.

3. h; is well defined.
4. mf,, = 0.

5 my=0forp>1+2.

1. g;_1 1s well defined

Since g, = f, when p <[—2, we have G;_; = Fj_; and m;_; = my_y. The image of g;_1 — fi_4

37



is a linear combination of fi(ys,), which are all m{'-closed. Hence,

! A A
gimy_y — My gi—1 = f1m1—1 —my fz-1 =F_1=G_.

2.m;=0

For mj(xy, i\, %p), if some 7; = 0, z, ; must be a constant number because H’(A) is

generated by 1. By Lemma 4.3, mj(%,, i, , Tr.i,) = 0.

When all 7; > 0 and z,,;, are non-zero, r; must be greater than k since H"(A) = 0 for
1 <r < k. Thus, the degree of mj(z, ;,, - ,z;,4) is at least [(k + 1)+ (2 —1) = lk + 2.
By Poincaré duality, H"(A) = 0 when r > n — k except for r = n. Asn < (I + 1)k + 2,
lk+2 > n — k. Therefore, mj(x,, iy, ,xy;) = 0 if its degree is not n. So we only need to

consider the case that the degree is n,ie. ri+---+1r=n-+1—2.

As m{} = 0 for p > 3, GG; can be divided by the following four parts. We will talk about

them separately.

-1
G = Z(_l)a_lméq(ga ® Gi-a) — Z (— 1)a+ Cga—&-c-i-l(l “® m & 1®C)
o=l ottt
=(m‘£‘(gl ® gi1) + (=1)"*mi (g1 @ 91)) (1)

+Z )" m3 (ga ® gi—a) (2) (41

- > (D) (1% @ mh © 1%9) (3)
atc=l—-2

N Z (= 1) Gase1 (19 @ my @ 19°) (4)
a+b+c=l
3<b<i—1

38



For part (1) of (4.1),

(mgl(gl & gl—l) + (_1>l_2m§<gl—1 & 91))<$r1,z’1; e 7x7‘z,iz)

:(_1)T1(2_l)91 (If’hil) A gl—l('rm,iw e 71‘7"1,1'1) + <_1)lgl—1(xh,i17 e 7‘7"7"171,7?171) N g (xrm'z)'

Consider the second term. Since ry +---+17,_1 4+ 2 —1=n —r;, we have

gl—l(x’rl,ila e 7$Tl—17il—1)

N
=1 @rvins i) £ 2 2 (DO O fi ().

AS Yp—rpt A Trpiy = 0ijfty f1(Ynrt) A f1(2r,) Is exact when t # 4;, and is (—1)”(”_”)f1 (1)

plus some exact form when ¢t = 7;. So we have

gl—l(xm,iu T 7$Tl—17il—1) A g1 (xn,iz)
I—

41 (n—r ! _] .
:fl—l(xrmiv T 7‘T7"l—1,il—1) A fl(xrz,iz) + (_1)¢(])+ i Z)To(ja Zl)fl(ﬂ) + Rla
j=1

—

where R; is some exact form,

¢(]) :j(l+1) —i—rl(n— 1)"‘(7“1 + ---+7°j,1)(n—l+1),

and C(j,t) is defined by

C(xrj,iw Ty Tt Lrygigy 7337"]'—177:]‘71)'

When t = i,

C(]a Zl) = C(xrj,iﬁ sy Ty Trygigs © 0T axrjfl,ij,l)-
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Similarly, for the first term

91<x7’17i1) A gl—l(xm,iw e 7$7"l7il)

=f1(Try i) N froa (@i, 5 Try) + Z(—l)w(j)¥c/(]} i) fi(p) + R,
where R, is some exact form,
V(i) =Jl+1)+r(n=1)+(re+---+7r;)(n—101+1),
and C'(j,t) is defined by
C(Trj1iigars " Trpigs Tyt Trogigs =+ Trji;)-

When t = 14,

, . . _
¢ (]7 Zl) - C(xrj+1,ij+17 s Ty Ly 7ij,ij)'

Therefore,

(M5 (91 @ gi1) + (=1)"7°mi (g1 @ 91)) (T g5+ i)

:(mf(f1®fl—1)+(—1) M3 (fio1 ® £1)) @ryins s s T

. -1 .
r 1+(5) j l+¢ )+ (n—r )l —J .
+Z ey l C'(j, i) f(p +]Z1 it —=C 0 a) ilp) + R

where R = Ry + Ry is exact.

Observe when 1 < 5 <[ — 2,

C/(jvil) = C<xrj+1,ij+17 sy iy Tryginy T 71:7’]',25) = C(.] + 17 il)'
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We can also let C'(, ;) denote

Cl(l —1,41) = C("En,izv Lryizy " 7'T7"l—17il—1)'

Then C'(j,11) = C(j + 1,4;) for 1 < j <[ —1. On the other hand,

() — ol +1)
=j(l+1) +ri(n—=1)+(ro+---+r;)(n—1+1)
—G+)I+)—=rn=1)—(ri4+-+7r)n—1+1)

==+ 1) +nrn(l—-2) —nn-1).

So we have

(—=1)rHv0) = (—)n@=D-UF)n=D+e(+]) — _(_q)l-n(n=r)+o(G+D)

and they are equal to

(_ 1)rll+j(l+1)+r1 (n=1)+(ra+-+r;)(n—1+1) _ (_ 1)0‘j+1

where

ajpr =l +1) + (4 +r)(n—14+1)
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is the notation in Lemma 4.2. Therefore, we can write

~
—_
—_

l_/ - 'rnfrl_. .
(a0l T e i i + Yoo o )

J=1 l j=1 !
-1 . -1 .
=S (IO i) i) + S 0 ) )
l . -1 .
=S R G a - Y ) oG i)
-1 . .
=S (R - G A + (-1 O i) A
N e AT
l
= SV — (1O i) ()

For part (2) of (4.1), since 2 < a <[ —2, we have | —a <1 —2. Then g, = fu, 9i—a = fi—a;

and
-2 -2
(_1)(1 m2 ga®gl a :Z a mQ fa®fl a)
a=2 a=2

For part (3) of (4.1), the total degree of (1%* @ mb & 1%) (X iyy -+ s Trypiy) IS T+ -+ -+ 1 =

n+ 1 — 2. In this case g;_1 = f;_1. Thus,

Z (_1)agl—1(1®a ® m/2 ® 1®C)(xr1,i1’ T 7m7‘lviz)
a+c=l—2

- Z (_1)afl*1(1®a ®mg & 1®c)(x71,i17 T 7x7’l,iz)'

atc=l—2

For part (4) of (4.1), a3 < b <[l —1, wehave a+c+1 <1—2. S0 gorer1 = fatet1s
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my, = my, and

Y (D)1 @my @15 = )y (—) " oo (190 @ my @ 179)

a+b+c=l a+b+c=l
3<b<i-1 3<b<i-1

By the discussion above, we get

Gl($r1,i17 Tty Ty, il)

l
:E($T1,i17"' s Ly iy +Z aJ_ jazl)fl( ) ( 1)0‘10(1,21)f1(u)—|—R
7j=1

Then
m;(xﬁ,in T 7x7"l7il)
l 1
= (Lryiys - Tryiy) + Z(—naa?cg,zl)u (=) C(1, i) p
j=1
As O(]? Zl):u = ml($rj,ij7 s Ty Uryigy Tt axrj,l,ij—l)v we have

—_

l l
a a P
E ]_ jaZl 7 E ]ml x?"] iy s Lppipy Ty yigy =" 7'1.7‘]',1,1']‘,1) =0

7=1
by Lemma 4.2. On the other hand,

(_1)0410(1’ il)u - ml<x7”17i17 T 71‘7‘1@)'

Therefore, we have proved

mg(xTI,h? co 73;7"171'1) = 0.

3. hy is well defined
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Similar to the discussion for g;_1, we have H; = G, m] = m/l and h; — g; is closed. Thus,

" A ! A
himy —mih, = gim; —mig =G = H

4. mi ;=0

For mj' (@ 4y, s Tryis, ), it is 0 when some r; = 0. If all ; > 0, then r; > [ + 1. The
total degree is at least (I + 1)k +2. So it is 0 except for n = (I 4 1)k + 2 and the total degree

is n, i.e. every r; = k + 1. Thus, we only need to consider this special case.

Similar to the proof of m; = 0, we divide H;;1 by three parts.

Hipr =mj (h @ hy) + (=1)"""'m3 (hy ® hy) (1)
-1
+ Z(_l)a_lmf(ha ® hiy1-a) (2) (4 2)
a=2 ’
- Z (_1>a+bcha+c+1<1®a ® mg ® 1®C) (3)
a+b+c=Il+1
2<b<1

For part (1) of (4.2),

m?(hl ® M) (Thgtyiys s Thttyis)
bry1
gl +1—7
Z(gz($k+1,¢1,"' Tht1,4, +ZZ 11 — 0", )91 (Y- 1t))) A g1(ZTkt1ir,)
t=1 j=1

l

nk-nlt1l—yJ
=01 (@kr105 5 Thrri) N 91 (Thaing,) + Z 1)t D) ———= Oy (1) + R

p [+1

where Rj3 is exact and

/[ . .
Oj =C (]7 lz+1) = C($k+1,ij, C Tk lyigg ) Thtlyrs "0 7xk+1,z']-_1)-
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On the other hand,

mj (h1 ® P)(Thgriys s s Thrtip )
=(—D)" D g (@) A (G (Trtins s Thties)
bry1 1 .
I+1—3 ,
+ Z Z(—l)ﬂj H—l(}’”(j, )91 (Yn—k-1,1))
t=1 j=1
=(—1) D g (i) A G Thttins s Tht i)

!
[+1—7

(1 —1)(k+1)+5; C. R

+ ;:1 NEYE ir1g1(p) + Ry

where R, is exact and

"y, -
c"(j,t) = C<5Uk+1,z’j+1> Ty Tkl Tht 1t Thtlyios " ,$k+1,ij,1).

Then C,//(j,il) = Cj+1.

By the discussion above

( S @)+ (1) 'mg (@ hl))(xkﬂ,iu o Tl )

=(m3 (g1 ® g) + (=1)""'ms (90 ® 91)) Trsrigs -+ 5 Tty

_ l+1—7
+ Z(_l)a z)(k+1)+ﬁj—0j+lgl(ﬂ)

P [+1
!
| [+1—
B k) (k=) LT 2 T S R
+]§1( ) 11 i91(p) +

where R’ = R3 + Ry is exact.

Using the notation of Lemma 4.2,

aj=0G-D(I+)+)+rm+~4rjan—(I+1)+1) =G -1(+2)+(G—-1)(k+1)(n—
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By definition n = (I + 1)k + 2, we have (—1)"*+) = 1. So

(=1)% = (=1)U=D=U=DEDE — (_q)G=Dk

Also,
(_1)(171)(k+1)+ﬁj — (_1)(lfl)(k+1)+jkl+(k+1)(l+1) = (=1 = (=1)%+1,

It follows that
(_1)l_1+5‘j+(k‘+1)(n_k_1) _ (_1)l—1+jkl+(k+1)(l+1)—(k—i—l) _ (_1)jkl+kl+2l—1 _ (_1)0(‘7'_1.

Hence,

l
_ G+ 1—3 i ekl +1—17
§ :<_1)(1 ) (k+1)+jk C]—i—lgl(M) § :(_1)1 14+j5k+(k+1)(n—k—1) ngl( )

o [+1 g I+1
l l
aj1l+1_j afll—i_l_j
ZZI(—U * H_—10J+lgl( )+jzl( 1) H—lcygl( 1)
1(_1)ajl+1_ (j_l)g. ( >_i(_1)ajﬁ(;. (1)
e I+1 . I+1 o
Jj=2 J=1
o l—I—l—(j—l) [+1—3
— 1+1 .
(—1) l+1Cl+lgl +Z T+ 1 I+l )Cj91 (1)
aq 1
—(-1) It 10191(N)
I+1 1
=2_ (DY Cin(n) = ()% Cigi(p)
j=1

For part (2) of (4.2), when 2 < a <l,l+1—a <[l—1. Hence, h, = g, and hj11 ¢ = g111—a-

Then

~
|
—

1—
(_l)a_lmé(ha ® hip1-a) = (—1)a_1m2A(9a ® Gi1-a)-

a

—

i
V)
Il
V)

For part (3) of (4.2), when b > 3, a+c+1 <1 —1so that hyy1-4 = gi41-a- When b = 2,
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a-+c+1=1[. In this case we also have

hi(1%¢ @ mg @ 19€) (Tpr1ys -+ > Trrting,) = (1% @ mg @ 1) (Thyriy, 5 Thgring,)

because h; is not acting on (H*1(A))®!.

Therefore,

Hz+1($k+1,il, s ,$k+1,¢l+1)

I+1
1
— (673 (e /
=G (Thitis 5 Thrtyip) T E (=1) T 101‘91(/0 = (=D)*"Cigi1(p) + R'.
j=1
That implies
"
ml+1(l’k+1,z‘1, T 7Ik+1,il+1>
I+1 1
Y g /
—ml+1(xk+1,i17“’ ,$k+1,iz+1> + E :(—1) ]H—lmlﬂ(xkﬂ,iw‘” s Tkt Ly Thtliiny " ’x’fﬂ»ij—l)
J=1
(5] /
- (_]‘> ml—‘,—l(xk-‘rlﬂl? e 7xk‘+17il+1>‘
By Lemma 4.2 again the second term is
/
M1 (Tht iy s Thlingrs Theiins " > Thtliy_q) = 0.
Since a; = 0, we have the conclusion
I
M1 (Thttins s Thatipy,) = 0.

5. my =0 forp>1+2
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For my (21, -+ ,xp) with p > [ + 2, either the degree of some z; is 0, or the total degree is at
least (2—p) +pk+1)=pk+2> (I +2)k+2> (I +1)k+2>n. Hence, m; = 0 in both

cases.
In conclusion, (M (A), m”) is the minimal model we want. O

By Hurewicz Theorem, k-connected compact orientable manifolds satisfy the condition of
Lemma 4.4, so the statement in the Lemma is true for them. We will show that the statement

in Lemma 4.4 is also true when the manifold is not orientable.

Theorem 4.5. Suppose M is an n-dimensional k-connected compact manifold. If 1 > 3 such

that n < (I + 1)k + 2, then Q*(M) has an As-minimal model with m, =0 for p > L.

Proof. By the defition of k-connected, m.(M) = 0 for all 1 < r < k. It follows that

H"(M) = 0 by Hurewicz Theorem.

When M is orientable, by Lemma 4.4, Q*(M) has an A,-minimal model with m, = 0 for

p =1

When M is not orientable, H"(M) = 0. Let M be the orientation bundle of M. We also
have M is connected and m,(M) = 0 for 1 < r < k. So when 1 < r < k, H,(M) = 0. By

twisted Poincaré duality, H""(M) ~ H,.(M) = 0. Therefore, H"(M) = 0 for all r > n — k.

We use the minimal model M (A) of A = Q*(M) and the quasi-isomorphism f: M(A) — A
at the beginning of this chapter. For any p > [, m,(xy,--- ,x,) = 0 when some |z;| = 0. If all
|z;| > 0, |z;| is at least k4 1. The total degree of m,(z1,--- ,x,) is at least p(k+1)+2—p =

pk+2>1lk+2=(I+1)k+2—k>n—k,som, must be 0. O
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Chapter 5

Two Conjectures

In the proof of Lemma 4.4, g; and h;,; are constructed in a similar way. It would be
interesting to construct A,.-minimal models for other types of dgas or A,.-algebras following
this way. For example, we may be able to extend Cavalcanti’s result that a compact orientable

k-connected manifold of dimension 4k + 3 or 4k + 4 with by, = 1 is formal [2].

Conjecture 1. Suppose M is an oreintable n-dimensional k-connected compact manifold,
with by = 1. If j > 3 such that n < (j + 1)k + 4, then Q*(M) has an As-minimal model

with my =0 fort > j.

Another conjecture is based on Theorem 3.4, which would fit as the & = 3 case of the

following broader statement.

Conjecture 2. Suppose A is a dga. wa € A is an even-degree element. Fxtend A to
A={a+048 o, € A} with dds = wa. If A has an As-minimal model with my, = 0 for

p >k, then A has an Aoo-minimal model with m, =0 forp>k+1.

Furthermore, it is interesting to consider what properties can be implied for A,,-minimal

models with m, = 0 for p > k. If there are some geometric meanings associated to each k,

49



this may lead to a different type of classification of manifolds.
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